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Chapter 6
Generalized w Closed Sets in Biminimal Structure Spaces
6.1 Introduction

Noiri and Popa (2009) investigated the concept of minimal structure by
introducing the notions of my-open sets, myx-closed sets and M-continuous
functions. Boonpok (2010) enhanced the concept of biminimal structure space
and studied the fundamental properties of m} m3 -closed sets, m} m% -open
sets and M-continuous functions. Boonpok (2011) introduced the concepts of
generalized m-closed sets, regular generalized closed sets, weakly m-
precontinuous functions and separation axioms in  biminimal structure
spaces.

In this chapter, we have introduced the concepts of m,((i'j)-gn -closed

sets in biminimal structure spaces and tried to unify certain types of

modifications of gm-closed sets. The concepts of m,((i'j)-gw-continuous

functions, m{”- gm-irresolute functions and m® ? - gm Ty, spaces are

introduced and their properties are studied.
(@)
6.2 m,”"’- gmw closed sets

Definition 6.2.1 A subset A of a biminimal structure space (X,m} m%) is
said to be a m,(f'j)-gn closed set if m,’;nCI(A) c U, whenever Ac Uand U is

mk- open in X, where i, j =1, 2 and i # j. The complement of m)(f'j)- gt -closed
is said to be mf\,i'j )-gn open.
Example 6.2.1 (a) Let X = {a, b, c}. Consider two minimal structures

mk ={X, 9, {a}, {b}, {a, ¢}, {b, c}} and m§= {X,9,{a}, {b}}.

Then m{”-gm-C(X) = {X, 8, {c}, {a, b}, {a, c}, {b, c}}
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A subset A of a biminimal structure space (X, my m§) is called pairwise

m-gTr-closed if A is m(1 4 -gm-closed and m(2 %) -g1r -closed. The complement

of pairwise m-gT -closed is called pairwise m-g1r -open.

The family of all m{”-gm -closed (resp. m{”-gm -open) sets of

(X,mk m})is denote by  m{”-gm- C(X) (resp. m{”-gmw -O(X)), i, j = 1, 2
and i# .

Theorem 6.2.2 If subsets A and B of a biminmal structure space (X, m} m3)

are m{"’-gm -closed subsets of X , then A U B is m\”’-gm -closed, where

ibj=1,2andi#j.

Proof: Let A and B be m,((i'j)-gw-closed subsets of X. Let U be mk- open in X
such that A uB c U.Then A c UandB ¢ U. Since A and B are m,(f'j)-gn
closed, m,’;TrcI(A) & U and mf(rrcl(B) c U. Hence
mimcl(A U B) = mimcl(A) U mjmcl(B) < U. Thatis m}mcl(A U B) < U.

Therefore A U Bis an m( D -gmr-closed set in X.

Remark 6.2.3 The intersection of two m(”) -gmr-closed sets need not be a

(” ) -gm-closed set in general as can be seen from the following example.

Example 6.24 Let X = {a, b, c}. Consider two minimal structures
my =(X, 0, {a}, {b}, {a, c}, {b, c}} and mi={ X, @, {a}, {b}}.Then {a, b} and
{b, c} are m( D, - g closed but {a, b} N {b, c} = {b} is not m( ) -gm-closed.

Theorem 6.2.5. If A is a m_ "’ -gm-closed set of (X,m} m}) such that

AcBc mf( -mCI(A), then B is m( ’)gTr-closed set, wherei,j=1,2and i #].

Proof: Let A be a mff’j)-gn-closed setand AcS B C m{( -mCI(A). LetB € U

and U is m}; -open. Then A € U. Since A is m( ) -gmr-closed, mj'( - CI(A) € U.
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Since B € mJ, -m-CI(A), then m], - -CI(B) € m}, - -CI(A) € U. Hence, B is

m{")-gm-closed.

Theorem 6.2.6 If a subset A of a biminimal structure space (X,mj m%) is

()]

both m} -open and my’-gm-closed, then A is mi - closed, wherei,j=1, 2

andi#j.

Proof: Let A be m} open and m( D -gm-closed, m)j( -m-CI(A) = A. Hence, A is

mx -Tr -closed.

(21)

Remark 6.2.9 m)((l‘z)-gn-C(X) is generally not equal to my""“-gm-C(X) as can

be seen from the following example.

Example 6.2.10 Let X = {a, b, c}. Consider two ﬁinimal structures

my ={X, 8, {a}, {b}, {a, c}, {b, c}} and mz={X, 9, {a}, {b}}.

Then m{" D gm.C(X) = {X, 8, {c}, {a, b}, {a, ¢}, {b, c}} and
my-gm-C(X) = { X, @, {a}, {b}, {c}, {a, b}, {a, ch{b, ¢} }.

Thus m{"?-gm-C(X) # m{*Vgm -C(X)

Remark 6.2.11 Let m} and m% be m structures on X. If m}; < m% then

m{P-gm C(X) € mZV-gm C(X)

Theorem 6.2.12 For each element x of a biminimal structure space

(X,my m%), {x}is m} closed or X —{x} is m{-gm -closed, where i, j = 1, 2

andi#j.

Proof: Let x € X and the singleton {x} be not m} -closed. Then X — {x} is not
m -open, and so X is the only m} -open set which contains X — {x}. Hence

X —{x}is m{”-gm -closed.
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Theorem 6.2.13 Let A be a subset of a biminimal structure space

X,mp mi).If A ism(i‘j)-gTr- closed, then m) -w-CI(A) — A contains no
X, 1HEX X X

nonempty m} -closed set, wherei,j=1,2andi#].

Proof: Let A be a mgf‘j)-gw-closed setand F # @ be a m} closed set such
that F cm) -w CI(A) - A. Since A € m{”-gm-C(X), m), -mCI(A) € X - F.
Thus F € m), - CI(A) N (X —m}, -m-Cl(A)) = @, this is a contradiction. Then

m,j( -m-CI(A) - A contains no nonempty m}, -closed set.

Corollary 6.2.14 Let m} and m} be minimal structures on X satisfying
property @. If Ais m{"’-gm-closed in (X,m} m2), then A is m} -m-closed if

and only if m), -CI(A) —~Ais m} closed , where i, j=1, 2 and i #].

Proof: If A is m), -m-closed, then m}, -wCI(A) = A. i.e. m}, -mCI(A) A = ¢ and

hence mJ - CI(A) —A is m - closed.

Conversely, if m,’; - CI(A) —A is m- closed, then by Theorem 6.2.13

ml - Cl(A) —~A=0@,sinceAis m{ )-gn-closed.Therefore, A is m), -r-closed.
X | X X

Theorem 6.2.15 For a biminimal structure space (X,m} m%), where
(m} m%) have property 8, mj-O(X) € m} -m-CI(X) if and only if every
subset of X is a m,(f‘j)-gTr -closed set, wherei,j=1,2 and i #].
Proof: suppose that m} -O(X) m)"{ -C(X). Let A be a subset of X such that
Ac U, where U € miO(X). Then , m} -mCI(A) € m} -mCI(U) € U and
hence A is m,(f’j )_gm-closed.

Conversely, suppose that every subset of X is mff’j)-gﬂ-closed. Let
Ue mi O(X). Since U is m{”-gm-closed, m) -m-Cl(U) € U. Therefore,

U € mJ, -m-CI(X) and hence m} O(X) € m}, -m-CI(X).
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Theorem 6. 2.16 A subset A of a biminimal structure space (X,m} m})
is m)({”) -gm-open if and only if for every subset F of X, F Sm) - Int(A)

whenever F is m} closed and F € A, where i,j=1,2and i #]j.

Proof: Suppose that A is m( D -gtr-open. Let F € A and F is m closed. Then
X- A € X-F and X- F is m} open, X- A is m{”-gm -closed, then
m)j{ mCI(X- A) € X-F. Thus X- (m,’( -m-Int(A)) € X - F and hence
F < m), -m-Int(A).

Conversely, suppose that F € m,j( m-Int(A) whenever F is mk- closed
andFCcA Let X-AcUandUism}-open. ThenX-UcS AandX=-Uis
mi -closed. By assumpton, X - U € m) -m-Int(A), and hence
X = (ml m-Int(A)) € U. Therefore, m, m-CI(X = A) € U. Thus X - A is

mD.gm -closed. Hence, A is m{”-gm -open.

Theorem 6.2.17 Let A and B be subsets of a biminimal structure spaces
(x,m} m2) such that m} -m-Int(A) € B € A. If A is m{"”-gm-open, then B is

m{)-gm-open, where i,j=1,2andi#].

Proof: Suppose that mj; --Int(A) € B < A. Let F be m} - closed such that
F € B. Since Ais mgf’j)-gn -open, F < mj; -m-Int(A). Since m{} -m-Int(A) € B,
mJ, -r-Int(m, --Int(A)) = m),--Int(B). Consequently,

ml -m -Int(A) < mJ -m-Int(B). Hence, F < m -m-Int(B). Therefore, B is
X X X

m{?-gm- open.

Theorem 6.2.18 Let A be a subset of a biminimal structure space
(x,m} m%) If Ais m{"-gm- closed, then m/ TT-C|(A) -Ais m{-gm -open,

wherei,j=1,2andi#].

Proof: Suppose that A is mg(”) -gm -closed. We shall show that

mf{ m-Cl(A) ~A'is m(”) -gm -open. Let F € m§ m-CI(A) —A and F is m} closed.
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Since A is m,(f'j)-gn —closed, mj; m-CI(A) — A does not contain nonempty
mi closed set by Theorem 6.2.13 Consequently, F = @, Therefore,

Qc m)j( m-CI(A) —A. Hence, m§ m-Cl(A) —Ais mff’”-grr -open.
6.3 mg(i")-grr continuous function

Definition 6.3 1. Let (X,m} m%) and (Y,m} mZ) be biminimal structure

space. A function f : (X,m} m3)— (Y,m} m?) is said to be a m{”-gmw
continuous function if f' (F) is m,((i'j)-gn closed in X for every mg’j) -closed F

of Y,wherei,j=1,2andi#j.

A function f : (X,m} m3)— (Y, m} mg) is m{”-gm continuous if and
only if f' (V) is mg"')-gﬂ- open in X for every mff’” -open U of Y , where

ihbj=1,2andi#]j.

Definition 6.3.2. A biminimal structure space (X,m} m%) is said to be

m® - g Ty, space if for every m{”-gm-closed set is a m{"”’ -closed set,

wherei,j=1,2and i #].

Theorem 6.3.3. Let (X, m} m}) be a m") - gm Ty, space and let (Y, m}, m})
be a biminimal structure space, where (mj,m?)have property @.. For an
injective function f : (X,m} m%)— (Y,m} mi) , the following properties are

equivalent:
(M fis( m,(f'j )-gn-continuous.

(2) For each x € X and for every m,(,"'j)-open set V containing f(x), there exists

a m,(f‘j )_gmr-open set U containing x such that f(U) € V.
(3) f(mJ, -1 -CI(A)) € m], - -CI(f(A)) for every subset A of X.

(4) m}, -m-CI(f'(B)) < f~ (m;- -CI(B)) for every subset B of Y .
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Proof: (1) = (2):Letxe Xand V be a m,(,i'j)-open subset of Y containing f(x).

Then by (1), f' (V)is m,(f'j)-grr -open of X containing x. If U = f"'(V ), then
flu)c V.

(2) = (3): Let A be a subset of X and f(x) ¢ m{;  -CI(f(A)). Then, there exists
a m,(,i'j)—open subset V of Y containing f(x) such that V N f(A) = @. Then by (2),
there exists a m)(f'j )-gv -open set U such that f(x) € f(U) € V .Hence,

f(U) N f(A) = @ implies U N A = @. Consequently, x ¢ m), w -Cl(A) and
f(x)e f(m) -w-CI(A)).

(3) = (4): Let B be a subset of Y . By (3), we obtain
f(ni§ wCIl(f"'(B))) € m{} wCI(f(f'(B))). Thus m,’; m-Cl(f" (B)) & (m{, mCI(B)).

(4)=>(1): LetF be a m&f'i ) _closed subset of Y . Let U be a mk-open subset of

X such that f”'(F) € U. Since m], w -CI(F) = F and by (4), m} m-CI(f" (F)) € U.
Hence, fis mff’j)-gn continuous.

Theorem 6.3 4. Let (Y, m} m%) be am‘)- g Ty, space and let

f: (X, my mi)— (Y,m} m¢) andf:(Y,m} m§)— (Z,mj m%) be functions. If
fand g are m,(f’j )-gTr -cohtinuous, theng o fis mg'j)-gn -continuous.

Proof: LetF be a mgi’j) -closed subset of Z. Since g is m,(f'j)—gn -continuous,
then g™' (F) is m{""-gm -closed subset of Y . Since (Y, m} m) is m* - g Ty,
space, g~ (F) is mg"’)_-closed subset of Y . Since f is m,(f'j)-grr -continuous,
then (g-f)"(F) = f' (g™ (F)) is m{’-gm -closed subset of X. Hence, g - f is

(&) i
my"’-gm —continuous
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6.4 mg(i'j) - g™ - Dense Sets in Biminimal Structure Spaces

Definition 6.4.1. Let (X,m} m%) be a biminimal structure space, A be a

subset of X. A is called m{"” - gmr- dense set in X if X = m{ mw CI (m}, mCI(A)),

wherei,j=1,2andi#]j.

Example 6.4.2. Let X = {a, b, c}. Define m-structures m} and m} on X as

follows:

my ={X, 90, {a}, {b}, {a, c}, {b, ¢} } and m% = { X, @, {a}, {b}, {a, c}, {b, c}}.
Then m} 1 Cl (m% wCl({a, b}))= X and m m ClI (m} wCl({a, b}))= X. Hence

{a, byis m{"? - gm-dense setin X and {a, b} is m@" - gm-dense set in X.

Theorem 6.4.3. Let (X,m} m%) be a biminimal structure space and A be a
subset of X. If A is a m}((i'j) - gm-dense set in X then for any non-empty

m,({i'j) - -closed subset F of X, where i, j=1,2 and i # j such that A € F, we
have F = X.

Proof: Let A be a mff‘j) - gr-dense set in X and F be a m,(f‘j)— m-closed

subset of X, where i, j = 1, 2 and i # j such that A € F. Since A is m{"” - gm

dense setin X, X =m},  Cl (m)"( mCI(A)). By assumption, F is m)((i‘j)- T closed
and A C F, it follows thatX = m& T Cl (m}, wCI(A)) € m} m CI (m}, mCI(A)) = F.
Hence F = X.

Note 6.4.4 By Theorem 6.4.3 if A is a m{”- gm-dense set in X, then only X is

the m,((i’j)- m-closed set in X containing A.

Remark 6.4.5. The Theorem 6.4.3 is not true if F is not m,((i‘j)- m-closed. We

can be seen from the following example.

Example 6.4.6. Let X = {a, b, c}. Define m-structures my and m%? on X as

follows:
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mht ={X, 8, {a c} {b,c}}and mi={X, 8, {a}, {b}, {a, c}, {b, c}. Then
mj m Cl (m% mCl({a, b}))= X and we have {a, b} is mym} - gm-dense set in

X. But {a, b} is not mff’j) - m-closed set in X.

Theorem 6.4.7. Let (X,m} m%) be a biminimal structure space and A be a
subset of X. If m¥ 1 int (m)’; mint(X\ A)) = @, then for any non-empty m,(f'j)- m
closed subset F of X, where i,j=1,2 and i # j such that A € F, we have F =X.

Proof: Assume that m} T int (m,j( mint(X\ A)) =@, andFis m,(f‘j)- m-closed

subset of X, where i, j = 1, 2 and i # j such that A € F. By assumption, we

have @ =X\ m} m Cl (m}, mCI(A)) and so
X =m 1 Cl (m§ CI(A)) € m w Cl (m{; TTC|(A))'= F. Consequently F = X.

Theorem 6.4.8. Let (X,m} m%) be a biminimal structure space and A be a
subset of X.JIf A is m)({i‘j)- gm-dense setin X, then GNA # @ for any non empty

m{""- 1 -open subset G of X, where i, j = 1,2 and i # .

Proof: Let A be a m,((i'j) - gm-dense set in X. Suppose that G N A = @ for
some non-empty m,((i'j) - m -open subset G of X, where i, j=1,2 and i # j.
Thus A € X\ G. Then X = m m Cl (m} mCI(A)) € m§ 7 Cl (m} wCI(X \ G))
= X\ m§ m Cl (m}, wCI(G)).Since G is m{”” - 7 -open, and by Theorem 6.4.7,
G =m} mint (mi mint(G)) = @, this is a contradiction. Therefore G N A # @ for

any non-empty m§;'"' . m-open subset G of X, wherei,j=1,2and i#]j.

Theorem 6.4.9. Let (X,m} m) be a biminimal structure space and A be a
subset of X. If m§ int (m,j{ mint(X\ A)) = @. Then GNA # @ for any non-empty

m{") - mr-open subset G of X, wherei,j=1,2and i #].

Proof: Let m} m int (m} mint(X\ A)) = @. Suppose that G N A = @ for some

non-empty m,((i'j) - m-open subset G of X, where i, j =1, 2 and i # j. Thus
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A € X\G and X = m§  CI (mf( mCI(A)) € m} m Cl (mf{ mCI(X\ G)) = X\ G.
Hence G = @. A contradiction. Therefore G N A # @ for any non-empty

mff‘j) - m-open subset G of X, wherei,j=1,2and i #]j.

Theorem 6.4.10. Let (X, m} m%) be a biminimal structure space and A be a

subset of X. If for any non-empty m,(f‘j)- T -closed subset F of X such that

A c F, then F = Xif and only if G N A # @ for any non-empty mh . T-open

X
subset G of X, wherei,j=1,2and i #].

Proof: Let (X,m} m%) be a biminimal structure space and A < X.

(=) Assume that for any non-empty m,((i'j ) - mr-closed subset F of X such that

A C F, then F = X. Suppose that G N A = @ for some a non-empty m)(f'j) -1

open subset G of X, where i,j=1,2andi#j. Thus A< X\G. Since G is
mff’”- m-open, X\ G is m,(f'j) - m-closed. By assumption, we have X\ G = X.
Therefore G = @, this is contradiction. Hence G N A # @ for any non-empty

m,(f’j) - r-open subset G of X, wherei,j=1,2and i #]j

(<) Assume that G N A # @ for any non-empty m)(f’j) -  -open subset G of

X and F is a non-empty m)((i'j) - - closed subset of X, where i, j = 1, 2 and

i # j such that A € F. Suppose that F # X. Thus X \ F is a non-empty m,(f'j)- TI'

open subset of X. By assumption, we have (X \ F) N A # @. This is a
contradiction with A € F. Therefore F = X.

Theorem 6.4.11. Let (X, m} m%) be a biminimal structure and A be a subset

of X. mi T int (m), mint(X\ A)) = @ If and only if Ais m{”)-gm-dense set in

X,wherei,j=1,2and i#]j.

Proof: Let A be a subset of X.
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(=) Assume that mi T int (m,j{ mnt(X\ A)) = @. Thus
X \mk w Cl (m} wCI(A))= @, m w Cl (m} wCI(A)) = X. Therefore A is

m,(f'j) - gm-dense setin X, wherei,j=1,2and i#]j.

(<) Suppose that A is m{"” -gm-dense set in X. Then m} wCI(m,wCI(A)) = X

and also m} w int (m} wnt(X\ A))= X\ m} w Cl (m} WCI(A)) = @, where
ihj=1,2andi#]j.
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