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INTRODUCTION



INTRODUCTION

Topology is a area of Mathematics. Topology means the study of surfaces or
the science of position. The subject, topology can be defined as the study of all
topological properties of topological spaces. A topological space is a general type of

geometric configuration.

The theory of Nano topology proposed by Carmel Richard [2013] is an
extension of set theory for the study of intelligent systems characterized by
insufficient and incomplete information. It originates from the Greek word ‘Nanos’
which means ‘dwarf’ in its modern scientific sense, an order to magnitude-one
billionth. The topology is named as Nano topology because of its size, since it has at
most five elements. The author has defined Nano topological space in terms of Lower

and Upper approximations.

Sakkraiveeranan Chandrasekar [2019] introduced the concepts of Micro
topology which is a simple extension of nano topology and he also studied the

relations between Micro open sets, Micro pre-open sets and Micro semi-open sets.

In the study of Micro topological space many concepts of Micro topology
have been generalized. Chandrasekar and Swathi [2018] introduced Micro a-open
sets and Micro a-continuous maps in Micro topological spaces. Sakkraiveeranan
Chandrasekar [2019] introduced Micro continuous, Micro semi-continuous, Micro

pre-continuous maps in Micro topological spaces.

The concept of Micro generalized closed sets was introduced by Ibrahim
[2020 b]. Ibrahim [2020 a] introduced Micro B-open sets. Bhavani [2021]
introduced the Micro semi-generalized closed sets and Micro generalized semi-closed

set in Micro topological spaces.

Micro generalized continuous map was introduced by Taha et al. [2021].
Anandhi and Balamani [2022 a] introduced Micro a-generalized closed sets and

Micro generalized a-closed sets in Micro topological spaces.
The present study focuses on the following concepts:

(1) Micro y-closed sets in Micro topological spaces



(i1) Micro y-continuous maps and Micro y-irresolute maps in Micro

topological spaces
Chapter 1 deals with the preliminary definitions in Micro topological spaces.

In Chapter 2, a new class of Micro closed sets called Micro y-closed sets in
Micro topological spaces is introduced. The interrelations are obtained by comparing
various existing Micro closed sets with newly defined Micro y-closed sets. The
properties of proposed sets are derived. Further Micro y-open sets are introduced and
its properties are also analyzed. Micro y-closure and Micro y-interior operators are
analyzed and derived their properties. Four new Micro spaces namely Micro semi
T13-space, Micro semi Ti/2-space, Micro Ty-space and Micro Tc-space are introduced

and their interrelations are obtained.
Important definitions and results:

Let (U, 7p(X), ur(X)) be a Micro topological space. A subset A of U is said
to be a Micro y-closed set if Mic-scl(A) € L whenever ACL and L is Micro sg-open

inU.

The following diagram exhibits the relations between Micro y-closed sets with other

existing Micro closed sets.

Micro sg-closed set

A

_ Micro pre-closed set
Micro closed set

‘/\/v Micro g-closed set

Micro a-closed set > Micro y-closed set

Micro ag-closed set

Micro semi-closed set y Micro ga-closed set

Micro gs-closed set

where A—B represents A implies B and A«»B represents A and B are independent.



A Micro topological space (U, TRr(X), ug (X)) is said to be a

(1) Micro semi-Ti;s-space (briefly Mic-semi-Tis-space) if every Micro -
closed subset of (U, Tr(X), Uug (X)) is Micro semi-closed in
(U‘ TR(X), MR(X))-

(i1)) Micro semi-Tip-space (briefly Mic-semi-Ti-space) if every Micro sg-
closed subset of (U, TR(X), up (X )) is Micro semi-closed in
(U, tr(X), ir(X)).

(ii1)) Micro Ty-space (briefly Mic-Tp-space) if every Micro gs-closed subset of
(U, TR(X), uR(X)) is Micro closed in (U, TR(X), U (X)).

(iv) Micro yTe-space (briefly Mic-, Tc-space) if every Micro y-closed subset of
(U, 1R (X), ur (X)) is Micro closed in (U, 7(X), uz(X)).

The following diagram shows the interrelations between the newly defined Micro

spaces with already existing Micro spaces.

Micro Ty-space

A

\ 4
Micro Ty-space

A 4

Micro semi-T .- Micro semi-Ti3-
space space

| .| Micro Tip-space

y

Micro Te-space

A

\ 4

Micro ¢ Tv-space

In Chapter 3, By using Micro y-closed sets we have introduced the concept
of Micro y-continuous maps and Micro y-irresolute maps. The properties of Micro y-

continuous and Micro y-irresolute maps are analyzed in Micro topological spaces.



Important definitions and results:

Let (U, TRr(X), ugr (X)) and (V, TR(Y), ug (Y)) be two Micro topologcal spaces.

A map f: (U, TR(X),MR(X)) - (V, TR(Y),,LLR(Y)) is called a Micro wy-continuous

map if f~1(K) is Micro y-closed in U for every Micro closed set K in V.

Let (U, TR (X),,uR(X)) and(V, tr(Y), up (Y)) be two Micro topologcal spaces.

Amap f: (U, 1(X), ur(X)) -

if f~1(K) is Micro y-closed in U for every Micro y-closed set K in V.

(V,7r(Y), ur(Y)) is called a Micro y-irresolute map

The following diagram is the output of the comparative study of Micro y-continuous

maps with already existing Micro continuous maps.

Micro continuous

map

Micro a-continuous
map

.

7

Micro y-continuous

map

[

Micro pre-continuous
map

Micro semi-continuous
map

/

Micro g-continuous
map

\ Micro ag -continuous

where A—B represents A implies B and A«»B represents A and B are independent.
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REVIEW OF LITERATURE

Topology is a branch of mathematics which is good at extracting global
qualitative features from complicated geometric structures. The word topology
literally means the study of position or location. The branch of topology dealing with
the basic set theoretic definitions and constructions used in topology. Recently,
topology has also become an important component of applied mathematics, with
many mathematical and scientists employing concepts of topology to model and
understand real-world structures and phenomena. The fundamental concepts of point
set topology are continuity, compactness and connectedness. The topological
structures are modeled suitably in the fields of computer graphics, data mining,

information systems, rough set theory, etc.

The word “Nano” comes from the Greek letter which means “dwarf” in this
modern scientific sense. The topology is named as Nano topology because of its size,

1.e., it has at most five elements.

The concept of Nano topology was proposed by Carmel Richard [2013] which
is an extension of set theory for the study of intelligent systems characterized by
insufficient and incomplete information. Nano topology is based on the concept of
lower approximation, upper approximation and boundary region. He introduced
weak form of Nano open sets such as Nano a-open sets, Nano semi-open sets and
Nano pre-open sets. He also established strong form of Nano open sets called Nano
0 -open sets. As a generalization, Nano generalized closed sets, Nano semi-
generalized closed sets and Nano 6-generalized closed sets were introduced by him.

A brief study of Nano regular open sets was also made by him.

Micro topology is an extension of Nano topology. Micro topology was
introduced by Sakkraiveeranan Chandrasekar [2019]. The notion of rough set theory
was proposed by Pawlak [2004]. Rough set theory is a new mathematical approach to
imperfect knowledge. Rough set theory overlaps with many other theories. Rough
set concept can be defined by means of topological operations, interior and closure
called approximations. The definitions of set approximations like lower, upper
approximation and boundary region can be expressed in terms of granules of

knowledge.



Every Nano topology is Micro topology. Sakkraiveeranan Chandrasekar
[2019] in the article “On Micro Topological Spaces” introduced Micro topology and
also he analyzed Micro pre-open sets, Micro semi-open sets and derived some of
their properties. He also introduced the concept of Micro continuous maps, Micro

pre-continuous and Micro semi-continuous maps in Micro topological spaces.

Chandrasekar and Swathi [2018] initiated the concept of Micro a-open sets in
the article entitled “Micro a-open sets in Micro Topological Spaces”. They also
studied Micro a-continuity in Micro topological spaces and investigated some of its
important properties. In the article “On Micro a-open sets and Micro a-continuous
functions in Micro Topological Spaces” by Reem O. Rasheed and Taha H. Jasim
[2020], Micro a-open sets and Micro a-continuous functions are introduced and their

properties are analyzed.

In the article “Micro B-open sets in Micro Topological Spaces” by Ibrahim
[2020 a] the concepts of Micro B-open sets, Micro B-continuous maps and Micro 3-

irresolute maps are introduced and some of their properties are investigated.

Ibrahim [2020 b], in the article “On Micro T2 -Space” introduced and studied
the concepts of Micro generalized closed sets and obtain some of its properties and
also he introduced and analyzed a space called Micro Tiz-space. Also, the notions of
Micro difference and Micro kernel of sets are investigated. 6 -Continuity in Micro
topological spaces was introduced by Rana H. Jassim et al. [2020]. The concepts
of 8-Micro open sets and 8-Micro continuous maps and some of their properties are

also studied by them.

Taha H. Jasim et al. [2021] presented an article “On Micro generalized
closed sets and Micro generalized continuity in Micro Topological Spaces” and
studied the important properties of Micro generalized closed sets, Micro generalized

continuous maps and Micro generalized irresolute maps.

The article entitled “Micro sw -open sets and swp -open sets in Micro
Topological Spaces” by Jamil Mahmoud Jamil [2021] introduced a new type of open
sets called Micro sw-open set in Micro topological spaces and basic characterizations
and properties are obtained by him. He has also introduced Micro sw-continuous and

Micro swp-continuous functions and some of the interrelations are also analyzed.



Saja S. Mohsen [2021] introduced Micro-generalized pre-minimal closed sets

in Micro topological spaces and examined its properties.

In the paper “On Strong Form of Generalized Closed Sets in Micro
Topological Spaces” Bhavani [2021] introduced and studied different types of Micro

generalized closed sets and their interrelations are obtained sequentially.

The paper “ mw-Closed Sets in Micro Topological Spaces” was presented by
Selvaraj Ganesan [2021]. He introduced a new class of sets called mw-closed sets in
Micro topological spaces. Later, the definition Tmw-spaces, ¢ Tmw-spaces in Micro
topological spaces are introduced and some of their basic properties are studied.

Further he also introduced mw-continuous maps and examined some of its properties.

Anandhi and Balamani [2022 a] initiated and studied the concept of Micro a-
generalized closed sets in Micro topological spaces. They have derived the
interralations and properties of Micro ag-closed sets in the paper “Micro a-
Generalized Closed Sets in Micro Topological Spaces”. Further, they [2022 b] have
also studied separation axioms on Micro ag-closed sets. They [2022 c] have also

analyzed Micro ag-continuous maps and its properties in Micro topological spaces.

Subramanian Jeyashri and Selvaraj Ganesan [2020] initiated the study of
Micro generalized locally closed sets in Micro topological spaces, by the article
entitled “Micro Generalized Locally Closed Sets in Micro Topological Spaces”. They
have also studied mg -closure and mg -interior operators and studied some of their
properties. Finally, they have introduced MLC-continuous, MGLC-continuous maps

and MGLC-irresolute maps in Micro topological spaces.

As an extension of Micro topology, Ekram Abdul Kadir saleh and Taha
Hameed Jasim [2020] in the paper “N-Micro Topological Spaces” studied the new
concept of the N-Micro topology. They have generalized some definitions in general
topology to Micro topological spaces. They have also studied Micro i-open set, N-
Micro open set, N-Micro semi open set and N-Micro a-open set. Further, they have

also defined and studied N-Micro continuous functions.

Micro Ideal Generalized Closed Sets in Micro ideal topological spaces was

introduced by Selvaraj Ganesan [2020]. He introduced a new type of generalized



closed sets and open sets called m¥ s-closed set and mZT g-open set in Micro

ideal topological spaces and investigated some of their characterizations.
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CHAPTER 1

PRELIMINARIES

Definition 1.1 [Pawlak, 2004]

Let U be a nonempty finite set of objects called the universe and R be an
equivalence relation on U named as the indiscernibility relation. Then U is divided
into disjoint equivalence classes. Elements belonging to the same equivalence class
are said to be indiscernible with one another. The pair (U,R) is said to be the

approximation space. Let X € U.

1. The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lg(X).
That is, Lp(X) = U,ey{R(x):R(x) € X}, where R(x) denotes the
equivalence class determined by x.

2. The upper approximation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Uz (X).
That is, Up(X)= U,y {R(x): R(x) N X # ¢}.

3. The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not X with respect to R and it is denoted by
Bgr(X).That is, Br(X) = Ur(X) — Lr(X).

Definition 1.2 [Carmel Richard, 2013]
Let U be the universe, R be an equivalence relation on U and t3(X) = {U, ¢,
Lr(X), Ur(X), Br(X)}, where X € U. Then tx(X) satisfies the following axioms:

1. Uand ¢ € t3(X).

2. The union of the elements of any sub-collection of Tz (X) is in Tz (X).

3. The intersection of the elements of any finite sub-collection of 7x(X) is in
Tr(X).

That is, Tp(X) is a topology on U called the Nano topology on U with respect
to X. We call (U, tz(X)) as the Nano topological space. The elements of Tz(X) are
called as Nano open sets and the complement of a Nano open set is called a Nano

closed set.



Definition 1.3 [Sakkraiveeranan Chandrasekar, 2019]
Let (U, 7z(X)) be a Nano topological space. Then pr(X) ={NU(N n

W:N,N' € 15(X) and u & Tx(X)} and pz (X) satisfies the following axioms:

(i) U, ¢ € up(X).

(ii) The union of the elements of any sub-collection of pp(X) is in pp(X).

(iii)The intersection of the elements of any finite sub-collection of pp(X) is in

tr(X).

Then, pp(X) is called the Micro Topology on U with respect to X. The triplet
(U, tr(X), ur(X)) is called Micro topological space and the elements of up(X) are
called Micro open sets and the complement of a Micro open set is called a Micro
closed set.

Definition 1.4 [Sakkraiveeranan Chandrasekar, 2019]

Let (U, tz(X), ur(X)) be a Micro topological space. The intersection of all
Micro closed sets containing A is called Micro closure of A and is denoted by Mic-
cl(A). The union of all Micro open sets contained in 4 is called Micro interior of A

and is denoted by Mic-int(A).
Definition 1.5 [Sakkraiveeranan Chandrasekar, 2019]

A subset A of Micro topological space (U, Tg(X),ug(X)) is called Micro
semi-closed (briefly Mic-semi-closed) if Mic-int(Mic-cl(A)) € A and Micro semi-
open (briefly Mic-semi-open) if A € Mic-cl(Mic-int(A)).

Definition 1.6 [Sakkraiveeranan Chandrasekar, 2019]

A subset A of Micro topological space (U, Tz(X), ug(X)) is called Micro pre-
closed (briefly Mic-pre-closed) if Mic - cl(Mic - int(A)) € A and Micro pre-open
(briefly Mic-pre-open) if A © Mic-int(Mic-cl(A)).

Definition 1.7 [Chandrasekar and Swathi, 2018]

A subset A of Micro topological space (U, Tz(X), ur(X)) is called Micro a-
closed (briefly Mic-a-closed) if Mic-cl(Mic-int(Mic-cl(A))) € A and Micro a-open
(briefly Mic-a-open) if A € Mic-int(Mic-cl(Mic-int(A))).

10



Definition 1.8 [Ibrahim, 2020 a]

A subset A of Micro topological space (U, Tg(X), ur(X)) is called Micro B-
closed (briefly Mic-B-closed) if Mic-int(Mic-cl(Mic-int(A))) € A and Micro B-open
(briefly Mic-B-open) if A € Mic-cl(Mic-int(Mic-cl(A))).

Definition 1.9 [Ibrahim, 2020 b]

Let (U, tz(X), ur(X)) be a Micro topological space. A subset A of U is said to
be Micro generalized closed (briefly Mic-g-closed) if Mic-cl(A)SL whenever A € L

and L is Micro open in U.

Definition 1.10 [Ibrahim, 2020 b]

A Micro topological space (U, TR(X),,uR(X)) is said to be a Micro Ti -space
(briefly Mic-Ti2-space) if every Micro g-closed subset of (U, TR(X), up (X )) is Micro
closed in (U, Tz(X), ur(X)).

Definition 1.11 [Bhavani, 2021]

Let (U, tp(X), ur(X)) be a Micro topological space. A subset A of U is said to
be Micro semi generalized closed (briefly Mic-sg-closed) if Mic - scl(A) € L,

whenever A € L and L is Mic-semi-open in U.
Definition 1.12 [Bhavani, 2021]

Let (U, tp(X), ug(X)) be a Micro topological space. A subset A of U is said to
be Micro generalized semi closed (briefly Mic-gs-closed) if Mic - scl(A) € L,

whenever A € L and L is Micro open in U.
Definition 1.13 [Anandhi and Balamani, 2022 a]

Let (U, tz(X), ur(X)) be a Micro topological space. A subset A of U is said to
be Micro a-generalized closed (briefly Mic-ag-closed) if Mic-acl(A) S L, whenever

A €L and L is Micro open in U.
Definition 1.14 [Anandhi and Balamani, 2022 a]

Let (U, 7p(X), ur(X)) be a Micro topological space. A subset A of U is said to
be Micro generalized a-closed (briefly Mic-ga-closed) if Mic-acl(A)<E L, whenever

A €L and L is Micro a-open in U.

11



Definition 1.15 [Anandhi and Balamani, 2022 b]

A Micro topological space (U, TR(X), up (X )) is said to be a Micro 4Ty -space
(briefly Mic-,Th-space) if every Micro ag-closed subset of (U ,TR(X), up(X )) is Micro
closed in (U, R(X), uR(X)).

Definition 1.16 [Sakkraiveeranan Chandrasekar, 2019]

Let (U, TR(X),‘UR(X)) and (V, TR(Y), ug (Y)) be two Micro topological spaces.
A map f: (U, TR(X),uR(X)) - (V, TR(Y),/,LR(Y)) is called Micro-continuous if

f~1(K) is Micro-closed in U for every Micro closed set K in V.
Definition 1.17 [Sakkraiveeranan Chandrasekar, 2019]

Let (U, TR(X),‘LLR(X)) and (V, TR(Y), ug (Y)) be two Micro topological spaces.
A map f: (U, TR(X),,uR(X)) - (V, TR(Y),MR(Y)) is called Micro semi-continuous if

f~1(K) is Micro semi-closed in U for every Micro closed set K in V.
Definition 1.18 [Sakkraiveeranan Chandrasekar, 2019]
Let (U, TRr(X), Ug (X)) and (V, tR(Y), up (Y)) be two Micro topological spaces.

A map f: (U, TR(X), ,uR(X)) - (V, TR(Y),,uR(Y)) is called Micro pre-continuous if

f~1(K) is Micro pre-closed in U for every Micro closed set K in V.
Definition 1.19 [Ibrahim, 2020 b]

Let (U, 7p(X), ur(X)) and (V, 7g(Y), ur(Y)) be two Micro topological spaces.
A map f: (U, Tr(X), U (X)) - (V, (), ug (Y)) is called Micro B-continuous if
f~Y(K) is Micro B-closed in U for every Micro closed set K in V.

Definition 1.20 [Reem O. Rasheed and Taha H. Jasim, 2020]

Let (U, TR(X), ug (X)) and (V, r(Y), up (Y)) be two Micro topological spaces.
A map f: (U,TR(X),MR(X)) - (V,TR(Y),MR(Y)) is called Micro a-continuous if

f~1(K) is Micro o-closed in U for every Micro closed set K in V.

12



Definition 1.21 [Taha et al., 2021]

Let (U, TR(X), ur (X)) and (V, TR(Y), ug (Y)) be two Micro topological spaces.
A map f: (U, TR(X),uR(X)) - (V, TR(Y),,uR(Y)) is called Micro g-continuous if

f~1(K) is Micro g-closed in U for every Micro closed set K in V.
Definition 1.22 [Taha et al., 2021]
Let (U, TR (X), ug (X)) and (V, r(Y), up (Y)) be two Micro topological spaces.

A map f: (U,TR(X),MR(X)) - (V,TR(Y),MR(Y)) is called Micro g-irresolute if

f~1(K) is Micro g-closed in U for every Micro g-closed set K in V.

Definition 1.23 [Anandhi and Balamani, 2022 c]

Let (U, (X)), Uug (X)) and (V, tr(Y), ur (Y)) be two Micro topological spaces.
A map f: (U, 7p(X), ur(X)) = (V, 7 (Y), ur(Y)) is called Micro ag-continuous if

f~1(K) is Micro og-closed in U for every Micro closed set K in V.
Result 1.24

(i) Every Micro closed set is Micro semi closed. [Chandrasekar and

Swathi, 2018]

(ii) Every Micro a-closed set is Micro semi closed. [Chandrasekar and
Swathi, 2018]

(iii) A is Micro closed if and only if A = Mic-cl(A). [Sakkraiveeranan
Chandrasekar, 2019]

13
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CHAPTER 2
Micro y-Closed Sets in Micro Topological Spaces

2.1 Introduction

Chandrasekar and Swathi [2018] introduced Micro a-open sets in Micro
topological spaces. The concept of Micro semi-open and Micro pre-open sets was
introduced by Sakkraiveeranan Chandrasekar [2019]. Anandhi and Balamani [2022 a]

introduced Micro ag-closed sets and studied its basic properties.

In this chapter we have introduced a new class of Micro closed sets called
Micro y-closed sets which settled properly between the class of Micro semi-closed
sets and the class of Micro sg-closed sets in Micro topological spaces. The
interrelations are derived by comparing various Micro closed sets with newly defined
Micro y-closed sets. Micro y-closure operator and Micro y-interior operator are
introduced and their fundamental properties are examined. New Micro spaces namely
Micro semi-Ti3-space, Micro semi-Tiz-space, Micro Ty-space and Micro Tc-space

are introduced and their properties are analyzed.

2.2 Micro y-closed sets

In this section we have introduced Micro y-closed sets in Micro topological spaces
and derived dependency and independency relations of newly defined sets with

already existing Micro closed sets.
Definition 2.2.1

Let (U, tr(X), up(X)) be a Micro topological space. A subset A of U is said to
be Micro y-closed if Mic-scl(A) € L whenever ACL and L is Mic-sg-open in U.

Example 2.2.2
Let U = {a,b,c,d}, U/R={{c},{d},{a b}}. Let X ={a, b} S U. Then Nano

topology tRr(X) = {U, ¢, {a, b}}. Let u={d} € tz(X). Then Micro topology
ur(X) ={U, ¢,{d},{a,b},{a,b,d}}. Then ¢,{c},{d} {a b}, {c,d},{a b,c},U are

Micro y-closed sets.

14



Proposition 2.2.3

Every Micro closed set in (U, tp(X), ug(X)) is Micro y-closed but not

conversely.

Proof: Let A be a Micro closed set then Mic-cl(A) = A. Let ASL where L is Micro
sg-open in U. Since every Micro closed set is Micro semi closed, Mic-scl(A) € Mic-
cl(A). Thus Mic-scl(A) € A € L. Hence Mic-scl(A) € L. Therefore A is Micro y-

closed.
Example 2.2.4

Let U = {a, b, c,d}, U/R={{a},{c},{b,d}}. Let X = {b,d} € U. Then t3(X) =
{U, ¢, {b, d}}. Let u = {a} & 1x(X). Then uz(X) = {U, ¢, {a},{b,d}, {a, b, d}}. Micro
closed sets are ¢,{c},{a, c}, {b,cd} U. Micro  y-closed sets are
¢, {c}, {a,c},{b,c} {c,d},{a b,c} (ac,d} {b,c,d},U. Here the subset {a, b, c} is

Micro y-closed, but not Micro closed.
Proposition 2.2.5

Every Micro semi closed set in (U, tp(X), ur(X)) is Micro y-closed but not

conversely.

Proof: Let A be a Micro semi closed set and L be any Micro sg-open set containing A
in U. Since A is Micro semi closed, Mic-scl(A) = A € L, Mic-scl(A) € L. Therefore
A is Micro y-closed.

Example 2.2.6

Let U ={a,b,c}, U/R={{a},{b,c}}. Let X={a b} S U. Then tz(X) =
{U,¢}. Let u={a, b} & 15(X). Then ugr(X)={U,,{a b}}. Micro semi closed
sets are ¢, {c},{d},{c,d},U. Micro y-closed sets are
¢, {c},{d},{c,d}, {a, c,d},{b,c,d}, U. Here the subset {a, c,d} is Micro y-closed, but

not Micro semi closed.
Proposition 2.2.7

Every Micro « -closed set in (U, 7g(X), ug(X)) is Micro y-closed but not

conversely.
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Proof: Let A be a Micro a-closed set and L be any Micro sg-open set containing A in
U. Since A is Micro a-closed, Mic-acl(A) = A. Since every Micro a-closed set is
Micro semi closed, Mic-scl(A) € Mic-acl(A), Mic-scl(A) € A € L. Therefore A is
Micro y-closed.

Example 2.2.8

Let U={a,b,c,d}, U/R={{a},{c},{b,d}}. Let X=1{b,d} S U. Then
(X)) ={U,¢,{b,d}}. Let u={a}ez(X). Then uplX) =
{U, ¢,{a}, {b,d},{a, b,d}}. Micro a-closed sets are ¢, {c}, {a, c},{b, c,d}, U. Micro y-
closed sets are ¢, {c},{a, c},{b,c},{c, d},{a, b, c},{a,c d},{b,c, d}, U. Here the subset

{a, b, c} is Micro y-closed, but not Micro a-closed.
Proposition 2.2.9
Every Micro semi closed set is Micro sg-closed.

Proof: Let A be a Micro semi closed set and L be any Micro semi-open set containing
A in U. Since A is Micro semi closed, Mic - scl(A) = A, Mic - scl(A) = A c L.

Therefore A is Micro sg- closed.
Proposition 2.2.10

Every Micro y-closed set in (U, Tgr(X), up(X)) is Micro sg -closed but not

conversely.

Proof: Let A be a Micro y-closed set and L be any Micro semi open set containing A
in U. Since every semi open set is Micro sg-open and A is Micro y-closed, Mic-

scl(A) € L. Therefore A is Micro sg-closed.
Example 2.2.11

Let U ={a,b,c,d}, U/R={{a, b}, {c,d}}. Let X = {a,b,c} S U. Then tx(X) =
{U, ¢, {a, b}}. Let u = {c} & 1p(X). Then ur(X) ={U, ¢,{c},{a, b}, {a, b, c}}. Micro
y-closed sets are ¢,{d},{a,d},{b,d},{c,d},{a b,d},U. Micro sg-closed sets
are ¢, {d}, {a, d},{b,d},{c,d}, {a,c,d},{a, b,d},{b,c,d}, U. Here the subset {a,c, d} is

Micro sg-closed, but not Micro y-closed.

16



Proposition 2.2.12

Every Micro y-closed set in (U, Tz(X), ur(X)) is Micro gs -closed but not

conversely.

Proof: Let A be a Micro y-closed set and L be any Micro open set containing A in
U. Since every Micro open set is Micro sg-open and A is Micro y-closed, Mic-

scl(A) € L. Therefore A is Micro gs-closed.
Example 2.2.13

Let U = {a, b, c,d}, U/R={{c},{d},{a, b}}. Let X = {a, b} € U. Then tx(X) =
{U, ¢, {a, b}}. Let u = {d} & tx(X). Then ur(X) ={U, ¢, {d}, {a, b}, {a, b, d}}. Micro
y-closed sets are ¢,{c},{d},{a, b},{c,d},{a b,c} U. Micro gs -closed sets
are ¢, {a}, {b},{c},{d},{a, b},{a,c},{b,c} {c d},{a b, c},{acd} {b c d},U. Here
the subset {b, ¢, d} is Micro gs-closed, but not Micro y-closed.

Remark 2.2.14

The following example shows that Micro y-closed set is independent from

Micro pre-closed set.

Example 2.2.15

Let U = {a,b,c,d}, U/R={{a}, {b}, {c,d}}. Let X = {c,d} S U. Then 1z(X) =

{U, ¢, {c, d}}. Let u={a} & 1g(X). Then ur(X)={U, ¢, {a},{c d},{a c d}}.
Micro pre-closed sets are ¢, {b},{c},{d},{a, b},{b,c},{b,d},{a,b,c} {b, c d} U.
Micro y-closed sets are ¢, {b}, {a, b}, {b, c},{b,d}, {a, b,c} {a b,d},{b,c,d}, U. Here
the subset {c} is Micro pre-closed, but not Micro y-closed and the subset {a, b, d} is

Micro y-closed, but not Micro pre-closed.
Remark 2.2.16

The following example shows that Micro y-closed set is independent from

Micro ag-closed set.
Example 2.2.17

Let U ={a, b,c,d}, U/R={{c},{d},{a, b}}. Let X = {a, b} € U. Then 13(X) =
{U,¢,{a,b}}. Letu = {d} & tx(X). Then uz(X) = {U, ¢, {d},{a, b},{a, b, d}}.
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Micro ag -closed sets are ¢,{c},{a,c},{b, c},{c d}, {a b, c}{a c d},{bc d},U.
Micro y-closed sets are ¢, {c},{d}, {a, b}, {c,d},{a, b,c},U. Here the subset {a,c} is
Micro ag-closed, but not Micro y-closed and the subset {d} is Micro y-closed, but

not Micro ag-closed.
Remark 2.2.18

The following example shows that Micro y-closed set is independent from

Micro g-closed set.
Example 2.2.19

Let U=1{a,b,c}, U/R={{c}{a b}}. Let X ={a b} < U. Then tx(X) =

{U,¢,{a,b}}. Let u={a}&1z(X). Then ur(X) ={U, ¢ {a},{a b}}. Micro g-
closed sets are ¢, {c},{a,c},{b,c},U. Micro y-closed sets are ¢, {b},{c},{b,c}, U.
Here the subset {a, c} is Micro g-closed, but not Micro y-closed and the subset {b} is
Micro y-closed, but not Micro g-closed.

Remark 2.2.20

The following example shows that Micro y-closed set is independent from

Micro ga-closed set.
Example 2.2.21

Let U={ab,cd}, U/R={{c}{d},{a b}}. Let X ={a, b} S U. Then

R(X) = {U, o, {a, b}} Let u={d}¢& p(X). Then ur(X) =
{U, ,{d},{a, b}, {a,b,d}}. Micro ga-closed sets are ¢,{c},{a,c}, {b,c},{c d},
{a,b,c},{a,cd},{b,cd} U. Micro y-closed sets are ¢,{c},{d},{a, b},

{c,d},{a, b, c},U. Here the subset {b, c} is Micro ga-closed, but not Micro y-closed
and the subset {a, b} is Micro y -closed but not Micro ga-closed.

Remark 2.2.22

The following diagram shows the dependency and independency relations of

Micro y-closed sets with already existing Micro closed sets.
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Micro sg-closed set

h

Micro pre-closed set

Micro closed set

A/\/v Micro g-closed set

Micro y-closed set
| v

Micro a-closed set

Micro ag-closed set

Micro semi-closed set y Micro ga-closed set

Micro gs-closed set

2.3 Properties of Micro y-closed sets
In this section the fundamental properties of Micro y-closed sets are derived.
Theorem 2.3.1

If A is a Micro y-closed set of (U, 1z(X), ug(X)) such that A € B € Mic-
scl(A), then B is also a Micro y-closed set of (U, 7p(X), ug(X)).

Proof: Suppose that 4 is a Micro y-closed set. Let L be a Micro-sg-open set such
that B € L. Then A € L. Since A is Micro y-closed, Mic-scl(A) € L. Now Mic-
scl(B) € Mic-scl(Mic-scl(A)) = Mic-scl(A) € L. Therefore B is also a Micro y-
closed set of (U, Tp(X), up(X)).

Theorem 2.3.2

If A is both Micro sg-open and Micro y-closed set in (U, TR(X), up (X )), then
A is Micro semi closed in (U, T3 (X), ur(X)).

Proof: Let A be Micro sg-open and Micro y-closed set in (U, 7p(X), ug(X)) then by
the definition of Micro y-closed set, Mic-scl(A) € A. Always A S Mic - scl(A).

Therefore Mic-scl(A) = A. Hence A is Micro semi closed.
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Remark 2.3.3

The intersection of any two Micro y-closed sets in (U, 7z(X), uz(X)) need not

to be a Micro y-closed set in (U, Tg(X), Lr(X)) as seen from the following example.
Example 2.3.4

Let U={ab,c,d}, UJ/R={{c}{d},{ab}}. Let X={c} S U. Then
TR(X)={U, o, {c}}. Let u = {b} & tx(X). Then ur(X) = {¢, {b}, {c}, {b, c}, U}. Micro
y-closed sets are ¢, {a},{d} {a b}, {a, c} {a d}, {b d} {c,d},{a b, c} {a b, d}
{a,c,d},{b,c,d},U. Here the subsets {a,c} and {c,d} are Micro y-closed sets but

their intersection {a, c} N {c, d} = {c} is not Micro y-closed.
Theorem 2.3.5

Let A be a Micro y-closed set of (U, tz(X), ug(X)), then Mic-scl(A) — A

contains no non empty Micro closed set.

Proof: Suppose that A is a Micro y-closed set of (U, Tgr(X), ug(X)). Let F be a Micro
closed subset of Mic-scl(A) — A.Then F€ is Micro open and hence Micro sg-open
such that A € F¢. Since A 1is a Micro y-closed set, Mic - scl(A) € F¢. Thus
F € (Mic-scl(A))c. Therefore F S(Mic-scl(A))*N Mic-scl(A) = ¢. Hence F = ¢.

Theorem 2.3.6

Let A be a Micro y-closed set of (U,7p(X), ug(X)) if and only if Mic -

scl(A) — A does not contain any non empty Micro sg-closed set.

Proof: (Necessity) Suppose that A is a Micro y-closed set of (U, Tg(X), ur(X)). Let F
be a Micro sg-closed set such that F € Mic-scl(A) — A. ThenA € F€. Since A is a
Micro y-closed set and F€is Micro sg-open, then Mic-scl(A) € F¢. This implies F €
(Mic-scl(A))¢. So F € (Mic-scl(A))° n (Mic-scl(A) — A) S (Mic-scl(A))° N Mic-
scl(A) = ¢. Therefore F = ¢.

Sufficiency: Suppose that Mic-scl(A) — A contains no non empty Micro sg-closed set.
Let AS H and H be Micro sg-open. If Mic-scl(A) is not a subset of H then Mic-
scl(A) N H® is a non empty Micro sg-closed subset of Mic-scl(A) — A, which is a

contradiction. Therefore Mic-scl(A) S H and hence A is Micro y-closed.
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Theorem 2.3.7

If Mic-scl({x})N A # ¢ holds for every x € Mic-scl(A), then Mic-scl(A) —

A does not contain a non-empty Micro semi closed set.

Proof: Suppose there exists a non-empty Micro semi closed set F such that F € Mic-
scl(A) — A. Let x € F, then x € Mic-scl(A) . It follows that F N A = [Mic-scl(A) —
Al N A 2 Mic-scl({x})N A # ¢. Hence F N A # ¢, which is a contradiction. Thus

F=¢.

Theorem 2.3.8

Let (U, tr(X), ur(X)) be a Micro topological space. Then, for each x € U,

either {x} is Micro sg-open or U — {x} is Micro y-closed.

Proof: Let x € U and {x} is not Micro sg-closed in U. Then U — {x} is not Micro sg-
open in U. Hence U is the only Micro sg-open set containing U — {x}. i.e.,U — {x} S

U. Hence Mic-scl(U — {x}) € U. Thus U — {x} is Micro y-closed.
Theorem 2.3.9

Let A be a Micro y-closed set of (U, Tz(X), up(X)),then A is Micro semi-
closed if and only if Mic-scl(A) — A is Micro sg-closed.

Proof:(Necessity) Let A be a Micro semi closed subset of ( U,71z(X), uz(X)),
then Mic-scl(A) = A and therefore Mic-scl(A) — A = ¢ which is a Micro sg-closed

set.

Sufficiency: Let Mic-scl(A) — A be a Micro sg-closed set. Since A is Micro y-closed
by Theorem 2.3.6, Mic-scl(A) — A does not contain any non empty Micro sg-closed
set which implies Mic-scl(A) — A = ¢.(i.e) Mic-scl(A) = A. Hence A is Micro semi-

closed.

2.4 Micro y-closure operator

In this section the notion of Micro y-closure operator is introduced and its properties

are derived.
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Definition 2.4.1

Let (U, tp(X), ur(X)) be a Micro topological space and K € U. Then the
Micro y-closure of a set K is denoted by Mic-y-cl(K) and is defined as Mic-y-
cl(K)=n{T:T is a Micro y-closed set in U and K S T}.

Remark 2.4.2

For a subset K of a Micro topological space (U, Tz(X), g (X)), K € Mic- y-
cl(K) € Mic-scl(K).

Proof: Follows from the Proposition 2.2.3 and Definition 2.4.1.
Remark 2.4.3

Both inclusion relations in Remark 2.4.2 may be proper as seen from the
following example.

Example 2.4.4

Let U=1{a,b,c,d}, U/R={{ab}{cd}}. Let X={ab,c} S U. Then
TR(X) = {U, ¢, {a, b}}. Let u={c} €& 1x(X). Then pp(X) =
{¢,{c},{a, b}, {a,b,c}, U} and K = {a,d}. Then Mic- y-cl(K) = {a, b,d} and Mic-
scl(K) = U and so K € Mic-y-cl(K) € Mic-scl(K).

Proposition 2.4.5

Let K and T be any two subsets of (U, 7g(X), ug(X)). Then the following

statements are true

(a) Mic-y-cl(¢p) = ¢ and Mic-y-cl(U) = U.

(b) K € Mic-y-cl(K).

(c) IfT is any Micro y-closed set containing in K, then Mic-y-cl(K) € T.
(d) If K € T, then Mic-y-cl(K) € Mic-y-cl(T).

(e) Mic-y-cl(K) U Mic-y-cl(T) € Mic-y-cl(K UT).

(f) Mic-y-cl(KNT) € Mic-y-cl(K) N Mic-y-cl(T).

(g) Mic-y-cl(Mic-y-cl(K)) = Mic-y-cl(K).

Proof:

(a) Follows from the Definition 2.4.1.
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(b) By the definition of Mic-y-cl(K), it is obvious that K © Mic-y-cl(K).

(c) Let T be any Micro y-closed set containing K. Since Mic-y-cl(K) is the
intersection of all Micro y-closed sets containing K, Mic-y-cl(K) is contained
in every Micro y-closed set containing K. Hence Mic-y-cl(K) € T.

(d) Follows from the Definition 2.4.1.

(¢) Since K €S KUTand T € KUT by (d) Mic-y-cl(K) € Mic-y-cl(KUT) and

Mic-y-cl(T) € Mic-y-cl(KUT). Hence Mic-y-cl(K) U Mic-y-cl(T) <
Mic-y-cl(K U T).

(f) Since KNTES K and KNT ST by (d) Mic-y-cl(KNT) S Mic-y-cl(K)
and Mic-y-cl(KNT) S Mic-y-cl(T). Hence Mic-y-cl(KNT) S Mic-y-
cl(K) n Mic-y-cl(T).

(g) By (¢), Mic-y-cl(K) S T. Let K be any subset of U. By the definition of Mic-
y-cl(K), Mic-y-cl(K)=n {T:T is a Micro y-closed setin U and K € T} . If
KEST then Mic -y- cl(K)ST. Since T is a Micro-y-closed set
containing Mic-y-cl(K). By (¢) Mic-y-cl(Mic-y-cl(K)) € T. Hence Mic-y-
cl(Mic-y-cl(K)) € n {T:T is a Micro y-closed set in U and K € T}. That
is Mic-y-cl(Mic-y-cl(K)) = Mic-y-cl(K).

Remark 2.4.6

Since Mic-y-cl(K) U Mic-y-cl(T) # Mic-y-cl(K UT), Micro-y-closure is

not a Kuratowski closure operator on (U, 75(X), ur(X)).

Remark 2.4.7
In general, the reverse inclusion of (f) in Proposition 2.4.5 is not true.

Example 2.4.8

Let U={ab,c,d},U/R ={{a b}{c,d}}. Let X={ab,c}SU. Then
TR(X) = {U, ¢, {a, b}} Let u={c} €& x(X). Then pp(X) =
{¢,{c},{a,b},{a,b,c},U} and K = {a} and T = {d} Then Mic-y-cl(K) = {a,d} and
Mic-y-cl(T) ={d}, KNT=¢, Mic-y-cl(KNT) = ¢. But Mic-y-cl(K) N Mic-
y-cl(T) = {d}.
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Proposition 2.4.9

Let K be any subset of (U,7p(X),ur(X)). If K is Micro y-closed in
(U, (X)), ur(X)) then Mic-y-cl(K) = K.

Proof: Assume that a set K is Micro y-closed in (U, 7z(X), ur(X)). By Definition
24.1, K € Mic-y-cl(K). Also K is a Micro y-closed set containing K, From
Proposition 2.4.5(c), Mic-y-cl(K) € K. Hence Mic-y-cl(K) = K.

Remark 2.4.10

Converse part of Proposition 2.4.9 need not be true as seen from the following
example.

Example 2.4.11

Let U ={a,b,c,d},U/R = {{c},{d},{a, b}}. Let X = {c} € U. Then t3(X) =
{U, o, {c}}. Let u = {b} & 1x(X). Then pug(X) = {¢, {b}, {c}, {b,c}, U} and K = {b, c}
then Mic-y-cl({b,c}) = N { all Micro y-closed sets containing {b,c}} = {a, b,c} N
{b,c,d} N U = {b, c} but K is not Micro y-closed.
Remark 2.4.12

Let K € U. Then Mic-y-cl(K) need not be Micro y-closed.
Example 2.4.13

Let U ={a,b,c,d},U/R = {{c},{d},{a,b}}, Let X = {c} € U. Then 13(X) =
{U, ¢,{c}}. Let u = {b} & 1(X). Then uz(X) = {¢, {b},{c}, {b,c}, U} and K = {b, c}
then Mic-y-cl({c}) = N { all Micro y-closed sets containing {c}} = {a,c} N {c,d} N
{a,b,c} Nn{a,c,d}n{b,c,d} N U = {c}. But {c} is not a Micro y-closed set.

2.5 Micro y-open sets

In this section the concept of Micro y-open sets is introduced and its properties are

studied in Micro topological spaces.

Definition 2.5.1
A subset A of a Micro topological space (U, tg(X), ur(X)) is called Micro y-
open (briefly Mic-y-open) if its complement A° is Micro w-closed in

(U, tr(X), ur(X)).
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Example 2.5.2

Let U=1{a,b,c,d}, U/R={{a},{c},{b,d}}. Let X={b,d} S U. Then
R(X) = {U, ¢, {b, d}}. Let  p={a} & tp(X). Then  pp(X) =
{p,{a},{b,d},{a,b,d},U}. Then ¢,{a},{b}, {d},{a b} {a d} {b d},{a b,d}, U are
Micro y-open sets.
Proposition 2.5.3

Every Micro open set is Micro y-open but not conversely.
Proof: Let A be a Micro open set in U. Then A€ is Micro closed in U. By Proposition
2.2.3, A€ is Micro-y-closed in U. Hence A is Micro y-open in U.
Example 2.5.4

Let = {a,b,c,d}, U/R = {{c},{d},{a, b}}. Let X = {a, b} S U. Then 13(X) =
{¢p,{a, b},U}. Letu = {a} & tx(X). Then uz(X) = {¢, {d}, {a, b}, {a, b, d}, U}. Micro
y-open sets are ¢, {d},{a, b}, {c,d},{a, b,c},{a,b,d},U. Here the subset {c,d} is
Micro y-open but not Micro open.
Proposition 2.5.5

Every Micro a-open set is Micro y-open but not conversely.
Proof: Let A be a Micro a-open set in U. Then A° is Micro a-closed in U. By
Proposition 2.2.7, A€ is Micro y-closed in U. Hence A is Micro y-open in U.
Example 2.5.6

Let ={a,b,c,d},U/R = {{a},{c},{b,d}}. LetX = {b,d} € U. Then 13(X) =
{¢,{b,d},U}. Letu={a}etp(X). Then up(X) = {¢,{a}, {b,d},{a, b,d}, U}. Micro
a-open sets are ¢, {a}, {b, d}, {a, b, d}, U. Micro y-open sets are ¢, {a}, {b},{d}, {a, b},
{a,d},{b,d},{a,b,d}, U. Then the subset {d} is Micro y-open but not Micro a-open.
Proposition 2.5.7

Every Micro semi-open set is Micro y-open.
Proposition 2.5.8

Every Micro y-open set is Micro sg-open.
Lemma 2.5.9

For a subset A of (U, 1x(X), ug(X)), Mic-scl(U — A) = U — Mic-sint(A).
Theorem 2.5.10

A subset A of a Micro topological space (U, Tr(X), pr(X)) is Micro y-open if

and only if L © Mic-sint(A) whenever L € A and L is Micro sg-closed.
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Proof: Assume that A is Micro y-open. Then A is Micro y-closed. Let L be a Micro
sg-closed set in U contained in A. Then L€ is a Micro sg-open set in U containing A°.
Since A€ is Micro y-closed, Mic-scl(A°) € L¢ equivalently L & Mic-sint(A).
Conversely assume that L is contained in Mic-sint(A) whenever L is contained in A
and L is Micro sg-closed in U. Let A° be contained in L, where L is Micro sg-open.
Then L€ is contained in A. By hypothesis L¢ © Mic-sint(A). This implies [ Mic-
sint(A)]¢ € L. Thatis Mic-scl(A®) € L. Therefore A is Micro y-closed. Hence A4 is
Micro y-open in U.
Theorem 2.5.11

If A and B are Micro y-open sets in (U, 7p(X), ug (X)), then A N B is Micro y-
open in (U, Tg(X), ur(X)).
Proof : Let A and B be Micro y-open sets in (U, 7p(X), ug(X)). Then U — A and U —
B are Micro y-closed sets and (U — A) U (U — B) = U — (A N B) is Micro y-closed.
Hence A N B is Micro y-open in U.
Theorem 2.5.12

Let A be Micro y-open in (U, tp(X), ur(X)). If K is Micro sg-open and Mic-
sint(A) U A°C K, then K=U.
Proof: Let A be a Micro y-open set in (U, 7p(X), ug(X)) and K be Micro sg-open
and Mic - sint(A)UA°C K. This gives K¢ C [Mic-sint(A) U A°]° =
[Mic-sint(A)]¢ N A = [Mic-sint(A)]¢ — A°=Mic-scl(A°) — A°. Since A° is Micro
y-closed and K¢ is Micro sg-closed by Theorem 2.3.6, it follows that K¢ = ¢.
Therefore K = U.

2.6 Micro y- interior operator

In this section Micro y-interior operator is introduced and its properties are examined.
Definition 2.6.1

Let (U,7p(X), ur(X)) be a Micro topological space and K € U. Then the
Micro wy-interior of a set K is denoted by Mic-y-int(K) and is defined as Mic-y-
int(K)=U{T: T is a Micro y-opensetinU and K 2T }.

Remark 2.6.2

For a subset K of a Micro topological space (U,tr(X),ur(X)), Mic -

sint(K) € Mic-y-int(K) € K.
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Proposition 2.6.3

Let K and T be any two subsets of (U, 7p(X), ur(X)). Then the following

statements are true.

(a) Mic-y-int(¢p) = ¢ and Mic-y-int(U) = U.
(b) Mic-y-int(K) € K.
(¢) If T is any Micro y-closed set contained in K, then T € Mic-y-int(K).
(d) If K € T, then Mic-y-int(K) € Mic-y-int(T).
(e) Mic-y-int(K N T) S Mic-y-int(K) N Mic-y-int(T).
(f) Mic-y-int(KUT) 2 Mic-y-int(K) U Mic-y-int(T).
(g) Mic-y-int(Mic-y-int(K)) = Mic-y-int(K).
Proof: Follows from the Proposition 2.4.5.

Proposition 2.6.4

Let K be any subset of (U,tx(X),ur(X)). If K is Micro y-open in
(U, tr(X), pr(X)), then Mic-y-int(K) = K.

Remark 2.6.5

Converse part of Proposition 2.6.4 need not be true as observed from the
following example.

Example 2.6.6

Let U ={a,b,c,d},U/R = {{c},{d},{a,b}}. Let X = {c} € U. Then 13(X) =
{U, o, {c}}. Let u = {b} & tr(X). Then pr(X) = {¢, {b},{c},{b,c}, U}. Mic -y-
int ({a,d}) = U { all Micro y-open sets contained in {a,d}}={a}U{d}U ¢ =
{a, d}. But {a, d} is not Micro y-open in (U, Tg(X), ug (X)).
2.7 Application of Micro y-closed sets

As an application of Micro y-closed sets four new spaces namely, Micro semi-T13-
space, Micro semi-Ti2-space, Micro Te-space and Micro Te-space are introduced and

their properties and interrelations are studied.
Definition 2.7.1

A Micro topological space (U, TR(X), U (X)) is said to be a
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(1) Micro semi-Ti;-space (briefly Mic-semi-Tis-space) if every Micro -
closed subset of (U, R(X), uR(X)) is Micro semi-closed in
(U, tr(X), pr (X))

(i1) Micro semi-Tip-space (briefly Mic-semi-Tip-space) if every Micro sg-
closed subset of (U, TR(X), ug (X)) is Micro semi-closed in
(U; TR(X), MR(X))-

(ii1)Micro Te-space (briefly Mic-Ty-space) if every Micro gs-closed subset of
(U, TR(X), uR(X)) is Micro closed in (U, TR(X), uR(X)).

(iv)Micro yTe-space (briefly Mic-yTe-space) if every Micro y-closed subset of
(U, TR(X), uR(X)) is Micro closed in (U, (X)), uR(X)).

Proposition 2.7.2
Every Micro semi-Ti2-space is a Micro semi-T1;-space but not conversely.

Proof: Assume that a set A is Micro y-closed in (U, TR(X), uR(X)). Since every
Micro y-closed set is Micro sg-closed and (U, TR (X), uR(X)) is a Micro semi-Ti.-
space, A is Micro semi-closed in (U, R(X), uR(X)). Hence (U, R(X), uR(X)) is a

Micro semi-Ti;-space.
Example 2.7.3

Let U=¢{ab,c}, U/R={{ab,c}}. Let X={bc}cU. Then
TR(X)={U, ¢, {b, c}}. Let u = {a} & 1R (X). Then ur(X) = {U, ¢, {a}, {b, c}}. Micro
semi-closed sets are ¢,{a},{b,c},U. Micro sg-closed sets are ¢,{a},{b},
{c},{a, b}, {b,c},{a,c},U. Micro wy-closed sets are ¢, {a},{b,c},U. Here
(U, TR(X), ug (X)) is a Micro semi-Ti;-space but not a Micro semi-T,-space, since

the subset {a, b} is Micro sg-closed, but not Micro semi-closed in (U, Tr(X), up (X )).
Proposition 2.7.4
Every Micro Ty-space is a Micro semi-T1/3 -space but not conversely.

Proof: Assume that a set A is Micro y-closed in (U, TR(X), uR(X)). Since every
Micro y-closed set is Micro gs-closed and (U, TRr(X), (X )) is a Micro Ty- space, A
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is Micro closed and hence Micro semi-closed in (U,‘L'R(X), uR(X)). Hence
(U, TR (X), U (X)) is a Micro semi-T)3 -space.

Example 2.7.5

Let U={ab,cd}, UR={{c}{d,{ab}}. Let X={ab}CU. Then
(X)) = {U,¢,{a,b}}. Let p={a} & zp(X). Then ur(X)={U,4,{a},{a b}}

Micro closed sets are ¢,{c d}, {b,c d} U. Micro semi-closed sets are
¢, {b},{c}, {d},{b,c},{b,d},{c,d},{b,c,d},U. Micro gs-closed sets
are ¢,{b},{c},{d},{a, c},{a, d},{b, c},{b,d},{c,d},
{a,b,c},{a,b,d},{a,cd},{bc d},U. Micro y-closed sets are

¢, (b}, {c}, {d}, {b, c}, {b,d}, {c,d}, {b,c,d},U. Here (U,7x(X),up(X)) is a Micro
semi-T1/3- space but not a Micro Te-space, since the subset {a, c} is Micro gs-closed,

but not Micro closed in (U, TR(X), ug (X)).
Proposition 2.7.6
Every Micro T. - space is a Micro semi-T;3-space but not conversely.

Proof: Assume that a set A is Micro y-closed in (U, R(X), uR(X)). Since
(U, R(X), uR(X)) is a Micro yTc-space, A is Micro closed and hence Micro semi-
closed in (U, TR(X), uR(X)). Hence (U, Tr(X), uR(X)) is a Micro semi-Ti3-space.

Example 2.7.7

Let U={ab,cd}, U/R={{c},{d},{a,b}}. Let X ={a b} <SU. Then
(X)) = {U, ¢, {a, b}}. Let u={d} ¢ x(X). Then ur(X) =
{U,p,{d},{a,b},{a,b,d}}. Micro closed sets are ¢,{c},{c, d},{a, b,c},U. Micro
semi-closed sets are  ¢,{c},{d},{a b}, {c,d},{a,b,c},U. Micro y-closed sets
are, {c},{d},{a, b}, {c,d},{a, b,c}, U. Here (U, TR(X), ug (X)) is a Micro semi-T3-
space but not a Micro ,Tc-space, since the subset {a, b} is Micro y-closed, but not

Micro closed in (U, R(X), uR(X)).
Proposition 2.7.8

If (U, 7r(X), ur(X)) is a Micro semi-Tis-space then Mic-y-scl(B) = Mic-
scl(B) for each subset B of (U, TRr(X), ug (X)).
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Proof: Since (U, R(X), uR(X)) is Micro semi-Ti3-space and every Micro semi
closed set is Micro y-closed in (U, TRr(X), U (X)), Mic-\y-C(U, TR(X), uR(X)) = Mic
- sC(U, TR(X), uR(X)). Hence Mic-y-cl((B)) = Mic-scl((B)) for each subset B of
(U, (%), ur(X)).

Theorem 2.7.9

If (U, 7(X), ug (X)) is a Micro semi-Tis-space, then for each x € U either {x}

is Micro sg-closed or Micro semi-open.

Proof: Let x € U and suppose {x} is not a Micro sg-closed set in (U, tz(X), uz (X)).
Then U — {x} is not a Micro sg -open set. Hence U is only Micro sg -open set
containing U — {x}. So U — {x} is a Micro y-closed set in U. Since (U, TR(X), ug (X))
is a Micro semi-Ti;3-space, U — {x} is Micro semi-closed in U or equivalently {x} is

Micro semi-open in (U, TR(X), ug (X)).
Theorem 2.7.10

For a Micro topological space (U, Tz(X), ug(X)), the following conditions are

equivalent:

1. (U, tp(X), ug(X)) is a Micro semi-T}3 -space.

2. Every {x} is either Micro sg-closed or Micro semi-open.

Proof: 1=2 Let x € U. Suppose that {x} is a not Micro sg-closed set of U. Then
U — {x} is not a Micro sg-open set. Hence U is only Micro sg-open set containing
U — {x}. So U — {x} is a Micro y-closed set in U. Since (U, 7z(X), ug(X)) is a Micro
semi-Ti3-space, U — {x} is Micro semi-closed in U. Hence {x} is Micro semi open in

(U, Tr(X), g (X)).

2=1 Let A be a Micro y-closed set of (U, Tgr(X), ug(X)) and x € Mic-scl(A). We

show that x € A for the following cases.

Case(1): Assume that {x} is a Micro sg-closed and x & A. Then Mic-scl(A) — A
contains a non-empty Micro sg-closed {x}. This contradicts Theorem 2.3.6 as A is a

Micro y-closed set. Therefore x € A.
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Case(2): Assume that {x} is a Micro semi-open set. Then U — {x} is Micro semi-
closed. If x € A, then A € U — {x}. Since x € Mic-scl(A), we have x € U — {x},

which is a contradiction. Hence x € A.
Remark 2.7.11

The following examples show that Micro semi-T13-space is independent from

Micro T1- space.
Example 2.7.12

Let U={a,b,c}, U/R={{a b}, {c}}. Let X ={a,b} S U. Then 13(X) =
{U, ¢, {a, b}}. Let u = {c} & t3(X). Then uz(X) = {U, ¢, {c}, {a, b}}. Micro closed

sets are ¢, {c},{a, b}, U. Micro semi-closed sets are ¢, {c}, {a, b}, U. Micro g-closed
sets are ¢, {a}, {b},{c},{a, b}, U. Micro y-closed sets are ¢,{c},{a b}, U. Here

(U, TR(X), ug (X)) is a Micro semi-Tis-space but not a Micro Tip-space, since the

subset {a} is Micro g-closed, but not Micro closed in (U, TR(X), ug (X)).
Example 2.7.13

Let U={ab,c,d}, UR={{a}{c},{b,d}}. Let X={b,d} SU. Then
r(X) ={U,¢,{b,d}}. Let u={b}&1x(X). Then ur(X)={U,¢,{b}{b,d}}.

Micro closed sets are ¢,{a,c},{a,c d},U. Micro semi-closed sets are
¢,{a},{c},{d},{a,c},{a d} {c,d} {acd} U. Micro  g-closed sets are
¢,{a,c}{a,cd},U. Micro y-closed set are ¢, {a}, {c},{d},

{a, C}, {a, d}! {Cr d}) {a: C, d}, {a; b; d}' {b; ¢ d}, U. Here (Ur TR (X)) MR (X)) is Micro
T12-space but not a Micro semi-T13-space, since the subset {a, b, d} is Micro y-closed,

but not Micro semi closed in (U, TR(X), ug (X)).
Remark 2.7.14

The following examples show that Micro Tc-space is independent from Micro

T1ip-space.
Example 2.7.15

Let U={a,b,c}, U/R={{c},{a b}}. Let X ={a, b} S U. Then tx(X) =
{U, o, {a, b}}. Let u = {c} & 1p(X). Then ur(X) = {U, ¢, {c},{a, b}}. Micro closed
sets are ¢, {c}, {a, b}, U. Micro g-closed sets are ¢, {a}, {b}, {c}, {a, b}, U. Micro y-
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closed sets are ¢, {c}, {a, b}, U. Here (U, TR(X), up(X )) is a Micro yTc-space but not a

Micro Tip-space, since the subset {b} is Micro g-closed, but not Micro closed in

(U, 7o (X), 1 (X))
Example 2.7.16

Let U={ab,c}, U/R={{ab,c}}. Let X={a b} S U. Then 13(X) =
{U, ¢, {a, b}}. Let u = {a} & tx(X). Then ur(X) = {U, ¢, {a}, {a, b}}. Micro closed
sets are ¢, {c}, {b, c}, U. Micro y-closed sets are ¢, {b},{c}, {b,c}, U. Micro g-closed
sets are ¢, {c},{b,c},U. Here (U, TR(X), uR(X)) is a Micro Tip-space but not a
Micro yTc-space, since the subset {a,c} is Micro y-closed, but not Micro closed

in (U, 7p(X), ur (X)).
Remark 2.7.17

The following examples show that Micro semi-T-space is independent from

Micro Tc- space.
Example 2.7.18

Let U={ab,c,d}, U/R={{a},{c},{b,d}}. Let X=1{a,b} S U. Then
=(X) = {U, ¢,{a}, {b, d}, {a, b, d}}. Let pu={c}&1x(X). Then up(X)=
{U, ¢, {a},{c}, {a,c},{b,d},{a, b,d},{b, c,d}}. Micro closed sets are ¢, {a}, {c}{a,c},
{b,d},{a, b,d},{b,c,d},U. Micro semi-closed sets are ¢, {a},{c},{a,c},
{b,d},{a, b,d},{b,c,d}, U. Micro sg-closed sets are ¢, {a}, {b}, {c},{d}, {a, b},{a,c},
{a,d},{b,c},{b,d},{a,b,c},{a b,d}{acd},{bc,d},U. Micro y-closed sets are
¢, {a}, {cHa,c},{b,d},{a b,d},{b,c,d}, U. Here (U, TR(X), ug (X)) is a Micro yTe-
space but not a Micro semi-Ti»-space, since the subset {a, b, c} is Micro sg-closed,

but not Micro semi closed in (U, R(X), uR(X)).
Example 2.7.19

Let U={ab,c,d}, U/R=1{{c}{d},{a b}}. Let X={a b} < U . Then
(X)) = {U, ¢, {a, b}}. Let u={a} & txg(X). Then ur(X)=1{U,¢,{a},{a, b}}.

Micro closed sets are ¢,{c d}, {b,c d} U. Micro semi-closed sets are
¢, {b}, {c},{d},{b, c},{b,d},{c,d},{b,c,d},U. Micro  sg-closed sets are
¢, {b}, {c},{d},{b, c}, {b,d},{c,d},{b,c,d}, U. Micro y-closed sets are
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¢, {b},{c},{d}, {b,c},{b,d}, {c,d},{b,c,d},U. Here (U,z(X),uz(X)) is a Micro
semi-T1-space but not a Micro yTe-space, since the subset {b, ¢} is Micro y-closed,

but not Micro closed in (U, R (X), uR(X)).

Remark 2.7.20
(1) Micro semi-Tix-space is independent from Micro Te- space.
(i) Micro Tp-space is independent from Micro Th-space.
(ii1) Micro Tp-space is independent from Micro Ti,-space.
(iv) Micro yTe-space is independent from Micro o Tv-space.
Remark 2.7.21

The following diagram shows the dependency and independency relations of

newly defined Micro spaces with already existing Micro spaces.

Micro Ty-space

A

A 4

Micro Typ-space

A

Micro semi-T}.- Micro semi-Ti3- | .| Micro Tip-space
space space

\ 4

A

Micro yTc-space

A

\ 4
Micro (Th-space
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CHAPTER 3

Micro y-Continuous Maps and Micro y-Irresolute Maps in Micro Topological

Spaces
3.1 Introduction

Sakkraiveeranan Chandrasekar [2019] introduced the concepts of Micro
continuous maps in Micro topological spaces and he also studied Micro semi-
continuous maps and Micro pre-continuous maps and some important properties.
Chandrasekar and Swathi [2018] studied the concept of Micro a-continuous maps and
its properties. The concept of Micro g-continuous map was introduced by Taha H.
Jasim et al. [2021]. Anandhi and Balamani [2022 c] analyzed the concept of Micro

ag-continuous maps in Micro topological spaces.

In this chapter we have introduced a new class of Micro continuous maps and
Micro irresolute maps called Micro y-continuous maps and Micro y-irresolute maps
in Micro topological spaces. Dependency and independency relations are obtained
by comparing the Micro y-continuous maps with already existing Micro continuous
maps. Various theorems in Micro y-continuous maps and Micro y-irresolute maps
are obtained by using the newly defined Micro spaces namely Micro semi-Ti3-space,

Micro semi-Ti,-space, Micro Ty-space and Micro  Tc-space.
3.2 Micro y-Continuous Maps and its Properties

In this section we have introduced Micro y-continuous maps in Micro topological
spaces and derived the dependency and independency relations of newly defined map

with already existing Micro continuous maps.
Definition 3.2.1

Let (U, TR(X),,uR(X)) and (V, TR(Y),,uR(Y)) be two Micro topological spaces.
A map f: (U, TR(X),,uR(X)) - (V, TR(Y),MR(Y)) is called Micro y-continuous if

f~1(K) is Micro y-closed in U for every Micro closed set K in V.
Example 3.2.2

Let U={ab,cd},U/R={{a},{c},{bd}}. LetX={bhdCU. Then
(X)) = {U, ¢, {b, d}}. Let u = {a} € 7x(X). Then ur(X) =
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{U,¢,{a},{b,d},{a b,d}}. Micro y-closed sets in U are
¢, {c}{a c},{b,c},{c,d},{a b,c},{a cd} {bc,d},U. Let V={ab,cd},V/R=
{{a},{b},{c,d}}. |Let Y={cd}<SV. Then 1x(Y)= {V, ¢, {c, d}}. Let
u={a} & tg(Y). Then ugp(¥Y) ={V,¢,{a} {c d},{a,c, d}}. Micro closed sets in V

are ¢, {b},{a, b}, {b,c,d},V. Let f: (U, TR(X), ug (X)) - (V, r(Y), up (Y)) be a map
defined by f(a) =a,f(b) =c,f(c)=b,f(d) =d. Therefore for every Micro
closed set K in V, f~1(K) is Micro y-closed in U. Hence f is a Micro y-continuous

map.
Proposition 3.2.3
Every Micro continuous map is Micro y-continuous but not conversely.

Proof: Let f: (U, TR(X),uR(X)) - (V, TR(Y),,MR(Y)) be a Micro continuous map. Let
K be a Micro closed set in (V, R(Y), up (Y)). Since f is Micro continuous, f~(K) is

Micro closed in U. Since every Micro closed set is Micro y-closed, f~1(K) is Micro

y-closed. Hence f is Micro y-continuous.
Example 3.2.4

Let U={ab,cd},U/R={{a},{b},{c,d}}. Let X={c,d}<SU. Then

TR(X) = {U, ¢, {c, d}}. Let u = {a} & tx(X). Then ur(X) =
{U,p,{a},{c,d},{a,c,d}}. Micro closed sets in U are ¢,{b},{a,b},{b,c,d},U.
Micro  wy-closed  sets in U are ¢, {b},{a b}, {b, c} {b d},

{a,b,c},{a,b,d},{b,c,d},U. Let V ={a,b,c,d},V/R ={{c},{d},{a,b}}. Let Y =
{a,b} V. Then (V) ={V,¢,{a b}}. Let u={d}¢&tz(Y). Then pug(Y¥)=
{V,d,{d},{a, b}, {a, b,d}}. Micro closed sets in V are ¢,{c},{c,d},{a b,c},V. Let
£ (Ut 00, 1 (X)) = (V. 7 (¥), (1)) be a map defined by f(a) = a, f(b) =

¢,f(c) =b,f(d) =d. Then f is Micro y-continuous but not Micro continuous, since

for the Micro closed set {c,d} inV, f~1({c,d}) = {b, d} is not Micro closed in U.
Proposition 3.2.5
Every Micro semi-continuous map is Micro y-continuous but not conversely.

Proof: Let f: (U, TR(X),MR(X)) - (V, TR(Y),,MR(Y)) be a Micro semi-continuous

map. Let K be a Micro closed set in (V, TR(Y), up (Y)). Since f is Micro semi
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continuous, f~1(K) is Micro semi closed in U. Since every Micro semi-closed set is

Micro y-closed, f~1(K) is Micro y-closed. Therefore f is Micro y-continuous.
Example 3.2.6

Let U={a,b,cd},U/R={{a},{c},{b,d}}. Let X ={b,d} S U. Then
R(X) = {U, ¢, {b, d}} Let u = {a} & tp(X). Then ur(X) =
{U, ¢p,{a},{b,d},{a,b,d}}. Micro  semi-closed sets in U are
¢, {a}, {c},{d,{a,c},{a,d},{a,c,d},U. Micro wy-closed sets in U are
¢, {c}{a c},{b,c},{c,d},{a b,c}{a cd},{bcd},U. Let V={ab,cd}, V/IR=
{{c,d},{a,b}}. Let Y={a,b,c} S V. Then 1x(Y)={V, ¢, {a, b}}. Let u = {c} & TR (Y).
Then wur(Y) ={V,¢,{c},{a b}, {a b c}}. Micro closed sets in V are
¢,{d},{c,d}, {a,b,d},V. Let f: (U, TR(X),,uR(X)) - (V, TR(Y),uR(Y)) be a map
defined by f(a) =a,f(b) =b,f(c) =d,f(d) = c. Then f is Micro y-continuous
but not Micro semi continuous, since for the Micro closed set {a,b,d}

inV, f~Y({a, b, d}) = {a, b, ¢} is not Micro semi-closed in U.
Proposition 3.2.7
Every Micro a-continuous map is Micro y-continuous but not conversely.

Proof: Let f: (U, tx(X), ur(X)) = (V, 7r(Y), ur(Y)) be a Micro a-continuous map.
Let K be a Micro closed set in (V, R(Y), ur (Y)). Since f is Micro a-continuous,

f~1(K) is Micro a-closed in U. Since every Micro a-closed set is Micro y-closed,

f~Y(K) is Micro y-closed. Therefore f is Micro y-continuous.
Example 3.2.8

Let U=1{a,b,c,d}, U/R=1{{a},{c},{b,d}. Let X=1{b,d} < U. Then

(X)) = {U, ¢, {b, d}}. Let u={a} & tx(X). Then ur(X) =
{U, ¢,{a},{b,d},{a,b, d}} Micro  a-closed sets in U are
¢,{c},{a,c},{b,c,d}, U. Micro y-closed sets in U are

¢, {c}{a,c},{b,c},{c,d},{a b,c},{a cd} {bc,d},U.Let V ={ab,cd},V/R=
{{a}, {b},{c,d}}. Let Y={c,d} S V. Then 1z (Y)={V, ¢, {c, d}}. Let u = {a} & T (Y).
Then ur(Y) ={V,¢,{a},{c d},{a,c d}}. Micro closed sets in V are
¢,{b},{a, b}, {b,c d}V.Let f: (U, TR (X), ,uR(X)) - (V, (), up (Y)) be a map
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defined by f(a) =d,f(b) =c, f(c) =b,f(d) = a. Then f is Micro y-continuous
but not Micro a-continuous, since for the Micro closed set {a, b} in V, f~1({a, b}) =

{c, d} is not Micro a-closed in U.
Remark 3.2.9

Micro y-continuous maps and Micro pre-continuous maps are independent as

observed from the following examples.
Example 3.2.10

Let U={ab,cd},U/R={{a}{b},{cd}}. Let X={cd}cU. Then
TR(X) = {U, ¢, {c, d}}. Let u = {a} & tp(X). Then ur(X) =
{U, ¢,{a},{c,d},{a,c, d}}. Micro pre closed sets in U are
¢, {b}, {c}, {d},{a, b}, {b,c},{b,d},{a b,c},{b,c,d}, U. Micro y-closed sets in U are
¢, {b},{a, b}, {b,c} {bd}{ab,c}{a b,d},{b,c,d}, U Let V={ab,cd},V/R=
{{c},{d},{a,b}}. LetY ={c} < V. Then tx(Y) = {V, o, {c}}. Let u = {b} & 13(Y).
Then ugp(Y) ={V, ¢, {b}, {c}, {b, c}}. Micro closed sets in V are
¢,{a,d},{a b,d},{a c,d}V.Let f:(U, (X)), ur(X)) = (V,7r(¥), u(Y)) be a map
defined by f(a) =a,f(b) =d,f(c) =b,f(d) =c. Then f is Micro y-continuous
but not Micro pre-continuous, since for the Micro closed set {a,c,d} in V,

f1({a,c,d}) = {a, b, d} is not Micro pre-closed in U.
Example 3.2.11

Let U={ab,cd},U/R={{c},{d},{a,b}}. Let X={a b} < U. Then
(X)) = {U, ¢, {a, b}}. Let u={d}¢p(X). Then  up(X) =
{U, ¢,{d},{a, b}, {a, b, d}}. Micro pre closed sets in U are
¢, {b}, {c},{d},{a,c},{b,c},{b,d},{a b, c} {b,c,d}, U Micro y-closed sets in U are
¢, {b},{a, b}, {b,c} {bd}{ab,c}{a b,d},{b,c,d},U. Let V={ab,cd},V/R=
{{a},{c},{b,d}. Let Y ={b,d}SV. Then 1(Y) ={V,¢,{b,d}}. Let u={a} ¢
tr(Y). Then ur(Y)={V,¢,{a},{b,d},{a b,d}}. Micro closed sets in V are
¢, {c},{a,c},{b,c,d}, V. Let f: (U, TR(X),,uR(X)) - (V, TR(Y),HR(Y)) be the identity
map. Then f is Micro pre-continuous but not Micro y-continuous, since for the

Micro closed set {a, c} inV, f~1({a, c}) = {a, ¢} is not Micro y-closed in U.
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Remark 3.2.12

Micro y-continuous maps and Micro g-continuous maps are independent as

observed from the following examples.
Example 3.2.13

Let U = {a,b,c,d},U/R = {{a, b}, {c,d}.Let X = {a,b,c} S U. Then 13(X) =
{U, ¢,{a,b}}. Let u = {c} & tr(X).Then pur(X) = {U, ¢,{a},{a, b}, {a, b, c}}. Micro g-
closed sets in U are ¢, {d}, {a, d},{b,d}, {c,d},{a, b,d}, {a,c d},{b,c, d}, U. Micro y-
closed sets in U are ¢,{d}{a d} {b d} {c d},{a b,d},U. Let V=
{a,b,c,d}, V/R = {{a},{c},{b,d}}. Let Y={b,d}<SV. Then tz(Y)=
{V, ¢, {b, d}} Let u = {a} & tz(Y). Then ug(¥) = {V, ¢,{a},{b,d},{a, b, d}} Micro
closed sets in V are ¢,{c},{a,c},{b,c,d},V. Let f: (U, TR(X),‘MR(X)) -
(V,7r(Y), ur(Y)) be a map defined by f(a) = a, f(b) = b, f(c) = d, f(d) = c. Then
f is Micro g-continuous but not Micro y-continuous, since for the Micro closed set

{b,c,d}inV, f~1({b,c,d}) = {b, ¢, d} is not Micro y-closed in U.
Example 3.2.14

Let U={a,b,cd},U/R = {{a},{c}, {b, d}. Let X=1{b,d} € U. Then
TR(X) = {U, ¢, {b, d}}. Let u = {a} & 1x(X). Then ur(X) =
{U, ¢, {a},{b,d},{a,b, d}}. Micro  g-closed sets in U are
¢,{a},{a, b}, {a, c},{a d}, {b c} {c d}{a b, c}{a b,d},{acd} {b cd},U. Micro
y-closed sets in U are ¢, {c}, {a, c}, {b,c},{c,d},{a, b, c},{a,cd},{b,c,d},U. LetV =
{a,b,c,d},V/R = {{a, b}, {c,d}. Let Y ={a,b,c} S V. Then 1x4(Y) = {V, ¢, {a, b}}.
Let u = {c} & tr(Y). Then ur (V) = {V, ¢,{c}, {a, b}, {a, b, c}. Micro closed sets in V
are ¢,{d},{c,d},{a,b,d},V. Let f: (U, TR(X),yR(X)) - (V, TR(Y),MR(Y)) be a map
defined by f(a) =b,f(b) =a,f(c) =d,f(d) =c. Then f is Micro y-continuous
but not Micro g-continuous, since for the Micro closed set {d} in V, f~1({d}) = {c} is

not Micro g-closed in U.
Remark 3.2.15

Micro y-continuous maps and Micro ag-continuous maps are independent as

observed from the following examples.
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Example 3.2.16

Let U={a,b,c,d},U/R ={{c},{d},{a, b}}. Let X={a,b}<SU. Then
(X)) = {U, ¢, {a, b}}. Let u={d} ¢ tx(X). Then ur(X) =
{U, ¢,{d},{a, b}, {a, b},{a, b, d}}. Micro og-closed sets in U are
¢,{c}{a,c},{b,c},{c d},{a b,c},{a c d} {b c,d}, U Micro y-closed sets in U are
¢, {c},{d},{a,b},{c,d},{a,b,c},U. Let V={a,b,c,d},V/R={{a},{b},{c,d}}. Let
Y ={c,d} € V. Then 13(Y) = {V, ¢, {c, d}} Let u=1{a} & tx(Y). Then ugr(¥) =
{V,¢,{a},{c,d},{a,c,d}}. Micro closed sets in V are ¢, {b},{a, b}, {b,c,d},V Let
£ (U, (0, 1 () = (V. 7 (Y), 1g(Y)) be a map defined by f(a) = a, f(b) =
¢,f(c) =0b,f(d) =d. Then f is Micro ag-continuous but not Micro y-continuous,
since for the Micro closed set {a, b} in V, f~*({a, b}) = {a, ¢} is not Micro y-closed
in U.
Example 3.2.17

Let U={ab,c},U/R={{a},{b,c}}. Let X ={a, b} S U. Then t3(X) =
{U, o, {a}}. Let p={b} & tx(X). Then ur(X) = {U, ¢, {a}, {b},{a, b}}. Micro ag-
closed sets in U are ¢, {c},{a,c},{b,c},U. Micro y-closed sets in U are
¢, {a}, {b},{c},{a,c},{b,c},U.LetV ={a,b,c},V/R = {{c},{a, b}}. LetY ={a, b} <
V. Then tx(Y) = {V, ¢, {a, b}}. Let u = {c} & 1g(Y). Then ugr(¥Y) = {V, ¢, {c}, {a, b}}.
Micro closed sets in %4 are ¢,{c},{a, b}, V. Let
f: (U, TR(X),‘MR(X)) - (V, TR(Y),MR(Y)) be a map defined by f(a) =b,f(b) =

¢, f(c) = a. Then f is Micro y-continuous but not Micro ag-continuous, since for the

Micro closed set {c} inV, f~1({c}) = {b} is not Micro ag-closed in U.
Remark 3.2.18

The following diagram shows the dependency and independency relations of

Micro y-continuous map with already existing various Micro continuous maps.
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Micro continuous Micro pre-continuous

map
map
Micro a-continuous Micro y-continuous Micro g-continuous
map i : | ' map
map
Micro semi-continuous Micro ag-continuous
map map

Remark 3.2.19

The composition of two Micro y-continuous maps need not be a Micro y-

continuous map as seen from the following example.

Example 3.2.20

Let U ={a,b,c,d},U/R = {{a},{b},{c d}}. Let X ={c,d} S U. Then
(X)) = {U, ¢, {c,d}}.  Let u={a}&wr(X). Then ur(X)={U,4,{a}{cd},
{a, c, d}}. Micro  y-closed sets in U are ¢, {b},{a, b},
{b,c},{b,d},{a,b,c},{a b,d},{b,c,d}, U. Let V={ab,cd} V/R =
{{c},{d},{a,b}}. Let Y ={a,b} S V. Then 1z(Y) ={V, ¢ {a b}}. Let u={d} ¢
Tr(Y). Then ugp(Y) = {V, ¢, {d}, {a, b},{a, b},{a,b, d}}. Micro closed sets in V
are ¢, {c},{c,d},{a,b,c},V. Micro  y-closed sets in V are
¢, {c},{d},{a,b},{c,d},{a, b,c},V. Let W ={ab,cd},W/R={{a},{c} {bd}}.
Let Z={b,d} S W. Then 1:(Z) ={W,¢,{b,d}}. Let u={b} & tz(Z). Then
ur(2) = {W, ¢, {b},{b, d}} Micro closed sets in W are ¢, {a,c}, {a,c,d},W. Let
f: (U, 2o (), 1 (X)) = (V, T (V), ur (V) and g: (V7)) e (1)) ~
(W, TR(Z),uR(Z)) be the maps defined by f(a) =a,f(b) =c f(c)=b,f(d)=d
and g(a) =a,g(b) =c,g(c) =d,g(d) =b. Then both fand g are Micro -
continuous but their composition g o f: (U, 7g(X), ur(X)) = (W, 1r(2), ur(2)) is
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not Micro y-continuous, since for the Micro closed set {c} in W, (g ° f)"*({a,c}) =

(g7 *{a,c})) = f~{a, b} = {a, c} is not Micro y-closed in U.
Theorem 3.2.21
Let f: (U, 7r(X), ur(X)) > (V,7r(Y), ur(¥)) be a Micro y-continuous map

and g: (V, tr(V), ur(V)) = (W, 7r(2), ur(Z)) be a Micro continuous map, then
gef: (U, TR(X),MR(X)) - (W, TR(Z),,uR(Z)) is a Micro y-continuous map.

Proof: Let K be a Micro closed set in (W, tR(2), ug (Z)). Since g is Micro continuous,

g 1 (K) is Micro closed in (V, R(Y), /JR(Y)). Since f is Micro wy-continuous,

(g° HHK) = (g~ 1(K)) is Micro y-closed. Hence g o f is Micro y-continuous.
Theorem 3.2.22

Let f: (U, tr(X), ur (X)) = (V,7r(Y), ur(Y)) be a Micro y-continuous map

and if (U, TR(X), up (X )) is a Micro semi-T13 -space then f is a Micro semi continuous.

Proof: Let K be a Micro closed set in (V, TR(Y),MR(Y)). Since f is Micro -
continuous, f~1(K) is Micro y-closed in (U, TR(X),MR(X)). Since (U, TR(X),MR(X))
is a Micro semi-T/3 space, f~(K) is Micro semi-closed in (U, TR(X), ,uR(X)). Hence

f is Micro semi-continuous.

Theorem 3.2.23

Let f: (U, TR(X),MR(X)) - (V, TR(Y),,uR(Y)) be a Micro y-continuous map

and if (U, TR (X), up (X )) is a Micro semi-T1.2 -space then f is a Micro semi continuous.

Proof: Let K be a Micro closed set in (V, TR(Y),,uR(Y)). Since f is Micro -
continuous, f~1(K) is Micro y-closed in (U, TR(X),,uR(X)). Since every Micro -
closed set is Micro sg-closed and (U, TR(X);llR(X)) is a Micro semi-Tix-space,

f~Y(K) is Micro semi-closed in (U, TR(X), ,uR(X)). Hence f is Micro semi-continuous.
Theorem 3.2.24

Let f: (U, tr(X), g (X)) = (V,7(Y), ur(¥)) be a Micro y-continuous map

and if (U, TR(X), up (X )) is a Micro ,Tc-space then f is a Micro continuous.
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Proof: Let K be a Micro closed set in (V, TR(Y),,uR(Y)). Since f is Micro -
continuous, f~1(K) is Micro y-closed in (U, Tz(X), ur(X)). Since (U, 7z(X), (X))
is a Micro yTe-space, f~1(K) is Micro closed in(U, TR(X),,uR(X)). Hence f is Micro

continuous.

Theorem 3.2.25

Let (U,TR(X),uR(X)) and (V,TR(Y),,uR(Y)) be any two maps. Then
f: (U,TR(X),[JR(X))—) (V,TR(Y),,uR(Y)) is Micro w-continuous if and only if
f~1(B)is Micro y-open in (U, TR(X),,uR(X)) whenever B is a Micro open set in
(V, (), ur(Y)).

Proof: Let f be a Micro y-continuous map and B be Micro open in (V, TR(Y), ug (Y)).
Then B¢ is Micro closed in (V, tR(Y), up (Y)) By hypothesis f~1(B) is Micro y-
closed in (U, tx(X), ur(X)), ie,[ f71(B) ]° is a Micro w-closed set in
(U, TR(X),MR(X)). Hence f~1(B) is a Micro wy-open in (U, TR(X),,uR(X)).
Conversely, suppose f~(B) is a Micro y-open set in (U, (X)), ug (X)) whenever B
is Micro open in (V, (), ug (Y)). Let H be a Micro closed set in (V, Tr(Y), ug (Y)).
Then H® is Micro open set in (V, 7z(Y), uz(Y)). By assumption f~1(H®)is Micro y-
open in (U, ‘[R(X),uR(X)), ie., [f~1(H)]¢is a Micro y-open set in (U, R(X), ,uR(X)).
Then f~1(H) is Micro y-closed in (U, TR(X),MR(X)). Hence f is a Micro -
continuous map.

3.3 Micro y-Irresolute Maps and its Properties

This section presented the definition and properties of Micro y-irresolute maps.

Definition 3.3.1

Amap f:(U, (X)), ur(X)) = (V, tr(Y), ur(Y)) is called Micro y-irresolute

if f~1(K) is Micro y-closed in U for every Micro y- closed set K in V.
Example 3.3.2

LetU ={a,b,c,d}, U/R = {{a}, {c},{b,d}}.LetX = {b,d} € U. Then 13(X) =
{U,¢,{b,d}}. Let u = {a} & tx(X). Then up(X) = {U, ¢, {a}, {b,d}, {a, b, d}}. Micro
y-closed sets in Uare ¢, {c}, {a, c}, {b, c},{c,d},{a, b, c},{a cd},{b,c,d},U. Let V =
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{a,b,c,d}, V/R={{a},{b},{c,d}}. LetY={c,d} S V. Then wx(Y) ={V, ¢, {c d}}.
Let u={a} & tg(Y). Then ur(Y) ={V,¢,{a},{c,d},{a,c,d}}. Micro y-closed
sets  in V are ¢,{b},{a b} {b c},{b,d},{ab,c}{a b,d},{bcd} V. Let
£ (U, T 00, 1 (X)) = (V. 7 (¥), (1)) be a map defined by f(a) = a, f(b) =
¢, f(c) = b, f(d) = d. Therefore for every Micro closed set K in V, f~1(K) is Micro

y-closed in U. Hence f is a Micro irresolute map.
Proposition 3.3.3
Every Micro y-irresolute map is Micro y-continuous but not conversely.

Proof: Let f: (U, 1z(X), ur(X)) -» (V,7x(Y), ug(Y)) be a Micro y-irresolute map.
Let K be a Micro closed set in (V, R(Y), ,uR(Y)). Since every Micro closed set is
Micro-y-closed and f is Micro y-irresolute, f~1(K) is Micro y-closed. Hence f is

Micro y-continuous.
Example 3.3.4

Let U=1{a,b,c,d}, U/R={{a},{b},{c,d}. Let X={c,d}SU. Then
R(X) = {U, ¢, {c, d}}. Let u = {a} & 1xp(X). Then ur(X) =
{U, ¢,{a},{c,d},{a,c, d}}. Micro closed sets in U are ¢, {b}, {a, b}, {b, c,d}, U. Micro
y-closed sets in Uare ¢, {b},{a, b}, {b, c},{b,d},{a, b, cHa,b,d},{b,c,d},U. LetV =
{a,b,c,d}, V/R = {{c},{d}, {a, b}}. Let Y = {a,b} S V. Then tx(Y) = {V,¢,{a, b}}.
Let u = {d} & 1x(Y). Then ugp(¥) = {V, ¢, {d},{a, b},{a, b, d}}. Micro closed sets in
V. are ¢,{c}{c,d},{a b,c},V. Micro wy-closed sets in V are
$,(c} (d}, (a,b), (e d}, (@, b,ch V. Let f: (U, 1), ua()) ~ (V, Ta(¥), 1a(¥)) be
a map defined by f(a) =a,f(b) =c f(c) =b,f(d) =d. Then f is Micro y-
continuous but not Micro y-irresolute, since for the Micro y-closed set {d} in V,
F~1({d}) = {d} is not Micro y-closed in U.
Theorem 3.3.5

Let f: (U, TR(X),MR(X)) - (V, TR(Y),,uR(Y)) be a Micro y-irresolute map
and g: (V,7x(V), ur(¥)) » (W, 1x(2), ur(Z)) be a Micro y-irresolute map then
go f1(U,tr(X), ur(X)) » (W, 1x(2), 4 (Z)) is a Micro y-irresolute map.
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Proof: Let K be a Micro y-closed set in (W, TR(Z),,uR(Z)). Since g is Micro y-
irresolute, g~1(K) is Micro y-closed in (V,7z(Y), ug(Y)). Since f is Micro -
irresolute, (g o f)~1(K) = f‘l(g‘l(K)) is Micro y-closed. Hence g o f is Micro

y-irresolute.

Theorem 3.3.6

Let f: (U, TR(X),uR(X)) - (V, TR(Y),,uR(Y)) be a Micro -irresolute map
and g: (V, TR(Y),MR(Y)) - (W, TR(Z),/,LR(Z)) be a Micro y-continuous map then
geof: (U, TR(X),,uR(X)) —3 (W, TR(Z),,uR(Z)) is a Micro y-continuous map.

Proof: Let K be a Micro closed set in (W, TR(Z),uR(Z)). Since g is Micro y-
continuous, g~(K) is Micro y-closed in (V, TR(Y),MR(Y)). Since f is Micro -
irresolute, (g o f)71(K) = f1(g*(K)) is Micro y-closed. Hence g o f is Micro

y-continuous.

Theorem 3.3.7

Let f:(U,tr(X), ur(X)) = (V, 7 (Y), ur(Y)) be a Micro y-irresolute map
and if (U, TR(X), up (X )) is Micro semi-Tis3 -space then f is a Micro semi continuous

map.

Proof: Let K be a Micro closed set in (V, r(Y), ,uR(Y)). Since every Micro closed
set is Micro y-closed and f is Micro y-irresolute, f~*(K) is Micro y-closed in
(U, TR(X),,uR(X)). Since (U, TR(X),,uR(X)) is a Micro semi-Tis-space, f1(K) is

Micro semi-closed in (U, TR(X), up(X )). Hence f is Micro semi-continuous.
Theorem 3.3.8
Let f: (U, TR(X),,uR(X)) - (V, TR(Y),ﬂR(Y)) be a Micro y-irresolute map

and if (U, TR(X), up (X )) is Micro semi-T1 -space then f is a Micro semi continuous

map.

Proof: Let K be a Micro closed set in (V, (Y), Ur (Y)). Since every Micro closed
set is Micro y-closed and f is Micro y-irresolute, f~1(K) is Micro y-closed in

(U, tr(X), ur(X)). Since every Micro y-closed set is Micro sg-closed and
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(U, ‘L'R(X),,uR(X)) is a Micro semi-Tip-space, f1(K) is Micro semi-closed in

(U, TR(X), ,uR(X)). Hence f is Micro semi-continuous.
Theorem 3.3.9

Let f: (U, tr(X), ug(X)) = (V,7(Y), ur(¥Y)) be a Micro y-irresolute map

and if (U, tp(X), pur (X )) is a Micro , T, -space then f is a Micro continuous map.

Proof: Let K be a Micro closed set in (V, R (Y), uR(Y)). Since every Micro closed
set is Micro y-closed and f is Micro y-irresolute, f~1(K) is Micro y-closed in
(U, TR(X),,uR(X)). Since (U, TR(X), ,uR(X)) is a Micro ,Te-space, f~1(K)is Micro

closed in (U, TR(X), up (X )). Hence f is Micro continuous.

45



SUMMARY AND CONCLUSION



Summary and Conclusion

Preliminary definitions which are required in the course of study are presented

in Chapter 1.

In Chapter 2, Micro y-closed sets and Micro y-open sets are introduced in
Micro topological spaces. Properties of the defined sets and interrelations between
Micro y-closed sets with other existing Micro closed sets are derived. Further, Micro
y-closure and Micro y-interior operators are defined and their properties are analyzed.
As an application of Micro y-closed sets four new Micro spaces namely, Micro semi-
Tis-space, Micro semi-T1-space, Micro Ty-space and Micro yTc-space are introduced

and their properties and interrelations are studied.

In Chapter 3, Micro y-continuous maps and Micro y-irresolute maps in Micro
topological spaces are introduced. Properties and characterizations are derived with
respect to the defined maps. Also we have analyzed composition of mappings relevant

to the defined maps.
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