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CHAPTER -1l
INTERVAL FUZZY NUMBERS AND INTERVAL FUZZY
NUMBER MATRICES

Definition : 3.1

An interval number is defined as ,& =[aL, ar] = {a: aL < a < ar} where,
a_ and ar are the real numbers called the left end point and right end point

respectively of the interval ,& .
An interval fuzzy number is defined as A =[a,, ar] ={a:aL<a<ag}

where ai, ar € [0, 1].

Definition : 3.2
A crisp real number k may be considered as a degenerate interval

[k, K].
Let 2\= [aL, ar] and EA3= [bL, br] be two interval fuzzy numbers.

Different binary operations between ,& and é are defined as below :

(i) Addition :

N N

A +B = [aL+Db ar+ bg]

Multiplication :
The product of two interval fuzzy numbers A = [aL, ar] and I§= [by, br]

(ii)

is given by

Aé = [min {a..b, ar.b., a..bgr, ar.br},
max {a..by, ar.b, aL.br, ar.bgr}]
If Aand é both are positive then /A\l:% = [aL.by, ar.br].

The negative of an interval fuzzy number A= [aL, ar] is given by

-A=[-aRr,—-al
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(iii) Subtraction :
The subtraction of two interval fuzzy numbers /A\ = [a,, ar] and
B = [by, bg] is given by
A-B = [aL — br, @ar — by]
Definition : 3.3

A matrix of order n x n is said to be an interval fuzzy number matrix

(IFNM) if all its elements are the interval fuzzy numbers.
Definition : 3.4

Let A = (aA\i,-) and B = (lA);,-)be two interval fuzzy number matrices of

same order. Then we have the following,

) A®B= (aj+bj)

(i) AeB= (aj-by)

i) A= (@)nn and B = (Bj)yp, then AB = (Ci)mp, Where

7AN

n a A
Cj = Z ak.by i=1,2,....mandj=1,2, .., p.
k=1

(iv) AT = (;ji)(the transpose of A)
(v) KA = (kaj), where k is a scalar.
Definition : 3.5

An interval fuzzy number matrix is said to be a pure null interval fuzzy
number matrix if all its elements are zero. i.e., if all its elements are <0, 0 >.

This matrix is denoted by 0.
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Definition : 3.6

An IFNM is said to be a fuzzy null interval fuzzy number matrix if all

its elements are of the form a; = <0, £ >, where £ # 0.

Definition : 3.7

A square IFNM is said to be a pure unit interval fuzzy number matrix
ifaj=[1,1=<1,0>and a;=[0,0]=<0,0>,i=]j foralli, j. Itis denoted
by I.

Definition : 3.8

A square IFNM is said to be a fuzzy unit interval fuzzy number

matrix ifa;j =<1,& >and aj=<0,& > forizjandi, je 1,2, ..., nwhere &,
éz # 0.
Definition : 3.9

Let B be an interval fuzzy number matrix of order n x n. Then B is said
to be orthogonal if B.BT = B".B = I,, where |, denotes pure unit interval fuzzy
number matrix of order n x n and the operation ‘.’ denotes the multiplication of

interval fuzzy number matrices.
Theorem : 3.10

There exists no purely orthogonal interval fuzzy number matrix other

than the pure unit interval fuzzy number matrix.
Definition : 3.11

Let B be an interval fuzzy number matrix of order n x n. Then if
B.B" =1, or B".B = I, where I, is fuzzy unit IFNM of n'" order then B is called a
fuzzy orthogonal interval fuzzy number matrix, i.e., If B.B" or B".Bis of the
form (aj)axn Where aj =<1, & >and a;j =<0, & >foralli=j;i,je 1,2, ...,n

and where & = 0 and &, # 0.
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Theorem : 3.12

If A and B be any interval fuzzy number matrices then

det(A) det(B) # det(AB).
Lemma : 3.13

If a and b are two real numbers and x be an interval, then

(@a+b)x=ax+bx, ifa>0,b>0and (a+b)x# ax + bx, otherwise.

i.e., in general, for n real numbers a;, i = 1, 2, ..., n and for an interval x,

n n n n
( ai]x =Y axifa>0forali=1,2 .. n;and (Zaijx = ) a;X,
i=1 i=1 i=1

i=1

otherwise.
Theorem : 3.14

If A be a real square matrix, such that AAT = cI, where c is a non-zero

real number and I is the unit matrix of order equal to the order of A ; and x be
an interval fuzzy number such that x* = %[1 -£,1+E],0<E<1, then A =xA
is a fuzzy orthogonal interval fuzzy number matrix.

Proof

Let, A = (aij)nxn

n
Then AA” = (bj)nn Where, by = )" ay ay,.
k=1

Since, AAT =cl
i
menty = {0 (]
0, ifi#]
Thus, for a non-diagonal element b,, of AAT, there exist two
index sets A1 and Az such that bpg = 2 apk ag — 2 apk ag where
k=n4 k=n,

2 Apk Agk = 2. Apk Agk-

k=/\1 k=/\2
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— - —_— T -
Now, A =X A = (X ajn = (@j)nxn (say) and A.A = (bjj),, Where,
-_— L1 —
bj = > ai aj.
k=1

- =T
Now, for a diagonal element b; of A.A
p— n n n
bj = > xag.xa, = ) X* af =x" pX aj
k=1 k=1 k=1

(using lemma 3.13, since a3 >0)
= X by

1
= =[1=§ 1+&.c

c

= [1-§1+¢]
Loby= [1-81+€).

- ——T
For the non-diagonal element bpq of A.A

- n
bog = D Xap Xag . Xapy ag
k=1

n

2 .2 2
2. X* ag ap
k=1

n n
2 2
> x Ap Agk — D X* ay ag
k=/\1 k=/\2

Let, > x*apag = [v, 9]

k=/\1

Then Y x*ap aq is also equal to [y, 8], so that

k=n,
qu = [y, 8] = [y, 9]
= fy=8; §—1

= [ &4, &4], where, &; > 0.

Hence proved.



