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INTRODUCTION
“Pure Mathematics is in its way, the poetry of logical ideas”

ALBERT EINSTEIN


In 1968, Velicko [43] introduced (-open sets, which are stronger than open sets. The (-interior of a subset A of X is the union of all regular open sets of X contained in A and is denoted by Int((A). A subset A is called (-open if A = Int((A). i.e., a set is (-open if it is the union of regular open sets. The family of all (-open sets forms a topology on X and is denoted by ((. Since the intersection of two regular open sets is regular open, the collection of all regular open sets forms a base for a coarser topology (s than the original one (. The family (s is the so called semi-regularization of (. A topological space (X, () is called semi-regular if ( = (s.


The separation properties play an important role in the study of topological spaces. The separation properties enable us to state with precision whether a given topological space has enough open sets. Open set possessed by a topological space is intimately related to continuous functions. Continuous functions are of central importance in the study of topology.


The main aim of this thesis is to study some interesting concepts using (-open sets.


The study is collected from the following two articles namely

1.
“On (D-sets and Associated Weak Separation Axioms” by M.Caldas and S.Jafari [7].
2.
“Generalized ((-sets and related topics” by M.Caldas and S.Jafari [11].

Chapter I deals with some basic definitions and results on (-open (closed) sets. Chapter II and III contain results from the article [7].

Chapter II discusses (D-sets and associated weak separation axioms.

In section 2.1, we define (D set and (D0, (D1, (D2-spaces and (-T0, (‑T1, (-T2 spaces. The relationships between (Ti, (i = 0, 1, 2) and (Di, (i = 0, 1, 2) are studied. Some characterizations such as

1.
A topological space (X, () is (-T0 if and only if for each pair of distinct points x, y of X, cl(({x}) ( cl(({y}).

2.
A topological space (X, () is (-T1 if and only if the singletons are (‑closed sets, 

are obtained. 

A point x ( X which X as the unique (‑neighbourhood is called (-neat point and some characterizations for (D1-space is derived in terms of (‑neat point. A topological space (X, () is (-symmetric if for x ( y in X x ( cl(({y}) ( y ( cl(({x}). Characterization for a space to be (‑symmetric is given in terms of ((, ()-g-closed set and it is proved that for a (‑symmetric topological space (‑T0, (-T1, (-D1 coincide. 

Section 2.2 deals with (-continuous function on (D-sets. In this section a characterization for topological space to be (-D1 is obtained in terms of (‑continuous surjective function.

In chapter III in section 3.1 we study the separation axioms using (‑kernels. Ker((A) is defined as follows : “ker((A) = 
[image: image3.wmf]I

{O ( ( O(X, () / A ( O}”. Interesting properties of ker((A) are studied in this section. New separation axiom sober (-R0 is defined and is characterized using (-kernel of singletons. In the last theorem it is proved that product of finite number of sober (-R0 spaces is sober (-R0. In section 3.2, two new spaces (-R0 and (-R1 are defined using (-open sets. The important theorems in this section are

1.
If (X, () is (-R1​, then (X, () is (-R0 ;

2.
A topological (X, () is a (-R0 space if and only if for any x and y in X, cl(({x}) ( cl(({y}) implies cl(({x}) 
[image: image4.wmf]I

cl(({y}) = (.

3.
A topological space (X, () is a (-R0 space if and only if for any points x and y in X, ker(({x}) ( ker(({y}) implies ker(({x}) 
[image: image5.wmf]I

ker(({y}) = (.

In this section the equivalence of some interesting properties of (-open (closed) sets are proved. Many characterizations for (-R0 space are obtained.

The following chapter mainly deals with the results from [11].

Chapter IV deals with generalized ((-sets and related topics. In section 4.1 generalized ((-set and generalized V(-sets are defined and its properties are discussed. Many counter examples make the study interesting. We give some characterizations of g-V-sets by using V(-operations nd obtain the results concerning such subsets. Using these sets two new separation axioms generalized (-T1 and generalized (-R0 are defined and some relationships are proved which are substantiated by an example. In section 4.2 g-(-(-continuous maps and g.(-( irresolute maps are defined and their properties are studied with counter example. Strongly (-continuous function is proved to be g-((-continuous but not conversely for which counter examples are given. Many interesting results connecting the maps (‑continuous M-(-closed, M-(-open bijection are all derived using g.((-set and g.V(-sets. In section 4.3, g.V(-closed maps are defined with examples and some characterizations are obtained in terms of g.V(-closed sets. Section 4.4, deals with 
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is a kuratowski closure operator on X defined by 
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{U : A ( U, U ( 
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} for any subset A of (X, () and it is proved that if (X, () is a (-R0 space, then (X, 
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) is a T1-space. A topological space (X, () is said to be a 
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-open set is a g.V(-set  and it is interesting to note that (X, () is a 
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REVIEW OF LITERATURE


In the study of topological spaces many concepts to topology have been generalized by considering the concepts of semi-open sets due to Levine [32] instead of open sets. Then a number of articles on semi-open sets and semi-continuity have been published by P.Das, S.W.Jha, Tripathy Alok Ranjan [27], Dorsett Charles [18], Sivaraj [42], Zhu Jung Feng [45], Yang Zhong Qiano [44].


The initiation of the study of generalized closed sets was done by Levine [33] in 1970 as he considered sets whose closure belongs to every open superset. He called them generalized closed (g-closed) and studied their most fundamental properties. The spaces in which the concepts of g-closed and closed sets coincide are called T1/2-spaces [33]. In 1977, Dunham [20] showed that T1/2-spaces are precisely the spaces in which singletons are open or closed.


Intensive research in the field of generalized closed sets was done in the past ten years as the theory was developed by Balachandran, Devi, Maki, Noiri, Ogata, Sundaram, Umehara and Yamamura [4, 14]. Other contributions to the theory of g-closedness are [2, 5, 13, 16, 22]. Several forms of generalized continuity [4], openness and irresoluteness [4] of functions (a function is called irresolute if preimages of semi-open sets are semi-open), associated with the generalized closedness in question, have been introduced and investigated. Generalized homeomorphisms were considered by Maki, Sundaram and Balachandran in semi-generalized homeomorphisms and generalized semi-homeomorphisms were recently considered also by Devi, Balachandran and Maki in [15].


Several new separation axioms were defined in the course of the investigation of generalized closedness. Tv-spaces were introduced by Maki, Umehara  and Yamamura.  Tb and Td spaces by Devi, Maki and Balachandran [14], semi-T1/2-spaces by Bhattacharya and Lahiri [5], (Ti – and  ( 
[image: image20.wmf]*
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spaces for i = 0, ½, 1, m by Maki, Devi and Balachandran. Semi‑pre‑T1/2-spaces by the first author in [16] and Tgs spaces by Maki, Balachandran and Devi. In 1992, Umehara, Maki and Noiri introduced the ((, (()-Ti spaces for i = 0, ½, 1, ½ via  the ((, (() bioperator.


Majority of the closedness related concepts considered in the papers cited above are in fact weaker than generalized closedness. Thus the associated separation axioms are below T1/2​​.


In 1968 Velicko [43] introduced  (-open sets which are stronger than open sets in order to investigate the characterization of H-closed spaces in terms of arbitrary filterbase and showed that  (( (the collection of all (-open sets) is a topology on X such that  (( ( ( and so  (( equals with the semi‑regularization topology (s. Joseph [30], Noiri [39], Mrsevic et al. [38], continued the work of Velicko.


Semi-regularization topologies have their significant impact on the study of H-closed, S-closed, minimal Hausdorff and related spaces. Many topological properties (including separation, connectedness and covering) happen to be semi-regular that is a topological space has a certain property  P  if and only if its semi-regularization has the property  P. The semi‑regularization of a given topology ( is the topology having as base the regular open subsets of  (.


Through the semi-regularization of a given topology and the associated (‑closure operator Dontchev and Ganster considered a slightly stronger from of g-closedness properly placed between (- and g-closedness. Namely they considered sets whose closure in the semi-regularization are contained in every superset which is open in the original topology. They called these sets (-generalized closed and study their basic properties. Moreover they considered a new separation axiom : T3/4, as the class of topological spaces where every  (‑generalized closed set is  (-closed, i.e., closed in the semi‑regularization topology. The class of T3/4-spaces is properly placed between the classes of T1/2 – and T1-spaces. In their article generalized continuous and (‑generalized irresolute functions are defined and investigated.


In this thesis we have studied some interesting concepts using  (-open sets. Caldas and Jafari [7] in their paper “On (D-Sets and Associated Weak Separation Axioms”, introduced (-difference sets as follows. “A subset  A  of a topological space X is called a (D-sets if there are two U, V ( (O(X, () such that  U ( X  and  A = U – V”. Using this they have defined  (D0, (D1, (D2‑spaces and  (T0, (T1, (T2 spaces and brought out the association between these spaces. Using the definition of ((, ()-generalized closed sets  a characterization theorem is obtained for a space to be (-symmetric. In which for  x  and  y  in X, x ( cl(({y}) will imply  y ( cl(([x}). Using the definition of (-kernel of A they have defined sober (-R0 and obtained some characterizations. Some more separation axioms such as (-R0 and (-R1 are defined and their properties are studied.


Recently M.Caldas et al. ([7], [8]) have also obtained several new and interesting results related to  (-open sets. In this direction Georgiou et al. [23] used  (-open sets to define and investigate the  ((-sets (resp. V(-sets) which are the intersection of  (-open (resp. the union of (-closed) sets. In the present paper “Generalized  ((-sets and Related Topic”, by Caldas, M. and Jafari, S., they introduced and studied the concepts of g-((-continuous maps (which are weaker than strongly (-continuous maps) ; g-((-irresolute maps (defined similar to the definition of irresolute maps) and g-V(-closed maps by using g.((‑sets and g.V(-sets. These definitions enabled us to obtain the conditions under which maps and inverse maps preserve g.((-sets and g.V(‑sets. Moreover, a new class of topological spaces called  
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Since the number of papers published on (-open set and on separation axioms in topological spaces is numerous, we present a brief review of literature on some of the important articles published on these topics. 

1.
“(-Closure, (-closure and generalized closed sets”


J. Cao, M. Ganster, I. Relly and M. Steiner [12]


[Universidad Politecnica de Valencia, Vol. 6, No. 1 (2005), (79-86)]


In this article the authors have studied some new classes of generalized closed sets in a topological space in terms the associated  (‑closure and  (-closure. The relationships among these new closed sets are investigated.

2.
“On generalized (-semi closed sets in topological spaces”


Jin Han Park, Dae Seob Song and Reza Saadati [28]


[Chaos, Solitons and Fractals, Vol. 33, Issue 4, (2007), (1329-1338)]


In this article, the authors have introduced the class of g ( s-closed sets and obtained the characterizations of T3/4 spaces. They also introduced the notion of g ( s-continuity and investigated the relationships between g ( s‑continuous functions and other continuous mapping. 

3.
“On locally (-generalized closed sets and ((gc‑continuous functions”


Jin Keun Park, Jin Han Park and Bu Young Lee [29]


[Chaos, Solitons and Fractals, Vol. 19, Issue 4, (2004), (995-1002)]


In this article, the authors have introduced ℓ(ge-sets, ℓ(ge(-sets, ℓ(ge((‑sets and various generalizations of continuous functions in a topological space and analyzed their properties and interrelationship.

4.
“On (-semiopen sets and a generalization of functions”


Erdal Ekici [21]


[Bol. Soc. Paran. Mat. (3S) V. 23 (2005), (73-84)]

In this article, the author had introduced and investigated a weaker form of R-maps and (-continuous functions which is called almost (‑semicontinuity. He obtained its characterizations, its basic properties and their relationships with other types of functions between topological spaces. 
5.
“Almost continuity on generalized topological spaces”


W.K.Min [37] 

[Acta. Math. Hungar., 125 (1-2) (2009), 121-125]

In this article, the author had introduced the notion of almost (g, g()‑continuous functions on GTS’s and investigated properties of such functions and relationships among (g, g()-continuity, almost (g, g()-continuity and weak (g, g()-continuity. 
6.
“Characterizations of low separation axioms via (‑open sets and (‑closure operator”


M. Caldas, D.N. Georgiou and S. Jafari [9] 

[Bol. Soc. Paran. Mat (3S) V.21 (1-2) (2003), 73-84]


In this article, the authors have introduced and investigated some weak separation axioms by using the notions of  (-open sets and the (-closure operator.

7.
“A separation axiom between semi-T0 and semi-T1”

Caldas, M. [6] 

[Mem. Fac. Sci., Kochi Univ., Ser. A. Japan, ISSN 0389-0252, 18 (1997), 37-42]

In this article, the author introduced a new separation axiom and studied some of their basic properties. The implication of these new separation axiom among themselves and with the well known axioms semi-T2, semi-T1 and semi-T0 are obtained.

8.
“On almost precontinuous functions”


Saeid Jafari and Takashi Noiri [25] 

[Internat. J. Math. Math. Sci. V. 24, (2000) 193-2001]


Nasef and Noiri (1997) introduced and investigated the class of almost precontinuous functions. In this article, they further investigated some properties of precontinuous functions.
9.
“A separation axiom weaker than R0”


Giuseppe Di Maio [19] 

[Indian J. Pure App. Math. 16 (4), (1985) 373-375]


In this article, the author introduced and studied a separation axiom weaker than the R0-axiom.
10.
“Some applications of (-preopen sets  in topological spaces”


M.Caldas, T.Fukutake, S.Jafari and T.Noiri [10] 

[Bulletin of the institute of Mathematics Academia Sinica. V. 33 (2005)]
In 1993, Raychaudhuri and Mukherjee introduced the notions of (‑preopen sets and (-preclosure. In this article, they have introduced some weak separation axioms by utilizing the notions of (-preopen sets and (‑preclosure operator.

In bitopological spaces also (-open sets are studied. We see some articles on (-open sets in bitopological spaces.

11.
“(-Semi-open sets in bitopological spaces”


Palaniappan, N. and Pious Missier [40]

[J.Ind. Acad. Math., 25(1), (2003) 193-207]


In this article, the authors have introduced and investigated (-semi open sets in bitopological spaces.

12.
“Weakly pairwise (-semi irresolute mappings:


Rajesh, N. [41] 

[Acta Ciencia Indica, Vol. XXXIV M, No. 3, (2008) 975-978] 


In this article, the author introduced the concept of weakly pair wise (‑semi irresolute in bitopological spaces. A number of characterization of weakly pair wise (-semi irresolute mapping have been established.


In fuzzy topological spaces also (-open sets are introduced. We see an article on (-open sets in fuzzy topological spaces.

13.
“(-Semi open sets in fuzzy systems”


Anjan Mukherjee and Shaymal Debnath [1] 

[J.Tri Math. Soc. V. 8 Sept., (2006) 51-54]


In this article, the authors have introduced the concepts of fuzzy (-semi open set and fuzzy (-semi Q-neighbourhood. The aim of his paper is to introduced a new class of functions called fuzzy (-semi irresolute function and study its basic properties. They also introduced a kind of new fuzzy connectedness and some new fuzzy separation axioms and established some of their fundamental properties in fuzzy topological spaces with the help of fuzzy (-semi open sets.
CHAPTER – I

PRELIMINARIES


This chapter deals with some basic definitions and results on (-open (closed) sets.

Definition  :  1.1 [43]


A subset A is called (-open if A = Int((A), i.e., a set is (-open if it is the union of regular open sets. It is denoted by (O(X, ().

Definition  :  1.2


The complement of a (-open set is called (-closed. Alternatively, a set A ( (X, () is called (-closed if A = cl((A), where cl((A) = {x ( X : Int 
[image: image24.wmf]U

 ( A ( (, U ( (  and  x ( U}.

Definition  :  1.3


Let (X, () be a topological space. A point  x ( X is called the  (-cluster points of  A  if  A ( U ( ( for every regular open set  U  of  X  containing  x.

Definition  :  1.4


The set of all  (-cluster points of  A  is called the  (-closure of A. It is denoted by  cl((A). 

Remark  :  1.5

i)
Let  A  be a subset of a topological space (X, (), 

cl((A) = 
[image: image25.wmf]I

{F ( ( C(X, () / A ( F}.

ii)
cl((A) is  (‑closed, that is  cl((cl((A)) = cl((A).

Definition  :  1.6


The  (‑interior of a subset  A  of  X  is the union of all regular open set of  X contained in  A  and  is denoted by  Int((A). 

Definition  :  1.7


A set  U  is a (‑neighbourhood of a point  x  if  U  is  (-open such that  x ( U.

Lemma  :  1.8


Intersection of arbitrary of  (-closed sets in (X, () is  (-closed. 

Lemma  :  1.9


For subsets  A  and  Ai(i ( () of a space (X, (), the following hold :

(1)
A ( cl((A)

(2)
If A ( B, then cl((A) ( cl((B)

(3)
cl( (
[image: image26.wmf]I

{Ai : i ( ( }) ( 
[image: image27.wmf]I

{cl( (Ai) : i ( ( }

(4)
cl( (
[image: image28.wmf]U

{Ai : i ( ( }) = 
[image: image29.wmf]U

{cl( (Ai) : i ( ( }

Lemma  :  1.10 [43]


Let  S  be a subset of  X. Then :

(1)
S is a  (​-open set if and only if  S = Int​((S).

(2)
cl( (Sc) = (Int( (S))c  and  Int( (Sc) = (cl( (S))c
(3)
cl( (S) (resp. Int( (S)) is a closed set (resp. open set) but not necessarily is a  (‑closed set (resp. (-open set).

(4)
cl(S) ( cl((S) (resp. Int (S) ( Int( (S)) for any subset  S  of  X.

(5)
For  an  open  (resp.  closed)  subset   S   of  X, cl(S) = cl((S). (resp. Int( (S) = Int (S)).

Lemma  :  1.11 [43]

If  X  is a regular space, then :

(1)
Cl(S) = cl( (S) for any subset  S  of  X.

(2)
Every closed subset of  X  is  (-closed and hence for any subset  S, cl( (S) is (-closed.

Definition  :  1.12 [33]


A subset  A  of a space (X, () is called a generalized closet set (briefly g-closed) if  
[image: image30.wmf]A

 ( U whenever  A ( U and  U is open.

Definition  :  1.13


Let (X, () be the topological space. A subset  B  of a topological space  X  is said to be regular closed. If B = cl(int B). 

Definition  :  1.14


A function f : (X, () ( (Y, () is called g-continuous if  f(1(V) is g-closed in (X, () for every closed set  V  of  (Y, ().

Definition  :  1.15


A function  f : (X, () ( (Y, () is called (-open if  f(U) is  (‑open in (Y, () for every  (‑open set  U  of (X, (). 

Definition  :  1.16


A function f : (X, () ( (Y, () is called (-closed if f(V) is (-closed in (Y, () for every  (-closed set  V  of (X, ().

Definition  :  1.17


A map  f : (X, () ( (Y, () is called irresolute if  f(1(0) is semi-open in (X, () for every  O ( SO(Y, () .

Definition  :  1.18


A space  X  is called  T0 space [3]  iff to each pair of distinct points, x, y in X, there exists a open set containing one of the points but not the other. 

Definition  :  1.19


A space  X  is called T1 space [3] iff to each pair of distinct points x, y of X, there exists a pair of open sets one containing  x  but not  y and other containing  y  but not x.

Definition  :  1.20


A space  X  is called T2 space [3] to each pair of distinct points  x, y of X, there exists a pair of disjoint open sets one containing  x  and  the other containing  y.

Definition  :  1.21


A subset  A  of  X  is called  a Difference set (in short D-set) if there are two open sets  O1, O2 in  X  such that  O1 ( X and   A = O1 \ O2.

Definition  :  1.22


A space  X  is called  D​0-space if for x, y ( X,  x ( y, there exists a D‑set of  X  containing one of  x  and  y  but not the other. 

Definition  : 1.23


A space  X  is called D1-space if for x, y ( X, x ( y, there exists a pair of D-sets one containing  x  but not  y  and the other containing  y  but not  x.

Definition  :  1.24


A  space  X  is called D2-space if for x, y ( X, x ( y, there exist disjoint D-sets  S1 and S2 such that  x ( S1  and  y ( S2.

Definition  :  1.25


A space  X  is called  R0 if cl({x}) ( G whenever  x ( G ( (.

Definition  :  1.26


A topological space (X, () is said to be R1-space if for x, y in X with cl({x}) ( cl({y}), there exist disjoint open sets U and V such that cl({x}) is a subset of  U  and  cl({y}) is a subset of V.

Definition  :  1.27


Let  A  be a subset of topological space X. The kernel of A denoted by ker (A) is defined to be the set ker(A) = 
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{O ( ( / A ( 0}.

Definition  :  1.28


A filter base for a set  S  is a subset  B  of  the power set of S with the following properties, 

(i)
the intersection of any two sets of  B  contains a set of  B.

(ii)
B  is non-empty and the empty set is not in  B.

Definition  :  1.29


A topological space is symmetric if for x, y ( X, x ( cl({y}) implies y ( cl({x}).
CHAPTER – II

(D-SETS AND ASSOCIATED WEAK SEPARATION AXIOMS


This chapter discusses (D-sets and associated weak separation axioms.
SECTION : 2.1

(D-SETS AND ASSOCIATED WEAK SEPARATION AXIOMS


In this section, (D-sets and (D0, (D1, (D2-spaces are defined and the relationships between (Ti​ (i = 0, 1, 2) and (Di (i = 0, 1, 2) are obtained. Some characterizations are also obtained. The definition of (-neat point is defined and some characterizations for (Di-space are derived in terms of (-neat point. (-symmetric is defined and  a characterization for a space to be (-symmetric is derived in terms of ((, ()-g-closed set and proved that for a (-symmetric topological space (-T0, (-T1, (-D1 will coincide.

Definition  :  2.1.1


A subset  A  of a topological space  X  is called a (D‑set if there are two sets, U, V ( (O(X, () such that  U ( X and A = U – V.

Note  :  2.1.2


Every (‑open set  U  different from  X  is a  (D‑set.

Proof


Let  U ( X be a subset of X, and  U ( (O(X, ().

Then 
U  =  U - (  where  U = U  and  V = (

     =  U – V and U, V ( (O(X, ()

· U is (D-set.

· Every  (‑open set  U ( X is a (D‑set.

Definition  :  2.1.3


A topological space (X, () is called (‑D0  if for any distinct pair of points  x  and  y  of  X  there exists a  (D‑set of  X  containing  x  but not  y  or  a  (D‑set of  X  containing  y  but not  x.

Definition  :  2.1.4


A topological space (X, () is called (‑D1   if for any distinct pair of points  x  and  y  of  X  there exists  a  (D‑set of  X  containing  x  but not  y  and a  (D‑set  of  X  containing  y  but not  x. 

Definition  :  2.1.5


A topological space (X, ()  is called  (‑D2  if for any distinct pair of points  x  and  y  of  X  there exists disjoint  (D‑sets  G  and  E  of  X  containing  x  and  y, respectively.

Definition  :  2.1.6


A topological space (X, () is called  (‑T0 [26] if for any distinct pair of points in  X, there is a (‑open set containing one of the points but not the other.

Definition  :  2.1.7


A topological space (X, () is called  (‑T1 [26] if for any distinct pair of points  x  and  y  in X, there is a (‑open set  U  in  X  containing  x  but not  y  and a (‑open set  V  in  X  containing  y  but not  x.

Definition  :  2.1.8


A topological space (X, () is called (‑T2 [26] if for any distinct pair of points  x  and  y  in  X, there exist  (‑open sets  U  and  V  in  X  containing  x  and  y, respectively, such that  U ( V = (.

Theorem  :  2.1.9

(i) If (X, () is  (‑Ti, then it is (‑Ti-1, i = 1, 2.

(ii) Obviously, if (X, () is (‑Ti, then (X, () is  (-Di, i = 0, 1, 2.

(iii) If (X, () is (‑Di, then it is (‑Di-1, i = 1, 2.

Proof 


To prove (i) we have to prove the following implications. 

(i.e.)
(X, () is (‑T2 implies (X, () is  (‑T1





 (1)

(X, () is (‑T1 implies (X, () is (-T0





 (2)
Proof of (1)

Let (X, () be  (‑T2

To prove (X, () is (‑T1

Let  x ( y for x, y ( X,

By definition of (‑T2, there exist (‑open sets U  and  V  such that  x ( U, y ( V and  U ( V = (








 (3)


(  There is a (-open set  U  in  X  containing  x  not containing  y

(Otherwise  y ( U ( V, therefore contradicts to (3))  and similarly there is a (‑open set  V  in  X  containing  y  not containing  x.


Hence  X  is  (‑T1.

Proof of (2)


Let  (X, () be  (‑T1.


To prove (X, () is  (‑T0.


Let  x, y ( X such that  x ( y.

By definition of  (‑T1, there is a (‑open set  U  in  X  containing  x  but not  y  and  a (‑open set  V  in  X  containing  y  but not  x.


(  There is a (-open set containing one of the points but not the other.


(  X  is  (‑T0.

ii)
To prove if (X, () is (‑Ti  then (X, ()  is  (‑Di, i = 0, 1, 2. (i.e.) enough to prove 

(a) If (X, ()  is (‑T0  then (X, () is (-D0.

(b) If (X, () is (‑T1 then (X, () is (‑D1.

(c) If (X, () is (‑T2 then (X, () is (‑D2.

Proof of Part (a)


If (X, () is (‑T0.

Let x, y ( X such that  x ( y.

By definition of  (‑T0, there exists a  (-open set containing one of the points and but not the other.

By the Note 2.1.2, every (‑open set is (D-set. 

( There exists a (D‑set containing  x  but not  y.

(  (X, ()  is (‑D0.


(b)  and (c) follow from the Note 2.1.2, as above.

iii)
To prove if (X, ()  is (‑Di  then  it is (‑Di-1, i = 1, 2. It is enough to prove if (X, () is (‑D2 then (X, () is (D1





(1)

if (X, () is (D1 then (X, () is (D0.





(2)

Proof of (1)
If (X, () is (-D2

Let x ( y for x, y ( X.


By definition of (-D2, there exist (D-sets  U  and  V  such that  x ( U, y ( V  and  U ( V = (.


( There is a (D-set  U  in  X  containing  x  not containing  y and similarly there is a (D-set  V  in  X  containing  y  not containing  x.


Hence (X, () is (‑D1.

Proof of (2)
Assume (X, () is (-D1.


To prove (X, () is (‑D0.


Let  x, y ( X  such that  x ( y.


By definition of (‑D1, there is a (D-set  U  in  X  containing  x  but not  y  and a (D‑set  V  in  X  containing  y  but not  x.


( There is a (D-set containing one of the points but not the other.


( (X, () is (‑D0. 

Theorem  :  2.1.10


For a topological space (X, () the following statements are true :

1)
(X, ()  is (‑D0 if and only if it is (-T0.

2)
(X, ()  is (‑D1 if and only if it is (-D2.

Proof

Proof of (1)
The sufficiency is stated in Theorem 3.1.9 (ii).


To prove necessity, let (X, () be  (‑D0.


To prove (X, () is (‑T0.


Let  x, y ( X such that  x ( y.


By definition of (-D0, there exists a  (D‑set  G  of  X  containing  x  but not  y.


By Definition 2.1.1, G = U1 – U2 where U1 ( X,  U1, U2 ( (O(X, (), x ( G which implies  x ( U1  and  x ( U2





 (1)


We have two cases  :  i)  y ( U​1  ii)  y ( U1 ( U2


 (2)

Case (i)


From (1) and (2),



x ( U1  and  y ( U1.


( There exists a (‑open set  U1  containing  x  not containing  y.


(  (X, ()  is  (‑T0.

Case (ii)


y ( U1 ( U2.


Then  y ( U1  and  y ( U2  






 (3)

By (1),  x ( U2  


Now  y ( U2  and  x ( U2.


(  There exists an (-open set  U2  containing   y  not containing  x.


(  (X, ()  is (‑T0. 

Proof of (2)    The sufficiences part is proved in Theorem  3.1.9 (iii).

Necessity


Let (X, () be  (‑D1.


Then for x, y ( X such that  x ( y, there exist  (D-sets  G1, G2 such that  x ( G1, y ( G1  and y ( G2,  x ( G2, where G1 = U1 – U2, G2 = U3 – U4 by Definition  2.1.1, such that  U1, U2, U3, U4 ( (O(X, ().


Now  x ( G2  which implies (i)  x ( U3, (ii)  x ( U3 ( U4. 

Case (i)


x ( U3.


By  y ( G1 we have two subcases :

(a)  y ( U1  (b)  y ( U1 ( U2.

Subcase (a)


x ( G1 = U1 – U2  (  x ( U1 – (U2 ( U3)  =  V1  [
[image: image32.wmf]Q

 x ( U3]


y ( G2 = U3 – U4  (  y ( U3 – (U1 ( U4)  =  V2  [
[image: image33.wmf]Q

 y ( U1]

say  V1  and  V2  are  (D sets.

U1, U2 ( U3 ( (O(X, ()  and  U3, U1 ( U4 ( (O(X, ().

Claim  :  y ( V1

By subcase (a),  y ( U1.


( y ( V1  =  U1 – (U2 ( U3).

Claim  :  x ( V2

By case (i),  x ( U3.


( x ( V2  =  U3 – (U1 ( U4).

Claim  :  V1 ( V2 = (.


Suppose there exists  z ( V1 ( V2

z ( V1  (  z ( U​1  and  z ( U2 ( U3.

z ( V2  (  z ( U​3  and  z ( U1 ( U4.


(  z ( U1 ( U2 ( U3 ( U4
which is contradiction to  z ( U1  and  z ( U3.


(  V1 ( V2  =  (.


(  There exists two disjoint  (D sets  V1  and  V2 

containing  x  and  y  respectively.


( (X, () is  (-D2.

Subcase (b) 


y ( U1 ( U2  (  y ( U1  and  y ( U2

Now  x ( G​1 = U1 – U2 = W1 and 


          y ( U2 = W2 = W2 – (.

Here  W1  and  W2  are  (D sets containing  x  and  y  respectively.

It is enough to prove  W1 ( W2  =  (.

Claim  :  W1 ( W2  =  (

Suppose  w ( W1 ( W2

​w ( U1 – U2  and  w ( U2  

which is contradiction.

(  W1 ( W2  =  (.

( (X, ()  is (-D2.

Case (ii)


x ( U3 ( U4  (  x ( U3  and  x ( U4
Now 
y ( G2 = U3 – U4 = Z1

x ( U4 = V4 – ( = Z2
Here  Z1  and  Z2  are  (D sets containing  y  and   x  respectively.

It is enough to prove  Z1 ( Z2  =  (.

Claim  :  Z1 ( Z2  =  (.


Suppose   v ( Z1 ( Z2.


​(
v ( U3 – U4  and  v ( U4

Which is a contradiction.


(  Z1 ( Z​2  =  (

(  (X, ()  is  (-D2. 

Corollary  :  2.1.11


If (X, ()  is  (-D1, then it is  (‑T0.

Proof


(X, ()  is (-D1.

By Theorem  3.1.9 (iii), (X, ()  is  (-D0.

In turn by Theorem  3.1.10 (i), (X, () is  (-T0. 


Hence the corollary. 

Theorem  : 2.1.12


A topological space (X, () is (-T0  if and only if for each pair of distinct points  x, y  of  X,  cl(({x})  (  cl(({y}).

Proof 

Sufficiency  


Suppose that  x, y ( X,  x ( y  and  cl(({x})  (  cl(({y}).


(  There exists a point  z ( cl(({x})  but  z ( cl(({y}).


 (1)

Claim  :  x ( cl(({y})


Suppose  x ( cl(({y}).


cl(({x})  (  cl( (cl({y})  =  cl(({y}).





 (2)
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 By corollary

(1)  and (2) contradict each other.


(  x ( cl(({y}).


Hence the claim.

The above claim implies that  x ( [cl(({y})]c  =  U 

Which is a  (‑open set.

( There exists a  (-open set  U  containing  x  not containing  y.

(  (X, ()  is  (-T0. 

Necessity  


Let (X, ()  be  (-T0







 (3)

and   
x, y ( X  such that  x ( y.

By (3) there exists  a  (‑open  set  G  containing  x  and  not containing  y (say). 

Then  Gc  is a  (‑closed set such that  x ( Gc




 (4)

and  y ( Gc.

cl(({y})
=
( {F ( (C(X, () / {y} ( F}

[
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 by corollary 1.2]


(
Gc







 (5)

From (4) and (5) we get


x ( cl(({y}).


(  cl(({x})  (  cl(({y}).


Hence the theorem.

Theorem  :  2.1.13


A topological space (X, ()  is  (-T1  if and only if the singletons are  (‑closed sets. 

Proof


Let (X, ()  be  (‑T1  and  x  is any point of X.

To prove {x}  is a  (‑closed set.

Suppose  y (  {x}c









 (1)

Then  x ( y  and there exists a  (‑open set  Uy  such that  

y ( Uy  but  x ( Uy. 








 (2)

From (1)  and  (2), we get


y ( Uy ( {x}c
(i.e.)
{x}c  =  ( {Uy / y ( {x}c}  which is  (‑open.


(  {x}  is  (‑closed set.

Conversely, suppose that  {p}  in  (‑closed for every  p ( X.

Let  x, y ( X such that  x ( y.

Now  x ( y  implies  y ( {x}c.

Hence {x}c  is a  (‑open set containing  y  but not containing  x.

Similarly {y}c  is a  (‑open set containing  x  but not  y.


( (X, ()  is a (‑T1.


Hence the theorem.

Definition  :  2.1.14


A point  x ( X  which has  X  as the unique  (‑neighbourhood is called  (‑neat point.

Theorem  :  2.1.15


For a   (‑T0  topological space (X, () the following are equivalent :

(1) (X, ()  is  (‑D1.

(2) (X, ()  has  no  (‑neat point.

Proof  :  (1)  (  (2)


Let  (X, ()  is  (‑D1.

From the Definition  3.1.4, we infer that for each point x  of  X  there exists  a  (D  set  O  containing  x. Then  O = U – V  where  U, V ( (O(X, ()  and  U ( X  and  x ( U.


(  x  has a  (‑neighbourhood  U  other than X.


(  x  is not a  (‑neat point. 

(2) ( (1)


Let (X, ()  be  (-T0  and  X  has  no  (-neat point.


We have to prove (X, () is  (-D1.


Let  x, y ( X  such that  x ( y.


Since  (X, () is (-T0,  there exists a  (-open set  U (say)  such that  x ( U  and  y ( U









 (1)

Thus  U  is different from  X  which implies  U  is a  (D-set. (By Note  3.1.2).

Since  X  has no  (‑neat point. 

Then   y ( X  is not a  (‑neat point.

(  There exists a  (‑neighbourhood  V  of   y  such that  V ( X

 (2)

From (1)  and  (2)  we get


y ( V – U = W


W  is a (D-set containing  y  but not containing  x.  [
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 x ( U]


(  There exists a  (D-set  U  containing  x  not containing  y  and  w, a (D‑set  containing  y  not containing  x.


(  (X, ()  is  (-D1.

Remark  :  2.1.16


It is clear that  (-T0  topological space (X, ()  is not  (-D1  if and only if there is a unique  (-neat point in X. it is unique because if  x  and  y  are both  (‑neat point in X, then at least one of them say  x  has  (‑neighbourhood  U  containing  x  but not  y. But this is a contradiction  since  U ( X,  as  X  is (‑T0.

Definition  :  2.1.17


A topological space (X, ()  is  (‑symmetric, if for x ( y in X,  

x ( cl(({y}) ( y ( cl(({x}).

Definition  :  2.1.18


A subset  A  of a topological space  (X, ()  is called a ((, ()‑generalized‑closed set [23] (briefly ((, ()-g-closed) if whenever  A ( U  where  U  is  (‑open in (X, ()  then  cl((A) ( U. 

Lemma  :  2.1.19


Every  (-closed set is ((, ()-g-closed.

Proof


Let  A  be a (-closed set.

Then  cl((A)  =  A.

(  By Definition  3.1.18, A is ((, ()-g-closed.

Theorem  :  2.1.20


A topological space (X, ()  is  (-symmetric if and only if {x}  is ((, ()‑g‑closed for each  x ( X.

Proof


Let {x}  be  a ((, ()-g-closed set for each  x ( X



 (1)

Suppose  x  is not  (-symmetric

(i.e.), 
x ( cl(({y})  but  y ( cl(({x})






 (2)


(  y ( [cl(({x})]c
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 [cl({x}]c  is  (-open and by (1) we get


cl(({y})  (  [cl(({x})]c







 (3)

(2)  and (3)


 [cl(({x})]c  contains  x


which is a contradiction.


(  X  is  (-symmetric.

Conversely, let  X  be  (-symmetric





 (4)

Suppose  that  {x} ( E ( ((X, () but cl(({x})  is not a subset of E.


(
cl(({x})  (  Ec  (  (.

Let  y ( cl(({x}) ( Ec  


(
y ( Ec  where  Ec = (-closed set.

(
cl((Ec)  =  Ec.

(
y ( cl((Ec)

x ( cl((y) ( cl(cl((Ec))  =  cl((Ec)  =  Ec   [
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 by (3)]


(  x ( Ec.


(  x ( E

which is a contradiction.

(  {x}  is  ((, ()-g-closed for each x ( X. 

Corollary  :  2.1.21


If a topological space (X, ()  is a  (-T1  space, then it is  (‑symmetric.

Proof


Let  (X, ()  be a  (‑T1 space. 

By  Theorem  3.1.13, we get singleton sets are  (‑closed sets.

(  It is ((, ()-g-closed   [
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 Lemma 2.1.19]

(
It is  (-symmetric   [
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 Theorem  2.1.20]

Hence  (-T1  space  is  (-symmetric. 

​Corollary  :  2.1.22


For a topological space (X, ()  the following are equivalent :

(1)
(X, () is  (‑symmetric  and  (-T0.

(2)
(X, () is  (-T1.

Proof


To prove  (2) ( (1)

Assume (X, ()  is  (-T​1







  (I)

(  (X, ()  is  (-symmetric  

[
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  Corollary  2.1.21]

By (I)  we get  (X, ()  is  (-T0.
[
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  Theorem  2.1.9 (i)]

Next to prove (1) ( (2)
Assume  (X, ()  is  (-symmetric and  (-T0




 (II)

Let  x ( y  and assume  x ( G1 ( {y}c  for  

some  G1 ( (O(X, ()

[
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 Definition  3.1.6]

Then  x ( cl(({y})

(  y ( cl(({x})    [By (II)].

There exists a  G2 ( (O(X, ()  such that 


y ( G2 ( {x}c.

Hence   (X, ()  is a  (‑T1 space. 

Theorem  :  2.1.23


For a (‑symmetric topological space (X, ()  the following are equivalent.

(1) (X, ()  is  (‑T0.

(2) (X, ()  is  (‑D1.

(3) (X, ()  is  (‑T1.

Proof


First we shall prove  (1)  (  (3).


Assume  (X, ()  is  (‑symmetric and  (-T0.

By  Corollary  3.1.22,  (  (X, ()  is  (-T1.

Hence (1) ( (3).

Next to prove (3) ( (2)
Assume (X, ()  is  (‑symmetric and  (-T1.

(
(X, ()  is  (-D1.

[
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 Theorem  2.1.9 (ii)]

Hence (3)  (  (2)

Next to prove (2) ( (1).
Assume  (X, ()  is  (-symmetric  (-D​1.

(
(X, ()  is  (-T0.

[By Corollary  2.1.11]

Hence  (2) ( (1).

SECTION  :  2.2

(‑CONTINUOUS FUNCTIONS ON  (D-SETS


This section gives results on (-continuous functions on (D-sets. A characterization for (-D1 space is obtained in terms of (-continuous surjective function.

Definition  :  2.2.1


A function  f : (X, () ( (Y, ()  is said to be  (-continuous [39]  if for each  x ( X  and each regular open set  V  containing  f(x), there is a regular open set  U  in  X  containing  x  such that  f(U) ( V.

Remark  :  2.2.2


In 1980, Noiri [39], a function f : (X, () ((Y, ()  is a (-continuous if and only if the inverse image of each  (-open set  is  (-open. 

Theorem  :  2.2.3


If  f : (X, () ((Y, ()    is a (-continuous surjective function and  E  is a (D‑set in  Y, then the inverse image of  E  is a  (D-set in X.

Proof


Let   f  be  a surjective  (-continuous function from X to Y.

 (1)


​Let  E  be a  (D-set in Y.


By Definition  3.1.1, there are  (-open sets  U1  and  U2  in Y such that  E = U1 – U2  and  U1 ( Y.







 (2)

Then  f(1(U1)  and  f(1(U2)  are  (-open in X
[
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 Remark  2.2.2]   
 (3)

From (2),  f(1(U1) ( X
[By (1)]

Since  E  =  U1 – U2
(
f(1(E)  =  f(1(U1) – f(1(U2)  and  f(1(U1) ( X



 (4) 

From (3) and (4), we get  f(1(E)  is a  (D-set. 

Theorem  :  2.2.4


If (Y, ()  is  (-D1  and  f : (X, () ( (Y, ()  is  (-continuous and bijective, then (X, ()  is  (-D1.



Proof


Let  Y  be a  (-D1 space. 

Let  x ( y  in  X.

Since  f   is injective and  Y  is  a  (-D1 space, there exists  (D-sets  G​z  and  Gy  of  Y  containing  f(x)  and  f(y)  respectively, such that  f(y) ( Gz  and  f(x) ( Gy.

(
f(1(Gz)  and  f(1(Gy)  are  (D-sets in  X  containing  x  and  y,  respectively.



[By Theorem  2.2.3]

(
X  is a  (-D1 space. 

Theorem  :  2.2.5


A topological space (X, ()  is  (-D1  if and only if for each pair of distinct points  x, y ( X, there exists a  (-continuous surjective function  f : (X, () ( (Y, (),  where  Y  is a  (-D1  space such that  f(x) and  f(y)  are distinct.

Proof

Necessity


Assume (X, ()  is  (-D1.

Let  x ( y ( X, there exists a  (-continuous surjective function  f : (X, () ( (X, ().

(X, ()  is also a  (-D1.

Since  x ( y.

(
f(x)  (  f(y).

Sufficiency


Let  x ( y ( X.

Assume there exists  a (-continuous, surjective function  f : (X, () ( (Y, () where  Y  is  (-D1  space  such that  f(x) ( f(y). 

(  There exist disjoint (D-sets  Gx  and  Gy  in  Y  such that  f(x) ( Gx  and  f(y) ( Gy.

Since  f  is  (-continuous and surjective.

(  f(1(Gx)  and f(1(Gy)  are disjoint  (D-sets in  X  containing  x  and  y  respectively.



[By Theorem  2.2.3]

(  X  is  (-D2 space.

[By Definition  2.1.5]

(
X  is  (-D1  space

[By Theorem  2.1.10]

Hence  (X, () in  (-D1. 



CHAPTER – III

SEPARATION AXIOMS USING  (-KERNEL
This chapter depicts the separation axioms using (-kernels.
SECTION : 3.1

SOBER (-R0 SPACES

In this section, the definition of ker((A) is given and the properties of ker((A) are derived. New separation axiom sober (-R0 is defined and is characterized using (-kernel of singletons. The product of finite number of (‑R0 spaces is obtained.
Definition  :  3.1.1


Let  A  be a subset of topological space  X. The  (-kernel of A is defined to be the set  ker((A)  =  ( {O ( (O(X, () / A ( 0}. It is denoted by ker((A). 

Lemma  :  3.1.2


Let (X, ()  be a topological space  and  x ( X. 

Then  ker((A) = {x ( X / cl(({x}) ( A ( (}.

Proof


Let  x ( ker((A)  =  ( {O ( (O(X, () / A ( O}

Suppose  cl(({x}) ( A  =  (.


(   A  (  [cl(({x})]c  (  (O(X, ()





 (1)

But
x ( [cl(({x})]c








 (2)

(  There is a (-open set  [cl({x}]c  not containing  x  but containing  A.

From (1) and (2),  which is a contradiction to the fact that  x ( ker((A).

(   cl(({x}) ( A  (  (.

Let  cl(({x}) ( A  (  (  for some  x ( X.




 (3)

Suppose  x ( ker((A).

Then there exists  D ( (O(X, ()  such that  A ( D  and  x ( D.

 (4)

Let  y (  cl(({x}) ( A.

(
every  (-neighbourhood of  y  intersects  {x}  (i.e.)  x ( ker((A). 

This is a contradiction to  x ( ker((A).

Hence  ker((A)  =  {x ( X / cl(({x}) ( A (  (}.

Definition  :  3.1.3


A topological space (X, ()  is said to be Sober  (-R0  if  
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.Theorem  :  3.1.4

A topological space (X, ()  is Sober  (-R0  if and only if  ker(({x})  ( X  for every  x ( X. 

Proof


Let (X, ()  be Sober  (-R0.






 (1)

​
Suppose there exists a  y ( X  such that  ker(({y})  = X.


ker({y}  =  (  {O ( (O(X, () / Y ( O}  =  X   [By Definition  3.1.1]

(
No proper  (-open subset contains y.

(
The only  (-neighbourhood containing  y  is  X  which  intersects every point  x  of  it.

(
y ( 
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which  is contradiction to (1).

(
ker(({x})  ( X  

Conversely, assume  ker(({x})  ( X   for every  x ( X.



 (2)

Suppose there exists a point   y  in  X  such that  y ( 
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Every  (-neighbourhood of  y  intersects {x}, for every  x ( X.

(
X ( every  (‑neighbourhood of y.

(
X  is the unique  (-open set  containing  y.

(
ker(({y})  = X  







 (3)

From (2) and (3), we get a contradiction.


(
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(
(X, ()  is sober  (-R0.

Definition  :  3.1.5


A function  f : X ( Y  is called always  (‑closed if the image of every  (‑closed subset  of  X  is  (‑closed in  Y.

Theorem  :  3.1.6


If  f : X ( Y is an bijective always  (‑closed function  and  X  is  sober  (‑R0, then  Y  is  sober  (‑R0. 

Proof


Let  f : X ( Y  be a bijective and always  (-closed function and  X  be sober  (-R0









 (1)

(i.e.)
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Let  Dx  =  cl(({x})  which is  (-closed in X.

Then  f(Dx)  is also  (-closed  in Y.  [By (1)]


f(Dx)  =  f(cl({x})  =  cl((f{x})

(
(  cl({f(x)}  =  ( f(Dx)  =  f(( Dx)  =  f(( cl({x}) = f(() = (.

(
Y  is sober  (-R0.

Theorem  :  3.1.7


If the topological space  X  is  sober  (-R0  and  Y  is any topological space, then the product  X x Y is sober  (-R0.

Proof


Let  X  be sober  (-R0.


To prove  X x Y  in sober  (-R0.

(i.e.)
to prove  
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Consider,
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 X is sober  (-R0]



=
(
(
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Hence  X x Y  is Sober (-R0.

SECTION  :  3.2

(-R0  SPACES  AND  (-R1  SPACES


In this section, the two new spaces (-R0 and (-R1 are defined using (‑open sets. Some important theorems are obtained in this section and the equivalence of some interesting properties of (-open (closed) sets are obtained. Many characterizations for (-R0 space are also obtained.
Definition  :  3.2.1


A topological space (X, ()  is said to be  (-R0  space [23]  if every  (‑open set contains the  (-closure  of each of its singletons.

Definition  :  3.2.2


A topological space (X, ()  is said to be  (-R1  if for  x, y  in X with cl(({x}) ( cl(({y}), there exist disjoint  (-open sets  U  and  V  such that  cl(({x})  is a subset  of  U  and  cl(({y})  is a subset  of V.

Lemma  :  3.2.3


Let  (X, ()  be a topological space  and  x ( X. Then  y ( ker(({x})  if and only  if  x ( cl(({y}).

Proof


Assume  x ( cl(({y})


Suppose  y ( ker(({x})

Then there exists a  (-open set  V  containing  x  such that  y ( V.

(
x ( cl(({y})

which  is contradiction to hypothesis  x ( cl(({y}).

(
y ( ker(({x}).

Conversely, assume  y ( ker(({x})

To prove   x ( cl(({y})

Suppose  x ( cl(({y})

Then there exists a  (-open  set  U  containing  y  but not x. 

(  we have  y ( ker(({x})

which is contradiction to y ( ker(({x})

(
x ( cl(({y}).

Lemma  :  3.2.4


The following statements are equivalent for any distinct points  x  and  y  in a topological space (X, () :

1) ker(({x})  (  ker(({y}) ;

2) cl(({x})  (  cl(({y}).

Proof  

(1)  (  (2)


Assume ker(({x})  (  ker(({y}).

Then there exists a point  Z  in  X  such that 


Z ( ker(({x})  








 (1)


Z ( ker(({y})  








 (2)

(1)  (
 {x} ( cl(({z})  (  (


(By Lemma  3.1.2)

(
x ( cl​(({z}).

(2)  (
{y} ( cl(({z})  =  (







 (3)

Since  x ( cl(({z})


cl(({x})  (  cl(({z})

[
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 cl((cl(({z})) = cl(({z})]

(3)  (
{y} ( cl(({x})  =  (
(
cl(({x})  (  cl(({y}).

(
ker(({x})  (  ker(({y})  (  cl(({x})  (  cl(({y}).

(2)  (  (1)

Assume  cl(({x})  (  cl(({y}).

Then there exists a point  z  in  X  such that  z ( cl(({x}) and  z (  cl(({y}).

Then there exists a  (-open set containing  z  and  x  but not containing  y. 

(
y  (  ker(({x})  

Hence  ker(({x})  (  ker(({y}).

Theorem  :  3.2.5


If (X, ()  is  (-R1, then (X, ()  is (-R0.

Proof


Let  X  be (-R1.


Let  U  be  (-open  and  x ( U.  To prove  (-R0  it is enough to prove  cl({x} ( U. [By Definition  3.2.1].

If  y ( U  and since  x ( cl(({y}).

Then cl(({x})  (  cl(({y}).

Hence, there exists a  (-open set  Vy  such that  cl(({y}) ( Vy  and  x ( Vy.

(
y ( cl(({x}).

(
cl(({x}) (  U.

Theorem  :  3.2.6


A topological space (X, ()  is  (-R1  if and only if for  x, y ( X,  ker(({x}) ( ker(({y}), there exist disjoint  (-open set  U  and  V such that  cl(({x}) ( U  and  cl(({y}) ( V.

Proof


Let  (X, ()  be  (-R1. 

For  x, y  in X with  cl(({x}) (  cl(({y}), there exist disjoint  (-open  sets  U  and  V  such that  cl(({x}) ( U  and  cl(({y}) ( V.  (
[image: image59.wmf]Q

 By Definition  3.2.2)

By Lemma  3.2.4, we have  ker(({x}) ( ker(({y}).

Conversely, assume  for  x, y ( X,  ker(({x}) ( ker(({y}), there exist disjoint  (‑open sets  U  and  V such that  cl(({x}) ( U  and  cl(({y}) ( V

 (1)

Since  ker(({x}) ( ker(({y}).

(
cl(({x}) (  cl(({y})

[By Lemma  3.2.4]



 (2)

(1)  and (2)

(
(X, ()  is  (-R1. 

Theorem  :  3.2.7


A topological (X, ()  is a (-R0  space  if and only if for any  x  and y  in  X,  cl(({x}) (  cl(({y}) implies  cl(({x}) ( cl(({y})  =  (.

Proof

Necessity


Let  (X, ()  be  (-R0.

For  x, y ( X  such that  cl(({x}) (  cl(({y})

Then, there exists  z ( cl(({x}) such that  z ( cl(({y}).

(    There exists  V ( (O(X, ()  such that  y ( V  and  z ( V  hence  x ( V.

(
x ( cl(({y})

(
x ( [cl(({y})]c  (  (O(X, ()  

(
cl(({x}) (  [cl(({y})]c  and 


cl(({x}) (  cl(({y})  =  (
Sufficiency


Let  V ( (O(X, ()  and  let  x ( V.

We shall prove that  cl(({x}) ( V. 

Let  y ( V.

(i.e.), 
y ( [V]c
Then  x ( y  and  x ( cl(({y})

(
cl(({x}) (  cl(({y})

By assumption,  cl(({x}) (  cl(({y})  =  (
Hence  y ( cl(({x})

(
cl(({x}) ( V.

Hence  (X, ()  is  (-R0. 

Theorem  :  3.2.8


A topological space (X, ()  is a (-R0 space if and only if for any points  x  and  y  in   X,  ker(({x}) ( ker(({y}) implies  ker(({x}) ( ker(({y}) = (.

Proof


Let (X, () be a (-R0 space.

For any points  x  and  y  in  X  if ker(({x}) ( ker(({y}).

Then  cl(({x}) (  cl(({y})


[
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 By Lemma  3.2.4]

To prove  ker(({x}) ( ker(({y}) = (
Suppose  z ( ker(({x}) ( ker(({y})

(
z ( ker(({x}) 

By Lemma  3.2.3,  x ( cl(({z})

(
cl(({x}) =  cl(({z})


[By Theorem  3.2.7]

Similarly, we have  cl(({y})  =  cl(({z})  =  cl(({x})

which  is a contradiction.

(
ker(({x}) ( ker(({y}) = (
Conversely,


Let (X, ()  be a topological space such that for any points  x  and  y  in X,  cl(({x}) (  cl(({y}).

Then  ker(({x}) ( ker(({y})


[By Lemma  3.2.4]

Hence by hypothesis,  ker(({x}) ( ker(({y}) = (
(
cl(({x}) (  cl(({y})  = (
Because  z ( cl(({x})

(
x ( ker(({z}) and  ker(({x}) ( ker(({z}) ( (
(
(X, ()  is a  (-R0  space  [
[image: image61.wmf]Q

 by Theorem  3.2.7]

Theorem  :  3.2.9


For a topological space (X, (), the following properties are equivalent :

1)
(X, ()  is a  (-R0  space  ;

2)
For any  A ( (  and  G ( (O(X, ()  such that  A ( G ( (, there exists  F ( (C(X, ()  such that  A ( F ( (  and  F ( G ;

3)
Any  G ( (O(X, (), G = ( {F ( (C(X, () / F ( G} ;

4)
Any  F ( (C(X, (), F = ( {G ( (O(X, () / F ( G} ;

5)
For  any  x ( X,  cl(({x}) (  ker(({x}).

Proof


To prove (1) ( (2)

Let (X, ()  be a  (-R0  space.

Let  A  be a nonempty set of  X  and  G ( (O(X, ()  such that  A ( G ( (  

(
x ( A ( G

(
x ( G ( (O(X, ()  

Let  F  =  cl(({x})

Then  F ( (C(X, ().

(
F ( G  and  A ( F ( (.

To Prove  (2) ( (3)


Let  G ( (O(X, ()  

Then  F ( G  


(i.e.)  ( {F ( (C(X, () / F ( G} ( G




 (i)

Let  x ( G.

There exists  F ( (C(X, ()  such that  x ( F  and  F ( G.

(
x ( F (  ( {F ( (C(X, () / F ( G}

(
G ( ( {F ( (C(X, () / F ( G}





 (ii)

From (i) and (ii)

We have   G  =  ( {F ( (C(X, () / F ( G}

Next to prove (3)  (  (4)
Follows from the definitions. 

To prove (4) ( (5)


Let  x  be any point of  X  and  y ( ker(({x}).



 (iii)

There exists  V ( (O(X, () such that  x ( V  and  y ( V.

(
cl(({y})  (  V  =  (.

(4)
(
(( {G ( (O(X, ()} / cl(({y}) ( G) ( V = (  and there exists  G ( (O(X, () such that  x ( G  and  cl(({y})  ( G.

(
cl(({x}) ( G = (  and  


y ( cl(({x})








(iv)

(iii) and (iv)  (
cl(({x}) ( ker(({x})

To prove  (5) ( (1)


Let  G ( (O(X, () and  x ( G.

Suppose  y ( ker(({x})

(
x ( cl(({y})  and  y ( G  (    ker(({x}) ( G.

(5) 
(
cl(({x}) ( ker(({x})


(
cl(({x}) ( ker(({x}) ( G

(
cl(({x}) ( G  where  G ( (O(X, ()
[By Definition  3.2.1]

Hence  (X, ()  is a  (-R0  space.

Corollary   :  3.2.10


For a topological space (X, (), the following properties are equivalent  :

1)
(X, () is a (-R0  space;

2)
cl(({x}) = ker(({x})  for all x ( X.

Proof  :

(1)  (  (2)


Suppose that (X, ()  is a (-R0  space.

By Theorem  3.2.9,  cl(({x}) ( ker(({x})  for each  x ( X.


  (i)

Let   
y ( ker(({x})

(
x ( cl(({y})

(
cl(({x})  =  cl(({y})

[By Theorem  3.2.7]

(
y ( cl(({x})

(
ker(({x}) ( cl(({x})  







 (ii)

(i)  and (ii)


cl(({x})  =  ker(({x})

To prove  (2) ( (1)


Assume  cl(({x})   = ker(({x})  for all  x ( X.

(
cl(({x})  (  ker(({x})  for any  x ( X.
[By Theorem  3.2.9]


Hence  (X, ()  is a (-R0  space. 

Theorem  :  3.2.11


For a topological space  (X, (), the following properties are equivalent :

1) (X, ()  is a (-R0  space ;

2) x ( cl(({y}) if and only if  y ( cl(({x}), for any point  x  and  y  in X.

Proof 

(1)  (  (2)


Assume  X  is  (-R0.

Let  x ( cl(({y})  and  D  be any  (-open set such that  y ( D. 

By hypothesis, x ( D.

( every  (-open set which contain  y  contains  x.

Hence  y ( cl(({x}).

(2)  (  (1)


Let  U  be a  (-open set  and  x ( U.

If  y ( U,  then x ( cl(({y})

(
y ( cl(({x})

(
cl(({x}) ( U. 

Hence  (X, ()  is  (-R0.

Note  :  3.2.12


By the Definition 2.1.17 and Theorem  3.2.11, we get  (-symmetric and  (‑R0 are equivalent.

Theorem  :  3.2.13


For a topological space (X, (), the following properties are equivalent :


1)
(X, ()  is a (‑R0  space ;


2)
If  F  is  (-closed,  then  F = ker((F) ;


3)
If  F  is  (-closed  and  x ( F, then  ker(({x}) ( F ;


4)
If  x ( X, then  ker(({x}) ( cl(({x}).

Proof

To prove (1)  (  (2)


Let  F  be  (-closed and  x ( F.

(
X – F  is  (-open and contains  x.

Since  (X, ()  is  (-R0.

(
cl(({x}) ( X – F 

(
cl(({x}) ( F = (
(
x ( ker((F)

[By Lemma  3.1.2]

(
ker((F) = F.

(2)  (  (3)

In general  A ( B  (  ker((A) ( ker((B)

(
It follows from (2) that


ker(({x}) ( ker((F)  =  F

(
ker(({x}) ( F.

(3)  (  (4)

Since  x ( cl(({x})  and  cl(({x})  is (-closed.

From (3),  ker(({x}) ( cl(({x})

(4) ( (1)  Assume  x ( X  then  ker(({x}) ( cl(({x})



  (*)

We show the implication by using  Theorem  3.2.11

Let  x ( cl(({y}).

Then  y ( ker(({x})


[By Lemma  3.2.3]

Since  x ( cl(({x})  and  cl(({x})  is  (-closed.

(
y ( ker(({x}) ( cl(({x})
[
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 by (4)]

(
x ( cl(({y})

(
y ( cl(({x})

(
The converse is obvious and (X, () is  (-R0.

Definition  :  3.2.14


A filterbase  F  is called  (-convergent to a point  x  in X,  if for any  (‑open set  U  of  X  containing  x,  there exists  B  in  F  such that  B  is a subset  of  U.

Lemma  :  3.2.15


Let  (X, ()  be a topological space and  x  and  y  any two points in  x  such that every net in X (-converging to  y  (-converges to x. Then x ( cl(({y}).

Proof


Suppose that  xn = y  for  each  n ( N.

Then  {xn}n(N  is a net in cl(({y}).

Since  {xn}n(N  (-converges to y.

Then {xn}n(N  (-converges to x.

(
x ( cl(({y}).

Theorem  :  3.2.16


For a topological space (X, (), the following statements are equivalent :


1)
(X, ()  is a (-R0 space.


2)
If  x, y ( X, then y ( cl(({x}) if and only if every net in X  (‑converging to y  (-converges to x. 

Proof

(1)  (  (2)


Assume (X, ()  is a  (-R0 space.

Let  x, y ( X such that  y ( cl(({x}).

Suppose that  {xa}a ( (  is a net in  X  such that {xa}a ( (  (‑converges to  y.

Since  y ( cl(({x}).

(  We have  cl(({x})  =  cl(({y})

[
[image: image63.wmf]Q

 By Theorem  3.2.7]

(  x ( cl(({y}).

This means that  {xa}a ( (  (‑converges to  x.

Conversely,  let  x, y ( X such that  every net in  X  (‑converging  to y  (‑converges to x.

Then  x ( cl(({y})



[
[image: image64.wmf]Q

 By Lemma  3.1.2]

By Theorem  3.2.7, we have


cl(({x})  =  cl(({y}).

(
y ( cl(({x}).

(2)  (  (1)

Assume that  x  and  y  are any two points of  X  such that  cl(({x}) ( cl(({y})  (  (.

Let  z ( cl(({x}) ( cl(({y}).

So there exists a net  {xa}a ( (  in cl(({x})  such that  {xa}a ( (  (-converges to z.

Since  z ( cl(({y}), then {xa}a ( (  (-converges to y.

It follows that  y ( cl(({x}).

By the same way we obtain  x ( cl(({y})

(
cl(({x})  =  cl(({y})

(
(X, ()  is  (-R0

[By Theorem  3.2.7]
CHAPTER – IV 

GENERALIZED ((-SETS AND RELATED TOPICS


This chapter analyses generalized ((-sets, V(-sets and related topics.
SECTION : 4.1

GENERALIZED ((-SETS AND GENERALIZED V(-SETS


In this section, generalized ((-sets and generalized V(-sets are introduced and its properties are discussed. Some characterizations of g‑V‑sets by using V(-operations are obtained. The two new separation axioms generalized (-T1 and generalized (-R0 are defined and compared. Some associations are proved using an example.
Definition  :  4.1.1


A subset B of a topological space (X, () is called a ((-set (resp. V(-set) [23] if B = (((B) (resp. B = V((B), where (((B) = ( {P : P ( B, P ( (O(X, ()} and V((B) = ( {F : F ( B, Fc ( (O(X, ()}.

Proposition  :  4.1.2 [23]

Let A, B and {B(  :  ( ( (} be subsets of a topological space (X, (). Then the following properties are valid :

(a)
B ( (((B).

(b)
If A ( B, then (((A) ( (((B).

(c)
((((((B))  =  (((B).

(d)
((
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(e)
If A ( (O(X, (), then A = (((A) (i.e., A is a ((-set).

(f)
(((Bc)  =  (V((B))c.

(g)
V((B) ( B.

(h)
If B ( ( C(X, (), then B = V((B) (i.e., B is a V(-set).

(i)
((
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Proof  :

The proof follows form the definitions.

Definition  :  4.1.3

In a topological space (X, (), a subset B of X is called

(i)
a g.((-set of (X, () if (((B) ( F whenever B ( F and F is (-closed.

(ii)
a g.V(-Set of (X, () If Bc is a g. ((-Set of (X, ().

Example  :  4.1.4

Let (X, () be a topological space such that 

X = (a, b, c} and ( = {(, X, {a}, {b, c}}.

Let
A = {a}

( int(A)
=  {x ( X | x ( U ( int cl(U) ( A, for some open set U of X}

( int {a}
=   {a}.


Since (
=  
{(, X, {a}, {b, c}} and


           (c
=
{X, (, {b, c}, {a}} 



=
( C(X, ()

cl({a})
=
{a}


cl({b, c)}
=
{b, c}

Similarly ( int {b, c}  =  {b, c}


( (O(X, ()
=  (

Let B
=   
{b} be a subset of X we have


(((B)
=
( {P | P ( B, P ( (O(X, ()}



=
{b, c} ( X  =  {b, c} ( {b}  =  B.


( (((B)
(
B


( B is not a ((-set
But B is a g-((-set, because


B
=
{b} ( {b, c} ( ( C(X, ()


(((B)
=
{b, c} ( {b, c}.

Remark  :  4.1.5
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denote the family of all g.((-sets (resp.g.V(-sets) of (X, ().

Proposition  :  4.1.6

Let (X, () be a topological space. Then  :

(a)
Every ((-set is a g.((-set.

(b)
Every V(-set is a g.V(-set.

(c)
If B( ( 
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If B( ( 
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Proof  :
(a)
Let B be a ((-set. Then B = (((B) = ( {P | P ( B and P ( (O(X, ()}  (1)


To prove B is a g.((-set


Let B ( F









(2)


where F ( ( C(X, (),


To prove (((B) ( F


By (1), (((B) = B


By (2), (((B) = B ( F


Hence B is a g.((-set.

(b)
Let B be a V(-set


Then B  =  V((B)







(3)


              =  ( {F | F ( B, Fc ( (O(X, ()}


To prove B is a g.V(-set.


(i.e.) to prove Bc is a g.((-set.


Let Bc ( F








(4)


where F ( ( C(X, ().


Then to prove (((Bc) ( F


By proposition 4.1.2 (f), (((Bc) = (V((B))c




(5)


From (3) substitute V((B) = B in (5)


(  (((Bc)  =  (V((B))c  =  (B)c  


From (4)  (((Bc)  =  Bc ( F


Hence B is a g.V(-set.

(c)
Let B( ( 
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Then, by proposition 4.1.2 (d),
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      ( if B( ( F, ( ( and F is (-closed.


Then (((B() ( F, for every (.


(   U B( ( F and F is (-closed and


       (((B()  =  
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(d)
Follows from (c) and definition 4.1.3 (ii).

Example  :  4.1.7

Let (X, () be a topological space such that X = {a, b, c, d} and ( = {(, X, {c}, {c, d}, {a, b}, {a, b, c}} 

clearly, (O(X, ()  =  {(, X, {a, b}, {c, d}}


The subset B = {b} is a g.((-set but not open and (-open.

Example  :  4.1.8

Let X = {a, b, c, d} and (  =  {(, {c, d}, X}.


The subset A = {a, c} is a g.((-set but it is not a ((-set.

Remark  :  4.1.9

As an immediate consequence of proposition 4.1.2 and 4.1.6 we have that

(i)
If A ( (O(X, () , then A is a g.((-set ;

(ii)
If A ( (C(X, () , then A is a g.V(-set.

Proposition  :  4.1.10


Let (X, () be a topological space.

(a)
For each x ( X, {x} is a (-open set or {x}c is a g.((-set of (X, ().

(b)
For each x ( X, {x} is a (-open set or {x} is a g.V(-set of (X, ().

Proof  :
(a) 
Suppose {x} is  (-open, the problem is over.  Now let {x} be not (-open


(   {x}c is not (-closed


(   X is the only (-closed set containing {x}c


(i.e.) {x}c ( X then


((( {x}c)  =  ( {P | P ( {x}c and P ( (O(X, ()}  



( X


( {x}c is a g.((-set of (X, ()

(b)
It follows from (a) and definition 4.1.3.

Proposition  :  4.1.11

If A is a g.((-set of a topological space (X, () and A ( B ( (((A), then B is a g.((-set of (X, ().

Proof  :

Let A be a g.((-set such that for some subset B.


A ( B ( (((A).


By proposition 4.1.2. (b) and (c)


A ( B ( (((A)


(  (((A) ( (((B) ( ((((((A)) = (((A)


(  (((A)  =  (((B)







(1)


Let F ( (C(X, () ( B ( F






(2)


Since A ( B     (   A ( F


(   (((A) ( F 

[since A  is g.((-set]


 (   (((B) ( F

[By (1)]




(3)


From (2) and (3)


(  B is a g.((-set.

Note  :  4.1.12

In the following propositions, we give characterizations of g.V(-sets by using V(-operations and obtain the results concerning such subsets.

Proposition  :  4.1.13

A  subset  B  of  a  topological space (X, () is a g.V(-set if and only if U ( V((B) whenever U ( B and U ( (O(X, ().

Proof  :

Necessity  :

Let U be a (-open subset of (X, () such that U ( B, 


( Uc is (-closed and


Uc ( Bc.


( Uc ( (((Bc)

[By definition 4.1.3]

By proposition 4.1.2 (f)


(   Uc ( (V((B))c

(   U ( V((B).

Sufficiency  :

Assume U ( V((B) whenever U ( B and U ( (O(X, ()


(1)

Let F be a (-closed subset of (X, () such that Bc ( F. Since Fc is (-open and Fc ( B ;


(1) ( Fc ( V((B).


Then F ( (V((B))c  =  (((Bc)
[By proposition 4.1.2 (f)]


( Bc is a g.((-set.


Hence B is a g.V(-set.

Corollary  :  4.1.14

Let B be a g.V(-set in a topological space (X, ()
. Then, for every (‑closed set F such that


V((B) ( Bc ( F, 
F = X holds.

Proof  :

Let B be a g.V(-set in a topological space (X, ()
. 


Assume V((B) ( Bc ( F


(  (V((B))c ( B ( Fc

Since B is a g.V(-set.


Then V((B) ( Fc

[By proposition 4.1.13]


On the other hand,


(V((B))c ( (V((B))c ( B ( Fc

and  (  =  (V((B))c ( V((B) ( Fc

(  X  =  F.

Corollary  :  4.1.15

Let B be a g.V(-set of (X, (). Then V((B) ( Bc is a (-closed set if and only if B is a V(-set.

Proof  :

Necessity  :

Let V((B) ( Bc be a (-closed set


To prove B is a V(-set.


By corollary 4.1.14, V((B) ( Bc = X

(  (V((B))c ( B  =  (

By proposition 4.1.2 (g), V((B) ( B


(  B   =  V((B)


Hence B is a V(-set.

Sufficiency  :

This follows from definitions .

Proposition  :  4.1.16

Let B be a subset of a topological space (X, () such that V((B) is (‑closed. If X = F holds for every (‑closed subset F such that F ( V((B) ( Bc, then B is a g.V(-set.

Proof  :

Let U be a (-open subset contained in B. Let X = F hold for every (‑closed subset F such that  F ( V((B) ( Bc,




(1)

( V((B) ( Uc,  is (-closed such that V((B) ( Bc ( V((B) ( Uc. 


(2)

(1) and (2) ( V((B) ( Uc  =  X and

                               U ( V((B)
By proposition 4.1.13, ( B is a g.V(-set.

Proposition  :  4.1.17

A topological space (X, () is a (-T1 space if and only if for each x ( X. the singleton {x} is a ((-set.

Corollary  :  4.1.18

A topological space (X, () is a (-R0-space if (X, () is a (-T1 space.

Definition  :  4.1.19

A space X is called

(i)
generalized (-T1 (written as g-(-T1-space) if to each pair of distinct points x, y of (X, () there corresponds a g.((-set A containing x but not y and a g. ((-set B containing y but not x.

(ii)
generalized (-R0 (written as g-(-R0 space) if every g. ((-set contains the (-closure of each of its singletons.

Remark  :  4.1.20

It follows from Remark 4.1.9 (i) that every (-T1 space is a g-(-T1 space and every g-(-R0 space is (-R0​. The converses are not true as seen from the following example.

Example  :  4.1.21

Let (X, () be a topological space such that


X  =  {a, b, c, d} and 


(   =  {(, X, {c}, {c, d}, {a, b}, {a, b, c}}

Clearly, (O(X, ()  =  {(, X, {a, b}, {c, d}}.

The space (X, () is not a (-T1 and a g-(-R0 space. But it is a g-(-T1 and a (-R0​ space.

SECTION : 4.2

g-(-(-CONTINUOUS MAPS AND g-(-(-IRRESOLUTE MAPS


In this section, g-(-(-continuous maps and g-(-( irresolute maps are defined and their properties are obtained with counter example. In this section, it is proved that strongly (-continuous function is g-((-continuous but not conversely. Many interesting results connecting the maps (-continuous M‑(-closed, M-(-open bijection are derived using g.((-sets and g.V(-sets.
Definition  :  4.2.1
(i)
A map f : (X, () ( (Y, () is said to be strongly (-continuous [38] (resp. (-continuous [39]) if for every A ( ( (resp. A ( (O(Y, ()), f(1(A) ( ( O(X, () or, equivalently, f is strongly (-continuous (resp. (-continuous) if and  only  if  for every closed set A (resp. (-closed set A) of (Y, (), f(1(A) ( (O(X, ().

(ii)
A  map  f  :  (X, ()  (  (Y, () is called M-(-closed (resp. M-(-open) if f(A) ( (C(Y, () (resp. f(A) ( (O(Y, ()) for every A ( (C(X, () (resp. A ( (O(X, ()).


A bijection f : (X, () ( (Y, () is M-(-open if and only if f is M-(-closed.
Definition  :  4.2.2

Let f : (X, () ( (Y, () be a map from a topological space (X, () into a topological space (Y, (). Then 

(i)
f is called a generalized (-(-continuous map (written as a g‑((‑continuous map) if f(1(A) is a g. ((-set in (X, () for every open set A of (Y, (),

(ii)
f is called a generalized (-(-irresolute map (written as a g‑((‑irresolute map) if f(1(A) is a g. ((-set in (X, () for every g.((-set A of (Y, (),

(iii)
f is called a generalized (-(-open map (written as a g-((-(-open map) if f(A) is a g. ((-set in(Y, () for every g.((-set A of (X, ().

(iv)
f is called a quasi generalized (-(-irresolute map (written as a q‑g‑((-irresolute map) if f(1(A) is a g-((-set in (X, () for every A ( (O(Y, ().

Proposition  :  4.2.3

Let f : (X, () ( (Y, () be strongly (-continuous. Then f is g-((-continuous but not conversely.

Proof  :

Let f be strongly (-continuous.


By definition of strongly (-continuous, for every A ( (, f(1(A) ( (O(X, ()


Every (-open set is a g-((-set [By Remark 4.1.9]


( f(1(A) is a g.((-set in (X, ()


By the definition 4.2.1 (i), we get


Hence f is g-((-continuous.


The converse need not be true as seen from the following example.

Example  :  4.2.4

Let X
=
{a, b, c, d}


      (
=
{(, {c, d}, X}


      Y
=
{p, q} and


      (
=
{(, {p}, Y}

Define a map f : (X, () ( (Y, () by 


f(c)  =  f(b)  =  f(d)  =  q and


f(a)  =  p

Then f is   g-((-continuous but not strongly (-continuous. 

Since f(1({p})   =
 {a} ( (O(X, ().

Example  :  4.2.5

Let (X, () be a topological space such that 


X  =  {a, b, c} and (  =  {(, X, {a}, {b, c}}


Clearly, (O(X, (). = (.


Consider the map f : X ( X such that


f(a)   =  b, f(b)  =  a and f(c)  =  c.


The map f is g-((-continuous, g-((-irresolute and q-g-((-irresolute.


But it is not (-continuous and strongly (- continuous.


Since f(1({a})  =  {b} ( (O(X, () and {a} ( ( =  (O(X, ().

Theorem  :  4.2.6

A map f : (X, () ( (Y, () is g-((-irresolute (resp. g-((-continuous) if and only if, for every g.V(-set (resp. closed set) A of (Y, () the inverse image f(1(A) is a (.V(-set of (X, ().

Proof  :

Necessity  :


If f : (X, () ( (Y, () is a g-((-irresolute then every g.((-set B of (Y, (), f(1(B) is g.((-set in (X, ().


If A is any g.V(-set of (Y, (),


then Ac is a g.((-set



[By Definition  4.1.3 (ii)]


( f(1(Ac) is a g.((-set,


but f-1(Ac)
  =  (f-1(A))c

(  f-1(A) is a g.V(-set.

Sufficiency  :

Suppose that for all g.V(-set A of (Y, (), f(1(A) is a g.V(-set in (X, ().


If B is any g.((-set of (Y, ()


then Bc is a g.V(-set


( f(1(Bc)   =   f(1(B))c is a g.V(-set 


( f(1(B)   is a g.((-set


Hence f is g-((-irresolute.

In a similar way we can prove the second case.

Lemma  :  4.2.7

Let f : (X, () ( (Y, () be a function.

(1)
If f is (-continuous and V is a ((-set of (Y, (), the f-1(V) is a ((-set of (X, (),

(2)
If f is an M-(-open bijection and A is a ((-set of (X, (), then f(A) is a ((‑set of (Y, ().

Proof  :
(1)
Let V be a ((-set of (Y, ().


Since f is (-continuous, we have


f(1(V) ( (((f(1(V)).


=   ( {U : f(1(V) ( U ( (O(X, ()}


(  ( { f(1(p) : V ( P ( (O(Y, ()}


=
f(1(( {P : V ( P ( (O(Y, (})


=
f(1((((V))


=
f(1(V)


(   f(1(V)  =  (((f(1(V))


(
f(1(V) is a ((-set.

(2)
Let A be a ((-set of (X, ().


Since f is an M-(-open bijection, we have


f(A)
=
f(( {U : A ( U ( (O(X, ()})



=
( f({U : A ( U ( (O(X, ()})



=
( {f(U) : A ( U ( (O(X, ()}



(   ( {V : f(A) ( V ( (O(Y, ()}



=
(((f(A)) ( f(A).


(f(A) =
(((f(A))


(f(A) is a ((-set.

Theorem  :  4.2.8

If a map f : (X, () ( (Y, () is bijective (-continuous and M-(-closed, then

(i)
for every g.((-set B of (Y, (), f(1(B) is a g.((-set of (X, () (i.e., f is a g‑((-irresolute),

(ii)
for every g.((-set A of (X, (), f(A) is a g.((-set of (Y, (). (i.e., f is  g‑((‑(-open).

Proof  :

Let f be bijective (-continuous and M-(-closed.



(1)

(i)
Let B be a g.((-set of (Y, ().





(2)


Suppose that f(1(B) ( F,


where F is (-closed in (X, ()


( B ( f(F) and f(F) is (-closed as, f is M-(-closed.



(2) ( (((B) ( f(F)


( f(1((((B)) ( F.







(3)


( (( (f(1(B)) ( f(1((((B)) ( F (From (3))


Hence f(1(B) is a g.((-set in (X, ().

(ii)
Let A be a  g.((-set in (X, ()


Let f(A) ( F, where F is any (-closed set of (Y, ().


Then A ( f(1(F) and f(1(F) is (-closed, since f is (-continuous.


By the fact that f is M-(-open and bijective


(((f(A)) ( f((((A)) ( F.


Hence f(A) is a g.((-set in (Y, ().

Corollary  :  4.2.9

If a map f : (X, () ( (Y, () is bijective, (-continuous and M-(-closed, then

(i)
for every g.V(-set B of (Y, (), f(1(B) is a g.V(-set of (X, (),

(ii)
for every g.V(-set A of (X, (), f(A) is a g.V(-set of (Y, ().

Proposition  :  4.2.10

(i)
If f : (X, () ( (Y, () is a g‑((-irresolute map and h : (Y, () ( (z, () is a g‑((-continuous map, then the composition h(f : (X, () ( (z, () is g‑((‑continuous.

(ii)
If f : (X, () ( (Y, () and h : (Y, () ( (z, () are both g‑((-irresolute then the composition h(f :  (X, () ( (z, () is a g‑((-irresolute map.

Proof  :

The proof follows directly from the definitions.

Proposition  :  4.2.11
(i)
Every g‑((-irresolute map is q-g‑((-irresolute.

(ii)
If f : (X, () ( (Y, () is a q-g‑((-irresolute map and h : (Y, () ( (z, () is a (-continuous map, then the composition h(f : (X, () ( (z, () is q‑g‑((‑irresolute.

(iii)
If f : (X, () ( (Y, () is a g‑((-irresolute map and h : (Y, () ( (z, () is a (-continuous map, then the composition h(f : (X, () ( (z, () is q‑g‑((‑irresolute.

Proof  :
(i)
Let A be a (-open subset of (Y, (). 


Then A is a g‑((-set [By the remark 4.1.9 (i)] 


since f is a g.((-irresolute map, we have f(1(A) is g.((-set.


( f is a q-g‑((-irresolute map.

(ii) and (iii) are obvious from definition 4.2.1.

SECTION  :  4.3

G-V(-CLOSED MAPS


In this section, g-V(-closed maps are defined with examples and some characterizations are obtained in terms of g-V(-closed sets.
Definition  :  4.3.1

A map f : (X, () ( (Y, () is called a generalized V(-closed map (written as a g-V(-closed map) if for each closed set F of X, f(F) is a g.V(-set.

Note  :  4.3.2

Every (-closed map [3] (i.e., f(F) ( (C(Y, () for every closed set F in (X, ()) is a g-V(-closed map.

Example  :  4.3.3


Let (X, () be a topological space such that X = {a, b, c} with partition topology ( = {(, X, {a}, {b, c}} clearly, (O(X, () = (.


Consider the map f : X ( X such that


f(a)  =  f(b)  =  f(c)  =  c.

The map f is g‑((-closed but it is not a (-closed map.

Theorem  :  4.3.4

A map f : (X, () ( (Y, () is g-V(-closed if and only if for each subset S of Y and each open set U containing f(1(S), there is a g.((-set V of Y such that S ( V and f(1(V) ( U.

Proof  :
Necessity  :

Let f be g-V(-closed.


Let S be a subset of Y and U be an open set in X such that f(1(S) ( U.


Then Uc ( (f(1(S))c.


( f(Uc) ( f(f(1(S))c ( Sc

( S ( (f(Uc))c

( (f(Uc))c say V, is a g.((-set containing S.


On the other hand, (f(Uc))c = V


( f(1((f(Uc))c)  =  f(1(V)


(f(1(f(Uc))c)  =  f(1(V)


( (f(1(f(Uc)))c  =  (f(1(V))


 f(1(f(Uc))  =  (f(1(V))c

( Uc ( f(1(f(Uc))


=  (f(1(V))c
(i.e.)
f(1(V) ( U.

Sufficiency  :

Assume for each subset S of Y and each open set U containing f(1(S), there is a g.((-set V of Y such that S ( V and f(1(V) ( U.  


(1)


​Let F be an arbitrary closed set of X.


Then f(1((f(F))c) ( Fc and Fc is open.


Let S = (f(F))c and Fc say U is open with f(1(S) ( U.

From (1), there is a g.((-set V of Y such that S ( V and f(1(V) ( U there is a  g.((-set V of Y such that (f(F))c ( V with f(1(V) ( Fc

(  Vc ( f(F)


           ( f(f(1(V)c) ( Vc

(f(F)  =  Vc
Since Vc is a g.V(-set, f(F) is a g.V(-set


( f is a g-V(-closed map.

Theorem  :  4.3.5

Let f : (X, () ( (Y, (), h : (Y, () ( (z, () be two mappings such that h(f : (X, () ( (z, () is g‑V(‑closed map. Then

(i)
If f is continuous and surjective, then h is g‑V(‑closed,

(ii)
if h is (-continuous, M-(-closed and bijective, then f is g‑V(‑closed.

Proof  :

Let  f : (X, () ( (Y, (), h : (Y, () ( (z, () be two mappings such that h(f : (X, () ( (z, () is g‑V(‑closed map.   

(i)
Assume f is continuous and surjective


To prove h is g‑V(‑closed.


Let B be a closed set of Y. Since f is continuous.


f(1(B) is closed in X.


Then (h(f) (f(1(B)) is a  g.V(‑set in Z.


(  h(B) is a g.V(‑set in Z.


(  h is a g‑V(‑closed map. 

(ii)
If h is (-continuous, M-(-closed and bijective. 



(1)


To prove f is g‑V(‑closed.   


Let F be a closed set of X.


Then (h(f) (F) is a g.V(‑set in Z and 


h(1((h(f) (F)) is a g.V(‑set in Y 
[By (1) and corollary 4.2.8]


Since h is injective,


then f(F)  =  h(1((h(f) (F)) is a g.V(‑set in Y.


( f is g‑V(‑closed.   

Theorem  :  4.3.6
(i)
If f : (X, () ( (Y, () is a  g‑V(‑closed map and h : (Y, () ( (z, () is bijective, (-continuous and M-(-closed, then h(f : (X, () ( (z, () is g‑V(‑closed.   

(ii)
If f : (X, () ( (Y, () is a closed map and h : (Y, () ( (z, () is  a g‑V(‑closed map, then h(f : (X, () ( (z, () is g‑V(‑closed.   

Proof  :  
(i)
Let f : (X, () ( (Y, () a  g‑V(‑closed map and h : (Y, () ( (z, () be bijective, (-continuous and M-(-closed.




(1)


Let F be any arbitrary closed set in (X, ()


Then f(F) is a g‑V(‑set in (Y, ()

(1) ( (h(f) (F)  =  h(f(F))

By corollary 4.2.8 (ii), we get

h(f(F)) is a g.V(‑set.

( h(f is g‑V(‑closed.

(ii)
The proof follows immediately from the definitions. 


Regarding the restriction fA of a map f : (X, () ( (Y, () to a subset A of X, we have the following.

Theorem  :  4.3.7
(i)
If f : (X, () ( (Y, () g‑V(‑closed and A is a closed set of (X, (), then its restriction fA : (A, (A) ( (Y, () is a g‑V(‑closed.

(ii)
Let B be a g.V(‑set of (Y, (). If f : (X, () ( (Y, () is g‑V(‑closed, then fA : (A, (A) ( (Y, () is g‑V(‑closed, where A = f(1(B).

Proof  :

(i)
Let f : (X, () ( (Y, () g‑V(‑closed and A be a closed set of (X, ().


To prove fA : (A, (A) ( (Y, () is a g‑V(‑closed.


let F be a closed set of (A, (A).


By assumption, F is closed in (X, () and


fA(F)  =  f(F) is a g‑V(‑set of (Y, ().


( fA is a g‑V(‑closed map.

(ii)
Let B be a g.V(‑set of (Y, ().


If f is g‑V(‑closed.


To prove fA : (A, (A) ( (Y, () is a g‑V(‑closed.


Let F be a closed set of A.


Then F = A 
[image: image86.wmf]I

H for some closed set H of (X, ()



(1)


By proposition 4.1.6 (d), we have


f(H) 
[image: image87.wmf]I

B is a g.V(‑set in (Y, () since B is a g.V(‑set.


Now (fA) (F)   =   f(A 
[image: image88.wmf]I

H)





=    f(A) 
[image: image89.wmf]I

f(H)





=    f(H) 
[image: image90.wmf]I

B

where B = f(A)


(1) ( (fA) is g‑V(‑closed map.

Theorem  :  4.3.8

For a topological space (X, (), every singleton of X is a g‑((‑set if and only if P = V((P) holds for every P ( (O(X, ().

Proof  :

Necessity  :

Assume every singleton of X is a g‑((‑set



(1)


Let P be an (-open set.


To prove P = V((P).


Let y ( Pc.


Then ((({y}) ( Pc


[BY (1)]


By the proposition 4.1.2 (d), we get


Pc ( U {((({y}) : y ( Pc}


=  (((Pc)


( Pc  =  (((Pc).


( P  =  V((P)

[By proposition 4.1.2 (f)]


Hence P =  V((P) for every P( (O(X, ().

Sufficiency  :

Assume P  =  V((P) for every P( (O(X, ().


Let x ( X


To prove {x} is a g.((‑set.


Let F be a (-closed set such that {x} ( F.


Since Fc  =   V((Fc).




   =  ((((F))c

(      F     =  V((F).


( ((({x}) ( (((F)  =  F


Hence {x} is a g.((‑set.

SECTION  :  4.4


[image: image91.wmf]δ

V

T

-SPACES

In this section we study the new space namely 
[image: image92.wmf]d

t

V

-spaces. First 
[image: image93.wmf]d

t

V

is defined by 
[image: image94.wmf]d

L

C

(A) and it is proved that if (X, () is a (-R0 space then (X, 
[image: image95.wmf]d

L

t

) is a T1-space. Next we define the space 
[image: image96.wmf]d

V

T

. Finally g-((-homeomorphism is defined    and    it    is    proved   that 
[image: image97.wmf]d

V

T

-space   is   preserved   under g‑((‑homeomorphism.

Definition  :  4.4.1

Let 
[image: image98.wmf]d

L

t

be the topological on X, generated by 
[image: image99.wmf]δ

Λ

C

 in the usual manner,


i.e., 
[image: image100.wmf]d

L

t

  =  {B : B ( X, 
[image: image101.wmf]δ

Λ

C

(Bc)  =  Bc}


where 
[image: image102.wmf]δ

Λ

C

is a kuratowski closure operator on X, defined by 



[image: image103.wmf]δ

Λ

C

(A)  =  
[image: image104.wmf]I

{U  :  A ( U, U ( 
[image: image105.wmf]δ

Λ

D

} for any subset A of (X, ().

Example  :  4.4.2

Let (X, () be a topological space such that


X  =  {a, b, c} and (  =  {(, X, {a}, {b, c}}.


Clearly, (O(X, ()  =  ( and



[image: image106.wmf]δ

Λ

D

 =  {(, X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}}.


Obviously, 
[image: image107.wmf]δ

Λ

C

(A)  =  A for every subset A of X.


Thus 
[image: image108.wmf]d

L

t

is the discrete topology.


( 
[image: image109.wmf]d

L

t

 ( ( and 



[image: image110.wmf]d

L

t

(   (O(X, ().

Lemma  :  4.4.3


[image: image111.wmf]d

L

t

  =  {B : B ( X, 
[image: image112.wmf]d

V

Int

(B)  =  B}


where 
[image: image113.wmf]d

V

Int

(B)  =  U {F : B ( F, F ( 
[image: image114.wmf]}

D

δ

V

.

Note  :  4.4.4

In the following proposition we have a further result concerning the transfer of properties from (X, () to (X, 
[image: image115.wmf])

d

L

t

.

Proposition  :  4.4.5

If (X, () is a (-R0-space, then (X, 
[image: image116.wmf])

d

L

t

 is a T1-space.

Proof  :

Assume (X, () is a (-R0-space,


then any (-open P in (X, () can be expressed as


P  =  U{F : F ( P, Fc ( (O(X, ()}


Hence 


i.e. P  =  V((P).


By theorem 4.3.8, every singleton {x} of X is a g.((-set.


Then 
[image: image117.wmf]δ

Λ

C

({x})  =  {x}.


Hence {x} is a 
[image: image118.wmf]d

L

t

-closed set.


( every singleton is closed in (X, 
[image: image119.wmf])

d

L

t

.


Hence (X, 
[image: image120.wmf])

d

L

t

 is a T1-space.

Definition  :  4.4.6

A topological space (X, () is said to be a 
[image: image121.wmf]δ

V

T

-space if every 
[image: image122.wmf]d

L

t

-open set is a g.V(‑set.

Theorem  :  4.4.7

(X, () is a 
[image: image123.wmf]δ

V

T

-space if and only if 
[image: image124.wmf]δ

V

D

 =  
[image: image125.wmf]d

L

t

.

Proof  :
Necessity  :

Assume (X, () is a 
[image: image126.wmf]δ

V

T

-space.


To prove 
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V

D

 =  
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L

t

.


X is a 
[image: image129.wmf]δ

V

T

-space,


( 
[image: image130.wmf]d

L

t

 ( 
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V

D









(1)


( it is enough to prove that 
[image: image132.wmf]δ

V

D

( 
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L

t

.


Let B ( 
[image: image134.wmf]δ

V

D

.


Then 
[image: image135.wmf]d

V

Int

(B)  =  B


Since B is a g.V(‑set.


By lemma 4.4.3, we get


B ( 
[image: image136.wmf]d
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t





( 
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( 
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(2)
(1) and (2) ( 
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V

D

 = 
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L

t

.

Sufficiency  :

Assume 
[image: image141.wmf]δ

V

D

 = 
[image: image142.wmf]d

L

t









(3)


To prove (X, () is a 
[image: image143.wmf]δ

V

T

-space.


By the definition 4.4.6 and by (1), we get (X, () is a 
[image: image144.wmf]δ

V

T

-space.

Definition  :  4.4.8

A map f : (X, () ( (Y, () is said to be a g-((-homeomorphism if f is bijective, g-((-irresolute and g-((-(-open.

Theorem  :  4.4.9

The  image  of  a  
[image: image145.wmf]δ

V

T

-space  under  a  g-((-homeomorphism  is  a 
[image: image146.wmf]δ

V

T

-space.

Proof  :

Let f : (X, () ( (Y, () be a g-((-homeomorphism of a 
[image: image147.wmf]δ

V

T

-space (X, () onto a topological space (Y, ().


Let B be any 
[image: image148.wmf]δ

L

s

-open set of (Y, ().


To prove B is a g.V(‑set of (Y, ()


(i.e.) to prove 
[image: image149.wmf]δ

L

s

 = 
[image: image150.wmf]δ

V

D

 in (Y, ().


By the assumption, (f(1(B))c  =  f(1(
[image: image151.wmf]δ

Λ

C

(Bc))







   (  
[image: image152.wmf]δ

Λ

C

((f(1(B))c).


i.e., (f(1(B))c   =    
[image: image153.wmf]δ

Λ

C

((f(1(B))c).


Hence f(1(B) is a 
[image: image154.wmf]d

L

t

-open set of (X, ().


Since (X, () is a 
[image: image155.wmf]δ

V

T

-space and f is a g-((-homeomorphism, we get that 


B is a g.V(‑set of (Y, ().


( (Y, () is a 
[image: image156.wmf]δ

V

T

-space.


Hence the theorem.

SUMMARY AND CONCLUSION


This thesis is an attempt to study (D-sets and associated weak separation axioms and generalized ((-sets and V(-sets with related topics.


In chapter I, we have collected the preliminary definitions and results on (-closed sets and separation axioms.


Chapter II consists of the study of (D-sets and associated weak separation axioms introduced by M.Caldas and S.Jafari [7]. This chapter contains  definitions of various separation axioms such as (-Di, (i = 0, 1, 2) (‑Ti (i = 0, 1, 2) and their properties.


Chapter III deals with sober (-R0 spaces and (-R0, (-R1 spaces using the definition of (-kernel.


Chapter IV gives the work on generalized (( and V(-sets. Here g-(-( continuous maps, g-(-V continuous maps and g-V( closed maps are defined and  their  properties  are  studied. A new class of topological space called 
[image: image157.wmf]d

V

T

-space is introduced and is proved that the image of a 
[image: image158.wmf]d

V

T

-space under a homemorphism is a 
[image: image159.wmf]d

V

T

-space.


The concepts of (-D sets, g-V( and g. ((-sets can be studied in bitopological spaces and fuzzy topological spaces.
BIBLIOGRAPHY
1.
Anjan Mukherjee and Shaymal Debnath, “(-semi open sets in fuzzy system”, J. Tri Math. Soc., 8 (2006), 51-54.

2.
Arya, S. P. and Nour, T., “characterizations of S-normal spaces”, Indian J. Pure Appl. Math., 21 (1990), No. 8, 717-719.

3.
Ashish Kar and Paritosh Bhattacharyya, “Some weak separation axioms”, Bull. Cal. Math. Soc. 82 (1990), 415-422.

4.
Balachandran, K., Sundaram, P. and Maki, H., “On generalized continuous maps in topological spaces”, Mem. Fac. Sci. Kochi Univ. Ser. A, Math., 12 (1991), 5-13.

5.
Bhattacharya, P. and Lahiri, B.K., “Semi-generalized closed sets in topology”, Indian J. Math., 29 (1987), No. 3, 375-382.

6.
Caldas, M., “A separation axiom between semi-T0 and semi-T1”, Mem. Fac. Sci. Kochi. Univ. (Math) 18 (1997), 37-42.

7.
Caldas, M. and Jafari, S., “On (D-sets and associated weak separation axioms”, Bull. Malays. Math. Sci. Soc. (2) 25 (2002), No. 2, 173-185.

8.
Caldas, M. and Jafari, S., “On some low separation axioms in topological spaces”, Houston J. Math. 29 (2003), No. 1, 93-104.

9.
Caldas, M., Georgiou, D.N. and Jafari, s., “Characterizations of low separation axioms via (-open sets and (-closure operator”, Bol. Soc. Paran. Mat. (3S) V. 21 1/2 (2003), 1-14.

10.
Caldas, M., Fukutake, T., Jafari, s. and Noiri, T., “Some applications of (-preopen sets in topological spaces”, Bulletin of the Institute of Mathematics Academia Sinica V. 33 (2005), No. 3.

11.
Caldas, M. and Jafari, S., “Generalized ((-sets and related topics”, Georgian Mathematical Journal V. 16 (2009), No. 2, 247-256.

12.
Cao, J., Ganster, M., Relly, I. and Steiner, M., “(-closure, (-closure and generalized closed sets”, Universidad Politecnica de Valencia, V. 6 (2005), No. 1, 79-86.

13.
Cueva, M.C., “On g-closed sets and g-continuous mappings”, Kylungpook Math. J., 33(2) (1993), 205-209.

14.
Devi, R., Maki, H. and Balachandran, K., “Semi-generalized closed maps and generalized semi-closed maps”, Mem. Fac. Sci. Kochi Univ. Ser. A. Math. 14 (1993), 41-54.

15.
Devi, R., Balachandran, K. and Maki, H., “Semi-generalized homeomorphisms and generalized semi-homeomorphisms in topological space”, Indian J. Pure Appl. Math., 26 (1995), 271-284.

16.
Dontchev, J., “On generalizing semi-preopen sets”, Mem. Fac. Sci. Kochi Univ. Ser. A., Math. 16 (1995), 35-48.

17.
Dontchev, J., “Contra-continuous functions and strongly S-closed spaces”, Internat. J. Math. Math. Sci., to appear.

18.
Dorsett Charles, “Semi continuity and semi-separation axioms”, Acta Cienica Indica, Math. 11 (1985), No. 2, 114-120.

19.
Dimaio, G., “A separation axiom weaker than R0”, Indian J. Pure Math. 16 (1985), 373-375.

20.
Dunham, W., “T1/2-spaces”, Kyungpook Math. J., 17 (1977), 161-169.

21.
Erdal Ekici, “On (-semiopen sets and a generalization of functions”, Bol. Soc. Paran. Mat (3S) V. 23 (2005), 73-84.

22.
Fukutake, T., “On generalized closed sets in bitopological spaces”, Bull. Fukuoka Univ. Ed. Part III, 35 (1986), 19-28.

23.
Georgiou, D.N., Jafari, S. and Noiri, T., “Properties of ((, ()-closed sets in topological spaces”, Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8) 7 (2004), No. 3, 745-756.

24.
Herrington, L.L., “Some properties preserved by the almost-continuous function”, Boll. Un. Mat. Ital. (4) 10 (1974), 556-568.

25.
Jafafi, S. and Noiri, T., “On almost precontinuous functions”, Internet. J. Math. Math. Sci. V. 24 (2000), 193-201.

26.
Jain, R.c., “The role of regularly open sets in general topology spaces”, Ph.D. Thesis, Meerut Univ. Inst. Advanced Stud. Meerut, Indian, 1980.

27.
Jha, S.W. and Tripathy Alok Ranjan, “Semi remakrs on semi-open and semi closed sets”, Math. Ed (SIWAN) 19 (1985), No. 3, 104-105.

28.
Jin Han Park, Dae Seob Song and Reza Saadati, “On generalized (‑semi closed sets in topological spaces”, Chaos, Solitons and Fractals, V. 33, Issue 4 (2004), 1329-1338.

29.
Jin Keun Park, Jin Han Park and Bu Young Lee, On locally (-generalized closed sets and ((GC-continuous functions”, Chaos, Solitons and Fractals, V. 19, Issue 4 (2004), 995-1002.

30.
Joseph, J.E., “Characterizations of nearly-compact spaces”, Boll. Un. Mat. Ital. B(5) 13 (1976), No. 2, 311-321.

31.
Khalimsky, E.D., “Applications of connected ordered topological spaces in topology”, Conference of Math. Departments of Povolsia, 1970.

32.
Levine, N., “Semi-open sets and semi-continuity in topological spaces”, Amer. Math. Monthly 70 (1963), 36-41.

33.
Levine, N., “Generalized closed sets in topology”, Rend. Circ. Mat. Palermo (2) 19 (1970) 89-96.

34.
Maheshwari, S.N. and Prasad, R., “Some new separation axioms”, Ann. Soc. Sci. Bruxelles 89 (1975), 395-402.

35.
Maheshwari, S.N. and Prasad, R., “On R0-spaces”, Portugal Math. 34 (1975), 213-17.

36.
Maheshwari, S.N. and Tapi, U.D., “Feebly T1-spaces”, An. Univ. Timisoara Ser. Stunt. Math. 16 (1978), 395-402.

37.
Min, W.K., “Almost continuity on generalized topological spaces”, Acta Math. Hungar., 125 (1-2) (2009), 121-125.

38.
Mrsevic, M., Reilly, L. and Vamanamurthy, M.K., “On semiregularization topologies”, J. Austral. Math. Soc. Ser. A 38 (1985), No. 1, 40-54.

39.
Noiri, T., “On (-continuous functions”, J. Korean Math. Soc. 16 (1979 / 80), No. 2, 161-166.

40.
Palaniappan, N. and Missier, S. Pious, “(-semi-open sets in bitopological spaces”, J. Ind. Acad. Math. 25(1) (2003), 193-207.

41.
Rajesh, N., “Weakly pairwise (-semi irresolute mappings”, Acta Ciencia Indica, Vol. XXXIV M, (2008), No. 3, 975-978.

42.
Sivaraj, D., “Semi open sets characterization of almost regular spaces”, Glas. Mat. Ser. III, No. 2, 21(41) (1986), 437-440.

43.
Velicko, N.V., “H-closed topological spaces (Russian) Mat. Sb. 78 (1968), 102-118.

44.
Yang Zhong Qianob, “Topological semi-open structures”, Dongbei Shuxuce 5 (1989), No. 1, 41-48.

45.
Zhu Jung Feng, “Families of semi-open sets and their accompanied topologies”, J. Math. Res. Exposition, 9 (1989), No.1, 41-44. 

_1334060428.unknown

_1334060461.unknown

_1334060477.unknown

_1334060493.unknown

_1334060501.unknown

_1334060509.unknown

_1334060513.unknown

_1334060517.unknown

_1334060519.unknown

_1334060521.unknown

_1334060522.unknown

_1334060523.unknown

_1334060520.unknown

_1334060518.unknown

_1334060515.unknown

_1334060516.unknown

_1334060514.unknown

_1334060511.unknown

_1334060512.unknown

_1334060510.unknown

_1334060505.unknown

_1334060507.unknown

_1334060508.unknown

_1334060506.unknown

_1334060503.unknown

_1334060504.unknown

_1334060502.unknown

_1334060497.unknown

_1334060499.unknown

_1334060500.unknown

_1334060498.unknown

_1334060495.unknown

_1334060496.unknown

_1334060494.unknown

_1334060485.unknown

_1334060489.unknown

_1334060491.unknown

_1334060492.unknown

_1334060490.unknown

_1334060487.unknown

_1334060488.unknown

_1334060486.unknown

_1334060481.unknown

_1334060483.unknown

_1334060484.unknown

_1334060482.unknown

_1334060479.unknown

_1334060480.unknown

_1334060478.unknown

_1334060469.unknown

_1334060473.unknown

_1334060475.unknown

_1334060476.unknown

_1334060474.unknown

_1334060471.unknown

_1334060472.unknown

_1334060470.unknown

_1334060465.unknown

_1334060467.unknown

_1334060468.unknown

_1334060466.unknown

_1334060463.unknown

_1334060464.unknown

_1334060462.unknown

_1334060444.unknown

_1334060453.unknown

_1334060457.unknown

_1334060459.unknown

_1334060460.unknown

_1334060458.unknown

_1334060455.unknown

_1334060456.unknown

_1334060454.unknown

_1334060448.unknown

_1334060451.unknown

_1334060452.unknown

_1334060450.unknown

_1334060446.unknown

_1334060447.unknown

_1334060445.unknown

_1334060436.unknown

_1334060440.unknown

_1334060442.unknown

_1334060443.unknown

_1334060441.unknown

_1334060438.unknown

_1334060439.unknown

_1334060437.unknown

_1334060432.unknown

_1334060434.unknown

_1334060435.unknown

_1334060433.unknown

_1334060430.unknown

_1334060431.unknown

_1334060429.unknown

_1334060396.unknown

_1334060412.unknown

_1334060420.unknown

_1334060424.unknown

_1334060426.unknown

_1334060427.unknown

_1334060425.unknown

_1334060422.unknown

_1334060423.unknown

_1334060421.unknown

_1334060416.unknown

_1334060418.unknown

_1334060419.unknown

_1334060417.unknown

_1334060414.unknown

_1334060415.unknown

_1334060413.unknown

_1334060404.unknown

_1334060408.unknown

_1334060410.unknown

_1334060411.unknown

_1334060409.unknown

_1334060406.unknown

_1334060407.unknown

_1334060405.unknown

_1334060400.unknown

_1334060402.unknown

_1334060403.unknown

_1334060401.unknown

_1334060398.unknown

_1334060399.unknown

_1334060397.unknown

_1334060379.unknown

_1334060387.unknown

_1334060391.unknown

_1334060394.unknown

_1334060395.unknown

_1334060392.unknown

_1334060389.unknown

_1334060390.unknown

_1334060388.unknown

_1334060383.unknown

_1334060385.unknown

_1334060386.unknown

_1334060384.unknown

_1334060381.unknown

_1334060382.unknown

_1334060380.unknown

_1334060371.unknown

_1334060375.unknown

_1334060377.unknown

_1334060378.unknown

_1334060376.unknown

_1334060373.unknown

_1334060374.unknown

_1334060372.unknown

_1334060367.unknown

_1334060369.unknown

_1334060370.unknown

_1334060368.unknown

_1334060365.unknown

_1334060366.unknown

_1334060364.unknown

