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CHAPTER - III 

CONNECTEDNESS IN INTUITIONISTIC FUZZY 

TOPOLOGICAL SPACES 

In this chapter we discuss the concept of (r, s)-connectedness in 

intuitionistic fuzzy topological spaces introduced by Kim and Abbas [21]. The 

authors [21] have introduced the concept of (r, s)-separated fuzzy sets in an 

intuitionistic fuzzy topological spaces using which they [21] have defined the 

concept of (r, s)-connected fuzzy sets. Some interesting characterizations of 

these sets are obtained. Moreover, properties of (r, s)-connected fuzzy sets 

and (r, s)-components which are analogous to the corresponding properties in 

general topological spaces are discussed. Finally, stratification of an 

intuitionistic fuzzy topological space is obtained and the authors [21] have 

shown that every (r, s)-component in an intuitionistic fuzzy topological space 

is a (r, s)-component in the stratification of it. First let us give the preliminary 

definitions and results needed for our discussion. 

Section 3.1 

Preliminary definitions and results 

Let X be a nonempty set, I = [0, 1], Jo = (0, 1] and 11  = [0, 1). For a E I, 

ct(x) = a for all x e X. The family of all fuzzy sets on X is denoted by 1X  

Definition : 3.1.1 

An intuitionistic gradation of openness (IGO, for short) on X is an 

ordered pair (if, 3
*)  of mappings from [X  to I such that 

(lGO1) 5(2) + 3*() 
:!~ 1 for all 2, E  ix 

(1G02)3(0) = 5(r) = 1 and 5*(0) =  5*(i) = 0, 

(1G03) 5(Xi A 2) ~! 5(?i) A 5(?2) and 

5*(X A ?2) :!~ 5*(2) V 5*(x2), for each ki E 1X  j = 1, 2 



(IG04) S(VjEA 2) ~! AiE 5(X) and 

s*(v.A X1) :!~ VIEA 5*(2) for each X c 1X 
 E A. 

The triplet (X, 5, 
5*)  is called an intuitionistic fuzzy topological 

space (IFTS, for short). 5 and 5*  may be interpreted as gradation of 

openness and gradation of nonopenness, respectively. 

An IFTS (X, 5, 
5*)  is called stratified if 

(IS) 5(a) = 1 and 5*((x) = 0 for each a E I. 

Let (U, u*) and (5, 
5*) 

 be IGO's on X. We say (u, u) is finer than 

(5 
5*) 

 ((5 
 5*)  is coarser than (u, u*)) if 5(X) :!~ u(X) and 5*(X) :!~ u*(X) for all 

E 
I. 

Definition : 3.1.2 

Let (X, 5, 
5*)  be an IFTS. A function C : ix  x lo x 1 1X  is called an 

intuitionistic closure operator if for X t EE I 
X

, r E 10  and s e 11  with r + S :!~ 1, 

it satisfies the following conditions: 

(Cl) C(O, r, s) = 0 

), :5:  C(X, r, s) 

C(X, r, s) V C(t, r, s) = C(X V ji, r, s) 

C(X, r, s) :!~- C(X, ri, Si) if r :!~ r1, s ~! s1  with r1  + s ~ 1 

(C 5) C(C(X, r, 5), r, s) = C(X, r, s). 

Theorem : 3.1.3 (Chang [11]) 

Let C be an intuitionistic closure operator on X. Define the functions 

5, : Ix  -+ I by 

5(X) = V{rE IoIC(i —X, r, s) = I —X}, 

(*(X) = A{s Eli IC(i —X, r,$)= I —X} 

Then (5, g) is an IGO on X. 
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Remark 3.1.4 

C55* is an increasing function since X1  :!~ X2  

C55. (?i, r, p) :!~ C55. (4 r, p). 

Theorem : 3.1.5 

Let (X, 5, 
5*) 

 be an IFTS. Then for each r e 1, s E 11, . we define 

an operator C55, : 1X x To  x  Ii -+ I
X as follows 

C55. (2, r, s) = E 
1X 

 I X ::~ jt, 5(1 - j.x) ~! r, 5* (1 - s) 

Then (i) C55. is an intuitionistic closure operator 

(i i) C = 5 and 
. 

= 5* 
gg* 

5,   

Proof 

Conditions (Cl), (C2), (C3), (C4) and (C5) can be verified using the 

definition of C55.. Hence C55* is an intuitionistic closure operator. 

By definition 

V{r c Jo  I C55. (1 - jt, r, s) = 1 - 

Let 5(t) = r0  and 5*() = s0  

Then 5(1 - (1 - = r0  and 

5*0 —(1 —p))5o 

Also I - 1 - 

1 E 1X1 2,5(i _X)~:ro,5*(I —X):!~so} 

... 
A{2 E IX/i X, 5(i _X)~!ro, 5*(1_A):!~-so)= 1 - pt. 

i.e. C
5, J 

,(i —.t,ro,so)=  

.. lo E {r E 'o I C55. (1 - t, r, 5o) = 1 - 

V{r E Jo I C55. (1 - jt, r, so) = 1 
- 

t} ~ r0 
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i.e., 9, 
g* 

(ii) ~! r0  

= 5(p) (2) 

Similarly by (1), 

so c {s E To I C55. (1 - ro, s)  

A{s E Jo I C5 .. (1 - ro s) = 1 
- } :!~ so 

so 

= (*() (3) 

From (2) and (3), we get 

~: S and 
5* (4) 

Claim : 

Suppose not, then S 

there exists t such that 9,  () >  940 

i.e., V{r I C55. 0  - r, s)  

> 5(p) 

By supremum property, 

there exists r0  such that C5.. 0  - p., r0, s) = 1 - p. (5) 

and 9, (pt) ~! ro > 

By definition of C5,5  , we get from (5) 

50 —(1 —p.))~!ro 

i.e. 5(p) ~! ro 

(6) and (7) contradict each other 

g,g
:!~S 

From (4) and (8), we get 

'1 ='T 
C , 
g,g 
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Similarly if can be shown that 

5* 

Definition : 3.1.6 (Samanta and Mondal [30]) 

Let (X, 5, 5*)  and (Y, U, u*) be lETS's and f: X -> Y a function. Then, f 

is called intuitionistic continuous if and u*(X) for 

all ?. E 

Theorem : 3.1.7 

Let (X, 5, 5*)  and (Y, u, u*) be IFTS's and f: (X, 5, 5*) -+ (Y, u, u*) a 

function. Then the following statements are equivalent, for each ?. E 
I 

J.t E 

I E I, 5 E Ii. 

f is intuitionistic continuous 

f(Cgg* (2, r, s)) :!~ Cu, u* (f(?), r, s) 

Cgg* (r1(t), r, 5) ~ r1(C. (j.i, r, s)). 

Proof (1)=(2) 

Let f be intuitionistic continuous. Then u(A.) 5( f 1()) and 

u*(?) ~: 
5*(fl)) for all 2 

Assume thatX = 1 —u 

.. u(1 0<5(f 1 (1 -p)) 

u(i -x):!~5(1 r1(0) (i) 

and u*(1 
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Consider Cuu. (f(2), r, s) 

= A{t E I/f(?):!~1, u(1 —)>r, 

u*(1 s 

~ A{t E 
I/ X :!~ f 1(t), 5(1 - f 1(t)) > r, 

- :!~ s (by (I) and (ii)) 

~! A{f(() E ~ 5(1 - f 1(t)) > r, 

- f 1([.)) :!~ s} since ji ~! f(f'(p)) 

~! f(A{f) e 
I/ 

:!~ f1() 5(1 - f 1(t)) ~: r, 

*(i s} 

~! f(C I, I. (2, r, s)) 

f(C r I, (2, r, s)) :!~ 
U,U 

C * (f(?), r, s) 

(2) = (3) 

Take t E 
1X  let X = f 1(jt) 

By (2), 

f(C
5,5 

, (?, r, s)) :!~ C
u, 

 
lt 

* (f(?.), r, s)) for every ?. E 

f(C55. (f 1(.i), r, s)) C 
U, U' 

(f(f1(p), r, s)) 

=> f(C
g,j U, U . (f 1(.i), r, s)) ~ C 

* 
(p, r, s) 

since (f(f 1(j.i)) :5: jL and by remark 3.1.4 

f1(f(C55. (r1(), r, s)) !~- r1(C 
U, U' 

(j.i, r, s)) 

=> C
5,5 

* (f(t), r, s)) ~ f1(C
U,U , 

(ji, r, s)) since f1(f(X)) ~: 2, 
 

(3)=(1) 

If follows from Cu, U * (u, r, s) = t implies C55  (r1(), r, s) = r1(). 



74 

Section 3.2 

(r, s)-connectedness in intuitionistic fuzzy topological spaces 

In this section we discuss the concept of (r, s)-connectedness in IFTS 

and obtain some characterization theorems. We also discuss some interesting 

properties of (r, s)-connected fuzzy sets and (r, s)-components which are 

analogous to the corresponding properties in general topological spaces. 

Definition : 3.2.1 

Let (X, 5, 
5*) 

 be an IFTS. For ? and t are called 

(r, s)-separated if for r (=- 10  and s E I. 

C, (7, r, s) A t = C55. (pt, r, s) A X = 0 

Definition : 3.2.2 

A fuzzy set p is called (r, s)-connected if there do not exist 

(r, s)-separated fuzzy sets 2 j.i - {0} such that p = ? V . 

A triplet (X, 5, 
5*)  is called (r, s)-connected if 1 is (r, s)-connected. 

Definition : 3.2.3 

A fuzzy set p is called connected if it is (r, s)-connected for all r E  10  

and s E Ii. 

Remark : 3.2.4 

Let 2 and t be (r, s)-separated. For each p e 1X  and r1  :!~ r, s1  ~: s, since 

C55. (p, r1, 5i) C55. (p, r, s) we get ?. and t are (ri, s1)-separated. 

Hence, from this fact, we get that if p is (r1, s1)-connected for r :!~ r, 

s1  :!~ s, then p is (r, s)-connected. 

Let us now consider are example of a (r, s)-connected space. 
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Example : 3.2.5 

Let X = {x, y} be a set. We define an IGO (3, 
3*) 

 on X as follows : For 

each X e I. 

1' 
if k=oorl 

3(X) 
j113 ifX=x{X} 

= 1/2 if 

10 otherwise 

10 ifX=0orl 

2/3 ifX=x{X}  

= 1/2 if 

I otherwise 

where X{x}  denotes the characteristic function corresponding to the set {x}. 

We can obtain 

[o ifX=O,rEI0 ,se11  

IX{x} ifOX~X{X} ,r~1/2,s 1/2 
C ..(X,r,$) = - g, g 

X{y} if0±X!~X } ,r:!~1/3,s 2I3 

Ii otherwise 

If r :!~ 1/3, s ~! 2/3, then (X{x} = C55, r, s)) A = 0 

and X{x}  A (X{} = C55. (y'  r, s)) = 0 

Thus, lx = ,{x} V is not (r, s)-connected for r :!~ 1/3  and s :!~- 2/3. 

If r> 1/3 and s < 2/3, (X, 3, 
3*) 

 is (r, s)-connected. 

Characterization theorems 

Theorem : 3.2.6 

Let (X, 3, 
3*)  be an IFTS. The following statements are equivalent 

(X, 3, 
5*) is (r, s)-connected. 

If X V t = 1 and X A i. = 0 for (5(X) ~ r, 3*(X) ~ s) and 
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5*(jj) 
:!~ s), then X = 0 or t = 0 

(3) If?Vt= I and 2Ap.= 0 for(5(1—?)>r, 

g*(i_ X) s) and (.(i— ) ~! r, g*(_ t) :!~s), 

thenX= 0 orp.= 0. 

Proof : (1)=(2) 

Suppose that there exist 2 € 
- {O} such that for (ff(?) 2! r, 

g*(x) :!~ s) and ff(p) ~! r, 5*0t)  :!~ s), ? V = 1, ? A t = 0. 

It implies 

(1—X)A(1 —p)= 0, (i —2)V(i - t)= 1 (I) 

Since C5,5  * 

0 

 - X, r, s) = 1 - 2 and 

C55. 0  - r, s) = 1 - t, from Theorem 3.1.5 

Wegetfrom (i), C55 (i —X, r, s) A (1 - pS) = 0 and 

r, s) A (1 - X) = 0 

By definition, I - X and I - ..t are (r, s)-separated. 

SupposeX= 1.Thenp=?At= 0 

This is a contradiction. 

.X E IX_{i} 

Thus, 1 —2,. E JX_{} 

Similarly I - E 1X  _..{0} 

Also, from (i), we have 

(I —2)V(i — p)= I 

Hence I is not (r, s)-connected. 

i.e., (X, 5, 
5*) 

 is not (r, s)-connected. 

This is a contradiction. 

Hence there do not exist ?, t e I 
 - {0} satisfying the condition. 

i.e., Either X = 0 or t = 0. 



VATA 

(2) = (3) 

By De Morgan's law, it is easily proved. 

(3)=(1) 

If (X, 5, 
5*) 

is not (r, s)-connected, then there exist (r, s)-separated 

fuzzy sets X, t = IX_{O} such that? Vt = 1. 

Since X A C. (?, r, s) A Vt = 0, we have, X A t = 0 

Since ?Vp.= 1, we get 

0 (ii) 

= (1—p)(x)=O(or)(l—?)(x)O 

If(i -pt)  (x) =0, then 

0—j4(x)!~?(x). 

lf(i - pS) (x)#0, then 

(1—?)(x)=0 

= X(x) = 1 

=(i —p.)(x):!~X(x). 

Hence (1 X  

Now Cgg* (?, r, s) A t = 0 

= Cgg  (?, r, s) A = (1 - ?) A (1 - t) by (ii) 

=> C g, g (?r,$)~1—t 

=> C55  (X, r, s) :!~ X [by (iii)] 

By Definition 3.1.2 (C2), X :!~ C55. (2., r, s) 

.. C5 .. (X, r, s) = A. 

From Theorem 3.1.5, we have 5(1 
- 

2.) ~: rand 5*(1 
- 

X) ~ S. 
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Similarly, we have 5(1 
- 

t) ~ r and 5*(i - p) :!~ s. 

.. By (3), ?. = 0 (or) t = 0 

This is a contradiction. 

(X, 5, 5*) is (r, s)-connected. 

Lemma 3.2.7 

Let (X, 5, 5*)  be an IFTS and 2. p E 
1X  If ji and p are 

(r, s)-separated, X A ji and 2. A p are (r, s)-separated. 

Proof 

Let t and p be (r, s)-separated. 

Then C59. (.i, r, s) A p = C55. (p, r, s) A = 0 

Since C55. () A i, r, s) A () A p) :!~ C55. (pt, r, s) A p = 0, 

we get C55. (2. A r s) A (2 A p) = 0 

Similarly (X A ') A C55. (2. A p, r, s) = 0 

Hence 2. A t and 2. A p are (r, s)-separated. 

Theorem : 3.2.8 

Let (X, 5 5*)  be an IFTS and 1X  The following statements are 

equivalent: 

is (r, s)-connected. 

If J.1 and p are (r, s)-separated such that X t V p, then 2. A i = 0 or 

2Ap 0. 

If t and p are (r, s)-separated such that 2. !!~ j.i V p, then X t or 2. !!~ p. 

Proof : (1)=(2) 

Let j.i and p be (r, s)-separated such that 2. :!~ j.i V p. 



By lemma 3.2.7, X A t and 2 A p are (r, s)-separated. 

Since 2. is (r, s)-connected and 2 = ? A (j'  V p) 

= (? A p) V (?. A p) 

We get eitherXAjt= 0 orXAp= 0 

Hence (2). 

(2) => (3) 

Let jt and p are (r, s)-separated such that ? < p. V p 

By(2),kAj.t= 0 or2Ap= 0 

Suppose X A p. = 0 

Consider ?. = X A (p. V p) (since ? ::~ p. V p) 

= (?. A p.) V (X A p) 

= ö V (X A p) 

Hence ;k<p 

Similarly, if X A p = 0, we get 2 :!~ p. 

Hence (3). 

(3)=(1) 

Let lt and p be (r, s)-separated such that ? = p. V p 

By (3), ?. :5 j.i or ? < p 

Suppose 2. :5 p. 

Since pA (p. V p) = p, we get p= pAX 

p:5 pA p. (since 2 p.) 

:5 p A Cg(p., r, s) 

= 0 (since lt and p are (r, s)-connected). 

Hence p = 0 

Similarly, if 2. :!~ p, we can prove p. = 0. 
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Properties of (r, s)-connected fuzzy sets 

Theorem 3.2.9 

Let (X, 5, 5*)  be an IFTS and 2 p. € 

If ? is (r, s)-connected and 2 C5 .. (X, r, s) then p. is 

(r, s)-connected. 

If 2 and p. are (r, s)-connected fuzzy sets which are not (r, s)-separated, 

then X V p. is (r, s)-connected. 

Proof 

(1) Let v and p be (r, s)-separated such that p. = v V p. Put vi = ? A v and 

p1 = X A p.Then Vi and pi  are (r, s)-separated by Lemma 3.2.7 

ConsiderviVpi = (2Av)V(?Ap) 

= ?A(vVp) 

=2Ap. 

= 

? =viVpi 

Since k is (r, s)-connected 

either Vi = 0 or P1 = 0 

If Vi = 0, then ? = vi V p1 

= 0 V P1 

=: 2 = P1 

= A = A A p 

Given p. :!~ C 1. (A, r, s) 

:!~ Cgg  (p, r, s) as A < p 

Hence v = v A -t :!~ v A C55. (p, r, s) = 0 since V and p are 

(r, s)-separated. 

Hence v = 0 



Similarly, if p1 = 0, we get p = 0, we get p = 0 

Thus, t is (r, s)-connected. 

(2) Let v and p be (r, s)-separated such that 2. V i. = v V p 

Since X is (r, s)-connected and X X V 

= V V p, 

by (1) = (3) of Theorem 3.2.8, we get ?. :!~ v or X :!~ p. 

Similarly, we get t :!~ v or t < p 

Suppose X < v 

Also, suppose that t < p 

Since (X A t) Vv= and (X V Ap= and v and p are 

(r, s)-separated, by Lemma , we get 2. and t are (r, s)-separated. 

This is a contradiction. 

Hence t < v 

2Vi<v 

XV t is (r, s)-connected (by (3) = (1) of Theorem 3.2.8). 

Theorem : 3.2.10 

Let (X, 5, 
5*) 

 be an IFTS. Let 5t = {X1 I i e F) be a family of 

(r, s)-connected fuzzy sets in (X, 5, 5*) 
 such that no two members of .91. are 

(r, s)-separated. Then VEF 2 is (r, s)-connected. 

Proof 

Given A = {X I i E F} is a family of (r, s)-connected fuzzy sets. 

Let X=V € X1  

Suppose i and p be (r, s)-separated such that X :!~ t V p 

Since any two members X1, Xj E .4 are not (r, s)-separated, by Theorem 

3.2.9 (2), ki V X is (r, s)-connected. 

Since XV X:~ X, and X =jt V p, we get XV X!!~ V p 



From (1) = (3) of Theorem 3.2.8, we get 

p or ki V kj  < p 

If then X.<p. 

Hence Xis (r, s)-connected by (3) = (1) of Theorem 3.2.8 

Corollary : 3.2.11 

Let (X, 5, 5*)  be an IFTS. Let {X1  / ['} be a family of (r, s)-connected 

fuzzy sets in (X, 5, 
5*) 

 If A1€1 ki # 0, then V 1  ki is (r, s)-connected. 

Proof 

Obvious from Theorem 3.2.10. 

Theorem : 3.2.12 

Let (X, Si, 9) and (Y, 52, 
5*) 

be IFTS's. 

1ff: (X, Si, 9*) -> (Y, 52,  52 
*) 

is intuitionistic continuous and X is 

(r, s)-connected, then f(X) is (r, s)-connected. 

Proof 

Let p and p be (r, s)-sepa rated such that f(X) :!~- p V p. 

Consider  

~f(pV p) 

= f(p) V f1(p) 

Since f is intuitionstic continuous, by Theorem 3.1.7 (3), we get 

C. (f(p), r, s) :!~ f(C 
 92, 

 . (p, r, s)). 

C. (f(p) r, s) A f 1(p) :!~ f(C. (p, r, s)) A f(p) 

= C 
 92, 

 . (p, r, s)) A p) 

= f(0), since p and p are (r, s)-separated 

IF 



Similarly, we have (f 1(ii) A C. (f1(p), r, s) = 0. 

Hence r1(.i) and f 1(p) are (r, s)-separated. Since 2 is (r, s)-connected, by 

(1) = (3) of Theorem 3.2.8 

We get X :!!~ f 1(t) or X :!~ f1(p) 

lf?:!~f 1(t), then 

f(?) :5  f(f 1(j.i)) 

f(X) is (r, s)-connected, by (3) = (1) of Theorem 3.2.8. 

(r, s)-components 

Definition : 3.2.13 

Let (X, 5, 
5*) 

 be an IFTS. A fuzzy set ? is a (r, s)-component in 

(X, 5, 
5*) 

 if X is a maximal (r, s)-connected fuzzy set in (X, 5, 
5*), 

 (i.e.,) If 

jj. ~ X and t is (r, s)-connected, then =  k. 

Theorem : 3.2.14 

Let (X, 5, 
5*) 

 be an IFTS. 

If ? is a (r, s)-component, then Cgg* (A', r, s) =  k. 

If X and 22 are (r, s)-components in (X, 5, 
5*) 

 such that ki A ?2 = 0, 

then ki and ?2 are (r, s)-separated. 

Each fuzzy point xt  is connected. 

Every (r, s)-component is a crisp set. 

Proof 

(1) Since 2 is a (r, s)-component, ? is (r, s)-connected. Also, 

2 :!-~ C55. , r, s). 

By Theorem 3.2.9 (1), C5 .. (2, r, s) is (r, s)-connected. Since X is a 

(r, s)-component, by definition we get C55. (?, r, s) =  k. 
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Let Xi and X2  be (r, s)-components such that Xi A X2  = 0 

By (I), Cgg* (X1, r, s) = Xi 

and CJ 5. (4 r, 5) = X2. 

Hence we get 

Cgg* (X1, r, s) A X2  = X1  A C9 . (X2, r, s) 

= X1 AX2 

=0 

X and X2  are (r, s)-separated. 

Let X and l t be (r, s)-separated such that xt V j.i. 

Then xt  = X or xt  = Vt 

lfx=X,considerp. = i.iA(XVt) 

= 

= tAX 

~ t A C5  (X1, r, s) since X :~ C. (X1, r, s) 

= 0 since X and lt are (r, s)-separated. 

....t =o 

Similarly, if xt  = lt, then X = 0 

Hence xt  is (r, s)-connected. 

This is true for every r E 10  and s E  11 

Hence xt  is connected. 

Let X be a (r, s)-component with x E supp (X) = {x E X I X(x) > 0} and t 

is a (r, s)-component containing x1. 

Since XA 1 x(x)Axi 

= X(X) 

0 since x e supp (X) 

By corollary 3.2.11, X V t is (r, s)-connected. 
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Also as ? :!~ X V t, t :!~ X V j.i and 2 and j.i are (r, s)-components, by 

definition of components, we must have 2 = ? V t 

and= k v 1t 

Thus 2 = 

.. X(x) = L(x). Since x1  ~t, we get !.1(x) = 1 

xesupp(X)=X(x)=1. 

Hence X is a crisp set. 

Section 3.3 

(r, s)-components in stratification of intuitionistic fuzzy topological 

spaces 

First we obtain stratification of an intuitionistic fuzzy topological space 

and then show that every (r, s)-component in an IFTS is a (r, s)-component in 

the stratification of it. 

Theorem : 3.3.1 

Let (X, 5, 
5*)  be an IFTS. Define the functions 5st, : ix  -* I as 

follows: For each 2 

Sst() = V A 5(2)I  2= V (2-  A ai)} 
jEJ j€J  

where the first V is taken over all families {? Ij € J} with 2 = Vj (kj A a1 ) 

= AIVS*(2j)/2=V(2.Aaj)} 
IJEJ JEJ 

where the first A is taken over all families {2 / j e J} with ? = Vj (kj A a j ). 

Then (Sst, ) is the coarsest stratified IGO on X which is finer than (5, 5*) 

Proof 

First, we will show that (Sst, ) is a stratified IGO as X. 



(IGOl) 

Suppose there exists 2 E 
1X  such that 

ffst(?) + g; (A)> 1 

There exists r E I and a family {A1  Ij E J} 

with A = Vj (X A ct j ) such that 

5t(A) ~ A > r> 1 - (A). 
JEJ 

Since .T(A) > r, for each i c J, there exists r such that T(A) -> r > r 

Since ff(X) + ff*(A) ~:, 1, we get 

g*(A.) 
 

rj 

Hence there exists mj such that 

g*(A.) :!~ m :!~- I -  rj  

Hence 

i(A)!~ V5*(2 V rn 
jEJ jEJ 

~ V (1 - r) 
JEJ 

A r 
jeJ 

:!~1-r 

It is a contradiction since (A)> 1 - r. 

Hence t(A) + 5;; (A) :!~ 1 V A = I. 

(IG02) and (IS) 

Foreacha E I there exists afarniIy{i}witha = a Al. 

Hence X= i for everyj 

Hence by definition we have 

5t(a)~!Aff(A)A5(1)5(1) 

RR 



and 

a) :!~VS*(Xj) = V 
g*()  = 

= 

Hence 5t(a) = 1 and .fi(a) = 0. 

(1G03) 

Suppose there exist t, v Ei 
1X  and r E Jo, m e 11  with 

5st( A v) < r < St(t) A 5st(v) 

and 

Av)>m> 3(ji)V 9(v) 

Since fft()>  r and 5 t(v) > r 

and .i(ji) <m and 5(v) <m, 

by definition of (5st, ', there exists two families {pj I j E J} with 

t= V (A al ) and {rklkE K} with  vVkEK(vkA  ak)suchthat 
JEJ 

ffst(!t) ~: A 5(.t), 55t(v) ~: A 5(Vk), 
jcJ kK 

>r >r 

and 9 (jx) !~-  V 
5*(), 

(v) ~ V g*(Vk) 
jej kK 

Since I is a completely distributive lattice, we have 

kEK 
Av = V( j AaJ)JA(V(vk Aak)) 

= V(jiAvk)A(aJAcxk) 

=V (i1 A Vk) A a1kwhere ajk = aA eLk 

Since ff(t A Vk) ~: 5(tj) A S(Vk) and 

g*( A vk) :!~ 
g*() 

A 
 g*(), 



We have 

ff tOtAv)~! / 5(Avi) 

~ A (ff() A (vk)) 

=(A 5(/' ) A (A 5(vk)) 
j, k 'kek 

>r 

V g*Qtj A vk) 
j, k 

~ V (c*() 
V 5(Vk)) 

j, k 

= IV5* (LJ)J *) 
kEK 

It is a contradiction. 

Hence for all ji, v e 

5t(p. A v) ~! fftO) A 5t(v) and 

Av)~ .9(i)V v) 

(IGO4) 

Suppose there exists a family {t (=- I / i E F} and r E Jo m e I. with 

ffst(V < I < A Jst(Jtj) 
EF El 

(v ,) > 
m> v ; 

EI 
(t) 

jEr 'I  

Since 9,40 > r and (p) < m for each I e F, there exists a family 

{[tij I j c J} with tj =V j (jijj A cq)  such that 

Tt(ii) ~! A 5(p) 
IEJ1 

>1 

V g*(..) 
j€J1 



Since 

V JEF  Iti = VjEF  (V Gtij  A a,)) 

= Vi,j(ijAaj). 

We have 

5sdV.uj)>t 5(jt) 
icr "1 

=A (\ 5()) 
id JEl, 

>r 

and 9*st V 5*(p) 

= y V 5(i) 
EU (jEJ , 

It is a contradiction. 

Hence, for any {.1}Er c I 

ffst(V ) ~ A Sst('i)  and 
EU 

EU 

For each X I,  there exists a family {i} with X = A ?. S(?)  

and 
 

Hence (Sst, ) is finer than (5, 
5*) (1) 

Let (U, u*) be a stratified IGO which is finer than (5, 5*)• 

We will show that Sst(?) :!~ u(?) and .9 (X) ~! u*(X) for all X 1X 

Suppose there exists t e Ix  and r E Jo, m E 11  such that 

ffst(p)> r> u(g) and 5(t) < m < 

Since ffstQ.t) > r and (i) <m, there exists a family {ij /1 E J} with 

= V ( A aj) such that 5(i) ~! A5(j) 
jej jEJ 

>r 



Wil 

and 

V (*() 

jEj 

Since (u, u*) is finer than (5, 5*),  we get u(j.i) ~! 5(t) and u*Q.1) 

for each j E J. 

Consider u(i4 = ul'v (p A aj) 
jEJ 

~ Au(i1 Aaj) 
JEJ 

~ A (u(jl)AU(cLJ)) 
JEJ 

= A (U(jij) A 1) as (u, u*) is stratified 
JEJ 

= A u(.i) 
JEJ 

~ A 5(k) 
]cJ 

> 1. 

u*() = u*V( j A aj)) 
IEJ 

~ V u*( ij A ctj ) 
JEJ 

~ V (u*(1) V
jCj 

= V(if(ji) V 0) as (U, u*) is stratified 
JEJ 

= V u*( p ) 
jcJ 

V 5*() 
JEJ 

<m 

It is a contradiction. 

Hence j 5 t(X) !!~ u(X) and (X) for every E I x. 

(ffst, ) is coarser than (u, u*). (2) 
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Hence from (1) and (2) we get that (ffst, ) is the coarserst stratified 

IGO which is finer than (5, 5*)• 

Definition : 3.3.2 

In the above theorem (Sst, ) is called the stratification of an IGO 

(5, 
5*) 

 on X. 

Example : 3.3.3 

Let X = {x, y}. Define j.i p e ix as follows: 

= 0.5, j.x(y) = 0.5 and p(x) = 0.4, p(y) = 0.6. 

We define IGO on X as follows: For each X E I 

I ifX=1, 0 

1/3 ifX=p. 

- 
1/2 ifX=p 

3/4 if X=vp 

2/3 ifX=pAp 

0 otherwise, 

0 if X=1, 0 

2/3 ifX=1.i 

5*(X) = 1/2 if X=p 

1/4 ifX=pvp 

1/3 ifX=pAp 

I otherwise, 

Claim 

If X(x) = a for 0.5 < a < 0.6 and X(y) = 0.6, for each 3 ~! 0.6, 

X(aA1)V( A(pVp)). 



Consider 

(aA)V(13 A(pVp))(x) 

= max {(aAi) (x), (13  A (t V p)) (x)} 

= max {a, mm {13 ' (p. V p) (x)}} 

= max {a, mm {13, 0.5}} 

= max {a,0.5} 

= a 

= 

((aA)V( A(p.Vp)))(y) 

= max {(aM) (y),  (p A (p.  V p)) (y)} 

= max {a, mm {13,  (p. V p) (y)}} 

= max {a, mm {13, 0.6}} 

= max {a,0.6} 

= 0.6 

= 

X = ((xA)V( A(p.Vp)) 

Hence the claim. 

X = (aM)V(13 A(p.Vp)) 

= (cLA)V(I3Ap) 

We have 5(2) = [5(1) A 5(p. V p)j  V [5(1) A 5(p)] 

= [1A314]V[1A112] 

= 3/4V1/2 

= 3/4 

= [(*(i) V 
5*(p.  V p)J A 

[5*() 
 V 

 ¶*(p)J 

= [0 V 1/4] A [0 V 1/2] 

= 114V1/2 

= 1/4 
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IfX(x) = a for 0.5 <a <0.6 and X(y) = 13 for 0.5 <a, 13  <0.6and a <13  

we have S(X) = 3/4 and !(X) = 1/4. 

If X(x) = 0.5 and X(y) = 0.6, since for a ~! 0.5 and 0.6, 

X = 13A(tVp) 

= (l3 Au)V(l3 Ap) 

We have ff(X) = 3/4 and i(X) = 1/4. 

lfX(x)= 0.5 and X(y)= 13 for 0.5<13<0.6, 

X = 13AOJVp) 

= (13A)V(13Ap). 

We have 5(X) = 3/4 and 5J(X) = 1/4. 

If X(x) = a and X(y) = 13  for 0.4 <a, 13 <0.5 and a < 13, since, for 

€ {i, tV p}, 

= {p, t A p}, 

X = (aAXi)V(13 AX2) 

We have .(X) = 2/3 and .J(X) = 1/3. By a similar method as the 

above cases, we can obtain the following 

I ifX=a, VaEI, 

3/4 ifX(x)=aandX(y)=13 for 0.5:f~-a,13:!A.6,a<13, 

5t(X) = 1/2 ifX(x)=a for 0.4:!~a<0.5,X(y)=13 for 0.5<13:!~0.6 

2/3 ifX(x)=a, X(y)=13  for 0.4:!~a,13:50.5,ct<13 

0 otherwise 

I ifX=a, Vacl, 

1/4 if X(x)= a and k(y) = for 0.5 :!~ a, I3:50.6, a< 13, 

J(X)= 1/2 ifX(x)=a for o.4:!~a<0.5,X(y)=13 for 0.5<13:!~0.6 

1/3 ifX(x)=a, X(y)=13  for 0.4:5a,13:50.5,a<13, 

1 otherwise 



Theorem : 33.4 

Let (X, 5, 5*) and (X, it, u*)  be IFTS. Let (S, Liz) and (ut 11t) be 

stratification for (5, 5 *) and (u, u*)  respectively. 

1ff: (X, 5, 5 *) (Y, u, u*)  is intuitionistic continuous, then 

f: (X, 5st, ) —+ (Y, -ust 11 t) is intuitionistic continuous. 

Proof 

Suppose there exist v e I" and r e I,  m E 11  such that 

it(V)> r> 

lA(v) < m < g*(fl(v)) 

Since ut(v) > r and iIt(v) <m by the definition of (Ust 14 t), there exists 

a family {vj j E J} with v = VjEJ (v1  A a) such that 

Ust(v) ~: A u(v) 
jej 

>r 

and 14(v) :!~ Vu*(Vj) 
JEJ 

Consider 

f 1(v) = f 1 (Vj€ j(vjA aj)) 

= V(f 1(v)Aa) 
JEJ 

By the definition of (ffst,  5J) we have 

5 t(r1(v)) AS(f 1(vj)) and 
JEJ 

V 
JGJ 

Since f: (X, 5, 5*) 
-> (Y, u, 

u*)  is intuitionstic continuous, we get 

5(f 1(v)) ~: u(v) and 
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g*(f_l(v)) ~ u(v) for each j e J. 

i.e., 

58t(f1(v)) 2! A5(f-1(v)) 
JEJ 

> A u(v)> 1, 
jEJ 

g*(f_l(v)) < V g*(f_l()) 
jEJ 

~ V u(v) 
jEJ 

It is a contradiction. 

Hence f: (X, 5st, ) —* (Y, 1 st Ut) is intuitionistic continuous. 

The converse of the previous theorem is not true as is seen from the 

following example: 

Example : 3.3.5 

Let X be a nonempty set. Define IGO's (5, 
5*) 

 and (U, u) on X as 

follows: 

For each X E 

1 ifX=1,O 
= 

O otherwise 

= 0 if?=1,O 

1 otherwise 

1 ifA=1,O 

U(X) = 1/3 if 2=0.5 

0 otherwise 

[o if2=1,O 

= 2/3 if 2=0.5 

1 otherwise 



Since 0 = 5(0.5) < u(0.5) = 1/3 and I = 5*(0.5) > u*(0.5) = 2/3, the 

identify function 

idx: (X, 5
, 5*) 

—* (X, U, us) is not intuitionistic continuous. 

Forafamily{i}with(0.5)=(0.5)A 

We have, u(0.5) ~: u(1) = 1 and 

11 t(0.5) :!~ U() = 0 

Hence u (0.5) = 1 and 14(0.5) = 0. Thus, 

Sst(?) = Ust(X) 
= 

11 

íü 
= U(?) 

= Ii 

if X = a, V a EL 

otherwise 

if X =, V a El 

otherwise 

idx: (X, Sst, —* (X, i, U) is intuitionistic continuous. 

Theorem : 3.3.6 

Let (X, 5st,  J) be a stratification of an lETS (X, 5, 5*)•  A fuzzy set k is 

a (r, s)-component in (X, 5, 
5*)  if 2. is a (r, s)-component in (X, 5, .). 

Proof 

(I) Let X be a (r, s)-component in (X, 5st, Suppose that ? is not 

(r, s)-connected in (X, 5, 5
*)  Then there exist t # 0 and p = Owhich 

are (r, s)-separated in (X, 5, 5*) such that 2 = t V p. 

Since (ffst,  .9) is finer than (5, 
5*)  by Theorem ......... , we get 5 :!~ 5st 

and 5* 

5(?) ~: I => 55 (X) > r 

and  5*(? ):!~r=.(X)<r 
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Hence the collection corresponding to 5st, is larger than the 

collection corresponding to 5, 5 

Cgg. (j.i, r, s) < C9,., . (p, r, s) 
-  

and Cff (p, r, s) :!~ C 
.. 

(p, r, s) (1) 

Since, t and p are (r, s)-separated, 

. 
(pt, r, s) A p = C9 

 . (p, r, s) A t = 0. 

Using this in (1), we get 

C59.(yt, r, s)Ap = C95.(p, r, s)At 0 

Hence t and p are (r, s)-separated in (X, 5st, Thus, ? is not a 

(r, s)-component in (X, 5st, 5). 

This is a contradiction. 

Hence X is a (r, s)-connected in (X, 5st, 

(II) We will show that if ? is a (r, s)-component in (X, 5, 
5*),  then X is 

(r, s)-connected in (X, 5, L). 

Let ? be a (r, s)-component in (X, 5, 5*)• 

Then C9 
 . 

(X, r, s) = X from Theorem 3.2.14 (1), suppose that X is not 

(r, s)-connected in (X, 5st, .fi), then .t #- 0 and p # 0 are 

(r, s)-separated in (X, 5st, J) such that ?. = t V p 

Since 9~,Tst  and 5 .9, 

Cgg* (X, r, s) :!~ C9 . (X, r, s) 

Always 2 :!~ C. (2, r, s) 

So, C.. (A., r, s) = A. 

Since A., we have C. (.i, r, s) < A.. 



It implies ?. = C, (pt, r, s) V p 

Put C5 . (p., r, s) = U) 

If x e supp(w), then x E supp(?). 

Since ?. is (r, s)-component in (X, t, .r*), by Theorem 3.2.14 (4) 

Xi E ? = 00 V p 

i.e., co(x) V p(x) = 1. 

Since 0)A p= 0, o(x)A p(x) = 0. 

Since x E supp(a), w(x) # 0. 

P(X) 0. 

So, 0(x)= 1. 

Hence o is a crisp set. 

Since r and g s from Theorem 3.1.3 and 

Theorem 3.1.5 

for any family Pi Au VjEj  ct 

V '\ ff(u )J > r 

—co) = AtVff*(nj ) s 

Without loss of generality, we assume that c 0. Since w(x) = 1 for 

x e supp((0). 

( - (o) (x) = V ((xi A ai) (x) 
IEJ 

= 1 = co(x) = A{i - cx) (x) V ( -flj) (x)} 
I(=J 

( - aj) (x) V ( -nj) (x) = 1 Vi € J (2) 

Since Oci # 0, ai(x)a 0 

Hence if x E supp(co), from (2), we get 

0 -u) (x) = I Vi E J 

—u)(x) > ( - a) (x) 



=> n(x) < a (x) 

= ((xi A n) (x) = n(x) 

Thus for x E supp(U)),( - 0)) (x) = V (aj A lu) (x) 
IEJ 

= V n(x) (3) 
IEJ 

If y o supp(()), then 

1=( —o))(y) = V (cci An)(y):!~ V n(y) 
iEJ icJ 

1 = 0 - co) (y) = V n(y) for y o supp(c)) (4) 
iEJ 

Hence from (3) and (4) for any family 

{ai A ftj / - = V (xi A n}, we have 
IcJ 

- 0) = V tL 
iEJ 

It implies 

- (o) = ff( - co) = A T(n) > r. 
iEJ 

- ()) = 5*0 
- co) = A 

5*() 
 :5 S. 

iEJ 

So, Cif (co, r, s) = 0) 

Substituting for 0), we get 

C5 
 .. 

(C5 
 . 

(p, r, s), r, s) = C (pt, r, s) (5) 

Similarly, we have 

C5 
. 
(C * (p, r, s), r, s) = C. (p, r, s) (6) 

Consider 

C5 .. (p, r, s) A p :~ C5 
 , 

(C . (jt, r, s), r, s) A p 

= C 5  . (p., r, s) A p from (5) 
St 

= 0 as p. and p are (r, s)-separated in (X,  Tst,5). 
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p. A C5 . (p, r, s) :!~ p. A C. . (C55.(p, r, s), r, s) 

= p. A C. (p, r, s) from (6) 

= 0 as p. and p are (r, s)-separated in (X, 5st, 5). 

Hence p. and p are (r, s)-separated in (X, 5st, 3). 

Thus ?. is not a (r, s)-component in (X, 5, 5*) 

It is contradiction. 

Hence X is (r, s)-connected in (X, 5st, ). 

(Ill) Let X be a (r, s)-component in (X, 5st, From (I), X is (r, s)- 

connected in (X, 5, 
5*)•  There exists a (r, s)-component p. in (X, 5 5*) 

containing X. 

From (II), p. is (r, s)-connected in (X 5st, ) and also it contains X. 

Thus by the maximality of X, we must have ?. = It. 

Thus ?. is a (r, s)-component in (X, 5, 5*)• Similarly, if p is a 

(r, s)-component in (X, 5, 5
*)  from (II), we get p is (r, s)-connected in 

(X, 5st, g). 

There exists a (r, s)-component, v in (X, 5st, 5) containing p. 

By (I) we get v is (r, s)-connected in (X, 5, 5*)  and it contains p. 

By the maximality of p, we must have p = v 

p is a (r, s)-component in (X, 5st, Lv). 


