CHAPTER VI

FUZZY SOFT SETS AND FUZZY SOFT SEMIGROUPS

Definition : 6.1

Let X be a non-empty set. A fuzzy set p of X is a mapping given by
u: X — [0,1]. The set of all fuzzy subsets of X is called the fuzzy power set of X
and is denoted by FP(X).

Definition : 6.2

Let p,v € FP(X). Then the product o v is defined as follows,

(pev)(x) = {Vx=y2 (IJ(Y)AU(Z)) ifforeveryy,z€S,3x=yz
0 otherwise

for all x € S. The operation o is associative.
Definition : 6.3

Let p, v € FP(X). If u(x) < u(x) for all x € X, then p is said to be contained
inv.
we write p € v.

clearly, the inclusion relation C is a partial order on FP(X).
Definition : 6.4

Let u, v € FP(X). Then pvv and p Av are fuzzy subsets of X, defined as

follows
(1 VV)(X) = 1) V V(x)
(MAV)(X) = ux) Aux) forallx € X

The fuzzy subsets pvv and pAv are called the fuzzy union and fuzzy

intersection of p and v.



Definition : 6.5

A fuzzy subset y of a semigroup S is called a fuzzy subsemigroup of S if
u(ab) = p(a)u(b) foralla,b € S
Definition : 6.6

A fuzzy set n of a semigroup S is called a fuzzy left (right) ideal of S if
u(ab) = pu(b) (n(ab) = u(a)) foralla,b € S

A fuzzy set p of a semigroup S is called a fuzzy ideal of S if it is both a fuzzy left

and a fuzzy right ideal of S.
Definition : 6.7

Let U be an initial universe and E be the set of parameters. Let A be a
nonempty subset of E and FP(U) be the collection of all fuzzy subsets of U then
the pair (F,A) is called a fuzzy soft set over U, where F is a mapping given by

F:A— FP(U).
Definition : 6.8

If (F,A) and (G,B) are two fuzzy soft sets over a common universe U.

Then (F,A) is a fuzzy soft subset of (G, B) if

1)ACB

2) For all e € A, F(e) is a fuzzy subset of G (e).

we write (F,A) € (G, B).



Definition : 6.9

If (F,A) and (G,B) are two fuzzy soft sets over a common universe U.
Then (F,A) is said to be a fuzzy soft super set of (G, B), if (G, B) is a fuzzy soft
subset of (F,A).
we write (F,A) 2 (G,B).

Definition : 6.10

If (F,A) and (G, B) are two fuzzy soft sets over a common universe U.

Then (F,A) and (G, B) are fuzzy soft equal if (F,A) is a fuzzy soft subset of
(G,B) and (G, B) is a fuzzy soft subset of (F, A).

Definition : 6.11

If (F,A) and (G, B) are two fuzzy soft sets over a common universe U, then
(F,A)AND(G,B) is a fuzzy soft set denoted by (F,A) A (G, B) and defined as,
(F,A) A (G,B) = (H,A x B), where H(a,b) = F(a) A G(b) for all (a,b) € A x B.

Definition : 6.12

If (F, A) and (G, B) are two fuzzy soft sets over a common universe U then
(F,A)OR(G, B) is a fuzzy soft set denoted by (F,A)V (G,B) and is defined as,
(F,A) v (G,B) = (H A x B), where H(a,b) = F(a) v G(b) for all (a,b) € A x B.

Definition : 6.13

The extended union of two fuzzy soft sets (F,A) and (G,B) over a
common universe U is denoted as the fuzzy soft set (H,C) = (F,A) ug (G, B),

where C=AuBandforalle € C,

F(e) ifec A—B
H(e) = {’c“;(e) ifeeB—A

F(e) v G(e) ifee AnB



Definition : 6.14

The extended intersection of two fuzzy soft sets (F,A) and (G,B) over a
common universe U is denoted as the fuzzy soft set (H,C) = (F,A) ng (G, B),

where C=AuBandforalle € C,

F(e) ifee A—B
H(e) = {E(e) ifeeB—A

F(e) AG(e) ife€e ANB

Definition : 6.15

If (F, A) and (G, B) are two fuzzy soft sets over a common universe U then

their restricted intersection is a fuzzy soft set (H, C) denoted by,
(F,A)ng (G,B) = (H,C) where C=ANB = ¢

and H is a function from C to FP(U), defined as H(e) = F(e) A G(e) and for all

e €C.
Definition : 6.16

If (F,A) and (G, B) are two fuzzy soft sets over a common universe U then
their restricted union is a fuzzy soft set (H,C) denoted by (F,A) ug (G, B) =
(H,C) where C = An B # ¢ and H s a function from C to FP(U), defined as

H(e) = F(e) v G(e) and for all e € C.
Definition : 6.17

Let U be an initial universe set, E be the set of parameters and A be the
non-empty subset of E. Then (F, A)is called a relative null fuzzy soft set (with

respect to the parameter set A), denoted by ®,, if F(e) = @ for all e € A.



Definition : 6.18

Let U be an initial universe set, E be the set of parameters and A be the
non-empty subset of E. Then (F‘, A)is called a relative whole fuzzy soft set

(with respect to the parameter set A), denoted by U,, if F(e) = U for all e € A.
The relative whole fuzzy soft set Ugwith respect to the universe set of

parameters E is called the absolute fuzzy soft set over U. We write (U,E).
Definition : 6.19

If An B # @ then the restricted product (H, C) of two fuzzy soft sets (F, A)
and (G,B) over a semigroup S is defined as the fuzzy soft set, (H, AnB)
denoted by (F, A) 6(G, B) where H is a function from A n B to FP(S) defined by, H
(e)=F (e) oG (e), forall e € An B. Here F(e) oG(e) is the product of two fuzzy

subsets of the semigroup S.

Definition : 6.20

The extended product of two fuzzy soft sets (F,A) and (G, B) over S is
defined as the fuzzy soft set, (H,C) = (F,A) 6 (G, B) where C = AU B and for all

e € C.

F(e) ifee A—B
H(e) = {G(e) ifeeB—A

F(e) 0 G(e) ifee ANB

Here F (e) o G(e) is the product of two fuzzy subsets of the semigroup S.
Theorem : 6.21

i) The operation og is associative.



ii) Let (F,A), (G, B) and (H, C) be any fuzzy soft sets over S, where A,B and

C are subsets of E. Then,
(F,A)3((G, B) O (11, ©)) = ((F, A)3(G, B)) O ((F, A)3(H, C));
(F,A)5((G,B) Ur (H,0)) = ((F,A)5(G, B)) Ur ((F,A)5(H, ©))
(F,A)8e((G, B) Ur (H,C)) € ((F, A)5e(G, B)) Ur ((F, A)3e(H, 0));
(F,A)8e((G,B) U (11, ) & (F,A)de(G, B)) Ur ((F, A)de(H, C));
((F,A) U (G B))3(H,€) = ((F,A)8(H, ) U (G, B)3(H, O));
((F,A) Ur (G, B))3(H, C) = ((F,A)5(H, ©)) Ur (G, B)o (H, O));
((F,A) Ur (G, B)3e(H, €) & ((F,A) 5e(H, ) Ur (G, B)Be(H, ©));

((7,4) 0 (G B))oe(H, ©) & ((F,A)5e(H,0)) O (G, B)oe(H, ©)).

Theorem : 6.22

Let (F,A),(G,B) and (H,C) be any fuzzy soft sets over S, where A,B and C

are subsets of E. Then,
1. (F,0)8((G, B) Nk (H, ©)) € ((F,A)3(G, B))nr((F, A)3(H, C));
2. (F,A)3((G,B) ne (H,0)) & ((F,A)3(G, B))ne((F,A)d(H, 0));
3. (F,A) nr((G,B)3(H,0)) & ((F,A)ad(H, 0)nr((G,B)3(H, O));
4. (F,A) ne((G,B)3(H,C)) € (F,A)d(H, O)ne ((G,B)d(H, C)).
Proof :
Let (G,B) nr (H,C) = (F1, BN Q)

and (F,A) Nr ((G,B)3(H,C)) = (F2, An (BN C))



then Fi(e) = G(e) AH(e)forallee BnC
and

Fa(e) = F(e) A Fi(e)
— f(e)o (E(e) A ﬁ(e))

c (F(e)oG(e)) A (F(e)oG(0))
= G1(e)
forallee An(BnC)=(AnB)n(ANnCQC)
where ((F, A)5(G, B))nR((F, A)o(H, c)) = (G, (ANB)N(ANC))

Thus (F,A)8((G,B) nr (H,O)((F,A)d(G,B))nr((F,A)d(H, C)). Similarly, we can
prove 2, 3 and 4.

Theorem : 6.23

Let (F,A),(GB) and (H,C) be any fuzzy soft sets over S. If
(F,A) € ((G,B).Then,

1. (H,0)8((F,A) € (H,0)3(G,B);
2. (H,C)ae(F,A) € (H, O)5e(G, B);
3. (F,A)5(H,C) & (G,B)d(H,C);

4. (F,A)de(H, ) € (G, B)oe(H, C).



Proof :
Let (H, C)og(F,A) = (Fy, AU Q),
then
H(e)
Fi(e) = [ﬁ(e)
H(e) o F(e)
H(e)
c {ﬁ(e)
H(e) o G(e)

because F(e) € G(e) foralle € A € B.

This implies that (H, C)oe(F, A) € (H, C©)6e(G, B).

Similarly we can prove 2, 3 and 4.

Definition : 6.24

ifeeC—A
ifee A—-C
ife€ CRA

ifeeC—B
ife € B—C
ifeeCAB

Let E,E’ be the sets of parameters and A, B be the non-empty subsets of

EandE' respectively. The external product of two fuzzy soft sets (F,A)

and (G, B) over the semigroups S and T respectively, is the fuzzy soft set (H, C)

over S x T denoted by (F,A) x (G, B) and defined as
(H,c) = (F,A) x (G,B)

where C=AxB and H((a,b)) = F(a)®G(b) forall (a,b) € Ax B. Here ' ® " is

defined as follows:

F (a)®G(b)(e,¢") = min{(F (@))(e), (G (b)) (e}



Definition : 6.25

The internal product of two fuzzy soft sets (F,A) and (G,B) over the
semigroup S is the fuzzy soft set (H,C) over S, denoted by (F,A)d4(G,B) and
defined as (H,C) = (F,A)dx(G,B) where C = A x B and H((a, b)) = F(a)oG(b) for
all (a,b) € A x B.

The cartesian product is not associative because (Ax B) x C # A x (B x C) but
if we take
(AXB)XC=AXBXC=AX[(BXC)

Then ((F, A)5x(G, B))ox(H, C) = (F,A)5x((G, B)ox(H, C))

Definition : 6.26

A fuzzy soft set (F,A) over a semigroup S is called a fuzzy soft

semigroup over S, if F(e) is a fuzzy subsemigroup of S for all e € A.

Theorem : 6.27

A non-empty fuzzy soft set (l"f, A) over S is a fuzzy soft semigroup over S if

and only if (F,A)3(F,A) & (F,A)

Proof:
Let (F,A) be a fuzzy soft semigroup over S and let
(F,A)0(F,A) = (H,A). Then H (e) = F(e)oF(e)< F(e) for all e€A, because F(e)

is a fuzzy subsemigroup of S.

Thus, (F,A)5(F,A) € (FA).
Conversely, assume that(F,A) 6 (F, A) € (F,A).



Then F(e)oF(e) c F(e) for all eeA. This implies that F(e) is a fuzzy subsemigroup

of S. Thus (F,A) is a fuzzy soft semigroup over S.
Definition : 6.28

Let (F,A) and (G, B) be two fuzzy soft semigroups over S. Then (G,B) is
said to be a fuzzy soft subsemigroup of (F,A) over S, if (G,B) is a fuzzy soft

subset of (F,A) oversS.
Theorem : 6.29

Let {S; : i € I} be a non-empty family of semigroups and {(F;, A; ) :i € I} be

a non-empty family of fuzzy soft sets, such that (F;, A;) is a fuzzy soft semigroup

over S; for each i € I. Then direct (external) product ; l;[ I(ﬁi' A;) is a fuzzy soft

semigroup over , T Si.
1

el

Proof:

By definition, for all

(&) €, T 4, ( lg Iﬁi(ei))(x)= Ai e 1((Fi (€1))(x)) where x = (x)) € ; lg S

and Fi(e)) is a fuzzy subsemigroup of S; for all i€ |.

II & Ay (g Il & oy I (%(a P |
Leti - I(F" A = (H,i - IA') where, H(e.)_i E I(F.(e.)) for all (e.)ei A

E 1

Then for any (x), (i) € ; 2 S;.

|

(HE ) = ¢ T Figed) (o)



= Aj e 1((Fi (@) (xiyi)
> Ajerl(Fi (@) () A (Fi (&) (yi)}

= Fi(e)) is a fuzzy subsemigroup of S;.
= [Ai e lFi (€D )} A [Ai e L (Fi (@) (¥}
— ¢ I genx I &)y
= (i E IFl(el))(Xl)/\ (i = IFl(el))(yl)
={H(ei)}xi) A {H(e)}y:).

This implies that H(e)) is a fuzzy subsemigroup ofi l;[ ISifor all (e) e ; I1 A;.

E 1

5.

Thus ; lg I(Fi, A;) is a fuzzy soft semigroup over Si

I1
i €

1
Remark : 6.30

Let {(F;, A;) :i € I} be a non-empty family of fuzzy soft subsemigroups of

fuzzy soft semigroup (F, A) over S. Then direct (external) product : l;[ I(ﬁi, Ai) is

a fuzzy soft subsemigroup ofi l;[ I(ﬁi' A;) overi l;[ S

I

Theorem : 6.31

Let {(F;, A;) : i € I} be a non-empty family of fuzzy soft semigroups over S.

Then ; z I(ﬁi, A;) is a fuzzy soft semigroup over S, provided A; N A; = @ for all
i,jelandi#j, ineE I(F‘i,Ai) is a fuzzy soft semigroup over S, ineR I(F‘i, A)is a

fuzzy soft semigroup over S provided i A = 0, igl(ﬁ‘i, Aj) is a fuzzy soft

n
€l
semigroup over S.



Proof :

Since A; ‘s are non-empty, so ; g IA‘ is non-empty.

Leti : I(Fi, A)= (ﬁ,i g (A0 Then for any e € 12 A= e € A for some j € I and

I
H(e) = Fj(e). This implies that H(e) is a fuzzy subsemigroup of S for all e €

o~

i LEJ IAi. Thus ; LEJ I(Fi, A;) is a fuzzy soft semigroup over S.

Let inEE I(F‘i,Ai) where H(e) = Fi(e), for all e € ; g [ A We define

A
JEA(e)
thesetA(e) ={j: e€ A}. Thenforanyx,y €S.

HENY) = {; ¢ p )F©] ()
A ~
= ] EA (e){(FJ(e))(XY)}

> | ¢ n (o [FE A F@) )

»: Fj(e) is a fuzzy sub semigroup of S
= (i e n B A ¢ n o F)))
=(j e r @ {(Fi@)} o) A j e NS GO

= {(H() @} A {(H() ()}

Hence H(e) is a fuzzy subsemigroup of S for all e € i LEJ [ A Thus nEE I(F‘i, A)is a

fuzzy soft subsemigroup over S.



P 78 ny . g8 B o ey AN @ n ,
Leti e I(F., A) (H,ieIA.)where H(e) ielF.(e)foralleeielA..

Then for any x,y € S.

@My ={. £ Fi@} xy)

SR (GIOMNEDY:

> N (EE)®) A FE(E)))

“iel
« Fi(e) is a fuzzy subsemigroup of S

- (i 2 I{(F‘i(e))(x)}) A (i 2 I{(Fi(e))(y)})

= ({1 2 I (Fi(e))} (x)) A ({1 /e\ I(Fi(e))} (Y))
= {(H(e)®} A {(H(Ee)W}

Hence H(e) is a fuzzy subsemigroup of S for all e € ; 2 (A Thus nER I(E, A)is a

fuzzy soft subsemigroup over S.

ANgoay= (g 1l Acce = N fe _ [I
Let (i E IF., A)) = (H,i - IAi) where H((e)) = & IF,(e,) for all (e) € . IAi'

Then forany x,y € S,

A

{H (exy) = {; 2 File} (xv)

= 2 (FE)ev)



> ’e‘ {(E(eD)09 A (Filed) (1)}

= Fi(e) is a fuzzy subsemigroup of S

= (2 (Fien @) A (2 (FEe)))

,{,i /e\ 1 (Fi(ei))} (x)) i ({1 /e\ I (ﬁf(ei))} (Y))

{(H((e) )3 A {H((e)) ()}

Hence H((e;)) is a fuzzy subsemigroup of S for all (ei)eilgIAi. Thus

NgR

i B I(F‘i, A;) is a fuzzy soft semigroup over S.

Theorem : 6.32

Let {(F;, A;) : i € I} be a non-empty family of fuzzy soft subsemigroups of

the fuzzy soft semigroup (F,A) over S. Then ; 2 I(Fi, A is a fuzzy soft

subsemigroup of (F,A) over S, provided A; NA; =0 forall i, j €I, where i+]j,
ineE I(F"i,Ai) is a fuzzy soft subsemigroup of (F,A) over S, ineRI(ifi,Ai) is a fuzzy
soft subsemigroup of (F,A) over S, provided i 2 IAi * 0, i 2 I(E,Ai) is a fuzzy soft

subsemigroup ofi 2 I(F‘, A) over S.

Remark : 6.33

For any two fuzzy soft semigroups (F,A) and (G, B) over S, (F, A) Ur (G, B)

and (F, A) U (G, B) may not be fuzzy soft semigroups over S.

Definition : 6.34



A fuzzy soft set (F,A) over S is said to be a fuzzy soft left (right) ideal
over S if F(e) is a fuzzy left (right) ideal of S and for all e € A.

A fuzzy soft set (F,A) over S is said to be a fuzzy soft ideal if it is both a fuzzy

soft left and a fuzzy soft right ideal over S.

Theorem : 6.35

A fuzzy soft set (F, A) over S is a fuzzy soft left (right) ideal over S if and
only if (5,E) & (F,A) € (F.A) ((F.A) 6 (5,E) € (F.A)).

Proof:

Suppose (F,A) is a fuzzy soft left ideal over S. Let(S,E)3(F,A) = (H,A).
Then H(e) = S(e) o F(e) = So F(e) < F(e) for all e € A, because F(e) is a fuzzy
left ideal of S. This implies that (S,E) & (F,A) € (F,A).

Conversely, if (S,E) 5 (F,A) € (F,A) then, S(e)oF(e) < F(e) for all e € A. so,
S o F(e) c F(e) for all e € A, implies that F(e) is a fuzzy left ideal of S. Similarly

we can prove for the fuzzy soft right ideals.

Theorem : 6.36

Let (F,A) and (G, B) be two fuzzy soft left (right, two-sided) ideals over S
and T respectively. Then their cartesian product(F, A) x (G, B) is a fuzzy soft left
(right, two-sided) ideal over S x T.

Proof:

Let (F,A)x(G,B) = (H,AxB) where F(a)®G(b) = H((a,b)) for all

(a,b) € Ax B. Then for any (x,y), (z,t) € SxT

{(H(@ b} ) (D) = (H((a b))} (xzyt)



= {F(2) ® G(b)}(xz, y1)

= {F()(x2)} A {G(b)(y1)}

> {(F@) @} A ((Gw) ©)
= (F@®G(1)}(2)

= {H(@ab)}((z V)

From the above, H((a,b)) is a fuzzy left ideal of S for all (a,b) € A x B. Thus
(F,A) x (G,B) is a fuzzy soft left ideal over S x T.

Similarly we can prove for fuzzy soft right ideals and hence for fuzzy soft two-

sided ideals over S x T.
Theorem : 6.37

Let {S;: i € I} be a non-empty family of semigroups and {(F;, A;) :i € I} be

a non-empty family of fuzzy soft sets, such that (F;, A;) is a fuzzy soft left (right,

two-sided) ideal over S; for each i € |. Then (i g I(Fi, A;) is a fuzzy soft left (right,

two-sided) ideal over , Il Si.
i€l
Proof :
For all i € |, Fi(e)) is a fuzzy left ideal of S;. By definition, for all (e) €

A (TR @0 = Arei(Fe) wherex = oy e I s,

Let, 161 (B, A) = (A, 161 A) where, i((e)) = T fi(e for all () €. E A



Then for any (x;), (vi) € ; 2 ISi.

(H(eHx)(y)) = (iTErIﬁi(ei)((XiYi))

= Aie1((Fi(ei)) (xiyi)

> Aiei((Fie))(yi) = Fi(ey) is a fuzzy left ideal of S;.

= T e

1 el

This implies that H((e;)) is a fuzzy left ideal of the product semigroup ; E ISi for

g Il a T & Ayi i IT ¢
all (e.)ei e IA" Thusi e I(F., A;) is a fuzzy soft left ideal overi e IS..

Similarly we can prove for fuzzy soft right ideals and hence for fuzzy soft two-

sided ideals.
Theorem : 6.38

If (F,A)is a nonempty fuzzy soft set over S, then

(S,E)d(F,A)((F,A)d(S,E)) is a fuzzy soft left (right) ideal over S.

Theorem : 6.39
If (F,A) is a fuzzy soft right (left) ideal over S, then

(F,A) U ((S,E)o(F,A)) ((F,A) U ((F,A)3(S, E))) is a fuzzy soft ideal over S.
Proof :

Suppose (F, A) is a fuzzy soft right ideal over S.
Then



(S,E)5 ((ﬁ, A)U ((s, E)o(F, A)))
= (s B)5(F.4)) 0 ((S E)5(F,A)) O (S, B)o(F, A))

= ((S.E)3(F,A) 0 (5 B)3(F,A)) O (((S.E))5(F,A))
e ((s,E)5(F,A)) O (5, E)5(F, A))
= (S,E) 8 (F,A) € (F,A) O ((S,E)d(F,A))

So, (F,A) O (S,E) 6 (F,A)) is a fuzzy soft left ideal over S.

Now,
((F, A) T ((s, E)o(F, A))) 5 (S,E) = ((F, A)o(S, E)) 0 (((s, E)o(F, A)) 5(s, E))

e (7A)5 (550 ((F.a)osB))

€ (F,A) T ((S.E)a(F.A)

because is a fuzzy soft right ideal over S.

Thus (F,A) U ((S,E)a(F, A)) is a fuzzy soft ideal over S.



CHAPTER VII

FUZZY SOFT LA - SEMIGROUPS
Definition : 7.1

If (F, A) be a fuzzy soft set of a LA-semigroup S. Then forany a € A, F(a) is

called a fuzzy LA-semigroup if
F(a) o F(a) < F(a)
Definition : 7.2

Let (F,A) and (G,B) be any two fuzzy soft sets over an LA-semigroup S.
Then the restricted product of (F,A) and (G, B) is defined as the fuzzy soft set
(H,C) = (F,A) ® (G,B), where C=AnB and H is a set valued function from C
to FP(S) defined as,

H(e) = F(e) o G(e) foralle e C
Definition : 7.3
A fuzzy soft set (F,A) over S is called a fuzzy soft LA-semigroup over S if
(F,A) @ (F,A) c (F,A)
Theorem : 7.4

A fuzzy soft set (F,A) over S is a fuzzy soft LA-semigroup iff each F(a) = ¢

is an fuzzy LA-semigroup of S foralla € A .
Proof:
Assume (F,A) is a fuzzy soft LA-semigroup. By definition (7.3),
(F,A) ® (F,A) < (FA)

= F(a)oF(a) < F(a)foralla € A



Therefore F(a) is an fuzzy LA-semigroup of S.
Conversely, assume F(a) is an fuzzy LA-semigroup of S.
By definition, F(a)eF(a) < F(a)foralla€e A

= (F,A) @ (FA) c (FA)
Therefore (F,A) is a fuzzy soft LA-semigroup.

Theorem : 7.5

Let (F,A) and (G,B) be two fuzzy soft LA-semigroups over S. Then,

(F,A) A (G,B) is also a fuzzy soft LA-semigroup over S.
Proof:
By definition,
(F,A) A (G,B) = (H,A x B), where H(a,b) = F(a) A G(b) for all (a,b) € A x B.
Since F(a) and G(b) are fuzzy LA-semigroups over S.
Therefore, either F(a) A G(b) = @ (or) F(a) A G(b) is an fuzzy LA-semigroup of S.
which implies, H(a, b) is an fuzzy LA-semigroup of S.
(ﬁ,A X B) is a fuzzy soft LA-semigroup over S.
Hence (F,A) A (G, B) is a fuzzy soft LA-semigroup over S.
Theorem : 7.6

Let (F,A) and (G,B) be two fuzzy soft LA-semigroups over S. Then

(F,A) ng (G, B) is also a fuzzy soft LA-semigroup over S.
Proof:

Assume (F,A) and (G, B) be two fuzzy soft LA-semigroups over S.



By definition,
(F,A) ng (G,B) = (H,C), where C=AUB andforall e € C,
N {ﬁ(e) ifeec A—B
H(e) =< G(e) ifeeB—A
F(e) A G(e) ifec ANB
Thenforalle € C= eithere€e A—B(or)e€ B— A (or)e € AnB.
Ife e A—B = H(e) = F(e)
Ifee B— A= H(e) = G(e)
Ifee AnB= H(e) = F(e) AG(e)
From the above, we have
F(e) AG(e) is an fuzzy LA-semigroup of S.

= H(e) is an fuzzy LA-semigroup of S. Therefore (H, C) is a fuzzy soft LA-

semigroup over S.
Hence (F,A) ng (G, B) is a fuzzy soft LA-semigroup over S.
Theorem : 7.7

Let (F,A) and (G,B) be two fuzzy soft LA-semigroups over S such that
AnB # 0. Then (F,A) ng (G, B) is a fuzzy soft LA-semigroup over S.

Proof:
Assume (F,A) and (G, B) are fuzzy soft LA-semigroups over S.
By definition,

(F,A) ng (G,B) = (H,C) where C= AnB=¢@gand H(e) =F(e)AG(e) for all

e € C.



In the above, F(e) and G(e) are fuzzy LA-semigroups of S and also F(e) A G(e) is

an fuzzy LA-semigroup of S is either empty or an fuzzy LA-semigroup of S.
Hence, (F,A) nr (G,B) = (H,C) is a fuzzy soft LA-semigroup over S.
Theorem : 7.8

Let (F,A) and (G,B) be two fuzzy soft LA-semigroups over S such that
AnB=¢.Then (F,A) ug (G B)is also a fuzzy soft LA-semigroup over S.

Proof:
Assume (F,A) and (G, B) be two fuzzy soft LA-semigroups.

By definition,

(F,A) Ug (G,B) = (H,C), where C=AuB and forall e € C,
N {F(e) ifee A—B
H(e) =< G(e) ifeeB—A

F(e) v G(e) ifeec ANB

Thenforalle € C, eitheree A—B(or)ee B—A

Ifee A—B = H(e) = F(e) and

Ifee B— A= H(e) = G(e)

From both the cases H(e) is an fuzzy LA-semigroup of S.

Therefore (H, C) is a fuzzy soft LA-semigroup over S.

Hence (F,A) ug (G, B) is a fuzzy soft LA-semigroup over S.

Theorem : 7.9

A fuzzy soft set (F,A) over S is a fuzzy soft ideal over S iff F(a) # @ is an

fuzzy ideal of S for all a € A.



Proof:
From the definition it follows that.
Theorem : 7.10

Let (F,A) and (G,A) are two fuzzy soft ideals over S. Then (F,A) A (G, A) is

also a fuzzy soft ideal over S.
Proof:
By definition,
(F,A) A (G,B) = (H,A x B), where H(a,b) = F(a) A G(b) for all (a,b) € A x B.

Since (F,A) and (G, A) are fuzzy soft ideals over S. Then F(a) and G(b) are

fuzzy ideals of S for every a € Aand b € B.

= F(a) AG(b) is an fuzzy ideal of S. Therefore (H,A x B) is a fuzzy soft ideal

over S.
Hence (F,A) A (G, B) is a fuzzy soft ideal over S.
Theorem : 7.11

Let (F,A) and (G,B) are two fuzzy soft ideals over S. Then (F,A) v (G, B) is

also a fuzzy soft ideal over S.
Proof:
By definition,
(F,A) v (G.B) = (H,A x B), where H(a,b) = F(a) v G(b) for all (a,b) € A x B.

Since (F,A) and (G,A) are fuzzy soft ideals over S. Then F(a) and G(b) are

fuzzy ideals of S for every a € Aand b € B.



= F(a) v G(b) is an fuzzy ideal of S. Therefore (H,A x B) is a fuzzy soft ideal

over S.
Hence (F,A) v (G, B) is a fuzzy soft ideal over S.
Theorem : 7.12

Let (F,A) and (G,A) are two fuzzy soft ideals over S, such that
ANnB = Q. Then (F,A) ng (G,A) is also a fuzzy soft ideal over S.

Proof:

By definition, (F,A) ng (G,B) = (H,C) where C= AnB and H(e) = F(e) A
G(e) for all e€ C.

Then F(e) A G(e) is an fuzzy ideal of S.

= H(e) is an fuzzy ideal of S. Therefore (H, C) is a fuzzy soft ideal over S.
Hence (F,A) ng (G, B) is a fuzzy soft ideal over S.

Theorem : 7.13

Let (F,A) and (G, B) are two fuzzy soft ideals over S. Then (F,A) ng (G, B)

is also a fuzzy soft ideal over S.
Proof:
By definition,

(F,A) ng (G,B) = (H,C), where C=AUB andforall e € C,

F(e) ife€e A—B
H(e) = {G(e) ifeeB—A

F(e) AG(e) ifee AnB

Thenforalle € C= eithere€e A—B(or)e€ B— A (or)e € AnB.

Ife e A—B = H(e) = F(e)



Ifee B— A= H(e) = G(e)

Ifee AnB= H(e) = F(e) AG(e)

From the above, we have

F(e) AG(e) is an fuzzy ideal of S.

= H(e) is an fuzzy ideal of S. Therefore (H, C) is a fuzzy soft ideal over .
Hence (F,A) ng (G, B) is a fuzzy soft ideal over S.

Theorem : 7.14

Let (F,A) and (G,B) are two fuzzy soft ideals over S. Then (F, A) ug (G, B)

is also a fuzzy soft ideal over S.
Proof:
By definition,

(F,A) Ug (G,B) = (H,C),whereC=AuUBandforalleeC,
N {ﬁ(e) ife€A—B
H(e) = {G(e) ifee B—A

F(e) v G(e) ifec ANB

Thenforalle € C, eitheree A—B(or)ee B—A (or)e € AnB.

Ife e A—B = H(e) = F(e)

Ifee B— A= H(e) = G(e)

Ifee AnB= H(e) = F(e) vG(e)

From the above, we have

F(e) v G(e) is an fuzzy ideal of S.

= H(e) is an fuzzy ideal of S. Therefore (H, C) is a fuzzy soft ideal over .



Hence (F,A) ug (G, B) is a fuzzy soft ideal over S.
Theorem : 7.15

Let (F,A) and (G,A) are two fuzzy soft ideals over S. Then

(F,A) Ug (G, A) is also a fuzzy soft ideal over S.
Proof:
By definition,

(F,A) Ug (G,B) = (H,C) whereC= AnB = ¢ and H(e) = F(e) vG(e) foralle €
C

Then F(a) v G(b) is an fuzzy ideal of S.
= H(e) is an fuzzy ideal of S. Therefore (H, C) is a fuzzy soft ideal over S.

Hence (F,A) ug (G,B) is a fuzzy soft ideal over S.



SUMMARY AND CONCLUSION

Soft set theory and Fuzzy Soft set theory became a very good source of
research for many mathematicians of recent years because of its wide range of
applicability. The development in the fields of Soft sets and Fuzzy Soft sets had

been taking place in a rapid pace.

The algebraic structure of Soft set theories has been explored in recent

years.

Studies of Soft semigroups and Fuzzy Soft semigroups are carried out by

several Researchers.
This thesis is devoted to the study of

1) Soft sets and Soft semigroups

2) Soft Regular semigroups

3) Soft I'-semigroups

4) Soft ternary semigroups

5) Soft LA-semigroups

6) Fuzzy Soft sets and Fuzzy Soft semigropus

7) Fuzzy Soft LA-semigroups.

In the first chapter preliminary definitions, operations and properties
regarding Soft sets and Soft semigroups are introduced with interesting
examples. Soft semi-prime ideals and Soft prime ideals over a semigroup are

defined and some of their properties are studied.

In the second chapter Regular semigroups are classified by considering its
Soft right ideals and Soft left ideals. An important characterization regarding

Soft Regular semigroups is proved.

The definition and properties of Soft I'-semigroups are studied in chapter
.



In the fourth chapter the concept of Soft ternary semigroups, Soft left
(right, lateral, quasi) ideals of ternary semigroups are defined and their

properties are studied.

Chapter V deals with Soft LA-semigroups. In this chapter the definition of

Soft LA-semigroup is given and some of its characteristics are discussed.

Fuzzy Soft sets and Fuzzy Soft semigroups are studied in Chapter VI.
Fundamental definitions, operations and properties regarding Fuzzy Soft sets
are given. Fuzzy Soft sets over a semigroup are defined and some of their
properties are studied. Fuzzy Soft ideals are defined over a semigroup and their

properties are investigated.

The author of this thesis introduced the concept of Fuzzy Soft
LA-semigroups and studied their basic properties. Chapter VIl deals with this
Fuzzy Soft LA-semigroups. The definition of Fuzzy Soft LA-semigroups is given

and their properties are discussed in detail.



