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INTRODUCTION

INTRODUCTION


Continuous functions play a very important role in the study of topological spaces. The concept of continuity has been generalized by various authors in many different ways. In this thesis we study the concepts of gpr-continuous functions, gp-continuous functions, pre gp-continuous functions, and decompositions of continuity and complete continuity. The following papers are chosen for discussion :

1. On gpr-continuous functions in topological spaces [5]

2. Some characterizations of gp-irresolute and gp-continuous maps between topological spaces [1]

3. On gp-closed sets and pre gp-continuous functions [8] 

4. A decomposition of continuity [7]

5. Decompositions of continuity and complete continuity [6]

Chapter I is devoted to the study of gpr-continuous functions. We discuss here the contributions of Gnanambal and Balachandran [5]. In Section 1.1 we have collected the preliminary definitions and results and obtained some interesting properties of gpr-closed sets. In Section 1.2 we have investigated some basic properties of gpr-closure. For a closure of a set we have cl(A  B) = cl(A)  cl(B), but for gpr-closure, only one way inclusion is true namely, gpr-cl(A  B)  gpr-cl(A)  gpr-cl(B). But, if GPRC (X)         (the collection of gpr-closed sets) is closed under finite unions then               gpr-cl(A  B) = gpr-cl(A)  gpr-cl(B), for every A, B  GPRC(X). The    authors [5] have also proved that, if PC(X) (the collection of pre-closed sets) is closed under finite unions, then GPRC(X) is closed under finite unions. Moreover, necessary and sufficient conditions for a gpr-closed set to be respectively

(i) pre-closed and (ii) closed is obtained. Regarding gpr-interior, it has been shown that, the complement of gpr-interior of a set is equal to gpr-closure of its complement which is analogous to the corresponding property regarding closure of a set. In Section 1.3 we concentrate our study on gpr-continuous functions. The authors [5] have proved that, if f : (X, ) → (Y, σ) is                gpr-continuous then f(gpr-cl(A))  clf(A) for every subset A of X. An example is constructed to show that the converse is false. This is a deviation from the corresponding characterization of continuity. Another deviation regarding       gpr-continuous functions is that composition of two gpr-continuous functions need not be gpr-continuous. Regarding restriction maps it has been proved that the restriction of a gpr-continuous function to a regular open gpr-closed subset is gpr-continuous provided GPRO(X) ( the collection of gpr-open sets) is closed under arbitrary unions. A pasting lemma for gpr-continuous functions is also proved. The concept of gpr-irresolute maps is also discussed in this section. It has been shown that, every gpr-irresolute map is                 gpr-continuous and the converse holds if σg* = σ (where σ is the topology of the co-domain space Y σg* = {V  Y | gpr-cl(Y – V) = Y – V}). Further, the notion of gpr* continuous functions is studied and the following results are obtained :

Let f : (X, ) → (Y, σ) be a function,

(i) If f is gpr-irresolute, then it is gpr*-continuous 

(ii) If f is gpr*-continuous, then it is gpr-continuous 

(iii) If f is a bijection and regular open gpr*-continuous then it is        gpr-irresolute 

(iv) If Y is a submaximal space, then f is gpr*-continuous if it is            gpr-continuous.

The concepts of gp-continuous and gp-irresolute maps are discussed in Chapter II. The results are due to Arokiarani, Balachandran and       Dontchev [1]. In Section 2.1 preliminary definitions and results are given. In Section 2.2 we discuss the concepts of gp-continuous and gp-irresolute functions. It is noted that every gp-irresolute function is gp-continuous. An example is constructed to illustrate that the converse is not true. Relation between gp-continuous functions and some other types of generalized continuous maps are discussed. It has been proved that 

g-continuous      gp-continuous      gsp-continuous

Examples are constructed to show that none of the implications is reversible. Apart from these facts, following interesting results are also obtained :

(i) If f : (X, ) → (Y, σ) is gc-irresolute and Y is a Tg-space then f is  gp-irresolute.

(ii) If f : (X, ) → (Y, σ) is gp-irresolute and X is a Tg-space, then f is gc-irresolute

(iii) If (X, ) is a T½-space, then every gp-continuous function                  f : (X, ) → (Y, σ) is continuous      

(iv) If (X, ) is a semi pre-T½-space, then every gp-continuous function                f : (X, ) → (Y, σ) is pre-continuous       

(v)  Composition of a gp-continuous function and a gp-irresolute function is gp-continuous

(vi) Composition of two gp-continuous functions f : X → Y and g : Y → Z need not be gp-continuous. An example is constructed to illustrate this. The result is true if the space Y is T½.

The concepts of strongly gp-continuous and perfectly gp-continuous functions are studied in Section 2.3. The following results are obtained :

(i) 
A strongly gp-continuous function is continuous, but not conversely.

(ii) 
A strongly gp-continuous function is strongly M-pre continuous.

(iii) 
A strongly continuous function is strongly gp-continuous.

(iv) 
A perfectly gp-continuous function is perfectly continuous.

(v) 
Composition of a gp-continuous function and a strongly gp-continuous function is continuous.

(vi) 
A perfectly gp-continuous function is strongly gp-continuous.

(vii) 
A function is perfectly gp-continuous if and only if it is strongly             gp-continuous and inverse image of gp-open sets are gp-closed.

The concepts of gp-closed sets and pre gp-continuous functions are discussed in Chapter III. The results are due to Jin Han Park,                     Yong Beom Park and Bu Young Lee [8]. They [8] have investigated some interesting properties of gp-closed sets and obtained some characterizations of pre-normal spaces by using gp-closed and gp-open sets. These are discussed in Section 3.1. The concept of pre gp-continuous functions is dealt with in Section 3.2. The following relation holds between pre gp-continuous functions and some of the generalized notions of continuity. 

    gp-irresoluteness




               (
     

pre-irresoluteness   pre gp-continuity

         (
     continuity  pre-continuity  gp-continuity 

None of the implications in the above diagram are reversible. Interesting examples are constructed to illustrate this. Moreover, conditions under which a pre gp-continuous function is, respectively, (i)  gp-irresolute and (ii) pre-irresolute are obtained. As in the case of gp-continuous functions, the compositions of pre gp-continuous functions need not be                         pre gp-continuous, but the composition of a pre gp-continuous and a             gp-irresolute function is pre gp-continuous. Also, if f : X → Y and g : Y → Z are pre gp-continuous and if in addition Y is semi pre-T½ then g o f is                  pre gp-continuous. The concepts of gp-closed functions and pre gp-closed functions are studied and the conditions for the restriction maps of gp-closed functions and pre gp-closed functions respectively to be gp-closed and          pre gp-closed are obtained. Regarding composition it has been shown that, 

(i) If f : X → Y is gp-closed (resp. pre gp-closed) and g : Y → Z is continuous pre gp-closed, then g o f : X → Z is gp-closed (resp. pre gp-closed).

(ii) If f : X → Y is closed (resp. M-pre closed) and g : Y → Z is               gp-closed (resp. pre gp-closed) then g o f : X → Z is gp-closed (resp. pre gp-closed).

The chapter is concluded by showing that the continuous weakly open        pre gp-closed surjective image of a p-regular space is p-regular.

In chapter IV we discuss the contributions of Hatir, Noiri and Yuksel [7] and Hatir and Noiri [6] towards the study of decompositions of continuity and complete continuity. In Section 4.1 preliminary definitions and results are collected. In Section 4.2, the concepts of *-sets and C-sets introduced by Hatir. et. al [7] are discussed. Some interesting characterizations of *-sets are obtained. Moreover relations among *-sets, -sets, B-sets, C-sets and        D(c, ) sets are also investigated. In Section 4.3, we discuss the notions of semi pre-regular sets and weak AB-sets introduced by Hatir and Noiri [6] and investigate their properties. In Section 4.4, we have collected various decompositions of continuity. It has been shown that, a function                          f : (X, ) → (Y, σ) is continuous if and only if is -continuous and                    C-continuous. These results are due to Hatir et. al [7]. Decompositions of complete continuity are discussed in Section 4.5 and the following characterization is obtained :

For a function f : X → Y, the following conditions are equivalent :

(i) f is completely continuous

(ii) f is continuous and sp-perfect continuous

(iii) f is continuous and contra pre gsp-continuous

(iv) f is -continuous and contra spg-continuous

(v) f is -continuous and contra pre gsp-continuous and

(vi) f is -continuous and contra -gsp-continuous

         REVIEW OF LITERATURE

            REVIEW OF LITERATURE


The concept of continuity plays a very important role in the study of topological spaces. This concept has been generalized by various authors in many different ways by using generalizations of open and closed sets. In this chapter, we have collected some of the recent developments towards the study of 

I. Generalized closed sets and generalized notions of continuity

II. Decompositions of continuity 

from the available literature.

I. 
Generalized closed sets and generalized notions of continuity

In 1991, Balachandran, Sundaram and Maki [2] introduced and studied a weaker forms of continuous functions called g-continuous functions.

In 1996, Maki, Umehara and Noiri [10] introduced the concepts of             pre-generalized closed sets (briefly, pg-closed) and generalized pre-closed sets (briefly, gp-closed sets). They [10] showed that every topological space is pre-T½. The proof involved the concept of pg-closed sets. They [10] have also established that pre-generalized closedness is not a new concept i.e. a set is pre-closed if and only if it is pre-generalized closed. However, gp-closed sets form a new class of sets in topological spaces which contains the class of pre-closed sets as a proper subset. 

In 1997, Gnanambal [4] has introduced and studied the properties of generalized pre-regular closed sets. She [4] has also introduced the concepts of generalized pre-regular open sets, pre-regular T½ space, generalized         pre-regular continuity and generalized pre-regular irresoluteness. 

In 1998, Noiri, Maki and Umehara [11] used the concept of gp-closed sets and defined generalized pre-closed functions. They [11] have obtained some characterizations of pre-normal spaces and showed that the continuous gp-closed surjective image of a normal space is pre-normal. They [11] have also proved that, p-regularity is preserved under continuous, pre-open and pre gp-closed surjections.

In 1999, Gnanambal and Balachandran [5] continued the investigation carried out in [4] and studied the properties of generalized pre-regular continuous functions (briefly gpr-continuous functions) which is weaker than g-continuous function.

In 1999, Arokiarani, Balachandran, Dontchev [1] continued the study of gp-closed sets and associated functions. They [1] have introduced and characterized generalized pre-irresolute and generalized pre-continuous functions. It is noticed that the class of topological spaces where, every set is gp-closed is precisely the class of partition spaces.

II. 
Decompositions of Continuity

In 1986, Tong [13] introduced the notions of A-sets and A-continuity in topological spaces and proved that, a mapping is continuous if and only if it is -continuous and A-continuous. Some properties of A-continuity are discussed and some examples are constructed to point out that A-continuity is different from twelve known continuities.

In 1989, Tong [14] introduced the notions of B-sets and B-continuity and used them to obtain a new-decomposition of continuity- “A function is continuous if and only if it is pre-continuous and B-continuous”.

In 1990, Ganster and Reilly [3] improved Tong’s decomposition results and provided a decomposition of continuity- “A function is continuous if and only if it is 


(i) 
-continuous and LC-continuous


(ii) 
pre-continuous and LC-continuous”.

In 1993, Przemski [12] has proved that a function is continuous if and only if it is  –continuous and D(C, )-continuous.

In 1996, Hatir, Noiri and Yuksel [7] introduced the notions of *-sets and C-continuity and proved that, “A function is continuous if and only if it is  -continuous and C-continuous”.

In 2002, Jin Han Park, Yong Beom Park and Bu Young Lee [8] investigated some interesting properties of gp-closed sets and obtained some characterizations of pre-normal spaces by using gp-closed and gp-open sets. They [8] have introduced pre gp-continuous functions and studied some of the basic properties. It is shown that the continuous weakly open                   pre gp-closed surjective image of a p-regular space is p-regular. Interesting examples are constructed to show that 

(i) gp-irresoluteness, pre-irresoluteness and continuity are mutually independent  

(ii) pre gp-continuity and continuity are independent of each other; and 

(iii) pre gp-continuity and pre-continuity are independent of each other. 

CHAPTER  I

CHAPTER  I

gpr–CONTINUOUS FUNCTIONS

In this chapter we discuss the contributions of Gnanambal and Balachandran [5] towards the study of generalized pre-regular continuous functions (briefly gpr-continuous functions). In the first section results on       gpr-closed sets are discussed. The concept of gpr-closure is dealt with in the second section. In the third section we discuss in detail, the results on         gpr-continuous functions and gpr*-continuous functions.

Section : 1.1

gpr-closed sets

Apart from the preliminary definitions and results, we discuss in this section some interesting properties of gpr-closed sets.

Definition : 1.1

(i) A subset A is said to be pre-open if A  int(cl(A)). 

The complement of pre-open is said to be pre-closed.

(ii) The intersection of all pre-closed sets containing A is called the  pre-closure of A and is denoted by pcl A

(iii) A subset S of a topological space X is said to be regular open in X if int(cl(S)) = S.

The complement of a regular-open is said to be regular closed.

(iv)     A subset S of a topological space X is said to be a semi open set if 

S  cl(int (S)).

(iv) A subset A of a space (X, ) is called gp-closed if pcl A  U whenever A  U and U is open in X.

(v) A subset A of a space (X, ) is called gpr-closed if pcl A  U whenever A  U and U is regular open in X.

The complement of gpr-closed is said to be gpr-open.

Notation : 1.1.2


The class of all pre-open (resp. gpr-open, gpr-closed and regular open) set of X is denoted by PO(X) (resp. PC(X), GPRO(X), GPRC(X) and RO(X)).

Definition : 1.1.3


A space (X, ) is called pre-regular T½ if every gpr-closed is pre-closed in X.

Definition : 1.1.4


Let f : (X, ) → (Y, σ) be a function ‘f’ is said to be

(i) p-open if the image of every pre-open set in X is pre-open in Y.

(ii) regular open if the image of every regular open set in X is regular open in Y.

Theorem : 1.1.5


For an x  X its complement X – {x} is gpr-closed or regular open.

Proof :


Suppose X – {x} is not regular open. Then X is the only regular open set containing X – {x}. This implies pcl {X – {x}}  X. Hence, X – {x} is            gpr-closed.

Theorem : 1.1.6


If (X, ) is pre-regular T½, then for each singleton {x} of X, {x} is           pre-open or X – {x} is regular open. Conversely, suppose that for each singleton {x} of X, {x} is pre-open or X – {x} is regular open, then for every      gpr-closed set A, pcl(A)  A holds.

Theorem : 1.1.7


If PO(X) = PC(X), then GPRC (X) = P(X)

Proof :


Suppose A  0, where 0 is regular open in X. Since 0 is pre-open, it is pre-closed by hypothesis. Hence, pcl A  0 and So A is gpr-closed.

Thus GPRC (X) = P(X)

Theorem : 1.1.8


Let P0(X) be closed under finite intersections. If A is gpr-open and B is gpr-open then A  B is gpr-open.

Proof :


Let X – (A  B) = (X – A)  (X – B)  F, where F is regular open            
(X – A)  F and (X – B)  F. Since A and B is gpr-open, pcl(X – A)  F and pcl(X – B)  F.

By hypothesis, pcl((X – A)  (X – B))  pcl(X – A)  pcl(X – B)  F.

That is pcl(X – (A  B)).

This shows that A  B is gpr-open

Theorem : 1.1.9


Let A be open in X and B  A. Then int B = intAB where intA denotes the interior operator in the subspace A.

Theorem : 1.1.10


Let A be closed in X and B  A. Then cl B = clAB where clA denotes the closure operator in the subspace A.

Theorem : 1.1.11


Let A ( Y ( X and Y be open in X. Then

(i) A  PO(X) if and only if A  PO(Y),

(ii) A  PC(Y) if A  PC(X) and

(iii) A  PC(Y) implies A  PC(X) if Y is also closed in X.

Proof :

(i) By Theorem 1.1.9 and Theorem 1.1.10 int(clA) = intY(clYA).

Hence, (i) holds.

(ii) Let A  PC(X). Then cl(intA)  A. Since Y is open, cl (intYA)  A by Theorem 1.1.9.

Then cl(intYA)  Y  A  Y = A

That is, clY(intYA)  A. This shows A  PC(Y).

(iii) Suppose Y is clopen. Then clY(intYA) = cl(int(A)) by Theorem 1.1.9 and Theorem 1.1.10. Hence, (iii) holds.

Theorem : 1.1.12


If A ( Y ( X and Y is open in X, then pclYA = pclX A  Y

Proof :


pclYA = A  clY (intYA) = A  clY(int A) = A  (cl(int(A))  Y)

    = (A  cl(int A))  (A  Y) 

     = pclX A  Y, since pclXA = A  cl(int (A))

Theorem : 1.1.13


If Y is open pre-closed, pclYA=pclXA.

Proof :


By Theorem 1.1.12 pclYA = pclX A  Y. Since Y is also pre-closed,      pclX A  Y. Hence pclYA = pclXA.

Theorem : 1.1.14


Let A  X. If A is open or dense, then

RO(A,  / A) = {V  A; V  RO (X, )}.

Theorem: 1.1.15


Let A  Y  X, then

(i) If Y is open in X, then A  GPRC(X) implies A  GPRC(Y); and 

(ii) If Y is open pre-closed in X, then A  GPRC(Y) implies AGPRC(X)

Proof :

(i) Let A be gpr-closed in X. Let A  0 where 0 is regular open in Y.

Then 0 = 0'  Y where 0' is regular open in X by Theorem 1.1.14. 

That is, A  0'. As A  GPRC(X), pclXA  0'. This implies 

pclX A Y   0'  Y. That is, pclYA  0 by Theorem 1.1.12.

      Hence, A  GPRC(Y).

     (ii) 
Let A be gpr-closed in Y. Let A  U where U is regular open in X. Then A = A  Y  U  Y where U  Y is regular open in Y by Theorem 1.1.14. By hypothesis, pclYA  U  Y. Since Y is open, pre-closed in X. Hence pclXA  U  Y  U. 

By Theorem 1.1.13, pclYA = pclX. That is A  GPRC(X).

The following example shows that the assumption Y is open pre-closed in Theorem 1.1.15(ii) cannot be removed.

Example : 1.1.16


Consider X = {a, b. c}, Y = {a, c} and  = {Φ, X, {a}, {b}, {a, b}}. Then GPRC(X, ) = {Φ, X, {c}, {a,b}, {a,c}, {b,c}} and GPRC(Y,/Y) = {Φ, Y, {c}, {a}}; {a}  GPRC(Y,  / Y} but {a}  GPRC(X, ). Here, Y is pre-closed but not open in X.

Corollary : 1.1.17


If Y is open pre-closed in X, then A  GPRC(X) if and only if                   A  GPRC(Y).

Section : 1.2

gpr-closure

In this section we discuss some basic properties of gpr-closure and some interesting results on gpr-closure are proved which would be useful for our discussion in the remaining sections.

Definition : 1.2.1


For a subset A of (X, ), gpr-cl(A) =  {F : A  F, F is gpr-closed in X}.

Theorem : 1.2.2


For an x  X, x  gpr-cl(A) if and only if V  A ≠ Φ for every gpr-open set V containing x.

Proof :

Necessity : Suppose there exists a gpr-open set V containing x such that       V  A = Φ. Since A  X – V, gpr-cl(A)  X – V.


This implies x  gpr-cl A, a contradiction.

Sufficiency : Suppose x  gpr-cl(A). Then there exists a gpr-closed subset  F containing A such that x  F. Then x  X – F and X – F is gpr-open. Also       (X – F)  A = Φ, a contradiction.


Hence the Theorem.

Theorem : 1.2.3


Let A and B be subsets of (X, ). Then

(i) gpr-cl(Φ) = Φ and gpr-cl(X) = X ;

(ii) If A  B, then gpr-cl(A)  gpr-cl(B);

(iii) A  gpr-cl(A);

(iv) gpr-cl(A) = gpr-cl(gpr-cl(A)) ; and

(v) gpr-cl(A  B) > gpr-cl(A)  gpr-cl(B).

Remark : 1.2.4


If A  (X, ) is gpr-closed, then gpr-cl(A) = A. But the converse is not true as seen form the following example.

Example : 1.2.5


Let X = {a, b, c},  = {Φ, X, {a}, {b}, {a, b}}.

Here, GPRC(X) = {Φ, X, {c}, {a, b}, {a, c}, {b, c}}.

gpr-cl(a} = {a, b}  {a, c}  X= {a},

But {a} is not gpr-closed.

Theorem : 1.2.6


Let A and B be subsets of (X, ). Then 

gpr-cl(A  B)  gpr-cl(A)  gpr-cl(B)

Proof :


Since A  B  A, B by Theorem 1.2.3(ii)

gpr-cl(A  B)  gpr-cl(A) and gpr-cl(A  B)  gpr-cl(B)

Thus gpr-cl(A  B)  gpr-cl(A)  gpr-cl(B).

Note : 1.2.7


gpr-cl(A)  gpr-cl(B)  gpr-cl(A  B) as can be seen from the following example.

Example : 1.2.8


Consider the closed interval [-1, 1]. Consider the topology whose open sets are Φ, [-1, 1], (-1, 1], [-1, 1), (-1, -1) and all subsets that do not contain 0. Let A = (-1, 0) and B = (0, 1). Both A and B are not gpr-closed                       gpr-cl A = (-1, 0] and gpr-cl B = [0, 1). gpr-cl A  gpr-cl B = {0},                       but gpr-cl(A  B) = Φ. Hence gpr-cl A  gpr-cl B  gpr-cl(A  B)

Theorem : 1.2.9


If GPRC(X) is closed under finite unions, then 

gpr-cl(A  B) = gpr-cl(A)  gpr-cl(B) for every A, B  GPRC(X).

Proof : 


Let A and B be gpr-closed in (X, ). Then by hypothesis, A  B is       gpr-closed. Then gpr-cl(A  B) = A  B = gpr-cl(A)  gpr-cl(B).

Theorem : 1.2.10


If PC(X, ) is closed under finite unions, then GPRC(X, ) is closed under finite unions.

Proof :


Let PC(X, ) be closed under finite unions. Let A, B  GPRC(X, ) and let A  B  U, where U is regular open in X. Then A  U and B  U.        Hence pcl(A)  U and pcl(B)  U. This implies pcl(A)  pcl(B)  U. 

By hypothesis, pcl(A  B)  U. That is, A  B  GPRC(X, ).

Corollary : 1.2.11


If PO(X, ) is closed under finite intersections, then GPRO(X, ) is closed under finite intersections.

Definition : 1.2.12


For a subset A of (X, ) :

(i) C*(A) = g-closure of A; and

(ii) pcl*(A) = gp-closure of A.

Definition : 1.2.13


Let (X, ) be a topological space :

(i) * = { U  X / C*(X – U) = X – U }

(ii) p* = { W  X / pcl*(X – W) = X – W }

(iii) g* = { V  X / gpr-cl(X – V) = X – V }

Theorem : 1.2.14


For a subset A of (X, ), the following implications hold :

(a) A  gpr-cl(A)  pcl*(A)  pcl(A)  cl(A) ; 

(b)   PO(X)  p*  g* ;

(c) A  gpr-cl(A)  pcl*(A)  C*(A)  cl(A); and

(d)   GO()   *  p*  g*.

Proof :    Follows from the definitions. 

Theorem : 1.2.15


If GPRO(X, ) is a topology, then g* is a topology.

Proof :


Clearly, Φ, X  g*. Let {Ai : i  A}  g*. Then

gpr-cl(X – ( Ai)) = gpr-cl( (X – Ai))   gpr-cl(X – Ai)

       = (X – Ai) = X –  Ai
Hence  Ai  g*. Let A, B  g*. Now

gpr-cl(X – (A  B)) =  gpr-cl((X – A)  (X – B))

          =  gpr-cl(X – A)  gpr-cl(X – B)

          =  (X – A)  (X – B) 

          =  X – (A  B).

Hence A  B  g*. Thus g* is a topology.

Theorem : 1.2.16

(i) For a space (X, ) every gpr-closed set is pre-closed. ((i.e,) (X, ) is pre-regular T½) if and only if g* = PO() holds.

(ii) For a space (X,) every gpr-closed set is closed if and only if g* =  holds.

(iii) For a space (X, ) if every gpr-closed (i.e., GPRC(X) = GPC(X)) then g* = p*.

Proof :

(i) 
Necessity :


Let A  g*. Then gpr-cl(X – A) = X – A. Since every gpr-closed set is pre-closed, pcl(X – A) = gpr-cl(X – A) = X – A. Hence, A  PO().

Sufficiency :


Suppose g* = PO(). Let A be a gpr-closed set.

Then gpr-cl A = A. This implies X – A  g* = PO().

So A is pre-closed.

(ii) 
Proof (ii) is similar to (i).

(iii) 
Let every gpr-closed set be gp-closed. Let A  g*. Then                   gpr-cl(X – A) = X – A. Since every gpr-closed set is gp-closed,            pcl*(X – A) = gpr-cl(X – A) = X – A. That is, A  p*. Hence g*  p*, By Theorem 1.2.14, p *  g*. Thus p * = g*.

For subsequent results we assume that, the class GPRO(X, ) is closed under arbitrary unions. (R)

Definition : 1.2.17


For a topological space (X, ) let η consists of exactly those sets A for which A  B  GPRO(X, ) for all B  GPRO(X, ).

Theorem : 1.2.18

η is a topology on X if (R) holds.

Proof :


Clearly Φ, X  η. Suppose that {Ai : i  A}  η. Then         

Ai  B  GPRO(X, ) for all B  GPRO(X, ).


Now ( Ai)  B = (Ai  B).

By our assumption (R), ( Ai)  B is gpr-open for all B  GPRO(X, ) and hence  Ai  η. Let C, D  η.

(C  D)  B = C  (D  B)  GPRO(X, ) for all B  GPRO(X, ). Hence, η is closed under arbitrary unions and finite intersections. Thus η forms a topology.

Theorem : 1.2.19


For any topological space (X, ), η  GPRO(X, ).

Proof :


Let A  η. Then A  B  GPRO(X, ) for every B  GPRO(X, ).

In particular, A  X = A  GPRO(X, ) as X  GPRO(X, ).

Hence the inclusion.

Theorem : 1.2.20


If PO(X) is closed under finite intersections, then GPRO(X) is a topology on X.

Proof : 

Follows from (R) and Corollary 1.2.11.


The following example shows that η need not be a subset of .

Example : 1.2.21


Consider X = {a, b, c},  = { Φ, X, {a}, {b}, {a, b}}. Then 

GPRO(X) = {Φ, X, {a], {b}, {c}, {a, b}} = η  .

Remark : 1.2.22

  η is a topology contained in GPRO(X)

Theorem : 1.2.23


If PO(X) is closed under finite intersections, then   η.

Proof :


Let A   and B  GPRO(X, ). Then A is gpr-open, hence by Theorem 1.1.8, A  B  GPRO(X, ). Hence A  η.

Theorem : 1.2.24


The family GPRO(X, ) is a topology if and only if GPRO(X, ) = η (sufficiency is proved assuming (R)).

Proof :

Necessity : 


Let A  GPRO(X, ). Since it is a topology A  B  GPRO(X, ) for every B  GPRO(X, ). Hence, A  η.

That is, GPRO(X, )  η. η  GPRO(X, ) by Theorem 1.2.19.

Hence, GPRO(X, ) = η.

Sufficiency : 

Follows form Theorem 3.17, when (R) holds.

Remark : 1.2.25


For any topological space (X, ), η  g*.


Since η  GPRO(X, ) and GPRO(X, )  g* the result follows.

Theorem : 1.2.26


A subset A of a topological space (X, ) is closed in (X, η) if and only if A  B is gpr-closed for every gpr-closed set B.

Proof :

Necessity :

Let A  X be closed in η. Then X – A  η. That is, 

(X – A)  B  GPRO(X) for every gpr-open set B. Hence, A  (X – B) is gpr-closed for every gpr-closed set X – B.

Sufficiency : 

Suppose A  B be gpr-closed for every gpr-closed set B of X. Then      (X – A)  (X – B) is gpr-open for every gpr-open set X – B. This implies            X – A  η. That is, A is closed in η.

Definition : 1.2.27


For any A  X, gpr-int A is defined as the union of all gpr-open sets contained in A.

Theorem : 1.2.28

(X – gpr-int(A)) = gpr-cl(X – A)

Proof :


Let x  X – (gpr-int(A)). Then x  gpr-int(A). That is, every gpr-open set B containing x is such that B  A. This implies every gpr-open set               B containing x intersects X – A. That means x  gpr-cl(X – A). Hence,               (X – gpr-int(A))  gpr-cl(X – A).


Conversely, let x  gpr-cl(X – A). Then every gpr-open set C containing X intersects X – A. That is, every gpr-open set C containing x is such that C  A. This implies x  gpr-int(A).

Thus gpr-cl(X – A)  (X – gpr-int(A)). Hence, (X – gpr-int(A)) = gpr-cl(X – A).

Similarly, we have (X – gpr-cl(A)) = gpr-int(X – A).

Theorem : 1.2.29


If GPRO(X, ) is a topology, then η = GPRO(X, ) = g*.

Proof :


It is enough if we prove g*  GPRO(X, ). Let A  g*.

Then gpr-cl(X – A) = (X – A). By Theorem 1.2.28, X – gpr-int A = X – A which implies gpr-int A = A which inturn implies A  GPRO(X). 

Now the result follows from Theorem 1.2.24 and definition of g*.

Section : 1.3

gpr-Continuous Functions

In this section we concentrate our study on gpr-continuous functions. The authors [5] have obtained a necessary condition for gpr-continuous function and have shown by an example that the composition of two               gpr-continuous functions need not be gpr-continuous. A pasting lemma for gpr-continuous functions has also been proved. Moreover, the notion of        gpr*-continuous functions is studied.

Definition : 1.3.1


A map f : (X, ) → (Y, σ) is called gpr-continuous, if the inverse image of every closed set in Y is gpr-closed in X.

Note : 1.3.2


Continuity implies gpr-continuity but the converse need not be true.

Remark : 1.3.3

(i) If g* =  in X, then continuity and gpr-continuity coincide.

(ii) Every gpr-continuous function defined on a pre-regular T½ space is pre-continuous.

(iii) A map f : (X, ) → (Y, σ) is called gpr-continuous if and only if the inverse image of every open set in Y is gpr-open in X.

Theorem : 1.3.4


If f : (X, ) → (Y, σ) is gpr-continuous, then f(gpr-cl(A))  cl(f(A)) for every subset A of X.

Proof :


Let A  X. Then cl f(A) is closed in Y. By assumption f -1(cl f(A)) is     gpr-closed in Y. And A  f -1(f(A))  f -1(cl(f(A)))  gpr-cl(A)  f -1(cl(f(A))). Hence, f(gpr-cl(A))  cl f(A).  However, the converse does not hold.

Example : 1.3.5


Let X = {1, 2, 3}, Y = R,  = {Φ, X, {1}, {2}, {1, 2}} and σ = usual topology in R. Define f : (X, ) → (Y, σ) by f(x) = x for every x  X. In (X, ), gpr-cl(A) = A for every A  X. So f(gpr-cl(A)) = f(A)  cl(f(A)) for every A  X. But f is not gpr-continuous, since f -1([0, 1]) = {1} is not gpr-closed in X.

Theorem : 1.3.6

(a) 
Consider the map f : (X, ) → (Y, σ). If for each point x  X and each open set V containing f(x) there exists a gpr-open set U containing x such that f(U)  V, then for every subset A of X, f(gpr-cl A)  cl(f(A)) holds.

(b) 
The following statements are equivalent :

(i) For every subset A of X, f(gpr-cl A)  cl(f(A)) holds.

(ii) Suppose g* is a topology. The map

f : (X, g*) → (Y, σ) is continuous.

Proof :

(a) 
Let y  f(gpr-cl A). Let V be an open set containing y. Then by hypothesis, there exists an x  X such that f(x) = y and a gpr-open set U containing x such that f(U)  V and x  gpr-cl A. Therefore, by Theorem 1.2.2, U  A ≠ Φ. Then f(U  A) ≠ Φ.

This implies V  f(A) ≠ Φ. Hence y  cl f(A).

(b) 
(i) → (ii). Let A be closed in (Y, σ). By hypothesis, 

f(gpr-cl(f -1(A)))  cl(f(f -1(A)))  cl(A) = A.

That is, gpr-cl(f -1(A))  f -1(A). Also f -1(A)  gpr-cl(f -1(A)).

Thus f -1(A) is closed in (X, g*) and so f is continuous.

(ii) → (i) For every subset A of X, cl(f(A)) is closed in (Y, σ). Since         f : (X, g*) → (Y, σ) is continuous, f -1(cl(f(A))) is closed in (X, g*) and hence gpr-cl(f -1(cl f(A))) = f -1(cl f(A)). Moreover, we have 

A  f -1(f(A))  f -1(cl f(A)) and by Theorem 1.2.3, 

gpr-cl(A)  gpr-cl(f -1cl(f(A))) = (f -1(cl f(A))).


Therefore, we obtain f(gpr-cl(A))  cl(f(A)).

Note : 1.3.7


Composition of two gpr-continuous functions need not be                    gpr-continuous.

Theorem : 1.3.8


Let X, Y and Z be topological spaces and σg* = σ. Then the composition g o f : (X, ) → (Z, μ) of the gpr-continuous functions                       f : (X, ) → (Y, σ) and g : (Y, σ) → (Z, μ) is also gpr-continuous.


The proof follows from Theorem 1.2.16 (ii). Regarding the restriction of a gpr-continuous map, we have the following :

Theorem : 1.3.9


Let f : (X, ) → (Y, σ) be a gpr-continuous map and H be a regular open gpr-closed subset of X. Assume (R). Then the restriction 

f | H : (H, | H) → (Y, σ) is gpr-continuous.

Proof :


Let A be a closed subset of Y. By hypothesis and our assumption (R),   f -1(A)  H = H1, is gpr-closed in X. Since (f|H) -1(A) = H1, we need to show that H1 is gpr-closed in H. Let H1  01, where 01 is a regular open set in H. By Theorem 1.1.14, 01 = 0  H for some regular open set 0 in X. Then                 H1  0 implies pclX H1  0. That is, pclX H1  H  0  H. This implies             pclH H1  01 by Theorem 1.1.12. Hence, H1 is gpr-closed in H thereby implying f | H is gpr-continuous.

Theorem : 1.3.10


Let X = A  B be a topological space with topology  and Y be a topological space with topology σ. Let GPRO(X, ) be closed under finite intersections and let f : (A,  / A) → (Y, σ) and g : (B,  / B) → (Y, σ) be          gpr-continuous maps such that f(x) = g(x) for every x  A  B. Suppose that both A and B are open and pre-closed in X. Then their combination                       f  g : (X, ) → (Y, σ) defined by (f  g)(x) = f(x) if x  A and (f  g)(x) = g(x) if x  B is gpr-continuous.

Proof :


Let F be any closed set in Y. Then 

(f  g)-1(F) = f -1(F)  g-1(F) = C  D 

where C = f -1(F) and D = g-1(F). 

Since C is gpr-closed in A and A is open pre-closed in X, C is                gpr-closed in X by Theorem 1.1.15(ii). Similarly, D is gpr-closed in X. Also          C  D is gpr-closed in X by hypothesis. Therefore, (f  g) -1(F) is gpr-closed in X. Hence, f  g is gpr-continuous.

Definition : 1.3.11


A map f : (X, ) → (Y, σ) is called gpr-irresolute if the inverse image of every gpr-closed set in Y is gpr-closed in X.


Equivalently, a map f is gpr-irresolute if and only if the inverse image of every gpr-open set in Y is gpr-open in X.

Theorem : 1.3.12


If f : (X, ) → (Y, σ) is gpr-continuous and σg* = σ holds, then f is         gpr-irresolute.

Proof :  Follows form Theorem 1.2.16

Definition : 1.3.13


A map f : (X, ) → (Y, σ) is said to be gpr*-continuous if the inverse image of every pre-closed set in Y is gpr-closed in X.

Remark : 1.3.14


The class of all gpr*-continuous functions lie inbetween the class of all gpr-irresolute functions and the class of all gpr-continuous functions as seen from the following Theorem.

Theorem : 1.3.15


Let f : (X, ) → (Y, σ) be a function

(i) If f is gpr-irresolute, then it is gpr*-continuous.

(ii) If f is gpr*-continuous, then it is gpr-continuous.

The proof is immediate.

Theorem : 1.3.16


If a bijection f : (X, ) → (Y, σ) is regular open gpr*-continuous, then it 

is gpr-irresolute.

Proof :


Let A be gpr-closed in Y. Let f -1(A)  0 where 0 is regular open in X, Since f is regular open, f(0) is regular open in Y. A  f(0) implies pcl(A)  f(0). That is, f -1(pcl A)  0.


Since f is gpr*-continuous, pcl(f -1(pcl A))  0 and so pcl(f -1(A))  0. This shows f -1(A) is gpr-closed in X.  Hence, f is gpr-irresolute.

Theorem : 1.3.17


Let f : (X, ) → (Y, σ) be a map and Y be a submaximal (door) space. Then f is gpr*-continuous if it is gpr-continuous.


The proof follows from the fact that every pre-open set is open in a submaximal (door) space.

Theorem : 1.3.18


If a bijection f : (X, ) → (Y, σ) is regular open gpr*-continuous and         p-open and if X is pre-regular T½ then Y is pre-regular T½ .

Proof :


Let A  GPRC(Y). By Theorem 1.3.16, f-1(A)  GPRC(X). By hypothesis, f -1(A)  PC(X). Since f is bijective p-open A = f(f -1(A))  PC(Y). That is, Y is pre-regular T½.

CHAPTER  II

CHAPTER  II
gp-CONTINUOUS FUNCTIONS

The concepts of gp-continuous and gp-irresolute maps are studied in this chapter. The results are due to Arokiarani, Balachandran and        Dontchev [1]. They [1] have proved that every gp-irresolute function is         gp-continuous but not conversely. Relation between gp-continuous functions and some other types of generalized continuous maps are discussed here. It has been shown that composition of a gp-continuous function and a               gp-irresolute function is gp-continuous but composition of two gp-continuous functions need not be gp-continuous. Moreover the concepts of strongly       gp-continuous and perfectly gp-continuous functions are studied in this chapter.

Section : 2.1

Preliminary definitions and results 

Definition : 2.1.1


A subset A of a space (X, ) is called

(i) a generalized closed set (briefly g-closed) if cl(A)  U whenever        A  U and U is open.

(ii) a -generalized closed set (briefly g-closed) if cl(A)  U whenever A  U and U is open.

(iii) a generalized semi pre-closed set (briefly gsp-closed) if        spcl(A)  U whenever A  U and U is open.

Complements of g-closed (resp. gp-closed) sets are called g-open (resp. gp-open).

Remark : 2.1.2


The following implication can be proved easily from the definitions :

 g-closed  gp-closed  gsp-closed.


None of the implications above are reversible as shown by the following two examples.

Example : 2.1.3


Let R be the real line with the usual topology and let P denote the set of all irrationals. Set A = PU(-, 0)  [1, +). It is easy to check that A is semi pre-closed and hence gsp-closed set U = R – {0}. Clearly, U is open and A  U but 0  pcl(A) and o  U. Thus, A is gp-closed.

Example : 2.1.4


Let X = {a, b, c, d, e} and  = {Φ, {a, b}, {c, d}, {a, b, c, d}, X} set              A = {a, d} and U = {a, b, c, d}. It is easy to check that A is pre-closed and hence gp-closed. Note that A  U   and cl(A) = X. Thus, A is not              g-closed.

Definition : 2.1.5


A topological space (X, ) is called a semi pre-T½ -space if every   gsp-closed set is semi pre-closed.

Theorem : 2.1.6


A topological space (X, ) is semi-pre-T½ if and only if every gp-closed set is pre-closed.

Definition : 2.1.7


A space X is called a partition space or a locally indiscrete space if every open set of X is closed.

Theorem : 2.1.8


The class of topological spaces where every set is gp-closed is precisely the class of partition spaces.

Proof :


Follows from the facts that in partition spaces each set is pre-closed and that if a set is both pre-closed and open, then it is closed.

Section : 2.2


gp-continuous and gp-irresolute functions
Definition : 2.2.1


A function f : X → Y is called pre-continuous if f -1(F) is pre-closed in X for every closed set F of Y.

Definition : 2.2.2


A function  f : (X, ) → (Y, σ) is called generalized pre-continuous         (= gp-continuous) if f -1(V) is gp-closed in (X, ) for every closed V of (Y, σ).

Definition : 2.2.3



A function f : (X,) → (Y,σ) is called generalized pre-irresolute             (= gp-irresolute) if f -1(V) is gp-closed in (X, ) for every gp-closed set V            of (Y, σ).

Theorem : 2.2.4


If the bijective function f : (X, ) → (Y, σ) is pre-continuous and open then f is gp-irresolute.

Proof :


Let V be gp-closed and let f -1(V)  U, where U  . Hence                                f(f -1(V))  f(U). Since f is onto, f(f -1(V)) = V. Therefore V  f(U).

Since f is open, f(U)  σ and since V is gp-closed in Y, 

pcl(V)  f(U)  f -1(pcl(V))  f -1(f(U)).

 
f -1(pcl(V))  U.

Since f is pre-irresolute and since pcl(V) is a pre-closed set, we get             f -1(pcl(V)) is pre-closed in X. 

Thus, pcl f -1(V)  pcl(f -1(pcl(V)) = f -1(pcl(V))  U. 

So f -1(V) is gp-closed and f is gp-irresolute by definition. 

Definition : 2.2.5 


A function f : (X, ) → (Y, σ) is called η-continuous if for each pair            (U, V) of regular open sets of Y the following two conditions are satisfied : 

(1) f -1(U)  Int cl f -1(U) and

(2) Int cl f -1(U  V) = (Int cl f -1(U))  (Int cl f -1(V)).

Remark : 2.2.6


It can be easily observed that the pre-continuity of f in Theorem 2.2.4 can be reduced to η1-continuity i.e., we can only assume that instead of       pre-continuity, the function satisfies condition (1) of the definition of                  η-continuity.

Remark : 2.2.7


Let f : (X, ) → (Y, σ) be gp-irresolute. Then f is gp-continuous but not conversely as shown in the following example.

Example : 2.2.8


Let X = {a,b,c,d}, let  = {Φ,{a},{b},{a,b},X} and let σ = {Φ, {c,d}, X}. Let f : (X, ) → (X, σ) be the function defined as follows : f(a) = f(b) = a, f(c) = b and f(d) = d. It is easily see that f is gp-continuous. But A = {a} is gp-closed in (X, σ) and f -1(A) = {a, b} is not gp-closed in (X, ). Hence f is not gp-irresolute.

Definition : 2.2.9

(i) A function f : (X, ) → (Y, σ) is called g-continuous if f -1(V) is       g-closed in (X, ) for every closed set V of (Y, σ).

(ii) A function f : (X, ) → (Y, σ) is called gsp-continuous if f -1(V) is gsp-closed in (X, ) for every closed set V of (Y, σ).

Remark : 2.2.10


gp-continuous functions are related to some other types of generalized continuity in the following way :


g-continuous    gp-continuous    gsp-continuous. 


Note that none of the above implications are reversible as counter examples can be easily constructed on the basis of Remark 2.1.2.

Definition : 2.2.11


A topological space (X, ) is called a Tg-space if every gp-closed set is g-closed. 

Definition : 2.2.12 


A property P is called topological if P is preserved under homeomorphisms. 

Theorem : 2.2.13


The property ‘Tg-space’ is topological.

Proof : 


Let f : (X, ) → (Y, σ) be a homeomorphism and assume that X is a     Tg-space. Let V be a gp-closed subset of Y. By Theorem 2.2.4, U = f -1(V) is gp-closed in X. Hence, U is g-closed in X, since X is Tg. Since continuous image of a g-closed set is g-closed. We get f(U) = V is g-closed in Y. Thus Y is Tg-space. 

Definition : 2.2.14 


A space X is said to be T½-space if every gp-closed set of X is               g-closed in X. 

Definition : 2.2.15 


A topological space (X, ) is called submaximal if every dense subset is open or equivalently if every pre-open set is open. 

Result : 2.2.16 


Every submaximal space is a T½ -space. 

Definition : 2.2.17 


A function f : (X, ) → (Y, σ) is called gc-irresolute if inverse image of g-closed sets are g-closed. 

Theorem : 2.2.18 


If a function f : (X, ) → (Y, σ) is gc-irresolute and Y is a Tg-space, then f is gp-irresolute. 

Proof : 


Let f be gc-irresolute. Assume that B is gp-closed in Y. Since Y is a       Tg-space, B is g-closed in Y. Hence f -1(B) is g-closed in X. But every g-closed set is gp-closed. Therefore, f -1(B) is gp-closed in X. This shows that f is              gp-irresolute. 

Remark : 2.2.19 


The condition that Y is a Tg-space cannot be omitted in               Theorem 2.2.18 as shown by the following example. 

Example : 2.2.20 


Let X = {a, b, c, d}, let  = {Φ, {a}, {b}, {a, b}, X} and let                         σ = {Φ, {a}, {a, b}, {a, b, c}, X}. Let f : (X, ) → (X, σ) be the identity function. Note that f is gc-irresolute but not gp-irresolute, since f -1({b}) = {b} is not         gp-closed in (X, ). Here Y is not is Tg-space.

Theorem : 2.2.21 


If a function f : (X, ) → (Y, σ) is gp-irresolute and X is a Tg-space, then f is gc-irresoute. 

Proof : 


Let B be any g-closed set in Y. Then B is gp-closed in Y. Since f is             gp-irresolute. f -1(B) is gp-closed in X. But X is a Tg-space. 

Therefore, f –1(B) is g-closed in X, 

 
f is gc-irresolute. 

Remark : 2.2.22


The condition that X is a Tg-space cannot be omitted in              Theorem 2.2.21 as shown in our next Example.

Example : 2.2.23 


Let X = {a, b, c}. Let  = {Φ, {a}, {a, b}, X} and let σ = {Φ, {a}, {b, c}, X }. Note that (X, ) is not a Tg-space. Let f : (X, ) → (X, σ) be the function defined as follows : f(a) = f(c) = c and f(b) = b. Then f is gp-irresolute but not gc-irresolute, since f -1({b}) = {b} is not g-closed in (X, ).

Note : 2.2.24 


Thus from Remark 2.2.19 and Remark 2.2.22 we conclude that          gc-irresoluteness and gp-irresoluteness are independent concepts.

Theorem : 2.2.25 


For a topological space (X, ) the following conditions are equivalent 

(i) Every gp-closed subset of X is closed. 

(ii) X is a T½-space. 

Proof : 

(1)  (2) 


Let x  X. If {x} is not closed, then A = X – {x} is not open and hence A is trivially gp-closed. By (1), A is closed. Thus, {x} is open and so X is a            T½-space. 

(2)  (1) 


Let A  X be gp-closed. Let x  cl(A). We consider the following two cases :

Case (i) :

Let { x } be open. Since x belongs to the closure of A, then {x}  A ≠ Φ. Thus, x  A. 

Case (ii) :  


Let {x} be closed. If we assume that x  A, then we would have              x  cl A – A, which is impossible. Thus again x  A. 


The two cases above imply that cl(A)  A. 


Always A  cl(A). Hence A = cl(A), which shows that A is closed. 

Corollary : 2.2.26 


If (X, ) is a T½-space, then every gp-continuous function                         f : (X, ) → (Y, σ) is continuous. 

Proof : 

Follows from the above theorem. 

Corollary : 2.2.27 


If (X, ) is a semi pre-T½ space, then every gp-continuous function              f : (X, ) → (Y, σ) is pre-continuous. 

Proof : 


Follows from Theorem 2.1.6.

Theorem : 2.2.28 


Let (X, ), (Y, σ) and (Z, ) be topological spaces. For any gp-irresolute function f : (X, ) → (Y, σ) and gp-continuous function g : (Y, σ) → (Z, ) the composition g o f : (X, ) → (Z, ) is gp-continuous. 

Proof : 


Let F be any closed set in Z. Since g is gp-continuous, g -1(F) is           gp-closed in Y. Hence f -1(g -1(F)) is gp-closed in X because f is gp-irresolute. But f -1(g -1(F)) = (g o f) -1 (F). 

So g o f is gp-continuous.   

Remark : 2.2.29 


The composition of two gp-continuous functions need not be                   gp-continuous as seen by the following example.

Example : 2.2.30 


Let X = Y = Z = {a, b, c}. Let  = {Φ, {a}, {b}, {a, b}, X},                            let  σ = {Φ, {a, c}, Y} and  = {Φ, {a}, {b}, Z}. 


Define f : (X, ) → (Y, σ) as follows : f(a) = a, f(b) = c, f(c) = b. 


Define g : (Y, σ) → (Z, ) to be the identity function. 

Then f and g are gp-continuous but g o f is not gp-continuous, since      (g o f) -1 ({a}) = f -1(g -1({a}) =  f -1({a})

                              =  {a} is not gp-closed in X. 

Thus, g o f is not gp-continuous. 

Theorem : 2.2.31 


Let (X, ) and (Z, ) be any two topological spaces and let (Y, σ) be        T½. The composition g o f : (X, ) → (Z, ) of the gp-continuous functions           f : (X, ) → (Y, σ) and g : (Y, σ) → (Z, ) is also gp-continuous. 

Proof : 


Let F be any closed set in Z. Since g is gp-continuous, g -1(F) is            gp-closed in Y. But Y is a T½-space and So g -1(F) is closed in Y. Since f is  gp-continuous, f -1(g -1(F)) is gp-closed in X and f -1(g -1(F)) = (g o f) -1(F).  Hence g o f is gp-continuous.    

Theorem : 2.2.32 


If f : (X, ) → (Y, σ) and g : (Y, σ) → (Z, ) are gp-irresolute functions, then g o f : (X, ) → (Z, ) is also gp-irresolute. 

Proof : 


Follows from definition. 

Section : 2.3 

Strongly gp-continuous and perfectly gp-continuous functions 

Definition : 2.3.1 


A function f : (X, ) → (Y, σ) is called strongly gp-continuous if the inverse image of every gp-open set of Y is open in X.

Theorem : 2.3.2 


If a function f : (X, ) → (Y, σ) is strongly gp-continuous, then f is continuous. 

Example : 2.3.3


Let X = Y = {a, b, c},  = {Φ, {a}, X} and σ = {Φ, {a, b}, Y}. Defined a function f : (X, ) → (Y, σ) as follows f(a) = f(b) = a and f(c) = b. Then f is continuous. But f is not a strongly gp-continuous, since for the gp-open set {a} of Y, we have f -1({a}) = {a, b}  . 

Definition : 2.3.4 


A function f : (X, ) → (Y, σ) is called strongly M pre-continuous (=SMPC) if the inverse image of every pre-open set is open. 

Theorem : 2.3.5 


Every strongly gp-continuous function is SMPC. 

Proof : 


Since every pre-open set is gp-open, the result follows. 


Next we have an example showing that not every SMPC function is strongly gp-continuous. 

Example : 2.3.6 


Let X = Y = {a, b, c, d}. Let  = {Φ, {a}, {b}, {a, b}, {a, c}, {b, d}, {a, b, c}, {a, b, d}, X} and σ = {Φ, {a}, {b}, {a, b}, Y}. Define a function f : (X, ) → (Y, σ) as follows : f(a) = b, f(b) = a, f(c) = d and f(d) = c. Then it is easily observed that f is SMPC. But f is not strongly gp-continuous, since for the gp-open     set {c} of Y, we have f -1({c}) = {d}  . 

Definition : 2.3.7 


A function f : (X, ) → (Y, σ) is called strongly continuous if                    f(
[image: image2.wmf]A

)  f(A) for every subset A of X or equivalently if the inverse image of every set in Y is clopen in X. 

Theorem : 2.3.8 


(1) If a function f : (X, ) → (Y, σ) is strongly continuous, then f is strongly gp-continuous. 

(2) If the function f : (X, ) → (Y, σ) is strongly gp-continuous and the function g : (Y, σ) → (Z, ) is gp-continuous, then the composition            g o f : (X, ) → (Z, ) is continuous. 

Definition : 2.3.9


A function f : (X, ) → (Y, σ) is called perfectly gp-continuous if the inverse image of every gp-open set of Y is clopen in X. 

Remark : 2.3.10 


A function f : (X, ) → (Y, σ) is perfectly gp-continuous if the inverse image of every gp-closed set of Y is clopen in X.

Definition : 2.3.11 


A function f : (X, ) → (Y, σ) is called perfectly continuous if the inverse image of every open set in Y is clopen in X. 

Theorem : 2.3.12 


If a function f : (X, ) → (Y, σ) is perfectly gp-continuous, then f is perfectly continuous. 


Note that the converse of the above theorem is not necessarily true as shown by the following example. 

Example : 2.3.13 


Let X = Y = {a, b, c},  = {Φ, {a}, {b}, {a, b}, X} and σ = {Φ, Y}. Let             f : (X, ) → (Y, σ) be the identity function. Then f is obviously perfectly continuous. But f is not perfectly gp-continuous, since every subset of Y is   gp-open and X is a connected space. (Hence no proper subset of X                 is clopen). 

Theorem : 2.3.14 


If f : (X, ) → (Y, σ) is perfectly continuous if Y is both T½-space and Tg-space, then f is perfectly gp-continuous. 

Theorem : 2.3.15


If a function f : (X, ) → (Y, σ) is perfectly gp-continuous, then f is strongly gp-continuous. 

The converse in the above theorem is not always true as shown by the following example. 

Example : 2.3.16 


Let X = Y = {a, b, c},  = {Φ, {a}, {b}, {a, b}, X} and σ = {Φ, {a, b}, Y}. Define a function f : (X, ) → (Y, σ) as follows : f(a) = f(b) = a and f(c) = b. Then f is strongly gp-continuous. But f is not perfect gp-continuous, since for the gp-open set {a} of Y we have f -1({a}) = {a, b} is open but not closed in X.   

Theorem : 2.3.17 


For a function f : (X, ) → (Y, σ), the following conditions are equivalent :

(1) f is perfectly gp-continuous. 

(2) f is strongly gp-continuous and inverse images of gp-open sets are      gp-closed. 

Proof : 

(1)  (2) follows from Theorem 2.3.15 and the fact that every clopen set is    gp-closed. 

(2)  (1) Let V  Y be gp-open and let U = f -1(V). By (2) U is both open and gp-closed. Since U  U, and U is gp-closed we get pcl(U)  U. 

Always U  pcl(U). Therefore U = pcl(U). 

Hence U is pre-closed. 


Therefore cl(Int (U))  U. Since U is open, Int U = U. 

Therefore cl U  U  U = cl U

Hence U is closed. 

Thus U is clopen  f is perfectly gp-continuous.

CHAPTER  III

CHAPTER  III
PRE gp-CONTINUOUS FUNCTIONS

In this chapter we discuss the concepts of gp-closed sets and               pre gp-continuous functions. The results are due to Jin Han Park, Yong Beom Park and Bu Young Lee [8]. In the first section we have collected the preliminary definitions and results and have discussed some interesting characterizations of gp-closed sets. In the second section we have discussed the concepts of pre gp-continuous functions. It is shown that the continuous weakly open and pre-gp closed surjective image of a p-regular space is          p-regular.

Section : 3.1

Characterizations of gp-closed sets


In this section we have collected the preliminary definitions and results and discussed some characterizations of gp-closed sets.

Definition : 3.1.1


The Kernel of A is the intersection of all open supersets of A.

Definition : 3.1.2


Complements of g-closed sets and gp-closed set are called resp.          g-open and gp-open sets. Hence a set is 

(i) g-open if and only if whenever B is closed and B  A we must have B  int(A).

(ii) gp-open if and only if whenever B is closed and B  A we must have B  pint(A).

Definition : 3.1.3

A function f : X → Y is called 

(a) pre-irresolute if f-1(F) is pre-closed in X for every pre-closed set        F of Y.

(b) g-continuous if f -1(F) is g-closed in X for every closed set F of Y.

Definition : 3.1.4


A function f : X → Y is called

(a) 
(i) 
pre-closed if f(F) is pre-closed in Y for every closed set F of X.

(ii) 
almost pre-closed if f(F) is pre-closed in Y for every regular closed  set F of X.

(iii) 
M-pre closed if f(F) is pre-closed in Y for every pre-closed set F 

of X.

(b) 
(i) 
pre gp-closed if f(F) is gp-closed in Y for every pre-closed set       

F of X;

 (ii) 
gp-closed if f(F) is gp-closed in Y for every closed set F of X.

(c)       pre-open if f(U) is pre-open in Y for every openset U of X.

(d) 
almost open if f(U)  int(cl f(U)) for every open set U of X. Note that  pre-openness is identical with almost openess.

(e) 
weakly open if f(U)  int(f(cl(U))) for every open set U of X.

Theorem : 3.1.5


A subset A of X is gp-closed if and only if pcl(A)  Ker(A)

Proof :


By definition, Ker(A) =  {G/G is open and A  G}

Since A is gp-closed, if G is an open set with A  G then pcl(A)  G.

Therefore pcl(A)   {G/G is open and A  G}.  i.e  pcl(A)  Ker(A)

Conversely, assume pcl(A)  Ker(A). 


Let G be any open set such that A  G. By definition Ker(A)  G. 

Hence by combining both the inclusions we get pcl(A)  G


Hence A is gp-closed.

Theorem : 3.1.6


If A is an open and gp-closed set of X, then A is pre-closed.

Proof :

Since A is open and gp-closed pcl(A)  A 

Always A  pcl(A), therefore A = pcl(A). 
Hence A is pre-closed.

Theorem : 3.1.7


Let F  A  X where A is open and gp-closed in X. If F is gp-closed in A, then F is gp-closed in X.

Proof :


Let U be an openset of X such that F  U

Then F  A  U  A, which implies F  U  A [since F  A]. By the definition of subspace topology, U  A is open in A.


Since F is gp-closed in A we get pclA(F)  U  A

Since pclA(F) = pcl(F)  A, we get pcl(F)  A  U  A

Since F  A, pcl(F)    pcl(A)  =   A 
[by Theorem 3.1.6}

Therefore    pcl(F)   =  pcl(F)  A     U  A    U


Therefore F is closed in X.

Theorem : 3.1.8


Let F  A  X where A is open in X. if F is gp-closed in X, then F is  gp-closed in A.

Proof :


Let U be an open set of A such that F  U. By subspace topology on A, we get U = V  A where V is open in X. Since U is open in A and A is open in X, we get U is open in X. Since F is gp-closed we get pcl(F)  U. Consider 

pclA(F) =  pcl(F)  A    U  A =  U.

pclA(F)  U. Hence F is gp-closed in A.

Definition : 3.1.9


 A space X is called a PC-space if the intersection of pre-closed with a closed set is closed.

Example : 3.1.10 

A PC-space

Let X = {a,b,c} and  = { Φ , X, {a}, {b}, {a, b}} closed sets are Φ, X, {c}, {a, c} and {b, c}. The pre-closed sets are Φ, X, {c}, {a, c} and {b, c}. Hence intersection of a pre-closed set with a closed set is closed. 

Hence (X, ) is a PC-space.

Example : 3.1.11 

A space which is not a PC-space 


Let X = {a, b, c} and  = { Φ, X, {a}, {a, b}} closed sets are Φ , X, {c},  and {b, c}. pre-closed sets are Φ , X, {b}, {c} and {b, c}. {b}  {b, c} = {b} which is not closed. Hence intersection of the pre-closed set {b} with the closed set {b, c} is not closed. Hence (X, ) is not a PC-space.

Theorem : 3.1.12

For a subset A of a PC-space (X, ) the following are equivalent 

(a) A is gp-closed

(b) cl {x} ( A ≠ Φ for each x  pcl(A); and 

(c) pcl(A) – A contains no nonempty closed set.

Proof :

(a) ( (b)

Take x  pcl(A)

To prove cl {x}  A ≠ Φ  

Suppose not then cl {x}  A = Φ, therefore A  X-cl {x} 

Since A is gp-closed, by definition we get pcl(A)  X – cl {x}

Since x  pcl(A) we get x  X – cl {x}

This is a contradiction. Hence cl {x}  A ≠ Φ 

(b) ( (c)

Let F be a closed set such that F  pcl(A) – A.

Suppose x  F then x  pcl(A).

By (b) cl {x}  A ≠ Φ 





           (1)

Also as x  F, cl{x}  cl F = F. Therefore cl{x}  A    F ( A




           



      (  (pcl(A) – A)  A

By(1), (pcl(A) – A)  A ≠ Φ. This implies pcl(A) – A contains a point of A which is a contradiction. Hence no x  F; therefore F is empty.

(c) ( (a)

Take A  G and G open in X

To prove pcl(A)  G.


Suppose not, then there exists a point x  pcl(A) but x  G 

i.e. there exists a point x  pcl(A)  X – G.

Hence pcl(A)  X – G is non empty. Since A  G, X – G  X – A.

Therefore pcl(A) (X – G)  X – A 

which implies pcl(A)  A(X – G)  pcl(A) – A

Also since X is a PC-space, pcl(A) (x – G) is closed. 

Hence we get pcl(A) (X – G) is a non-empty closed subset of        pcl(A) – A. This is a contradiction to (c)

Hence pcl(A)  G. Therefore A is gp-closed.

Theorem : 3.1.13


Let B be any subset of Y

(a) pcl(X x B) = X x pcl(B) holds

(b) If X x B is gp-closed in the product space X x Y, then B is gp-closed      in Y.

(c) If X is compact and B is gp-closed in Y, then X x B is gp-closed              in X x Y.

Proof :

(a) 
Since X and pcl(B) and pre-closed we get X x pcl(B) is pre-closed. Also, as X x B  X x pcl(B) we get pcl(X x B)  pcl(X x pcl B) 

       = X x pcl(B)

Therefore pcl(X x B)  X x pcl(B)

To prove the reverse inclusion, suppose there exists a point                    (a, b)  pcl(X x B)


Then there exists a pre-open set V containing (a,b) such that                V  (X x B) = Φ. Let P : X x Y → Y be the projection mapping onto the second co-ordinate space.

Then P(V  (X x B)) = Φ 

( 
P(V)  B = Φ 

Since open continuous image of pre-open set is pre-open we get P(V) is a pre-open set containing b.

Since P(V)  B = Φ we get b  pcl (B). Hence (a, b)  X x pcl(B)

Therefore X x pcl (B)  pcl(X x B).

Combining both the inclusions, result (a) follows.

(b) 
Let U be an open set such that B  U.

Then X x B  X x Uwhich is open in X x Y.

Since X x B is gp-closed, by definition pcl (X x B)  X x U

By (a), X x pcl (B)  X x U        pcl (B)  U

Therefore, B is gp-closed in Y. Let W be an openset of X x Y such that X x B  W. Take (x, b)  X x B. 

Since W is open there exists a basis element U x V in X x Y such that (x, b)  U x V  W. This is true for every (x, b)  X x B.

So taking union of V’s as T. we get that  X x B  X x T  W.

Hence T is an open set containing B and since B is gp-closed, pcl (B)  T

Therefore pcl(X x B)  =  X x pcl(B) 

[ by (a) ]




   X x T    W 



      pcl(X x B)   W.  Therefore X x B is gp-closed in X x Y.

Theorem : 3.1.14


If X x Y is Tg (resp. T½) and X is compact then Y is Tg (resp. T½).

Proof :

Let F be a gp-closed (resp. g-closed) set of Y. By the                     Theorem 3.1.13 (c) X x F is gp-closed (resp. g-closed) in X x Y. Since X x Y is Tg (T½ ) by definition we get X x F is g-closed (resp. closed) in X x Y.


Let U be an open set in Y such that F  U.

Then X x F  X x U which is open in X x Y.

Since X x F is g-closed, we get  cl(X x F)   X x U

  
        X x cl(F)   X x U

 
              cl(F)   U

Hence F is g-closed (resp. closed). Therefore Y is Tg (resp. T½)

Definition : 3.1.15

A function F : X → Y is called a-continuous if cl(A)  f -1(V) whenever V is open in Y and A is g-closed in X such that A  f -1(V)

Theorem : 3.1.16

(a) If f : X → Y is pre-irresoulte, a-continuous and open bijection and X is a Tg-space, then Y is Tg
(b) If f : X → Y is pre-irresolute and open bijection and X is a T½ -space, then Y is T½ .

Proof :

(a) Let F be any gp-closed of Y. Then f -1(F) is gp-closed in X. since X is  Tg , f -1(F) is g-closed in X. since F is a-continuous and open bijection, we get F = f (f -1(F)) is g-closed in Y. Hence Y is Tg.

(b) 
Let F be any g-closed set of Y. Then f -1(F) is g-closed in X. Since X       is T½ , f -1(F) is closed in X. Since f is open, f (f -1(F)) is closed in Y. Since f is onto F = f (f -1(F)). Thus F is closed in Y. Hence Y is T½.

Definition : 3.1.17


A space X is said to be pre-normal if for each pair of disjoint closed sets A and B there exists disjoint pre-open sets U and V such that A  U and B  V.

Theorem : 3.1. 18


For a space X, the following are equivalent 

(a) X is pre-normal;

(b) For any pair of disjoint closed sets A and B of X, there exists disjoint gp-open sets U and V of X such that A  U and B < U;

(c) For each closed set A and each open set B containing A, there exists a gp-open U such that cl(A)  U  pcl(U)  B;

(d) For each closed A and each g-open set B containing A, there exists a pre-open set U such that A  U  pcl (U)  int(B);

(e) For each closed A and each g-open set B containing A, there exists a gp-open set G such that A  G  pcl(G) int(B);

(f) For each g-closed set A and each open B containing A, there exists a pre-open set U such that cl(A)  U  pcl(U)  B; and

(g) For each g-closed set A and each open set B containing A, there exists a gp-open set G such that cl(A)  G   pcl (G)  B.

Proof : 


It can be easily shown that  (a) ( (b) ( (c) 

Since every pre-open set is gp-open and every closed (resp. open) set is g-closed (resp. g-open) it is obvious that (d)  (e)  (c) and              (f)  (g)  (c).

(c)  (e)    

Let A be a closed subset of X and B be a g-open set such that A  B. Since B is g-open and A is closed we get A  int B. By (c) there exists a gp-open set U such that cl(A)  U  pcl(U)  int (B)

Since A is closed, cl(A) = A. Hence the above condition becomes           A  U  pcl(U)  int (B).

(e)  (d)

Let A be any closed sets and B be a g-open set containing A. By (e) there exists a gp-open set G. such that A  G  pcl (G)  int (B).

Since G is gp-open, by definition A  pint (G) 

Let U = pint (G). Then U is pre-open and A  U  pcl (U) 
 
 (1)

Since pint (G)  G we get U  G.

 
pcl (U)  pcl(G)  int (B)




 
 
 (2)

From (1) and (2) we get there exists a pre-open set U such that             A  U  pcl(U)  int(B)

c (g)

Let A be any g-closed set and B an open set such that A  B.              By definition of g-closed set we get cl (A)  B. so by (c) there exists a      gp-open set U such that cl (A)  U  pcl (U)  B.  

(g)  (f)

Let A be any g-closed set and B an open set such that A  B. By (g) there exists a gp-open set G such that cl(A)  G  pcl(G)  B.

Since G is gp-open and cl(A)  G.

We get cl(A)  pint (G). Let U = pint(G)

Then U is pre-open and cl(A)  U  pcl(U)  pcl(G)  B 


Therefore cl(A)  U  pcl(U)  B.

Section : 3.2

Pre gp-continuous functions 

In this section we have discussed the notion of pre gp-continuous and the relations between pre gp-continuous and some of the generalized notions of continuity. Some interesting examples and properties of pre gp-continuous functions are also discussed here.

Definition : 3.2.1

(i) 
A function f : X → Y is said to be pre gp-continuous if f -1(F) is              gp-closed in X for every pre-closed set F of Y.

(ii) 
f : X → Y is pre gp-continuous if and only if f -1(V) is gp-open in X for every pre-open set V of Y.

From the above definitions we see that the following implications hold good :

gp - irresoluteness

              (
        pre-irresoluteness  pre gp-continuity

         (
Continuity    pre-continuity    gp-continuity

Remark : 3.2.2

(a) None of the implications in the above diagram are reversible;

(b) gp-irresoluteness, pre-irresoluteness and continuity are mutually independent;

(c) pre gp-continuity and continuity are independent of each other;

(d) pre gp-continuity and pre-continuity are independent of each other.

Example : 3.2.3

(a) 
A function which is gp-continuous but neither pre gp-continuous nor pre-continuous

Let X = {a, b, c, d},  = { Φ, X, {a}, {b}, {a, b}} and σ = { Φ, X, {c, d}}.

Closed sets in (x, σ) are Φ, X and {a, b}

(i)
To prove : 
f is gp-continuous
f -1(Φ) = Φ, f -1(X) = X and f -1{a, b} = {a, b, c}

The only open set in  containing {a, b, c} is X.

Hence pcl ({a, b, c})  X. Therefore {a, b, c} is gp-closed .

Φ and X are gp-closed. Hence inverse image of every closed sets is gp-closed. Therefore f is gp-continuous 

(ii) 
To prove : f is not pre gp-continuous 
Since int {a} in σ is Φ, cl(int {a}) = Φ.

Therefore cl(int{a}) ( { a }. Therefore {a} is pre-closed in (X, σ)

f -1 {a} = {a, b}




 


 (1)

Open sets in  containing {a, b} are {a, b} and X.

The only pre-closed set containing {a, b} in  is X.

Hence pcl{a, b} = X ( {a, b}, but {a, b}  {a, b} which is open in .

Therefore {a, b} is not gp-closed 



 

 (2)

From (1) and (2) we get, inverse image of the pre-closed set {a} in σ is not gp-closed in  Hence f is not pre gp-continuous.

(iii)
To prove : f is not pre-continuous

The pre-closed sets in  are {Φ , X, {c}, {d}, {c, d}, {a, c, d} and {b, c, d}}

{a, b} is closed in σ , but f -1 {a, b} = {a, b, c} is not pre-closed in .


Hence f is not pre-continuous.

(b) 
A function which is pre-irresolute and hence pre gp-continuous but not gp-irresolute 

Let X = {a, b, c, d}  = { Φ , X, {c, d}, {b, c, d}} and σ = { Φ , X, {c, d}}

Let f : (X,  ) → (X, σ) be the identify mapping pre-closed sets in σ are Φ, X, {a, b} and {a, b, c}, f -1(Φ) = Φ , f -1(X) = X

f -1{a, b} = {a, b} and f -1{a, b, c} = {a, b, c}

(i) 
To prove : f is pre-irresolute 

 
In (X, ), int {a, b} = Φ 

 
cl (int {a, b}) = Φ  {a, b}

Therefore {a, b} is pre-closed in (X, ). f -1 {a, b, c} = {a, b, c}

In (X,  ), int {a, b, c} = Φ. cl(int {a, b, c}) = Φ  {a, b, c}.

Therefore {a, b, c} is pre-closed in (X, ). Therefore inverse image of every pre-closed set is pre-closed. Hence f is pre-irresolute.

(ii) 
To prove : 
f is pre gp-continuous


The only open set containing {a, b} is X.

Therefore pcl{a, b, c}  X. Hence {a, b} is gp-closed 

The only open set containing {a, b, c} is X. Therefore pcl{a, b, c} ( X. Hence {a, b, c} is gp-closed. Hence inverse image of every pre-closed set is gp-closed. Therefore f is pre gp-continuous.

(iii) 
To prove : f is not gp-irresolute 

Since the only open set containing {b, c, d} in (X, σ) is X. We get              pcl {b, c, d}  X. 

Hence {b, c, d} is gp-closed in (X, σ). Since (b, c, d} is open in (X, ) and {b, c, d}  {b, c, d} but pcl {b, c, d} = X ( {b, c, d}. Therefore {b, c, d} is not gp-closed (X, ). Therefore f -1{b, c, d} = {b, c, d} is not gp-closed in   (X, ). Therefore f is not gp-irresolute.

(c) 
A function which is pre-continuous but not gp-continuous

 
Let (X, ) and (X, σ) be spaces given in (b) 

Let f : (X, ) → (X, σ) be the function defined by f(a) = f(b) = a, f(c) = b and f(d) = d.

(i) 
To prove : f is pre-continuous 

Closed sets in (X, σ) are { Φ , X, {a, b} }

f -1(Φ) = Φ and f -1(X) =X. f -1({a, b}) = {a, b, c}

In (X,  ), int {a, b, c} = Φ. Therefore cl(int {a, b, c}) = Φ  {a, b, c} 

Hence {a, b, c} is pre-closed in (X, )

Hence inverse image of closed sets are pre-closed.

Hence f is pre-continuous.

(ii) 
To prove : 
f is not pre gp-continuous

Consider {b, d} 

In (X, σ), int {b, d} = Φ 

 
cl(int {b, d}) = Φ  {b, d} 

Therefore {b, d} is pre-closed in (X, σ). f -1({b, d}) = {c, d}

Open sets in (X, ) containing {c, d} are {c, d} and {b, c, d}

Since int {a, c, d} = Φ and cl(int {b, c, d}) = X ( {b, c, d} we get 

{b, c, d} is not pre-closed in (X, ).

Hence the only subsets which are pre-closed in (X, ) and which contain {c, d} are {a, c, d} and X. Hence pcl {c, d} = {a, c, d} ( {c, d}

Hence {c, d} is open but pcl{c, d} ( {c, d}

( 
{c, d} is not gp-closed. Hence f -1{b, d} = {c, d} is not gp-closed. 


Therefore f is not pre gp-continuous.

(d) 
A function which is gp-irresolute but not pre-continuous


Let X = {a, b, c, d},  = {X, Φ , {a}, {a, b}, {a, b, c}}  and 

σ = { X, Φ, {a}, {b, c}, {a, b, c} }  

Let f : (X,  ) → (X, ) be the identify. Then f is gp-irresolute but not pre-continuous since {a, d} is closed in (X, σ) and f -1({a, d}) is not           pre-closed in (X,  ).

Theorem : 3.2.4 

(a) If f : x → Y is pre gp-continuous and Y is semi pre-T½ then f is          gp-irresolute.

(b) If f : X → Y is pre gp-continuous and X is semi pre-T½ then f is            pre-irresolute.

Proof :

(a) Let F be any gp-closed set of Y. Since Y is semi pre-T½  F is pre-closed in Y. Since f is pre gp-continuous f -1(F) is pre gp-closed in X. Hence        f is gp-irresolute.

(b) Let F be any pre-closed of Y. Since f is pre gp-continuous, f -1(F) is       gp-closed in X. 

Since X is semi pre-T½ , f -1 (F) is pre-closed. 

Therefore f is pre gp-continuous.

Remark : 3.2.5

(a) The condition that Y (resp. X) is semi pre-T½ space cannot be omitted in Theorem3.2.4 (a) (resp. Theorem 3.2.4 (b)) as shown from   Example  3.2.3 (b) and 3.2.3 (d). 

(b) The composition of two pre gp-continuous functions need not be        pre gp-continuous as seen by the following example.

Example : 3.2.6 


Let X = {a, b, c, d},  = {X, Φ, {a}, {a, b}, {a, b, c}}, 

σ = {X, Φ, {a}, {b}. {a, b}} and 

η = {X, Φ , {a}, {b}, {d}, {a, b}, {a, d}, {b, d}, {a,b,d}}

Let f : (X, ) → (X, σ) and g : (X, σ) → (X, η) be the identify functions. Then f and g are pre gp-continuous but g o f is not pre gp-continuous 

Since (g o f) -1 ({a, c}) is not gp-closed in (X, ).

Theorem : 3.2.7


Let f : X → Y and g : Y → Z be functions :

(a) If f is gp-irresolute (resp pre gp-continuous) and g is pre gp-continuous (resp. pre-irresolute) then g o f : X → Z is pre gp-continuous 

(b) If f and g are pre gp-continuous and Y is semi pre-T1/2 then                      g o f : X → Z is pre gp-continuous.

Proof :

Follows directly from the definitions.

Theorem : 3.2.8

(a) If f : (X, ) → (Y, σ) is gp-closed and A is a closed set of X then             f |A  : (A,  /A) → (Y, σ ) is gp-closed.

(b) If f : (X, ) → (Y, σ) is continuous and pre gp-closed and A is an open set and gp-closed set of X, then f |A : (A, |A) → (Y, σ) is gp-closed and continuous.

(c) If f : (X, ) → (Y, σ) is continuous and gp-closed and A is a g-closed set of X, then f |A : (A, |A) → (Y, σ) is gp-closed and continuous.    

(d) Let B be an open and gp-closed set of X. If f : (X, ) → (Y, σ) is         pre-closed surjection then f/A : (A,  |A) → (Y, σ) is gp-closed where    A = f -1(B).

Proof :

(a) Let F be a closed set in A. Then F = B  A. Where B is closed in X. Since A is closed in X, B  A is closed in X. Hence F is closed in X. since f is gp-closed, f (F) is gp-closed in Y. i.e f |A(F) is gp-closed in Y.

Hence f |A is gp-closed.

(b) Let F be a closed set in A. Since every closed set is gp-closed, we get F is gp-closed in A. Since A is open and gp-closed by Theorem 3.1.7 we get F is gp-closed in X. By a known result we get that f(F) is          gp-closed in Y. i.e. f |A(F) is gp-closed in Y.

Hence f |A is gp-closed.

(c) Let F be a closed set of A. Since every closed set is g-closed. We get  F is g-closed in A. Since A is g-closed in X, we get F is g-closed in X and (f |A) (F) = f(F) is gp-closed. Hence f |A is gp-closed.

(d) Let F be a closed set of A. Then F = H  A where H is closed in X.

Since f is pre-closed, f(H) is pre-closed in Y. Therefore f(H)  B is        pre-closed in B. Since every pre-closed set is gp-closed we get            f(H)  B is gp-closed in B. Since B is open and gp-closed by         Theorem 3.1.7 f (H)  B is gp-closed in Y.

Consider f |A(F) = f |A(H  A) = f(H A) = f(H)  B

Therefore, f |A (F) is gp-closed in Y. Therefore f |A is gp-closed  

Theorem : 3.2.9

Let f : X → Y and g : Y → Z be two functions such that g o f : X → Z is a gp-closed (resp. pre gp-closed).

(a) 
If f is continuous (resp. pre-irresolute) surjection, then g is gp-closed (resp. pre gp-closed).

(b) 
If g is pre-irresolute, closed injection, then f is gp-closed (resp.              pre gp-closed).

Proof :

(a)
Let K be a closed (pre-closed) set of Y. since f is continuous (resp.  pre-irresolute) f -1(k) is closed (resp. pre-closed) in X. Since g o f is      gp-closed, (g o f) (f -1 (k)) is gp-closed in Z.

Consider (g o f) (f -1 (k)) = g o (f(f -1 (k)))  =  g(k)
  (since f is onto)

Therefore g(k) is gp-closed in Z. Hence g is gp-closed (resp.                pre gp-closed).

(b) 
Let F be a closed (resp. pre-closed) set of X. Let U be an open set        of Y containing f(F). Since g o f is gp-closed (resp. pre gp-closed) we get (g o f) (F) is gp-closed (resp. pre gp-closed) in Z.

Let V = Y – U. Then V is closed in Y. Since g is closed g(V) is closed   in Z.

Since f(F)  U, (g o f) (F)  g(U). But g(V) = g(Y – U) = g(Y) – g (U)

Therefore g o f (F)  g(V) = Φ 

 
g o f(F)  Z – g(V) which is open in Z

Since g o f (F) is gp-closed, we get, pcl(g o f) (F)  Z – g(V)

Consider pcl f(F) =   pcl((g -1o g) (f(F)))


      =   pcl (g -1(g o f)(F))



        g -1(pcl(g o f)(F)) 



        g -1(Z – g(V))



     =   Y – V



     =   U

Hence f is gp-closed (resp. pre gp-closed)

Theorem : 3.2.10 

(a) If f : X → Y is gp-closed (resp. pre gp-closed) and g : Y → Z is continuous pre gp-closed then g o f : X → Z is gp-closed (resp.             pre gp-closed).

(b) If f : X → Y is continuous gp-closed and F is a g-closed set of X. Then f(F) is gp-closed.

Theorem : 3.2.11 

(a) If f : X → Y is pre gp-continuous closed and K is a gp-closed set of Y, then f -1(k) is gp-closed (i.e. f is gp-irresolute).

(b) If f : X → Y is continuous gp-closed and F is a g-closed set of X, then              f(F) is gp-closed.

Proof :

(a) 
Let K be any gp-closed set of Y and U be an open set containing          f -1(K). Since f is closed, there exists an open set V of Y such that          K  V and f -1(V)  U. Now K being gp-closed in Y, pcl(K)  V and hence f -1(pcl(K))  f -1(V)  U.

Since f is pre gp-continuous, f -1 (pcl(K)) is gp-closed in X and hence pcl(f -1(K))  pcl (f -1(pcl(K)))  U. This shows that f -1(K) is gp-closed   in X.

(b) 
Let V be an open set of Y such that f(F)  V

Consider F  f -1(f (F))  f -1(V)

Since f is continuous and V is open in Y.

We get f -1(V) is open in X. Since F is g-closed, we get cl(F)  f -1(V)


f(cl(F))  f(f -1(V))  V

Since f is gp-closed, f (cl(F)) is gp-closed. Therefore pcl (f(cl(F)))  V

Since pcl(f(F))  pcl(fcl(F)), we get pcl (f(F))  V

 
Therefore f(F) is gp-closed in Y.

Theorem : 3.2.12

If f : X → Y is open pre-irresolute bijection and F is gp-closed in Y, then f -1 (F) is gp-closed in X.

Theorem : 3.2.13


If f : X → Y is pre gp-continuous closed surjection and X is T½, then       Y is T½.

Theorem : 3.2.14

(a) If f : X → Y is pre gp-continuous closed injection and Y is a pre-normal space, then X is pre-normal.

(b) If f : X → Y is gp-continuous closed injection and Y is a normal space, then X is pre-normal.

Proof :

(a) 
Let A and B be any two disjoint closed sets of X. Since f is a closed injection, f(A) and f(B) are disjoint closed sets of Y. By the                   pre-normality of Y, there exist disjoint gp-open sets U and V containing f(A) and f(B) respectively. By theorem 3.2.11 (a), f -1(U) and f -1(V) are disjoint gp-open sets such that A  f -1(U) and B  f -1(V). Hence X is pre-normal from Theorem 3.1.18 (b)

(b)
Similar to (a). 

Definition : 3.2.15 


A space X is called p-regular if for each closed set F of X and each point X  F, there exist disjoint pre-open set U and V such that F U and        X  V.  

Theorem : 3.2.16

(a) 
If f : X → Y is continuous, weakly open and gp-closed surjection and X is regular, then Y is p-regular.

(b) 
If f : X → Y is continuous, weakly open and pre gp-closed surjection and X is p-regular, then Y is p-regular.

Proof :

(a) 
Let U be any open set of X. Since f is weakly open and continuous.

f(U)   f(int(cl(U)))   int (f(cl(int(cl(U)))))




          int (f(cl(U)))




          int (cl(f(U)))

Then f(U) is pre-open in Y and hence f is pre-open.

Therefore Y is p-regular.

(b) 
Follows from the definitions and assumptions.

CHAPTER  IV

CHAPTER  IV

DECOMPOSITIONS OF CONTINUITY 

AND COMPLETE CONTINUITY

In this chapter we discuss the contributions of Hatir, Noiri and       Yuskel [7] and Hatir and Noiri [6] towards the study of decompositions of continuity and complete continuity. Hatir et al [7] have introduced the notion of *-sets and C-sets and obtained decompositions of continuity interms of         -continuity and C-continuity. Hatir and Noiri [6] have introduced the concepts of semi    pre-regular sets and weak AB-sets and obtained a decomposition of continuity. They [6] have also obtained decompositions of complete continuity interms of sp-perfect continuity, contra pre-gsp continuity, contra                  spg-continuity, contra pre-gsp continuity and contra -gsp continuity. Some interesting examples are also discussed in this chapter.

Section : 4.1

Preliminary Definitions and Results

Definition : 4.1.1


A subset S of a topological space X is said to be

(a) an -open set if S  int(cl(int(S)));

(b) a semi open set if S  int(cl(S)), 

(c) a pre-open set if S  int(cl(S)),

(d) β-open set or semi pre-open if S  cl(int(cl(S))),

(e) a t-set if int(S) = int(cl(S)),

(f) a A-set if S = U  R where U   and R is regular closed,

(g) locally closed if S = U  F where U   and F is closed.

(h) a B-set if S = U  T where U   and T is a t-set,

(i) a D(C, )-set if S  D(C, ) = {S  X / int(S) = S  int(Cl(int(S)))}

(j) Semi regular set if it is semi open and semi closed,

(k) AB-set if S = U  R, where U is an open set and R is semi regular.

Definition : 4.1.2

(a) The semi pre-closure of a subset S of a topological X is defined as the intersection of all semi pre-closed sets of X containing S and is denotes by spcl(S).

(b) The semi pre-interior of S, sp int(S), is defined as the union of all semi pre open set of X contained in S. The semi closure scl(S) and the semi interior sint(S) are similarly defined.

Theorem : 4.1.3


Let S be a subset of a topological space X. Then, 


(a) spcl(S) = S  int(cl(int(S))),

(b) sp int(S) = S  cl(int(cl(s))),

(c) scl(S) = S  int(cl(S)),

(d) sint(S) = S  cl(int(S)),

Section : 4.2

*- sets and C-sets

The authors [7] have introduced the concepts of *-sets and C-sets and obtained decompositions of continuity in terms of -continuity and          C-continuity. In this section we discuss some interesting results among          *-set, -sets, B-sets, C-sets and D (C, )-sets.

Definition : 4.2.1


A subset S of a space (X, ) is called an *-set if int(cl(int(S))) = int(S)

The family of all *-sets of a space (X, ) will be denoted by *(X, ) or by *(X).

Theorem : 4.2.2


The following are equivalent for a subset S of a space (X, );

(a) S  *(X, )

(b) S is semi pre-closed.

(c) int(S) is regular open

Proof :


The proof is obvious

Theorem : 4.2.3


Let S be a subset of a space (X, )

(a) If S is a t-set, then S  *(X, )

(b) A semi open set S is a t-set if and only if S  *(X, )

(c) S is an -openset then S   * (X, ) if and only iff S is regular open.

Proof :

(a) Let S be a t-set, then int(S) = int(cl(S)) and

int(cl(int(S))) = int(cl(S)) = int(S). Therefore, S is an *-set

(b) Let S be semi open and S  *(X, ). Since S is semi open,           cl(S)  cl(int(S)).

int(S)  S  cl(int(S))  cl(S). Hence cl(S) = cl(int(S))

Therefore int(cl(S)) = int(cl(int(S))) = int(S). Therefore, S is a t-set

(c) Let S be an -openset and S  *(X, ). 

Since S is an -openset S  int(cl(int(S)))

Since S is an *-set by Theorem 4.2.2 S is semi pre-closed.

Hence int(cl(int(S)))  S. Combing both the inclusions, we get

int(cl(int(S))) = S and hence int(cl(S)) = int(cl(int(S))) = S.

The converse is obvious.

Remark : 4.2.4


The following example shows that,

(a) The converse of Theorem 4.2.3(a) is false,

(b) An open set need not be an *-set, and

(c) The notion of -sets is different from that of *-sets.

Example : 4.2.5


Let X = {a, b, c, d} and  = {Φ, X, {d}, {b, c}, {b, c, d}} Then {a, b} is an            *-set but it is neither t-set nor an -set. The subset {b, c, d} is open but not an *-set. Since every open set is an -set, *-sets do not imply -sets and are not implied by -sets

Remark : 4.2.6


Arbitrary intersection of *-sets is an *-set but the union of two           *-sets need not be an *-set. In Example 4.2.5, {c} and {b, d} are *-sets but {c}  {b, d} = {b, c, d} is not an *-set

Definition : 4.2.7


A subset S of a space (X, ) is called a C-set if there exists U   and A  *(X, ) such that S = U  A.


The family of all C-sets (resp. B-sets) in a space (X, ) is denoted by C(X, ) (resp. B (X, )).

Theorem : 4.2.8


Let (X, ) be a space. Then *(X, )  C (X, ) and   C(X, )

Proof :


Take A  *(X, ). Since X is open and A = X  A we get A is C-set. Therefore *(X, )  C(X, ). Take A  , then A is open, Since X  *(X, ) and A = A  X we get A  C(X, ). Therefore   C(X, )

Theorem : 4.2.9


Let A and B subsets of a space (X, ). If either A is semi open or B is semi open, then int(cl(A  B)) = int(cl(A))  int(cl(B))

Theorem : 4.2.10


For a space (X, ), B (X, )  C(X, )  D(C, )

Proof :


By Theorem 4.2.3(a) every t-set is an *-set and hence                        B(X, )  (X, ). Let S  (X, ). There exist U   and A  *(X, ) such that S = U  A.

Consider int(cl(int(S))) = int(cl(int(U  A)))




              = int(cl(int(U)))  int(cl(int(A)))   (by Theorem 4.2.9)


   = int(cl(U))  int(A)      (Since A is an *-set)

Therefore, we obtain

       S  int(cl(int(S))) =   (U  A)  int(cl(U))  int(A)

              =   U  int(A)

              =   int(U  A)

 


              =   int(S)

This shows that S  D (C, ) and hence C(X, )  D(c, )

Remark : 4.2.11


The inclusion in Theorem 4.2.10 are proper. In Example 4.2.5 {a, b} is a C-set but not a B-set. There exists a D(C, )-set which is a C-set as shown by the following example

Example : 4.2.12


Let X = {a, b, c, d} and  = {Φ, X, {c}, {d}, {c, d}, {a, c}, {a, c, d}}. Then {b, c}  D(c, ) but {b, c}  c(X, )

Theorem : 4.2.13


A subset S is open in a space (X, ) if and only if S is an -set and a C-set.

Proof :


It is obvious that every open set is an -set and a C-set S be an -set and a C-set. Since S is a C-set, there exists U   and A  *(X, ) such that S = U  A. Since S is an -set,

S  int(cl(int(S))) =  int(cl(int(U  A))).

                                      =   int(cl(U))  int(cl(int(A)))     (by Theorem 4.2.9)

      =  int(cl(U))  int(A)                 [Since A is an *-sets]

and  hence    S   =  U  S  U  [int(cl(U))  int(A)]

                =  U  int(A)    U  A

     =  S

Consequently, we obtain S = U  int(A). Therefore S  .

Remark : 4.2.14


The notion of -sets is different from that of C-sets

In Example 4.2.5 {a, b} is a C-set but not an -set.

The following example shows that an -set need not be a C-set

Example : 4.2.15


Let X = {a, b, c} and  = {Φ, X, {a}}. Then {a, b} is an -set but not a      C-set.

Section : 4.3

Semi pre-regular sets and weak AB-sets

In this section we discuss the notions of semi pre-regular sets and weak AB-sets introduced by Hatir and Noiri [6] and study their properties.

Definition : 4.3.1


A subset S of a space X is said to be semi pre-regular (or simply                       sp-regular) if it is both semi pre-open and semi pre-closed (that is, the complement of a semi pre-open set), equivalently if S = sp int(spcl(S))

Remark : 4.3.2


Every semi regular set is semi pre-regular but not conversely.

Example : 4.3.3


Let X = {a, b, c, d},  = {Φ, X, {a}, {c, d}, {a, c, d}} and S= {c}. Then S is sp-regular in (X, ). But it is not semi regular not even semi open.

Definition : 4.3.4


A subset S of a space X is called a weak AB-set if S = U  V, where U is an open set and V is sp-regular. The collection of all weak AB-sets in X will be denoted by wAB(X).

Every weak AB-set is semi pre-open but not conversely as shown by the following example.

Example : 4.3.5


Let X = {a, b, c};  = {Φ, X, {a}, {a, c}} and S = {a, b}. Then S is a      semi pre-open set, but it is not a weak AB-set.

Remark : 4.3.6


The following implications exist among some of the subsets discussed above

  semi regular 
 
   AB-set 

 
B-set

          (






   (
semi pre-regular 
 
weak AB-set 

 
C-set

Since every semi openset is semi pre-open, we get every

semi regular set is semi pre-regular.

Converse implications is not true as can be seen from the following example,

Example : 4.3.7


Let X={a, b, c},  {Φ, X, {a}} and S ={c}. Then S is a C-set and even a B-set. But it is not a weak AB-set

Remark : 4.3.8


In the Example 4.3.3 the set S={c} is a wAB-set but not B-set. Therefore by Example 4.3.3 and Example 4.3.7 we get that, the concept of      B-sets is independent of that of weak AB-sets

Theorem : 4.3.9


For a subset S of a space X the following are equivalent.

(a) S is sp-regular

(b) S is semi pre-closed and a wAB-set

Proof :


The proof is obvious, since every weak AB-set is semi pre-open.

Notation : 4.3.10


Let SPO(X) denote the collection of all semi pre-open subsets of X.


It can be shown that “If X is submaximal then every semi pre-open set is an AB-set”.


The authors [6] have improved this result and obtained the following corollary.

Corollary : 4.3.11


If X is a submaximal space, then wAB(X) = SPO(X)

Proof :


Let S ( SPO(X). By the above quoted result, S is an AB-set and hence a wAB-set.

Therefore SPO(X)  wAB(X)

Since every wAB-set is semi pre-open, we get

wAB(X)  SPO(X). Hence the result.

Theorem : 4.3.12


For a subset S of a space X the following are equivalent:

(a) S is an open

(b) S is a wAB-set and an -openset.

Definition : 4.3.13


A topological space X is said to be extremally disconnected if every open subset of X has the open closure, or equivalently if regular closed set is open.

Theorem : 4.3.14


For a topological space (X, ) the following are equivalent.

(a) X is extremally disconnected,

(b)  = wAB(X),

(c) every weak AB-set is open.

Proof :


The proof is straight forward.

Section : 4.4

Decompositions of Continuity

In this section, we have collected the decompositions of continuity obtained by Tong [13, 14], Ganster and Reilly [3] and Przemski [12] and discussed in detail the decompositions due to Hatir, Noiri and Yuksel [7] and Hatir and Noiri [6].

Definition : 4.4.1

(a) A function f : (X, ) → (Y, σ) is said to be -continuous if for each             V  σ, f -1(V) is an -open set in (X, ).

(b) A function f : (X, ) → (Y, σ) is said to be A-continuous if for each            V  σ, f -1(V) is an A-set in (X, ).

(c) A function f : (X, ) → (Y, σ) is said to be LC-continuous if for each           V  σ, f -1(V) is a locally closed set. 

(d) A function f : (X, ) → (Y, σ) is said to be B-continuous if for each             V  σ, f -1(V) is a B-set in (X, ). 

(e) A function f : (X, ) → (Y, σ) is said to be D(C, )-continuous if for each V  σ, f -1(V) is a D(C, ) set in (X, ). 

(f) A function f : X → Y is said to be weakly AB-continuous if for each open subset V of Y, f -1(V) is a weak AB-set in X. 

Tong [13, 14], Ganster and Reilly [3] and Przemski [12] have obtained decompositions of continuity interms of the above functions. 

Theorem : 4.4.2


The following are equivalent for a function f : (X, ) → (Y, σ)

(a) f is continuous. 

(b) f is -continuous and A-continuous (Tong [11])

(c) f is -continuous and LC-continuous (Ganster and Reilly[3])    

(d) f is pre-continuous and LC-continuous (Ganster and Reilly [3])

(e) f is pre-continuous and B-continuous (Tong [14])

(f) f is -continuous and D(C, )-continuous (Przemski [12])

Definition : 4.4.3 


A function f : (X, ) → (Y, σ) is said to be C-continuous if for each            V  σ, f -1(V)  C(X, ).

Theorem : 4.4.4


For a function f : (X, ) → (Y, σ) the following implications hold : 


B-continuity  C-continuity  D(C, )-continuity.

Proof : 


The proof easily follows from Theorem 4.2.10

Remark : 4.4.5 


None of the two implications in Theorem 4.4.4 are reversible as the following two examples show:

Example : 4.4.6 


Let (X, ) be the same topological space as in Example 4.2.12. Let           Y = {x, y, z} and σ = {Φ, Y, {x}, {y}, {x, y}}. Let f : (X, ) → (Y, σ) be                    a function defined as follows; f(a) = f(d) = z and f(b) = f(c) = y. Then f is         D(C, )-continuous but not C-continuous. 

Example : 4.4.7


Let (X, ) be the same topological space as in Example 4.2.5. Let                  Y = {x, y} and σ = {Φ, Y, {x}}. Define a function f : (X, ) → (Y, σ) as follows : f(a) = f(b) = x and f(c) = f(d) = y.

Then f is C-continuous but not B-continuous. 

Theorem : 4.4.8 


A function f : (X, ) → (Y, σ) is continuous if and only if it is                    -continuous and C-continuous. 

Proof : 



This is an immediate consequence of Theorem 4.2.8 and 4.2.13.

Theorem : 4.4.9 


For a function f : X → Y the following are equivalent : 

(a) f is continuous. 

(b) f is weak AB-continuous and -continuous. 

Proof : 


Follows from Theorem 4.3.12.

Section : 4.5

Decompositions of Complete Continuity


In this section we discuss some modifications of generalized closed sets which are used by Hatir and Noiri [6] to obtain some interesting decompositions of complete continuiuty.

Definition : 4.5.1


A subset A of a topological space X is said to be

(a) (i) gs-closed if scl(A)  U whenever A  U and U is open.

(b) (i) sg-closed if scl(A)  U whenever A  U and U is semi open.

(ii) spg-closed if spcl(A)  U whenever A  U and U is semi open


The following two theorems give decompositions of regular open sets.

Theorem : 4.5.2


For a subset A of a topological space X, the following are equivalent

(a) A is regular open

(b) A is open and gs-closed 

(c) A is open and gsp-closed

Theorem : 4.5.3 


For a subset A of topological space X, the following are equivalent 

(a) A is regular open; 

(b) A is open and semi regular;

(c) A is open and semi closed; 

(d) A is open and sg-closed;

(e) A is -open and sg-closed;

To improve the above results, the authors [6] have introduced some new sets. 

Definition : 4.5.4 

(a) A subset A of topological space X is said to be pre gsp-closed if spcl(A)  U whenever A  U and U is pre-open. 

(b) A subset A of topological space X is said to be pre -gsp-closed if spcl(A)  U whenever A  U and U is -open.

Remark : 4.5.5


The following implications hold among the various subsets discussed above:

  semi closed              sg-closed             spg-closed 

           (




             (
semi pre-closed        pre gsp-closed      -gsp-closed      gsp-closed. 

Theorem : 4.5.6 


For a subset A of a topological space X the following conditions are equivalent : 

(a) A is a regular open; 

(b)  A is open and sp-regular;

(c) A is open and semi pre-closed; 

(d) A is open and pre gsp-closed;

(e) A is -open and spg-closed;

(f) A is -open and pre gsp-closed;

(g) A is -open and -gsp-closed; 

Proof : 


Since every regular open set is semi closed and every semi closed set is spg-closed, we get every regular open set is spg-closed. Also as every regular open set is -open. We get (a)  (e) 

(e)  (g) follows from Remark 4.5.5, 

Now let us prove (g)  (a) 


Let A be an -open and -gsp-closed set. Since A is -open by definition of -gsp-closed set, we get spcl(A)  A. 


Therefore A = spcl(A), hence A is semi pre-closed. 

Hence int(cl(int(A)))  A. Since every -open set is semi open set we get, A  cl(int(A))  cl(A)  cl(int(A))


Since int(A)  A  cl(int(A))  cl(A), we get, cl(int(A)) = cl(A).


Hence combining all the inclusions we get 


int(cl(A)) = int(cl(int(A)))  A  int(cl(int(A)))  int(cl(A)) 


Hence int(cl(A)) = A,  which implies that A is regular open.  


The other implications are obvious by Remark 4.5.5. 


The following example shows that “-gsp-closed” in Theorem 4.5.6(g) cannot be replaced by “gsp-closed”. 

Example : 4.5.7


Let X = {a, b, c, d},  = {Φ, X, {a}} and A = {a, b}. Then A is an -open and gsp-closed set which is not regular open. Moreover A is not -gsp closed, since spcl(A) = X.


The following example shows that “-open” in Theorem 4.5.6(f) cannot be replaced by “pre-open”. 

Example : 4.5.8


Let X = {a, b, c, d},  = {Φ, X, {a}, {b, d}, {a, b, d}} and A = {b}. Then A is a pre-open and pre gsp-closed set which is not regular open (not even open).

 
For, int(cl(A)) = int({b, c, d}) = {b, d}  A and hence A is pre-open. 

Moreover, spcl(A) = A  int(cl(int(A))) = A and A is pre gsp-closed. But A is not -open. 

Definition : 4.5.9 

(a) A function f : X → Y is said to be completely continuous if for each open subset V in Y, f -1(V) is regular-open in X.

(b)  A function f : X → Y is said to be sp-perfectly continuous if for each open subset V in Y, f -1(V) is sp-regular in X.

Definition : 4.5.10 

(a) A function f : X → Y is said to be contra -gsp-continuous if for each open set V in Y, f -1(V) is -gsp-closed in X.

(b) A function f : X → Y is said to be contra pre gsp-continuous if for each open set V in Y, f -1 (V) is pre gsp-closed in X.

(c) A function f : X → Y is said to be contra spg-continuous if for each open set V in Y, f -1(V) is spg-closed in X.

The following example shows that -continuity and                         contra--gsp-continuity are independent concepts. 

Example : 4.5.11 


Let X = {a, b, c},  = {Φ, X, {a}, {a, b}}, σ = {Φ, X, {a}} and V = {Φ, X}. 

Then 

(i) 
The identity function f : (X, ) → (X, σ) is -continuous (even continuous). But it is not contra -gsp-continuous. Since f -1({a}) = {a} is not -gsp-closed. For {a}   and {a} is -open however            spcl({a}) = {a}  int(cl(int({a}))) 

              = {a}  int(X) 

              = X 

and hence spcl({a}) is not contained in {a}

(ii) 
The identity function g : (X, ) → (X, σ) is sp-perfect and                 contra -gsp-continuous. But g is not -continuous. For {a} is             sp-regular, but it is not -open in (X, ). 

Theorem : 4.5.12 


For a function f : X → Y the following conditions are equivalent : 

(a) f is completely continuous 

(b) f is continuous and sp-perfect continuous

(c) f is continuous and contra pre-gsp-continuous

(d) f is -continuous and contra spg-continuous


(e) f is -continuous and contra pre-gsp-continuous and 

(f) f is -continuous and contra -gsp-continuous

Proof : 


Follows from Theorem 4.5.6.

                SUMMARY AND CONCLUSION

SUMMARY AND CONCLUSION


In this thesis we have discussed the concepts of gpr-continuous functions, gp-continuous functions and pre gp-continuous functions and decompositions of continuity and complete continuity.


In Chapter I, we have discussed some basic properties of gpr-closure, gpr-closed sets and gpr-continuous functions. For any subset A of X,            gpr-interior of A is defined and it is proved that the complement of gpr-interior of A is gpr-closure of the complement of A. A necessary condition for         gpr-continuous functions is established. It has been illustrated that composition of two gpr-continuous functions need not be gpr-continuous. A pasting lemma for gpr-continuous functions is also established. Moreover, the concept of gpr*-continuous functions is studied and it is found that the class of all gpr*-continuous functions lie in between the class of all gpr-irresolute functions and the class of all gpr-continuous functions.


In Chapter II, we have discussed the concepts of gp-irresolute and       gp-continuous maps. Characterizations of gp-irresolute and gp-continuous functions are obtained using the concept of gp-closed sets. Every                 gp-irresolute function is gp-continuous but not conversely. Relation between gp-continuous function and some other types of generalized continuous maps are discussed. The concepts of strongly gp-continuous functions and perfectly gp-continuous functions are also studied in this chapter.


In Chapter III, the concepts of gp-closed sets and pre gp-continuous functions are studied and characterizations of pre-normal spaces using           gp-closed sets are obtained. It is shown that the continuous weakly open and pre gp-closed surjective image of a p-regular space is p-regular.


In Chapter IV, we have discussed various decompositions of continuity and complete continuity. The concepts of *-sets, C-sets, semi pre-regular sets and weak AB-sets are studied in detail. It has been proved that, a function is continuous if and only if it is -continuous and C-continuous. Using the concept of weak AB-sets, the notion of weak AB-continuity is defined and it is proved that, a function is continuous if and only if it is weak                     AB-continuous and -continuous. Regarding, decompositions of completely continuity, it is proved that a function f is completely continuous if and only if 

(i) f is continuous and sp-perfect continuous

(ii) f is continuous and contra pre gsp-continuous

(iii) f is -continuous and contra spg-continuous

(iv) f is -continuous and contra pre spg-continuous and 

(v) f is -continuous and contra -gsp-continuous.
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