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INTRODUCTION




INTRODUCTION

Intuitionistic fuzzy topology is considered to be an interesting as well as rapidly
growing field in Mathematics. Before a decade only a handful number of research
works were being undertaken in this concept but now intuitionistic fuzzy topology has
become one among the most famous research areas in Mathematics. The origin of this
particular concept is fuzzy sets. Ever since the establishment of fuzzy sets by
Zadeh[1965], fuzzy has invaded amost al branches of Mathematics. Later the
introduction of fuzzy topology by Chang[1967] was an annexation towards the hike of
fuzzy sets and fuzzy topology. The perception of intuitionistic fuzzy sets by
Atanassov[1986] was a breakthrough towards the evolution of intuitionistic fuzzy
topology. Using the notion of intuitionistic fuzzy sets, Coker[1997] has constructed the
basic concepts of intuitionistic fuzzy topological spaces. We are well aware of the
existence of sets and fuzzy sets. Now let us proceed to know the necessity and

importance of introducing intuitionistic fuzzy sets in the field of mathematics.
"Intuitionistic fuzzy sets" occupies our daily livesin the following way.

Consider a garment manufacturing company which manufactures about 2000
garments per day. Out of the 2000 manufactured garments 1750 are being distributed
to the dealers for sale. Then what about the remaining 250 garments?

Have they not been sold out?

Sets and fuzzy sets say "YES" they have not been sold. But this need not be
case every time, because there may be customers who come directly to the garment
company to make their purchase. Here comes "INTUITIONISTIC FUZZY SETS'.
Intuitionistic fuzzy sets contributes to the fact that the statement, "the remaining count
of garments were not sold out" is not true. Rather it reveals that this count may also
include the garments which were directly purchased by the customers at the company,
the garments which were circulated to the external designer agencies for additional
designing, the garments which were defective and hence forwarded for rework and
finally the garments which were not sold out. For this accuracy of statistical values we
have intuitionistic fuzzy sets.



In this thesis work a new class of intuitionistic fuzzy set namely "Intuitionistic
fuzzy regular generalized semipreclosed set” is being introduced. Further its
corresponding open set, continuous mapping, contra continuous mapping and almost
continuous mapping are being introduced and their respective properties are discussed.

In Chapter |, the recent developments in intuitionistic fuzzy topology
contributed by various authors are presented. This forms the basement for the

remaining chapters of thisthesis.

In Chapter Il, Intuitionistic fuzzy regular generalized semipreclosed sets are
introduced. The relationship between this newly introduced set and few of the already
existing intuitionistic fuzzy sets is being discussed. Further some of the

characterizations of this newly introduced set are discussed.

In Chapter 11l Regular generalized semipreopen sets in intuitionistic fuzzy
topologica spaces are introduced and the relationship between this newly introduced
set and some of the previoudy existing intuitionistic fuzzy sets are discussed.
Additionally, the theoretical applications of intuitionistic fuzzy regular generaized
semipre open sets are presented.

In Chapter 1V, Intuitionistic fuzzy regular generalized semipre continuous
mappings are introduced and the liaison of it with some of the previously existing
continuous mappings in intuitionistic fuzzy topologica spaces are investigated. Further
some fascinating theorems concerning intuitionistic fuzzy regular generalized semipre
continuous mappings are discussed.

In Chapter V intuitionistic fuzzy contra regular generalized semipre continuous
mappings are introduced which is followed by the relationship of it with some of the
already existing contra continuous mappings in intuitionistic fuzzy topological spaces.

Further few interesting theorems concerning it are discussed.

In Chapter VI, intuitionistic fuzzy amost regular generalized semipre
continuous mappings are introduced and some interesting theorems are discussed.
Moreover its liaison with few of the aready existing intuitionistic fuzzy continuous
mappings are presented. Throughout this thesis (X, 1). (Y, 0) and (Z, y) denote
intuitionistic fuzzy topological spaces on which no separation axioms are assumed

unless otherwise explicitly mentioned.
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REVIEW OF LITERATURE

The notion of fuzzy sets was given by Zadeh[1965]. Later this concept was
extended to intuitionistic fuzzy sets by Atanassov[1986]. Using the notion of
intuitionistic fuzzy sets, Coker[1997] introduced the concept of intuitionistic fuzzy
topological spaces. This was eventually followed by the introduction of three new
classes of sets namely intuitionistic fuzzy semi closed sets, intuitionistic fuzzy pre
closed sets, intuitionistic fuzzy a - closed sets by Gurcay, Coker and Haydar[1997]. In
1986 Andrijevic[1986] introduced a new class of setsin general topology namely semi-
preopen sets. Later this was succeeded by the introduction of intuitionistic fuzzy semi-
pre open sets and intuitionistic fuzzy semi-pre closed sets by Y oung Bae Jun and Seok
- Zun Song[2005]. These sets were then generalized by Santhi, R and Jayanthi,
D[2009]. Further intuitionistic fuzzy semi-pre continuous mappings were introduced
by the Santhi, R and Jayanthi, D[2010]. Biljana Krsteska and Erdal Ekici[2007]
introduced intuitionistic fuzzy contra pre continuous mappings and intuitionistic fuzzy

contra strongly pre continuous mappings.

1. FUZZY SETS
[Lotfi A. Zadeh., 1965]

In this article, the author has introduced a new class of sets namely
fuzzy sets which are characterized by a membership function which assigns to each
object a grade of membership ranging between zero and one. Further the author has
provided the notions of inclusion, union, intersection, complement, etc with respect to

the fuzzy sets.
2. INTUITIONISTIC FUZZY SETS
[Krassimir T. Atanassov., 1986]

In this article, the author has provided the notion of intuitionistic fuzzy
sets. This is considered to be the generalization on fuzzy sets. The highlight of this
particular article is that some relations and operations concerning classical sets are

extended to intuitionistic fuzzy sets.



3.  FUZZY TOPOLOGICAL SPACES
[C. L. Chang., 1968]

In this article, the author has introduced fuzzy topological spaces. This
concept is considered to be the generalization of general topological spaces. In brief,
the basic concepts such as fuzzy open set, fuzzy closed set, fuzzy neighbourhood,

fuzzy continuity etc., are discussed in depth.
4. INTUITIONISTIC FUZZY TOPOLOGICAL SPACES
[Dogan Coker., 1997]

In this article, the author has introduced intuitionistic fuzzy topological
space. The notions of intuitionistic fuzzy interior and intuitionistic fuzzy closure are
being provided and this is followed by the discussion of some important properties

concerning them. Furthermore, the notion of intuitionistic fuzzy continuity is provided.

S. ON FUZZY  CONTINUITY IN INTUITIONISTIC FUZZY
TOPOLOGICAL  SPACES

[H. Gurcay., D. Coker., and Haydar Es. A., 1997]

This article consists of the notions of intuitionistic fuzzy semiopen,
ituitionistic fuzzy preopen and intuitionistic fuzzy a-open sets and their corresponding
closed sets. Further the relationship between these sets are established.

6. INTUITIONISTIC FUZZY  ALPHA - CONTINUITY AND
INTUITIONISTIC FUZZY PRECONTINUITY

[Joung Kon Jeon., Y oung Bae Jun., and Jin Han Park., 2005]

In this article, the notion of intuitionistic fuzzy point is provided. Thisis
followed by the discussion of the relationship between some of the previously defined

intuitionistic fuzzy sets.



7. INTUITIONISTIC FUZZY  SEMI-PRE  OPEN SETS AND
INTUITIONISTIC FUZZY SEMI-PRE CONTINUOUSMAPPINGS

[Y oung Bae Jun., and Seok - Zun Song., 2005]

This article consists of the notion of intuitionistic fuzzy semi-preopen
sets and its corresponding closed sets. The properties regarding the union and
intersection of these sets are portrayed. Also, the relationship between this new class of
sets and some of the previously existing sets are discussed.

8. RELATION BETWEEN SEMIPRECLOSED SETS AND BETA
CLOSED SETS IN INTUITIONISTIC FUZZY TOPOLOGICAL
SPACES

[Jayanthi, D., 2013]

This article is considered to be a significant one as it clearly
distinguishes intuitionistic fuzzy semipreclosed sets and beta closed sets. The author
has additionally provided the relationship between these two sets.

9. INTUITIONISTIC FUZZY GENERALIZED SEMI-PRE CLOSED SETS
[Santhi, R., and Jayanthi, D., 2009]

In this article the concept of intuitionistic fuzzy semi-pre closed was
generaized. One of the interesting aspect of this article isthat it consists of the relation
between the particular set under consideration and various other previously existing

intuitionistic fuzzy sets.
10. INTUITIONISTIC FUZZY CONTRA STRONG PRECONTINUITY
[Biljana Krsteska., and Erdal Ekici., 2007]

This article consists of the notion of intuitionistic fuzzy contra strong
pre continuity. Additionally the authors have presented the notions of intuitionistic
fuzzy contra continuous mapping, intuitionistic fuzzy contra pre continuous mapping,

intuitionistic fuzzy contra al pha continuous mapping.
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PRELIMINARIES

Definition 1.1 [2] : Anintuitionigtic fuzzy set (IFS in short) A is an object having the
form

A={(X, Ha(X), va(x)) : X € X}
where the function pa : X — [0,1] and va : X — [0,1] denote the degree of
membership (namely pa(x)) and the degree of non membership (namely va(x)) of each
element x € X to the set A, respectively, and 0 < pa(x) + va(x) < 1 for each x € X.
Denote by IFS(X), the set of all intuitionistic fuzzy setsin X.

An intuitionistic fuzzy set A in X is simply denoted by A=(X, pa, Va) instead of
denoting A={(X, Pa(X), va(X)) : X € X}.

Definition 1.2[2] : Let A and B betwo IFSs of the form

A={(X, Ha(X), Va(X)) : X € X}
and
B={(x, us(x), ve(X)) : X € X}.

Then,
@ A cBifand only if pa(x) <pa(x) and va(x) = ve(x) for all x € X
() A=BifandonlyifAcBandA 2B

©  A°={(x,va(x), Ua(¥)) : x € X}

(d)  ANB ={(X, pa(x) A Ha(X), Va(X) V v&(X)): X € X}

(€)  AUB={(X, pa(X) V pa(X),va(x) A v(X)): X € X}.

The intuitionistic fuzzy sets O~ = (x, 0, 1) and 1~ = (X, 1, O) are respectively
the empty set and the whole set of X.



Definition 1.3 [4] : Anintuitionistic fuzzy topology (IFT in short) on X is a family t
of IFSsin X satisfying the following axioms:

(1) O~,1~€1
(i) GinGyetforany Gy GeT
(i) UG etforany family {Gi:i e JCc 1.

In this case the pair (X, 1) is called the intuitionistic fuzzy topological space
(IFTSin short) and any IFS in T is known as an intuitionistic fuzzy open set (IFOS in
short) in X. The compliment A° of an IFOS A in IFTS (X,1) is called an intuitionistic
fuzzy closed set (IFCSin short) in X.

Definition 1.4 [4] : Let (X, 1) be an IFTS and A= (X, Ua, Va) be an IFSin X. Then the

intuitionistic fuzzy interior and intuitionistic fuzzy closure are defined by
int(A)=u{ G/GisanIFOSinXandGCc A}
cl(A) =n{K/KisanIFCS in X and A € K}.
Note that for any IFS A in (X, 1), we have cl(A®) = (int(A))¢ and int(A°) = (cl(A))".
Definition 1.5[6] : AnIFSA = (X, Ja, Va) inan IFTS (X,1) is said to be an
() intuitionistic fuzzy regular closed set (IFRCS in short) if A = cl(int(A))
(i) intuitionistic fuzzy regular open set (IFROS in short) if A=int(cl(A))
Definition 1.6 [6] : AnIFSA = (X, ha, Va) inan IFTS (X,1) is said to be an
(1) intuitionistic fuzzy semi closed set (IFSCSin short) if int(cl(A)) € A
(i) intuitionistic fuzzy pre closed set (IFPCS in short) if cl(int(A)) € A
(iii)  intuitionistic fuzzy a closed set (IFaCS in short) if cl(int(cl(A))) € A
(iv)  intuitionistic fuzzy B closed set (IFBCS in short) if int(cl(int(A))) € A

The respective complements of the above IFCSs are called their respective
IFOSs. The family of all IFSCSs, IFPCSs, IFaCSs and IFBCSs (respectively IFSOSs,



IFPOSs, IFaOSs and IFBOSs ) of an IFTS (X, 1) are respectively denoted by IFSC(X),
IFPC(X), IFaC(X), IFBC(X) (respectively IFSO(X), IFPO(X), IFaO(X), IFBO(X)).

Definition 1.7[16] : AnIFSA = (X, Ua, Va) inan IFTS (X,1) is said to be an

(1) intuitionistic fuzzy semi-pre closed set (IFSPCS in short) if there exists an
IFPCSB suchthat int(B) € A € B

(i) intuitionistic fuzzy semi-pre open set (IFSPOS in short) if there exists an
IFPOS B such that B € A < cl(B)

The family of all IFSPCSs (respectively IFSPOSs) of an IFTS (X,1) is denoted
by IFSPC(X) (respectively IFSPO(X)).

Every IFSCS (respectively IFSOS) and every IFPCS (respectively IFPOS) is an
IFSPCS (respectively IFSPOS). But the separate converses need not hold in general.

Definition 1.8 [12] : Let Abean IFSinan IFTS (X, 1). Then the semi-preinterior and

the semi-pre closure of A are defined as

spint (A) =U {G|Gisan IFSPOSin Xand G € A}
spcl (A) =n {K|Kisan IFSPCSin X and A € K}

Note that for any IFS A in (X, 1), we have spcl(A®) = (spint(A))® and spint(A°) =
(spcl(A))°.

Definition 1.9[14] : AnIFSA isan

() intuitionistic fuzzy generalized closed set (IFGCS in short) if cl(A) € U

whenever A € U and U isan IFOS

(i) intuitionistic fuzzy regular generalized closed set (IFRGCS in short) if
cl(A) € U whenever A € U and U isIFROS.

Definition 1.10 [10] : An intuitionistic fuzzy point (IFP in short), written as peg), iS
defined to be an intuitionistic fuzzy set of X given by

— (O(, B) lf X = p’
Pap®) = {(0, 1) otherwise.

Anintuitionistic fuzzy point peg) is said to belong to a set A if a < pa and = va.



Definition 1.11[14] : Two IFSs are said to be g-coincident (A 4 B in short) if and only

if thereexistsan element x X such that pa(x) > vg(X) or va(X) < ps(X).

Definition 1.12 [14] : Two IFSs are said to be not g-coincident (A 4 B in short) if and
onlyif A BS

Definition 1.13 [12] : An IFS Ain an IFTS (X,1) is said to be an intuitionistic fuzzy
generalized semi-pre closed set (IFGSPCS for short) if spcl(A) U whenever A U
and U isan IFOSin (X, 1).

Definition 1.14 [14] : An IFTS (X,1) is said to be an intuitionistic fuzzy Ty, space
(IFTy2 space in short) if every IFGCS in (X,1) is an IFCS in (X,1).

Definition 1.15 [13] : If every IFGSPCS in (X, 1) is an IFSPCS in (X, 1), then the
space can be called as an intuitionistic fuzzy semi- pre Tv2 space (IFSPT12 space in
short).

Definition 1.16 [6] : Let f be a mapping from an IFTS (X, 1) into an IFTS (Y, 0). Then
f is said to be an intuitionistic fuzzy continuous (IF continuous in short) mapping if
f4B) IFO(X) forevery B o.

Definition 1.17[9] : Let f be a mapping from an IFTS (X, 1) into an IFTS (Y, 0).
Then f issaid to be an

(1) intuitionistic fuzzy semi continuous (IFS continuous in short) mapping if
f4B) IFSO(X)foreveryB o

(i) intuitionistic fuzzy o continuous (IFa-continuous in short) mapping if
f3B) IFaO(X) foreveryB o

(iii)  intuitionistic fuzzy pre continuous (IFP continuous in short) mapping if
f3B) IFPO(X) forevery B o.

Every IF continuous mapping is an IFa-continuous mapping and every
IFa-continuous mapping is an IFS continuous mapping as well as an IFP continuous
mapping, but the separate converses may not be true in general.



Definition 1.18 [14] : Let f be a mapping from an IFTS (X, 1) into an IFTS (Y, 0).
Then f is said to be an intuitionistic fuzzy generalized continuous (IFG continuous in
short) mapping if f1(B) IFGC(X) for every IFCSB Y.

Every IF continuous mapping is an IFG continuous mapping but the converse

may not be truein general.

Definition 1.19 [16] : Let f be a mapping from an IFTS (X, 1) into an IFTS (Y, 0).
Then f is said to be an intuitionistic fuzzy semi-pre continuous ( IFSP continuous in
short) mapping if f1(B) IFSPO(X) for every B o.

Every IFS continuous mapping and IFP continuous mappings are IFSP
continuous mapping but the converses may not be true in general[ 14].

Definition 1.20 [13] : A mapping f: (X, T) - (Y, 0) is called an intuitionistic fuzzy
generalized semi-pre continuous ( IFGSP continuous for short) mapping if (V) isan
IFGSPCS in (X, 1) for every IFCS V of (Y, 0).

Definition 1.21 [10] : Let f be a mapping from an IFTS (X, 1) into an IFTS (Y, o).

Then f issaid to be an

() intuitionistic fuzzy contra continuous mapping (IFC continuous mapping in
short) if f4(B) IFO(X) for each IFCSBinY

(i) intuitionistic fuzzy contra a continuous mapping (IFCa continuous mapping
in short) if f1(B) IFaO(X) for each IFCS B in Y

(iii)  intuitionistic fuzzy contra pre continuous mapping (IFCP continuous mapping
in short) if f1(B) IFPO(X) for each IFCSBinY

Result 1.22 [6] : Let A be an IFS in (X, 1), then

() sd(A)=A int(c(A))
(i)  snt(A) = A n d(int(A))

Result 1.23[11] : Let A bean IFS in (X, 1), then

()  acl(A)=A d(int(d(A)))
(i) aint(A) = A n int(cl(int(A)))



Theorem 1.24 [5] : Let (X,1) be an intuitionistic fuzzy topological space and A, B be

intuitionistic fuzzy setsin X. Then the following properties hold
a) int(A) A
b) A d(A)
) A B int(A) int(B)
d A B dA) cd(B)
e int(int(A)) = int(A)
f) d(cl(A)) =dl(A)
g) int(AnB) =int(A) n int(B)
h) c(A B)=cl(A) cl(B)
i) int(1~) = 1~
j) c(0~)=0~
Corollary 1.25[4] : Let A, B and C beintuitionistic fuzzy setsin X. Then,
ad (A B)and(C D) (A C (B D)ad(AnC) (BnD)
b) A BadA C A (BnO)
) A CandB C (A B) C
d A BandB C A C
e (A B)=A°nB°
fy (AnB)=A° B°
9 A B B° A°
h) (A%°=A
i) 0~°=1~

) 1-°=0-



Corollary 1.26 [4] : Let A, Ai(i € J) be intuitionistic fuzzy setsin X and B, Bj(j € K)
be intuitionistic fuzzy setsinY and f : X - Y be afunction. Then,

a A1 Ar f(A)  f(AY)

b) B Bz f'(By B

o A fYf(A) [If fisinjective, then A=F(f(A))]

d) f(f'(B)) B [If fissurjective, then B=f(f"}(B))]

e fi{ B)= f(B)

f) f1(nB) =n (B

g) f(0~)=0~

hy f1(1~) =1~

i) 4B = (f(B))°
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CHAPTER I

INTUITIONISTIC FUZZY REGULAR GENERALIZED
SEMIPRECLOSED SETS

In this chapter, we have introduced the notion of intuitionistic fuzzy regular
generalized semipreclosed sets and studied some of their properties including the
relation between intuitionistic fuzzy regular generalized semipreclosed sets and few of

the other already existing intuitionistic fuzzy sets.

Definition 2.1 : An IFS A'in an IFTS (X,1) is said to be an intuitionistic fuzzy regular
generalized semipreclosed set (IFRGSPCS in short) if spcl(A) U whenever A U
and U is an IFROS in (X,1).

The family of all IFRGSPCSs of an IFTS (X,1) is denoted by IFRGSPC(X).

Example 2.2 : Let X = {a, b} and G = (x, (0.5, 0.4), (0.5, 0.6)) where ps(a) = 0.5,
Ha(b) = 0.4, vs(@) = 0.5, vg(b) = 0.6. Then T = {0~, G, 1~} is an IFT on X. Let
A = (X, (0.4, 0.2), (0.6, 0.7)) be an IFS in X. Then, IFPC(X) = {0~, 1~, pa [0,1],
Mp  [01], va [0,1], vp» [0,1] / either y, = 0.6 or Y, < 0.4 whenever y, = 0.5,
Ma + Va < 1 and pp + vy < 1}. Therefore, IFSPC(X) = {0~, 1~, ya  [0,1], up  [0,1],
Va [0,1],vp [0,1]/pa+va<landpy+ vy <1}

Now spcl(A) = A. Wehave A  G. Hence spcl(A) G, where G is an IFROS
in X. Thisimpliesthat A isan IFRGSPCSin X.

Theorem 2.3: Every IFCSin (X,1) is an IFRGSPCS in (X,T) but not conversely.

Proof: Let A be an IFCS then cl(A) = A. Let A U and U is an IFROS. Then,
spcl(A)  cl(A)=A U, by hypothesis, A isan IFRGSPCS.

Theorem 2.4 : Every IFGCSin (X,1) is an IFRGSPCSin (X,1) but not conversely.

Proof : Let A U and U be an IFROS. Since every IFROS is an IFOS, U is an IFOS
in X. Then by hypothesiscl(A) U. Asspcl(A) cl(A) we have spcl(A)  U. Hence
A isan IFRGSPCS.



Theorem 2.5: Every IFSPCSin (X,1) is an IFRGSPCS in (X,T) but not conversely.

Proof : Let A bean IFSPCSand A U, whereU isan IFROS. Then since spcl(A) = A
and A U,wehavespcl(A) U.HenceA isan IFRGSPCS.

Theorem 2.6 : Every IFBCS in (X,1) is an IFRGSPCS in (X,1) but not conversely.

Proof : Let A be an IFBCS and A U, U is an IFROS. Then since Bcl(A) = A and
A U, wehave cl(A) U.HenceA isan IFRGSPCS.

Theorem 2.7 : Every IFSCSin (X,1) is an IFRGSPCS in (X,1) but not conversely.

Proof : Let A be an IFSCS. Since every IFSCS is an IFSPCS[16], by Theorem 2.5 we
get A isan IFRGSPCS.

Theorem 2.8: Every IFPCSin (X,1) is an IFRGSPCS in (X,1) but not conversely.

Proof : Let A be an IFPCS. Since every IFPCS is an IFSPCS[16], by Theorem 2.5 we
get A isan IFRGSPCS.

Theorem 2.9 : Every IFaCS in (X,1) is an IFRGSPCS in (X,1) but not conversely.

Proof : Let A be an IFaCS. Since every IFaCS is an IFSPCS [16] , by Theorem 2.5 we
get A isan IFRGSPCS.

Theorem 2.10: Every IFRCSin (X,1) is an IFRGSPCS in (X,T) but not conversely.

Proof : Let A be an IFRCS. Since every IFRCS is an IFCS [14], by Theorem 2.3 we
get A isan IFRGSPCS.

Thus we proved that every IFCS, IFPCS, IFSCS, IFRCS, IFGCS, IFSPCS, IFaCS,
IFBCS are IFRGSPCS.



The diagrammatic representation of the above theoremsis as follows.

IFCS |—» | IFGCS

[FRCS —* | [FaCS — |IFPCS|—® | IFRGSPCS

LT

[FSCS |—» | [FSPCS —| [FCS

In the above diagram the reverse implications are not true in general. This can

be easily seen from the following examples.

Example 2.11 : Let X ={a, b} and G = (x, (0.5, 0.4), (0.5, 0.6)) where ug(a) = 0.5,
Ma(b) = 0.4, vs(a) = 0.5, vg(b) = 0.6. Then 1 = {0~, G, 1~} isan IFT on X. Let
A = (X, (0.4, 0.2), (0.6, 0.7)) be an IFS in X. Then, IFPC(X) = {0~, 1~, pa [0,1],
Mp  [0,], va [0,1], vv» [0,1] / either pp = 0.6 or P, < 0.4 whenever p, = 0.5,
Ma+ Va< 1and pp + vp < 1}. Therefore, IFSPC(X) = {0~, 1~, ya  [0,1], u»  [0,1],
Va [0,1],vp [01] /pat+tva<land pp+ v, <1} Asspcl(A) = A wehaveA G
implies spcl(A) G, where G isan IFROS in X. Thisimplies that A is an IFRGSPCS
in X. Now sincecl(A) =G°#A, Aisnotan IFCSinX. AlsoA Ghbutcl(A) =G ¢
G. Therefore A isnot an IFGCSin X. Now cl(int(A)) = cl(0~) = 0~# A. Therefore A is
not an IFRCSin X. Hence A isan IFRGSPCS but not IFCS, IFGCS, IFRCS.

Example 2.12 : Let X ={a, b} and G = (X, (0.5, 0.6), (0.5, 0.4)) where ug(a) = 0.5,
Ha(b) = 0.6, vs(@) = 0.5, vg(b) = 0.4. Then T = {0~, G, 1~} is an IFT on X. Let
A = (X, (0.5, 0.7), (0.5, 0.3)) be an IFS in X. Then, IFPC(X) = {0~, 1~, ya [0,1],
Mb [0,1],va [0,1],vo [0,1] / yp< 0.6 whenever p,= 0.5, ya< 0.5 whenever pp = 0.6,
Ma + Vo< 1 and pp + vp < 1}. Therefore, IFSPC(X) = {0~, 1~, ya  [0,1], u» [O,1],
va  [01], vo [0,1] / pp < 0.6 whenever py = 0.5, Y < 0.5 whenever y, = 0.6,
Ma+Va<landpp+v,<1} Asspcl(A) = 1~,wehave A 1~ impliesspcl(A) 1~,
where 1~ isan IFROS. Thisimpliesthat A isan IFRGSPCS in X. Now since cl(int(A)



=cl(G) =1~ £ A weget A isnot an IFPCS in X. Further int(cl(int(A))) = int(1~) = 1~
Z A. Hence A is not an IFBCS in X. Also int(cl(A)) = int(1~) =1~ &€ A. Thus A is not
an IFSCS in X. Now since cl(int(cl(A))) = cl(1~) = 1~ € A, Ais not an IFaCS in X.
Further there exists no IFPCS B such that int(B) A  B. Therefore A is not an
IFSPCS in X. Hence A is an IFRGSPCS but not IFPCS, IFBCS, IFSCS, IFaCs,
IFSPCS.

Theorem 2.13 : Let (X,1) be an IFTS. Then for every A IFRGSPC(X) and for every
B IFS(X),A B spcl(A) B IFRGSPC(X).

Proof : Le¢e B U and U be an IFROS. Then since, A B, A U. By hypothesis,
B spcl(A). Therefore spcl(B) spcl(spcl(A)) = spcl(A) U, since A is an
IFRGSPCS. Hence B IFRGSPC(X).

Theorem 2.14 : An IFS A of an IFTS (X,1) is an IFRGSPCS if and only if
AF  spcl(A) o Ffor every IFRCSF of X.

Proof: Necessity : Let F be an IFRCS and A ¢ F, then by Definition 1.12, A F,
where F° is an IFROS. Then spcl(A) F°, by hypothesis. Hence again by
Definition 1.12, spcl(A) « F.

Sufficiency : Let U be an IFROS such that A U. Then U is an IFRCS and
A (U9 By hypothesis, A ¢ U spcl(A) o© U Hence by Definition 1.12,
spel(A)  (U9°=U. Thereforespcl(A) U. Hence A isan IFRGSPCS.

Theorem 2.15: Let (X,T) be an IFTS. Then every IFS in (X,1) is an IFRGSPCS if and
only if IFSPO(X) = IFSPC(X).

Proof: Necessity : Suppose that every IFS in (X,1) is an IFRGSPCS. Let
U IFRO(X), then U IFSPO(X) and by hypothesis, spcl(U) U spcl(U). This
implies spcl(U) = U. Therefore U IFSPC(X). Hence IFSPO(X)  IFSPC(X). Let
A IFSPC(X), then A IFSPO(X) IFSPC(X). That is, A° IFSPC(X). Therefore
A IFSPO(X). Hence IFSPC(X)  IFSPO(X). Thus IFSPO(X) = IFSPC(X).
Sufficiency : Suppose that IFSPO(X) = IFSPC(X). Let A U and U be an IFROS.
Then U IFSPO(X) and spcl(A)  spcl(U) = U, sinceU  IFSPC(X), by hypothesis.
Therefore A isan IFRGSPCS in X.



Theorem 2.16 : If A is an IFROS and an IFRGSPCS in (X,1) then A is an IFSPCS in
X)0).

Proof : Since A A and A is an IFROS, by hypothesis, spcl(A) A. But
A spcl(A). Therefore spcl(A) = A. Hence A isan IFSPCS.

Theorem 2.17 : Let A be an IFRGSPCS in (X,1) and p(a, B) be an IFP in X such that
int(p(a, B)) qspcl(A), then cl(int(p(a, B))) q A

Proof : Let A be an IFRGSPCS and let int(p(a, B)) q spcl(A). If cl(int(p(a, B))) 4 A
then by Definition 1.12, A [cl(int(p(a, B)))]¢ where [cl(int(p(a, B)))]¢ is an IFROS.
Then by hypothesis, spcl(A)  [cl(int(p(a, B))]° = int(cl(p(a, B)?))  cl(p(a, B)9) =
(int(p(a, PB)))e. This implies that spcl(A) (int(p(a, B)))c. Therefore by
Definition 1.12, int(p(a, B)) ¢ spcl(A), which is a contradiction to the hypothesis.
Hence cl(int(p(a, B))) q A.

Theorem 2.18: LeteF A X whereA isan IFROS and an IFRGSPCSin X. Then F
isan IFRGSPCSin A if and only if Fisan IFRGSPCSin X.

Proof : Necessity : Let U bean IFROSinX andF U. Also let F be an IFRGSPCSIin
A.ThenclearlyF A nUandA n UisanIFROSIin A. Hence the semipre closure of
FinA, spcla(F) A n U. By Theorem 2.16, A is an IFSPCS. Therefore spcl(A) = A
and the semipre closure of F in X, spcl(F)  spcl(F) n spcl(A) = spcl(F) n A =
spcla(F) A n U U. Thatis, spcl(F) U whenever F U. Hence F is an
IFRGSPCSinA.

Sufficiency : Let V bean IFROSin A suchthat F V. SinceA isan IFROSin X \V is
an IFROS in X. Therefore spcl(F) V, since F is an IFRGSPCS in X. Thus
spcla(F) =spcl(F) nA VnA V.HenceFisan IFRGSPCSinA.

Theorem 2.19: Let (X, 1) be an IFTS, then for every A IFSPC(X) and for every IFS
BinX,intf(A) B A B IFRGSPC(X).

Proof : Let A be an IFSPCS in X. Then by Definition 1.6, there exits an IFPCS, say C
such that int(C) A C. By hypothesis, B A. Therefore B C. Sinceint(C) A,
int(C) int(A) and int(C) B. Thus int(C) B C and by Definition 1.7,
B IFSPC(X). Hence by Theorem 2.5, B IFRGSPC(X).
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CHAPTER 11

REGULAR GENERALIZED SEMIPREOPEN SETSIN
INTUITIONISTIC FUZZY TOPOLOGICAL SPACES

In this chapter, we have introduced the notion of intuitionistic fuzzy regular
generalized semipreopen sets and studied some of their properties.

Definition 3.1 : The complement A° of an IFRGSPCS A in an IFTS (X,1) is called an
intuitionistic fuzzy regular generalized semipreopen set (IFRGSPOS in short) in X.

The family of all IFRGSPOSs of an IFTS (X,1) is denoted by IFRGSPO(X).

Theorem 3.2 : Every IFOS, IFGOS, IFSOS, IFPOS, IFSPOS, IFaOS, IFBOS, IFROS

isan IFRGSPOS but the converses are not true in general.
Proof: Straightforward.

Example 3.3 : Let X = {a, b} and G = (x, (0.5, 0.4), (0.5, 0.6)) where ps(a) = 0.5,
Ma(b) = 0.4, vs(a) = 0.5, vg(b) = 0.6. Then 1 = {0~, G, 1~} isan IFT on X. Let
A =(x, (0.6, 0.7), (0.4, 0.2)) be an IFS in X. Then, IFPC(X) = {0~, 1~, ya [0,1],
b  [0,1], va [0,1], vv» [0,1] / either pp = 0.6 or P, < 0.4 whenever Py = 0.5,
Ma + Va< 1 and Wy + vy < 1}. Therefore, IFSPC(X) = {0~, 1~, ya  [0,1], o  [0,1],
Va [01], vo [0] / Pa+ Vva< 1 and pp + vy < 1} As spcl(A°®) = AS, we have
A°  G°impliesspcl(A®  G°, where G isan IFROS in X. Thisimplies that A®is an
IFRGSPCS in X and hence A is an IFRGSPOS. Now sinceint(A) =G # A, Alis not an
IFOS in X. Also G° A but G° ¢ int(A). Therefore A is not an IFGOS in X. Now
int(cl(A)) = int(1~) = 1~ # A. Therefore A is not an IFROS in X. Hence A is an
IFRGSPOS but not IFOS, IFGOS, IFROS.

Example 3.4 : Let X = {a, b} and G = (x, (0.5, 0.6), (0.5, 0.4)) where pg(a) = 0.5,
Ma(b) = 0.6, vs(a) = 0.5, vg(b) = 0.4. Then 1 = {0O~, G, 1~} is an IFT on X. Let
A = (x, (0.5, 0.3), (0.5, 0.7)) be an IFS in X. Then, IFPC(X) = {0~, 1~, ya [0,1],
Mp [0,1],va [0,1],vp [0,1]/ pp< 0.6 whenever py= 0.5, y5< 0.5 whenever p,= 0.6,
Ma + Va < 1and pp + vy < 1}. Therefore, IFSPC(X) = {0~, 1~, ua [0,1], up [0,1],
Va [0,1],vy [0,1] / yp< 0.6 whenever p,= 0.5, a< 0.5 whenever pp= 0.6, Ha+ Va< 1



and pp + Vp < 1}. As spcl(A°) = 1~, we have A® 1~ implies spcl(A®)  1~, where
1~isan IFRCS. Thisimpliesthat A®isan IFRGSPCSin X. Hence A is an IFRGSPOS
in X. Now since A & int(cl(A)) = int(G°) = 0~, we get A isnot an IFPOS in X. Further
A & cl(int(cl(A))) = cl(int(G")) = cl(0~) = O~. Hence A is not an IFBOS in X. Also
A & cl(int(A)) = cl(0~) = O~ Thus A is not an IFSOS in X. Now since A &
int(cl(int(A))) = int(cl(0~)) = int(0~) = 0~, A is not an IFaOS in X. Further there exists
no IFPOSB suchthat A B  cl(A). Therefore A isnot an IFSPOS in X. Hence A is
an IFRGSPOS but not IFPOS, IFBOS, IFSOS, IFa0S, IFSPOS.

Theorem 3.5: Let (X, 1) be an IFTS. Then for every A IFRGSPO(X) and for every
B IFS(X), spint(A) B A B IFRGSPO(X).

Proof: Let A be any IFRGSPOS of X and B be any IFS of X. Let spint(A) B A.
Then A®is an IFRGSPCS and A° B°  spcl(A°®). Therefore B® is an IFRGSPC, by
Theorem 2.13. Thisimplies B isan IFRGSPOS in X. HenceB  IFRGSPO(X).

Theorem 3.6 : Let (X, T) be an IFTS. Then for every A IFS(X) and for every
B IFPO(X),B A c(int(B)) A IFRGSPO(X).

Proof : Let B be an IFPOS. Then B int(cl(B)). By hypothesis, A cl(int(B))
cl(int(int(cl(B)))) = cl(int(cl(B))) cl(int(cl(A))) asB A. Therefore A is an IFBOS
and by Theorem 3.2, A isan IFRGSPOS. Hence A  IFRGSPO(X).

Theorem 3.7 : An IFS A of an IFTS (X, 1) is an IFRGSPOS if and only if F
spint(A) whenever Fisan IFRCSand F  A.

Proof: Necessity : Suppose A is an IFRGSPOS. Let F be an IFRCS such that F A,
Then F® is an IFROS and A®  F°. By hypothesis A® is an IFRGSPCS, we have
spel(A9)  FS. Therefore F spint(A).

Sufficiency : Let F be an IFRCS such that F A, then F  spint(A). That is
(spint(A))°  F°. Thisimplies spcl(A®)  F° where F® is an IFROS. Therefore A® is an
IFRGSPCS. Hence A is an IFRGSPOS.

Theorem 3.8 : Let (X, 1) be an IFTS then for every A IFSPO(X) and for every IFS B
inX,A B c(A) B IFRGSPO(X).



Proof : Let A bean IFSPOS in X. Then by Definition 1.7, there exists an IFPOS, say C
suchthat C A cl(A). By hypothesis, A B. ThereforeC B. Since A  cl(C),
cd(A) cd(CandB cl(C). ThusC B cl(C). ThisimpliesB isan IFSPOSin X.
Then by Theorem 3.2, B isan IFRGSPOS. ThatisB  IFRGSPO(X).

31 APPLICATIONS

The concept of intuitionistic fuzzy semipre Ty, Space was introduced by
Santhi, R. and Jayanthi, D[13] in 2009. In this section we have discussed some

applications of intuitionistic fuzzy regular generalized semipreclosed sets.

Definition 3.1.1 : If every IFRGSPCS in (X, 1) is an IFSPCS in (X, 1), then the space
can be caled as an intuitionistic fuzzy regular semipre Ty, space (IFRSPTy, in short).

Theorem 3.1.2 : An IFTS (X, 1) is an IFRSPTy, space if and only if
IFSPO(X) = IFRGSPO(X).

Proof : Necessity : Let A be an IFRGSPOS in (X, 1), then A® is an IFRGSPCS in
(X, 1). By hypothesis, A® is an IFSPCS in (X, 1) and therefore A is an IFSPOS in
(X, 1). Hence IFSPO(X) = IFRGSPO(X).

Sufficiency : Let A be an IFRGSPCSin (X, T). Then A is an IFRGSPOS in (X, 1). By
hypothesis A is an IFSPOS in (X, 1) and therefore A is an IFSPCS in (X, T). Hence
(X, 1) is an IFRSPT 1, space.

Remark 3.1.3 : Not every IFRSPT1/; space is an IFT1» space. This can be seen easily

by the following example.

Example 3.1.4 : Let X ={a, b} and G = (x, (0.5, 0.4), (0.5, 0.6)) where ps(a) = 0.5,
Ha(b) = 0.4, vs(a) = 0.5, vg(b) = 0.6. Then T = {0~, G, 1~} is an IFT on X. Then,
IFPC(X) = {0~, 1~, pa [0,1], up» [0,1], va [O,1], vv» [0O,1] / either pyp = 0.6 or
Up < 0.4 wheneve Y= 0.5, My + Vo< 1 and Yy, + vy < 13}, Therefore, IFSPC(X) = {0~, 1~,
Ma [0,1], b [0,], va [0,1], vvo [0,1] / pa+ va<1and Wy + vp < 1} Since all
IFRGSPCS in X are IFSPCS in X, (X, 1) is an IFRSPTy, space. But itisnot a IFTy,
gpace since if A = (X, (0.5, 0.7), (0.5, 0.3)), then cl(A) = 1~ 1~ whenever A 1~



Hence A isan IFGCSin X but cl(A) =1~ # A, Aisnot an IFCSin X. Therefore (X, 1)

isnot an IFT 4, space.

Theorem 3.1.5: Let (X, 1) be an IFTS and X is an IFRSPTy/, space, then the following

conditions are equivalent:
() A IFRGSPO(X) @iy A c(int(cl(A))) (iii) cl(A)  IFRC(X).

Proof : (i) (ii) Let A bean IFRGSPOS. Then since X isan IFRSPT 1, space, A isan
IFSPOS. Since every IFSPOS is an IFBOS [8] weget, A  cl(int(cl(A))).

@iy (i) Let A cl(int(cl(A))). Then cl(A) cl(cl(int(cl(A)))) = cl(int(cl(A)))
cl(cl(A)) = cl(A). Therefore cl(A) = cl(int(cl(A))). Hence cl(A)  IFRC(X).

(iii) (i) Since cl(A) is an IFRCS, cl(A) = cl(int(cl(A))) and since A cl(A),
A cl(int(cl(A))). Therefore A is an IFBOS. Hence by Theorem 3.2,
A IFRGSPO(X).

Theorem 3.1.6 : Let (X, 1) be an IFTS and X isan IFRSPTy/, space, then the following

conditions are equivalent:
(A IFRGSPC(X) (i) int(cl(int(A))) A @iii) int(A)  IFRO(X).

Proof : (i) (ii) Let A bean IFRGSPCS. Then since X isan IFRSPT 1/, space, A isan
IFSPCS. Since every IFSPCSisan IFBCS [8] we get, int(cl(int(A))) A.

(i) (i) Letint(cl(int(A))) A.Then int(A) int(int(cl(int(A)))) = int(cl(int(A)))
int(int(A)) = int(A). Therefore int(cl(int(A))) = int(A). Henceint(A) IFRO(X).

@iii) (i) Since int(A) is an IFROS, int(A) = (int(cl(int(A))) and since int(A)  (A),
int(cl(int(A)))  A. Therefore A is an IFBCS which implies A® is an IFBOS. Hence by
Theorem 3.2, A®is an IFRGSPOS. Therefore A IFRGSPC(X).

Definition 3.1.7 : An IFTS (X, 1) is said to be an intuitionistic fuzzy regular semipre
T 12 space (IFRSPT 1, in short) if every IFRGSPCSisan IFRCSin (X, 1).



Remark 3.1.8 : Every IFRSPT 1, spaceis an IFRSPTy, space but not conversely.

Proof : Let (X, T) be an IFRSPT 1, space. Let A be an IFRGSPCS in (X, T). By
hypothesis, A isan IFRCS. Since every IFRCSisan IFSPCS, A isan IFSPCSin (X, 1).
Hence (X, 1) isan IFRSPT 1, space.

Example 3.1.9 : Let X ={a, b} and G = (X, (0.5, 0.4), (0.5, 0.6)) where ps(a) = 0.5,
Ha(b) = 0.4, vs(a) = 0.5, vg(b) = 0.6. Then T = {0~, G, 1~} isan IFT on X. Then,
IFPC(X) = {0~, 1~, ya  [0,1], up» [0,1], va [O,1], vv» [0O,1] / either yp = 0.6 or
Mp < 0.4 whenever P, = 0.5, Mg+ va< 1 and pp + vp < 1} Therefore, IFSPC(X) = {0~,
1~,pMa [0,1], M [0], va [0,1],vs [0,1] /pa+ Va<1andpy+ vy <1} Since all
IFRGSPCS in X are IFSPCS, (X, 1) is an IFRSPT 1, space since if A = (x, (0.5, 0.7),
(0.5, 0.3)), then spcl(A) = A 1~ whenever A 1~ Hence A is an IFRGSPCS in X
but since cl(int(A)) = cl(G) = G° # A, A isnot an IFRCS in X. Therefore (X, 1) is not
an IFRSPT 1, space.
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CHAPTER IV

INTUITIONISTIC FUZZY REGULAR GENERALIZED
SEMIPRE CONTINUOUS MAPPINGS

Continuity is considered to be one of the core concepts of topology. In this
chapter, we have given the notion of Intuitionistic fuzzy regular generalized semipre
continuous mapping. Further we have discussed the liaison of the intuitionistic fuzzy
regular generalized semipre continuous mapping and few of the aready existing
intuitionistic fuzzy continuous mappings which is followed by the discussion of few
fascinating theorems concerning intuitionistic fuzzy semipre continuous mappings in
IFRGSPTy, space.

Definition 4.1 : A mapping f: (X, 1) - (Y, 0) is called an intuitionistic fuzzy regular
generalized semipre continuous (IFRGSP continuous in short) mapping if (V) is an
IFRGSPCS in (X, 1) for every IFCS V in (Y, 0).

Example4.2: Let X ={a b} andY ={u, v} and G; = (%, (0.5, 0.4), (0.5, 0.6)) and
G2 =(x, (0.6,0.7), (0.4,0.2)). ThenT={0~, G1, 1~} and 0 = {0~, G,, 1~} are IFTson
X and Y respectively. Then, IFPC(X) = {0~, 1~, ya  [0,1], u»  [0,1], va [O,1],
vy [0,1] / either pp = 0.6 or U, < 0.4 whenever pa= 0.5, g+ va< 1 and pp + vp < 1}
Therefore, IFSPC(X) ={0~, 1~, ya [0,1], b [0,1],va [0,1], Vo [0,1] /pat+Va<1
and Pp + Vp < 1}. Now G° = (y, (0.4, 0.2), (0.6, 0.7)) is an IFCS in Y. Therefore
4G = (x, (04, 0.2), (0.6, 0.7)). We have spcl(f{(G,°)) = f{(G). We have
f1GY) Gy Hence spal(fX(G,%) Gy, where Gy is an IFROS in X. This implies
f1(G,%) isan IFRGSPCSin X. Therefore f is an IFRGSP continuous mapping.

Remark 4.3 : Every IF continuous mapping, IFG continuous mapping, IFS continuous
mapping, IFP continuous mapping, IFSP continuous mapping, IFB continuous
mapping, IFa continuous mapping, IFGSP continuous mapping are IFRGSP

continuous mapping but their converses need not be true in general.

Example4.4: Let X ={a b} andY ={u, v} and G; = (%, (0.5, 0.4), (0.5, 0.6)) and
G2 =(y, (0.6, 0.7), (0.4, 0.2)). ThenT={0~, G, 1~} and 0 = {0~, G,, 1~} are IFTson
X and Y respectively. Then, IFPC(X) = {0~, 1~, ya [0,1], u»  [0,1], va [O,1],



Vp [0,1] / either pp = 0.6 or pp < 0.4 whenever P> 0.5, ha + va< 1 and pp + vp < 1}
Therefore, IFSPC(X) ={0~, 1~, ya  [0,1], b [0,1],va [0,1],Vvp [0,1] /Pat+Va<1
and up + vp < 1}
Now G,* = (y, (0.4, 0.2), (0.6, 0.7)) is an IFCS in Y. Therefore
G = (x, (0.4, 0.2), (0.6, 0.7)). We have spcl(f}(G,Y)) = fY(G,°). We have f(G.°)
Gi. Hence spal(f4(G,%)) Gy, where Gy isan IFROSin X. Thisimplies f}(G) is
an IFRGSPCSin X. Therefore f is an IFRGSP continuous mapping.
We have G, isIFOSin Y, but f1(G,) = (x, (0.6, 0.7), (0.4, 0.2)) is not an IFOS
in X, since int(f4(Gy)) = G; # fY(Gy). Now f}(GY) Gy but cl(f{(GY)) = G° & Gu.
Therefore (G, is not an IFGCS. Hence f is an IFRGSP continuous mapping but

neither IF continuous mapping nor IFG continuous mapping.

Example45: Let X ={a b} andY ={u, v} and G; = (%, (0.5, 0.6), (0.5, 0.4)) and
G2 =(y, (0.5, 0.3), (0.5, 0.7)). ThenT={0~, Gy, 1~} and 0 = {0~, G, 1~} are IFTson
X and Y respectively. Then, IFPC(X) = {O~, 1~, ya [0,1], u» [0,1], va [0,1],
Vp  [0,1] / pp < 0.6 whenever pz = 0.5, ya < 0.5 whenever P, = 0.6, Ja + va < 1 and
Mp + Vp < 1}. Therefore, IFSPC(X) = {O~, 1~, pya [0,1], o [0,1], va [0O,1],
Vp [0,1] / yp < 0.6 whenever p,= 0.5, u3< 0.5 whenever yp= 0.6, ha+ va< 1 and pp +
Vp < 1}. Now G,° = (y, (0.5, 0.7), (0.5, 0.3)) isan IFCSin Y.

Therefore (G, = (x, (0.5, 0.7), (0.5, 0.3)). We have spcl(f{(G)) = fHGy).
We have f}(G,%)  G. Hence spal(f4(G,%)) Gy, where G; is an IFROS in X. This
implies f4(G,") is an IFRGSPCS in X. Therefore f is an IFRGSP continuous mapping.

We have int(cl(f4(GY))) = int(1~) = 1~ & £(G,°) which implies f(G,°) is not
an IFSCSin X. Therefore f is not an IFS continuous mapping.

Also we have cl(int(f4(G?))) = c(Gy) = 1~ & (G, which implies f}(G,°) is
not an IFPCS in X. Hencef is not an IFP continuous mapping.

Furthermore f(G,) is not an IFSPCS in X, since there exists no IFPCS B in X
suchthat int(B) f%(G,°) B. Thereforef isnot an IFSP continuous mapping.

Also we have int(cl(int(f%(Gy9)))) = int(cl(Gy)) = int(1~) = 1~ ¢ fXGY).
Hence f(G,°) is not an IFBCS in X. Thus f is not an IFB continuous mapping.

Further we have c(int(cl(f%(G.Y)))) = cl(int(1~)) = cl(1~) = 1~ ¢ fYGO).

Therefore f4(G,°) isnot an IFaCSin X. Hence f is not an | Far continuous mapping.



The relation between various types of intuitionistic fuzzy continuity is given in

the following diagram. In this diagram “cts.” means continuous.

IFRGSP cts.

IFp ets. I IFS cts.

—— | 1FGsPets.

S

IFSP cts.

IFP cts. I IFG cts.

T

IFu cts.

IF cts.

Theorem 4.6 : A mapping f: (X, 1) - (Y, 0) is an IFRGSP continuous mapping if and
only if theinverseimage of each IFOSinY isan IFRGSPOS in X.

Proof : The proof is obvious since fY(A%) = (f(A))°.

Theorem 4.7 : 1f f: (X, T) - (Y, 0) is an IFRGSP continuous mapping then for each
IFP p(a, B) of X and each A o such that f(p(a, B)) A, there exists an IFRGSPOS B
of X such that p(a, ) Bandf(B) A.

Proof : Let p(a, B) be an IFP of X and A o such that f(p(a, B)) A. Put B = f*(A).
Then by hypothesis B is an IFRGSPOS in X such that p(a, ) B and f(B) = f(f"*(A))
A.

Theorem 4.8 : If f: (X, 1) - (Y, 0) is an IFRGSP continuous mapping then for each
IFP p(a, B) of X and each A ¢ such that f(p(a, B)) qA, there exists an IFRGSPOS of
X such that p(a, B)qBandf(B) A.



Proof : Let p(a, B) bean IFP of X and A ¢ such that f(p(a, B)) ¢ A. Put B = fA).
Then by hypothesis B is an IFRGSPOS in X such that p(a, B) B and f(B) = f(F1(A))
A.

Theorem 4.9 : Letf: (X, 1) - (Y, 0) is an IFRGSP continuous mapping, then f is an
|FSP continuous mapping if X isan IFRSPT 1/, space.

Proof : Let V be an IFCS in Y. Since every IFCS is an IFGSPCS[12], V is an
IFGSPCSin Y. f(V) is an IFRGSPCS in X, as f is an IFRGSP continuous mapping.
Again since X is an IFRSPTy, space, (V) is an IFSPCS in X. Hence f is an IFSP

continuous mapping.

Theorem 4.10 : Let f: (X, T) - (Y, o) is an IFRGSP continuous mapping and
g:(Y,0) - (Z vy)is an IFG continuous mapping and Y is an IFTy, space, then
geof : (X, 1) - (Z,v) is an IFRGSP continuous mapping.

Proof : Let V bean IFCSinZ. Theng™(V)isan IFGCSinY, asgisal|FG continuous
mapping. Since Y isan IFTy; space, g*(V) isan IFCSin Y. Therefore f(g*(V)) isan
IFRGSPCS in X, as f is an IFRGSP continuous mapping. Hence g o f is an IFRGSP

continuous mapping.

Theorem 4.11: Letf: (X, 1) - (Y, 0) beamapping froman IFTS X intoan IFTS Y.

Then the following conditions are equivalent if X isan IFRSPT 1, space:
() f isan IFRGSP continuous mapping

(i) If Bisan IFOSin Y then f(B) isan IFRGSPOS in X

(i) fXint(B)) cl(int(cl(f(B)))) for every IFSBinY

Proof : (i) < (ii) isobviously true by Theorem 4.6.

(i) (iii) Let Bbeany IFSinY. Thenint(B) isan IFOSin Y. Then f(int(B)) is an
IFRGSPOS in X, by hypothesis. Since X is an IFRSPTy, space f(int(B)) is an
IFSPOS in X. Therefore f(int(B))  cl(int(cl(f(int(B)))))  cl(int(cl(f*(B)))).

(i) (i) Let B be an IFOS in Y. Then int(B) = B. By hypothesis f*(B)
cl(int(cl(f}(B)))). This implies f(B) is an IFBOS in X. Therefore it is an IFRGSPOS
in X, by Theorem 3.2. Hencef is an IFRGSP continuous mapping, by Theorem 4.6.



Theorem 4.12: Let f: (X, 1) - (Y, 0) beamapping froman IFTS X intoan IFTS Y.

Then the following conditions are equivalent if X and Y are an IFRSPT 1/, spaces:
() f isan IFRGSP continuous mapping

(i)  int(c(int(f(B)))) f*(spcl(B)) for each IFCSBinY

(iiiy  fYspint(B)) cl(int(cl(f"*(B)))) for each IFOS B of Y

(iv)  f(int(cl(int(A)))) cl(f(A)) for each IFS A of X

Proof : (i) (ii) Let B bean IFCSinY. Thisimplies B is an IFSPCS, since every
IFCS is an IFSPCS[16]. Therefore spcl(B) = B. Further f*(B) is an IFRGSPCS in X,
by hypothesis. Since X is an IFRSPTy, space, f*(B) is an IFSPCS in X. Furthermore
since every IFSPCS is an IFBCS[8], we get int(cl(int(F(B)))) f*(B) = f*(spcl(B)),
as spcl(B) = B.

(@ii)  (iii) can be easily proved by taking complement in (ii).

(iii) (iv) Let A beanlIFSin X.ThenB =f(A)inY andtherefore A f*(B). Here
int(f(A)) = int(B) is an IFOS in Y. Then (iii) implies that f*(spint(int(B)))
c(int(c(fF(int(B)))))  cl(int(cl(f*(B)))). Now (cl(int(cl(A%)))®  (cl(int(cl(F*(B)9))))°

(FY(spint(int(B9))))°.  Therefore int(cl(int(A))) f(spcl(cl(B))). Now
(int(cl(int(A))))  f(fY(spcl(cl(B)))) cl(B) = cl(f(A)).

(@iv) (i) Let B be any IFCS in Y, then f%(B) is an IFS in X. By hypothesis
f(int(cl (int(f"(B))))) cl(f(FY(B))) c(B) = B. Now int(cl(int(f*(B))))
A @int(cl(int(F4(B)))))) f3(B). This implies f(B) is an IFBCS and hence
itisan IFRGSPCSin X, by Theorem 2.6. Thusf isan IFRGSP continuous mapping.

Theorem 4.13 : A mapping f: (X, 1) - (Y, 0) is an IFRGSP continuous mapping if
c(intc(f*(A)) fYcl(A)) for every IFSAinY.

Proof : Let A be an IFOS in Y then A® is an IFCS in Y. By hypothesis,
d(intc(f*(A%)) Fcl(AY)) = F1A°), since A®isan IFCS. Now (int(cl(int(f *(A)))))°
= c(int(c(f*(AY)) FHAY = (F}A))S. This implies f1(A) int(cl(int(f*(A)))).
Hence f*(A) is an IFaOS in X and hence it is an IFRGSPOS in X, by Theorem 3.2.
Therefore f is an IFRGSP continuous mapping, by Theorem 4.6.



Theorem 4.14 : Let f: (X, 1) - (Y, 0) beamapping froman IFTS X into an IFTS Y
where X is an IFRSPTy, space. Then f is an IFRGSP continuous mapping if and only
if int(cl(int(f"*(A))))  fY(cl(A)) for every IFSA inY.

Proof : Necessity : Let f be an IFRGSP continuous mapping then f*(B) is an
IFRGSPCSin X for every IFCSBinY.Let AbeanIFSinY. Thencl(A) isan IFCSin
Y. By definition 4.1, f*(cl(A)) is an IFRGSPCS in X. Since X is an IFRSPTy, space,
f2(cl(A)) is an IFSPCS. Since every IFSPCS is an IFBCS[8],we get f(cl(A)) is an
IFBCS in X. Therefore int(cl(int(F*(cl(A)))))  f(cl(A)). Now int(cl(int(f"*(A))))
int(cl(int(FX(cl(A)))  Ficl(A)).

Sufficiency : Let A be an IFCSin Y. By hypothesis, int(cl(int(f*(A))))  f(cl(A)) =
f1(A). This implies f(A) is an IFBCS in X and hence it is an IFRGSPCS, by
Theorem 2.6. Thusf is an IFRGSP continuous mapping.
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CHAPTER YV

INTUITIONISTIC FUZZY ALMOST REGULAR GENERALIZED
SEMIPRE CONTINUOUS MAPPINGS

In this chapter, we have introduced the notion of intuitionistic fuzzy almost
regular generalized semipre continuous mappings and some of their properties are
investigated.

Definition 5.1 : A mapping f : X - Y is said to be an intuitionistic fuzzy almost
regular generalized semipre continuous (IFaRGSP continuous in short) mapping if
f1(A) isan IFRGSPCSin X for every IFRCSA in Y.

Example5.2: Let X ={a b} and Y ={u, v} and G; = (x, (0.5, 0.4), (0.5, 0.6)) and
G2 =(y, (0.2, 0.3), (0.8, 0.7)), where pc1(a) = 0.5, psi(b) = 0.4, vei(a) = 0.5, vei(b) =
0.6 and pe2(u) = 0.2, pe2(v) = 0.3, ve(u) = 0.8, vea(v) = 0.7. Then 1 = {0~, G4, 1~}
and ¢ = {0~, G, 1~} ae IFTs on X and Y respectively. Define a mapping
f: (X 1 > (Y, 0) by f(a) = u and f(b) = v. Then, IFPC(X) = {0~, 1~, ya [0,1],
Mp  [0,1], va [0,1], v» [0,1] / either p, = 0.6 or Y, < 0.4 whenever y, = 0.5,
Ha + Va < 1 and Py + vp < 1}. Therefore, IFSPC(X) = {0~, 1~, ua [0,1], u» [0,1],
Va [0,1],vp [0,1]/pa+va<1andpp+ v, < 1} Now G,° = (y, (0.8, 0.7), (0.2, 0.3))
isan IFRCSin Y, since cl(int(Gy)) = cl(G,) = G,°. We have f}(G,%) = (x, (0.8, 0.7),
(0.2, 0.3)). Now fYG,%) 1~ where 1~ is an IFROS in X. Also spcl(f}(GY)) =
4G 1~ Therefore f}(G,°%) is an IFRGSPCS in X. Thus f is an |IFaRGSP

continuous mapping.

Theorem 5.3 : Every IF continuous mapping is an IFaRGSP continuous mapping but
not conversely.

Proof : Let f: (X, 1) - (Y, 0) bean IF continuous mapping. Let V bean IFRCSin Y.
Since every IFRCS is an IFCS, V is an IFCSin Y. Then f(V) is an IFCS in X. By
Theorem 2.3, every IFCS is an IFRGSPCS. Therefore (V) is an IFRGSPCS in X.
Hence f is an IFaRGSP continuous mapping.



Example54: Let X ={a b} andY ={u, v} and G; = (%, (0.5, 0.4), (0.5, 0.6)) and
G2 =(y, (0.2, 0.3), (0.8, 0.7)). Then T = {0~, G4, 1~} and 0 = {0~, G, 1~} are IFTson
X and Y respectively. Define a mapping f : (X, 1) - (Y, o) by f(a) = u and f(b) = v.
Then, IFPC(X) = {0~, 1~, ya [0,1], u» [0,1],va [O,1], vy [0O,1]/ either yp=0.6 or
Mp < 0.4 whenever Ja= 0.5, Ha + Vo< 1 and Up + vy < 1}. Therefore, IFSPC(X) = {0~,
1~,pa [0,1], up [0], va [0,1],vp [0,1]/pat+Vva<landHp+v,<1}

Now G;° = (y, (0.8, 0.7), (0.2, 0.3)) isan IFRCSin Y, since cl(int(G,")) = cl(Gy)
= G,°. We have f{(Gy°) = (x, (0.8, 0.7), (0.2, 0.3)). Now f}(G,%)  1~, where 1~ isan
IFROS in X. Therefore f3(G,°) is an IFRGSPCS in X. Thus f is an IFaRGSP

continuous mapping. Now cl(f%(G,°)) = 1~ # f(G,°). Hence f is not an IF continuous

mapping.

Theorem 5.5 : Every IFG continuous mapping is an IFaRGSP continuous mapping but
not conversely.

Proof : Letf: (X, 1) - (Y, 0) bean IFG continuous mapping. Let V bean IFRCSin Y.
Since every IFRCSisan IFCS, V isan IFCS in Y. Then f(V) isan IFGCSin X. By
Theorem 2.4, every IFGCS is an IFRGSPCS. Therefore f(V) is an IFRGSPCS in X.
Hence f is an IFaRGSP continuous mapping.

Example 56 : Let X ={a b} and Y = {u, v} and G; = (x, (0.7, 0.8), (0.3, 0.2)),
G2 = (X, (0.6, 0.7), (0.4, 0.3)), Gz =y, (0.5, 0.4), (0.5, 0.6)). Then 1 = {0~, Gy, Gy, 1~}
and ¢ = {0~, G3, 1~} are IFTs on X and Y respectively. Define a mapping
f:(X, 1) > (Y,0)by f(@ =uandf(b) =v. Then, IFPC(X) = {0~, 1~, ya [0,1],
Mp  [0,1], va [0,1], vo [0O,1] / pp < 0.7 whenever ps = 0.6, gy + v4 < 1 and
Mp + Vp < 1}. Therefore, IFSPC(X) = {O~, 1~, ya  [0,1], u» [0,1], va [0O,1],
Vp [0,1]/ pp < 0.7 whenever = 0.6, ya+Va<land pp + vy < 1}

Now G3° = (y, (0.5, 0.6), (0.5, 0.4)) isan IFRCSin Y, since cl(int(Gz")) = cl(Gy3)
= G5°. We have f}(G59) = (x, (0.5, 0.6), (0.5, 0.4)) G;and f(Gs%) = (x, (0.5, 0.6),
(05, 04)) G, Now spcl(f{(Gs)) = FHGs). Therefore spel(fY(Gs%)) 1~ and
spel(FH(Gs%) 1~ Hence f(Gs°) is an IFRGSPCS in X and hence f is an IFaRGSP

continuous mapping.



We have Gs°isan IFCSin Y but f1(Gs°) is not an IFGCSin X, since f {(Gs°)
G and fYGs%) G, but d(f{(GsY)) = 1~ ¢ G; and cl(F}(Gs%) = 1~ & G,. Hencef is

not an IFG continuous mapping.

Theorem 5.7 : Every IFS continuous mapping is an IFaRGSP continuous mapping but
not conversely.

Proof : Letf: (X, 1) - (Y, 0) bean IFS continuous mapping. Let V bean IFRCSin Y.
Since every IFRCS is an IFCS, V is IFCS in Y. Then f(V) is an IFSCS in X. By
Theorem 2.7, every IFSCS is an IFRGSPCS. Therefore f1(V) is an IFRGSPCS in X.
Hence f is an IFaRGSP continuous mapping.

Example 5.8 : In Example 5.4 we have f is an IFARGSP continuous mapping. Further
G5° = (y, (0.8, 0.7), (0.2, 0.3)) isan IFCSin Y but f}(G,°) = (x, (0.8, 0.7), (0.2, 0.3)) is
not an IFSCS in X, since int(cl(f{(Gy))) = int(1~) = 1~ & f(G,"). Hence f is not an

| FS continuous mapping.

Theorem 5.9 : Every IFP continuous mapping is an IFaRGSP continuous mapping but
not conversely.

Proof : Letf: (X, 1) - (Y, 0) bean IFP continuous mapping. Let V bean IFRCSinY.
Since every IFRCSis an IFCS, V isan IFCSin Y. Then f(V) isan IFPCS in X. By
Theorem 2.8, every IFPCS is an IFRGSPCS. Therefore f(V) is an IFRGSPCS in X.
Hence f is an IFaRGSP continuous mapping.

Example5.10: Let X ={a b} and Y ={u, v} and G; = (x, (0.5, 0.6), (0.5, 0.4)) and
Gz =(y, (0.5,0.3), (0.5, 0.7)). Then T ={0~, Gy, 1~} and 0 = {0~, G,, 1~} areIFTson
X and Y respectively. Then, IFPC(X) = {0~, 1~, ya [0,1], u»  [0,1], va [O,1],
Vp  [0,1] / pp < 0.6 whenever pz = 0.5, pa< 0.5 whenever pp, = 0.6, Ja + V4 < 1 and
Mp + Vp < 1}. Therefore, IFSPC(X) ={0~, 1~, ya [0,1], up [0,1],va [0,1], vy [0O,1]
/ up< 0.6 whenever pa= 0.5, pa< 0.5 whenever pp,= 0.6, g+ Vo< land yp + vp < 1}.

Now G,* = (y, (0.5, 0.7), (0.5 0.3)) is an IFRCS in Y. Therefore
G = (x, (0.5, 0.7), (0.5, 0.3)) is an IFRGSPCS in X, since f1(G,") 1~ and
spel (FHG)) =1~  1~. Hencef is an IFaRGSP continuous mapping.



We have G,° = (y, (0.5, 0.7), (0.5, 0.3)) isan IFCSin Y but f(G,°) is not an
IFPCS in X, since cl(int(f}(Gy))) = cl(Gy) = 1~ ¢ f}G,Y). Hence f is not an IFP

continuous mapping.

Theorem 5.11 : Every IFSP continuous mapping is an IFaRGSP continuous mapping
but not conversely.

Proof : Letf: (X, 1) - (Y, 0) be an IFSP continuous mapping. Let V be an IFRCS in
Y. Since every IFRCSisan IFCS, V isan IFCSin Y. Then f(V) isan IFSPCSin X.
By Theorem 2.5, every IFSPCS is IFRGSPCS. Therefore (V) is an IFRGSPCS in X.
Hence f is an IFaRGSP continuous mapping.

Example 5.12 : In Example 5.10, f is an IFaRGSP continuous mapping. Further
G.° = (y, (0.5, 0.7), (0.5, 0.3)) isan IFCSin Y but f(G,") isnot an IFSPCSin X, since
there exists no IFPCS B in X such that int(f%(Gy)) B f}G,Y). Hence f is not an
| FSP continuous mapping.

Theorem 5.13 : Every IFa continuous mapping is an IFaRGSP continuous mapping
but not conversely.

Proof : Letf: (X, 1) - (Y, 0) bean IFa continuous mapping. Let V bean IFRCSinY.
Since every IFRCS is an IFCS, V isan IFCSin Y. Then f(V) is an IFaCS in X. By
Theorem 2.9, every IFaCS is an IFRGSPCS. Therefore f(V) is an IFRGSPCS in X.
Hence f is an IFaRGSP continuous mapping.

Example 5.14 : In Example 5.4, f is an IFaRGSP continuous mapping. Further
G5° = (y, (0.8, 0.7), (0.2, 0.3)) isan IFCSin Y but f}(G,°) = (x, (0.8, 0.7), (0.2, 0.3)) is
not an IFaCS in X, since cl(int(cl(f}(G.%))) = cl(int(1~) = cl(1~) = 1~ ¢ fYG,O).

Hence f is not an IFa continuous mapping.

Theorem 5.15 : Every IFp continuous mapping is an IFaRGSP continuous mapping
but not conversely.

Proof : Letf: (X, 1) - (Y, 0) bean IFf continuous mapping. Let V bean IFRCSin Y.
Since every IFRCSis an IFCS, V isan IFCSin Y. Then (V) is an IFBCS in X. By



Theorem 2.6, every IFBCS is an IFRGSPCS. Therefore f(V) is an IFRGSPCS in X.
Hence f is an IFaRGSP continuous mapping.

Example 5.16 : In Example 6.10, f is an IFaRGSP continuous mapping. Further
G° = (y, (0.5, 0.7), (0.5, 0.3)) isan IFCSin Y but f}(G,°) is not an IFCSin X, since
int(cl(int(f%(G.%))) = int(cl(Gy) = int(1~) = 1~ ¢ fG,°). Hence f is not an IFB

continuous mapping.

Theorem 517 : Let f: (X, 1) — (Y, 0) be a mapping where f*(A) isan IFRCS in X
for every IFCSin Y. Then f is an IFaRGSP continuous mapping.

Proof : Let A bean IFRCSin Y. Since every IFRCSisan IFCS, A isan IFCSin Y.
Then f%(A) is an IFRCS in X. By Theorem 2.10, every IFRCS is an IFRGSPCS.
Therefore f(A) isan IFRGSPCSin X. Hence f is an |FaRGSP continuous mapping.

Theorem 5.18 : Let f : X - Y be a mapping. Then the following conditions are
equivalent:

() f isan IFaRGSP continuous mapping

(i) f(A)isan IFRGSPOSin X for every IFROSA inY

Proof : (i) (i) Let A bean IFROSinY. Then A®isan IFRCSin Y. By hypothesis,
f2(A isan IFRGSPCS in X. That isf(A)® is an IFRGSPCS in X. Therefore f*(A) is
an IFRGSPOS in X.

(i) (i) Let AbeanIFRCSinY.Then A®isan IFROSin Y. By hypothesis, (A is
an IFRGSPOS in X. That is f(A)® is an IFRGSPOS in X. Therefore f*(A) is an
IFRGSPCSin X. Hencef is an IFaRGSP continuous mapping.

Theorem 5.19: Let f : X - Y be amapping where X is an IFRSPT 1, space. Then the
following are equivaent:

() f isan IFaRGSP continuous mapping

(i)  spc(fY(A)) fY(cl(A)) for every IFSPOSA inY

(iii)  spcl(fFY(A)) f(cl(A)) for every IFSOSA inY

(iv) fYA) spint(f(int(cl(A)))) for every IFPOSA inY

Proof : (i) (i) Let A be an IFSPOS in Y. Then cl(A) is an IFRCS in Y. By
hypothesis, f(cl(A)) is an IFRGSPCS in X. Therefore f*(cl(A)) is an IFSPCS in X,



since X is an IFRSPTy, space. This implies spcl(fi(cl(A))) = f(cl(A)). Now
spel(F(A))  spe(F(cl(A))) = F(cl(A)). Thusspc(FH(A))  fH(cl(A)).

@ity (i) Sinceevery IFSOSisan IFSPOS, proof issimilar asin (i)  (ii).

@iii) (i) Let AbeanIFRCSinY. Then A = cl(int(A)). Therefore A isan IFSOS in
Y. By hypothesis, spcl(f*(A))  fi(cl(A)) = f1(A). Further f3(A)  spc(f(A)).
Therefore spcl(f2(A)) = f1(A). This implies f(A) is an IFSPCS in X and hence an
IFRGSPCSin X, by Theorem 2.5. Thusf is an IFaRGSP continuous mapping.

(i) (iv) Let Abean IFPOSinY. Then A int(cl(A)). Sinceint(cl(A)) isan IFROS
in Y, by hypothesis, f*(int(cl(A))) is an IFRGSPOS in X. Since X is an IFRSPTy,
space, fi(int(cl(A))) is an IFSPOS in X. Therefore fX(A)  f(int(cl(A)) =
spint(f"(int(cl (A)))).

(iv) (i) Let A bean|FROSinY. Then A isan IFPOSin X. By hypothesis, f }(A)
spint(f(int(cl(A)))) = spint(f*(A))  f*(A). Thisimpliesf*(A) isan IFSPOSin X and
hence is an IFRGSPOS in X, by Theorem 3.2. Therefore f is an IFaRGSP continuous
mapping.

Theorem 5.20 : Let f : X — Y be amapping. If f(spint(B))  spint(f*(B)) for every
IFSBinY, then f isan IFaRGSP continuous mapping.

Proof : Let B Y bean IFROS. By hypothesis, f (spint(B))  spint(f(B)). Since B is
an IFROS, it is an IFSPOS in Y[16]. Therefore spint(B) = B. Hence f(B) =
fispint(B))  spint(f(B)) f*(B). Thisimplies f(B) is an IFSPOS and hence an
IFRGSPOSin X. Thus fisan IFaRGSP continuous mapping.

Remark 5.21 : The converse of the above theoremistrueif B Y isan IFROS and X
isan IFRSPT,, space.

Proof: Let f be an IFaRGSP continuous mapping. Let B be an IFROS in Y then it is
an IFRGSPOS in Y, by Theorem 3.2. Since X is an IFRSPTy;, space, f*(B) is an
IFSPOS in X. Therefore f*(spint(B))  f*(B) = spint(f"}(B)).

Theorem 5.22 : Let f : X — Y be a mapping. If spcl(f(B))  f*(spcl(B)) for every
IFSBinY, then f isan IFaRGSP continuous mapping.

Proof : Let B Y bean IFRCS. By hypothesis, f(spcl(B))  spcl(f(B)). Since B is
an IFRCS, it isan IFSPCS in Y[16]. Therefore spcl(B) = B. Hence f(B) = f*(spcl(B))



spcl(f1(B)). Thisimplies f*(B) is an IFSPCS and hence an IFRGSPCS in X. Thus f
isan IFaRGSP continuous mapping.

Remark 5.23 : The converse of the above theoremistrueif B Y isan IFRCS and X
isan IFRSPT 1, space.

Proof : Let f be an IFaRGSP continuous mapping. Let B bean IFRCSinY thenitisan
IFRGSPCSin Y, by Theorem 2.10. Since X is an IFRSPT 1, space, f(B) is an IFSPCS
in X. Therefore spcl(F(B)) = f1(B)  f™*(spcl(B)).

Theorem 524 : Let f : X - Y be a mapping. Then the following conditions are
equivaent if X isan IFRSPT 1, space:

(1) f isan IFaRGSP continuous mapping

(i)  spc(fY(A)) facl(A)) for every IFSPOSA inY

(i)  spcl(fY(A)) f(acl(A)) for every IFSOSA inY

(iv) fYA) spint(fY(scl(A))) for every IFPOSA inY

Proof : (i) (i) Let A be an IFSPOS in Y. Then cl(A) is an IFRCS in Y. By
hypothesis f(cl(A)) isan IFRGSPCS in X and henceisan IFSPCSin X, since X isan
IFRSPTy, space. This implies spcl(fX(cl(A)) = f(cl(A)). Now spcl(f*(A))
spcl (FY(cl(A))) = f(cl(A)). Since cl(A) is an IFRCS, cl(int(cl(A))) = cl(A). Now
spa(FH(A))  fHc(A)) = FH(int(cl(A))) YA  d(int(cl(A))) = fiacl(A)).
Hence spcl(f1(A))  f(acl(A)).

@it) (i) Let A bean IFSOSin Y. Since every IFSOS is an IFSPOS[ 16], the proof is
obvious.

@iii) (i) Let A bean IFRCSinY. Then A =cl(int(A)). Therefore A isan IFSOSinY .
By hypothesis, spcl(f*(A))  fi(acl(A)  fic(A)) = FX(A)  spcl(f*(A)). That is
spel(F1(A)) = f(A). Hence f(A) is an IFSPCS and henceis an IFRGSPCS in X. Thus
f isan IFaRGSP continuous mapping.

(i) (v)LetAbeanIFPOSInY . ThenA int(cl(A)). Sinceint(cl(A)) is an IFROS
in Y, by hypothesis, f*(int(cl(A))) is an IFRGSPOS in X. Since X is an IFRSPTy,
space, fi(int(cl(A))) is an IFSPOS in X. Therefore fX(A)  f(int(cl(A)) =
spint(f(int(cl(A))))  spint(fX(A  int(cl(A)))) = spint(f*(scl(A))). That is f*(A)
spint(f(scl(A))).



(iv) (i) Let A be an IFROS in Y. Then A is an IFPOS in Y[9]. By hypothesis,
f1(A) spint(f"}(scl(A))). This implies f(A) spint(f}(A int(cl(A)))) =
spint(fX(A  A)) = spint(f*(A))  fY(A). Therefore f1(A) is an IFSPOS in X and
hence an IFRGSPOS in X, by Theorem 3.2. Thus f is an IFARGSP continuous
mapping.
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CHAPTER VI

CONTRA REGULAR GENERALIZED SEMIPRE CONTINUOUS
MAPPINGSIN INTUITIONISTIC FUZZY TOPOLOGICAL
SPACES

In this chapter, we have introduced the notion of intuitionistic fuzzy contra
regular generalized semipre continuous mappings and few of its properties are
discussed.

Definition 6.1 : A mapping f : X — Y s said to be an intuitionistic fuzzy contra
regular generalized semipre continuous (IFCRGSP continuous in short) mapping if
f1(A) isan IFRGSPCSin X for every IFOSA inY.

Example6.2: Let X ={a b} andY ={u, v} and G; = (%, (0.5, 0.4), (0.5, 0.6)) and
G2 =(y, (04,0.2), (0.6,0.7)). Thent={0~, Gy, 1~} and 0 = {0~, G, 1~} are IFTs
on X and Y respectively. Then, IFPC(X) ={0~, 1~, ya [0,1], o  [0,1], va [0O,1],
vy [0,1] / either pp = 0.6 or pp < 0.4 whenever pa= 0.5, g+ va< 1 and pp + vp < 1}
Therefore, IFSPC(X) ={0~, 1~, ya [0,1], b [0,1],va [0,1], Vo [0,1] /pat+Va<1
and pp +vp < 1} Now G, =(y, (0.4, 0.2), (0.6, 0.7)) isan IFOSin Y.

Therefore f4(G,) = (x, (0.4, 0.2), (0.6, 0.7)). We have spcl(fX(Gy)) = F1(Gy).
We have f(G,) Gy Hence spcl(f(Gy))  Gi, where G, is an IFROS in X. This
impliesf(G,) isan IFRGSPCS in X. Thereforef is an IFCRGSP continuous mapping.

Remark 6.3 : Every IFC continuous mapping, IFCa continuous mapping, |IFCP
continuous mapping is an IFCRGSP continuous mapping but their converses need not

hold in general.

This can be observed from the following diagram and examples.



/ IFC continuous mapping}\

/ IFCRGSP conlinuous mapping

// \

‘ IFCa continuous mappingl » | IFCP continuous mapping]

Example6.4: Let X ={a b} andY ={u, v} and G; = (X, (0.5, 0.4), (0.5, 0.6)) and
G2 =(y, (0.4, 0.2), (0.6, 0.7)). ThenT={0~, G, 1~} and 0 = {0~, G,, 1~} are IFTson
X and Y respectively. Then, IFPC(X) = {O~, 1~, ya [0,1], u» [0,1], va [0,1],
vy [0,1] / either pp = 0.6 or U, < 0.4 whenever pa= 0.5, Mg+ va< 1 and pp + vp < 1}
Therefore, IFSPC(X) ={0~, 1~, ya [0,1], b [0,1],va [0,1], Vo [0,1] /pat+Va<1
and Py + Vp < 1}. Now G, = (y, (0.4, 0.2), (0.6, 0.7)) isan IFOSin Y. Therefore f1(G,)
= (x, (0.4, 0.2), (0.6, 0.7)). We have spcl(f}(Gy)) = fXG,). We have f}(G,) Gu.
Hence spcl(f%(Gy)  Gi where G; is an IFROS in X. This implies f}(Gy,) is an
IFRGSPCS in X. Therefore f is an IFCRGSP continuous mapping. We have
G2 =(y, (0.4,0.2), (0.6, 0.7)) isan IFOSin Y. But f }(Gy) = (x, (0.4, 0.2), (0.6, 0.7)) is
not an IFCS in X, since d(f{(Gy)) = Gi° # f(Gy). This implies f is not an
IFC continuous mapping. Further we have f4(G,) = (x, (0.4, 0.2), (0.6, 0.7)) is not an
IFaCS in X, since cl(int(cl(f1(Gy)))) = cl(int(G:%) = cl(Gy) = G:° & fX(G,). Therefore
f isnot an IFCa continuous mapping. Hence f is an IFCRGSP continuous mapping but
it is neither an IFC continuous mapping nor an IFCa continuous mapping.

Example 6.5: Let X ={a b} and Y ={u, v} and G; = (x, (0.5, 0.6), (0.5, 0.4)) and
Gz =(y, (0.5,0.7), (0.5, 0.3)). Then T ={0~, Gy, 1~} and 0 = {0~, G,, 1~} areIFTson
X and Y respectively. Then, IFPC(X) = {0~, 1~, ya [0,1], u»  [0,1], va [O,1],
Vp  [0,1] / yp < 0.6 whenever pz = 0.5, gy < 0.5 whenever P, = 0.6, Ja + va < 1 and
Mp + Vp < 1}. Therefore, IFSPC(X) = {O~, 1~, pya [0,1], o [0,1], va [0O,1],

Vp  [0,1] / pyp < 0.6 whenever py= 0.5, iy < 0.5 whenever yp = 0.6, s + v < 1 and



Mpb + Vp < 1}. Now G, = (y, (0.5, 0.7), (0.5, 0.3)) is an IFOS in Y. Therefore
f4Gy) = (x, (0.5, 0.7), (0.5, 0.3)). We have spcl(f1(Gy)) = F4(G,). We have f(G,")
1~. Hence spcl (f1(G,°))  1~, where 1~ isan IFROS in X. Thisimplies f(G.°) isan
IFRGSPCS in X. Therefore f is an IFCRGSP continuous mapping. We have
G, =(y, (0.5,0.7), (0.5, 0.3)) isan IFOSin Y. But since cl(int(f {(Gy))) = cl(Gy) = 1~ &
f4(Gy), itisnot an IFPCSin X. Hencef is not an IFCP continuous mapping.

Theorem 6.6 : Let f : X - Y be a mapping. Then f is an IFCRGSP continuous
mapping if and only if f(A) isan IFRGSPOSin X for every IFCSA inY.

Proof : Necessity : Let A bean IFCSin Y. Then A®isan IFOSin Y. By hypothesis,
(A isan IFRGSPCSin X. Since, (A% = (f}(A)), f1(A) isan IFRGSPOSin X.

Sufficiency : Let A bean IFOSin Y. Then A®isan IFCSin Y. By hypothesis, f*(A°)
isan IFRGSPOS in X. Since, f1(A°) = (F}(A))°, f}(A) isan IFRGSPCS in X. Thusf is
an IFCRGSP continuous mapping.

Theorem 6.7 : Letf: X - Y beabijective mapping. Suppose that one of the following

properties hold:

()  fYc(B)) int(spcl(f*(B))) for each IFSBinY
(i)  d(spint(FX(B))) f(int(B)) foreachIFSBinY
(iii)  f(cl(spint(A))) int(f(A)) for each IFSA in X
(iv) f(cl(A)) int(f(A)) for each IFSPOS A in X
Then f is an IFCRGSP continuous mapping.

Proof : (i) (ii) is obvious by taking complement of (i).

(i) (ii)LetA X.PutB=f(A)inY. ThisimpliesA = f(f(A)) = Fi(B) in X. Now
c(spint(A)) = d(spint(F(B))) € fYint(B)) by (ii). Therefore f(cl(spint(A)))
f(Fint(B))) = int(B) = int(f(A)).

(iii) (iv) Let A X be an IFSPOS. Then spint(A) = A. By hypothesis,
f(cl(spint(A))) int(f(A)). Thereforef(cl(A)) = f(cl(spint(A))) int(f(A)).



Suppose (iv) holds. Let A bean IFOSinY. Then f*(A) isan IFSin X and spint(f"}(A))
is an IFSPOS in X. Hence by hypothesis, f(cl(spint(f*(A))))  int(f(spint(f*(A))))
int(F(FY(A))) = int(A)  A. Therefore cl(spint(f*(A))) = f(f(cl(spint(f*(A))))  FH(A).
Now cl(int(f*(A)))  cl(spint(f*(A))) f*(A). This implies f(A) is an IFPCS in X
and hence an IFRGSPCS in X, by Theorem 2.8. Thus f is an IFCRGSP continuous
mapping.

Theorem 6.8 : Let f : X - Y be a mapping. Suppose that one of the following
properties hold:

@) f(spcl(A)) int(f(A)) for each IFSA in X

(i) spc(f'(B)) f(int(B)) foreachIFSBinY

i) f1c(B)) spint(f*(B)) for eachIFSBinY

Then f isan IFCRGSP continuous mapping.

Proof : (i) (i) Let B Y. Thenf'(B)isan IFSin X. By hypothesis, f(spcl(f(B)))
int(f(FX(B))) int(B). Now spcl(fY(B)) f(f(spcl(f(B)))) f(int(B)).

(it)  (iii) isobvious by taking complement in (ii).

Suppose (iii) holds. Let A be an IFCSin Y. Then cl(A) = A and f(A) isan IFSin X.
Now f(A) = fi(cl(A)) spint(f'(A)) f*(A), by hypothesis. Thisimpliesf*(A) isan
IFSPOS in X and hence an IFRGSPOS in X, by Theorem 3.2. Therefore f is an
IFCRGSP continuous mapping.

Theorem 6.9 : Let f : X - Y be a bijective mapping. Then f is an IFCRGSP
continuous mapping if cl(f(A))  f(spint(A)) for every IFSA in X.

Proof : Let A be an IFCS in Y. Then cl(A) = A and f*(A) is an IFS in X. By
hypothesis cl(f(f*(A)))  f(spint(f*(A))). Since f is onto, f(f}(A)) = A. Therefore A =
c(A) = c(f(F*(A)))  f(spint(FY(A))). Now f(A)  fi(f(spint(f*(A)))) = spint(f}(A))

f1(A). Hence f(A) is an IFSPOS in X and hence an IFRGSPOS in X, by
Theorem 3.2. Thusf is an IFCRGSP continuous mapping.



Theorem 6.10 : If f : X - Y is an IFCRGSP continuous mapping, where X is an
IFRSPT 1/, space, then the following conditions hold:

()  spc(fi(B)) f(int(spcl(B))) for every IFOSinY
(i)  fcl(spint(B))) spint(f*(B)) for every IFCSBinY.

Proof : (i) LetB Y bean IFOS. By hypothesis f(B) is an IFRGSPCSin X. Since X
is an IFRSPTy;, space, f(B) is an IFSPCS in X. This implies spcl(f(B)) = f*(B)
fXint(B))  f(int(spcl(B))).

(i) can be proved easily by taking the complement of (i).

Theorem 6.11: If f : X - Y isan IFCRGSP continuous mappingand g: Y - Zisan
|F continuous mapping thengo f : X - Zisan IFCRGSP continuous mapping.

Proof : Let A be an IFOS in Z. Then g(A) is an IFOS in Y, since g is an IF
continuous mapping. Since f is an IFCRGSP continuous mapping, f(g*(A)) is an
IFRGSPCSin X. Therefore g o f isan IFCRGSP continuous mapping.

Theorem 6.12: If f : X - Y isan IFCRGSP continuous mappingandg:Y - Zisan
IFC continuous mappingtheng o f: X - Z isan IFRGSP continuous mapping.

Proof : Let A be an IFOS in Z. Then g*(A) is an IFCS in Y, since g is an IFC
continuous mapping. Since f is an IFCRGSP continuous mapping, f(g*(A)) is an
IFRGSPOS in X. Therefore g o f isan IFRGSP continuous mapping.

Theorem 6.13 : For a mapping f : X - Y, where X is an IFRSPT;;, space, the

following are equivalent:
(1) f isan IFCRGSP continuous mapping

(i) For every IFCS A in Y and for any IFP p(a, B) X, if f(p(a, B)) q A then
p(a, B) o SPint(f(A))

(i)  For every IFCS A'in Y and for any IFP p(a, B) X, if f(p(a, B)) q A then there
existsan IFRGSPOS B such that p(a, 8) B and f(B) A.

Proof : (i)  (ii) Let f be an IFCRGSP continuous mapping. Let A Y be an IFCS
and let p(a, B)  X. Also let f(p(a, B)) q A then p(a, B) q F(A). By hypothesis f(A) is



an IFRGSPOS in X. Since X is an IFRSPTy, space, f*(A) is an IFSPOS in X. Hence
spint(f(A)) = £1(A). This implies p(a, B) o Spint(f(A)).

(i) () LetA Y beanIFCSthenf*(A)isan IFCS in X. Let p(a, ) X and let
f(p(a, B)) q A then p(a, B) q f1(A). By hypothesis this implies p(a, B) q Spi nt(f1(A)).
That is f1(A)  spint(f(A)). But spint(f*(A))  f(A). Therefore spint(f*(A)) =
f2(A). Thusf*(A) is an IFSPOS in X and hence an IFRGSPOS in X, by Theorem 3.2.
Thisimpliesf isan IFCRGSP continuous mapping.

(i) (i) LetLet A Y bean IFCSthen f*(A) isan IFCSin X. Let p(a, B)  X.
Also let f(p(a, B)) ¢ A then p(a, B) 4 f(A). By hypothesis this implies
p(a, B) q spint(F*(A)). That is f%(A)  spint(f'(A)). But spint(f'(A))  Y(A).
Therefore spint(f*(A)) = f1(A). Thus f(A) is an IFSPOS in X and hence an
IFRGSPOS in X, by Theorem 3.2. Let f(A) = B. Therefore p(a, B) q B and f(B)
fF(A)) A,

(iii) (i) LetA Y beanIFCSthenf(A)isan IFCSin X. Letp(a, B) X.Alsolet
f(p(a, B)) q A then p(a, B) q f1(A). By hypothesis there exists an IFRGSPOS B in X
such that p(a, B) ¢ B and f(B)  A. Let B = f*(A). Since X is an IFRSPTy, space,
fi(A) isan IFSPOS in X. Therefore p(a, B) o spint(f(A)).

Theorem 6.14 : A mapping f : X - Y is an IFCRGSP continuous mapping if
f3(spcl(B)) int(f*(B)) for every IFSBinYY.

Proof: Let B Y be an IFCS. Then cl(B) = B. Since every IFCS is an IFSPCS[16].
Therefore we get spcl(B) = B. Now by hypothesis, f(B) = f*(spcl(B))  int(f"*(B))
f4(B). This implies fY(B) is an IFOS in X and hence an IFRGSPOS in X, by
Theorem 3.2. Therefore f isan IFCRGSP continuous mapping.

Theorem 6.15 : A mappingf : X - Y isan IFCRGSP continuous mapping, where X is
an IFRSPTy, spaceif and only if f*(spcl(B))  spint(f*(cl((B))) for every IFSBinYY.

Proof : Necessity : Let B Y bean IFS. Then cl(B) isan IFCSin Y. By hypothesis,
3(cl(B)) isan IFRGSPOSin X. Since X isan IFRSPTy, space, f(cl(B)) isan IFSPOS
in X. Thereforef*(spcl(B))  f(cl(B)) = spint(f(cl(B))).



Sufficiency : Let B Y be an IFCS. Then cl(B) = B. By hypothesis, f*(spcl(B))
spint(f"(cl((B))) = spint(f(B)). But spcl(B) = B. Therefore f(B) = f*(spcl(B))
spint(fX(B))  f(B). Thisimplies f(B) is an IFSPOS in X and hence an IFRGSPOS
in X, by Theorem 3.2. Hencef is an IFCRGSP continuous mapping.

Theorem 6.16 : An IF continuous mapping f : X - Y is an IFCRGSP continuous
mapping if IFRGSPO(X) = IFRGSPC(X).

Proof : Let A Y bean IFOS. By hypothesis, f(A) isan IFOS in X and hence is an
IFRGSPOS in X, by Theorem 3.2. Thus f*(A) is an IFRGSPCS in X, since
IFRGSPO(X) = IFRGSPC(X). Therefore f is an IFCRGSP continuous mapping.
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SUMMARY AND CONCLUSION

In this thesis the notions of intuitionistic fuzzy regular generalized
semipreclosed set, intuitionistic fuzzy regular generalized semipreopen set,
intuitionistic fuzzy regular generalized semipre continuous mapping, intuitionistic
fuzzy contra regular generalized semipre continuous mapping, intuitionistic fuzzy
almost regular generalized semipre continuous mapping are discussed. In each of the
chapters, the notions of the previously mentioned concepts are given. This is followed
by their respective examples and corresponding comparisons. Furthermore, some
interesting and unigue theorems concerning each of the above mentioned concepts are
presented.

We conclude that this particular research work made us enjoy the interesting
outcomes of adding new concepts to the aready existing concepts of intuitionistic
fuzzy sets. The comparison of these new concepts with the already existing ones made
us realize the fascinating nature of intuitionistic fuzzy sets. Additionally the pleasing
theorems under each of the topics under consideration created a passion to work with
the enthralling aspects of intuitionistic fuzzy sets.
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