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INTRODUCTION

“It is the work of science to resolve the visible, merely external movement into the true intrinsic movement”

-
 KARL MARX

In 1965, Zadeh [30] generalized the usual notion of a set, when he introduced the concept of a fuzzy set which has useful and increasing applications in various fields. In 1968, Chang [11] introduced the concept of fuzzy topological spaces. As the study of general topology can be regarded as a special case of fuzzy topology, where all fuzzy sets in question take the values 0 and 1 only, several authors like Hutton, Reilly, Warren, Mashhour, Ghanim etc continued their investigations in fuzzy topological spaces. Using the concepts of fuzzy semi-open sets, fuzzy preopen sets and fuzzy -open sets, many topologist studied weaker forms of compactness, connectedness, separation axioms, continuity etc., in fuzzy topological spaces.

Garg and Naimpally [15] in 1971 introduced the concepts of supra topological spaces, supraopen sets, supraclosed sets and supra continuous mappings and in 1983 Mashhour et al [19] introduced and studied the concepts of precontinuous, preopen, -continuous and -open functions.

In 1987, Abd El-Monsef and Ramadan [1] introduced the concepts of fuzzy supra topological spaces and developed the theory by generalizing many topological concepts.

Weiss [28] in 1975 introduced the concept of induced fuzzy topology. Bhaumik and Anjan Mukherjee [8] in 1997, introduced the ideas of induced fuzzy supra topological spaces and extended many topological concepts.

In 2003, Anjan Mukherjee [2] introduced and studied the concepts of       s-Induced L-Fuzzy supra topological spaces and Scott S–continuity.

The aim of the dissertation is to study induced fuzzy supra topological spaces and s-Induced L-fuzzy supra topological spaces. The articles chosen for our study are as follows :  

(1) “On supra topological spaces” by Mashhour, A. S., Allam, A. A., Mahmoud, F. S. and Khedr, F. H. [19].

(2) “On fuzzy supra topological spaces” by Abd El-Monsef, M. E. and Ramadan, A. E. [1].

(3) “Induced fuzzy supra topological spaces” by Bhaumik, R. N. and  Anjan Mukherjee. [8].

(4) “s-Induced L-fuzzy supra topological spaces” by Anjan Mukherjee [2].

Chapter I is devoted to discuss the article on supra topological spaces due to Mashhour, Allam, Mahmoud and Khedr [19].


Section 1 of chapter I deals with the preliminary definitions and results on supra topological spaces that are needed for our study.


Section 2 and Section 3 of Chapter I deals with the equivalent forms of s-continuous functions and s*-continuous functions between supra topological spaces respectively. 


The article “On fuzzy supra topological spaces” due to Abd El-Monsef and Ramadan [1] is analysed in Chapter II.


Section 1 of Chapter II deals with the preliminary results on fuzzy supra topological spaces.


In section 2 of Chapter II, fuzzy supra topological spaces and fuzzy       s-continuous mappings are discussed. The notions of closure and interior of a fuzzy set are extended to the new setup and it is interesting to note that the results,

μ– ( λ– = (μ ( λ) – and λ0 ( μ0 = (λ ( μ)0 are not true in the new setup. 

Abd El-Monsef and Ramadan [1] have introduced the SF-continuous functions as follows : 

A mapping f : (X, 1*) → (Y, 2*) between two fuzzy supra topological space is called SF-continuous, if f -1(2*) ( 1*. 

The important result discussed here is as follows :

Let (X1, 1*), (X2, 2*), (Y1, σ1*), (Y2, σ2*) be fuzzy supra topological spaces. If fi : Xi → Yi, i = 1, 2 are SF-continuous, then 

f1 x f2 : X1 x X2 → Y1 x Y2 is SF-continuous. 


In Section 3 of Chapter II, the concepts of fuzzy supra open mappings, fuzzy supra closed mappings and -supracompactness are discussed. Here the authors have generalized many fuzzy topological results to fuzzy supra topological spaces.


In Chapter III the articles, Induced fuzzy supra topological spaces due to Bhaumik and Anjan Mukherjee [8] and s-Induced L-fuzzy supra topological spaces due to Anjan Mukherjee [2] are discussed. 


Section 1 of Chapter III deals with the study of the following concepts:

(1)
Induced fuzzy supra topological spaces which is a generalization of induced fuzzy topology.

(2)
S-lower semi-continuous functions.

Properties of induced fuzzy supra topological spaces and the concepts of fuzzy supra continuity in induced supra topological spaces and initial supra topological spaces are discussed.

In Section 2 of Chapter III, S-Induced L-fuzzy supra topological spaces and scott S-continuous functions are analysed. Given a topological space       (X, ), the set S() = { f  LX | f : (X, ) → L is scott S-continuous where L is a fuzzy lattice} forms a L-fuzzy supra topology on X and the pair (X, S()) is called a s-Induced L-fuzzy supra-topological spaces. The important results discussed are the characterization of fuzzy supra-continuous function between s-Induced L-fuzzy supra topological spaces.

Section 3 of Chapter III deals with the study of compactness and separation axioms with respect to s-Induced L-fuzzy supra topological spaces. Here the connection between some separation axioms and covering properties of a topological spaces and its corresponding s-Induced L-fuzzy supra topological spaces are studied. Interesting results discussed here are as follows :

(1)
A s-I-L-FST space (X, S()) is fuzzy supra compact iff (X, ) is         semi-compact.

(2) 
A topological space (X, ) is semi completely Hausdorff iff the                 s-I-L-FST space (X, S()) is fuzzy supra completely Hausdorff. 

REVIEW OF LITERATURE

Induced fuzzy topological spaces play an important role in the study of fuzzy topological spaces. Weiss [28] in 1975 introduced the concept of induced fuzzy topology. Abd El-Monsef and Ramadan [1] in 1987 introduced the concept of fuzzy supra topological spaces. Bhaumik and Anjan   Mukherjee [8] in 1997 introduced the idea of induced fuzzy supra topological spaces. In 2003 Anjan Mukherjee [2] introduced the concepts of                       s-Induced L-fuzzy supra topological spaces.


Since the number of papers published on these ideas is numerous, we restrict ourselves to few papers in this review of literature. We have given a brief survey of some of the published articles related to our topics.

(1)
“SEMI-OPEN SETS AND SEMI-CONTINUITY IN TOPOLOGICAL SPACES” 

Levine, N., [18] 1963.
In this article, the author has introduced the concepts of semi-open sets and semi-continuity in topological spaces as well as in the product topological spaces and has discussed a few interesting properties.

(2) 
“ON FUZZY SEMICONTINUITY, FUZZY ALMOST CONTINUITY AND FUZZY WEAKLY CONTINUITY”

Azad, K. K., [3] 1981

The author has made a study of fuzzy topological spaces with specific attention to the weaker forms of fuzzy continuity. The author has introduced the concepts of fuzzy semi-open sets, fuzzy semi-closed sets, fuzzy regular open sets and fuzzy regular closed sets and has considered generalizations of semi-continuous mapping, almost continuous mapping and weakly continuous mapping in fuzzy settings. Fuzzy semiregular spaces are introduced. Besides many basic results, results related to the product of mappings and graph of a mapping are obtained. Many significant departures from the theory of general topology are observed.

(3)
“FUZZY SEMI-OPEN SETS AND FUZZY SEMI-CONTINUOUS MAPPINGS” 

Chi, Han Zhong [12] 1983

In this article, the author has extended the notions of semi-open sets and semi-continuous mappings to fuzzy topological spaces. Some of the results discussed are 

(i)
Let {A}(( be a collection of semi-open sets in fuzzy topological spaces. Then 
[image: image1.wmf]A
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A is semi-open.

(ii) 
Let f be a fuzzy semi-continuous functions from a separable fuzzy topological space X onto a fuzzy topological space Y, then Y is also separable.

(4) 
“A NOTE ON INDUCED AND COINDUCED FUZZY TOPOLOGIES”

Mohannadi, F. K. and Warner, M. W. [20] 1988

Given a topological space (X, ) and the corresponding fuzzy topology W() is given by W() = {g | g : X → I is lower semi-continuous where I is the unit interval}. If F : (X, ) → Y is a surjective map, then the coinduced topology c​ on Y is given by {V ( Y | F-1(V) ( }. In this article, the authors have proved that W(c) = (W())c (i.e.) the coinduced fuzzy topology is the same as fuzzy topology corresponding to the coinduced topology.

(5) 
“SUPRA-IDENTIFICATION SPACES AND SUPRA-INDUCED 

RELATIONS”
Khedr, F. H., Allam, A. A., Abd El-Bakkey, S. A. and 

Abd El-Hakeim, K. M., [17] 1989.
In this article, the authors have defined and studied S*-identification mappings and supra-decomposition topology. Two elements x and y are said to be in relation, if their supra closures are equal. The decomposition space with respect to this relation is called a sup-T0-identification space. Supra separation properties of these spaces are analysed.

(6) 
“ON THE CONEPT OF E-REGULARITY FOR FUZZY TOPOLOGY”

Sostak, A. [24] (1989)
In this article, the author has introduced the notions of E-regularity and E-Tikhonovness in fuzzy topological spaces and studied some basic properties of E-regular and E-Tikhonov fuzzy topological spaces. He has also proved that a fuzzy topological space X is E-Tikhonov if and only if it is           E-regular and E-Hausdorff. If E is the Hutton fuzzy unit interval then                  E-regularity equals to fuzzy complete regularity.

(7) 
“FUZZY TOPOLOGY WITH RESPECT TO CONTINUOUS LATTICES”

Warner, M. W. [26] 1990
Fuzzy topology with respect to a continuous lattice generalizes the classical theory. In this article, the author has shown that continuous functions from a topological space to a lattice with the scott topology constitute a fuzzy topology corresponding to that of lower semi-continuous functions with respect to the closed unit interval. Here fuzzy set membership is represented by the way-below relation.

(8) 
“COMPLETELY INDUCED FUZZY TOPOLOGICAL SPACES”

Bhaumik, R. N. and Mukherjee, A., [5] 1992

In this article, the authors have introduced the concepts of completely induced fuzzy topological spaces and completely lower semi-continuous functions. Completely lower semi-continuous functions play an important role in the study of completely induced fuzzy topological spaces.

(9) 
“SOME MORE RESULTS ON COMPLETELY INDUCED FUZZY TOPOLOGICAL SPACES”

Bhaumik, R. N. and Mukherjee, A., [6] 1992

In this article, the authors have discussed few results on completely induced fuzzy topological spaces and completely semi induced fuzzy topological spaces. Examples and characterizations of completely induced topological spaces are analysed.

(10) 
“SOME GOOD DILUTIONS OF FUZZY COMPACTNESS”

Bulbul, A. and Warner, M.N., [10] 1992

In this article, the authors have defined fuzzy almost compactness, nearly compactness and weak compactness which are good extensions in the sense of Lowen. Further fuzzy S-closedness and RS-compactness are defined and properties of these spaces are analysed.

(11) 
“ON C-INITIAL SPACES”

Bhaumik, R. N. and Mukherjee, A., [7] 1993

In this article, the authors have introduced the concepts of C-initial topology associated with a completely induced fuzzy topological spaces and investigated some of its properties. It is interesting to note that when the domain and the range of the function are both C-initial topological spaces then the concepts super continuity, continuity, σ-continuity and almost continuity are equivalent.

CHAPTER I
ON SUPRA TOPOLOGICAL SPACES


In this chapter, we discuss results on semi-open sets, semi-continuous functions, characterizations of supra open sets, s-continuous functions and s*-continuous functions.


In section 1, preliminary definitions on generalizations of open sets, continuous functions and open mappings that are needed for our study are collected. Throughout this section S –​ and S0 denotes the closure and interior of a subset S of a topological space X.

Section : 1.1 

Preliminary Results  
Definition : 1.1.1


A subset S of a topological space X is called semiopen if S  S0 – and the complement of a semi-open set is called semi-closed. 

Definition : 1.1.2


A subset S of a topological space X is called preopen set if S  S0 and the complement of a preopen set is called preclosed. 

Definition : 1.1.3


A subset S of a topological space X is called -set if S  S0-0 and the complement of a -set is called -closed. 

Notation : 1.1.4


The family of all semi-open sets, preopen sets and -sets in a topological space X will be denoted by SO(X), PO(X) and (X) respectively. 

Definition : 1.1.5


Let X and Y be topological spaces. A function F : X → Y is called   semi-continuous if f -1(V)  SO(X), for each open set V of Y. 

Definition : 1.1.6


Let X and Y be topological spaces. A function F : X → Y is called precontinuous if f -1(V)  PO(X), for each open set V of Y. 

Definition : 1.1.7


Let X and Y be topological spaces. A function F : X → Y is called          -continuous, if f -1(V)  (X) for each open set V of Y. 

Definition : 1.1.8


Let X and Y be topological spaces. A function f : X → Y is irresolute if       f -1(V)  SO(X) for each V  SO(Y). 

Definition : 1.1.9


Let X and Y be topological spaces. A function f : X → y is called semi-open if f(U)  SO(Y) for each open set U of X. 

Definition : 1.1.10


Let X and Y be topological spaces. A function f : X → Y is called       semi-closed if the image of each closed set in X is semi-closed in Y. 

Definition : 1.1.11


Let X and Y be topological spaces. A function f : X → Y is called preopen, if f(U)  PO(Y) for each openset U of X. 

Definition : 1.1.12


Let X and Y be topological spaces. A function f : X → Y is called preclosed, if the image of each closed set in X is preclosed in Y. 

Definition : 1.1.13


Let X and Y be topological spaces. A function f : X → Y is called           -open, if f(U)  (Y) for each open set U of X. 

Definition : 1.1.14


Let X and Y be topological spaces. A function f : X → Y is called           -closed, if the image of each closed set in X is -closed in Y.

Section : 1.2   

Supraspaces and S-continuous functions
Definition : 1.2.1


Let X be a set. A subclass   P(X) (Power set of X) is called a supratopology on X, if 

(i) x  
(ii) Φ  
(iii)  is closed under arbitrary union. 

The pair (X, ) is called a supra topological space or supraspace. 


The members of  are called supraopen sets. 

Remark : 1.2.2


If (X, ) is a topological space, then SO(X), PO(X) are supratopological spaces. 

Definition : 1.2.3


Let X be a set and A  X. A point x in X is said to be derived point of A, if every neighbourhood of x contains point of A other than x.

Definition : 1.2.4


Let (X, *) be a supra topological space and A be a subset of X. Then the supra closure of A is defined as the intersection of all supra closed sets containing A.


The supra interior of A is defined as the union of all supra open set contained in A.


The supra boundary of A is defined as the intersection of supra closure of A and supra closure of X – A.

(i.e.) S.b (A) = Asc  (X – A)sc.

Notation : 1.2.5


The supra derived set, supra closure supra interior, supra boundary of a subset A of a space X will be denoted by Asd, Asc, Asi, S.b(A) respectively.


Various notions like exterior, derived set, open set as well as set properties like open, closed, dense, no where dense, dense-in itself, compact etc., can be extended to a supra topological space in analogy with topological space. Many results of topological spaces remain valid in supra topological spaces while some become false. Here we shall see some of the properties which are not true in the topological spaces. 

Theorem : 1.2.6



Let (X, ) be a supraspace and A, B be subsets of X, then 

(i) Asd  Bsd  (A  B)sd
(ii) Asc  Bsc  (A  B)sc
(iii) (A  B)si  Asi  Bsi 

Proof :

To prove : 
Asd  Bsd  (A  B)sd

Let A  X. Then the supra derived set of A denoted by Asd is given by Asd = { y  X | every supraneighbourhood of y intersects A with points other than y }. A  B  Asd  Bsd.


Let y  Asd. Then every supraneighbourhood of y intersects A with points other than y implies every supraneighbourhood of y intersects B (Since A  B) with points other than y. 


Therefore Asd  Bsd.


Therefore Asd  (A  B)sd  and  Bsd  (A  B)sd
Hence Asd  Bsd  (A  B)sd  

To prove : Asc  Bsc  (A  B)sc

Asc =  { μ | 1 – μ  , A  μ }


Bsc =  { μ | 1 – μ  , B  μ } 


(A  B)sc =  { μ | 1 – μ  , A  B  μ } 


A  B  μ  A  μ, B  μ, 1 – μ  .

Hence (A  B)sc  Asc  Bsc.

To prove : (A  B)si  Asi  Bsi

Asi =  { μ | μ  , μ  A } 


Bsi =  { μ | μ  , μ  B }


(A  B)si =  { μ | μ  , μ  A  B  }

μ  A  B  μ  A, μ  B 

A si  B si  =  [ {μ1 | μ1  , μ1  A }]  [  { μ2 | μ2  , μ2  B } ] 

      =
 { μ1  μ2 | μ1  μ2  , μ1  μ2  A  B }
      (
 { μ | μ  , μ  A  B } 

      = 
(A  B)si.

Hence (A  B)si  Asi  Bsi.

Example : 1.2.7


Let (X, ) be any topological space. Then SO(X), PO(X) are supratopologies associated with . Let X = {a, b, c, d} and  = {X, Φ, {a, b}, {a, c}, {b, d}, {a, b, d}, {a, b, c} }. S1 = {b, c}, S2 = { d } 

To prove : (A  B)sd ≠ Asd  Bsd

(A  B)sd = {c, a}


          Asd = {a}


          Bsd = Φ 


Asd  Bsd = { a } 


Hence (A  B)sd ≠ Asd  Bsd 

To prove : (A  B)si ≠ Asi  Bsi.


Asi = { Φ }  


Bsi = { Φ } 


Asi  Bsi = { Φ } 


A  B = {b, c, d}


(A  B)si = {b, d}

Hence (A  B)si ≠ Asi  Bsi 

To prove : 
(A  B)sc ≠ Asc  Bsc 

Closed sets = {X, Φ, {c, d}, {b, d}, {a, c}, { c }, { d }} 

Asc = { x }  


Bsc = { d } 


Asc  Bsc = { d } 


(A  B)sc = { x }

Hence (A  B)sc ≠ Asc  Bsc.

Definition : 1.2.8


Let (X, ) be a topological space and  be a supratopology of X. Then we call  a supratopology associated with  if   . 

Remarks : 1.2.9

(i) The intersection of two supraopensets need not be supraopen. 

(ii) The intersection of an openset and a supraopen set need not be supraopen. 

(iii) If  = P(X) or  = SO(X), U   and V   then U  V  
Definition : 1.2.10


Let (X, 1), (Y, 2) be topological spaces and 1 be an associated supratopology with 1. A function f : X → Y is an S-continuous function if the inverse image of each open set in Y is 1-supraopen set in X. 

Theorem : 1.2.11



Let (X, 1) and (Y, 2) be two topological spaces. 


f : (X, 1) → (Y, 2) be a function. Then the following are equivalent : 

(i) f is S-continuous.

(ii) The inverse image of each closed set in Y is 1-supraclosed. 

(iii) (f -1(V))sc  f -1(V) for every V  Y.

(iv) f(Usc)  (f(U))– for every U  X. 

(v) For any point x  X and any openset V of Y containing f(x), there exists U  1 such that x  U and f(U)  V.

(vi) S.b(f -1(V))  f -1(b(V)) (boundary of V) for every V  Y.

(vii) f(Usd)  (f(U))– for every U  X

(viii) f -1(B0)  (f -1(B))si for every B  Y.

Proof : 

To prove : (i)  (ii) 


Assume f is s-continuous.

Claim : 
The inverse image of each closed set in Y is 1-supraclosed. 


Let V be a closed set in Y. Then Y – V is open in Y.


Since f is S-continuous, f -1(Y – V) is supraopen in X.


(i.e.) f -1(Y – V) = X – f -1(V) is supraopen in X.


Therefore f -1(V) is supraclosed in X. 


Hence the inverse image of each closed set in Y is 1 -supraclosed

To prove : (ii)  (iii)


Assume the inverse image of each closed set in Y is 1-supraclosed. 

Claim : (f -1(V))sc  f -1(
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) for every V  Y.


Let 
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 be a closed set in Y. Then f -1(
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) is 1-supraclosed. 


Therefore f -1(
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) = (f -1(
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))sc  (f -1(V))sc

Hence (f -1(V))sc  f -1(
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) for every V  Y. 

To prove : (iii)  (iv) 


Assume (f -1(V))sc  f -1(
[image: image8.wmf]V

), for every V  Y. 

Claim : f(Usc)  (f(U))– for every U  X.


Let U  X and f(U) = V. By assumption, f -1(
[image: image9.wmf]V

)  (f -1(V))sc
 
f -1(f(U)–)  (f-1(f(U)))sc   Usc

Hence (f(U))–  f(Usc).


Therefore f(Usc)  (f(U))– for every U  X.

To prove : (iv)  (ii) 


Assume f(Usc)  (f(U))– for every U  X.

Claim : The inverse image of each closed set in Y is 1-supraclosed. 


Let W be a closed set in Y and U = f -1(W)


We know f(Usc)  (f(U))– . (f(U))– = (f(f -1(W)))–  
[image: image10.wmf]W

 = W 


Usc  f -1(f(Usc))  f -1(W) = U.


Therefore Usc  U. So U is 1-supraclosed. 

To prove : (ii)  (i)


Assume the inverse image of each closed set in Y is 1 - supraclosed. 

Claim : 
f is S-continuous.


Let V be an open set in Y, then Y – V is closed in Y and f -1(Y – V) is supraclosed in X. Therefore f -1(Y – V) = X – f -1(V) is supraclosed in X. 


Hence f -1(V) is supraopen in X. Therefore f is S-continuous.

To prove : (v)  (i) 


Assume for any point x  X and any open set V of Y containing f(x), there exists U  1 such that x  U and f(U)  V.

Claim :
f is S-continuous.  


Let  V  2. We now prove that f -1(V)  1.

Let x  f -1(V), then f(x)  V. 

Therefore there exists U  1 such that x  U and f(x)  f(U)  V. 

Hence x  U  f -1(f(U))  f -1(V) and f -1(V) is supraneighbourhood of each of its points. Therefore f -1(V)  1.

Hence f is S-continuous.

To Prove : (i)  (v) 


Assume f is S-continuous.

Claim :  
For any point x  X and any open set V of Y containing f(x), 

there exists U  1 such that x  U and f(U)  V.


Let f : X → Y be S-continuous. For any x  X and any open set V of Y containing f(x), there exists U = f -1(V)  1 and f(U) = f(f -1(V))  V.

To Prove : (i)  (vi)


Assume f is S-continuous. 

Claim :   S.b (f -1(V))  f -1(b(V)) for every V  Y.


Since f -1(b(V)) = f -1(
[image: image11.wmf]V

 – V0) 


for each V  Y, f -1(b(V)) = f -1(
[image: image12.wmf]V

) – f -1(V0)

 (f -1(V))sc – (f -1(V0))si 

 (f -1(V))sc – (f -1(V))si  (f -1(V))si – (f -1(V0))si
 S.b (f -1(V))  (f -1(V))si – (f -1(V))sc

       =  S.b (f-1(V)

Hence S.b (f -1(V))  f -1(b(V)) for every V  Y.

To Prove : (vi)  (i)

Assume S.b(f -1(V))  f -1(b(V)) for every V  Y. 

Claim : 
f is S-continuous.

Let U be an open set in Y and V= Y – U.

Since V is closed, S.b (f -1(V))  f -1(b(V))  f -1(
[image: image13.wmf]V

) = f -1(V)

Hence f -1(V) is 1 -supraclosed. Therefore f is S-continuous. 

To Prove : (i)  (vii) 

Assume f is S-continuous

Claim : 
f(Usd)  (f(U))​– for every U  X. 

Since f is S-continuous and by (iv), we get 

f(Usc)  (f(U))– for every U  X. Hence f(Usd)  (f(U))–
To Prove : (vii)  (i) 

Assume f(Usd)  (f(U)) – for every U  X. 

Claim : 
f is S-continuous 

Let U be an open set in Y, V = Y – U and f -1(V) = W. 

We know f(Wsd)  (f(W))– = f(f -1(V))  
[image: image14.wmf]V

 = V. 

So f -1(f(Wsd))  f -1(V)

Wsd  f -1(f(Wsd))  f -1(V).

   (f -1(V))sd  f -1(V)

   (f -1(V))sc  f -1(V)

Therefore f -1(V) = f -1(V)sc.  Hence f -1(V) is 1-supraclosed.

Therefore f is S-continuous.

To Prove : (i)  (viii) 

Assume f is S-continuous.

Claim : 
f -1(B0)  (f -1(B))si for every B  Y.

Let B  Y  f -1(B0) is 1-supraopen in X. 

But f -1(B0) = (f-1(B0))si  (f -1(B))si. Hence f -1(B0)  (f -1(B))si.

To Prove : (viii)  (i)

Assume f -1(B0)  (f -1(B))si for every B  Y. 

Claim : 
f is S-continuous.

Let V be an openset in X, then f -1(V0) = f -1(V).

Therefore f -1(V) is 1-supraopen. Hence f is S-continuous. 

Remarks : 1.2.12 

(i) Every continuous function is S-continuous. 

(ii) If a function f : (X, 1) → (Y, 2) is S-continuous and a function        g : (Y, 2) → (Z, 3) is S-continuous, then g o f : (X, 1) → (Z, 3) may not be S-continuous. 

(iii) If a function f : (X, 1) → (Y, 2) is S-continuous and                            g : (Y, 2) → (Z, 3) is continuous, then (g o f) is S-continuous. 

(iv) Let (X, 1) and (Y, 2) be topological spaces. 1 and 2 be two supratopologies associated with 1 and 2 respectively. If f : X → Y is function and the following holds,

(a) f -1(Bsi)  (f -1(B))0 for each B  Y. 

(b) (f -1(B))–  f -1(Bsc) for each B  Y.

(c) f(
[image: image15.wmf]A

)  (f(A))sc for each A  Y. Then f is continuous. 

Remark : 1.2.13


Many properties of semi-continuous, precontinuous and -continuous functions can be deduced by setting  = SO(X),  = PO(X) and  = (X) respectively. 

Section : 1.3   

S-continuous functions

Definition : 1.3.1


Let (X, 1), (Y, 2) be topological spaces and 1 and 2 are associated supra toplogies with 1, 2 respectively. A function f : X → Y is said to be         S-continuous if the inverse image of each 2-supraopen is 1-supraopen. 

Remark : 1.3.2


Continuity      S-continuity      S-continuity. 

Theorem : 1.3.3


Let X and Y be topological spaces and let f : X → Y be an injective       S-continuous function, then (f(A))0  (f(A))si  f(Asi).

Proof : 


Let A  X, then f(A)0 is open in Y.


Since f is a S*-continuous function 

Therefore (f(A))0  (f(A))si
                  f(Asi)

Hence the result.

Theorem : 1.3.4


Let X and Y be topological spaces and f : X → Y and g : Y → Z be two functions. If f is S-continuous and g is S-continuous, then g o f : X → Z is S-continuous. 

Proof : 


Given f : X → Y and g : Y → Z are two functions. 


Since f is S*-continuous, inverse image of supra open set is supra open. 

Since g is S-continuous, inverse image of open set is supra open. 

Therefore with respect to the composition g o f, the inverse image of supra open set is supra open. 

( 
g o f : X t Z is S*-continuous. 

Theorem : 1.3.5


Let X and Y be topological spaces and f : X → Y be a function. Then the following are equivalent. 

(i) f is S-continuous. 

(ii) The inverse image of each 2-supraclosed set is 1-supraclosed.

(iii) For each A  X, f(Asc)  (f(A))sc  (f(A))–.

(iv) For each B  Y, (f -1(B))sc  f -1(Bsc)  f -1(
[image: image16.wmf]B

).

(v) For each x  X and each 2-supraopen set V  Y containing f(x), there exists a 1 - supraopen set U  X containing x such that          f(U)  V.

(vi) For each B  Y, S.b(f -1(B))  f -1(S.b(B))  f -1(b(B)).

(vii) For each A  X, f(Asd)  (f(A))sc  (f(A))–.

(viii) For each B  Y, f -1(B0)  f -1(Bsi)  (f -1(B))si.

Proof : 

To  Prove : (i)  (ii) 


Assume f is S*-continuous. 

Claim : The inverse image of each 2-supraclosed set is 1-supraclosed.

Let U be a 2-supraclosed set in Y. Then Y – U is 2-supraopen. 

Since f is S-continuous, we get f -1(Y- U) is 1-supraopen. 

(i.e. ) 
f -1(Y – U) = X – f -1(U) is 1-supraopen. 

Therefore  f -1(U) is 1-supraclosed. Hence the inverse image of each 2-supraclosed set is 1-supraclosed.

To Prove : (ii)  (iv) 


Assume the inverse image of each 2-supraclosed set is                     1-supraclosed. 

Claim : 
For each B  Y, (f -1(B))sc  f -1(Bsc)  f -1(
[image: image17.wmf]B

).

Let B  Y. Then Bsc is supraclosed in Y. 

Therefore f -1(Bsc) is 1-supraclosed. 

Hence (f -1(B))sc  f -1(Bsc)  f -1(
[image: image18.wmf]B

).

To Prove : (iv)  (iii) 

Assume for each B  Y, (f -1(B))sc  f -1(Bsc)  f –1(
[image: image19.wmf]B

).

Claim : 
For each A  X, f(Asc)  (f(A))sc  (f(A))–.

Let A  X and f(A) = B. Then f -1(Bsc)  (f -1(B))sc
So (f -1(f(A))sc)  (f -1(f(A)))sc  Asc.  (i.e.) 
f(Asc)  (f(A))sc  (f(A))–.

To Prove : (iii)  (ii)

Assume for each A  X, f(Asc)  (f(A))sc  (f(A))–
Claim :    The inverse image of each 2-supraclosed set is 1-supraclosed. 

Let B be a supraclosed set in Y and A = f -1(B). 

f(Asc)  (f(A))sc    (i.e.) f(Asc) = (f(f -1(B))sc)  (f(f -1(B)))sc  Bsc = B. 

Asc  f-1(f(Asc))  f-1(B) = A 

Therefore A is supraclosed. Hence the inverse image of each             2-supraclosed set is 1-supraclosed. 

To Prove : (ii)  (i) 

Assume that the inverse image of each 2-supraclosed set is              1-supraclosed.

Claim : 
f is S-continuous. 

Let A be a 2-supraopen set in Y. Then Y – A is 2-supraclosed in Y. 

Given, f -1(Y – A) is 1-supraclosed in X.

(i.e.) X – f -1(A) is 1-supraclosed in X. 

 
f -1(A) is 1-supraopen in X. 

Hence f is S-continuous. 

To Prove : (i)  (v) 


Assume that f is S-continuous.

Claim :        For each x  X and each 2-supraopen set V  Y containing f(x), 

        there exists a 1-supraopen set U  X containing x such that 

        f(U)  V. 

Let f : X → Y be S-continuous. 

For each x  X and any 2-supraopen set V of Y containing f(x), 

U = f -1(V)  1.

 
f(U) = f(f -1(V))  V. Therefore f(U)  V. 

To Prove : (v)  (i) 

Assume that for each x  X and each 2-supraopen set V  Y containing f(x), there exists a 1-supraopen set U  X containing x, such that f(U)  V. 

Claim : 
f is S-continuous

Let V  2. It is enough if we prove that f -1(V)  1. 

x  f -1(V)  f(x)  V. 

Hence there exists V  1 such that x  U and f(x)  f(U)  V.

Therefore x  U  f -1(f(U))  f -1(V). 

Therefore f -1(V) is a supraneighbourhood of each of its points. 

Hence f -1(V)  1. Therefore f is S-continuous. 

To Prove : (i)  (vi) 

Assume that f is S-continuous. 

Claim : 
For each B  Y, S.b (f -1(B))  f -1(S.b(B))  f -1(b(B)). 

Since f -1(b(B)) = f -1(
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 – B0).

For each B  Y, f -1(b(B)) =  f -1(
[image: image21.wmf]B

) – f -1(B0) 

  (f -1(B))sc – (f -1(B0))si.

  (f -1(B))sc – (f -1(B))si  (f -1(B))si – (f -1(B0))si
  S.b(f -1(B))  (f -1(B))si – (f -1(B))sc 

        =   S.b(f -1(B))

Hence f -1(b(B))  f -1(S.b(B))  S.b(f -1(B))  


To Prove : (vi)  (i) 

Assume for each B  Y, S.b(f -1(B))  f -1(S.b(B))  f -1(b(B)).

Claim : 
f is S-continuous. 

Let B be an open set in Y and V = Y – B. 

Since V is closed, S.b.(f -1(B))  f -1(S.b.(B))  f -1(b(B))  f -1(
[image: image22.wmf]B

) = f -1(B).

Hence f -1(B) is 1-supraopen. Therefore f is S-continuous. 

To Prove : (i)  (vii) 


Assume f is S-continuous. 

Claim : 
For each A  X, f(Asd)  (f(A))sc  (f(A))–
Since f is S-continuous, by (iii) we get 

f(Asc)  (f(A))sc  (f(A)) – for every A  X. 

Therefore f(Asd)  f(Asc)  (f(A))sc  (f(A))– 

To Prove : (vii)  (i) 


Assume for each A  X, f(Asd)  (f(A))sc  (f(A))–
Claim : 
f is S-continuous. 

Let B be an openset in Y, A = Y – B and f -1(A) = W. 

We know f(Wsd)  (f(W))sc  (f(W))– = f(f -1(A))  
[image: image23.wmf]A

= A. 

So f -1(f(Wsd))  f -1(A). 

Wsd  f -1(f(Wsd))  f -1(A).

(f -1(A))sd  f -1(A) 

(f -1(A))sc  f -1(A). Therefore f -1(A) = f -1(A)sc. 

Hence f -1(A) is 1-supraopen. Therefore f is S-continuous. 

To Prove : (i)  (viii) 


Assume f is S-continuous. 

Claim : 
For each B  Y, f -1(B0)  f -1(Bsi)  (f -1(B))si. 

Let B  Y  f -1(B0) is 1-supraopen in X. 

But f -1(B0) = (f -1(B0))si  (f -1(Bsi))  (f -1(B))si. 

Hence f -1(B0)  f -1(Bsi)  (f -1(B))si
To Prove : (viii)  (i) 

Assume for each B  Y, f -1(B0)  f -1(Bsi)  (f -1(B))si.

Claim : 
f is S-continuous. 

Let B  2 be an openset. 

Since B  Y, f -1(B0)  f -1(B) = f -1(Bsi)  (f -1(B))si 

Hence f -1(B) = (f -1(B))si    f -1(B)  1.

Hence f is S-continuous. 

Remark : 1.3.6


Many properties of irresolute, M-precontinuous, M--continuous functions can be deduced by setting 1 = SO(X), 2 = SO(Y), 1 = PO(X),       2 = PO(Y) and 1 = (X), 2 = (Y) respectively. 

CHAPTER II
ON  FUZZY SUPRA TOPOLOGICAL  SPACES

In this chapter we discuss the article “On Fuzzy Supra Topological Spaces” due to Abd El-Monsef and Ramadan [1]. Here the authors have introduced and studied the notions of fuzzy supra topological spaces, fuzzy supra continuity, S*-fuzzy continuity, fuzzy supra open mapping, fuzzy supra closed mapping and fuzzy -supra compactness. Properties, characterizations and relations of such notions with other existing topological concepts are studied.  


Section 1 of chapter II deals with the preliminaries on fuzzy sets due to Zadeh [30] and fuzzy topological spaces due to Chang [11]. 

In section 2 of chapter II we discuss fuzzy supra topological spaces and fuzzy supra continuous mappings. 

Section 3 of chapter II is devoted to the study of fuzzy supra open mapping , fuzzy supra closed mapping and -supracompactness which is a generalization of -compactness.  

Section : 2.1 

Preliminary Results

Definition :  2.1.1

Let X be a set, I be the unit interval [0, 1] and IX be the collection of all mappings from X into I. A member λ of IX is called a fuzzy set on X. 

Definition : 2.1.2

Two fuzzy sets f and g on X are said to be equal. 

(i.e.) f = g ( f(x) = g(x) for every x  X. 

Definition : 2.1.3


Let f1 and f2 be two fuzzy sets on X. Then their union f1  f2 (intersection f1  f2) is a fuzzy set on X defined by, 

(f1  f2) (x) = max (f1(x), f2(x)) { f1  f2) (x) = min (f1(x), f2(x)) }

Definition : 2.1.4


Let { λs) be a family of fuzzy sets on X. Then their union  λs is a fuzzy set on X defined by ( λs) (x) = sup { λs(x) } for every x  X and their intersection  λs is also a fuzzy set on X defined by, ( λs) (x) = inf { λs(x) } for every x  X. 

Definition : 2.1.5


Let λ and μ be fuzzy sets on X. Then λ ≤ μ iff λ(x) ≤ μ(x) for x  X. In this case λ is said to contain μ or μ is said to be contained in λ. 

Note : 2.1.6



0 and 1 denote constant mappings taking whole of X to 0 and 1 respectively. 

Definition : 2.1.7 


Let λ be a fuzzy set on X. Then the complement λ' of λ on X is defined by (1 – λ) (x) = 1 – λ(x), for each x  X. 

Definition : 2.1.8


Let λ be a fuzzy set on X and f : X → Y be a mapping, then f(λ) is defined as 

sup λ(x)  , 
x  f -1(y) ≠ 0 

f(λ) (y) = 

    0

otherwise,    for each y  Y. 

Definition : 2.1.9



Let μ be a fuzzy set on X, then f -1(μ) is defined as f -1(μ) (x) = μ(f(x)), for each x  X. 

Definition : 2.1.10


A subfamily  of IX is called fuzzy topology on X, if 

(i) 0 and 1 belong to .

(ii)  is closed under arbitrary union and 

(iii)   is closed under finite intersection. 

The pair (X, ) is called a fuzzy topological space. 

Notation : 2.1.11


Fuzzy topological space in short can be written as fts. 

Definition : 2.1.12


A fuzzy set λ in a fts (X, ) is a neighbourhood of a fuzzy set μ in X, if there is    with μ ≤  ≤ λ. 

Notation : 2.1.13


Neighbourhood in short can be written as nbd. 

Definition : 2.1.14


Let (X, ) be a fts. For a fuzzy set λ of X, the closure λ– of λ is            defined as,  λ– = inf { μ | λ ≤ μ, μ'   }

Definition : 2.1.15


Let (X, ) be a fts. For a fuzzy set λ of X, the interior λ0 of λ is      defined as λ0 = sup { μ | μ ≤ λ, μ   }. 

Definition : 2.1.16


Let (X, ) be a fts. A fuzzy set of X is called fuzzy semi-open iff λ ≤ λo –.

The complement of a fuzzy semi-open set is called fuzzy semi-closed. 

Definition : 2.1.17


Let (X, ) be a fts. A fuzzy set λ of X is called fuzzy preopen iff λ ≤ λ–o.

The complement of a fuzzy pre-open set is called fuzzy preclosed. 

Definition : 2.1.18


Let (X, ) be a fts. A fuzzy set λ of X is called fuzzy β-open iff λ ≤ λ –o–.

The complement of a fuzzy β-open set is called fuzzy β-closed.

Notation : 2.1.19


The set of all fuzzy semi-open sets, fuzzy preopen sets and fuzzy        β-open sets of X are denoted by SO(X), PO(X), and βO(X) respectively. 

Definition : 2.1.20


Let X and Y be two fts. A mapping f : X → Y is said to be F-continuous, if the inverse image of each fuzzy open set in Y is fuzzy open in X. 

Definition : 2.1.21


A collection U  IX is said to be -shading of x, if for every point            x  X, there exists λ  U such that λ(x) > , where   I. 

Definition : 2.1.22


A subcollection V of an -shading U of X that is also an -shading is called an -subshading. 

Definition : 2.1.23


A collection F   IX is said to be -centered, if for all μ1, μ2, …, μn, there exists x0  X such that μk(x0) > 1 –  for all k = 1, 2, …, n.

Definition : 2.1.24 


A fts (X, ) is said to be -compact iff each open -shading of X has a finite subshading. 

Section : 2.2 

Fuzzy supra topological spaces and fuzzy supra continuous mappings

Definition : 2.2.1


A subclass   IX is called a fuzzy supratopology on X if 

(i) 0, 1  
(ii)  is closed for arbitrary union 

The pair (X, ) is called a fuzzy supra topological space. 

The members of  are called fuzzy supra open sets. 

A fuzzy set λ is fuzzy supra closed iff its complement λ' is supra open. 

Notation : 2.2.2


A fuzzy supra topological space is denoted as fsts. 

Remark : 2.2.3 


fsts are very natural generalization of supra topological spaces.

Theorem : 2.2.4


Let (X, ) be a fsts. Then the collection F  of all fuzzy supra closed sets satisfies the following : 

(i) 0, 1  F  

(ii) If λs  F , then  λs  F . 

Proof : 


Let (x, ) be a fsts and F  be the collection of all fuzzy supra closed sets. As 0, 1 are fuzzy supra open, its respective complements 1, 0 are fuzzy supra closed. Let λs  F . Then λs' is fuzzy supra open. Therefore (λs') is fuzzy supra open. Therefore ((λs'))' =  λs is fuzzy supra closed. 

Definition : 2.2.5


A fuzzy set λ in a fsts (X, ) is supra s-nbd of a fuzzy point p if there is a μ   with p  μ ≤ λ. 

The collection 
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 of all supra S-nbd of P is called the supra S-nbd system of P. 

Theorem : 2.2.6


For a fuzzy set λ in a fsts (X, ), λ is fuzzy supra open iff for each fuzzy point p  λ, λ  
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.  

Proof : 


Let (X, ) be a fsts. Let λ be a fuzzy supra open set and p be a fuzzy point such that p  λ. 

Claim : 
λ  
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Since λ is a fuzzy supra open set and p  λ, λ  
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. Since P is an arbitrary fuzzy point, we get λ  
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 for each fuzzy point p  λ. 


Conversely, assume λ  
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 for each fuzzy point p  λ. 

Claim : 
λ is fuzzy supra open. 


For each fuzzy point p  λ, there exists a fuzzy supra open set μp such that p  μp ≤ λ. Therefore λ = 
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 μp ≤ λ. Therefore λ = 
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Therefore λ is fuzzy supra open. 

Theorem : 2.2.7


If  is a fuzzy supratopology on a set X, then the family 

{ 
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 | p fuzzy point in X } has the following properties : 

(i) 1  
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(ii) λ  
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  p ≤ λ. 

(iii) λ ≥ μ  
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  λ  
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(iv) If x is the support of p, then 
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 =  { 
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 | 0 < q(x) < p(x) }.

(v) If λ  
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, then there exists λ  
[image: image41.wmf]s

p

N

 with λ ≤ λ such that λ  
[image: image42.wmf]s

p

N

, if q  λ. 

Conversely, given a family { Gp  | Gp ( IX, p fuzzy point } with properties (i) – (v), then there exists a unique fuzzy supra topology * on X for which Gp coincides with supra s-nbd system of p corresponding to *, 


[* = { ( IX |  ( Gp, if 0 < P(x) < (x)} ]

 Proof : 

(i) 
Let (X, ) be a fuzzy supra topology on a set X. 


Consider the collection { 
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 | p fuzzy point in X } 

Claim : 
1  
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 = { λ | there exists a μ such that p  μ , μ ≤ λ } 

p  1   and 1 ( 1. Therefore 1  
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(ii) 
Assume λ  
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Claim : 
p ≤ λ 

λ  
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  λ is a S-nbd of the fuzzy point p. 

By definition, p  μ ≤ λ, where μ  . 

 
p ≤ λ .Hence λ  
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  p ≤ λ. 

(iii) 
Assume λ ≥ μ  
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Claim : 
λ  
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By definition, μ  
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. Therefore, there exists a μ1  such that             p  μ1 ≤ μ. Since μ ≤ λ, p  μ1 ≤ λ. Hence λ  
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(iv) 
Let x be the support of p, then p(x) > 0 

Claim : 
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 =  { 
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 | 0 < q(x) < p(x) } 

Let λ  
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. Then there exists an fuzzy open set μ such that 

p  μ ≤ λ. As q(x) < p(x), q  μ ≤ λ.

Therefore λ  
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 for 0 < q(x) < p(x)

Therefore λ   
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 for 0 < q(x) < p(x). 

Therefore 
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 (   
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Conversely, assume that λ  
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 with 0 < q(x) < p(x). 

Claim : 
λ  
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λ  
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  λ  
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 for every 0 < q(x) < p(x).

Therefore there exists an fuzzy openset μq such that q  μq ≤ λ. 

Therefore q(x) ≤ μq(x) ≤ λ(x) for all 0 < q(x) < p(x). 

Therefore 
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q(x) ≤ 
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 μq(x) ≤ λ(x). 

 
(i.e.) p(x) ≤ μp(x) ≤ λ(x) where μp(x) = 
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 μq(x) 

As each μq is fuzzy open, 
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 μq is fuzzy open. 

(i.e.) μp is fuzzy open. Therefore λ  
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Therefore 
[image: image72.wmf]s

p

N

 =  
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 with 0 < q(x) < p(x). 

(v) 
Assume λ  
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Claim : 
There exists λ  
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 with λ ≤ λ such that λ  
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Since λ  
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, there exists a μ   such that p  μ ≤ λ. 

Take μ = λ. Then λ ≤ λ. If q  λ, then q  λ ≤ λ. Therefore λ  
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Hence λ 
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, for every q  λ.

Conversely, given the family  { Gp | Gp ( IX, p fuzzy point } satisfying the properties (i) – (v). 

To Prove : * = { μ ( IX | μ ( Gp if 0 < p(x) < μ(x) } is a fuzzy supra topology. 

Proof : 


From the property (i) 1 ( *. 


Vacuously 0 ( *.

Let μ ( * for  ( (.

Then by the definition of *, we have 0 < p(x) < μ(x)  for  ( (. 

Therefore 0 < p(x)  < 
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Therefore * is a fuzzy supra topology. 

To Prove : 
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Let 
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 = {  |  is a s-nbd of p }. 

Let  ( 
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  ( 
  p(x) ≤ (x)

 

  ( 
      ( Gp
Therefore 
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Consider  ( Gp, then 0 < p(x) < (x) 

( 
p(x) < (x) 

( 
     ( 
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Therefore Gp ( 
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Hence the proof.  

Definition : 2.2.8

Let (X, ) be a fsts. For a fuzzy set λ, the supra interior λsi of λ is defined to be the union of all fuzzy supra open sets contained in λ. 

The supraclosure λsc of λ is defined to be the intersection of all fuzzy supra closed sets containing λ. 

Theorem : 2.2.9

If λ, μ are fuzzy sets in the fsts X, then 

(i) λ is fuzzy supra open (fuzzy supra closed) iff λ = λsi (λ = λsc)

(ii) If λ ≤ μ, then λsi ≤ μsi and λsc = μsc. 

(iii) λsc  μsc ≤ (λ  μ)sc. 

(iv) λsi  μsi ≤ (λ  μ)si
(v) λ si  μ si ≥ (λ  μ)si
(vi) λsc = 1 – (1 – λ)si.

Proof : 

(i) 
Let λ be a fuzzy supra open set (fuzzy supra closed set) in a fsts X. 

Claim : 
λ = λsi (λ = λsc).

By definition, λsi =  {fuzzy supra open set contained in λ } 

Assume λ is fuzzy supra open. 

Then  { fuzzy supra open set contained in λ } = λ. 

Therefore λsi = λ. 

Conversely, assume λ = λsi. 

λ = union of all fuzzy supraopensets contained in λ. 

Therefore λ is fuzzy supra open.

Similarly, assume λ is fuzzy supra closed. 

By definition, λ  λsc.

Since λ is supra closed, λsc  λ. Therefore λ = λsc. 

Conversely, assume λ = λsc.

λsc = λ = intersection of all fuzzy closed sets containing λ. 

Therefore λ is fuzzy supra closed. 

Hence λ is fuzzy supra open (fuzzy supra closed) iff λ = λsi(λ = λsc).

(ii) 
Assume λ ≤ μ.

Claim : 
λsi ≤ μsi
We know λsi =  {  |   ,   λ } 

λsc =  {  | 1 –   , λ   } 

since λ ≤ μ, λsi ≤ μsi.

λsi =  {  |   ,  ≤ λ } 

μsi =  {  |   ,  ≤ μ } 

Since λ ≤ μ, {  |   ,  ≤ λ }  {  |   ,  ≤ μ } 

Therefore λsi ≤ μsi.

Claim : 
λsc ≤ μsc.

λsc =  {  | λ ≤ , (1 – )   } 

μsc =  {  | μ ≤ , (1 – )   }

since λ ≤ μ, {  | μ ≤ , (1 – )   }  {  | λ ≤ , (1 – )   }.

Therefore we get λsc ≤ μsc.

(iii) Claim : 
λsc  μsc ≤ (λ  μ)sc
We know that, for any two fuzzy sets λ and μ if λ ( μ, then λsi ( μsi, also λsc ( μsc.

Hence λ ≤ (λ  μ)  λsc ≤ (λ  μ)sc




 (1)

and     μ ≤ (λ  μ)  μsc ≤ (λ  μ)sc




 (2)

Hence from (1) and (2)  λsc  μsc ≤ (λ  μ)sc.

(iv) Claim : 
λsi  μsi ≤ (λ  μ)si
We know that λ ≤ (λ  μ)  λsi ≤ (λ  μ)si



 (3)
                and μ ≤ (λ  μ)  μsi ≤ (λ  μ)si


           (4) 

Hence from (3) and (4) λsi  μsi ≤ (λ  μ)si.

(v) 
λsi  μsi ≥ (λ  μ)si
We know that λ ≥ (λ  μ)  λsi ≥ (λ  μ)si



 (5)

                and μ ≥ (λ  μ)  μsi ≥ (λ  μ)si



 (6)

Hence from (5) and (6) λsi  μsi ≥ (λ  μ)si. 

(vi) 
Claim : λsc = 1 – (1 – λ)si.

We know λsi =  { μ | μ  , μ ≤ λ } 

(1 – λ)si =  { μ | μ  , μ ≤ 1 – λ } 

1 – (1 – λ)si = 1 –  { μ | μ  , μ ≤ 1 – λ } 

        =  { 1 – μ | μ  , μ ≤ 1 – λ }

Hence  1 – (1 – λ)si =  { μ | 1 – μ  , λ ≤ μ } =  λsc.

 Hence  λsc  = 1 – (1 – λ)si.

Remark : 2.2.10

In the fuzzy topological spaces, we have 

μ–  λ– = (μ  λ) – and λ0  μ0 = (λ  μ)0.

This is not satisfied in fsts. 

The following examples shows the results of 

(λ  μ)sc ≠ λsc  μsc and (β  )si ≠ βsi  si
Claim (i) : 
(λ  μ)sc ≠ λsc  μsc. 

Let X = {a, b, c, d} and  = { 1, 0, f1, f2, f3},

where 1 : X → [0, 1] is 1(x) = 1, for every x  X. 

0 : X → [0, 1] is 0(x) = 0, for every x  X. 

f1 : X → [0, 1] is given by 

f1(a) = 0; f1(b) = ½; f1(c) = 1; f1(d) = 0.

f2 : X → [0, 1] is given by 

f2(a) = ½; f2(b) = ¼; f2(c) = 0; f2(d) = 1.

f3 : X → [0, 1] is given by 

f3(a) = ½; f3(b) = ½; f3(c) = 1; f3(d) = 1.

Then  is a fuzzy supratopology on X. 

Fuzzy supra open sets of X are 0, 1, f1, f2 and f3.

Fuzzy supra closed sets of X are 1, 0, 1 – f1, 1 – f2 and 1 – f3, where 

(1 – f1) : X → [0, 1] is 

(1 – f1) (a) : 1 – 0 = 1;  (1 – f1) (b) = 1 – ½ = ½; 

(1 – f1) (c) = 1 – 1 = 0; (1 – f1) (d) = 1 – 0 = 1. 

(1 – f2) : X → [0, 1] is 

(1 – f2) (a) = 1 – ½ = ½; (1 – f2) (b) = 1 – ¼ = ¾; 

(1 – f2) (c) = 1 – 0 = 1;   (1 – f2) (d) = 1 – 1 = 0.

(1 – f3) : X → [0, 1] is 

(1 – f3) (a) = 1 – ½ = ½; (1 – f3) (b) = 1 – ½ = ½; 

(1 – f3) (c) = 1 – 1 = 0;   (1 – f3) (d) = 1 – 1 = 0. 

Consider the fuzzy set λ : X → I given by 

λ(a) = ¼; λ(b) = ½ ; λ(c) = 0, λ(d) = ½

Then λsc : X → I is λsc (a) = 1; λsc(b) = ½; λsc(c) = 0; λsc (d) = 1. 

Hence λsc = 1 – f1.

Consider the fuzzy set μ : X → I given by 

μ(a) = ¼; μ(b) = ½; μ(c) = ½; μ(d) = 0. 

Then μsc : X → I is μsc(a) = ½; μsc(b) = ¾; μsc(c) = 1; μsc(d) = 0. 

Hence μsc = 1 – f2. 

Therefore (λsc  μsc) (a) = 1; (λsc  μsc) (b) = ¾; 

(λsc  μsc) (c) = 1; (λsc  μsc) (d) = 1         



 (1) 

Here (λ  μ) (a) = ¼; (λ  μ) (b) = ½; (λ  μ) (c) = ½; (λ  μ) (d) = ½.

Hence (λ  μ)sc (a) = 1; (λ  μ)sc (b) = 1; 

(λ  μ)sc (c) = 1; (λ  μ)sc (d) = 1.   

(i.e.) (λ  μ)sc = 1 

 



                      (2)

Therefore from (1) and (2)  (λ  μ)sc ≠ λsc  μsc.

Claim (ii) : 
(β  )si ≠ βsi  si.

Consider the fuzzy set β : X → I given by 

β(a) = ½ ; β(b) = ½; β(c) = 1; β(d) = ¼. 

Then βsi : X → I is βsi(a) = 0; βsi(b) = ½; βsi(c) = 1; βsi(d) = 0.

Hence βsi = f1.

Consider the fuzzy set  : X → I given by 

(a) = 1; (b) = ½; (c) = ½; (d) = 1.

Then si : X → I is si(a) = ½; si(b) = ¼; si(c) = 0; si(d) = 1.

Hence si = f2. 

Therefore (βsi  si) (a) = 0; (βsi  si) (b) = ¼’

(βsi  si) (c) = 0 ; (βsi  si) (d) = 0.




        (3)  

Here (β  ) (a) = ½; (β  ) (b) = ½; (β  ) (c) = ½; (β  ) (d) = ¼.

Hence (β  )si(a) = 0; (β  )si(b) = 0; (β  )si(c) = 0; (β  )si(d) = 0    (4) 

Therefore from (3) and (4)  (β  )si ≠ βsi  si.

Definition : 2.2.11


Let (X, 1*) and (Y, 2*) be two fsts. A mapping f : (X, 1*) → (Y, 2*) is called SF-continuous if f -1(2*)  1*.

Theorem : 2.2.12


Let (X, 1*) and (Y, 2*) be fsts and f : X → Y be a mapping. Then the following are equivalent :

(i) f is SF-continuous

(ii) f -1(λ) is fuzzy supra closed in X for each fuzzy supra closed λ in Y.

(iii) (f -1(λ))sc ≤ f -1(λsc) for each λ  IY.

(iv) f(μsc) ≤ f(μ)sc for each μ  IX.

(v) f -1(λsi) ≤ (f -1(λ))si for each λ  IY.

Proof :


Let (X, 1*) and (Y, 2*) be fsts and let f : X → Y be a mapping.

To prove : (i)  (ii)


Assume f is SF-continuous.

Claim :     f -1(λ) is fuzzy supra closed in X for each fuzzy supra closed λ in Y.

Let λ  IY be fuzzy supra closed. Then 1 – λ will be fuzzy supra open.

Since f is SF-continuous, f -1(1 – λ) = 1 – f -1(λ) is supra open in X.

Hence f -1(λ) is fuzzy supra closed in X.

To prove : (ii)  (iii)


Assume f -1(λ) is fuzzy supra closed in X for each fuzzy supra closed      λ in Y.

Claim : 
(f -1(λ)) sc ≤ f -1(λsc) for each λ  IY.

For each λ  IY, λsc is fuzzy supra closed.

Then f -1(λsc) is 1*-supra closed.

Therefore f -1(λsc) = (f -1(λsc))sc  ≥  (f -1(λ))sc     (since λ = λsc)

Hence (f -1(λ))sc ≤ f -1(λsc).

To prove : 
(iii)  (iv)


Assume  (f -1(λ))sc ≤ f -1(λsc) for each λ  IY.

Claim : 
f(μsc) ≤ f(μ)sc for each μ  IX.

Let μ  IX and f(μ) = λ. Then f -1(λsc) ≥ (f -1(λ))sc.

Thus f -1((f(μ))sc)  ≥ (f -1(f(μ)))sc  ≥  μsc.

and 
      f(f -1((f(μ))sc)) ≥  f((f -1(f(μ)))sc)   ≥  f(μsc).

Then (f(μ))sc ≥ f((f -1(f(μ)))sc) ≥ f(μsc). Hence f(μsc) ≤ (f(μ))sc.

To prove : (iv)  (ii)


Assume f(μsc) ≤ f(μ)sc for each μ  IX.

Claim :       f -1(λ) is fuzzy supra closed in X for each fuzzy supra closed λ in Y.

Let λ  IY be fuzzy supra closed and μ = f -1(λ).

Given f(μsc) ≤ (f(μ))sc  f((f -1(λ))sc) ≤ (f(f -1(λ)))sc
        



 ≤  λsc = λ   (since λ = λsc)

and μsc ≤ f -1(f(μsc)) ≤ f -1(f(f -1(λ))sc)  ≤  f -1(λ)  =  μ
Hence μsc = μ and so μ is 1*-fuzzy supra closed.

Hence f -1(λ) is fuzzy supra closed in X for each fuzzy supra closed        λ in Y.

To prove : 
(ii)  (i)


Assume f -1(λ) is fuzzy supra closed in X for each fuzzy supra closed          λ in Y.

Claim : 
f is SF-continuous.

Let λ  IY be fuzzy supra open.

Then 1 – λ is fuzzy supra closed and f -1(1 – λ) = 1 – f -1(λ) is fuzzy supra closed in X. Hence f -1(λ) is fuzzy supra open.

To prove : 
(i)  (v)


Assume f is SF-continuous.

Claim :  
f -1(λsi) ≤ (f -1(λ))si for each λ  IY.


Let λ  IY. Then f -1(λsi) is 1*-fuzzy supra open.

But f -1(λsi) = (f -1(λsi))si ≤ (f -1(λ))si
(since λ = λsi)

Therefore f -1(λsi) ≤ (f -1(λ))si.

To prove : (v)  (i)


Assume f -1(λsi) ≤ (f -1(λ))si, for each λ  IY.

Claim : 
f is SF-continuous.

Let λ  IY be fuzzy supraopen. 


Then f -1(λsi) = f -1(λ) ≤ (f -1(λ))si. Therefore f -1(λ) = (f -1(λ))si 


Therefore f -1(λ) is 1*-fuzzy supraopen. 

Hence f is SF-continuous.  

Remark : 2.2.13


Every F-continuous mapping is SF-continuous but the converse need not be true. 

Example : 2.2.14


SF-continuous function which is not F-continuous. 


Let X = {a, b, c} and Y = {x, y, z}.


Let  f : X → [0, 1] be f(a) = ½, f(b) = ½, f(c) = 0.

Let g : X → [0, 1] be g(x) = ½, g(y) = ¼, g(z) = ½.


Let 1 = {1, 0, f} and 2 = {1, 0, g}. Then 1 and 2 are two fuzzy        supra topologies on X. 

Let f1 : X → [0,1] be f1(a) = ½, f1(b) = ½, f1(c) = ½ and 

      f2 : X → [0, 1] be f2(a) = ½, f2(b) = ¼, f2(c) = ½.


Let 1* = {1, 0, f, f1, f2}. Then 1* is a fuzzy supra topology on X and       1 ( 1*. Consider the mapping h : X → Y defined by h(a) = X, h(b) = Y          and h(c) = Z. Then h -1{g} = {f2}  1*. 

Therefore h is SF-continuous. Since {f2}  1, h is not F-continuous. 


Hence h is SF-continuous but not F-continuous. 

Remark : 2.2.15


If f : X → Y is SF-continuous and g : Y → Z is F-continuous, then the composition g o f is SF-continuous. 

Proof : 


f : X → Y is SF-continuous implies the inverse image of supra open set is supra open








 (1)


g : Y → Z is F-continuous implies g is SF-continuous which implies the inverse image of supra open set is supra open




 (2)

From (1) and (2)  we get 

With respect to the composition, we get g o f : Y → Z is SF-continuous. 

Definition : 2.2.16


A family ξ  IX is called a basis for a fuzzy supra topology * if ξ  * and every member of * is a union of a number of members of ξ.    

Definition : 2.2.17


Let (X, 1*) and (Y, 2*) be two fsts. The product fuzzy supratopology on X = X1 x X2 is the one which has the family { μ1 x μ2 | μi  i*} as a basis.

Definition : 2.2.18 [3]


The product f1 x f2 : X1 x X2 → Y1 x Y2 of mappings f1 : X1 → Y1          and f2 : X2 → Y2 is defined by (f1 x f2) (x1, x2) = (f1(x1), f2(x2)) for each                     (x1, x2)  X1 x X2. 

Result : 2.2.19 [3]


For mapping fi : Xi → Yi and fuzzy sets λi of Yi, i = 1, 2; we have            (f1 x f2) -1 (λ1 x λ2) = f1-1(λ2) x f2-1(λ2). 

Theorem : 2.2.20


Let (X1, 1*), (X2, 2*), (Y1, σ1*), (Y2, σ2*) be fsts. If fi : Xi → Yi, i = 1, 2 are SF-continuous then 

f1 x f2 : X1 x X2 → Y1 x Y2 is SF-continuous. 

Proof : 


Assume (X1, 1*), (X2, 2*), (Y1, σ1*), (Y2, σ2*) as fsts and f1 : X1 → Y1 and f2 : X2 → Y2 are SF-continuous.

Claim : 
f1 x f2 is SF-continuous. 


Let λ be a fuzzy supra open set of Y1 x Y2. 


Then λ = (λs x μr) where λs’s and μr’s are fuzzy basic supra open of  σ1* and σ2*. (f1 x f2) -1(λ)  =  (f1 x f2) -1 ((λs x μr))  =  ((f1 x f2) -1 (λs x μr))

        



   =   (f1-1(λs) x f2-1(μr)) 

is fuzzy supra open in X1 x X2 (since by result 2.2.19)

Hence f1 x f2 is SF-continuous. 

Theorem : 2.2.21


If f : X → Y and g : Y → Z are SF-continuous, then g o f is                   SF-continuous. 

Proof : 


Assume f : X → Y and g : Y → Z as SF-continuous. 

Claim : g o f is SF-continuous. 


Let λ be fuzzy supra open set in Z. Since g is SF-continuous, g -1(λ) is fuzzy supra open in Y. since f is SF-continuous, f -1(g -1(λ)) is fuzzy supra open in X.  (i.e.) (g o f) -1 (λ) is fuzzy supra open in X. 


Hence (g o f) -1 is SF-continuous. 

Section : 2.3 

Fuzzy supra open mappings, fuzzy supra closed mappings 

and -supracompactness 

Definition : 2.3.1


If (Xi, i*), i = 1, 2 are fsts, then f : X1 → X2 is called fuzzy supra open, if f(λ) is supra open for each supra open λ  IX.

Definition : 2.3.2



If (Xi, i*), i = 1, 2 are fsts, then f : X1 → X2 is called fuzzy supra closed if f(λ) is supra closed for each supra closed λ  IX1.

Remark : 2.3.3


A fuzzy open (fuzzy closed) mapping is also a fuzzy supra open (fuzzy supra closed). But the converse is not true.

Example : 2.3.4

Let X = {a, b, c}, Y= {x, y, z} with topologies 1 = {1, 0, f1} where         f1(a) = 1, f1(b) = ½ , f1(c) = ⅓ and 2 = {1, 0, f2} where

f2(X) = 1, f2(Y) = ⅓, f2(Z) = ½ on X and Y respectively.

2* = {1, 0, g1, g2, g3} where 

g1(X) = 1, g1(Y) = ⅓, g1(Z) = ½ ;   



g2(X) = 1, g2(Y) = ½ , g2(Z) = ⅓   and

g3(X) = 1, g3(Y) = ½ , g3(Z) = ½. 

2* is a supra topology on Y such that 2  2*.

Consider the mapping f : X → Y defined by, 

f(a) = X, f(b) = Y and f(c) = Z.

Then f(f1) = {g2}  2*. Therefore f is fuzzy supra open.

But f2'  2. Hence f is not fuzzy open. So, fuzzy supra open need not be fuzzy open.

Theorem : 2.3.5


Let X and Y be two fsts and f : X → Y be a mapping. Then f is fuzzy supra open iff for each fuzzy point λx of X and each fuzzy supra open set λ in X containing λx, there exists a fuzzy supra open set μf(x) containing f(λx) such that μf(x) ≤ f(λ).

Proof :


Assume f : X → Y is fuzzy supra open.

Claim : 
For each fuzzy point λx of X and each fuzzy supra open set λ in X containing λx, there exists a fuzzy supra open set μf(x) containing f(λx) such that μf(x) ≤ f(λ).


Since λ is fuzzy supra open, f is fuzzy supra open.


Therefore f(λ) is fuzzy supra open.  If μf(x) ≤ f(λ), the result follows.

Conversely, assume the mapping f : X → Y, where X and Y are fsts and μf(x) ≤ f(λ), for each fuzzy point λx of X and each fuzzy supra open set λ containing λx.

Claim :  
f is fuzzy supra open.


Let λ be fuzzy supra open set in X, for each fuzzy point λx of X such that λx  λ, there exists a fuzzy supra open set μf(x) containing f(λx) such that μf(x) ≤ f(λ). Now, f(λ) = 
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          =   f(λx) ≤ 
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 μf(x) ≤ f(λ).

     Therefore    f(λ) = 
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 μf(x) is fuzzy supra open set of Y.

Theorem : 2.3.6


A mapping f : (X, 1*) → (Y, 2*) is fuzzy supra closed iff                    (f(μ))sc ≤ f(μsc) for each μ  IX.

Proof :


Assume f : (X, 1*) → (Y, 2*) is fuzzy supra closed.

Claim : 
(f(μ))sc ≤ f(μsc) for each μ  IX.


If λ is fuzzy supra closed in X, then f(λ) is fuzzy supra closed in Y.


For μ  IX, μsc is fuzzy supra closed, then f(μsc) is fuzzy supra closed.


Since μ ≤ μsc, then f(μ) ≤ (f(μsc)). So (f(μ))sc ≤ (f(μsc))sc = f(μsc).


Therefore (f(μ))sc ≤ f(μsc) for each μ  IX.

Conversely, assume (f(μ))sc ≤ f(μsc) for each μ  IX.

Claim : 
f is fuzzy supra closed.


Let λ be fuzzy supra closed. Then it is enough if we prove that f(λ) is fuzzy supra closed. We know (f(λ))sc ≤ f(λsc) = f(λ). But f(λ) ≤ (f(λ))sc.


Therefore f(λ) = (f(λ))sc.  Hence f(λ) is fuzzy supra closed.

Theorem : 2.3.7


Let f : (X, 1*) → (Y, 2*) be a fuzzy supra open(fuzzy supra closed) mapping. If λ is a fuzzy set in Y and μ is a fuzzy supra closed (fuzzy supra open) set in X containing f -1(λ), then there exists a fuzzy supra closed         (fuzzy supra open) set σ in Y containing λ such that f -1(σ) ≤ μ.

Proof :


Assume f is a fuzzy supra open mapping and λ is a fuzzy set in Y and μ is a fuzzy supra closed set in X containing f -1(λ).

Claim : 
There exists a fuzzy supra closed set σ in Y containing λ such 

that f -1(σ) ≤ μ.


Let σ = 1 – f(1 – μ). Since f -1(λ) ≤ μ   (   f(1 – μ) ≤ 1 – λ.

   (i.e.) λ ≤ σ. 

Since f is fuzzy supra open then σ is a fuzzy supra closed set in Y and  f -1(σ) = 1 – f -1(f(1 – μ))  ≤  1 – (1 – μ)  ≤  μ
Hence f -1(σ) ≤ μ.

Theorem : 2.3.8


The composition of two fuzzy supra open (fuzzy supra closed) mappings is fuzzy supra open (fuzzy supra closed).

Proof :


Let f : X → Y and g : Y → Z be two fuzzy supra open sets.

Claim : 
g o f : X → Z is fuzzy supra open.

Let μ be a fuzzy supra open set in X.

Since f is a fuzzy supra open map, f(μ) is a fuzzy supra open set in Y.

Since g is a fuzzy supra open map, g(f(μ)) is a fuzzy supra open set                 in Z. Since μ is fuzzy supra open in X, g(f(μ)) is fuzzy supra open in Z.

Hence g o f is fuzzy supra open.

Definition : 2.3.9


Let (X, *) be a fsts and   I. A collection U  IX is said to be a fuzzy supra open -shading if U  is -shading and each member of U  is a fuzzy supra open set. A fsts is said to be -supracompact if every fuzzy supra open -shading of the space has a finite -subshading.

Remark : 2.3.10


If * is finite then X is -supracompact.

Theorem : 2.3.11


A fsts X is -supracompact iff for every -centered collection F  of fuzzy supra closed sets in X, there is x  X such that μ(x) ≥ 1 –  for all            μ  F .

Proof :


Let (X, ) be a fsts and let it be -supracompact.

Claim : 
For every -centered collection F  of fuzzy supra closed sets in X, there is x  X such that μ(x) ≥ 1 –  for all μ  F .


Suppose that F  is an -centered collection of fuzzy supra closed sets in X such that for each x  X, there exists μ  F  with μ(x) ≤ 1 – . Let            U  = {μ' / μ  F } is a fuzzy supra open -shading of X which has no finite        -subshading. So X is not -supracompact.


Conversely, assume for every -centered collection F  of fuzzy supra closed sets in X, there is x  X such that μ(x) ≥ 1 –  for all μ  F .

Claim : 
X is -supracompact.


Suppose that U is a fuzzy supra open -shading with no finite              -subshading, then F  = {μ' / μ  U } is a collection of fuzzy supra closed sets in X. F  is -centered but for each x  X, there is μ  U  with μ(x) > . Hence μ'  F  and μ'(x) < 1 – . Therefore X is -supracompact.

Corollary : 2.3.12


Let (X, *) be a fsts, then (X, *) is -supracompact iff for every              -centered system F of fuzzy sets in X, there exists x  X such that                    μsc(x) ≥ 1 – λ for all μ  F .

Theorem : 2.3.13


Let F  X be a supra closed crisp subset of the fsts (X, ). If x is           -supracompact, then F is -supracompact as a subspace of X.

Proof :


Let F  X be a supra closed crisp subset of a fsts (X, ) and X is          -supracompact.

Claim : 
F is -supracompact as a subspace of X.


Let U  be a fuzzy supra open-shading of F.


Let V  = {μ / μ   *, μ  F  U }.

Then V   {F'} is a fuzzy supra open-shading of X. 


Hence V   {F'} has a finite -subshading {μ1, μ2,….., μn, F'}.


Then {μ1  F, μ2  F, ….., μn  F} is a finite -subshading of U .


Therefore F is -supracompact as a subspace of X.

Theorem : 2.3.14


Let X, Y be fsts and let f : X → Y be SF-continuous and onto. If X is     -supracompact, then Y is also -supracompact.

Proof : 


Assume that X, Y are fsts and let f : X → Y be SF-continuous and onto and X is -supracompact. 

Claim : 
Y is -supracompact.


Let U be a fuzzy supra open -shading family U of Y. Then                f -1(U ) = {f -1(μ) / μ  U } is a fuzzy supra open -shading of X. Since X is      -supracompact, f -1(U) has a finite -subshading {f -1(μ1, ……, f -1(μn)}. Then {μ1, ……, μn} is a finite -subshading of U . Hence Y is -supracompact. 

CHAPTER III
s-INDUCED L-FUZZY SUPRA TOPOLOGICAL SPACES

This chapter presents the study of induced fuzzy supra topological spaces and s-Induced L- fuzzy supra topological spaces. 

In section 1 of chapter III, we discuss definitions and results                  on Induced fuzzy supra topological spaces due to Bhaumik and                             Anjan Mukherjee [8]. 


Section 2 and section 3 of chapter III deals with the study of the article s-Induced L- fuzzy supra topological spaces due to Anjan Mukherjee [2]. 

In section 2, properties of s-Induced L- fuzzy supra topological spaces and scott s-continuous functions are anlaysed. 

In section 3, compactness and separation axioms with respect to          s-Induced L- fuzzy supra topological spaces are studied. 


Section : 3.1 

Induced Fuzzy Supra topological Spaces 

Definition : 3.1.1


A function f : (X, ) → (R, σ) from a topological space (X, ) to a real number space (R, σ) is said to be s-lower semi-continuous (respectively          s-upper semi-continuous) at x0  X iff for each ξ > 0, there exists a semi-open neighbourhood N(x0) such that x  N(x0) implies f(x) > f(x0) – ξ (respectively f(x) < f(x0) + ξ)

Definition : 3.1.2 


Let (X, ) be a topological space and a  X. A function f : (X, ) → I is called a scott continuous (or lower semi-continuous) at a  x, iff for every            [0, 1) with  < f(a), there is a neighbourhood U of ‘a’ such that  < f(x) for every x  U, f is called scott continuous (or lower semi-continuous) on X iff        f is scott continuous (or lower semi continuous) at every point of X. 

Result : 3.1.3 

(i) The necessary and sufficient condition for a real-valued function f to be s-lower semi-continuous is that for all r  R, the set {x  X / f(x) > r } is semi-open (or equivalently {x  X / f(x) ≤ r } is semi-closed). 

(ii) The characteristic function of a semi-open subset is s-lower            semi-continuous. 

(iii) The sum and product of two s-lower semi-continuous functions are not necessarily s-lower semi-continuous functions. 

(iv) If { fj / j  J } is an arbitrary family of s-lower semi-continuous functions, then the function g defined by g(x) = 
[image: image93.wmf]j

Sup

 fj(x) is s-lower                   semi-continuous. 

(v) A function f from a topological space (X, ) into a space (R, σ1), where σ1 = { (r, ) / r  R } is s-lower semi-continuous iff the inverse image of any open subset of (R, σ1) is semi-open in (X, ). 

(vi) Every lower semi-continuous function is s-lower semi-continuous. 

Note : 3.1.4 


If f1, f2, …, fn are s-lower semi-continuous functions, then the function h, defined by h(x) = 
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fi(x), where i = 1, 2, …, n is not s-lower                     semi-continuous. 

Example : 3.1.5 

       A function g which is s-lower semi-continuous and not lower               semi-continuous. 

       Let X = {a, b, c, d} and Y = {0, 1, 2}. Let  = {X, Φ. {c}, {d}, {c, d}, {a, c, d}} and 1 = {Y, Φ, {2}} be the topologies on X and Y respectively. Let g : X → Y be defined as g(a) = g(d) = 2, g(b) = 1 and g(c) = 0. Then g-1{0} = {c},                  g-1{1} = {b} and g-1{2} = {a, d}. Here {a, d} is semi-open in (X, ), since              {d}  {a, d}  {a, b, d} = cl{d}. For all r  Y, by result 3.1.3 (i), g is s-lower            semi-continuous. Since inverse image of open subset {2} of Y is semi-open,  g is not lower semi-continuous. 

Theorem : 3.1.6 

       Let (X, ) be a topological space. The family of all s-lower                     semi-continuous functions from the topological space (X, ) to the closed            unit-interval I forms a fuzzy supra topology on X. 

Proof : 


Let S  be the collection of all s-lower semi-continuous functions from  (X, ) to I. 

Claim : 
S  is a fuzzy supra topology on X. 

(i) Since X is open, it is semi-open and by result 3.1.3 (ii), Ix is s-lower semi-continuous. Thus Ix  S. 

(ii) Φ is semi-open, since it is open in X. Thus IΦ is s-lower                 semi-continuous. Thus IΦ  S. 

(iii) Let {nj} be an arbitrary family of s-lower semi-continuous functions. By result 3.1.3 (iv), sup {nj} is also s-lower semi-continuous. Hence Vnj  S. Hence S satisfies all the conditions of supra topology. Therefore S   forms a fuzzy supra topology. 

Definition : 3.1.7 


The fuzzy supra topology stated in the Theorem 3.1.6 is called induced fuzzy supra topology. 


The space (X, S ()) is called the induced fuzzy supra topological space. 

The members of S () are called fuzzy supra open subsets. 

Theorem : 3.1.8 


A fuzzy subset  in an induced fuzzy supra topological space (X, S ()) is fuzzy supra open iff for each r  I, the strong r-cut σr() is semi-open in the topological space (X, ). 

Proof : 


Assume a fuzzy subset  in an induced fuzzy supra topological space (X, S ()) is fuzzy supra open. 

Claim : 
For each r  I, σr() is semi-open in (X, ). 

Given that a fuzzy subset  is fuzzy supra open in (X, S ()), 

if   S () iff  is s-lower semi-continuous   (since by theorem 3.1.6) 

 
       iff { x  X / (x) > r } for each r  I, is semi-open in (X, ) 

      (since by result 3.1.3(i))

Hence σr() is semi-open in (X, ).

Corollary : 3.1.9 


A fuzzy subset  in an induced fuzzy supra topological space (X, S ()) is fuzzy supra closed iff for each r  I, the weak r-cut Wr() is semi-closed in the topological space (X, ).

Theorem : 3.1.10 


If A is semi-open in (X, ), then 1A is fuzzy supra semi-open in (X, S ()). 

Proof : 


Assume A is semi-open in (X, ). 

Claim : 
1A is fuzzy supra semi-open in (X, S ()). 

Since A is semi-open in (X, ), we get A  cl Int A, 

that is 1A    1cl int A
      =  cl 1 int A 

      =  cl int 1A. 

Hence 1A is fuzzy supra semi-open in (X, S ()). 

Theorem : 3.1.11


If F  is an induced fuzzy topology and S  is an induced supra topology on X, then F   S. 

Definition : 3.1.12 


Let (X, F ) be a fts and F ' be a fuzzy supra topology on X. Then F  ' is a fuzzy supra topology associated with F  if F   F  '. 

Remark : 3.1.13 


The family FSO(X) of all fuzzy semi-open subsets in (X, F ) is fuzzy supra topology associated with F. 

Theorem : 3.1.14 

          Let (X, F  ') be a fsts where F  ' is associated with the fuzzy topology F on X and  = F   2X. Then the induced fuzzy supra topology S () on X is equivalent to the fuzzy supra topology F  ' if for any fuzzy subset μ and r  I, 

Wr(μsc) =  {cl(Wt(μ)) / t < r } (respectively σr (μsi) = ( {Int(σt(μ)) / t > r}) is semi-closed (respectively semi-open) in (X, ).

Proof  : 


Given (X, F  ') is a fsts where F  ' is associated with F  on X and              = F   2X. 

Claim : 
S () = F  ', if for any fuzzy subset μ and r ( I. 

Wr(μsc) =  {cl(Wt(μ)) / t < r } is semi-closed in (X, t). 

Let μ be F  '-closed subset of X and r ( I. 

Then Wr(μsc) =  {cl(Wt(μ)) / t < r } is semi-closed. By Corollary 3.1.9, μ is S ()-closed. Assume β is S ()-closed and r ( I.

Wr(βsc) =  {cl(Wt(β)) / t < r }

 =  {Wt(β) / t < r } = Wr(β) 

Hence βsc = β (i.e.) β is a F  '-closed.

Therefore S ()  = F  '.

Theorem : 3.1.15


If S () is induced fuzzy supra topology on X, then 

F S () = {   X | μ  S ()    μ  S () } is a fuzzy topology on X and F S ()  S (). 

Definition : 3.1.16


Let (X, F ) and (Y, F 1) be fts and F  ' be an associated fuzzy supra topology with F. A function f : X → Y is fuzzy s-continuous if the inverse image of each fuzzy open subset in Y is F  '-supra open in X.

Theorem : 3.1.17


Let f : (X, S ()) → (Y, F ) be a function from an induced fuzzy        supra topological space (X, S ()) into a fts (Y, F ). Then the following statements are equivalent :

(i) f is fuzzy s-continuous.

(ii) The inverse image of each fuzzy closed subset in Y is S ()-closed.

(iii) (f -1(β))sc  f -1(cl β) for any fuzzy subset β in Y.

(iv) f(sc)  cl(f()) for any fuzzy subset  in X.

(v) For any fuzzy point xp in X and fuzzy open subset β in Y containing f(xp), there exists   S () such that xp   and f()  β.

Proof : 
It is obvious

Definition : 3.1.18


Let (X, F 1) and (Y, F 2) be two fts, F 1' and F 2' be two associated fuzzy supra topologies with F 1 and F 2 respectively. A function f : X → Y is fuzzy supra continuous if the inverse image of F 2'-supra open subset is           F 1'-supra open.

Definition : 3.1.19


Let (X, ) and (Y, 1) be two fts. A function f : (X, ) → (Y, 1) is an irresolute, if the inverse of semi-open subset is semi-open.

Theorem : 3.1.20


Let S () and S (1) be two induced fuzzy supra topology associated with F and F 1. Then a function f : (X, F ) → (Y, F 1) is fuzzy                   supra continuous iff f : (X, ) → (Y, 1) is an irresolute function.

Proof :


Let f be a fuzzy supra continuous function.

Claim : 
f : (X, ) → (Y, 1) is an irresolute function.


Let A be a semi-open subset in (Y, ). Then 1A  S () and


f -1(A)   =  {x  X / 1A(f(x)) = 1}

  
           =  { x  X / f -1(1A(x)) > r and 0 < r < 1}

=  σr(f -1(1A)).


Hence f -1(1A) is fuzzy supra open, since f is fuzzy supra continuous. By theorem 3.1.8, σr(f -1(1A)) is semi-open in the topological space (X, ). Hence f is an irresolute function. 


Conversely, assume that f : (X, ) → (Y, 1) is an irresolute function.

Claim : 
f : (X, F ) → (Y, F 1) is fuzzy supra continuous.


Let  be a fuzzy supra open subset in (Y, S (1)).

For every r > 0, σr(f -1()) =  {x  X / f -1((x)) > r } 

         (since by theorem 3.1.8)

          =  (f) -1(r, )

          =  f -1(-1(r, )).

Since   S (1),  is s-lower semi-continuous.

Hence -1(r, ) is semi-open in (Y, 1).

By hypothesis, f -1( -1(r, )) is semi-open in (X, ).

(i.e.,) σr(f -1()) is semi-open in (X, ).

which implies that f -1()  S ().

Hence f : (X, F ) → (Y, F 1) is fuzzy supra continuous.

Definition : 3.1.21


Let (X, F 1') and (Y, F 2') be two fsts. A function f : (X, F 1') → (Y, F 2') is called fuzzy supra open if f()  F 2' for each   F 1'.

Theorem : 3.1.22


Let (X, S (1)) and (Y, S (2)) be two induced fuzzy supra topological spaces. If f : (X, S (1)) → (Y, S (2)) is an injective fuzzy supra continuous and fuzzy supra open, then f : (X, F  'S (1)) → (Y, F  'S (2)) is fuzzy continuous.

Proof :


Let f : (X, S (1)) → (Y, S (2)) be an injective fuzzy supra continuous and fuzzy supra open.

Claim : 
f : (X, F  'S (1)) → (Y, F  'S (2)) is fuzzy continuous.

Let μ  S (1), then f(μ)  S (2) (since by supra open function).

For each   F S (2),   f(μ)  S (2) (since by theorem 3.1.15).

Then f-1(  f(μ)) = f-1()  μ  S (1) (since by injective               supra continuity of f).

Hence f -1()  F'S (1) for each   F S (2).

Therefore f : (X, F S (1)) → (Y, F'S (2)) is fuzzy continuous.

Definition : 3.1.23


Let (X, S ()) be an induced fuzzy supra topological space. The family {σr() /  S (), r  I} of all semi-open subsets of X form a supra topology on X called the initial supra topology on X.

Notation : 3.1.24


Initial supra topology on X is denoted by i(S ).

Definition : 3.1.25


Let (X, S ()) be an induced fuzzy supra topological space.

Then (X, i(S )) is called as initial supra topological space.

Note : 3.1.26


The relation between the initial supra topology and the corresponding topology  of  S () is   i(S ).

Example : 3.1.27


Let X = {a, b, c, d} and  = {X, Φ, {c}, {d}, {c, d}, {a, c, d}} be a topology on X.  = {Φ, X, {a, b, d}, {a, b, c}, {a, b}, {b}}.

Claim : 
{a, d} is semi-open.

Consider {d}

cl {d} = {a, b, d}.

We get {d}  {a, d}  {a, b, d} = cl {d}.

Hence {a, d} is semi-open.

Also {d}  {b, d}  {a, b, d} = cl {d}

Hence {b, d} is semi-open.

Claim : 
{b, c, d} is semi-open.

Consider {c, d}.

cl {c, d} = X.

We get {c, d}  {b, c, d}  X = cl {c, d}.

Hence {b, c, d} is semi-open.

Therefore lΦ, lX, l{c}, l{d}, l{c, d}, l{a, c, d}, l{a, d}, l{b, d} and l{b, c, d} are s-lower semi-continuous, since the characteristic function of a semi-open subset is   s-lower semi-continuous. Hence the collection of all these functions forms a induced fuzzy supra topology on X.

Now i(S ) = {Φ, X, {c}, {d}, {c, d}, {a, d}, {b, d}, {b, c, d}, {a, c, d}}.

Hence   i(S ).

Note : 3.1.28


If SO(X) is the family of semi-open subsets of X, then 

SO(X) = i(S ).

Section : 3.2

scott s-continuous functions and s-induced L-fuzzy supra-topological spaces
Definition : 3.2.1


An element P of L is called prime iff P ≠ 1 and whenever a, b  L with a ( b ≤ P, then a ≤ P or b ≤ P. 

Notation : 3.2.2 


The set of all prime elements of L will be denoted by Pr(L). 

Definition : 3.2.3 


The prime elements of the fuzzy Lattice LX where Pr(LX) = {xp | x  X and p  Pr(L)} for each x  X and each P  Pr(L), xp : x → L is the fuzzy set defined by 

P 
if Y = x 

xp(Y) 
= 

1 
otherwise 

These xp are called the L-fuzzy points of X and xp is a member of an   L-fuzzy set g and xp  g iff g(x) ≤ P. 

Result : 3.2.4 


The scott topology of L is generated by the sets of the form                     {t  L | t ≤ P} where P  Pr(L). 

Definition : 3.2.5 


Let (X, ) be a topological space and a  X. A function f : (X, ) → I is called a scott continuous at a  X iff for every   [0, 1) with  < f(a) there is a neighbourhood U of ‘a’ such that  < f(x) for every x  U. f is called scott continuous on X iff f is scott continuous at every point of X. scott continuous can also be called as lower semi-continuous. 

Definition : 3.2.6

Let (X, ) be a topological space. Then the set W() of scott continuous function from a topological space (X, ) to L with its scott topology is an             L-fuzzy topology called the induced L-fuzzy topology. 

Notation : 3.2.7 


Induced L-fuzzy topology can be denoted as IL-FT. 

Definition : 3.2.8 


Let (X, ) be a topological space. A function f : (X, ) → I is said to be s-lower semi-continuous at a  X iff for every ξ > 0, there is semi-open neighbourhood N of ‘a’ in (X, ) such that f(x) > f(a) – ξ for every x  N. f is called s-lower semi-continuous on X iff f is s-lower semi-continuous at every point of X. 

Definition : 3.2.9


Let (X, ) be a topological space. A function f : (X, ) → I is also said to be scott s-continuous at a  X iff for every   [0, 1) with f(a) > , there is a semi-open neighbourhood N of ‘a’ in (X, ) such that f(x) >  for every x  N. scott s-continuous can also be called as s-lower semi-continuous.

Remark : 3.2.10

Every scott continuous function is scott s-continuous.

Definition : 3.2.11


Let (X, ) be a topological space and a  X. A function f : (X, ) → L where L has its scott topology is said to be scott s-continuous at a  X iff for every P  Pr(L) with f(a) ≤ P there is a semi-open neighbourhood U of ‘a’ in (X, ) such that f(x) ≤ P for every x  U  (i.e.) U  f -1{t  L | t ≤ P} then f is called scott s-continuous on X.

When L = I, the above definition can be stated as follows :


Let (X, ) be a topological space. A function f : (X, ) → I                       is scott  s-continuous or s-lower semi-continuous at a  X iff for every              P  Pr(L) =  [0, 1) with f(a) > P, there is a semi-open neighbourhood U of ‘a’ in (X, ) such that f(x) > P for every x  U.

Remark : 3.2.12


Every scott continuous function is s-scott continuous function.

Proposition : 3.2.13


The characteristic function of every semi-open set is scott                      s-continuous.

Proof :


Assume that there is a characteristic function of every semi-open set.

Claim : 
It is scott s-continuous.


Let U be a semi-open set in a topological space (X, ) and a  X,         P  Pr(L) with 1U(a) ≤ P. Then a  U and U is a semi-open neighbourhood of ‘a’. We also have 1U(x) ≤ P for every x  U. Hence 1U is scott s-continuous at    a  X.

Proposition : 3.2.14


If {fj / j  (} is an arbitrary family of scott s-continuous functions from a topological space (X, ) to L, then 
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Proof :

Assume {fj / j  (} is an arbitrary family of scott s-continuous function from (X, ) to L.
Claim : 
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Let P  Pr(L) and a  x with f(a) = 
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(a) ≤ P, then there is a                 j   such that fj(a) ≤ P. Since fj is scott s-continuous at ‘a’, there is a           semi-open neighbourhood U of ‘a’ such that fj(x) ≤ P for all x  U. Hence       f(x) =  
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(x) ≤ P for all x  U.

Thus f is scott s-continuous at a  X.

Remark : 3.2.15


Intersection of two semi-open sets need not be semi-open.

Proposition : 3.2.16


Let (X, ) be a topological space. A function f : (X, ) → L is scott           s-continuous if and only if for every P  Pr(L), f -1{   L /  ≤ P} can be expressed as a union of semi-open sets in (X, ).

Proof :


Assume that f : (X, ) → L is scott s-continuous.

Claim : 
For every P  Pr(L), f -1{  L /  ≤ P} can be expressed as the union of semi-open sets in (X, ).


Let P  Pr(L) and x  f -1{   L /  ≤ P}. Then f(x) ≤ P. 

Here f is scott s-continuous at x.

Hence there exists a semi-open set Nx in (X, ) such that x  Nx and Nx  f -1{  L /  ≤ P}. Hence f -1{  L /  ≤ P} = ( Nx, where Nx is semi-open. 


Conversely, assume that for every P  Pr(L), f -1{  L /  ≤ P} can be expressed as the union of semi-open sets in (X, ) 

Claim : 
f is scott s-continuous.


Let a  X and P  Pr(L) with f(a) ≤ P. Then a  f -1{  L /  ≤ P}. By hypothesis, there is a semi-open set N in (X, ) such that a  N and                 N  f -1{  L /  ≤ P} which implies that f is scott s-continuous.

Theorem : 3.2.17


For topological space (X, ) the set S() = {f  LX / f : (X, ) → L is scott s-continuous} is an L-fuzzy supra topology on X.

Proof :


It is obvious.

Definition : 3.2.18


The L-fuzzy supra topology S() is called a s-Induced L-fuzzy          supra topology.


The space (X, S()) is called s-Induced L-fuzzy supra topological space.


The members of S() are called fuzzy supra open subsets.

Notations : 3.2.19


s-Induced L-fuzzy supra topology is denoted as s-I-L-FST.

Lemma : 3.2.20


If A is semi-open in a topological space (X, ), then 1A  S().

Proof :


Assume that A is semi-open in (X, ).

Claim : 
1A  S().


Let a  X and P  Pr(L) with 1A(a) ≤ P. Then a  A and A is a           semi-open neighbourhood of ‘a’. We also have 1A(x) ≤ P for every x  A. Hence 1A is scott s-continuous at a  X.  Therefore 1A  S().

Remark : 3.2.21


Every scott continuous function from topological space (X, ) to a fuzzy Lattice L is scott s-continuous, we have W()  S(), where W() is the            L-fuzzy topology of scott continuous functions from (X, ) to L.

Definition : 3.2.22


Let (X, F1) and (Y, F2) be two fts. F1' and F2' be two associated fuzzy supra topologies with F1 and F2 respectively. A function f : X → Y is fuzzy supra continuous if the inverse image of F2'-supra open subset is                       F1'-supra open.

Definition : 3.2.23


Let (x, 1) and (Y, 2) be two fts. A function f : (X, 1) → (Y, 2) is irresolute if the image of semi-open subset is semi-open.

Theorem : 3.2.24


Let S(1) and S(2) be two s-Induced L-fuzzy supra topologies associated with fuzzy topologies F1 and F2. Then a function 

f : (X, S(1)) → (Y, S(2)) is fuzzy supra continuous iff f : (X, 1) → (Y, 2) is an irresolute function.

Proof :


Assume S(1) and S(2) be two s-Induced L-fuzzy supra topologies associated with fuzzy topologies F1 and F2 and f : (X, S(1)) → (Y, S(2)) is fuzzy supra continuous.

Claim : 
f : (X, 1) → (Y, 2) is an irresolute function.


Let A be a semi-open set of (Y, 2), then 1A  S(2) 

        (since by Lemma 3.2.20)


By fuzzy supra continuity f -1(1A) = 1f -1(A)  S(1).


Now we shall show that f -1(A) is semi-open in (X, 1).


Let  P  Pr(L) and x  f -1(A). Then 1f-1(A) (x) ≤ P.


Since 1f-1(A)  S(1), there exists a semi-open set Nx in (X, 1) such that x  Nx  f -1(A).


Hence f -1(A) is semi-open in (X, 1).



Therefore f : (X, 1) → (Y, 2) is an irresolute function.

Conversely, assume  f : (X, 1) → (Y, 2) is an irresolute function.

Claim : 
f : (X, S(1)) → (Y, S(2)) is fuzzy supra continuous.


Take   S(2)


Now we can show that f -1()  S(1).

(i.e.)  f -1() : (X, 1) → L is scott s-continuous.

Let a  X and P  Pr(L) with f -1()(a) ≤ P, then (f(a)) ≤ P.

Since  : (Y, 2) → L is scott s-continuous at f(a)  Y, there exists a semi-open set N in (Y, 2) such that f(a)  N and (y) ≤ P for all y  N. Since N is semi-open in (Y, 2), f -1(N) is also semi-open in (X, 1).

Now we have a  f -1(N)

(   there is a semi-open set B in (X, 1) such that  a  B  f -1(N).

Hence f -1()(x) = (f(x)) ≤ P, for every x  B.

Hence f -1() is scott s-continuous.

Consequently, f : (X, S(1)) → (Y, S(2)) is fuzzy supra continuous.

Section : 3.3 

Covering and Separation properties of (X, S())
Definition : 3.3.1 


A topological space (X, ) is called semi compact iff every semi-open cover of X admits a finite subcover of X.

Definition : 3.3.2


A s-I-L-FST space (X, S()) is said to be fuzzy supra compact iff for every prime element P of L and every collection {fj / j  } of supra open         L-fuzzy sets with (( fj)(x) ≤ P for all x  X, there is a finite subset 0 of  such that  
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(x)  ≤  P for all x  X.

Theorem : 3.3.3


A s-I-L-FST space (X, S()) is fuzzy supra compact iff (X, ) is semi compact.

Proof :


Assume that (X, S()) is fuzzy supra compact.

Claim : 
(X, ) is semi compact.


Let {Aj / j  } be a semi-open covering of X. Then 1Aj  S() for every  j  , as Aj is semi-open in (X, ). Then { 1Aj, j  } is a family of supra open L-fuzzy sets in (X, S()) with 
[image: image100.wmf]÷

ø

ö

ç

è

æ

Ú

Ù

Î

j

A

j

1

 (x) ≤ P for all x  X. Since (X, S()) is fuzzy supra compact, there exists a finite subset 0 and  such that                
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(x)  ≤ P for all x  X. Hence X = 
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Therefore, (X, ) is semi compact.

Conversely, assume that (X, ) is semi compact.

Claim : 
(X, S()) is fuzzy supra compact.


Let P  Pr(L) and B = {fj / j  } be a family of supra open L-fuzzy sets in (X, S()) with 
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(x) ≤ P for all x  X, where 

j  
if x  Aj
fj(x) 
= 

0 
otherwise


Then Aj is semi-open in (X, ) and j  L for every j  . For each                     x  X, there is an j   such that fj(x) ≤ P.

(i.e.)  j ≤ P. Let  = {Aj : j   / j ≤ P, fj  B}. Then  is a family of semi-open sets in (X, ) covering X, (i.e.)  is a semi-open cover of X. Since (X, ) is semi compact, there exists a finite subfamily of , say 0 where             0 = {A1, A2, …. An} such that X = 
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(x) ≤ P for all x  X. Therefore (X, S()) is fuzzy supra compact.

Definition : 3.3.4


A topological space (X, ) is called completely Hausdorff iff for any distinct points x, y of X, there are semi-open sets A and B such that x  A,         y  B and cl(A)  cl(B) = Φ.

Definition : 3.3.5


A s-I-L-FST space (X, S()) is said to be fuzzy supra completely Hausdorff iff for all distinct points xp, yq of X and every p, q  Pr(L), there exists supra open L-fuzzy sets f and g such that xp  f, yq  g and for every      Z  X, cl(f)(Z) = 0 or cl(g)(Z) = 0.

Theorem : 3.3.6


A topological space (X, ) is semi completely Hausdorff iff the                 s-I-L-FST space (X, S()) is fuzzy supra completely Hausdorff.

Proof :



Assume that a topological space (X, ) is semi completely Hausdorff.

Claim : 
s-I-L-FST space (X, S()) is fuzzy supra completely Hausdorff.


Let x, y  X(x, y) and p, q  Pr(L). Since (X, ) is semi completely Hausdorff, there exists two semi-open sets U and V in (X, ) such that x  U, y  V and cl(U)  cl(V) = Φ. Now, their characteristic functions 1U, 1V  S(), Since U and V are semi-open sets in (X, ). Also 1U(x) ≤ p and 1V(x) ≤ q and for every x  X, cl(1U(Z)) = 1cl U(Z) = 0 or cl(1V(Z)) = 1cl V(Z) = 0, since             cl(U)  cl(V) = Φ. Hence (X, S()) is a fuzzy supra completely Hausdorff space.

Conversely, assume that the s-I-L-FST space (X, S()) is fuzzy supra completely Hausdorff.

Claim : 
A topological space (X, ) is semi completely Hausdorff.


Let x, y  X(x ≠ y) and p, q  Pr(L). Since (X, S()) is fuzzy supra complete Hausdorff, there exists an L-fuzzy supra open sets f and g, defined by 

  
if Z  U

f(Z) 
= 

0 
otherwise

and 

β 
if Z  V

g(Z) 
= 

0 
otherwise

where U and V are semi-open sets in (X, ) and , β  L such that xp  f,        yq  g and for every Z  X, cl(f)(Z) = 0 or cl(g)(Z) = 0. Hence x  U and         y  V, where U and V are semi-open in (X, ) and cl(U)  cl(V) = Φ.


Hence (X, ) is semi completely Hausdorff.
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