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CHAPTER -4
INTUITIONISTIC (T, S)-FUZZY CI-ALGEBRAS

SECTION 4.1
INTUITIONISTIC (T, S)-FUZZY SUBALGEBRAS OF CI-ALGEBRAS

Definition : 4.1.1

An Intuitionistic Fuzzy Set (IFS) A in a non-empty set X is an object
having the form A = {(x, pa(X), va(x)) / x € X} where the function pa: X — [0, 1]
and ya : X — [0, 1] denote the degree of membership and the degree of non-

membership, respectively, where 0 < pa(x) + ya(x) £ 1, forall x e X.

Note

An intuitionistic fuzzy set A = {(x, pa(x), ya(X)) / x € X} in X can be
identified with an ordered pair (pa, va) in I x I*. For the sake of simplicity, the

symbol A = {(ua, ya) = (X, ua, va)} can be used for the IFS
A= {(x, pa(x), ya(x)) / x € X}.

Definition : 4.1.2

Let A = {X, pa(x), ya(x) / x € X} and B = {X, pus(x), ys(x) / X € X} be any
two IFS in X. Then

() AcBiff (ua(X) < pa(x) and ya(x) = ya(x)), ¥ X e X.
(i) A=Biff (ua(x) = ps(x) and ya(x) = ys(x)), ¥V x € X.

(i) A ={(x ya(x), pa(x))/ x € X}.

(iv) A~ B={(x min (ua(x), ua(x)), max (ya(x), ya(x))) / x € X}.
(v)  AvB={(x max (ua(x), pa(x)), min (ya(x), ve(x))) / x € X}.
(vi) Let {Ai}ica be a family of IFS in X. Then

N A ={& A palX), V yax)/x e X},
ie A l=4 b

U A ={x, ié/A nai(X), ig vai(X) / X € X}.

ie A
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Definition : 4.1.3
A t-norm is a function T : [0, 1] x [0, 1] — [0, 1] that satisfies

(T1) T(x,1)=x

(T2) T(x,y)=T(y,x)

(T3) T(x, T(y, z)) = T(T(x, y), 2)

(T4) T(x,y)=T(x,z)whenevery=<z V¥V x,y,z e [0, 1].

Note
Every t-norm T has the following useful property :
(i) T(e, B) <min (o, B), forall o, B € [0, 1].
Definition : 4.1.4

s-norm S, we mean a function S : [0, 1] x [0, 1] — [0, 1] satisfying the

following conditions :

(S1) S(x,0)=x

(S2) S(x,y)<S(x,z)ify<z

(S3) S(x,y) =Sy, x)

(S4) S(x,S(y,2z)=5S(S(x,¥),2), VX VY,zel01].

Note
Every s-norm S has the following useful property :
(i) max (a, ) < S(a, B) for all o, B € [0, 1].
Note

For a t-norm (or s-norm) P on [0, 1] denote by A, the set of elements

a € [0, 1] such that P(a, a) = a. i.e., Ap = {a € [0, 1]/ P(a, o) = a}.
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Definition : 4.1.5

Fuzzy set p is called a fuzzy subalgebra of a Cl-algebra X with
respect to a t-norm T (a T-fuzzy subalgebra of X) if n(x * y) = T(n(x), n(y)) for
allx,y e X.

Definition : 4.1.6

Fuzzy set n is called a fuzzy subalgebra of a Cl-algebra X with
respect to an s-norm S (an S-fuzzy subalgebra of X) if u(x * y) < S(u(x), u(y))

forall x,y € X.
Definition : 4.1.7

Let P be a t-norm (or s-norm). A fuzzy set n in a Cl-algebra X is said to

satisfy the imaginable property with respect to P if Im(u) c A,.
Definition : 4.1.8

Let A = {ua, ya} be an IFS in a Cl-algebra X. A is called an
intuitionistic (T, S)-fuzzy subalgebra of X if

(IFSA 1) pa(x * y) 2 T(ua(x), na(y))
(IFSA 2) ya(x * y) = S(ya(x), va(y)), for all x, y e X.

Example : 4.1.9

Let X = {1, a, b, c}. Define a binary operation ‘+* on X by the following
table :

(¢}

-
o

O |T |
aAalalal-a
O IV I [N

= | =T |T|OT
= [T]|O

then (X ; =, 1) is a Cl-algebra.
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Let T:[0, 1] x [0, 1] — [0, 1] be a function defined by
T(a, B) =max (a+ B —-1,0)and S : [0, 1] x [0, 1] — [0, 1] be a function
defined by S(a, ) =min (o + B, 1) for all o, B € [0, 1]. Then T is a t-norm and

S is an s-norm.

Define an intuitionistic fuzzy set A = (ua, ya) by pa(1) = pa(b) =
ua(c) =1, ua(@) = 0 and ya(1) = ya(b) = ya(c) = 0, ya(@) = 1.

Then A = (ua, va) is an intuitionistic (T, S)-fuzzy subalgebra of X.
Theorem : 4.1.10

If {Ai}i < Ao Is a family of intuitionistic (T, S)-fuzzy subalgebras of a

Cl-algebra X. Then ﬂ A, is an intuitionistic (T, S)-fuzzy subalgebras of X,

ieA
where (] A; = (A i, v 7).
ie A

Proof

If {A}i < » is a family of intuitionistic (T, S)-fuzzy subalgebras of a
Cl-algebra X.

Letx, y € X. Then
A pai(X * Y) = AT (pi(X), pi(y)))
= T(A pai(X), A pai(y))
and v yai(x = y) < v(S(yai(X), vai(y)))
= 3(v yai(x), v yai(y))
Hence () A, = (» pai, v ya) is an intuitionistic (T, S)-fuzzy subalgebra of X.

Proposition : 4.1.11

Any subalgebra of a Cl-algebra X can be realized as both a pa level

subalgebra and ya of some intuitionistic (T, S)-fuzzy subalgebra of X.
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Proof

Let A be a subalgebra of a Cl-algebra X and pa, ya be fuzzy sets in X
defined by

) = a ifxeA;
be 0 otherwise
if A
and vya(x)= b ifxe _’
1 otherwise

for all x e X where o and B are fixed numbers in (0, 1) such that o + 3 < 1.
Ifx,y e Athenx *xy e A.
Hence pa(x) = pa(y) = pa(x * y) = a and
va(X) = va(y) = ya(x *y) = B.

If atleast one of x or y does not belong to A, then atleast one of pa(x) or

ua(y) is equal to 0 and atleast one of ya(x) or ya(y) is equal to 1.

Therefore min (pa(x), pa(y)) = 0. It follows that pa(x * y) = 0 =
min (na(x), pa(y)) and ya(x * y) <1 = max (ya(x), ya(y)).

Hence A = (ua, ya) is an intuitionistic (min, max)-fuzzy subalgebra of X.
Obviously, U(ua, o) = A = L(ya, B).

Theorem : 4.1.12

If A is a subalgebra of a Cl-algebra X, then A = (xA, xﬁ)is an

intuitionistic (T, S)-fuzzy subalgebra of X.
Proof

Let A be a subalgebra of a Cl-algebra X. If x,y € A, thenx =y € A
Hence ya(x * y) = 1= T(xa(X), xa(y)).
Also, 0 =1 —ya(x *y) = x& (X* Y)

<S(r% (X), 1% (¥))
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lfxeAandy e A, (orx ¢ Aandy € A), then ya(x) =1 (or) xa(y) = 0.
Thus ya(x * y) = T(xa(x), za(y)) = T(1,0) =0
And S (% (), 74 (¥ ) = S(1 = 1a(X), 1= xa(Y)

=8(0, 1) =12 gz (x*y)

Hence A = (xa, %% )is an intuitionistic (T, S)-fuzzy subalgebra of X.

Theorem : 4.1.13

Let A be a nonempty subset of a Cl-algebra X. If A = (%A, xﬁ)satisfies
(IFSA 1) or (IFSA 2), then A is a subalgebra of X.

Proof

Let A be a nonempty subset of a Cl-algebra X.
Suppose that A = (ya, xi) satisfy (IFSA1)and x, y € A.

Then ya(x = y) = T(xa(x), xa(y)) =T(1, 1) = 1. So that ya(x * y) =1
e, (x*y) e X.
Hence A is a subalgebra of X.
Suppose that A = (XA, xﬁ)satisfy (IFSA 2).
Ifx,y € A, then
LA (X *Y) < S(1a (X), xa ()
< S(1 - xa(x), 1—xaly)) =S(0,0)=0
LA (X *y)=1=ya(x*y)=0

e, ya(x *y)=1.
Theorem : 4.1.14

Let A be a fuzzy subalgebra with membership function pa in a
Cl-algebra X. Then A is an intuitionistic (T, S)-fuzzy subalgebra of X,

where A = (ua, u§).
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Proof

Let A be a fuzzy subalgebra with membership function pa in a
Cl-algebra X.

To show that A = (1A, pﬁ )is an intuitionistic (T, S)-fuzzy subalgebra of

X, it is sufficient to show that p§ satisfies the condition (IFSA 2).

If X,y e X, then uS(x * y) = 1 = pa(X # y)
<1 = T(palX), pa(y))
= S(1 = pa(x), 1= pa(y))
= S(u(x), n(y))

Hence A is an intuitionistic (T, S)-fuzzy subalgebra of X.

Theorem : 4.1.15

An intuitionistic fuzzy set A = (ua, ya) is an intuitionistic (T, S)-fuzzy
subalgebra of a Cl-algebra X if and only if the fuzzy sets us and yﬁ are

T-fuzzy subalgebra of X.

Proof

Let A = (ua, ya) be an intuitionistic (T, S)-fuzzy subalgebra of a CI-
algebra X.

Then pa is a T-fuzzy subalgebra of X.

Forallx,y e X, yS(x *y) =1 —ya(x * y)

> 1 = S(ya(x), ya(y))
=T(1 =vya(x), 1 =7a(y))
=T(y% (X), 75 ()

Then yﬁ is a T-fuzzy subalgebra of X.

Conversely, assume that ua and yﬁ are T-fuzzy subalgebras of X.
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To prove IFS A = (ua, va) is an intuitionistic (T, S)-fuzzy subalgebra of
X, it is enough to prove that ya(x * y) < S(ya(x), ya(y)), for all x, y € X.

Since v$ is a T-fuzzy subalgebra of X, then
YR(XEY) =T —ya(x*Y)

21=T(ya(¥), va(¥)

=T(1 = ya(x), 1—7valy))

=1 = S(ya(x), va(y))
Hence for all x, y € X,

Ya(X * y) < S(ya(X), ya(y))-
Definition : 4.1.16

An intuitionistic (T, S)-fuzzy subalgebra A = (ua, ya) is called an
intuitionistic imaginable (T, S)-fuzzy subalgebra of a Cl-algebra X if pa and

va satisfy the imaginable property with respectto T and S respectively.

Example : 4.1.17

Let X = {1, a, b, ¢} be a Cl-algebra as in example (4.1.9). And

A = (ua, va) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of X.
Example : 4.1.18

Let X = {1, a, b, c} be a Cl-algebra as in example (2.2.16). Define an
intuitionistic fuzzy set A = (ua, ya) by

) = 0.7 ifxe{l,c}
B 0.2 otherwise
0.2 ifxe{l,c}
0.7 otherwise

and ya(x) = {
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Let T : [0,1] x [0, 1] — [0, 1] be a function defined by T(«, B) =
max (o + — 1, 0) for all a, p € [0, 1]. And S: [0,1] x [0, 1] — [0, 1] be a
function defined by S(a, B) = min (o + B3, 1) forall o, B € [0, 1].

Then A = (ua, va) is an intuitionistic (T, S)-fuzzy subalgebra of X which

is not imaginable.

Because T(ua(a), pa(a)) = T(0.2, 0.2)
=max(02+0.2-1,0)=0.7 # pa(@) =0.2

Proposition : 4.1.19

If A = (ua, va) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of a

Cl-algebra X, then pa(x * 1) = pa(x) and ya(x * 1) < ya(x) for all x € X.
Proof

Let A = (ua, ya) be an intuitionistic imaginable (T, S)-fuzzy subalgebra
of X.
Forany x € X, pa(x * 1) 2 T(pa(1), pa(x)) = T(na(x * X), pa(x))
= T(T(pa(X), pa(X)), pa(x)) = pa(x).
And ya(X * 1) < S(ya(1), va(X)) = S(ya(x * X), va(x))
= S(S(ya(x), va(x)), va(X)) = 7a(X).

Proposition : 4.1.20

If A = (ua, ya) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of a

Cl-algebra X, then pa(1) = pa(x) and ya(1) < ya(x), for all x € X.
Proof

Let A = (ua, ya) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of

a Cl-algebra X.
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Forevery x € X, pa(1) = pa(X * X) = T(pa(X), Ha(X)) = pa(X).
And ya(1) = ya(X * X) < S(ya(X), 7a(X)) = ya(x).

Proposition : 4.1.21

If A = (ua, ya) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of a
Cl-algebra X, then the set Xa = {na(x) = pa(1), va(x) = ya(1) / x € X} is a
subalgebra of X.

Proof

Let A = (ua, va) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of

a Cl-algebra X.

If X, y € Xa, then pa(x) = pa(y) = pa(1) and ya(x) = ya(y) = va(1).

Since A = (ua, ya) is an intuitionistic imaginable (T, S)-fuzzy subalgebra

of a Cl-algebra X, it follows that

HA(X * Y) = T(pa(X), pa(y)) = T(pa(1), pa(1)) = pa(1)
YA(X * YY) < S(va(x), va(y)) = S(ya(1), ya(1)) = va(1)

so that pa(x #= y) = pa(1) and ya(x * y) = vya(1). Thus x = y € Xa and

consequently Xa is a subalgebra of X.
Theorem : 4.1.22

Let A = (ua, ya) be an intuitionistic (T, S)-fuzzy subalgebra of a

Cl-algebra X and a € [0, 1]. Then

(i) if o = 1, then the upper level subset U(ua ; o) is either empty or a
subalgebra of X.
(i) if a = 0, then the lower level subset L(ys ; o) is either empty or a

subalgebra of X.
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(ili)  if T = min, then the upper level subset U(ux ; a) is either empty or a
subalgebra of X.
(iv) if S = max, then the lower level subset L(ya ; o) is either empty or a

subalgebra of X.
Proof

Let A = (pa, ya) be an intuitionistic (T, S)-fuzzy subalgebra of a
Cl-algebra X and a € [0, 1].

To Prove (i)

Suppose that « = 1 and x, y € U(pa ; a) then pa(x) 2 o = 1 and
pa(y) =z a = 1. It follows that pa(x * y) = T(pna(x), pa(y)) = T(1, 1) = 1. So that

X *Yy e U(ua; o). Hence U(pa ; o) is a subalgebra of X when o = 1.
To Prove (ii)

Suppose that o« = 0 and x, y € L(ya ; o) then ya(X) £ o = 0 and
va(y) £a = 0. It follows that ya(x = y) < S(ya(x), va(y)) £ S(0, 0) = 0. So that

X *y € L(ya; o). Hence L(ya ; @) is a subalgebra of X when a = 0.
To Prove (iii)

Assume that T = min and x, y € U(ua ; o) then

pa(x * y) = T(pa(x), pa(y)) = min (pa(x), pa(y))
>min (o, o) = «, forall a € [0, 1]

Hence x * y € U(pa ; o) and U(ua ; o) is a subalgebra of X.
To Prove (iv)

LetS=maxand x,y € L(ya; «). Then
Ya(X * y) < S(ya(X), va(y)) = max (ya(x), va(y))
<max (o, a) = a, forall a € [0, 1]

Hence x *y € L(ya; o) and so L(ya ; a) is a subalgebra of X.
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Theorem : 4.1.23

If Al= {ua(x) > a/ x € X} and A2= {1- ya(x) 2 b / x € X} are

subalgebras of a Cl-algebra of X, then A = (ua, va) is an intuitionistic

(T, S)-fuzzy subalgebra of X.

Proof

Assume that A; and Ag are subalgebras of X, for any a € [0, 1].
Let a = T(pa(x), pa(y)), for any x, y € X. Then pa(x), pa(y) = a, which

implies that x, y e Al . But Al is a subalgebra of X. Therefore, x *y e Al .

Hence pa(x * y) = a = T(ua(x), pa(y)). Also, if b = T(1 —ya(x), 1 = vya(y)),
in a similar way ya(x * y) < S(ya(x), va(y)).
In general, the converse of the above theorem is not true in the

following example.
Example : 4.1.24

Let X={1,a, b, c} be a Cl-algebra, as in example (4.1.9) then

Ajq = Ass ={1,b, c}, Aj; = Ajs are not subalgebras of X because

b,ce Al;, A3s butb*c=ae A}, AZ;.

Theorem : 4.1.25

If A = (ua, ya) is an intuitionistic (min, max)-fuzzy subalgebra of a

Cl-algebra X, then both A!, AZ are subalgebras of X.

Proof

Let A be an intuitionistic (min, max)-fuzzy subalgebra of X.
Letx,y € Al then pa(x), ua(y) = a.
By hypothesis, pa(x * y) = min (ua(x), pa(y)) = min (a, a) = a.

Hence x * y e Al. Similarly, A2 is a subalgebra of X.
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Theorem : 4.1.26

If A is an intuitionistic (min, max)-fuzzy subalgebra of a Cl-algebra X,

then the lower cut set
1 ifus(X)=n
1 %
Ai(x) = 5 ifpa(X) <A <T=y,(x)
0 ifrAz1-y,(x)
is a fuzzy subalgebra of X.

Proof

To prove, A,(x) is a fuzzy subalgebra of X, it is enough to prove that,

Au(X *y) =z min (Au(X), Aw(Y))-
For this, consider the following cases.
Case (i)

If A(x) = Au(y) = 1, then pa(x) = & and pa(y) = A. Now pa(x * y) 2
min (pa(x), pa(y)) = &. Therefore, A, (X * y) =1 = min (Au(X), Aw(y))-

Case (ii)

If A;(x) =1 and A,(y) = % then pa(x) = A and pa(y) < A <1 —vya(x).

Now 1 —ya(x *y) 2 min (1 —ya(x), 1 —va(y))
By hypothesis, 1 — ya(X) = ua(x), then
1 —vya(x *y) = min (1 - ya(x), T —va(y)) 2 min (&, ») = 4.

Then A, (X * y) = — = min (A.(X), Ax(y)).

1
2
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Case (iii)

If As(x) = As(y) = % then 1 —ya(x) =2 A and 1 — ya(y) = A.

Similarly, we can show that A, (x * y) = min (A,(x), A.(Y)).

Therefore A, is a fuzzy subalgebra of X.
Theorem : 4.1.27

If A is an intuitionistic (T4, Sq)-fuzzy subalgebra of a Cl-algebra X,

T1=T,and S; £ S,, then A is an intuitionistic (T,, S;)-fuzzy subalgebra of X.
Proof

Since A is an intuitionistic (T4, S1)-fuzzy subalgebra of a Cl-algebra X,

then pa(x * y) = Ti(pa(x), pa(y)) = Ta(ua(x), pa(y)). Thus pa(x = y) = Ta(pa(x),
pa(y)). Similarly ya(x * y) < Sa(ya(X), va(y)). Hence A is an intuitionistic (T2, Sz)-

fuzzy subalgebra of X.

In general, the converse of the above theorem is not true can be seen

in the following example.
Example : 4.1.28

Let X = {1, a, b, ¢} be a Cl-algebra as in example (4.1.9). An
intuitionistic (T, S)-fuzzy subalgebra defined is not intuitionistic (min, max)-
fuzzy subalgebra because pa(b * ¢) = pa(@) = 0 2 min (pa(b), pa(c)) =
min (1, 1) = 1.

Theorem : 4.1.29

Let f be an endomorphism of a Cl-algebra X. If A = (ua, va) is an

intuitionistic imaginable (T, S)-fuzzy subalgebra of a Cl-algebra X, then

B =(uh,vh) is an intuitionistic (T, S)-fuzzy subalgebra of X, where

wh (X) = pa(f(x)) and v} (x) = ya(f(x)).
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Proof

Let f be an endomorphism of a Cl-algebra X.
Forany x,y e X, pj (x * y) = pa(f(x = y)) = ua(f(x) * f(y))
= T(ua(f(x), ua(f(y))) = T(pa (X), i ().
Similarly, forany x, y € X
Yh (x % y) = ya(f(x v y)) = ya(fx) * f(y))
< S(ya(f(x)), va(f(y))) = S(74 (X), va (¥))-

Theorem : 4.1.30

Let f : X - Y be an epimorphism of Cl-algebra. If A = (ua, va) is an
intuitionistic (T, S)-fuzzy setin Y. If B = (uk ,v% ) is an intuitionistic (T, S)-fuzzy

subalgebra of X, then A = (ua, ya) is an intuitionistic (T, S)-fuzzy subalgebra
inY.

Proof

Letf: X —> Y be an epimorphism of Cl-algebra.
For any y4, y2 € Y, there exists x4, X2 € X such that f(x4) = y; and
f(x2) = ya.
Then pa(y1 * y2) = pa(f(x1) * f(x2))
= pa(f(X1 * X2)) = p (X1 * X2)
= T(ph (1), ph (x2))
= T(ua(f(x1)), na(f(x2)))
= T(na(y1), na(y2)).
Similarly, ya(y1 * y2) = ya(f(x1) * f(x2))
= va(f(x1 % X2)) = 7 (%1 ¥ X2)
< S(ya (X1), T (X2))
= S(va(f(x1)), va(f(x2)))
= S(ya(y1), valy2))-



87
Theorem : 4.1.31

Let A = (ua, ya) be an IFS in a Cl-algebra X such that the non empty
sets U(ua ; o) and L(ya ; o) are subalgebras of X, for all o € [0, 1]. Then
A = (ua, yYa) is an intuitionistic (T, S)-fuzzy subalgebra of X.

Proof

Suppose that there exist X, Yo € X such that

Ha(Xo * Yo) < T(pa(Xo), Ha(Yo))-
Taking oo = = (s (X0 * Yo) + T(ua(o), ha(yo), then
min (pa(Xo), na(Yo)) = T(pa(Xo), na(Yo)) = oo > pa(Xo * Yo).

It follows that Xg, Yo € U(ua ; o) and Xo * Yo € U(ua ; ag). This is a

contradiction and hence p, sastisfies the inequality

a(X * y) 2 T(ua(x), na(y)) forall x, y € X (1)

Similarly, suppose that there exist xp, yo € X such that

Ya(Xo * Yo) > S(ya(Xa), Ya(Yo))-

Taking o = % (Ya(Xo * Yo) + S(ya(%o), ya(Yo))) then

max (ya(Xo), Ya(Yo)) < S(ya(Xo), va(Yo))

< Bo < ya(Xo * Yo)

It follows that Xo, Yo € L(ya ; Bo) @and Xo * yo € L(ya ; Po). Hence ya
satisfies the inequality ya(x * y) < S(va(x), ya(y)) forall x, y € X (2)

By (1) and (2), A = (pa, ya) is an intuitionistic fuzzy subalgebra of X.
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SECTION 4.2
INTUITIONISTIC (T, S)-FUZZY (CLOSED) FILTERS OF CI-ALGEBRAS

Definition : 4.2.1

Let A = (ua, ya) be an IFS in X. Then A is called an intuitionistic (T, S)-

fuzzy closed filter of Cl-algebra X if it satisfies the following conditions :

(IFCF 1) pa(x * 1) 2 pa(x) and ya(x * 1) < ya(x)
(IFCF 2) pa(y) 2 T(pa(x), na(x * y)) and
va(y) < S(va(x), va(x * y)), forall x, y € X.

Definition : 4.2.2

An intuitionistic (T, S)-fuzzy closed filter A = (ua, va) is called an
intuitionistic imaginable (T, S)-fuzzy closed filter of X if pa and ya satisfy

the imaginable property with respect to T and S respectively.
Example : 4.2.3

Let X = {1, a, b, ¢} be a Cl-algebra as in example (4.1.9) and A =

(1A, va) is an intuitionistic (T, S)-fuzzy closed filter of X.
Proposition : 4.2.4

Every intuitionistic imaginable (T, S)-fuzzy subalgebra satisfying

(IFCF 2) is an intuitionistic imaginable (T, S)-fuzzy closed filter.
Proof : Obvious.
Theorem : 4.2.5

Every intuitionistic (T, S)-fuzzy closed filter is an intuitionistic

(T, S)-fuzzy subalgebra.
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Proof

Let A = (ua, va) be an intuitionistic (T, S)-fuzzy closed filter of X and
X,y e X.

Then pa(x # y) = T(ua(y), pa(y * (x * ¥)))
= T(ua(y), na(x = (y * ¥)))
= T(pa(y), pa(x = 1))
2 T(ua(y), ua(x))

ANnd ya(X * y) < S(ya(y), valy * (x * y)))

= S(ya(y), Yalx * (y * y)))
= S(ya(y), yalx * 1))
< S(ya(y), va(x))

Hence A = (ua, ya) is an intuitionistic (T, S)-fuzzy subalgebra of X.

Note

The converse of the theorem (4.2.5) may not be true which can be

shown in the following example.

Example : 4.2.6

Let X = {1, a, b, ¢, d}. Define a binary operation “*” on X by the

following table.
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Then (X ; %, 1) is a Cl-algebra. Let T : [0, 1] x [0, 1] — [0, 1] be a
function defined by T(a, Bp) = max (o + B — 1, 0) forall o, p € [0, 1] and
S:[0, 1] x [0, 1] — [0, 1] be a function defined by S(«, ) = min (o + B, 1) for

alla, p €[0,1]. Then Tis a t-norm and S is a s-norm.

Define an IFS A = (ua, va) by pa(1) = pa(d) = 0.7, pa(@) = pa(b) = pe =
0.07, and ya(a) = ya(b) = ya(c) = 0.7, ya(1) = ya(d) = 0.07. Then A = (ua, ya) is
an intuitionistic (T, S)-fuzzy subalgebra of X, but it is not an intuitionistic

(T, S)-fuzzy closed filter because pa(d * 1) = pa(c) = 0.07 2 pa(d) =0.7
Theorem : 4.2.7

Let A = (ua, ya) be an intuitionisitc (min, max)-fuzzy closed filter of X. If

X <Y, then pa(y) = pa(x) and ya(y) < ya(x), forany x, y € X.

Proof

A is an intuitionistic (min, max)-fuzzy filter of X, so if x < y then
Xx*xy=1.
Hence pa(y) 2 min (ua(x), pa(x * y))
= min (ua(x), pa(1)) = pa(x)
Similarly, ya(y) < max (ya(x), ya(x * y))
= max (ya(x), va(1)) = va(y)

Theorem : 4.2.8

Let A = (ua, Ya) be an intuitionisitc (min, max)-fuzzy closed filter of X. If

X <z =Yy, then pa(y) 2 min (na(x), pa(z)) and ya(y) £ max (ya(x), ya(z)), for any
X,y,Zze X

Proof

From the assumption that,

Ha(Y) 2 min (na(X), pa(Xx * y)). Puty = x *y
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Then pa(x * y) 2 min (ua(z), pa(z * (x * y)))
Therefore pa(y) = min (ua(x), pa(x * y))
> min (pa(X), min (ua(2), pa = (x *y))))
= min (ua(x), min (na(z), pa(1)))
= min (pa(x), pa(2)).
Similarly, ya(y) £ (max ya(x), ya(x # y)) puty =x *y
Then ya(x *y) < max (ya(2), Ya(z * (X *Y)))
Therefore ya(y) £ max (ya(x), ya(X = y))
< max (ya(x), max (ya(z), ya(z * (x * y))))

= max (ya(x), (va(2))
Theorem : 4.2.9

Let A = (na, ya) be an intuitionisitc (T, S)-fuzzy subalgebra of X. If
A = (ua, va) satisfies the imaginable property and inequalities pa(x * y) <
pa(y * X) and ya(x * y) = ya(y * x) for all x, y € X, then A = (ua, ya) is an

intuitionistic (T, S)-fuzzy closed filter of X.
Proof

Let A = (ua, ya) be an intuitionisitc (T, S)-fuzzy subalgebra of X which
satisfies the inequalities.
pa(X * y) < pa(y * X) and ya(x = y) = ya(y * x) for all x, y € X.
From the proposition (4.1.19), that pa(x * 1) = pa(x) and ya(x = 1) < ya(x)
forall x,y € X.
Then pa(y) = pa(1 #y) 2 pa(y = 1) = pa(y = (x * X))
= pa(X * (y * X)) 2 T(na(X), pa(y * X))
2 T(pa(X), na(X *y))
And ya(y) = ya(1 = y) < ya(y * 1) = ya(y * (x * X))
= ya(X * (Y * X)) < S(ya(X), va(y * X))
< S(ya(x), ya(x * y))
Hence A = (ua, ya) is an intuitionisitc (T, S)-fuzzy closed filter of X.
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Theorem : 4.2.10

Let A = (ua, ya) be an intuitionisitc (T, S)-fuzzy subalgebra of X such
that the non-empty sets U(ua ; o) and L(ya ; o) are closed filters of X and

a € [0, 1]. Then A = (ua, va) is an intuitionistic (T, S)-fuzzy closed filter of X.
Proof

Let A = (ua, ya) be an intuitionisitc (T, S)-fuzzy subalgebra of X such
that the non-empty sets U(ua ; o) and L(ya ; o) are closed filters of X and

a € [0, 1]. Suppose that there exist Xp, Yo € X such that pa(yo) < T(ua(Xo),
Ha(Xo * Yo)).

. 1
Taking oo = 3 (na(Xo) *+ T(pa(Xo * Yo), pa(Xo))), then

min (pna(Xo * Yo), Ha(Xo)) = T(pa(Xo * Yo), Ha(Xa)) = ca > pa(Yo).

It follows that Xg * Yo, Xo € U(ua ; 0g) and yg 2 U(ua ; o).

This is a contradiction and hence ux satisfies the inequality
pa(X * y) =2 T(ua(x), pa(y)), for all x, y € X. Similarly, suppose that there exist
Xo, Yo € X such that ya(yo) = S(ya(Xo), ya(Xo * Yo)).

Taking Bo = % (va(Xo) + S(ya(Xo * Yo), ya(Xo))), then

max (va(Xo), va(Xo * Yo)) < S(ya(Xo), ya(Xo * Yo)) < Po < ya(Yo)

It follows that Xo, Xo * Yo € L(va ; Bo) @and yo € L(ya ; Bo)-

This is a contradiction and hence vy, satisfies the inequality
Ta(X * ¥) < S(ya(X), va(y)), for all x, y € X.

Now assume that there exists xq € X such that pa(x #* 1) < pa(Xo).
Taking ap = % (ra(Xo * 1) + pa(Xo)) then pu(xo * 1) < ap and pa(Xo) = ap. It

follows that xo € U(ua ; o) but Xo * 1 ¢ U(pa ; ap). This is a contradiction.
Hence pa(x * 1) = pa(x), for all x e X. Similarly, we get that

ya(X * 1) < ya(x) for all x e X.



