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C H A P T E R - 4 
INTUITIONISTIC (T, S)-FUZZY CI-ALGEBRAS 

SECTION 4.1 
INTUITIONISTIC (T, S)-FUZZY SUBALGEBRAS OF CI -ALGEBRAS 

Definition : 4.1.1 

An Intuitionistic Fuzzy Set (IFS) A in a non-empty set X is an object 

having the form A = {(x, M x ) , yA(x)) / x e X} where the function : X ^ [0, 1] 

and YA : X ^ [0, 1] denote the degree of membership and the degree of non-

membership, respectively, where 0 < ^A(X) + yA(x) < 1, for all x e X. 

Note 

An intuitionistic fuzzy set A = {(x, ^A(X), yA(x)) / x e X} in X can be 

identified with an ordered pair (^A, YA) in x I^. For the sake of simplicity, the 

symbol A = {(^A, YA) = (x, MA, YA)} can be used for the IFS 

A = {(X, ^A(X), YA(X)) / X e X}. 

Definition : 4.1.2 

Let A = {x, ^A(X), YA(X) / X e X} and B = {x, ^B(X), YB(X) / X e X} be any 

two IFS in X. Then 

(i) A c= B iff (^A(X) < MB(X) and yA(x) > yB(x)), V x e X. 

(ii) A = B iff (Mx ) = ^B(X) and yA(x) = yB(x)), V x e X. 

(iii) A ={(x,yA(x), M x ) ) / X € X } . 

(iv) A B = {(X, min (Mx) , ^B(X)), max (yA(x), yB(x))) / x e X}. 

(V) A B = {(X, max (^A(X), MB(X)), min (yA(x), yB(x))) / x e X}. 

(vi) Let {Ai}ieA be a family of IFS in X. Then 

f l Aj = {X, A ^Ai(x), V yAi(x) / X e X}, 
i E A i ^ ' ^ 

U Aj = {X, V ^Ai(x), A yAi(x) / X e X}. 
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Definition : 4.1.3 

A t-norm is a function T : [0, 1] x [0, 1] ̂  [0, 1] that satisfies 

(T1) T(x, 1) = x 

(T2) T(x, y) = T(y, X) 

(T 3) T(x, T(y, z)) = T(T(x, y), z) 

(T 4) T(x, y) < T(x, z) whenever y < z, V x, y, z e [0, 1]. 

Note 

Every t-norm T has the following useful property : 

(i) T(a, p) < min (a, p), for all a, [3 e [0, 1 ]. 

Definition : 4.1.4 

s-norm S, we mean a function S : [0, 1] x [0, 1] [0, 1] satisfying the 

following conditions : 

(S 1) S(x, 0) = x 

(52) S ( x , y ) < S ( x , z ) i f y < z 

(53) S(x, y) = S(y, X) 

(S 4) S(x, S(y, z)) = S(S(x, y), z), V x, y, z e [0, 1]. 

Note 

Every s-norm S has the following useful property : 

(i) max (a, p) < S(a, p) for all a, p e [0, 1]. 

Note 

For a t-norm (or s-norm) P on [0, 1] denote by Ap the set of elements 

a e [0, 1] such that P(a, a) = a. i.e., Ap = {a e [0, 1] / P(a, a) = a}. 
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Definition : 4.1.5 

Fuzzy set ^ is called a fuzzy subalgebra of a Cl-algebra X with 
respect to a t-norm T (a T-fuzzy subalgebra of X) if ^(x * y) > T(^(x), ^(y)) for 
all X, y e X. 

Definition : 4.1.6 

Fuzzy set ^ is called a fuzzy subalgebra of a Cl-algebra X with 

respect to an s-norm S (an S-fuzzy subalgebra of X) if |a(x * y) < S(^(x), ^(y)) 

for all X, y e X. 

Definition : 4.1.7 

Let P be a t-norm (or s-norm). A fuzzy set ^ in a Cl-algebra X is said to 

satisfy the imaginable property with respect to P if Im(^) Q Ap. 

Definition : 4.1.8 

Let A = {f^A, YA} be an IFS in a Cl-algebra X. A is called an 

intuitionistic (T, S)-fuzzy subalgebra of X if 

( i F S A i ) M x * y ) > T ( M x ) , My)) 

(IPSA 2) yA(x * y) < S(yA(x), yA(y)), for all x, y e X. 

Example : 4.1.9 

Let X = {1 , a, b, c}. Define a binary operation '*' on X by the following 
table : 

* 1 a b c 

1 1 a b c 
a 1 1 b b 
b 1 a 1 a 
c 1 1 1 1 

then (X ; *, 1) is a Cl-algebra. 
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Let T : [0, 1] x [0, 1] [0, 1] be a function defined by 
T(a, p) = max (a + [3 - 1, 0) and S : [0, 1] x [0, 1] [0, 1] be a function 
defined by S(a, p) = min (a + p, 1) for all a, p e [0, 1]. Then T is a t-norm and 
S is an s-norm. 

Define an intuitionistic fuzzy set A = (J^A, YA) by M"!) = Mb) = 

^ A ( C ) = 1, Ma) = 0 and y A ( 1 ) = yA(b) = yA(c) = 0, yA(a) = 1. 

Then A = (J^A, JA) is an intuitionistic (T, S)-fuzzy subalgebra of X. 

Theorem : 4.1.10 

If {Ai}i e A is a family of intuitionistic (T, S)-fuzzy subalgebras of a 

Cl-algebra X. Then f ] Aj is an intuitionistic (T, S)-fuzzy subalgebras of X, 
i e A 

where p Aj = (A ^j, v y i ) . 
i e A 

Proof 

If {Ai}i e A is a family of intuitionistic (T, S)-fuzzy subalgebras of a 

Cl-algebra X. 

Let X, y e X. Then 

A ^ A i ( x * y ) > A ( T ( ^ i ( x ) , ^i(y))) 

= T ( A ^Ai(x), A ^Ai(y)) 

and V yAi(x * y) < v(S(yAi(x), yAi(y))) 

= S (v yAi(x), V yAi(y)) 

Hence p Aj = (A ^ A I , V yAi) is an intuitionistic (T, S)-fuzzy subalgebra of X. 
i eA 

Proposition : 4.1.11 

Any subalgebra of a Cl-algebra X can be realized as both a ^ A level 

subalgebra and YA of some intuitionistic (T, S)-fuzzy subalgebra of X. 
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Proof 

Let A be a subalgebra of a Cl-algebra X and J^A, YA be fuzzy sets in X 
defined by 

a if X e A ; 
0 otherwise 

MA(X) = 

and yA(x) = 
p i f x e A ; 
1 otherwise 

for all X e X where a and p are fixed numbers in (0, 1) such that a + p < 1. 

If X, y e A then x * y e A . 

Hence ^A(X) = M y ) = MA(X * y) = a and 

yA(x) = yA(y) = yA(x * y) = p. 

If atleast one of x or y does not belong to A , then atleast one of ^A(X) or 

^A(y) is equal to 0 and atleast one of yA(x) or yA(y) is equal to 1. 

Therefore min (Mx) , Mv)) = 0- 't follows that ^A(X * y) > 0 = 

min (Mx) , My ) ) and yA(x * y) < 1 = max (yA(x), yA(y)). 

Hence A = (J^A, JA) is an intuitionistic (min, max)-fuzzy subalgebra of X. 

Obviously, U ( ^ A , a) = A = L(yA, p). 

Theorem : 4.1.12 

If A is a subalgebra of a Cl-algebra X, then A = (XA, X A ) ' S an 

intuitionistic ( T , S)-fuzzy subalgebra of X. 

Proof 

Let A be a subalgebra of a Cl-algebra X. If x, y e A, then x * y e A. 

Hence XA(X * y) = 1 > T(XA(X), XA(y))-

Also, 0= 1 - X A ( x * y ) = X A ( X * y) 

^ S ( x J ( x ) , x ^ ( y ) ) 
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If X e A and y ^ A, (or x ^ A and y e A), then XA(X) = 1 (or) XA(y) = 0. 
Thus XA(X * y) > T ( X A ( X ) , XA(y)) = T(1, 0) = 0 

And s i x l (X ) , x^ (y ) ) = S(1 - XA(X), 1 - XA(y)) 

= S(0, 1) = 1 > x ^ ( x * y) 

Hence A = (XA, X A ) ' S an intuitionistic (T, S)-fuzzy subalgebra of X. 

Theorem : 4.1.13 

Let A be a nonempty subset of a Cl-algebra X. If A = (XA, X A ) satisfies 

(IPSA 1) or (IPSA 2), then A is a subalgebra of X. 

Proof 

Let A be a nonempty subset of a Cl-algebra X. 

Suppose that A = (XA, X A ) satisfy (IPSA 1) and x, y e A. 

Then XA(X * y) > T ( X A ( X ) , XA(y)) = T(1, 1) = 1. So that XA(X * y) = 1 

i.e, (x * y) e X. 

Hence A is a subalgebra of X. 

Suppose that A = (XA, X A ) satisfy (IPSA 2). 

If X, y e A, then 

X ^ ( x * y ) < S ( x ^ ( x ) , XA(y ) ) 

< S ( 1 - X A ( X ) , i - X A ( y ) ) = s(o,o) = o 

X A ( x * y ) = 1 - X A ( x * y ) = 0 

i . e . ,XA(x *y )= 1. 

Theorem : 4.1.14 

Let A be a fuzzy subalgebra with membership function ^ A in a 

Cl-algebra X. Then A is an intuitionistic (T, S)-fuzzy subalgebra of X, 

where A = (^A, ^ ^ ) . 
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Proof 

Let A be a fuzzy subalgebra with membership function J^A in a 
Cl-algebra X. 

To show that A = (^A, M A ) ' ^ an intuitionistic (T, S)-fuzzy subalgebra of 

X, it is sufficient to show that n^satisfies the condition (IPSA 2). 

If X, y e X, then ^'^(x * y) = 1 - ^A(X * y) 

<1-T (Mx ) , My)) 
= s( i - MA(X), 1 - My)) 

= S i A x ) , M^(y)) 

Hence A is an intuitionistic (T, S)-fuzzy subalgebra of X. 

Theorem : 4.1.15 

An intuitionistic fuzzy set A = (J^A, YA) is an intuitionistic (T, S)-fuzzy 

subalgebra of a Cl-algebra X if and only if the fuzzy sets J^A and y ^ are 

T-fuzzy subalgebra of X. 

Proof 

Let A = (f^A, YA) be an intuitionistic (T, S)-fuzzy subalgebra of a Cl-

algebra X. 

Then ^ A is a T-fuzzy subalgebra of X. 

For all X, y e X, Y A (X * y) = 1 - yA(x * y) 

> 1 - S(yA(x), yA(y)) 

= T (1 -yA (x ) , 1-yA(y)) 

= T ( y ^ ( x ) , y^(y)) . 

Then y j is a T-fuzzy subalgebra of X. 

Conversely, assume that J^A and y ^ are T-fuzzy subalgebras of X. 
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To prove IFS A = (fiA, YA) is an intuitionistic (T, S)-fuzzy subalgebra of 
X, it is enough to prove that yA(x * y) < S(yA(x), YA(y)), for all x, y e X. 

Since Y A is a T-fuzzy subalgebra of X, then 

y C ( x * y ) = 1 - y A ( x * y ) 

^ 1 - T ( Y A ( X ) , YA(y) ) 

= T ( 1 - y A ( x ) , 1 -yA(y ) ) 

= 1 - S(yA(x), yA(y)) 

Hence for all x, y e X, 

yA(x * y) < S(yA(x), yA(y)). 

Definition : 4.1.16 

An intuitionistic (T, S)-fuzzy subalgebra A = (J^A, YA) is called an 

intuitionistic imaginable (T, S)-fuzzy subalgebra of a Cl-algebra X if Ĵ A and 

YA satisfy the imaginable property with respect to T and S respectively. 

Example : 4.1.17 

Let X = { 1 , a, b, c} be a Cl-algebra as in example (4.1.9). And 

A = (f^A, YA) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of X. 

Example : 4.1.18 

Let X = {1 , a, b, c} be a Cl-algebra as in example (2.2.16). Define an 

intuitionistic fuzzy set A = (J^A, YA) by 

MA(X) = 

and yA(x) = 

0.7 i f xe {1 ,c } 
0.2 otherwise 

0.2 i f xe {1 ,c } 
0.7 otherwise 
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Let T : [0,1] x [0, 1] [0, 1] be a function defined by T(a, p) = 
max(a + p - 1, 0) for all a, p e [0, 1]. And S: [0,1] x [0, 1] ^ [0, 1] be a 
function defined by S(a, p) = min (a + p, 1) for all a, p e [0, 1]. 

Then A = (J^A, JA) is an intuitionistic (T, S)-fuzzy subalgebra of X which 
is not imaginable. 

Because T(Ma). Ma)) = T(0.2, 0.2) 

= max (0.2 + 0.2 - 1, 0) = 0.7 ^ Ma) = 0.2 

Proposition : 4.1.19 

If A = (f̂ A, yA) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of a 

Cl-algebra X, then Mx * 1) > Mx) and yA(x * 1) < yA(x) for all x e X. 

Proof 

Let A = (HA, yA) be an intuitionistic imaginable (T, S)-fuzzy subalgebra 

ofX. 

For any x e X, Mx * 1) > T(M1). Mx)) > T(Mx * x), Mx)) 
= T(T(Mx), MA(X)), M X ) ) = Mx). 

And yA(x * 1) < S(yA(1), yA(x)) < S(yA(x * x), yA(x)) 

= S(S(yA(x), yA(x)), yA(x)) = yA(x). 

Proposition : 4.1.20 

If A = (^A, yA) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of a 

Cl-algebra X, then M^) ^ Mx) and yA(1) < yA(x), for all x e X. 

Proof 

Let A = (^A, yA) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of 

a Cl-algebra X. 
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Por every x e X , ^ 1 ) = Mx * x) > T(Mx), Mx)) = Mx). 
And yA(1) = yA(x * x) < S(yA(x), yA(x)) = yA(x). 

Proposition : 4.1.21 

If A = (^A, yA) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of a 

Cl-algebra X , then the set X A = (Mx) = Ml ) . yA(x) = yA(1) / x e X } is a 

subalgebra of X . 

Proof 

Let A = (I^A, yA) is an intuitionistic imaginable (T, S)-fuzzy subalgebra of 

a Cl-algebra X . 

If X , y e X A , then ^A(X) = My) = M1) and yA(x) = yA(y) = yA(1)-

Since A = (J^A, JA) is an intuitionistic imaginable (T, S)-fuzzy subalgebra 

of a Cl-algebra X , it follows that 

Mx * y) > T(Mx), My)) = T(M1). M1)) = M1) 
yA(x * y) < S(yA(x), yA(y)) = S(yA(1), yA(l)) = yA(1) 

so that Mx * y) = ^A(1) and yA(x * y) = yA(1)- Thus x * y e X A and 
consequently X A is a subalgebra of X . 

Theorem : 4.1.22 

Let A = (f^A, yA) be an intuitionistic (T, S)-fuzzy subalgebra of a 

Cl-algebra X and a e [0, 1]. Then 

(i) if a = 1, then the upper level subset U ( ^ A ; cc) is either empty or a 

subalgebra of X . 

(ii) if a = 0, then the lower level subset L(yA ; a ) is either empty or a 

subalgebra of X . 
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(iii) if T = min, then the upper level subset U ( ^ A ; ct) is either empty or a 
subalgebra of X . 

(iv) if S = max, then the lower level subset L(yA ; a ) is either empty or a 

subalgebra of X . 

Proof 

Let A = (f^A, JA) be an intuitionistic (T, S)-fuzzy subalgebra of a 

Cl-algebra X and a e [0, 1]. 

To Prove (i) 

Suppose that a = 1 and x, y e U ( ^ A ; cc) then ^A(X) > a = 1 and 

My) > a = 1. It follows that Mx * y) > T(Mx), My)) > T(1, 1) = 1. So that 

X * y e U ( ^ A ; cc). Hence U ( ^ A ; a ) is a subalgebra of X when a = 1. 

To Prove (ii) 

Suppose that a = 0 and x, y e L(yA ; a ) then yA(x) < a = 0 and 

yA(y) < a = 0. It follows that yA(x * y) < S(yA(x), yA(y)) < S(0, 0) = 0. So that 

X * y e L(yA ; a ) . Hence L(yA ; a ) is a subalgebra of X when a = 0. 

To Prove (iii) 

Assume that T = min and x, y e U ( ^ A ; cc) then 

Mx * y) > T(Mx), My)) = min (Mx), My)) 
> min ( a , a ) = a , for all a e [0, 1 ] 

Hence x * y e U ( ^ A ; cc) and U ( ^ A ; a ) is a subalgebra of X . 

To Prove (iv) 

Let S = max and x, y e L(yA ; a ) . Then 

yA(x * y) < S(yA(x), yA(y)) = max (yA(x), yA(y)) 

< max ( a , a ) = a , for all a e [0, 1] 

Hence x * y e L(yA ; a ) and so L(yA ; a ) is a subalgebra of X . 
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Theorem : 4.1.23 

If A^= (Mx) > a / X e X} and Ag= { 1 - yA(x) > b / x e X} are 

subalgebras of a Cl-algebra of X, then A = (^A, YA) is an intuitionistic 

(T, S)-fuzzy subalgebra of X. 

Proof 

Assume that Ag and A^ are subalgebras of X, for any a e [0, 1 ]. 

Let a = T(Mx), My)), for any x, y e X. Then Mx), My) > a, which 

implies that x, y e Ag. But Ag is a subalgebra of X. Therefore, x * y e Ag. 

Hence ^ A ( X * y) > a = T(Mx), Mv))- Also, if b = T(1 - yA(x), 1 - yA(y)), 

in a similar way yA(x * y) < S(yA(x), yA(y))-

In general, the converse of the above theorem is not true in the 
following example. 

Example : 4.1.24 

Let X = {1 , a, b, c} be a Cl-algebra, as in example (4.1.9) then 

Ao.i = Ao5 = {1 , b, c}, A J - , = Agg are not subalgebras of X because 

b, c e A 1 I , A ^ 5 but b * C = a ^ A J ,̂ A^g. 

Theorem : 4.1.25 

If A = (^lA, YA) is an intuitionistic (min, max)-fuzzy subalgebra of a 

Cl-algebra X, then both Ag, A^ are subalgebras of X. 

Proof 

Let A be an intuitionistic (min, max)-fuzzy subalgebra of X. 

Let X, y e A^ , then Mx), Mv) ^ a-

By hypothesis, Mx * y) > min (Mx), Mv)) ^ min (a, a) = a. 

Hence x * y e Ag. Similarly, A^ is a subalgebra of X. 



84 

Theorem : 4.1.26 

If A is an intuitionistic (min, max)-fuzzy subalgebra of a Cl-algebra X, 
then the lower cut set 

1 \ 1 ^ ; , { x ) > X 

A,(x)= ^-1 \ 1 ^ ^ { x ) < X < ^ - y ^ { x ) 

0 if ? .>1 -yA(x ) 

is a fuzzy subalgebra of X. 

Proof 

To prove, A?,(x) is a fuzzy subalgebra of X, it is enough to prove that, 

A?.(x*y)>min (A^x), A?.(y)). 

For this, consider the following cases. 

Case (i) 

If A>.(x) = A;,(y) = 1, then Mx) > X and My) ^ Now Mx * y) > 

min (Mx), My)) ^ Therefore, A?.(x * y) = 1 > min (A?.(x), Ax(y)). 

Case (ii) 

1 
If A?.(x) = 1 and A?.(y) = - , then Mx) > A and My) < 1 - TA(X) . 

Now 1 - yA(x * y) > min (1 - yA(x), 1 - yA(y)) 

By hypothesis, 1 - yA(x) > Mx), then 

1 -yA(x * y)> min (1 -yA(x), 1 -yA(y ) ) > min { X , X ) = X . 

1 
Then A;.(x * y) = - > min (Ax(x), Ax(y)). 
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Case (iii) 

1 
If A?.(x) = Ax{y) = - , then 1 - yA(x) > and 1 - yA(y) > X . 

Similarly, we can show that A i (x * y) > min (A>.(x), A?,(y)). 

Therefore A?, is a fuzzy subalgebra of X. 

Theorem : 4.1.27 

If A is an intuitionistic (Ti, Si)-fuzzy subalgebra of a Cl-algebra X, 

Ti > T 2 and Si < S 2 , then A is an intuitionistic ( T 2 , S2)-fuzzy subalgebra of X. 

Proof 

Since A is an intuitionistic (Ti, Si)-fuzzy subalgebra of a Cl-algebra X, 

then ^ A ( X * y) > Ti(Mx), My)) ^ T2(Mx), My))- Thus Mx * y) > T2(Mx), 

My))- Similarly yA(x * y) < S2(yA(x), yA(y))- Hence A is an intuitionistic ( T 2 , S 2 ) -

fuzzy subalgebra of X. 

In general, the converse of the above theorem is not true can be seen 

in the following example. 

Example : 4.1.28 

Let X = {1 , a, b, c} be a Cl-algebra as in example (4.1.9). An 

intuitionistic (T, S)-fuzzy subalgebra defined is not intuitionistic (min, max)-

fuzzy subalgebra because Mb * c) = Ma) = 0 ^ min (^A(b), MA(C)) = 

min (1, 1) = 1. 

Theorem : 4.1.29 

Let f be an endomorphism of a Cl-algebra X. If A = (^A, YA) is an 
intuitionistic imaginable (T, S)-fuzzy subalgebra of a Cl-algebra X, then 

B = ( ^ A ' y A ) is an intuitionistic (T, S)-fuzzy subalgebra of X, where 

^^ (x ) = Mf(x)) and y k ( x ) = yA(f(x)). 
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Proof 

Let f be an endomorphism of a Cl-algebra X . 

For any x, y e X , ^ ^ (x * y) = Mf(x * y)) = Mf(x) * f(y)) 

> T(Mf(x)), Mf(y))) = T(n^(x) , n^y) ) . 

Similarly, for any x, y e X 

rA (X * y) = yA(f(x * y)) = yA(f(x) * f(y)) 

<S(yA(f(x)),yA(f(y))) = S ( y f , ( x ) , y\(y)). 

Theorem : 4.1.30 

Let f : X ^ Y be an epimorphism of Cl-algebra. If A = (J^A, JA) is an 

intuitionistic (T, S)-fuzzy set in Y . If B = ( ^ A - Y A ) ' S an intuitionistic (T, S)-fuzzy 

subalgebra of X , then A = (J^A, YA) is an intuitionistic (T, S)-fuzzy subalgebra 

in Y . 

Proof 

Let f: X ^ Y be an epimorphism of Cl-algebra. 

For any yi, y2 e Y , there exists X i , X2 e X such that f(xi) = y^ and 

f(x2) = y2. 

Then Myi * Vi) = Mf(xi) * f(X2)) 

= Mf(xi * X2)) = M A ( X I * X2) 

>T(Mf,(xi), M; (X2)) 

= T(Mf(xi)), Mf(X2))) 

= T(Myi). My2))-
Similarly, yA(yi * y2) = YA(f(xi) * f (x2)) 

= yA(f(Xi * X2)) = Y A I X I * X 2 ) 

^ S ( Y k ( X i ) , Y ; ( X 2 ) ) 

= S(YA( f (X l ) ) ,YA( f (X2)) ) 

= S(YA(yi), YA(y2))-
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Theorem : 4.1.31 

Let A = (f^A, YA) be an IFS in a Cl-algebra X such that the non empty 
sets U ( ^ A ; cc) and L(yA ; a ) are subalgebras of X, for all a e [0, 1]. Then 
A = (i^A, YA) is an intuitionistic (T, S)-fuzzy subalgebra of X. 

Proof 

Suppose that there exist Xo, yo e X such that 

Mxo * yo) < T(Mxo), ^A(yo))-
1 

Taking ao = - ( ^ A (XQ * yo) + T(Mxo), MVo))), then 

min (Mxo), Myo)) ^ T(Mxo), MVo)) ̂  ao > MA(XO * yo). 

It follows that Xo, yo e U ( ^ A ; cco) and Xo * yo € U ( ^ A ; cco)- This is a 

contradiction and hence ^ A sastisfies the inequality 

M x * y) > T(Mx) , My ) ) for all X, y e X (1) 

Similarly, suppose that there exist Xo, yo e X such that 

YA(XO * yo) > S(yA(Xo), YA(yo)). 

1 
Taking Po = - (YA(XO * yo) + S(yA(xo), YA(yo))) then 

max (yA(xo), YA(yo)) < S(yA(xo), yA(yo)) 

< Po < YA(XO * yo) 

It follows that Xo, yo e L(yA ; Po) and Xo * yo ^ L(yA ; Po)- Hence yA 

satisfies the inequality yA(x * y) < S(yA(x), yA(y)) for all x, y e X (2) 

By (1) and (2), A = (UA , yA) is an intuitionistic fuzzy subalgebra of X. 
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S E C T I O N 4.2 

INTUITIONISTIC (T, S ) - F U Z Z Y ( C L O S E D ) F I L T E R S O F C I - A L G E B R A S 

Definition : 4.2.1 

Let A = (^lA, YA) be an IPS in X . Then A is cal led an intuitionistic (T, S ) -

fuzzy c losed filter of Cl -a lgebra X if it sat isf ies the following conditions : 

( I F C F 1) M x * 1) > M x ) and yA(x * 1) < yA(x) 

( I F C F 2) M y ) ^ T ( ^ A ( X ) , M X * y)) and 

yA(y) < S ( y A ( x ) , yA(x * y ) ) , for all x , y e X . 

Definition : 4.2.2 

An intuitionistic (T, S) - fuzzy c losed filter A = (J^A, JA) is cal led an 

intuitionistic imaginable (T, S)-fuzzy c losed filter of X if Î A and yA satisfy 

the imaginable property with respect to T and S respectively. 

Example : 4.2.3 

Let X = { 1 , a , b, c } be a Cl -a lgebra a s in example (4.1.9) and A = 

i^A, JA) is an intuitionistic (T, S) - fuzzy c losed filter of X . 

Proposition : 4.2.4 

Every intuitionistic imaginable (T, S) - fuzzy subalgebra satisfying 

( I F C F 2 ) is an intuitionistic imaginable (T , S) - fuzzy closed filter. 

P r o o f : Obvious. 

Theorem : 4.2.5 

Every intuitionistic (T, S) - fuzzy c losed filter is an intuitionistic 

(T, S ) - fuzzy subalgebra. 
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Proof 

Let A = (i^A, YA) be an intuitionistic (T , S) - fuzzy closed filter of X and 

X , y e X . 

Then M x * y ) > T( |aA(y ) , M y * (x * y ) ) ) 

= T{Myl M x * (y * y) ) ) 
= T( |aA(y ) , M x * 1)) 

> J{My), M x ) ) 
And yA{x * y) < S { y A { y ) , yA{y * (x * y ) ) ) 

= S ( y A ( y ) , yA(x * (y * y ) ) ) 

= S ( y A ( y ) , y A ( x * 1)) 

^ S (yA ( y ) , yA(x)) 

Hence A = ( | iA, YA ) is an intuitionistic (T , S) - fuzzy subalgebra of X . 

Note 

T h e converse of the theorem (4.2.5) may not be true which can be 

shown in the following example. 

Example : 4.2.6 

Let X = { 1 , a , b, c, d}. Define a binary operation on X by the 

following table. 

1 a b c d 

1 1 a b c d 

a 1 1 1 c c 

b 1 1 1 c c 

c c d 1 1 a 

d c c c 1 1 
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Then (X ; *, 1) is a Cl -a lgebra. Let T : [0, 1] x [0, 1] ^ [0, 1] be a 
function defined by T ( a , p) = max ( a + [3 - 1, 0 ) for all a , [3 e [0, 1] and 
S : [0, 1] X [0, 1] ^ [0, 1] be a function defined by S ( a , p) = min ( a + p, 1) for 
all a , p e [0, 1]. Then T is a t-norm and S is a s-norm. 

Define an I F S A = (^A, YA) by M 1 ) = M d ) = 0.7, M a ) = M b ) = = 

0.07, and yA(a) = yA(b) = yA(c) = 0.7, yA(1) = yA(d) = 0.07. Then A = (^A, JA) is 

an intuitionistic (T , S) - fuzzy subalgebra of X , but it is not an intuitionistic 

(T, S ) - fuzzy closed filter because ^A(d * 1) = M c ) = 0.07 t ^A(d) = 0.7 

Theorem : 4.2.7 

Let A = (^lA, JA) be an intuitionisitc (min, max)- fuzzy closed filter of X . If 

X < y, then Mv) ^ MA(X) and yA(y) < yA(x), for any x, y e X . 

Proof 

A is an intuitionistic (min, max)- fuzzy filter of X , so if x < y then 

X * y = 1. 

Hence Mv) ^ iTiin (Mx) , M x * y ) ) 

= min (Mx) , M1) ) = M x ) 

Similarly, yA(y) < max (yA(x) , yA(x * y ) ) 

= max (yA(x ) , yA(1) ) = yA(y) 

Theorem : 4.2.8 

Let A = (f^A, JA) be an intuitionisitc (min, max)- fuzzy closed filter of X . If 

X < z * y, then M y ) > min (Mx) , M z ) ) and yA(y) < max (yA(x ) , yA(z ) ) , for any 

X, y, z e X . 

Proof 

From the assumption that, 

M y ) ^ rnin (Mx) , M x * y))- Put y = x * y 
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Then M x * y ) > min (Mz) , M z * (x * y ) ) ) 
Therefore M y ) ^ nnin (MA(X), M X * y ) ) 

> min (^A(X), min (Mz) . MA(Z * (X * y) ) ) ) 

= min (Mx) , min (Mz) , M1)) ) 

= min (Mx) , MA(Z)). 

Similarly, yA(y) < (max yA(x), yA(x * y ) ) put y = x * y 

Then yA(x * y) < max (yA(z) , yA(z * (x * y ) ) ) 

Therefore yA(y) < max (yA(x ) , yA(x * y)) 

< max (yA(x) , max (yA(z) , yA(z * (x * y) ) ) ) 

= max (yA(x) , (yA(z) ) 

Theorem : 4.2.9 

Let A = (f^A, yA) be an intuitionisitc (T , S) - fuzzy subalgebra of X . If 

A = (f^A, YA) sat isf ies the imaginable property and inequalities ^A(X * y) ^ 

M y * x) and yA(x * y ) > yA(y * x) for all x, y e X , then A = ( ^A , JA) is an 

intuitionistic (T , S) - fuzzy c losed filter of X . 

Proof 

Let A = ( ^A , JA) be an intuitionisitc (T , S) - fuzzy subalgebra of X which 

sat isf ies the inequalit ies. 

M x * y ) ^ M y * x) and yA(x * y ) > yA(y * x) for all x, y e X . 

From the proposition (4.1.19) , that M x * 1 ) > M x ) a n d yA(x * 1 ) < y A ( x ) 

for all X, y e X . 

Then M y ) = M 1 * y ) ^ Mv * 1) = M y * (x * x)) 

= ^A(X * (y * X)) > T ( ^ A ( X ) , M y * X)) 

> T ( M x ) , M x * y) ) 

And yA(y) = y A ( l * y ) < yA(y * 1 ) = yA(y * (x * x ) ) 

= YA(X * (y * X)) < S ( y A ( x ) , yA(y * X)) 

< S ( y A ( x ) , yA(x * y ) ) 

Hence A = (I^A, JA) is an intuitionisitc (T , S) - fuzzy c losed filter of X . 
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Theorem : 4.2.10 

Let A = (f^A, JA) be an intuitionisitc (T , S) - fuzzy subalgebra of X such 

that the non-empty sets U ( ^ A ; c t ) and L (yA ; a ) are c losed filters of X and 

a e [0, 1]. Then A = (^A, JA) is an intuitionistic (T , S) - fuzzy c losed filter of X . 

Proof 

Let A = (HA, JA) be an intuitionisitc (T , S) - fuzzy subalgebra of X such 

that the non-empty sets U ( ^ A ; c t ) and L (yA ; a ) are c losed filters of X and 

a e [0, 1]. Suppose that there exist Xo, yo e X such that M V o ) < T(^;A(XO), 

M x o * yo)). 

1 
Taking ^o = j ( M x o ) + T ( M x o * yo), M x o ) ) ) , then 

min ( M x o * yo), M x o ) ) > T ( M x o * yo), MXQ)) > ao > M y o ) . 

It follows that Xo * yo, Xo e U ( ^ A ; cto) and yo € U ( ^ A ; cco)-

Th is is a contradiction and hence J^A sat isf ies the inequality 

M x * y) ^ T ( ^ A ( X ) , M y ) ) ' foi" all x, y e X . Similarly, suppose that there exist 

Xo, yo e X such that yA(yo) > S ( y A ( X o ) , yA(Xo * yo)). 

1 
Taking Po = - (YAIXO) + S ( yA (Xo * yo), y A ( X o ) ) ) , then 

max (yA(xo), yA(xo * yo)) < S(yA(xo) , yA(xo * yo)) < Po yA(yo) 

It follows that Xo, Xo * yo e L (yA ; Po) and yo € L (yA ; Po)-

Th is is a contradiction and hence yA sat isf ies the inequality 

yA(x * y ) < S ( y A ( x ) , yA(y) ) , for all x , y e X . 

Now a s s u m e that there exists Xo e X such that M x * 1) < M x o ) -

1 
Taking ao = — ( M x o * 1) + M x o ) ) then ^(xo * 1) < ao and M x o ) > ao. It 

follows that Xo e U ( ^ A ; ao) but Xo * 1 ^ U ( ^ I A ; ao). Th i s is a contradiction. 

Hence M x * 1 ) > M x ) , for all x e X . Similarly, w e get that 

yA(x * 1 ) < yA(x) for all x e X . 


