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Chapter 1
Permutations
and Combinations

1-1 INTRODUCTION

When groups of dots and dashes are used to represent alphanumeric sym-
bols in telegraph communication, a communication engineer may wish to
know the total number of distinct representations consisting of a fixed
number of dots and dashes. To study the physical properties of mate-
rials, & physicist may wish to compute the number of ways molecules
can be arranged in molecular sites or to compute the number of ways
electrons are distributed among different energy levels. A transporta-
tion engineer may wish to determine the number of different acceptable
train schedules. A computer scientist may wish to have some idea about
the number of possible moves his chess-playing program should examine
in responding to each of the opponent’s moves. Enumerating problems
such as these are discussed in the basic theory of combinations and permu-
tations, the topic studied in this chapter.

The words selection and arrangement will be used in the ordinary
sense. Thus, there should be no ambiguity in the meanings of state-
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2 PERMUTATIONS AND COMBINATIONS

ments such as ‘(o select two representatives from five candidates,” “there
are 10 possible outcomes when two representatives are selected from five
candidates,” ‘“‘the books are arranged on the shelf,” and ‘“there are 120
ways lo arrange five different books on the shelf.”” The word combination
has the same meaning as the word selection, and the word permulation
has the same meaning as the word arrangement. Formally, an r-combina-
tion of n objects is defined as an unordered selection of r of these objects,
and an r-permutation of n objects is defined as an ordered arrangement of
of these objects. For example, to form a committee of 20 senators is an
unordered selection of 20 senators from the 100 senators and is therefore
a 20-combination of the 100 senators. On the other hand, the outcome
of a horse race can be viewed as an ordered arrangement of the ¢ horses
in the race and is therefore a t-permutation of the ¢ horses. Notice
that we are simply defining the terms r-combination and r-permutation
here and have not mentioned anything about the properties of these n
objects because there is no need to do so as far as the definitions are
concerned.

We are interested here in enumerating the number of combinations
or permutations of a given set of objects. The notation C(n,r) denotes
the number of r-combinations of n distinct objects, and the notation
P(n,r) denotes the number of r-permutations of n distinct objects. In
the following sections, both C'(n,r) and P(n,r) shall be evaluated. How-
ever, it is quite clear that C(n,n) = 1 (there is just one way to select n
objects out of n objects), C(n,1) = n (there are n ways to select one object
out of n objects), C(3,2) = 3 (for three objects A, B, and C, the selections
of two objects are AB, AC, and BC), and P(3,2) = 6 (for three objects
A, B, and C, the arrangements of two objects are AB, BA, AC, CA, BC,
and CB).

1.2 THE RULES OF SUM AND PRODUCT

Among the five Roman letters a, b, ¢, d, and e and the three Greek letters
a, B, and ¥, it is clear that there are 5 X 3 = 15 ways to select two
letters, one from each alphabet. On the other hand, since there are
five ways to select a Roman letter and three ways to select a Greek
letter, there are 5 + 3 = 8 ways to select one letter that is either a
Roman or a Greek letter. These notions are stated formally as the
following basic rules:

Rule of product 1f one event can occur in m ways and another
event can occur in n ways, there are m X n ways in which these two
events can occur.
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PERMUTATIONS 3

Rule of sum If one event can occur in m ways and another event

can occur in n ways, there are m + n ways in which one of these two
events can oceur.

Clearly, the occurrence of an event can mean either the selection
or the arrangement of a certain number of objects. Consider the follow-
ing illustrative examples.

Example 1-1 To choose two books of different languages among five
books in Latin, seven books in Greek, and ten books in French,
there are 5 X 7+ 5 X 10 4+ 7 X 10 = 155 ways since there are
5 X 7 ways to choose a book in Latin and a book in Greek, 5 X 10
ways to choose a book in Latin and a book in French, and 7 X 10
ways to choose a book in Greek and a book in French. However,
there are 22 X 21 = 462 ways if we just want to choose two books
from the twenty-two books. m

Example 1-2 By the rule of product
P(nvr) = P(T,T) X C(n:r)

because one can make an ordered arrangement of r of n distinct
objects by first selecting » objects from the n objects and then
arranging these r objects in order.

By the rule of sum

Cing) =Cn—1,r—1)+Cn-1,r)

This ¢can be seen {rom the following argument. Suppose that one
of the n distinet objects is marked as a special object. The number
of ways to select r objects from these n objects is equal to the sum
of the number of ways to select r objects so that the special object
is always included [there are C(n — 1, r — 1) such ways] and the
number of ways to select r objects so that the special object is always
excluded [there are C(n ~ 1, r) such ways]. m

1-3 PERMUTATIONS

Let us now derive an expression for P(n,r), the number of ways of arrang-
ing r of n distinct objects. Observe that arranging r of n objects into
some order is the same as putting r of the n objects into r distinct (marked)
positions. There are n ways to fill the first position (to choose one out
of the n objects), n — 1 ways to fill the second position (to choose one
out of the » — 1 remaining objects), . . . , and n — r + 1 ways to fill
the last position (to choose one out of the n — r + 1 remaining objects).
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Thus, according to the rule of product, we have
Par)=nn-1)- - n—-—r+1)
Using the notation
nl=nn-—-1)n—-2) ---3X2X1
for n > 1 (n! is read n factorial),t

_aln—1Dn—-2) - - (r—r+Dn~—1) - --3X2X1
P(n,r) = =7 - -3X2X1 ] "y
n! L' e t‘j 2 e
“m- B esyodz

Example 1-3 As we mentioned earlier, the number of ways of arranging
two of three distinct objects is

1

Example 1-4 There is an alternative way to derive the formula
n!
(n — !

We shall show that P(n,n) = n! by induction. Clearly, as
the basis of induction, P(1,1) = 1 = 1. As the induction hypoth-
esis, suppose that P(n — 1,n — 1) = (n — 1)I. To arrange n dis-
tinct objects in order, we single out a special object and arrange
the remaining n — 1 objects first. For each ordered arrangement
of these n — 1 objects, there are n positions for the special object
(the n — 2 positions between the arranged objects and the two end
positions). Therefore, according to the rule of product, we have

P(nyr) =

Pnp) =n XPh—1,n—1)=nX@®m—1)! =n!

Suppose that we divide n marked positions into two groups,
the first r positions and the remaining n — 7 positions. According
to the rule of product, the number of ways of putting n objects in
these n positions is equal to the product of the number of ways
of putting r of the n objects in the first » positions and the number
of ways of putting the remaining n — r objects in the remaining

t The definition of n! given here is valid only for positive integers. The definition of
n! when = is a fraction or a negative number is discussed under the topic ‘gamma
functions” in advanced calculus. (See, for example, Buck {1}.) It should also be
pointed out that the value of 0! is 1.



Preface

Combinatorial theory is a fascinating branch of mathematics with
numerous applications in engineering, the physical sciences, the social
sciences, economics, and operations research. This is an introductory
book on the subject. It is un outgrowth of a set of class notes I used in
teaching a course in applied combinatorial mathematics offered by the
Electrical Engineering Department at the Massachusetts Institute of
Technology.

The topics covered may be divided into four groups which are
representative of the various aspects of applied combinatorial mathe-
matics: enumerative analysis {(Chapters 1 to 5), theory of graphs (Chap-
ters 6 to 9), optimization techniques (Chapters 10 to 13), and design of
experiments (Chapter 14). The level of presentation is appropriate for
advanced undergraduate and first-year graduate students. No prior
knowledge of combinatorial mathematics or modern algebra is assumed.
Sections marked with % may be omitted without loss of continuity.
Necessary algebraic concepts are introduced as needed, and those sec-
tions muarked with ® may be skipped by the student who has had a
course in modern algebra.

In view of the fact that this is an introductory text, [ did not attempt
to compile an extensive bibliography. Rather, it is hoped that the stu-
dent will make more effective use of a small number of selected references
accompanying each chapter.

An integral part of the book is the collection of problems at the end
of each chapter. Some of these problems fequire the student to apply
the abstract concepts developed in the text, whereas others require him
to extend these concepts in a nutural way. A book containing the
solutions to all problems has been prepared.

T wish to express my sincere thanks to Professor Gian-Carlo Rota,
who taught me combinatorial mathematics in a most inspiring way.
I want to thank Professor David A. Huffman, who helped to initiate
and organize the course, and has also made many useful technical sug-
gestions. [ am indebted to Professor Robert M.«Fano, Director of

Project MAC at the Massachusetts Institute of Technology, for his
encouragement and support throughout the writing of this book. Under
his leadership. the atmospliere and environment at Project MAC have
been most favorable and enjoyable. To Mr. Murray Edelberg I owe a
sincere debt of gratitude. Ile made numerous valuable suggestions for
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n — r positions. Therefore, we have
P(nn) = P(n,y) X Pm—r,n —r)
that is,

P(n,n) - n!
Pn—-rn—r) (n-—r)!

P(n,r) = n

Example 1.5 In how many ways can n people stand to form a ring?

Observe that there is a difference between a linear arrangement
and a circular arrangement of objects. In the case of circular
arrangement, the n people are not assigned to absolute positions,
but are only arranged relative to one another. There are two ways
of looking at this problem.
Method 1 1f the n people are arranged linearly and then the
two ends of the line are closed to form a circular arrangement, we
have a total of P(n,n) such arrangements. However, since only
the relative positions of the n people are important, two of the
circular arrangements obtained in this manner are actually the same
if one arrangement can be changed into a second arrangement
by rotating the first arrangement by one position, or two posi-
tions, . . . , or n positions. Consequently, the number of circular
arrangements is equal to

-}3—(?1—”'—)=(n—1)!

Method 2 If we pick a particular person and let him occupy a
fixed position, the remaining n ~ 1 people will be arranged using
this fixed position as reference in a ring. Again, there are (n — 1)!
ways of arranging these n — 1 people. ®»

Let there be n objects that are not all distinct. Specifically, let
there be ¢ objects of the first kind, gs objects of the second kind, . . . ,
and ¢, objects of the tth kind. Then the number of n-permutations of
these n objects is given by the formula

n! 11
P B a-n

To derive this formula, imagine that the n objects are marked so that
objects of the same kind become distinguishable from one another.
There ure, of course, n! ways in which these n “distinct’”’ objects can be
permuted. However, two permutations will be the same when the
marks are erased if they differ only in the arrangement of marked objects
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the book, helped with the proofreading work, contributed to the problem
sets, and prepared a most thorough solution manual. Thanks are also
due to Dr. Donald R. Haring for reviewing the entire manuseript care-
fully and to Professor Shimon Even and Messrs. Peter J. Denning and
John A. Williams for their suggestions. Special thanks should go to
Miss Kathleen Dimond for the excellent job in typing the manuseript
several times over. Last, but not least, I wish to thank my wife Jane,
who contributed to the problem sets, helped with the proofreading work,
provided many useful criticisms and suggestions related to the text, and
also has been a constant source of encouragement and understanding.

C. L. Liu
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that are of the same kind. Therefore, each permutation of the unmarked

objects will correspond to gi'¢a! - - - ¢! permutations of the marked
objects. The formula in (1-1) follows.

Example 1-6 Five dashes and eight dots can be arranged in

13!

different ways. Also, to use only seven of the thirteen dashes and
dots, there are
7! 7! 7! 7! 7!
51 T a3 2'0' * e T =120
distinct representations. m

Example 1-7 To show that (k!}! is divisible by (k)!*-v! for any integer
k, we consider a collection of k! objects among which there are k of

the first kind, k of the second kind, . . . , and k of the (k — 1)!th
kind. The total number of ways of permuting these objects is
given by

kNH! (k!
KRD -k T e

Since the total number of permutations must be an integral value,
(k!)¢#—v! must divide (k!)!. =

The number of ways to arrange r objects when they are selected

! out of n distinct objects with unlimited repetitions is

n"

This result follows directly from an application of the rule of product,
since there are n ways to choose an object to fill the first position, n ways
to choose an object to fill the second position, . . . , and n ways to
choose an object to fill the rth position.

Example 1-8 Among the 10 billion numbers between 1 and 10,000,000,000,
how many of them contain the digit 1? How many of them do not?
Among the 10 billion numbers between 0 and 9,999,999,999, there
are 91 numbers that do not contain the digit 1. Therefore, among
the 10 billion numbers between 1 and 10,000,000,000, there are
919 — 1 numbers that do not contain the digit 1 and 10t — (910 — 1)
numbers that do. m
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Example 1.9 A binary sequence is a sequence of 0’s and 1’s. What is
the number of n-digit binary sequences that contain an even number
of 0’s (zero is considered as an even number)? The problem is
immediately solved if we observe that because of symmetry half
of the 2* n-digit binary sequences contain an even number of 0’s,
and the other half of the sequences contain an odd number of 0’s.
Another way to look at the problem is to consider the 2~ (n — 1)-
digit binary sequences. If an (n — 1)-digit binary sequence con-
tains an even number of 0’s, we can append to it a 1 as the nth
digit to yield an n-digit binary sequence that contains an even
number of 0’s. If an (n — 1)-digit binary sequence contains an
odd number of 0’s, we can append to it a 0 as the nth digit to yield
an n-digit binary sequence that contains an even number of 0’s.
Therefore, there are 2~ n- -digit binary sequences which contain an
even number _oj_Q,s
“As an extension, let us consider the n-digit quaternary sequences
(sequences that have 0’s, 1’s, 2's, and 3’s as the digits). Again, T
because of symmetry, there are 4%/2 sequences m‘each of which ? «

the total number of 0’s and 1's is even.'— 2" - 2" '- @'" oA e

To find the number of quaternary sequence;-},hat contain an
even number of 0's, we divide the 4" sequences into two groups: the
2" sequences that contain only 2’s and 3’s and the 4* — 2" sequences
that contain one or more 0’sor I’s. The sequences in the first group
are, of course, sequences that have an even number of 0’s. The
sequences in the second group can be subdivided into categories .
according to the patterns of 2’s and 3’s in the sequences. (For .
instance, sequences of the pattern 23zx2z3zxz will be in one cate-
gory where the z’s are 0's and 1’s.) Since half of the sequences in
each category have an even number of 0’s, the total number of
sequences that have an even number of 0's in the second group -
is (4~ — 2")/2. Therefore, among the 4" n-digit quaternary |
sequences, there are 2» + (4» — 2*)/2 sequences that have an even .
number of 0’s.

It will be left as an exercise for the reader to show that the
number of n-digit quaternary sequences that have an even number
of 0's and an even number of 1's is 4/4 4 2~/2. =

LN

1-4 COMBINATIONS

According to the result in Example 1-2, the number of r-combinations of
n objects is

!
Cinr) = P(n r) n!

BECE)
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It is immediately obvious from this formula that
C(n,r) = Cln,n — 1)

This indeed is what one would expect since selecting r objects out of n
objects is equivalent to picking the n — r objects that are not to be
selected.

Example 1-10 If no three diagonals of a convex decagon meet at the
same point inside the decagon, into how many line segments are
the diagonals divided by their intersections? First of all, the
number of diagonals is equal to

C(10,2) — 10 =45 — 10 = 35

as there are C(10,2) straight lines joining the C(10,2) pairs of
vertices but 10 of these 45 lines are the sides of the decagon. Since
for every four vertices we can count exactly one intersection
between the diagonals as Fig. 1-1 shows (the decagon is convex),
there is a total of C(10,4) = 210 intersections between the diagonals.

Q
"7(" NS

‘

Figure 1-1

Since a diagonal is divided into k + 1 straight-line segments
when there are k intersecting points lying along it and since each
intersecting point lies along two diagonals, the total number of
straight-line segments into which the diagonals are divided is

35+2X210=45 =

Example 1-11 Eleven scientists are working on a secret project. They
wish to lock up the documents in a cabinet such that the cabinet
can be opened if and only if six or more of the scientists are present.
What is the smallest number of locks needed? What is the smallest
number of keys to the locks each scientist must carry? To answer
the first question, observe that for any group of five scientists, there
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must be at least one lock they cannot open.  Moreover, for any two
different groups of five scientists, there must be two different locks
they cannot open, because if both groups cannot open the same lock,
there is a group of six scientists among these two groups who will
not be able to open the cabinet. Thus, at least C(11,5) = 462 locks
are needed. '

As to the number of keys each scientist must carry, let A be
one of the scientists. Whenever A is associated with a group of
five other scientists, A should have the key to the lock(s) that these
five scientists were not able to open. Thus, 4 carries at least
C(10,5) = 252 keys. (Although we have only shown that these
are lower bounds on the numbers of locks and keys, a scheme can
actually be designed using these many locks and with each scientist
carrying these many keys.) ®

Example 1-12 In how many ways can three numbers be selected from
the numbers 1, 2, . . . , 300 such that their sum is divisible by 3?
The 300 numbers 1, 2, . . . , 300 can be divided into three groups:
those that are divisible by 3, those that yield the remainder 1 when
divided by 3, and those that yield the remainder 2 when divided
by 3. Clearly, there are 100 numbers in each of these groups.
If three numbers from the first group are selected, or if three num-
bers from the second group are selected, or if three numbers from
the third group are selected, or if three numbers, one from each
of the three groups, are selected, their sum will be divisible by 3.
Thus, the total number of ways to select three desired numbers is

€(100,3) + €(100,3) + €(100,3) + (100)* = 1,485,100 =

/ We shall now show that when repetitions in the selection of the
(V4 objects are allowed, the number of ways of selecting r objects from n
distinct objects is

Cn+r—1,1 (1-2)
Let the n objects be identified by the integers 1,2, . . . , n, and let a
specific selection of r objects be identified by a list of the corresponding
iotegers {1,7,k, . . . ,m} arranged in increasing order. For example, the

selection in which the first object is selected thrice, the second object
is not selected, the third object is selected once, the fourth object is
selected once, the fifth object is selected twice, ete., is represented as
11,1.1,3,4,5,5, . . .}. To the rintegersin such a list we add 0 to the first
integer, 1 to the second integer, . . . , and r — 1 to the rth integer.
Thus, {1,j,k, . . . ,m} becomes {1, j + 1, k+2,...,m+ (r— 1)}.
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10 PERMUTATIONS AND COMBINATIONS

For example, the selection {1,1,1,3,4,5,5, . . .} becomes {1,2,3,6,8,10,11,

.}. Since each selection will then be identified uniquely as a selec-
tion of r distinct integers from the integers 1,2, . . . ,n 4+ (r — 1), we
have proved the formula in (1-2).

Example 1-13 Out of a large number of pennies, nickels, dimes, and
quarters, in how many ways can six coins be selected? The answer
is
C4+6-—1,6) =C(9,6) = 84

n-x Is
because this is the same as selecting six coins from a penny, a
nickle, a dime, and a quarter with unlimited repetitions. m

Example 1-14 When three distinct dice are rolled, the number of out-
comesis 6 X 6 X 6 = 216. If the three dice are indistinguishable,
the number of outcomes is C(6 + 3 — 1, 3) = 56. This can be
seen by considering the selection of three numbers from the six
numbers 1, 2, 3, 4, 5, 6 when repetitions are allowed. ®

When the objects are not all distinet, the number of ways to select
one or more objects from them is equal to

@+ Dg+1) - (@+1)—1

where there are ¢1 objects of the first kind, ¢, objects of the second kind,

., and q. objects of the {th kind. This result follows directly from
the rule of product. There are ¢; + 1 ways of choosing the object
of the first kind, i.e., choosing none of them, one of them, two of them,

., or q1 of them. Similarly, there are ¢g: + 1 ways of choosing
objects of the second kind, . . . , and ¢ + 1 ways of choosing objects
of the tth kind. The term —1 corresponds to the ‘“‘selection’ in which
no object at all is chosen and should be discounted.

Example 1-15 How many divisors does the number 1400 have? Since
1400 = 23 X 5% X 7, the number of its divisors is

E+D2+DA+1) =24

which is equal to the number of ways to select the prime factors of
1400. (Both 1 and 1400 are considered to be divisors of the number
1400.) =

Example 1-16 For n given weights, what is the greatest number of
different amounts that can be made up by the combinations of these
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weights? Since a weight can either be selected or not be selected
in 8 combination, there are 2 — 1 combinations. If the values
of the given weights are properly chosen, we will, at the most, have
2* — 1 different combined weights. (As a matter of fact, this
number of combinations can always be achieved by choosing the
values of the weights as 2° units, 2! units, 22 units, . . . , 2~ units.)
As an extension of this example, what is the greatest number
of different amounts that can be weighed by using a set of n weights
and a balance? Each of the weights may be disposed of in one
of three ways; that is, it can be placed in the weight pan, in the
pan with the substance to be weighed, or it can be unused. There-
fore, there are 3" — 1 ways of using the n weights. However,
. in at least half of these 3* — 1 ways, the total weight placed in the
| weight pan is less than or equal to the total weight placed in the
" other pan. Hence, we can weigh at most (3* — 1)/2 different
amounts on a balance when a set of n weights is available. [Indeed,
choosing the weights as 3° units, 3! units, 32 units, . . . , 3*"! units
enables us to weigh from 1 through (3* — 1)/2 units.] =

1.5 DISTRIBUTIONS OF DISTINCT OBJECTS

In Secs. 1-3 and 1-4 we have discussed the arrangements of objects
(permutations) and the selections of objects (combinations). In this
and the following sections, we shall discuss the distnbution of objects
into distinct or nondistinct positions. As will be seen, the problems of
distributions are very closely related to, and in many cases are equivalent
to, the problems of permutations and combinations.

In our previous discussion about the permutation of objects, we
introduced the notion of placing distinct objects into distinct cells.
Two cases must be considered. First, for n > r, there are P(n,r) ways
to place r distinct objects into n distinct cells, where each cell can hold
only one object. As was shown before, the first object can be placed
in one of the n cells, the second object can be placed in one of the n — 1
remaining cells, etc. On the other hand, for r > n, there are P(r,n)
ways to place n of r distinct objects into n distinct cells, where each
cell can hold only one object. The argument is similar to the one above;
that is, there are r ways to select an object to be placed in the first cell,
r — 1 ways to select an object to be placed in the second cell, ete.

The distribution of r distinct objects in n distinct cells where each
cell can hold any number of objects is equivalent to the arrangement of r
of the n cells when repetitions are allowed. In terms of the distribu-

tion of distinct objects in distinct cells, since the first object can be placed
in one of the » cells, the second object can again be placed in one of the
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n cells, etc., there are n* ways of distributing the objects. The reader
should convince himself that n” is the number of ways no matter whether
n is larger or smaller than r.

Notice that in the above case, when more than one object is placed in
the same cell, the objects are not ordered inside the cell. When the order
of objects in a cell is also considered, the number of ways of distribution is

n+r—1)

n = 1)1 =n4+r—-Dn+r—2) - -(n+n

To prove this result, we imagine such a distribution as an ordered arrange-
ment of the r (distinct) objects and the n — 1 (nondistinct) intercell
partitions. Using the previously derived formula for the permutation
of r + n — 1 objects where n — 1 of them are of the same kind, we obtain
the result (n + r — 1)!1/(n — 1)L

There is an alternative way to derive this formula. There are
n ways to distribute the first object. After the first object is placed in a
cell, it can be considered as an added partition that divides the cell into
two cells. Therefore, there are n + 1 ways to distribute the second
object. Similarly, there are n + 2 ways to distribute the third object,

.,and n 4+ r — 1 ways to distribute the rth object.

Example 1-17 The number of ways of arranging seven flags on five
masts when all the flags must be displayed but not all the masts
have to beusedis 5 X 6 X 7 X 8 X 9 X 10 X 11. The argument
is as follows. If there is a single flag on a mast, we assume that it is
raised to the top of the mast; however, if there is more than one
flag on a mast, the order of the flags on the mast is important.
Similarly, seven cars can go through five toll boothsin 5 X 6 X 7 X
8 X9 X 10X 11 ways. m

Observe that the distribution of n objects (g of them are of one kind,
g2 of them are of another kind, . . . , and ¢, of them are of the tth kind)
into n distinct cells (each of which can hold only one object) is equivalent
to the permutation of these objects. Thus, according to the formula in
(1-1) the number of ways of distribution is

n!
qilge! - - gl

It is instructive to derive this result from an alternative point of
view. Among the n distinct cells, we have C(n,q:) ways to pick q: cells
for the objects of the first kind, C(n — ¢, g2) ways to pick ¢ cells for the
objects of the second kind, etc. The number of ways of distribution is,
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therefore,
C(".Ql)c(“ —qu,g)C(n — g1 — g2, qs) *
Cn—qi—qr - =@, WP —qi—~q " —gq,
n-q—g " —q)
_ n! (n — q)! (n = q1 — go)! -
@l(n — g g:l(n — g1 — g} gl (n — g1 — g2 — qa)!
m—-—q—q - =g,
q:!(ﬂ —qi—q2 - — q')!(" ']} q2 Q')-
Thefactor P(n — g1 —q2 - - * —qun — @1 — g2 - * - — gJ)isthe num-

ber of ways of permuting those objects that are one of a kind.

It follows that the number of ways of distributing r objects (r < n),
with ¢, of them of one kind, ¢: of them of another kind, etc., into n dis-
tinct cells ist

C(”fﬂl)c(n -~ g, q)C(n —qy ~ Qa3 q3) * "
C(‘n ~ g1 =Q " - - q:_x,q‘)P(n —qu—q: " —qy

r—qi—q1' " ~q
n! 1

= qﬂq:‘ gt (n— )

1-6 DISTRIBUTIONS OF NONDISTINCT OBJECTS

In terms of the distribution of objects into cells, there are C(n,r) ways
of placing r nondistinct objects into n distinct cells with at most one
object in each cell (n > r); this follows because the distribution can be
visualized as the selection of r cells from the n cells for the r nondistinct
objects.
The number of ways to place r nondistinct objects into n distinet
cells where a cell can hold more than one object is C(n 4+ r — 1, r).
This result comes from the observation that distributing the r nondistinet
objects is equivalent to selecting r of the n cells for the r objects with
repeated selections of cells allowed. A different argument can be used
to derive the result. Imagine the distribution of the r ohjects inte-n cells
as an arrangement of the r objects and the n.— 1.intercell partitions.
Since both the objects and the partitions are nondistinet, the number of
ways of arrangement is
(n—~14+r)
m ~ Dirl
t This result can be derived by using another argument. We can first select r cells
from the n cells and then distribute the r objects into these r cells; that is,

=Cn+r-1r1

r! - n! 1
Sost - - - ! qlgal - @l(n -

C(ﬂ,") : «
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If none of the n cells can be left empty (that means 7 must be larger
than or equal to n), the number of ways of distribution is

Cr—1,n-1)

Since we can first distribute one object in each of the n cells and then
distribute the remaining r — n objects arbitrarily, the number of ways
of distribution is

Clr—n)+n—-Lr—n)=Ctr—1r—-n)=C(r—1,n—1)

A direct extension of this result is the calculation of the number of
ways of distributing r nondistinct objects into n distinct cells with each
cell containing at least ¢ objects. After placing ¢ objects in each of the
n cells, we have

Ci(r—ng) +n—1,r—ng) =Cln—ng+r—1n—1)

Example 1-18 Five distinet letters are to be transmitted through a
communications channel. A total of 15 blanks are to be inserted
between the letters with at least three blanks between every two
letters. In how many ways can the letters and blanks be arranged?
There are 5! ways of arranging the letters. For each arrangement
of the letters, we can consider the insertion of the blanks as placing
15 nondistinct objects into four distinet interletter positions with
at least three objects in each interletter position. Therefore, the
total number of ways of arranging the letters and blanks is

5! XCd—-124+15—-1,4—1) =5 X C(63) =2,400 »

Example 1-19 In how many ways can 2n 4 1 seats in a congress be
divided among three parties so that the coalition of any two parties
will ensure them of a majority? This, of course, is a problem of
distributing 2n + 1 nondistinct objects into three distinct cells.
Without any restriction on the number of seats each party can have,
there are

CB+Cn+1)~12m+1)=C2n+32m+1) =C2n+32

ways of distributing the seats. However, among these distribu-
tions, there are some in which a party gets n + 1 or more seats.
For a particular party to have n + 1 or more seats, there are

CB+n—-1,n)=Cn+2n)=Cn+ 22

ways of distributing the seats. The ways of distribution are enu-
merated by giving the particular party n 4 1 seats first and then
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dividing the remaining n seats among the three parties arbitrarily.
Therefore, the total number of ways to divide the seats so that no
party alone will have a majority is

Cn +3,2) =3 XCn+22

L3(2n + 3)(2n + 2)
-3+ +1)

Sm+1)

]

When there are 2n seats, the total number of ways of dividing
the seats becomes

C@en+2,2)-3XCn+22)+3="1n—Dxr-—2)

The term C(2n + 2, 2) is the total number of ways of distributing
the 2n seats. Similarly, C(n + 2, 2) is the number of ways of
distributing the 2n seats such that a particular party gets n or
more seats. The term +3 is due to the fact that each of the three
distributions (n,n,0), (n,0,n), (0,n,r) is accounted for twice in the
term3 X C(n + 2,2). =

In Secs. 1-5 and 1-6 we have discussed the distribution of (distinct
and nondistinet) objects into distinet cells. The distribution of objects
into nondistinct cells will be discussed in the next chapter after the
development of the concept of generating functions.

*1-7 STIRLING'S FORMULA

In enumerating the permutations and combinations of objects, one fre-
guently needs to calculate the value of n!. Even for a moderately large n
the evaluation of n! becomes tedious. In this section, we derive an
approximation formula for the value of n! which is called Stirling’s
formula. This formula is useful in the computation of the numerical
value of n! as well as in many theorectical considerations involving nl.
Stirling’s formula of approximation is

nl = V2 (g)"

Although the absolute error of such an approximation increases as »
increases, the percentage error decreases monotonically. In other words.
although

lim [n! - VI (g)] - »

e
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we have

!
lim —et e —— s 1
n—su A/ 2mn (n/e)”
For instance, Stirling’s formula approximates 1! by 0.9221 with an 8 per-
cent error, 2! by 1.919 with a 4 percent error, and 5! by 118.019 with s
2 percent error. The percentage error for the approximation of 100! is
only 0.08 percent. However, the absolute error is about 1.7 X 10,
To prove Stirling’s formula, we let
a, =log(n!) —logn =log2+logd3+ --- +log(n~1
+ 3% logn
Consider the curve y = log z. The area under the curve and between
the two linesz = land z = n is

/l"log:t:dz

This area can be approximated by the sum of the areas of n trapezoids
which are bounded by the lines z =% — 1 and z = k for k = 2, 3,

y

o /N 2 3 4 5 T (n~1) =n
Figure 1-2

., n as shown in Fig. 1-2. The approximated area is

L(log1 4+ log 2) + Y4(log 2 + log 3) + - - -
+ 14{log (n — 1) + log n]

=log2+logd3+ - +logn—1)+3slogn
= log (n!) — 15 log n
= g,

which is smaller than the exact value of the area, because the curve
¥ = log z is convex. Therefore, we write

o, < fl" log z dz (1-3)

Hflog (n -

1) +log»
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On the other hand, the area under the curve y = log z and between the
twolinesz = 34 and z = n is

/’: log z dz

which can be approximated by the sum of the areas of the n — 1 trape-
toids bounded by the tangent at the point (k, log k) and the lines
r=k—3Y and z=k+ 14 for k=2 3, ..., n—1, together with
the area of the rectangle bounded by the horizontal line at the point

y

1 1 A

0o /A 2 3 4 5 T (-1 n
Figure 1-3

(n, log n) and the two lines z = n — 14 and z = n as shown in Fig.
1-3. The approximated area is

log2+logd3+ --- +log(n— 1)+ 15logn = a.
Again, because the curve y = log z is convex, we have
f’: log zdz < a, (1-4)
Combining the inequalities in (1-3) and (1-4), we write
f,: logzdz < a. < [;‘ log r dz
That is,
nlogn—~n—~33log34+3% <a.<nlogn—n+1
after evaluating the integrals. Recalling that
log (n!) = a. + 14 logn
we have

(n+ 34) logn — n + 34(1 — log 35) < log (n!)
<(m+34)logn —n 4+ 1
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Therefore, we can write

log (n!) = (n 4+ 15) logn — n + &,
where

34(1 — log 3g) = 0.893 < 8, < 1
It follows that
log(n!) — (n+ 34) logn +n
An — /;"logxdx-f- 1

1—(/1"10g1dz—-a,.)

Notice that ( ,/1" log z dz — a,.) increases monotonically when n increases

S

since ( /1” log x dz — a,.) represents the difference between the area

under the curve y = log # and the sum of the areas of the trapezoids
in Fig. 1-2. Therefore, we conclude that &, decreases monotonically
as n increases. However, since 3, has a lower bound (0.893), the limit
of 8, as n approaches =, denoted by 4, is a constant having a value
between 0.893 and 1. Using § to approximate 3, for all n's, we have

log(n!) = (n+ %) logn —n + &
or
n! =~ en+¥) log ng—ngs

= pintH)e—ngh
i)

The term ¢® is a constant that lies within the range 8% = 2.45 and
e! = 2.72. As it turns out, the value of € is equal to v/2x = 2.507.

Except for the last step of determining the constant ¢® [which can be
looked up in a textbook on advanced calculus (for example, Buck [1]}],
we have proved Stirling’s approximation formula for n factorial.

1.8 SUMMARY AND REFERENCES

A large class of problems in combinatorial mathematics is concerned with
computing the number of ways in which some well-defined operation can
be performed. In this chapter, the notions of combinations and permu-
tations which are the simplest and yet most fundamental concepts in the
study of the theory of enumeration were introduced. On the one hand,
we have seen the application of these basic notions to the solution of
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many problems. On the other hand, we shall study in the subsequent
chapters more powerful enumerative techniques which can be compared
with the elementary approach in this chapter.

The classical textbook by Whitworth [5] gives a thorough treatment
of many topics in combinations and permutations. The companion
exercise book, also by Whitworth [6], contains a large collection of
problems together with their solutions. Chapter 2 of Feller [2), Chap. 1
of Riordan {3], and Chap. 1 of Ryser [4] also cover the subject material
in this chapter.

1. Buck, R. C.: “Advanced Calculus,” 2d ed., McGraw-Hill Book Company, New
York, 1965.

2. Feller, W.: “An Introduction to Probability Theory and Its Applications,” vol. 1,
2d ed., John Wiley & Sons, Inc., New York, 1957.

3. Riordan, J.: “An Introduction to Combinatorial Analysis,”” John Wiley & Sons,
Inc., New York, 1938.

4. Ryser, H. J.: “Combinatorial Mathematics,” published by the Mathematical
Association of America, distributed by John Wiley & Sons, Inc.,, New York,
1963.

5. Whitworth, W. A.: “Choice and Chance,” reprint of the 5th ed. (1901), Hafner
Publishing Company, Inc., New York, 1965.

6. Whitworth, W. A.: “DCC Exercises in Choice and Chance,” reprint of the edition
of 1897, Hafner Publishing Company, Inc., New York, 1965.

PROBLEMS

1-1. (@) Use the relation C(n,r) = C(n — 1, r) + C(n — 1, r — 1) to prove the
identity

Chn+l,m)=Cnym) +C(n =1, m — 1) +C(n -2, m —=-2) + - - -

+C(n-m,0)
fromm < n.
(b) Prove this identity using combinatorial arguments.
1-2. (g) Prove the identity
IXU4+2X214+3X314+ - +aXnal=(Hx+1I-1

{b) Discuss the combinatorial significance of this identity.
(¢) Show that any integer m can be expressed uniquely in the following form
(factorial representation):

m=a X1 +a; X2l 4+as X3!+ -+ - +ai X+ - -
where 0 <o <ifori= 1,2, ....

13. It is clear that

P(R,’l) = P(n, n~—1)
but

P(nm) # P(n,n — 2)

Give a combinatorial explanation of these two relations.
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1-4. Usc a combinatorial argument to prove the identity
C(n0) +Cnl) +C(n,2) + - - - + C(n,n) = 2»

1-5. (@) Show that
anXCn—-1,7r=((+1)XCxnr+1)

What is the combinatorial significance of this identity?
(b) Prove the identity

Cn1) +2XCn,2) +3XC(n3) + - - - +n X Q(n,n) =n X 20

1-6. For a given n, show that C(n,k) is maximum when

k=220 2El ifnisodd
k=’—2L if n is even

1-7. (a) Use a combinatorial argument to prove that (2n)!/2" and (3n)!/(2* X 3*) are
integers,
(b) Prove that (n?)!/(nl)n*! is an integer.

1-8. Three integers are selected from the integers 1, 2, . . ., 1,000. In how many
ways can these integers be selected such that their sum is divisible by 3?

1-9. (@) Among 2n objects, n of them are identical. Find the number of ways to
select n objects out of these 2n objects.

(b) Among 3n + 1 objects, n of them are identical. Find the number of ways
to select n objects out of these 3n + 1 objects.

1.10. From n distinct integers, two groups of integers are to be selected with k, integers
in the first group and k. integers in the second group, where &k, and k; are fixed and
ki + k: < n. In how many ways can the selection be made such that the smallest
integer in the first group is larger than the largest integer in the second group?

1-11. Suppose that no three of the diagonals of a convex n-gon meet at the same point
inside of the n-gon. Find the number of different triangles the sides of which are
made up of the sides of the n-gon, the diagonals, and segments of the diagonals.

1.12. Consider the set of words of length n generated from the alphabet {0,1,2}.

{(a) Show that the number of words in each of which the digit 0 appears an
even number of times is (3~ + 1)/2.

(b) Prove the identity

O +@)es (-

where ¢ = n when n is even, and ¢ = n — 1 when n is odd.

1-13. An alphabet of m letters can be transmitted through a communication channel.
Find the number of different messages of n letters, if

(a) The letters can be used repeatedly in a message.

(b) 1 of the m letters can be used only as the first and the last letters in a mes-
sage; the other letters can appear anywhere with unrestricted repetitions in a message.

(¢) 1of the m letters can be used only as the first and the last letters in a mes-
sage; the other letters can appear anywhere, except the two ends, with unrestricted
repetitions in a message.
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1-14. Five teaching machines are to be used by a group of m students. If the same
number of students should be assigned to use the first and the second machines, in
how many ways can the assighment be made?

1-15. Among the set of 10" n-digit integers, two integers are considered to be equivalent
if one can be obtained by a permutation of the digits of the other.

(a} How many nonequivalent integers are there?

(b) If the digits O and 9 can appear at most once, how many nonequivalent
integers are there, for n 2> 27

1.16. In how many ways can the letters q, a, @, @, a, b, ¢, d, ¢ be permuted such that
no two a’s are adjacent?

117. (a) A Boolean function of n variables is defined by the assignment of a value of
either 0 or 1 to each of the 2~ n-digit binary numbers. How many different Boolean
functions of n variables are there?

(b) A Boolean function can be represented conveniently in tabular form where
all the n-digit binary numbers and their values are listed. Such a tabular form is
called the truth table of a Boolean function. For example, the following table is the
truth table of a Boolean function of three variables:

Three-digit binary number Value

0 00 0
0 01 1
010 1
611 0
1 0 0 1
1 01 0
110 1
1 11 1

A self-dual Boolean function is one the truth table of which will remain unchanged
after all the 0’s and 1's in the table are interchanged. How many self-dual Boolean
functions of n variables are there?

(c) A symmetric Boolean function is one the truth table of which will remain
unchanged for any permutation of the n columns of the binary digits. How many
symmetric Boolean functions of n variables are there?

1-18. (Statistical Mechanics: Bose-Einstein Counting) A system consists of four
identical particles. The total energy of the system is equal to 4E; where E, is a
positive constant. Each of the particles can have an energy level equal to kE,
(k=0,1,2 3 4). A particle of energy kE, can occupy one of the k* 4 1 distinct
epergy states at that energy level. How many different configurations, in terms of
energy states occupied by the particles, can the system have?

1-18, (Statistical Mechanics: Fermi-Dirac Counting) Consider a system that is the
same a8 the ope described in Prob. 1-18 except for the following:

1. At the energy level kE, there are 2(k? 4 1) distinct energy states,
2. No two particles can be in the same energy state.

How many different configurations can the system have?

1-3. (Statuatical Mechanics) A system consists of three identical particles, two of
them in one potential well, the other in a separate potential well. The tota! energy
of the system is equal to 3E,. Each of the particles can have an energy level equal
to kE, (k = 0, 1, 2, 3). A particle of energy kE, can occupy one of the 2(k? + 1)
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distinct energy states at that energy level. How many different configurations, in
terms of the @ecupation of energy states in the two potential wells, can the system
have?
1-21. A system has N molecules. Each molecule has an A-atom at a fixed location
and two identical B-atoms which can occupy any two of four possible positions in the
molecule.

(a) How many different configurations can the system have?

(b) If some molecules can have one or two extra B-atoms by taking them from
other molecules, how many different configurations can the system have?

(¢) Repeat part (b) if, instead of two identical B-atoms, each molecule contains
a B-atom and a C-atom.
1-22. A system consists of N distinct particles each of which can have an energy level
equal to kE, for k =0, 1, 2, . . . . If the total energy of the system is equal to
ME,, where M is a positive integer, in how many ways can the total energy be dis-
tributed among the particles?
1-23. (Information Theory: Sphere Packing) A set of code words that are of the same
length is called a block code. In binary block codes, the distance between two code
words is defined as the number of digits where the two code words differ. For
example, the distance between 0110 and 1011 is 3 and the distance between 0110 and
0111 is 1. When the minimum distance between any two code words in a set of
n-digit code words is 2r + 1, the set forms an r-error-correcting code of length n. Let
A(n,r) denote the maximum number of code words in an r-error-correcting code of
length n.

(a) Show that

An,r) < —’-—2———-— (Hamming bound)

Y cmg

J=0
(b) Show that

A(n,r) 2 2'—2”-- (Gilbert bound)

Y Cmi)

i=0

Hint: Consider the following geometric interpretation. In an n-dimensional
space in which the cartesian coordinates can assume only the two values 0 and 1,
an n-digit binary word can be represented as a point. If a code is an r-error-correcting
one, there is at most one code word inside any ‘‘sphere’ of diameter 2r.

1-28. (Information Theory: Group Codes) A binary group code is a set of binary code
words with the property that the modulo 2 sum of any two code words in the set is

also a code word in the set. Let A(r) be the total number of code words in an r-error-
correcting binary group code of length n. Show that

2(2r +1)

40 <5 e-a

Hint: Show that the following are true:
1. Any column in the list of code words contains either half ones and half zeros or all

zeros.
2. The list of code words contains at least [A(r) — 1](2r + 1) ones.
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1-3. How many permutations of the integers 1,2, . . . , n are there such that every
integer is followed by (but not necessarily immediately followed by) an integer which
differs from it by 1? For example, with n = 4, 1432 is an acceptable permutation
but 2431 is not.

1-%6, Let a;, @y, . . . , a:e denote an ordered sequence of n I’sand n (—1)’s. Let f(k)
be the sum of its first k digits. That is,

Kk) = i o
iml
Find the number of such sequences that have the property
k) 20 fork=1,2...,2n
Hint: Define a new function g(k) such that

f(k) 1€ksm
'(k)"{-—(f(k)+2) m<k<2n

where m is the smallest integer for which f(m) = —1, if there is such an integer.
Otherwise m = 2n.



Chapter 2
Generating Functions

2-1 INTRODUCTION

From three distinct objects ¢, b, and ¢, there are three ways to choose one
object, namely, to choose either @ or b or c. Let us represent these
possible choices symbolically as & + b 4 ¢. Similarly, from these three
objects, there are three ways to choose two objects, namely, to choose
either @ and b, or b and ¢, or ¢ and @, which can be represented symbol-
ically as ab 4 bc + ca. There is only one way to choose three objects,
which can be represented symbolically as abe. Examining the polynomial

1+a)(Q+bx)(1+cx)=1+(a+b+ o)z
+ (ab + bc + ca)z? + (abe)z?

we discover that all these possible ways of selection are exhibited as the
coefficients of the powers of z. In particular, the coefficient of ¢ is the
representation of the ways of selecting ¢ objects from the three objects.
This, of course, is not sheer coincidence. We have an interpretation
of the polynomial according to the rule of sum and the rule of prod-
uct. Symbolically, the-faeter 1 + az means that for the object a..
2
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the two ways of selection are ‘“not to select a” or ““to select a.”” The
variable z is a formal variable and is used simply as an indicator. The
coefficient of z° shows the ways no object is selected, and the coefficient
of z! shows the ways one object is selected. Similar interpretation
can be given to the factors 1 + bz and 1 + cr. Thus, the product
(1 + az)(1 + br)(1 + ex) indicates that for the objects a, b, and ¢, the
ways of selection are "'to select or not to select a”’ and “to select or not to
select b” and “to select or not to select ¢.” It is clear that the powers
of z in the polynomial indicate the number of objects that are selected,
and the corresponding coefficients show all the possible ways of selection.

This example motivates the formal definition of the generating func-
tion of a sequence. Let (@o,a1,8s, . . . ,a,, . . .) be the symbolic repre-
sentation of a sequence of ievent.’s, or let it simply be a sequence of num-
bers. The function

F(z) = awo(z) + aus(z) + awa(z) + - - - +aml2) + - - -
is called the ordinary generating function of the sequence (a¢,a1,as, . . . ,
g, . . .), where uo(z), ur(z), u(z), - . ., m(x), . . . is a sequence.of

functions of z that are used as indicators. (Another kind of generating
function ¢alled the exponential generating function will be discussed later
in this chapter.) The indicator functions, the u(z)’s, are usually chosen
in such a way that no two distinet sequences will yield the same generating
function. Clearly, the generating function of a sequence is just an
alternative representation of the sequence. For example, using 1, cos z,

€082z, ..., cosrz, . . . as the indicator functions, we see that the
ordinary generating function of the sequence (l,w,w?, . . . ,0, . . .) i8
Flz) =14+ wcosz +wlcos2z+ * ** +wcosrz+ - - -

On the other hand, using 1, 1 4+, 1 —xz, 1 + 2%, 1 — 2% . ..,
141, 1 —27, ... as the indicator functions, the ordinary generating
function of the sequence (3,2,6,0,0) is

34+2(1+2)+6(1 —z) =11 - 4z

However, the sequences (1,3,7,0,0) and (1,2,6,1,1) will also yield the
same ordinary generating function; that is,

1+3(1+2)+71 —x) =11 — 4z

and

1420 4+2)+6(0—2)+ (1 +2)+ (1 —z?) =11 — 4z

Hence, we see that the functions 1, 1 + x, 1 — 2, 1 + 2%, 1 — 2% . . .
should not be used as indicator functions. The most usual and useful
form of u(x) is z". In that case, for the sequence (40,81,83 - - - »
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a,, . . .), we have
F2)=a+az+az’+ - +ex"+ -

We shall limit our discussion to indicator functions of this form. From
now on, when we talk about the generating functions of a sequence, we
_shall mean the generating function of the sequence with the powers of z as
indicator functions. Notice that the sequence (as,av,as, - - . ,ar, . . .)
can be an infinite sequence, and F(z) will then be an infinite series. How-
ever, because z is just a formal variable, there is no need to question
whether the series converges.t

As will be seen, in addition to being an alternative representation,
the generating function is also a useful representation that leads to some
very powerful techniques in enumerations and other types of combina-
torial problems.

2-2 GENERATING FUNCTIONS FOR COMBINATIONS

We have seen that the polynomial (1 4 az)(1 + bz)(1 + cz) is the ordi-
nary generating function of the different ways to select the_objects
a. b, and c. Instead of the different ways of selection, we may only be

interested in the_pgn_ﬂg: of ways of selection. By settinga =b=c¢c =1,
we have

A4+20+2) QA +2)=0Q4+2)3=14+4 3z + 32 + z°

Clearly, we see that there is one way to select no objects from the three
_ objects, C(3,0), three ways to select one object out of three, C(3,1), etec.
~ Usually, a generating function that gives the number of combinations
or permutations is called an enumerator. In particular, an ordinary gen-
erating function that gives the number of combinations or permutations
is called an ordinary enumerator.

This notion can be extended immediately. To find the number of
combinations of n distinet objects, we have the ordinary enumerator

l+nr+ﬁ2§—~;—l)z!+ Cen

an—1) - - (n—r+1
REILELEERCE1E S R
C(n,0) + C(n,1)z + C(n,2)z® + - - -

+ C(nr)zr + - - - + C(n,n)z"
t An alternative point of view can also be taken. Except for the case a0 = =, F(z)
converges at 7 = 0. Therefore, with the understanding that the value of z is set to

be 0, we can carry the expression for F(z) along in our computation without concerning
ourselves further with the convergence problem.

a1+ 2"

.+In
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In the expansion of (1 4 z)», the coefficient of the term z* is the number
of ways the term z* can be formed by taking r 2’s and n — r 1’s among
the n factors 1 4+ z. It is for this reason that the C(n,r)’s are called the

. . . . . o ny.
binomial coefficients. In a binomial expansion, (r) is a common alterna-

tive notation for C(n,r).

Example 2-1 From

D4+ Qe +re )

=(1+2)*
we have the identity

YAUAIHASEIUASRVES

by setting z equal to 1. The_combinatorial significance of this

identity is that both sides mﬁﬁﬁ?m selecting

none, Or one, or two, . . . , Or n objects out of n distinct objects.
We also have the identity

(6)-0)+E)- v () rer()-o

by setting z equal to —1. Writing this as

n n n n n n
(0)+(2)+(4)+ -0 +GE) G+
we see that the number of ways of selecting an even number of
«  objects is equal to the number of ways of selecting an odd number
of objects from n distinct objects. m
Example 2-2 The identity
n\’ n\? n\? n\? n\? 2n
@ Q@O+ Q- ()
can be proved in two ways.

Method 1 We observe that the expression on the left-hand side is
the constant term in (1 4 z)*(1 + z~!)~. Since

A+ 2)A + 2z = (1 + 2)(1 + z)*z" = z27%(1 4 )™
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and the constant term in z7*(1 + z)* is (2:), we have proved the
identity.

Method 2  We rewrite the identity to be proved as
n\ (n n n n n
@E)+MG2)+ @) 2a)
n n n\ [(n 2n
+G2) -+ (6 - ()

and use a combinatorial argument. To select n objects out of 2n
objects, we shall first divide them (in any arbitrary manner) into two

piles with n objects in each pile. There are (':) ways to select ¢

objects from the first pile and ('n 7: i) ways to select n — 1 objects

from the second pile to make up a selection of n objects. Therefore,

the number of ways to make the selection is E (:) (n 7: 1.) which

i=0
is also equal to (2:)

To see an application of this result, let us consider the problem
of finding the number of 2n-digit binary sequences which are such
that the number of 0’s in the first n digits of a sequence is equal to
the number of 0’s in the last n digits of the sequence. Since the

number of n-digit binary sequences containing r 0's is (:), the

number of 2n-digit binary sequences containing r 0's in the first
2

n digits as well as in the last n digits is (:':) . Therefore, the num-

ber of 2n-digit binary sequences which are such that the number of
0's in the first n digits of a sequence is equal to the number of 0’s
in the last n digits of the sequence is

n\* |, (n\ |, (7} n\’ n\' _ [2n
@+ @+ () Q-
It is instructive for the reader to rephrase the combinatorial

argument used in the second method of proof above for this par-
ticular problem. m
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Example 2-3 Prove the identity

() 2@ +s @) e () () e

Differentiating both sides of the identity

O R r
we have S

('1‘)+2('2‘)z+3(;‘>z+ ce +r(’:)x"“+ Ce
+n(:) ! = n(l 4 x)~?

The given identity is obtained by setting z equalto 1. =

Example 2-4 What is the coefficient of the term z2* in (1 + 2% + z%)100?
Since z°z%s® = 2% is the only way the term z?* can be made up in the
expansion of (1 + z* + z°)'° and there are C(100,2) ways to choose
the two factors z° and then C(98,1) ways to choose the factor z*, the
coefficient of z% is

€(100,2) X C(98,1) = %ﬁ X 98 = 485,100 m

Example 2-5 Show that the ordinary generating function of the sequence

(g)' (?) (;) (g) ce (2,') ... is (1 — 42)7%.  According

to the binomial theorem,t we have

r!

r=1

i ©(/26/26/2) - - [er -1/,
. r!

rwl

t As a reminder, the binomial theorem is

(l+z)__l+Zn(n—l)(n—2)"!--(n—r+l)z,

re=1

where the upper limit of the summation i8 n if n is a positive integer, and is
« otherwise.
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< 2ZIAXIXSEX - X(@r—1)],,

=l+z r!

r=]

T XIIIXEX5X - X(@r~-1]
=1+E( rir! z

Fml

e (2X4XBX - X291 XIXEX - - - X(2r=1)]
SRR e a=2l

rml
5 e @l
=1+ Z] rir! z

< [2r .
50
r=1
As an application of this result we evaluate the sum
2 (2i) (2¢ - 21)
1 t—1
i=0
for a given ¢ Since ;) the coefficient of the term z* in
3 2t — 27\ . . —
(1 - 4x)~** and t_qi ) the coefficient of the term z'~* in

to 5
(1 — 4z)~%, E (2:) (2: _ 121) is the coefficient of the term z' in
V=0
(1 — 42)~%(1 ~ 4z)~*. Since
(1 — 40)7%(1 — 42)~% = (1 — 42)™
=l+4dz+ @da)*+ @)*+ - + @)+ -
we have

LCCZE) v

~

When repetitions are allowed in the selections (or equivalently, when
there is more than one object of the same kind), the extension is immedi-
ate. For example, the polynomial

I+az+aa)1+bx)(1+cx) =1+ (@+b+0)z
+ (ab + be + ac + a®z? + (abe + a? + a%)z? + (a®c)zt

is the ordinary generating function for the combinations of the objects
a, b, and ¢, where a can be selected twice. The reader should notice the
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difference between the combinatorial significance of this polynomial and
that of the polynomial (1 + ar)(1 + a*?)(1 + bz)(1 + cz), which can
be written as (1 + ar + az? + a2 (1 + bx)(1 + cx).

As another example, let us consider the generating function

(I+a)l+ex)Q+bdr)(l+ex) =1+ @+b+ec+al)z

+ (ab + b¢ + ac + a? + a® + a*c)z?
+ (abc + a*b + ac + a¥c)z? + (a*hc)zt

We can imagine that there are four boxes, one containing a, one containing
two a’s, one containing b, and one containing ¢. The generating function
gives the outcomes of the selection of the boxes.

Similarly, the ordinary enumerator for the combinations of the
objects @, b, and ¢, where a can be selected twice, is

Q+z+2)(1 +2)' =1 + 3¢ + 42* + 32 + z¢

The significance of the factor 1 + z + z2is that for the object a, there is
one way not to select it, one way to select it once, and also one way to
select it twice. In the following, we have more illustrative examples.

Example 2-6§ Given two each of p kinds of objects and one each of ¢
additional kinds of objects, in how many ways can r objects be
selected? The ordinary enumerator for the combinations is po ..L

A+ z+ 20701 + 2)*

The coefficient of zr in the enumerator is
[r/3}

L0025

where [r/2] denotes the integral part of »/2 (that is, [r/2] = r/2 if
r is even, and {r/2) = (r — 1)/2 if r is odd), because among the
p factors of the form 1 + z + z* we can select ¢ 2¥'s, and among the
P — ¢ remaining factors of the form 1 4+ z + z* and the ¢ factors
of the form 1 + z we can select r — 2 z’s. = ,
PURT PRI
Example 2-7 The ordinary enumerator for the selection of r, objects out
of n objects with unlimited repetitions is X

G+z+zr4 -+t - ) -

(=)

=Q =2 o~
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14 5: (=m)(=n—-1) T' (on—r+ Dy

r=1

=l+i<n)(n+1)--r!- (mtr—1,

r=1

_i(n+r—l) .
= x
r=0 r

n+r—1

, ) ways to select 7 objects from

n objects with unlimited repetitions is a result we have proved in
Chap. 1. =

The fact that there are

Example 2-8 The ordinary enumerator for the selection of r objects out

of n objeets (r > n), with unlimited repetitions but with each object
included in each selection, is

(z+z’+"'+z"+\"')'=z"( ! )

1 -1z

=z*(1 — 7)™
= z" 2 (n+::— 1),:-‘
i=0
—_ z (n+:_ l)zw{-i
/ =0

z (::'l'):c' (letr=n47)

z(':i)x .

r=n

[

Example 2-9 Show that the number of ways in which r nondistinct
objects can be distributed into n distinct cells, with the condition
that no cell contains less than ¢ nor more than ¢ 4 z — 1 objects, is
the coefficient of z7—* in the expansion of {(1 — z*)/(1 — z)]~.

Since the ordinary enumerator for the ways a particular cell can be
filled is

294 29 4 - - - o gered



ENUMERATORS FOR PERMUTATIONS 33

the ordinary enumerator for the distributions is

(z( + ! + - +:'+I—l)l
=zgv(l4+z+ --- -+ ) i
. ot
=I"(l_r)‘ a‘
1 -z

As an application of this result, we shall find the number of

ways in which four persons, each rolling a single die once, can have

. a total score of 17. Thatis, forr =17, n = 4,¢ =1, and z = 6,
the ordinary enumerator is z4(1 — z8)/(1 — z)]*. Since

(1—2% =1 — 4z + 62" — 42'* 4 2™

4 ! 4 X5
(=142 43X 50 AXIXO
the coefficient of ¥ in (1 — z8)4(1 — z)~*is
4X3X6X---X16 4X5X6X - X10 4
13! —4 7! +6-4
14 X 15 X 16 8§ X9X10 4
= 3! —d ey ey
= 104

It is suggested that the reader review Example 1-19 and solve
it by finding the enumerator. =

2-3 ENUMERATORS FOR PERMUTATIONS

It is natural now for us to turn to the generating functions for permuta-
tions. However, there is an obvious difficulty when we try to extend
our previous results. Since multiplication in the ordinary algebra in the
field of real numbers (with which we are so familiar) is commutative
(that is, @b = ba), we cannot quite handle the case of permutations
using ordinary algebra. The situation can be illustrated by an example
of the permutations of the two objects a and b. What we want to
have as a generating function for the permutations is

14 (a + bz + (ab + ba)z?
However, this polynomial is equivalent to
1 + (a + b)z + (2ab)z?

in which the two distinct permutations ab and ba can no longer be recog-
nized. Instead of introducing a new algebra that is noncommutative
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for the case of permutations, we shall limit ourselves to the discussion
of the enumerators for permutations which can still be handled by the
ordinary algebra in the field of real numbers.

A direct extension of the notion of the enumerators for combinations
indicates that an enumerator for the permutations of n distinct objects
would have the form

F(z) = P(n,0)z° + P(n,1)x + P(n,2)z* + P(n,3)x* + - - -

+ P(n,r)zr + - - - + P(n,n)z
n! n! n!
i = v R ey A e A
n!
+("_-_m1.r+ P +n!z“

Unfortunately, there is no simple closed-form expression for F(z), and to
carry along the polynomial in our manipulations certainly defeats the
purpose of using the generating function representation. However, when
we recall the binomial expansion

14+ 2" =14+ C@nl)zx + Cn,2)z* + C(n,3)a* + - - -

o + Cn)zr+ - -+ + C(n,n)xr
o 1+P(;1!'1)Z+P(;’!:2)‘xg+P(;'!ys)z'+ . e
)
+_P_(£;"2zr+...+ﬂ%_'zu

we see the key to defining another kind of generating function, the
ezponential generaling_ functign. Let (@o,a1,8s, . . . 0y, . . ) be the
syxfxBBTiE representations of a sequence of events or simply be a sequence
of numbers. The function

F@) = 5 u@) + F @ + @ + -+ Fw@ +

is called the exponential generating function of the sequence (ao,a1,as,

 y8ey . . .) With pe(z), wi(x), wa(z), . . ., #r(z), . . . as the indicator
functions. Thus, (1 + z)" is the exponential generating function of the
P(n,r)’s with the powers of z as the indicator functions. Similarly, an
exponential generating function that gives the number of combinations
or permutations is called an exponential enumerator.

Example 2-10 According to the result in Example 2-5, (1 — 4z)~% is
the exponential generating function of the sequence (P(0,0),P(2,1),
P42, ... P2, .. .).
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The exponential generating function of the sequence (1,
1X31X3X3...,1X3X5X " " X@+1),...)is
(1 — 2z)~%.

The exponential generating function of the sequence (1,1,1,

L L ) ises. -

Clearly, the exponential enumerator for the permutations of a single
object with no repetitions is 1 4+ 2. We also see in the above that the
exponential enumerator for the permutations of n distinct objects with no__
repetitions is (1 4 z)*. (The definition of the exponential enumerator is
actually chosen in such a way that the result will come out correctly.)

When repetitions are allowed in the permutations, the extension is

immediate. The exgonenm_gmme:m.fnuhe_pemumms_uﬂ_p_
o p identical ‘obje )

“Thus, the exponential enumerator for the permutations of none, one,
two, . . ., p of p identical objects is

1 1 1
1+T°!I+—2—!I’+ st +EI’

Similarly, the exponential enumerator for the permutation of all p + ¢ of
P + g objects, with p of them of one kind and ¢ of them of another kind, is

I? zv Friadl
e Pl

which agrees with the known result that the number of permutations is
(» + 9)!/p'q!. It follows that the exponential enumerator for the permu-
tations of none, one, two, . . . , p + ¢ of p + g objects, with p of them
of one kind and g of them of another kind, is

1 1 1
(1 TR ™ )(1
, "‘+qlv")

For instance, the exponential enumerator for the permutations of two
objects of one kind and three objects of another kind is

z , ¢
(1+1—'+§")(l+ +9,+3,
1 1 1 1
‘+(1v+1v z+(m,+2.+2, z’+(~—2 it

)*
+ (it + 2m) = + (o)
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The reader can again check the results by referring to Example 1-6 in
Chap. 1.

Example 2-11 The number of 7-permutations of n distinct objects with
unlimited repetitions is given by the exponential enumerator

2 3 » s r
/ (1+x+;—!+-;—!+'--) =e“=z%x'

=0

Example 2-12 Find the number of r-digit quaternary sequences in which
each of the digits 1, 2, and 3 appears at least once. This problem
is the same as that of permuting four distinct objects with the
restriction that three of the four objects must be included in the

permutations. The exponential enumerator for the permutations
of the digit 0 is

2 3
(1+x+;—!+§,+---)=e=

The exponential enumerator for the permutations of the digit 1
(or 2, or 3) is

2 3
(x+%+%+---)=ez—1

It follows that the exponential enumerator for the permutations
of the four digits is

e*(er — 1)(ex — 1)(ez — 1)

e*(e?* — 3e¥ + 3e7 — 1)
elz —_ 3elz + 362z — &%

4 —3X3¥+3x2r—-1)
r! v

r=0

Therefore, the number of r-digit quaternary sequences in which each
of the digits 1, 2, and 3 appears at least once is

44 —3XIF+3X2—-1=m
Example 2-13 Find the number of r-digit quaternary sequences that

contain an even number of 0’s. The exponential enumerator
for the permutations of the digit 0 is

2zt ozt 1, . .
(1+2—!+a+€!+“')=§(0 +¢77)
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The exponential enumerator for the permutations of each of the
digits 1, 2, and 3 is

z 2
(1+ﬂ+§!+§‘!+ <o ')=e‘
It follows that the exponential enumerator for the number of qua-
ternary sequences containing an even number of 0’s is
Yoot + en)ererer = Bg(et + e¥)

C Ll +2)
277 z

Therefore, the number of r-digit quaternary sequences that contain
an even number of 0’s is (4" + 27)/2.

Similarly, to find the number of r-digit quaternary sequences
that contain an even number of 0’s and an even number of 1’s, we
have the exponential enumerator

Yoler + e ™) V5(e* + ePete* = Ji(e¥ + 2 + e~ )e™
14(e** 4 2¢* + 1)

Ca V142X
—l+'Z14 z

r!

The reader is encouraged to review the method of solution
presented in Example 1-9 in Chap. 1. =

Example 2-14 Find the exponential enumerator for the number of ways
to choose r or less objects from r distinct objects and distribute them
into n distinct cells, with objects in the same cell ordered. Notice
that there are C(r,m) ways to select m objects out of r objects and

n(n 4+ 1) - - - (n + m — 1) ways to arrange them in the n distinct
cells. Since the value of m ranges from 0 to r, the total number of
ways is

C(r0) + C(r,3) X n 4+ C(r,2) X n(n + 1)
+CrN Xnn+ Dn+2)+ - - -
+Co) Xnn+1l) - (ntr—1

1 \ :
=r![r—!X1+(7':*ﬁan+(r___2)_mxn(n+l)
1
trogm X DEFD+

+r—l!Xn(n+l) . --(n+r—l)]
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The expression in the square brackets is the coefficient of the term
z" in the product of the two series

2 r
¢t=1+{.!+g_!+...+§_!+...

and
I e R
+n(n+1)"'(n+r-1)

i .'17'+"‘
T

Therefore, e/(1 — z)" is the exponential enumerator for the distri-
butions of r or less objects into n distinct cells, with objects in the
same cell ordered. ®

2-4 DISTRIBUTIONS OF DISTINCT
OBJECTS INTO NONDISTINCT CELLS

As examples on the use of exponential generating functions, we shall
derive some results on the distribution of distinct objects into nondistinct
ells. First we shall derive the number of ways of distributing r distinct
objects into n distinct cells so that no cell is empty and the order of
objects within a cell is not important. This problem can be viewed as
. Afinding the number of the r-permutations of the » distinct cells with each
cell included at least once in a permutation. The exponential enumerator
for the permutations is

(s +5+5+ - ~>'-- (& — D
- Zo (%) (—1)-‘20-}! (n — iyar

Thus, the number of ways of placing r distinct objects into n distinct cells
with no cell left empty is equal to

2 (-1) (") (n = 4)" = n!S(r,n)

1
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where S(r,n) is defined as (1/n!) Z (=1 (':) (n — 1)" and is called the
1=0
Stirling number of the second kind. Table 2-1 shows some of the Stirling

Tabile 2-1 Stirling bers of the d kind, S(r,n)
n
r
1 2 3 4 5 6 7 8 9 10
1 1
2 1 1
3 1 3 1
4 1 7 6 1
5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 83 301 350 140 21 1
8 1 127 966 1701 1050 266 28 1
] 1 255 3025 7770 6951 2646 462 36 1
10 1 511 9330 34105 42525 22827 5880 750 45 1

numbers of the second kind. ({It is suggested that the reader convince
himself that the result Pg) X »=", which is obtained by distributing
one object in each of the n cells and then distributing the remaining
r — n objects in an arbitrary manner, is incorrec}.]

It follows that the number of ways of placing r distinet objects into
n nondistinet cells with no_cell left empty is equal to

Str) -

Previously we proved that there are n” wavs of placing r distinet
objects into n distinct cells, when empty cells are allowed. However,
the reader should convinee himself that when the cells become nondis-
tinct, the number of ways is not equal to n*/n!.  As a matter of fact, the

uumber of ways of distributing r distinct objects into n nondistinct
cells with empty cells allowed is

Sr1)+8(n2)+ - - - + 8(rn) forr>n
and is

Sr,D+Sr2)+ - +8¢r) forr<na 21

These come directly from the argument that the number of ways of dis-
tributing r distinet objects into n nondistinct cells with empty cells
allowed is equal to the number of ways of distributing these r objects
so that one cell is not empty, or two cells are not empty, etc.
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For the case of r < n (i.e., there are at least as many cells as objects),
there is a closed-form expression for the ordinary generating function of
the numbers of ways of distributing the objects. Since S(7,7) = 0 for
i < j, the count in the expression in (2-1) does not change if we add to it
an infinite number of terms as follows:

Sr,1) + 82+ -+ + 80, + 8S(r,r + 1)

+ Stryr+2)+ - - (22
Obhserve that

ezl - 1) +S(1 AV S(22'1) 'y
S(r,1) _,
+ r! T
(e 2— 1)® = 5(0,2) + S(l 2) z + S(;?) 2 4
+ Pt
T k
(e = 1) = S(0k) + S(l k) z+ S(;k) + -
+ 50+
(e* ;; 1)’ = S0 + 01 S(l 7) 2+ 5G@0 S(2 r) o -
+ 500 0y
z . 1)r+1 .
-(%'ﬁ))T =S(0;7‘+ 1) +S(1”l'+ 1)2+S( ;,+ 1) E L R
+ S, :_!+ 1 z +

......................................

Therefore, the coefficient of z7/r!, which is the number of ways of dis-
tributing r distinct objects into r or more nondistinct cells, in

e —1  (e2— 1) (e* — 1)*
A7 el A sy~ ml
(e =1  (es—1+
et e T (2-3)

is equal to the expression in (2-2). However, the generating function in
(2-3) can be written as

e’=1 — 1
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2-5 PARTITIONS OF INTEGERS

As another illustration of the use of generating functions, we shall dis-
cuss the distribution of nondistinct objects into nondistinet cells.

A partition of an integer.is a division of the integer into positive
integral parts, in which the order of these parts is not important. For
example, 4,3+ 1,24+ 2 2+ 1+ 1,and 1 + 1+ 141 are the five
different partitions of the integer 4. It is clear that a partition of the
integer n is equivalent to a way of distributing » nondistinct objects
into n nondistinet cells with empty cells allowed. We shall conduct our
discussion in the context of the partitions of integers mainly because it is
also an important topic in number theory.

Observe that in the polynomial

14+z+2t4+294+28+ - +2°
the coefficient of z* is the number of ways of having k 1’s in a partition
of the integer n. Clearly, there is one way for 0 £ & < n and no way for

k > n because in a partition of n there can be from no 1’s to at most n
Vs, It follows that in the infinite sum

1

l+z4+8+B 420+ +z 4 - 1=

the coefficient of z* is the number of ways of having k 1’s in a partition
of any integer larger than or equal to k. Similarly, in the polynomial

T4z 42t 428284 - - - 4 M

the coefficient of z* is the number of ways of having k 2’s in a partition
of the integer n. Also, in the infinite sum

_ 1
1 -2

the coefficient of z* is the number of ways of having k 2’s in a partition
of any integer larger than or equal to 2k. Notice that a 2 in a partition
will be acecounted for by the term z2,two 2’s in a partition will be accounted
for by the term z4, etc. It follows then that

14224zt 428428+ - 424+ - -

Fey=Q+z+zt+224 - +2+ )
A+z2+z0 4284+ -« ¥4 .-
A+z22+z8+22+ - - 42"+ )
A4zt +zt+z4 - Fzv 4+ )
ezttt g )
1

T -0 - —2) - - (-2
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is the ordinary generating function of the sequence (p(0),p(1), . . . ,p(n)),
where p(¢) denotes the number of partitions of the integer 7. However,
notice that F(x) does not enumerate the p(s)’s for j > n; rather, it
enumerates the number of partitions of the integer j that have no part
erceeding n. Tor example, from

1
(1 -2 —-20(1 — 29
=14+24+2:2+32" +42* + 52* + 7z + - - -
we observe that there are three ways to partition the integer 3 and there

are seven ways to partition the integer 6 such that the parts do not
exceed 3. The ordinary generating function of the infinite sequence

(P©),p(1),p(2), . . ,p(m), . . )is

1
F@ = a—na=a==
It is immediately clear that in
1
Q=21 =20 =25 - - - (1 =zt

the coefficient of z* for k < 2n + 1 is the number of partitions of the
integer k into odd parts, and the coefficient of z* for k > 2n + 1 is the
number of partitions of the integer & into odd parts not exceeding 2rn + 1.
Similarly, in
1
(I—2)(1 —2)(1 — 2% - - -

the coefficient of z* is the number of partitions of the integer k into
odd parts. Also in

1

(1 —2z50 -2 —z8 « - - (1 —z™)
the coefficient of z* for k¥ < 2n is the number of partitions of the integer k
into even parts, and the coefficient of z* for k > 2n is the number of
partitions of the integer k into even parts not exceeding 2n. Again, in

1

(1 —a)(1 — 291 — % - - -

the coefficient of z* is the number of partitions of the integer k into even

parts.
Also, the polynomial

QA4+ +29q+2%) - 1 +2

enumerates the partitions of integers no larger than n into distinct
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(unequal) parts and the partitions of integers larger than n into distinct
parts not exceeding n, and

A+ +2z2Q 42 - - L+2z) - -

enumerates the partitions of the integers into distinct parts.
In the following examples it will be shown that the usefulness of

these results goes beyond the simple enumeration of the number of par-
titions of integers.

Example 2-15 Since
A+2)0 4290 +2Q +2) - -1 +2z)---

l"‘Zz.l—I‘.l_x..l —Is ----- l—__x_zr.n " e e
l—z 1—22 1—22 1-12* 1—-2z
1

TO-o-o(a -2 - -

we conclude that the number of partitions of an integer into distinct
parts is equal to the number of partitions of the integer into odd
parts. For instance, the integer 6 can be partitioned into distinct
parts in four different ways, namely,

6 541 4+2 34241

There are also exactly four different ways in which 6 can be par-
titioned into odd parts. They are

5+1 3+3 3+141+4+1 1+1+14+1+4+1+1 m
Example 2-16 Since

QA=A+ +2)A+290 +29 - - Q+2) - -
—A =AU +NA+29A +28 - (L +a?) -

=1 —z90 +290 +29 - - QL +2¥) -
=1

we have the identity

T——l:;.—_ 1+ 21 + 201 +z‘)(l+x‘) e Q1 +z¥) -

Recalling that

m=1+3+3‘+z‘+2‘+"‘

we conclude that any integer can be expressed as the sum of a
selection of the integers 1,2, 4,8, ... ,2, ... (without repeti-
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tion) in exactly one way. (This is the well-known fact that a dec-
imal number can be represented uniquely as a binary number.)

Directly from this identity we have another interesting result.
Since

l—z=(l+z)(l+z’)(l+1‘)(ll+z") Qe -
=(1l—-z4+z2—2242zt~ - )
A —224z8—20 428 — - - )
(1 -2+ 2% — 212 4 !0 —~ ...)...
(A — 2% 222 — g 4 gb% — - - ) -

we conclude that to partition any integer n larger than 1 into parts
that are powers of 2, namely, 1,2,4,8, . . . ,27, . . ., the number
of partitions that have an even number of parts is equal to the num-
ber of partitions that have an odd number of parts. The series

l—z4+22—2842¢— -+ -
enumerates the number of 1’s in a partition, with terms correspond-
ing to an even number of 1’s in the partition having 41 as the

coefficients and terms corresponding to an odd number of 1’s in the
partition having —1 as the coefficients. Similarly, the series

l—z2+ab—z8 28—+« -
enumerates the number of 2’s in a partition, and the series
1 —zb 28 — g2 g6 — « .+«

enumerates the number of 4’s in a partition, with terms correspond-
ing to an even number of 2’s (or 4’s) having positive coefficients and
terms corresponding to an odd number of 2’s (or 4’s) having negative
coefficients. Therefore, in the expansion of the product

Q—z4+at~z3+z24— - Yl —22+z¢ -2t +28— -+ )
A —z 4zt =z — - o)«
A —z? 2" =37 4 g — ) -

a term +z" corresponds to a partition of the integer n into an even
number of parts, and a term —z" corresponds to a partition of the
integer n into an odd number of parts.

As an example, weseethat4 + 1,24+ 1414+ 1,24+ 2 4+ 1,
and 1 + 1+ 1+ 14 1 are the four partitions of the integer 5
into parts that are powers of 2. Two of these partitions have an
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even number of parts, and the other two have an odd number of
parts. @

%2-6 THE FERRERS GRAPH

A Ferrers graph counsists of rows of dots. The dots are arranged in such
& way that an upper row has at least as many dots as a lower row. A
partition of an integer can be represented by a Ferrers graph by making
each row in the graph correspond to a part in the partition, with the
number of dots in a row specifying the value of the corresponding part.
For example, the partition of the integer 14 into 6 + 3 + 3 + 2 is repre-
sented by the Ferrers graph shown in Fig. 2-1.

Figure 2-1

Using the Ferrers graphs, we can derive some very interesting
results:

1. The number of partitions of an integer into exactly m parts is equal
to the number of partitions of the integer into parts, the largest of
which is m. This comes from the fact that the transposition of a
Ferrers graph (the leftmost column becomes the uppermost row
and so on) is also a Ferrers graph. It follows that the transposition
of the Ferrers graph of a partition having exactly m parts becomes
the Ferrers graph of a partition having m as the largest part.
For example, there are two partitions of the integer 6 that have
exactly four parts each. Theyvare2 +2+1+1land3 +1+1
+ 1. There are also two partitions that have 4 as their largest
parts. They are 4 + 2 and 4 + 1 + 1. The corresponding Fer-
rers graphs are shown in Fig. 2-2.

2424141 34+1+1+1
(4 + 2, after transposition) (4 + 1 + 1, after transposition)
Figure 2-2
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2. Following the same argument as that in (1), we observe that the
number of partitions of an integer into at most m partsis equal to the
number of partitions of the integer into parts not exceeding m.
Therefore, the ordinary generating function of the numbers of par-
titions of integers into at most m parts is also

1
A=l =25 - (1-2z2m

Now, since the ordinary generating function of the numbers of par-
titions of integers into at most m — 1 parts is

1
Q-1 —2%» - - (1 —2amY

the ordinary generating function of the numbers of partitions of
integers into exactly m parts is

1 1
==z - 0-27 (G- -a) - (1—2D
:ﬂ
T =-2) (=

3. Using the previous result, we can find the ordinary generating func-
tion of the numbers of partitions of integers into exactly m unequal
parts. If we add m — 1 dots to the first row of the Ferrers graph
of an m-part partition of the integer n — [m(m — 1)/2], m — 2 dots
to the second row, m — 3 dots to the third row, . . . , and one dot
to the (m — 1)th row, we have the Ferrers graph of a partition of the
integer n into m unequal parts. Since this gives a one-to-one cor-
respondence between the m-part partitions of the integer n —
[m(m — 1)/2] and the partitions of the integer » into m unequal
parts, we conclude that the number of partitions of the integer n
into exactly m unequal parts equals the number of partitions of the
integer n — {m(m — 1)/2) into exactly m parts. Therefore, the
ordinary generating function of the numbers of the partitions of
integers into m distinct parts is

Fad

JuT— T2 = 0=z

_ Zmim+1)2
TaEad=) I

2-7 ELEMENTARY RELATIONS

Using mainly problems in combinations and permutations as examples, we
have introduced the notions of ordinary and exponential generating func-
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tions. However, we must emphasize that the concept of representing
sequences by their generating functions is not limited to the area of
combinations and permutations, as we shall see in the following chapters.
In this section, we present some elementary relations on the operations of
generating functions.

Let A(z), B(z), and C(z) be the ordinary generating functions of the
sequences (@o,81, . - . ,8s - - )y (be,b1, . . . ;b . . ), and (coe, . .
¢, - . .), respectively. By definition,

C(z) = A(2) + B(x)

if and only if the members of the sequences are related as follows:

M

ce = as + b
a=ae+bh
& =6 + b

Similarly, by definition,
C{z) = A(z) X B(z)
if and only if the members of the sequences are related as follows:

Co = @obe
¢y = aibg 4+ aoby

..............................

Example 2-17 Let A(z) be the ordinary generating function of the
sequence (@o,61,81, . . . ,8-, . . .). Since 1/(1 — z) is the ordi-
nary generating function of the sequence (1,1,1, . .. ,1, .. ),
[1/(1 — z))A(z) is the ordinary generating function of the sequence
@nto+ay,a+at+ay ..., 60+a+a+ - +a, .. ).
[1/(1 — z) is, therefore, called the summing operator.]

For instance, to find the coefficient of the term z% in
(1 — 32? 4 477 4 122 — 52)/(1 — z), we have as the answer
1-34+44+12=14 =

Example 2-18 Evaluate the sum
184224324 - - - 412
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Let us first find the ordinary generating function of the sequence

(0%,1%,22,32, . . . 7%, .. .). Differentiating both sides of the
identity
r}3;=l+x+x’+x’+x‘+"'+z'+--'
we obtain
_1___2=1+2$+3$2+433+..-+rxr—l+...
(1-12)
It follows that
ii.___g.__— 2 2 2 2 2 3 P
dz(l—z)2_1 + 22X+ 3T X2+ 42X+
+7-2er—!+...

and
2-(1———1———=0’+1’Xx+2’)<x’+3’><x’
dz (1 — z)?

+42xx4+...+r2xzr+..‘

Thus, z(d/dz)[z/(1 — z)?], which is equal to [z(1 + z)]/(1 ~ z)3, is
the ordinary generating function of the sequence (07,12,22,32, . .
oL L),

According to the result in Example 2-17, [z(1 + z))/(1 — 2)*
is the ordinary generating function of the sequence (0%, 0% + 12,
024+ 1242202+ 12422432, . .. ,024124+20+324 - - -
+ r% . ..). According to the binomial theorem, the coefficient of
zrin 1/(1 — z)*is

(4 -1D(-4-2) - --(-4—-7r+1)

-2

(=1
r!
_AXSEX6X - X(r+3)_ ¢+ D+ +3)
N 7l - I1X2X3

Therefore, the coefficient of 2 in the expansion of [x(1 + z)]/(1 — z)4
is

rr+ 1)+ 2)

$ oD+ e+ DEr+ 1)
TX2X3 IX2X3 3
that is,
LRID N COPRI S § Gl ) e )

6

Let A(z), B(z), and C(z) be the exponential generating functions
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of the sequences (aoa1, . .. ,a., . ..), (bobs, ... b, ...), and

(em€y - - - 1€ . . .), Tespectively. By definition,

C(z) = A(z) + B(z)

if and only if the members of the sequences are related as follows:

Co=ao+bo
a=a-+bh
cr_av+bv

Similarly, by definition,
C(z) = A(z) X B(z)

if and only if the members of the sequences are related as follows:

Co = aoby
€ = beo + aohs
a,b albx Gobz
a=2 (—m"" mt —m—)
_ a.be a,_i a,_2bs . agd,
o= [T te—pmte—omt T

.--io (:) a,_b:

Example 2-19 Evaluate the sum

. r!
2 r—t+ DG+ D!

Y

We observe first that

S r IR 1 1
I.Zo(f—-i-i—l)!(i-{-1)!_‘Zo(r—i)!i!r—i+li+l
_ r l_A_ 1
'2 iJr—i+1:i+41
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Since

1
e‘=l+T—,2+2,x+ + "'+r—!x'+---
and

1 Loy o
e —1= 1+2,x+ z+——x'+‘~~+;!x"+

3!

the exponential generating function of thesequence( ,%' é: i: ey

-:-r - - ) is (1/z)(e= — 1). It follows that (1/z?)(e* — 1)? is the

exponential generating function of the sequence

12\ 1 N1 1, (2
1x1-x1+1x2(0)x§x1+(l)x§x§+(2)x1

2 r 1 1
T\ =i+ 1i T

Since

Sl =1t = e — 2 1)

2 2\ (2 2 20 2
(2' 2!)"'(@'37!)""(@ 4!)”*‘

2""2 2 r . . .
+ [(r+2)s - (r+2)!]” +

we obtain the result

2r+2 2
Z(r-—t-{-l)'{z-{-l)‘ - [(r+2)‘ (r+2)!]
22+t — 1)

“r+oc+xD ™

2-8 SUMMARY AND REFERENCES

We studied in this chapter the representation of sequences by their gen-
erating functions. This is a key concept in our subsequent discussion of
enumerative techniques. The generating function representation not
only makes the algebraic manipulation of sequences of numbers easier
as shall be seen in Chaps. 3 and 4, but such a representation is also very
useful for symbolic deseription of events as shall be seen in Chap. 5.
The coneept of generating function is used extensively in probability
theory, e.g., the moment-generating function for probability moments.
Also, in the study of sampled-data systems and digital filters, generating
function is a very useful tool. To many engineers, the ordinary gen-
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erating function of a sequence of numbers is known as the z-transform.

For the reader who is familiar with the topic of Laplace transforma-
tion, the close analogy between the Laplace transform of a continuous
function and the ordinary generating function of a sequence should be
mentioned. A continuous function a(r) and its Laplace transform A4(z)
are related by the integral

AQx) = A’ a(r)e—= dr

If a(r) consists of a sequence of delta functions (impulses) at discrete
valuesof rforr =0, 1,2, . . ., then

A@) = a(©0) + a()e~ + a(e > + a@)e + - - -

A(z) can be viewed as the ordinary generating function of a discrete
sequence of numbers (a(0),a(1),a(2), . . .) with e** for ¢ =0, 1, 2,

. a8 indicator functions., Such an analogy is more than superficial,
as shall be seen in Chap. 3.

MacMahon’s book {5} contains a most thorough development of the
subject matter, generating functions. Chapters 1 and 2 of Riordan [6)
and Chap. 3 of Beckenbach [1] are more compatible with our level of
presentation and scope of coverage. The topic of partition of numbers
can be found in most books on number theory. See, for example, Chap.
19 of Hardy and Wright [4]. See also Chap. 6 of Riordan [6). The use
of generating functions in probability theory can be found in Chap. 9
of Feller (3] and Chap. 3 of Drake {2]. For an introduction to sampled-
data systems, see Tou {7].

1. Beckenbach, E. F. (ed.): “Applied Combinatorial Mathematics,” John Wiley &
Sons, Inc., New York, 1964.

2. Drake, A. W.: “Fundanentals of Applied Probability Theory,” McGraw-Hill
Book Company, New York, 1967.

3. Felier, W.: ““An Introduction to Probability Theory and Its Applications,” vol. I,
2d ed., John Wiley & Sons, Inc., New York, 1957.

4. Hardy, G. H,, and E. M. Wright: *“An Introduction to the Theory of Numbers,”
4th ed., Oxford University Press, London, 1960.

3. MacMahon, P. A.: “Combinatory Analysis,” vols. I and 11 reprinted in one volume
(originally published in two volumes in 1915 and 1916), Chelsea Publishing
Company, New York, 1960.

Riordan, J.: **An Introduction to Combinatorial Analysis,”” John Wiley & Sons,
Inc., New York, 1958.

. Tou, J. T.: “Digital and Sampled-data Control Systems,” McGraw-1lill Book

Company, New York, 1959.

*

-

PROBLEMS
21, Evaluate the following sums in which n, m, and k are nonnegative integera.

@ (’(‘,) + ('2') + (:) *too +,<:)

where ¢ = n if \»,ig. apag, gnd
Lo B

v e

"\‘\Ab" -

—“— Dwte A Pets Ih Q'Q\
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o @+ TN+ (1)

@) -+ e ()

o ()2 (") (P00 442 ()

@ GD+OE) G GT) ()

o (HE-OGID+GGI)-

+<-—1>*(’;)(";")
@)+ +EID (T (0
(h)(3)+2(’,‘)+2t(g)+...+2..(:)

2-2. (a) Show that
n—1
( m )+ Z (m+k)_(m+n
r+1 r TA\r+1
k=0

(b) Show that

n—1
2 (*39)-(3")
2 - 3
k=0
and thus

1 X242X34+3X44+ - +nn+1)=2Y¥nnr+1x+2)

2-3. Among the three representatives from each of the 50 states, either none, or one,
or two of them will be selected to form a special committee.

(a) In how many ways can the selection be made?

(b) If the committee has exactly 50 members, in how many ways can the selec-
tion be made? (The answer may be expressed as a summation.)

2-4, Find the value of aso in the following expansion:
z -3
22 -3z + 2
2-5. In how many ways can 200 identical chairs be divided among four conference
rooms such that each room will have 20 or 40 or 60 or 80 or 100 chairs?
2-6. In how many ways can 3n letters be selected from 2n A’s, 2n B’s, and 2n (C’s?

2-7. In how many ways can n letters be selected from an unlimited supply of A’s,
B’s, and C’s if each selection must include an even number of A’s?

=@ +az+azt+ - fans®+ -
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28 There are p kinds of objects with four of each kind and ¢ kinds of objects with
two of each kind (¢ is an even number). In how many ways can they be divided into
two equal piles such that there i8 an even number of each kind of object in both piles?
{0 is taken as an even number.) Evaluate your result forp = 4 and ¢ = 2.
29. (a) Let a, denote the number of ways in which the sum r will show when two
distinct dice are rolled. Find the ordinary generating function of the sequence
(ae01,8y, - . ).

®) Let a, denote the number of ways in which the sum r can be obtained by
rolling a dic any number of times. Show that the ordinary generating function of the
sequence (@, a8y, . . .)is (1 — 2 — 2 — 2? — 24 — 2% — z%)™,
2.10. (a) Find the ordinary generating function of the sequence (ao,a1,as, . . .) where
a, is the number of ways of selecting r objects from a set of six distinct objects, where
each object can be selected no more than thrice.

() From the generating function found in part (a), determine the number of
outcomes when three indistinguishable dice are rolled.

2-11. Find the ordinary generating function of the sequence (aoaiaz . . .) where
a, is the number of partitions of the integer r into distinct primes.

2.12. (a) Find the ordinary generating function of the sequence (ay,a1,a;, . . .) where
g, is the number of ways in which the sum r will show when two distinct dice are
rolled with the first one showing even and the second one showing odd.

(b) Find the ordinary gencrating function of the sequence (aq,a;,as, . . .) where
g, is the number of ways in which the sum r will show when 10 distinct dice are
rolled, with five of them showing even and the other five showing odd.

2-13. (a) Find the ordinary generating function of the sequence (a¢,a1,@s, . . .) where
@ is the number of ways in which r letters can be selected from the alphabet {0,1,2]
with unlimited repetitions except that the letter 0 must be selected an even number of
times.

(b) From the generating function found in part (a) find an explicit expression
for the number of ways of making such a selection of k letters.

24, A “crooked die” is one whose six faces are marked with 1,2, 3, 4, 5, and 7. Let
a, denote the number of ways in which the sum of the scores in r tosses of the “crooked
die” is an even number. Show that the ordinary generating function of the sequence
(@no1,05, . . ) s 34[1/(1 — 2)H(1/(1 — 2)4] + [1/(0 + =)},

2.15. Let A(z) denote the ordinary generating function of the sequence of numbers
(85,0103, . . .). Find the sequence whose ordinary generating function is 4 (z)(1 —
z). (1 — zis therefore called the difference operator.)

236, Let A(z) be the ordinary generating function of the sequence (aqa14ay, .. .).
Find the ordinary generating function of the sequence (go,q1,92, - . -), where g, =

E a;. (Assume that all the ¢’s are finite.)
i*n+l
217. It is known that the ordinary generating function of the sequence (1,b,0%, . . .,
br,...)is 1/(1 — bx). Find the sequence whose ordinary generating function is
YA /(1 ~ bz)k),
2-18. Find the exponential generating function of the sequence (1,1 X 4,1 X 4 X 7,
o I XAXTX X @), ...
2.19. Let a, denote the number of ways of permuting r of the 10 letters 4, A, A,

A, B, C,C, D, E, E. Find the exponential generating function of the sequence
(an6:,83, . . .).
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2-20. Find the number of n-digit words generated from the alphabet {0,1,2,3} in each
of which the number of 0’s is even.

2-21. Find the number of n-digit words generated from the alphabet {0,1,2,3,4} in
each of which the total number of 0’s and 1’s is even.

2.22. Find the number of n-digit words generated from the alphabet {0,1,2} in each
of which none of the digits appears exactly three times.

2-23. (a) Evaluate the definite integral 0., e~k ds,
(b) Let A(z) and E(z) be the ordinary and exponential generating functions of
the sequence (a¢,a1,az, . . .), respectively. Show that

A@) = ﬁ) ° e*E(sz) ds

2-24. (a) Let A(z) be the ordinary generating function of the sequence of numbers
(a¢,a1,as, . . .). Find the sequences whose ordinary generating functions are

1. fx-'-, A(z) where j is a nonnegative integer
d d d
2. z o (za} (zd-; A(z)))

(b) Let ¢ denote the operator z(d/dx), and let P(6) = po + p18 + p26* + - - -
<+ pib*, where po, p1, P2, - . . , Pu are real constants. What is the sequence whose
ordinary generating function is P(8)A (z)?

2-25. Let (po,p1,p2, . - .) be a sequence of nonnegative numbers which are less than
or equal to 1. Let P(z) denote the ordinary generating function of this sequence.

(a) The kth moment of the sequence (po,p1,ps, - . .), Ma, is defined as

w
my = E i*pi
i=0

Suppose that m, exists for k = 0,1, 2, . . . . Show that the exponential generating
function of the sequence (mq,mi,ms, . . .), M(z), is given by

M(z) = P(e?)

[M (z) is also called the moment generating function.} .
(®) The kth factorial moment of the sequence (po,p1,P2, - - -)» M i8 defined as

*E LGP
I~k

Show that the exponential generating function of the sequence (ro,nyn, - - ), N(z),
i8 given by P(z + 1).
2-26. Let A(z) and B(z) be the ordinary generating functions of the two sequences

of numbers (aq,ai,a;, . . .) and (bo,b1,ds, . . .), respectively.
(a) Define
Caj = boC._l.i + bica-rjar + - - - + bi-lcu-x.l + bita-1.0
and

e; = by
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Suppose that c.,; existsfor j = 0, 1,2, . . . . Find the ordinary generating function
Ca(z) of the sequence (Ca.0Cn.1Cn.1y - - -}
-
) Let d, = E axtr.;. Suppo-e that d, exists for j =0, 1,2, . . . . Show
k=0

that the ordinary generating function of the sequence (do,d,,ds, . . .), D(z), is equal
to A(B(x)).
2-27. In this problem we investigate the following repregentation of an arbitrary posi-

tive integer n
bl bl b‘ bt
for a fixed k, where the b's satisfy the condition
0<bi<by<by<---<h
That such a representation is possible can be seen from the following procedure for

determining the b’s:

. . b,
by is the greatest integer such that (;) <=

bi- b
b is the greatest integer such that ( bt ) <n- ( ")

k-1 k
b < b
b, i8 the greatest integer such that ( ') <n- z ( ')
r Jemr4l
; : b b;
b, is the greatest integer such that 1 <n-— Z i
i=2

We can show that this representation is unique by proving the following
inequality:

(-(7)+()+ 6+ (1)

(a) Explain why.
(b) Show that

n n-—1 n - n-~3 n—-k
-] =
2.28. Prove the identity

1
I:-(l+z+z.+ s 42 x4z 4 . + z'9)

(1 4 2390 4 2900 4 . ., 4 gooo) . .,

In terms of the partitions of integers, what is the significance of this identity?
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2-29. Show that the number of partitions of the integer 2r + k into exactly r + k
parts i8 the same for any nonnegative integer k.

2-30. Prove that the number of partitions of the integer n into m distinct parts is equal
to the number of partitions of the integer n — [m(m + 1)/2] into at most m parts
(n > m(m + 1)/2).

Hint: Use a Ferrers graph.

2-31. Show that the number of partitions of the integer 2n into three parts which are
such that the sum of any two parts is greater than the third is equal to the number of
partitions of n into exactly three parts.

2-32. (The Theorems of Euler)

(a) A partition of an integer is said to be a self-conjugate partition if its corre-
sponding Ferrers graph is symmetrical about its main diagonal; i.e., the transposition
of the graph is identical to itself. Show that there is a one-to-one correspondence
between the self-conjugate partitions and partitions into odd and unequal parts of an
integer.

(b) Find the ordinary generating function of the sequence (acai,as . - .,
@y, . . .) where a, is the number of partitions of the integer r — N into even parts,
the largest of which is less than or equal to 2m. Clearly, a, is the same as the number
of partitions of the integer }4(r — N) such that the largest part in a partition is less
than or equal to m.

(c¢) The largest square of dots at the upper left-hand corner of a Ferrers graph
(as illustrated in Fig. 2P-1) is called the Durfee square. Let a, denote the number of

Figure 2P-1

self-conjugate partitions of the integer r whose Ferrers graphs contain an m X m
Durfee square. Show that the ordinary generating function of the sequence
(@0,a1,82, . . . 4@y, . . .)1is

z=*
d-z1 -2 --- (1 —z™)

(d) Use the results of parts (a), (b), and (c) to prove the identity

A+ +290+2) - =1+ 744 —x';:(.l ~ 29
+ z

T-mya-a=m T

™

=1+ le A-z(1 —z91 —2% - . - (1 — z3™)
(First theorem of Euler)




PROBLEMS 7
{¢) Prove the identity

A+ +290 +29 -0+ =1+ 75

z‘
PRl ey g
+ zll
T-mhd-a=-am T

1 i z-(-+!)
B (e [ R T I (|
mml
(Second theorem of Euler)
Hint: Replace z* by 2. Instead of the Durfee squares in the Ferrers graphs,
consider isosceles right triangles of dots at the upper left-hand corner of the Ferrers
graphs.

2-33. Let g, be the number of incongruent triangles with integral sides and perimeter r.
Find the ordinary generating function of the sequence (ay,a,,8s, . . .).




Chapter 3
Recurrence Relations

3-1 INTRODUCTION

Consider the geometric series (1,3,3%,3%, . . . ,3*, . . ). Clearly, this
sequence of numbers can be described by the expression for the general
term

A = 3" n=012 ...

An alternative way of describing this sequence of numbers is to express
the nth number in terms of the (n — 1)st number, together with the
specification of the first number in the sequence; that is,

Q, = 3(1,.-1 aQy = 1

”For a sequence of numbers {@o,a1,@2, . . . ,a@,, . . .) an equation relating
a number a. to some of its predecessors in the sequence, for any n, is
. called a recurrence relation. A recurrence relation is also called a differ-
“ence equation, and these two t€rms will be used interchangeably.” ‘In this
&xample the recurrence relation specifies that the nth number is computed
as three times the (n — 1)st number in the sequence. To initiate the
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computation, one must know one (or several) number(s) in the sequence,
called the boundary condition(s). In this example the boundary condition
i.S Qg = 1.

As another example, consider the sequence of numbers known as
the Fibonacci numbers. The sequence starts with the two numbers 1,
1 and contains numbers which are equal to the sum of their two immedi-
ate predecessors. A portion of the sequence is

1,1,2,3,58,13,21,34, . ..

It is quite difficult in this case to obtain a general expression for the nth
number in the sequence by observation. On the other hand, the sequence
can be described by the recurrence relation

Qn = Qu- + Gn_3
together with the boundary conditions
Qg = 1 a; = 1

Our immediate interest lies in the solution of a recurrence relation
to obtain a general expression for the nth number in a sequence. In
most practical cases, the converse problem of obtaining a recurrence
relation from a general expression for the nth number is of less interest.

The technique of using recurrence relations is a very powerful one in
enumeration problems. Before we discuss the solution of recurrence
relations, consider the following example. Let there be n ovals drawn
on the plane. If an oval intersects each of the other ovals at exactly
two points and no three ovals meet at the same point, into how many
regions do these ovals divide the plane? Let a, denote the number of
regions into which the plane is divided by n ovals. It is clear that a, = 2.
By the construction shown in Fig. 3-1 we also find that as = 4, a; = 8,

: : ‘ ;,
S &

Figure 3-

and a, = 14. Beyond this point actual construction becomes compli-
cated, but a general expression for a, is still not immediately obvious.
Suppose that we have drawn n — 1 ovals that divide the plane into aa..1
regions. The nth oval will intersect these n — 1 ovals at 2(n — 1) points.
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In other words, the nth oval will be divided into 2(n — 1) arcs. Since
each of these arcs will divide one of the a.-, regions in two, we have the
recurrence relation

a. = a1+ 2(n —~ 1)

With this relation and the boundary condition a; = 2, one can compute
the value of a. for any given n simply by repeatedly applying the recur-
rence relation. For example,

as=a,+2XBG—-1) =14 4+8 =22
and
as=as+2X(6—1) =22+ 10 = 32

Subsequently we shall see how this recurrence relation can be solved to
obtain a general expression for a,. Although such a general expression
is most frequently the desired result, in many cases obtaining the recur-
rence relation is a big step toward the solution of an enumeration problem.
This is true because even when a general expression is not readily
solvable from the recurrence relation, one can always resort to a step-by-
step computation for the value of a desired a.. As illustrated in this
example, without the recurrence relation the possibility of such a compu-
tation is not at all obvious.

3-2 LINEAR RECURRENCE RELATIONS
WITH CONSTANT COEFFICIENTS

A recurrence relation of the form
Coa,. + C;a,.-x + LRI & Cran«-r = f(n) (3-1)

is called a linear recurrence relati@‘@ﬂ'erence‘ngatjgn) with constant
coefficients where all the C’s are constants. For example,
\_,_

38y — 5Gn-1 + 200 = 2 4+ 5

is a linear difference equation with constant coefficients.

As was pointed out previously, if the values of r consecutive a's in
the sequence, ax—,, @k—r41, . . . , Gx—y, areknown forsome k, the value of a,
can be calculated by use of (3-1). Also, the values of ar41, Gisz, - - .
and the values of ay_,_1, @i_,_2, . . . can then be calculated rec_l_l_l;sl_i_vglyw
It follows that the solution to (3-1) is det.emlim'ﬁq—dﬁ' by the
values of r consecutive a’s (the boundary conditions). As a matter of
fact, as will be seen shortly, the general form of the solution to Eq. (3-1)
eontains r undetermined constants. These constants can be determined
by the values of r consecutive a’s in the sequence.

Analogous to the solution of a linear differential equation with
constant coefficients, the (total) solution of a linear difference equation.-
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with constant coefficients is the sum of two parts—the hemogeneous
w' which satisfies the difference equation when the right-hand side
of the equation is set to 0, and the particular solution, which satisfies the
difference equation with }’(n) at the right-hand side. Let a denote the

homogeneous solution and a{® denote the particular solution to the
difference equation. Since

Caa® +Ca®, + - -+ +Ca®, =0
and
Coa? + Cra?y + - -+ + Caal?, = f(n)
we have
C.(a“’ +a?) + C1(@®, + a®) + - - - + C.(a®, + a?) = f(n)

Clearly. the total solution, a. = a® + a!P, satisfies the difference equa-
tion. In Appendix 3-1 it will be shown that a, is determined uniquely
by the boundary conditions.

The homogeneous solution of a linear difference equation is of the
form S '

——

a“’ = Aal .

where a, is ca.lled & chargeteristic root and 4 is a constant determined by

the boundary conditions. Substituting Aa® for a. in the difference
equation with the right-hand side of the equation set to 0, we obtain

Coda* + C1da™? + CgAa"' + - +CAa"" =0 -

Yt by <"
This equation can be simplified into the polynomial

Coa" + Cra'+ Ca™?+ -+ - +C, =0

which is called the characteristic equation of the difference cquatlon
Therefore, if a; is one of the rosts of the characteristic equation (it is
for this reason that a; is called a characteristic root), Aaf is a homogene-
ous solution to the difference equation.

A characteristic equation of rth degree has r characteristic roots..
Su; _ppmg.l.hemot.s of the characteristic cquation are distinet. In this case
it is easy to verify that the bomogeneous solution is

al = Aia} + A} + - - + A} .

where a3, a3, . . . , a, are the distinct characteristic roots and 4,, 4,,
, A, are constants which can be determined by the boundary con-

ditions. Let us revisit the example of the Fibonacci sequence of numbers
discussed in Sec. 3-1.

Example 3-1 The recurrence relation for the Fibonacci sequence of
numbers is

Gp ™ Gu_; + An_2
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The corresponding characteristic equation is
al—a—1=0
which has two distinct roots

_1+4/5 _1-4/5
al—-—2— az =

2

The homogeneous solution (in this case, also the total solution, since
the particular solution is 0) is

@ = a® = Al(% + A,(Lf#)

The two constants 4, and 4, can be determined from the boundary
conditions ao = 1-and @, = 1 by solving the two equations

ao=1=A1+Az

and

ay =1 =A,1+2‘/5+A,1 "2‘/3

These equations yield ’
A1‘=-{/1—51—+2—\/3 and A2=——\}—5-1—_-§—\43
Thus, A

. 1 (1 + .\/3).4-1 1 (1 — \/3)n+l
v, = — ( —Y= - — ]
V5 2 NG 2

When the coefficients of the characteristic equation are real numbers
but some of the characteristic roots are complex numbers, the homogene-
ous solution can be written in a different form. If a polynomial has real
coefficients, then the eomplex conjugate of every root is also a root of the
polynomial. Hence, complex roots always appear in pairs. Let ay =
8 + iw and a2 = & — 4w be a pair of complex characteristic roots. The
corresponding homogeneous solution will be

Ax(e)” + Azag)" = A,(5 + 1w)" + A5(8 — iw)*
= Bjp" cos né + Bsp" sin nd
where p = V' §% + 0?0 = tan~'(w/8), B, = (A1 + 42),and B, = i(4,~A4,).

Note that B, and B, are constants determined by the boundary condi-
tions.
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Example 3-2 Evaluate the n X n determinant
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oo
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0 00 00O
000000

1

0 0 01

Let a: denote the value of the k X k determinant that is of this form.

Expanding the n X n determinant with respect to the first column,
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Expanding the second determinant on the right-hand side with
respect to the first row, we obtain the recurrence relation

AGn = Gn_y — Q-2 -
The corresponding characteristic equation is
a’~a+1=0

The characteristic roots are

1 . 1 .vV3

Thus, we have

a, = B, cos%“: + B’zsin"—?:r
2 2\ 2 3 /1
since p = (-21-) + (%) = 1 and tan™! (lg/_é/'é) =x/3. (The

particular solution is 0.) From the boundary conditions
ay = 1 a = 0

R R Y \ -
the constants B, and B, are determined as

1
By =1 B, = Vs
Therefore, the solution of the difference equation is
a, = cos’,—n—r + Lsinﬂ
3 V3 3
which gives a; = 1,4, =0,ay = =1, ¢, = —1,a; =0, ..., as

we can check by directly calculating the values of the correspond-
ing determinants. m

So much for the case of distinct characteristic roots. Now sup-

- . . T —
pose some of the roots of the eharacteristie equation are multiple roots.
Let o1 be a k-multiple root. The corresponding homogeneous solution is

(At + Am2 4 - -+ 4 Apn? + Aroin + Ao}

where the A’s are constants which are determined by the boundary con-
ditions. It is clear that af” = A,a} is a_homogeneous solution of the
differenge _equation (3-1). To show that a® = 4, na} is also a

-
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homogeneous solution, we recall that a1 not only satisfies the equation
Cx* + Cra*' + Caa?+ - -+ + Ca™" =0 3-2)
but also satisfies the derivative of Eq. (3-2), which is
Cona*! + Ci(n — Da* ' + Ca(n — 2)a™d + - - -
+C(n —r)art =0 (3-3)

because a; is a multiple root of Eq. (3-2). Multiplying Eq. (3-3) by 4s_;&
and replacing o by as..we gbiain

Codinal + CiAds(n — Dot + Codea(n — 2)a?™ + - - -
+ C,A._,(n - T)a;" =0

which shows that A,_jna] is indeed a homogeneous solution.
The fact that a; satisfies the second, third, . . . , (k — 1)st deriva-
tives of Eq. (3-2) enables us to prove that A, snlaf, dx_yn'af, . .

.
Am*~la} are also homogeneous solutions.

Example 3-3 Solve the difference equation
0.;. + 6a._1 + 1264 + 80?-3‘ =0

with the boundary conditions @ = 1, @; = —2, and as = 8. The
characteristic equation is

o+ 6ot + 1220+ 8 =0
The solution is
@ = (Aim* + 4Am + A)(=2)"

since —2 ig a triple characteristic root. From the boundary condi-
tions, the constants are determined as

A1=% Ag=—% A3=l n

Example 3-4 Evaluate the n X n determinant

2.4 0-0 00 - 00000
221000 00000 R
0&2100 00000
001210 00000
000000 01210
000000 001 21
0060000 0001 2
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Let ax denote the valueof the k X k determinant that is of this form.

As in Example 3-2, the recurrence relation is

an = 20n-) — Qn-2

The characteristic roots are found to be 1 and 1, and the solution is

Ay = (A,n + Ag)(l)" = Am + Az

From the boundary conditions @, = 2 and a; = 3, we obtain

A1 = 1 Az = l

Thus, the solution is

g, =n+1 m

As to the particular solution of a difference equation, there is no
general way of finding it.. However, when the function f(n) is in a réla-
tively simple form, the particular solution can be determined by inspec-
tion, as illustrated in the following examples. In Sec. 3-3, it is shown

that both the particular solution and the homogeneous solution can be
determined at once by the use of generating functions.

Example 3-5 Solve the difference equation

ay + 20y =10 + 3

with the boundary condition as = 3. The homogeneous solution is
A(—2)". To determine the particular solution, we try a solution
of the form a{” = Bn + D. Substituting this into the difference
equation, we have

Bn+D+2[Bn—1)+Dl=n+3
which gives
3Bn 4+ 3D —~ 2B =n+3

Comparing the coefficients of n and the constant terms on the two
sides of this equation, we have

3B =1 and 3D - 2B =3

that is,

B =14 D =114
and thus,

a® = LN 1

39




LINEAR RECURRENCE RELATIONS WITH CONSTANT COEFFICIENTS 67

The total solution of the difference equation is simply the sum of
the homogeneous and particular solutions. Thus,

n 11
ax =A(‘-2) +3+‘9-

From the boundary condition, the constant A is determined as 184.
]

Example 3-6 Solve the difference equation
G+ 281+ Gay = 27

The homogeneous solution is (Ayn + A,)(—1)". The particular
solution is found by trying a solution of the form B X 2°. Since
e e

BX2*+2XBX2*'+BX2*=2"

B is determined as 4. ®

Example 3-7 (The Tower of Hanot problem) n circular rings of tapering
size are slipped onto a peg with the largest ring at the bottom as
shown in Fig. 3-2. These rings are to be transferred one at a time

o
S |

Figure 3-2

onto another peg, and there is a third peg available on which rings
can be left temporarily. If, during the course of transferring the
rings, no ring may ever be placed on top of a smaller one, in how
many moves can these rings be transferred with their relative posi-
tions unchanged? We transfer the n rings by first moving the top
n — 1 rings onto the third peg. Then we place the largest ring onto
the second peg and move the n — 1 rings from the third peg onto
the second peg. If we let a, denote the number of moves it takes
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to transfer n rings from one peg to another, we have the recurrence
relation

Qn = 28a_1 + 1

The homogeneous solution is 4 X 2" and the particular solution is
—1. Since the boundary condition is a; = 1, we have the solution

a.=2"—1 m

3-3 SOLUTION BY THE TECHNIQUE OF GENERATING FUNCTIONS

There are many physical problems in which a difference equation of the
form

Cotn+ Citas + + +  + Cotner = J(1) 7 ° 7

has physical significance and is valid only for n being larger than or equal
to some integer k. We shall only be interested in determining the values
of the a,’s for n > k — r because these are the only a,’s that are related
by the difference equation and may have physical significance. (Among
these a.’s, Gi—,, Gk—r41, . . . , Gi-1 are boundary conditions specified by
the problem.) Moreover, for problems in which a, has physical sig-
nificance only for n > 0, k is larger than or equal to . We shall limit
our discussion to such a case in which a difference equation is valid for
n > k, with k > r. (Notice that this is not equivalent to saying that
the difference equation is valid for n > r.) Since the values of the a.’s
for n < k — r are not constrained by the difference equation, they can
be chosen arbitrarily. If we set a, to 0 for n < 0 and choose some
arbitrary valuest for the a,’s for 0 < n < k — r, we can solve for the
generating function of the sequence (a,a1,as, . . . ,@s, - . .), instead of
solving for & general expression for a,.

Let A(z) denote the ordinary generating function of the sequence
(an,a1,az2, - . . ,an, . . .); thatis,

A@) =aotax+ax*+ - - +azn+ -

[Henceforth, unless otherwise specified, the ordinary generating function
of a sequence of numbers denoted by lowercase letters will be denoted
by the corresponding uppercase letter; e.g., the generating function
of the sequence (go,g1,92, - « . ,gny . . .) will be denoted by G(z).] Let

t In many problems, we choose their values such that the range of n for which the
difference equation is valid can be extended. That is, the difference equation becomes
valid for n > k' (k" < k). The advantage of such a choice is to simplify the com-
putation. However, let us emphasize that such an extension of the range of validity
does not change the physical problem and will not affect the values of the aa’s that
we are interested in (n > k — r).
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both sides of the difference equation be muitiplied by z* and then summed
fromn = kton = «; that is,

i (Cots + Ci0at + - - - + Coanr)z™ = i fn)z»

n=k - A=k
Since »
Coanz® = CfAR) — a0 — @iz = asz® = * -+ — qp_17*] &
MR-l Saen” p Semu ap & A Awrm}f.‘ig"‘f“","‘l
z C|a..-12'. ’; C]Z[A(I) — 0 — &4yT — gex? — - - . ah-al'k_,']
LYY 3 '
E Ciea* =CaxA(z) —ap— a1z —asx*~ - - - — a,,_,_l:;:"“"’]
n=k
we have an algebraic equation by which 4 (z) can be solved; that is, -
A@) =a+az+ - + gzt

1 -
+C°+Cx-‘¢ ¥ - +Cxr [.Z.f(n)x + Colap,zt— + - - -
+ Gzt ) + Cr(@nt = - - gl
+ - +C—xak—.1"“]

It is clear now that the values of as, a1, . . . , Ge—,—; Which were chosen
arbitrarily will not affect the values of the a.’s for n > &k — r as was
pointed above. Notice that to determine A(z) we need to know the
values of ds_,, @s—r+1, . - . , Gr-1 Which are the boundary conditions that
are used to determine the coeflicients in the homogeneous solution in the
method of solution in Sec. 3-2.

We shall illustrate the procedure by solving the recurrence relation
obtained in Sec. 3-1 for the problem of the ovals. The recurrence rela-
tion is

Oy = 8,1+ 20— 1)

Since a, has phvsical meaning only for ¢+ > 1, the recurrence relation is
valid for n > 2, Because a, has no physical significance, we can choose
any arbitrary value for ast. One choice is to have a value for ao such that

1 The reader may wonder why such a point never srises in the method of solutien
discusaed in Sec, 3-2. The reason i8 that in Sec. 3-2, we have tacitly assumed that
those a’s having no physical significance are always chosen in such a way that the
recurrence relation is satisfied for all n (positive as well as negative). For example,
we can see that in Example 3-2, the genera! expreasion a, = cos (nr/3) + 1/4/3 sin
(nx/3) yields ag = 1, a_, =0, g = —1 . . .. Although these values have no
physical significance, they do satisfy the recurrence relation.
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the range of validity of the recurrence relation is extended. We there-
fore choose g, to be equal to 2 because a, is equal to 2. The recurrence
relation is now valid for 7 =1. Multiplying both sides of the recur-
rence relation by z* and summing both sides from n = 1 ton = «, we

have
«

E AnT” = i an_ iz + 2 i (n — 1)z»

nw] ne=l n=1

that is,
2z2

A(I) — Qo = :cA(x) + m

or
2z? 2

a - z)? + 11—z
It follows that

a, =nn—1)+2 n=012...

Az) =

Note that 2z2/(1 — z)%is the ordinary generating function of the sequence

(0,0,2,6, . ..,n(n — 1), .. .) since the coefficient of the term z*~?in
1/(1 — z)3is
(=3)(—4) -+ - (-3 —-—n+2+4+1) (= 1)
(n — 2)!

_3X4X5- - Xn
(n — 2)!

To show that any arbitrary choice of the value of a, will give us the
correct answer for a, for n > 1, we shall solve the recurrence relation
with ao = 5 (a random choice). Multiplying both sides of the recur-
rence relation by z" and summing from n = 2 to n = «, we obtain

1
—§n(n—- 1)

i Q™ = i AnyT" + 2 i (n — 1z~

nw=2 n=2 n=2

212
A(x) — ayixz — a¢ = z[A(x) — ad] + a2
Because the boundary condition is a; = 2, it follows that
AW = T+ T, +5
Thus,
5 n=0

= lam-1)+2 n=123,...

——
K
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Example 3-8 Among the 4" n-digit quaternary sequences, how many of
them have an even number of 0’s? How many of them have an
even number of 0’s and an even number of 1’s? (The reader may
recall that we have discussed this problem in Example 1-9. It is
instructive to compare the two methods of solution.)

If we let an_; denote the number of (n — 1)-digit quaternary
sequences that have an even number of 0’s, then the number of
{n — 1)-digit quaternary sequences that have an odd number of 0’s
is 4*! — a._;. To each of the a._1 sequences that have an even
number of 0’s, the digit 1, 2, or 3 can be appended to yield sequences
of length n that contain an even number of 0’s. To each of the
4~-1 — g,_; sequences that have an odd number of 0’s, the digit 0
can be appended to yield a sequence of length n that contains an
even number of 0’s. Therefore, for n > 2,

@ = 3601 + 4" — @y
which simplifies to
an — 28y = 47!

Since a; = 3, we choose a; = 1 so that the recurrence relation is also
valid for » = 1. Multiplying both sides of the recurrence relation
by z* and summing from n = 1 to n = », we obtain

i a,z™ — 2 i Apogz™ = i 4n—1gn

=] a=1 ne=1

AR ~ 1= 2040) = 72

‘4(’)*1_—1"27(1%{':+1)=1144x+12621

It follows that

G =34 +1422 >0

Let b._, denote the number of (n — 1)-digit quaternary
sequences that have an even number of 0’s and an even number of
1's. Let ¢.., denote the number of (n — 1)-digit quaternary
sequences that have an even number of 0's and an odd number of
’'s. Let d.., denote the number of (n — 1)-digit quaternary
sequences that have an odd number of 0’s and an even number of
1's. It follows that there are 4*! — b,_;, — caey — damy (n — 1)-
digit quaternary sequences that have an odd number of 0’s and an
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odd number of 1’s.

RENCE RELATIONS

According to the information in the following

table,
Resultant
sequences Digit appended
of length n
Sequences of 0 1 20r3

length n — 1

Even number of 0’s
0Odd number of 1's

Odd number of 0's
Even number of 1’s

Even number of 0’s
Even number of 1’s

Even number of 0's
Even number of 1’s

Even number of 0's
Even number of 1's

Odd number of 0’s
Odd number of t’s

Even number of 0’s
Odd number of 1’s

Even number of 0's
0Odd number of 1’s

Odd number of 0's
Odd number of 1’s

Even number of 0's
Even number of 1’s

Odd number of 0’s
Even number of 1’s

Odd number of 0's
Even number of 1’s

Odd number of 0's
Even number of 1’s

Even number of 0's
Odd number of 1’s

0Odd number of 0's
0Odd number of 1's

Odd number of 0's
Odd number of 1's

we have the recurrence relations

bn = 2bn—1 + Cah1 + dn-l
Cpn = bu—l + an—l + 471 —~ bn—l — Ca—1 — dn—l
dn = bay + 2dn—y + 4771 = basy — Cpmy — duy

which are valid for n > 2. After simplification,

b = 20n_1 + Ca-1 + dn-1
Ch = Cp—1 — du—l + 4n-1
do = —Cnoy + dny + 47!

The values of by, ¢y, and do can be chosen as
do =14

80 that the recurrence relations will be valid for n

=% -4

0 74

b

c

2 i bp1z™ + i Cn_12" + S dp_1z™

boz® =
nm} nw] n=l nel
0 © L -

2" = ¥ eaiz® — Y dnozt + Y 42
nel ne} n=1 n=]
L] - ® -
S odar = = ¥ cat" + Y duoizm + Y 4z
n=1 ne=1 ne=] noe=]

34
3-5)
(3-6)

> 1. Thus,
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Using the generating function representation, these relations become
B(z) — 31 = 22B(x) + 2C(z) + zD(x)

. —_ 1 = _ x
C(z) ~ '3 = 2zC(x) — zD(z) + %

D@) = ¥ = =2C@) + zD() + g ju

Solving these equations, we obtain

B(I) = }‘-1 + %

-4 1-2
C@) = D) = 124

and

bo=tgr+ 1422 n=012 ...
=da=Y4 n=012 ...

1t should be pointed out that this example alsoillustrates the use
and solution of simultaneous linear difference equations with constant
coefficients {Eqgs. (3-4) to (3-6)). With the generating function rep-
resentation the solution of a set of simultaneous linear difference
equations with constant coefficients is reduced to the solution
of a set of linear algebraic simultaneous equations for the gen-
erating functions of the sequences. Although it is also possible
to reduce a given set of simultaneous difference equations to a
set of independent difference equations, one for each of the unknown
sequences, the generating function approach is usually easier and
more straightforward. w

v o~ '

#3-4 A SPECIAL CLASS OF NONLINEAR DIFFERENCE EQUATIONS

Thus far we have discussed the solution of linear difference equations
with constant coefficientsa. The solution of nonlinear or variable-coeffi-
cient difference equations is a topic that is beyond our scope of discussion.
However, there is one very common class of nonlinear difference equations
that can be handled elegantly by the use of generating functions. Con-
sider a difference equation of the form

@ = GuyGo + Qaopyly + © 0+ Golner 3-7n

which is valid for n > k. Again, we shall limit our discussion to the
case in which k£ > r. Notice that the value of a, for n 2 k can be
computed recursively when the values of ao, @), . . . , sy are known.
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These values are the boundary conditions that determine the solution
uniquely. Multiplying both sides of Eq. (3-7) by z* and summing from
n =k ton = o, we obtain

i @z = 5: (@nslo + Anrr@y + * © © + aca,)z"
nek n=k
Recognizing that (@n_,a0 4+ @n_,_1a1 + - * + + ae@a—,) is the coeflicient
of z*—7 in A(z)A(z), we can write
A@@) —as—awx — -+ + — Gp_gz*t!
= r[A@A() — af — (@180 + avt)z — * - - = (Be—r—100
+ Groty + 0 0+ a7 (3-8)

Equation (3-8) is a second-order algebraic equation in A(z) which can be
solved for A(z) by the ordinary algebraic method. (The values of
@, 1, - - - , Gk are the known boundary conditions.)

Example 3.9 Find the number of ways to parenthesize the expression
wy+ we+ - -+ Way + wa

so that only two terms will be added at one time. [For instance,
the expression w, + w: + w; + wy can be parenthesized as
((wy + w2) + (wa + ws)), (w1 + (w2 + ws) + wy)), and so on]
Let a; denote the number of ways of parenthesizing an expression
with 7 terms. Consider the two subexpressions

witwe+ -+ Wt Wnergl F Waerg2 + * © ° + Wy

There are a,_, ways to parenthesize the first expression and a,
ways to parenthesize the second expression. It follows that there
are a._.a, ways to parenthesize the overall expression in which the
last pair of parentheses added joins these two subexpressions.
Letting r range from 1 to n — 1, we obtain the difference equation

Gn = Qn10) + Gu2@z + © ¢+ G28n2 + €18as

This equation is valid for n > 2. (Notice that a; = 1.) Since a,
is not constrained by the difference equation, it can be chosen in an
arbitrary manner. Letting ap = 0, we rewrite the difference equa-
tion as

Gn = Q@0+ G a8+ * * * + G1@ay + GG N 2>2
It follows that
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3 g =

=2 - a
Az) — ax — ao = [A(x)]} — af — (@160 + aoay)x
[A@)? - A@)+z=0

1+ 1 — 4z
A(x)=———-—-2———

22 (@480 + @asty + - - - + 610421 + G08)2"

Although there are two solutions for A(x), only the one that gen-
erates a sequence of positive numbers will be chosen. Since the

general term in 4/1 — 4r is
00 = D05 =2 GE=nt D)y,

o LIXIX3IXEX X @ -8,

n!
- _2(2n—-2
T na\n-—-1
the solution

A@@) =Y -2 V1—4z
should be chosen. It follows that

0 n=0
a, = 1(21;-2) n=123 ... m
n\n—1

The extension of this case leads us to the solution of another large
class of problems. Consider a difference equation of the form

by = atbo + Gu by + ¢ - - + asba, n2>k

where k > r. Multiplying both sides by z* and summing fromn = k to
n = o, we obtain

z baz® = E (@a_sbo + Gayibs + - - + aoba)z
nek nmk
B(I) b bo bad b,z - - bg_.ﬂ.-'
= r|A(z)B(z) — ao — (arbo + acd)z — - - -
- (at—r—lbo + @ity + - - -+ Gobh_'—l)f*']

If either A(z) or B(x) together with the appropriate boundary conditions
are known, then the other can be obtained.
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We now discuss several examples concerning the occurrence of
patterns in a binary sequence. A pattern consists of one or more con-
secutive binary digits like 01 and 1011. A pattern is said to occur at the
kth digit of a sequence if, in scanning the sequence from left to right, the
pattern appears after the kth digit is scanned. After a pattern occurs,
scanning starts all over again to search for the second occurrence of the
pattern that just occurred or for the occurrence of other patterns. For
example, the pattern 010 occurs at the fifth and the ninth digits in the
sequence 110101010101, but not at the seventh and eleventh digits.

Example 3-10 Find the number of n-digit binary sequences that have
the pattern 010 occurring at the nth digit.

Let b, denote the number of such sequences. Among all the
n-digit binary sequences, there are 2"~? sequences that have 010
as the last three digits. These sequences can be divided into two
groups: those that have the pattern 010 occurring at the nth digit
and those that do not have the pattern 010 occurring at the nth
digit. There are b, sequences in the former group. The sequences
in the latter group must have the pattern 010 occurring at the
(n — 2)nd digit (for example, a sequence such as - - - 001010) since
this is the only reason that the last three digits in these n-digit
sequences were not accepted as a 010 pattern. It follows that
there are b._. sequences in the latter group, and thus

273 = bn + bu—z

Clearly, this difference equation is valid for n > 5. Since the
values of by, b1, and b, are not constrained by the difference equa-
tion, they can be chosen in an arbitrary manner. For a reason
that we shall discuss later, we set

bo=l b1=bs=0

For such a choice of the unconstrained values, the difference equa-
tion is valid for n > 3. The solution of the difference equation is
straightforward, namely,

S 2r=ipn = i baz™ + 5: ba_oz®

n=3 n=3 n=3

zl
T‘_—25—B(x)-1+2’[3(1:)—l]
and
— 2 . 3
B@) =Ll BT =2 ot 3 p 6t

1 -2z + z* — 27°
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Example 3-11 Find the number of n-digit binary sequences that have
the pattern 010 occurring for the first time at the nth digit.

Let a. denote the number of such sequences. There are 27—?
n-digit binary sequences that have 010 as the last three digits.
These sequences can be classified according to the digit at which
the pattern 010 occurs for the first time. There are a, sequences
in which the first occurrence of the pattern is at the nth digit and
a.-¢ sequences in which the first occurrence of the pattern is at the
(n — 2)nd digit. [Notice that there can be no sequence among
these 2*~% sequences in which the first occurrence of the pattern is
at the (n — 1)st digit.) For 3 <r < n — 3, there are g2 717
sequences in which the first occurrence of the pattern is at the rth
digit, because to each of the a, r-digit sequences that have the
pattern 010 occurring for the first time at the rth digit,n —r — 3
digits can be appended arbitrarily. Therefore,

228 = g, 4 Qg+ Ba32® F Au 21+ ¢ ¢ ¢ + ag2%"

The difference equation is valid for n > 6. Because aq, a;, a; are
not constrained by the difference equation, they can be chosen
arbitrarily. Leta, =a; =a; = 0. Let

B(x) =bo+ bz + bz +-bsz* + - - - +baz* + - - -
14224 2923 4+ g8 4 - - - 4 2 - ..

3
142t + 2

We can rewrite the difference equation as
2273 = a,bo + Gu_iby + Gu-sbs + - - - + asba_s + ayba_y + aoba

Notice that the difference equation is now valid for n > 3. It
follows that

E = i (@abo + Gu-tbs + Gusds + - - -

L %} ned
+ asba_s + a1ba_y + aoba)z®

B(z) — 1 — z* = A(z)B(z) — aoho — (a1bo + achr)x

~ (@sba + aib; + aohs)z*

and

]
A@) = g e 2 B St O -
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Notice that in this example B(z) is chosen in such a way
that the simple form A(z)B(z) appears in the algebraic equation
relating the generating functions from which A(z) can be solved.
However, this is not the only way in which the function B(z)
can be chosen. For example, by considering all the n-digit binary
sequences, the last five digits of which are either 00010 or 10010 or
11010 (there are 3 X 2°~® such sequences), we obtain the difference
equation

3 X 2% = @ + Gnos + Gt + Ga=s(3 X 2°) + @n_e(3 X 2Y)
4+ 4 a(3X27%  a>8

where, as before, a, is the number of sequences in which the pattern
010 occurs for the first time at the nth digit. Again, let ao =
ay = QG = 0. Let
B(@) =142+ 2"+ bx® + bex® + - -+ + baz*+ - -
=l+xl+zl+3(20z5+2$‘+ “« .. +2N—-Iz’l+ . . .)

The difference equation can be rewritten as
3 X 275 = aybo + @noaby + Ga_2bz 4+ - - - 4+ Gzba-2

+ alb._l + aoba n25
Thus,

B@) — 1 — 2% — a4

A(z)B(z) — a;z® — aat
A(x)B(z) — 2% — 224

Solving for A(z), we obtain

xi
A@) = =gy

As another possibility, we let b, be the number of sequences
of length n in which the pattern 010 occurs at the nth digit. In
this case, we have the difference equation

ba = @ + @nsbs + Gabi + * - - + asbay n 26

Because ao, ay, @2, bo, by, bs are not constrained by the difference
equation, we let ag = a; =a; =0 and bo =1, b, = by = 0. We
can rewrite the difference equation as

b = aubo + Gucibs + Ga_2bs + Ga_sbs + - - © + Gsba_s + Gzba_s
+ albn—l + aobu n Z 3
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Multiplying both sides of the difference equation by z* and sum-
ming fromn = Jton = «, we have

B(z) — 1 = A(z)B(2)

Since B(z) has been found to be (1 — 2z + z? — z%)/(1 ~ 2z +
z! — 27%) in Example 3-10, solving for A(z), we obtain

_q,_ 1 1 —224 2 -2 _ z*
A@) =1 B(z:)'_1 1—2z14+2—2° 1—-2z+2*—12°
a

The last choice of B(z) in the preceding example suggests a useful
formula for the solution of the first-occurrence problems. Let a. be
the number of n-digit sequences in which a particular pattern of p
digits occurs for the first time at the »th digit. Let b, be the number of
n-digit sequences in which the pattern occurs at the nth digit. By
choosing the unconstrained values as

a°=a1=a’= . - - =ap—l=0
b.*l b]=b3="'=bp..1-0

we see that the difference equation always leads to
B(z) — by = A(z)B(z)

and

1

Example 3-12 Find the number of n-digit binarv sequences in which an
occurrence of the pattern 010 is followed by an occurrence of the
pattern 110. Let c. be the number of such sequences. Let @, be
the number of n-digit binary sequences in which the pattern 010
occurs for the first time at the nth digit, and let b, be the number of

n-digit binary sequences in which the pattern 110 occurs at least
once.

Clearly,
€ = Gabu_a + Aba_s + Cibas + - ¢+ Gaiby n>6

Let ao =a, =gy =0, by = b, =b;, =0, and ¢p = ¢; = ¢y =
- = ¢5 = 0, since they are not constrained by the difference
equation. It follows that

E €zt = z (3bo—s + @bni + asbns + * - - + Gasbs)z”
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and
C(z) = A(z)B(z)
According to the result in Example 3-11,

zl
AR =T—m -2

To find B(z), let us define d. as the number of n-digit sequences
in which the pattern 110 occurs at the nth digit for the first time,
and let do = dl = d; = 0. Then

b =dy X203 4+ dy X274+ - - - +dey X2+ 4d, n>3
Consequently,

B@) = D@ ;=

Using Eq. (3-9), we find D(z) to be

1 z?
D(‘)‘1“1+x*/(1—2x)‘1—2x+x=
Therefore,

z? z3 1
C@ =y i mTri—%
x‘

ST —6z + 132" — 122° + 4z' + z°* — 32° + 227
=28 +627+ 232+ -+ - W

3-5 RECURRENCE RELATIONS WITH TWO INDICES

For the combinations of distinct objects, we have derived in Example 1-2
the relation

Cnry=Cn—1,r—1)+Cn—1,7) (3-10)

This is an example of a recurrence relation with two indices. With the
boundary conditions C(n,0) = 1 and C(0,r) = 0 for » > 0, the recur-
rence relation is valid forn 2 1 and » > 1. The value of C(n,r) can be
computed recursively. Thus,

C(0,0) =1
c(1,0) =1 C(1,1) = C(0,0) + C(0,1) = 1
€20 =1 celn=Ccl0+C1l)=1+1=2

The reader may recall that the construction of the famous Pascal triangle
(Fig. 3-3) for the binomial coefficients is based on this recurrence relation.
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The general form of a linear recurrence relation with constant
coefficients that has two indices is

Coam.r + Clan,r—l + Clau.r—! “+ e
+ Doy + Digucyyras 4+ Datnyea + ¢ - -

+ ........................
+ Godm..b,r -+ Glan-&,r—-l + Glan—l.r—! + - = f(nyr)
where the C'’s, D’s, . . . , (’s are constants. As pointed out at the

beginning of this chapter, although it may be tedious, we can always
evaluate as, using the recurrence relation and starting with the known
boundary conditions.

To solve a recurrence relation with two indices by the generating
function technique, we first define a sequence of generating functions with
one function for each value of one of the two indices; that is,

Ao(z) = oo+ @01z + @esz* + + © - F a0+ ¢ - -

A@) =aret+anz+arsrr + - - fa T4 -

Now, we can also define a generating function of the sequence (A4o(z),

A(x),A(z), . . .), that is, using powers of y as indicator functions, we
define

Qy,x) = Ao(z) + 4@y + A(D)y? + - - - + Au@)p" + - - -

= [@g0 + Goax + Qoaz* + - -+ + @0+ - )
+lare+arz+asr+ - - fanax+ 0y
4+ {a20+ 001 + a2’ + - -+ arr + - Y2
N R
+ {auo + Guaz + an szt + + au.z + i
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Multiplying out, we have
Q(y,z) = oo + GoaZ + Goex® + + - - F a0 + - - -
+aney + anwz +ayzt+ - 0 a4+ o-o- -

+ a0y + aaiy’z + a20y’2 + 0+ Gyt 4 - -

B T T

+ ey + @yt + Gnynz’ + - 0+ Gy +

o e e
An alternative point of view is that for a sequence of two indices like
(20,0,80,1,80,2) - - - s@0rs « » 81,0811 - « + s8Lr + . -), W use z and y as

formal variables and define the generating function of two variables,
G(y,z), as a function of z and y in which the coefficient of y%z/ is a; ;.
Let us consider the following illustrative examples.

Example 3-13 Find the generating function of the C(n,r)’s,
F.(z) = C(n,0) + C(n,1)s + C(n,2)z* 4+ - - - + C(n,)z" 4+ - - -

From the recurrence relation in (3-10) we have

i Claryz = i Cn—=1,7r—- 1z + 2.: Cln — 1,z
r=1

rel1 r=1
Fo(z) — C(n,0) = zFs_1(z) + Fas(z) — C(n — 1, 0)
Fo(z) = (1 + 2)Fas(2)

It follows that

Fa(@) = (1 + 2)%Fa-s(2)

(1 + 2)3F._s(z)

(1 + )"Fo(z)
= (1 + 2)"C(0,0)
=(14+2)

which was derived in Chap. 2. =

Example 3-14 Find the number of r-combinations of »n distinet objects
with unlimited repetitions. Denote this number by f(n,r). Let one
of the n objects be labeled as a special one. There are f(n, r — 1)
r-combinations in which this special object is selected at least once.
There are f(n — 1, r) r-combinations in which this special object is
not selected. Therefore,
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far) = f(n,r — 1) + f(n — 1, 1) n21r2>1
Let

Fu(z) = f(0,0) + f(n, 1)z + f(n,2)z* + + -+ + f(a,r)zr + - - -
for every n 2 0. Thus,

if(u.r)x' = i fo,r — Dzr + i fin =1, )z

ral r=1 rel
Fa(@) — f(n,0) = zFu(z) + Fas(z) — f(n ~ 1, 0)

With the boundary conditions f(n,0) = 1 for n > 0 and f(0,r) = 0
forr > 0,

Fu) = (1 = 2)"'Faa(z) = (1 —2)7Fo(z) = (1 — 2)™

which again is a result derived in Chap. 2. =

Example 3-15 Find the number of n-digit binary sequences that have
exactly r pairs of adjacent 1’s and no adjacent 0’s. Notice that
every two successive 1’s are counted as a pair. For instance, there
are two pairsof adjacent 1’sin the sequence 111. Let a,, denote the
number of such sequences. Also let b, , denote the number of such
sequences that have a 1 as the nth digit, and let ¢,, denote the num-
ber of such sequences that have a 0 as the nth digit. Clearly,

Qy,r = bl.r + Car (3-1].)

Since an n-digit sequence that has r pairs of 1's, no adjacent 0’s, and
a 1 as the nth digit can be formed by appending a 1 either to an
(n — 1)-digit sequence that has r — 1 pairs of 1’s, no adjacent 0’s,
and a 1 as the (n — 1)st digit or to an (n — 1)-digit sequence that
has r pairs of 1’s, no adjacent 0’s, and a 0 as the (n — 1)st digit,
we have the relation

b-,r = b.—l,’-l + Ca-1r (3'12)

Similarly, an n-digit sequence that has r pairs of 1’s, no adjacent
0’s, and a 0 as the nth digit ean be formed by appending a 0 to an
(n — 1)-digit sequence that has r pairs of 1’s, no adjacent 0's, and
a 1 as the (n — 1)st digit. Hence,

Capy = bu—],' (3'13)
Combining Egs. (3-12) and (3-13), we obtain

bu.r = On-1,,-1 + bn—l.r (3‘14)
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Since the value of b,; has physical significance only for ¢ > 1 and
j = 0, we see that Eq. (3-14) is valid forn > 3and r > 1. Asto
the boundary conditions, we have

bao =1 forn 21

because there is exactly one n-digit sequence that contains neither
adjacent 0’s nor adjacent 1's and has a 1 as the nth digit, namely,
the sequence that consists of alternating 0’s and 1’s. We also have

b.‘,,'=0 foriSj

The value of be, is not constrained by the difference equation.
Let it be chosen as 1. Let

Bu(z) = bag t basx + bapz? + - ¢ - +bam + -

Multiplying both sides of Eq. (3-14) by z* and summing from r = 1
to r = «, we obtain

E bp " = Z bnore—1z” + 2 P

rml r=1 r=1

which yields

B.(z) — bao = zBa_1(x) + Ba_s(z) — ba_2o n>3

that is,

B.(z) = zBa_1(z) + Ba_s(z) n>3 (3-15)

To solve Eq. (3-15), we observe first the following boundary
conditions:

Bo(z) = boo =1
Bi(z) = bio+ bz =1
Biy(z) = bgo+ baax + basx =1 + 2

Equation (3-15) yields

2_:3 B,(x)y" = Z_:st,._l(x)y" + 23 B, _2(z)y"

®(y,z) — Ba(z)y? — Bi(z)y — Bo(z) = ry[®(y,z) — Bi(z)y — Bo(x)]
+ ¥®(y,z) — Bo(z)]
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that is,

Byz) =M +2)y ~—y~1=1y[®B(y.z) -y~ 1] + y®B(y,2) — 1]
14+ (0 —2z)y
Y —zy — ot
=l+y+ A+ +0+z+2
+ (1 + 22+ 2 + 2y
+ (14 2z 4+ 322 + 2 + 29yt + -

According to Eq. (3-13),

®B(y,z) =

ey,a) = y®(y.2)
by choosing co0 to be 0. Therefore,

a(y,7) = By,2) + Wy»2)
=1+ l/)fB(x,Zl)
=1+ +Q+2)"+ 2+ 2+ 2
+ (2 + 3z + 22° + )y
+Q+dz+4r 4222 4z + - - -
or
Aiz) =1
Ai(z) = 2
Ag(z) =24z
Ay(z) = 2+ 2z + 22
Afz) =2+ 3z + 22 4+ 2
Ayz) = 2 + 4z + 42% + 223 + 24

...................

Example 3-16 The number of r-permutations of n distinct objects,
P(n,r), satisfies the recurrence relation

Pry) = Pn—1,r) +rP(n—1,r—1) n>1Lr>1 (3-16)
P(n —~ 1, r) is the number of r-permutations in which a special
object does not appear and rP(n — 1, r — 1) is the number of
r-permutations in which the special object appears. Let

Fu(@) = P(n,0) + P(n,1)z + P(n,2)z* + - - * + P(a,r)z" + - *
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Then

i P(n,r)z" = i P(n — 1, )z + i rP(n — 1,7 — D)zr
rm]

rw] r=1]1

Fu@) = P(0) = Fan@ — Pln = 1,0) + 2 3 2P i(@)]
that is,

Fu@ = (1 + DFacs(@) + 22 1 Faa(2)

With the boundary condition

Fo(z) =1

this recurrence relation enables us to carry out a step-by-step
computation to yield
Filz) =14z

Fi(z) = (1+x)(1+x)+x’dix(l+z) =1+ 2z + 222

Fa(g) = (1 + 2)( + 22 + 22%) + "';’x A + 2z + 22
=1 4 3z + 6z + 62°

That there is no closed-form expression for F.(z) was pointed
out in Sec. 2-3. (It was exactly for this reason that we introduced
the notion of exponential generating function.) Let us define
P(n,1) P(n,2) P(n,r)

ot B

for every n > 0. Multiplying both sides of Eq. (3-16) by (1/r)z’
and summing both sides from r = 1 to r = o, we obtain

G.(z) = P(n,0) + PN

¢ P(ny) . v Pm—1,1 | ©rPa-1r—1)
2 I z 7! '+ z r! z
r=1 r=1 r=]

that is,

Ga(z) — P(n,0) = Gua(z) — P(n — 1, 0) + 2Gas(z)
which can be simplified to

Ga(2) = (1 + 2)Gaa(2)

It follows that

Ga(2) = (1 + 2)"Go(z) = (1 + 2)"

the result obtained previously in Chap. 2. m
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3-6 SUMMARY AND REFERENCES

We have seen in this chapter the solution of combinatorial problems
using the technique of recurrence relations. As was pointed out earlier,
such an approach is particularly attractive when a high-speed digital
computer is available for step-by-step computations. On several occa-
sions, we have observed the application of the enumerative techniques
developed in Chap. 2 and in this chapter to the solution of problems
which were solved in Chap. 1 through some tricky and less obvious
argument. It is hoped that such observations will help to develop the
reader’s perspective on various methods of solution. We also wish to
point out that a sequence can be represented either by its generating
function or by the corresponding recurrence relation. Instead of being
two disparate techniques, what we studied in Chaps. 2 and 3 are simply
different points of view of the same subject, the effective representation
and manipulation of sequences of events.

The subject of finite difference equations is by no means limited to
the study of enumerative theory. Asa matter of fact, it is one of the most
important subjects in numerical analysis. (See, for example, Ralston
[5).) Corresponding to a differential equation, the solution of which is a
continuous function, there iz a difference equation, the solution of which
is a discrete function. When a digital computer, which can handle only
discrete data, is used to find the approximate solution of a differential
equation, the differential equation is approximated by its corresponding
difference equation. It is therefore not a coincidence that a linear differ-
ence equation with constant coefficients has a homogeneous solution and
a particular solution just as does a linear differential equation with
constant coefficients. Also, we observe that corresponding to homo-
geneous solutions of the form Ae* for linear differential equations with
constant coefficients, the homogeneous solutions for linear difference
equations with constant coefficients are of the form Aa".

For those readers who are familiar with the technique of using
Laplace transformation to solve linear differential equations with con-
stant coefficients, the analogy between the Laplace transform of a con-
tinuous function and the ordinary generating function of a discrete
function is brought out more clearly in this chapter.

Chapters 1 and 2 of Riodan {6] and Chap. 3 of Ryser (7] give a brief
account of the use of recurrence relations in solving combinatorial prob-
lems. There are many books on finite difference equations. For exam-
ple, see Levy and Lessman {3} and Milne-Thomson {4]. Also, see Chap. 3
of Hildebrand [2]. In probability theory, recurrence relations are used

in the study of random walk, recurrence events, and ruin problems.
See Chaps. 9, 13, and 14 of Feller [1].
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APPENDIX 3-1 UNIQUENESS OF THE SOLUTION
TO A DIFFERENCE EQUATION

In Sec. 3-2, we show that the total solution a, = a® + a'® satisfies the
linear difference equation with constant coefficients

Cotn + Ci0n1+ + + + + Cinr = f(n) (3A~1)

We show next that the boundary conditions (the values of a¢, a4, . . . ,
@,-1) determine the total solution uniquely. Suppose that both d. and d.
are solutions that satisfy the difference equation and the boundary
conditions. Because

Cﬂdn + Cla_n—l + ot + Crdl—r = f(n)
and
Codn + Cl&n—l + -t + C,dn__,. = f(n)

we have
Co(@n — @n) + Cr(@na — @n-1) + - - - + Cr (s — Gay) =0
Let b, = @, — @.. Clearly, b, is a solution to the difference equation
Cobn +Cibus+ - - +Cibar =0 (3A-2)

with the boundary conditions being by = by =by = - - - =b,_, =0
It follows that, in a step-by-step computation based on the differ-
ence equation (3A-2) and the boundary conditions, b, = 0 for all n.
Therefore, we conclude that @, = d. for all n, and the solution to the
difference equation (3A-1) is unique.

We show next that the undetermined coefficientsin the homogeneous
solution can be determined uniquely by the values of ao, ay, . . . , @,
There are two cases to be examined.
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Case 1 The characteristic roots are all distinct. In this case, the
homogeneous solution is

Awi+ Awmd+ - - + Aa]

To determine the coefficients A;, As, . . . , 4,, we solve the set of
simultaneous equations

A+ As+ -+ A, =a—af”
Ajar + Azoa+ - - - + Ao, = @) — al®
Al + Aol + - - - + A, = as — af”

........................

According to the theory of simultaneous linear equations, 4,, A, . .
A, can be solved uniquely if and only if the value of the determinant

0

1 1 1
Lang ag Qay
ai @ a;
............. {
0'—l a;—-l a'—l

is nonzero. This determinant is the famous Vandermonde determinant,
the value of which is equal to

(Gl - 0:)(011 - as) e (dn - ﬂr)(dz - al)(a: - da) v

(as—a) (@ —a) = [] (@i —«)

i<
18i<r
18

Since all the a’s are distinct, the value of the determinant is nonzero.

It follows that the coefficients A;, A;, . . . , A, can be determined
uniquely.

Case 2 The characteristic roots are not all distinet. In this case,
the homogeneous solution is
(Amh=t + Amh=2 4 - - o 4+ Ay + Aol
+ (Ak.ﬂbln"-l + At,+:n"-’ + -+ AA,¢§-1R + A}lg.],)a:
+ s+ (A'—.‘flnl'-‘ + A'_.,+:ﬂ"_’ + -+ 4,an + A,)Cl:
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where k), k3, . . ., k, are the multiplicities of the characteristic roots
ay, a3, - . . a, respectively. To determine the A’s, we shall solve the
set of equations

0+0+ - - - 4+0+ A4, + - +0+0+ ---+4+0+ 4,
= ao — al®
A+ At - A+ Ao+ -
+ (Ar—k,-u + Ar-k.+2 + s 4 Av—l + Ay)al =a; — a‘,”
(A28 + A28~ 4 - - - Ap a2+ Ap)of + - - -
F (A 12V A, 2252 - - -+ 4,42 + A)e
= Gy — a;"

s — DA 4 Ao(r — D24 - - - 4 Ay — 1) + Aglal™

+ o F A — DR A, et — DR - -
+ Aa(r — 1) + Al = a1 — 0
The value of the determinant
0 0 e 1
ay ay ay
2u-1g} 2h—2q} ol
(r = g = DA eyt
0 0 1
[ [ 7] a
2k—1y? 2k-2q? af

.........................

(f - l)""'a{" (7’ - ])*a-za"'l e a:—l

is equal to

[ " (as)(g‘)][ ” (a — aj)k‘k,]
1<t 1'5<.2 .
1<5<¢

Since the a's are nonzero and assume distinct values, the coefficients 43,
A, . . ., A, can be solved uniquely.

It should be pointed out that the values of r nonconsecutive a’s
might not determine the coefficients A’s uniquely. For instance, in
Example 3-2, that a; = 0 and a; = 0 is not sufficient to determine the
coefficients in the homogeneous solution.
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PROBLEMS

3-1. (a) Find the ordinary generating functions of the sequences

1.0,02%X1,3X2 ...,kk=1
2.0,1,21,3, ...,k
3.0,1X3,2X43X5,...,kk+2
4.0,1X2%X3,2X3X4,...,kk+1)k+2)
(b) Evaluate the sums
"
l 8 = Kk — 1)
R, )
2-‘.= h'
»
3. 8 = Z kG + 2)
k=0
-
4 0a= ) kk+ Dk +2)
k=0

3-2. A circle and n straight lines are drawn on a plane. Each of these lines intersects
all the other lines inside the circle. If no three or more lines meet at one point, into
how many regions do these lines divide the circle?

3-3. A circle is drawn on a plane, and n straight lines are then drawn one by one. The
first line passes through the circle. The rth line intersects only one of the otherr ~ 1
lines inside the circle if r is odd and greater than 1. The rth line intersects all the
other r — 1 lines inside the circle if r is even. If no three or more lines meet at one
point inside the circle, into how many regions will n lines divide the circle, when n is
even? when n is odd?

3-4. Let aa be the number of incongruent triangles with integral sides and perimeter n.
{a) Show that

G = Ga_y if n is even
—_]){n+2})i2
G = gy + 2ELEDTR i 0
(b) Find the ordinary generating function of the sequence (Go,a1,83, - - -).

35. (a) Show that the number of incongruent triangles whose sides are integral
numbers with the longest one equal to 1 is

12 + 1) if 1 is odd
fi(l+2) if ] is even

(b) Let fq be the number of triangles every side of which does not exceed 2n,

and let go be the number of triangles every side of which does not exceed 2n + 1.
Find the expressions for f. and g..
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3-6. In the linear resistance network shown in Fig. 3P-1, find the voltage v,.
Hint: Assume first that ve = 1.

2 vier N 2
1
Figure 3P-1

3.7. (@) How many n-digit binary sequences that have no adjacent 0's are there?
(b) How many n-digit ternary sequences that have no adjacent 0’s are there?

38. The Fibonacci numbers are defined by the recurrence relation
fa=faatfoe n2>2

together with the boundary conditions

f0=fl=l

L]
(a) Find the ordinary generating function F(z) = z Jaz® of the sequence

n=0
(fotfl;fb .. ')-
(b) Let

Pz) = ) fua"
n=0
Q@) = Y fiz*

n=1

Find P(z) and Q(z).

3-9. Define

n

we 305 e
k=0
n~-1 k

_ n +

b = Z % +1) 721

k=0

and ap = 1 and b, = 0.
(a) Show that a, and b, satisfy the recurrence relations

Gnyl = Gn + bas nz20
byt = an + ba n>0
(b) Find the ordinary generating functions of the sequences (as,a;,as, . . .) and

(bo,bs,bs, . . ).
(¢) Express a, and b, in terms of the Fibonacci numbers.
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3:10. Let f(n,k) denote the number of ways of selecting k numbers from the n numbers
1, 2,3, . .., nso that no consecutive numbers will be selected.

{a) Find a recurrence relation for f(n,k).

(b) With the boundary conditions f(n,1) = n and f(n,n) = 0, show that
fink) = (" - : + l) by induction.

(¢) Let g(n,k) denote the number of ways of selecting k numbers from the n
numbers 1, 2, 3, . . ., n 80 that no consecutive numbers will be selected. Here,
n and 1 are also taken as consecutive numbers, Express g(n,k) in terms of the f(n,k)'s
and use the result in part (b) to find g(n,k).

3-11. Let f. denote the number of nonoverlapping regions into which the interior of a
convex n-gon is divided by its diagonals. Suppose that no three diagonals meet

at one point.

(a) Show that

f.-—f--n-("—l)(n;2)(n-3)+n-—-2 n>3

(6) Let F(z) = Y foz*, and let fo = fi = fs = 0. Find F(z) and thus an

n=0
expression for f,.
3-12. The Bernoulli numbers by, by, by, . . . are defined by the recurrence relation
n ]
n

k=0
together with the boundary condition
bn =]

(a) Compute bq, b,, bs, b3, by, and by.

(b) Show that the exponential generating function of the sequence (bs,bi,
by, . . Disz/(e= — 1).
3-13. In how many ways can & convex n-gon be divided into triangles by noninter-
secting diagonals?
3-14. When a coin is tossed n times all possible outcomes can be represented by
sequences of heads () and tails (T') of length n. A sequence of H’s and T'’s contains
as many patterns of HHTHH as there are nonoverlapping sequences of HHTHH.
The pattern HHTHH is eaid to occur at the nth toss, if the nth toss adds a new
HHTHH pattern to the sequence. A sequence of length n is acceptable if the
HHTHH pattern occurs at the nth toss. Let ua be the number of acceptable sequences
of length n.

(a) Find a recurrence relation for u,.

(b) Let uy = 1, and let U(z) = z uaz®. Find Ulx).
ne0
(c) Let f, be the number of sequences in which the pattern HHTHH occurs for
the first time at the nth toss. If fy = 0, find the ordinary generating function F(z)
of the sequence (fo,f\,f2, . . ).
3-15. Find the number of n-digit binary sequences in which the pattern 111 occurs
exactly twice with the second occurrence at the suffix. For example, the first and the
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fourth sequences in the following satisfy the condition, whereas the second and the
third sequences do not.

0011111010111
0011111101111
0011011011111
0110110111 111

3-16. Two players, A and B, gamble by tossing a coin which has probabilities p and ¢
to turn up head and tail, respectively. (» + ¢ = 1.) Initially, A hasd dollars and B
has t — d dolMars. At each toss, A wins a dollar if the head shows and loses a dollar
if the tail shows. The game lasts as long as neither of the players is broke. Let
f(d,n) be the probability that A goes broke as a result of the nth toss.

(@) Find a recurrence relation for f(d,n). Also, determine the boundary con-
ditions f(0,n), f(t,n), and f(d,0).

«©
(b) Let Fa(z) = E f(dn)z~. Find Fo(x), Fi(z), and a recurrence relation
n=0
for Fa(z).

(¢) Solve the recurrence relation found in part (b) for Fu(z).

3-17. (@) Let u. be the number of binary sequences of length n in which a run of r
1’s occurs at the nth digit. Find a recurrence relation for ua.

(b) Find the ordinary generating function U(z) of the sequence (uo,us,u;, . . .).

(¢) Let v, be the number of binary sequences of length » in which 2 run of p
0’s occurs at the nth digit. Find the ordinary generating function V(z) of the sequence
(vo,01,v2, . . ).

(d) Let w, be the number of binary sequences of length n in which either a run
of r 1's or a run of p 0’s occurs at the nth digit. Find the ordinary generating func-
tion W(z) of the sequence (wo,w,,ws, . . .).

(e) Let ¢, be the number of binary sequences of length n in which a run of p
0's occurs before a run of r I's. Find the ordinary generating function 7'(z) of the
sequence (Lo,l1,ts, - . .).

3-18. A coin is tossed 2n times. How many of the 22» outcomes have the number of
heads and tails equalized for the first time after 2n tosses?

3-19. (a) Find the number of binary sequences of length n that have the pattern 0101
occurring at the nth digit and have an even number of 0's. Also find the number of
those that have an odd number of 0’s.

() Find the number of binary sequences of length n that have the first occur-

rence of the pattern 0101 at the nth digit and have an even number of 0’s. Also
find the number of those that have an odd number of 0’s.
3-20. A sequence of binary digits is fed to a counter at the rate of 1 digit/sec. The
counter is designed to register 1’s in the input sequence. However, it is so slow that it
is locked for exactly p sec following each registration, during which time input digits
are ignored.

(a) How many input sequences of length n would cause the counter to register
exactly r I’s, finishing in the unlocked state?

(b) Let f, be the number of binary sequences of length n at the end of which the
counter is unlocked. Find a recurrence relation which f. satisfies, and find the
ordinary generating function of the sequence (fo,f1,fs, . . ).

3-21. Find the number of binary sequences of length n that have exactly one pair of
consecutive 0’s.
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3-22. (a) Recall that there are S(r,n) ways to distribute r distinct objects into n non-
distinct cells with no cell left empty, where S(r,n) is the Stirling number of the second
kind. Using combinatorial arguments, show that S(r,n) satisfies the following
recurrence relation:

St +1,n) =8rn -1 +nSra) 21
(b) Let Ga(z) be the ordinary generating function of the sequence (S(0,n),

S(1,n),8(2,n), . . .); that is, Gu(2) = z S(r,n)z". Find a recurrence relation satis-
r=0

fied by G4(z). The boundary conditions are

1 r=0,n=20

S("”)'{O r=0,n>0 or r>0,n=0

{¢) From the recurrence relation in part (b) find Ga(z). [Do not solve the
recurrence relation; try to obtain the general form for G.(z) by observation.]
(d) Defioe

E.(I) = 2 S(’l");‘;

r=0

which is the exponential generating function of the sequence (S(0,n),S8(1,n),S(2,n),
. .). Show that

2 Eu@) = nEs@) = Eaa@)  n 21

3.23. Let #(r,n) denote the Stirling number of the first kind which is defined by the
following equation where z i8 a formal variable:

14
z srp)zr = z(z —1) - - - (z—r +1)
nw=
(2) Show that s(r,n) satisfies the recurrence relation
s(r+1,n) =8(r,n — 1) — r X a(r,n)
-

®) If Ej(z) = z a(r,n)% is the exponential generating function of the
rwQ
sequence (2(0,n),s(1,n),3(2,n), . . .), show that E,(z) satisfies the differential equation

A +2) L E@) = Ean@

o (¢) Find E.(z). The boundary conditions are (0,0) = 1 and s(r,0) = 0 for
r 0,



Chapter 4
The Principle of
Inclusion and Exclusion

4-1 INTRODUCTION

Let us motivate the subject of this chapter with a simple illustrative
example. In a group of ten girls, six have blond hair, five have blue
eyes, and three have blond hair and blue eyes. How many girls are there
in the group who have neither blond hair nor blue eyes? Clearly the
answer is

10—-6~54+3=2

Since the three blondes with blue eyes are included in the count of the
six blondes and are again included in the count of the five with blue eyes,
they are subtracted twice in the expression 10 — 6 — 5. Therefore,
3 should be added to the expression 10 — 6 — 5 to give the correct count
of girls who have neither blond hair nor blue eyes.

The graphical representation in Fig. 4-1 shows very clearly the same
argument. The area inside the large circle represents the total number of
girls. The areas inside the two small circles represent, respectively, the
number of girls who have blond hair and the number of girls who have
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blue eyes. The crosshatched area represents the number of girls that
have both blond hair and blue eyes. This area is subtracted twice when
the areas of the two small circles are subtracted from the area of the large
circle. To find the area marked with vertical lines which represents the
number of girls who neither are blondes nor have blue eyes, we should,
therefore, compensate the oversubtraction by adding back the cross-
hatched area.

The extension of the logical reasoning in this example leads to a
very important counting theorem that is studied in this chapter. To
count the number of a certain class of objects, we exclude those that
should not be included in the count and, in turn, compensate the count
by including those that have been excluded incorrectly. The counting
theorem is called the principle of tnclusion and exclusion.

4-2 THE PRINCIPLE OF INCLUSION AND EXCLUSION

Consider a set of ¥ objects. Let aj, a3, . . . , a, be a set of properties
that these objects may have. In general, these properties are not mutu-
ally exclusive; that is, an object can have one or more of these properties.
(The case in which these properties are mutually exclusive proves to be an
uninteresting special case, as will be seen.) Let N(a,) denote the num-
ber of objects that have the property @, let N(a:) denote the number of
objects that have the property a2, . . . , and let N(a,) denote the number
of objects that have the property a,. Notice that an object having the
property a; is included in the count N(a,) regardless of the other proper-
ties it may have. Thus, if an object has both the properties a; and g;, it
will contribute a count in N{a.) as well as a count in N(g,).

Let N(a;) denote the number of objects that do not have the prop-
erty a;, let N(a;) denote the number of objects that do not have the
property ay, . . . , and let N(a)) denote the number of objects that do not
have the property a,. Let N(a.a;) denote the number of objects that have
both the properties a, and a;, let N(a;a)) denote the number of objects
that have neither the property g, nor the property a;, and let N(ala))
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denote the number of objects that have the property a; but not the prop-
erty a;. Logically, we see that
N(a})) = N — N(a) (4-1)
because each of the N objects either has the property a; [accounted for in
N(a)] or does not have the property a; [accounted for in N(a))]. Also,
N(aia) = N(a;) — N(a:a))
because for each of the N(a;) objects that have the property a;, it either

has the property a; [accounted for in N(a.a;)] or does not have the prop-
erty a; [accounted for in N(aia;)]. Using a similar argument, we have

N(@@) = N — N(o)) — N(@a) — N(aa;)
which can be rewritten as

N(aia}) = N — [N(a@)) + N(aa)] — [N(eia)) + N(ae)] + N(aa)

= N - N(a:) — N(a)) + N(aa)) (4-2)
We now prove the following extension of Eqgs. (4-1) and (4-2):
N(aya; -« - a)
=N —N(a) —N(@s) ~ - — N(ay)
+ N(a1a:) + N(ai@s) + - - -+ + N(a,-1a,)
— N(aia:a;) — N(awa:aq) — - - — N(a,_s0,1a,)
+ ...........................

+ (—1)N(asa: - - - @)
-N-SN@+ ¥ Nea) - 3 Nasaw

[ 2] (SE RS

+ . + (—l)'N(alax PO d,.) (4-3)

This identity, known as the principle of inclusion and exclusion, will
be proved by induction on the total number of properties the objects may
have. As the basis of induction, we have already shown that

N@) =N - N(@)

As the induction hypothesis, we assume that the identity is true for
objects having up to r — 1 properties; that is,

N(aay -+ - a._)) =N ~N(a) —N(@) — +* - — N(a._y)
+ N(ai02) + N(aas) + - - - + N(a,-s0.1)

+ (—1)™'N(a1az - - * Gry) 4-9)
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Now, for a set of N objects having up to r properties, a;, a2, . . . , a,,
we consider the set of N(a,) objects that have the property a,. Since
this set of objects may have any of the r — 1 properties ay, as, . . .
a,..1, according to the induction hypothesis,

’

N(aje; - * - 6,_a,)
= N(a;) — N(awa,) — N(aa,) — - - - — N(a,.a,)
+ N(a:a:a,) + N(Gxds‘lv) + :+ + N(a,-aa,4a,)
+ (=1~ N(aaz * - - a,-1ay) (4-5)
Subtracting Eq. (4-5) from Eq. (4-4), we obtain
N(aia; - - a,_,) — N(ajay - - - a:_,a,)
=N — N(a)) = N(as) — -+ - — N(a,_)) — N(a)
+ N(awaz) + N(aias) + - - - 4+ N(aa)) + - - -
+ N(ay-lﬂv)

+ (= 1)N{aa: - - - ar_100)
Sinee

N(ayay - - - a;_y) — N(aa; - - * a,,0) = N(aray - - - a,_,a)

we have proved Eq. (4-3).
Example 41 is an analysis example illustrating the application
of the principle of inclusion and exclusion.

Example 41 Twelve balls are painted in the following way:

Two are unpainted.

Two are painted red, one is painted blue, and one is painted
white.

Two are painted red and blue, and one is painted red and white.
Three are painted red, blue, and white.

Let a,, a3, and a; denote the properties that a ball is painted red,
blue, and white, respectively; then
Nay) = 8 N(a:) = 6 N(a;) = 5
N{aas) =5 Naas) = 4 N(asa,) = 3
N(aaa;) = 3
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It follows that
N(ajayay) =12 ~-8—-6—-5+4+5+44+3-3=2w»

Example 4-2 Find the number of integers between 1 and 250 that are
not divisible by any of the integers 2, 3, 5, and 7. Let a,, a2, a;, and
a, denote the properties that a number is divisible by 2, divisible
by 3, divisible by 5, and divisible by 7, respectively. Among the
integers 1 through 250 there are 125 (= 25%4) integers that are
divisible by 2, because every other integer is a multiple of 2. Sim-
ilarly, there are 83 (= the integral part of 2394) integers that are
multiples of 3 and 50 (= 259%) integers that are muiltiples of 5 and
so on. Letting [z] denote the integral part of the number z,

N(a) = %’] =125 N(as) = [gg_o] - 83
Nas) = _220] =50 N = [?;—O] =35
N(aay) = %%%] - N(aa) = [%] — 2
N(may) = 53%] =17 N(asas) = L3l595] - 16
N(a:ad) = L32—;°7] =1 N(asa)) = 1%7] -7

N(a1a:a5) = L2><23_5075] =8 N(aa:ay) = {2 ngox 7] -5
N(aaa,) = 2x25—~50—x'7] =3 N(a:wa) = L3 ngox 7] =2
N(aiasa:0) = ;731)(5"5_)(7] -1

Therefore, the number of integers that are not divisible by any of the
integers 2, 3, 5, and 7 is

N(d,d,alal) = 250 — (125 + 83 + 50 + 35)
+ @l 4+25+17+164+11+7) —(8+5+3+2) +1=57

Similarly, the number of integers that are not divisible by 2
nor by 7 but are divisible by 5 is

N(aiasa}) = N(as) ~ N(aras) — N(asad) + N(aa:a4)
=50—-256—-7+3
=21 m
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Example 4-3 Find the number of r-digit quaternary sequences in which
each of the three digits 1, 2, and 3 appears at least once. Let ay,
as, and a; be the properties that the digits 1, 2, and 3 do not appear in
a sequence, respectively. Because

N(a)) = N(az) = N(a)) = 3
1\'(0101) = N(a;a;) = N(az(h) = 2r
N(G\Gxd;) =]

we have
N(ajasa) =4 —3 X 3" +3X 2 —1

This problem was solved in Example 2-12, and the reader is encour-
aged to compare the two methods of solution.
Notice that this problem is the same as that of distributing
r distinct objects into four distinct cells with three of them never
left empty. As a matter of fact, using the generating function
technique, we derived a formula for the number of ways of dis-
tributing r distinct objects into n distinct cells with no cell left
empty in Chap. 2. This formula can also be derived by the use
of the principle of inclusion and exclusion as follows: Let a,, a,,
., s be the properties that the 1st, 2d, . . . , nth cell is left
empty in the distributions of the r objects, respectively. Then,

Naid, - - - al) ='¢'—(’{)(n-l)’+(§) (=2 —
+ o (0 ) e+ o (Do

=Y () e

=0

which is exactly the result obtained in Sec. 2-4. =

Example 4-4 Consider 3 single ball that is painted with n colors. Let

@y, a3, . . ., a. denote the properties that a ball is painted with the
Ist, 2d, . . . , nth color, respectively. Since
N(a)) = N(@) = - - - = N(a,) =1

N(a10s) = N(@uas) = * - - = N(@u-i@s) = 1
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we have

Najas - ap=1- (1) +(3) - -+ 0(0)
However,

N(dja; -+ a,) =0

because there is no unpainted ball. Therefore, we have the identity

=) () -

which was proved in Example 2-1. =

4-3 THE GENERAL FORMULA

In a set of N objects with properties ay, @2, . . . , a,, the number of
objects that do not have any of these properties, N(aja; - - - a), is
given by Eq. (4-3). In this section, we derive a more general formula
for the number of objects that have exactly m of the r properties for

m=20,1,...,r. Letusintroduce the notations
8 = N
s1= N(a) + N(a) + - - - + N(a)) = Y N(a))
Iy
s2 = N(a:az) + N(aas) + - - - 4+ N(a)) = § N(aa)
iar
s3 = N(aia:a;) + N(awa:ai) + -+ - + N(a,-»0,_1a,)
= 3 N(gw
6.5,k ) vk
S = N(alaz a,)
Also,
eo = N(aja; - - @)
er = N(aaya; * -+ @) + N(ajasa; - - - a) + - - -
+ N(ajasey * * * ar)
e2 = N(aagy -+ @) + Nlmagas - - - a) + « -
+ N(ajasay * * * @r-1ar)
es = N(awazas - - - @) + N(masaias - - - @) + - - -

+ N(aiasay * * * Gr—28,181)
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In other words, e, is the number of objects that have exactly 7 properties.
With this notation Eq. (4-3) can be rewritten as

=8 —8+ 38— - +(—1)s

We shall now prove the formula

€ = 8m — mtl)sn+:+(m;_2)e»+:— e
+o=( 1 )e @

form=20,1,2, ...,r. Whenm = 0, Eq. (4-6) reduces to Eq. (4-3).

An object having less than m properties should not be included in
the count e... Indeed, it contributes no count to the expression on the
right-hand side of Eq. (4-6).

Ou the other hand, an object having exactly m properties should be
included in the count e.. Indeed, it contributes a count of 1 to the
expression on the right-hand side of Eq. (4-6), since it is counted exactly
once in s, and is not included in the counts 8mi1, 8mety - - -, Sr.

An object having m + j properties with 0 < j < r — m should not

be included in the count e. either. Since it contributes (m’:' J ) counts

t0 Su, (m + 1) counts to 8m41, . . . , and (m +j) counts to 8m4j

total count it contributes to the expression on the right-hand side of Eq.
(4-6) is

(m+j)~(m+1 m+j)+ m+2)(m+:‘>_
m 1 m+ 1 2 m+ 2
o +‘
s ("))
Notice that
(m+k) m+;),(m+k)z (m +j)!
k

m 4+ k mlkl  (m + k)Ig — k)!
_ _(m+3)!
mikl(G = k)!
s mEN
mi;l kG — k)!

-6
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C2-CEHO
(20
Q-0+ ()]

Therefore, an object having more than m properties is not included in
the count e,.,, and Eq. (4-6) is proved.

Example 4-5 In Example 4-1, s; = 19, s, = 12, and s5 = 3. Therefore,

19-—(?))(12-&-(2)X3=19—24+9=4

e, =

3
e =12 — 1 X3=12-9=3
e3=3 ]

Let E(z) be the ordinary generating function of the sequence (eo, €1,

€, - . ., €m - - . ,¢). According to Eq. (4-6),
E@ =eaterter+ - team+ - - - +ex
=[so—s1+s— - 4 (=1)s]

o= Qe Qam v (1))
e Qe @an e (1))

(2 )
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= §

+ sz —- 1]

= Y 4@ — 1) (4-7)

Setting z = 1, we obtain
E(l) =et+eaate+ - +e =3

This is, of course, a known result: The sum of the numbers of objects that
have no property, one property, . . . , r properties, is equal to N, which
is equal to 8o, the total number of objects. Also, observe that

MIEMD + E(-D] =t estet - =3 [s0+ 3 (—2i]
J=0

gives the number of objects having an even number of properties, and
%[E(l) - E("l)] =atetet - = % [Sn - z (—2)581]
0

J=-

gives the number of objects having an odd number of properties.

Example 4-6 Find the number of n-digit ternary sequences that have
an even number of 0’s.  Let a, be the property that the ith digit of a
sequence 80,1 = 1,2, . . . , n. Let ¢; und 8 be defined as above

with j =0,1, ..., n Then since s = ('; 3/ withj =0, 1,
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., m, it follows that

ot+etet =33+ f:o<—2)f(']‘,)3--f]

=L +@-2]=15G+1) »

4-4 DERANGEMENTS

The rest of this chapter is devoted to the discussion of the applications
of the principle of inclusion and exclusion to several interesting problems.
Consider the permutations of the integers 1, 2, . . . ,n. A permutation
of these integers is said to be a derangement of the integers if no integer
appears in its natural position; that is, 1 does not appear in the first
position, 2 does not appear in the second position, . . . , and n does not
appear in the nth position. In general, when each of a set of objects has
a position that it is forbidden to occupy and no two objects have the same
forbidden position, a derangement of these objects is a permutation of
them such that no object is in its forbidden position. To find the number
of derangements of n objects, the principle of inclusion and exclusion can
be used. Let a, be the property of a permutation in which the ¢th object
is placed in its forbidden position with ¢ =1, 2, . . ., n. It follows
that

Ne@g)=@m-1)! =12 ...,n
N(aa;) = (n — 2)! Li=12...,n;1%]
Nagm) = (n —3)! 4,5, k=1,2, ... ,n;7#=5%k

..................................

and
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Therefore, the number of derangements of n objects, which will be
denoted by d,, is

dv = N(ayay - - - ay)

=n!—(’l‘)(n—1)!+(;)(n—2)z—---

+(—1)~(:)(n—n)!
=n![l—%+2l!-— S +(—1)~$]

Observe that the expression in the square brackets is the truncated series
of the Taylor expansion of e=!. The value of this expression can therefore
be approximated very accurately by the value of ¢~!, even for a relatively
small value of n. For example, whenn = 6, the exact value of the expres-
sion is 0.36806, and the approximated value is 0.36788.

The derangement of integers can be rephrased in many interesting
ways. For example, 10 gentlemen check their hats at the coatroom, and
later on the hats are returned to them randomly. In how many ways
can the hats be returned to them such that no gentleman will get his own
hat back? This is exactly the problem of permuting 10 objects (the
hats) so that none of them will be in its forbidden position (the owner).
Therefore, the number of ways of returning the hats is

dio = 1,334,961 = 10! X ¢!

For those readers who are familiar with the notion of probability, it can be
seen that the probability that none of the gentlemen will have his own hat
back is

do_ o
10!

Note that this probability is essentially the same for 10 gentlemen as well
a8 for 10,000 gentlemen. Also, when there are 10 gentlemen, the prob-
ability is slightly higher than that when there are 9 or 11 gentlemen
because of the alternating signs in the expression for d..

The number of derangements of integers can also be obtained by the
solution of a recurrence relation. Consider the derangements of the
integers 1,2, . . . , nin which the first position is occupied by the integer
k (k # 1). If theinteger 1, in turn, occupies the kth position, then there
are d,.; ways to derange the n — 2 integers 2,3, . . . ,k— 1,k + 1,

., n. If the integer 1 does not occupy the kth position, then there
are dy_1 ways to derange the integers 1,2, . . . k-1, k+1,...,n,
because iu this case we can consider the kth position as the forbidden
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position for the integer 1. Since k can assume the n — 1 values 2, 3,
., n, we have the recurrence relation

d, = (n - 1)(d,._1 + dn.-z)
Clearly, the boundary conditions are d; = 1 and d, = 0. The difference
equation is valid for n 2> 2 if we choose the value of dy to be 1. The
difference equation can be rewritten as
dy — nday = —[dny — (n — L)dn_s]
= —[~daz + (0 — 2)d._3)

...............

= (—1)*"%d; — 2d)]

= (=1
= (=D~
that is,
dp — Ndpoy = (—1)* (4-8)

To solve this equation, let
D) =do+Po+ P tBay g by
be the exponential generating function of the sequence (do, dy, ds, . . . ,

d,, . . .). Multiplying both sides of Eq. (4-8) by z*/n! and summing
fromn = 2ton = », we obtain

§ s §tan § e

n=2 n=2
that is,
D) — diz —dy —z[D(x) —do) =e=— (1 — 1)
or
D@ = 1

Recalling that 1/(1 — x) is the summing operator, we have
1,1 1
d.=n![1—l—!+§—!— e 4 (=) m]
Let us now study the following illustrative examples.

Example 4-7 Let n books be distributed to n children. The books are
returned and distributed to the children again later on. In how
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many ways can the books be distributed so that no child will get
the same book twice? For the first time, the books can be dis-
tributed in n! ways. For the second time, the books can be dis-
tributed in d., ways. Therefore, the total number of ways is given
by

(n!)*[l NI +(~1)~;1‘-,] ~ ()%t m

Example 88 In how many wayvs can the integers 1, 2, 3, 4, 3, 6, 7, 8,
and 9 be permuted such that no odd integer will be in its natural
position? Applying the principle of inclusion and exclusion, we
have

o= () (7 - Q)+ (o () - oo

As a matter of fact, for a set of n objects, the number of permuta-
tions in which a subset of r objects are deranged ean be computed
by the formula

n!—-(;)(n— 1)e+(;> m=21= - +(—-l)'(:)(n—-r)!

The number of permutations in which all even integers are in
their natural positions and none of the odd integers are in their
natural positions is equal to

1 1 1 1 1
Similarly, the number of permutations in which exactly four

of the nine integers are in their natural positions (exactly five
integers are deranged) is

0(9,5) X d‘ - 5,544

Consequently, the number of permutations in which five or
more integers are deranged is equal to

C(9,5) X di + C(9,6) X ds + C(9,7) X &7 + C(9,8) X ds
+C99) Xd, m
45 PERMUTATIONS WITH RESTRICTIONS
ON RELATIVE POSITIONS

In our discussion about the derangement of objects, the forbidden
positions are absolute positions in the permutations. Moreover, each
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object has only one forbidden position and no two objects have the same
forbidden position. In this section, we study the case in which the
restrictions are on the relative positions of the objects, whereas in Sec. 4-7
we study the case in which an cbject may have any number of forbidden
positions and several objects may have the same forbidden position.

Consider the permutations of the nintegers 1,2, . . . ,n. We wish
to find the number of permutations in which no two adjacent integers are
consecutive integers. In other words, the n — 1 patterns 12, 23, 34,

., (n — 1)n should not appear in the permutations. Let a; be the

property that the pattern (i + 1) appears in a permutation, with ¢ =
1,2 ...,n—1 Since

N(a)) = N{as) = * + + = N(@uy) = (n — 1)!

it follows that

sl=(nIl)('n-—l)!

Observe that
N(a;az) = (ﬂ - 2)'

because N(ai1a:) is equal to the number of permutations of the n — 2
‘‘objects” 123, 4,5, . . . , n, where 123 i3 considered to be bounded as
one object. Similarly, for1 <¢i<n—1,

N(a.-a.~+1) = (n - 2)'
Also observe that
N{awa;) = (n — 2)!

because N(aia;) is equal to the number of permutations of the n — 2
“objects” 12, 34, 5, 6, . . . , n, where 12 and 34 are considered to be
bounded as two objects. Similarly, for1 €71 <n —-2andi+1<; <
n—1,

N(ag;) = (n = 2)!
Therefore,

N(aa;) = N(aas) = - - - = N(@n-28a-1) = (n — 2)!

s,=(";1)(n—2)z

Furthermore, it can be shown that

s,-=("1‘.1>(n—j)z i=012 ...,n—1
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from which we see that

N(a",a;, v va:—l) ’"!__(";‘1)("__ l)'

S (P LR IR Sy () IS

Extension to the general case is immediate. Since restrictions on
the relative positions of the objects are equivalent to restrictions on the
appearance of a set of patterns, the enumeration of permutations with
restricted relative positions is the same as the enumeration of permuta-
tions in which none of a certain set of patterns can appear.

Example 4-3 Find the number of permutations of the letters a, b, ¢, d, ¢,
and f in which neither the pattern ace nor the pattern fd appears.
Let a, be the property that the pattern ace appears in a permutation,
and let a; be the property that the pattern fd appears in a permuta-
tion. According to the principle of inclusion and exclusion,

N(aiay) = N — N(a)) — N(as) + N(aas)
=6'—4!—-5!4+3!'=582 g

Example 4-10 In how many ways can the letters a, «a, o, , 8, 8, 8, v,
and v be arranged so that all the letters of the same kind are not in a
single block? For the permutations of these letters, let a, be the
property that the four «’s are in one block, let a; be the property
that the three £'s are in one block, and let a; be the property that
the two v¥'s are in one block. Then,

) 9! 61 7! 8! 4 5! &
Niaa) = iom ~ (3—'2—' tom t m—) + (? tat 4*) -3
=871 ®

%x4-6 THE ROOK POLYNOMIALS

In this section, we discuss a seemingly unrelated topic—the problem of
“nontaking rooks.” It will be shown in Sec. 4-7 that the enumeration
of the ways of placing nontaking rooks on a chessboard is useful in count-
ing the number of permutations of objects when there are arbitrary
restrictions on the positions they can occupy. A rook is a chessboard
piece which ‘“captures” on both rows and columns. The problem of
nontaking rooks is to enumerate the number of ways of placing k rooks
on a chessboard such that no rook will be captured by any other rook.
For example, on a regular 8 X 8 chessboard, there are (trivially) 64 ways



112 THE PRINCIPLE OF INCLUSION AND EXCLUSION

to place one nontaking rook. There are (g) P(8,2) = 1,568 ways to

. . 8
place two nontaking rooks, since there are (2) ways to choose two rows

and then P(8,2) ways to choose two cells from the two rows for the rooks.
Obviously, we can put at the most eight nontaking rooks on the board
and there are 8! ways to do so.

Here, we generalize the problem in that we are interested in placing
nontaking rooks not only on a regular 8 X 8 chessboard, but also on
chessboards of arbitrary shapes and sizes. For example, Fig. 4-2 shows
a so-called “staircase” chessboard. Clearly, for such a chessboard,
there are four ways to place one nontaking rook, three ways to place two
nontaking rooks, and no way to place three or more nontaking rooks.

[ |

SR

Figure 4-2

For a given chessboard, let rx denote the number of ways of placing k
nontaking rooks on the board, and let

R(z) = 2 rizk
K=o

be the ordinary generating function of the sequence (ro,ry,ry, . . .,
e, . . .). R(z) is the rook polynomial of the given chessboard. Notice
that R(z) is a finite polynomial whose degree is at most n, where n is the
number of cells of the chessboard, because it is never possible to place
more than n rooks on a chessboard of n cells. For the stairease chess-
board in Fig. 4-2, the rook polynomial is

R(z) = 1+ 4z + 322

When there are several chessboards €y, Cs, Cs, . . . under con-
sideration, let r.(Cy), r(Cs), re(Cy), . . . denote the numbers of ways of
placing k nontaking rooks on the boards C,, C;, Cs, . .., and let
R(z,Cy), R(z,C), R(z,Cy), . . . denote the rook polynomials of the
boards Cy, Cs, Cs, . . . , respectively.

Suppose that on a given chessboard C, a cell is selected and marked
as a special cell. Let C; denote the chesshoard obtained from C by delet-
ing the row and the column that contain the special cell, and let C,
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denote the chessboard obtained from C by deleting the special cell. To
find the value of rn(C), we observe that the ways of placing & nontaking
rooks on C can be divided into two classes, those that have a rook in the
special cell and those that do not have a rook in the special cell. The
number of ways in the first class is equal to r,_;(C.), and the number of
ways in the second class is equal to rn(C,). We have then the relation

1(C) = rea(C) + n(C)
Correspoudingly, we have
R(z,C) = 2R(z,C) + R(z,C)) (4-10)

Equation (4-10) is called the ezpansion formula. The rook polynomial
of a chesshoard of arbitrary shape and size can be found by the repeated
applications of the expansion formula.

Figure 4-3

Let a pair of parentheses around a chessboard be used to denote
the rook polynomial of the board. Thus, the expansion formula applied
to the chessboard in Fig. 4-3 can be written as

(FH)- -(0)-(B)

where the expansion is carried out with respect to the cell in the upper left
corner. Also

() -( ) (H)
where the expansion is carried out with respect to the cell in the upper
right corner. Because

(@) (B)
() (T
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(I > =1+3x+x?

As another example of the application of the expansion formuls,
observe that

it follows that

)

=,z(3>+x( l)+,(_l)+ -
AB) () EP)-(B) - B
e )+ e-sn (D)

= (x+ x2) (1 +2x) + (1 + 2x) (1 +3x + x2)
= 1+6x+ 10x2 +4x3

If a chessboard C consists of two subboards C, and C: in which
no cell of one subboard is in the same row or in the same column of
any cell of the other subboard (C; and C; are said to be disjunct), then

R(z,C) = R(z,C)R(z,C) (411

This result comes from the observation that the way rooks are placed
on C; is completely independent of the way rooks are placed on C..
Therefore,

3

n(C) = _Eo 7(CTei(Ca)

7=~

and Eq. (4-11) follows. (Recall the definition of the product of two
ordinary generating functions in Sec. 2-7.)
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*4-7 PERMUTATIONS WITH FORBIDDEN POSITIONS

Consider the distribution of four distinct objects, labeled a, b, ¢, and d,
into four distinct positions, labeled 1, 2, 3, and 4, with no two objects
occupying the same position. A distribution can be represented in the
form of a matrix as illustrated in Fig. 4-4, where the rows correspond to the

Positions
1 2 3 4
a o]
£ ]
3
8 ¢]O
d (o]
Figure 4-4

objects, and the columns correspond to the positions. A cirele in a cell
indicates that the object in the row containing the cell occupies the posi-
tion in the column containing the cell. Thus, the distribution shown in
Fig. 4-4 is as follows: a is placed in the second position, b is placed in the
fourth position, cis placed in the first position, and d is placed in the third
position.

Since an object cannot be placed in more than one position and a
position cannot hold more than one object, in the matrix representation
of an acceptable distribution there will never be more than one circle in a
row or column. This is equivalent to placing nontaking rooks on a chess-
board, and therefore the problem of enumerating the number of ways of
distributing distinet objects into distinet positions is the same as that
of enumerating the number of ways of placing nontaking rooks on a
chessboard.

The notion of placing nontaking rooks on a chessboard can be
extended to the case where these are forbidden positions for the objects.
For example, for the derangement of four objects, the forbidden positions
are shown as dark cells in the chessboard in Fig. 4-5. It follows that the
problem of enumerating the number of derangements of four objects is
equivalent to the problem of finding the value of r, for the white chess-
board in Fig. 4-5. In general, the restrictions on the positions that
the objects may occupy can be quite arbitrary. For example, consider
the problem of painting four houses a, b, ¢, and d with four different

colors, green, blue, gray, and yellow, under the restriction that house a
cannot be painted with yellow, house b cannot be painted with gray or
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Positions
1 2 3 4

Objects

Figure 4-5

yellow, house ¢ cannot be painted with blue or gray, and house d cannot
be painted blue. This is a problem of permutations with forbidden
positions. The forbidden positions are shown in Fig. 4-6 as dark cells in

Green Gray
Blue Yellow

S

Figure 4-6

the chessboard. Again, the number of ways of painting the houses is
equal to the value of 7, for the white chessboard.

Once we have seen the equivalence between the permutation of
objects with restrictions on their positions and the placement of nontaking
rooks on a chessboard, it seems that this is the end of the discussion since
the problem of placing nontaking rooks on a chessboard has already been
studied in Sec. 4-6. However, there is an alternative viewpoint that
turns out to be more useful. Consider the permutation of n objects
with restrictions on their positions. Let a; denote the property of a
permutation in which the 7th object is in a forbidden position (z = 1,

2, . .., n). Then the number of permutations in which no object is
in a forbidden position is

N@a, - a)=e=n—rnX({n—1)+rX@H-—2)!
+ PR
+ (—1)" VX rey X H 4 (— 1) X 14 X 0!

i ()X X®m-—-)! (4-12)

i=0
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where i is the number of ways of placing k nontaking rooks on the dark
chessboard. Equation (4-12) is just the result of another direct applica-
tion of the principle of inclusion and exclusion, that is, since j of the
n objects can be placed in the forbidden positions in r; ways and the n — j
remaining objects can be placed in the n — j remaining positions arbi-
trarily in (n — j)! ways, we have

g =1 X (n—75!

Therefore, Eq. (4-12) follows from Eq. (4-6).
For the problem of painting four houses with four colors mentioned
above, since the rook polynomial for the board of forbidden positions is

R(z) = 1 4+ 6z + 10z* + 4x°
Eq. (4-12) gives

ee=4'—-6X3I+10X21 -4 X1l =4

We can also compute the number of permutations in which exactly
m of the objects are in forbidden positions; that is,

0-=T-X("_m)!—(m-llrl>x7'm+1>((n—-m—l)!+---

+ (—1)”"'( " ) X 1a X 0!
n-—m
Also, according to Eq. (4-7),

n n

E@) = Y sz — 1) = Z X (=N X (x—1)y

j—O J-

[

Because an object in a forbidden position is said to be a “hit,” F(z) is
also called the kit polynomial. For the problem of painting four houses
with four colors, the hit polynomial is

E@)=4+6X3IX@E—-1)4+10X2! X (z - 1)t

+4 XU X(@—-1)*+0X0 X (z— 1)
=4 + 8z + 8z + 427

Thus, there are four ways to paint the houses so that none of the houses
will be painted with forbidden colors, eight ways to paint the houses so
that exactly one of the houses will be painted with forbidden colors, and

so on. Notice that there is no way to puint all four houses with for-
bidden colors.

Example 4-11 Find the number of permutations of the letters «, a, 8,
B8, 7, and 7 50 that no a appears in the first and second positions, no
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8 appears in the third position, and no vy appears in the fifth and
sixth positions. Imagine that the a's, 8’s, and +’s are marked so
that they become distinguishable. The forbidden positions are
shown as dark cells in the chessboard in Fig. 4-7. The rook poly-

1 2 3 4 5 6

-

Q

™ ™

<

Figure 4-7

nomial for a 2 X 2 square chessboard is

1 + 4z + 22?

The rook polynomial for a 2 X 1 rectangular chessboard is

1+ 2z

The rook polynomial for the board of the forbidden positions is

(1 + 4z + 229)%(1 + 2z) = 1 + 10z + 36x* + 562 + 3624 + 8z°
It follows that

6! — 10 X 5! + 36 X 4! — 56 X 3! 4+ 36 X 2! —= 8 X 1!
112

€0

The fact that the objects are not all distinet merely introduces
a division factor 2! X 2! X 2!. Thus, we have

112

T aTx 2 - M

as the number of ways of distributing the objects with none of them
in a forbidden position. m

4-8 SUMMARY AND REFERENCES

In a sense, the principle of inclusion and exclusion offers an indirect
approach to the solution of enumeration problems. Instead of computing
the exact count directly, we “adjust’’ the count by alternately adding and
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subtracting appropriate terms according to the principle of inclusion and
exclusion. As illustrated by the examples in this chapter, such an
approach is often very powerful.

Discussion of the principle of inclusion and exclusion can also be
found in Chap. 3 of Riordan [3] and Chap. 2 of Ryser [5]. For further
details on rook polynomials and permutations with forbidden positions see
Chaps. 7 and 8 of Riordan {3]. Derangement of objects is also discussed
in Chap. 4 of Whitworth [6]. For an application in the theory of num-
bers that leads to a formula known as the Mobius inversion formula, see
Chap. 16 of Hardy and Wright [2]. A significant extension of the con-
cept of the Mébius inversion formula was carried out by Rota {4]. See
also Chap. 2 of Hall [1].
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PROBLEMS

4.1, In how many ways can three 0's, three 1’s, and three 2's be arranged so that no
three adjacent digits are the same in an arrangement?

4-2. A man has six friends. He has met each of them at dinner 12 times, every two of
them six times, every three of them four times, every four of them three times, every
five twice, and all six only once. He has dined out eight times without meeting any
of them. How many times has he dined out altogether?

43. A symmetric expression in three variables z, y, and 2z contains nine terms. Four
terms contain the variable z. Two terms contain the variables z, y, and z. One
term is a constant. How many terms contain the variables z and y?

44. Find the number of binary sequences of length 5 in which every 1 is adjacent
to another 1.

4-5. With three differently colored paints, in how many ways can the walls of a
rectangular room be painted 80 that color changes occur at (and only at) each corner?
With two colors?

46. Among thenumbers 1,2, . . . , 500, how many of them are not divisible by 7 but
are divisible by 3 or 5?

4-7. Find the number of permutations of the letter? a, a, a, 8, 8, 6, 7, v, 8nd y which
are such that no identical letters are adjacent.

48. Find the number of permutations of the 26 letters A, B, . . . , X, ¥, Z that do
not contain the patterns JOHN, PAUL, and SMITH.
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49. When two indistinguishable dice are rolled n times:
(a) In how many ways can a pair of each of the six numbers show at least once?
(b) In how many ways can each of the pairs of 3's, 4’s, 5’s, and 6’s show at
least once and either a pair of aces or a pair of deuces show at least once?

4.10. (@) 5n men, standing in a line, are from n countries (five men from each country),
Show that the number of ways the line can be formed so that every man is standing
next to a countryman of his is equal to

2o [emt— () en -+ (G)en -1 - -+ =0 (2)m)

(b) Repeat part (a) with 4n men from n countries (four men from each country).

4.11. The Euler ¢-function of a positive integer n, ¢(n), is defined as the number of
positive integers less than or equal to n that are prime to n. Show that

wor =211 (1-4)

where pi, ps, . . . , pm are all the distinct prime divisors of n.
4-12. Use a combinatorial argument to prove the identity

(n:;l—l):: "im(—l)k(n—k—m)(n—m—rk-i-r—l)
k=0

Hint: the number of ways to distribute r nondistinct objects into n distinet cells
r—1

. . n
leaving exactly m cells empty is equal to (m) (n —m—1)

4-13. Use a combinatorial argument to prove the identity

n—-m < m n—k
() §er () e

n—m\ . .
Hint: (n ) is the number of ways to select r objects from n distinct ones

such that m special objects are always included in the selections.
4-14. Show that

r .

J

8m = €;

" z (m) !
I=m

where s» and e; are defined as in Sec. 4-3. What is the combinatorial significance of
this identity ?
4-15. (a) Prove the identity

m+r m+r m-+r m+r

<m >_(m+1)+<m+2)—.”+(—1)(m+r)
_ m+r-1
B m— 1
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(5) Let e>. denote the number of objects having m or more of r properties;
that is,

€u =ty + oyt FCasrt - - +oe
Prove that

m m+ 1 m+ 2
ez-“l-"'(m-— l>0q¢l+(m_1)8-¢l“'(m__1)8""'+
r—1
+(°1)F.( )3'
m— 1

8-16. Two professors in two different subjects are giving oral examinations to 12
students in the same hour. Each student shall be examined individually for 5 minutes
in each subject. In how many ways can a schedule be made up 8o that no student will
have to see both professors at the same time? Give an approximated value to the
answer.

4.17. (The Game of Rencontres) There are n balls, numbered 1, 2, . . . , n, in an urn.
When the balls are drawn one by one without replacement from the urn, a rencontre
is said to occur if the ball numbered r appears in the rth drawing. Find the proba-
bility of at least one rencontre and the probability of exactly m rencontres. Give
approximated values of the probabilities.

4-18. The n integers 1, 2, . . . , » are arranged around a circle Let g, denote the
number of such arrangements in which no two adjacent integers are consecutive in
clockwise order (n and ! are considered to be consecutive). Find an expression for
gn, and show that it satisfies the recurrence equation

gotgae1=da A 21

4-18, (a) Show that the number of permutations of the n integers 1, 2, . . . , n in
which no two adjacent integers are consecutive in left-to-right order is equal to
da + du_y.

(b) If n and 1 are also considered as “‘consecutive numbers,” show that the
number of permutations of the n integers 1, 2, . . . , n in which no two adjacent
integers are “‘consecutive’’ is equal to nds.i.
420, (The Permanent) Let A = [a;) be an m X n matrix with m <n. Let A,
denote & matrix obtained from A by replacing r of the n columns of A by 0’s. Let
S(A,) be the product of the row sums of A, and £S(4,) be the sum of the S(4,)’s over
all A/’s. Define the permanent of A, denoted by Per (A), as

Per (4) = Zanax, - - - Owia
Where the summation extends over sll m-permutations (i,,i,,

integers 1,2, . . ., mn.
(a} Show that

Per (A) - ZS(A-»—-.) - (u - ’;' + l) ZS(A--OWJ)
n~-m-+2
+ Shucmss) = -« 4 (—=Pjamr P =1 .-
( 9 )Z ( 1) + (-1 (m_l)Zs(A 1)

Hint: Consider as the jth property of a term a,. . Gms. that sp #J
@=12...,m. Bt - Gm TAE

. ,im) Of the n
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(b) Let I be the n X n identity matrix, and let K be the n X n matrix whose
entries are all 1’s. Show that
1. Per (K) = n!
2. Per (K ~ I) = d,, where d» is the number of derangements of n objects.
4-21. (a) A computer matching service has five male subscribers 4, B, C, D, and E
and four female subacribers a, b, ¢, and d. After analyzing their personalities and
interests, the computer decides that a should not be matched with C and D, b should
not be matched with 4 and E, ¢ should not be matched with B and C, and d would
quarrel with E. Find the number of ways in which the subscribers can be matched.
(b) Since there are five boys and only four girls, one of the boys will be left with
no date. However, B is a good friend of the programmer who programs the computer
and sees to it that B is matched. In how many ways can the subscribers be matched?

4-22, Find the rook polynomial R,.i(x) for the staircase chessboard shown in Fig. 4P-1.

!

I I B e

m steps L_.l_l_.

Figure 4P-1

4-23. A pair of distinct dice are rolled six times. It is known that the combinations
(1,2), (2,2), (3,2), (2,3), (3,3), and (4,4) did not appear. Find the probability that all
faces of the two dice have shown.

4-24. An arrangement of integers is said to contain a descent when an integer is imme-
diately followed by a smaller integer in the arrangement. For example, the arrange-
ment 52143 contains three descents.

(a) Find the chessboard for the restrictions in the enumeration of the number
of arrangements of the integers 1, 2, 3, 4, and 5 that contain no descent. The restric-
tion implied by the cell (,5) in this chessboard is now interpreted as the integer i being
to the immediate left of the integer j in an arrangement, for © = j.

() Find the rook polynomial of the chessboard in part (a). Show that its
corresponding hit polynomial is the ordinary generating function that enumerates the
number of arrangements containing zero, one, two, three, and four descents, respectively.
4.25. (a) Use the expansion formula to show that the rook polynomial of ann X m
rectangular chessboard, Ra.m(z), satisfies the recurrence relation

Rn,m(’) = Ru-l.ﬂl(z) + m”ﬂ—l-m—l(’)
(b) Show that

B%Ru'"(x) = NMBn_1.m-1(Z)

(¢) If the cells in an » X m rectangular chessboard are forbidden positions for
the permutations of n elements (n > m), find the corresponding hit polynomial E(z).

w

5 for



PROBLEMS 123

4-26. (Equivalence) (a) Let C, be a chessboard that has ! columns and at the most
n rows. Let C be an n X m rectangular chessboard. The chessboard C; + C is
defined as a board containing all the cells in C, and C arranged as in Fig. 4P-2. Let

{columns  m columns

nTows C C

Figure 4P-2

R(z,C) = Y ru%, and let Rz, €1 + C) = Y az*. Find gi, and express it in terms
F &

of the ry's.

() Two chessboards C, and C; are said to be equivalent if R(z,C:) = R(x,Cy).
Show that if C, and C, are equivalent, C, + C and C; + C are also equivalent.
4-21. (The Complement of a Chessboard) The complement C’ of a chessboard C with
respect to an n X m rectangular chessboard C,, . is defined as the chessboard that con-

tains all the cells that are in Cy,» but not in €. (Assume that C has at the most n
rows and m columns.)

(a) Let r; and g. be the number of ways to place k nontaking rooks on a chess-
board C and its complement C’ with respect to Ca,m, respectively. Show that

a=(})Pmb ~n(} 1) Pm -1k -1
+n(jl3)pm-2k-2- . +m(* g F)Pm-ko

(b) Let R, ;(z) denote the rook polynomial of an i X j rectangular chessboard.
Show that the rook polynomial of C’, Q(z), can be expressed as

min {n,m} min [n,m)
Q) = Y art= Y (~DtReseal)
k=0 k=0

(¢) Let C and C’ be complementary chesshoards with respect to an n X n
chessboard, and let E(z,C) and E(z,(’) be their hit polynomials. Show that

EC) = E (i, c')
E@C) = 2°E (i c)

4-28. (Triangular Chessboard) let T.(z) be the rook polynomial of an n X n tri-

angular chessboard as shown in Fig. 4P-3.  We shall prove by mathematical induction
that

Tu@) = 3 Sta+1,n+ 1=k (4P-1)
k=0

where 8(i,j) is the Stirling number of the second kind.
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[}

nrows

W
n columns

Figure 4P-3

(a) Basis of induction: Show that Eq. (4P-1) is satisfied forn = 1 and n = 2.
m

(®) Induction step: Assume that T.(z) = Z Sm + 1, m + 1 — k)z* for
k=0
m < n — 1. Show that Eq. (4P-1) is true.

Hint: St + 1, k) = ,Zo (';) SG, k- 1)

4-29. (The Ménage Problem) In the problem of enumerating the permutations of the
integers 1, 2, . . . , n which are such that the integer 7 is not in positions i and ¢ + 1
for i =1,2, ...,n — 1 and the integer n is not in positions n and 1, the chess-
board for the forbidden positions is shown in Fig. 4P-4. The rock polynomial of this
chessboard is called the Ménage polynomial, which is denoted by M(z).

1234 - n

Figure 4P-4

(a) Let A,q_1(z) be the rook polynomial of a staircase chessboard containing an
odd number of cells, 2n — 1, as shown in Fig. 4P-5¢. Let B..(x) be the rook poly-
nomial of a staircase chessboard containing an even number of cells, 2n, as shown in
Fig. 4P-5b. Show that

Aa-1(T) = 2Asm_s(z) + Ban-a()

Bin(z) = zBias(z) + Asnalz)

(b) With the boundary conditions

A(z) =1 +=x Ag(z) =1+ 3z + =

Bo(z)} = 1 By(z) =1+ 2z
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n rows

T ———
n columns

(a) (b)
Figure 4P-5

show by mathematical induction that

= 3 (1)

k=0
"

Balz) = z (2n -: «1—1)2.

k=0
(¢) Show that
M.(z) = 2A:ma(z) + Apea(z)

(d) Find M,(z) and the corresponding hit polynomial.
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Chapter 5
Polya’s Theory
of Counting

5-1 INTRODUCTION

Consider the problem of counting the number of 2 X 2 chessboards that
contain black and white cells. Clearly, there are 2* such chessboards as
shown in Fig. 5-1. However, if the four sides of a chessboard are not
marked and one side cannot be distinguished from another, then there
are chessboards that become indistinguishable from other chessboards
after being rotated by 90, 180, or 270°. The reader can check that in
this case, chessboards C», Cs, Cs, and C;; chessboards Cs, Cs, Cy, and Cyy;
chessboards C; and Cyy; and chessboards Cia, Cis, C14, and C)s are indis-
tinguishable under rotations. In a sense that will be defined precisely
later, chessboards C,, C;, C4, and C, are said to be “equivalent,” as are
chessboards Cs, Cs, Cy, and Cy1; chessboards C7 and Cyo; and chessboards
Ciz, Cyy, Cyy, and Cy;. Therefore, among the 16 chessboards shown in
Fig. 5-1, there are only six “nonequivalent’” ones.

Suppose that we are not interested in the black-and-white patterns
of the chessboards but are only interested in the contrast patterns;

126



SETS, RELATIONS, AND GROUPS

Cia Cia Cis Cis
Figure §-1

that is, chessboards C, and Cis have the same contrast pattern, chess-
boards C, and Cy; have the same contrast pattern, and so on. With
rotations of the chessboards also allowed, the reader can check that there
are only four nonequivalent contrast patterns. In this chapter we shall
study the theory of enumerating nonequivalent objects from a point of
view first developed by Pélya in 1938.

@5-2 SETS, RELATIONS, AND GROUPS

In this section some of the basic notions and terminologies in algebra
that are used throughout this chapter are introduced.

A sel is a collection of distinct elements (objects). We shall use an
uppercase Roman letter to denote a set and the notation S = [a,b,¢,z,2}
to denote a set S that contains the elements a, b, ¢, x, and 2. Notice
that there is no ordering among the elements in a set. Thus, {a,b,c}
and {c,ba} denote identically the same set. Also, since the elements
in a set are all distinct, {a,a,b,c} is a redundant representation of the set
{a,b,c}. The emply or null set, denoted by ¢, is a set that contains no
elements. A set T is said to be a subse! of another set S if every element in
T is also an element in S. For example, {a,b,x} is a subset of {a,b,c,x,2},
but {ab.y} is not. Notice that every set is, trivially, a subset of itself.
A set T is said to be a proper subset of S if T is a subset of S but there is at
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least one element in S that is not in T. We write a & S to mean that
a is an element in the set S, and T' C S to mean that T is a subset of S.
Also, |S| denotes the number of elements in the set S. A set is said to be
a k-set if it contains k elements.

Let A and B be two sets. The union of A and B, denoted by
A \U B, is the set that contains the elements in A and the elements in B.
For example, {a,b,c,d} U {a,d,e,j} = {a,bcd,e,j]. The intersection of A
and B, denoted by A N B, is the set that contains the elements that are
in both 4 and B. For example, {ab,c,d} N {a,dej} = {a,d}. The
difference of A and B, denoted by A — B, is a set that contains the ele-
ments that are in A but not in B. For example, {a,b,c,d} — {a,d,e,j} =
{be}. The ring sum of A and B, denoted by A @ B, is the set that con-
tains the elements in A and the elements in B which are not in the inter-
section of A and B. For example, {a,b,c,d} ® {a,d,e,j} = {b,c,e,j}.

A partition on a set is a subdivision of all the elements in the set
into digjoint subsets. In other words, a partition on a set is a collection
of subsets of the set such that every element in the set is in exactly one of
the subsets. For example, {{a,b,z},{d},{c,z}} is a partition on the set
{a,b,c,d,z,z2}.

An ordered pair is an ordered arrangement of two (not necessarily
distinct) elements. We use the notation (a,b) for an ordered pair that
contains the elements a and b, arranged in that order. Thus, (a,b) and
(b,a) are two different ordered pairs. The cartesian product of two sets
S and T, denoted by S X T, is the set of all ordered pairs (z,y) in which
zisin S and yisin 7. For example,

{a,be} X {1,2} = {(a,1),(a,2),(5,1),(6,2),(c,1),(c,2)}

A binary relation between two sets S and 7T is a subset of the ordered
pairs in the cartesian product S X T. For example, {(a,1),(a,2),(c,2)}
is a binary relation between the sets {a,b,c] and {1,2}. For an ordered
pair like (a,2) in the relation, we say that the element a is related to the
element 2. A binary relation between two sets can be represented in
the form of a matrix. For example, Fig. 5-2 shows a representation of
the relation {(a,1),(a,3),(b,4),(d,2),(d,4)} between the sets {a,b,c,d} and

1 2 3 4 5

ol /| |V
b J

a |V IV

Figure 5-2




SETS, RELATIONS, AND GROUPS 129

{1,2,3,4,5]. A check mark in a cell indicates that the element identifying
the row that contains the cell and the element identifying the column that
contains the cell are related. A binary relation on a set S is a binary
relation between the set S and itself. For example, {{(a.a){a,c),(b,a),
(b,c),(c,b)} is & binary relation on the set {a,b,c}.

A binary relation on a set is called an equivalence relation if the
following conditions are satisfied:

1. Every element in the set is related to itself (reflexive law).

2. For any two elements a and b in the set, if a is related to b, then b is
also related to @ (symmetric law).

3. For any three elements a, b, and ¢ in the set, if a i3 related to b and
b is related to ¢, then a is also related to ¢ (transitive law).

For example, the binary relation shown in Fig. 5-3a is an equivalence
relation, whereas the binary relation shown in Fig. 5-3b is not. As

e b ¢ d e a b ¢ d e

AN /Y
| V|V of |V

v
V| |V

@) (b)
Figure 5-3

NS[S
NSNS
CSNIS
A
NSNS

another example, we define a binary relation on a group of people which
is such that for two persons a and b, a is related to b if and only if a is
from the same family as b is. The reader can verify that this relation is
an equivalence relation.

Given an equivalence relation on a set S, we can divide the elements
of S into classes such that two elements are in the same class if and only
if they are related. These classes of elements are called the equivalence
claszes into which the set 8 is divided by the equivalence relation. Notice
that every element is in one of the equivalence classes because it can at
least be in a class by itself, according to the reflexive law. The symmetric
law ensures that there is no ambiguity regarding membership in the equiv-
alence classes. (If the relation is not symmetric, we might encounter
the difficult situation where a is related to b but b is not related to a.)
Finally, because of the transitive law, no element can be in more than one
equivalence class. Therefore, we say that an equivalence relation on a
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set induces a partition on the set in which the disjoint subsets are the
equivalence classes. For example, the partition induced by the equiv-
alence relation on the set {a,b,c,d,e} shown in Fig. 5-3a is {{a,b},{c,d e}}.
Two elements are said to be equivalent if they are in the same equivalence
class.

A (single-valued) function from a set S to a set T is a binary relation
between the sets S and T which is such that every element in S is related
to exactly one element in 7. For example, {(a,2),(b,1),(¢c,2)} i3 a func-
tion from the set {a,b,c} to the set {1,2}. The set S is called the domain
of the function, and the set T is called the range of the function. Let f
denote a function, and let (a,2) be an ordered pair in the function. We
shall write f(a) = 2 to mean that a is related to 2 by the function f. We
say that 2 is the value (or mage) of a under the function f, and also that f
maps a into 2. A function is a one-to-one function if every element in the
domain has a unique image. A function is an onto function if every ele-
ment in the range is the image of at least one element in the domain.
For example, Fig. 5-4a shows an arbitrary function, Fig. 5-4b shows a
one-to-one function, and Fig. 5-4c shows an onto function.

1 2 3 4 1 2 3 4 5 1 2 3 4

a \/ a \/ a J

| |V oV b v

(@ ] (c)
Figure 5-4

A binary operation on a set S is a function from the set § X Sto a
set T. For example, Fig. 5-5a shows a binary operation on the set

1 2 3
(@a)|
@)| |V ¢ a
(ba)| of 1

(bb) J ol 1]3

(@) (b)
Figure 5-5
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8 = {a,b} with T = {1,2,3}. An alternative way of representing a
binary operation is shown in Fig. 5-5b. In that representation the value
of an ordered pair under the binary operation is placed in the cell that
is in the row corresponding to the first element of the ordered pair and
is in the column corresponding to the second element of the ordered
pair. Instead of the functional notation, we shall also let * denote a
binary operation and let a + b denote the value of the ordered pair (a,b)
under the binary operation. For example, in Fig. 5-5a (and Fig. 5-5b),
we see that a*a = 1 and a b = 2. A binary operation on a set S is
said to be closed if it is a function from the set 8 X S to the set S.

A set S together with a binary operation = on the set S is said to
form a group if the following conditions are satisfied:

1. The binary operation = is closed.

2. The binary operation # is associative; that is, for any a, b, ¢ in S,
(asb)ec=as(bec)

3. There is an element ¢ in S which is such that a s ¢ = e foreveryain S.
This element is called an identity element of the group.

4. For any element a in 8, there is another element in S, denoted by a-?
and called an nverse of a, which is such that a » a™! = e.

As an example, Fig. 5-6 shows the binary operation for a group con-
sisting of the five elements 0, 1, 2, 3, and 4. Notice that 0 is an identity

0 1 2
ojo|1]2

4
4
0

3
3
1]112}13]4
0

212|134 1

3]31410]1]2

4401 1]2]3
Figure 5-6

element, an inverse of the element O is 0 itself, an inverse of the element 1
is 4, and s0 on. Some of the basic properties of a group follow:

1. If b is an inverse of a, then a is an inverse of b. If bis an inverse of a,
asb =¢ That gives bs(a»d) =bse =05 Let b-! denote an
inverse of b. We have (b« (a+b)) »b~! = b « b, Since

(Be(@aed))sdt =be(as(dsbr)) =hbe(ase) =bea

andbs bt = ¢, we have b ea = ¢. Therefore, a is an inverse of b.
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2. For every ain 8, e *a = a. According to property 1, a™' »a = ¢.
Thus, a » (a~* »a) = a se. However,

as(atsa) =(a*a)sa=¢e*a

Therefore, e *a = a*+¢ = a.

3. The identity element is unique. Suppose there are two elements e;
and e; such thata +e; = aand a »¢» = @; thatis,a *e; = a » ¢, 0r
a' « (are) = a-t » (a*ez), which simplifies to ex = ea.

4. The inverse of any element is unique. Suppose there are two elements
b and ¢ such that a*b =e and a*c = ¢; thatis, asb = a s,
or a~' » (a *b) = a~! » (a * ¢), which simplifies to b = ¢.

§5-3 EQUIVALENCE CLASSES UNDER A PERMUTATION GROUP

A one-to-one function from a set S to itself is called a permutation of
the set S. We use the notation (gg?i) for the permutation of the set
{a,b,c,d] that maps a into b, b into &, c into ¢, and d into a; that is, in the
upper row the elements in the set are written down in an arbitrary order,
and in the lower row the image of an element will be written below the
element itself. Notice that the notion of a permutation of a set is
the same as that discussed in Chap. 1, namely, an arrangement of a
set of objects.

Let 71 and 7, be two permutations of a set S. The composition of =,
and 7, denoted by myr,, is the successive permutations of the set S, first

according to 7, and then according to »;. For example, let », = (‘:}2‘2)

and 7 = (giﬁ) be two permutations of the set {ab,c,d}. Then

Ty = (;ﬁ?i) Notice that =yx; maps a into d since =, maps a into b

and m; maps b into d, and so on.

We see immediately that the composition of two permutations is
also a permutation. Let m, and x; be two permutations of the set
S = {abe, . .. ,z,y2}. To show that myr; is also a permutation of
the set S, we have only to show that no two elements in S are mapped
into the same element by myr,. Suppose that v, maps the element a
into b and =; maps the element b into ¢. wyrs will then map the element
aintoc. Let z be any element distinct froma. Since 2 is a permutation
of the set S, =, maps z into an element that is distinct from b, say y.
Similarly, =1 maps y into an element that is distinct from ¢, say z. We
conclude that myr, always maps two distinct elements (for example,
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a and z) into two distinct elements (for example, ¢ and 2) and is, there-
fore, a permutation of the set S.

Notice that the composition of permutations is noncommutative;
that is, in general xxs # xery.  This is illustrated by the fact that for

Ty = abai andr = abcd," = abd and » = ade
! = \adbe 1 = \bacd)' ™™ = \dabe ™1 = \bdac/

However, the composition of permutations is associative; that is, for
any permutations x,, s, and w3 of a set, we have (rwra)r; = xy(rox;).
This fact can be seen as follows: Suppose x; maps e into b, »; maps b into ¢,
and =; maps ¢ into d. Since xx2 maps b into d, (xyr2)r; maps a into d.

Similarly, since xar; maps a into ¢, vy(xaxs) maps a into d.  For example,
let

o @) =) =G
i 42 (52 22 - (2 (52 - (29
e = ()62 (29 - (5 () - ()

Let G = {7y, . . .} beasetof permutationsof a set S. ThenGis
said to be a permutation group of 8 if G and the binary operation of
composition of permutations form a group. In other words, according to

the definition of a group given in Seec. 5-2, the following conditions should
be satisfied:

and

»
1. If x, and »; are in G, then xyr, is also in G.

2. The binary operation, composition of permutations, is associative.
However, this is known to be true.

3. The identity permutation that maps each element into itself, for
example, (zzz), is in G. (Note that the identity permutation is

the only permutation among all the permutations of a set that can
be the identity element of the group.)

4. For every permutation =; in G, there is a permutation »,;, which is
such that »yr, i8 the identity permutation.
As an example, the reader can verify that
G = abc abe abc
abe)’ \bea)’ \cab

is a permutation group of the set {a,b,c}.
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Let G be a permutation group of a set 8§ = {a,b, . . .}. A binary
relation on the set S, called the binary relalion induced by G, is defined
to be such that element a is related to element b if and only if there is a
permutation in G that maps e into b. For example, let

G = |{3bd abed\ fabed\ (abed
~ |\abed)’ \bacd)' \abdc/' \badc
The binary relation induced by @ is shown in Fig. 5-7.

e b ¢ d
V[V
| V|V
¢ ]V
d JIV

Figure 5-7

Theorem 5-1 The binary relation on a set induced by a permutation group
of the set is an equivalence relalion.

Proof Let G be a permutation group of the set S = {ab, . . .}.

1. Since the identity permutation is in G, every element in S is
related to itself in the binary relation on S induced by G.
Therefore, the reflexive law is satisfied.

2. If there is a permutation = in G that maps a into b, the inverse
of m;, which is also in G, will map b into a. Therefore, the
binary relation on S induced by G satisfies the symmetric law.

3. If there is a permutation =, mapping a into b and a permutation
7z mapping b into ¢, the permutation mery, which is also in G,
will map a into ¢. Therefore, the binary relation on S induced
by G satisfies the transitive law. =

After these preparations, we are now ready to prove a theorem due
to Burnside. Given a set S and a permutation group G of S, we wish
to find the number of equivalence classes into which 8 is divided by
the equivalence relation on 8 induced by G. This problem can be
solved most directly by finding the equivalence relation and then count-
ing the number of equivalence classes. However, when the set S con-
tains a large number of elements, such counting becomes prohibitively
tedious. Burnside’s theorem enables us to find the number of equiv-
alence classes in an alternative way by counting the number of elements
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that are invariant under the permutations in the group. An element
1 said to be invarignt under a permutation, or is called an /nvariance, if
the permutation maps the element into itself.

Let us return to the example of 2 X 2 chessbouards in See. 3-1 to
see why we are interested in counting the number of equivalence classes
into which a set i3 divided by the equivalence relation on the set induced
by a permutation group. Observe in Fig. 3-1 that when the chessboards
are rotated clockwise by 90°, C, remains as C,, C: becomes C;, C, becomes
Cy, C, becomes Cj, C5 becomes C;, Cs becomes C;, C7 becomes Cyp, and so
on. As a matter of fact, a 90° rotation amounts to a permutation of the
chessboards since no two chessboards will become the same after the
rotation. Let #; denote such a permutation of the chessboards. We
have

= (C1C;C;C.C;C¢C1C5C9CmCuClzCqu4cucxs>

C1C3C (CsC2C3C1CC1HC1CsC15C12C13C 1

Similarly, corresponding to a 180° clockwise rotation and a 270° clock-

wise rotation of the chessboards, there are the permutations r» and ;.
Thus,

- (ClczC;C.CsCeC7CsCQCIocx1CuCuCuClsCls>
b 1CC5C:0:C1CC5CC1C6C1C1C1C1 e

C
C1C2C3CCCC1CC3C 1 Ch 1CuCnCuclscle>
C 1C;C:C;C(CstCl1CsC7CuCnCuCuCqus

Let =, be the identity permutation. Thus,

_ (C,C,C,C.C.c.c,cscgcmc,,CuCuC..CHCH)
T4 =\ C10:C3C (€5 6C1CsCsC1oC11C12C15C14C15C s

which corresponds to a 0° rotation. It can be shown that G = {wyx,,
x4y} is a permutation group of the set of 2 X 2 chessbourds. In the
equivalence relation induced by 7, we see that C; is related to s (since m,
maps C; into (), (1 is related to C'y (since mq maps Cy into ('), Cy is related
to (¢ (since =y maps C; into (), and (' is related to ('y (since ¢ maps C,
into C3). Therefore, C3, C,, Cy, and Cs are in the same equivalence class,
which means that they become indistinguishable when rotations of the
chessboards are aliowed. It follows that the number of equivalence
classes into which the chessboards are divided by the equivalence relation
induced by (7 is the number of “distinet” chessboards. Here, two chess-
boards are distinct if one cannot be obtained from another through
rotation. As shall be seen, there are many similar situations in which
objects become equivalent under some classification which corresponds
to the equivalence relation induced by a permutation group. In such
cases, the enumeration theory developed in this chapter can be applied.

wy =
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Theorem 5-2 (Burnside) The number of equivalence classes into which
a sel S is divided by the equivalence relation induced by a permutation
group G of S 18 given by

@ 2 v

»&G

where Y (r) 18 the number of elements that are invariant under the permu-
tation .

So that we can appreciate more the meaning of Theorem 5-2, let us
illustrate its application before proceeding to the proof.

Example 5-1 Let S = {a,b,c,d}, and let G be the permutation group

L. abed abed abed
consisting of ry = abed) ™ = \bacd) ™ = \abde ,and m, =

(‘;Z;f) The equivalence relation on S induced by G is shown in

Fig. 5-7. Clearly, 8 is divided into two equivalence classes, {a,b}
and {c¢,d}.

Since y(m) = 4, ¥(r2) = 2, Y(r3) = 2, and ¥(r,) = 0, accord-
ing to Theorem 5-2, the number of equivalence classes can be com-
puted as

Y@+2+2+0=2 =

Proof of Theorem 5-2 For any element s in S, let 5(s) denote the
number of permutations under which s is invariant. Then

Y v = Y 9(s)

€6 <3S

because both E ¥(x) and E n(s) count the total number of invari-
€6 s

ances under all the permutations in G. [One way to count the
invariances is to go through the permutations one by one and count
the number of invariances under each permutation. This gives

E ¥(r) as the total count. Another way to count the invariances
E{=¢

is to go through the elements one by one and count the number of
permutations under which an element is invariant. That gives
E n(s) as the total count.]
€S

Let a and b be two elements in S that are in the same equiva-
lence class. We want to show that there are exactly #(a) permuta-
tions mapping a into b. Since a and b are in the same equivalence
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class, there is at least one such permutation which we shall denote by
*;.  Let {myxa,w;, . . .} be the set of the n{a) permutations under
which @ is invariant. Then, the n(a) permutations in the set
{xaxymome,mums, . . .} are permutations that map a into b. First,
we sce that these permutations are all distinet because, if x,.x; = 7.7,
we have

LA ! (thl) = 7y ! (‘l’,‘l‘ g)

This gives »y = rs, which is impossible. Secondly, we see that no
other permutation in(G mapsaintod. Suppose that thereis a permu-
tation =, that maps a into b. Then, »;'r, is a permutation that
maps a into a, because x7' maps bintoa. Since »;'r, is a permuta-
tion in the set {myxams, . . .}, m(#7'r,) = x, is 2 permutation in
the set {mxyxxom,my, . . .}. Therefore, we conclude that there
are exactly n(a) permutations in G that map a into b.

Leta,b,c. . . ., hbetheelementsin S that are in oue equiva-
lence class. All the permutations in G can be categorized as those
that map a into a, those that map a into b, those that map e intoe,

., and those that map a into A. Since we have shown that
there are exactly n(a) permutations in each of these categories we
have
¢l

a) = - - —
n(a) number of elements in the equivalence class containing a

Using a similar argument, we obtain
nb) = nlc) = - - - =n(h)
= 61
number of elements in the equivalence class containing a

and, therefore,
n(a) + n(b) + nlc) + - - - + 9(h) = |G|
It follows that, for any equivalence class of elements in S,

(s} = |G|
ail 4 in the equivalence clamm
and

number of equivalence classes
2 (i g et ) e

Therefore, we have
Number of equivalence classes

1 1
into which S is divided = ]—G-[.gs @ =7 ;w(’r) .
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Example 5-2 Find the number of distinct strings of length 2 that are
made up of blue beads and yellow beads. The two ends of a string
are not marked, and two strings are, therefore, indistinguishable if
interchanging the ends of one will yield the other. Let b and y
denote blue and yellow beads, respectively. Let bb, by, yb, and yy
denote the four different strings of length 2 when equivalence
between strings is not taken into consideration. The problem
is to find the number of equivalence classes into which the set
S = {bb,by,yb,yy} is divided by the equivalence relation induced by
the permutation group G = {m, 2}, where

I LR L v, = (O bV Y0 vy
PT\bb by vb gy P \ob yd by wy

The permutation x; merely indicates that every string is equivalent
to itself, and the permutation =, indicates the equivalence between
strings when the two ends of a string are interchanged. According
to Burnside’s theorem, the number of distinet strings is

%4 +2)=3

Similarly, for the case of distinet strings of length 3 made up
of blue beads and vellow beads, we have the set S = [bbb,bby,byb,
ybb,byy,yby,yyb,yyy} and the permutation group G = {r,x:}, where
71 1s the identity permutation and w, is the permutation that maps a
string into one that is obtained from the former by interchanging
its ends; for example, bbb is mapped into bbb, bby is mapped into ybb,
byb is mapped into byb, and so on. The number of elements that
are invariant under =, is eight. The number of elements that
are invariant under 7 is four, since a string will be mapped into
itself under =, if the beads at the two ends of a string are of the
same color, and there are four such strings. Therefore, the number
of distinet strings is equal to

4B8+4)=6 =

Example 5-3 Find the number of distinct bracelets of five beads made
up of yellow, blue, and white beads. Two bracelets are said
to be indistinguishable if the rotation of one will yield another.
However, to simplify the problem, we assume that the bracelets
cannot be flipped over. Let S be the set of the 3* (= 243) dis-
tinct bracelets when rotational equivalence is not considered. Let
G = {m,mq,m3,m,,7s) be a permutation group, where r, is the identity
permutation and m, is the permutation that maps a bracelet into
one which is the former rotated clockwise by one bead position
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y b
7N\ RN
(for example, b\ /y is mapped into w\ y). #3, 74, and
by’

W

*; are, similarly, permutations that map a bracelet into one which
is the former rotated clockwise by two, three, and four bead posi-
tions, respectively.

The number of elements that are invariant under =, is 243.
The number of elements that are invariant under =, is three because
only when all five beads in a bracelet are of the same color will
its rotation by one bead position yield the same bracelet. Sim-
ilarly, the number of elements that are invariant under each of
x3, 7, and x; is also three. Therefore, the number of distinct
bracelets is

1¢(243 + 3+ 3+ 3 + 3) = 51

It is interesting to observe that the problem of finding the
number of ways to arrange n people around a circle, solved in
Example 1-5, can also be solved using Burnside's theorem. Let S
be the set of the n! distinct ways to arrange n people around a circle
when rotational equivalence is not considered. Let G = {m,ma,x,,

. ,m} be a permutation group where =, is the identity permuta-
tion, r, is the permutation that maps a circular arrangement into one
which is the former rotated clockwise by one position, =; is the per-
mutation that maps a circular arrangement into one which is the
former rotated clockwise by two positions, . . . , and x, is the
permutation that maps a circular arrangement into one which is the
former rotated clockwise by n — 1 positions. Sinee ¢(x;) = n! and
¥(xs) = Y(m) = - - - = Y(wa_y) = 0, the number of distinct cir-
cular arrangements is

S A0+0+ + D)= -1 ®

Example 5-4 Suppose that we are to print all the five-digit numbers on
slips of paper with one number on each slip. Clearly, there are 10°
such slips. (For numbers smaller than 10,000, leading zeros are
always filled in.) However, since the digits 0, 1, 6, 8, and 9 become
0, 1,9, 8, and 6 when they are read upside down, there are pairs of
numbers that can share the same slip if the slips will be read either
right side up or upside down. For example, we can make up one
slip for both the numbers 89166 and 99168. The question is then
how many distinct slips will we have to make up for the 10* num-
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bers. Here S is the set of the 10* numbers, G = {=xy,7a} is a per-
mutation group of S, where =, is the identity permutation, and =;
is the permutation that maps a number into itself if it is not
readable as a number when turned upside down (for example,
13765 is mapped into 13765) and maps a number into the number
obtained by reading the former upside down whenever it is possible
(for example, 89166 is mapped into 99168). The number of invari-
ances under =, is 10®. The number of invariances under =, 1s
(10® — 5%) + 3 X 52 because there are 10° — 55 numbers that con-
tain one or more of the digits 2, 3, 4, 5, and 7 and cannot be read
upside down, and because there are 3 X 52 numbers that will read
the same either right side up or upside down, for example, 16891 (the
center digit of these numbers must be 0 or 1 or 8, the last digit
must be the first digit turned upside down, and the fourth digit
must be the second digit turned upside down). Therefore, the
number of distinct slips to be made up is

16(10° + 10° — 5° 4+ 3 X 5%) = 10— 14 X 55+ 3 X5 @

Theorem 5-2 can be generalized as Theorem 5-4 in the following.{
Let @ be a group consisting of the elements g1, ¢z, . . . together with a
binary operation ». Let S = {a,b, . . .}. Suppose that every element
¢ in Q is associated with a permutation v, of the set S such that for any
q1and ¢ain Q@

Tgway = TqTq,

That is, the permutation associated with the element g, * g» is equal to
the composition of the permutations =, and =, the permutations asso-
ciated with the elements ¢; and ¢:. This condition will be referred to as
the homomorphy condition. Notice that different elements in Q need rot
be associated with distinct permutations.

Let us define a binary relation on the set S, called the binary relation
induced by @, such that elements a and b in S are related if and only if
there is a permutation r,, associated with an element ¢ in @, that mapsa
into b. We have the following theorems.

Theorem 5-3 The binary relation tnduced by @ is an equivalence relation.

Proof The proof is similar to that of Theorem 5-1.} =

t Our reason for not stating Theorem 5-2 in a more general form is merely to simplify
the issue.
t A reader who has no prior exposure to the theory of groups is encouraged to carry

out the proofs of Theorems 5-3 and 5-4. Note that the homomorphy condition is
essential.
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Theorem 54 The number of equivalence classes into which S is divided
by the equivalence rclation tnduced by Q s

1
'Ql t;Q W(r')

where Y(x,) is the number of elements tn S that are invariant under
the permutation x,, the permutation associated with the element q in Q.

Proof The proof is similar to that of Theorem 5-2. ®»

It should be pointed out that the permutations associated with the
elements in Q form a permutation group.f loreover, the binary relation
on the set S induced by this permutation group is the same as that induced
by Q. (At this point, the reader might question the necessity of intro-
ducing Theorem 5-1, since Theorem 5-2 can be applied to the permutation
group to count the number of equivalence classes. However, as will be
seen later, it is more convenient in many occasions to consider the struc-
ture of the group Q than to consider the structure of the permutation
group.)

5-4 EQUIVALENCE CLASSES OF FUNCTIONS

In applying Burnside’s theorem to the counting of the number of equiv-
alence classes into which a set is divided, one may find that the computa-
tion of the numbers of invariances under the permutations is still quite
involved, especially when the set is large. Moreover, in addition to the
number of equivalence classes, one may also wish to have further informa-
tion about the properties of the equivalence classes. For example, in
the problem of chessboards discussed in Sec. 5-1, one may wish to know
the number of distinet chessboards consisting of two black cells and two
white cells. (There are two such chessboards, Cs and C;.) Pélya's
theory of counting, which we shall discuss in the remainder of this
chapter, offers solutions to both of these problems.

In this section, the notion of equivalence classes of functions is
introduced. Let f be a function from a set D, its domain, to a set R, its
range. Since each element in D has a unique image in £, the function f
corresponds to a way of distributing |D| objects into |R| cells. Therefore,
the problem of enumerating the ways of distributing |D| objects into |R|
cells is the same as that of enumerating the functions from D to B. For
conciseness and clarity of notation, we shall conduct our discussion in
terms of functions from one set to another set.

t The proof ia left as an exercise,
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Let D and R be two sets, and let G be a permutation group of the
set D. We define a binary relation on the set of all the functions from D
to R as follows: A function f; is related to another function f. if and only
if there is a permutation = in G which is such that f1(d) = f.[x(d)} for alld
in D. This binary relation is an equivalence relation as shown below:

1. Because the identity permutation is in G, the reflexive law is satisfied.
2. If fi(d) = fa=(d)] for all d in D, then fo(d) = fi[»—'(d)] for all d in D.
Since »~! is a permutation in G, the symmetric law is satisfied.

3. If fi{d) = fa[*:1(d)] and f2(d) = fifr2(d)] for all d in D where =, and m»
are permutations in G, then fi(d) = fi[xri(d)] for alld in D. Since

wemy iS & permutation in @, the transitive law is satisfied.

It follows that the functions from D to R are divided into equiv-
alence classes by the equivalence relation. These equivalence classes are
also called patterns. The patterns correspond to the distinct ways of
distributing | D] objects into |R| cells when equivalence between ways of
distribution is introduced by the permutation group G.

As an example, let D = lab,c,d} and R = {z,y}. Let G be the

: abed abed
permutation group {wy,mems,m}, where m = beda) ™ = \cdad)

bed b .
T3 = (Zabc)’ and ry = (sz). There are 16 functions, f1, f2, . . . , fis

Table 5-1

fla) J(b) 1) f@)

N z z z F
fa y z T z
fa z y x x
f¢ F 3 z v x
Is x z z Y
N v y z x
S y z y z
S y z z y
Je z v y z
Jio z Yy z y
n z z y y
Sz v v y T
Ju y y T v
S ] z y y
Ju z ] v y
Sis v ] y y
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from D to R as shown in Table 5-1. For instance, since

Nlm@@)] =fib) =y and  fae) =y
film®)] = fi(e) =z and J:0) =2
fime)] =fid) =z and  fac) =z
fixid)) = fi(a) = 2 and fod) ==z

the functions f; and f; are equivalent. The reader can verify that the
16 functions are divided into six equivalence classes. They are {fil,
U!rfl:fhfi}y lfc,fayfo,fnl, Uhfxol, lfn.fn,fu.fls}, and ffu}-

We recall now the problem of chessboards discussed in Sec. 5-1.
Let the four cells in 8 2 X 2 chessboard be labeled a, b, ¢, and d as shown
in Fig. 5-8, and let the two colors, white and black, be denoted by = and y.

¢

al b
d| ¢
Figure 5-8

A function from the set {a,b,c,d] to the set {z,y} then corresponds to a
chessboard, and the permutations in the group

¢ = abed abed abed abed
beda/’ \cdab/’ \dabc/’ \abed
correspond to the rotations of the chessboards. For example, the per-

mutation »; = (:g;i) corresponds to the rotation of the chessboards in

a clockwise direction by 90° since it specifies that two chessboards are
equivalent if the cell @ of one board and the cell b [which is equal to
x1(a)] of another board are of the same color, the cell b of one board and
the cell ¢ [which is equal to m;(b)] of another board are of the same color,
the cell ¢ of one board and the cell d (which is equal to x,(c)] of another
board are of the same color, and the cell ¢ of one board and the cell a
[which is equal to =1(d)] of another board are of the same color. The
reader can verify that the 16 functions in Table 5-1 correspond to the
16 chessboards. As was shown above, they are divided into six equiv-
alence classes by the equivalence relation induced by G.

55 WEIGHTS AND INVENTORIES OF FUNCTIONS

In addition to counting the number of equivalence classes of functions,
we frequently wish to have information about the properties of the func-
tions in the equivalence classes. For that purpose, we introduce the
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concept of the weight of a function. Let D and R be the domain and the
range, respectively, of a set of |R|!?! functions. Suppose that a weight
is assigned to each of the elements in R. The weights can be either
numbers or symbols. Let r be an element in R, and let w(r) denote the
weight assigned to r. The store enumerator of the set R is defined to be
the sum of the weights of the elements in R; that is,

Store enumerator = Y w(r)
&R

The term ‘‘store enumerator” is actually very descriptive. Since the
elements in the set R are the values that the elements in the set D can
assume under functions from D to R, the store enumerator is a descrip-
tion of what is “in the store.” For example, let R = {ryrsra} and
w(r) = r, w(rs) = ry, and w(ry) = r;. Then the store enumerator is
r1 + r2 + rs, which simply indicates that the value that an element in D
can assume is either ry or 72 or r;. Suppose we let w(r) = u, w(rs) = v,
and w(r;) = u. The store enumerator 2u 4+ v means that there are two
elements of type u and one element of type v in the set B from which
the value for an element in D can be chosen. It should be pointed out
that the notion of store enumerator is just a generalization of the notion
of generating functions we have developed in Chap. 2. For the selection
of one object from the three objects ry, re, and 7;, according to our dis-
cussion in Chap. 2, the generating function is riz + rsz + r3z where z is
just the indicator which can be omitted when it is understood that
exactly one of the three objects is selected. Furthermore, when objects
r1 and r; are of the same kind u and object 72 is of another kind v, the
generating function becomes 2u + v.

For a funection f from D to R, we define its weight, denoted by W(J),
as the product of the weights of the images of the elements in D under f;
that is,

W) = [] wlf@)

dch

The inventory of a set of functions is defined as the sum of their weights;
that is,

Inventory of a set of functions = W)
all / in the set
As an example, let D = {d)d:ds}, R = {ry,ryra}, w(r) =y,
w(r;) = v, and w(r;) = u. The weight of the function f; in Fig. 5-9 is
W(f1) = uv®. Similarly, the inventory of the set of functions f,, fs, and
f3in Fig. 5-9 is

W) + W) + W(Js) = w? + 2uh
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43 r2 ra r 2 r3 r ra2 3

|/ d| / d J
& J df | do| /
ds J ds| / d3 J

h 12 f3
Figure §-9

Again, recalling the discussion in Chap. 2, we see that the weight of a
function is a representation of the way |D| objects are distributed into
{R| cells as described by the function. Similarly, the inventory of a set of
functions is a representation of the ways the objects are distributed.

Let G be a permutation group of D. As was shown in Sec. 5-4, the
IR|!2! functions are divided into equivalence classes by the equivalence
relation-induced by G. Let f, and f, be two functions in the same equiv-
alence class. Since there exists a permutation = in G such that

fl(d) = fi{x(d)]

for all d in D, we have

[ win@) = [1 wlht@)]

ach dED

However,
[1 wlna@) = [l «n@)
deD deD

because the two products contain the same factors, only in different
orders. We conclude, therefore, that functions in the same equivalence
class have the same weight. This weight is called the weight of the
patlern (equivalence class). Notice, however, that functions having the
same weight might not be in the same equivalence class. Also, the
intentory of a set of pafterns is defined as the sum of the weights of the
patterns in the set.

We present two examples illustrating the idea of weights of func-
tions.

Example 5-5 Find all the possible ways of painting three distinct balls in
solid colors when there are three kinds of paint available, an expen-
sive kind of red paint, a cheap kind of red paint, and blue paint. Let
D be the set of the three balls, and let /2 be the set of the three kinds
of paint. Let r,, vy, and b be the weight assigned to the expensive
red paint, cheap red paint, and blue paint, respectively. Since
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the store enumerator r; + r. + b gives the ways in which one ball
can be painted, (r, + r» + b)? gives all the possible ways in which
the three balls can be painted. In other words, (r1 4 r; + b)* is
the inventory of the set of all the functions from D to R. From the
inventory

(r1+ 12 + b)* = 1} + 1} + b® 4 3rirs + 3rira + 3rib + 3r%d
+ 37‘1b’ + 37‘2’)’ + thb

we have all the information about the different ways of painting the
balls. For example, the term 3r,r; means that there are three ways
of painting the three balls in which the expensive red paint is used
for one ball and the cheap red paint is used for two balls.

Suppose we let the weights of both the expensive red paint and
the cheap red paint be r and let the weight of the blue paint be b.
The inventory of the set of all the functions from D to R i3

(r+r7+4+b)°=(Cr+ b)) =874 12rb + 6rb® + b*

The store enumerator 2r 4+ b indicates that there are two ways
to paint a ball red and one way to paint a ball blue. In the inven-
tory (2r + b)3, the term 8r® means that there are eight ways in
which all three balls are painted red, and the term 12r?% means
that there are 12 ways in which two balls are painted red and one
ball is painted blue, and so on. It should be emphasized that the
two kinds of red paints are still two distinet kinds even though
they are assigned the same weight. For example, painting all
three balls with the expensive red paint is different from painting
all three balls with the cheap red paint. They are counted as two
ways of painting the balls in red. It is because we wish to look
at the red paints as two kinds of paint having a common property
that we assign to them the same weight. If the two kinds of red
paint are indistinguishable (that means there is only one kind of red
paint), the store enumerator should be r + b instead. m

Example 5-6 Eight people are planning vacation trips. There are three
cities they can visit. Three of these eight people are in one family,
and two of them are in another family. If the people in the same
family must go together, find the ways the eight people can plan
their trips. Let D = [a,b,c,d,e,f,9,h} be the set of the eight people,
and suppose that @, b, and ¢ are in one family, and d and e are in the
other family. Let R = {ci,cscs} be the set of the three cities,
and let «, 8, and vy be the weights of ¢, c3, and ¢;. The symbolic
representation of the different trips that a, &, and ¢ can take is
a® 4+ B3 + v* because they will either visit ¢, together, ¢, together,
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or ¢, together. Similarly, the symbolie representation of the differ-
ent trips that d and e can take is a® + 82 + ¥2, and the symbolic
representation of the different trips that each of f, g, and h can take
is @« + 8 + v. Therefore, the different ways in which the eight
people can plan their trips are

@+ 8+ e+ + )+ B8+ )

As a matter of fact, this example illustrates a general result
that is used in a later section. Let {D,,D,, . . . ,D¢} be a partition
on the set D where Dy, Dy, . . . , D, are the disjoint subsets. The
inventory of the set of all the functions from D to R which are such
that the elements in the same subset will have the same value is

g v

i=1 rER

because E w(r)'?! is the representation of the ways to distribute

rER
the objects in the subset D, such that they will all be in the same
cell m

-6 POLYA’'S FUNDAMENTAL THEOREM

Let D and R be two sets, and let G be a permutation group of D. Our
problem is to find the inventory of the equivalence classes of the functions
from D to R, which is also called the pattern inventory. As was pointed
out in Secs. 54 and 5-5, the pattern inventory is a representation of all
the distinet ways of distributing the objects in D into the cells in R.

Let us categorize the |R|'?' functions from D to R according to their
weights. Let F,, Fy, . . . , Fi, . . . denote the sets of functions that
have weights W, W,, ..., W, . .., respectively. Associated with
each permutation » in the group G, let us define a function =, mapping
the set of functions F, into itself, which is such that a function f, in F; will
be mapped into the function f;, where fy(d) = fa{r(d)] for all d in D.

Notice that fs is, indeed, a function in the set F; as both f; and f; have the
same weight IW,.

Lemma 5-1 The funclion »® is a permutation of the sel of functions F..

Proof We only have to prove that no two functions in F, are
mapped into the same function by #®. Suppose there are two func-
tions f, and f, both of which are mapped into f; under »%'; that is,
fi(d) = fulx(d)] and fi(d) = fs[x(d)] for alld in D. This meuns that
fild) = f3(d) for all d in D, and f, and f; are the sume function. =
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Lemma 5.2 For any ryand 73 in G
(rir)® = e

Proof Note that the condition to be proved is the homomorphy
condition defined in Sec. 5-3.

Suppose that »}” maps f) into f, and {” maps f2 into f5. That
is, fi(d) = fima(d)] and f2(d) = filri(d)] for all d in D. It follows
that fi(d) = fsfrywre(d)] for all d in D. Therefore, both »{"=} and
(xir2)® map fiinto fs. ®

A cycle in a permutation is a subset of elements that are cyclically

permuted. For example, in the permutation abedef , {a,c,d} forms a
cedabf

cycle since a is permuted into ¢, ¢ is permuted into &, and d is permuted
into a. Similarly, {b,e] forms a cycle, and {f} forms a cycle. The
length of a cycle is the number of elements in the cycle. In the permuta-

tion (g:;:;;), there is a cycle of length 3, a cycle of length 2, and a cycle

of length 1.

Let = be a permutation that has b, cycles of length 1, b; cycles of
length 2, . . ., b cycles of length k, and so on. We shall use r,, 3,
.y T¥, . . . as formal variables and use the monomial z§'z}' « - - 2}

* + + to represent the number of cycles of various lengths in the permuta-
tion . Such a representation is called the cycle structure representation
of the permutation ». Given a permutation group G, we define the
cycle indez P of G as the sum of the cycle structure representations of the
permutations in G divided by the number of permutations in G; that is,

1
Pe(zuzy, o o 2k . . ) = 6] Z LA
=

As an example, the cycle index of the permutation group consisting of the
ermutations (2064 (@bed) (abed) (abedy .o
P abed/’ \bacd/’ \abdc/’ \badc
V(@ + 2220 + 2lms + 22) = Y(z} + 22z + zD)

We are now ready to prove a fundamental theorem due to Pélya.

Theorem 5-5 (Pélya) The invenlory of the equivalence classes of functions
Jrom domain D to range B 1s

Po (g, vt 3 Ol - 3wk, - )

reR
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that is, the pattern tnventory is oblained by substituling Z w(r) for

rER
Ty, 2 fw@ forzs, . . ., E {w () for z¢, . . . in the expression
rER reR

of the cycle index Pg of the permutation group G.

Proof Let m; denote the number of equivalence classes of functions
that have the weight W, (in the set F,). Clearly, the pattern inven-
tory is equal to

E m, IV.

According to Lemmas 5-1 and 5-2 and Theorem 5-4, we have

1 .
m ’W,;GW )

Therefore,
- 1 0] ro b @
Z mW, = z [!GI 'ga Vx )] L 'ga [Z Y@YW,
The term ¥ ¢(x®)I¥, is the inventory of all the functions f which are
such that :f(d) = flx(d)) for alld in D. Notice that for a function f,

f(@) = fix(d)] for alld in D if and only if the elements in D that are
in one cycle in » have the same value under f. Therefore,

Ew(,(-’))w'. = [z w(r)]‘- [ z w(r)’]'- N [E w(r)"]’n c..
3 €8 €’ rER

where by, by, . . . , b, . . . are the number of cycles of length 1, 2,
...,k .. .in x, respectively. (See Example 5-6.) It follows
that

S mW, = Pa( S wir), T @, ..., 3 @k, .. ) =

s rER rER reR

Corollary 5-5.1 The number of equivalence classes of functions from D to R i3
Po(IRL\RY, . . . IR}, . . )

Proof If the weight 1 is assigned to each of the elements in R,
the weight of any pattern is also equal to 1. Therefore, the pattern
inventory gives the number of patterns. m

Example 5-7 We now solve the second half of Example 3-2 using the
result in Theorem 5-5. To find the number of distinet strings of
three beads, let D = {1,2,3} be the set of the three positions in a
string, and let R = {b,y} be the set of the two kinds of bead. Let
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w(b) = b and w(y) = y be the weights of the elements in R. Let

> 2
G = {(3;), (:l;;?)‘ Clearly, the permutation (i;g) corresponds

o - . 1
to leaving a string as it is, and the permutation 33? corresponds

to interchanging the two ends of a string. Since the cycle index
of the group G is

Po(z1,72) = 14(21 + Ta72)
the pattern inventory is
LI + ) + (b + 9 + y?)] = b® + 2b% 4 2by* 4 »*

From the pattern inventory, we see that there is one string that is
made up of three blue beads, two strings that are made up of two
blue beads and one yellow bead, and so on. By assigning

w(d) = wy) =1
we find that the number of patterns is six. =

Example 5-8 Find the number of ways of painting the four faces a, b, ¢,
and d of the pyramid in Fig. 5-10 with two colors of paints, z and y.

a d
Figure 5-10

Let D = {a,b,c,d} be the set of the four faces of the pyramid,
and let B = {z,y} be the set of the two colors with w(z) = z and

_ . . abed\ fabed\ (abed
w(y) = y. The permutation group is |(abcd ’(bcad)’ (cabd)]'

where the permutation :f:g corresponds to the counterclockwise
120° rotation of the pyramid around the vertical axis, and the per-

. bed . .
mutation (Zalc) d) corresponds to the counterclockwise 240° rotation
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of the pyramid around the vertical axis. Notice that in either
rotation, face d remains in place. The cycle index of the group G is

14(x} + 26a10)
and the pattern inventory is
Wl + 9+ 2@+ 9@+ y)] =2t 4yt 280y + 280 + 2oy

It follows that there are eight distinct ways of painting the four
faces of the pyramid. m

Example 59 Find the distinct ways of painting the cight vertices of a
cube with two colors £ and y. Let G be the permutation group
corresponding to all possible rotations of the cube. There are
24 permutations in the group which can be divided into the follow-
ing five categories:

1. The identity permutation. The cycle structure representation
of this permutation is z}.

2. Three permutations corresponding to 180° rotations around lines
connecting the centers of opposite faces as shown in I'ig. 5-11a.

L‘)laoc | 90°
%0° T3

(@) b)

120,(/6/)’ 120°

180°

(c) (0
Figure 5-11
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The cycle structure representation of each of these permuta-
tions is z3.

3. Six permutations corresponding to 90° rotations around lines
connecting the centers of opposite faces as shown in Fig,
5-11b. The cycle structure representation of each of these
permutations is z}.

4. Six permutations corresponding to 180° rotations around lines
connecting the midpoints of opposite edges as shown in Fig.
5-11c. The cycle structure representation of each of these
permutations is z;.

5. Eight permutations corresponding to 120° rotations around lines
connecting opposite vertices as shown in Fig. 5-11d. The cycle
structure representation of each of these permutations is z}z}.

Thus, the cycle index of the permutation group is

Ysa(z} + 927 + 623 + 8ziz]

and the pattern inventory is

Yoalz + v)* + 9@ + ) + 6(* + y*)* + 8(z + ¥)*(* + )7

By assigning w(z) = w(y) = 1, we compute the number of patterns
as

15420 +9X2¢4+6X224+8X22X2]=23

which is the number of distinct ways of painting the eight vertices
of a cube with two colors.t{ =

Example 5-10 Consider the class of organic molecules of the form

where C is a carbon atom, and each X denotes any one of the com-
ponents CH; (methyl), C.H; (ethyl), H (hydrogen), or Cl (chlorine).
For example, the following is a typical molecule:

t This problem is closely related to the problem of counting the number of distinct

Boolean functions. For further details on the subject, see Slepian [9] and Chap. 5
of Harrison [6}.
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CH,

a—=¢

Cl

C>Hs

Each such molecule can be modeled as a regular tetrahedron with
the carbon atom occupying the center position and the components
labeled X at the corners. The problem of finding the number of
different molecules of this form is the same as that of finding the
number of equivalence classes of functions from the domain D
containing the four corners of the tetrahedron to the range R con-
taining the four components CH;, C.H;, H, Cl, with the permutation
group G counsisting of the permutations corresponding to all the
possible rotations of the tetrahedron.

To find the cycle index of the permutation group G, we notice
that in G:

1. There is the identity permutation.

2. There are eight permutations corresponding to 120° rotations
around lines connecting a vertex and the center of its opposite
face as illustrated in Fig. 5-12e.

d>120°
1200 ¢1> 180"
W
) (b)

Figure 5-12

3. There are three permutations corresponding to 180° rotations
around lines connecting the midpoints of opposite edges as
illustrated in Fig. 5-12b.

It follows that
Pg(z1,20,25) = Y ao(z} + 82,7, + 32))
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Therefore, the number of different molecules is
Po(4,4,4) = 3{2(4* + 8 X 4 X 4 +3 X 4% =36

Suppose we wish to find the number of molecules containing
one or more hydrogen atoms. Let us assign the weight 1 to each
of the components CH,, C.H;, and Cl and the weight 0 to the com-
ponent H. The pattern inventory is then

Pa(3,33) = 1423+ +8X3X3+3X3)=15

which is the number of molecules that de not contain the hydrogen
atom. Therefore, there are

36 — 15 =21

molecules containing the hydrogen atom.
If we assign the weight 1 to each of the components CH,, C.Hj,
Cl and the weighc A& to the component H, the pattern inventory is

Pgth + 3,h* 4+ 3,A* 4+ 3) = Yo[(h + 3)* + 8¢k + 3)(h* + 3)
+ 3(h* + 3
= ht 4+ 3h* 4+ 6R* + 11A + 15

from which we find out immediately that there is one molecule con-
taining four hydrogen atoms, three molecules containing three
hydrogen atoms, six molecules containing two hydrogen atoms,
11 molecules containing one hydrogen atom, and 15 molecules
containing no hydrogen atoms. m

5.7 GENERALIZATION OF PGLYA’S THEOREM

The notion of equivalence classes of functions is extended in this sec-
tion. In addition to a permutation group G of the domain D, let there
be a permutation group H of the range B. We define a binary relation on
the functions from D to R as follows: A function f is related to another
function fs if and only if there is a permutation = in G and a permutation
7 in H such that rf,(d) = fi[r(d)] for all d in D.

We now show that such a binary relation is an equivalence relation.

1. Let both r and 7 be the identity permutations in G and H. It follows
that each function is related to itself and the reflexive law is satisfied.

2. Suppose that f1 is related to fz; that is, 7fi(d) = fi[=(d)] for all d in D.
Since ! is a permutation of D, then fo{r(z—1(d))] = rfi{x—1(d)] for
all din D; that is, fo(d) = #fi[z~1(d}], or rf:(d) = fi[x~*(d)). Since
#'isin G and 7! is in H, f; is related to f;. Therefore, the sym-
metric law is satisfied.
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3. Suppose that f; is related to f; and f; is related to f3; that is, r,fi(d) =
Siln(d)] and 74fa(d) = fi[x1(d)] for all d in D. Since x, is a per-
mutation of D, ryfa(d) = fo[rs(d)] for all d in D is the same as

refafmi(d)] = Silxs(mi(d))]
for all d in D. Thus, we have
rnfi(d) = f:[f:n(d)]

Since both xyr, and ror) are in G and H, respectively, f; is related to
fs, and the transitive law is satisfied.

Similar to the case discussed in Sec. 5-4, such an equivalence rela-
tion divides the functions from D to R into equivalence classes. How-
ever, if we assign weights to the elements in B and compute the weights
of the |R]'P! functions from D to R, we see that two functions in the same
equivalence class may not have the same weight. This can be illustrated
by a simple example. Let D = {a,b} and R = {z,y}. Suppose that
the permutation group G of the domain D contains the permutations

"= (::) and v, = (:Z), and suppose that the permutation group H

of the range R contains the permutations r, = (‘:Z) and r; = (;y)

Clearly, the function f, with fi(a) = z and f,(b) = z, and the function
f», with f2(a) = y and fa(b) = y, are equivalent because r1f1(d) = fi[r.(d)]
for all d in D. However, for the assignment of weights w(zx) = z and
w(y) = y, the weights of the functions f; and f; are z? and y?*, respectively.
In order that we can still talk about the weight of a pattern and the
pattern inventory, we shall have to impose the additional condition that
weights should be assigned to the elements in the range R in such a way
that functions in the same equivalence class will have the same weight.
Here, we limit our discussion to the counting of the number of equiv-
alence classes of functions. In this case, we assign the weight 1 to each
element in R. Since the weight of any function is then equal to 1, the
condition that the weights of the functions in the same equivalence class
are the same is trivially aatisfied. It follows that the pattern inventory
will be the number of equivalence classes.

Theorem 5-6 The number of equivalence classes of functions from D to R
iz given by
11 ’
G 2 W]

€GrE
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where Y[(r,7)’] 13 the number of function f's which are such that

of(d) = flx(d)]
for all d in D.

Proof Let G X H be the set of |G| |H| ordered pairs (#,7), where
is a permutation in G and 7 is a permutation in H. Let a binary
operation * on G X H be defined such that

(r,11) * (wo,12) = (mamy,7172).

It can be shown that G X H is a group under the binary operation »,

Associated with each ordered pair (7,7) in G X H, let us define
a funetion (r,7)’ mapping the set of functions from D to R into the
set itself, which is suech that a function fy will be mapped into
another funetion fs, where 7/1(d) = fo[r(d)] for alldin D. Clearly,
()’ is a permutation, Moreover, it can be shown that the homo-
morphy condition (rurs,rir2)’ = (my,71) (72,72) is satisfied.

According to Theorem 5-4, the number of equivalence classes
into which the functions from D to R are divided by the equivalence
relation induced by the group G X H is

¥l(m7)']

*EGrEH

where ¢[(m,7)’] is the number of invariances under the permutation
(r,7)’. It follows that ¢[(r,r)'] is equal to the number of function f’s
which are such that rf(d) = flx(d)] foralldinD. =

Lemma 5-3 A funciion f from D to R is itnvariant under the permulation
(zr,7)’ if and only if f maps the elements of D that are in a cycle of
length © in = inio the elements of R that are in a cycle of length j in
7 with j being a divisor of i. Moreover, within these {wo cycles, there
must be a cyclic correspondence between the elements; that s, if f(d) = r,

then flx(d)] = (r), fla¥@d)] = 7*(r), . . ., fl@H ()] = #7'(r).

Proof That a function that satisfies these conditions is invariant
under (x,7)’ is clear.

If f is invariant under (r,r)’, then f(d) = r implies flr(d)] =
r(r). It follows that flx(x(d))] = 7f[r(d)], which is rewritten as
JIr¥d)) = 7*(r). Similarly, flr¥(d)] = £2(r), flx*@d)] = (), . . .,
Ji==Y(d)] = #~(r), and f[x*(d)] = #*(r). Since x*(d) = d, it follows
that 7(r) = r and 7 must be a multiple of j. =
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Theorem 5-7 The number of equiralence classes of functions from D (o R
1s the value of the expression

3 9 @
PG(E'E'&:’ .. ')

X Py[e""‘""'""“",e"'t*""’"“"~',e’("""'+""‘--~), c

evaludted al 2y =z = 23 = - + - =,

Proof In view of Theorem 5-6, we have only to evaluate y[(x,r)’].
According to Lemma 5-3, for a function that is invariant under the
permutation (x,r)’, the elements in a cycle of length 1 in x must be
mapped into elements in a cyele of length j in 7 with j a divisor of i.
Let b, denote the number of cycles of length 7 in 7, and let c; denote
the number of cycles of length j in 7. First of all, the elements
in a cycle of length i in # can be mapped into the elements in any
one of the ¢; cycles of length jin r. Second, for a cycle of length j
in r, there are j different ways in which a cyclic correspondence
between the i elements in x and the j elements in r can exist.
Therefore, we have

A =112 4e)"
' J{i

= (cob(er + 2¢)%(c1 + 3ea(er + 2¢2 + 4c)(cy + Ses)s - -
Since

by
{c)n = ;;1) e L‘-o

3\
(2 + 2e2)b = (a—z;) esgtan

29 =0

29 =0

5
(1 + 3c) = (%) -
3

3\
(er 4 2¢a + 4ea)> = (5;) e‘"‘e""‘e“““
4

140

we have

wen =[G (@]

x [¢c|(5.+-.+1|+ - delelntactat Dederintagtagt . )

e™nlsatontias ) |

N ELpmgym - W om0

The theorem follows immediately. g
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Example 5-11 Let us have a final look at the example of the 2 X 2 chess-
boards in Sec. 5-1. Let D = {a,b,c,d} be the set of the four cells
and R = {z,y} be the set of the two colors white and black. Let

G = !(Zgz), ngf), (‘:db:;), (;ba‘:(i:)}, where the permutations

correspond to the rotations of the chessboards. When we are inter-
ested only in the contrast patterns of the chessboards, we also

have H = l(xy)’ (xy)}, where the permutation (zy) means the
zy Yz, yz

interchange of the two colors z and y. It follows from Theorem 5-7
that the number of distinct contrast patterns is

1 4 a?
1o,

9 9 2a oy brgbe) 20ar+20)
8\ 9z¢ 62}+2624)[e Y 4 et

Bt mzzmgymgy=0

=@+ 24+ 2+2X2+2X2)
=4 m

Example 5-12 A certain number of messages are to be represented by
n-digit quaternary sequences and transmitted through a com-
munication channel. For each of the digits 0, 1, 2, and 3 received, a
corresponding indicator light will be flashed so that the trans-
mitted sequence can be recorded. Unfortunately, the indicator
lights for the digits 2 and 3 were not labeled when the receiver was
built, as illustrated in Fig. 5-13, and there is no way to tell which

N N N NV

Figure 5-13

one of the two digits was transmitted. Therefore, we cannot expect
to use all the 4" n-digit sequences to represent 4" distinct messages.
For example, we cannot distinguish the two sequences 011023 and
011032 at the receiving end and one of them must be left unused.
(Notice, however, that the two sequences 011022 and 011032 are
distinguishable at the receiving end, since when the last two digits
of the sequence 011022 are received, one of the two unlabeled lights
will flash twice, whereas when the last two digits of the sequence
011032 are received, each of the two unlabeled lights will flash
once.)
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Let D = {a),as,as, . . . ,a.} be the set of the n positions in the
n-digit quaternary sequences. Let R = {0,1,2,3} be the set of the

four digits. Then G = {(a,a,a, o a")l is the permutation
a14283 * ° * Qp

0123 0123\} . .
group of D, and H = {(0123>, (0132)} is the permutation group

of R. The number of distinct messages one can transmit, which is
equal to the number of distinct patterns from D to R, is

¥ i I ™ _l " I

Now suppose that at the transmitting end a sequence occa-
sionally will be transmitted with the first two digits interchanged.
Since there is no way to signal the receiver when this happens, how
many distinet messages can be transmitted? In this case, the per-
mutation group of DisG = {(a;aza. o a"), (a;aza, o a")l,

a183:qy ° ' Gn Q1013 * ° ° Qn
The number of distinct messages that can be transmitted is then
1 (a- 3t 9

- 5; Fﬂ—; _67’) [el(n-i-q) + e!(1|+l,)e2¢,]
1 1

4 imgy =0

= Li(4" 4 27 + 41 4 272 X 4)
= %(4. + 4n—-1 + 2--0-]) s

Example 5-13 In how many ways can five books, two of which are the
same, be distributed to four children, if among them there is a set
of identical twins? Let D = {a,b,c,d,e} be the set of the five books
with a and b being the two copies of the same book. Since two
ways of distributing the books are equivalent if one becomes

. v _ | [abcde
another when @ and b are interchanged, we have G = l(abcde)'

(:222); as the permutation group of D. Let R = {u,v,r,y} be the

set of the four children with u and v being the twins. Since two ways
of distributing the books are equivalent if the twins « and v inter-

change the books they receive, we have H = l(uvry ), (uvzy )} as

wuvry )’ \vuzy

the permutation group of R.  The number of distinct patterns from
DtoRis

! e a9 (0 +8) 2(s1+2y) p2ay

Z(E 5_2_{37:) [e " te ¢ llll-ll-o

=L@+ 2+ P X4+ 2 X4)
=336 ®
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Example 5-13 illustrates the relationship between the distinguish-
ability of elements in the sets D and R and the permutation groups ¢
and H. The permutation group G specifies that e and b are indistinguish-
able, and the permutation group H specifies that » and v are indis-
tinguishable. However, notice that in our discussion in Chap. 1, objects
are either distinct or totally indistinguishable. The introduction of the
permutation groups of the sets D and R is a refinement of this notion.
Objects become interchangeable under the permutations, whereas inter-
changeability does not always mean indistinguishability. For example,

under the permutation group G = l(ﬁ), (ﬁ), (::;)], the elements

a, b, and ¢ do not become totally indistinguishable, but are only cyclically
interchangeable. For instance, we eannot interchange the two elements

a and b because the permutation (Z:Z) is not in the group G. 1If a, b, and

¢ are indeed totally indistinguishable, any interchange between them is
certainly allowed. It follows that only when G is the group that contains
all the possible permutations of the elements do the elemenis become
totally indistinguishable. This point is illustrated in the following
example.

_ _ {fabc abe\ fabc\ {abe
Example 5-14 Let D = [ab,c}, let G = {( abc)’ (bca)’ cab)’ bac)’
Ty

(“”"), “””)I, and also let R = {z,y} and H = l(xy) (;Z)}

cba ach
The number of equivalence classes of functions from D to R is
1/ i d a

+22 +3 ___) [e2tatates 4 en.]l

12 a_z{ 9z 32—1 [:223

n=z=n=0

=Ko +2X2+3X2X2 =2

This is, of course, an expected result. The number of ways of dis-
tributing three indistinguishable objects into two indistinguishable
cells is two. (The two ways are three in one cell, none in the other
and two in one cell, one in the other.) m

5-8 SUMMARY AND REFERENCES

In this chapter, we have studied Pélya’s theory of counting, which is most
useful in enumerating the equivalence classes into which a set of objectsis
divided by the equivalence relation induced by a permutation group. We
see that the computation of the pattern inventory is simply another
example of the application of the concept of generating functions studied
in Chap. 2. As pointed out in Sec. 5-7, the notion of equivalence of
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objects is a refinement of the notion of indistinguishability of objects
which was introduced at the start of our study of enumeration theory in
Chap. 1. In this chapter, we hope that the reader not only sees how these
basic concepts are tied together, but also appreciates the elegant and pre-
cise mathematical representation of many primitive intuitive notions.

Important applications of P6lya’s theory of counting include the
enumerations of graphs, trees, and Boolean functions. We shall see some
of these in the exercises in this chapter and the next chapter. However,
the interested reader is referred to the literature cited below for further
details.

An excellent treatment of P6lya’s theory of counting can be found in
Chap. 5 of Beckenbach [1]. Pélya’s fundamental theorem was presented
in {7}, and DeBruijn’s generalization of the fundamental theorem was pre-
sented in [2]. Golomb’s paper {3]) contains a discussion of Burnside’s
theorem together with a number of examples. For applications of
Polya’s theory of counting, see Polya [7, 8], Harary (5], Slepian [9],
Chap. 5 of Harrison [6], and Gilbert and Riordan [4].

1. Beckenbach, E. F. (ed.): “Applied Combinatorial Mathematics,” John Wiley &
Sons, Inc., New York, 1964.

2. DeBruijn, N. G.: Generalization of Pélya’s Fundamental Theorem in Enumerative
Combinatorial Analysis, Ned. Akad. Welenschap., Proc. Ser. A 62, Indag. Math.,
21:59-79 (1956).

3. Golomb, S. W.: A Mathematical Theory of Discrete Classification, Proc. Fourth
London Symp. Inform. Theory, Butterworth & Co. (Publishers), Ltd., London,
1961.

4. Gilbert, E. N, and J. Riordan: Symmetry Types of Periodic Sequences, Illinois
J. Math., 6:657-665 (1961).

5. Harary, F.: The Number of Linear, Directed, Rooted and Connected Graphs,
Trans. Am. Math. Soc., 78:445-463 (1955).

6. Harrison, M. A.: “Introduction to Switching and Automata Theory,” McGraw-
Hill Book Company, New York, 1965.

7. Pélya, G.: Kombinatorische Anzahlbestimmungen fir Gruppen, Graphen und
Chemische Verbindungen, Acta Math., 68:145-254 (1937).

8. Pélya, G.: Sur les Types des Propositions Composées, J. Symbolic Logic, 5:98-103
(1940).

9. Slepian, D.: On the Number of Symmetry Types of Boolean Functions of n
Variables, Can. J. Math., 6:185-193 (1953).

PROBLEMS

$-1. Let S be a set containing n elements.
(a¢) How many different binary relations on the set S are there?
(b) How many of them are reflexive?
(c) How many of them are symmetric?
(d) How many of them are neither reflexive nor symmetric?

(¢) How many of them are equivalence relations? (This may be expressed in
terms of Stirling numbers of the second kind.)
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5-2. Let py denote the number of partitions of a set containing k elements, with
po = L. Show that

= 3 (2)

=0

5-3. The six faces of a cube are to be painted with six different colors, each face with a
distinct color. In how many ways can this be done?
5-4. (a) The six faces of a cube are to be painted with one or more of six different
colors. In how many ways can this be done?

(b) One of these six colorsis red. Find the number of ways of painting the cube
in which exactly three of the faces are painted red.
§-5. The six faces of a cube are to be painted with four different colors, A, B, C, and D.
In how many ways can the cube be painted such that two of the faces are painted with
color 4, two of the faces are painted with color B, one of the faces is painted with
color C, and one of the faces is painted with color D?
5-6. A rod divided into six segments is to be colored with one or more of n different
colors. In how many ways can this be done?

5.7. Find the number of 2 X 4 red and white patterns made up with three red squares
and five white squares.

5-8. (a) In how many distinct ways can the sectors of the circle in Fig. 5P-1 be painted
with three colors?
(b) Repeat part (g) with the four radii extensions outside the circle removed.

Figure 5P-1

5.9. Find the number of distinct ways of painting five of the eight vertices of & cube
black and painting the remaining three white.
5-10. Show that n® + 17n¢ + 6n? is divisible by 24 for any positive integer n.

Hint: Consider the distinct ways of painting the vertices of a cube with » colors.
S.11. Let D be the set of the four faces of a regular pyramid, and let G be the group of
all permutations of D that can be produced by the rotation of the pyramid.

{a) Find the cycle index of G.

(b) One or more of four colors, gold, red, white, and blue, are used to paint the
faces of the pyramid. Find the number of distinct colorings.
§-12. Find the number of ways to distribute six balls, three red, two white, and one
blue, into three distinct cells.
5-13. The sides of a square are colored using three colors. Two colorings are said to
be equivalent if one can be obtained from the other by a rotation of the square and/or

by a permutation of the colors, Find the number of equivalence classes of the coloring
schemes.
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5-14. (a) The cells of a 4 X 4 chessboard are to be painted with white and black
paints. To generate all the black and white patterns, how many distinct drawings do
we have to make?

(b) If each drawing can be used either a8 a pattern or as the negative of a
pattern, how many distinct drawings do we have to make?
5-15. An electronic system consists of four different input units and four different
output units. Connections between the various input units and output units are

h O,
\ Left Right /

lz 1 :aci .fa:e. _::. f s
s - Sl

-
'
Ia ol 2 Os
Connector
Input Output
ls plug plug Os
Figure 5P-2

made as shown in Fig. 5P-2. Connections between its left and right terminals are
fixed internally within the connector.

(a) If each input unit must be connected to a distinct output unit, how many
different connectors will be needed to permit all such system connections?

(b) If each input unit must be connected to an output unit, but any number of
input units may share the same output unit, how many different connectors will be
needed to permit all such system connections?

(¢) Suppose the output plug is redesigned as shown in Fig. 5P-3 with a corre-
sponding modification to the right face of the connector. Repeat part (b), with these
modifications.

Figure 5P-3

5-16. From the 2’ 2n-digit binary sequences, subsets of k sequences are selected.
Two subsets are said to be indistinguishable if they become identical subsets when the
sequences in one subset are read from left to right and the sequences in the other are
read from right to left. Find the number of distinct subsets of sequences.

$-17. To complement a binary digit means to change a 0 into a 1 and to change a 1
into a 0. Let D be the set of the 2~ n-digit binary sequences. Let G be a set of 2"
permutations of the set D, {wes0...0,%000...1,.-.,7111...1}, where the permutations are
identified by the subscripts which are n-digit binary sequences. The permutation
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Feas: - - o, DerMutes an n-digit binary sequence into another one by complementing its
digits that correspond to the I’'s in a,as - - - an.

(a) Show that G is a permutation group.

(b) Show that the cycle index of G is

1zt 4 (20 = 1)

(c) Let ® = {0,1}. Find the number of equivalence classes of functions from
D to IR, (This is the number of distinet Boolean functions of n variables when com-
plementation of the variables is permitted.)

(d) Find the number of equivalence classes of functions from D to R in which
exactly & of the 2" elements in D assume the value 1, for k£ being odd and for & being
even.

5-18. In Prob. 5-17, find the number of equivalence classes of functions from D to R
if there is also a permutation group H = { Ol)' o1

01 10
5-19. Two Boolean functions are considered to be equivalent if one can be obtained
from the other by permuting and /or complementing the independent variables. (The
definition of a Boolean function is given in Prob. 1-17.) The set of all possible per-
mutations and/or complementations of the independent variables ean be represented
by a permutation group G acting on the domain of the Boolean funection.

(a) Find the number of equivalence classes of Boolean functions of two variables.

(b) Repeat part (a) for Boolean functions of three variables, given that the
cycle index for G is

Pg = Y{g(z} 4 13z} + 82z + 8z.zs + 6ziz} + 12z7)

(c) Repeat part (a) for Boolean functions of four variables, given that the cycle
index for G is

} acting on R.

Pg = Y4g4(z}® + 512} + 48z1z,2} + 4823 + 1278z + 84z) + 127}z
+ 32}z + 96z%r})

(d) Repeat parts (a), (b), and (c), if two Boolean functions are considered to be
equivalent if one can be obtained from the other by permuting and /or complementing
the independent variables, and /or by complementing the value of the function.
5-20. Let S be a finite set of elements, and let G be a permutation group of S. Two
subsets A and B of S are said to be equivalent if for some permutation = in G, the
subset A is the set of all elements x(b) obtained by letting b run through the elements
in B.

(@) Show that all the subsets of S are partitioned into equivalence classes of
subsets by the equivalence relation defined above.

(b) Show that the number of equivalence classes of subsets of S is equal to

Pg(2,2, . . . ,2)

5.21. Let S be the set of all 2 X 2 matrices of 0’s and 1’s. Matrix multiplication is
conducted in the field of integers modulo 2. Let T be a subset of S, A matrix ¢isin
T if and only if ¢ is nonsingular (the inverse of ¢ exists).

(a) Show that the set T, together with the operation of matrix multiplication in
the field of integers modulo 2, forms a group.

(b) Define a binary relation as follows. An element &; in S is said to be related
to s; in S if there exists a matrix ¢in T such that s, = t~'s{. Show that this relation
is an equivalence relation.
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(¢} Find the number of equivaslence classes in the set S under the equivalence
-clation defined above.
5-22. Let G be a permutation group of a set /). Two permutations », and #; in G are
said to be related by the self-conjugate relation if there exists & permutation r in G
which 1s such that »; = » iryr.
{a) Show that the self-conjugate relation is an equivalence relation. (The
equivalence classes of permutations are called self-conjugate classes.)
() Prove that if », and », are permutations in the same self-conjugate class, the
pumber of invariances under r, is equal to that under x,; that is, ¢(x,) = ¢(xs).
{c) Show that the number of equivalence classes into which D is divided by the
equivalence relation induced by @ is equal to
@ 0, e X K|
where the summation is over all self-conjugate classes of permutations in G, »x is any
permutation in the self-conjugate class K, and ;K| is the number of permutations in K.
§-23. A group (7 is said to be a cyclic group if every element in the group is a power of
some fixed clement » in G.  An element x, is said to be of power j if j is the smallest
positive integer such that »; = #i. If G contains n elements, it can be shown that
these n elements can be expressed as x, 23, x%, . . . , #* 71, #*, where x* is the identity
element in G,
(a) Let G be a cyclic permutation group of a set S. Show that if there are n
permutations in G, the number of equivalence classes into which the set S is divided
by the equivalence relation induced by G is

1Y vieos (3)

din
where the summation is over all divisors d of n, =4 is the element in G of power d, and
#(n/d) is the number of positive integers which are less than or equal to n/d and are
prime to n/d. [Recall that ¢(z) is called the Euler function. See Prob. 4-11.]
() Find the number of distinct necklaces made up of eight beads of three
distinct colors when cyelic rotations of the necklaces are allowed.

5-24. Consider a set D together with a permutation group G of D and a set R together
with a permutation group H of R.

(a) Let » be a permutation in G, and let r be a permutation in H. Let fbea
function in the set of functions from D to £. Show that
if

f(=x(d)) = rf{d) foralld € D
then

Jxri(d)) = rf(d) foralldac D;j=12, ...

(b)) Let f be a one-to-one function. If f(x(d)) = rf(d) for all d in D, prove that
J maps any element in [} that belongs to a cycle of length j in x into an element in R
that helongs to a cycle of length j in +.
(c) Let = in G be a permutation of the type |b,bs, . . . ,bjpj} where b, is the
number of eycles of length j in «, and let 7 in H be a permutation of the type [c),¢s,
,ciul where ¢, is the number of cycles of length jin . Show that the number of
one-to-one functions f which are such that f(x(d)) = #f(d) for all d in D is equal to

1D C,'l
[l #Pe.b)  where Pic,b,) = { (& = b)!
jml 0 ¢; < b,'

¢, 2 b;
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Then show that

:[_]ml 7iPc,b;) = [(33_‘)'" (5:2_,)" .. ] [(1 42090 + 2200 - - 1]

evaluated at 2, = 24 = - - - = 0.
(d) Show that the number of equivalence classes of one-to-one functions from
D to K, with cquivalence induced by the permutation groups G and H, is equal to

a 9 9
P (E' FYAl P .)Pn(l 421, 1 + 22,1 + 325, .. ))
evaluated at 2 F 2y =29= - = 0.

(e) Show that if |R] = |D}, the number of equivalence classes of one-to-one
functions from D to R is equal to

Po—‘?-a'3

azlv -a-;;’ ‘—_’—z—'r .. .)Py(z.,2z:,3za. .. -)

which in turn is equal to
a a d
Pu (az,’ 3z 9z .)Pq(h,2z;,3z;. R

5-25. Let D and R be two finite sets. Let f be a one-to-one function from D to R.
The set of ordered pairs (d, f(d)) for all d in D is called a labeled set of R. Clearly, the
labeled set is just an alternative representation of the one-to-one function f. Let H
be a permutation group of R.

(a) Show that the number of equivalence classes of labeled sets of R is equal to

d \'D!
(EE Pyl 42, 1,1, .. -0
where equivalence between labeled sets is defined as equivalence between the corre-
sponding one-to-one functions from D to R when the permutation group acting on D
consists of only the identity permutation and the permutation group actingon Ris H.
(b) If H also consists of theidentity element only, find the number of equivalence
classes of labeled sets of R.
(¢) Let Rbetheset of the faces of a cube, and let H be the group of permutations
of the faces obtained by the rotation of the cube. Let D be the set of integers 1, 2, 3,
4, 5,and 6. Find the number of equivalence classes of labeled sets of R. If the cube
is a die, what is the physical significance of the labeled sets?

ice

ns



Chapter 6
Fundamental Concepts
in the Theory of Graphs

6-1 INTRODUCTION

Let V be a set, and let E be a binary relation on V. As pointed out in
Chap. 5, a binary relation on a set can be represented as a matrix.
For example, the matrix representation for the relation £ = {(a,b),(b,a),
(b,d),(c,c),(d,a),(d,d)} on the set V = {a,b,c,d} is shown in Fig. 6-1a. An

a J a b
8| / v
e J
d J J d d c
@) o)
Figure &1

1
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alternative way of representing the binary relation is shown in Fig. 6-1b:
The elements in V are represented by the points marked a, b, ¢, and
d. The ordered pair (a,b) in £ is represented by an arrow from a to
b, the ordered pair (b,d) in K is represented by an arrow from b to 4,
and so on. Such a representation of a set and a binary relation on it
is called a graph. In other words, a graph G is defined abstractly to be
an ordered pair (1',F£), where V is a set and E is a binary relation on V.
The elements in 1" are called the vertices, and the ordered pairs in £ are
called the edges of the graph. An edge is said to be incident with the ver-
tices it joins. For example, the edge (a,b) is incident with the vertices a
and b. Sometimes, when we wish to be more specific, we say that the
edge (a,b) is incident from a and is incident into b. The vertex a is called
the initial vertex, and the vertex b is called the terminal vertex of the edge
(a,b). An edge that is incident from and into the same vertex, like (d,d),
is called a loop. Two vertices are said to be adjacent if they are joined
by an edge. Moreover, corresponding to an edge (a,b), the vertex a is
said to be adjacent to the vertex b, and the vertex b is said to be adjacent
from the vertex a. A vertex is said to be an zsolaled vertex if there is no
edge incident with it.

For the graph ¢ = (V,E) shown in Fig. 6-2a, since E is a symmetric
relation, there is always a pair of edges joining two vertices that are

b a b

@) (b)
Figure 6-2

related. To represent the relation E on the set V, we can also draw just
one edge between every two vertices that are related with the arrowheads
omitted as in Iig. 6-2b. A graph is said to be a directed graph if directions
are assigned to the edges. A graph is said to be undirected if directions
are not assigned to the edges. Clearly, an undirected graph is a repre-
sentation of a set and a symmetric binary relation on the set. (Note that
a set and a symmetric relation on the set can be represented either as a
directed or as an undirected graph. However, an undirected graph can
represent only a set and a symmetric relation onit.) In an undirected
graph, an edge joining the vertices a and b can be denoted either by (a,b)
or by (b,a) as there is no need to make the distinction.

Since graphs can be used to represent a very general class of strue-
tures, the theory of graphs is an important area of study in combinatorial
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mathematies. As an example, consider the transmission of four mes-
sages a, b, ¢, and d through a communication channel where at the
receiving end four corresponding messages a’, b, ¢', and d’ will be received.
Because of noise interference in the communication channel, one message
might be mistaken for another at the receiving end. The relation
between transmitted messages and received messages can be represented
by a directed graph as shown in Fig. 6-3. That either a’ or b’ will be

a a

b b’

c -4

d & d’
Figure §-3

received when a is transmitted, that either b’ or ¢’ will be received when b
i8 transmitted, that either ¢ or d was transmitted when d’ is received, and
so on, are clearly depicted in the graph. As another example, for the
chessboard shown in Fig. 6-4a, the adjacency relation between cells is

(@) () ©
Figure 6-4

represented by the undirected graph in Fig. 6-4b where each cell is
represented by a vertex. Similarly, the row-aud-column dominance
relation (cells dominated by a rook) is represented by the graph in Fig.
6-4c.

Two graphs are said to be isomorphic if there is a one-to-one corre-
spondence between their vertices and between their edges such that
incidences are preserved. In other words, if there is an edge between
two vertices in one graph, there i8 a corresponding edge between the
corresponding vertices in the other graph. For example, Fig. 6-5a shows
a pair of isomorphic undirected graphs, and Fig. 6-5b shows a pair of
isomorphic directed graphs. In these two figures, corresponding vertices
in the two isomorphic graphs are labeled with the same letter, primed and
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a b
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a d
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¢ 0 e
c f
-(b)
Figure 6-5

unprimed. The reader can convince himself that the graphs are iso-
morphic by checking the incidence relations.

Let G = (V,E) be a graph. A graph G’ = (V',E’) is said to be a
subgraph of G if V' is a subset of V and E’ is a subset of E. (Since G’ is
a graph, the vertices with which the edges in E’ are incident must be in
V'.) For example, Fig. 6-6b shows a subgraph of the graph in Fig, 6-6a.

bc b . b ¢
SONSS Sd
E <h
fo e f e f

@) (b) (c)
Figure 6-6

The complement of a subgraph G’ = (V’,E’) with respect to the graph ¢
is another subgraph G = (V"', E”") such that E”’ is equal to E — E’ and
V’' contains only the vertices with which the edges in E’’ are incident.
For example, Fig. 6-6¢ shows the complement of the subgraph in Fig.
6-6b.
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A graph is a finite graph if it contains a finite number of edges
(and thus, a finite number of nonisolated vertices). Although there are
many interesting results in the theory of infinite graphs, we shall limit
our discussion to finite graphs.

The definition of a graph can be extended by assigning a nonnegative
integer, called the mulliplicity, to every ordered pair of vertices. Instead
of just one edge between two vertices, there may be several edges; the
number of edges between two vertices in the graph is the multiplicity of
this pair of vertices. Figure 6-7 shows an example of such graphs where,

a b ¢ d
e} 0} 0}2 a b
bjrjofjojo
cfol3|0}j1
di1]1o0jJo]j]o d c

Figure 6-7

in the matrix representation, the numbers in the cells indicate the multi-
plicities of the ordered pairs of vertices. A graph that contains pairs of
vertices with multiplicities larger than 1 is sometimes called a multigraph.
Also, the meanings of the terms directed mulligraph and undirected mulli-
graph are clear. A multigraph is said to be a k-graph if the multiplicities
of the ordered pairs of vertices in the graph do not exceed & while there
ig at least one ordered pair of vertices with multiplicity £. In the follow-
ing, we shall use the term linear graph when we refer to a graph the multi-
plicities of the ordered pairs of vertices of which are no larger than 1.
The term “graph’ will mean either a linear graph or a multigraph.

6-2 THE CONNECTEDNESS OF A GRAPH

In a directed graph, a path is a sequence of edges (e;,.e,, . . . ,e.)f such
that the terminal vertex of e, coincides with the initial vertex of e, . ,,
for1 <j €<k — 1. A path is said to be simple if it does not use the same
edge twice. A path is said to be elementary if it does not meet the same
vertex twice. A circuil is a path in which the terminal vertex of e,
coincides with the initial vertex of e,. Similarly, a circuit is said to be
simple if it does not use the same edge twice, and a circuit is said to be
elementary if it does not meet the same vertex twice. In Fig. 6-8,

t To simplify the notation, we identify the edges of a graph by letter names such
a8 &), ¢, . . . , as shown in Fig. 6-8.
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es

e3 €11

e2
e\ Aewo

e7
Figure 6-8

(er,en,6,e4) 15 a path; (e,es,65,65¢5,6x¢es) is a path, but not a simple one;
(e1,e0,€3,€5,€5,€10,€11,€4) is a simple path, but not an elementary one.
Also, (e1,€3,€5,65,64,10,€15,€5,¢7) is a simple circuit, but not an elementary
one; (e1,e2,€1€5¢66e7) is an elementary circuit. The length of a path (a
circuit) is defined as the number of edges in the path (the circuit).

In an undirected graph, since we do not make the distinction
between the initial vertex and the terminal vertex of an edge, a path
(a circuit) is defined to be a sequence of edges (ei,e.,, . . - ,6;,) to which
directions can be assigned in such a way that the sequence becomes a
directed path (a directed circuit). In an undirected graph, the notions
of a simple path, an elementary path, a simple circuit, an elementary
circuit, and the length of a path or a circuit are the same as those in a
directed graph.

In a graph (directed or undirected), two vertices are said to be
connected if there is a path between them. The following theorem can be
used to determine the existence of a path between two vertices.

Theorem 6-1 In a (directed or undirected) graph with n verlices, if two
vertices are connecled, there is a path of length less than or equal to
n — 1 between them.

Proof Suppose there is a path between the vertices vy and v..
Let (v1, . . . ¥, . . . ,v2) be the sequence of vertices that the path
meets when it is traced from »; and v.. If the length of the path is,
then there are I + 1 vertices in the sequence. For ! larger than
n — 1, there must be a vertex v; that appears more than once in the
sequence, thatis, (v, . . ., . . .0, « . . W . . . v2). Delet-
ing the edges in the path that leads v, back to », we have a path
between v; and v; which is shorter than the original one.

This argument can be repeated until we have a path of length
less than or equal to n — 1 between the vertices v; and v.. R

An undirected graph is said to be connected if every two vertices in
the graph are connected and is said to be wnconnected otherwise. A
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directed graph is said to be connected if the undirected graph derived
from it by ignoring the directions of the edges is connected and is said
to be unconnected otherwise. It follows that an unconnected graph
consists of two or more components each of which is a connected graph.
A directed graph is said to be strongly connected if for every two vertices
a and b in the graph there is a path from e to b as well as a path from b
to a. For example, Fig. 6-9a shows a connected graph which, however,
is not strongly connected; Fig. 6-9b shows an unconnected graph.

| AN

@) )
Figure &9

By splitting a vertex we mean dividing a vertex into two or more
vertices. In a connected graph, a vertex is said to be an articulation poist
if the vertex can be split to yield an unconnected graph. For example,
for the graph in Fig. 6-10a, the vertices b, ¢, f, k, and ¢ are all articulation

i k
i k
h ’
Il 1
h i . h
f f
‘ b c ? b c
4 £
d e d e
@) (b)
Figure 6-10

pointg. When an articulation point is split, the connected components
in the resultant graph are called pieces. For example, Fig. 6-10b shows
the two pieces of the graph in Fig. 6-10a when the articulation point
h is split. A graph that contains no articulation point is said to be
biconnected.

6-3 EULER PATH

There are some interesting problems concerning paths in a graph. An
Euler path (Fuler circuit) is a path (circuit) that traverses each edge in
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a graph exactly once. The problem of finding such a path in a graph was
first investigated by Euler in 1736 when he proved that it is impossible to
cross each of the seven bridges on the river Pregel in Koénigsberg,
Germany, once and only once. A map of the Konigsberg bridges is
shown in Fig. 6-11a. As can be seen, the proof amounts to showing that
the graph in Fig. 6-11b, where the edges correspond to the bridges, does
not have an Euler path.

(a) (b)
Figure 6-11

The problem of drawing a figure in a continuous trace without
repeating lines is also a problem of finding an Euler path in a graph.
Clearly, a figure can be drawn in such a way if and only if it possesses an
Euler path. For instance, both of the figures in Fig. 6-12 can be drawn
in a continuous trace with each edge being traced exactly once.

b d a d
c e b e
() (b)
Figure 6-12

Let us now study the problem of establishing the existence of Euler
paths (eircuits) in any arbitrary graph. To this end, we introduce the
notion of the degree of a vertex. In a directed or an undirected graph, the
degree of a vertex is the number of edges that are incident withit. Ina
directed graph, the incoming degree of a vertex is the number of edges that
are incident into it, and the oulgoing degree of a vertex is the number of
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edges that are incident from it. The following results concerning the
degrees of the vertices in a graph are useful.

Theorem 6-2 The sum of the degrees of the vertices tn a graph (directed
or undirected) 1s an even number, provided that a loop is considered to
coniribute a count of 2 to the degree of the vertex with which it is incident.

Proof Since each edge contributes a count of 1 to the degree of each
of the two vertices with which it is incident, the sum of the degrees
of the vertices is equal to twice the number of edges in the graph. ®

Corollary 6-2.1 In any graph, there is an even number of vertices that have
odd degrees.

The existence of Euler paths or Euler circuits in a graph is related to

the degrees of the vertices as indicated by the following theorem and its
corollaries.

Theorem 6-3 An undirected graph possesses an Euler path if and only
if it 18 connected and has no, or ezactly two, vertices that are of odd
degree.

Proof Suppose that the graph possesses an Euler path. That the
graph must be connected is obvious. When the Euler path is
traced, we observe that every time the path meets a vertex, it
goes through two edges which are incident with the vertex and have
not been traced before. Except for the two terminal vertices of the
path, the degree of any other vertex in the graph must be even.
If the two terminal vertices of the Euler path are distinct, their
degrees are odd. If the two terminal vertices coincide, their
degrees are both even, and the Euler path becomes an Euler circuit.
Thus, the necessity of the condition stated in the theorem is proved.
To prove the sufficiency of the condition, we construct an
Euler path by starting at one of the two vertices that are of odd
degree and going through the edges of the graph in such a way that
no edge will be traced more than once. For a vertex of even degree,
whenever the path “enters’” the vertex through an edge, it can
always “leave” the vertex through another edge that has not been
traced before. Therefore, when the construction eventually comes
to an end, we must have reached the other vertex the degree of
which is odd. If all the edges in the graph were traced this way,
clearly, we would have an Euler path. If not all of the edges in
the graph were traced, we shall remove those edges that have been
traced and obtain a subgraph formed by the remaining edges.
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The degrees of the vertices of this subgraph are all even. More-
over, this subgraph must touch the path that we have traced at one
or more vertices since the original graph is connected. Starting
from one of these vertices, we can again construct a path that
passes through the edges. Because the degrees of the vertices are
all even, this path must return eventually to the vertex at which it
starts. We can combine this path with the path we have con-
structed as one which starts and ends at the two vertices of odd
degree. If necessary, the argument is repeated until we obtain a
path that traverses all the edges in the graph. m

Corollary 6-3.1 An undirected graph possesses an Euler circuit if and only
if 4t is connected and its verlices are all of even degree.

Corollary 6-3.2 A direcled graph possesses an Euler path if and only if
it is connected and the incoming degree of every vertex s equal to its out-
going degree with the possible exception of two vertices. For these two
vertices, the incoming degree of one is 1 larger than its oulgoing degree,
and the incoming degree of the other is 1 less than ils oulgoing degree.

Corollary 6-3.3 A directed graph possesses an Euler circuil if and only

if il is connecled and the incoming degree of every vertexr is equal lo
s outgoing degree.

We conclude from the above that the graph in Fig. 6-12¢ has an
Euler path but not an Euler circuit, because the degree of both vertex ¢
and vertex e is equal to 3. Also, the graph in Fig. 6-12b has an Euler
circuit because the vertices are all of even degree. The directed graph

in Fig. 6-13a does not have an Euler path, whereas the graph in Fig. 6-13b
does.

—lp-

(a) (b)
Figure 6-13

Example 6-1 The surface of a rotating drum is divided into 16 sectors
as shown in Fig. 6-14a. The positional information of the drum is
to be represented by the binary signals a, b, ¢, and d as shown in
Fig. 6-14b where conducting (lined area) and nonconducting (white
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(a) ()
Figure 6-14

area) materials are used to make up the sectors. Depending on
the position of the drum, the terminals a, b, ¢, and d will either be
connected to the ground or be insulated from it. For example,
when the position of the drum is that shown in Fig. 6-14b, terminals
a, ¢, and d are connected to the ground, whereas terminal b is not.
In order that the 16 different positions of the drum will be distinetly
represented by the binary signals at the terminals, the sectors
must be constructed in such a way that no two conducting and non-
conducting patterns of four consecutive sectors are the same. The
problem is to determine whether such an arrangement of conducting
and nonconducting sectors exists, and if so, to determine how the
sectors should be arranged. Letting the binary digit O denote a
conducling sector and the binary digit 1 denote a nonconducting
sector, we can rephrase the problem as follows: Arrange 16 binary
digits in a circular array such that every sequence of four consecu-
tive digits is distinct.

The answer to the question of the possibility of such an
arrangement is affirmative and is actually quite obvious once the
right point of view has been taken. We shall construct a directed
graph with eight vertices which are labeled with the eight 3-digit
binary numbers {000,001, . . . ,111}. From a vertex labeled
arazaz, there is an edge to the vertex labeled a:as0 and an edge
to the vertex labeled asa;l. The graph so constructed is shown
in Fig. 6-15. Moreover, we shall label each edge of the graph
with a four-digit binary number. In particular, the edge from the
vertex ajasas to the vertex asas0 is labeled aiaza;0, and the edge
from the vertex ajazas to the vertex aasl is labeled ajaszasl.
Since the vertices are labeled with the eight distinct three-digit
binary numbers, the edges will be labeled with the 16 distinct
four-digit binary numbers. In a path of the graph, the labels
for any two consecutive edges must be of the form ajajoza¢ and
asoasas; namely, the three trailing digits of the label of the first
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e1s = 1111
Figure 6-15

edge are identical to the three leading digits of the label of the
second edge. Since the 16 edges in the graph are labeled with
distinet binary numbers, it follows that corresponding to an Euler
circuit of the graph, there is a circular arrangement of 16 binary
digits that will give all the 16 four-digit binary numbers. Forexam-
ple, corresponding to the Euler circuit (eg,e1,€2,5,610,€4,£9,/€2,€6,€13,11,
€7,€15,€14,€12,€3), the sequence of 16 binary digitsis 0000101001101111.
(The circular arrangement is obtained by closing the two ends of the
sequence.) According to Corollary 6-3.3, the existence of an Euler
circuit in the graph is obvious, because every one of the vertices has
an incoming degree equal to 2 and an outgoing degree equal to 2.
Moreover, we can find an Euler circuit in the graph by following the
construction procedure suggested in the proof of Theorem 6-3.

Using a similar argument, we can show that it is possible to
arrange 2" binary digits in a circular array such that the 2" sequences
of n consecutive digits in the arrangement are all distinct. To show
this, we construct a directed graph with 2*~! vertices which are
labeled with the 2*=! (n — 1)-digit binary numbers. From the ver-
tex aiazas © ° * an_y, there is an edge to the vertex azas « - - aai0
which is labeled aiaza; - * * @a-10, and an edge to the vertex
azas © - - as-1l which is labeled aiazas © -+ as—1l. According
to Corollary 6-3.3, the graph has an Euler circuit which corresponds
to a circular arrangement of the 2" binary digits. ®
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6-4 HAMILTONIAN PATH

A Hamiltonian path (Hamiltonian circuit) is a path (circuit) that passes
through each of the vertices in a graph exactly once. For example,
Fig. 6-16a shows a graph and one of its Hamiltonian circuits (the edges

@ ()
Figure 6-16

in the circuit are drawn in heavy lines); Fig. 6-16b shows a directed graph
that has a Hamiltonian path but not a Hamiltonian circuit.

Consider the vertices of a graph as cities and the edges of a graph as
traveling routes between cities. (The graph is either directed or undi-
rected, depending on whether there are restrictions on the directions in
which the routes can be traveled.) A Hamiltonian circuit is then an
itinerary by which one can visit each city exactly once and ultimately
return to the point of departure. On the other hand, a Hamiltonian
path is one by which one can visit each city once but not necessarily
return to the point of departure. Another example is seating a group of
people at a round table. If we let the vertices of an undirected graph
denote the people and the edges represent the relation that two people
are friends, a Hamiltonian eircuit corresponds to a way of seating the
people so0 that every one has two of his friends at his two sides.

Although the problem of Hamiltonian path closely resembles the
problem of Euler path, there is no known criterion we can apply to
determine the existence of 8 Hamiltonian path in a graph. The following
two examples show some partial results in this direction.

Example 6-2 A directed graph is said to be complete if every two vertices
of the graph are joined by at least an edge in one of the two direc-
tions. We want to show that a complete directed graph always
contains a Hamiltonian path.

Let there be a path of length p — 1 in the graph which meets
the sequence of vertices (vy,v5,45, . . . ,v,). Let v, be a vertex that
18 not included in this path. If there is an edge (v,,v1) in the graph,
we can clearly augment the original path by the addition of the edge
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(ve,v1) so that the vertex v. will be included in the augmented path.
If, on the other hand, there is no edge from v, to vy, then there must
be an edge (v1,v;) in the graph. Suppose that (v,v:) is also an
edge in the graph. We can replace the edge (v1,vs) in the original
path with the two edges (v1,v:) and (v.,:) so that the vertex v,
will be included in the augmented path. On the other hand, if
there is no edge from v, to v;, then there must be an edge (v:,0,)
in the graph, and we can repeat the argument.

Eventually, if we find that it is not possible to include the
vertex v, in any augmented path by replacing an edge (v, Vit1)
in the original path with two edges (vs,v.) and (vz, Vo) With1 < & <
p — 1, we conclude that there must be an edge (v,,v.) in the graph.
We can, therefore, augment the original path by adding to it the
edge (v,,v.) so that the vertex v, will be included in the augmented
path.

We can repeat the argument until all the vertices in the graph
are included in a path. ®

Example 6-3 Show that the graph in Fig. 6-17a has no Hamiltonian path.

Figure 6-17

Method 1 We label the vertex a by A and label all the vertices that
are adjacent to it by B. Continuing, we label all the vertices that
are adjacent to an A-verter by B and label all the vertices that are
adjacent to a B-verter by A, until all vertices are labeled. The
labeled graph is shown in Fig. 6-17b. If there is a Hamiltonian
path in the graph, then it must pass through the A-vertices and the
B-vertices alternately. However, since there are nine A-vertices
and seven B-vertices, the existence of a Hamiltonian path is
impossible.
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Method 2 Because a Hamiltonian path meets any vertex exactly
once, among the edges that are incident with a vertex at most two
of them can be included in a Hamiltonian path. For the graph in
Fig. 6-17q, since the degree of the vertex g is 5, at least three of the
five edges incident with g are not included in a Hamiltonian path.
The same argument can be applied to the vertices k and ¢{. Sim-
ilarly, since the degrees of the vertices b, 4, f, p are all equal to 3,
at least one of the three edges incident with each of these vertices is
not included in a Hamiltonian path. A simple computation reveals
that the existence of a Hamiltonian path is impossible. Since the
graph has 27 edges and 3 X 3 + 1 X 4 = 13 of them cannot be
included in & Hamiltonian path, only 14 of the edges can possibly be
included. However, since the graph has 16 vertices, 2 Hamiltonian
path must contain exactly 15 edges, and a Hamiltoman circuit
must contain exactly 16 edges. Therefore. there is no Hamiltonian
path or circuit in the graph. ®

A generalization of the problem of finding a Hamiltonian circuit is
known as the traveling salesman’s problem. The problem is usually
stated as follows: A salesman is supposed to visit a certain number of
cities during a trip. Given the distance between the cities, the problem
is to find the shortest route that covers each of these cities once and
returns to the point of departure; that is, we want to find a Hamiltonian
circuit that has the minimal sum of distances. Although there is no
efficient general algorithm for the solution to this problem, large-scale
examples have been worked out by systematically searching for the
minimal solution with the aid of digital computers.t

6-5 SUMMARY AND REFERENCES

Because of the generality in their mathematical structure, graphs can
be used to model many problems that deal with the discrete arrangements
of objects. For example, electrical networks, social-group structures,
family trees, communication systems, transportation routes, production
schedules, chemical-bond structures, and language structures can all be
represented by graphs. Therefore, in addition to its richness and ele-
gance in mathematical content, the theory of graphs also finds applica-
tions in many areas of study. It is beyond our scope of coverage to
discuss the various applications in detail. We shall develop the results
in general and abstract terms so that these results can be applied to the
problems of the reader’s special interest.

As a general reference for the theory of graphs. the book by Berge

t See, for example, Dantzig, Fulkerson, and Johnson 134-
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[1] is excellent. Ore's book [5] is also recommended. Chapter 6 of
Busacker and Saaty {2] covers a variety of interesting applications of the
theory of graphs. Harary, Norman, and Cartwright (4] has an extensive
coverage of the applications to sociology. Seshu and Reed [6] contains
the most thorough treatment on the applications to electrical networks.

For the introductory material in this chapter, see Chaps. 1, 11, and
17 of Berge [1] and Chaps. 1, 2, and 3 of Ore [5].

1. Berge, C.: “The Theory of Graphs and Its Applications,” John Wiley & Sons, Inc.,
New York, 1962.

2. Busacker, R. GG, and T\ L. Saaty: “‘Finite Graphs and Networks: An Introduction
with Applications,” McGraw-Hill Book Company, New York, 1965.

3. Dantzig, Gi. B., R. Fulkerson, and S. Johnson: Solution of a Large-scale Traveling
Salesman Problem, Operations Res., 2:394-410 (1954).

4. Harary, F., R. Z. Norman, and D. Cartwright: “‘Structural Models: An Introdue-
tion to the Theory of Directed Graphs,” John Wiley & Sons, Inc., New York,
1965.

5. Ore, O.: “Theory of Graphs,” American Mathematical Society, Providence, R.1,,
1962.

6. Seshu, S., and M. B. Reed: “Linear Graphs and Electrical Networks,” Addison-
Wesley Publishing Company, Inc., Reading, Mass., 1961.

PROBLEMS

6-1. Show that in a finite graph with exactly two vertices of odd degree there is a path
connecting these two vertices.

6-2. An electronic circuit is built to recognize sequences of 0’s and 1's. In particular
it shall accept sequences of the form 010*10, where 0* means any number (including
none) of 0's. For example, 0110, 01010, and 01000010 are all acceptable sequences.
Construct a directed graph in which every vertex has two outgoing edges labeled 0 and
1, and in which there are two vertices v; (the initial vertex) and v, (the final vertex)
such that every path from v to v, is a sequence of the form 010*10. (For each
sequence the circuit will start at »; and trace the edges according to the 0's and V’sin
the sequence. The circuit will accept the sequence if the path terminates at v;.)

6-3. Repeat Prob. 2 for sequences of the form 01*(10)*10*, where (10)* means any
number (including none) of 10 patterns, using each of the following modifications:

(a) For each vertex there is no restriction on the number of outgoing edges
labeled O or 1. The sequence of labels on every path from v, to v, is a sequence of the
form described above. Furthermore, for every sequence of the form described above
there is a corresponding path from v, to v;.

(b) There may be several final vertices vy, vys, . . . . The sequence of labels
on every path from v; to some final vertex v,; is a sequence of the form described
above. Furthermore, for every sequence of the form described above there is a corre-
sponding path from v; to some final vertex vy;.

6-4. Let V = (1,2,3,4}. Let D = {{1,2},{1,3},11,4},12,3},{2,4],{3,4}}, that is, the
set of all 2-subsets of the set V. Let G be the group consisting of all the permuta-
tions of the set V.

{a) Show that for each permutation x in G there is a corresponding permutation

# on the set D such that #({a,b}) = {x(a),x(b)].
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(b) Show that the set of #'s is a permutation group.

(c) Let R = {r,y} with w(x)}) = 1 and w(y) = y. Find the pattern inventory
of the equivalence classes of functions from D to R.

(d) In terms of undirected graphs with four vertices, what is the significance of
the result in part (¢)?
§-5. Repeat Prob. 4 for D being the set of all ordered pairs in 17 X 1" that contain two
distinct elements.
6-6. Show that a linear graph (7 with no loops and n vertices is not bipartite if it has
more than [n?/4] edges. (See Sec. 11-1 for a definition of bipartite graph.)
6-7. Show that a linear graph with no loops and n vertices is connected if it has more
than 'g{n ~ 1}(n — 2) edges.
68. An (undirected) complete graph is a graph in which there is an edge joining every

two vertices.
(8) The edges of a complete graph with six vertices are to be painted either red

or blue. Show that for any arbitrary way of painting the edges there is either a red
triangle (all three edges are painted red) or a blue triangle in the graph.
(b) Show that among a group of six people there arc either three who are mutual

friends or three who are strangers to each other.
6-8. (Kraus:'s Theorem) The line graph L(G) of a linear graph G is defined as follows:

1. There is a ane-to-one correspondence between the vertices in L(G) and the edges
in G

2. There is an edge joining two vertices in L(G) when their corresponding edges in G
are incident with a common vertex.

Prove that a linear graph H without loops is a line graph of some linear graph if and

only if there is a partition of the edges of H which is such that each subset in the par-

tition forms a complete graph and every vertex in H is incident with edges that are in

at most two subsets in the partition.

6-10. Show that a vertex z is an srticulation point of a connected graph if and only

if there exist two vertices a and b such that every path joining a and b passes through z.

6-11. Show that a directed graph that contains an Euler circuit is strongly connected.

6-12. Prove that a connected graph possesses an Euler circuit if and only if it can be

decomposed as a set of elementary circuits that have no edges in common.

6-13, Prove that if a connected graph has & vertices of odd degree (k > 0), there are
ik paths, no two of which have a common edge, that cover all the edges in the graph.

6-14. Find a circular arrangement of nine a's, nine b's, and nine ¢’s such that each of
the 27 words of length 3 from the alphabet |a,b,cf appears exactly once,

6-15. Is it possibie to move a knight on an 8 X 8 chessboard so that it completes every
possible move exactly once? A move between two squares of the chessboard is com-
pleted when it i8 made in either direction.

6-16. 1)o there exist graphs in which an Euler path is also a Hamiltonian path?
Characterize this class of graphs.

6-17. n teams play in a round-robin tournament. Show that they can be ordered
according to their winning records so that each team immediately precedes a team it
has beaten. (The ordering is by no means unique,)

618. Eleven students plan to have dinner together for several days. They will be
seated at & round table, and the plan calls for eachi student to have different neighbors
at every dinner. For how many days can this be done?
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6-19. Let G be a linear graph with n vertices. Show that G has a Hamiltonian path
if the sum of the degrees of any two vertices is equal to or larger thann ~ 1.

Hint: Show the existence of an elementary path of length n —~ 1 by induction on
the length of the path.
6-20. Show that a group of people can be seated around a table such that every one
will have two of his friends at his two sides if every one knows at least half of the
people in the group.

Hint: Extend the condition in Prob. 19 to that for the existence of & Hamil-
tonian circuit in a graph.



Chapter 7
Trees, Circuits,
and Cut-sets

7-1 TREES AND SPANNING TREES

In this chapter, we introduce the notions of tree, spanning tree, and
cut-set in undirected graphs that contain no loops. (The inclusion of
loops does not introduce any new concept but may only bring up excep-
tions in some definitions.) These notions can also be extended to
directed graphs. However, we shall leave such extensions to the reader.

A tree is a connected graph that contains no circuit.f As an exam-
ple, Fig. 7-1a shows a tree. A collection of disjoint trees is called, quite
appropriately, a forest. A tree of a graph is a subgraph of the graph
which is a tree. A spanning tree of a graph is a tree of the graph that
contains all the vertices in the graph. For example, Fig. 7-1¢ shows a
tree, and Fig. 7-1d shows a spanning tree of the graph in Fig. 7-1b.
According to the definition of the complement of a subgraph in Chap. 6,
the complement of a tree (spanning tree) consists of the edges that are
not included in the tree (spanning tree). For example, Fig. 7-l¢ shows

t From now on, unieas otherwise specified, the term circuit means elementary circuit.
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Figure 7-1

the complement of the tree in Fig. 7-1¢, and Fig. 7-1f shows the comple-
ment of the spanning tree in Fig. 7-1d. A branch of a tree is an edge
that is in the tree. A chord, or a link (relative to a tree), is an edge that
is not in the tree.

We now examine some of the properties of trees.

Theorem 7-1 A tree that has v verlices contains v — 1 edges.

Proof We prove the theorem by induction. As the basis of induc-
tion, we see that a tree having two vertices contains one edge.
Suppose that the theorem is true for trees that have v — 1 vertices.
Let there be a tree that has v vertices. Notice that a tree must
contain a vertex of degree 1 because if the degrees of the
vertices are all equal to or larger than 2, there must exist a
circuit in the tree, and if the degrees of the vertices are all equal to
0, the tree contains only isolated vertices. In either case, there
18 a contradiction to the definition of a tree. The removal of a
vertex of degree 1 together with the edge incident with it results
in a tree that has v — 1 vertices which, according to the induction
hypothesis, contains v — 2 edges. Adding back the vertex and the
edge we have removed, we conclude that a tree having v vertices
contains v — 1 edges. m

Theorem 7-2  Any two rvertices in a tree are connecled by a unique path.

Proof Because » tree is a connected graph, there is at least one path
connecting any two vertices. However, if there are two or more
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paths connecting a pair of vertices, there would be a circuit in the
tree. We conclude, therefore, that there is one and only one path
cohnecting any two vertices in a tree.

Theorem 7-3 A graph is connected if and only if it contains a spanning tree.

Proof Clearly, if a graph contains a spanning tree, it must be
connected.

A connected graph that does not contain any cireuit is a tree by
definition. kor a connected graph that contains one or more cir-
cuits, we can remove an edge from one of the circuits and still have a
connected subgraph. Such removal of edges from circuits can be
repeated until we have a spanning tree. @

From Theorems 7-1 and 7-3, we see that for a connected graph with v
vertices and e edges, there are v — 1 branches in any spanning tree. It
follows that, relative to any spanning tree, there are € — v 4 1 chords.

Because a spanning tree contains a unique path connecting any two
vertices in the graph, the addition of a chord to the spanning tree yields
a subgraph that contains exactly one circuit. Suppose that the chord
(vy,0) is added to a spanning tree. Because the spanning tree contains a
path connecting the vertices v, and v,, this path together with the edge
(vy,v2) 18 & circuit in the graph. On the other hand, if the addition of the
chord (#1,1;) yields two or more circuits, there must be two or more
paths between the vertices v, and v; in the spanning tree, which is impos-
sible according to Theorem 7-2. For a given spanning tree, the set of
e — v 4+ 1 circuits obtained by adding the e — v 4+ 1 chords to the
spanning tree one at a time is called the fundamental system of circuits
relative to the spanning tree. A circuit in the fundamental system of
circuits is called a fundamental circuit. Clearly, there is exactly one chord
in a fundamental circuit; all the other edges are branches of the spanning

tree. As an example, for the graph in Fig. 7-2e and the spanning tree in
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Figure 7-2
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Tig. 7-2b, {e),es,eq,e5}, {€s5,€2,es}, {€s€s,€0e3}, and {e7,64,€:} are the funda-
mental circuits.

For an unconnected graph that has k components, there will be a
forest of k spanning trees, one in each component, containing all the
vertices in the graph. If the graph has e edges and v vertices, there will
be v — k branches in a forest of k spanning trees and, correspondingly,
e — v + k chords. Similarly, for a given forest of spanning trees, we
define the fundamental system of circuits as the set of € — v 4 k circuits

obtained by adding the e — v 4+ k chords to the spanning trees one at a
time.

7-2 CUT-SETS

A cul-set is a (minimal) set of edges in a graph the removal of which will
increase the number of connected components in the remaining subgraph,
whereas the removal of any proper subset of which will not. 1t follows
that in a connected graph, the removal of a cut-set will separate the graph
into two parts. This suggests an alternative way of defining a cut-set.
Let the vertices in a connected component of a graph be divided into two
subsets such that every two vertices in one subset are connected by a path
that meets only vertices in the subset. Then, the set of edges joining the
vertices in the two subsets is a cut-set. As an example, for the graph in
Fig. 7-2q, the set of edges {e1,e5,e6,61,€4} 1s a cut-set, since its removal will
leave an unconnected subgraph as shown in Fig. 7-3a¢ while the removal

rvz
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e
—t o v bu3
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A vy
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Figure 7-3

of any of its proper subsets will not. Also, this is the set of edges that
join the vertices in the two subsets {vyvs] and {vs,050.). Fig. 7-2a is
redrawn as Fig. 7-3b to emphasize such a division of vertices.

Since the removal of any branch from a spanning tree breaks the
spanning tree up into two trees (either or both of which may consist of a
single vertex), we say that corresponding to a branch in a spanning tree
there is a division of the vertices in the graph into two subsets, cor-
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responding to the vertices in the two trees. It follows that for every
branch in a spanning tree there is a corresponding cut-set. For example,
for the graph in Fig. 7-2a the removal of the branch e, from the spanning
tree in Fig. 7-2b divides the vertices into the two subsets {e),09,0,,05] and
frs}. The corresponding cut-set is {e,,e;.6,]. For a given spanning tree,
the set of the v — 1 cut-sets corresponding to the v — 1 branches of the
spanning tree is called the fundamental system of cul-sets relative to the
spanning tree. A cut-set in the fundameutal system of cut-sets is called a
SJundamental cut-set. Also, there is exactly one tree branch in a funda-
mental cut-set; all the other edges are chords. For the graph in Fig. 7-2a
and the spanning tree in Fig. 7-2b, the fundamental cut-sets are {e;,es,e},
fenes,ed), {ereseqeres], and {eser,e5).

We now discuss some of the properties of circuits and cut-sets.
Unless otherwise stated, our discussion in the rest of this chapter will be
limited to connected graphs, since its extension to unconnected graphs is
straightforward.

Theorem 7-8 A circutt and the complement of any spanning tree must have
at leas! one edge in common.

Proof If there is a circuit that has no common edge with the com-
plement of a spanning tree, the circuit is contained in the spauning
tree. However, this is impossible as a tree cannot contain a
circuit. m

We have a similar theorem for the cut-sets.

Theorem 7-§ A cui-set and any spanning lree must have al least one edge
in common.

Progf If there is a cut-set that has no common edge with a spanning
tree, the removal of the cut-set will leave the spanning tree intact.
However, according to Theorem 7-2, this means that the removal
of the cut-set will not separate the graph into two components.
This is in contradiction to the definition of a cut-set. m

Theorem 7-6 Every ctrcuil has an even number of edges in common with
every cul-sel.

Proof Corresponding to a cut-set, there is a division of the vertices
of the graph into two subsets which are the two sets of vertices in
the two components of the graph when the edges in the cut-set are
removed. Therefore, a path connecting a vertex in one subset
and another vertex in the other subset must traverse an odd number
of edges in the cut-set. Since a circuit is a path that starts and ends
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at the same vertex, it must have traversed the edges in the cut-set

an even number of times, as illustrated in Fig. 7-4. (The edges
in the circuit are drawn in heavy lines.) m

Subset of Subset of
vertices vertices

N, VN

Edges in
the cut-set

Figure 7-4

As was pointed out earlier, there is a fundamental circuit correspond-
ing to each of the chords of a spanning tree, and there is a fundamental
cut-set corresponding to each of the branches of a spanning tree. The
following theorems point out a close relationship between the fundamental

system of circuits and the fundamental system of cut-sets relative to a
spanning tree.

Theorem 7-7 For a given spanning tree, let L = leyese;, . . . e} dea
SJundamental circuit in which e, ts a chord and e, e, ., & are
branches of the spanning tree. Then, e, ts contained in the funda-
mental cut-set corresponding lo e; for t = 2,3, . .., k. Moreover,
e 18 not contained in any other fundamental cul-set.

Proof Let C be the fundamental cut-set corresponding to the tree
branch e;. Since e, is the only chord in L and e, the only branch in
C, C must also contain e; because L and C have an even number of
edges in common. Similar argument can be applied to the funda-
mental cut-sets corresponding to the branches e;, ey, . . . , €.

On the other hand, let C’ be the fundamental cut-set cor-
responding to the tree branch e;4;. C’ cannot contain e), because
otherwise, L and C’ will have e, as the only common edge. m

Theorem 7-8 For a given spanning tree, let C = {ejeqe;, . . . &) bea
fundamental cut-set in which e1 s a branch and es, es, . . . , e are
chords of the spanning tree. Then, ey 1s conlatned in the fundamental
circuit corresponding toe; fort = 2,3, . . . | k. Moreover, ¢, ts nol
conlained in any other fundamental circuil.

Proof Similar to that of Theorem 7-7. m
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07-3 LINEAR VECTOR SPACES

This section introduces some fundamental concepts of algebra.

We have given the definition of a group in Chap. 5. An abelian
group is a group in which the binary operation is also commudative; that is,
@ *b = b » a for any two elements a and b in the group, where » denotes
the binary operation of the group. For example, Fig. 7-5a¢ shows a

* a b ¢ d e f * a c d e |
el a ¢ el f af a cldjelt
bYblalfle]ld]e blblc|dlejfla
cletelafjfib]|d cleldje| f]lal]b
dld|fle|lalc]b did el flafb]e
ele|lcjd]|b]| f]|e elelfle|b|lc]d
flfldiblcjafe Hflajb|cld]|e

(a) (b)
Figure 7-5

nonabelian group (for instance, b x ¢ # ¢ * b), and Fig. 7-5b shows an
abelian group.

Let F be a set of elements {a.b,c, . . .} on which two binary oper-
ations, addition and multiplication,t are defined. The addition and
muitiplication operations will be denoted by + and -, respectively. If
the following postulates hold, then F is said to be a field.

1. F is an abelian group under addition.

2. With the additive identity (the identity element in the group under
addition) excluded, the set of remaining elements in F is an abelian
group under multiplication.

3. Multiplication is distributive over addition; that is,

a-b+c)=a-b+a-c forany a, b, and cin F

For example, let F = {a,b,c.d}, and let addition and multiplication
be defined as

t The reader should be reminded that these are just names we give to the two binary
operations 80 that we can refer to them conveniently. That they are called addi-
tion and multiplication has no significance.
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+

a b ¢ a b ¢ d
aj a c al a a a a
blbjlajd]c bla|bjc|d
cfc|d]laibd clalcid]b
dld|lc|b|a dlajdjib|ec

The reader can check that F, under the binary operations + and -, is a
field.

As another example, let F = {0,1}, and let addition and multiplica-
tion be defined as

* 1 1
ofof1 olo]o
if1]o 1ol

F is a field which is called the field of integers modulo 2.

Let S be a set of elements {«,8,y, . . .} on which a binary operation,
addition, is defined. We shall denote this addition operation by (/. Let
F be a field consisting of the elements in the set {a,b,c, . . .} on which the
operations + and - are defined. A multiplication operation, denoted by
A\, between the elements in F and the elements in S which maps the ele-
ments in F' X S into the elements in S is also defined. The set S is said
to be a vector space over the field F if the following postulates hold:

1. S is an abelian group under [J.
2. For any elements « and 8 in S and any elements a and bin F,

e AEB) =@Aa)H@AB
(e+bd)Aa=(@Aa)B B AQ)

3. For any element « in S and any elements a@ and b in F,
(@b Aa=apAbA)

4. For any element « in S, 1 A @ = « where 1 is the multiplicative
identity in F.

For a vector space S over a field F, the elements in S are called vec-
tors, and the elements in F are called scalars. A vector « is said to be
expressible as a linear combination of the vectors ay, as, . . . , o if there
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exists a set of scalars a;, as, . . . , a, such that
a=@Aa)H@Aa)H - H(a Aa)

A set of vectors {ajas, . . . ,a} is said to be a basis of the vector space
if any vector in 8 can be expressed as a linear combination of the vectors
in the set and no vector in the set can be expressed as a linear combination
of the other vectors in the set. It can be shown that all bases of the
vector space contain the same number of vectors. (See Appendix 7-1.)
The dimension of a vector space is defined as the number of vectors in a
basis.

A subset 8 of 8 is said to be a subspace of S if § is also a vector
gpace over the field F.

7-4 THE VECTOR SPACES ASSOCIATED WITH A GRAPH

This section is concerned with the properties of circuits and cut-sets
and their relationship. We shall show that the set of subsets of edges in a
graph is a vector space over the field of integers modulo 2 and that circuits
and cut-sets are vectors in two subspaces of this vector space. Such an
abstract point of view is a most useful one because of the insight it offers
into our study of the several fundamental concepts in both this and the
next chapter.

In the next two theorems, we prove that the set of circuits and
edge-disjoint unions of circuits in a graph is an abelian group under the
operation ring sum of sets &. We use the term edge-disjoint union of
circuits to mean the union of a set of circuits that have no common edges.
Similarly, the term edge-disjoint union of cut-sets means the union of a set
of cut-sets that have no common edges.

Theorem 7-9  The ring sum of two ctrcuits €s a circuil or an edge-disjorn!
unton of circuils.

Proof Consider the subgraph containing the edges that are in the
ring sum of two circuits. Since the degree of every vertex in a
circuit is 2, the degree of any vertex in the subgraph is either 2 or 4.
According to Corollary 6-3.1, the subgraph possesses an Euler
circuit. Moreover, repeating the argument used in proving the
sufficiency part of Theorem 6-3, we conclude that the subgraph
is either a circuit or an edge-disjoint union of circuits. =

Corollary 7-9.1 The ring sum of two circusls or edge-disjoint unions of
circuils i8 a circuil or an edge-disjoint union of circuils.
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Theorem 7-10 T he set of all circuits (the empty set 18 considered a circuit)
and edye-disjoint unions of circuils in a graph is an abelian group
under the operation ring sum.

Proof We shall check each of the postulates for an abelian group.

1. Since the ring sum of any set and the empty set is the set itself,
the empty set is the identity element of the group.

2. Let A4, B, and C be three sets. Since both theset (A ® B) & C
and the set 4 & (B & C) contain the elements that are in the
set 4 alone, the set B alone, the set C alone, or in all of the
three sets A, B, and C, it follows that ring sum is an associative
operation.

3. According to the definition of the ring sum of two sets, it is clear
that the operation is also commutative.

4. According to Theorem 7-9 and Corollary 7-9.1, the set of all
circuits and edge-disjoint unions of circuits is closed under the
operation ring sum.

5. Since the ring sum of a circuit (an edge-disjoint union of circuits)
and itself is the identity element, the inverse of a circuit (an
edge-disjoint union of circuits) is the circuit (the edge-disjoint
union of circuits) itself. m

Similarly, for cut-sets and edge-disjoint unions of cut-sets, we have
the following theorems.

Theorem 7-11 The ring sum of two cul-sels is a cul-sel or an edge-disjotnt
unton of cut-sets.

Proof Let C; and C; be two cut-sets. Corresponding to C, there
is a division of the vertices in the graph into two subsets which we
denote by A; and B;. Corresponding to Cs, there is a division
of the vertices in the graph into two subsets which we denote by
A, and B,.

Note that the vertices in the graph are divided into two dis-
joint subsets 4; © A, and B; @ 4. A vertex that isin A; © A;
either is in A, but not A; or is in A, but not 4,. If it isin 4, but
not A,, it is not in By @ As, as it is in neither By nor 4,. Ifitisin
A, but not A,, it is not in By @ A, as it is in both B, and 4;. A
vertex that is not in A, @ A, either is in both A, and 4; or is in
neither A, nor A,. If it is in both A, and A,, it is in B, @ 4,
because it is not in By but is in A,. If it is in neither A nor 4,
itisin B; @ A, because it is in By but is not in 4..
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Let v.be a vertexin A; @ A, andletr,bea vertexin B, @ A,
We claim that if there is an edge in the graph joining v, and v, this
edge must be included in the set C; @ C,. There are four cases
to be examined.

1. Vertex v, is in 4, but not in 4, and vertex v, is in B, but not in
A, Since v, 18 in 4, and v, is in B,, the edge (v.,0,) is in C;.
Since both v, and v, are in B, the edge (r,v,) is not in C,.
Therefore, the edge (v,,v,) isin C; & Ca.

2. Vertex v, is in 4, but not in d,, and vertex v, is not in B; but in
4. Since both v, and v, are in 44, the edge (v.,v,) is not in C,.
Since v, is in By and v, is in A ,, the edge (v,,v,) isin C;.  There-
fore, the edge (v.,r,) isin Cy @ Ca.

3. Vertex v, is not in A, but in 4., and vertex v, is in B; but not in
As.  This case is similar to case 2.

4. Vertex v, is not in A; but in 4,, and vertex v, is not in B, but in
A;.  This case is similar to case 1.

=

We have shown that any edge joining a vertex in 4; @ .4,
and a vertex in B) @ A, is in the set C; & C,. It remains to be
proved that any edge in the set C; @ C; joins a vertex in 4; @ 4.
and a vertex in B; @ A.. Suppose that there is an edge joining
two vertices v, and v, that are both in A; & A,. If both v, and v,
are in 4, and are not in A,, the edge (v.,2,) is in neither C; nor C..
Therefore, the edge (v,,v,) isnotin C, @ C,. Ifv,is1n 4, and not in
As, while v, is not in A, but in A,, the edge (v,,2,) is in both C, and C..
Therefore, the edge (v.,»,) is not in C; @ C:. Using the same
argument, we can show that an edge joining the two vertices v, and
v, that are both in B; @ A.is not in C, & C..

We conclude that C, & C:; is the set of edges joining the two
subsets of vertices A, ® A: and B, @ A,. Therefore, C, ® C; is
either a cut-set or an edge-disjoint union of cut-sets. That C; @ C;
is possibly an edge-disjoint union of cut-sets (instead of being just
a cut-set) comes from the fact that the subgraph containing the
vertices in Ay @ A. and the subgraph containing the vertices in
B, ® A, are possibly unconnected subgraphs after the edges in
Cy ® C, are removed. m

Corollary 7-11.1 The ring sum of two cutl-sets or edge-disjotnt unions of
cul-sels 18 a cul-sel or an edge-disjoinl union of cut-sels.

The proofs of the following two theorems are similar to that of
Theorem 7-10 and will be left as exercises.
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Theorem 7-12  The set of all cut-sets and edge-disjoint unions of cut-sets
13 an abelian group under the operation rirg sum.

Theorem 7-13  The set of all subsets of edges in a graph is an abelian group
under the operalion ring sum.

We are now ready to state the main result of this section.

Theorem 7-148 Let S be the set of all subsets of edges in a graph (including
the emply set). Let F be the field of integers modulo 2. S s a vector
space over F when the following definitions are made:

1. Addition between the elements in S is defined as the ring sum of sets.

2. Multiplication belween the elements {0,1} in F and the elements in S
s defined such that 0 times any set is equal lo the empty set and
1 ¢times any set is equal to the set itself.

Proof The algebraic structure defined this way satisfies the
postulates of a vector space over a field. &

Corolfary 7-14.1 The set of all circuils and edge-disjoint unions of circuils
in a graph is a subspace of S.

Corollary 7-18.2 The set of all cut-sets and edge-disjoint unions of cut-sels
in a graph is a subspace of S.

The subspace of circuits and edge-disjoint unions of circuits and
the subspace of cut-sets and edge-disjoint unions of cut-sets are called the
ctrcuit subspace and the cut-set subspace, respectively.

7-5 THE BASES OF THE SUBSPACES

In the previous section we discussed the circuit subspace and the cut-
set subspace associated with a graph. In this section we show that

the bases of these subspaces are closely related to the spanning trees in
the graph.

Theorem 7-15 The fundamental system of circuits relalive lo a spanning
tree is a basis of the circuil subspace.

Proof First it is shown that any circuit can be expressed as a linear
combination of the circuits in the fundamental system of circuits

relative to a spanning tree. Let L; = [ejenes, . . . ,6,8541, - - - 16)
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be a circuit where e, €3, €5, . . . , ¢; are chords and ej44, . . . , ex are
branches of a spanning tree. In the fundamental system of circuits
relative to the spanning tree, there is a circuit containing the chord
€1, & circuit containing the chord €2, . . . , and a circuit containing
the chord e¢;, Let Ls: denote the ring sum of these fundamental
circuits. Weeclaim that both L;and L, contain the same set of edges.
If this is not the case, then the set L, @ L, is nonempty. According
to Theorem 7-9, L, is a circuit or an edge-disjoint union of circuits
and so is L; & L,. However, since L, contains the chords e, e,,

., ¢; but no other chords of the spanning tree, L, @ L contains
only the branches of the spanning tree. That a tree contains no
circuits gives us a contradiction.

Now it is shown that a circuit in a fundamental sysiem of
circuits cannot be expressed as the ring sum of the other circuits in
the fundamental system. Because each circuit in a fundamental
system of circuits contains a chord that no other circuit in the fun-
damental system contains, it is impossible for a circuit to be
expressed as a linear combination of the other circuits in the fun-
damental system. m

Corollary 7-15.1 The dimension of the circuit subspace ts e — v + 1.

The proof of the following theorem on the cut-set subspace is
similar to that of Theorem 7-15 and is left as an exercise.

Theorem 7-16 The fundamental system of cut-sets relalive to a spanning
tree is a basis of the cul-set subspace.

Corollary 7-16.1 The dimenston of the cut-set subspace is v — 1.

We also have the following theorems characterizing the vectors in
the circuit subspace and the cut-set subspace.

Theorem 7-17 A sel of edges is a veclor in the circuit subspace if and only
tf the set has an even number of common edges with every vector in the
cul-set subspace.

Proof According to Theorem 7-6, every circuit has an even number
of common edges with every cut-set. It follows that every circuit
or edge-disjoint union of circuits has an even number of common
edges with every cut-set or edge-disjoint union of cut-sets.

Let Ly = {eyes, . . . ,€,6i41, . . . &) be a set of edges that
has an even number of common edges with every vector in the cut-
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set subspace. Without loss of generality, assume that ey, €5, . . .,
e; are chords and ey, . . . , e are branches of an arbitrarily chosen
spanning tree. Let Lj denote the ring sum of the fundamental cir-
cuits corresponding to the chords e, €s, . . ., ¢;. Since Ly is a
vector in the circuit subspace, L. has an even number of common
edges with every vector in the cut-set subspace. It follows that
Ly @ L, also has an even number of common edges with every
vector in the cut-set subspace. If L, & L, is a nonempty set of
edges, it contains only branches of the spanning tree. Let C be the
fundamental cut-set corresponding to one of the branches in
Ly & Ls. Then, Ly ® L, and C will have exactly one common edge,
which is impossible. Therefore, we conclude that L, is equal to L,
and is a vector in the circuit subspace. =

Theorem 7-18 A set of edges is a vector in the cut-sel subspace if and only
if the set has an even number of common edges with every vector in the
circutl subspace.

Proof Similar to that of Theorem 7-17. =

7-6 MATRIX REPRESENTATION

This section is concerned with the matrix representation of the bases
of the circuit subspace and the cut-set subspace. Such representations
are useful when studying the properties of a graph from an algebraic
point of view.

Undoubtedly, most readers are familiar with the notation of repre-
senting a vector in an n-dimensional vector space as an ordered n-tuple.
For instance, the notation (8,7,4) represents a vector in the three-dimen-
sional Euclidean space. The same notation can be used for the vectors in
the vector space of the subsets of edges in a graph.  For a graph that has
e edges, we number the edges from 1 through e in an arbitrary way. A
vector in the vector space of the subsets of edges shall have e com-
ponents which are 0's and 1’s (the two elements in the field of integers
modulo 2). Specifically, the ¢th component of the vector is a 0 if the
ith edge of the graph is not included in the subset; the ith component
is a 1 if the ¢th edge is included in the subset. For example, the subset
of edges {e1,eq,€3,€10} In the graph shown in Fig. 7-6a is represented as the
ordered 11-tuple (1,0,0,0,0,1,0,1,0,1,0). In the ordered e-tuple notation,
the ring sum of two subsets is obtained by componentwise addition carried
out in the field of integers modulo 2. For example, corresponding to

t Those readers who are familiar with the subject of vector spaces are reminded that
every n-dimensional vector space S over a field F is isomorphic to the space of all the
ordered n-tuples over the field F,
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{ereces,610] D le1,ea.e3,e10] = les,e1.6663), we have

(1,0,0,0,0,1,0,1,0,1.0) & (1,1,1.0,0,0.0.0,0,1,0)
= (0) l’ 170101 1)01 110!0)0)

Also, when a vector is multiplied by a scalar, the scalar multiplies each of
the components, where, again, multiplication is carried out in the field
of integers modulo 2. For example,

0 A (1,0,0,0,0,1,0,1,0,1,0) = (0,0,0,0,0,0,0.0,0,0.0)
1 A (1,0,0,0,0,1,0,1,0,1,0) = (1,0,0,0,0,1,0,1,0,1,0)

Clearly, the ordered e-tuple notation for vectors is consistent with the
subset notation.

For a graph, a circuit matriz is an (e — v + 1) X e matrix that
has the circuits in a basis of the circuit subspace in their ordered e-tuple
representation as rows. Similarly, a cul-set matrir is a (v —1) X e
matrix that has the cut-sets in a basis of the cut-set subspace in their
ordered e-tuple representation as rows. For example, for the graph in
Fig. 7-6a and the fundamental systems of circuits and cut-sets correspond-

ing to the spanning tree in Fig. 7-6b, a circuit matrix M, and a cut-set
matrix M are

1000010101 0
01 000110100
M,=!0 0100011100
0 001 0011111,
{0 0001 0110 1 1j
‘116 00100000
%01111010000
Me=11 01 1 1001000
i01L 1100600100
1001 1000010
(000 01 100O0UO0O 1
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According to Theorem 7-6, the product of a circuit matrix and the
transpose of a cut-set matrix is a matrix that contains 0’s as all of its
entries, as does the product of a cut-set matrix and the transpose of a
circuit matrix. (Addition and multiplication are earried out in the field
of integers modulo 2.)1

The incidence malric of a graph is a v X e matrix in whieh the rows
correspond to the vertices and the columns correspond to the edges. The
(4,7)th entry in the matrix is a 1 if the ith vertex is incident with the jih
edge and is a 0 otherwise. For example, the incidence matrix of the
graph in Fig. 7-6a is

[ € €

©

€ 2 3 ] 5 €g €7 € €y €10 €11
mil 1 0 0 0 1 O 0 0 O 0 }
{0 00 0 0 1 1 1 0 0 0]
vz 0O 0 0 0 1 0 1 0 1 O O h
nwil 0 0 0 0 0 0 O 0 1 1 1
vs;0 0 1 0 0 O O 1 0 1 O
velO 1 1 1 0 0 0 0 1 O O
w0 0 0 1 1 0 0 0 0 0 1

The incidence matrix is obviously an alternative representation of a
graph. Given the incidence matrix, one can always reconstruct the graph
from it, and vice versa. Some of the properties of the incidence matrix
are given in the following theorems.

Theorem 7-19 [f the incidence malrices of two graphs differ only by a
permulation of rows and columns, the two graphs are isomorphic.

Proof This theorem comes directly from the definition of two
graphs being isomorphic. ®

Theorem 7-20 Any set of v — 1 rows of the incidence matrix is a basts of
the cut-set subspace of the graph.

Proof Since the dimension of the cut-set subspace is known to be
v — 1, it is sufficient to prove that any cut-set can be expressed as a
linear combination of any v — 1 of the rows. Because each column
of the matrix contains exactly two I's (the graph contains no loops},
any row of the matrix can be expressed as the sum of all the other
rows (componentwise addition carried out in the field of integers
modulo 2). Therefore, we need only prove that any cut-set is

t For those readers who are familiar with the topic of linear algebra, it should be
pointed out that the circuit subspace is the null space of the cut-set subspace, and the
cut-set subspace is the null space of the circuit subspace. Such a point of view is very
useful when we introduce the notion of duality in Chap. 8. towever, our deveiop-
ment in the main body shall not rely on this particular point of view.
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expressible ax a linear combination of the v rows of the incidence
matrix. Let there be a cut-set that partitions the vertices into two
subsets [ and B. Adding the rows in the incidenece matrix cor-
responding to the vertices in the subset A, we obtain the ordered
e-tuple representation for the cut-set because a 1 in the sum of the
rows corresponds to an edge joining two vertices, viz., one in 4 and
anotherin B. =

7-7 SUMMARY AND REFERENCES

Far from being two unrelated notions, the circuits and the cut-sets in a
graph have many similar properties. Moreover, the notion of spanning
trees ties these notions together, as we have seen in this chapter. Our
effort in establishing the vector spaces associated with a graph is a
worthwhile one. First of all, the similarity between the properties of
circuits and the properties of cut-sets becomes a direct and natural
consequence when the point of view of vector spaces is taken. Secondly,
we shall see that the known results in vector spaces can be applied to
derive many of the properties of circuits and cut-sets. Finally, as will
be seen in Chap. 8, such a point of view is most useful in our discussion
of the concept of duality.

For further discussion on trees and related topics, see Chap. 16 of
Berge {1} and Chap. 4 of Ore [5]. For the topic of circuits and cut-sets
and their associated vector spaces, see Chaps. 2 and 4 of Seshu and Reed
{6] and also the paper by Gould [3]. Applications to electrical network
analysis can also be found in Chap. 1 of Guillemin [4]. For matrix
representations of a graph, see Chaps. 14 and 15 of Berge [1}, Chaps. 4
and 5 of Seshu and Reed {6}, and Chap. 5 of Busacker and Saaty (2].
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APPENDIX 7-1 THE NUMBER OF VECTORS
IN THE BASES OF A VECTOR SPACE

Let ao denote the identity element in the group S under (3. For an
element a in S, let —a denote the inverse of a. Let 0 denote the additive
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identity, and let 1 denote the multiplicative identity in the field F. For
an element a in F, let —a denote the additive inverse of a, and let 1/a
denote the multiplicative inverse of a (when a is not the additive identity).

Theorem 7A-1 Lel o be any veclor and a be any scalar. Then

1.OA a = ap

2. a Aas= ap

3 (~a)=(-1) A«

4. —(@Aa)=(-a)Aa

Proof 1.0Aa=(0Aa)HaF (~a)
=0Aa)BH(QAa)#(—a)
=((0+1) Aa)H (—a)
= aft] (—a)

caAa=aA0Aa)=@ 0 Aa=0Aa=at

3. (—a) = (~a) F ao

= (~a)H O Aa)
=(~a)BH A+ (-1)) A
=(—a)HaEH (-1 Aa)
=(—1)Aa
c~@Aa)=(—(aAa))Ha
=(—(eAa) B0 A)
=(-(@Aa))FE e+ (—0a)) Aa)
(meAa) B @A) ((—a) A
=(—a)Aa m

D

[N

I

Theorem 7A-2 All the bases of a vector space coniain the same number
of vectors.

Proof Let {ay,a2, . - . ,au} and {a},a3, . . . ,a.} be two bases of a
vector space. The vector a; can be expressed as a linear combina-
tion of the veetors ay, a2, - . . , ai. Thus,

ag=(@mAa)F@Aa)H - - - @ (a A )

tSince a - 0 =a-(0+0) =a-0+a-0, a-0 must equal the additive identity 0
of the field F.
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Since not allof a1, as, . . . . , a, are 0, let us assume that q, is
not 0. It follows that we can express a, as a linear combination of

the vectors aj, a1, a2, . . . , a 1. Thus,
1 , —a —a
- (aa)s (S an)a(an)a
a¢ a, a;
—a,_
(—l—l A ao—l)
a;

Therefore, any vector in the vector space can be expressed as a linear

combination of the vectors in the set {a),ana2, . . . ,ai-1}. PForthe
set {ay,anas . . . ,ai-1} we repeat the same argument to replace

14 ’ . !
one of aj, az, . . . , a—y by ay. (@, will not be replaced because a,

cannot be expressed in terms of a; alone.) It follows that any
vector in the vector space can be expressed as a linear combi-
nation of the vectors in the set {asapaias. . . . ,a2}. Again,
by the same argument, we can repeatedly replace an a by an
a'. We conclude that { must be equal to or larger than r because
if t <r, the replacement procedure will vield a proper subset
of the set {aj,a} . .. ,a.], and any vector in the vector space
can be expressed as a linear combination of the vectors in the subset.
However, this is impossible because {aj,a;, . . . ,a,} is a basis.

An analogous argument shows that ¢ must be equal to or less
than r. Therefore, we conclude thatt = r. =

PROBLEMS

7-1. Prove that the complement of a spanning tree does not contain a cut-set and that
the complement of a cut-set does not contain a spanning tree.
7-2. Let L be a circuit in a graph G. Let @ and b be any two edges in L. Prove that
there exists a cut-set € such that L N C = {q,b}.
1-3. Let T, and T, be two spanning trees of a connected graph G. Let a be an edge
thatisin T, but not T,. Prove that there is an edge b in 73 but not T, such that hoth
(Ty — la}) U (b} and (T, — {h}) \U |a) are spanning trees of G.
74. (a) Let L, and L, be two circuits in a graph ¢. Let a be an edge that is in both
L, and L,, and let b be an edge that is in L, but not L,. Prove that there exists a
circuit 1y which is such that L, C (L, U ;) — (a) and b € L,.

(4) Repeat part (@) when the term “‘circuit” is replaced by the term “‘cut-set.”
7-5. Let D) be a set of edges in a graph ¢ having the following two properties:

1. There i8 no cut-set € in G for which D M C consists of a single edge.
2. For any two edges a and b in D, there is a cut-set (" in G for which D N\ (" = |a,b}.

Prove that D is a circuit or an edge-disjoint union of circuits.

76. Are there graphs for which the cut-sct subspace is the same as the vector space of
all the subsets of edges? If 8o, characterize this class of graphs.

7-1. Let ( be a graph that has v vertices and v — 1 edges. Prove that G is a tree if
and only if any v — 1 rows of the incidence matrix of G form a nonsingular matrix.
(Addition and multiplication are conducted in the field of integers modulo 2.)
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7-8. Show that there exists no graph having a circuit matrix equal to M 4. Show also
that there exists no graph having a cut-set matrix equal to Ms.

1110 0 00 1010101 ‘
1 001 100

A,A = A‘IB = |0 1 1 0O 0 1 1
o ro 1010 00 01 111
1 1. 01 0 0 1

7-9. The adjacency matrix P of a graph with v vertices is a v X v matrix, the (1, j)th
entry of which is 1if there is an edge joining the ith and the jth vertices, and is 0 other-

o1 1 0 O O
1 3 6 1 01 0 O O
1 1 01 0 1
5 o 0 1 o 0
2 4 0O 0 01 0 1
o 01 01 O

) (b)

Figure 7P-1

wise. For example, the adjacency matrix of the graph in Fig. 7P-1q is shown in Fig.
7P-1b.

(a) Define the addition and multiplication operations for the elements 0 and 1
such that when P* is computed, a 1 in the (4,7)th entry of P* means that there is a path
of length k between the ith and the jth vertices. Check your result by computing P?
for the matrix in Fig. 7P-1b.

(b) Instead of the 0’s in the diagonal, we shall fill the diagonal of P with V's.
For the addition and multiplication operations defined in part (a), what are the
significances of a 0 entry and of a 1 entry in P*?

7-16. Let GG be a biconnected graph, and let a and b be two distinct verticesinG. Show

that there exists a basis of the cut-set subspace which is such that every cut-set in this
basis places g and b in two different connected components.

7-11. (Whitney's Theorem) Two graphs G and G’ are said to be edge isomorphic when
there is a one-to-one correspondence between the sets of edges in G and G’ such that
e; and e; in G are adjacent (incident with a common vertex) if and only if the corre-
sponding edges e; and e; in G’ are also adjacent. Note that the fact that G and G’ are
edge isomorphic does not necessarily imply that they are isomorphic. The two graphs
shown in Fig. 7P-2 are edge isomorphic, but not isomorphic. However, if G and G’ are
isomorphic, then clearly they are edge isomorphic.

Figure 7P-2



PROBLEMS 205

Whitney’s theorem implies that any graph which is edge isomorphic to a linear
connected graph G, other than the two graphs shown above, is isomorphic to G.

(a) Show that the theorem holds for all nonisomorphic linear connected graphs
having four or fewer vertices, other than the two shown above.

(b} Prove that for any linear connected graph G having five or more vertices, a
graph which is edge isomorphic to G is isomorphic to G and the edge isomorphism is
that specified by the isomorphism. Use induction on the number of edges in G, with
trees containing five vertices as a hasis.

7-12. In directed graphs, an oriented circuit is defined as a set of edges that is a eircuit
in the undirected graph obtained from the directed graph by ignoring the direction of
the edges. Similarly, an oriented cut-set is a set of edges that is a cut-set in the
undirected graph obtained in the same manner. The orientation of an oriented circuit
is specified by a cyclic ordering of the vertices it encounters, that of an oriented cut-set
by an ordering of the two subsets of vertices it separates. An oriented circuit vector
or an oriented cut-set vector in a directed graph with e edges is represented by an
ordered e-tuple. The jth component of an oriented circuit vector L is either §, —1,
or 0 accordingly as the jth edge is in the oriented circuit and its direction agrees with
the circuit orientation, the jth edge is in the oriented circuit and its direction is opposite
to the circuit orientation, or the jth edge is not in the oriented circuit. Similarly for
an oriented cut-set vector C. These vectors are considered as vectors in an e-dimen-
sional vector space over the field of real numbers.

(a) Let L and C be an oriented ecircuit vector and an oriented cut-set vector,
respectively, in a dirccted graph. Show that L-C = 0.

(b) Prove that any oriented circuit vector L can be expressed as a linear combi-
nation of fundamental oriented circuit vectors.

(c) Prove that any oriented cut-set vector C can be expressed as a linear combi-
nation of fundamental oriented cut-set vectors.

The orientation of a fundamental oriented circuit is taken to agree with that
of its defining chord. Simtlarly for a fundamental oriented cut-set and its defining
branch.



Chapter 8
Planar and Dual Graphs

8-1 INTRODUCTION

A graph is said to be planar if it can be mapped on a plane in such a
way that two edges meet one another only at the vertex, or vertices, with
which the edges are incident (that is to say, no two edges cross one
another). Figure 8-1a shows a planar graph. Notice that the graph in
Fig. 8-1b is also planar because it can be redrawn as that in Fig. 8-1c.
Figure 8-1d shows a nonplanar graph. As a matter of fact, the graph in
Fig. 8-1d corresponds to the well-known problem of determining whether
it is possible to connect three houses a, b, and ¢ to three utilities d, ¢, and f
in such a way that no two connecting pipelines meet one another except
at their initial or terminal points. Experience shows that this cannot be
done. In other words, the graph representing all of the connections
among the houses and the utilities is indeed a nonplanar graph. (The
reader may feel a little bit uncomfortable when we say that a graph is
nonplanar simply because, after a certain number of attempts, we find
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Figure 8-1

that we cannot map the graph on a plane. This issue will be settled
rigorously in Secs. 8-2 and 8-3.)

We now show some of the properties of planar graphs.

Theorem 8-1 A graph is planar if and only if it can be mapped onto the
surface of a sphere such that no two edges meet one another except at the
verlexr, or verlices, with which the edges are incident.

Proof Suppose that a graph is mapped onto the surface of a
sphere. Let us place the sphere on a plane and call the point of
contact the south pole and the diametrically opposing point the
north pole. We want to place the sphere on the plane in such a way
that the north pole is neither a vertex nor a point on an edge of the
graph. Since the vertices are geometric points and the edges are
geometric lines which do not occupy any area, such a placement is
always possible. For any point P on the surface of the sphere, we
join the north pole N and P by a straight line and extend the line to
meet the plane at P’ as shown in Fig. 8-2. The point P’ is called
the stereographic projection of the point /°. Since there is a one-
to-one correspondence between points on the surface of the sphere
and their stereographic projections on the plane, a graph that ean
be mapped onto the surface of a sphere such that no two edges
cross one another will be projected on the plane as a planar graph.
The converse is proved similarly. m
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N
S

&

Figure 8-2

p

We shall state without proof a theorem due to Fary.t

Theorem 8-2 (Fary) A linear planar graph that has no loops can be
drawn on a plane with straight line segments as edges.

As an example, the graph in Fig. 8-3a can be redrawn as that in
Fig. 8-3b in which all the edges are straight-line segments. Besides being

a b a b
d c c
(C)) (b)
Figure 8-3

an interesting result, Fary’s theorem also has some useful implications.
Consider a planar graph as the wiring diagram of an electrical circuit; the
theorem asserts that all the connections can be made with rigid straight
wire. When graphs are to be constructed in some mechanical way (e.g.,
using a mechanical plotter or a digital computer), it is sufficient for the
mechanical device to construct straight-line segments if only planar
graphs are to be constructed.

8-2 EULER’S FORMULA

A region of a planar graph is an area of the plane that is bounded by
edges and contains neither edges nor vertices. For example, the cross-
hatched areas in Fig. 8-4a and Fig. 8-4b are regions of a planar graph.

t For a proof of the theorem, see Fary (3).
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Figure 8-4

(We do not define “regions’’ for nonplanar graphs.) A finite region
is a region the area of which is finite, and an infinite region is a region
the area of which is infinite. Clearly, a planar graph has exactly one
infinite region, the region external to all the edges. The crosshatched
region in Fig. $-4a is a finite region and the erosshatched region in Fig.
8-4b is an infinite region. Notice that a planar graph can be mapped
onto a plane in such a way that any chosen region will become the
infinite region. In particular, if the graph is mapped onto the surface
of a sphere and the sphere is placed on the plane in such a way that the
north pole is inside of the chosen region, then the stereographic projection
of the graph from the surface of the sphere onto the plane will have the
chosen region as the infinite region. For example, the graph in Fig. 8-4a
is redrawn in Fig. 8-4¢ such that the region bounded by the edges (g,b),
{be), (e,d), and (d,a) becomes the infinite region.
The contour of a region is the set of edges which bound the region.
Two regions are said to be adjacent if their contours have at least one edge
in common. Note that two regions are not adjacent if they meet only
at a vertex. Since a planar graph can be mapped on a plane in many
different ways, the following guestion arises: Does a planar graph have a
fixed number of regions, independent of the way the graph is mapped on
the plane? The answer to this question is yes, and the following theorem
is 8 precise statement of this fact.

Theorem 8-3 The sel of conlours of the finile regions of a planar graph
18 a basts of the circuit subspace of the graph.

Proof A circuit of a planar graph encircles one or more finite
regions. The set of edges in the circuit is, therefore, equal to the
ring sum of the contours of the encircled regions. This proves
that any circuit or edge-disjoint union of circuits can be expressed
as a linear combination of the contours of the finite regions.

On the other hand, since the ring sum of the contours of two or
more finite regions is a circuit (or an edge-disjoint union of circuits)
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that encircles the areas of these regions, no contour of a finite region

can be expressed as a linear combination of the contours of the other
finite regions. w

Corollary 8-3.1 A connected planar graph with e edges and v vertices has
e — v + 1 finile regions.

Corollary 8-3.2 The relation v — e + r = 2 is satisfied in any connected
planar graph where 1 is the number of regions in the graph.

Proof Since there is one infinite region in addition to the finite
regions, we haver — 1 =e—-v+ 1. =

The relation v — e + r = 2 is known as the Euler formula and
is quite useful in showing whether or not a given graph is planar and in
-deducing some of the properties of planar graphs.

Example 8-1 In any linear planar graph that has no loops and has twe
or more edges, show that

r<e<Ldv-—=6

Let us count the number of edges in the boundary of a region and
then compute the total count for all the regions. Because each
region is bounded by at least three edges (the graph is a linear one),
the total count is larger than or equal to 3r. On the other hand,
in a planar graph an edge is in the boundaries of at most two regions;
the total count is less than or equal to 2e. Thus, we have
2e > 3r,or e > 34r.t According to Euler’s formula, we have

v—e+ 24e > 2
or

Jv—6>e m

Example 8-2 Show that the graph in Fig. 8-3a is not a planar graph.
(The graph is called the star graph.)
Suppose that the graph is planar. Since v = 5 and e = 10,
according to the result e < 3v — 6 proved in Example 8-1 for any
linear graph, we have 10 < 3 X 5 — 6 = 9, whichisimpossible. n

Example 8-3 Show that the graph in Fig. 8-5b, which is a repetition of
I'ig. 8-1d, is not a planar graph. (The graph is called the utility

t Because the graph has two or more edges, this inequality is still valid in the case
where the graph has no finite region (r = 1).
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(a) (b)
Figure 8-5

graph where the houses are marked with squares and the utilities
are marked with circles.)

Suppose that the graph is planar. With v = 6 and e = 9,
Euler’s formula gives r =2 — 6 + 9 = 5. Since a region in this
graph is bounded by four or more edges, using the same argument
as that in Example 8-1, we have the inequality 2e > 4r. However,
this leads to a contradiction, because 2e = 18 and 4r = 20. m

Example 8-4 Show that in a linear planar graph with no loops there is
s vertex with degree equal to or less than 5.

Suppose that the degree of every vertex is larger than or
equal to 6. The sum of the degrees of the vertices is larger than
or equal to 6v. On the other hand, since each edge connects
exactly two vertices, the sum of the degrees is equal to 2e. This
gives 2e > Gv,ore > 3v. Together with the inequalitye < 3v — 6
obtained in Example 8-1, we have a contradiction. m

8-3 KURATOWSKI'S THEOREM

We saw in the previous section that Euler’s formula can sometimes be
applied to assert that a given graph is nonplanar. However, such appli-
cations of the formula are rare because the argument becomes quite
involved and tricky for graphs containing even a moderate number of
vertices and edges. Moreover, except by actually mapping a graph on
the plane, we have seen no way of asserting that a given graph is planar.
In this section. we shall prove a theorem due to Kuratowski which
enables us to determine the planarity of a graph unequivocally.

The planarity of a graph i clearly not affected if an edge is divided
into two edges by the insertion of a new vertex of degree 2, as illustrated
in Fig. 8-6a, or if two edges that are incident with a vertex of degree 2 are
combined as a single edge by the removal of that vertex, as illustrated in
Fig. 8-6b. This suggests the following definition: Two graphs G, and G,
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are said to be isomorphic to within vertices of degree 2 if they are isomorphie
or if they can be transformed into isomorphic graphs by repeated inser-
tions and/or removals of vertices of degree 2, as illustrated in Fig. 8-6a and
Fig. 8-6b. For example, the two graphs in Fig. 8-6¢ are isomorphic to
within vertices of degree 2.

- -
@ (b)

©
Figure 8-6

Theorem 8-4 (Kuratowski) A graph is planar if and only if it does not
contain any subgraph which ts isomorphic, to within vertices of degree?2,
to either the star graph or the utility graph in Fig. 8-5a and Fig. 8-5b.
(These two graphs are also called the Kuratowski graphs.)

Proof We have already seen in Examples 8-2 and 8-3 that the
Kuratowski graphs are nonplanar graphs. Therefore, a grapb
containing a subgraph that is isomorphic, to within vertices of
degree 2, to either one of the Kuratowski graphs is a nonplanar
graph.
Conversely, we shall show that a nonplanar graph must con-
tain a subgraph that is isomorphic, to within vertices of degree 2,
to one of the Kuratowski graphs. The proof is carried out
by induction on the number of edges in a graph. As the basis of
induction, it is clear that for graphs with one, two, or three edges,
the statement that a nonplanar graph must contain a subgraph
that is isomorphie, to within vertices of degree 2, to one of the
Kuratowski graphs is true. As the induction hypothesis, let us
assume that the statement is true for graphs with m — 1 or fewer
edges. Suppose that there is a nonplanar graph G with m edges that
does not contain a subgraph that is isomorphie, to within vertices
of degree 2, to either one of the Kuratowski graphs. We now
show that such a supposition is contradictory (that is, we examine
all cases and show that either ¢ is planar or that G contains a
subgraph that is isomorphic, to within vertices of degree 2, to a
Kuratowski graph).
t The proof of thig theorem is quite long; the reader may want to skip it in the first
reading.
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First. note that there is a contradiction if G is not a connected
graph. If G is not connected, all of its components will have fewer
than m edges. Since G does not contain a subgraph that is iso-
morphic, to within vertices of degree 2, to either one of the Kura-
towski graphs, none of its components does. According to the
induction hypothesis, the components are all planar graphs. There-
fore, G is also a planar graph, and we have a contradiction to the
supposition.

Moreover, we can show that there is a contradiction if G is not
biconnected. If G contains an articulation point, we can divide G
into pieces relative to the articulation point. Since each of the
pieces contains fewer than m edges, according to the induction
hypothesis, the pieces are all planar graphs. As was shown in
Sec. 8-2, by means of a stereographic projection, we can map each
piece of the graph in such a way that the articulation point is on the
boundary of the infinite region. These planar pieces can then be
rejoined at the articulation point to yield a planar graph. Again,
this is a contradiction to the supposition. (The construction is
illustrated by an example in Fig. 8-7. Figure 8-7¢ shows a graph

Figure 8-7

that has an articulation point a. Figure 8-7b shows the two pieces
relative to the articulation point a. Figure 8-7¢ shows how the
pieces can be redrawn with the articulation point a on the boundary
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of the infinite region in each piece. Figure 8-7d shows the two
pieces in Fig. 8-7c¢ rejoined at the articulation point a.)

What remains now are the more involved steps of showing a
contradiction in the supposition when G is a biconnected graph.
Let (a,b) be an edge in . Let ' denote the subgraph of G with
the edge (a,b) removed. We want to show that there is an ele-
mentary circuit in G’ containing the vertices a and b. Suppose
that there is no such elementary circuit. Since G is biconnected,
G’ must be connected. That there is no elementary circuit con-
taining @ and b means that every two paths between ¢ and b in ¢
have a common vertex as illustrated in Fig. 8-8a (where z is the

a Qa

C.
0
x2
x3
b b
@) (b)
Figure 8-8

common vertex).f It follows that all the paths between a and b
in G’ must have a common vertex, because if the common vertices
between every two paths do not coincide, as illustrated in Fig.
8-8b where z,, 2., and z; are the common vertices, then there is an
elementary circuit containing ¢ and b. This common vertex,
denoted by z, clearly is an articulation point in G’ (see Prob. 6-10).
We can divide G into two pieces, relative to x, such that ¢ is in one
piece G; and b is in another piece G;. Let Gy denote the graph
obtained from G} by adding an edge (a,z) to G;. Let G denote the
graph obtained from G, by adding an edge (b,x) to G;. We claim
that both @} and G5 do not contain a subgraph that is isomorphic, to
within vertices of degree 2, to one of the Kuratowski graphs. If
either one of them does, then the graph G will also contain a sub-
graph that is isomorphic, to within vertices of degree 2, to one of the
Kuratowski graphs, and there is a contradiction to the suppo-

1 The following argument is still applicable if there is only one path between a and
bin G’
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(C)} (b)
Figure 8-9

sition. (The argument is illustrated in Fig. 8-9. Figure 8-9a
shows Gy. Figure 8-9b shows a portion of G; note that there is a
path connecting a and b through z in G’. Clearly, if G} contains a
subgraph that is isomorphic, to within vertices of degree 2, to
one of the Kuratowski graphs, G will also contain a subgraph
that is isomorphic, to within vertices of degree 2, to that graph.)
According to the induction hypothesis, both Gy and G are planar
graphs. (G’ contains m — 1 edges, and G and G, contain fewer than
m — 1 edges.) We can map Gy and G, by means of stereographic
projection, such that the edges (a,z) and (b,z) are in the boundaries
of the infinite regions of G\’ and Gy. Gy and G can then be joined
at the vertex z to yield a planar graph as illustrated in Fig. 8-10a.

b b

@ )
Figure 8-10

It follows that G is also a planar graph as illustrated in Fig. 8-105.
However, this is in contradiction to our supposition.

Consider now the graph ¢’ which is planar according to the
induction hypothesis. Among all the elementary circuits that
contain the vertices a and b, let S denote the one that includes
the greatest number of regions in its interior. A connected sub-
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graph that has all its edges in the interior of S will be called an
internal piece, and a connected subgraph that has all its edges
in the exterior of 8§ will be called an external piece. To have
a convenient notation for referring to the vertices along the cir-
cuit S, let us assign an arbitrary direction (say, counterclockwise)
to S. Let p and ¢ be any two vertices along S§. We shall let
S[p,q] denote the sequence of vertices along the path from p to ¢
in the counterclockwise direction with p and ¢ included, and let
S)p,ql denote the sequence of vertices along the path from p to g in
the counterclockwise direction with p and ¢ excluded.

We see that no external piece contains more than one vertex
in S[a,b] or S{b,a]. If this is not the case, then one can find another
elementary circuit S’ containing a and b that includes more regionsin
its interior. (The situation is illustrated in Fig. 8-11a where the cir-

X
S S S
b a b b
u v u v '
x x
(d)

X

(a) (b) ()
Figure 8-11

cuit S is indicated by the heavy line and there is an external piece
containing the vertices u and v along S[a,b]. Figure 8-11b shows
the circuit S’ in a heavy line which includes more regions in its
interior than does S. The situation illustrated in Fig. 8-1lc is
similar to that in Fig. 8-11a after the graph is redrawn as that in
Fig. 8-11d where again S’ is drawn in a heavy line.)

We note that there exist an internal piece and an external piece
that meet both Sla,b[ and S}b,a[. If this is not the case, then one
can add the edge (a,b) back to G’ and have G as a planar graph.
Moreover, we shall show that there exists an internal piece I and an
external piece E which meet both S]a,b[ and Slb,af and are such that
the points of contact ¢ and d of E with S and two of the points of
contact e and f of I with S are on S in alternating order: ¢, ¢, d, f.
(Note that E can have only two points of contact along S, and I can
have two or more points of contact along §. Moreover, to save any
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possible confusion later on, let us point out that e and f may coincide
with a or 5. In that case. / must have another point(s) of contact
along Sla.b[ or S}b,al.) Let us assume that the converse is true.
Let I, be an internal piece, and let e, and f; be its points of contact
with § as shown in Fig. 8-12a. Since it is assumed that there is

b) ©)
Figure 8-12

no external piece that meets both Slei.fi[ and S}f;,eil, every internal
piece that meets S only along Sley,fi) can be transferred from the
interior of S to the exterior of S as illustrated in Fig. §-12b. Let I,
be an internal piece that was not transferred, as illustrated in lFig.
8-12c. However, the argument we have used for the internal piece
I, can be repeated for I:. Moreover, this same argument can be
applied to all the internal pieces. This means that no internal
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piece will be left in the interior of S, and the edge (a,b) can be added
to G’ so that we shall have G as a planar graph. This, of course, is
a contradiction to the supposition.

We shall examine several cases in which the points of contact, e
and f, of the internal piece I are at different segments of the circuit S.
In each of these cases, we contradict the supposition by showing the
existence of a subgraph of G which is isomorphie, to within vertices
of degree 2, to one of the Kuratowski graphs.

Case 1 Vertex e is in S]a,b{, and vertex f is in S]b,a{. Regardless
of the other points of contact, we have the configuration illustrated
in Fig. 8-13. When the edge (a,b) is added to G’, we see that G

Figure 8-13

contains a subgraph which is isomorphic, to within vertices of
degree 2, to the utility graph. (The vertices are marked with
squares and circles as in Fig. 8-5b.)

Case 2 Both vertex e and vertex f are in Sja,b[. In this case, the
internal piece I must have another point of contact along S)b,al.
If the point of contact is along S]c,a[, the case is reduced to case 1, as
illustrated in Fig. 8-14a. If the point of contact is along S}b,d,
the case is again reduced to case 1, as illustrated in Fig. 8-14b. If
the point of contact is ¢, we have the configuration illustrated in
Fig. 8-14¢. Again, we see that G contains a subgraph that is iso-
morphie, to within vertices of degree 2, to the utility graph.

Case 3 Vertex e coincides with vertex a, and vertex f is in S)a,b{.
The internal piece I must have another point of contact along S}b,al.
If the point of contact is along S)b,¢[, we have the configuration
shown in Fig. 8-15a. If the point of contact is ¢ or is along S)e,af,
we have the configuration shown in Fig. 8-15b. In either case,
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Figure 8-14

we see that G contains a subgraph that is isomorphic, to within
vertices of degree 2, to the utility graph.

Case 4 Vertex e coincides with vertex a, and vertex f coincides
with vertex b. The internal piece I must have two other points of
contact, k and g, such that k is in S]b,al and g isin Sla,b[. If neither



220 PLANAR AND DUAL GRAPHS

Figure 8-15

h nor g coincides with ¢ or d, we have the configuration in which
h and ¢ are in Sle,d{ and S]d,c[, respectively, as illustrated in Fig.
8-16a, or the configuration in which g and h are both in S}d,c{ (or
8lc,d[) as illustrated in Fig. 8-16b. The configuration in Fig. 8-16a
is the same as that in case 1. The configuration in Fig. 8-16b ig
the same as that in case 3. If g coincides with d as illustrated in
Fig. 8-16¢, the configuration is the same as that in case 3. There-
fore, we have only to consider the case where A and ¢ coincide with
¢ and d. There are two possibilities. If the path connecting a
and b and the path connecting ¢ and d have two (or more) vertices
in common, we have the configuration illustrated in Fig. 8-16d. It
follows that G will eontain a subgraph that is isomorphic, to within
vertices of degree 2, to the utility graph. If the path eonnecting
a and b and the path connecting ¢ and d have only one vertex in
common, we have the configuration illustrated in Fig. 8-16e. It
follows that ¢ will contain a subgraph that is isomorphic, to within
vertices of degree 2, to the star graph (the vertices are marked with
circles as in ¥ig. 8-3a).

We have thus shown the supposition is contradictory and
proved the theorem. =

Example 8-5 An (undirected) complete graph is defined as a graph in
which there is an edge between every two vertices. Let G be a
graph with n vertices. The complementary graph of G, denoted by
G, is the complement of G with respect to the complete graph with
n vertices. We want to show that for any graph G with seven or
less vertices, either G or its complementary graph G is a planar
graph.

If G has six vertices, one of the graphs G and G must have
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(e)
Figure 8-16
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seven or fewer edges because the complete graph with six vertices
has a total of 15 edges. Since the star graph has 10 edges and the
utility graph has nine edges, one of the two graphs G and G must be
planar. The same argument can be applied when G has less than
six vertices.

Let us examine now the case in which G has seven vertices.
Suppose that both @ and G contain a subgraph that is isomorphic,
to within vertices of degree 2, to the star graph. This means that
in the complete graph there is a vertex whose degree is equal to
or larger than 8 (= 4 + 4), which obviously is impossible. Sup-
pose that one of G and G contains a subgraph that is isomorphic,
to within vertices of degree 2, to the star graph and the other
contains a subgraph that is isomorphic, to within vertices of degree
2, to the utility graph. This means that in the complete graph
there is a vertex whose degree is equal to or larger than 7 (= 4 + 3),
which is also impossible. Suppose that both G and G contain a
subgraph that is isomorphie, to within vertices of degree 2, to the
utility graph. In the utility graph, two vertices are said to be
“on the same side of the street” if both of them are houses or both
of them are utilities. We claim that there are two vertices that
are on the same side of the street in both the subgraph of G and
the subgraph of G that are isomorphie, to within vertices of degree
2, to the utility graph. Let a, b, and ¢ denote the houses, and let
d, e, and f denote the utilities, in the subgraph of G. If no two of
the vertices a, b, and ¢ are on the same side of the street in the sub-
graph of G, one is neither a house nor a utility in this subgraph.
Thus, two of the vertices d, e, and f must be on the same side of the
street in this subgraph. Since two vertices on the same side of
the street are not adjacent in the utility graph, there are two
vertices in the complete graph whose degrees are equal to or
larger than 7 (= 3 + 3 4+ 1). However, this is impossible. »

DUAL GRAPHS

A graph G, is said to be a dual of a graph G, if there is a one-to-one
correspondence between the edges in G, and the edges in G, such that a
set of edges in G, is a vector in the circuit subspace of G, if and only if its
corresponding set of edges in G is a vector in the cut-set subspace of Gs.
In other words, there is a one-to-one correspondence between the sets of
edges in the circuit subspace of G; and the sets of edges in the cut-set sub-
space of G..  For example, the graph in Fig. 8-17b is a dual of the graphin
Fig. 8-17a where corresponding edges are labeled with the same letter,
starred and unstarred. The reader can check that corresponding to the
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cireuit {a.d,g.f,b} in the graph in Fig. 8-17a, there is the cut-set {a*.d*,
g*./*.b*} in the graph in Fig. 8-17b, and so on. Notice that a dual of a
linear graph might be a multigraph. To be specific, when a graph con-
tains one or more vertices of degree 2, a dual of the graph will be a multi-
graph. (This will become evident after we prove Corollary 8-6.1.) As
an example, Fig. 8-17d shows a dual of the graph in Fig. 8-17¢. The
graph in Fig. 8-17¢ is a linear graph, whereas the graph in Fig. 8-17d is a
multigraph.

(c) (d)
Figure 8-17

Theorems 8-3 and 8-6 and their corollaries show the relationship
between the circuit subspace and the cut-set subspace of a graph and
that of its dual graph.

Theorem 8-5 Let G, be a dual of G,. If a set of edges 18 a circuit in G,,
then its corresponding set of edyes i3 @ cut-sel in Gy. If a sel of edyes
i8 a cul-set in Gy, then its corresponding sel of edges i3 a circuit in G,.

Proof Let L be a set of edges that is a circuit in G,. Let L*
denote the corresponding set of edges in G,. According to the
definition of Gy a8 a dual graph of G, L.* is either a cut-set or an
edge-disjoint union of cut-sets in (2. Suppose that L* is an edge-
disjoint union of the cut-sets LY, Ly, . . .. Let Ly, L,, . . . be
the corresponding sets of edges in ;. Then each one of Ly, L,,

. i8 a circuit or an edge-disjoint union of circuits in G;. How-
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ever, this is impossible because no proper subset of a circuit is a
circuit or an edge-disjoint union of circuits. Therefore, L* must
be a cut-set in G.

The other half of the theorem can be proved in a similar
manner. o

Theorem 8-6 Let Gy be adual of G,. A set of edges is a vector in the cul-set

subspace of Gy if and only if ils corresponding sel of edges is a vector
in the circuit subspace of Ga.

Proof Let C be a vector in the cut-set subspace of G;. Let C* be
its corresponding set of edges in G,. Since C has an even number of
edges in common with every vector in the circuit subspace of Gy, C*
has an even number of edges in common with every vector in the
cut-set subspace of G;. According to Theorem 7-17, C* is either
a circuit or an edge-disjoint union of circuits in G.. u

Corollary 8-6.1 If a set of edges is a cul-sel in G, then its corresponding set
of edges is a circuit in Go.  If a sel of edges is a circuit in Gy, then its
corresponding set of edges is a cut-set in G.

Proof Similar to that of Theorem 8-5. m
Coroliary 8-6.2 If G, 78 a dual of G\, Gy 1s a dual of G,.

Therefore, it makes sense to say that two graphs G, and G; are dual
graphs as they are duals of each other.

A somewhat unexpected result is that the concept of duality is
closely related to the concept of planarity. As a matter of fact, Theorem
8-7 below can be taken as an alternative definition for the planarity of a
graph.

Theorem 8-7 A graph is planar if and only if it has a dual.

Proof To prove that every planar graph G, has a dual, we show a
procedure for constructing a dual G. of G;. For each region in G, let
there be a corresponding vertex in ;. For an edge in the bound-
ary of two adjacent regions in G, let there be a corresponding
edge which joins the two vertices, corresponding to the two
adjacent regions, in Go. We claim that G; is a dual of G,. First
of all, the one-to-one correspondence between the edges in G, and
(7, is clear. Secondly, the contour of a region in G, corresponds to a
cut-set which separates the corresponding vertex from the other
vertices in G5. According to Theorem 8-3, the set of contours of
the finite regions is a basis of the circuit subspace of G;. Accord-
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ing to Theorem 7-20, the corresponding set of cut-sets is a basis of
the cut-set subspace in G,. Because there is a one-to-one corre-
spondence between the vectors in a basis of the circuit subspace of
Gy and the vectors in a basis of the cut-set subspace of (7,, there is
a one-to-one correspondence between the vectors in the circuit sub-
space of G, and the vectors in the cut-set subspace of G..

The proof that every graph having a dual is planar is too
lengthy to be included here.t We shall just sketeh the proof.
Let M, denote a circuit matrix of the graph ;. The iatrix
M. must then be a cut-set matrix of G5, which is a dual of G:.
The existence of Ga. therefore, amounts to the existence of a graph
having M, as a cut-set matrix. It wax proved by Tutte that a
graph can be constructed with 1/, as a cut-set matrix if and only
if My is a circuit matrix of a graph that does not contain a sub-
graph that is isomorphie, to within vertices of degree 2, to either
one of the Kuratowski graphs. (Note that the “if” part hax
already been proved in the preceding paragraph. We need the
“only if” part to complete the proof of the theorem.) Therefore,
according to Theorem 8-4, we conclude that a graph has$ a dual if
and only if it is planar. =

The construction procedure of a dual of a given graph in the proof

of Theorem 8-7 can be carried out systematically as illustrated in Fig.

8-18.

In Fig. 8-18, the edges of a given planar graph G, are in solid lines.

Gy
- ‘T“ -~

T
|

{ - e

\ A" +I— }
L

X

i
N Wy
Figure 8-18

A vertex of (3, a dual of G, is placed inside each of the regions of G).
(Note that there is also a vertex in the infinite region of G;.) The edges

of t

he dual graph G, shown in dashed lines, join vertices that are in

adjacent regions of G,.

The careful reader must have detected by now that we have been

using the term “a dual of a graph” instead of “the dual of a graph.”
Indeed, a given graph might huve two dual graphs that are not isomorphic

{ See Sec. 8-5.
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graphs. For example, both the graphs in Fig. 8-19b and Fig. 8-19¢ are
dual graphs of the graph in Fig. 8-19a. Clearly, they are not isomorphic

graphs.

h* m* h* Iz
hb c ﬂ a* d" a* [LY
b*!c* be
i * i I
e f* g e* ¢/ \d*
il R i Y
@) (b) (©)
Figure 8-19

To investigate the nonuniqueness of a dual of a graph, we introduce
the definition of two graphs being 2-isomorphie. Two graphs G and ¢’
are 2-isomorphic if they become isomorphic under repeated application of
either or both of the following operations:

1. Separation of a graph into components by splitting an articulation
point. Figure 8-20a illustrates such a separation.

-~ =<

@)
U‘: Uz L
%\ —*
vy Vy
(b)
Figure 8-20

2. If a graph can be divided into two disjoint subgraphs that have two
vertices in common, the interchange of these two vertices in one
of the subgraphs. (Such an operation can also be visualized as
splitting the two common vertices, turning one of the graphs
around at the two vertices, and then rejoining the two vertices.)
Figure 8-20b illustrates such an interchange of vertices, where the
common vertices are labeled v, and v,.

As an example, the reader can check that the two graphs in Fig.
8-21a and Fig. 8-21b are 2-isomorphic.
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A

As it turns out, the dual graphs of a graph are 2-isomorphic graphs.
The result is stated as two theorems.

(@) (0]
Figure 8-21

Theorem 8-8 If G, is a dual of G, and G, 1s 2-isomorphic to G,, then G,
12 al2o a dual of G\.

Proof According to the definition of 2-isomorphism, there is a one-
to-one correspondence between the edges in G; and the edges in Gy,
since the operations of splitting an articulation point and inter-
changing the two common vertices in two subgraphs do not change
the number of edges in the graphs. DMoreover, a circuit in G is
also a circuit in G;, and vice versa, because the two operations
do not add or remove any circuits to or from the graphs.

It follows that there is a one-to-one correspondence hetween
the edges in G, and the edges in G;. Moreover, a set of edges in G;
is a circuit if and only if its corresponding set of edges in G, is a cut-
set because a set of edges in G is a circuit if and only if its cor-
responding set of edges in Gy is a circuit. @

We state the following theorem without proof as the proof is quite
lengthy.t

Theorem 8-9 If two graphs Gs and G, are duals of a graph G,, then G and
Gy are 2-isomorphic graphs.

The reader can check that the two graphs in Fig. 8-19b and Fig.
8-19¢ are 2-isomorphic, although they are not isomorphic.

Example 8-6 Figure 8-22 shows an electrical network in which there are
10 switches controlling the excitation of the light. Our problem
is to design another network, called a complementary network,
such that the light it controls will be turned on when the light
in the network in Fig. 8-22 is off, and the light it controls will be
turned off when the light in the network in Fig. 8-22 is on.

t For a proof, see Whitney [10].
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Figure 8-22

An electromagnetic relay consists of an electromagnet and s
collection of contacts which can be used as switches in electrical
circuits. There are two types of contacts: the normally open con-
tacts and the normally closed contacts. When the electromagnet
is deenergized, a normally open contact remains open, and a
normally closed contact remains closed. When the electromagnet
is energized, a normally open contact will be closed, and a normally
closed contact will be opened. We use the symbol in Fig. 8-23a

__i

a a
a) (b)
Figure 8-23

to denote a normally open contact and the symbol in Fig. 8-23b
to denote a normally closed contact. Moreover, when a capital
letter is used to denote the electromagnet of a relay, the correspond-
ing lowercase unprimed letter will be used to denote a normally open
contact, and the corresponding lowercase primed letter will be used
to denote a normally closed contact controlled by the electromagnet.
The circuit in Fig. 8-22 can be rebuilt as that in Fig. 8-24a where the
switches control the electromagnets, which in turn control the
contacts. It follows that the normally closed contacts controlled
by these electromagnets can be used to build the complementary
network.

We define a one-terminal-pair graph as a graph with two vertices
specially designated as the terminals of the graph. A planar one-
terminal-pa:ir graph is a one-terminal-pair graph that is planar and
remains planar when an edge joining the two terminals is added to it.
A dual of a planar one-terminal-pair graph is also a planar one-
terminal-pair graph which is constructed as follows: An edge joining
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Figure 8-24
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the two terminals of the planar one-terminal-pair graph is added to
the graph. A dual of the resultant graph is constructed. In the
dual graph, the edge corresponding to the one joining the two
terminaly in the original planar one-terminal-pair graph is deleted,

and the two vertices joined by the deleted edge are labeled as the
terminals of the dual graph.

We note that a path joining the two terminals in a planar one-
terminal-pair graph corresponds to a cut-set separating the two
terminals in its dual. Therefore, our design problem becomes a
very simple one. The network in Fig. 8-24a is represented as a
one-terminal-pair graph in Fig. 8-24b where the two terminals are
marked as 1 and 2. A dual of the one-terminal-pair graph is
shown in Fig. 8-24¢ where the two terminals are marked as 1* and
2*  The complementary network is shown in Fig. 8-24d. Notice
that a closed path between the battery and the light in the network
in Fig. 8-24a corresponds to an opened cut-set separating the battery
and the light in the network in Fig. 8-24d. =

8.5 SUMMARY AND REFERENCES

In this chapter, we studied two important and closely related concepts in
the theory of graphs: planarity and duality. Historically, there are three
pieces of work of great significance:

1. Kuratowski’s theorem (Theorem 8-4). This theorem characterizes a
planar graph as one that does not contain a subgraph being iso-
morphic, to within vertices of degree 2, to either one of the Kuratow-
ski graphs.

2. Whitney’s work on dual graphs. Whitney’s original definition of dual-
ity is that a graph G is a dual of the graph G| if there is a one-to-one
correspondence between the edges of these two graphs such that if
H, is any subgraph of Gy and H, is the complement of the cor-
responding subgraph of G;, then

The dimension of the | _ (the dimension of the
cut-set subspace of 7,/ ~ \cut-set subspace of G,

__ (the dimension of the
circuit subspace of H,

Such a definition is equivalent to ours as will be seen in Prob.
8-11. Proceeding from his original definition, Whitney proved that
a graph is planar if and only if it has a dual.

3. Tutte’s work on the theory of matroids. Tutte obtained a necessary
and sufficient condition for a matrix of 0’s and 1's being a cut-set
matrix (a circuit matrix) of a graph. According to his result, a
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necessary and sufficient condition for the existence of a graph having
a cut-set matrix (a circuit matrix) equal to a eircuit matrix (a cut-
set matrix) of a given graph is that the given graph does not con-
tain a subgraph that is isomorphic, to within vertices of degree 2,
to a Kuratowski graph.

Our definition of duality is a natural consequence of our study of the
notion of the circuit subspace and the cut-set subspace of a graph. In
this way, as was pointed out in the proof of Theorem 8-7, we sce an
explicit tie between Whitney's result and Tutte’s result. As a matter of
fact, a proof of Tutte's result will lead directly to a proof of Whitney's
result after the equivalence between Whitney’s original definition of
duality and our definition of duality is shown.

The notion of planarity is a very interesting one. OQur definition of
planarity, mappable on the plane with no crossing edges, is the most
intuitive one. However, either Kuratowski’s characterization of a planar
graph or Whitney's characterization of a planar graph can also be adopted
as the definition of a planar graph. (In that case, ““mappable on the plane
with no crossing edges” becomes a property of planar graphs and ean be
proved from the definition of planarity.) As a matter of fact, MacLane
has studied another characterization of planar graphs as follows: A
graph is planar if and only if it has a basis of the circuit subspace such
that together with an additional circuit, the set of circuits contains each
of the edges exactly twice.

The concept of duality is useful in many areas of applications of the
theory of graphs, e.g., electrical network analysis and switching-circuit
design. Its extension and generalization have been investigated in
Whitney's study of the theory of matroids. Also, we shall see in Chap. 12
a very similar concept of duality in linear programming problems.

See Chap. 21 of Berge [1] for a discussion of planar graphs. Our
proof of Kuratowski's theorem follows that of Berge. Whitney’s work
can be found in his classical papers [9, 10, 11]. Chapter 3 of Seshu and
Reed {6] covers the topic of dual graphs following Whitney's original
development. For the study of the theory of matroids, see \Whitney
{12], Tutte (7, 8], and Minty [5]. The proof of Fary’s theorem appeared
in [3] and can also be found in Busacker and Saaty [2]. MacLane's
characterization of planar graphs can be found in [4].

1. Berge, C.: “The Theory of Graphs and Its Applications,” John Wiley & Sons,
Inc., New York, 1062,

2. Busacker, R. (i, and T. L. Saaty: "' Finite Graphs and Networks: An [ntroduction
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11(4):229-233 (1949).
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28:22-32 (1037),
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PROBLEMS

8-1. Prove that in a connected planar graph in which every vertex is of at least degree
3, there exists a region with fewer than six edges in the boundary.

8-2. Show that in a planar graph with six vertices and 12 edges, each of the regions is
bounded by three edges.

8-3. In this problem, Euler’s formula is derived in an alternative way.

(a) According to Theorem 8-2, a planar graph can be mapped on the plane in
such a way that the edges are all straight-line segments. It follows that the regions
are all polygons. Letn,, ny, . . . , n,_,denote the numbers of edges in the boundaries
of the r — 1 finite regions. Show that the sum of the interior angles of these r ~ 1
polygons, T, is equal to

[mi+n 4 -+ - + 0,0~ 2(r ~ 1)] X 180°

(b) Let e denote the number of edges in the graph, and let e, denote the number
of edges in the boundary of the infinite region. Show that

T = [2e — e, — 2(r — 1)] X 180°

(¢) The quantity 7T can be computed in another way. Let v denote the number
of vertices in the graph, and let v, denote the number of vertices in the boundary of the
infinite region. Show that

T = (v —v,) X 360° + (e; — 2) X 180°

(d) Using e; = v., obtain Euler’s formula by equating the results in parts (b)
and (c).
8-4. Prove that in a connected planar graph the ring sum of the contours of the finite
regions is the contour of the infinite region.
8-5. Prove that if ¢ and G are two complementary graphs with 11 or more vertices,
then either G or G is nonplanar. (As a matter of fact, the statement is true for G and
G being complementary graphs with nine or more vertices. However, the proof is
much harder.)
8-6. Let G be a planar graph the degree of each vertex of which is 3. Prove that a dual
of G will have an odd number of finite regions.

8-7. Find two nonisomorphic dual graphs of the graph in Fig. 8P-1.
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Figure 8P-1

88. Find two nonisomorphic dual graphs of the graph in Fig. 8P-2.

Figure 8P-2

8-9. Show that a dual of a planar biconnected graph containing no loops is also
biconnected.

8-10. A series-parallel graph is a one-terminal-pair graph defined recursively as follows:

1. A single edge is a series-parallel graph.
If G’ and G” are series-parallel then:
. The series combination of G’ and G” is a series-parallel graph. By the series com-

bination of G’ and G’’, we mean the joining of one of the terminals of G’ with one
of the terminals of G” as illustrated in Fig. SP-3a.

3. The parallel combination of G’ and G” is a series-parallel graph. By the parallel
combination of G’ and G’’, we mean the joining of the two terminals of G’ with
the two terminals of G” as illustrated in Fig. 8P-3b.

(2]

/N
%

(a) )
Figure 8P-3

Show that a dual of a graph G is a series-parallel graph if and only if G ia series-parallel.
811 Let G, and G, be two graphs with a one-to-one correspondence hetween their
edges. Let H, be any fml}gmph of G,. Let n; denote the dimension of the circuit
subspace of H,. Let //; be the complement of the corresponding subgraph of H,
in G:. Prove that

r,-R.-m

if and only if G, and G, are dual graphs, where r; and R, are the dimensions of the cut-
set subspaces of A, and G, respectively.



Chapter 9
Domination, Independence,
and Chromatic Numbers

9-1 DOMINATING SETS

A set of vertices in a grapht is said to be a dominaling set if every vertex
not in the set is adjacent to one or more vertices in the set. A minimal
dominating set is a dominating set such that no proper subset of it is also a
dominating set. For the graph in Fig. 9-1, {a.c,e,¢} is a dominating set,

t Unless otherwise specified, our discussion in this chapter is limited to undirected
graphs.

Figure 9-1
234
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and both {a.c.f,h} and {a,g] are minimal dominating sets. The domina-
tion number a(G) of a graph @ is the size of the smallest minimal dominat-
ing set. It cau be seen that the domination number of the graph in
Fig. 9-1 is 2.

An interesting problem based on the concept of dominating sets is to
try to place five queens on an 8 X 8 chessboard such that they will
dominate each of the 64 cells. Figure 9-2 shows one of the solutions to

O

Figure 9-2

the problem. Since no fewer queens can dominate all the cells on the
board, the domination number of the graph which has 64 vertices (cor-
responding to the 64 cells) and represents the dominance relation of the
queen piece is equal to 5.

Example 3.1 Communication links are set up between cities, and trans-
mitting stations are to be built in some of them so that every city
can receive messages from at least one of the transmitting stations
through the links. The problem of selecting the sites for the trans-
mitting stations is exactly that of finding 4 minimal dominating set
of the graph having the cities as vertices and the communication
links as edges.

We want to have two groups of transmitting stations so that
when one group of stations breaks down, the other group ean take
over and transmit. The question is as follows: 1s it possible to
arrange the transmitting stations in such a way that there will not
be two stations in the same city? In other words, can there be two
disjoint minimal dominating sets in a given graph? The answer
is affirmative for any graph having no isolated vertices, as we shall
show presently. As an example, for the graph in Fig. 9-1, {a,g} and
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{c,e} are two disjoint minimal dominating sets.  We now show that
this is true in general.

We want to show first that if D is a minimal dominating set
in a graph that has no isolated vertices, then V — D, the set of
vertices not in D, is a dominating set. Suppose that there is a
vertex d in D that is not adjacent to any one of the vertices in
V — D. Since d is not an isolated vertex, d must he adjacent to at
least oue of the vertices in D. It follows that D — {d} is also a
dominating set. However, this is impossible because D is a
minimal dominating set. Since every vertex in D is adjacent to one
or more of the verticesin V — D, V — D is 2 dominating set.

It is quite clear that any dominating set contains a4 minimal
dominating set, because we can always remove from the dominat-
ing set some of the vertices until it becomes a minimal dominating
set. We have thus proved that in a graph that contains no isolated
vertices, for any given minimal dominating set, there is a disjoint
minimal dominating set. Therefore, it is possible to set up two
groups of transmitting stations such that no city will have two
transmitting stations.

A direet consequence of our result is that for any graph having
no isolated vertices, the domination number is less than or equal
to half of the number of vertices in the graph, that is, «(G) < v. 2,
where v is the number of verticesinG. =m

The minimal dominating sets of a graph can be found by an algebraic
me- hod which is based on the notion of generating functions discussed in
Chap. 2. We shall illustrate the method by an example. For the graph
in Mig. 9-1, in order that the vertex a will be “dominated,” either a or b
or d or e must be included in a dominating set. This can be represented
gymbolically as a + b + d + e. Similarly, so that the vertex b will be
dominated, either b or a or ¢ or f must be included in a dominating set.
Again, this can be represented symbolically as b + a + ¢ + f. It fol-
lows that for the domination of all the vertices in the graph we have the
expression

a+b+d+e)b+a+c+Nc+b+d+g)d+a+c+h)
Xe+a+7+nf+b+e+gg+ec+f+hh+dtety)

= a'g* + b4kt + atclfh + bR+ - - -

The term a‘g* corresponds to the minimal dominating set {a,g}, the term
b4h* corresponds to the minimal dominating set {b.k}, the term a‘c*fh
corresponds to the minimal dominating set {a.c,fh}, and so on. It

should be noted that every term in the expression - corresponds to a
dominating set, but not necessarily to a minimal dominating set. For
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example, the term b¥fh! corresponds to the dominating set {4.f,h}, which
is not a minimal set. Clearly, a set corresponding to a term in the
expression is a minimal dominating set if and only if no subset of it has
a corresponding term in the expression. (IFor those readers who are
familiar with the subject of Boolean algebras, it can be observed that if
multiplication and addition are carried out as “logical and” and “logical
or,” respectively, then a minimal sum of products form of the expression
will give only the minimal dominating sets.)

Example 9-2 The notion of dominating sets in a graph can be extended
in two ways. First, we may want to find a set of vertices that
dominate only a subset of the vertices in the graph. Second, we also
want to define the notion of dominating sets in directed graphs.
In a directed graph, a dominating set is a set of vertices such that
every vertex not in the set is adjacent from one or more of the
vertices in the set. Let us consider the problem of stationing
police patrol ears in some areas of the city so that they can be
dispatched to other areas in the case of emergency. The street
maps of the patrolled areas are represented by the directed graph
in Fig. 9-3, since the streets are all one-way streets. (Notice

d e
1
a f b
c
Figure 9-3

that & two-way street can be represented by two edges oriented in
both directions.) Suppose that the areas represented by vertices
a, b, ¢, and d have higher crime rates, and we want to have a police
car stationed either in such an area or in an adjacent area. The
problem of choosing strategie points for stationing the minimal
number of police cars is that of finding a minimal dominating set
which dominates the vertices a, b, ¢. and d. Thus, proceeding as
before. from Fig. 9-3 we obtain the expression

@+dyb+e+Nc+a+Nd+a+ )
= a'b + a’e + a%f + bled + bed* + ¢ - -

where the term e 4+ d mesns that a patrol car should be stationed in
either area a or area d to protect area a, the term b + ¢ + f means
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that a patrol car should be stationed in cither area b or area e or
area f to protect area b, and so on. Therefore, the term a’ in the
expansion means that a police car in area a and a police car in area ¢
will be sufficient. Moreover, the car in area a will be responsible
to calls from three of the four areas, whereas the car in area e will be
responsible to calls from only one area. Similarly, although the
two terms b%d and bed® mean the same way of stationing the cars,
there is a difference in the assignment of responsibilities. Corre-
sponding to the term b%cd, the car in area b is responsible to calls
from both areas b and d; corresponding to the term bed?, the car in
arca d is responsible to calls from both areasaand d. =

9-2 INDEPENDENT SETS

A set of vertices in a graph is said to be an tndependent set if no two
vertices in it are adjacent. A set is dependent if at least two of the
vertices in it are adjacent. A maximal independent set is an independent
set which becomes dependent when any vertex is added to the set.
For the graph in Fig. 9-1, {b.e,g} is an independent set, whereas {b,h} and
10,d,e.q} are maximal independent sets. The tndependence number 8{G}
of a graph G is the size of the largest maximal independent set. For
instance, the independence number of the graph in Fig. 9-1is 4. Asan
example, we see that to invite a group of guests to dinner with no two
of them heing friends is to find an independent set of the graph that
represents the acquaintance relation. Other examples are to place non-
taking rooks or nontaking queens on a chessboard. As a matter of fact,
up to eight nontaking (ueens can be placed on an 8 X 8 chesshoard.
I'igure 9-4 shows one way of doing so. [t follows that for the graph G

0]

Figure 94
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which represents the dominance relation of the queen piece, B(G) is
equal to 8.

As the reader may suspect, there is a close relationship between the
dominating sets and the independent sets of a graph, us shall be seen in
the following example.

Example 9-3 Onc major feature of a computerized automatic library
svstem is the cross-reference facility which can supply a user of the
library system with a list of books or articles that are related to a
particular book in which the user is interested. In the system, such
cross-reference information can be represented by an undirected
graph. The vertices of the graph correspond to the books in the
library, and the edges indicate the cross-reference relationship
between the books; i.e., two vertices are joined by an edge if the
corresponding books are related. Suppose that we want to select
a subset of the books such that the selected hooks do not cross-refer
ane another, whereas an unselected bogok is related to at least one
that is selected. In a sense, such a selection covers all the cate-
gories of books in the library (a book is either selected or related
to u selected one) without duplication in the selection (no two
books in the selection are related).

The problem of making such a selection is that of finding an
independent set in a graph which is also a dominating set. We shall
show that in any arbitrary graph an independent set is also a dominat-
ing set if and only if it is marimal. In showing this, we not only
prove that such a selection is always possible but also reduce the
selection problem to that of finding a maximal independent set.
Since any vertex not in a maximal independent set is adjacent to
one or more vertices in the set, a maximal independent set is also
a dominating set. On the other hand, an independent set that is
also a dominating set must be maximal since any vertex not in a
dominating et is adjacent to one or more vertices in the set.

Furthermore, we counclude that for any given graph, the inde-
pendence number is always larger than or equal to the domination
number. An example is to place queens on an 8 X 8 chessbhoard.
As we have seen, cight nontaking queens can be placed on a chess-
board (8(G) = 8], whereas only five queens will be enough to
dominate all the cells (a(G) = 5. m

Example 9-4 Let us consider a problem in information theory. The
product of two graphs G and H, G X H, is a graph whose set of
vertices is the cartesian product of the sets of vertices of G and H.
Let {a,,a; . . .} be the set of vertices of G, and let {byby, . . .}
be the set of vertices of H. In the graph G X H:
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1. There is an edge joining the vertices (ai,01) and (a1,0,) if there
is an edge joining the vertices b, and b, in H.

2. There is an edge joining the vertices (ai,b1) and (a2,b;) if there
is an edge joining the vertices ¢, and a3 in G.

3. There is an edge joining the vertices (a.by) and (asbs) if there
is an edge joining the vertices a, and a. in G and an edge
joining the vertices by and b, in H.

As an example, Fig. 9-5¢ shows the product of graph ¢ in Fig. 9-5a
and graph H in Fig. 9-5b.

(ax.bx) (01,63) (a1,b2)

(a3,b1) (a3.b3) (a3,b2)
GXH

(a (b) ()
Figure 9-5

(az,b2)

Cousider a communication channel represented by the graph in
Fig. 9-6a. At the transmitting end, five letters a, b, ¢, d, and € can

ae —— a
a
b v
R e b

¢ ¢

d d

d ¢
e e
@) (b)
Figure 9-6

be transmitted. Five corresponding letters a’, &/, ¢/, d’, and ¢’ will
be received at the receiving end. However, because of disturbaunces
in the channel, the letter a will either be received as a’ or be received
as b’, the letter b will either be received as b’ or be received as ¢/, and
so on, as shown in Fig. 9-6e. In order that distinct messages can



INDEPENDENT SETS 24

be transmitted unambiguously through the channel, we shall use
only some of the five letters to represent the messages. For exam-
ple, if only the letters a and ¢ are to be used, we can recognize that
the transmitted letter is @ when cither @’ or b’ is received and that
the transmitted letter is ¢ when either ¢’ or @ is received. The
problem of selecting a subset of the letters for error-free reception
is that of finding an independent set of the graph in Fig. 9-6b in
which the vertices are the letters at the transmitting end and in
which two vertices are joined by an edge if they might be confused
us the same letter at the receiving end. Since the independence
number of the graph is 2, we know that only two of the five letters
can be used. For example, we can use the sets {a,c} or {a,d] or
{b,e} because they are all maximal independent sets.

When more than two distinct messages are to be transmitted,
we must represent the messages by “words’” made up of several
letters. For example, when four messages are to be transmitted,
they can be represented by aa, ac, ca, and cc. Because the letters
a and ¢ will always be recognized unambiguously at the receiving
end, the four messages will also be recognized unambiguously.
However, when we are to encode the messages as words of two
letters, we can actually accommodate five messages by using the set
of words aa, be, ce. db, and ed, since, as the following table shows,
there will be no confusien at the receiving end.

Word transmiited Words received

a’s’ a't’ ba’ b
blcl bld' c'cl c'dl
C'G’ clal d"l dlal
dlbl d’cl ‘lbl cIcl

e’d” e'e’ a'd a'e

LERRE

The problem of finding a largest possible set of two-letter
words for error-free reception is that of finding & maximal inde-
pendent set of the graph ¢ X G, where (7 is the graph of Fig. 9-6b.
The vertices in & X G are words made up of two letters, and two
vertices are joined by an edge if the two words might be confused
when they are transmitted. As a matter of fact, it can be shown
that B(G X @) is equal to 5. This brings up a very interesting
point. The average number of messages per letter transmitted
is greater when two-letter words are used instead of single letters.
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Would one obtain a still greater average if words of three letters,
and in general words of n letters, were used? To measure the
richness of words that can be used, we define the capacity of a
graph @, 6((7), as

8(G) = sup V/B(G)

where G* denotes the product of n G’s. (The notation sup +/8(G")

means the maximal value of v/B(G") for all possible values of n.)
This definition is quite natural. Since 8(G*) is the number of
n-letter words that can be used for error-free communieation,
+/B(@G") is the “number” of single letters that can be received
unambiguously at the receiving end. (Recall the simple fact that
from k letters, k» n-letter words can be composed.) However, fora
given graph G, there is no general way of determining its capacity.
As a matter of fact, the capacity of the graph in Fig. 9-6b has not
yet been determined. m

9-3 CHROMATIC NUMBERS

By coloring a graph we mean to paint the vertices of the graph with one
or more distinct colors. By properly coloring a graph we mean to paint
the vertices of the graph in such a way that no two adjacent vertices
are painted with the same color. The chromatic number v(G) of a
graph G is the least number of distinet colors that can be used to color
the graph properly. For example, the chromatic number of the graph
in Fig. 9-7a is 3. One way of properly coloring the graph is shown in

1
2 2
1 3
@ (b)

Figure 9-7

Fig. 9-7b where the vertices are labeled with the three colors 1. 2, and 3.

Moreover, it is quite obvious that the graph cannot be colored properly
with two colors.
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In map making, one wants to color the regions of a map in such a way
that no two adjacent regions are of the same color. In this connection
we shall also talk about properly coloring all the regions, including the
infinite region of a planar graph. (As was pointed out in Chap. 8, it is not
meaningful to talk about the regions of a nonplanar graph.) However,
the problem of coloring the regions of a planar graph is the same as that
of coloring the vertices of a dual of the graph. For example, to color
the regions of the map in Fig. 9-8a is the same as to color the vertices of
the graph in Fig. 9-8b.

(a) (b)
Figure 9-8

A variation of the coloring problem is to color the edges of a graph
such that all the edges incident with one vertex are colored distinctly.
Again, this problem is equivalent to that of coloring the vertices of
another graph which has a vertex corresponding to every edge in the
original graph and has an edge between two vertices when their cor-
responding edges in the original graph are incident with the same vertex.
For exumple, the problem of coloring the edges of the graph in Fig. 9-9¢

@ ()
Figure 9-9

is equivalent to that of coloring the vertices of the graph in Fig. 9-9b.
The edges of the graph in Fig. 9-9a and their corresponding vertices in
Fig. 9-9b are labeled with the same letters to exhibit the correspondence.
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The following theorem gives us an upper bound on the chromatic
number of a graph.

Theorem 9-1 [f the maximal degree of the verlices tn a graph is k, the
chromatic number of the graph is equal to or less than k + 1.

Proof We shall show that such a graph can always be properly
colored with k + 1 colors. We start by picking an arbitrary vertex
and painting it with one of the k£ + 1 colors. We then pick any
unpainted vertex and paint it with a color that has not been used
to paint those vertices that are adjacent to it. This is always pos-
sible because at most k colors were used to paint the adjacent

vertices. Such a procedure can be repeated until all the vertices
in the graph are painted. =

It is clear that for the complete graph with & 4 1 vertices (that is, the
degrees of the vertices are all equal to k), &k + 1 colors are needed to
properly color the graph. A more interesting result,t which we shall
state without proof, is the following: If the maximal degree of the vertices
in a graph is k and if no conuected component of the graph is a complete
graph with k + 1 vertices, then the chromatic number of the graph is
equal to or less than k.

Theorem 9-2 A graph can be properly colored with two colors if and only
if it conlains no circuits of odd length.

Proof For a graph that contains no eircuits of odd length, we pick
an arbitrary vertex and paint it with one of the two colors, say red.
We then paint the vertices that are adjacent to a red vertex with
the other color, say blue, and paint the vertices that are adjacent
to a blue vertex with the color red. This procedure is repeated
until ali the vertices are painted. In this way, no vertex is ever
painted with both colors, red and blue, since this will happen only
when there are two elementary paths between two vertices, one
of the paths having odd length, the other having even length.
However, this implies the existence of a circuit of odd length.

On the other hand, if a graph can be properly colored with two
colors, we shall find the colors of the vertices alternate when a circuit
is traversed. Hence, the length of the cireuit must be even. &

Corollary 8-2.1 The regions of a planar graph can be colored properly

with two colors 1f and only if the degrees of the vertices are all even
numbers.

1 This result is due to Brooks [4].
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Proof If the degrees of the vertices in a planar graph are all even
numbers, the contours of all the regions of a dual of the graph
will contain even numbers of edges. According to Theorem R-3.
any circuit can be expressed as a linear combination of the eontours
of the finite regions. Since the ring sum of two sets that have even
numbers of elements also has an even number of elements, we
conclude that all the circuits in the dual graph are of even length. =

Example 9-5 We want to decompose the graph in ¥ig. 9-10a (in the way
it 1s drawn) into several planar graphs. Problems like this arise in

(a) (b)
Figure 9-10

the design of printed circuits that are made by printing connecting
wires on the surface of nonconducting material. When the junc-
tions (the vertices of the graph) are restricted to fixed positions
and are to be joined by straight connecting wires (the edges of the
graph), some of the wires might unavoidably cross one another.
Since printed wires are not insulated, no two of them should meet
one another except at the junctions. If the wires are printed on
several planes such that the connecting wires on every plane only
meet at the junctions, as illustrated in Fig. 9-10b, no crossing wires
will result. The corresponding junctions in the planes are then
tied together by conductors. (In Fig. 9-10b, the connecting wires
are in dashed lines, and the conductors joining the junctions are in
heavy solid lines.)

To decompose the graph in Fig. 9-10a, we construct the graph
in Fig. 9-11 where there is a vertex corresponding to each of the
edges of the graph in Fig. 9-10a. \oreover, if two edges cross each
other in the graph in Fig. 9-10e, there will be an edge joining their
corresponding vertices in the graph in Fig. 9-11. Since the chro-
matic number of the graph in Fig. 9-11 is 3, the connecting wires
must be separated into three planes. Moreaver, according to the
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—en

Figure 9-11

coloring scheme shown in Fig. 9-11 (the vertices are labeled with
the three colors 1, 2, and 3), we can print the edges that are painted
with the same color on one plane as illustrated in Fig. 9-12. g

Figure 9-12

Example 9-6 Show that the regions into which a plane is divided by
circles drawn on the plane, as illustrated in Fig. 9-13, can be prop-
erly colored with two colors. We first ignore those circles that do
not intersect the other circles, like circles A and B in Fig. 9-13.
Clearly, every vertex of the graph formed by the arcs of the eircles is
of even degree. According to Corollary 9-2.1, the regions can be

©

\

GD

Figure 9-13
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properly colored with two colors. For circles like 4 and B which
are completely embedded in a region, we can simply color the

interior of such a circle with the color that was not used to color the
exterior region. m

Example 9-7 Show that a linear graph, with no loops, is 2 nonplanar
graph if it has seven vertices and the degrees of the vertices are all
equal to 4.

We prove first a useful general result: The regions of a planar
graph cannot be properly colored with two colors if the lengths
of all but one of the contours are divisible by an integer d (d > 1).
Suppose that the regions can be properly colored with two colors.
Each of the edges in the graph must he on the contours of two
distinctly colored regions. (We can disregard those edges that are
connected to a vertex of degree 1 as they do not affect our argu-
ment,) Let p be the number of regions that are painted with the
first color, and let n}, n3, . . . , n, be the numbers of edges in the
contours of these regions. Also, let g be the number of regions
that are painted with the second color, and let ny, ny, . . . , nj be
the numbers of edges in the contours of these regions. We have
ny + ny+ - - - + n, = total number of edges in the graph

24

7y 4+ ny + - - - 4+ n; = total number of edges in the graph
and thus
”'1+"'z+“’+n',=n';+n';+ ...+nr"

However, this equation cannot possibly hold if all but one of nj, n;,
U 1" " " e
..M, My, Ny, . .., ng are divisible by d.
Now, assume that a loop-free linear graph having seven ver-
tices, the degrees of all of which are equal to 4, is a planar graph.
The number of edges in the graph. e, must equal (7 X 4)/2 = 14.

According to Euler’s formula the number of regions is
r=e—v+2=14-742=9

Let ny, s, n;, . . . , ny denote the number of edges in the contours
of the regions. Since the graph is a linear graph, the n’s are all
equal to or larger than 3. Thus

nmt+ntnt -+ ng > 27
Therefore, we have
Mt nt+n+ - +ny=2e =28

It follows that eight of the nine n’s are equal to 3, and the remain-
ing n is equal to 4. According to the result we have just proved,
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gince all but one of the nine n’s are divisible by 3, the regions of the
graph cannot be properly colored with two colors.

However, since the degrees of the vertices of the graph are all
equal to 4, according to Corollary 9-2.1, the region of the graph can
be colored properly with two colors. We have, therefore, a contra-
diction, and can conclude that the graph is nonplanar. m

%*9-4 THE CHROMATIC POLYNOMIALS

For a given graph with n vertices, let P(A) denote the number of ways
of properly coloring the graph with X or fewer distinct colors. First of all,
note that P()\) is a polynomial of degree n. Let m, denote the number of
ways of properly coloring the graph with exactly ¢ distinet colors. (For
example, m; equals 0 unless the graph contains only isolated vertices, and
m, equals n!.) 1t follows that there are m; ();) ways of properly coloring

the graph with ¢ of the A distinct colors. Therefore we have

PO) = F A+ SO - D +ZA0 - DA =D+ - -

+FEMN D =D+
+IEA =D - —n )

which is a polynomial of degree n. The polynomial P()) is called the
chromatic polynomial of the graph. As an example, for the graph in
Fig. 9-14a, since my = 0, m: = 0, and m, = 3!, the chromatic polynomial
is

mm=§xa—na—n=xo—uo—m

In general, the chromatic polynomial of a graph can be found more
expeditiously by the application of the principle of inclusion and exclusion.

a a

AN,

@ (b)
Figure 9-14
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As an example, for the graph in Fig. 9-14a we consider all the possible
ways. proper and improper, of coloring the vertices. Let a; be the
property that vertices a and b are painted with the same color. Similarly,
let a; and a, be the properties that vertices a and ¢ and vertices b and ¢ are
painted with the same color, respectively. Therefore,

N = ¢
N(a,)) = N(az) = N(a)) = N\?
N(a,a2) = N(aa;3) = N(a:a;) = A
N(a;a:as) = A
and
P(\) = N(ajagay) =2 =3+ 3A — A=A — 1)(A — 2)

As another example, for the graph in Fig. 9-14b let the properties
be defined as in the following table:

Property Vertices that are painled the same color

a a, b
a3 a, c
a3 a, d
aq a, e
a, b, ¢
ag b, d
ar b e
ay c, d
[ 7% c e
We then have
8 = 9A¢ 8y = 30\? 8 =T\ 4 T7N?
8 = S5IN® + 75\ 8y = 15)% + 1112 8¢ = 2X% 4 82\
87 = 36\ 8 = 9 3 = A
That 8; = 9\* is quite obvious, because
N{a)) = N(as) = N(ag) = - - - = N(ag) = \*
Similarly, we have 85 = 36)\3%, because
N(aa:) = N(@ya;) = - - - = N(asay) = \?

To compute s;, we compute the values of the (S;) = 84 terms which are
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of the form N(a.a;a;). Note that seven of these 84 combinations of three
properties will have the vertices divided into three color-groups. For
example, the properties a,, a:, and a; mean that the vertices a, b, and ¢
are painted with one color, the vertex d is painted with one color, and the
vertex e is painted with one color. The remaining 77 of these 84 combi-
nations will have the vertices divided into two color-groups. For exam-
ple, the properties a,, as, and a, mean that the vertices a, b, and d are
painted with one color and the vertices ¢ and e are painted with one
color. The other &’s are computed similarly. Thus,

P(\) = N(ajaia; - - - d})
= A% — OA% + 36X — (TA% + T7)Y)
+ (5IA? 4+ 757) — (15A% + 111))
+ (222 4 82)) — 36A + 9A — )
= A® — On% 4 200% — 30A% + 18A
=AA — DR —2)(x —3)

Incidentally, because of the factors (A — 1}, (A — 2), and (\ — 3) in P(p),

we can conclude that at least four distinct colors are needed to properly
color the graph.

9-5 THE FOUR-COLOR PROBLEM

A famous and as yet unsolved problem in the theory of graphs is to
determine the smallest number of distinet colors that are sufficient to
properly color any planar graph. The graph in Fig. 9-15 shows that

Figure 9-15

three colors are not enough, and Theorem 9-3 below shows that five
colors are always sufficient. The question is as follows: Are four colors
always sufhicient? The most widely accepted conjecture is that four
colors are always sufficient. However, for over 100 years, the conjecture
has not been proved or disproved. This problem is known as the
‘“four-color problem.”
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Theorem 3-3 Fire colors are sufficient to color any planar graph properly.

Proof We shall prove the theorem by induction on the number of
vertices in a graph.  As the basis of induction, it is obvious that any
graph with five or fewer vertices can be properly colored with five
colors. As the induction hypothesis, suppose that any planar
graph with # — 1 vertices can be properly colored with five colors.
Let there be a planar graph with » vertices. According to the result
in Example 8-4, there iz, in the graph, a vertex the degree of which
i8 5 or less. We shall denote this vertex by . If we delete from
the graph the vertex r and the edges that are incident with it, we
have a subgraph with n — 1 vertices. According to the induction
hypothesis, the subgraph can be properly colored with five colors.
If z is adjacent to four or fewer vertices or if r is adjacent to five
vertices but two or more of them were colored with the same color,
we can pick a remaining color for x. The only case that needs a
closer look is that shown in Fig. 9-16a where z is adjacent to five

Figure $-16
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vertices p, g, 7, s, and ¢ which are colored with the five colors 1, 2, 3,
4, and 5. There are two possible cases:

1. There is no path connecting the vertices p and r such that all
the vertices on the path are painted with the two colors 1 and 3.
This case is illustrated in Fig. 9-16b, where the dashed lines are
edges that are incident with vertices that are colored with
colors other than 1 and 3. Starting from the vertex p, we
interchange the colors 1 and 3 of the vertices that are con-
nected to p by a sequence of edges that are incident with
vertices painted with the colors 1 and 3 as shown in Fig. 9-16¢.
Since p is now painted with the color 3, whereas r is still
painted with the color 3, z can be painted with the color 1.

2. There is a path connecting the vertices p and 7 such that all the
vertices on the path are painted with the two colors 1 and 3 as
illustrated in Fig. 9-16d. Since the graph is planar, there is
no path connecting the vertices ¢ and s such that all the
vertices on the path are painted with the two colors 2 and 4.
Using the same argument as in (1), we interchange the colors
of the vertices that are painted with the colors 2 and 4 and

are connected to ¢. The vertex = can then be painted with
the color 2. w

Since we cannot prove that four colors are enough for the proper
coloring of any planar graph, it will be interesting to find out some
sufficient conditions under which a planar graph can be properly colored
with four colors. We define a triangular graph to be a planar graph in
which each region (including the infinite region) is bounded by exactly
three edges. We shall call a region bounded by three edges a triangular
region. A region that is not bounded by exactly three edges in a graph
can always be divided into triangular regions by adding a vertex inside
of the region and joining this vertex with all the vertices on the boundary
by edges. The triangular transformation of a graph is the graph obtained
by dividing all the nontriangular regions of a graph into trmangular

0-0 [0~ (-

Figure 9-17

regions. Typical transformations are illustrated in Fig. 9-17. Clearly,
if the triangular transformation of a graph can be properly colored with
four colors, then the graph can also be properly colored with four colors,
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becuuse we can always delete those vertices added to triangularize the
graph after the triangular transformation of the graph is properly
colored. We shall therefore limit our discussion to the coloring of
triangular graphs.

Theorem 9-4 A (riangular graph can be properly colored with four
colors if and only if the edges of the graph can be colored with three
colors such thal the edges in the cantour of every region are eolored
distinctly.

Proof Suppose the edges of a triangular graph are colored with
three colors a, 8, and 4 such that the edges in the contour of every
region are colored distinctly. In the subgraph which contains
those edges that are painted with the colors a and 8, all the circuits
must be of even length. This is so because the contour of each
of the regions of the subgraph must contain exactly four edges, as
illustrated in Fig. 9-18. Therefore, the vertices of the subgraph

Figurs §-18

can be properly colored with two colors, say A and B. Notice
that every vertex in the given graph, except the isolated vertices
and those vertices of degree 1 that are incident with an edge painted
with color v, will have been painted with one of the two colors A
and B. Similarly, the vertices in the subgraph containing those
edges painted with the colors a and v can be painted with two colors,
say u and v. If we superimpose these two subgraphs, we find that
each vertex is painted in one of the four ways Au. Bu, A», and By,
Moreover, any two adjacent vertices are painted distinctly because
they are distinguished either by the colors A and B or by the colors
u and v. If we associate a distinet color with each of these four
combinations, we huave properly colored the vertices of the graph.
The isolated vertices and vertices of degree 1 can then be colored
after the other vertices are properly colored.

On the other hand, suppose that the vertices of the graph can
be properly colored with four colors 1, 2, 3, and 4. We shall paint
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those edges that join a 1 vertex and a 2 vertex, or a 3 vertex and a
4 vertex, with the color a; we shall paint those edges that join a
1 vertex and & 3 vertex, or a 2 vertex and a 4 vertex, with color §;
and we shall paint those edges that join a 1 vertex and a 4 vertex,
or a 2 vertex and a 3 vertex, with color y. We see that the edges
on the contour of any triangular region are painted distinctly.
Since the three vertices of the region are painted with three of the
four distinct colors 1, 2, 3, and 4, every two edges in the contour
(which are incident with one common vertex) must be painted with
two distinet colors. =

The result in Theorem 9-4 gives us a sufficten! condition on a graph
being properly colorable with four colors; namely, the edges of the
triangular transformation of the graph can be colored with three colors
such that the edges in the contour of every region are colored distinetly.
The following theorem, in turn, gives us a condition on the possibility
of so coloring the edges of the graph.

Theorem 9-5 The edges of a triangular graph can be colored with three
colors such that the edges in the contour of every region are colored dis-
tinctly if and only if a coefficient equal to 1 or 2 can be assigned o each
region such that the sum of the coefficients of the regions that have a
common vertex 1s equal to a mulliple of 3.

Proof Assume that such an assignment of coefficients has been
made. We start by picking an arbitrary edge and painting it with
color a. If the coefficient of a finite region is 1 or if the coefficient
of the infinite region is 2, then the edges in the contour of the region
will be colored such that in a clockwise direction around the contour
the colors of the edges read a, 8, and v. If the coefficient of a finite
region is 2 or if the coefficient of the infinite region is 1, the edges
in the contour of the region will be colored such that in a clockwise
direction around the contour the colors of the edges read a, v, and 8.
Such colorings are illustrated in Fig. 9-19. Going around a vertex

Figure 9-19
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in a clockwise direction, we see that such a coloring scheme always
colors two edges with the same color if they are separated by
regions (finite as well as infinite) the sum of whose coeflicients
is a multiple of 3. Various cases are illustrated in Fig. 9-20.

Figure 9-20

Therefore, the condition that the sum of the coefficients of the
regions that have 8 common vertex is equal to a multiple of 3
assures that no conflicts will arise in our coloring scheme.

On the other hand, suppose that the edges in the contour of
every region are colored distinctly with three colors a, 8, and ~.
We shall follow the edges around the contour of each of the regions
in a clockwise direction. For each finite region, if the order of the
colors reads a, 8, and v, we let the coeflicient of the region be 1;
if the order of the colors reads a, v, and 8, we let the coefficient
of the region be 2. For the infinite region, if the order of the colors
reads a, 8, and vy, we let the coefficient of the region be 2; if the
order of the colors reads a, ¥, and 8, we let the coefficient of the
region be 1. For such an assignment of coefficients, we observe
that going around a vertex in a clockwise direction, the sum of
coefficients of those regions separating two edges of the same color

is always a multiple of 3, using the same argument that was pre-
sented sbove. w

Corollary 9-5.1 A (riangular graph can be properly colored with four colors
if the degree of each vertex is @ multiple of 3.

Proof Assign the coefficient 1 to every region. @
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Corollary 9-5.2 A triangular graph can be properly colored with four colors
if the degree of each verlex is a multiple of 2.

Proof Assign the coefficients 1 and 2 alternately to the regions
around a common vertex in a clockwise direction. m

Example 3-8 Properly color the graph in Fig. 9-21a. To illustrate the
application of the results in Theorems 9-4 and 9-5, we assign to each
region a coefficient equal to 1 or 2 as shown in Fig. 9-21b. We then
color the edges with three colors a, 8, and y as shown in Fig. 9-21¢.
Finally, the vertices of the graph are colored with the colors 1, 2, 3,
and 4 as shown in Fig. 9-21d. =

9-6 SUMMARY AND REFERENCES

For the subject matter in this chapter, see Chaps. 13 and 14 of Ore [7]
and Chap. 4 of Berge {2]. In Berge {2}, the term externally stable set
15 used for dominating set and the term internally stable set is used for
independent set. Further discussion on the capacity of a graph can be
found in Shannon {8} and Chap. 4 of Berge {2]. Ball {1] has an excellent
account of the historieal notes of the four-color problem. The little book
by Dynkin and Uspenski [6] is 8 good elementary introduction to the
subject of map coloring. For coloring planar graphs and chromatie
polynomials, see Chap. 21 of Berge [2] and Chap. 4 of Busacker and
Saaty {5). The original paper on chromatic polynomials is by Whitney
[9]. An alternative way of finding the chromatic polynomial was pre-
sented in a paper by Birkhoff [3].
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PROBLEMS

9-1, Let G be a graph with n vertices. Show that 8(G)y(() = n.

9-2. For any two graphs ¢ and H, show that +(G X H) < y(()y(H).

9-3. For any two graphs G and H, show that 8(G X H) 2 8(G)8(H).

9-4. Show that the regions of a planar graph cannot be properly colored with two

colors if the graph has nine vertices and 17 edges and the degree of each vertex is at
least 3.

9-5. Show that a linear planar graph with 17 edges and 10 vertices cannot be properly
colored with two colors.
9-6. Show that two colors are sufficient to color the regions into which the plane is
divided by infinite straight lines drawn in an arbitrary manner.
9-7. A knight has made n moves on an 8 X 8 chessboard and has returned to the
square from which it started. Prove that n must be an even number,
9-8. n circles are drawn on the plane. In each circle a chord is drawn so that chords in
two different circles have at most one point in common. Show that the regions into
which the plane is divided can be properly colored with three colors.

Hint: Prove this by induction on the number of cireles.
9-9. (a) Show that a linear planar graph with less than 30 edges has a vertex of degree
4 or less.

(b) Show that a linear planar graph with less than 30 edges can be properly
colored with four colors,
9-10. (@) Show that if a planar graph has less than 12 regions and the degree of each
vertex is at least 3, then there is a region bounded by four or fewer edges.

(b) Prove that four colors are sufficient to color the regions of such a graph.

9-11. Show that no planar graph with n vertices has a chromatic polynomial that is of
the form

P(\) = x(a* — 6x + 5)Q@(\)

where Q()\) is a polynomial of degree n — 3.
9-12. Find the chromatic polynomial of the graph in Fig. 9P-1.

Figure 9P-1

9-13, Show that the chromatic polynomial of a tree of n verticesis P(A) = MA — 1)*".,
9-14. (a) Find the chromatic polynomisal of a circuit of n vertices, where n is an even
number.

(6) Find the chromatic polynomial of a circuit of n vertices, where n is an odd
number.
Check your results by noticing that two colors are sufficient to color the vertices in a
circuit of even length but are not suflicient to color the vertices in a circuit of odd
length.



Chapter 10
Transport Networks

10-1 INTRODUCTION

A directed graph that is connected and contains no loops is said to be a
transport network if in the graph the following conditions are satisfied:

1. There is one and only one vertex that has no incoming edges; it is
called the source and is denoted by a.

2. There is one and only one vertex that has no outgoing edges; it is
called the sink and is denoted by 2.

3. There is a nonnegative number associated with each edge; it is called
the capacity of the edge. The capacity of the edge (4,7) is denoted
by a(z,7).

Clearly, a trausport network represents a general model for the
transportation of material from the origin of supply to the destination
through shipping routes, where there are upper limits on the amount of
material that can be shipped through the routes. Figure 10-1a shows an
example of a transport network.
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b 7 c b 7
8 8 8.3
5 10 5,1
d d

@) (b)
Figure 10-1

2 c

A flow in a transport network, ¢, is an assignment of a nonnegative
number ¢(i,j) to each edge (7,j) such that the following conditions are
satisfied:

1. o(2,)) < a(1,j) for each edge (7,)).

2. E ¢(1,j) = 2 #(j,k) for each vertex j except the source a and the
o ol

sink 2.1

In terms of the transportation of material, ¢(4,7) is the amount of mate-
rial to be shipped through the route (¢,7). Condition 1 means that the
amount of material to be shipped through a route cannot exceed the
capacity of the route. Condition 2 means that, except at the source
and at the sink, the amount of material flowing into a vertex must equal
the amount of material flowing out of the vertex. For example, Fig.
10-1b shows a flow in the transport network in Fig. 10-1a. The first
number associated with an edge is the capacity of the edge, and the
second number associated with an edge is the flow in the edge. The
quantity ¢(a,?) is said to be the value of the flow ¢ and is denoted by

al s
¢.. Intuitively, it is clear that

¢ =Y ¢lad) = Y olk2)

sll ¢ ali k&

that is, the total outgoing flow at the source is equal to the total incoming
flow at the sink. This result is proved rigorously in the following section
(Corollary 10-1.1). For a given flow, an edge (i,7) is said to be saturated
if (%,7) = a(1,7) and is said to be unsaturated if ¢(i,j) < alij). A
mazrimal flow in a transport network is a flow that achieves the largest
possible value. It is conceivable that there might be more than one
maximal flow in a transport network. In other words, there might be a
number of different flows, all of which attain the largest possible value.

A variation of our model of a transport network is a network having

t We define 4(3,j) to be zero if there is no edge from ¢ to j.
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several sources, each of which can supply a certain amount of mate-
rial, and several sinks, each of which demands a certain amount of
material. Figure 10-2a shows an example, where a,, a;, and a; are the

3'// 21 4
pa /4 a2 ‘\\
€ - ez
\\ 4 ,',
\\\\ 22
as
@) (b)
Figure 10-2

sources and 2z, and zy are the sinks; the numbers associated with the
sources and sinks are the supplies and demands at the sources and the
sinks, respectively. Such a network can be augmented to form a net-
work with a single source and a single sink as shown in Fig. 10-2b, namely,
a new source a is added together with an edge from a to each of the
sources a;, @i, and a;. The capacity of the edge (a,a), i = 1, 2, 3, is
equal to the amount of material that the source a; can supply. Also, a
new sink z is added together with an edge from each of the sinks z, and z,

to z. The capacity of the edge (z;,2), ¢ = 1, 2, is equal to the demand
at the sink z;.

10-2 CUTS

A cuf in a transport network is a cut-set of the undirected graph, obtained
from the transport network by ignoring the direction of the edges, that
separates the source from the sink. The notation (P,P) is used to
denote a cut that divides the vertices into two subsets P and P, where
the subset P contains the source and the subset P contains the sink.
The capacity of a cut, denoted by a(P,P), is defined to be the sum of

the capucities of those edges incident from the vertices in P to the vertices
in P; that is,

«PP)= ¥ aij)
€PEP

For example, the dashed line in Fig. 10-3 shows a cut that separates the
subset of vertices P m {a,d} from the subset of vertices P = {b,cz}.
The capacity of this cut is equal to 8 + 7 + 10 = 25,
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Figure 10-3

The following theorem gives an upper bound on the values of flows
in a transport network.

Theorem 10-1 The value of any flow tn a gtven transporl nelwork i3 less
than or equal to the capacity of any cut in the network.

Proof Let ¢ be a flow and (P,P) be a cut in a transport network.
For the source a,

Y #(ai) = Y ¢(ja) = 3 #(ad) = ¢ (10-1)
all's all'j all's

since ¢(7,a) = O for any j. For a vertex p other than a. in P,

2 o0 = ¥ oip) =0 (10-2)
all i ally

Combining Egs. (10-1) and (10-2), we have

s= L1 o0d - 3 otin)]
= Fa 0D~ 3 eGp
=[ T 0+ 3 emn]
PEPEP PEPIEP
L 2 sum+ 2 P¢(.?\p)] (10-3)
Note that PEFUEr rerve

e, D) = i, 0P

becu‘use both sums run through all the vertices in P. Thus. Eq.
(10-3) becomes

% = i) — i 10-4)
ve;:ieﬁ ¢(p.7) . :%ef 3(i.p) (
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But, since z ¢(7.p) is always a nonnegative quantity, we have
scPuEP

6.< Y D Y alpi) =aPP) m
pEPEP pEP P

For example, the value of any flow in the transport network in
Fig. 10-3 cannot exceed 12 because the capacity of the cut consisting
of the edges (b,c), (b,d). and (a,d) is 12.

Equation (10-4) is a useful resuit which is stated as the following
corollary.

Corollary 10-1.1 The value of a flow in a transporl nelwork ts equal to the
sum of the flows in the edges from the vertices in P lo the verlices in P
minus the sum of the flows in the edges from the vertices in P to the
vertices in P for any cut (P,P).

10-3 THE MAX-FLOW MIN-CUT THEOREM

One frequently wants to determine the largest amount of material that
can be shipped from the source of a given transport network to its sink.
Moreover, it is desirable to have an algorithm for the construction of a
flow in the network that achieves the largest possible value. To these
ends, we prove the following theorem.

Theorem 10-2 In a transport network, the marimal value that a flow can
achieve 1s equal to the minimal value of the capacities of all the culs
in the nelwork.

Proof Iun view of Theorem 10-1, we have only to show that there
exists a flow ¢ having a value equal to the capacity of some cut
(P,P). Observe that ¢ must be a maximal flow; if there were a
larger flow, then its value would exceed the capacity of the cut
(P.P). Siniilarly, the capacify of the cut (P,P) must be a minimal
one; if there were a cut with smaller capacity, then ¢, would exceed
the capacity of that cut.

The existence of such a flow is proved by giving a construction
procedure that is known as the labeling procedure. To start the
procedure, we must construct an initial flow ¢ in the network.
However, such construction poses no problem as we can always
start, trivially, with zero flow in every edge.

At first, the source a is labeled (—,=). (The significance of
such a label will become clear later.) Next, all the vertices that
are adjacent from a are scanned. A vertex b that is adjacent from ¢
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is labeled (a*,A(b)), where A(b) is equal to alab) — ¢(ab), if
a(a.b) > ¢(a,b); it is not labeled if a(a,b) = ¢(a.b). After all the
vertices that are adjacent from the source a are scanned and labeled
(if possible), those vertices that are adjacent to or from the labeled
vertices are scanned. Let b be a labeled vertex, and let ¢ be a
vertex that is adjacent from . The vertex q is labeled (b+4(g)),
where A(g) is equal to the smaller of the two quantities A(b) and
[a(b,g) — ¢(b.9)] if a(b.q) > ¢(b.g). The vertex ¢ is not labeled if
afb,g) = ¢(b,g). Let b be a labeled vertex, and let ¢ be a vertex
that is adjacent lo b. The vertex ¢ is labeled (b—,A(q)), where A(g)
is equal to the smaller of the two quantities A(b) and ¢{gb) if
¢(g,b) > 0. The vertex ¢ is not labeled if ¢(g,b) = 0. Such a
labeling procedure is not necessarily unique. The vertex ¢ might
be adjacent to or from more than one labeled vertex. Also, there
might even be an edge incident from b to g as well as an edge
incident from ¢ to b. In any case, when a vertex can be labeled
in more than one way, an arbitrary choice of these ways is made.

Let us examine the meanings of these labels before proceeding
with the presentation of the remaining steps in the procedure. For
a vertex that is adjacent from the source (like the vertex b), the
label (a*,A(b)) means that the flow into b can be increased by an
amount equal to A(b). Moreover, such an increment can be drawn
from the source a. Similarly, for a vertex ¢ that is adjacent
from a labeled vertex b, the label (b+,A(g)) means that by drawing
the increment from the vertex b, the total incoming flow into ¢
from the labeled vertices can be increased by A{g). For a vertex
q that is adjacent to a labeled vertex b, the label (b—.A(g)) means
that by decreasing the flow from ¢ to b, the total outgoing flow
from g to the labeled vertices can be decreased by A(g). In either
of these cases, an increase in the flow equal to A(g) from the vertex
g to the unlabeled vertices is assured. The meaning of the label
of the source, (—, = ), should also become clear now. It means that
(out from nowhere) the source can supply an infinite amount of
material to the other vertices.

If we repeat the procedure of laubeling the vertices that are
adjacent to or from the labeled vertices, one of the following two
cases shall arise:

Case 1 The sink z is labeled, say, with a label (¥+,4(2)). [Of
course, z will never have a label like (y—,A(z)).] We can increase
the flow in the edge (y,2) from ¢(y,z) to #(y2) + A(z), as the
increment is guaranteed by the vertex y. If y is labeled (g*.a(y)),
we shall in turn draw the increment from the vertex ¢ by increasing
the flow in the edge (g,y) from #(g,y) to ¢(g,¥) + A(z). On the
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other hand, if y is labeled (¢~.A{y)), we shall decrease the flow in
the edge (y.¢) from ¢(y.¢) to o(y,g) — A(2) so that the increment
A(2) from y to 2z is compensated. The process is continued back
to the source a, and the vulue of the flow in the transport network
will be increased by the amount A(z). The labeling procedure can
now be started all over again to further increase the value of the
flow in the network.

Case 2 The sink z is not labeled. Let us denote all the labeled
vertices by P and all the unlabeled vertices by P. The fact that
the sink z is not labeled means that the flow in each of the edges
incident from the vertices in P to the vertices in P is equal to the
capacity of that edge, and that the flow in each of the edges incident
from the vertices in P to the vertices in P is equal to zero. Accord-
ing to Corollary 10-1.1, we have thus obtained a flow, the value of
which is equal to the capacity of the cut (P,P). The flow, there-
fore, is a maximal flow. =

Corollary 10-2.1 [If the capactties of the edges tn a transport nelwork are
all tnlegral values, there is a maximal flow such that the flows in the
edges are also tntegral values.

Proof If we start with zero flows in the edges and use the labeling
procedure to construct a maximal flow, the increments in the flows
in the edges are always integral values. m

Consider the following illustrative example. Fer the transport
network in Fig. 10-4a, we start with zero flow in every edge. (The first
number associated with an edge is its capacity, and the second number
is the flow in the edge.) Figure 10-4b shows the first pass of the labeling
procedure. Notice that the sink 2z can be labeled either with (d+,3) or
with (b+,2). Wae choose arbitrarily the label (d+,3). Figure 10-4¢ shows
the second pass, and Fig. 10-4d shows the third pass. Notice that in
Fig. 10-4d the vertex b is labeled (c*,6) and the vertex d is labeled (c*,4);
that is, the vertex ¢ has guaranieed a-total flow of 10 to the vertices b
and d although A(c) is only equal to 9. However, since the vertex ¢
would have to supply either the increment of flow at b or the increment
of flow at d, but not at both, in the augmentation step, no difhiculty will
anse. Yigure 10-4e shows the last pass of the labeling procedure, which
yields a maximal flow of 13.

Example 10-1 In the graph shown in Fig. 10-5a, the numbers associated
with the edges are the distances between vertices. Find a shortest
path between the vertices a and 2. (It is possible that there are
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(e)

Figure 10-4
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1 10 5
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10 4 2
4 1 5
6 3 8
2 6 3
3 8 5
zl
(a) (b)

Figure 10-5

(a) (b)
Figure 10-6
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several paths of minimal distance.) Consider the graph in Fig.

10-5a as a one-terminal-pair planar graph with ¢ and 2 as its ter-

minals. We construct a dual of the graph, which is shown in Fig.

10-50. We also assign to the edges of the graph in Fig. 10-5b the
same numbers that were assigned to their corresponding edges in
Fig. 10-5a and interpret these numbers as the capacities of the
edges. As shown in Example 8-6, a path between the vertices a
and z in the graph in Fig. 10-5a corresponds to a cut-set separating
the vertices a’ and 2’ in the graph in Fig. 10-55. Therefore, the
problem of finding a shortest path between a and z in Fig. 10-5a is
equivalent to that of finding a cut-set separating a’ and 2’ in Fig.
10-5b such that the sum of the capacities of the edges in the cut-set
is minimal. To find such a cut-set, the transport network in Fig.
10-6a is constructed by replacing each edge in the graph in Fig.
10-5b with two edges that are of the same capacity and are directed
in both directions. Also, edges of infinite capacity are added
between a’’ and a’ and between 2’ and 2’ so that a” and 2 will be
the source and the sink of the transport network, respectively.
Applying the labeling procedure to find a maximal flow in the
transport network, we find a cut of minimal capacity as shown in
Fig. 10-6b when the procedure terminates. 'This minimal cut corre-
sponds to a shortest path of length 14 in the graph in Fig. 10-3¢. =

%10-4 AN EXTENSION

Suppose for every edge in the transport network there is an upper bound
on the flow in the edge (the capacity) as well as a lower bound; that is,
to every edge (7,j) two nonnegative numbers a(i.j) and 8(i.j), with
a(i,j) > B(i,j), are assigned. A flow ¢ in the network is said to be a
feasible flow if for each edge (,7), ¢(3,7) is less than or equal to a(i.j) and
at the same time larger than or equal to 8(,7). In some transport net-

work having such limitations, no feasible flow may exist. Figure 10-7
shows one such network. We have, therefore, for a given transport
network, two questions: Cun there be feasible flows in the network?
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How does one find 8 maximal feasible flow in the network? Theorems
10-3 and 104, which follow, provide answers to these questions.

Theorem 10-3 For any feasible flow ¢ and for any cut (P,P) in a given
transport network,

8(P,P) - a(B.P) < ¢, < a(P,P) — B(P,P)

where

aPP)= Y a(ij) and aPP)= 3 a(ji)
€pPyel ePiEP

8PPy = Y BG) and BBP)= Y BGH
Erjef ieP.ck

Proof This theorem is a direct extension of Theorem 10-1.  Accord-
ing to Eq. (10-4) in the proof of Theorem 10-1, we have

&= Y sD- §  ¢Gp

pEPIEP rEPEP

Thus,

6.5 Y ap) - T BGp) =aP.P) ~ BPP)
pePEP »EPCP

and

2 T BN~ I alp) =B0LP) - aPP) u
sEPIEP sePEP

Although the determination of the conditions for the existence of
feasible flows in the transport network is not the main purpose of proving
this theorem, the inequalities we have obtained do impose a necessary
condition on the existence of feasible flows in a transport network.
Since for any two cuts (P,P) and (Q,Q), we must have

B(P.P) — a(P,P) £ ¢, < a(P,P) — B(P,P)
and

8(Q.Q) - a(Q.Q) < ¢. £ a(Q,Q) — 8Q.Q)
that either

B(P.P) ~ a(P,P) > a(Q.Q) ~ (Q.Q)
or

BR.Q) — a(Q.Q) > a(P.P) ~ g(B.P)
will mean the nonexistence of feasible flows in the network. As an
example, for the transport network and the two cuts (P,P) and (Q.Q)



270 TRANSPORT NETWORKS

| |
(QQ) (P,P)
Figure 10-8

shown in Fig. 10-8, we have

B(P,P) — «(PP) =4 +6+3 -2 =11
and

aQQ) - BQQ =3+3+4+1-1=10

Therefore, we conclude that no feasible flow can exist in the network.

Theorem 10-8 In a lransport network where there are both upper bounds
and lower bounds on the flows tn the edges, the value of the maximal
feasible flow is equal lo the minimal value of «(P,P) — 8(P,P) for
all the cuts (P,P) in the network.

Proof The proof of this theorem is also similar to that of Theo-
rem 10-2. In view of Theorem 10-3, we need only show the
existence of a feasible flow, the value of which is equal to a(P,P) —
B(P,P) for a cut (P,P). The labeling procedure presented in the
proof of Theorem 10-2 is modified as follows:

1. A vertex b that is adjacent to the source a is labeled (a*,A(b)),
with A(b) = a(a,b) — ¢(a,b), if alab) > ¢(a.b); it is not
labeled if a(a,b) = ¢(a,b).

2. If an unlabeled vertex ¢ is adjacent from a labeled vertex b, then
g is labeled (b*,A(g)), with A(g) equal to the smaller one of the
two quantities A(b) and a(b,g) — ¢(d.g), if a(b,q) > #(b.g);
however, q is not labeled if a(b.q) = ¢(b.q).

3. If an unlabeled vertex ¢ is adjacent to a labeled vertex b, then ¢
is labeled (6-,4(q)), with A(g) equal to the smaller one of the
two quantities A(b) and ¢(g,b) — B(g,b), if ¢(g,b) > 8(g.b);
however, g is not labeled if ¢(g,b) = B(g,b).
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It is quite clear that at the termination of such a labeling pro-
cedure the value of the flow in the transport network is equal to
a(P,P) — B(P,P), where P is the set of labeled vertices and P is the
set of unlabeled vertices. m

The labeling procedure presented here can be used to construct
a maximal feasible flow in a transport network, provided that we start
the procedure with an initial feasible flow in the network. Unlike the
case where there are only upper bounds on the flows in the edges, the
existence of an initial feasible flow is not at all obvious, because zero
flows in all the edges might not constitute a feasible flow in the net-
work. Theorem 10-5, which follows shortly, will settle the issues of
(1) the existence of a feasible flow in a transport network and (2) the
construction of an initial feasible flow.

Given a transport network G with upper and lower bounds on the
flows in the edges, we construct a corresponding network ¢ with only
upper bounds on the flows in the edges. The capacity of an edge (1,7)
in G is denoted by a(i,j).

1. Network G contains all the vertices in ¢ with two additional vertices
d and 2, which are the source and the sink of G.

2. Network G contains all the edges in G. The capacity &(%,7) of an edge
(t.J) is equal to a(3,j) — B(i.j).

3. Corresponding to each edge (3,j) in G, the source 4 is joined to the
vertex j by an edge (4,7) of capacity &(4,7) = 8(i,7), and the vertex 1
is joined to the sink £ by an edge (7,2) of eapacity &(:,2) = 8(1,)).

4. The vertex a and the vertex z (the source and the sink of G) are joined
by an edge of capacity &(z,e) = .

As an example, for the transport network G in Fig. 10-9a the cor-
responding network G is shown in Fig. 10-95, where heavy lines are used
to indicate those edges that were edges in G.

Theorem 10-5 A feasible flow exists in G if and only if there i3 a (mazrimal)
flow in G such that all the edges incident into the sink 2 are saturated.

Proof Suppose that there is a feasible flow ¢ in G. Let a flow ¢
in G be constructed as follows:

(.7 = ¢(i,j) — B(i,3)
(1,2) = 4(1,%)

#d.j) = a(4,))

é(ze) = ¢,

(10-5)
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We show that ¢ is indeed a flow in the network G. First, it is clear
that

and
8G,J) = ¢(1,7)) — B(L) < a(ij) — B(.J) = &G,
Next, it can be shown that for every j other than 4 and 3,

Y i) — 3§ $Gik) =0
all allk
nd Y

Notice that
Yéa =Y éan+ Y st
Aty alis

all
ind ng edges from
ato)
Since
Y 6@ =Y 8GS)
all o
Cd‘:":l;)m is G
we have
S 660 =3 66D+ I BGI)
ali ¢ all i ail s
Y nG inG
= 3 G ~ ¥ G + 3 B
25 T ¥
=Y (i)
alf s
ind@

Similarly, we have
z $(.k) = 2 #(3,k) — 2 B(.k) + Z B(s.k) = Z &{d.k)
all & all & ol &

all & all &

i n@ in G in@ ingG

1t follows that

2 é3i.,5) — 2 $G.k) = 2 ¢(1.7) — Z ¢(jk) =0

Al all & ali§ ol k

nd nd in@ ng

Therefore, we conclude that ¢ is a flow in the network G. More-
over, according to Eq. (10-5), ¢ is a flow such that all the edges
incident into £ are saturated.

1 There might be more than one edge from d to j.
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On the other hand, suppose that there is a flow ¢ in @ such
that all the edges incident into £ are saturated. Let a flow ¢ in G
be constructed as follows:

#(1,7) = $(1.7) + B(I)

We show that ¢ is indeed a feasible flow in the network G. We

notice that

#(i.5) = 6(1,5) + BGJ) = B(,j)

and

é(i,7) = 6(4,7) + B(,J) < &(t.j) + B8(5,7) = a(i,5) — B(:,5) + 8(,)
= a(i,j)

Next, it can be shown that for every j other than a and ¢z,

Y oG — Y #Gk) =0
all s all &
in G inG

Since the saturation of all the edges incident into £ means the satura-
tion of all the edges incident from 4, we have

Y 8GH) = Y éd)

alls all edges
inG from 4 to j§
and
DECUEE IR
sl k all edgea
inG from j to #

It follows that
Y si) ~ ¥ ek = [ ¥ G4 + ¥ 8G5)]

o ey i3
~[3 86k + 3 8GH)]
all k all k
s G n G
= [ 266G + @)
all 4 all edges
inG fromatoy
~[TéGH+ T 6GH]
st k all edges
inG from j to 3
= Y éG) - ¥ Gk =0
all 3 alt &
in@ in G

Thus, we conclude that ¢ is a feasible flow in the network G. =
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For a given transport network G in which hoth upper and lower
bounds on the flow in each edge are specified, we can find an initial
feasible flow in & by constructing the corresponding transport network
G and finding a maximal flow & in G. If the maximal flow in G does not
saturate all the edges incident into 2, we couclude that no feasible flow
can exist in the network G. If the maximal flow in G does saturate all
the edges leading to 4. we can construct an initial feasible flow in G as
shown in the proof of Theorem 10-5. Once an initial feasible Aow has
been found in G, we ean find 8 maximal feasible flow in G by earrying out
the labeling procedure presented in the proof of Theorem 10-4.

As an example. to find a maximal feasible flow in the network G in
Fig. 10-9a, we construet the corresponding network G in Fig. 10-9b, which
is, in turn, simplified by combining edges between vertices as in Fig.
10-9¢c. A maximal flow in @ is constructed as shown in Fig. 10-9¢. An
initial feasible flow in G' can then be constructed as shown in Fig. 10-9e.
Finally, a maxtmal feasible flow in G is constructed as shown in Fig. 10-91.

10-5 SUMMARY AND REFERENCES

As was pointed out earlier, problems concerning the shipment of mer-
chandise and the allocation of resources can be formulated as network
flow problems. Moreover, there are other applications of the result
as was seen in Example 10-1 and as will also be seen in Chap. 11 when we
study the theory of matching.

The mode} of a transport network ean be modified in several ways
as discussed in Probs. 10-4, 10-7, 10-9, and 10-15. A further extension
is to have a set of positive numbers associated with each of the edges in
a transport network and to require that the flow in an edge be equal to
one of the numbers associated with that edge. The problem is then to
construet a feasible flow as well as to construct a maximal feasible flow
in the network.  Another extension is the problem of multiple-commodity
flow. Suppose that in a transport network there are k sources, each
supplying one of k¥ commadities, and there are & sinks. each demanding
oue of the k commoditics. The multiple-commodity flow problem is to
construct & simultaneous flows for the k& commodities such that the
demands at the k sinks are satisfied and the sum of the values of the &
flows in each edge does not exceed the capacity of that edge.

The book by Ford and Fulkerson [3] has an excellent coverage of the
subject material.  Also see Chap. X of Berge (1] und Chap. 7 of Busacker
and Saaty [2].

L. Berge, C.: “The Theory of Graphs and Its Applications,” John Wiley & Sons, Inc.,
New York, 1962.
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2. Busacker, R. G, and T. L. Saaty: “Finite Graphs and Networks: An Introduction
with Applications,” McGraw-Hill Book Company, New York, 1965.

3. Ford, L. R., Jr,, and D. R. Fulkerson: “Flows in Networks,” Princeton University
Press, Princeton, N.J., 1962,

PROBLEMS

10-1. Use the labeling procedure to find a maximal flow in the transport network in
Fig. 10P-1.

L I3

2
[V ]
N
~

7 4 3

4
Figure 10P-1

10-2, Find a maximal flow in the transport network in Fig, 10P-2.

3 3 5
= >
127" 4o - 8 w5 Y6_sg 110 L
12 6: f >
2
{
a 1 16 f 8 3 {{10 5 6 2
1 6 4 - 10
16 1 } 6 3 6 5 6
Figure 10P-2

10-3. Equipment is manufactured at three factories z,, zs, and z; and is to be shipped
to three depots yi, ys and y; through the transport network shown in Fig. 10P-3.

X1

15 5 P Y1
20 » 5 10
x2 M’ py2
10 » 30 20
x3 by3

Figure 10P-3

Factory z, can make 40 units, factory z, can make 20 units, and factory z; can make

10 units.
units.
to the depots?

Depot y, needs 15 units, depot y, needs 25 units, and depot y; needs 10
How many units should each factory make 8o that they can be transported
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10-4. Find a maximal flow in the transport network in Fig. 10P-4 in which flows in the
unoriented edges can be in either direction.

4 2
. —
3 3 2 3
4 2 2 5
a - > - >— 2
3 2 43 2 3
5 o 3
2 4
Figure 10P-4

10-5. (@) Seven kinds of military equipment are to be flown to a destination by five
cargo planes. There are four units of each kind, and the five planes can carry eight,
eight, five, four, and four units, respectively. Can the equipment be loaded in such a
way that no two units of the same kind are on one plane?

(b) Give a solution to part (a) when the capacities of the planes are seven,
seven, six, four, and four units, respectively.
10-6. Construct u directed 2-graph with four vertices such that the outgoing and
incoming degrees of the vertices are (5,4), (3,3), (1,2), and (2,2), respectively, by
solving the corresponding network flow problem.
10-7. In the transport network in Fig. 10P-5, not only are there upper bounds on the
flows in the edges, but there are also upper bounds on the total flows into the inter-
mediate vertices. Find a maximal flow in the network.

15 15 30 20 15

10 20
10
20 15
a
10
25
25 30 15 20 20
Figure 10P-S

10-8. In the network in Fig. 10P-6 the numbers associated with the edges are the
distances between vertices. Find a shortest path between a and z.

4 3

2 ) 2 2 4 2\l
5

2 ‘; > )

a 2 2 1 2 3 z
2 4 3
2 2 1 3 1

3 a

Figure 10P-6
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10-9. Given a transport network, we wish to find a flow such that the flow in each edge
is larger than or equal to the capacity of the edge and the value of the flow is minimal.
(a) Define the “‘capacity of a cut,” and state the minimal-flow maximal-cut
theorem which is analogous to the maximal-flow minimal-cut theorem proved in
Sec. 10-3.
(6) Prove the minimal-flow maximal-cut theorem by designing an algorithm to
find a minimal flow.
10-10. Engineers and technicians are to be hired by a company to participate in three
projects. The personnel requirements of these three projects are listed in the follow-
ing table:

M inimal Minimal number in each category

number of
people needed  Mechanical Mechanical Electrical  Electrical
in each project  engineers lechnicians  engineers technicians

Project I 40 5 10 10 5
Project 11 40 10 5 15 5
Project 111 20 5 0 10 5

Moreover, to prepare for later expansion, the company wants to hire at least 30
mechanical engineers, 20 mechanical technicians, 20 electrical engineers, and 20 elec-
trical technicians. What is a minimal number of persons in each category that the
company should hire, and how should they be allocated to the three projects?

10-11. In the graph in Fig. 10P-7 a minimal set of edges is to be selected such that
every vertex is incident with at least one of the edges in the set. Solve this problem
as a minimal flow problem associated with a transport network.

[

Figure 10P-7

10-12. Three candidates r1, 72, and x; have been promised minimal amounts of cam-
paign money of $40,000, $23,000, and $50,000, respectively. Each candidate in turn
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has promised three campaign areas at least the amounts of money shown in the table
below. In addition, each candidate will need at least $5,000 for his own expenses.

Campaign area

Candidate C| C’ C‘
I $20.000 $10,000 $10,000
2y 10,000 5,000 2,000
o 5,000 10,000 20,000

If the three campaign areas C,, C,, and C; require a minimum of $30,000, $25,000, and
$50,000, respectively, to conduct a thorough campaign, what is 2 minimal amount of
campaign money each candidate must obtain and how should it be distributed?

10-13. Show that no feasible flow exists in the transport network G in Fig. 10P-8 by
(a) using an exhaustive argument

(b) finding two cuts (P,P) and (Q,Q) such that
6Q,Q) ~ a(Q,Q) > a(P,P) ~ (P,P)

(¢) constructing G and finding a maximal flow in G

(2.:6)

2.4)
Figure 10P-8

10-14. Find a maximal flow in the transport network in Fig. 10P-9.

(2.6)

10-15. (a) State a procedure for finding a minimal flow in a transport network where
there is & lower bound as well a8 an upper bound on the flow in every edge.
(b) Find a minimsl flow in the transport network in Fig. 10P-9.



Chapter 11
Matching Theory

11-1 INTRODUCTION

Four workmen zi, 13, 3, and z, are available to fill five jobs yy, ys, ¥s. ¥,
and ys. 7, is qualified for the jobs y; and ys; zs is qualified for the jobs
Y1 and ys; x; is qualified for the job y; and z. is qualified for the jobs
Y2, ¥s, and ys5. The assignment problem is concerned with the following
questions: Can each workman be assigned to a job for which he is quali-
fied? If so, how should the assignhment be made? If not, at most, how
many of them can be assigned? It can be observed that this problem
i3 one of permutations with forbidden positions, a topic discussed in
Chap. 4. In the present context, there are five possible positions for
the workmen with the forbidden positions for each workman being the
jobs for which he is not qualified. Figure 11-la shows the forbidden
positions in tabular form. Applying the principle of inclusion and
exclusion, we can find the hit polynomial and thus determine the number
of ways of assigning the four workmen to jobs for which they are qualified.
(In the case that not all of the workmen can be assigned to jobs for
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y1
X1

y2
X2

¥3
X3

ya
xa

¥s

@) (b)

Figure 11-1

which they are qualified, the hit polynomial also gives the largest number
of workmen that can be assigned as well as the number of ways of making
the assignment.) However, such a computation gives no information
about how the assignments should be made.

In this chapter, the assignment problem is solved in a different way.
First of all, it is observed that the qualifications of these men can be
represented by a graph. The vertices in the graph are z,, 3, 3, T4, Y1, V2,
¥1. ¥+ and y; corresponding to the workmen and the jobs, respectively.
There is an edge joining z; and y; if workman z, is qualified for the job y;.
Such a representation is shown in Fig. 11-1b. The problem of assigning
the men to jobs for which they are qualified is then equivalent to the
problem of selecting a subset of the edges such that each z will be con-
nected to exactly one y by one of these edges.

A bipartite graph is defined as a graph. the vertices of which can be
divided into two disjoint subsets such that no vertex in a subset is adja-
cent to vertices in the same subset. The graph in Fig. 11-1b is a bipartite
graph. In a bipartite graph G, let X and Y denote the two disjoint
subsets of vertices. A malching in a bipartite graph is a selection of
edges such that no two edges in the selection are incident with the same
vertex (in X or in Y); that is, 4 matching defines a one-to-one correspond-
ence between the vertices in a subset of X and the vertices in a subset of }.
A complete matching of X into Y in a bipartite graph is a matching such
that there is an edge incident with every vertex in X. In other words, a

one-to-one correspondence is defined between all the vertices in X and
the vertices in a subset of Y.

11-2 COMPLETE MATCHING

For a given bipartite graph, we want to know whether there is 1 complete
matching of the set of vertices X into the set of vertices }'. Theorem 11-1
gives a necessary and sufficient condition for the existence of a complete
matching in a bipartite graph.
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Theorem 11-1 [n a bipartite graph a complete matching of X into Y exista
if and only if | A} < |R(A)| for every subset A of X, where R(A) denoles
the set of vertices in Y that are adjacent lo the vertices in A.

Before proving the theorem, let us illustrate its application. For
the bipartite graph in Fig. 11-2a, there is a complete matching of X

n i L2 »
x2 y2 *z y2
x3 y3 x3 y3
xa Y&
(a) (b)
Figure 11-2

into Y because, as shown in the Table 11-1, the condition {A] < |R(A)}is
satisfied for every subset 4 of X.

Table 11-1

4 14] R(A) IR(A)|

[ 0 (] 4]

2} 1 Y1) 2

{22} 1 lyad 1

{Za} 1 {yy,ysl 2

{2124} 2 {yny2ys) 3

{z1,2a) 2 vyl 2

122,23} 2 {yuya sl 3

{zn,ze,23) 3 {yuysysl 3

For the bipartite graph in Fig. 11-2b, there is no complete matching
of X into Y, since {A] > |R(4)| for the set A = {z,,1,).

Proof of Theorem 11-1 That |A] < |R(4)] for every subset A of X
is a necessary condition for the existence of a complete matching
of X into Y is quite obvious. Because, if there is a subset 4, of X
such that {A¢] > JR(A4.)], then it is impossible to define a one-to-one
correspondence between the vertices in A, and the vertices in a
subset of Y.

That |A] < |R(A)] for every subset A of X is a sufficient con-
dition for the existence of a complete matching of X into Y will be
proved by induction on the number of vertices in X. As the basis
of induction, the condition is clearly a sufficient one for any bipartite
graph having only one vertex in X, because this vertex must be
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adjacent to at least one vertex in 1. As the induction hypothesis,
assume that the condition is a sufficient one for any bipartite graph
having m — 1 or less vertices in X. Now, suppose that there is a
bipartite graph G having m vertices in X such that |4| < [R(A)]
for every subset A of X. We shall show that there is a complete
matching of X into Y by examining the following cases:

Case 1 For every nonempty proper subset 4 of X, |4] < |R(A)].
We pick an arbitrary vertex zqin X and match it with a vertex yoin
Y. This is possible because z, must be adjacent to more than one
vertexin Y. Let G’ denote the graph obtained from G by removing
the vertices zq and yq and all the edges that are incident with them.
In the bipartite graph G’, because the vertices in every subset 4 of
X — jz,} are adjacent to |A| or more vertices in ¥ — {y,}, accord-
ing to the induction hypothesis there is a complete matching of
X — {zo} into ¥ — {yo}. Therefore, there is a complete matching
of X into Y in the graph .

Case 2 There is a nonempty proper subset 4o of X such that
|Ao| = [R(Ao)|. Let G’ denote the subgraph of G containing the set
of vertices Ao, the set of vertices R(A4,) that are adjacent to the
vertices in A,, and all the edges joining the vertices in these two sets
of vertices. Because the vertices in every subset A of A, are
adjacent to |4} or more vertices in R(A,), according to the induction
hypothesis there is a complete matching of Ae into R(Ae) in the
graph G’. Let G denote the subgraph of G containing the sets of
vertices X — Aqand ¥ — R(A,) and the edges joining the vertices
in these two sets. We claim that there is a complete matching of
X —~ A,into ¥ — R(A,) in the graph G”’. Suppose that this is not
the case. According to the induction hypothesis, there is 2 subset
of vertices 4, in X — A, that are adjucent to less than |A,| vertices
in ¥ — R(Ao) in the graph G”’. However, this means that in the
graph G the vertices in the set A,\J A, are then adjacent to less
than |4, \J Ay| vertices, which is a contradiction to the assumption
that |4| < |R(A)} for every subset A of X. Therefore, there is a
complete matchingof X — Ayinto Y — R(Ay) in the graph G”. It
follows that there is a complete matching of X into Y in the graph
G. n

Corollary 11-1.1 below gives a sufficient condition on the existence
of a complete matching in a special case.

Corollary 11-1.1 In q bipartite graph, there exists a complete maiching of
X into Y if every vertex in X is adjacent to k or more verlices in Y and
if every verlex in Y is adjacent to k or less vertices in X.
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Proof For a subset A of X, there are k|A| or more edges incident
with the vertices in A. Since these edges must be incident with
{4| or more vertices in ¥, we have |A] < |R(A)]. =

Example 11-1 A set of words, {ace,bc,dab,df fe}, is to be transmitted as
messages. We want to investigate the possibility of representing
each word by one of the letters in the word such that the words
will be represented uniquely. If such a representation is possible,
we can transmit a single letter instead of a complete word for a
message we want to send. We define a bipartite graph & in which
the set X is the set of the five words and the set Y is the set of the
six letters, {a,b,c,d,e,f}. Thereis an edge joining a word in X and a
letter in Y if and only if the letter appears in the word. The graph
Gis shown in Fig. 11-3a. The problem is to determine the existence

a a
ace ace /
b ._//_,_——4 b
bc be

dab

df df
e e
fe fe ><
f i
@ (b)
Figure 11.3

of a complete matching of X into ¥. As illustrated in Fig. 11-3b,
a complete matching, and therefore a unique representation of the
words by single letters, does exist. (In Sec. 11-4, it will be shown
that the method of constructing a maximal flow in a transport
network presented in Sec. 10-2 is directly applicable to finding a
complete matching in a bipartite graph.) =

Example 11-2 A doubly stochasiic malrir is a square matrix in which the
following conditions are satisfied:

1. The entries are all nonnegative.
2. The sum of the entries in each row is equal to 1.
3. The sum of the entries in each column is equal to 1.

A permutation natriz is a square matrix in which the following con-
ditions are satisfied:
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1. There is exactly one entry that is equal to I in each row.
2. There is exactly one entry that is equal to 1 in each column.
3. All the other entries are 0's.

Given an n X n doubly stochastic matrix D), we want to show
that D can be expressed as

D=cPr+c:Pe+ - - - + aPs
where Py, Py, . . ., P, are n X n permutation matrices, ¢, c,,
. , Cx are positive numbers,and ¢; + ¢+ - - - + e =1. For
instance, the doubly stochastic matrix
0 05 05
08 02 0
0.2 03 05
can be decomposed as
010 0 0 1 0 0 1
051 0 0{+02i0 1 0{+03}1 0 O
0 0 1 1 0 0 010

Let us define a bipartite graph that has the vertices z,, z,,
., Zs in X, corresponding to the rows of D, and the vertices
Y, Y2, - - - , ¥a in Y, corresponding to the columns of D. 1In the
bipartite graph, there is an edge joining z, and y; if and only if the
entry in the 7th row and the jth column of D is nonzero. We claim
that there exists a complete matching of X into Y. Suppose this
is not the case. According to Theorem 11-1, if there is no com-
plete matching of X into V, then there is a set of 7 rows which have
nonzero entries only in j columns, while 7 < i. The sum of the
entries in these rows is equal to / when we sum them row by row.
The sum of entries in these rows is equal to or less than j when we
sum them column by column. This is clearly impossible. The
situation is shown schematically in Fig. 11-4 where the dots denote
nonzero entries and the circles denote zero entries.

The existence of a complete matching of X into ¥ means that
one can select n nonzero entries in D such that there is exactly one
of them in each row and exactly one of them in each column. Let
¢; be the smallest of these n nonzero entries. Clearly, we can write

D=61P|+R

where Py is an n X n permutation matrix that hus 1’s in the positions
corresponding to the nonzero entries we have selected.

Since the sum of the entries in each row and the sum of the
entries in each column are both equal to 1 — ¢; in R, the argument
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above can be repeated to decompose R as a sum of permutation
matrices. The repetition terminates when all the entries in R
become zeros.

That ¢; + ¢z + - -+ + & = 1 is a direct consequence of the
fact that the sum of the entriesin every row of Disequaltol. =

Example 11-3 If every girl in the school has k boyfriends and every boy
in the school has k girlfriends, is it possible for each girl to go to the
dance with one of her boyfriends and for each boy to go to the dance
with one of his girlfriends? According to Corollary 11-1.1, the
answer to this question is always affirmative regardless of the
number of girls and boys in the school. m

Example 11-4 An r X n Lalin rectangle (r < n) is an r X n matrix that
has the numbers 1, 2, 3, . . . , n as entries such that no number
appears more than once in the same row or the same column., We
shall show that it is always possible to append n — r rows to an
r X n Latin rectangle to form an n X n Latin square. We define
8 bipartite graph with z,, 23, . . . , Za in X corresponding to the
n columns in the » X n Latin rectangle and with Y = {1,2, . . . ,nj.
In the bipartite graph, there is an edge joining z; and the number k
if and only if k does not appear in the ith column of the rectangle.
There is a complete matching of X into Y because each z in X is
adjacent to exactly n — r numbers in Y (r of the n numbers have
appeared in a column), and each number in Y is adjacent to exactly
n —r z's in X (each number has not appeared in exactly n —r
columns). The existence of a complete matching means that we
can assign the n numbers to the n columns such that each column
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will be assigned a number that has not appeared in the column
before. Therefore, the r X n Latin rectangle can be augmented
into an (r + 1) X n Latin rectangle. This argument ean be
repeated until an n X n Latin square is formed. ®

11-3 MAXIMAL MATCHING

If there is no complete matching of X into Y in a bipartite graph G, then
we may wish to match as many of the vertices in X with the verticesin ¥
as possible. We define a mazimal matching of X into ¥ in a bipartite
graph to be obe that matches the largest number of vertices in X with the
vertices in Y.

Let A be a subset of X. The deficiency of A, denoted by §(4), is
defined as |A] — [R(4){. Notice that the deficiency of a set can be a
positive number as well as a negative number. We define the deficiency
of a bipartite graph G, denoted by &(G), as the maximal value of the
deficiencies of the subsets of X. Since the deficiency of the empty set
is always zero, the deficiency of a graph is always larger than or equal to
zero. We shall prove two lemmas and a theorem relating the deficiency
of a bipartite graph to the maximal number of vertices in X that can be
matched into Y.

lemma 11-1 Let A; and A, be (wo subsets of X. Then
A3 \U A) + 5(A1 N As) > 5(4y) + 8(4y)
Proof As demonstrated in Fig. 11-5,
41U Asl + |4i N Ayl = A, + |4 (11-1)

Figure 11-5

Since
R4,V Al = |R(A) Y R(Ay)]
and

(R4 N\ 45)) < |R(A)) N R(AD]
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we have
[R(A:1\J Ag)| + [R(A1 N 4] < |R(4)) U R(4y)

- + IR(A) N B4 (11-2)
Similar to Eq. (11-1),

IR(41) U R(42)| + |R(4) N R(4:)| = [R(A)] + [R(4)]
Equation (11-2) can then be rewritten as

[R(A4, U Aa)| + [R(A1 N Ay)| < [R(4AD)] + [R(4)] (11-3)
Subtracting (11-3) from (11-1), we obtain

41U Asf — [R(A1\U Al + (4, N As| ~ |R(A, N A

> (Al — [R(A)] + 14a] — [R(4,)]
That is,

5(44.1 U Az) + 5(A| a) Al) 2 6(A)) + 6(“3) ]

Lemma 11-2 Let A, and A; be two subseis of X which are such that
§(41) = 8(A2) = 8(G). Then 8(A: N A,) is also equal to 8(G).

Proof According to Lemma 11-1,

3(A1\U 4,) + 8(A1 MY A,) 2 8(40) + 8(A42) = 28(G)

It follows that

3(A1\J 42) = (A1 N Ar) = §(G)

since neither 8(4; \J A;) nor §(4, N A,) can be larger than §(G). ®

Theorem 11-2 In a bipartite graph G the maximal number of vertices in X
that can be malched into Y 1s equal to |X| — 5(G).

Proof For the case 8(G) = 0, the theorem is reduced to Theorem
11-1.

For the case §(G) > 0, let A,, 42, . . . , 4: be all the subsets
of X, the deficiencies of which are equal to 3(G). According to
Lemma 11-2, 6(4; N A2 M\ - - - M Ay) = 8(G), which means that
the set A; N As M+ - - M A, is nonempty. Let 4, denote the
set Ay AN - - - N A, Let 1o be a vertex in the set A,, and
let G’ be the remaining subgraph after z, and sll the edges incident
with it are deleted from G. Since X — |zo} contains no subset with
a deficiency equal to 8(G), we conclude that §(G") < §(G).

Let A} denote the set Ap — jz,}. We have then

8(40) = 143 — |R(AQ| = |4d = 1 — |R(40))
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Since 8(4,) is less than §(G), which is equal to {4¢] — |R(A0),

e — 1 — [R(49)] < {Aol — |R(A,))]

that is,

[R(AD] + 1 > |R(44)]

or

[R(40)] 2 |R(Ad)i (11-4)
On the other hand, since Ay is a subset of A,,

IR(40)| 2 |R(40)] (11-5)
Combining (11-4) and (11-5), we obtain

[R(40)| = [R(40)]

1t follows that

5(40) = |40l — 1 — [R(40)| = 3(G) — 1

Since §(G’) < 8(G), we conclude that the deficiency of the graph G’
is equal to 3(G) — 1.

Repeating this argument, we see that after the deletion of
8(G) vertices from the set X, together with all edges incident with
these vertices, the deficiency of the remaining subgraph becomes
zero and there will be a complete matching in this subgraph. m

As an example, the deficiency of the graph in Fig. 11-6a is equal to 2
because for the subset A = {x;,2,2:}, R(A) = [y:}. After the deletion
of the vertices z; and x4, together with the edges incident with them, there
is a complete matching in the remaining subgraph shown in Fig. 11-6b.

n x

»n »n
X2 x2

¥y2 y2
3

p£&] y3
X4

ya ya

xs xs
@ )
Figure 11-6

Example 11-5 A telephone switching network was built to route phone
calls through incoming lines to outgoing trunks. There are
60 incoming lines that ure divided into three groups I, 11, and III.
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There are 20 lines in each group. A group-l line is connected in

such a way that it can be switched to one of eight outgoing trunks.

A group-II line can be switched to one of four outgoing trunks,

and a group-II1 line can be switched to one of two outgoing trunks.

There are 48 outgoing trunks. Moreover, engineering considera-

tions limit the number of incoming lines that can be switched to an

outgoing trunk to six or less. Without any further knowledge
about the switching network, we want to know at least how many
calls will be routed to outgoing trunks when there are calls at all
of the 60 lines. This is a problem of finding a maximal matching
of the 60 incoming lines into the 48 outgoing trunks. Correspond-
ing to the switching network let us define a bipartite graph in which
the set X is the set of the 60 incoming lines and the set Y is the set
of the 48 outgoing trunks. There is an edge between an incoming
line and an outgoing trunk if the incoming line can be switched
to the outgoing trunk. We wish to establish an upper bound on
the value of the deficiency of the bipartite graph. The deficiency
of a subset A of X containing p group-I lines, ¢ group-1I lines, and
r group-111 lines is

8(4) = |A| - |[R(A)] = p+ ¢+ 1 — |R(4)|
Since

8p + 4¢ + 2r
IR(4)] > 2L

we have

_Sp+4q+2r _  _p g 2
BA)S (p+qtn - RTWFT_ P2
It follows that the maximal value of 8(4) for all subsets 4 of X

occurs at p = 0, ¢ = 20, and r = 20. Therefore,
5G) <20

We conclude that no matter how the switching network was built, at
least 40 of the G0 incoming lines will be connected to outgoing trunks.
This result actually confirms our intuition that the most ineffective
way to build the switching network is to try to accommodate all of
the 40 group-II and group-III incoming lines with 20 outgoing
trunks. In this case, it is clear that only 20 of these 40 lines will be
routed when there are calls on all 40 incoming lines. m

Example 11-6 A (0,1)-matrix is a matrix with 0's and 1’s as its entries.
A line of a matrix is either a row or a column of the matrix. We
want to prove the following result, which is known as the Konig-
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Egerviry theorem: The minimal number of lines containing all
the 1's in a (0,1)-matrix is equal to the maximal number of I's, no
two of which are in one line of the matrix.

For a given m X n (0,1)-matrix W', let us construct a bipartite
graph G with z,, 15, . . . , Zm in X corresponding to the m rows
of W and with y;, ys, . . ., ya in ¥ corresponding to the n col-
umns of W. In the graph G, there is an edge joining z. and y; if
and only if the entry in the ith row and the jth column of Wisa 1.
Since a matching of X into } corresponds to a selection of the 1’s
in the matrix such that no two of the 1’s are in one line, according to
Theorem 11-2, the maximal number of 1’s in the matrix, no two
of which are in one line, is equal to [X| — 3(G).

Clearly, the minimal number of lines containing all the I’sin W
is larger than or equal to the maximal number of 1’s, no two of which
are in one line. On the other hand, let 4 be a subset of X such that
5(A) is equal to §(G). We observe that the rows corresponding to
the vertices in X — A together with the columns corresponding to
the vertices in R(A) contain all the 1’s in W, as illustrated in

Fig. 11-7.

Columns corresponding to

the vertices in R{A)

. m———

0s . Qs : 0%

and : and | and
Y8 o Vs i Vs

Rows corresponding to all 0: Pooall

the vertices in 4 0's a;:s 1
Tos 08 |0

and ! and : and

I's | 1's | Vs

Figure 11.7

The total number of these rows and columns is equal to
IX — Al + [R(4)] = |X] — |4] + R = IX]| - 3(@)

It follows that the minimal number of lines containing all the I’'sin W
must be less than or equal to |X| — 8(G). Therefore, we conclude
that the minimal number of lines containing all the 1's in W is
equal to the maximal number of 1’s, no two of which are in one line,

X1 -36). »
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#11-4 AN ALTERNATIVE APPROACH

It is interesting to observe that Theorems 1i-1 and 11-2 can be proved
using the max-flow min-cut theorem for transport networks. Such an
alternative point of view not only sheds more light on the problem but
also suggests a procedure for finding a complete matching or a maximal
matching in a bipartite graph.

An alternalive proof of Theorem 11-1 In a bipartite graph G, let
Zy, L2, . . . , Tm be the vertices in X, and let yy, ys, . . . , ¥ be
the vertices in ¥ as shown in Fig. 11-8a. We construct a transport

Figure 11.8

network by adding a source a and | X| edges, one from a to each of
the vertices in X, and by adding a sink z and |Y| edges, oue from
each of the vertices in ¥ to z. Let the capacity of each of these
edges be 1. Also let the edges between X and Y be directed from
X to Y with their capacities equal to M where M is an integer larger
than |X]. Such a transport network is shown in Fig. 11-8b. It
is clear that there is a complete matching of X into Y if and only
if there exists a maximal flow in the transport network, the value
of which is equal to |X]. (Corollary 10-2.1 assures that if the value
of the maximal flows in the network is | X|, there exists a maximal
flow in which the flow in each edge is either 0 or 1.) We shall prove
that there is a maximal flow of value | X| in the transport network if
and only if (4] < |R(4)] for every subset A of X.

Suppose that there is a subset A of X which is such that
[A| > |R(4){. Consider the cut (°,B) where the set P contains the
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source @, the vertices in A, and the vertices in R(A4) as shown in
Fig. 11-9. Since there is no edge joining the vertices in A and the

A =

\R(A)

‘R(A) edges

/7
{
%
Uz} }
Ix-a Iy R
Figure 119

vertices in ¥ — R(A), the capacity of the cut, a(P,P), is |X| —
|A] + |R(A)|, which is less than |X]. According to the max-flow
min-cut theorem (Theorem 10-2), there eannot exist a flow of value
|X| in the network. Therefore, there is no complete matching of
X into Y in the bipartite graph G.

Suppose that the condition |4} < [R(A)] is satisfied for every
subset A of X. We want to show that the capacity of any cut (P,P)
in the transport network is equal to or larger than {X|. Suppose
that the set P contains the source a, the vertices in a subset 4 of X,
and the vertices in a subset B of ¥ as shown in Fig. 11-10. (The
subsets A and B can be empty.) If there is any edge joining the
vertices in 4 and the vertices in ¥ — B, then o(P,P) > M. If
there is no edge joining the vertices in A and the vertices in ¥ — B,
then a(P,P) = |X| — |A| + |Bl. However, because [B| > |R(4)],

a(P,P) > |X| — |A| + [R(4)] 2 |X]|

Since the capacity of any cut (P,P) is equal to or larger than |X|,
it follows that there exists a complete matching of X into ¥ in the
bipartite graph G. =

We have not only obtained a necessary and sufficient condition on
the existence of a complete matching in a bipartite graph, but also, in the
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Figure 11-10

proof, we have shown that the problem of finding a complete matching
can be reduced to that of constructing a maximal flow in a transport
network. It follows that the labeling procedure presented in Chap. 10
can be applied to finding a complete matching in a bipartite graph.

An alternative proof of Thearem 11-2 We follow the alternative
proof of Theorem 11-1 and construct a transport network cor-
responding to the bipartite graph G as illustrated in Fig. 11-8.

We show first that there is a cut in the transport network the
capacity of which is equal to |X| — 5(G). Let A be a subset of X
such that 8(4) = 8(G). Let (P,P) be a cut where the set P con-
tains the source a, the vertices in A, and the vertices in R(A) as
shown in Fig. 11-9. Since there is no edge joining the vertices in
A and the vertices in ¥ — R(A),

a(P,P) = |X| — |A] + |R(A)| = |X| — &@)

We show next that the capacity of any cut (P,P) in the trans-
port network is larger than or equal to X — &(G). Suppose that
the set P contains the source a, the vertices in a subset 4 of X, and
the vertices in a subset B of Y as shown in Fig. 11-10. (The subsets
A and B can be empty.) If there is any edge joining the vertices in
A and the vertices in Y — B, then a(P,P) > M. If there is no
edge joining the vertices in A and the vertices in ¥ — B, then
a(P,P) = |X| — |A| + |B|. However, because {B] > [R(4)],

«P,P) 2 |X[ — 4| + [RGD] 2 |X] - 56)
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Therefore, we conclude that there exists 2 maximal flow in the
transport network the value of which is equal to [X| — 8(G). =

11-5 SUMMARY AND REFERENCES

In addition to its application to the solution of the personnel assignment
problem, the theory of matching has some very interesting combinatorial
implications and far-reaching consequences. There is an impressive
literature on the subject. See, for example, the survey paper by Mirsky
and Perfect {5].

The notion of matching in a bipartite graph can be extended to that
in an arbitrary undirected graph. In an undirected graph G having no
loops, a subset of the edges defiries a matching in G if no two edges in the
subset are incident with the same vertex. In other words, a matching
is a pairing of a subset of the vertices of G. A matching is said to be
perfect if all the vertices of G are paired.

On the topic of matching in a bipartite graph, see Chaps. 9 and 10
of Berge [1], Chap. 7 of Ore {6, and Chap. 5 of Ryser [7]. An algorithm
for finding 2 maximal matching in a bipartite graph which is known as
the Hungarian method can be found in Berge [1) as well as in the original
papers by Egervéry (3] and by Kuhn [4] (see Prob. 11-11). For the topic
of matching in an arbitrary graph, see Tutte [8], Edmond {2}, and Chap. 18
of Berge [1].
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PROBLEMS

11-1. Six senators A, B, C, D, E, and F are members of five epmmittees, The member-
ships of the committees are |B,(, D}, {A,E,F}, |A,8,E,F), |{A,B,D,F}, and {A,B,C|.
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The activities of each committee are to be reviewed by a senator who is not on the
committee. Can five distinct senators be selected? Tiow?

11-2. There are rs couples at a dance. The men are divided into r groups, with s men
in each group, according to their ages. The women are also divided into r groups, with
s women in each group, according to their heights. Show that r couples can be zelected
such that every age group and every height group will be represented.

11-3. (a) Let = and =, be two partitions on a set of m elements, both of which contain
exactly r disjoint subsets. State a necessary and sufficient condition for the possi-
hility of selecting r of the m elements such that the r disjoint subsets in »; as well as the
r disjoint subsets in x, are represented.

(b) The numbers 1, 2, . . ., 20 are partitioned into four disjoint subsets
according to their remainders when they are divided by 4. They are also partitioned
into four disjoint subsets according to the number of priine factors they contain,
namely, {{1,2,3,5,7,11,13,17,191, {4,6,9,10,14,15{, {8,12,18,20}, {16}]. Is it possible
to select four numbers such that there is a representative for each possible remainder
when divided by 4 and a representative for each possible number of prime factors?
11-4. A factor of an undirected graph (containing no loops) is defined as a circuit or an
edge-disjoint union of circuits that contains all vertices of the graph. (If a factorisa
circuit, it is a Hamiltonian circuit.) Show that a necessary and sufficient condition
for a graph to possess a factor is that every subset of vertices 4 has the property

14| < JR(A)| where KR(A) is the set of vertices that are adjacent to one or more ver-
tices in A.

11-5. A group of p hoys ), 25, . . . , 7, are ranked according to their unpopularities;
that is, z; knows the same number or fewer girls than z, does, . knows the same
number or fewer girls than z; does, and soon. A groupof ggirls y;, ¥s, . . . , y, are
ranked according to their popularities; that is, y; knows the samne number or more boys
than y; does, y; knows the same number or more boys than y; does, and so on. Show
that the p boys can be matched with p of the g girls if the number of girls that the
least popular k boys know exceeds the number of boys that the most populark — 1
girls know for 1 <k < p.

11-6. Let G be a bipartite graph with X and }” being the two disjoint sets of vertices.
Show that g{G) = | ¥} + 8(G) where 8(G) is the independence number and 3(G) is the
deficiency of the graph G.

11-7. In a bipartite graph ¢ with X and Y being the two disjoint set of vertices, let A
be a subset of X such that 5(A4) = 8(G). Show that (X — 4) < 0.

11-8. Let ¢ be a bipartite graph with X and Y being the two disjoint sets of vertices.
If there are four or more edges incident from each vertex in X and there are five or
less edges incident into each vertex in Y, show that 5(G) < 2 for | Xj < 10.

11-9. Let G be a directed graph with n vertices for which the incoming and outgoing
degree of each vertex isk. Show that G can be decomposed into edge-disjoint circuits.
Hint: In the n X n (U,1)-matrix A = [ay,] defined as

o { 1 if (ie) €EG

%i =10 otherwise
each row and column contains £ 1's. Show that A can be decomposed as a sum of
permutation matrices. '

11.10. Let A be an m X n (0,1)-matrix (m < n). If each row in 4 has exactly £ 1's

and each column in 4 has & or less 1's, show that
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.‘{nP|+P1+"-+P1

where the P's are m X n (0,1)-matrices that have a | in each row and no more than
one | in each column,
11-1. In this problem, a method of constructing a maximal matching in a bipartite
graph, known as the Hungarian method, is studied. Let G be a bipartite graph, and
let W denote the set of edges in a matching from X to ¥, A vertex tin X or YV} is
said to be unsaturated if no edge incident with it is included in . A path in G is said
to be an alternate path if it contains edges in I and £ — W alternately, where E
denotes the set of edges in G.

The Hungarian method is based on the following result: A matehing is maximal
if and only if there is no alternate path connecting two distinet unsaturated vertices.

(a) Show that & matching is not maximal if there exists such a path by show-
ing that for each such path, the number of vertices in X matched into }V can be
increased by 1.

(b) Label some of the vertices of G as follows:

1. Every unsaturated vertex in X is labeled.
2. Any vertex (in X or }) connected to an unsaturated vertex in X by an alternate
path is labeled.

What is the deficiency of the subset of X that contains all the labeled vertices in X'?
Show that a matching is maximal if no alternate path connecting two distinet unsat-
urated vertices exists.

{c) Suggest a construction procedure for finding a maximal matching in a
bipartite graph, based on the above result.



Chapter 12
Linear Programming

12-1 INTRODUCTION

We shall first motivate the subject of linear programming with some
examples illustrating the class of problems to which this technique is
applicable. Consider a machine shop with three types of machines,
4, B, and C. There are 20 type-A machines, 30 type-B machines, and
15 type-C machines, and these machines are used to manufacture four
different kinds of produects 1, 2, 3, and 4. To manufacture ! Ib of produet
1, we would use a type-A machine for 2 hr, a type-B machine for 0.5 hr,
and a type-C machine for 1.5 hr. To manufacture 1 1b of product 2,
we would use a type-A machine for 2 hr, a type-B machiue for 2 hr, and a
type-C machine for 1 hr. To manufacture 1 1b of product 3, we would
use a type-A machine for 0.5 hr, a type-B machine for 1 hr, and a type-C
machine for 3 hr. To manufacture 1 Ib of product 4, we would use a
type-A machine for 1.5 hr, a type-B machine for 2 hr, and a type-C
machine for 1.5 hr. The profit for manufacturing (and. of course,
subsequently selling) 1 Ib of each of the four products is $3.3, $4.2, $6.5,
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and $3.8, respectively. Suppose that each machine cau be operated for
no more than 60 hr in 2 week. How many pounds of these products
should be manufactured every week for the largest total profit?

Let z1, x3, 23, and x, denote the numbers of pounds of the four
products that are to be manufactured. We want to choose the values of
I), I3, T3, and z, 80 that the total profit

3451‘1 + 4.212 + 6.51‘3 + 3.81]

is maximized. Because of the availability of the machines, the total
operating time for each type of machines cannot exceed the limits 60 X 20
(tvpe-A4 machines), 60 X 30 (type-B machines), and 60 X 15 (type-C
machines) hr, respectively. Since it takes a type-4 machine 2 hr to man-
ufacture each pound of product 1, and 2, 0.5, and 1.5 hr to manufacture
esch pound of products 2, 3, and 4, respectively, we have the constraint

2z + 2zy + 0.5ry + 1.5z < 1,200

Similarly, for the type-B and type-C machines, we have the constraints

0.51\ + 2:2 + e Y + 21" < 1,800

and
1.5z; + z3 + 3z + 1.5z, < 900

Furthermore, since no negative amount of a product can be manufactured,
we also have the conditions

2120 2 20 20 2 >0

Linear programming deals with problems in which linear functionst
are to be optimized (maximized or minimized) subject to constraints
specified by linear inequalities and linear equations} and to the condition
that all the variables must assume nonnegative values. The linear func-
tion to be optimized is called the objective function. The linear inequal-
ities and equations will be referred to as the linear constrainls. The
condition that the variables must assume nounegative values will be
referred to as the nonnegative condition. Thus, the general formulation
of linear programming problems is as follows: To optimize the objective
function

C=cxytcee+ - + o,
t A function of the form 1z, + ears + * * * + enr, i8 a linear function of the r
variables 1), x3, . . . , 2, where the ¢'s are constants.

t Again, a linear inequality (or equation) is an inequality (or equation) of the form
or +exr+ 0 0 ot S, =, 216, where the ¢'s and b are constants,
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subject to the linear constraints

anry + aita + - + ayz, {Sf =, 2} b
anry + ar: + - + axx, {Sy =, 2} by
anr, + a;aXa2 + ° + 8irXe ‘<) hat) >’ bl

amity + aGmeZz + - ¢+ G2, [ £, =, 2} bn
and to the nonnegative condition
2,202.20,2,20,...,2,20

There are many problems in engineering, management, and social
sciences that can be formulated as linear programming problems. For
example, in the problem of finding a maximal flow in a transport network
discussed in Sec. 10-2, we wish to maximize the linear function

Y #(2)

all v

subject to the linear constraints
a(t,7) — ¢(4,)) 2 0 for all i and j

Y #(ij) — Y ¢(,k) =0  for all j except the source a and the
all ¢ all k sink 2z

and the nonnegative condition
(7)) 20 for all 7 and j

As another example, consider a racetrack betting problem. Sup-
pose that r horses have been entered in a race and that we are offered
the odds a; on horse 7 for 1 < i < r; that is, we shall receive a, dollars
for every dollar we bet on horse 7 if it should win. Ignoring probabilistic
considerations, we want to distribute the total amount of money we have
(say a dollar) over the wagers so that our return will be as large as pos-
sible, assuming that the outcome of the race will be the most unfavorable
one. Letzy, x4, . ..,z be the stakes we placeon horses 1,2, . . . ,n,
respectively. Clearly, there are the constraints

ot z24+ - -+, =1
and

2:120,2.20,...,2 20
Our return will be

a)xy — X% — Ty — " — Xy



INTRODUCTION %01

or

“Z1t 0y =Ty~ =L,
or

Th - Ir— Iy — ot el
depending on the outcome of the race. Therefore, what we are to
maximize is the smallest of these r quantities.

Let v denote the smallest of the r possible returns. We can write

QI — Ty — Ty = — L 20
—nitars—r— - 20
—I = Zy—Ty— " +aL 20

Let y3, ys, . . . , yr denote the differences between v and the quantities on
the left-hand sides of these r inequalities. Then

QT — Iy — I3~ " T L1 =0V
“nt ez~ - — T, Y=
~E = Iy =Ty — A=Yy =0

It is clear that all the y’s are nonnegative, that is,
$20y20...,y»=>0

We have now a typical linear programming problem, in which the
function

C=aty—Z2—~2s— " =2 — U1
is to be maximized, subject to the linear constraints

QI = Iy~ Iy = =LY =~y Gy~ T
= Ty =™ Y2
Gy — T2 — 2Ty — " - — Ty — 1= T — Tyt Gy —
- Xr — Ys
Gy — Ty — Ty~ " — Xy Y= X T Ty~ Xy
+av-lv—yv
D42+ zat - +zo=1 .
together with the nonnegative condition ‘
220,220 ...,7,20 ‘
ylZO)ylZOp---gyr?.o l
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12-2 OPTIMAL FEASIBLE SOLUTIONS

In a linear programming problem, a set of the values of the variables
Z), Za, . . . , X, that satisfy the linear constraints and the nonnegative
condition is called a feastble solution. A feasible solution that optimizes
the objective function is called au optimal feasible solution.

Consider the example of maximizing the function

C = xy -+ Xy
subject to the linear constraints

41‘\ + 52:2 S 10
531 + 2z, _<_ 10 (12-1)
3z, + 8z, < 12

and to the nonnegative condition
n 2 0

12-2
2> 0 (12-2)

In Fig. 12-1a, we observe that the straight line 4r, + 52y = 10
divides the x;-z2 plane into two half-planes. The points in the shaded
half-plane, such as x; = 1 and z» = 1, satisfy the inequality 4z, + 5z,
< 10. The points in the unshaded half-plane, such asz, = 2andz, = 1,
satisfy the inequality 4z; 4 5r. > 10. Finally, the points on the line,
such as x, = % and x; = 1, satisfy the equation 4r, 4 5z; = 10
Similarly, the straight line 5r; 4+ 2x» = 10 also divides the xj-r: plane
into two half-planes, one containing points that satisfy the inequality
5xy + 2x, < 10 and the other one containing points that satisfy the
inequality dxry 4+ 2r: > 10. Therefore, the points in the shaded area
in Pig. 12-1b, which is the intersection of the half-plane containing
points that satisfy the inequality 4x, + 3r2 < 10 and the half-plane
containing points that satisfy the inequality Ar, + 2r. < 10, satis{y
both the inequalities 4r, + 3z: < 10 and i, 4+ 2r. < 10. It follows
that the points in the shaded region (including points ou the boundary)
in Fig. 12-1¢, which is the intersection of five half-planes and is bounded
by the five straight lines

4r; + S5x: = 10

hry + 2z = 10

3y + 8xs = 12 (12-3)
=0

i

22 =0



OPTIMAL FEASIBLE SOLUTIONS : 23

X2 . : x2

=10

7 7k,
| 2 : V7%
4x + 5x2= 10D ' 4x) 4+ 5x, =10

T b (1) i
: o> 0

4x;+ 512=10
3x; +8x2=12

x2=0

©)
Figure 12-1

satisfy all the constraints in (12-1) and (12-2). In other words, the
points in the shaded region are feasible solutions to the linear program-
ming problem. The region that contains all the feasible solutions is
called the feasible region.

The problem of maximizing the objective function C = »r + x4 is
that of picking a point in the feasible region at which the value of 11 + 2
is the largest. This can be done graphically by drawing a family of
parallel straight lines of the form z, + 7, = £, us shown in lig. 12-2.
Among all the straight lines in the family that intersect the feasible
region, there is one for which the value of k is the largest. The inter-
sections of this straight line with the feusible region are then the optimal
solutions to the problem. As shown in Fig. 12-2, the straight line
Iy + 22 = 497 is tangent to the feasible region at z, = 3% 7 and
z; = 1914, Therefore, for 1, = 3% 7 and 2, = 1017, the objective func-
tion attains its maximal value of 494 . ) ‘

Similarly, we see in Fig. 12-2 that the optimal solution minimizing
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Iy

Figure 12-2

the objective function ¢ = z, + 7, is 7, = 0 and z2 = 0. When the
funetion C = x, — z: is to be optimized subject to the constraints in
(12-1) and (12-2), we draw a family of parallel straight lines of the form
Zzy — z2 = k as shown in Fig. 12-3. At z, = 2 and xy = 0, the function

I VA

Figure 12-3

Ty — I, attains its maximal value of 2; at z; = 0 and 2, = 34, the func-
tion x; — zp attains its minimal value of ~34.

It is no sheer coincidence that all the optimal feasible solutions are
at the corners of the feasible region in the previous example. Since, for
the optimization of an objective function of two variables, each of the
linear constraints corresponds to a straight line in the r,-z, plane, it fol-
lows that the feasible region is always a convex polvgon.t (The convex

t Ag defined in elementary plane geometry, a convex polygon is a polygon with no
internal angle being larger than 180°.  An alternative definition is that a polygon is
convex if the straight-line segment joining any two interior or boundary points lies
either within or along the boundary of the polygon.
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polvgon can be unbounded, such as the shaded area in Fig. 12-4, or it can
be 8 straight-line segment in the case in which one of the linear constraints
18 an equslity.) Since an optimal feasible solution is at a point where a

X1

Figure 12-4

member of the family of parallel straight lines corresponding to the
objective function is tangent to the feasible region, we conclude that one
of the corners of the feasible region will be an optimal feasible solution.
We should note that a linear programming problem may have many
optimal feasible solutions when the family of straight lines corresponding
to the objective function is parallel to one side of the feasible region.
However, our statement that one of the corners of the feasible region is an
optimal feasible solution is still valid.

For the optimization of linear functions of two variables, the geo-
metric argument is very deseriptive and clear. It can also be extended
to the general case of optimizing a linear function of r variables. e
shall do so now for the purpose of providing a geometric interpretation
to the algebraic results that will be proved rigorously in Sec. 12-3 (Theo-
rem 12-2).

In r-dimensional space, a point is identified by its r coordinates; and
a linear equation of the form

aiz + aatr + - 0+ e, = b;
represents a hyperplane. (A hyperplane is a plane in a higher-dimen-
sional space.) A hyperplane divides the r-dimensional space into two
half-spaces. The coordinates of the points in one half-space satisfy the
linear inequality

8Ty + antr + - 0+ @, > b
whereas the coordinates of the points in the other half-space satisfy the
linear inequality

ayxy + aata + 0 + ayr, < b,
The coordinates of the points on the hyperplane satisfy the equation

@z + a0 + anx, = b
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Therefore, in a linear programming problem with r variables and m linear
constraiuts, the feasible region is a convex polyhedront in r-dimensional
space bounded by the m hyperplanes corresponding to the linear

constraints and the r hyperplanes corresponding to the nonnegative
condition

anry + @et: + - - - + a2y = by
anx; + G22Iz + - ¢ - + Gt = b2
aaTy + T + - + a.z, = b,
.................... (12-4)
Gm1Z1 + Gmelz + 0t GneZy = bu

I = 0

Iy = 0

z. =0

It follows that an optimal feasible solution is at a corner of the polyhedron
where a2 member of the family of hyperplanes of the form

an+crt - Fex=k

is tangent to the polyhedron.}

Similar to the ease in which the intersection of two straight lines
is a point in two-dimensional space, the intersection of r hyperplanes is a
point in r-dimensional space. Given the linear equations of r hyper-
planes, we can solve them as a set of simultaneous equations to find the
coordinates of their intersection. (Obviously, if this set of equations is
not solvable, then the hyperplanes do not intersect at a point. Also, if
this set of equations does not have a unique solution, then the hyper-
planes intersect at more than one point.) Therefore, we can find the
coordinates of the intersections of the boundary hyperplanes by solving
sets of r equations from the m + r equations in (12-4). Clearly. there

m+r . . m+4r .
( j. ) sets of equations corresponding to ( :— ) possible
intersections.
It should now be clear why our discussion is restricted to a limited
f Again, a polyhedron is convex if the straight-line segment joining any two points in

the polyhedron or on the boundary hyperplanes lies entirely in the polyhedron or on
the boundary hyperplanes.

t This is just an informal way of motivating the algebraie proof to be presented in Sec.
12-3. The reader need not try very hard to visualize the geometric picture.
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class of problems, namely, the optimization of linear functions subject
to linear constraints. For this class of problems, since an optimal feas-
ible solution is always at a corner of the feasible region, we need at most
to examine the value of the objective function at each corner of the
feasible region. When the objective function is not a linear function
and the feasible region is not a convex polyhedron, an optimal feasible
solution, in general, can be at any point within the feasible region. The
problem of finding an optimal feasible solution is then considerably more
complicated.

For those who are familiar with the method of Lagrange multipliers
in differential calculus, the reason that such a method is not useful in the
solution of linear programming problems should also be clear now;
namely, an optimal feasible solution at a corner of the feasible region
is an absolute maximum or minimum, whereas the method of Lagrange
multipliers is useful only in the determination of relative maxima and
minima. The distinction between a relative maximum and an absolute
maximum is illustrated graphically in Fig. 12-5.

Relative maximum Absolute maximum
within the range within the range
x=0andx=5 x=0andx=S5

f(x) Hx)
i
]
1
[l
: |
1 +
| i | i
4 i x i e x
x=0 x=5 =0 =5
Figure 12-5

12-3 SLACK VARIABLES

Since an optimal solution to a linear programming problem is at one
of the eorners of the feasible region, it seems that we can always solve the
problem by exhaustively examining the values of the objective function
st the corners of the feasible region. Unfortunately, the number of
corners of the feasible region increases quite rapidly when the number of
variables and the number of linear constraints increase. For example,
in optimizing an objective function of four variables subject to six linear
constraints, since the intersection of every four hyperplanes is possibly a

corner of the feasible region, there are (l“()) = 210 intersections to be

examined (the feasible region is bounded by 10 hyperplanes, six corre-
sponding to the linear constraints and four corresponding to the non-



308 LINEAR PROGRAMMING

negative condition). An exhaustive search would amount to the solu-
tion of 210 sets of simultancous equations. The exhaustive methad,
therefore, is basically impractical, and we should fook for different
methods of solution. One such method will be discussed in Sec. 12-4.
Moreover, because not every intersection of the hyperplanes is a corner
of the feasible region, even if we are willing to exhaustively solve the
210 sets of simultaneous equations, we still have the problem of weeding
out those intersections that are not corners of the feasible region. Let us
recall the example presented in Sec. 12-2 which we repeat here for
convenience. The problem is to maximize the objective function
C = z; 4+ 2, subject to the linear constraints

431 + 5z S 10
52y + 2z. < 10 (12-1)
331 “}' 8;[2 <12

and to the nonnegative condition
>0 z, >0 (12-2)

In Fig. 12-1¢, we see that the intersection of the two straight lines
521 + 2r2 = 10 and 3r; 4+ 8z; = 12 is not a corner of the feasible region,
whereas the intersection of the two straight lines 5z, + 2z. = 10 and
4r, 4+ 5z, = 10 is such a corner. This problem of identifying the
corners of the feasible region is handled by the addition of “slack vari-
ables,” which we now discuss.

Consider the linear constraint 4z, + 5x. < 10. By adding an extra
variable z;, we can write the inequality as the equation

4331+ 5Iz+ I3 = 10

At o point in the z,-z; plane, the variable r; assumes a positive value if
4z; + 51, < 10, assumes a negative value if 4x, 4+ 5z. > 10, and i
equal to zero if 41, + 5z, = 10. In other words, in the shaded half-plane
in Fig. 12-1a, £z > 0; in the unshaded half-plane, r; < 0; on the straight
line 4xy + 5z, = 10, z; = 0. This suggests that instead of talking abom
the shaded half-plane and the unshaded half-plane, we can use x; as a
third coordinate to distinguish the two half-planes into which the ry-z:
plane is divided by the straight line 4r, + 5r, = 10. Therefore, for a
point in the plane, besides the two coordinates z; and zs, there is the
third coordinate x;, as shown in Fig. 12-6. These coordinates are not
independent coordinates in that the values of any two of the three
coordinates determine a point in the plane and thus determine the value
of the remaining coordinate. 1t should also be pointed out that the
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) (?s S
Figure 12-6

introduction of the third coordinate is just an extension of a familiar
concept. Just as the sign of the coordinate r, of a point indicates the
side of the vertical axis in which the point lies, and the sign of the
coordinate z, of a point indicates the side of the horizontal axis in which
the point lies, the sign of the coordinate x; of a point indicates the side
of the straight line 4z, 4+ 5z: = 10 in which the point lies.

Extending this idea, we rewrite the constraint 5r; + 2z, < 10 as
8214 223+ z4 = 10 and rewrite the constraint 3z, 4 81, < 12 as
3z) + 82y 4+ z; = 12. Thus, a point in the r,-z: plane will have five
coordinates. For example, the coordinates of the origin of the z,-z»
plane are x; = 0,2; = 0,2z, = 10, z, = 10, and z, = 12. Notice that a
point in the feasible region must have nonnegative values for all five of its
coordinates, whereas one or more of the coordinates of a point outside
of the feasible region is negative.

Thus, by introducing the slack variables, we have reformulated the
linear programming problem. The problem now is to maximize the
objective function C = z; 4 z: subject to the linear constraints

42y + 522 + 22 = 10
-'.)I: <+ 21: + Xy = 10 (12-5)
3z, + 82y + 25 = 12
and to the nonnegative condition
2,20 z; 20 =20 .20 zy 2 0

To find the intersection of two straight lines, clearly, we can deter-
mine its z, and z, coordinates by solving the two correspondiug equations
among the five equations in (12-3) and then determine its r;, z,, and z;
coordinates from the three equations in (12-5). For example, we solve
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the simultaneous equations

5.Z|+211 = 10

Ty = 0

to obtain z; = 2 and r; = 0 and then use the equations in (12-5) to
obtain zy = 2, z( = 0, and z; = 6, which gives us the five coordinates
of the intersection of the straight line 521 4+ 2xs = 10 and the horizontal
axis. However, a slightly different point of view can be taken. Because
a zero coordinate identifies one of the five boundary straight lines, two
zero coordinates identify the intersection of two of the five boundary
straight lines. For example, that z; = 0 identifies the horizontal axis,
and that r, = 0 identifies the straight line 5z, + 2z, = 10. To find the
intersection of these two straight lines, we shall solve for the coordinates
Z1, Ty, and z; from the equations in (12-5) after setting 2, = Oand z, = 0.
Thus,

411 + Tz = 10

5z, = 10
321 + 15 = 12

Therefore, we see that the coordinates of the intersection of two straight
lines can be found by setting the corresponding coordinates to zero and
solving for the remaining coordinates from the equations in (12-5).
Clearly, if the intersection is a corner of the feasible region, it has two
zero coordinates and three positive coordinates.

The notion of the introducing of new coordinates carries over to the
general case. Thus, by introducing the new variable x..;, we change a
linear inequality of the form

anri + aiars + + 0 0+ oaez, S b
into an equation of the form

anzy + Gz + 0 F Gl + Ty = b;
together with the constraint

Tepi 2 0

=

Also, by introducing the new variable r,; we change a linear inequality
of the form

a; &y + a2z + + a;.r, 2> b;
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into an equation of the form
G+ Gty + 0+ Gty ~ Ty = by
together with the constraint

242 0

A new varisble introduced to change an inequality into an equation is
called a slack variable (because it ‘‘takes up the slack’). Since the feas-
ible region will be on one side or the other of the hyperplane corresponding
to a lhinear inequality, the positiveness of the slack variable assures that
a point is in the “proper side” of the hyperplane. In this way, we
reformulate a linear programming problem as one of optimizing a linear
function

C=can+caz:+ - - +cx

subject to the linear constraints

Tyt Gty + 0 0 0t auE, Ty = by
anZy + 80Ty + - - - + ayk, + Ty = be

(12-6)

GmiZt 4 GosZr + ¢ 4 QT * Topm = b

and to the nonnegative condition

71120220 ...,2,>0
zr.ﬂZO,xr#!ZOy . '-:zv+u20

Recall that the feasible region is a convex polyhedron in r-dimen-
sional space bounded by the r + m hyperplanes correspouding to the
r 4+ mequations in (12-4). It follows that a point in r-dimensional space
is in the feasible region if and only if all its r + m coordinates (including,
now, the values of the m slack variables) are nonnegative, while a corner
of the feasible region has r zero coordinates, corresponding to the r hyper-
planes meeting at that point, and m positive coordinates.t To find the
coordinates of a possible corner of the feasible region, we can solve the
set of r of the r + m equations in (12-4) corresponding to the r intersect-
t When more than r of the r + m coordinates of a corner are equal to szero, it ia a

degeperate case. This case corresponds to more than r hyperplanes meeting at the
same point,



1z LINEAR PROGRAMMING

ing hyperplanes. Alternatively, by setting r of the r + m variables
in the m equations in (12-6) to zero, we can solve for the remaining
m variables as the coordinates of a corner of the feasible region.t If
the solution yields nonnegative values for all the remaining m vari-
ables, we will have obtained the coordinates of a corner of the feasible
region.

As defined earlier, a point in the feasible region is called a feasible
solution to the problem. A feasible solution is said to be a basic feastble
solution if r of its r + m coordinates are zeros. (A feasible solution is
said to be a degenerafe basic feasible solution if more than r of its r + m
coordinates are zeros.) Clearly, a basic feasible solution corresponds to a
corner of the feasible region. In a basic feasible solution, the variables
that assume nonzero values are called basic variables, whereas the others
are called nonbasic variables.

Now, we proceed to prove the statement made in Sec. 12-2 that one
of the corners of the feasible region is an optimal solution to a linear

programming problem. To prepare the way, we first prove the following
theorem.

Theorem 12-1 If a linear programming problem has a feasible solution, it
also has a basic feasible solution.

Proof Suppose that £,. £2, . . . , #,+= I8 a feasible solution. If all
of #1, #5, . . ., Z,4m are zero, they constitute a basic feasible
solution. (In fact, this is a degenerate case in which the feasible
region consists only of this one point.) If not all of them are zero,
we can assume, without loss of generality, that

£$1>0,£>0,. .., H>0FHu=%2= " =Zim=0

If k £ m, again, we have a basic solution. Thus, the only case
we have to examine is that when k is greater than m.

t When one of the linear constraints is an equality of the form
8aZi + aisTs + © 0 FaiT = b

we can replace it by the two inequalities
aar) + iz + 0 - + auxe 2 bi
aazy + Giszz + 0 0+ aez < b

and then introduce the corresponding slack variables. Alternatively, we can leave
the equality as it is. Then, since we need not introduce a slack variable for this con-
straint, the total number of variables willber + m — 1. To find the coordinates of
the intersection of 7 hyperplanes, we shall set r — 1 of the variables to zero and solve
the m linear constraints for the m remaining variables.
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Let us rewrite the m linear constraints in (12-6) gy

anty + 6T+ 0+ ante = Qe — Qyugazy,,
- TGty F oz
+ b

anfy + 6nZr t+ ¢ Gl = = GnThil < Q440
= T end, F Xy

+ b

(12-7)

i1 + GmaZr + 0 0 GmiZk T Gk 1Th4l ~ GmpgoTigr

- "‘am-t¢¢1:,+..

+ bn
In other words, we rewrite the constraints as m equations in k
unknowns ;, Ty, . . ., Tx, by treating the variables zpy1, Tase,
. ) ZTr4m 08 constants. Suppose that ¢ of these m equations are

independent equations in the k unknowns (g < m < k). We can
solve these ¢ independent equations and express q of the k variables

Iy, Iy, . - - , Lk in terms of the remaining variables. Without loss
of generality, assume that we solve the first ¢ equations in (12-7) for
Iy, 1y, . . . , I, and obtain
Zy = Wy — V1941Tes1 — Vige2Tot2 = ° " ° " VirgmOrim
Iy = Wy = 02,941Tg41 — V2,q42Tq43 ™ ° ' ° = VspimTrim

(12-8)
Tg = Wq = Vg a1+l — Vgq42Tgrz = ° ° ° 7 Vgrimlrim

where the v's and w’s are constants.

Moreover, we rewrite the remaining m — ¢ equations in (12-7)
as follows. [For the case ¢ = m, all m equations in (12-7) have
been rewritten as those in (12-8).] Since the left-hand side of the
(g + 1)st equation in (12-7) is a linear combination of the left-hand
sides of the first ¢ equations, we can eliminate the variables z,, s,

., Iy in the (g + 1)st equation and rewrite it as one that con-

tains only the variables zyyi, Tiss, . . . , Tepm. Using the same
argument for the (g + 2)nd, . . . , mth equations, we can rewrite
the last m — g equations in (12-7) as

0 = wyyy — VgsLb+1Tk41 = Vgp1h42Tker — ° ° ° ~ VoitrimTrim

0 = Werr ~— Vgazds1Tusr — Vosaas2Thet = ° ° ° — UgyarimErim (12-9)

0 =, — Um 43 %k+1 = UmisaTbys — ° ° ° — UsremZrim
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In other words, the m linear constraints in (12-7) are rewritten
as those in (12-8) and in (12-9).1 Since the variable z,,1 does not
appear in any of the constraints in (12-9), these constraints will
not be violated when we decrease the value of #,.: in the feasible
solution #y, £, . . . , £,4m. However, to satisfy the constraints
in (12-8), the values of 2y, £5, . . . , £, should be changed accord-
ingly. We can decrease the value of #,;; either until it becomes
zero or the value of one of £, 2, . . . , £, becomes zero. In any
case, we shall have a new feasible solution in which only k¥ — 1 of
the variahles have nonzero values.

The argument can be repeated until a basic feasible solution
is obtained. =

We prove now the following desired result.

Theorem 12-2 [f a linear programming problem has an optimal feagible
solulion, it also has an optimal basic feasible solution.

Proof In a fashion similar to that in the proof of Theorem 12-1,

let us suppose that £, £2, . . . , £,+= 15 an optimal feasible solution
in which

jl>01£3>0:"-)fk>0)£k+l=ih+1= ot =ir+u=0

withk > m. We proceed as in the proof of Theorem 12-1 to express
the variables z1, 23, . . . , z, in terms of the variables r .1, Ty,

. Tyym to obtain (12-8). Substituting the equations in (12-8)
into the objective function, we can express the objective function
in terms of the variables xg.1, Zg42, . . . , Tram a8 follows:

C = wo — Vogp1er1 ~ Vo,g42Tgrt — ° " ° — VortmErim

Since £, has a nonzero positive value, we claim that v .4, must be
equal to zero. If voq41 Is positive, we can decrease the value of
£q41 until it becomes zero or the value of one of #,, £,, . . . , &
becomes zero according to the constraints in (12-8). The value of
C is then increased. If vo .41 1s negative, we can increase the value
of #,41 until the value of one of &, #, . . ., £; becomes zero
according to the constraints in (12-8). The value of C is then

t Let us point out that the linear constraints in (12-8) and (12-9) are equivalent to the
linear constraints in (12-7) in the sense that a set of the values of the variables 1),
I3, . . ., Tram Satisfies the constraints in (12-7) if and only if it satisfies the con-
straints in (12-8) and (12-9). The validity of this statement is due to the fact that
not only are the constraints in (12-8) and (12-9) linear combinations of the constraints
in (12-7), but the constraints in (12-7) can also be expressed as linear combinations of
the constraints in (12-8) and (12-9).
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increased. If C is already a maximum, neither of these two cases
is possible.t  We ean, therefore, decrease the value of #,4, until it
becomes zero or until the value of one of #, #,, . . . . £, becomes
zero according to the constraints in (12-8) without changing the
value of the objective function.

Such an argument can be repeated until we have an optimal
basic feasible solution. m

Theorems 12-1 and 12-2 aflirm our geometric argument that when
searching for an optimal feasible solution to a linear programming
problem, we need only examine values of the objective function at the
corners of the feasible region.

12-4 THE SIMPLEX METHOD

With the results in Secs. 12-2 and 12-3. the problem of optimizing a
linear objective function is greatly simplified, since we need only compute
the values of the objective function at the corners of the feasible region.
However, as was also pointed out in Sec. 12-2, when the number of vari-
ables and the number of linear constraints increase, to compute the value
of the objective function at every corner becomes a very tedious job.
The simplex method is one of the most useful methods for finding an opti-
mal feaxible solution without examining exhaustively the values of the
objective function at all the corners. The method starts at one corner
of the feasible region and searches for another corner at which the value
of the objective function will be improved. Such a search is repeated
iteratively until an optimal basic feasible solution is found. In this way,
one never examines corners at which there is no improvement in the
value of the objective function over those values examined previously.
Since the problem of minimizing the objective function

C=c21+ ka4 caxs + * + - + o2
under a set of constraints is equivalent to the problem of maximizing the
objective function

C= —y — CoTs = C3Ta — * * * = CZy
under the same set of constraints, without loss of generality, we shall con-
duct our discussion in terms of the maximization of linear objective

functions.

As pointed out earlier, not every basic feasible solution is examined
in the simplex method. ‘Therefore, we must know the answers to these
questions: After examining the value of the objective function at a
corner, how do we find another corner at which the value of the objective

t If the problem is & minimization problem, s similar argument can be made.
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function will be larger? How do we know that an optimal solution has
been found when the corresponding corner of the feasible region is
reached?

The answers to these two questions hinge on the observation that
the linear constraints can be rewritten to express the basic variables in
terms of the nonbasic variables. Recall that a basic feasible solution
can be found by setting r of the r + m variables (the nonbasic variables)
to zero and solving the m linear constraints in (12-6) for the m remaining
variables (the basic variables). Instead of setting the r nonbasic vari-
ables to zero, we can treat them as constants and solve the m linear
constraints to express the m basic variables in terms of the r nonbasic
variables.} It follows that we ean substitute these expressions of the
basic variables in terms of the nonbasic variables into the objective
function so that the objective function becomes a function of the non-
basic variables only.

Let us illustrate this by an example in which we are to maximize
the function C = z, + 4z, subject to the constraints

4z + 5z, < 10
52, + 2z, < 10
—7r) + 4z, < 4
20 2220

With the addition of the slack variables zs, z¢, and z;, these constraints
become

4121+5132+xa =10
5z; + 2x9 + x4 = 10
—T7xy + 4+ 2, =4

z, >0 .’.6220 I;ZO I4_>_0 I;?_O
As shown in Fig. 12-7, there are five basic feasible solutions corresponding
to the five corners of the feasible region (each corner is identified by the
t The linear constraints obtained this way are equivalent to the constraints in (12-6).
See the footnote in the proof of Theorem 12-1.

*2 20 86 4
(51.5.05.0)

0.1,5.8,0)

n

(0,0,10,10,4)

Figure 12-7
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values of its five coordinates). The table below lists the different
expressions for the objective function in terms of the nonbasic variables
corresponding to the basic feasible solutions:

Bastc feasible solution Nonbasic variables l Objective function
(0,0.10.10,4) Iy, Ty l C - r— 41, =0
(0.1.5)3.0) Iy Ts C - 81, +xs=4
(2961,8%61,0,144,0) Zs, Ts C+ 32411, + 134, 7 = 3834,
¢%1,1%1,00,14) ESEN C + 13{7zy — gz = "0y
2,0,2,0,18) Ty, T¢ C —18%x, + 32, =2

From these five different expressions for the objective function. we can
tell that at the corner (29£,86¢,.0,144,0) the objective function attains
its maximal value of 3645,. This conclusion comes from the fact that
the coefficients of both z; and z; in the expression

C + 335173 + 115,25 = 3644,

are positive. When the values of both z; and z; are zero, the value of
C is 364¢,, whereas at any other point in the feasible region where one or
both of z3 and x5 assume positive values, the value of C is less than 3645,.

In the general case, when the objective function is expressed in
terms of the nonbasic variables z,, zi, . . . , Zi; that is, when

C+ voizi, + voiZiy + - + Vo Zi, = Wo

we can conclude that the objective function attains its maximal value w,
at the corresponding basic feasible solution if all the coefficients vy,;,, vo,,,
., by, in the expression are positive.

Returning to the illustrative example, suppose that in searching
for an optimal basic feasible solution we start at the corner (0,1,5,8,0).
In terms of the nonbasic variables z, and z;, the expression for the
objective function is C — 8z; + 25 = 4. Because the coefficient of z,
is negative, we see that the value of C will be increased if the value of
7, is increased from zero to a positive value; that is, the nonbasic variable
z; is made a basic variable. Moreover, since we wish to move from
one corner to another corner of the feasible region, we shall at the same
time make one of the variables z;, z;, and z, a nonbasic variable when r,
is made a basic variable. Ou the other hand, it would not be profitable
to make z; a basic variable because its coeflicient in the expression for
the objective function is positive. Suppose that we start, instead, at the
corner (0,0,10,10,4). In terms of the nonbasic variables z, and z, the
expression for the objective function is

C—I|'—423=0
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It is clear that either making z; a basic variable or making z. a basic vari-
able will increase the value of the objective function. In the simplex
method. we shall change only one nonbasic variable into a basic variable
at a time. (In other words, we move only between adjacent corners
of the feasible region.) In this case, the choice between making z, or
making z; a basic variable is quite arbitrary.

In the general case, when the objective function is expressed in
terms of the nonbasic variables z;, z;, . . . , z,, a8

C + voiZi, + voiTi, + - - 0+ Vo xi, = wo

we can increase the value of C by making the nonbasic variable z;, a basic
variable if its coefficient vy, is negative.t

This brings up the next question: When a nonbasic variable is to be
changed into a basic variable to increase the value of the objective func-
tion, how do we decide which basic feasible solution should be examined
next? By increasing the value of the nonbasic variable from zero until
the value of one of the basic variables becomes zero, we determine the
next basic feasible solution. We shall illustrate the procedure by solving
the preceding example, starting with the basic feasible solution (0,0,10,
10,4). The basic variables and the objective function can be expressed
in terms of the nonbasic variables z, and z;. Thus,

r3 = —4zr, — 522 + 10
Ty = —8r — 2z, + 10
Ty = 731"‘43&"'4
C = I + 4z,
However, anticipating the tableau format to be presented in Sec. 12-5,

these equations are rewritten so that only constants appear on the
right-hand sides of the equations. Thus,

z3 + 4x, + 5z, = 10 (12-10)
z4 + 5xy + 22, = 10 (12-11)
25 ~ Ty + 412 = 4 (12-12)

C—~2,—~4r,=0 (12-13)

t As mentioned above, if two or more of the v's are negative, one of the corresponding
nonbasic variables can be chosen arbitrarily to become a basic variable. Although
any choice leads eventually to an optimal solution, the number of iterations to reach
the optimal solution may be different for different choices. There is no knowu selec-
tion rule that will enable us to make a choice that requires the least number of itera-
tions. A rule of thumb usually followed is to choose the variable with a negative
coefficient that is largest in magnitude.
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Ag pointed out earlier in this seetion, either z, or x; can be made s
basic variable. Suppose that we choose to increase the value of ry while
keeping the value of ry at zero. According to Eq. (12-10), the value of
I3 cannot be increased bevond 195, since any further increment will make
the value of rs negative. Similarly, Eq. (12-11) limits the increment to
104 and Eq. (12-12) limits the increment to 45. Thus, the value of r,
can be increased to 34 (= 1), which is the smallest of the three limits.
We have now another basic feasible solution z, =0, r, = 1, x; = 5,
¥ = 8,and 25 = 0in which r; and z; are nonbasic variables. Expressing
the basic variables and the objective function in terms of the nonbasie
variables, we obtain

I+ 33z, — 34z, = 5 (12-14)
o+ 14 — Yoz = 8 (12-15)
o — Uo 4+ Yaes = 1 (12-16)
C -8z +zy=4 (12-17)

Repeating the same argument, we note from Eq. (12-17) that z,
should be made a basic variable. Because the coefficient of x, is negative
in Eq. (12-16), increasing the value of x, will cause a corresponding incre-
ment in the value of z,. Therefore, Eq. (12-16) does not place any limit
on the increment of the value of r;. In the constraints (12-14) and
(12-15), we observe that the increment of the value of z, is limited by
(12-14), in which the value of z; becomes 0 when the value of r, becomes
205,. Thus, the next basic feasible solution to be examined is z( = 293,,
Zy = 885y 1, =0,z = 144, and z; = 0. Expressing the basic variables
and the objective function in terms of r; and x5, we obtain

T+ 45125 — 35135 = 205, (12-18)
Zy = 3320 + Jiz = 143 (12-19)

z: + 76172 + 46135 = 88%, (12-20)
C + 33512 + 136,26 = 3645, 12-21)

Since the coefficients of both z, and z, in the objective function are posi-
tive, we know that the objective function attained its maximal value
which is 364¢,.

This completes the illustration of the simplex method for solving
linear programming problems. We now summarize the procedure as
follows:

1. Slack variables are added to transform the linear constraints into
linear equations.
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2. An initial basic feasible solution is picked arbitrarily (see Sec. 12-6
on how an initial solution can be found).

3. The basic variables and the objective function are expressed in terms
of the nonbasic variables in the basic feasible solution.

4. According to the signs of the coefficients of the nonbasic variables
in the expression for the objective function, a nonbasic variable
that has a negative coeflicient is picked to become a basic variable.
The value of this nonbasic variable is increased until the value of
one of the basic variables becomes zero.

5. Steps (3) and (4) are repeated until the coefficients of the nonbasic

variables in the expression for the objective function are all
positive.

12-5 THE TABLEAU FORMAT

A tableau format that can be used for systematically carrying out the
simplex method is introduced in this section. In an alternative repre-
sentation, Eqs. (12-10) to (12-13) are rewritten in tabular form as

I T2
z3 4 S 10
Xy 5 2 10
Xs ""7 4 4
c| -1 -4 0

The nonbasic variables are written in the top row of the table. The
remaining rows are the expressions for the basic variables and the
objective function in terms of the nonbasic variables. Specifically, the
numbers in the two columus under x; and zz are their coefficients in the
expressions for zi, z,, x5, and the objective function C. The rightmost
column contains the constants on the right-hand sides of Eqgs. (12-10) to
(12-13).

To determine which of the variables x;, x4, and z; will become a non-
basic variable when z; is made a basic variable, we compute the ratio
of the number in the rightmost column and the number under the z.
column for each of the rows xy, x4, and 5. (In this case, the ratios are
10/5, 10/2, 4/4.) The variable in the row that has the smallest ratio
is the variable that will become a nonbasic variable when the value of
x4 18 made us large as possible. In this case, it is the variable z, that will
become zero when the value of z: is increased from zero to 43. (The

reader should recall the reasoning given in Sec. 12-4, which we shall not
repeat here.)
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To express the basic variables and the objective function in terms
of the nonbasic variables r, and z;, instead of solving a set of simul-
taneous equations, we first rewrite Eq. (12-12) as

n-Un+ Yy =1
that is, we rewrite the equation such that the coefficient of z, is unity.
We can then rewrite Eqs. (12-10), (12-11), and (12-13) by substituting

this expression for z, into them. The resultant tableau as well as the
computation involved is shown in the following:

: “ |

I 4-5X(-%) =3%%% -34 10 -5X3% =5
= 5-2X () =12 -3 =-l5/ 10-2X3=
I3 -4 3 1 =1

Cl=1=(=) X(~-¥)=-8 %=1 0—(—4) X3 =1

Again, this tableau is just an alternative representation for Eqs. (12-14)
to (12-17).

The steps can now be repeated, and we have the following tableau
corresponding to Eqs. (12-18) to (12-21):

z

z

1

4

| I zs
! . be 3 -5 2961
-1

TR K K- XK=k | B (3 X (%) = 1%

i_'(-%) 7 8
Y =% 3} - (=% X (=561) = %% 1= (=% X (2%1) = %%,

[ —(=8)

c l Ve 33 1= (~8) X (=85{) = 136, || 4~ (=8) X (3%61) = 3%

We use this example to introduce the tableau format, which is
actually just an alternative representation for the linear constraints and
the objective function. The reason for using such a representation is
that there is a simple set of rules by which one tableau can be trans-
formed into another tableau when interchanging a nonbasic variable
and a basic variable.

We now present the tableau format in general terms. Without loss
of generality, suppose that we start the simplex method at the bssic
solution in which z;, z;, . . . , z. are basic variables and Zm+1, ZTm+a,

., Trs= are nonbasic variables.t According to our previous discus-

t There is no loss in generality since we can always rename the variables.
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sion, we can rewrite the linear constraints and the objective function as

Ty 4+ Vimi1Tma) T+ VimioZmez + 7 0 0 Uy mpiTmag
+ 0t DirimEram = W
To + Vami1Tmsl F Vimialmys + © - - + V2, m45Tm+s
+ RN V2, rymlrim = We
Te + VemstZmt1 F VemitZmiz + 0 0+ VemiiBnsy
4 0 U imTeam = W
Tm + Vmms1Zmil + Vmms2Tomaz T ° ° ° F UpomiiTmai
+ -+ UmramZrim = Wy
¢+ Vom+1Tmi1 + LomioZmiz + - - + Vo,m+;Tm+ji
+ A VoramTram = W
The corresponding tableau is
i
Im+1 Imtz " Tmyy T Tram
Ty | Vimir UVimi2  C 00 Uimyy T Uneam || UL
T2 | Vzmtr Vomi2 ° " UVzmy; © " 0 Useim we
Te | Uemer Vemiz " " 0 Ukmdy " 00 Ukeym || W

Zy | Umm+1  Umm+2 Y Vmmti " Umpeem Wm
C | Yoms1 Vom+z * ° ° Vomsi 0 Vorem Wy
To determine which of the variables z,, z2, . . . , . Will become a non-

basic variable when the value of a nonbasic variable z,.4; is increased from
zero to as large a positive value as possible, the ratios w:/vym+j w2/V2msir

., Wn/Unms; are computed. Suppose that the ratio we/vi my; is the
smallest of all the positive quantities. Then z, will become a nonbasic
variable when the value of Zm4; 18 increased, making it a basic variable.
The coefficient ¢ m4; is called the pivot. The row that contains the pivot
is called the pivotal row, and the column that contains the pivot is called
the pivotal column. To compute the tableau for the basic variables
Z1, T2, -« + ) The1, Tmij, Titls - - - +» Em (With rows arranged in this order)
and the nonbasic variables Tmi1, Tmi2, - - - 3 Tuticls Tiy Twmpighy - - «
Zrom (with columns arranged in this order),} we can transform the previ-
ous tableau according to the following rules:

t In other words, the variables r« and Zm,; interchange their positions in the tableau.
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1. The pivot is replaced by its reciprocal.

9. The other entries in the pivotal row arc divided by the pivot.

3. The other entries in the pivotal column are divided by the pivot with
their signs reversed.

. For the other entries in the tableau, vymiq (0 # k; ¢ # J) is replaced

-

CUkm. .
by n,,..,,——(v,,..+;v" N): w, (p #k) is replaced by w, —

We
Up.m+j :
Vk,m+j

Instead of giving a proof of the validity of these rules of transforma-
tion, we remind the reader that such a transformation is just a systematic
way of carrying out the substitution steps illustrated earlier in this
section.

Komf

12-6 COMPLICATIONS AND THEIR RESOLUTIONS

When the simplex method is applied to the solution of linear program-
ming problems, some complications may arise. We shall discuss these
complications and their resolutions in this section.

Complication 1 The value of the objeclive function 1s unbounded.
Consider the maximization of the objective function

C = xy + zy
subject to the constraints

-z + 2r, < 2
Ty — 2322
7020 2220
Adding the slack variables r; and z,, we obtain
—Zy+ 2224+ 2 = 2
T~ 2y =Ty = 2
.‘I':x_>_0 1'120 1;_>_0 t¢_>_0
Graphically, we see in }Fig. 12-8 that the feasible region is an
unbounded one.

To solve the problem by the simplex method, suppose that we start
with the basic feusible solution z; = 2,23 = 0,23 = 4, and £ = 0. The
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X2z

—x+ 2%+ x3=2

X~ X2~ X4a=2

Figure 12-8
corresponding tableau is
Y
X -1 —1 2
T 1 -1 4
C| -2 —-1j2

Since the coefficients of both z; and z are negative, either the value of
z5 or the value of z, can be increased to increase the value of the objective
function. Suppose that we choose to increase the value of z.. It can
be seen that increasing the value of z, will increase the value of z,, the
value of z;, and the value of the objective function. Therefore, there
is no limit to the increment of the value of z, and, consequently, no bound
to the value of the objective function.

Suppose that we happen to choose to increase the value of z: and
make it a basic variable. In that case, the tableau becomes

oy
1«'1'1 —2’ 6
nl1l -1 4
cl2 -3[10

To further increase the value of the objective function, we shall increase
the value of z,, and, again, we conclude that the value of the objective
function is unbounded.

As can be observed in this example, when there is a column in
the tableau that contains all negative entries, the value of the objective
function is unbounded. (BY convention,.a maximization problem is said
to be not possessing an optimal feasible solution if the value of the objec-
tive function is unbounded.)
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Complication 2 There is more than one optimal feasible solution.
Suppose the function C = 2z, + 2r, is to be maximized subject to the
constraints

~n+z:3<1
214+ 122<3
2120 220
Adding the slack variables z; and x,, we obtain

~1t+ T+ n=1
Dt Tt ze=3
020 1320 20 z,>0
Graphically, the feasible region is shown in Fig. 12-9. It can be seen

that any point on the heavy segment of the line z; + z3 + z4 = 3 is an
optimal feasible solution to the problem.

~xitx2+a=1 n+x2+xa=3
Figure 12-9

When the simplex method is employed, suppose that we start with
the feasible solution z1 = 0, zs = 1, z3 = 0, and z, = 2. The corre-
sponding tableau is

Iy Ty
zy| —1 1 1
EN 2 ~14 2
C| -4 202

Making z, a basic variable and z, & nonbasic variable, we obtain

Iy X3
sl 3 Mg 2
nilg it
cl2 ols
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In the objective function, the coefficient of xy is 0. This means that
changing the value of 3 will not change the value of the objective function.

Therefore, we conclude that in the expression for the objective
function in terms of the nonbasic variables, if all the coefficients are non-
negative and one or more of the coefficients are zero, then there is more
than one optimal solution to the problem.

Complication 3  There i3 no obrious basic feasible solution. To carry
out the simplex method, we need, initially, a bhasic feasible solution.
Sometimes an initial basic feasible solution can be found by inspection.
However, there are also cases in which the existence of a basic feasible
solution is not obvious. Let us consider the example of maximizing the
function C = 5z; + 3, subject to the constraints

—47; — Sr: £ =10
5z, 4+ 22z < 10
3z, + 8z, £ 12
120 220
Adding the slack variables z;, x4, and z5, we obtain
—4r; — 522 + 23 = —10
52, + 2z, 4+ z4 = 10
3zy + 8z3 + 2y = 12
;20 zz >0 7320 2,20 =z20

Since the origin of the r,-z; plane is not in the feasible region, r; = 0 and
z, = 0 (together with z; = —10, z, = 10, and z; = 12) is not a feasible
solution. It seems that we would, therefore, have difficulty in starting
the simplex method.

Suppose that we have a different problem, that is, maximizing the
funetion C = 5r; + 3x, — Mz, where M is a very large constant, sub-
ject to the constraints

—4x; — 522 — 2, < —10

St + 22, £ 10

3z, + 8z, < 12
To 2 0 A 2 0 T2 2 0
Adding the slack variables z,, 1, and ;. we obtain
—4.’II| - 511 — X + 1 = —-10
5y + 2z4 + x4 = 10
3z; + 82y + 25 = 12
2620 20 o2 0 2y >0 2,20 20

i
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Observe that 2, = 0,22 = 0, 2; = 0, 10 = 10, 2, = 10. and x4 = 12is a
feasible solution. Therefore, the simplex method can be used to find the
maximal value of the function 5z; + 3r» — Mz,. However, since M
is a very lurge number an optimal solution to the first problem together
with zo = 0 is an optimal solution to the second problem. On the other
hand, an optimal solution to the second problem in which z is a nonbasic
vaniable is also an optimal solution to the first problem. When the
simplex method is applied to solve the second problem, the sequence of
tableaux is

I T T3
Zo 4 5 -1 10
z, 5 2 0 10
z 3 8 0 12
c —-(5+4M) —-@B+5M) M —10A
k21 s z3
Zo 17¢ -5% -1 %%
EA 177 -4 0 7
R 3 0 34

3 3%
Cl -3~ 1M %+5%M M | %-3%M

Zo Xy X3
I 8 ~3 -%1 2%+
Ty -2 1 2 2
s ~347 beL 37 1844
c M+ M =137 =37 15447
Ty Is Za
EN 0 et bati 284y
Zs -1 1 3 1
EN 0 354 —3%4 1347
c M %44 3144 18547

Therefore, we conclude that for the first problem, an optimal solution is
= 284, 24 = 15{;, £3 = 1, z, = 0, and z; = O, at which the value
of the objective function is 183¢,.

In general, a linear programming problem is said to be augmented
when new variables are added to or subtracted from the linear con-
straints and when terms containing these new variables are added to or
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subtracted from the objective function. These new variables are called
artificial variables. It is clear that an initial basic feasible solution for the
augmented problem will become evident when artificial variables are

added to or subtracted from the linear constraints appropriately. More-
over, in a maximization problem,} when the term

—M@zo+ 20+ 30 + * ¢ )
is added to the objective function, where z,, =5, ry, . . . are artificial
variables and M is a very large number, an optimal solution to the

augmented problem in which all the artificial variables are nonbasic
variables will also be an optimal solution to the original problem.

Complication 4 There is no feasible solulion. When a linear pro-
gramming problem has no obvious initial basic feasible solution, it is
possible that the problem has no feasible solution at all. However, the
situation will become evident when the augmentation procedure in (3)
is applied. Consider the problem of maximizing the function

C = bxy + 3z,
subject to the constraints
4z; + 52:. < 10
52y + 224 > 10
3z, + 8z, 2 12
2120 2,20
Adding the slack variables z,, 24, and z;, we obtain
4xy + 522 + 24 = 10
S5z, + 229 — 24 = 10
3xy + 8zy — xy = 12
20 T2 20 2320 220 2,20

>
2

[

Since there is no obvious feasible solution to the problem, let us consider
the augmented problem of maximizing the objective function

C = 521 + 312 — M(xo + x3)
subject to the constraints

4'.171+5.’l715 10
5I1+221+Io Z 10
3I1+81«'2+$:,212

120 7420 2,20 1520

t In a minimization problem, the term M(ze + 25 + 2, + - * ') should be added.
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where zq and z; are artificial variables. Introducing the slack variables
to the constraints, we obtain

4z, 4+ 523 + 1, = 10
52y + 2xe + 2o — 24 = 10
32, + 8zs 4 xo — 1 = 12
520 >0 2020 x>0
20 2,20 rg 20

Sincez; = 0,2, = 0,20 = 10,2, = 12,2, = 10,2z, = 0,and 7, = 0

is a basic feasible solution to the augmented problem, we can solve the

augmented problem by the simplex method. The sequence of tableaux

is
EH EN z4 zs i

z; 4 S 0 0 10

T 5 2 -1 0 10

7y 3 8 0 -1 12

C{ -5—-8M -3-10M M M —-22M
o EA A x5

nl oy ~3% 0 5 55

n 1y -% -1 Y 7

s 3% 38 0 -4 %

Cl=d%g 1M 3% +34M M -3~ 3M| %~ 1M

! z3 I’o z Is

ok E %1 -1 0 547 29112

zo! -2 1 ~1 -1 2

T =34y ekl 0 ek ek

Ci B +2M —1344 M 1347 + M || 13317 - 2M
z3 Zo Zs Zs

1 —%q 1 -39 0 3914

Lo -2 1 -1 —1 2

"é 3a —%{1 %1 0 1944

i

M7+ 2M 13(; —13{; 4+ M M 18977 — 2M
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Therefore, the maximal value for the obhjective function 5xy + 3z, —
M(zo + 7o) is 1897, — 27, which is a very large negative quantity.
This indicates that there is no feasible solution to the original problem,
because if there is, such a feasible solution together with z, = 0 and
rp = 0 will be a feasible solution to the augmented problem, which
will give the objective function 5z, + 3xs — M(xo + z;) a value larger
than 18947 — 2M.

In general, when not all the artificial variables are nonbasic variables
in an optimal solution to the augmented problem, we conclude that there
is no feasible solution fo the original problem.

*12-7 DUALITY

Consider the linear programming problem of maximizing the objective
function

C=caxi+czat - -+,
subject to the constraints

anZs + anr: + 0 4 anx, < by

anfy + ant: + - ° 4 awt, < by

(12-22)
Ge1®s + Gmatz + 0 0 A+ G, < b
21202220, ...,2,. 20

Also consider the linear programming problem of minimizing the objective
function

B=biys+bya+ * - 4+ bnym

subject to the constraints

au1 +anyr + -+ amiye 2 0

Gy + Gulfs + 0+ Gmaym 2= C2
..................... (12-23)
ouyr t+ uy: + 0 0 0+ Gwkm 2 6

320,420, ... ,yn 20

As can be seen, there is a close relationship between these two problems.
Specifically, we observe the following properties:

1. The first problem is a maximization problem, and the second problem
is & minimization problen.

2. In the linear constraints in the maximization problem, the combina-
tions of the values of the variables are all constrained to be less than
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or equal to the constants by, by, . . . , bm. In the linear constraints
in the minimization problem, the combinations of the values of the
variables are all constrained to be larger than or equal to the con-
stanta ¢y, €2, . . ., Cp.

3. The constants on the right-hand sides of the linear constraints in
the maximization problem, by, bs, . . . . ba, become the coefficients
of the objective function in the minimization problem. The con-
stants on the right-hand sides of the linear constraints in the minimi-

zation problem, ¢, ¢, . . ., ¢, become the coefficients of the
objective function in the maximization problem.
4. The r coeflicients a1, a;s, . . . , air in the ith linear constraint in the

maximization problem become the coefficients of y; in the r linear
constraints in the minimization problem for 1 < ¢ < m.

For two linear programming problems related in this way, the
second problem is called the dual problem of the first problem. Corre-
spondingly, the first problem is called the primal problem.

Since the dual problem of 2 maximization problem is a minimization
problen:, we would expect that the definition of duality can be extended
such that the dual problem of a minimization problem is a maximization
problem. The first problem above can be reformulated as a problem of
minimizing the objective function

C = ~CiTy — C2Zg ~— * * * — Cly
subject to the constraints

—anZy — Gz — = A%, 2 —b
—apdi ~ QT2 — ' ' = Qaly 2 —by
—Gmi X1 — GmaT3 — = Gmely 2 —Dbm
1[?_0::320)"'yz'20

Also, the second problem above can be reformulated as a problem of
maximizing the objective function

B = "blyl -blyz_ ot —bmyn

subject to the constraints

—anpy1 — GnYr — =~ GmilYm S~ 0
—apyt ~ GuY1— " Gmalm S — 0
—dyelt — G2 — = Cmrlfm .<. -~ Cy

p20 20 ..., ym20
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Notice now that the primal problem is reformulated as a minimization
problem, and the dual problem is reformulated as a maximization prob-
lem. It is immediately clear that the dual of the dual of a linear pro-
gramming problem is the problem itself. We can, therefore, speak of two
problems being the dual of each other, since either one can be the primal
problem with the other being its dual problem. (The reader is reminded
of the discussion concerning dual graphs in Chap. 8.)

The following theorems show the implication of the concept of
duality.

Theorem 12-3 Let £, £5, . . . , £, be a feastble solution to the primal
problem, and let i, fs, . . . , §m be a feasible solution to is dual
problem. Then,
afi + ekt - - - 6, Shfi+ b+ - - - + bais
Proof From the linear constraints in (12-22), we have
anfi +apt:; + - - - tayd, < b
andy + @ty + - - - + ande < b:
amlx‘l+au2£2+ st +anl.r£rsb-

Multiplying both sides of the 7th inequality by ;. fori = 1,2, . . .,
m and summing both sides of the inequalities, we obtain
AOLDIEI 1229
i=1 j= i=

Similarly, from the linear constraints in (12-23), we have

anh +anga+ © -+ Caiffm 2 €1
awfr + @njs + - - + Gurlfm 2 €2

avth + e+ - - -+ Cmilim 2 &

Multiplying both sides of the jth inequality by £;forj = 1,2, . . .,
r and summing both sides of the inequalities, we obtain
S(Sad)t> 3ot (12:29)
jel =l J=1

Combining (12-24) and (12-25), we obtain

icsijEb;y‘a .

=1 V=1
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Corollary 12-3.1 fet £, £y, . . ., 2 and §1, g2, - . . , Jn be feasible
solutions (o the primal and (he dual problems, respectively. Both of the
solulions are oplimal feasible solutions to their respective problems if

Vet = 3 b

i=1 (CX}

The next theorem shows that the existence of an optimal feasible
solution to the primal problem guarantees the existence of an optimal
feasible solution to the dual problem.

Theorem 12-4 If the primal problem has an optimal feasible solution, then
the dual problem also has an optimal feasible solution.

Proof After adding the slack variables, the m linear constraints
in the primal problem are rewritten as m linear equations. Thus,

autr + aurs + ° 0 4 ety + T = by
Audy + anzs + © 0 + 0T t Tepr = b2
0Tt + Gmats + ° 0+ Gmetr + Tram = ba

Also, the objective function is written as
C—cxy — €3 — =~ -z, =0

To simplify the notation later on, we rewrite the m linear equations

a8
anri+ antr+ 0 F okt Tt -
+ al,v+mxr+n = bl
ang1 + @tz + 0 + Gk + @ar43%eir + - -
+ G rimZrim = bl (12-26)
GmiZs + Gm2Z2 E + GmeZr + GmrsrZrar + -
+ Am,r4mlrim = b-u
with
Grosr = 1, Grrs2 ™ Qurga = ° 77 T Olesm = Y
rops = 0, Garer ™ 1, Qo000 = g = 0 7 = Qargm = 0

Gursl = Garss ™ 0 = Qargm—) = 0, G rim = 1
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Also, we rewrite the objective function as

C—‘Cﬂx—l}z-‘h'— = Gy Crp1Tpay 0 "Cy+u1'+n=0
(12-27)

with

Crpl = Cry2 = * ~ -~ =cr+m=0

Suppose that we solve the problem by the simplex method and
obtain the following tableau as the final one. (As we can always
relabel the variables, there is no loss in generality in assuming that

I3, X2 . . ., T. are basic variables in the basic feasible optimal
solution.)

Tont1 Tmi2 st Togm
Zi Vimsl Vima2 ° " " Uleim wy
Z2 Vzmtt Uamiz ° °° Vreem || W2
Tom Ummil Umm+2 ° " " Umorym W
c Vomet Vomez =~ ° " Vorem | Wo

We recall that the tableau is just a shorthand representation of the
m equations

I + Uimi 1 Zmid F Vlmes®miz + 0 0 0 VpeemErem = W1
T2+ Vamiilorr T Vomerfmiz + ° 0 0 F VrrimBim = W2
(12-28)
Im + Um,m+1m+1 + Um,m4+28m+2 + ot + Porimlrim = Wm
and the objective function
C + Uo.m41Tm+1 + Vo,m+2Tm42 + -+ Vo,remErim = Wo (12-29)

Moreover, the m equations in (12-28) are obtained by solving the m
equations in (12-26). It follows that each of the equations in
(12-28) can be expressed as a linear combination of the m equations
in (12-26). Suppose that the equations in (12-28) can be expressed
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a8

r11(12-26.1) + 795(12-26.2) + - -+ + 7mi(12-26.m)
*11(12-26.1) + %1(12-26.2) 4+ - -+ + 7w2(12-26.m)

.............................

71n(12-26.1) + 72a(12-26.2) + - * - + 7um(12-26.m)

where the »’s are constants and we use (12-26.1), (12-26.2), . . .,
(12-26.m) to denote the first, second, . . . , mth equation in
(12-26). Thus the m equations in (12-28) can be written as

m o ad
z TaGay + Z madiaZs + 0 0+ Z Tidlir4mTrim
i=1 i=1 Q=1

= i mib;

V=1
m »m m
El #2802, + Z TooliaZs + - -+ E TitGi,rtmTrim
i~ i1 i=1
= Y wab  (12-30)
i

.................................

bt haed m
Z TmGiZs + Z TimGisTy + © © © + 2 Mm@y, r4alyim
i=] =1 1

ga]
= E 7iubi
i=l
Recall that the expression for the objective function in (12-29)
is obtained from the expression in (12-27) by eliminating the vari-
ables 2y, z2, . . ., zu. Therefore, Eq. (12-29) can be expressed as

(12-27) + ¢,(12-28.1) + c2(12-28.2) + - * + + ca(12-28.m)

Since the equations in (12-28) can be rewritten as those in (12-30),
Eq. (12-29) can be rewritten as

C+(-a+ 421 ¢ ‘Zi o) o+ (—a + 2 G ,21 wis) 23
j= i i -

+ -4+ (...cv” + z ¢ z’ f.,ﬂ.’.ﬂ-) Zrem
jel e m

= ¥ ¢ ) wb (12-31)
Jjel el

Note that
L Ld

" »
TGl rmu=Ya)omy k=12 ...,7+m

s=! [ sl Jj=i
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If we let
=Y oex  i=1,2...,m
i=1

then Eq. (12-31) can be written as
C + (—61 + E au&.-) z + (—-c, + z] 0535.') T3
o] -
+ -+ (—Cr-y-n + E a.',vwsi) Zeam = ,Z‘ bis: (12-32)
i=1 i=
Comparing Eq. (12-32) with Eq. (12-29), we observe that
—a+ ) k20 k=12 ...,7+m (12-33)
i=]

because all the v’s in (12-20) are nonnecgative. For the ks
corresponding to the m slack variables, (12-33) is reduced to
520 i=12 ...,m
For the remaining ks, (12-33) can be rewritten as
m
Yasi2a k=12 ...,r

i=1

It follows that &, &, . . . , 8. satisfies the constraints in (12-23)
and is a feasible solution to the dual problem. Moreover, accord-
ing to (12-32), the optimal value of the objective function for the

primal problem is Z bid. Therefore, according to Corollary

=]
12-3.1, &, 83, . . . , 6 i8 also an optimal feasible solution to the
dual problem. 8

Example 12-1 Find the minimal value of the function
C=z 42
subject to the constraints
4z, + 529 S 10
52y, + 2z, € 10
321 + 812 S 12
-7z, + 42, <7
8z, + 52: 2> 1
) _>_ 0 2 2 0
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Because there is no obvious feasible solution to the problem, we need
to augment the problem before the application of the simplex
method. However, we can also solve the dual problem. The
problem is to maximize the objective function

B= —10y - 10y: — 12y, ~ Tys + us

subject to the constraints

-4y = Syr — 3y + Ty + 8y £ 1

=5y1 — 2ys — 8ys — 4ya + Sys < 1

20 yu 20 $ 20 ¥ 20 s 20

Adding the slack variables to the linear constraints, we obtain
—4y1 ~ 5ys — 3ya + Tya + 8ys + s = 1

=51 = 2y: - S8ys — 4y + Ss + y1 = 1

=0 y220 Y20 Y20

20 Yye 20 120
The sequence of tableaux is

U Ys Ys Ya Ys

pr|—-5 ~2 -8 -4 S )1
1

wl-¥% -% -% % K|%
w| =% % - -0 -3¢ |3
B w95 136 93 o3 |

Therefore, we conclude that the minimal value of the objective
function C = z; 4 z: of the primal problem is equal to 3. ®

12.8 SUMMARY AND REFERENCES

The applicstion of linear programming to assignment problems, trans-
portation problems, industrial problems, economic theory, and many
other fields can be found in the many books and papers in the literature.
See Dantzig {2] for an extensive list of references.

The simplex method offers an effective method of solution to linear
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programming problems. Moreover, the systematic way in which tab-
leaux can he transformed makes the method most suitable for digital
computation. As a matter of fact, linear programming problems with
hundreds of variables and constraints have been solved on digital
computers. In most computation centers, there are library routines
solving linear programming problems that a programmer can look up
and use. For a discussion of the computational considerations, see
Chap. 25 of Ralston and Wilf [6].

In applying the simplex method, complication may arise when a
degenerate basic feasible solution is present. In this case, the value
of the objective function may not increase when we move from one
basic feasible solution to another. Fortunately, such a case is rare and
can be handled by a perturbation method due to Charnes {1}. See also
Chap. 14 of Garvin (3] and Chap. 6 of Hadley {4].

The implication of duality is more extensive than the presentation
in Sec. 12-7. See, for example, Probs. 12-10 and 12-13.

When the objective function is not a linear funection or the con-
straints are not linear inequalities or equations, the optimization problem
is no longer a linear programming problem, and the method of solution
developed in this chapter cannot be applied. Mathematically, the
techniques of nonlinear programming and dynamic programming, which
are useful in solving problems like these, are more complicated than the
technique of linear programming. There is an extensive literature on
the subject of nonlinear programming. See, for example, Hadley [5]. In
Chap. 13, we shall have an introductory discussion on the subject of
dynamic programming.

Two introductory books whose level of presentation is the same
as ours are Garvin {3] and Vajda [7]. For more complete coverage,
see Dantzig [2], Hadley [4}, and Vajda [8].

1. Charnes, A.: Optimality and Degeneracy in Linear Programming, Econometrica,
20:160-170 (1952).
2. Dantzig, G. B.: “Linear Programming and Extensions,” Princeton University
Press, Princeton, N.J., 1963.
3. Garvin, W. W.: “Introduction to Linear Programming,” McGraw-Hill Book
Company, New York, 1960.
4. Hadley, G.: “‘Linear Programming,” Addison-Wesley Publishing Company, Inec.,
Reading, Mass., 1962,
. Hadley, G.: “Nonlinear and Dynamic Programming,” Addison-Wesley Publishing
Conipany, Inc., Reading, Mass., 1964.
6. Iialston, A., and H. 8. Wilf (eds.): “Mathematical Methods for Digital Com-
puters,” val. I, John Wiley & Sons, Inc., New York, 1960,
. Vajda, S.: ““The Theory of Games and Linear Programming,” John Wiley & Sons,
Inc., New York, 1956,
§. Vajda, S.: “Mathematical Programming,” Addison-Wesley Publishing Company,
Inc,, Reading, Mass,, 1961.

o
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PROBLEMS
12-1. Maximize the function € = dr, + 6x; + 2r; subject to the constraints
3r; + 4xy 42, < 2
P 4] +3I: +2I; S 1
n=0 2320 >0
12-2. Use the simplex method to show that the value of the objective function in the

following linear programming problem is unbounded. Maximize the function
C = 32\ + 413 subject to the constraints

n+2r 26
25, 42326
n20 2 20

(Note: 2y = 2 and z, = 2 is & basic feasible solution.)
12-3. Minimize the function C = z, — rs subject to the constraints

41'1 +5Zg <

3z, + Br, 2
;20 2320

e <
<

Use the simplex method and start with the basic feasible solution z; = 0 and z3 = 0.
124. Maximize the function C = 37, + 4z; — 2z, subject to the constraints

331+u1+1552
2z — 32y + 22 2 —4

7 <0 73 20 23 €0
128, Maximize the function C = 5r, + 2z, subject to the constraints

—-‘21+1|$5
10z, + z, < 10

1320

by

{a) Using a geometric method.

(b) Formulating the problem as a linear programming problem and using the
simplex method to solve it.

126, Solve the dual of the following lincar programming problem: Maximize the
function C = —3z, + 4z, — x, subject to the constrainta

~Z1 + X+ 2. €6

Xy -2y = 21y 2 ~6

S2; + 22 ~ 3z; = 4

2z, 20 20 2,20
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12-7. An automobile manufacturer produces two basic car models A and B. They are
8old to car dealers at a profit of $200 per car A and $100 per car B. A requires, on the
average, 150 man-hours for assembly, 50 man-hours for painting and finishing, and
10 man-hours for checking out and testing. B averages 60 man-hours for assembly,
40 man-hours for painting and finishing, and 20 man-hours for checkout and testing.
During each production run, there are 30,000 man-hours available in the assembly
shops, 13,000 man-hours in the painting and finishing shops, and 5,000 man-hours in
the checking and testing division. Use the simplex method to determine the number

of each model the manufacturer should plan to produce so as to realize the greatest
possible profit from each production run.

12-8. The values of a continuous function f(z) at x = 0, 1, 2, and 3 are

z o 1 2 3
@12 -2 1 4

J(z) may be approximated by a second-degree polynomial

g(x) = ao + awx + aax?

such that the maximal value of the approximation error jg(z) — f(z)lat 2 = 0, 1, 2,
and 3 is minimized.

(a) Formulate this minimization problem as a linear progratnming problem.
(b) Formulate the dual problem.
12-9. A pound of liver containg 0.1 unit of protein and 0.04 unit of iron. A pound
of beef contains 0.3 unit of protein and 0.016 unit of iron. Both liver and beef cost

$1/lb. The minimal daily requirement for a student is 0.5 unit of protein and 0.048
unit of iron.

(@) What quantities of liver and beef should a student consume daily to meet
his minimal requirement at the smallest total cost?

(b) Formulate the dual of the linear programming problem formulated in (a).
12-10. Prove that if the kth constraint in a linear programming problem is an equality,
then the corresponding variable y: in the dual problem is unrestricted in sign, and
conversely.
12-11. Describe how the simplex method may be applied directly to a linear program-
ming problem in which the objective function is to be minimized, without reformula-
tion as a maximization problem.
12.12. When there is no obvious basic feasible solution to a linear programming
problem, one can be found by introducing artificial variables, as discussed in Sec. 12-6,
Another method for finding a basic feasible solution 18 presented in this problem.
Consider the example used in Sec. 12-6 and repeated below.

Maximize the function C = 5z, + 3xz; subject to the constraints

—4r; — 5z: £ —10
5z, +2r; <10

3z, + 8r; <12
2120 x.ZO
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(a) Usee the simplex method to minimize the function €’ = 4 subject to the
constraints

~4r; — 5xy — 20 < ~10
&y 4+ 22, £ 10
3z + 8z, < 12

z 20 220 e 2 0

What is the significance of the optimnal solution to this problem?

(b) Use the optimal solution obtained in part (a) to solve the original maximiza-
tion problem.

(c) State a general procedure for finding a basic feasible solution to a linear
prograraming problem. Under what condition will a linear programming problem
possess no feasible solution?

12-13. In this problem another method of solving linear programming problems, known
a8 the dual simplez method, is studied. In the dual simplex method, a sequence of
basic solutions is generated, each having the property that the coefficients in the
bottom row of the corresponding tablesu are all positive. The method terminates
when a basic feasible solution is found. Copsider the problem of maximizing the
function C = -z, — 2r, — 8z, subject to the constraints

33] -5:;+2I;S -3

n+z—3, L1

21; - Xy — 31] S -2

I, 2 0 T 2 0 I 2 0
Adding slack variables, these constraints become

3.1'| —5I’+21'p +I. = —3

X +1’g’3-‘£; +z5 = 1

22, ~ 22~ 3xy + 2y =™ =2
It is clear that z; = 0,2z, = 0,23 = 0, 2 = -3, z; = I, and 74 = —2 constitutes a
basic solution, although it is not a feasible one.

(a) Set up the tableau corresponding to this basic solution.

(b) Since both r, and z¢ assume negative values, one should be made a nonbasic
variable. If z, is made & nonbasic variable, which variable should be made a basic
variahle? Set up the new tableau.

{e) At this point z4 should be made a nonbasic varisble. Which variable

should he made a basic variable? Why? Complete the problem.

(d) State in general terms the stepe necessary to carry out the dual simplex
method.

12.14. To start the dual simplex method, a basic solution is needed for which the
coefficients in the bottom row of the corresponding tableau are all positive. Consider
the problem of maximizing the function C = 1, + 4zy + 2z, subject to the constraints

3z + 2+ 42, £ 2
Zy+ 25542, <5
20 2320 2,20
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Since there is no obvious basic solution that satisfies the condition, the additional
constraint

i +rt+n<M

is introduced, where M is a very large number. Clearly, this does not change the
problem. Adding slack variables, the constraints become

3z, +2s +4r; + o =2
I+ 223+ 2+ 2= 5
i+t tze=M

A basic solution in which 74 and two of the three variables z,, z,, and z; are nonbasic
variables will have all positive coefficients in the bottom row of the corresponding
tableau.

(a) Find this basic solution.

(b) Solve the problem using the dual simplex method.

(¢} Maximize the objective function ¢’ = z, — 4z, + 2z, under the same set
of constraints using the dual simplex method.

(d) State in general terms the steps necessary to find a basic solution for start-
ing the dual simplex method.



Chapter 13
Dynamic Programming

13-1 INTRODUCTION

Consider the operation of a machine shop in which there are 100 machines.
These machines can be used to manufacture two different kinds of
products, A and B. The total amount of product A manufactured by one
machine in a8 week will be s0ld for a profit of 300 dollars and the total
amount of product B manufactured by one machine in a week will be
sold for a profit of 500 dollars. However, after each week’s operation,
30 percent of the machines making produet A will become worn out beyond
repair, whereas 60 percent of the machines making produet B will become
worn out beyond repair.  Suppose that machines are assigned to manufac-
ture oneof the two kinds of products on a weekly basis. Our questionis as
follows: Over a three-week period, how should the machines be allocated
to the two products A and B such that the total profit is maximiged?
This problem can be formulated and solved as a linear programming
problem. Let z4, 75, and 7, denote the numbers of machines allocated ta
product A in the first, second, and third week, respectively. Also, let
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y1, Y2, and Yy, denote the numbers of machines allocated to product B
in the first, second, and third week, respectively. Thus, the problem
is that of maximizing the objective function

C = 300(z1 + z2 + x;3) + 500(y1 4+ y2 + ¥9)

subject to the consiraints

T + W = 100
T2 + y2 = 0.7z, + 0.4y
r: + ya = 0.72: 4+ 0.4y:

;20 1120 zy3 20 y;ZO yZZO 11120

However, this problem can also be solved in an alternative way.
Let us consider the operation in the last week of the three-week period.
Suppose that » machines are still in working order at that time. If z
of the n machines are assigned to product A and n — z of the n machines
are assigned to product B, the profit from the week’s operation is

300z + 500(n — z) = 500n — 200z

Since in the last week there is no need to consider the number of machines
that will remain usable later on, we should simply maximize the profit,
500n — 200r. Clearly, by setting z to 0, that is, using all the machines
for product B, we shall obtain the largest possible profit, 500n dollars.
This, of course, is an expected result. Since the profit from manufactur-
ing product B is higher than that from manufacturing product 4,. we
should assign all the machines to product B. Also notice that since the
allocation of machines in the last week of the three-week period cannot
change the profit from the operation in the preceding weeks, the optimal
decision for the last week is simply the one that makes the best use of the
n machines that are in working order.

Anticipating the functional equation formulation to be presented
later on, we introduce some symbolism. Let fi(n) denote the maximal
profit from the operation of #n machines for the period of one week. Then
we can write

Si(n) = max [300z + 500(n — 2)]t = 500n
0<r<n
Now, consider the allocation problem in the second week. Suppose
that n machines are still in working order at that time. If z of the n

t The notation means the maximal value of the expreasion within the brackets subject
to the constraint 0 < z < n.
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machines are assigned to product A and n — z of the n machines are
assigned to product B, then the profit from the second week’s operation is

300r + 500(n — z) = 500n — 200r

Moreover, the number of machines that will still be usable in the third
week is

07z + 0.4(n — 1) = 0.4n + 0.3z

Therefore, the total profit from the two weeks’ operation is equal to the
sum of the profit from the second week’s operation, 500n — 200r. and
the profit from the operation in the last week with 0.4n 4+ 0.3z usable
machines. According to our earlier discussion, with 0.4n + 0.3z usable
machines the largest profit from the last week’s operation will be

f1(0.4n + 0.3z) = 500(0.4n + 0.3z)
Thus, the largest total profit from the two weeks’ operation is
(500n — 200z) + 500(0.4n + 0.3z)

for an appropriately chosen value of z.
Again, in a more formal way, let fo(n) denote the largest total profit
from the operation in two weeks starting with n usable machines. Then,

Ji(n) = or:m(x [300z + 500(n — z) + £,(0.4n + 0.3x))

= oTasx 1300z + 500(n — z) + 500(0.4n + 0.3z)]

= max [700n — 50z]
0525
= 700n

where the value of z is chosen to be zero; that is, in the second week, all
the machines should be assigned to product B. As pointed out above,
in the third week all the machines should also be assigned to product B.
It follows that by assigning all the usable machines to product B in both
the second and third weeks, we shall bring in the Iargest profit, which
is 700n dollars. Of course, the allocation of machines in the second week
does not affect the profit from the first week’s operation. Therefore, the
optimal decision at the second week is the ane that makes the best use
of the n usable machines in the two-week period consisting of the second
and third weeks.
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Similarly, consider the operation in the whole three-week period.
Let fy(n) denote the largest total profit with n initially usable machines.
Let z denote the number of machines assigned to product A in the first
week. Then,

fa(n) = max {300z + 500(n — z) + f2(0.4n + 0.3z)]

0<z8n

max {300z + 500(n — z) + 700(0.4n + 0.37))

0<sr<n

max [780n 4 10z]

0<z<n

790n

[}

where the value of z is chosen to be n. This means that during the first
week’s operation we should use all the machines to manufacture product
A, although we should assign all the usable machines to product B in the
second and third weeks. Such a decision confirms our intuition that
although the immediate profit is less, assigning the machines to product 4
is still a right move on a long-term basis, as the attrition of machines is
lower. With n = 100, we have

£4(100) = 79,000

which is the maximal profit from the operation in a three-week period.
Comparing the linear programming formulation with the method of
solution that is outlined above, we realize that in the former approach
the assignments of machines for all three weeks are determined simul-
taneously, whereas in the latter approach the assignments are determined
in a step-by-step manner. In the linear programming approach, one
solves an optimization problem involving three variables z,, r,, and x4 (the
other three variables ¥,, ¥2, and y; can be eliminated by using the equality
constraints); on the other hand, in the new approach, one successively
solves three optimization problems involving a single variable. The differ-
ence will become even more significant when we consider the operation of
the machine shop for a period of 10 or 100 weeks, as the reader can see.
Let us modify the machine-shop problem by assuming that the
profit from the sale of the total amount of product 4 manufactured by
m machines in a week is 3m? dollars and that the profit from the sale
of the total amount of product B manufactured by m machines in a week
is 4m? dollars. Notice that the problem is no longer a linear program-
ming problem. However, the step-by-step computation procedure
employed above can still be applied. Let fi(n) denote the maximal
profit from the operation in a k-week period starting with n machines.



THE PRINCIPLE OF OPTIMALITY ur

Let £ denote the number of machines assigned to product A. Then,
filn) = max (32! + 4(n — 7)Y
0<SxSn

= max [4n? — 8nz + T2Y
0<sgn

= 4nt
where z is chosen to be equal to 0. Similarly,
Ix(n) = max {32 + 4(n — 2)? + £1(0.4n + 0.3z)]
0<z<n

= max (32! 4 4(n — z)? + 4(0.4n + 0.32)?

0<zsn

max [4.64n — 7.04nz + 7.362?)

0<2<n

4.96n*

where z is chosen to be equal to #; and

fa(n) = otgnsx {32t + 4(n — 2)* + f2(0.4n + 0.32)]

= max {3z* + 4(n — 2)* + 4.96(0.4n + 0.32)?%)
[F42<)

= max [4.7936n® — 6.8096nz + 7.4464s?)
0<z<n

= 5.4304n*

where z is chosen to be equal to n.
Notice now that in both the first and second weeks we should
assign all the machines to produet A. Only in the third week should

we use the machines for product B. Following such a policy, the total
profit is

£2(100) = 5.4304 X (100)* = 54,304

The example in this section illustrates the solution of a class of
problems by a recursive computational procedure which is referred to as
dynamic programming. In this chapter, we shall present the basic idea of
dynamic programming together with a few illustrative examples. The
details of this subject are beyond our scope of discussion.{

13.2 THE PRINCIPLE OF OPTIMALITY

The technique of dynamic programming is quite powerful in solving the
decisiop problems of multistage processes. A mullislage process is obe

t For further details, see Beliman (1] and Nemhauser (4}.
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that has a certain number of successive stages of operation. For exam-
ple, in the machine-shop problem in Sec. 13-1 the operation can be divided
into three stages, namely, the first, second, and third week. A multi-
stage process is characterized by a certain number of parameters, which
are called the state variables. In other words, the values of the state
variables at each stage fully describe the status of the process at that
stage. A combination of the values of the state variables is called a state
of the process. Jor example, in the machine-shop problem, the state
variable is the number of machines that are in working order. Also,
consider the problem of making daily assignment of men and women
workers to perform a certain number of jobs, some of which are open only
to men and some of which are open only to women. The state variables
are then the numbers of men and women who report to work on each day.

A multistage process is said to be Markovian, if at any stage the
behavior of the process depends solely on the current values of the state
variables. For example, in the machine-shop problem, the operation of
the shop depends solely on the number of machines that are in working
order in each week. Throughout our discussion, a multistage process
shall be understood to be Markovian, unless otherwise specified. At
each stage of a multistage process, a decision is a choice among a certain
number of possible actions. The number of alternative actions can be
either finite or infinite. In the machine-shop problem, the decision we
have to make each week is the number of machines to be assigned to prod-
uct A. The quantity to be optimized in a decision problem is called the
objective function, Clearly, this function in the machine-shop problem
is the total profit in the three-week period. A decision at each stage
not only affects the value of the objective function, but also determines
the values of the state variables at the subsequent stage. In the machine-
shop problem, the decision on the number of machines to be assigned to
each of the two products not only affects the total profit, but also deter-
mines the number of usable machines for the subsequent week. Since
the process is Markovian, a decision at each stage can be made solely on
the basis of the values of the state variables. In a multistage decision
problem, a policy is any rule for making a decision at each of the stages
that yields an allowable sequence of decisions. For example, in the
machine-shop problem, a policy consists of the numbers of machines to
be assigned to product A in each of the first, second, and third weeks.

An optimal policy is one which optimizes the objective function.

The formulation and the solution of multistage decision problems
are based on the principle of optimality:

An optimal policy is one where, whatever the tnitial slate of the process
and the initial decision, the remaining decisions must constituie an optimal
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policy with regard lo the new stale of the process resulling from the first
decision.

The principle of optimality is simply a formalization of an intuitive
notion which can be justified by the following argument. Suppose that
there is an optimal policy that does not satisfy the principle of optimal-
ity; that is, for a certain initial state and a certain initial decision, the
subsequent decisions based on the policy do not constitute an optimal
policy with regard to the new state resulting from the initial decision.
This means that if the process starts initially at this new state, the policy
will not yield a sequence of optimal decisions, which is a contradiction
to the assumption that the policy is an optimal policy.

The recursive computational procedure in solving multistage
decision problems is a direct consequence of the principle of optimality.
In searching for an optimal decision at any stage of the process, one needs
only to look for a decision that will optimize the activities in the subse-
quent stages. Therefore, as illustrated by the machine-shop problem in
Sec. 13-1, one starts the computation by searching for an optimal decision
for the last stage of the process and then works “backward” to determine
an optimal poliey.

Let us consider a multistage process with r state variables. Let
f(z1,zy, . . . ,z.) denote the optimal value of the objective function
for a k-stage operation that starts with the initial values of the state
variables being 7y, 23, . . . ,%,. Fori =12, ... letg(zxizs ... ,1,)
denote the return (the contribution to the value of the objective func-
tion) in one stage of operation when the values of the state variables are

Z1, T3, - - - , Zr and the ith decision is made. Also, fori =1,2, .. .,
let hi(£1,22. . . . ,x)T denote the new values of the state varables when
the values of the state variables are x,, xs, . . . , £, and the ith decision

is made. Let G(u,v) denote the value of the objective function for a
k-stage operation, where u is the return in one stage of operation (for a
certain decision) and ¢ i8 the return in the subsequent k — 1 stages of
operation (for a corresponding sequence of decisions). Formally, the
recursive computational step based on the principle of optimality can be
written as

fe(z,za, . . . ,2Z0)
= optimize [G(g.(x1,2s, - - . ) Sacr(hi(ZsZ2, - . . 2T (13-1)
Using Eq. (13-1), we can compute fu(z1,%s, . . - ,2,) when the value of

t The value of the function A; is an ordered r-tuple.
{ The notation means to optimize the value of the expression in the brackets by
choosing an optimal value for 4.
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Sia(zy2a, . . . ,x,) is known. It follows that a step-by-step computa-
tion can be carried out recursively. Before studying the next example,
we suggest that the reader review the machine-shop problem in Sec. 13-1.

Example 13-1 Consider the problem of distributing $6,000 among three
methods 4, B, and C of marketing a new product. The projected
profit from each method as a function of the amount of money
spent is shown in the following table (the functions are denoted by
ga, gs, and ge, respectively):

A mount spent

Profit function 0 1,000 2,000 3,000 4,000 5,000 6,000

(7 10,000 12,000 15.000 18,500 24,000 30,000 33,000
7] 12,000 18,000 20,000 22,500 24.000 25,000 26,000
gc 6,000 12,000 20,000 22,000 24,000 26,000 28,000

Let fi(a) denote the total profit when a dollars is allocated to
method 4. Let fi(a) denote the total profit when a dollars is dis-
tributed between methods A and B following an optimal policy.
Let fi(a) denote the total profit when a dollars is distributed among
methods 4, B, and C following an optimal policy. Clearly,

Ji(a) = ga(a) (13-2)
fi(a) = o’é‘fs"a {98(z) + file — 2)) (13-3)
fila) = Jax lge(z) + fala — 2)] (13-4)

According to Eq. (13-2), we have

a Si(a)
0 10,000
1,000 12,000
2,000 15,000
3,000 18,5060
4,000 24,000
5,000 30,000

6,000 33,000
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In a step-by-step computation based on Fq. (13-3), we obtain
ga(z) + fila — 1) ]
a-zr | Sa(a)
a e —
(4] 1,000 2,000 3,000 4,000 5,000 6,000 i
1
0 | 22,000 22,000
1,000 | 28,000 24,000 28,000
2,000 | 30,006 30.000 27,000 30,000
3.000 | 32,500 32,000 33,000 30,500 23000
4,000 | 34,000 34,500 35.000 36,500 36,000 36,500
5,000 | 35,000 36,000 37,500 38.500 42,000 42 000 42,000
6,000 | 36,000 37,000 39,000 41.000 44,000 48 000 45.000 1 48.000
Similarly, based on Eq. (13-4), we obtain
ge(x) + frla — 2)
‘ a-z £@
a
i 0 1,000 2,000 3000 4,000 5000 6,000
0 ] 28,000 28,000
1.000 | 34.000 34,000 34,000
2,000 | 42,000 40,000 36,000 42,000
3,000 | 44,000 48,000 42 000 39,000 48 000
4,000 . 46,000 50,000 50,000 45,000 42,500 50,000
5.000 148 52.000 52,000 53,000 48,500 48 000 53,000
6,0001‘ 50,000 54,000 54,000 55,000 56,500 54,000 54,000 | 56.500

t In obtaining the answer to this problem, only the entries in this row need to be
computed. The entries in other rowg are inciuded for completeness.

Since f1(6,000) =
profit will be $56,500.

1+(6,000) =

atz = 2,000 and
J:(4,000) = .

max
<258,000

max
<254,000

because

l9a(z) + f1(4,000 — )] = 36,500

56,500, we conclude that the maximal total
Moreover, because

[gc(z) + £2(6,000 — z)] = 56,500
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at r = 1,000, the optimal way of distributing the money is to

allocate $3,000 to method A, $1,000 to method B, and $2,000 to
method C. =

13-3 FUNCTIONAL EQUATIONS

According to our discussion in Sec. 13-2, Eq. (13-1) is used for a step-by-
step computation of the value of fi(zyze, . . . z) fork =1,2, .. ..
Actually, Eq. (13-1) can also be viewed as a functional equation relating
the two functions fi(z1,zs, . . . ) and fo1(z1,22, . ,&,). Therefore,

instead of using a step-by-step computation. we can also soive the func-
tional equation to obtain directly the function fi(z1,2s,

.,y In
closed form. By solving a functional equation of the form in Eq. (13-1)
we mean finding fi(cy,r2, . . . &) for t =1, 2, . . . such that when

the expression for fi_1(x1,%2, - . . ,&,) is substituted into the expression

[G{ge(xr, 22y . . . \20), fea(hi(zr,®s, - . . ,2))))
and a value of ¢ that optimizes the expression is chosen, the expression

Optimize [G(gi(z1,7s, . . . ,T),fema(Bi(zr, T2, - . . ,2)))]

becomes fe(21,22, . . . ,z,). Unfortunately, not all functional equations
can be solved in closed form. The existence and uniqueness problems
of the solution of a functional equation are mathematically too involved

to be covered here.t We shall limit ourselves to some illustrative
examples.

Example 13-2 Find the values of py, ps, . . . , pa such that the quantity

pilogpy + prlog p2 + + - - + palog pa

is minimized subject to the constraints

120,220, ... ,p.20

Prtpet -+ pa=1

) This problem can be viewed as a multistage decision problem

in which the total amount of 1 is to be divided into 7 parts in n steps.

If we let fi(a) denote the minimal value of 5: p: log p; when the
i=1

quantity a is to be divided into k nonnegative parts py, p2, . . . , pr
we have the functional equation

JSila) = min [z log £ + fici(e — 7))
U<z<a

t See Bellman [1).
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With this functional equation and the initial condition
fi(a) =aloga

we can compute fi(a) and thus eventually f.(1) in a step-by-step
mapner. However, it is observed that the solution to the func-
tional equation is

f«(y)=ylog%’* t=1,2 _._.,n

This can be checked as follows: We have
zlogz + fis(a —2) =xlogz + (a — x) Iog;——:—;;
=zlogz + (@ — z) log (@ — z)
—(@a—zx)logk - 1)
To find the value of z (0 < r < a) that minimizes the value of the
expression, we set the derivative of the expression to zero. Thus,

‘%[J:logz+(a—:c)log(a—z)—(a—x)log(k-—l)]
=logz+1~log(a—z)—1+logk—-1)=0
that is,

or

£
Tk

It follows that

. a a (k — Da
min [z log T + fi-i(a — )] = 3 IOKE + faca | o —
0Lxr<a

(k — l)a a
& B¢

a

a
=“glogpt

=g Iog'iJ = fi(a)
Therefore, we have

I-(l) = ‘08 "l';

¥ Note that we use y as the independent variable in the function f, for the sole reason
of avoiding confusion in notationa.

FO
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as the minimal value of the quantity 2 pilog p..  Moreover, we

observe that

PrL=P2= -+ =p,= [ ]

-

A multistage process consisting of a large number of stages can be
approximated as an infinite-stage process. In that case, the functions
Ji(xy, 2, . . . ,x,) for all ¢ can be approximated by one function

j(zlyzb - - . 1‘2V)

That is, at each stage, we have the functional equation
f (th!v EEEE: 3 ')
= optir_nize G(gi(xy,za, . . . I A (%6 2% 2SN )}

Let us consider the following example.

Example 13-3 Consider the operation of a cab company that has a fleet
of n cars. Each month, a car in operation can bring in a profit of
a dollars. After each month’s operation, only a fraction of the cars
remain in good running condition, and the others will be sent to
the junk yard. Let b denote such a fraction. A car can be sold
at any time for ¢ dollars (we assume that there is no depreciation,
since that can be accounted for in the fraction b). What is the
optimal policy for the owner of the company in terms of selling or
keeping his cars so that the total profit is maximized?

The operation can be approximated as a process with an
infinite number of stages. Letting f(u) denote the total profit

which results from starting with u cabs and following an optimal
policy, we have the functional equation

fu) = oma.(x laz + ¢(u — z) + f(bz)]

<z

where x denotes the number of cabs that are kept in operation for

one month and (u — z) denotes the number of cabs that are sold
at the beginning of the operation.

For[a/(1 — b)] — ¢ 2 0,the functional equation is satisfied by

1w = (124
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This can be checked by observing that
max [a::+c(u z)+( )br]
0Lz<u

= max [(a - c+———-—>z + cu]
0<z<u b

J:‘f:". (2= )=+e]

1 - b
at z = u.
For[a/(1 — b)] — ¢ £ 0, the functional equation is satisfied by
fly) = cy

which can also be checked by observing that

max {az + c¢(u — z) + bez] = max {(@ + bc — c)z + cu] =
0<z<w 0<x<u
atz = 0.

In summary, we have the following results:

Optimal policy Total profit of the operation
8 _c>o0 Continue the operation an
1-b = indefinitely 1-b
.. <0 Sell all cars at the n
1-3 beginning

It should be noted that the results check out quite well with
our intuition. Suppose that we can run a car for an infinitely long
period; that is, imagine that the car is depreciated and becomes
b car (a fraction of a car), and then b? car, and so on. The total
return from the car is then
atab+tabr+ - - - f+ab4 - - =lf-b
If {a/(1 — b)) ~ ¢ 2 0, clearly, we should keep the car running
instead of selling it at the beginning. Moreover, from the relation
cLat+beLatabt <.

Se+abtabi+ - dabl oS <7
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we conclude that the longer we run the car before we sell it, the
larger the total profit will be, since the expression @ + ab + ab? +
-+ - 4 gb*! 4+ cb* is the total profit when we sell the car after
running it for k months.
On the other hand, if [a/(1 — b)) — ¢ < 0, we have the relation
c>a+bc>a+ab+cb®2>- - -
Sa+ab4ab?+ - dabtl fobE> - - - ZTLB
We conclude, therefore, that an outright sale of the cars is the best

policy, whereas the longer we keep the cars, the smaller the total
profit will be. m

13-4 SUMMARY AND REFERENCES

Although the presentation in this chapter is brief and introductory, we
have covered the fundamental concepts in the solution of multistage
decision problems by the technique of dynamic programming. The two
maujor steps in problem solving are the formulation of the functional
cquation and the solution of the funetional equation. With the func-
tional equation, a step-by-step computation for the optimal decisions is
possible, as illustrated by the machine-shop problem in Sec. 13-1. On
the other hand, there is no general method of finding the solutions to
functional equations 1a closed form. As a matter of fact, the determina-
tion of the existence and the uniqueness of the solutions to functional
equations is no simple mathematical problem, as the reader can find out in
Bellman’s book [1]. At this point, it is instructive to recall our discussion
on recurrence relations in Chap. 3 and to see the strong resemblance
between the technique of recurrence relations in solving enumeration
problems and the technique of dynamic programming in solving optimiza-
tion problems.

Bellman, together with hix disciples, has made significant contribu-
tions to the field. The book by Bellman [1] was the first book written
on the topic and is still 4 most complete reference. See Chaps. 1, 2, and 3
of this book for the material presented here. The remainder of this book
consists of the formulation of dynamic programming problems in many
areas of application. Nemhauser’s book [4] is more compatible with our
level of presentation. See also Chaps. 10 and 11 of Hadley [3] and
Chaps. 1, 2, 3, and 1 of Bellman and Dreyfus {2].

i. Bellman, R.: “Dynamic Programming,” Princeton University Press, Princeton,
N.J., 1957.

2. Bellman, It., and 3. Dreyfus: “Applied Dynamic Programming.” Princeton Uni-
versity Press, Princeton, N.J., 1962,

3. Iadley, G.: “Nonlinear and Dynamic Programming,” Addison-Wesley Publishing
Compuny, Inc., Reading, Mass., 1964.
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4. Nemhauser, G. L.: “Introduction to Dynamic Programming,” John Wiley & Sons,
Inc., New York, 1966.

PROBLEMS

13-1. Find the maximal value of the product z,xs - - - Za subject to the constraints

itz t - dra=1
2,20,1,20,...,7z. 20
13-2. Minimize the quantity 7} + 23 + - - = + 7. subject to the constraints

4+ 4z=1
21?_0,1:20, PR ,.r,.ZO
13-3. Maximize the quantity z,y) + Zayr + - - - + Tala subject to the constraints

itz + - - Ta=a
m+y:+ - ty.=>b
220,220, ...,7.20
209220 .. .,y9.20

134. A particle is traveling on a plane from a point {(x1,¥1) to another point (rs,ys) at
a constant speed ¢.  Find the minimal traveling time by formulating the problem as a
dynamic programming problem.

135. A chemical processing plant must purify 20,000 Ib of a certain chemical com-
pound in a period of four weeks. There are two purification methods that ean be used.
The first completely purifies z Ib of the compound in one week at a cost of 0.60x? dollars.
The second, given z Ib of the compound to be processed in one week, completely
purifies 70 percent of this material and leaves 30 percent to be reprocessed during a
subsequent week. It does this at a cost of 0.15x* dollars. Determine an optimal
policy for the operation.

13-6. Problem 13-5 is to be approximated as an infinite-stage process.

(@) Set up the functional equation.

(d) It is known that the solution to this functional equation is of the form
{(y} = my*. Determine the constant m.

(c) Compare the result in part (b) with the result in Prob. 13-5.
13-7. A furniture manufacturer has an order for 100 chairs to be delivered in three
months. The costs of producing x chairs in the first, second, and third months are
1202, 1.2z, and 1.5z dollars, respectively.  Determine an optimal policy for the num-
ber of chairs to be produced in each month.
13-8. Two types of machines, 1 and II, are available to make two kinds of products,
A and B, in a five-week period. Machines are assigned to the products on a weekly

basis. The weekly attrition rates for the machines, according to the product assigned,
are

Product A Product B

Type I machines 309, 50%
Type Il machines 509 50%
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A machine producing product A yields a profit of $300 in a week, and a machine
producing product B yields a profit of $400 in a week. Determine an optimal policy
for the operation.
13-9. Nineteen yards of material are available for making three kinds of dresses, which
require 2, 3, and 5 yd of material, respectively. The profit from selling a dreas of each
kind is $1.5, $2.5, and $4, respectively.

(a) Find all optimal ways of allocating the material to the three kinds of dresses
so that the total profit is maximized.

(b) Find a way of allocating the material so that the total profit is the largest
integer number of dollars.

13-10. An electronics firm has a contract to deliver the following numbers of radios
in a four-month period:

1st month  2d month  3d month  4th month

Number of radios 300 400 300 300

The labor costs are

1si month  2d month 3d month  4th month

Labor cost per radio $10 $10 $12 $13

The inventory cost for each month is $1.5 for each radio in stock at the beginning
of the month. The cost of setting up production each month is $250. The number of
radios produced must be an integer multiple of 100. Determine an optimal policy.

13-11. To advertise a new product, a company has the choice of purchasing commercial
time from a radio station or from a television station. The subscription is to be made
on a weekly basis. Determine an optimal policy for the operation during a three-week
period, given the following data:

1. The estimated profit from sales during the dth consecutive week of radio (television})
advertisement is 4,000/d (6,000/d) dollars.
2. There is a fee of $2,500 each time the company switches its advertising medium.

13-12. (a) Consider the operation of a machine shop in which there are 200 machines.
A machine can be used to manufacture product A for a profit of $300 per week or
product B for a profit of $400 per week. After each week’s operation, 30 percent of
the machines making product A are inoperable, and 50 percent of the machines
making produet B are inoperable. Find an optimal policy of operation for a four-week
period.

(b) Several mechanics are available during the weekend preceding the third
week to repair all inoperable machines resulting only from the second week’s opera-
tion. When repaired machines are used to manufacture product A, 50 percent of
them becomne inoperable after one week. For product B, 80 percent become inoperable
after one week. The mechanies can be hired for $36,000. Should they be hired?

(¢) Repeat part (b) if the mechanics can repair all inoperable machines from
previous weeks.



Chapter 14
Block Designs

14-1 INTRODUCTION

The effects of six different drugs. numbered 1, 2, 3, 4, 5, and 6, on human
bodier are to be tested. There are 10 human subjects, 4, B, . . . , I,
and J, who will use the drugs within a six-day period, one drug on each
day. We want to set up a schedule for the subjects to take the drugs dur-
ing the time the experiment is conducted. A simple schedule is shown in
Table 14-1; namely, all the subjects take the same drug on each day of
the experiment.

It is quite possible that the change in the physical condition of the
subjects within the six-day period will affect the outcome of the experi-
ment. For example, because of the aftereffect of the drugs taken in the
earlier part of the week, the drugs taken in the latter part of the week
might be found to be more powerful than they actually are. There-
fore, for the schedule in Table 14-1, the effect of drug 6 might be enhanced
in the experimental data because it is taken on the last day by every
subject. The situation is remedied in the schedule in Table 14-2, where
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Table 14-1
Day
Subject Mon. T'ues. Wed. Thurs. Fri. Sat.
A i 2 3 4 5 6
B 1 2 3 4 5 6
C 1 2 3 4 5 6
D I 2 3 4 5 6
E 1 2 3 4 5 6
F 1 2 3 4 5 6
(¢4 1 2 3 4 5 6
H 1 2 3 4 5 6
7 1 2 3 4 5 6
J 1 2 3 4 5 6
Table 14-2
Day
Subject Mon. Tues. Wed. Thurs. Fri. Sat.
A 3 1 3 5 4 2
B 6 1 5 2 4 3
cC 4 3 2 6 5 1
D 1 5 6 2 3 4
E 2 4 3 5 1 6
F 3 6 4 1 2 5
G 6 5 3 1 2 4
H 2 4 1 3 6 5
1 4 2 3 5 1 6
J 5 3 6 2 4 1

the subjects take the drugs in arbitrary order, and there is no regularity
in the days the subjects take the drugs. Therefore, when the experi-
mental data on the effect of a drug on the 10 subjects are averaged, the
effect of each of the drugs is measured more accurately.

Suppose now that the subjects are available only for a period of
three days. To obtain equal amounts of data on the effect of the dif-
ferent drugs, we want to make up the schedule in such a way that each
drug will be used by the same number of subjects. A simple calculation,
(10 X 3)/6 = 5, shows that each drug should be tested on five subjects.

Tables 14-3, 14-4, and 14-5 show three different schedules that can be
used.
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The schedule in Table 14-3 is similar to the schedule in Table 14-1
in that there is no consideration given to the order in which the drugs
are taken by the subjects. The schedule in Table 14-4 is a slight mod-
ification of the one in Table 14-3 so that there will be no regularity in the
order the drugs are taken. However, since there are differences in the
physical conditions of the subjects, it is also desirable to have information
about the effect of two different drugs on the same subject. For the
schedules in Table 14-1 and Table 14-2. since every subject will take all
six kinds of drugs, such information is readily available. On the other
hand, in the schedules in Table 14-3 and Table 14-4 some pairs of drugs
(for example, drug ! and drug 4) are not to be tested by the same subject.

Table 14-3 Table 14-4
Day Day
Subject  Mon. Tues. Wed. Subject  Mon. Tues. Wed.

A 1 2 3 A 3 2 1
B 1 2 3 B 2 3 1
[ 1 2 3 c 3 1 2
D 1 2 3 D 1 3 2
E 1 2 3 E 1 2 3
F 4 5 6 F 4 5 6
G 4 5 6 G 6 5 4
H 4 5 6 H 4 6 5
I 4 5 6 I 5 4 6
J 4 5 6 J 5 8 4

Table 14-5

Day

Subject Mon. Tues. Wed.

WO OT
SN W -
O NN R - S
B O N e D N G

WU LS 5.
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The schedule in Table 14-5 not only has the feature that each drug is
tested by five subjects (as in Table 14-3) and the feature that the subjects
will take the drugs in some random order {as in Table 14-1), but also
has the feature that every two drugs are tested by exactly two subjects.
(For example, drugs 1 und 2 are taken by subjects 4 and B, drugs 1 and 3
are taken by subjects 4 and C, and so on.)

This example tllustrates the class of problems discussed under the
heading block designs that is the topic of this chapter. By a block design
we mean & selection of the subsets of a given set such that some pre-
seribed conditions are satisfied. In some designs, the elements in each
of the subsets are also to be ordered in a certain way. In the example
we have just seen, each schedule is a selection of 10 subsets of the set of
six different drugs. The schedules in Tables 14-1 and 14-2 are selections
containing 10 subsets, each of which is simply the set of six drugs.
The schedules in Tables 14-3, 14-4, and 14-5 are selections containing
ten 3-subsets of the set of six drugs. Moreover, in the schedules in
Tables 14-2, 14-4, and 14-5, the elements in the subsets are ordered in

such a way that there is no regularity in the days the drugs are taken
by the subjects.

14-2 COMPLETE BLOCK DESIGNS

Let X = {x;,x:, . . . ,z,} beaset of vobjects. A complete block design of
X is a certain number of replications of the set X with the objects in the
replications arranged according to certain specifications. In other words,
all the subsets in the selection are the set X itself. Both the schedules in
Tables 14-1 and 14-2 are examples of complete block desigus.

One class of block designs is the so-called randomized complete block
design, as illustrated by the schedule in Table 14-2. In such designs, we
want to randomly order the objects in each replication so that there will
be no regularity in the ordering of the objects in the replications. Imag-
ine a lottery containing v! tickets with each of the ¢! permutations of the
v objects in X = {r,,x2, . . . ,x.} on a ticket. A certain number of
random orderings of the objects can be obtained by drawing the cor-
responding number of tickets from the lottery (with each ticket replaced
after it is drawn). There are tables containing randomly arranged
numbers that can be looked up for such random orderings. These
tables are called random-number tables.t In most computer installations
there are also computer programs that can generate a sequence of ran-
domly ordered numbers. Such programs are usually called random-
number generating roulines.1
t See, for example, Kendall and Babington-Smith {9}, or RAND [13].

t See, for example, Hamming {8] and Ralston and Wilf [12}.
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Another class of complete block designs can be grouped under the
heading Latin squares. We have defined an r X n Latin rectangle in
Chap. 11 as an r X n arrangement of the numbers 1, 2, 3. . . . , n in
such a way that no number appears twice in the same row or in the same
column. An n X n Latin rectangle is called an n X n Latin square, or a
Latin square of order n.

Let us continue with the example in Sec. 14-1. Suppose that only
six subjects are available when the experiment is conducted. In addition
to testing the effect of different drugs on the same subject, we also want
to have some measurement of the effect of the drugs when taken on differ-
ent days of the six-day period. Therefore, we want to have a schedule
in which the six different drugs will be taken by the six subjects on each
day. Such a schedule is shown in Table 14-6. Observe that the entries
in this table form a 6 X 6 Latin square.

Table 14-6
Day
Subject Mon. Tues. Wed. Thurs. Fri. Sat.
A 1 2 3 4 5 6
B 2 3 4 5 6 1
C 3 4 5 6 1 2
D 4 5 6 1 2 3
E 5 6 1 2 3 4
F 6 1 2 3 4 5

If, instead of six subjects, only four subjects are available for the experi-
ment, although we cannot have all the six different drugs tested on each
day, we can have a schedule in which four different drugs will be tested
on each day (no two subjects will take the same drug on the same day).
In this case, the schedule is a 4 X 6 Latin rectangle.

The construction of Latin squares is a very simple matter. For
example, we can construct a Latin square of order n by arranging the
numbers 1, 2, 3, . . ., n in that order in the first row; the numbers
2,3, . .. ,n,1in that order in the second row; . . . ; and the numbers
n, 1,2 3 ...,n -1 in that order in the nth row. Also, according
to the result in Example 11-4, we can always expand a given r X n

Latin rectangle into an (r + 1) X n Latin rectangle (r < n). Starting
with any permutation of the n numbers, which is& 1 X n Latin rectangle,
we can then construct an n X n Latin square in a step-by-step manner.

AL T ek aae
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14-3 ORTHOGONAL LATIN SQUARES

Let A, and 4, be two Latin squares of order n.  Let a;’ anda (i = 1,2,
Lon; 7 =1,2, .., n) denote the entries in the ith row and the
jth column in A, and A., respectively. The two Latin squares 4, and 4,

are said to be orthogonal if the n* ordered pairs (a/)’, ¢)) (¢ = 1,2, . . .,
n;j = 1,2, ... ,n)areall distinct. In other words, if we superimpose
the two squares to form an n X n square with ordered pairs as entries, the
orthogonality condition means that the entries of the resultant square are
all distinct.  For example, Fig. 14-1a shows two orthogonal Latin squares,

and Fig. 14-1b shows the resultant square when they are superimposed.

r 2 3‘ 1 2 3| (L) (22) (33)
Ay=12 3 1| A,=|3 1 2! 23) 3,1 (1,2)]
3 1 2| 2 3 1| 32 1,3) 1]
(a) ®
Figure 13-1

Suppose that three different drugs for fever and three different drugs
for headache are to be tested by three subjects in a three-day period.
So that the effect of different drugs for fever on the same subject and
their effect when they are used on the same day of the experimental
period by different subjects can be compared, we shall use a schedule
for the subjects to take the fever drug that is a 3 X 3 Latin square as
shown in Table 14-7, where the fever drugs are numbered 1, 2, and 3.
Similarly, we shall use a schedule which is also a 3 X 3 Latin square for
the headache drugs as shown in Table 14-8, where the headache drugs
are also numbered 1, 2, and 3. Since each subject takes a fever drug
and a headache drug on each day, we shall have the opportunity of
observing their combined effect. Given a nine-day experimental period,
we can let each of the subjects try all the nine possible combinations

Table 14-7 Table 14-8
Day Day
Subject  Mon. Tues. Wed. Subject  Mon. Tues. Wed.
A 1 B 2 3 A 1 2 3
B 2 3 1 B 3 1 2
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of the fever drugs and headache drugs. However, with only three days
for the experiment we want to have two schedules such that each combina-
tion of fever drug and headache drug will be tested by a subject once.
In this ease, we use a pair of orthogonal Latin squares of order 3 to
schedule the fever drugs and the headache drugs, as shown in Tables 14-7
and 14-8.

Let A;, A, . . ., A, be a set of Latin squares of order n. They
are said to be a set of orthogonal Latin squares if every two of them are
orthogonal. We shall now present some results concerning the existence
of sets of orthogonal Latin squares. It should be pointed out that there
are no orthogonal Latin squares of orders 1 and 2. Trivially. there is
only one Latin square of order 1. There are two Latin squares of order 2
as shown in Fig. 14-2. However, they are not orthogonal. Therefore,
when we talk about orthogonal Latin squares of order n, n is understood
to be larger than or equal to 3.

1 2 2 1}
di=1y A"'l 2|
Figure 14-2

Theorem 14-1 There are at most n — 1 Latin squares tn a set of orthogonal
Latin squares of order n.

Proof Let Ay, As, . . . , A, be a set of orthogonal Latin squares
of order n. Notice that the orthogonality condition is not violated
when the entries in the squares are renamed by permuting the num-

bers 1, 2, . . . , n. Let us rename the entries in such a way that
the first row of each of the squares reads 1, 2, . . . , a; that is,
R R

af =al = - =a =2

o =a = - = a2

n

Let us consider now the entries in the second row and the first
column of the Latin squares ai}, ai, . . ., a{f. None of these
entries can be 1. Otherwise, the condition that every square is a
Latin square is violated. Also, no two of these entries can be the
same. Otherwise, the condition that the set of Latin squares is an
orthogonal set is violated. It follows that there are at most
n — 1 Latin squares in theset 4,, 4,, . . . , 4,. =

Theorem 14-1 gives an upper bound on the number of Latin squares
in an orthogonal set. The following theorem asserts that such an upper
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bound can be achieved when 7 is larger than 2 and is a power of a prime
number.

Theorem 14-2 For n 2> 3 and n = p*, where p 18 a prime number and o

18 a positive inteyer, there exists a set of n — 1 orthogonal Latin squares
of order n.

Proof We prove the theorem by showing a construction procedure
for a set of n — 1 orthogonal Latin squares. Let by, by, bs, . . . ,
b, denote the elements in the Galois field GF(p®).t Let + and »
denote the addition and multiplication operations, respectively, in
the field. Also, let b, be the additive identity, and let b, be the
multiplicative identity in the field. We construct a set of n — 1
n X nsquares Ay, Az, . . ., Ano1 With entries
afy = b, +b; +b; ,i=12...,a~1n
e=1,2,...,n~-1

We notice first that each of A;, A, . . ., 4.y is a Latin
square. Suppose that there are two entries in the ith row of A.
which are the same; that is, a¢{ = a{f’ for some j and k. This
means that

bexb;+ bj = b, *b; + by

which gives

by = b

and

j=k

Suppose that there are two entries in the ith column of A, which
are the same; that is, af’ = af? for some j and k. This means that
be#b; + b, = b, xb 4+ b;

which gives

be *b; = b, » by (14-1)
Since b, is not the additive identity (e = 1,2, . . . , n — 1)}, there

exists a multiplicative inverse of b, in the field. Therefore, Eq.

t The definition of a field has been introduced in Chap. 7. 1lere, we make use of the
fact that for any prime p and any positive integer a, there exists a (unique) field
containing p< elements. Such a field is usually called the Galois field with p= elements

and is denoted by GF(p@). For a derivation of this result, see, for example, Birkheff
and MacLane [2].
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(14-1) yields
b; = b
and
J=k

We notice also that the set A;, Aa, . . ., A._, is a set of
orthogonal Latin squares. Suppose that in the Latin squares A,
and 4,, for some i, J, k, and !,

g =af and af =g

That is,

bexb, + b =b, e b + (14-2)
and

by2b,+ b, =by b + b (14-3)

Subtracting Eq. (14-3) from Eq. (14-2), we obtain
boxb, —~ b, xb;, = b, +by — by * b

that is,

(Be — b)) s by = (b, — b)) « bu

Since b, # b, means that b, — b, > b,,} there is a multiplicative
inverse of b, — b, in the field. It follows that

b = b

and

i=k

Equation (14-2) now becomes
besb.+ b; = b, «b + b

1t follows that

b, =¥

and

j=1l =

t The subtraction of an element is defined to be the addition of its additive inverse,

$ The reader is reminded that the additive inverse of every clement in a field is unique,
as proved in Sec. 52,

IL%""‘ o L SR N o Yemao.
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When n is not a power of a prime number, the question of the
existence of a set of n — 1 orthogonal Latin squares has not been com-
pletely settled. However, the following theorems give a lower bound
on the number of Latin squares in an orthogonal set.

Theorem 14-3 If a sel of r orthogonal Latin squares of order n and a sel
of r orthogonal Latin squares of order n’ exist, then there exists a set
of r Latin squares of order nn’.

Proof Let Ay, A., . . ., A, be a set of orthogonal Latin squares
of order n, and let B,, B,, . . . , B, be a set of orthogonal Latin
squares of order n’. We construct a set of r squares C,, Cs, . .
C, of order nn’:

LI ]

!(ai?,B,) (a(l‘z'»Bc) (a‘l.;’BO) M (all.,:;Be)
| @,B.) (a3,B) (aif,B) - - - (afl,B))

'

Ce=|{(a{,B) (a?,B) (a3,B) - - - (af2,B.)
l(afﬁ’aB-) (a33,B) (@3,B) - - - (an,B)
fore=1,2, ..., r, where (af.B,) denotes an n' X n’ matrix

the entry in the kth row and the Ith column of which is the ordered
pair (a@0i) fork =1,2, ... ,n5(=1,2...,n.

First, observe that the C’s are Latin squares, because in every
square any two ordered pairs in the same row or in the same column
must differ either in the first component or in the second component.
Next, we show that the set of Latin squares €, Cs, . . ., Cs is
an orthogonal set. Suppose that in the Latin squares C, and Cy,
for some 7, 3, k, I, p, q, 8, and ¢,

(@7,bi?) = (a0, by (14-1)
and

(@) = @R 145)
Equations (14-4) and (14-5) mean that

o =af) b = b

and

af =af  HP =YY

However, since 4, and A, are orthogonal Latin squares,

i=7p and JI=q
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Similarly, since B, and B, are orthogonal Latin squares,

k=s and l=! m

Theorem 14-4 Let py:pyr « - - pi be the prime power decomposition of
the positive integer n, where the p,’s are prime numbers and the a's are
posilive inlegers. Let r denote the smallest of the t quantities (pfr — 1),
(p3* — 1), . . ., (pfc— 1). Then, there exists a set of r orthogonal
Latin squares of order n.

Proof According to Theorem 14-2, there exist a set of pf — 1
orthogonal Latin squares of order pf:, a set of p3» — 1 orthogonal
Latin squares of order p3:, . . ., and a set of pi* — 1 orthogonal
Latin squares of order p{. Let us arbitrarily select r orthogonsl
Latin squares from each of these sets. According to Theorem 14-3,
they can be composed to yield a set of r orthogonal Latin squares
ofordern. =

If in the prime power decomposition of the integer n, the power

of the factor 2 is either equal to 0 or larger than 1, then according to
Theorem 144, there exists a pair of orthogonal Latin squares of order n.
In other words, Theorem 14-4 asserts the existence of a pair of orthogonal
Latin squares of order n for n # 2 (mod 4). For the case n = 2 (mod 4),
the result in Theorem 144 is inconclusive. As a matter of fact, the
question of the existence of a pair of orthogonal Latin squares of order n
for n = 2 (mod 4) has an interesting history. 'The question arises in the
“problem of 36 officers” which was first proposed by Euler. There are
six officers of six different ranks from each of six regiments. The problem
asks for an arrangement of the 36 officers in a 6 X 6 square formation
such that each row and each column in the formation will contain one and
only one officer of each rank from each regiment. The problem is equiv-
alent to that of finding a pair of 6 X 6 orthogonal Latin squares. One
of the squares gives the ranks of the officers in the formation, and the
other square gives the regiments which the officers in the formation are
from. (In other words, an officer is identified by an ordered pair, the
first component giving his rank and the second component giving his

regiment.) Euler conjectured not only that there exists no pair of

orthogonal Latin squares of order 6, but also that there exists no pair of

orthogonal Latin squares of order n for n = 2 (mod 4). Around 1900,

Tarryt verified that there is no pair of orthogonal Latin squares of order 6

by exhaustively examining all the 6 X 6 Latin squares in a systematic

way. However, in 1960, Bose, Shrikhande, and Parker disproved

t ee Tarry [15).

PR .
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Euler’s conjecture by showing that there exists a pair of orthogonal
Latin squares of order n for n = 2 (mod 4) and n > 6. (Their proof is
too lengthy to be included here.)t

In summary, we note that there exists a pair of orthogonal Latin
squares of order n for any n except n = 1, 2, and 6.

14-4 BALANCED INCOMPLETE BLOCK DESIGNS

let X = {z,x2, . . . ,2.} be a set of v objeets. A balanced incomplete
block design of X is a collection of b k-subsets of X (the k-subsets denoted
by By, Ba, . . ., By are also called the blocks) such that the following
conditions are satisfied:

1. Each object appears in exactly r of the b blocks.
2. Every two objects appear simultaneously in exactly A of the b blocks.
3. k<wvt

It should be noted that the blocks are not necessarily distinet subsets.

As an example, I'ig. 14-3 shows a balanced incomplete block design
of the set X = {£1,23, . . . ,xe} Withb =12, v =9, r =4, k = 3, and
A =1

Byi: 1y, T2, 22 B;: x4, x5, 76 By: x4, Ts, Zs

Bi: 4, x4, 21 Bs: x3, 25, 28 Bg: 3, Zg, 19

By 1), 75, Ts Bs: x2, 24, 27 By zs, 24, 25

Big: Z1, Ts, Ts B T2y Ty, Ty B2t za, s, 21
Figurs 14-3

As another example, the schedule in Table 14-5 is a balanced incom-
plete block design of the set X = {1,2, . . . ,6} with the rows being the
blocks. In this design, b = 10, v = 6,r = 5, k = 3, and A = 2.

Since a balanced incomplete block design is characterized by the five
parameters b, v, r, k, and A, it is also ealled a (b,v,r,k,\)-configuration.
It is quite clear that not all five of the parameters are independent. 1In
other words, it is not true that there exists a balanced incomplete block
design for any arbitrary set of parameters b, v, r, £, and A. However,
there is no known sufficient condition on the existence of a certain
(b,v,r,k,A)-configuration. We shall show some relations among the

t See Hall [7).
t This condition exciudes the degenerate case in which the design becomes a complete
block design (k = v).
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parameters b, v, r, k, X that are necessary conditions for the existence of a
corresponding (b,v.r,k,\)-configuration.

Theorem 14-5 In a balanced incomplele block design, bk = pr, and
rik — 1) = \p ~1).

Proof The term bk counts the total numbher of occurrences of the
objects by counting the number of blocks, b, and the number of
objects in each block, k. The term vr counts the total number of
occurrences of the objects by counting the number of objects, v,
and the number of occurrences of each of the objects, ». Therefore,
bk = or.

The term r(k — 1) counts the total number of occurrences of
2-subsets that contain a particular object by counting the number
of objects it pairs up with in a block, £k — 1, and the number of
blocks in which it appears, r. The term A(v — 1) does the same
count by counting the number of distinct 2-subsets that contain
the particular object, v — 1, and the number of occurrences of each
distinct 2-subset, \. =

Instead of a list of the k-subsets, a balanced incomplete block
design can also be described by the incidence matriz Q, whichisa v X b
matrix with 0’s and 1's as entries. The rows of the matrix correspond to
the objects z,, 25, . . . , z., and the columns of the matrix correspond
to the blocks B,, B;, . . . , B,. The entry in the ith row and the jth
column of Q is a 1 if the object z; is in the block B; and is a 0 otherwise.
For example, the incidence matrix of the balanced incomplete block
design in Fig. 14-3 is

B, Bs

¥

By, Bw Bu B
Iy I
E 2]
EZ]
Iy
s
£
k2]
Zy
Iy

cococooco~m~—F
COO = OOC

e -
co.—oo»—-oo-—_w
—-comoco~ocol
co~=occo~o bl

O = OO = OO =0
-0 oo~ OO -
O~ OO O=~CO
O= O = QOO -
Ll = — I — IR —
CO—O=O~C O

In many communieation problems, when only the digits 0 and 1
can be transmitted through the communication channel, distinct messages
are to be represented by sequences of 0's and 1’s which are called code
words. A block code consists of a set of code words of fixed length. The
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distance between two code words is the number of digits at which the two
code words differ.  For example, the distance between the code words
00000 and 00011 is 2, and the distance between the code words 01010 and
3. The distance of a block code is defined as the minimal dis-

10101 s 5.
tanee between all pairs of code words in the code. The distance of a block

code is a significant characteristic of the code since it determines the
number of erroneous digits that ean be tolerated in the transmission of a
code word. For example, a distance-3 block code can tolerate a single
error in the transmission of a code word, because changing one of the
digits in a code word will not eause any confusion with other code words.
Similarly, a distance-5 block code can tolerate two errors in the trans-
mission, and so on. It is interesting to observe that corresponding to a
(b,v,r,k,\)-configuration, there is a block code of distance 2(r — ). If
we look at the v rows of the incidence matrix of a (b,v,r,k,A)-configuration
as v binary words, we note that each word contains exactly r 1's.  Since
every two words have exactly A 1I's that are in the same positions, the
distance between every two words is exactly 2(r — A). The reader can
check that corresponding to the (b,v,7,k\)-configuration in Fig. 14-3,
there is a set of nine code words with the distance between every two

code words being 6.
The next two theorems give further characterization of balanced

incomplete block designs.

Theorem 14-6 For a (b,y,r,k\)-configuralion,

QQT = (r — NI + AJ
where I is the v X videntity matriz, and J is the v X v matriz in whick

all the entries are 1's.

Proof Let t; denote the entry in the ith row and the jth column
of QQT, which is a » X v matrix. Clearly, {; is the value of the
inner product of the ith and the jth row of the incidence matrix Q.1
For i = j, & is the number of blocks that the ith object is in; that is,
lw=rfori=12 ... ,v. Forisj &;is the number of blocks
in which both the ith and the jth object appear; that is, &; = \ for
i1=1,2 ... ,0,5=12 ... ,v;and7ij n

Theorem 14-7 In a (b,v,r,k\)-configuration, b > v.

Proof We notice first that in a (b,»,r,k\)-configuration, r » .
According to the relation r(k — 1) = \Nv — 1) proved in Theorem

b
f That is, 4,; = 2 gugm where g is the entry in the ith row and the /th column of Q.
=1
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14-5 and the condition k < v in the definition of a balanced incom-
plete block design, r = [(v — 1)’(k — 1)]Ax > X. Thercfore, r # .

Suppose that b < r. Let us append » — b columng of zeros
to @ to form a v X v square matrix ;. Since QQT = Q.Q7 because
the appended zeros do not change the values of the inner products
of rows, we have det (QQT) = det (Q.QT) = det (@) det (Q7).
Since Q. contains one or more columns of zeros, det (Q:) = 0.
Therefore, we conclude that det (QQT) = 0. According to Theorem

14-6,
[r A A A A x}
Nt A A Y
AN rox AN
det (QQ7) =det|x XN A 7 - - A )\i
L e e e
A A AN -1 A
A A7
Subtracting the first column from the second, third, . . ., vth
column, we obtain
lr A=r A=r A—=7r -+ N=71 XN-—r|
A r=x 0 0 -0 0
!)\ 0 r—2A 0 0 o
det (QQT) =det|A 0 0 r—2 -0 0 |
Lo ’
A 0 0 0 r—x 0 |
kN (] 0 0 0 r—2
Now, adding to the first row the second, third, . . . , vth row, we
obtain
det (QQT)
r+@-1n O 0 0 0 0
A r—Aa 0 0 0 0
A 0 r— XA 0 0 0
= det A 0 0 r =X 0 0
A 0 0 0 r—2A 0
A 0 0 0 0 r— 2\
=fr+ @~ (G—-NN?
= rk(r — N\)*!

Since r, k, and r — X are all nonzero quantities, det (QQT) also
assumes a nonzero value. This leads to a4 contradiction. m
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A balanced incomplete block design is said to be a aymmetric balanced
incomplete block design if b =v and r = k. A symmetric balanced
incomplete block design is also called a (v,k,A)-configuration since it is
characterized by the three parameters v, k, and \. For example, Fig.
14-4 shows a symmetric balanced incomplete block design of the set

X =|{:32s, . - .y} withb=v=7r=k=3,and A = 1.
312 Xy, To, Z4 Bg: T2, T3 X3 Bal X3, T4, Tg
Bi: 24, 25, 2 By: x4, 24, 21 Bg: zg, 27, T2

By: 24, 21, T4
Figure 13-4

We now state, without the proof, a theorem characterizing (v,k,\)-
configurations.{

Theorem 14-8 In a (v,k,\)-configuration, if v 1s even, then k — X is the
square of an integer; if v i3 odd, then the equation

zt = (k = Ny? + (= Doz

has a solution in integers z, y, and z, not all of which are zero.

14-5 CONSTRUCTION OF BLOCK DESIGNS

Several methods can be employed to construet block designs. How-
ever, each of these methods is useful only for a certain class of parameters.
In this section, we discuss a method that can be categorized as a recursive
method. We choose to present this method both because it is relatively
simple and because the discussion also serves the purpose of illustrating
the general approach of the other recursive methods.

First we show that nonsymmetric balanced incomplete block designs
can be derived from a given symmetric balanced incomplete block design.
To prove Theorems 14-9 and 14-10, which follow, we need to prove a
lemma.

Lemma 14-1 In a symmetric balanced incomplete block design, every two
blocks have exactly \ objecls in common.

Proof For a symmetric balanced incomplete block design, the
incidence matrix @ is a v X v square matrix., It was shown in the
proof of Theorem 14-7 that det (QQT) = det (Q) det (Q7) = 0,

t See Hall (7], for example, for a proof.
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which implies that det (Q) # 0. Therefore, the matrix Q is non-
singular and its inverse Q-! exists. Thus, according to Theorem
14-6,

Q"Q = (@~'Q)Q"Q
= Q~4QQMQ
= Q'{(k = NI + M@
= (k — NQQ + 2~V Q
=(k = NI +2Q"JQ (14-6)
To further simplify Eq. (14-6), we show that
QUQ=1J or JQ = QJ

Because there are k 1's in each row of @, we can write

QJ =kJ (14-7)
or
%J = Q-\J (14-8)
Now,
QU = [(k — NI + WY

=k — N + a) (14-9)

because IJ = Jand JJ = vJ. Equation (14-9) can be rewritten as
QTJ = QH(k = N + M)
= [k — N\) + MjQ-J

which becomes

QU = 1k~ A+ (14-10)
according to Eq. (14-8). Transposing both sides of Eq. (14-10),
we obtain

JQ =1 (k=X + M) (14-11)

since J7 = J. It fullows that

JQI = Tlc (k= 2+ a)JJ

- %(k — )+ ) (14-12)
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Since J(QJ) = J(kJ) = kJJ = kv, Eq. (14-12) becomes
kud = (k= X+ oy

that is,

ko= LGk =+ o

or

kT =k — A +

Therefore, Eq. (14-11) becomes

1
JQ = i k%) = kJ (14-13)
Combining Egs. (14-7) and (14-13), we obtain
QS =JaQ
Now, Eq. (14-6) becomes
QQ = (k — NI +W\J
I N I Y
- Nk x o
AN A k

This means that the inner product of every two columns in Q is
equal to A, and the lemma follows immediately. =

Theorem 14-9 If B, B,, . . . , B, are the blocks tn a symmetric balanced
tncomplete block design of the set X = {zv.x2, . . . ,T.), then, for any
i,Bl—B.’,B,—B,',...,B{.]“B..BH,]—B.'....,B.—B;

form a balanced incomplete block desiyn of the set X — B..

Proof It is clear that the v — 1 blocks. B, — B;, B, — B, . . .

B, — B, contain objects in the set X — B;,. Each of the objects n
X — B;still appears in the blocks k times, and every pair of objects
in X — B; still appears in A of the ¥ — 1 blocks. According to

Lemma 14-1, each of the blocks, By, By, . . . , Bi-y, Bivt, . . . . By,
has A objects that are in common with the objects in Bi. Thus,
each of the blocks, B, — B.‘, B; ~ B.‘, “ 0y B, — B,’, B.‘+1 - B,‘,

. ., B, — B, contains k — A objects. In other words, the blocks
BI—BI', B:—B.',...,B,'-l“Bi. B.'.H-’B,',..‘,B,—B,-

form a ((v — 1), (v — k), k, (¢ — N}, A)-configuration. =
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Theorem 14-10 If By, By, . . . , B, are the blocks in a symmetric balanced
incomplete block design of the set X = {ryrxs, . . . L}, then, forany 1,

BiM\B.BiN\B, ..., 6 B._,NB, BiawM B, ..., B,NB form
a balanced tncomplele block design of the set B..

Proof The v — 1 blocks, B, B;, B,N\ B, ..., BoiNB,
Bt B, . .., B,MN B, contain objects in the subset B,

Since there are only v — 1 blocks in the design, we see that each
of the objects in B, appears in & — 1 of the v — 1 blocks, and
every pair of the objects in B, appears in A — 1 of the » — 1
blocks. According to Lemma 14-1, each of the blocks B; N B,,
BsN\ B.. . .., B, N B, contains \ objects. Therefore, the blocks
BlﬁB;, BgmB,‘, PR B.f\B,- form a ((U - ]), k, (k - I), M
(A — 1))-configuration. m

According to Theorems 14-9 and 14-10, corresponding to each block
in a (v,k,\)-configuration, a ((v — 1), (v — k), k, (k — ), \)-configura-
tion, as well as a ((v — 1), k, (k — 1), A, (A — 1))-configuration, can be
derived. Consequently, we shall limit our discussion only to the con-
struction of symmetric balanced incomplete block designs. (We by
no means imply here that any balanced incomplete block design can be
derived from a symmetric balanced incomplete block design.) As an
example, suppose that we have constructed the symmetric balanced
incomplete block design of the set (21,25, ... zu} shown below
@=b=15r=k=7and2=3.

Bi: zy, T3, T3, X4, T Te TT

Bi: 1y, I3, Ta, Ty, Ts, Tr1or TN

By x4, 23, 23, Z1ey T1ay 210 Tis

By: xy, T4y Ty, T, Tey T1v T3

By: 1), 24, s, T1o, Ty Trar 126
Ba: Zy, Zo, X7, Ty, X9y Ty Trb
B7Z Iy, e, T, 1oy Ty Zys T13
Bs: 13, 24, Ty, T, Tre T1n TH
By: 14, 24, T1, Ty, Tan, Tiar T18
Bio: 24, 24, 24, X9, Trr, T1¥ zue
Bu: 23, 24, 1, Ts, Ty T180 T
Biy: zs, 24, Ts, Ty, L1 TI® T4
Bu: 43, 24, T1, s, Tie T8 T
By L3, Zs, Ts, Zs, L1 Z F18
Bis: 1,, 24, 21, 2sy T11» TA® T
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According to Theorem 14-9, we can derive the following balunced incom-

plete block design of the set {Zs:Zo, - . .

k=4, and A\ = 3:

B: — B;: z,,
By — By 1y,
By — By: 1z,
Bs — Bi: x40,
Be — By x4,
B; — By: 104
Bs — Bi: zs,
By — Bi: &y,
Bio — By: 2,
Bu ~ Bi: zs,
By ~ B;: Ty,
Bya ~ By: x4,
Bu - Blf Ts,
Bis — Byt z,,

Also, according to Theorem 14+
incomplete block design of the 5€

Zo, I, T11
Tz, Tag, L16
g, T2, T4
Z11, Taay 218
Ty, Try, TH6
X1, T12, 213
X0y Z13, T14
Iy, Lis, T1$
Zy1, T13y T8
Ty, T13, T4
T, Tia, X4
Zyoy L1z, T8
Ty, T3, T16

I, Z12, 14

r=26k=3 and\ = 2:

B, M By:
By M B,:
By M By:
Bs M\ By:
Bs M By:
B; M B;:
By N\ B;:
By By:
Bmf\ Bli
BN By:

Zy, L2, 23

Zy, T2y Zs

xy, To, Ts

Zy, Lay Ts

Z1, Te z7

X1, e, X1

T3z, Loy Te

Z2, Tay T7

T2, s, Ts

X2, X5, T?

Bys N\ By: 23, X4, T
Bis M\ By 23, 24y 27
Bic M\ By: x3, Ts, Zs
By N\ By 13, s, 1

10, we can deriv
11 ]xl-x" ot

Z1s) Withb = 14,0 = &, 7 = 7,

e the following balanced

21} with b = 14, v

7
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A Hadamard matriz of order n is an n X n matrix H with +1’s
and —1’s as entries and is such that

HHT = nJ

In other words, the inner product of any two distinct rows is equal to 0.
whereas the inner product of a row with itself is equal to n.  Clearly, if a
matrix is Hadamard, then permuting the rows and the columns of the
matrix does not change the property. Also, multiplying a row or a col-
umn by —1 does not change the property either. A Hadamard matrix
is said to be normalized if its first row and first column consist entirely
of +1's. By normalizing a Hadamard matrix, we shall mean muliti-
plying those rows containing a —1 as the leftmost entry and those col-
umns containing a — 1 as the topmost entry by —1 so that the resultant
matrix is normalized. For example, Fig. 14-3a shows a Hadamard
matrix and Fig. 14-3b shows its normalized form.

| 1 -1 1 1! ;1 1 1 1'
1 -1 -1 —11 1 1 -1 -
-1 -1 -1 1] 1 =1 1 —1]

1 -1 1] 1 -1 -1 1l
(a) ()

Figure 14-5

[y

We want to show that if an n X n matrix is Hadamard, then n = 0
(mod 4). In other words, a Hadamard matrix of order n can exist only
if n is a multiple of 4. Let H denote a Hadamard matrix of order n.
We first normalize the matrix. It is clear that except for the first row,
each of the remaining rows must contain n/2 +1's and n/2 —V’s. We
shall permute the columns in such a way that the first n/2 entries in
the second row are +1’s and the remaining n7/2 entries in the second row
are —1's. Now, let us examine the third row. Suppose there are
t +1's fand (n/2) — 1 —1'8] in the first half of the row, ¢ +1's [and
(n/2) — ¢ — Vs] in the second half of the row. Then

' =2
t+t =5

Because the inner product of the second and third rows must equal 0,
n n
t+ (§ - ") =3
That is,

t+t'==?z- and t—t' =0

e b,

b
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Thercf(.)re,
= ! e
[4 1 ﬂnd t

Since ¢ and ¢’ must be integers, it follows that

n = 0 (mod 4)

The following theorem relates a normalized Hadamard matrix to a
symmetric balanced incomplete block design.

Theorem 14-11 A normalized Hadamard matrix of order n (n > 8) 1ts
equivalent to a (v,k\)-configuration withv = n — 1, k = (n/2) — 1,
and A = (n/4) — 1.

Proof Let H bhe a normalized Hadamard matrix. Delete the
first row and first column from H. replace the —1's by 0’s, and
denote the resultant matrix by Q. Clearly, each row in @ contains
(n/2) — 1 Vs and n/2 0’'s. Also, the inner product of every two
rows is equal to (n/4) — 1. Thus, Q is the incident matrix of a
(v,k,\)-configuration with e = n — 1,k = (n/2) — 1, and

A=-—1m

L]

Tor example, the reader can check that from the normalized Hada-
mard matrix shown below, we ean derive the symmetric balanced incom-
plete block design shown in Fig. 14-4.

1 1 1t 1 1 1 1 1
1 1 1 -1 1 -1 —1 =1
I -1t 1 1 -1 1 -1 -1
1 -1 -1 1 1 -1 1 =1
1 -1 -1 -1 1 1 =1 1
1 1 =1 =1 =1 1 1 —1!
1 -1 1 =1 -1 -1 1 1!
1 1 -1 1 -1 —1 =1 1,

Let 4, and A, be matrices of orders n and n’, respectively. The
Kronecker product of the two matrices denoted by 4; X A;is an nn’ matrix
defined by

1 1 R )
aiYd: aiyd: - allA,

1 1 S}
a‘u)Az a;,’Az M (lg,,Az

1 1
a:‘ll)Az aL,’Az ot O;JAz
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where a¢'V4, is an n’ X n’ matrix in which the entry in the kth row and
the /th column is afaf}.

Theorem 14-12 The Kronecker product of two Hadamard malrices is a
Hadamard matrix.

Proof Let H, and H, be two Hadamard matrices of orders n and
n’. Clearly, the entries of H; X H;are +'sand —1's. Each row
in Hy X Hj;contains nn' /2 4+1's and nn’/2 —1's because each row in
h'Hs contains n'/2 +1's and #’/2 —Us. Therefore, the inner
product of a row with itself is equal to nn’. The inner produet
of two distinct rows in Hy X H: i3 equal to the product of the inner
product of the corresponding rows in H, and the inner product
of the corresponding rows in H, and, therefore, is equal to zero.
According to the definition, H; X H, is indeed a Hadamard
matrix. ®

According to Theorem 14-11, we can construct symmetric balanced
incomplete block designs from Hadamard matrices, whereas the result
in Theorem 14-12 enables us to construct Hadamard matrices of higher
order from Hadamard matrices of lower order. Therefore, we can
construct Hadamard matrices in a recursive manner and then obtain
from them symmetric balanced incomplete block designs.

Notice that there are two limitations in such a construction pro-
cedure. First, a Hadamard matrix of order n exists only for n =0
(mod 4). This immediately places a limitation on the values of v of the
(v,k,\)-configurations that can be constructed, which, in turn, places a
limitation on the values of the parameters of the (b,»,7,k,\)-configurations
that can be constructed. Secondly, the existence of a Hadamard matrix
of order n for every n = 0 (mod 4) has not been established because
the result in Theorem 14-12 is not sufficient for the construetion of a Had-
amard matrix of order n for every n = 0 (mod 4). Hadamard matrices
of order n for n = 4, 8, 12, . . ., 116 have been constructed. Using
these known matrices together with Theorem 14-12 one can construct
many more (but not all) of the Hadamard matrices of order n, n = 0

(mod 4). For example, for n = 120, since n cannot be factored as the
product of multiples of 4, the composition procedure based on Theorem
14-12 is not applicable.

146 SUMMARY AND REFERENCES

Because of its richness in mathematical content, block design is one of
the more important topics in combinatorial mathematies. Not only
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is there an impressive accumulation of the efforts of many outstanding
muthematicians, but also there are still many challenging open prob-
lems.  As to the applications of these mathematical results, the reader
has seen in this chapter that the subject of block design is closely related
to the design of experiments, the construction of error-correcting codes,
and so on. It was pointed out in Chap. 6 that our study of the theory
of graphs aims at the understanding of the properties of a class of general
structures which ean be described abstractly by graphs. Bloek designs
are simply anether class of structures which we have found to be both
useful and interesting.

Our presentation in this chapter is quite elementary. A more
complete presentation of the subject material would require more back-
ground in algebra and number theory and has been bevond our scope of
coverage. An excellent coverage of the subject can be found in Hall {7].
See also Chaps. 7, 8, and 9 of Ryser [14], and Chap. 13 of Beckenbach [1}.
The falsity of Euler’s conjecture was proved in several papers by Bose,
Shrikhande, and Parker {3, 4, 5. On the design of experiments and
their statistical analysis, see the books by Quenouille {11], Cochran and
Cox [6], and Mann {10].
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Association of America, distributed by John Wiley & Sons, Ine., New York,
1963.
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PROBLEMS

161, Let A bea {t + 2) X n? array with the integers 1, 2, . . . |, n as entries (n 2> 3,
and ¢ > 2). Prove that if the columns of every 2 X n? subarray of A are the n?
ordered pairs of the integers 1, 2, . . ., n, then there is a set of { orthogonal Latin
squares of order n corresponding to A.

Hint: The columns of A can be permuted so that the first row will read 11 - . - 1
22...2.-.-;mn - - -n and the second row will read 12 - - - 12 - - - n - - -
12 - . . n. Each of the remaining rows can be made to correspond to a Latin square
in the orthogonal set.

14-2. show that there exists no (b,o,r,k,))-configuration with the following parameters:
@) b =8, v=6r=5hk=3 A\ =2
B)b=22,0=22,r=7k=7,A=2

14-3. (a) A balanced incomplete block design has the parameters » = 15, k& = 5, and

A= 2. Determine b and r.

(b) A balanced incomplete block design has the parametersv = 21, b = 28, and
r = 8, Determine k and A,

4. Four of the seven blocks of a (7,3,1)-configuration are {1,2,41, {2,3,5], {3,4,61,

and {4,5,7}. Find the remaining blocks.

145. Prove that in a (v,k,))-configuration, if v is even, then k¥ — X is the square of an

integer. (This is the first part of Theorem 14-8.)

14.6. A Steiner triple system of order v is a (b,»,r,k,\)-configuration with k = 3 and

=],

(a) Show that r = (v — 1)/2and b = v(v — 1)/6.

(b) Show that v = 1 (mod 6) or v = 3 (mod 6).

14-7. Let S, be a Steiner triple system of order v;, and let 8, be a Steiner triple system

of order vy, Let {a,,82 . . . ,8s,] be the set of objects in S;, and let {by,b;, . . . ,b,,]}
be the set of objectain S;. Let X be a set containing vyw:0bjectsci; (i = 1,2, . . . , v
7 =12, ...,u) LetSbeasetof 3-subsets of X, {Cpy,cvs0ys!, each satisfying one

of the following conditions:

1. ¢ = u = 2, and (a,,a:,a,} i8 in S,.

2. p =t =y, and {b,b,b:| isin S;.

3. {a,,a1,a,] i8 in S, and {be,by,b.} 18 in S,.

S8how that S is a Steiner triple system of order v,9s.

Y . -
oty St e s S+ £
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Abelian group, 191
Adjacency matrix, 204
Arrangement, 1

circular, 5
Articulation point, 173
Artificial variable, 328
Assignment problem, 281

(b,v,r.k,\)-configuration, 370
Babington-Smith, B., 362n., 382
Balanced incomplete block design (see
Block design)
Basic feasible solution (see Feasible
solution)
Basic variable, 312
Basis, of the circuit subspace, 196, 209
of the cut-set subspace, 197, 200
of a vector space, 193, 202
Beckenbach, E. F., 51, 161, 382
Bellman, R., 356
Berge, C., 181, 201, 231, 257, 275, 295
Bernoulli numbers, 93
Biconnected graph, 173
Binary operation, 130
Binary relation, 128
induced by a group, 140
induced by a permutation group, 134
Binomial coefficient, 27
Binomial theorem, 29
Bipartite graph, 183, 281
Birkhoff, G., 366n., 382
Birkhoff, G. D., 257
Block, 370
Block design, 362
balanced incomplete, 370
symmetric, 374
complete, 362
randomized, 362

Boolean funection, 21
equivalent, 164
self-dual, 21
symmetric, 21
truth table of, 21

Bose, R. C., 369, 382

Bose-Einstein counting, 21

Boundary condition, 59

Branch, 186

Brooks, R. L., 244n., 257

Buck, R. C., 4n., 18, 19

Burnside, W, 136

Busacker, R. G., 182, 201, 231, 257,

275

Capacity, of a cut, 261
of an edge, 259
of a graph, 242
Cartesian product, 128
Cartwright, D., 182
Characteristic equation, 61
Characteristic root, 61
complex, 62
multiple, 64
Charnes, A., 338
Chessboard, 111
complement of, 123
disjunct, 114
equivalent, 123
of forbidden positions, 117
rectangular, 122
staircase, 112, 122
triangular, 123
Chord, 186
Chromatie, number, 242
polynomial, 248
Cireuit, 171
elementary, 171

»?7



Circuit, Euler, 173
fundamental, 187, 196
Hamiltonian, 179
length of, 172
oriented, 205
simple, 171

Circuit matrix (see Matnx)

Circuit subspace (see Subspace)

Class, equivalence, 129
self-conjugate, 165

Cochran, W. G., 382

Code, block, 22, 371
distance of, 372
error correcting, 22, 372
group, 22

Coloring a graph, 242

Combination, 2

Complement, of a chessboard, 123
of a subgraph, 170
of a tree, 185

Complementary network, 228

Complete block design (see Block

design)

Complete graph, 179, 183, 220

Composition of permutations, 132

Contact, normally closed, 228
normally open, 228

Convex polygon, 304

Convex polyhedron, 306

Cox, G. M., 382

Cut, 261
capacity of, 261

Cut-set, 188
fundamental, 189, 197
oriented, 205

Cut-set matrix (see Matrix)

Cut-set subspace (see Subspace)

Cycle, 148
length of, 148

Cycle index, 148

Cyclic group, 165

Dantzig, G. B., 181n., 182, 337
DeBruijn, N. G., 161
Decision, 348

HNDEX

Deficiency, of a bipartite graph, 287
of a set of vertices, 287
Degree of a vertex, 174
incoming, 174
outgoing, 174
Derangement, 106
Descent, 122
Difference equation (see Recurrence
relation)
Dimension of a vector space, 193
Directed graph, 168
Distribution, of distinct objects, into
distinct cells, 11
into nondistinct cells, 38
of nondistinct objects, into distinct
cells, 13
into nondistinet cells, 41
Dominating set, 234, 257
minimal, 234
Domination number, 234
Drake, A. W, 51
Dreyfus, 8., 356
Dual, of a graph, 222
of a one-terminal-pair graph, 228
Dual problem, 331
Dual simplex method, 341
Durfee square, 56
Dynamic programming, 347
Dynkin, E. B., 257

Edge, 168
capacity of, 259
Edge-disjoint union, of ecircuits, 193
of cut-sets, 193
Edge isomorphism (see 1somorphism)
Edmond, J., 295
Egervdry, E., 291, 295
Enumerator, 26
exponential, 34
ordinary, 26
store, 144
Equivalence, class, 129
relation, 129
Euler, circuit, 173
first theorem of, 56
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Euler, path, 173
¢-function, 120, 165
second theorem of, 57

Euler's conjecture, 369

Euler's formula, 210, 232

Expansion formula, 113

External piece, 216

Externally stable set, 257
(See¢ also Dominating set)

Factor, 296
Fary, L., 208, 231
Feasible flow (see Flow)
Feasible region, 303
Feasible solution, 302
basic, 312
initial, 326
optimal, 302, 314
Feller, W, 19, 51, 87
Fermi-Dirac counting, 21
Ferrers graph, 45
Fibonacci numbers, 59, 61
Field, 191, 366
of integers modulo 2, 192
First occurrence problem, 79
Flow, 260
feasible, 268
initial, 271
maximal, 260
minimal, 278, 279
multiple-commodity, 275
Ford, L. R., Jr., 275
Four-color problem, 250
Fulkerson, ). R., 275
Fulkerson, R., 181a., 182
Function, 130
domain of, 130
one-to-one, 130
onto, 130
range of, 130
Functional equation, 352
Fundamental, circuit, 187, 196
cut-set, 189, 197

Fundamental system, of circuits, 187,

196
of cut-sets, 189, 197

Game of rencontres, 121
Gamma function, 4n.
Garvin, W. W, 338
Generating function, 25
ordinary, 25
exponential, 34
Gilbert, E. N., 161
Gilbert bound, 22
Golomb, S. W, 161
Gould, R. L., 201
Graph, 168
biconnected, 173
bipartite, 183, 281
complete, 179, 183, 220
connected, 172, 187
strongly, 173
directed, 168
finite, 171
line, 183
linear, 171
one-terminal-pair, 228
planar, 206
series-parallel, 233
triangular, 252
unconnected, 172
undirected, 168
Group, 131
abelian, 191
eyclic, 165
permutation, 133
Guillemin, E. A, 201

Hadamard matrix, 379
normalized, 379

Hadley, G., 338, 356

Hall, M., Jr., 119, 382

Hamiltonian path (circuit), 179

Hamming, R. W, 362n., 382

Hamming bound, 22

Harary, F. R., 161, 182



Hardy, G. H., 51, 119
Harrison, M. A, 152n., 161
Hilderbrand, F. B., 87

Hit polynomial, 117
Homogeneous solution, 61
Hungarian method, 295, 297
Hyperplane, 305

Identity element, 131
Incidence matrix, of a block design,
371
of & graph, 200
Incoming degree, 174
Independence number, 238
Independent set, 238, 257
maximal, 238
Indicator function, 25
Initial vertex, 168
Internal piece, 216
Internally stable set, 257
(See also Independent set)
Invariance, 135
Inventory, of a set of functions, 144
of a set of patterns, 145
Inverse, 131
Isolated vertex, 168
Isomorphism, 169
edge, 204
2-, 226
to within vertices of degree 2, 212

Johnson, 8., 181n., 182

k-graph, 171

Kendall, M. G., 362n., 382
Koénig-Egervéry theorem, 291
Konigsberg bridges, 174
Krausz's theorem, 183
Kronecker product, 380

Kuhn, H. W, 295

Kuratowski, G., 212
Kuratowski’s graphs, 212
Kuratowski’s theorem, 212, 230

INDEX

Labeled set, 166

Labeling procedure, 263, 270

Lagrange multiplier, 307

Laplace transform, 51

Latin rectangie, 286, 363

Latin square, 286, 363

Latin squares, orthogonal, 364

Law, reflexive, 129
symmetric, 129
transitive, 129

Lessman, F., 87

Levy, H., 87

Line graph, 183

Linear constraint, 299

Linear graph, 171

Linear programming, 299

Link, 186

Loop, 168

MacLane, 8., 231, 366n., 382
MacMahon, P. A., 51
Mann, H. B, 382
Matching, 281, 295
complete, 281
maximal, 287
Matrix, adjacency, 204
cireuit, 199
cut-set, 199
doubly stochastic, 284
Hadamard, 379
normalized, 379
incidence, of a block design, 371
of a graph, 200
permutation, 284
Maximal flow (see Flow)
Ménage polynomial, 124
Mépage problem, 124
Milne-Thomson, L. M., 87
Minimal flow (see Flow)
Minty, G. J.. 231
Mirsky, L., 295
Moment generating function, 54
kth, 54
kth factorial, 54
Multigraph, 171
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Multiple-<commodity flow (see Flow)
Multiplicity, 171
Muitistage process, 347

Markovian, 348

n factorial, 4
Nemhauser, G. L., 356
Network, complementary, 228
transport, 259
Nonbasic variable, 312
Nonnegative condition, 299
Nontaking, queens, 238
rooks, 111, 238
Norman, R. Z., 182

Objective function, 299, 348

One-terminal-pair graph, 228

One-to-one function, 130

Onto function, 130

Optimal feasible solution (see Feasihle
solution)

Ordered pair, 128

Ore, 0., 182, 201, 257, 205

Oriented circuit, 205

Oriented cut-set, 205

Orthogonal Latin squares, 364

Outgoing degree, 174

Parker, E. T., 369, 382
Particular solution, 61, 66
Partition, of an integer, 41
self-conjugate, 56
on a set, 128
Paseal triangle, 80
Path, 171
elementary, 171
Euler, 173
Hamiltonian, 179
length of, 172
shortest, 263
simple, 171
Pattern, 76, 142
inventory (see Inventory)

m

Perfect, H., 295
Permanent, 121
Permutation, 2
cycle structure representation of, 148
group, 133
invariant under, 135
matrix, 284
with restrictions, on absolute posi-
tions, 106, 115
on relative positions, 109
of a set, 132
Piece, 173
external, 216
internal, 216
Pivot, 322
Pivotal, column, 322
row, 322
Planar graph, 206
Policy, 348
optimal, 348
Pélya, G., 127, 161
fundamental theorem of, 148
generalization of, 154
Polygon, convex, 304
Polyhedron, convex, 306
Polynomial, chromatic, 248
hit, 117
Ménage, 124
rook, 112
Primal problem, 331
Principle, of inclusion and exclusion, 98
of optimality, 348
Process, infinite stage, 354
Markovian, 348
multistage, 347
Product of graphs, 239

Quenoiulle, M. H., 382

r-combination, 2

r-permutation, 2

Ralston, A, 87, 338, 362n., 382

RAND, 362n., 382

Random-number generating routine,
362
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Random-number tables, 362 Simplex method, 315
Randomized complete block design Sink, 259

(see Dlock design) Rlack variable, 308, 311
Recurrence relation, 58 Slepian, 1., 152n., 161
linear, with constant coefficients, 60  Solution, feasible, 302
nonlinear, 73 basic, 312
with two indices, 80 initial, 326

Reed, M. B., 182, 201, 231 optimal, 302, 314
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