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introduction

The concept of fuzzy sets was introduced by Zadeh [45] in 1965.  Since then various authors have contributed to the study of fuzzy sets and its applications in different ways.  Using the concept of fuzzy sets, Chang [4] introduced the notion of fuzzy topology in 1968.  Lowen [19] in 1976, has modified Chang’s definition of fuzzy topology to overcome certain drawbacks in Chang’s definition.  Since then various concepts in ordinary topology have been generalized to fuzzy situation by various authors.

Kramosil and Michalek [17] introduced the concept of fuzzy metric spaces in 1975 which opened an avenue for further development of analysis in such spaces.  His [17] definition is very similar to that of generalized Menger spaces [14, 32].  In 1994, George and Veermani [9] modified the concept of fuzzy metric spaces introduced by Kramosil and Michalek [17] and obtained a Hausdorff topology for this kind of fuzzy metric spaces.  Deng [6], Erceg [8], Kaleva and Seikkala [16] have also introduced the concept of fuzzy metric spaces in different ways.  Recently, many authors have contributed to the study of fixed point theory in these fuzzy metric spaces.  

Fixed point theory for contraction type mappings in fuzzy metric spaces is closely related to the fixed point theory for the same type of mappings in probabilistic metric spaces of Menger type.  Many authors have proved fixed point theorems for contractions in fuzzy metric spaces, using one of the two different types of completeness: in the sense of Grabiec [11] or in the sense of Schweizer and Sklar [32, 33, 37].  In a recent paper, Vasuki and Veeramani [44] pointed out the relationship between these two types of completeness and posed the problem of finding a fuzzy Banach contraction theorem in 
M-complete fuzzy metric spaces for arbitrary t-norms.  The answer to this problem is discussed in Chapter I.

In this dissertation, we have concentrated our study on fixed point theorems in fuzzy metric spaces.  The following articles are chosen for our discussion:

1)
Mihet, D., A Banach contraction theorem in fuzzy metric spaces [22].

2)
Razani, A.,  A contraction theorem in fuzzy metric spaces [29].

3)
Som,T.,  Some results on common fixed point in fuzzy metric spaces [41].

4)
Kutukcu,S., Sharma, S.,  and Tokgoz, H.,  A fixed point theorem in fuzzy metric spaces [18].


In chapter I we discuss the contributions of Mihet [22] towards the study of fixed point theorems in fuzzy metric spaces.  Throughout this chapter, fuzzy metric spaces in the sense of Kramosil and Michalek [17] are referred to as FM spaces and those in the sense of George and Veeramani [9] are referred to as gv-FM spaces.  In [12], Gregory and Sapena proposed an open problem, “Is a fuzzy contractive sequence a M-Cauchy one (i.e., a Cauchy sequence in George and Veeramani’s sense)?”  While answering this question Mihet [22] has shown that their [12] contractivity condition (Definition 1.1.22) is too weak in order to guarantee the existence of fixed points in M-complete fuzzy metric spaces.  Using a modified definition (strict B-contraction) suggested by 
Radu [27], the author [22] has obtained a fuzzy Banach contraction theorem for M-complete FM spaces and also for M-complete gv-FM spaces.  This theorem answers the problem of finding a fuzzy Banach contraction theorem in M-complete fuzzy metric spaces for arbitrary t-norms - the question posed by Vasuki and Veeramani [44].  In the course of discussing his main theorem, Mihet [22] has dealt with the notions of B-contraction, (-k)-B contraction, weak B-contraction and proved the following results:

1) Every (-k)-B contraction is a B-contraction.

2) Every Banach k-contraction in a metric space (X,d) is a (-k)-B contraction in (X, M, ) for every  and for a suitable fuzzy metric M.

3) Every strict B-contraction is a (-k)-B contraction for a suitable .

4) The contractive mappings of Gregory and Sapena are contained in the class of weak B-contraction mappings.

The chapter is concluded by proving the following theorem:


“If (X, M, ) is a G-complete FM space, that is, complete in the sense of Grabiec and f is a weak-B-contraction on X such that M(x, f(x), t) > 0  t > 0, for some xX, then f has a fixed point”.


In Chapter II we discuss a contraction theorem in fuzzy metric spaces in the sense of George and veeramani [9].  The results are due to Razani [29].  He [29] has proved that if (X, M, ) is a fuzzy metric space and A, a contractive mapping of X into itself such that there exists a point xX whose 
sequence of iterates (An(x)) contains a convergent subsequence 
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 is a unique fixed point.  In addition, he [29] has deduced fuzzy Edelstein’s contraction theorem for fuzzy metric spaces in the sense of George and Veeramani [9].  Moreover, he [29] has shown that the fuzzy Edestein’s theorem is also true when we consider the fuzzy metric spaces in Kramosil and Michalek’s [17] sense also.  he [29] has also introduced the concept of periodic points or eventually fixed points in a fuzzy metric space and established the conditions for a fuzzy -contraction mapping to have a periodic point.  In the case of a compact fuzzy metric space, every fuzzy 
-contractive mapping is found to have a periodic point.


In Chapter III we discuss common fixed points for fuzzy R-weakly commuting mappings on a complete fuzzy metric space in the 
sense of Kramosil and Michalek [17] satisfying the additional condition:  
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M(x, y, t) = 1 for all x,yX.  The results are due to Som [41].  He [41] has proved two common fixed point theorems, the first one for three self-mappings out of which two are continuous and the second one for four self-mappings 
out of which only two are continuous.  The first one unifies the result of 
Vasuki [43] (Theorem 3.1.7).


In Chapter IV we discuss common fixed point theorems for compatible and R-weakly commuting mappings on complete fuzzy metric spaces (in the sense of George and Veeramani [9]) by studying the relationship between continuity and reciprocal continuity.  The results are due to Kutukcu, Sharma and Tokgoz [18].  Their [18] results extend, generalize and fuzzify several fixed point theorems on metric spaces and fuzzy metric spaces.  An example is given to illustrate the main theorem.

review of literature

The concept of fuzzy sets was introduced by Zadeh [45] in 1965.  Kramosil and Michalek [17] introduced the concept of fuzzy metric spaces in 1975 which opened an avenue for further development of analysis in such spaces.  George and Veeramani [9] modified the concept of fuzzy metric spaces introduced by Kramosil and Michalek [17] and obtained a Hausdorff topology for this kind of fuzzy metric spaces.  Deng [6], Erceg [8], Kaleva and Seikkala [16] have also introduced the concept of fuzzy metric spaces in different ways.

Fixed point theory for contraction mappings in fuzzy metric spaces is closely related to the fixed point theory for the same type of mappings in probabilistic metric spaces of Menger type.  Many authors have contributed to the study of fixed point theory in fuzzy metric spaces in different ways.  In this chapter we have collected articles on fixed point theorems in fuzzy metric spaces from the available literature; it is not exhaustive.  

Fixed point theorems in fuzzy metric and probabilistic metric spaces  

[Hadzic and Ovcin, 1994] [13]
In this article, caristi’s type fixed point theorem and it’s equivalent: weak statement of Ekeland’s variational principle are given in fuzzy metric and Menger’s probabilistic metric spaces.

Common fixed points of maps on fuzzy metric spaces

[Mishra, Sharma and Singh, 1994] [23]
Following Grabiec’s approach to fuzzy contraction principle, common fixed point theorems for asymptotically commuting maps on fuzzy metric spaces are obtained.

Common fixed points of compatible maps of type () on fuzzy metric spaces

[Cho, Pathak, Kang and Jung, 1998] [5]
In this article the authors have obtained some common fixed point theorems for compatible maps of type () on fuzzy metric spaces.  Their results extend, generalize and fuzzify several fixed point theorems on metric spaces, Menger probabilistic metric spaces, uniform spaces and fuzzy metric spaces.

Common fixed point theorems for contractive maps

[Pant, 1998] [25]
Two common fixed point theorems have been proved by using minimal type commutativity and contractive conditions.  The last theorem extends known results on compatible maps to a wider class of mappings

A common fixed point theorem in a fuzzy metric space

[Vasuki, 1998] [42]
In this article, the author has proved a common fixed point theorem for a sequence of mappings in a fuzzy metric space.  This results offers a generalization of Grabiec’s theorem.

Common fixed points of compatible maps in fuzzy metric spaces

[Singh and Chauhan, 2000] [38]
The purpose of this article is to introduce the concept of compatibility in fuzzy metric spaces and prove two common fixed point theorems illustrating with an example.

Some new common fixed point theorems under strict contractive conditions

[Aamri and El Moutawakil, 2002] [1]
The main purpose of this article is to give some new common fixed point theorems under strict contractive conditions for mappings satisfying a new property.

On fixed point theorems in fuzzy metric spaces

[Gregori and Sapena, 2002] [12]
In this article, fixed-point theorems for complete fuzzy metric spaces in the sense of George and Veeramani  and also for Kramosil and Michalek’s fuzzy metric spaces which are complete in Grabiefc’s sense are given.  

common fixed point theorems in fuzzy metric spaces

[Sharma, 2002] [35]
In this article, common fixed point theorems for six mappings in fuzzy metric spaces are proved.  These results extend, generalize and fuzzify some known results in fuzzy metric spaces, probabilistic metric spaces and uniform spaces.

On fuzzy metric space

[Sharma, 2002] [36]
In this article, the author has proved a common fixed point theorem for three mappings in fuzzy metric spaces and then extend this result to fuzzy 2 and 3-metric spaces.

Fixed point theorems and Cauchy sequences in fuzzy metric spaces
[Vasuki and Veeramani, 2003] [44]
Grabiec proved an analogue of Banach contraction theorem in fuzzy metric spaces by using a fuzzy version of Cauchy sequence.  Some authors continued their work in the same direction of Grabiec.  In this article the difference between two different types of Cauchy sequences used in the literature is discussed and some fixed point theorems in fuzzy metric spaces are proved.

A Banach contraction theorem in fuzzy metric spaces
[Mihet, 2004] [22]
In this article, a fuzzy Banach contraction theorem for M-complete fuzzy metric spaces is proved.

A contraction theorem in fuzzy metric spaces
[Razani, 2005] [29]
In this article, the author has proved fixed point theorem in fuzzy metric spaces and deduced fuzzy Edelstein’s contraction theorem.  Finally, the existence of atleast one periodic point for fuzzy -contractive mapping is established.

Semicompatibility and fixed point theorems in fuzzy metric spaces using implicit relation 
[Singh and Jain, 2005] [39]
In this article, the concept of semicompatibility has been introduced in fuzzy metric spaces and it has been applied to prove results on existence of unique common fixed point of four self-maps satisfying an implicit relation.

Common fixed point theorems in L-fuzzy metric spaces
[Adibi, Cho, O’Regan and Saadati, 2006] [2]
In this article, a common fixed point theorem in L-fuzzy metric spaces is proved.  The concept of compatible mapping of type (P) in L-fuzzy spaces which is equivalent to the concept of compatible and compatible mappings of type (A) under some appropriate conditions is introduced.  In the sequel, some relations between these mappings are derived.  A coincidence point theorem and a fixed point theorem for compatible mappings of type (P) in L-fuzzy metric spaces for four mappings is proved.

A fixed point theorem for four weakly compatible mappings satisfying an implicit relation in a fuzzy metric space.
[Mihaela, 2006] [20]
The main object of this article is to obtain some fixed point theorems in a fuzzy metric space using weak compatibility, semicompatibility and an implicit relation.

A fixed point theorem in fuzzy metric spaces
[Kutukcu, Sharma, Tokgoz, 2007] [18]
In this article, the authors have proved a common fixed point theorem by using a new continuity condition in fuzzy metric spaces.  Their results extend, generalize and fuzzify several fixed point theorems on metric spaces, Menger probabilistic metric spaces and fuzzy metric spaces.

A common fixed point theorem in L-fuzzy metric spaces
[Saadati, Razani and Adibi, 2007] [30]
In this article, a common fixed  point theorem  for  commuting maps in L-fuzzy metric spaces is proved.

Some results on common fixed point in fuzzy metric spaces
[Som, 2007] [41]
this article deals with establishing some common fixed point results in a fuzzy metric space, the first of which unify and generalize the results of Pant [24] and Vasuki [43] for R-weakly commuting pairs.

Common fixed point theorems for maps under a contractive condition of integral type
[Djoudi and Merghadi, 2008] [7]
Two common fixed point theorems for mappings of complete metric space under a general contractive inequality of integral type and satisfying minimal commutativity conditions are proved.  These results extend and improve several previous results.

Common fixed point theorems in fuzzy metric spaces under implicit relations
[Rao, Ravi Babu and Fisher, 2008] [28]
In this article, the authors have introduced the notion of a pair 
(f, g) being weakly f-compatible and obtained a common fixed point theorem for self maps in fuzzy metric spaces which modifies and generalizes some known results.  Moreover, a common fixed point theorem for self maps in sequentially compact fuzzy metric spaces is also given.

Some common fixed point theorems in complete L-fuzzy metric spaces
[Saadati, Sedghi, Shobe and Vaespour, 2008] [31]
In this article, the authors have proved a common fixed point theorem in l-fuzzy metric spaces which is generalization of some results in Adibi et. al.

Common fixed point theorem in fuzzy metric space using implicit relation
[Jain, Mundra and Aske, 2009] [15]
The aim of this article is to present a common fixed point theorem in fuzzy metric space using weak commuting property for three self maps satisfying an implicit relation.  

In this dissertation we have discussed the contributions of Mihet [22], Razani [29], Som [41] and Kutukcu, Sharma and Tokgoz [18].

chapter - I
a banach contraction theorem 

in fuzzy metric spaces


- Mihet


In this chapter we discuss fuzzy Banach contraction theorem for 
M-complete FM spaces and M-complete gv-FM spaces.  The results are due to Mihet [22].  The theorem is formulated using a contractive mapping considered by Radu [27].  These theorems actually give an answer to the problem posed by vasuki and veeramani [44] (Section 1.3).  The chapter is concluded by proving a fixed point theorem for G-complete FM spaces using the concept of weak B-contraction mappings.  First let us discuss the preliminary definitions and results needed for our main theorem.  

Section:  1.1

Preliminary definitions and results

Kramosil and Michalek [17] introduced the notion of fuzzy metric spaces in 1975.  In order to obtain a Hausdorff topology (the so called 
M-topology), in 1994 George and veeramani [9] imposed some stronger conditions on the fuzzy metric.


Since these two definitions of fuzzy metric spaces are closely related to the definition of (generalized) Menger spaces, we recall some definitions from the probabilistic metric spaces.

Definition: 1.1.1

A fuzzy set A in X is a function with domain X and value in [0, 1].

Definition: 1.1.2


A binary operation  : [0, 1][0, 1] [0, 1] is a continuous t-norm if  satisfies the following conditions:

i)
is commutative and associative

ii)
is continuous

iii)
a 1 = a for all a[0, 1]

iv)
a b  c  d whenever a  c and b  d and a, b, c, d[0, 1].

Definition: 1.1.3


The class of generalized distribution functions (denoted by +) is the class of functions

F : [0,)[0, 1] with the properties:

a) f(0) = 0;

b) f is non decreasing;

c) f is left continuous on (0,).

For a 0,a is the element of defined by 

a (t) = 

If x is a nonempty set, a mapping F: X  X  is called a probabilistic distance on X and f(x, y) is usually denoted by fxy.
Definition: 1.1.4

If f is a probabilistic distance on X, the pair (X, f) is called a probabilistic semi-metric space (shortly PSM-space) if the following conditions are satisfied:

(PM0)  : fxy = 0   iff  x = y

(PMI)  :  fxy  = fyx   x, y X

If (X, f) is a PSM-space which satisfies the “triangle inequality”

(PM2M) : fxy(ts) fxz(t) fzy(s) for all x, y, z in X and t, s0.
where  is a t-norm, then the triple (X, f,) is called generalized Menger space. 

Definition: 1.1.5

If (X, f,) is a generalized Menger space with  satisfying supt1  tt =1, then the family {U, }(0, 1) where U,={(x, y)XX, fxy() >1-} is a base for a (metrizable) uniformity on X, called the f-uniformity.
The f-uniformity naturally determines a topology on X called the 
(-) topology or the f-topology.
A subset O of X is f-open iff for every xO, there exist > 0and (0, 1)  such that U, x){yX : fxy () 1-} is included in O.
Definition: 1.1.6

A sequence (pn)nN is called an f-Cauchy sequence if for every  and (0, 1) there exists n0 = n0(, )N such that 
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Definition: 1.1.7


A probabilistic metric space (X, F,) is called F-sequentially Complete it every Cauchy sequence is F-convergent.

Definition: 1.1.8


If X is a nonempty set, a fuzzy set on X2  [0,) is a mapping 
M : X2 [0, )  [0, 1] and the pair (X, M) will be a fuzzy space.

Definition: 1.1.9 (Kramosil and Michalek [17] )

A triple (X, M,) where (X, M) is a fuzzy space and is a continuous 
t-norm is called a fuzzy metric space in the sense of Kramosil and Michalek if the following properties are satisfied.  

(FM-1)
M(x, y, 0) = 0
  x, y X
(FM-2)
M(x, y, t) = 1
  t 0 iff x = y 
(FM-3)
M(x, y, t) = M(y, x, t)
  x, y X and t 0 
(FM-4)
M(x, z, t+s)  M(x, y, t) M(y, z, s)    x, y, z X and t, s 0

 (FM-5)
M(x, y, •) : [0, )  [0, 1] is left continuous
x, y X


Throughout this chapter, a fuzzy-metric space in this sense of Kramosil and Michalek [17] will be called a fuzzy Menger space (shortly, FM space) 

Theorem: 1.1.10


If (X, M, ) is a fuzzy-metric space in the sense of Kramosil and Michalek then (X, F,) is a generalized Menger space, where Fxy is defined by Fxy(t) = M(x, y, t).
Definition: 1.1.11 (George and Veeramani [9])


A triple (X, M, ) where (X, M) is a fuzzy space and is a continuous 
t-norm, is called a fuzzy metric space in the sense of George and Veeramani (gv-FM space) if the following conditions are satisfied :

For all x, y, z X and t, s 0 

(FM-1)
M(x, y, t)  0
(FM-2)
M(x, y, t) = 1   t 0, iff x = y 

(FM-3)
M(x, y, t) = M(y, x, t) 
 
(FM-4)
M(x, y, t) M(y, z, s)M(x, z, t+s) 

(FM-5)
M(x, y, •) : [0, )  [0, 1] is continuous


By defining Fxy by Fxy(0) = 0 and Fxy(t)=M(x, y, t) for t > 0 it is easy to see that a fuzzy-metric space in the sense of George and Veeramani [9] 
(gv-FM space) is a generalized Menger space, (X, F, ) with Fxy positive and continuous on(0, ) for all x, y.

Theorem: 1.1.12
For all x, y X, M(x, y, •) is non decreasing.
Proof:   Assume 0< t< s
To prove 


M(x, y, t)M(x, y, s)
Suppose not, then M(x, y, t) M(x, y, s) 

By (FM-2), M(y, y, s-t) = 1


M(x, y, t)
=
M(x, y, t)  1



=
M(x, y, t)  M(y, y, s–t)




M(x, y, s) 
(by FM-4)



<
M(x, y, t)
 (by assumption)

which is a contradiction

M(x, y, t)M(x, y, s) for every t  s.

Hence M(x, y, •) is non decreasing.

Definition: 1.1.13 (George and Veeramani [9])

Let (X, M, ) be a fuzzy metric space.  The open ball B(x, r, t) for t 0 with centre xX and radius r, 0 r 1, is defined as
B(x, r, t) = {y  X :M(x, y, t)1-r}

The family {B(x, r, t) : x X, 0 r 1, t 0} is a base for Hausdorff topology M on X, which is referred to as the M-topology or the topology induced by the fuzzy metric M.

In other words,

M
=
{A X : x A if and only if there exist t 0 and r, 0 r 1   such that B(x, r, t)A}

Theorem: 1.1.14

Let (X, M, ) be a fuzzy metric space and  be the topology induced 
by the fuzzy metric M.  Then for a sequence in X, xnx if and only if 
M(xn, x, t)1 as n.
Proof:

Fix  t 0,

Suppose xnx.  Then for 0 r 1 there exists n0N, xnB(x, r, t) for all n n0.


M(xn, x, t) > 1-r

Hence 1–M(xn, x, t) r 

This is true for every r 0

Hence 1–M(xn, x, t)0 as n ,

which in turn implies that M(xn, x, t)1 as n .
Conversely, assume that for each t 0,

M(xn, x, t)1 as n.

To prove: xn x


Let A be a neighbourhood of x.


There exists t 0, 0 r 1 such that B(x, r, t) A

Since M(xn, x, t)1 as n, there exists n0N such that 1-M(xn, x, t) r for all n n0 .
Hence M(xn, x, t)1 - r  for all n n0 


xnB(x, r, t) for all n n0. 

xnA for all n n0. 


xn x.

Definition: 1.1.15


A relation is a set of ordered pairs and if U is a relation the inverse U-1 is the set of all pairs (x, y) such that (y, x)U.
The operation of taking inverse is involuntary in the sense that 
(U-1)-1 is always U.


If U = U-1, then U is called symmetric. 

Definition: 1.1.16


If U and V are relations, then the composition U○V is the set of all pairs (x, z) such that for some y it is true that x, yV and (y, z)U.
 Definition: 1.1.17


 The set of all pairs (x,x) is called the identity relation (or) the diagonal, and is denoted by (X) or simply 

Definition: 1.1.18


For each subset A of X the set U[A] is defined to be {y:(x, y)U for some x in A}, and if x is a point of X, then U[x] is U[{x}]. For each U and V and each A it is true that (U○V) [A] = U [V [A]].
Definition: 1.1.19


A uniformity for a set X is a non empty family U of subsets of XX 
such that 

a)
each member of U  contains the diagonal .

b)
if UU, then U-1U.

c)
If UU, then V○V  U for some V in U.

d)
If U and V are members of U, then UVU and

e)
If UU and U V  XX, then VU,


the pair (X, U) is called a uniform space.

Definition: 1.1.20


A subfamily B of a uniformity U  is a base for U iff each member of U  contains a member of B.

Definition: 1.1.21


If (X, U) is a uniform space, the topology  induced by the uniformity U  or the uniform topology, is the family of all subsets T of X such that for each x in T there is U in U such that U[x]T.  
In view of above definition, the union of members of  is surely a member of .  If T and S are members of and if xTS, then there are U and V in U such that U[x]T and V[x]S, and hence (UV)[x]  TS; consequently TS.


is a topology.

Definition: 1.1.22

Uniform structure in the fuzzy metric space (X, M, )


Let (X, M, ) be a fuzzy metric space for each nN define:

Bn = {(x, y)XX : yB(x, 1/n, 1/n)}

It is proved that the (countable) family {Bn : nn} is a base for a uniformity U on X such that the topology induced by U agrees with the topology induced by fuzzy metric M.  The uniformity U will be called the uniformity generated by M or M-uniformity.

Remark: 1.1.23


If (X, M, ) is an FM space, then supt<1 tt = 1 since  is continuous.  By considering (X, M, ) as a generalized Menger space (X, F, ), it is immediately true that the M-uniformity is exactly the F-uniformity, having as a base the family, UM = {U,}>0, {0, 1) where

U, = {(x, y) XX : M(x, y, ) > 1-}

The corresponding (,) topology is called the topology induced by the fuzzy metric M which is same as the M-topology.

Convention: 1.1.24

In the following all topological notions will refer to the M-topology.

Definition: 1.1.25  (Sehgal and Bharuchareid [34])

A B-contraction (or Sehgal contraction) on a fuzzy space (X, M) is a self mapping f on X for which 


M(f(x), f(y), kt)  M(x, y, t)
x, yX.



t > 0,

where k is a fixed constant in (0, 1).

Section:  1.2

Fuzzy contractive mappings of Gregory and sapena [12 ]


In this section, we focus on a type of contractions by Gregory and Sapena [12].  First, we recall some definitions from that paper.
Definition: 1.2.1   (Gregory and sapena [12])

A self mapping f of a gv-FM space (X, M, ) is called a fuzzy contractive mapping if there exists k(0, 1) such that


- 1    k 
-1

k is called as the contractive constant.


It can be noticed that, except for the fact that M(x, y, t) is a denominator.  “M(x, y, t) > 0  x, yX  and t > 0” did not play an essential role.  Because we intend to work in FM spaces, where equalities of the form M(x, y, t) = 0 are possible, we will simplify the above inequalities as follows:


- 1    k 
-1


 k 
+1


 



M(f(x), f(y), t)        
(I)

Hence the contractivity condition in the above definition takes the following equivalent form:


M(f(x), f(y), t)
 


Definition: 1.2.2 (George and Veeramani [9]

A sequence (xn) in a fuzzy metric space(X, M, ) is a M-cauchy sequence or simply a Cauchy sequence (if no confusion arises) iff for each (0, 1) and each t >0 there exists n0N such that M(xn, xm, t) >1-  for all 
n, mn0. 


A fuzzy metric space in which every M-Cauchy sequence is convergent is called a M-complete fuzzy metric space.

Theorem: 1.2.3 (Fuzzy Banach contraction theorem)

Let(X, M, ) be a complete gv-FM space in which fuzzy contractive sequences are M-cauchy.  Let T : X X be a fuzzy contractive mapping being k the contractive constant.  Then T has a unique fixed point.


Gregori and Sapena [12] have posed the following open problem:

Question: 1.2.4
Is a fuzzy contractive sequence a M-cauchy one?

We will show that in the case of FM spaces the answer is negative.
Example: 1.2.5

Let X = [0, ) and d(x, y) = x – y.  Then (X, d) is a complete metric space.  If we define M(x, y, t) = d(x, y)(t) then it is well known [33] that (x, M, ) is a FM space for every t-norm and the M-topology is exactly the d-topology.


By definition, d(x, y)(t)
=
0
if t  d(x, y)



=
1
if t  d(x, y)

Therefore, For t  d(x, y), M(x, y, t) = 0



    =                   =         = 0 = M(x, y, t)

For t > d(x, y), M(x, y, t) = 1


    =                   =  1 = M(x, y, t)

Therefore,
                  = M(x, y, t)

The contraction condition (I) can be written as, 

M(f(x), f(y), t)  M(x, y, t)  x, yX,    t > 0


df(x), f(y))(t)  d(x, y)(t)  x, yX,    t > 0
(1)

Claim:


d(f(x), f(y)) d(x, y)
x, yX

suppose not, then d(f(x), f(y)) > d(x, y)

choose t, such that d(f(x), f(y) > t > d(x, y)

for this value of t, d(f(x), f(y))(t) = 0 and d(x, y)(t) = 1

This contradicts (1)

d(f(x), f(y))d(x, y) x, yX
Hence the claim.
Hence the contractivity condition (I) is equivalent to d(f(x), f(y))  d(x, y)  x, yX.

in other words, if f is a fuzzy contractive mapping then f has to satisfy

d(f(x), f(y))d(x, y) x, yX


consider the mapping f : X  X given by f(x) = x+1.

Consider,    d(f(x), f(y))
=
f(x) – f(y)

=
(x+1) – (y+1)

=
x – y

=
d(x, y)

Hence the contractive condition is satisfied.

f is a fuzzy contractive mapping.  

Hence every sequence (xn)nN, xn = fn(x) is a fuzzy contractive sequence.

Since f(x) = x  x+1 = x  1 = 0 which is absurd, f has no fixed points.

Hence by fuzzy Banach contraction theorem we deduce that the fuzzy contractive sequence (xn) is not a M-cauchy sequence.
Remark: 1.2.6


From this example, we see that if we want every contractive mapping in a FM space to have a fixed point, we need to strengthen the contractivity condition.  Such a condition was suggested by Radu[27].

SECTION: 1.3

Fuzzy contractive mappings of Radu [27]


Vasuki and Veeramani [44] posed the problem of finding a fuzzy Banach contraction theorem in M-complete fuzzy metric spaces for arbitrary 
t-norms.  In this section we consider the contractive mapping introduced by Radu [27] which is referred to as strict-B-contraction mapping and prove the main theorem for M-complete FM spaces (Theorem 1.3.9) and M-complete gv-FM spaces (Theorem 1.3.10) which answers the problem posed by Vasuki and veeramani [44].

Definition: 1.3.1 (Radu [27])

A strict B-contraction in a fuzzy space (X, M) is a self mapping f of X with the property that there exists k(0, 1) such that 

M(f(x), f(y), kt)  
It can be shown that, a strict B-contraction is of the form 

M(f(X), f(y), (t))   (M(x, y, t))
 x, yX , t > 0  

where : [0, 1][0, 1] is increasing,  for all [0, 1] and [0,)[0,)  is increasing, t) t for all t and limn(t) = 0 t > 0.  Also it is easy to observe that every strict B-contraction is a fuzzy contractive mapping.


Now we consider a more general contraction condition, using composition functions from the class  of all mappings  :(0,1)  (0, 1) with the properties :
1. is an increasing bijection;
2. () <   (0, 1).
Since every such a composition mapping is continuous, it is easy to see that if then 

limn()0  0,1).
Definition: 1.3.2 (Mihet [21])
Let (X, M) be a fuzzy space,  and k(0, 1) be given.    A mapping

 f: X  X is called a (-k)-B contraction on X if the following condition holds:
x, yX,0,(0, 1), M(x, y,) > 1-M(f(x), f(y), k) >1- (

Theorem: 1.3.3  


Every (-k)-B contraction is a B-contraction 

Proof
Let f be a (-k)-B contraction mapping.  Suppose f is not a 
B-contraction mapping.  Then there exists x, yX, 0 such that 

M(f(x), f(y), k) < M(x, y,).  Choose (0, 1) such that,

M(f(x), f(y), k) < 1- M(x, y,)

Therefore 1-( M(f(x), f(y), k) < 1-
i.e.,() > which is a contradiction.  

Therefore, f is a B-contraction mapping

Definition: 1.3.4

Let (X, d) be a metric space.  A mapping  f: X  X is called a Banach contraction if there is a number k<1 such that d(f(x), f(y)) k d(x, y)x, yX.  k is called as Lipschitz constant.


The following example shows that every Banach k-contraction in (X, d) is a (-k)-B contraction in (X, M, ) for every 
Example: 1.3.5
Let (X, d) be a metric space.  Then the space (X, M, ) where 
M(x, y, t) = d(x, y)(t) = 

is an FM space under any triangular t-norm .  Since for all 0 and (0, 1), M(x, y,) > 1-  M(x, y,) = 1  d(x, y) < in this space the M-topology is exactly the d-topology.

If this f: X  X is a Banach contraction in (X, d) with the Lipschitz constant k and 0,(0, 1) are given, then the following implications hold:

M(x, y,) > 1-M(x, y,) = 1 d(x, y) <  d(f(x), f(y)) < k        
 M(f(x), f(y), k) = 1  M(f(x), f(y), k) > 1–( for every 
Thus, every Banach k-contraction in (X, d) is a (-k)-B contraction in (X, M, ) for every .

In the following example we produce a function  with respect to which every strict B-contraction is a (-k)-B contraction.

Example: 1.3.6
Given k(0, 1).  The mapping  is defined on (0, 1) by ( = k/(1-+k) is in the class .
i)
It is easily seen that  is increasing 

To prove:  is one-one

(1) = (2)


      =


1 – 12 + k12  =  2 – 12 + k12

1 = 2
Therefore, is one–one.

To prove:  is onto


Take (0, 1)

To find t(0, 1) such that (t) = .
i.e.,

      =  
i.e.,
kt =  – t + kt

i.e.,
t(k+ - k) = 
i.e.,
t = 


Hence there is unique solution t =                 such  that (t) = .

Therefore, is onto.


Therefore, is an increasing bijection.

ii)
() <  iff                 < 

iff k < - 2 + k2

iff - 2 +k2 - k > 0


iff 1 - +k - k > 0


iff (1 - ) – k(1 - ) > 0


iff (1 - ) (1 - k) > 0

which is true

therefore,  () < .

hence .

Claim:


Every strict B-contraction is a (-k)-B contraction with respect to the function defined above.


Let f be a strict B-contraction mapping


M(f(x), f(y), kt) 
Take x, yX, t > 0, a(0, 1)

Now, M(x, y, t) > 1 – a


1 - M(x, y, t) < a


k(1 - M(x, y, t)) < ka





<


1 + 


    <  1 + 






<


>
(1)

Consider 1 – (a)
= 1 –                 




=  


=     
(2)

From (1) and (2) we get



> 1 - (a)


M(f(x), f(y), kt) > 1 - (a)

Therefore, f is a (-k)-B contraction mapping.

Theorem: 1.3.7


Let (X, U) be a separated sequentially complete uniform space and B be a base for the uniformity U.  If f : X  X is a mapping with the property that for every UB there exists KB such that (x, y)UoK  (fx, fy)U and there exists xX for which UB there exists n = n(U, x)N such that 
(fn(x), fn+1(x))U then f has a fixed point.


A mapping with the contractivity condition from the above lemma will be called a B-contraction.

Theorem: 1.3.8


Let (S, M, ) be a M-complete fuzzy Menger space and f : S  S be a (-K)-B contraction. If there exists pS and > 0 such that M(p, f(p), ) > 0, then f has a fixed point.

Proof:


Let (S, M, ) be a fuzzy Menger space, f : S  S be a (-K)-B contraction and pS, > 0 be such that M(p, f(p), ) > 0.


We show that all the conditions of Theorem 1.3.7 are fulfilled.

To prove:

a)
f is a UM-contraction.  Where UM is given in remark 1.1.23.  

Let U = U UM.

Since /k > , there exists 1> 0 such that +1 = / k.


Also, since 0 = (1 - )  0 < 1 - -1() < 1 - = (1 - )  1, by the 
mean-value theorem we deduce that there exists 1(0, 1) such that


(1 - )  (1 - 1) > 1 - -1(),

Where -1 is the inverse of .


Let us consider the set 
[image: image8.wmf]1
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Then (p, q)UoK


There exists rX such that (p, r)U, (r, q)K


M(p, r, ) > 1 - , M(r, q, 1) > 1 - 1

M(p, q, +1)  (1 - )  (1 - 1) > 1 – -1()


M(p, r, /k) > 1 – -1().

From the definition of ( -k)-B contraction we deduce that 

M(f(p), f(q), ) > 1 - , that is (p, q)Uok  (f(p), f(q))U.

b)
to prove: UUM there exists nN such that (fn(p), fn+1(p))U

let U = U UM be given.  since M(p, f(p), ) > 0, we can find 1 > 0 such that M(p, f(p), ) > 1 – 1.

Then M(fr(p), fr+1(p), kr) > 1 – r (1) for all rN.  By choosing n such that Kn <  and n(1) <  we obtain M(fn(p), fn+1(p), kr)) > 1 – .

i.e., (fn(p), fn+1(p))U.


hence the conditions in theorem 1.3.7 are satisfied.


f has a fixed point.

fuzzy Banach contraction theorem for M-complete FM spaces

Theorem:  1.3.9


Every strict B-contraction in an M-complete fuzzy Menger space 
(X, M, ) has a fixed point iff M(x, f(x), t) > 0 for some xX and some t > 0.

Proof:


Since every strict B-contraction is a (-k)-B contraction with respect to the function given by  () = k / (1-+ k) (Example 1.3.6), the result follows from Theorem 1.3.8.

Fuzzy Banach contraction theorem for M-complete gv-FM spaces

Theorem: 1.3.10


Every strict B-contraction in an M-complete gv-FM space (X, M, ) has a unique fixed point.

Proof:


Let f be a strict B-contraction mapping.

We know that M(x, y, t) > 0   x, yX   &  t > 0.  Hence by the above theorem 1.3.9, f has a fixed point.  If x and y are fixed points of f then 
M(x, y, ) > 1 –  for some > 0 and (0, 1).


Since every strict B-contraction is a (-k)-B contraction we get, by definition, M(f(x), f(y), k) > 1 – ()


Since x and y are fixed points of f, f(x) = x and f(y) = y.

The above unequality becomes M(x, y, k) > 1 – ()

Once again using definition of (-k)-B contraction we get,

M(f(x), f(y), k2) > 1 – 2()

Proceeding like this, in general, we get

M(x, y, kn) > 1 – n() for all n.

For given  > 0 and (0, 1) we can find n such that kn < and n() < 

Since M is non-decreasing we get,

M(x, y, )

M(x, y, kn)


>
1 – n()


>
1 – 
This is true for every , .

Hence M(x, y, )  1   for every > 0

Since M(x, y, )  1    , we get


M(x, y, ) = 1     > 0

Therefore, x = y.

Section:  1.4
Weak B-contraction and G-complete FM spaces


In this section we study the class of certain type of contractions called weak-B-contraction and obtain a fixed point theorem for a weak B-contraction mapping in a G-complete FM space.

Definition: 1.4.1

A weak B-contraction in a fuzzy space (X, M) is a self mapping f of X satisfying the following condition: 


x, yX, t > 0 M(x, y, t) > 0M(f(x), f(y), t)(M(x, y, t))  where 
:(0, 1] (0, 1] is increasing and limn()1  for all 0,1] (note that ()for all 0,1])

Definition: 1.4.2 (Grabiec [11])


A sequence (xn) in a FM space (X, M, ) is a G-cauchy sequence if 
lim  M(xn, xn+m, t) = 1 for each m > 0, t > 0. 

Definition: 1.4.3 


A sequence (xn) in X is convergent to xX iff   lim  M(xn, x, t) = 1 for each  t > 0. 

Definition: 1.4.4 


An FM space (X, M, ) is called G-complete if every G-cauchy sequence is convergent.

Theorem: 1.4.5 


If (X, M, ) is a G-complete FM space and f is a weak B-contraction on X such that M(x, f(x), t)) > 0 for all t > 0 for some xX, then f has a fixed point.

Proof:


Let xX be such that M(x, f(x), t) > 0, for all t > 0.

Define a sequence (xn) as follows:

x1 = f(x), x2 = f(x1) = f2(x), ………

in general, xn = f(xn-1) = f2(xn-2) = ……….. fn(x)

Since f is a weak B-contraction,


M(xn+1, xn+2, t)
=
M(f(xn), f(xn+1), t)




(M(xn, xn+1, t))



=
(M(f(xn-1), f(xn), t))




((M(xn-1, xn, t)))



=
2(M(xn-1, f(xn-1), t))

Proceeding like this we get finally,


M(xn+1, xn+2, t)   2(M(x, f(x), t))

Since   lim   n() = 1  for all (0, 1] we get

n(M(x, f(x), t))  1  for all t > 0


M(xn+1, xn+2, t)  1
(1)

If m > 0 is given then, by using condition (FM-4) (Definition 1.1.9) we get,

M(xn, xn+m, t)  M(xn, xn+1, t/m)  …….  M(xn+m-1, xn+m, t/m)  1     by (1)

Therefore, (xn) is a G-cauchy sequence.


Since (X, M, ) is a G-complete, (xn) converges.

Let xn  y.  Then M(xn, y, t)  1  for all t > 0.

Consider, M(xn+1, f(y), t)
=
M(f(xn), f(y), t)



(M(xn), y, t))



M(xn, y, t)         
since ()  , for (0, 1]



1   for all t > 0



Hence M(xn+1, f(y), t)  1,    for all t > 0


xn+1  f(y)

That is, xn  f(y)

Since limit is unique and as xn  y, we get f(y) = y.

Therefore f has a fixed point.
chapter - II
a contraction theorem in fuzzy metric spaces 

and existence of periodic points for fuzzy 

–contractive mappings  


- Razani


In this chapter we discuss a contraction theorem in fuzzy metric spaces due to Razani [29], wherein the conditions are imposed in terms of sequence of iterates.   He [29] has also proved fuzzy Edelstein’s contraction theorem for a fuzzy metric space in George and veeramani’s sense.  In addition, he has shown that fuzzy Edelstein’s contraction theorem is true whenever we consider the fuzzy metric space in the Kramosil and Michalek’s sense also.  finally, the concepts of periodic points and fuzzy –contractive mappings are studied and conditions under which a fuzzy -contractive mapping to have a periodic point are obtained.  In the case of a compact fuzzy metric space, every fuzzy -contractive mapping is found to have periodic point. 

Section:  2.1
Preliminary definitions and results

Throughout this chapter we consider the definition of fuzzy metric space (Definition 1.1.11-gv-FM space) and Cauchy sequence (Definition 1.2.2-
M-Cauchy sequence) in the sense of George and veeramani [9].  Let us rewrite the definitions and results needed for this chapter.

Definition: 2.1.1  (George and veeramani [9])

The 3-tuple (X, M,) is said to be a fuzzy metric space if X is an arbitrary set,  is a continuous t-norm and M is a fuzzy set on X2 (0,) satisfying the following conditions: 

for all x, y, z X and t, s 0,
(FM-1)
M(x, y, t) > 0
 
(FM-2)
M(x, y, t) = 1
 if and only if x = y 
(FM-3)
M(x, y, t) = M(y, x, t)
 
(FM-4)
M(x, y, t) * M(y, z, s) M(x, z, t+s)

(FM-5)
M(x, y, •) : [0, )  [0, 1] is continuous 
Theorem: 2.1.2
M(x, y, •) is non decreasing for all x, y, z X.
Definition: 2.1.3

Let (X, M, ) be a fuzzy metric space.  The open ball B(x, r, t) for t 0 with center xX and radius r, 0 r 1 is defined as
B(x, r, t) = {yX :M(x, y, t)1-r}

The family {B(x, y, t) : xX, 0 r 1, t 0} is neighbourhood system for a Hausdorff topology M on X, which will be referred to as the topology induced by the fuzzy metric M.

M
=
{A X : x A if and only if there exist t 0 and r, 0 r 1   
such that B(x, r, t)A}
Definition: 2.1.4

In a metric space (X, d), the 3-tuple (X, Md, ) where 
Md(x, y, t) = t / t + d(x, y) and ab = ab, is a fuzzy metric space.  This Md is called the standard fuzzy metric induced by d.

The topologies induced by the standard fuzzy metric i.e., 
[image: image9.wmf]d

M
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 and the corresponding metric d are the same. 

Definition: 2.1.5
A sequence (xn) in a fuzzy space (X, M,) converges to x if and only if M(xn, x, t)1 as n
Definition: 2.1.6


A sequence (xn) in a fuzzy metric space(X, M, ) is a Cauchy sequence if and only if for each (0, 1) and each t > 0, there exists n0N such that M(xn, xm, t) >1-  for all n, mn0. 

Let (X, M, ) be a fuzzy metric space.  Then a sequence {xn} in X is said to be convergent x in X if for each > 0 and each t >0, there exists n0N such that M(xn, x, t) >1-  for all n n0.

A fuzzy metric space in which every Cauchy sequence is convergent is called a complete fuzzy metric space.

Theorem: 2.1.7


In a fuzzy metric space (X, M, ), for any r(0, 1) there exists S(0, 1) such that S  S  r.
Theorem: 2.1.8


Let  (X, M, ) be a fuzzy metric space.  Then M is a continuous function on XX(0, +) 

Definition: 2.1.9


A fuzzy metric space (X, M, ) is called precompact if for each 0<r<1, and each t > 0, there is a finite subset A of X, such that X = 
[image: image10.wmf]È
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 B(a, r, t).  In this case, we say that M is a precompact fuzzy metric on X.

Theorem: 2.1.10

A fuzzy metric space is precompact if and only if every sequence has a Cauchy subsequence. 

Definition: 2.1.11


A fuzzy metric space (X, M, ) is called compact if (X, M) is a compact topological space.
Theorem: 2.1.12


A fuzzy metric space is compact if and only if it is precompact and complete 

Definition: 2.1.13
Let (X, M, ) be a fuzzy metric space.  We will be say the mapping 
f : X X is t-uniformly continuous if for each , with 0<<1, there exists 0<r<1 such that M(x, y, t) 1-r implies M(f(x), f(y), t) 1-, for each x, y X and t > 0.

Clearly if f is t-uniformly continuous it is uniformly continuous for the uniformity generated by M, and then continuous for the topology deduced from M.
Theorem: 2.1.14

Let (X, M, ) be a fuzzy metric space.  If f: XX is fuzzy contractive mapping then f is t-uniformly continuous.
Section:  2.2

Fixed point under contractive map


In this section, the definition of contractive map is given and an iterative theorem is proved.  In fact, this theorem shows the existence of a fixed point of a contractive map.
Definition: 2.2.1

Let (X, M, ) be a fuzzy metric space.  We call the mapping f : X X fuzzy contractive mapping, if


- 1   
-1

for each x  yX and t > 0, or we call f : X X fuzzy contractive mapping, if


M(f(x), f(y), t) > M(x, y, t)

for each x  y X and t>0.

Theorem: 2.2.2


Let (X, M, ) be a fuzzy metric space and A a fuzzy contractive mapping of X into itself such that there exists a point xX whose sequence of iterates (An(x)) contains a convergent subsequence (
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Proof:
Suppose A() and consider the sequence (
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). Since 
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(x)A(), as A is t-uniformly continuous Theorem 2.1.14

which in turn is uniformly continuous.  For any fixed t(0, +), define a mapping r: y = XX into the real line by

r(p, q) =  
(1)

Note that A is a fuzzy contractive mapping of X into itself, and also Theorem 2.1.8 shows that M is contains on XX(0, +).  Thus r is a continuous function on Y. This shows that there exists a neighbourhood U of (, A())Y such that p, q U implies

1 < R < r(p, q)
(2)

Since A() , and the topology is Hausdorff, there exists neighbourhoods B1 = B1​(, , t) and B2 = B2(A(), , t) centred at  and A(), respectively and of radius  > 0 small enough such that B1 B2 = and 
B1 x B2 U.

Since 
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M(,
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By contractive condition we get that 

M(A(), A(
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M(A(),
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On the other hand, for such i, it follows from (1) and (2) that
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A repeated use of (3) for l > j > N now gives
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which is contradiction with the property (FM-5) of fuzzy metric (M, ) in Definition 2.1.1.
Thus A() and this means that is a fixed point of A.


In order to prove the uniqueness of , suppose there is an with A() = n, then it follows that 

M(, , t) = M(A(), A(), t) > M(, n, t)

Which is a contradiction.  This proves the uniqueness.


Theorem 2.2.2 will imply some information on the convergence of sequence of iterates.

Theorem: 2.2.3


Let all assumptions of Theorem 2.2.2 hold.  If (An(x)), xX contain a convergent subsequence 
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 exists and coincides with the fixed point .
Proof:
By theorem 2.2.2 we have 
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Given 1>>0 i.e., given neighborhood B(, , t) of there exists a positive integer N0 such that i>N0 implies 
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M(,
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If m = ni + l (ni fixed, l variable) is any positive integer > ni.

Then


M(, Am(x), t) = M(Al(),
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
M(, Am(x), t)  1  as m   i.e. Am(x) 
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Am(x) = .  

Hence the result.

Theorem: 2.2.4


If X is fuzzy compact, the condition “There exists a point xX whose sequence of iterates (
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) contains subsequence (
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)” is always satisfied.

Proof:


Since X is fuzzy compact by theorem 2.1.12 it is precompact and complete.


Take x X and consider the sequence of iterates (An(x)).  

By Theorem 2.10, since X is precompact, (An(x)) has a Cauchy subsequence.


Since X is complete, this subsequence is convergent.  Hence the condition is satisfied.


The above result leads to fuzzy Edelstein’s contractive theorem which is stated as follows:

Theorem: 2.2.5 (fuzzy Edelstein’s contractive theorem)


If X is fuzzy compact space and A is a contractive self-mapping on X then there exists a unique fixed point of A 

Proof:


Since X is fuzzy compact by theorem 2.2.4 the condition in Theorem.2.2.2 is satisfied.  Therefore, A has a unique fixed point. 


Note that Theorem.2.2.5 is considered when (X, M, ) is compact fuzzy metric space in this sense of George and Veeramani [9].  Also we can state this Theorem 2.2.5 when (X, M, ) is a compact fuzzy metric space in the sense of Kramosil and Michalek [17] (Definition 1.1.9).


In order to do this, we prove the next theorem.

Theorem: 2.2.6


If (X, M, ) is a compact fuzzy metric space in the sense of George and Veeramani, then it can be considered in the sense of Kramosil and Michalek. 

Proof:


Let M' : X2 x [0, )  [0, 1] defined by


M'(x, y, t)  =


Then (X, M', ) is a compact fuzzy metric space in the sense of Kramosil and Michalek.

Section:  2.3

Periodic points and fuzzy -contractive mappings

In this section, the concept of periodic points or eventually fixed points in a fuzzy metric space is defined.  Then the existence of atleast one periodic point of fuzzy -contractive self-mapping f on X is proved.

Definition:  2.3.1


Let (X, M, ) be a fuzzy metric space, and f is a self-mapping of X.  Then  is a periodic point or an eventually fixed point, if there exists a positive integer k such that fk() = .
Definition:  2.3.2

Let (X, M, ) be a fuzzy metric space, we say that the mapping f : XX is fuzzy -contractive if there exists 0 <  < 1, such that if 

1 -  < M(x, y, t) < 1,

Then


M(f(x), f(y), t) > M(x, y, t)

for all t > 0, and x, yX.

Theorem:  2.3.3

Let (X, M, ) be a fuzzy metric space, where the continuous t-norm  is defined as ab = min{a, b} for a, b[0, 1].  Suppose f is a fuzzy -contractive self-mapping of X such that there exists a point xX whose sequence of iterates (fn(x)) contains a convergent subsequence (
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 is a periodic point.

Proof:


Since 
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= , given (0, 1) and t > 0, there exists a positive integer N, such that i > N1 implies 
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Since f is fuzzy -contractive, inequality (1) implies that


M(
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After ni+1–ni iterations we obtain


M(
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Where t = t0 + t1.  By definition of  which is ab = min{a, b}, we obtain:


M(,
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Suppose that  = 
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For any fixed t(0, +), the mapping r(p, q) of Y = XxX into the real line is defined by


r(p, q) =

Note that f is a fuzzy contractive mapping of X into itself and also Theorem 2.1.8 shows that M is continuous on XxXx(0, +).  Thus r is a continuous function on Y.  With respect to this fact that r(,) > 1, it is easy to see there exists a neighbourhood U of (,)Y such that p, qU implies


r(p, q) > R > 1
(2)

since  and the topology is Hausdorff, there exists open neighbourhoods B1 = B2(, , t) and B2 = B2(, , t) centered at  and , respectively, and of radius 0 <  < 1 small enough such that 


B1  B2 = 
or 
0 <  < 
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and B1 x B2  U.


A positive integer N2 can now be found with the property that j > N2 implies


(
[image: image62.wmf])

(

x

f

j

n

,
[image: image63.wmf])

(

1

x

f

i

i

j

n

n

n

-

+

+

)B1 x B2
Since B1 x B2  U, (2) implies that
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Consider l > j > N2, two cases happen

Case 1:  If nl = nl-1+1 then


M(
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Case 2:  If nl > nl-1+1 then (3) and the fact that R > 1
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Thus from (4) and (5) we have
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Also (3) help us to prove:
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which is clearly incompatible with the property (FM-5) of Definition 2.1.1.  Hence, putting k = ni+1-ni, we have fk() =  as asserted.

Corollary:  2.3.4


If (X, M, ) is a compact fuzzy metric space and f is a fuzzy 
-contractive self-mapping of X then there exists atleast one periodic point.

Proof:


Follows easily from Theorems 2.1.10 and 2.3.3 by using the fact that every compact space is sequentially compact that is every sequence will have a convergent subsequence.

Corollary:  2.3.5

If, in theorem 2.3.3 M(, f(), t) > 1 - , then there is a contradiction.

Proof:


Suppose M(, f(), t) > 1 - .
Since f is fuzzy -contractive, we have 


M(f2(), f(), t) > M(f(),, t)

After K+1 iterations we obtain

M(fK+1(), fK(), t) > M(f(),, t)

By putting fk() =  in the above inequality, we find


M(f(),, t) > M(f(),, t)

This is a contradiction.

chapter - iii
common fixed point theorems in fuzzy metric spaces in the sense of kramosil and michalek


- SOM



In this chapter we discuss the results on common fixed points for fuzzy R-weakly commuting mappings on a fuzzy metric space in Kramosil and Michalek’s sense [17].  The results are due to Som [41].  Using the concept of 
R-weakly commuting maps, he [41] has framed the conditions for the mappings to have common fixed point and proved two common fixed point theorems, the first of which unify and generalize the results of Vasuki [43] (Theorem 3.1.7)

Section:  3.1

Preliminary definitions and results

Throughout this chapter we consider the definition of fuzzy metric space in Kramosil and Michalek’s sense [17] (Definition 1.1.9) satisfying the following condition: 

(FM-6)   lim  M(x, y, t) = 1 for all x, yX.

For Cauchy sequence, we consider the definition of G-cauchy sequence (Definition 1.4.2) due to Grabiec [11].  Let us rewrite the definitions needed for this chapter.

Definition: 3.1.1  (Kramosil and Michalek [17] )


A triple (x, M, ) where (X, M) is a fuzzy space and  is a continuous 
t-norm is called a fuzzy metric space in the sense of Kramosil and Michalek if the following properties are satisfied:

(FM-1)
M(x, y, 0) = 0
  x, y X
(FM-2)
M(x, y, t) = 1
  t 0, iff x = y 
(FM-3)
M(x, y, t) = M(y, x, t)
  x, y X and t 0 
(FM-4)
M(x, y, •) : [0, )  [0, 1] is left continuous x, yX.

(FM-5)
M(x, z, t+s)  M(x, y, t)  M(y, z, s)   x, y, zX and t, s 0

(FM-6)
lim   M(x, y, t) = 1
x, yX

Definition: 3.1.2  (Grabiec [11])


A sequence {xn} in a fuzzy metric space (X, M, ) is called Cauchy if 
lim   M(xn+p, xn, t) = 1 for every t > 0 and each p > 0.
Definition: 3.1.3


A sequence {xn} in a fuzzy metric space (X, M, ) is said to be convergent to xX if   lim   M(xn, x, t) = 1 for each t > 0.
Definition: 3.1.4

A fuzzy metric space (X, M, ) is said to be complete if every Cauchy sequence in X converges in X.
Definition: 3.1.5

Two mappings f and g of a fuzzy metric space (X, M,) into itself are said to be weakly commuting if M(fgx, gfx, t)  M(fx, gx, t), for every xX.

The notion of weakly commutativity is extended to R-weak commutativity by Vasuki [43] as:
Definition: 3.1.6

The mappings f and g of a fuzzy metric space (X, M,) into itself are 
R-weakly commuting provided there exists some positive real number R such that 

M(fgx, gfx, t)  M(fx, gx, 
[image: image90.wmf]R

t

), for all xX
Weak commutativity implies R-weak commutativity and the converse is true for R  1.  Using R-weak commutativity Vasuki [43] proved the following result, generalizing a result of Pant [24].

Theorem: 3.1.7


Let (X, M,) be a complete fuzzy metric space and let f and g be 
R-weakly commuting self mappings of X satisfying the conditions: 

M(fx, fy, t)  r(M(gx, gy, t)), 

where r : [0, 1]  [0, 1] is a continuous function such that r(t) > t for each 0  t  1 and r(t) = 1 for t = 1.  The sequence {xn} and {yn} in X are such that xn x, yn y, t > 0 implies M(xn, yn, t)  M(x, y, t).  If the range of g contains the range of f and either f or g is continuous, then f and g have a unique common fixed point.

Section: 3.2

Common fixed point theorem


In this section we prove common fixed point theorems for three / four mappings on a fuzzy metric space.

Theorem: 3.2.1

Let S and T be two continuous self mappings of a complete fuzzy metric space (X, M, ).  Let A be a self mapping of X satisfying the following conditions:  

The pairs {A, S} and {A, T} are R-weakly commutating and A(X)S(X)T(X) and

M(Ax, Ay, t)

r(min{M(Sx, Ty, t), M(Sx, Ax, t), M(Sx, Ay, t), 
M(Ty, Ay, t)})
(1)

for all x, y X, where r:[0, 1] [0, 1] is a continuous function such that r(t) > t for each t < 1 and r(t) = 1 for t = 1.

The sequences {xn} and {yn} in X are such that xn x, yn y, t > 0 implies M(xn, yn, t) M(x, y, t).  Then A, S, T have a unique common fixed point in X. 

Proof:

Let x0X be any arbitrary point.  Since A(X)S(X), there is a point x1X such that Ax0 = Sx1.  Also since A(X)T(X), there is another point x2X such that Ax1 = Tx2.  In general we get points x2n+1 and x2n+2 in X such that Sx2n+1 = Ax2n; Tx2n+2 = Ax2n+1 for n = 0, 1, 2, …………..  

Let Mn = M(Axn, An+1, t) < 1; n = 0, 1, ………. Then


M2n
=
M(Ax2n+1, Ax2n, t)




r(min{M(Sx2n+1, Tx2n, t), M(Sx2n+1, Ax2n+1, t), M(Sx2n+1, Ax2n, t), M(Tx2n, Ax2n, t)})



=
r(min{m(Ax2n, Ax2n-1, t), M(Ax2n, Ax2n+1, t), M(Ax2n, Ax2n, t), M(Ax2n-1, Ax2n, t)})



=
r(min{M2n-1, M2n, 1, M2n-1})
(2)


If M2n-1 > M2n then M2n  r(M2n) > M2n, (since r(t) > t) i.e., M2n > M2n, which is absurd.


Therefore, M2n-1  M2n.

From (2) we get, M2n  r(M2n-1) > M2n-1
(3)


Thus { M2n, n  0} is an increasing sequence of positive real numbers in [0, 1] and therefore, tends to a limit L  1.  We claim that L = 1.


If L < 1, on taking n  in (3) we get, L  r(L) > L which is absurd.

Hence L = 1.

Now, for any integer p,


M(Axn, Axn+p, t)

M(Axn, Axn+1, 
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
M(Axn, Axn+1, 
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)  ………  M(Axn, Axn+1, 
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Since   lim  M(Axn, Axn+1, t) = 1 for t > 0, it follows that 


lim  M(Axn, Axn+p, t) 
 1  1  …………  1 = 1


Thus {Axn} is a cauchy sequence and by the completeness of x, {Axn} converges to a point zX.  Clearly the subsequences {Sx2n+1} and {Tx2n} of {Axn} also converge to the same limit.  Thus Sx2n+1  z and Tx2n  z.  Since A is R-weakly commuting with S, we get


M(ASx2n+1, Sax2n+1, t)  M(Ax2n+1, Sx2n+1, t/R),

which by continuity of S gives   lim  ASx2n+1




=
  lim  SAx2n+1 = Sz.

Now, we prove that Sz = z.


Suppose Sz  z then there exists t > 0 such that M(Sz, z, t) < 1.

Using (1) we have


M(ASx2n+1, ax2n, t)

r(min{M(S2x2n+1, Tx2n, t), M(S2x2n+1, ASx2n+1, t), M(S2x2n+1, Ax2n, t), M(Ax2n, Tx2n, t)})

In the limiting case we get,


M(Sz, z, t)

r(min{M(Sz, z, t), M(Sz, Sz, t), M(Sz, z, t), M(z, z, t)})



=
r(M(Sz, z, t))



>
M(Sz, z, t)

which is a contradiction.

Thus z is a fixed point of S.

Similarly we can show that z is a fixed point of A.  Now, we claim that, z is also a fixed point of T.  

Suppose it is not so.  Then for any t > 0, M(z, Tz, t) < 1 and


M(Az, ATx2n, t)

r(min{M(Sz, T2x2n, t), M(Sz, Az, t), M(Sz, ATx2n, t), M(T2x2n, ATx2n, t)})

On taking limit n  it gives,


M(z, Tz, t)

r(min{M(z, Tz, t), M(z, z, t), M(z, Tz, t), M(Tz, Tz, t)}),

i.e.,
M(z, Tz, t)

r(M(z, Tz, t))



>
M(z, Tz, t)

Which is a contradiction.

So M(z, Tz, t) = 1 implying z is also a fixed point of T.

Uniqueness:


Suppose z  w is a common fixed point of A, S and T

Consider

M(Az, Aw, t)

r(min{M(Sz, Tw, t), M(Sz, Az, t), M(Sz, Aw, t), M(Tw, Aw, t)}),


=
r(min{M(z, w, t), M(z, z, t), M(z, w, t), M(w, w, t)}),


=
r(M(z, w, t))


>
M(z, w, t)

i.e.,  M(z, w, t) > M(z, w, t) which is absurd.


z = w.

Hence there exists a unique common fixed point.


Taking T = S in the above theorem we get the following corollary unifying Vasuki’s Theorem 3.1.7 which in turn also generalizes the result of Pant [24].

Corollary:  3.2.2


Let (X, M, ) be a complete fuzzy metric space and S be a continuous self mapping of X satisfying the following condition:  

The pair {A, S} is R-weakly commuting with A(x)  S(x) and 


M(Ax, Ay, t)  r(min{M(Sx, Sy, t), M(Sx, Ax, t), M(Sx, Ay, t), M(Sy, Ay, t)}), 

for all x, yX, where r : [0, 1]  [0, 1] is a continuous function such that r(t) > t for each 0  t  1 and r(t) = 1 for t = 1.  The sequence {xn} and {yn} in X are such that xn x, yn y, t > 0 implies M(xn, yn, t)  M(x, y, t).  


Then A, S have a unique common fixed point in X.


Taking a due from the mapping condition of Som [40] we obtain the following fixed point theorem on fuzzy metric space with a different mapping condition involving four self mappings out of which only two are continuous.

Theorem:  3.2.3


Let S and T be two continuous self mappings of a complete fuzzy metric space (X, M, ).  Let A and B be two self mappings of X satisfying the following conditions:
A(x)  B(X)  S(X)  T(X), {A, T} and {B, S} are R-weakly commuting pairs and

aM(Tx, Sy, t) + bM(Tx, Ax, t) + cM(Sy, By, t) + 
max{M(Ax, sy, t), M(By, Tx, t)}  qM(Ax, By, t)
(1)

for all x, yX, where a, b, c  0, q > 0 with q < a + b + c + 1.  Then A, B, S and T have a unique common fixed point.

Proof:


Let x0X be any arbitrary point.  Since A(X)  S(X), there is a point x1X such that Ax0 = Sx1.  Again since B(X)  T(X) for this x1 there is an x2X such that Bx1 = Tx2 and so on. 


Inductively we get a sequence {yn} in X such that y2n = Ax2n = Sx2n+1 and y2n+1 = Bx2n+1 = Tx2n+1, n = 0, 1, 2, ….

Let Mn = M(yn, yn+1, t) < 1 for all n.  Putting x = x2n and y = x2n+1 in (1) we get, 

aM(Tx2n, Sx2n+1, t) + bM(Ax2n, Tx2n, t) + cM(Bx2n+1, Sx2n+1, t) + max{M(Ax2n, Sx2n+1, t), M(Bx2n+1, Tx2n, t)}  qm(Ax2n, Bx2n+1, t).

i.e.,
aM(y2n-1, y2n, t) + bM(y2n, y2n-1, t) + cM(y2n+1, y2n, t) + max{M(y2n, y2n, t), M(y2n+1, y2n-1, t)}  qm(y2n, y2n+1, t).

i.e.,
(a+b)M2n-1 + cM2n +1 + 1   qM2n,

i.e.,
(q-c)M2n  (a+b)M2n-1 + 1 >  (a+b)M2n-1,

i.e.,
M2n > PM2n-1  > M2n-1 where p =  
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Thus {M2n, n  0} is an increasing sequence of positive real numbers in [0, 1] and therefore tends to a limit L  1.

We claim L = 1, for if L < 1, taking limit in (2) we get L < L, which is a contradiction.

Therefore, L = 1

for any positive integer p,


M(yn, yn+p, t)  M(yn, yn+1, 
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) ………... M(yn+p-1, yn+p, 
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), implying   lim  M(yn, yn+p, t)  1 ………..  1 = 1.


Thus {yn} is a Cauchy sequence in X.  

Since X is complete, there is a point uX such that yn  u which in turn implies that the sequences {Ax2n} and {Bx2n+1} converge to u and hence the subsequences {Sx2n+1} and {Tx2n+2} also converge to u.


Now we show that u is a common fixed point of A, B, S and T.

Since the pair {A, T} is R-weakly commuting, 

M(Atx2n, Tax2n, t)  M(Ax2n, Tx2n, 
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t

)  1 as n  , 

i.e.,  lim   Atx2n  =  lim  Tax2n

=  Tu    (as T is continuous).


Suppose Tu  u, then for any t > 0 we get from (1)

a M(T2x2n, Sx2n+1, t) + b M(ATx2n, T2x2n, t) + c M(Bx2n+1, Sx2n+1, t) + max{M(ATx2n, sx2n+1, t), M(T2x2n, Bx2n+1, t)}  q M(ATx2n, Bx2n+1, t).

As n  we get,

a M(Tu, u, t) + b M(Tu, u, t) + c M(u, u, t) + max{M(Tu, u, t), M(Tu, u, t)} 

   q M(Tu, u, t).

a M(Tu, u, t) + b + c M(Tu, u, t) q M(Tu, u, t)

 (a + 1) M(Tu, u, t) + b+ c q M(Tu, u, t)

 (b + c) q – a-1)M(Tu, u, t)

i.e., M(Tu, u, t) (b + c) / q – a–1) > 1, a contradiction

thus u is a fixed point of T.

Now suppose that Au u, then for any t > 0, 

M(Au, u, t) <1.

Using (7) we get

aM(Tu, Sx2n+1, t) + bM(Tu, Au, t) + cM(Sx2n+1, Bx2n+1, t) + 
max{M(Au, sx2n+1, t), M(Bx2n+1, Tu, t)}  qM(Au, Bx2n+1, t).

As n  we get,
aM(u, u, t) + bM(u, Au, t) + cM(u, u, t) + max{M(Au, u, t), M(u, u, t)} 

   qM(Au, u, t).
 
a + c + b M(u, Au, t) + 1 qM(Au, u, t)

 
a + c+ 1 q – b)M(Au, u, t)

i.e., M(Au, u, t) (a + c + 1)/q – b) > 1, a contradiction

Therefore, Au = u

Similarly using R-weak commutativity of the pair {B, S} and (7) we can obtain that Su = u and Bu = u

Thus u is a common fixed point of A, B, S and T.

This completes the proof of the theorem.  

Taking A = B we get the following corollary.

Corollary:  3.2.4


Let  and T be two continuous self mappings of a complete fuzzy metric space (X, M, ).  Let A be a self mapping on X satisfying A(X)  S(X)  T(X), {A, T} and {A, S}R-weakly commuting pairs, 


a M(Tx, Sy, t) + b M(Tx, Ax, t) +c M(Sy, Ay, t) + max{M(Ax, Sy, t), 
M(Ay, Tx, t)}     q M(Ax, Ay, t), for all x, yX, where a, b, c 0, q > 0 with q < a + b +c + 1.  Then A, T and S have a unique common fixed point.


Taking T = S we can get another corollary of Theorem (3.2.3) as mentioned below.

Corollary:  3.2.5

Let T be a continuous self mappings of a complete fuzzy metric 
space (X, M, ).  Let A and B be two self mappings of X satisfying 
A(X)  B(X) T(X), {A, T} and {B, T} are R-weakly commuting pairs and 
a M(Tx, Ty, t) + b M(Tx, Ax, t) + c M(Ty, By, t) + max{M(Ax, Ty, t), 
M(By, Tx, t)}    q M(Ax, By, t), for all x, yX, where a, b, c 0, q > 0 with 
q < a + b +c + 1.  Then A, B and T have a unique common fixed point.

Remark:  3.2.6

In our generalizations, the inequality conditions (1) in Theorem 3.2.1 and (1) in Theorem 3.2.3 satisfied by the mappings are stronger than that of Theorem 3.1.7 of Vasuki [43].
chapter - iv
common fixed point theorem in fuzzy metric spaces in george and veeramani’s sense  


- Kutukcu, Sharma and Tokgoz


In this chapter we prove a common fixed point theorem for compatible and R-weakly commuting pairs of mappings by studying the relationship between continuity and reciprocal continuity.  This gives new results which turn out to be generalizations of the earlier results.  An example is given to illustrate the main theorem.  The results are due to Kutukcu, Sharma and Tokgoz [18].   

Section:  4.1
Preliminary definitions and results

Throughout this chapter we refer to fuzzy metric spaces in George and veeramani’s sense [9].  We refer to section 2.1 of chapter II for preliminary definitions and results.  Let us give some more fundamental definitions and results needed for our discussion.

Theorem:  4.1.1

In fuzzy metric space (X, M,), if aa a for all a [0, 1] then 
ab = min{a, b} for all a, b [0, 1]. 
Definition:  4.1.2
Two self mappings A and S of a fuzzy metric space (x, M, ) are called compatible if 
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Let us recall the definitions of weakly commuting and R-weakly commuting mappings.

Definition:  4.1.3
Two self mappings A and S of a fuzzy metric space (x, M, ) are called weakly commuting if M(ASx, Sax, t)  M(Ax, Sx, t) for all x in X and t > 0.
Definition:  4.1.4
Two self mappings A and S of a fuzzy metric space (x, M, ) are called R-weakly commuting if there exists R > 0 such that 

M(ASx, Sax, t)  M(Ax, Sx, t/R) for all x in X and t > 0.
Remark:  4.1.5
Clearly, R-weakly commutativity implies weak commutativity only when R  1.

It is obvious that A and S can fail to be R-weakly commuting if there is some x in X such that Ax = Sx but ASx  Sax, that is, only if they possess a coincidence point at which they do not commute.  This means that a contractive type mapping pair cannot possess a common fixed point without being R-weakly commuting since a common fixed point is also a coincidence point at which the mappings commute and since contractive conditions exclude the possibility of two types of coincidence points, and compatible mappings are necessarily R-weakly commuting since compatible mappings commute at coincidence points.  However, R-weakly commuting mappings need not be compatible as shown in the example.

Example:  4.1.6
Let X = [2, 20) with the usual metric d and define M(x, y, t) = t / t+|x–y| for all x, yX and t > 0.  Clearly (X, M, ) is a complete fuzzy metric space where is defined by ab = ab for all a, b[0, 1].  Let A and S be self mappings of X defined as

Ax = 
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It can be verified that A and S are R-weakly commuting mappings.

Claim:

A and S are not compatible


Take xn
=
5 + 
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Now ASxn
=
A 
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S(2) = 2

M(ASxn, SAxn, t)
=
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A and S are not compatible.

Hence the claim.


Since 
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 Ax = 8 and Ax = 2 when x = 2, we get A is not continuous at x = 2, since 
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 Sx = 14 and Sx = 2 when x = 2, S is also not continuous at 
x = 2.


Hence both A and S are not continuous.

Definition:  4.1.7
Two self maps A and S of a fuzzy metric space (x, M, ) are called reciprocally continuous on X if 
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SAxn
= Sx whenever {xn} is a sequence in X such that 
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Sxn = x for some x in X.
Remark:  4.1.8
If A and S are both continuous, then they are obviously reciprocally continuous but the converse is not true.  Moreover, in the setting of common fixed point theorems for R-weakly commuting mappings satisfying contractive conditions, continuity of one of the mappings A or S implies their reciprocal continuity but not conversely.

Let (X, M, ) be a fuzzy metric space in the sense of George and Veeramani (Definition 2.1.1) with the following condition:

(FM-6) 
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 M(x, y, t) = 1    for all x, yX


Theorem:  4.1.9

Let (X, M,) be a fuzzy metric space.  If there exists k(0, 1) such that M(x, y, kt)  M(x, y, t) then x = y.

Theorem:  4.1.10

Let {yn} be a sequence in a fuzzy metric space (X, M,) with the condition (FM-6).  If there exists K(0, 1) such that 

M(yn, yn+1, kt)  M(yn-1, yn, t) 

for all t > 0 and nN, then {yn} is a cauchy sequence in X.


the following theorem was proved by Balasubramaniam et al [3]:

Theorem:  4.1.11

Let (A, S) and (B, T) be R-weakly commuting pairs of self mappings of complete fuzzy metric space (X, M,) such that

a)
AX  TX, BX  SX,

b)
M(Ax, By, t)  M(x, y, ht), 0 < h < 1, x, yX and t > 0.


Suppose that (A, S) and (B, T) are compatible pairs of reciprocally continuous mappings.  Then A, B, S and T have a unique common fixed point.


The following theorem was proved by Pant and Jha [26].

Theorem:  4.1.12

Let (A, S) and (B, T) be pointwise R-weakly commuting pairs of self mappings of complete fuzzy metric space (X, M,) such that

a)
AX  TX, BX  SX,

b)
M(Ax, By, t)  M(x, y, ht), 0 < h < 1, x, yX and t > 0.


Let (A, S) and (B, T) be compatible mappings.  If any of the mappings in compatible pairs (A, S) and (B, T) is continuous then A, B, S and T have a unique common fixed point.

Section:  4.2

Main results

In this section, we extend Theorem 4.1.12 and we also give an analogue of theorem 4.1.11 in fuzzy metric spaces.  If A, B, S and T are self mappings of fuzzy metric space (X, M,) in the sequel we shall denote

N(x, y, t)
=
M(Sx, Ax, t)  M(Ty, By, t)  M(Sx, Ty, t)  M(Ty, Ax, t) 
 M(Sx, By, (2–)t) 

for all x, yX, (0, 2) and t > 0.


We shall need the following result for proof of our main Theorem:

Theorem:  4.2.1

Let (X, M,) be a complete fuzzy metric space with a a   a for all
a[0, 1] and the condition (FM-6).  Let (A, S) and (B, T) be R-weakly commuting pairs of self mappings of X such that

a)
AX  TX, BX  SX;

b)
there exists K(0, 1) such that M(Ax, By, kt)  N(x, y, t)

for all x, yX, (0, 2) and t > 0.


Then the continuity of one of the mappings in compatible pair (A, S) or (B, T) on (X, M, ) implies their reciprocal continuity.

Proof:


Suppose that A and S are compatible and S is continuous.

Claim:  A and S are reciprocally continuous.

Let {xn} be a sequence such that Axn  z and Sxn  z for some z in X as n .  Since S is continuous, we have SAxn  Sz and SSxn  Sz as 
n .  

Since(A, S) is compatible, we also have 
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M(ASxn, SAxn, t) = 1.  This implies that 
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M(ASxn, Sz, t) = 1, that is ASxn  Sz as n .  

By (a), for each n, there exists yn in X such that ASxn = Tyn.

Thus we have SSxn  Sz, SAxn  Sz, ASxn  Sz and Tyn  Sz as n  whenever ASxn = Tyn.


Let us now show that Byn  Sz as n . 

If not, then there exists a subsequence {Bym} of {Byn} such that for given t > 0, there exists a number  > 0 and a positive integer n0 such that for all 
m > n0.


M(Bym, Sz, t) 
and
M(ASxm, Bym, t) 
and so

M(ASxm, Bym, kt)  N(Sxm, ym, t)
=
N(Tym, Bym, t)


=
M(ASxm, Bym, t)

which is a contradiction.  Hence Byn Sz as n .

Consider the inequality


M(Az, Byn, kt)  M(z, yn, t)

Let n .  Then 

M(Az, Sz, kt)  M(Az, Sz, t)

It follows that Az = Sz.  Thus SAxn  Sz and ASxn  Sz = Az as n .

Therefore A and S are reciprocally continuous on X.  If the pair (B, T) is assumed to be compatible and T is continuous, the proof is similar.

Theorem:  4.2.2

Let (X, M,) be a complete fuzzy metric space with a a   a for all
a[0, 1] and the condition (FM-6).  Let (A, S) and (B, T) be R-weakly commuting pairs of self mappings of X such that

a)
AX  TX, BX  SX;

b)
there exists k(0, 1) such that M(Ax, By, kt)  N(x, y, t)

for all x, yX, (0, 2) and t > 0.


If one of the mappings in compatible pair (A, S) or (B, T) is continuous, then A, B, S, T have a unique common fixed point.

Proof:


Suppose that (A, S) are compatible and S is continuous.  Then, by theorem 4.2.1, A and S are reciprocally continuous.


Let x0 be any point in X.

From condition (a), there exists x1, x2X such that Ax0 = Tx1 = y0 and Bx1 = Sx2 = y1.  Inductively, we can construct sequences {xn} and {yn} in X such that Ax2n = Tx2n+1 = y2n and Bx2n+1 = Sx2n+2 = y2n+1 for n = 0, 1, 2, …..

Putting x = x2n, y = x2n+1 for t > 0 and  = 1–q with q(0, 1) in (b), we have

M(Ax2n, Bx2n+1, kt)

M(Sx2n, Ax2n, t)  M(Tx2n+1, Bx2n+1, t)   
M(Sx2n, Tx2n+1, t)  M(Tx2n+1, Ax2n, (1-q)t)  M(Sx2n, Bx2n+1, (1+q)t)

    M(y2n, y2n+1, kt)

M(y2n-1, y2n, t)  M(y2n, y2n+1, t)   M(y2n-1, y2n, t)  M(y2n, y2n, (1-q)t)  M(y2n-1, y2n+1, (1+q)t)

Since M(y2n, y2n, (1-q)t) = 1 and M(y2n-1, y2n+1, (1+q)t)  M(y2n-1, y2n, t)  M(y2n, y2n+1, qt) we get

     M(y2n, y2n+1, kt)

M(y2n-1, y2n, t)  M(y2n, y2n+1, t)   M(y2n-1, y2n, t)  M(y2n, y2n+1, qt)



M(y2n-1, y2n, t)  M(y2n, y2n+1, t)   M(y2n, y2n+1, qt).


Since t-norm  is continuous, letting q  1, we have 


    M(y2n, y2n+1, kt)

M(y2n-1, y2n, t)  M(y2n, y2n+1, t)   M(y2n, y2n+1, t)




M(y2n-1, y2n, t)  M(y2n, y2n+1, t)

It follows that, M(y2n, y2n+1, kt) M(y2n-1, y2n, t)  M(y2n, y2n+1, t)

Similarly, M(y2n+1, y2n+2, kt)M(y2n, y2n+1, t)  M(y2n+1, y2n+2, t).

Therefore, for all n even or odd, we have

M(yn, yn+1, kt)M(yn-1, yn, t)  M(yn, yn+1, t).

Consequently

M(yn, yn+1, t)M(yn-1, yn, k-1t)  M(yn, yn+1, k-1t).

By simple induction, we have

M(yn, yn+1, t)M(yn-1, yn, k-1(t))  M(yn, yn+1, k-m(t))

Since M(yn, yn+1, k-m(t))  1 as m  by (FM-6) it follows that


M(yn, yn+1, kt)  M(yn-1, yn, t)

for all nN and t > 0.


Therefore, by Theorem 4.1.10 {yn} is a Cauchy sequence.  Since X is complete, then there exists a point z in X such that yn  z as n.  Moreover,


y2n = Ax2n = Tx2n+1 z  and

y2n+1 = Bx2n+1 = Sx2n+2 z  

since A and S are compatible and reciprocally continuous 
mappings, then ASx2n  Az and SAx2n  Sz.  Compatibility of A and S yields 
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 M(ASx2n, SAx2n, t) = 1, that is, 

M(Az, Sz, t) = 1

Hence Az = Sz


Since AX  TX, there exists a point w in X such that Az = Tw.  Using (b) with  = 1, we have


M(Az, Bw, kt)

M(Sz, Az, t)  M(Tw, Bw, t)  M(Sz, Tw, t)  
M(Tw, Az, t)  M(Sz, Bw, t)



=
M(Az, Az, t)  M(Az, Bw, t)  M(Az, Az, t)  
M(Az, Az, t)  M(Az, Bw, t)




M(Az, Bw, t).

That is, Az = Bw by Theorem 4.1.9.  Thus, Az = Sz = Bw = Tw.  Since A and S are R-weakly commuting mappings there exists R > 0 such that


M(ASz, SAz, t)  M(Az, Sz, t/R) = 1

That is, ASz = SAz and AAz = ASz = SAz = SSz.


Similarly, since B and T are R-weakly commuting mappings, we have BBw = BTw = TBw = TTw.

Now, putting x = Az, y = w with  = 1 in (b), we have


M(AAz, Az, kt)
=
M(AAz, Bw, kt)




N(Az, w, t)




M(SAz, AAz, t)  M(Tw, Bw, t)  M(SAz, Tw, t)  
M(Tw, AAz, t)  M(SAz, Bw, t)



=
M(AAz, AAz, t)  M(Az, Az, t)  M(AAz, Az, t) 
 M(Az, AAz, t)  M(AAz, Az, t)



=
M(AAz, Az, t).

Therefore, by Theorem 4.1.9 Az = AAz and Az = AAz = SAz.  Thus, Az is a common fixed point of A and S.  Similarly, by using (b), we find that Bw(=Az) is a common fixed point of B and T. Thus, Az is a common fixed point of A, B, S and T.


Now suppose that, Aw(Az) is another common fixed point of A, B, s and T.  Then using (b) with  = 1, we have


M(Az, Aw, kt)
=
M(AAz, BAw, kt)




N(Az, Aw, kt)




M(SAz, AAz, t)  M(TAw, BAw, t)  M(SAz, TAw, t)  
M(TAw, AAz, t)  M(SAz, BAw, t)



=
M(Az, Az, t)  M(Aw, Aw, t)  M(Az, Aw, t) 
 M(Aw, Az, t)  M(Az, Aw, t)



=
M(Az, Aw, t).

Therefore, Az = Aw.  Thus Az is a unique common fixed point of A, B, S and T.

Remark:  4.2.3

In view of Theorem 4.1.1 ab = min{a, b} then the condition (b) in the above Theorem becomes there exists k(0, 1) such that

M(Ax, By, kt)

min{M(Sx, Ax, t), M(Ty, By, t), M(Sx, Ty, t), 
M(Ty, Ax, t), M(Sx, By, (2–)t)}

for all x, yX, (0, 2) and t > 0.


If we take S = T = IX (the identity mapping on X) in Theorem 4.2.2 we have the following result:

Corollary:  4.2.4
Let (X, M,) be a complete fuzzy metric space with aa a for all 
a[0, 1] and the condition (FM-6), and A, B be self mappings of X.  If there exists k[0, 1] such that

M(Ax, By, kt)

M(x, Ax, t)  M(y, By, t)  M(x, y, t)  M(y, Ax, t)  M(x, By, (2-)t)

for all x,yX, (0, 2) and t > 0.  If A and B are reciprocally continuous mappings then A and B have a unique common fixed point.

Remark:  4.2.5
Now, we prove the projection of Theorem 4.2.2 from complete fuzzy metric space to complete metric space.

Theorem:  4.2.6


Let A, B, S and T be self mappings on a complete metric space (X, d) satisfying (a) of Theorem 4.2.2.  If there exists k(0, 1) such that

d(Ax, By)  k max{d(Sx, Ax), d(Ty, By), d(Sx, Ty), [d(Ty, Ax) + d(Sx, By)]/2}

for all x, yX, then A, B, S and T have a unique common fixed point in X.

proof:


The proof follows from Theorem 4.2.2 by considering the induced fuzzy metric space (X, M,), where ab = min{a, b} and M(x, y, t) = t|t+d(x, y).

Example:  4.2.7

Let X = R+ with the metric d defined by d(x, y) = |x–y| and define 
M(x, y, t) = 
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 for all x, yX, t > 0.  Clearly (X, M,) is a complete fuzzy metric space.  Let A, B, S and T be self mappings on X defined as


A0 = 0,
Ax = 1
if x > 0


Bx = 0,    
if x = 0
or x > 6, Bx = 2   if 0 < x  6


S0 = 0,
Sx = 2
if x > 0


T0 = 0,    
Tx = 4
if 0 < x  6, Tx = x–6 if x > 6


Then A, B, S and T satisfy all the conditions of Theorem 4.2.2 with 
k(0, 1) and have a unique common fixed point x = 0.  clearly A and S are reciprocally continuous compatible mappings.  However A and S are not continuous, not even at the common fixed point.  The mappings B and T are noncompatible because suppose that {xn} be a sequence defined as


xn = 6 + 
[image: image129.wmf]n
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then Bxn = 0, Txn  0, TBxn = 0 and BTxn = 2, hence, B and T are noncompatible but pointwise R-weakly commuting since they commute at their coincidence points.

summary and conclusion
In this dissertation we have discussed the contributions of Mihet [22], Razani [29], Som [41] and Kutukcu, Sharma and Tokgoz [18] towards the study of fixed point theory.

In Chapter I contributions of Mihet [22] are discussed.  In his [22] work, while answering an open problem proposed by Gregory and Sapena [12] (Question 1.2.4) he [22] has shown that their contractivity condition is too weak in order to guarantee the existence of fixed points in M-complete fuzzy metric spaces and using a modified definition (strict B-contraction) suggested by Radu [27], he [22] has obtained a fuzzy Banach contraction theorem for   M-complete FM spaces and also for M-complete gv-FM spaces.  In the course of discussion of his main theorem, Mihet [22] has dealt with the notions of 
B-contraction, (-k)-B contraction, weak B-contraction and proved some interesting properties of such mappings.  He [22] has also obtained a fixed 
point theorem for G-complete FM spaces by using the concept of weak 
B-contraction mappings.

In Chapter II the contributions of Razani [29] are discussed.  A contraction theorem in fuzzy metric spaces is proved wherein the conditions are imposed in terms of sequence of iterates.  He [29] has also deduced fuzzy Edelstein’s contraction theorem.  The concept of periodic points is discussed and conditions for the existence of a periodic point for fuzzy -contractive mappings are obtained.  In the case of compact fuzzy metric spaces, every fuzzy -contractive mapping is found to have a periodic point.

In Chapter III the contributions of Som [41] are discussed.  Two common-fixed point theorems for R-weakly commuting mappings are proved.  In the first theorem three self-mappings out of which two are continuous are chosen and in the second theorem, four self-mappings out of which only two are continuous are chosen.  The first one actually unifies Vasuki’s result (Theorem 3.1.7).

In Chapter IV the contributions of Kutukcu, Sharma and Tokgoz [18] are discussed.  A common fixed point theorem for compatible and R-weakly commuting mappings is proved by studying the relationship between continuity and reciprocal continuity.  An example is constructed to illustrate the main theorem.
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