CHAPTER 1
PRELIMINARY DEFINITIONS

This chapter consists of basic definitions related to first order fuzzy topological
spaces, first order bipolar fuzzy topological spaces and second order fuzzy topological spaces

for the development of this thesis.

In this thesis the terms ‘fuzzy set’ and ‘first order fuzzy set’ are used synonymously.

Similarly, ‘bipolar fuzzy set” and ‘first order bipolar fuzzy set’ are used synonymously.

Whenever a fuzzy set (bipolar fuzzy set) is considered without mentioning the order,

it always refers to a first order fuzzy set (first order bipolar fuzzy set)

Similar terminology applies to all concepts related to first order fuzzy sets and first

order bipolar fuzzy sets.
Fuzzy Topological Spaces:
Definition (Zadeh,1965):1.1

Let X be an arbitrary non-empty set. Let I = [0,1]. A fuzzy set in X is a mapping

from X into 1. For any two fuzzy sets f, g in IX, we have
1. f=go f(x) = g(x), forevery x € X.
2. f<ge f(x) < g(x), foreveryx € X.

When f < g, the fuzzy set g is said to contain f.

The union f v g and the intersection f A g are defined, respectively, by
(f vg)(x) = max{f(x),g(x)} and (f A g)(x) = min{f(x), g(x)}.
The complement € of a fuzzy set f is defined by f¢(x) = 1 — f(x), for every x € X.

For a family {f, / » € A} of fuzzy sets defined on a set X, the union V, ¢, f;, and the

intersection A, ¢, f;, are defined, respectively, by

(Vaea i) (%) = Vaea(B.(x)) and (Ayep £) (%) = Ajea(fr(x))
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For any a € I, the constant fuzzy set a in X is a fuzzy set in X defined by
a(x) = a, forevery x € X.
Support of any fuzzy set f, denoted by supp f, is defined as

supp f = {x € X / f(x) > 0}.

Definition (Wong, 1974b):1.2

A fuzzy point x, in a set X, with x in X and t in (0,1] is a fuzzy set in X defined by
x¢(y) = tfory = x and x.(y) = 0 for y # x. A fuzzy point x, in X said to belong to a fuzzy
set f, written as x; € f iff x.(x) < f(x) that is t < f(x). Hence x.¢ f < t > f(x). Two fuzzy

points are said to be distinct if and only if their supports are distinct.
Definition (Chang, 1968):1.3

Let X be a non-empty set. A subset t — I¥ is called a fuzzy topology on X iff t satisfies

the following requirements:

() The constant fuzzy sets 0 and 1 belong to t.
(ii) f, € Tfor each A € A implies V,ex fy, € T.
(iii) f,g e timpliesf A g€ 1.

The pair (X, t) is called a fuzzy topological space.

Definition (Lowen, 1976):1.4
Let X be a non-empty set. A subset T < I¥ is called a fuzzy topology on X iff the

following conditions are satisfied:

() All constant fuzzy sets belong to t.
(ii) f, € Tfor each A € A implies V,ex fy, € T.
(iii) f,g € Timpliesf A g€ 1.

The pair (X, 1) is called a fuzzy topological space. The elements in t are called open
fuzzy sets of the fuzzy topological space (X, t). Complements of open sets are called closed

fuzzy sets of (X, 1).
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Definition (Gantner et al., 1978):1.5
A fuzzy topological space (X,t) is said to be fuzzy W-Hausdorff if for every
X,y € X, x #y, there exist f,g € tsuch that f(x) = 1,g(y) = 1andf A g=0.

Definition (Srivatsava et al., 1981):1.6
A fuzzy topological space (X, ) is said to be fuzzy S-Hausdorff if for any pair of
distinct fuzzy points x, ,ys in X, there exist f,g € tsuch that x, € f,ys € gandf A g = 0.

Definition (Katsaras, 1981):1.7
A fuzzy topological space (X, 1) is said to be fuzzy K-Hausdorff if for every
X,y € X, x # vy, there exists f,g € T such that f(x) > 0,g(y) >0andf A g=0.

Definition (Hazra et al., 1992):1.8

Let X be a non-empty set. A mapping G: I* — I is said to be a gradation of openness
on X iff the following conditions are satisfied:
(G1)G(0) =6(1) = 1.
(G2)Gg(f) >0fori=1tom= G(AR,f) > 0.
(G3)G(f,) > 0forre A= G(V;epfy) > 0.

The pair (X, G)is called a gradation space.

Definition (Hazra et al., 1992):1.9

Let (X, G) be a gradation space. Then the fuzzy topology on X induced by G is given
by ©(¢) = {f € I* / G(f) > 0}

Definition (Hazra et al., 1992):1.10

Let G, and G, be two gradations of openness on X. Then G; > G, if
G1(H) = G, () for every f € I*.

Definition (Hazra et al., 1992):1.11
Let (X,G;) ,(X,G,) be two gradation spaces. Then a map 0: X — Y is called

(i) agradation preserving map, if G, (f) < 91(6‘1(f)) for each f € I".
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(i) a strongly gradation preserving map, if G,(f) = G;(871(f)) for each f € 1"

(iii) a weakly gradation preserving map, if G,(f) > 0 = G;(67%(f)) > 0 for each

fer,

Remark (Hazra et al., 1992):1.12

Let 6: X = Y be a map and let G; be a gradation of openness on X. Then the largest

gradation of openness G, on Y which makes 0: (X,G;) = (X, G,) a gradation preserving map
is given by G,(f) = G,(871(f)) for each f € 1",

Bipolar fuzzy topological space:

Definition (Kim et al., 2004):1.13

Let X be a non-empty set. Then a pair Ay, = (Abp+, Abp‘) is called a bipolar-valued

fuzzy set or bipolar fuzzy set in X, where Abp+:X - [0,1] and Ay, : X = [—1,0]. The set

of all bipolar fuzzy set in X is denoted as BPF(X).

Definition (Kim et al., 2004):1.14

(i)

(i)

(i)

(iv)

v)

The bipolar fuzzy null set denoted by 0, = (Obp+, Opp ) is a bipolar fuzzy
set in X defined as Obp+(x) = 0and Op, (x) =0, for each x € X.

The bipolar fuzzy whole set denoted by 1,, = (1p,*, 1pp, ") is a bipolar
fuzzy set in X defined as 1,," (x) = 1and 1,,” (x) = —1,for each x € X..
Let App, Byp € BPF(X). App, is a subset of By, denoted by Ay, © By, is
defined as Ay, " (x) < By, " (%) and Ap,~ (X) = By, (%), for each x € X.

Let Ay, € BPF(X). The complement of Ay, is denoted by
App® = ((App "5 (A, )¢)  is a bipolar fuzzy set in Xdefined as
(App () =1 = Ap, " (%) and (App )°(®) = =1 — Ay, (x), for each x € X.
Let App, Byp € BPF(X). The intersection of Ay, and By, denoted by
AppN Byp, is a bipolar fuzzy set in X defined as

(Abpﬂ Bbp)(x) = (Abp+(x) A Bbp+(X) ) Abp_(X) \% Bbp_(X))! for each x € X.
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(vi)  Let Ay, By, € BPF(X). The union of Ay, and By, denoted by Ap,U By, is
a bipolar fuzzy set in X defined as
(App UBpp) (%) = (App " (x) VBy, " (x), App~ (X) ABy, (%)), for eachx € X.

(vi)  The intersection of ((Abp) }\)}\ N is a bipolar fuzzy set in X denoted by
€
Maca(Abp) ,and is defined as
(n)\eA(Abp)}L) (x) = (/\,\GA ((Abp+))\) (), Vaea ((Abp‘)}\) (x)), for eachx € X.
(viii)  The union of ((Abp)x)xmis a bipolar fuzzy set in X denoted by

Unea(Abp) ,and is defined as

(U}LeA(Abp)x) (x) = (V'/\eA ((Abp+))\) (%), Area ((Abp_)x) (x)), for each x € X.

Definition (Kim et al., 2019):1.15
Let X be a non-empty set. A subset tg € BPF(X) is called a bipolar fuzzy topology
on X, iff Ty satisfies the following axioms:
(l) Obp ) 1bp € Tg-
(||) Abp N Bbp €Ty , for any Abpl Bbp € Tg.
(i) Unea(Abp), € Ty . for any ((Abp)x)xeA € Ty

The pair (X, ty) is called a bipolar fuzzy topological space.

Definition (Kim et al., 2019):1.16

Let X be a non-empty set. A subset T3 € BPF(X) is called a bipolar fuzzy topology
on X, if it satisfies the following axioms:
Q) All constant bipolar fuzzy sets belong to t.

(||) Abp' Bbp € Ty lmplles Abp n Bbp € Tg-
(i) ((Abp)l)xe/\ € 1y for each A € A implies UMA(Abp)A € Tgy.
The pair (X, tg) is called a bipolar fuzzy topological space and each member of ty is

called a bipolar fuzzy open set (BPFOS) in X. Complements of bipolar fuzzy open sets are

called bipolar fuzzy closed sets of (X, tg).
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Definition (Kim et al., 2019):1.17

Let Xand Y be two non-empty sets, let A,, € BPF(X) and By, € BPF(Y) and

let : X — Y be a mapping. Then
() The image of Ay, under 6, denoted by 8(Ay,) = (G(Abp+),6(Abp‘)), is a bipolar
fuzzy set in Y defined as follows: for eachy € Y,

+ _ (Vxeo-1i) Abp ' X), if07(y) = @
(G(Abp )) ) = { 0, otherwise

and

_ _ /\Xee—l(y) Abp_(X)l lfe_l(y) * @
(G(Abp )) o = { 0, otherwise

(ii) The pre-image of By, under 8, denoted by 8~(By,,) = (67 (Bpp™), 071 (Bpp ), is

a bipolar fuzzy set in Y defined as follows: for each x € X,

(071(Bbp™)) (9 = Bu,*(8(x)) and (87 (By, ™) ) () = By, (0(x).

Definition (Kim et al., 2019):1.18
Let (X, tg,) and (Y, tg,) be two bipolar fuzzy topological spaces. A mapping
0: (X, T, )—(Y, Tg,) is said to be bipolar fuzzy continuous if for all Ay, € ty,,,

01 (Abp) € T%l'

Definition (Kim et al., 2019):1.19
Letx € X, (o, B) € (0,1] x [—1,0) and let A, € BPF(X). Then
() X(qp) is called a bipolar fuzzy point in X with the value (o, B) € (0,1] x [-1,0) and
the support x € X, if for each y € X,

_((a,B), ify =x
xap] ) = { (0,0) , otherwise

(i) x(q,p) is said to belong to Ay, denoted by x(q gy € App, if
App (%) = aand Ay~ (%) < B.
The set of all bipolar fuzzy points in X is denoted as BPFp(X). It is clear that
App = U{X(ap) € BPFp(X): X(o,p) € App}, or each Ay, € BPF(X).
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Definition (Kim et al., 2019):1.20
Let X be a nonempty set. Then for any Ay, € BPF(X), the set

S(App) = {x €X' AppT(x) > 0,Ap,” (x) < 0} is called the support of Ay, If S(Ay,) is

finite, then Ay, is said to be finite.

Definition (Kim et al., 2019):1.21
A bipolar fuzzy topological space (X, tg) is said to be bipolar fuzzy compact if the

following condition is satisfied:
Given a family of bipolar fuzzy open sets {(Abp)A/AEA} with

V{(Anp*), /A€ A Ay €5} = 1, A{(Abp™), (/A€ A Ay, € T5} = —1, for every

x € X then there exists a finite subfamily A,(x) € A such that

v{((Abp+)A) () /A€M ®} =1, /\{((Abp‘),}\) (x) /A€ Ay ()} = —1, for every x € X

Then, (X,Tg) is said to be bipolar fuzzy compact space.

Definition (Kim et al., 2019):1.22

Let (X, tg) be a bipolar fuzzy topological space. Then,

(i) Bty is called a base for tg, if for each Ay, € Ty, App = Oy, OF there is B'c B
such that A,, = UB'.

(i) S c Ty is called a subbase for tg, if the family of all finite intersections of members

of S forms a base for 1.

Second order fuzzy topological spaces
Definition (Kalaichelvi, 2007):1.23

Let X be an arbitrary non-empty set. A second order fuzzy set on X is a map
f:X - I where I is the closed unit interval [0,1]. The family of second order fuzzy sets is
denoted by (IDX.

For any two second order fuzzy sets f, g in (IX,
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(i) f < g iff f(x) < g(x), for every x € X that is iff f(x)(a) < g(x)(«) for every
x € X and for every o € 1.
(i) The union f v g and the intersection f A g are defined, respectively, by
(fvg)® =) vgx) and
(Frg)®) =) A 8.
(iii) For every a € I, the constant second order fuzzy set @: X — 1' is defined as follows:
For every x € X, @(x) = the constant fuzzy set a on I.
In particular 0(x) = the constant fuzzy set 0 on I and
1(x) = the constant fuzzy set 1 on I.
(iv) For a collection {f, / A € A} of second order fuzzy sets

(Vsea £) () = Vyea(FL (%)) for every x € X and

(MAea F) () = Apen(FL (%)) for every x € X.
(v) A second order fuzzy point . for x € X and r € (0,1] is a second order fuzzy set in
X defined as follows:
X.(x) = the constant fuzzy set r, and

X (y) = the constant fuzzy set 0, for y # x.

A second order fuzzy point &, is said to belong to a second order fuzzy set f iff

f(x) () >, for every a € I. Two second order fuzzy points &, , § are said to be

distinct iff x #yorr #s.

(vi) For a second order fuzzy set f on X, the complement of f is defined in two different

ways as follows:
a) (f)c(x)(cx) = f(x)(1 — a), for every x € X and for every a € I.
b) (F)°x)(a) = 1 —(x)(a), for every x € X and for every a € 1.

(vii) For a second order fuzzy set f on X, the support of f is defined in two different ways

as follows:

s.(f) = {x € X / f(x)(a) > 0 for some a € I} and

S, (f) = {x € X / f(x)(a) > 0 for every a € I}.
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Definition (Kalaichelvi, 2007):1.24

For any two second order fuzzy sets f, g on a set X,

(i)  fA, & means given x € X, either f(x) = 0 or g(x) = 0.

(i) FA, & means given x € X and either a € I, either f(x)(a) = 0 or 8(x)(a) = 0.

Definition (Kalaichelvi, 2007):1.25

Let X be a nonempty set. A collection T of second order fuzzy sets on X defines a
second order fuzzy topology on X if the following conditions are satisfied:

(i) 0,1 ez

(ii) £, € % for each A € A implies (V;exf) € 7.

(iii) f; € % for i=1 to n implies A, f; € %.
The pair (X, %) is called a second order Chang fuzzy topological space.

A Second order Lowen fuzzy topology 7 on X is defined by replacing axiom (i), in

the above definition by axiom (i)’.
(i)" All constant second order fuzzy sets € 7.

The pair (X, %) is called a second order Lowen fuzzy topological space.

The elements of T are called second order fuzzy open sets.

Definition (Kalaichelvi, 2007):1.26

Let (X,%) be a second order fuzzy topological space. A family 8 c 1 is called a base
for % iff for every € %, there exists a family {f;/ j € J} in 8 such that f = V¢, §;.

A family S of second order fuzzy open sets in (X, %) is called a subbase for % iff the

family of finite intersections of members of § forms a base for %.
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Definition (Kalaichelvi, 2000):1.27
Let X and Y be two nonempty sets. Let 6 be a function from X into Y. Let f be a second
order fuzzy set in X. Then the image of f under 8, denoted by 8(f), is the second order fuzzy

set in Y defined as follows:

(G(f)) (y) = {VG(X)=y (?(X))' if 8~'(y)is not empty

0, otherwise
Let X and Y be two nonempty sets. Let 6 be a function from X into Y. Let g be a second
order fuzzy set in Y. Then the inverse image of g under 0, denoted by 6=1(g), is the second

order fuzzy set in X defined as follows:

(672(®)(y) = 8(6(x)) for every x € X.

Definition (Kalaichelvi, 2011a):1.28

Let (X,%,) and (Y,%,) be two second order fuzzy topological spaces. Then a function
0: X — Y is said to be 2-f continuous if the following conditions are satisfied:

0-1(f) e %, if fe2,.

Definition (Kalaichelvi, 2012):1.29

Let (X,%,) and (Y,%,) be two second order fuzzy topological spaces. If f; € %, and

f, € %,, then the star product f; X f, on X x Y is defined as follows:

(f, R )% y) (@) = F,x) () A f,(y) () for every (x,y) € X x Y and for every a € 1.

~

The product topology T; X

T,0n X X Y is the second order fuzzy topology having the
} as a basis.

collection {f; X, /f, ez, F, e,

Definition (Kalaichelvi, 2011b):1.30

A second order fuzzy topological space (X,7) is said to be second order fuzzy
W-Hausdorff of type 1, denoted by (W — H), if for every x,y € X, x # y, there exists
f g€t such that f(x) = the constant function 1, g(y) = the constant function 1 and
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Definition (Kalaichelvi, 2011b):1.31

A second order fuzzy W-Hausdorff of type 2, denoted by (W — H),, is defined by

replacing the condition f A, & = 0 in the above definition by fa, g = 0.
Definition (Kalaichelvi, 2013):1.32

A second order fuzzy topological space (X,7) is said to be second order fuzzy
S-Hausdorff of type 1, denoted by (S — H),, iff for any pair of distinct second order fuzzy

points &, ¥ in X, there exists f, g € T suchthatk, € £, 9, € g and fA, = 0.

Definition (Kalaichelvi, 2013):1.33

A second order fuzzy S-Hausdorff of type 2, denoted by (S — H),, is defined by

replacing the condition f A, & = 0 in the above definition by fA, g = 0.

Definition (Kalaichelvi, 2000):1.34

A second order fuzzy topological space (X,7) is said to be second order fuzzy
K-Hausdorff of type 1, denoted by (K — H),, for every x,y € X, x #y, there exists
f g € tsuchthat f(x) > 0,8(y) > 0and fA, g =0.

Definition (Kalaichelvi, 2000):1.35
A second order fuzzy K-Hausdorff of type 2, denoted by (K — H),, is defined by

replacing the condition f A, g = 0 in the above definition by f A, g = 0.

Definition (Kalaichelvi, 2011b):1.36

Let {(X;,T))|A € A} be a family of second order fuzzy topological spaces and
X = [I, A X;. The product topology on X is the one with basic second order fuzzy open sets
of the form [1, .4 £, where f, € £, and f, = 1 except for finitely many A’s. Here

(Maeab)(Gaea) (@ = Areab(x) (@), for every (x;)xea € [TreaXa and

for every a € 1.
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Definition (Kalaichelvi, 2000):1.37

Let X be a nonempty set. A mapping G: (IN* -1 is said to be a second order

gradation of openness on X iff the following conditions are satisfied:

(SG1) 6(0) = 6(1) = 1.
(SG2) G(f) >0 fori=1tom= G(AR, ) > 0.
(SG3) G(£.) > 0 for i € A= G(Vyen F) > 0.

The pair (X, G) is called a second order gradation space.

Definition (Kalaichelvi, 2000):1.38

Let (X, §) be a second order gradation space. Then the second order fuzzy topology

induced by G is given by %(G) = {f e (I")* / (b > 0}.

Definition (Kalaichelvi, 2000):1.39
Let (X,G,) (X, G,) be two second order gradation spaces. Then a map 8:X - Y is
called

(1) asecond order gradation preserving map,
if G,(H <6, (e-l(f)) for each fe (INY.

(i) a second order strongly gradation preserving map,
if G,(F) =6, (e-l(f)) for each fe (1N,

(iii) a second order weakly gradation preserving map,

if §,(f)>0= G, (6‘1(?)) > 0 for each fe (1.

Definition (Kalaichelvi, 2000):1.40

A second order fuzzy topological space (X, 7) is said to be 2 fuzzy 1 — compact at
x € X if the following condition is satisfied:
Given a family of second order fuzzy open sets {f, / A € A} with V{f, (x)/A € A} = 1,
there exists a finite subfamily A,(x) € A such that V{f, (x) /A € A,(x)} = 1, for every
x € X. Then (X, 7) is said to be 2 fuzzy 1- compact space on X, if it is 2 fuzzy 1-compact at

every x € X.
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Definition (Kalaichelvi, 2000):1.41

A second order fuzzy topological space (X, %) is said to be 2 fuzzy 1*— compact at
X if the following condition is satisfied:
Given a family of second order fuzzy open sets {f, /A € A}, there exists a finite

subfamily A, €A such that if V{f, (x)/A€A}=1, for a given x€X then
V{E.(x) /A€ Ay} = 1.

Definition (Kalaichelvi, 2000):1.42

A second order fuzzy topological space (X, %) is said to be 2 fuzzy 2-compact at
a € I if the following condition is satisfied:

Given a family of second order fuzzy open sets {f, /A€ A} with
V{E, (x)(a)/ A € A} = 1, for every x € X, there exists a finite subfamily A, (o) € A such that
V{E.(x) (0)/A € Ag(a)} = 1, for every x € X. Then (X, %) is said to be 2 fuzzy 2- compact

space if it is 2 fuzzy 2- compact at every a € I.

Definition (Kalaichelvi, 2000):1.43

A second order fuzzy topological space (X,7) is said to be 2 fuzzy 2*— compact if

the following condition is satisfied:

Given a family of second order fuzzy open sets {f, /A € A}, there exists a finite
subfamily A, € A such that if V{f, (x)(0)/A€A}=1, for every x€X then
V{E,(x)(«0) /A € Ao} = 1, for every x € X,

Definition (Kalaichelvi, 2000):1.44

A second order fuzzy topological space (X, ) is said to be 2 fuzzy 3-compact if the

following condition is satisfied:

Given a family of second order fuzzy open sets {f, /A € A} with V{f, /A€ A} =1,
there exists a finite subfamily A, S A such that V{f,/A € Ao} = 1, for every x € X.
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Fuzzy Matrix
Definition (Thomason, 1977):1.45

Let F be a matrix, F = [Fy]| . where [F;| €1[0,1], where uand v represent the

rows and columns of the matrix, 1 <i<uand 1 <j < v, then F is called a fuzzy matrix.
First Order Bipolar Fuzzy Matrix
Definition (Thomason, 1977):1.46

Let X be a nonempty set. A first order bipolar fuzzy matrix (FOBPFM)

((Abp)ii)qu is defined as ((Abp)ii)qu = ((Abp+'Abp_)iJ‘)pquhere (Abp+)ij (x) € [0,1]

and (Abp‘)i]_ (x) € [-1,0], Vi, j, for every x € X and p and q represent the rows and columns

of the matrix.
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