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CHAPTER -1l
CONNECTEDNESS IN INTUITIONISTIC FUZZY
TOPOLOGICAL SPACES

In this chapter we discuss the concept of (r, s)-connectedness in
intuitionistic fuzzy topological spaces introduced by Kim and Abbas [21]. The
authors [21] have introduced the concept of (r, s)-separated fuzzy sets in an
intuitionistic fuzzy topological spaces using which they [21] have defined the
concept of (r, s)-connected fuzzy sets. Some interesting characterizations of
these sets are obtained. Moreover, properties of (r, s)-connected fuzzy sets
and (r, s)-components which are analogous to the corresponding properties in
general topological spaces are discussed. Finally, stratification of an
intuitionistic fuzzy topological space is obtained and the authors [21] have
shown that every (r, s)-component in an intuitionistic fuzzy topological space
is a (r, s)-component in the stratification of it. First let us give the preliminary

definitions and results needed for our discussion.

Section 3.1

Preliminary definitions and results

Let X be a nonempty set, I = [0, 1], Io = (0, 1] and I = [0, 1). Fora € I,

a(x) = o for all x e X. The family of all fuzzy sets on X is denoted by g
Definition : 3.1.1

An intuitionistic gradation of openness (IGO, for short) on X is an
ordered pair (7, ") of mappings from * to I such that
(IGO1) 5(») + 5°(3) <1 forall e ¥
(IGO2) 5(0) = g(r)=1and 3°(0) = 5°(1) = 0,
(1IGO3) T(M A X2) = F(h) A I(A2) and
F0u Ad2) T (M) V 5" (A2), foreach di e I¥,i=1, 2
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(1IGO4) F(Viea Mi) = Aiea I(Mi) and
G (Viea M) < Viea 9"(M) foreach di e ¥, i € A.

The triplet (X, 9, %) is called an intuitionistic fuzzy topological
space (IFTS, for short). § and 9° may be interpreted as gradation of
openness and gradation of nonopenness, respectively.

An IFTS (X, 9, 5%) is called stratified if

(IS) 5(a) = 1 and §°(o) = 0 for each a € L.

Let (1, u*) and (9, %) be IGO’s on X. We say (u, u') is finer than
(9,5, (9, 97 is coarser than (u, u") if (1) < u(r) and 5"(A) < ux() for all

A eIl
Definition : 3.1.2

Let (X, 9, 9°) be an IFTS. A function C : * x Ip x I1 > " is called an
intuitionistic closure operator if for A, p € X relpands e Iy withr+s <1,

it satisfies the following conditions :
(C1)C(0,1,8)=0
(C2)A<C(\, 1, 8)
(C3)C(A, 1,8) VC(u,1,8)=C(AVp,r,8)
(C4) C(A, 1, 8) <C(A, 11, 81) if r<rq, s > sq withry + 84 <1

(C5) C(C(A, 1, 8),1,8)=C(A, 1, 8).
Theorem : 3.1.3 (Chang [11])

Let C be an intuitionistic closure operator on X. Define the functions
Fe 9o X > 1by

F(}) = V{relg/C(1-Ar,8)=1-A4}

G\ = Mseli/C(1-A,r,8)=1-1}

Then (9., 9, ) is an IGO on X.
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Remark : 3.1.4

C_ ..is an increasing function since A1 <Az
J,J

= Cj.’g.. (A, 1, p) < Cg,g' (A2, 1, P)-

Theorem : 3.1.5

Let (X, 5, ") be an IFTS. Thenforeachre Ip,s e I1, A € X, we define

an operator C. . : I xIox 1 - X as follows :
C,, (hrs) =MuelX/rs<y, A -p)=r, (1 —p)<s)
Then () C_ _.is an intuitionistic closure operator

()9, =5andg =4
5.5" 5.5

Proof

(i) Conditions (C1), (C2), (C3), (C4) and (C5) can be verified using the
definition of Cf,a“ . Hence Cif is an intuitionistic closure operator.
(i) By definition
9, (W=Virel/C,.(1-prs)= 1-p}
Let 5(n) = roand 5°(n) = So
Then 5(1 = (1 — p)) =roand
g (1 -(1-p)=s0
Also1-p<1-p
cl-pefrel®/T-p<h (1 -A) 21, (1 - 1) < so}
AN e T —psA, 51 =021, (1 -A)<sg)=1-p

i.e. Cﬂ'.ﬂ"“ -, o, So)=1-p (1)
wroefrel/C, . (1-prs0)=1-p}

“Vrelo/ Cpp(1-prs0)=1-pp2ro



=J(w)
Similarly by (1),

soe{selo/C,.(1-pro8)=1-p}
~Msel/C, .(1-pr0,8)=1-p}<so
e, 5 (w)<so
5.9

=9"(w)
From (2) and (3), we get

c

g, 29and 3] <9

Suppose not, then 9, <3

5,9

-. there exists p such that g, (n) > J(p)

5,9

e, V{r/C,.(1-p,rs)=1-p}

> (p)
By supremum property,

there exists ro such that C_ _.(1 -, fo,8) =1 -p

and 9, (W) 210> t(p)

9,9

By definition of C_ .., we get from (5)

F(1-(1-p)=ro
ie. J(W)=ro
(6) and (7) contradict each other

. g <5

5,5
From (4) and (8), we get

aq = G
q g .
5,5
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Similarly if can be shown that

G* = 5.*

*
9,9

Definition : 3.1.6 (Samanta and Mondal [30])

Let (X, 5, 9" and (Y, u, u’) be IFTS's and f: X — Y a function. Then, f
is called intuitionistic continuous if u(X) < 5(f'(A)) and w'(A) = §*(F'(1)) for

allael.
Theorem : 3.1.7

Let (X, 5, 9%) and (Y, u, uw’) be IFTS's and f: (X, 3, ) > (Y, u, u’) a
function. Then the following statements are equivalent, for each A e K pel,

relp sel.

(1)  fis intuitionistic continuous
(2) f(Cg'J,, (A, 1, 8) < Cu, o, (), r, s)

3 C, ("W rs)<F(C, . (nr ).

Proof (1) = (2)

Let f be intuitionistic continuous. Then u(A) < J(f ') and
w() =g (') forallr e 1"
Assume thatd = 1 —p
LUl -p) <8I (1 -p)
u(l - p) <5(1 - (w) (i)
and w1 -p=5F"(1-p)
=9°(1-f"'(w)

LU —p) =290 - () (ii)



Consider Cu’ o (), 1,8)

= Mpel"/f0) <p, u(1 —p)=r,

w{l -p)<s
>Mpel'/a<f'(w, 901 -f'(w)=r,

g°(1 - () < (by () and (ii))
> MfE (W) e I/ <), (1 - (W) >,

(1 - () < s} since p > f(f " ()
> (W) e IV /A <f(n), 5(1 —=fF'(w) >,

g (1 - (W) <s}

> f(CT, s s))

2 f(C, . s)<C, (), T 9)

(2) = (3)

Take p e I¥, let o = ().

By (2),
f(C, 5 (1, 8) < C, . (f(A), 1, 5)) for every & e id
O (P (A A N N (A

=>f(C, (W), r,8)<C, . (w1, 8)

g,9"
since (f(f'(n)) < p and by remark 3.1.4
= f'(f(C, - (W), 1, 8) <F(C, . (w1 8)

= C, '), r, s)) < f“1(Cu’ - (1, ) since £(f()) 2 &

@)=

If follows from C_ . (w, r, s) = pimplies G .. (), r, s) = ().
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Section 3.2

(r, s)-connectedness in intuitionistic fuzzy topological spaces

In this section we discuss the concept of (r, s)-connectedness in IFTS
and obtain some characterization theorems. We also discuss some interesting
properties of (r, s)-connected fuzzy sets and (r, s)-components which are

analogous to the corresponding properties in general topological spaces.
Definition : 3.2.1

Let (X, 9, 9°) be an IFTS. For A, p € X, A and p are called

(r, s)-separated if forr € [p and s € I1.

Cr'g.(x, rns)yAp = Cg_g.(p, rnsyAr =0

J

Definition : 3.2.2

A fuzzy set p is called (r, s)-connected if there do not exist

(r, s)-separated fuzzy sets A, p € ol {5} suchthatp=2A V.
A triplet (X, 3, 97) is called (r, s)-connected if 1is (r, s)-connected.
Definition : 3.2.3

A fuzzy set p is called connected if it is (r, s)-connected for all r € Io

and s € ;.
Remark : 3.2.4

Let A and p be (r, s)-separated. For each p € andr <r, 81> s, since

C, . (pr, s1)<C, . (p. T, s) we get A and p are (rq, s1)-separated.

Hence, from this fact, we get that if p is (ry, s1)-connected for ry <,

s1 <s, then pis (r, s)-connected.

Let us now consider are example of a (r, s)-connected space.



Example : 3.2.5

Let X = {x, y} be a set. We define an IGO (J, 5°) on X as follows :

each \ e I*.

1/3
1/2
0

FA) = 3

(0

gn) = 3

1

where yx denotes the characteristic function corresponding to the set {x}.

We can obtain

CJ,S" (A, 1,8) = o

2/3
1/2

if L=0o0r1
ifA =%
ifA =%
otherwise

if L=0o0r1
if A =%
ifA =%
otherwise

0 ﬁk=6JeIwSeL
Yoo FO#EASY Y F<1/2,821/2
Ly O#EMSY, r<1/3,822/3

1 otherwise

If r<1/3, s >2/3, then (x = C, - (toa: 1, $) A Xy = 0

and xp A (ty = C; 5 iy 1 8)) = 0

Thus, 1x = 309 V % is not (r, s)-connected forr<1/3and s < 2/3.

Ifr>1/3 and s < 2/3, (X, 9, ) is (r, s)-connected.

Characterization theorems

Theorem : 3.2.6

Let (X, 9, 5°) be an IFTS. The following statements are equivalent
(1) (X, 3,9 is (r, s)-connected.

2) lfAVp=1andAAp=0 for(F(x)=r, J°() <s)and
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(G =r, () <s), thenri=0orp=0
(3) faVp=1andiAp=0 for (F(1-2)=r,
F'(1-2)=s)and (F(1-p) =1, T (1-p) <s),

theni =0 orp= 0.
Proof : (1) = (2)

Suppose that there exist A, p € X — {0} such that for (5(A)

g'0) <s)and () =r, T (W <s), AVp=1,ALApn=0.
It implies
A-MAA-p=0,(1-YV{A-pw=1
Since Cg.,g,(i ~% 1, €)=1=%and

C,,.(1-pr5s)=1-p from Theorem 3.1.5

J

We get from (i), C, ,.(1 -2 r,s)A(1-p)= 0 and

J

C, (1-mrs)A(1-2)=0

J,
~. By definition, 1 — » and 1 — p are (r, s)-separated.
Suppose A = 1. Thenp=AAp= 0
This is a contradiction.
L ae®*-{1}
Thus, 1 - A e X ={0}.
Similarly 1 — p e I* = {0}.
Also, from (i), we have
(A-MVA-m=1
Hence 1 is not (r, s)-connected.
i.e., (X, g, 3% is not (r, s)-connected.
This is a contradiction.

Hence there do not exist A, p e I* — {5} satisfying the condition.

i.e., EitherA=0orp=0.
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(2) = (3)
By De Morgan’s law, it is easily proved.
@) =01

If (X, 9, %) is not (r, s)-connected, then there exist (r, s)-separated
fuzzy sets A, p e I = {0} such thatA V p= 1.

Since AAp<C, (A1, 8)Ap= 0,wehave, A Ap=0

Since A V p = 1, we get
A-MDA(1-p=0 (ii)
= (1-p))=0(n)(1-2)(x=0
If (1 —p) (x) =0, then
(1= 1) () < Mx).
If (1 — p) (x) =0, then
(1-2)(x)=0
= Ax)=1
= (1 - p) () < Mx).
Hence (1 — ) <A (iii)
Now C,.(hrs)Ap=0

=5 B o0, s)Ap=(1-21)A(1-p) by (i

J

= C, (A 8)<1-p
= C, (& 1,8) < [by (iii)]
By Definition 3.1.2 (C2),A<C_ . (A, T,9)
5 G ple B 8=

From Theorem 3.1.5, we have 5(1 —A) =rand 5°(1 - 1) <s.
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Similarly, we have §(1 —p) >rand §°(1 — p) <s.
~By@3), A=0(rp=0
This is a contradiction.

= (X, 9,9 is (r, s)-connected.
Lemma : 3.2.7

Let (X, 9, 5%) be an IFTS and A, p, p € I*. If p and p are
(r, s)-separated, A A pand A A p are (r, s)-separated.

Proof
Let u and p be (r, s)-separated.
Then C, . (w1, ) Ap=C, (p 1, S)Ap= 0
Since C, .(AA T, ) ALAP)<C (T, S)Ap= 0,

we get CJ,'J,. AApnLs)AAAP)=0

Similary A AW) AC, ..M Ap,1,8)=0

Hence A A pand A A p are (r, s)-separated.
Theorem : 3.2.8

Let (X, 9, 97) be an IFTS and Ae . The following statements are

equivalent :

(1) A is (r, s)-connected.

(2) If n and p are (r, s)-separated such that A < pu V p, then A A p = 0 or
AANp= 0.

(3) Ifpand p are (r, s)-separated such that A <p V p,then A <pori <p.

Proof : (1) = (2)

Let uand p be (r, s)-separated such thatA<p V p.



By lemma 3.2.7, A Apand A A p are (r, s)-separated.

Since A is (r, s)-connected and A=A A (uV p)
=AAWVQAAP)
We get either A A p = OorAAp=0
Hence (2).

(2)=(3)

Let p and p are (r, s)-separated such thatA <pV p
By (2, AAp=00rrAp=0
Suppose L Ap=0
Consider A=A A (nV p) (sinceA<p 'V p)
=AAWVQAP)
=0V(RAp)
A=AAp
Hence A <p
Similarly, if AAp = 0,wegetr<p
Hence (3).

@) =)

Let p and p be (r, s)-separated such that A=pu V p
By 3),A<pori<p
Suppose A <
SincepA(npVp)=p,wegetp=pAAir
L p<pAp(since A <p)

<p ACg(p, T, s)

= 0 (since p and p are (r, s)-connected).
Hence p = 0

Similarly, if A < p, we can prove p = 0.
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Properties of (r, s)-connected fuzzy sets
Theorem : 3.2.9

(1)

()

Proof

(1)

Let (X, 5, ") bean IFTS and A, p € I*.
If A is (r, s)-connected and A < p < C__. (A, r, s) then p is

9,9
(r, s)-connected.
If » and p are (r, s)-connected fuzzy sets which are not (r, s)-separated,

then A V pis (r, s)-connected.

Let v and p be (r, s)-separated such that p = v V p. Put vi = A A v and
p1 =M\ A p.Then v4 and p; are (r, s)-separated by Lemma 3.2.7

ConsiderviVpr = AAV)V (A ADp)
= AXA(vVp)
= AAp
= AasA<p
LA = viVpy

Since A is (r, s)-connected

either vi = 0 or p1=0

|fV1 = 6,thenx = Vi Vp1

=x=0V ps
= k= P
=>A=AAp
=>ALp

Givenp<C_ .(AT, s)

< CM‘ (p,r,8)asA<p

Hence v=v Ap<vAC,.(prs = 0 since v and p are

(r, s)-separated.

Hencev=0
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Similarly, if p1 = 0, we getp= 0, we getp= 0

Thus, p is (r, s)-connected.

(2) Letvandpbe (r, s)-separated such thatAV p=vVp
Since A is (r, s)-connected and A< A V p
=vVp,
by (1) = (3) of Theorem 3.2.8, we get A <vorA<p.
Similarly, we getu<vorp<p
Suppose A <v
Also, suppose that p < p
Since A ApVv=>rand AV p Ap=pandvand p are
(r, s)-separated, by Lemma , we get A and p are (r, s)-separated.
This is a contradiction.
Hencep<v
SAVpsy
s AV pis (r, s)-connected (by (3) = (1) of Theorem 3.2.8).

Theorem : 3.2.10

Let (X, 9, 5°) be an IFTS. Let A = {Ai / i € T} be a family of
(r, s)-connected fuzzy sets in (X, 9, %) such that no two members of A are

(r, s)-separated. Then Vicr A; is (r, s)-connected.
Proof

Given A = {\i/i e I'} is a family of (r, s)-connected fuzzy sets.

Let X = Vier M

Suppose p and p be (r, s)-separated such thatA <pu 'V p

Since any two members A, A; € A are not (r, s)-separated, by Theorem
3.2.9 (2), A V Ajis (r, s)-connected.

Since VA <A, andA=pVp wegethiVAi<uVp



82

From (1) = (3) of Theorem 3.2.8, we get
MVAsporh VA<
If AiVA<p, then<p.
Hence A is (r, s)-connected by (3) = (1) of Theorem 3.2.8

Corollary : 3.2.11

Let (X, 9, ) be an IFTS. Let {1/ i e ['} be a family of (r, s)-connected

fuzzy sets in (X, 3, 9°) If Aier Ai # 0, then Vicr Aiis (r, s)-connected.
Proof
Obvious from Theorem 3.2.10.

Theorem : 3.2.12

Let (X, 91, 5) and (Y, 2, 5, ) be IFTS’s.
dff: (X, 91, 5) > (Y, 32, 5,) s intuitionistic continuous and A is

(r, s)-connected, then f(1) is (r, s)-connected.
Proof

Let p and p be (r, s)-separated such that f(A) < V p.
Consider A < f(f(0))
<f'(uVop)
=W V()
Since f is intuitionstic continuous, by Theorem 3.1.7 (3), we get
Cy g F'(w), r, s) < rkcag (1, 1, S)).

5.5 (0 TS AF(P)

=f(Cy 5 (T S)Ap)

Cy g (). 1 8) AT () <F(C

N

N

=(0), since p and p are (r, s)-separated

1}
ol
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Similarly, we have (f'(u) A C oo f(p), 1, s) = 0.

Hence f'(n) and f'(p) are (r, s)-separated. Since A is (r, s)-connected, by
(1) = (3) of Theorem 3.2.8
We get A < ' (u) or & <f(p)
If A <f(u), then
fr) < f(F" ()
SH
-, f(A) is (r, s)-connected, by (3) = (1) of Theorem 3.2.8.

(r, s)-components
Definition : 3.2.13

Let (X, 9, 97) be an IFTS. A fuzzy set A is a (r, s)-component in
(X, g, 9%) if A is a maximal (r, s)-connected fuzzy set in (X, 9, 99, (ie.,) If

u> A and pis (r, s)-connected, then p = A.
Theorem : 3.2.14

Let (X, 9, 37) be an IFTS.
(1)  Ifris a(r, s)-component, then C_ _.(A, T, s) = A.

(2) If As and A, are (r, s)-components in (X, J, ") such that A1 A X2 =0,
then A4 and A, are (r, s)-separated.
(3) Each fuzzy point x; is connected.

(4) Every (r, s)-component is a crisp set.

Proof

(1) Since A is a (r, s)-component, A is (r, s)-connected. Also,
A< C‘”. (A, 1, 8).
By Theorem 3.2.9 (1), C, .. (A, 1, s) is (r, s)-connected. Since A is a

(r, s)-component, by definition we get C_ . (A, 1, 8)=A.



(2)

)

(4)

Let A4 and A, be (r, s)-components such that A1 A2 =0
By (1)’ Cg'g"‘ (7\‘11 rr S) = ;\'1

and CS.’J,. (A2, 1, S) = Aa.

Hence we get
C.‘T,u" (7»1, r, S) I\ 7\.2 = 7\.1 A Cg"g‘ (7\.2, r, S)

A A A2

=0

. A1 and A, are (r, s)-separated.

Let A and p be (r, s)-separated such that x;=A V p.

Thenxi=Aorx=p

If ;= A, considerp = pA(AV p)
rAX

pAA

IA

.p =0
Similarly, if x;= p, then A = 0
Hence x; is (r, s)-connected.
This is true for everyr e [pand s € I

Hence x; is connected.

A CJ,'J,. (Aq, 1, 8) since A < Cj'g, (A1, 1, 8)

0 since A and p are (r, s)-separated.
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Let A be a (r, s)-component with x € supp (1) = {x € X/A(x) > 0} and p

is a (r, s)-component containing Xi.
Since A A p = X (X) A X4
= X (X)
£ 0 since x e supp (1)
;XAu#ﬁ
By corollary 3.2.11, A V pn is (r, s)-connected.
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Alsoas A <AV p p<AVpand A and p are (r, s)-components, by
definition of components, we musthave A=AV pn
andpu=AVp
Thus A =p
- Mx) = u(x). Since x4 < p, we get p(x) =1
SAMx) =1
s X e supp (A) = A(x) = 1.

Hence A is a crisp set.

Section 3.3
(r, s)-components in stratification of intuitionistic fuzzy topological

spaces

First we obtain stratification of an intuitionistic fuzzy topological space
and then show that every (r, s)-component in an IFTS is a (r, s)-component in

the stratification of it.

Theorem : 3.3.1

Let (X, 9, 9%) be an IFTS. Define the functions Js, Jy : X > 1as

follows : For each A e I*
Fa(r) = V{/\ AN/ A=V (4 /\5])}
jeJ JjeJ
where the first V is taken over all families {A;/j € J} with A = Vjey (A} A aj)
go(\) = /\{v G A A=V (4 /\Ej)}
jeJ jed

where the first A is taken over all families {A; / j € J} with A = Vjcy (A A aj).

Then (F«, ;) is the coarsest stratified IGO on X which is finer than (7, ).
Proof

First, we will show that (3, J5) is a stratified IGO as X.



(1GO1)

Suppose there exists A € I* such that
Fst(h) + Tt (1) > 1

There exists r € 1 and a family {A;/j € J}
with A = Vjes (A A o) such that

Fu) 2 AT >1>1- Ty )

Since 9();) > r, for each j € J, there exists rj such that 5(\) 21 >r
Since () + () < 1, we get
g0 <1-5()
<1-r
Hence there exists m; such that
F M) <sm<1—r;
Hence

HOEIVEAMCHENAL
<V (1—I'j)
jed

jed

<1-r1

It is a contradiction since g (A) > 1 —T.

Hence Ta() + 95 (A\) <1V A e IX.
(1IGO2) and (IS)

For each o e I there exists a family {1} witho = o A 1.

Hence A; = 1 for every |

Hence by definition we have

Fa(a)= AT =AI(1)=5(1)=1
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and

Fa(a) <V I =V I'(1)=9'(1)=0

Hence J«(0) = 1 and 9 (a) = 0.
(1GO3)

Suppose there exist p, v € I and r € Io, m e 14 with
Fa(p A V) <1< Ts(p) A Tst(V)

and
FgwAv)>m> T () V T5(v)
Since Js(u) > rand Js(v) > r

and (1) <mand Jg(v) <m,
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by definition of (Js, Jy), there exists two families {u; 7j e J} with

p= V(A a;) and {rc/ k € K} with v = Viek (vk A ax) such that
je

Talh) = /A T, Ta) 2 1y TN,
>r >r
and g (w) < V T (W), T (V) < V. 5" (i),
JE €

<m <m

Since 1 is a completely distributive lattice, we have

pAv (J_E\/J(yj /\Ej))/\(k\e/l((vk /\Ek))

A (A vi) A (o A o)

N (A A ajwhere o = o)A Ok

Since F(y A vi) = I(1j) A F(vk) and

I (1 A vi) < T () A T (W),



We have

Fst(pAv) 2 J/\

Q

(5 A Vi)

x

Tt (WA V)< N (i A wi)

v
=<

(T () V (i)

= (V7 w) vivaw)

<m
It is a contradiction.

Hence for all p, v e I
Fst(n A v) 2 Ta(p) A Ts(v) and

Tt (WA V) < T (W) V Tt (v)
(1IGO4)

Suppose there exists a family {u; € X/iel}andr e Ipm e Ij with
5stk\€é ui) SPSA T st(pi)

Iyt k\eéui) >me Y Tt (1)

Since J«(w) > r and I, (1) < m for each i e T, there exists a family

{wi/j e J}with i =V, (wj A oj)such that
Tst(p) 2 é}l T (i)
>r

Tt (W) < VT (wi)

<m

88
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Since
Vier i Vier (JZ (i A o))

Vij (i A o).

We have

and ffstk\/p.i)s Vo5 (W)

It is a contradiction.

Hence, for any {p}icr  I*

5st(‘:l/_ Mi) > le/\l‘ 5st(l»1i) and

Tl ) < ()

For each A e IX, there exists a family {1}with A =1 A L3> J(r) = T(A)
and 33 (L) < J°(L).

Hence (Js, 94 ) is finer than (3, 9°). (1

Let (u, u*) be a stratified IGO which is finer than (3, 37).

We will show that F()) < u(r) and 95 (1) = w'(A) for all & e I,

Suppose there exists p € I and r € Ip, m € I; such that

Fat(p) > 1> u(p) and g () <m < w'(p)

Since J«(un) > r and J (1) < m, there exists a family {y; / j € J} with

W= ,\eﬂ (1; Aaj) such that Fe(p) > j/e}a'(uj)

>r
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and
Iyt (1) < j\eﬁ (1)
<m
Since (u, 1) is finer than (7, 57), we get u(y) = J(p) and 1’ () < 5" (W)

foreachje J.

Consider u(p) u(\/J (1 A &,-))
je

v

j/e} Uy A o)

\%

2y (ulw) A U(aj))
= J/E} (u(w) A 1) as (u, u’) is stratified

= J/E} u(p)

\

A G(w
i (W)

> I

W = (Vo Aa)

IA

j\eﬁ WA aj)

< ,\eé W' () V U'(oj))

,\Eﬁ(u*(p,-) V 0) as (u, u) is stratified
j

= Vu'lu
jeJu(M)

IA

\/r*.
jeJJ(“J)

< m
It is a contradiction.

Hence J()) < u(A) and 55 (A) = w'(») for every A  I*.

.. (Fs, Ty ) is coarser than (u, u). (2)
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Hence from (1) and (2) we get that (3, J) is the coarserst stratified

IGO which is finer than (3, 37).
Definition : 3.3.2

In the above theorem (Jg, Jy) is called the stratification of an IGO

(9,9 on X.
Example : 3.3.3

Let X = {x, y}. Define p, p € I as follows :
u(x) = 0.5, u(y) = 0.5 and p(x) = 0.4, p(y) = 0.6.

We define 1GO on X as follows : For each A e I*

(1 ifa=10
1/3 ifr=p
112 ifr=p
314 ifA=pvp
213 ifA=pAp
{0 otherwise,

(0 ifa=10
2/3 ifa=p
112 ifr=p
W4 ifr=pvp
113 ifr=pAp
(1  otherwise,

(\)

Q

Claim

If A(x) = o for 0.5 < a < 0.6 and A(y) = 0.6, for each p > 0.6,
A= (aAT)V (B A@Vp).



Consider
(@A) V (B AV p) (X)
= max{(aA1) X), (B A1V p)) ()}

= max {o, min {B, (u V p) ()}
= max {a, min {B, 0.5}}

= max {o, 0.5}

= a

= Mx).

(aAT)V (B A@RVp)) )
= max{(aAl) (), (B AV p) ()}
= max {a, min {8, (1 V p) (V)}}
= max {a, min {$, 0.6}}
= max {o, 0.6}
= 0.6
= MY).
foh= (@A) V(B A@Vo)
Hence the claim.

A = (aA)V (B A@Vp)
% = (aAT)V (B Ap)

We have G(A) = [F(1) ATV p)IVI[5(1) A I(p)]
= [1A3/4]V[1A1/2]
= 314V 1/2
= 3/4
g0 = [FOVIWRVPIAET Q) VTP

[0V 1/4] A[OV 1/2]
114V 112
= 1/4

92
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If A(x) = afor0.5<a<06andAly) =pfor0.5<a, p<0.6anda<p
we have Js(A) =3/4 and g, (A) = 1/4.
If A(x) = 0.5 and A(y) = 0.6, since for a. > 0.5 and > 0.6,
o= BARVP)
= (BAWV(B AP
We have J(\) =3/4 and 3, (A) = 1/4.
If A(x) = 0.5 and A(y) =B for 0.5 < B < 0.6,
»o= BA@VP)
= (BAWV(B Ap).
We have Jg(A) = 3/4 and J, (A) = 1/4.
If A(x) = o and A(y) = B for 0.4 < a, p < 0.5 and o < B, since, for
Me{l, Vol
A2 = {p. nAp},
A= (aAr) V(B Ak2)

We have 97 (A) = 2/3 and J, (A) = 1/3. By a similar method as the

above cases, we can obtain the following :

(1 ifa=a, Vael

3/4 if AM(x)=oandA(y)=pfor0.5<a,p<0.6,a<p,
Fs(h) = 1/2 if A(x)=afor 0.4<a<0.5,A(y)=pfor0.5<p<0.6
2/3 ifMx)=a, My)=pfor0.4<a,p<0.5,a<f

LO otherwise

(1 ifA=a Vael

114 if M(x)=aandA(y)=pfor0.5<a,p<0.6,a<p,

g, (\) = 1/2 if A(x)=a for 0.4<a<0.5,A(y)=pfor0.5<p<0.6
13 ifMx)=o, My)=pfor0.4<a,p<0.5a<p,

1 otherwise
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Theorem : 3.3.4

Let (X, 9, ) and (X, u, u’) be IFTS. Let (Js, I,) and (Ust ug) be
stratification for (7, 9 ") and (u, u’) respectively.
Iff: (X, J,9% — (Y, u, u') is intuitionistic continuous, then

f: (X Tst, I,) > (Y, Ust “s*t) is intuitionistic continuous.
Proof

Suppose there exist v € I"and r € Ip, m € 14 such that
Us(v) > 1> To(f (V)
Ug(v) <m < g7 (F(v))
Since ug(v) > rand UZ(v) < m by the definition of (ust Us;), there exists
a family {v;/j € J} with v = Vjes (v A o) such that
Ust(v) 2 J/e} u(v;)
>r
and Ug(v) < VU'(v)
<m
Consider
fv) = F(View (A )
= j\eﬁ W) A o))
By the definition of (J&, J,) we have
Fa(f'(v) = j/e}ﬁ(f“1(v1)) and
g, (f'(v) < ,\eﬂ g (F(v)

Since f: (X, , 5°) — (Y, u, u") is intuitionstic continuous, we get

F(E(vp)) = u(v) and
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F*(f"(v)) < w'(v)) foreachj e J.

Fa(f'(v)) = @fr(ﬁ(vj))
> j/e} u(vy) >r,

g, (F(v) < 4 g (v)
< j\eﬂ u*(Vj)

<m

It is a contradiction.

Hence f: (X, T, J,) = (Y, Ust Ug,) is intuitionistic continuous.

The converse of the previous theorem is not true as is seen from the

following example :
Example : 3.3.5

Let X be a nonempty set. Define IGO’s (9, 9°) and (u, u') on X as

follows :

Foreach A e I*

50y = 1 ifa=10
0 otherwise
5*0) = 0 |f7»=1.,0
1 otherwise
(1 ifr=10
u@h) = 1113 ifA=05
LO otherwise
0 ifr=10
wo) = 12/3 ifA=05
U otherwise
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Since 0= 5 (0.5) <u(0.5) = 1/3 and 1 = §°(0.5) > u'(0.5) = 2/3, the

identify function

idx : (X, J,37) > (X, u, W) is not intuitionistic continuous.
For a family {1} with (0.5) = (0.5) A 1
We have, us (0.5) = u(1) = 1 and

1(0.5)<u'(1)=0

Hence ug (0.5) = 1 and 1%(0.5) = 0. Thus,

1 ifr=a,Vael
TuM) = Us(h) = it
0 otherwise
) " 0 ifr=a,Vael
g\ = Uy(h) = it
1 otherwise

idx: (X, Ts, T3) = (X, Us;, Ug,) is intuitionistic continuous.

Theorem : 3.3.6

a (r, s)-component in (X, g, g% iff A is a (r, s)-component in (X, T, )

Proof

()

Let (X, &, J.) be a stratification of an IFTS (X, 3, J ). A fuzzy set A is

Let A be a (r, s)-component in (X, Js, J,). Suppose that A is not

(r, s)-connected in (X, 9, 7). Then there existu=0and p = Owhich

are (r, s)-separated in (X, 7, g% suchthatA =pVp.

Since (Js, J.) is finer than (g, 97) by Theorem ......... , we get

and 5" > g,
M) =r=gar)=r

2 g
and 5"

—~

AN Sr=3,(A)<r
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Hence the collection corresponding to Js, J, is larger than the

*

collection corresponding to 9, 9
CJ,N,: (n, 1,8) < CJ,' 5 (11, 8)
and Cm.f: (p.r.8)<C, ,.(p 1, 8) (1)

Since, p and p are (r, s)-separated,
CJ,'J,. mrs)Ap=C, (prS)Ap= 0.
Using this in (1), we get

C. ..(wmr,s)Ap =C

Ist» Ist

(p,r,S)/\u=6.

Hence p and p are (r, s)-separated in (X, Jst J;), Thus, 2 is not a
(r, s)-component in (X, Ist, Iy )-
This is a contradiction.

Hence A is a (r, s)-connected in (X, Jst, Iy )-

We will show that if & is a (r, s)-component in (X, J, %), then A is
(r, s)-connected in (X, Ist, I,,)-
Let A be a (r, s)-component in (X, 7, 9°).

Then C_ .(A, 1, 8) =4 from Theorem 3.2.14 (1), suppose that A is not

(r, s)-connected in (X, Js, J,), then p = 0 and p # 0 are
(r, s)-separated in (X, Jst, I, ) such that A = p Vp
Since §<Fsand 5" 2 9,
CJ,NSI (A, 1,8)< CJ, 5 (AT, 8)
= A
Always A < Cgsw,s; (A, 1, 8)
So, CJ@..J@: (A, r,8)=A

Since p<A,wehave C_ . (i, T, ) <A
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It implies A = CJ,M; (W, r,s)Vp

Put Cfs..ﬂs: (n,r,8)=0

If x e supp(w), then x € supp(2).

Since A is (r, s)-component in (X, 1, ), by Theorem 3.2.14 (4)

XreA=0Vp

i.e., o(x) V p(x) = 1.

Sincew Ap= 0, o(X) A p(x) =

Since x € supp(o), o(x) # 0.
p(x) =

So, o(x) = 1.

Hence o is a crisp set.

Since J4(1 — ©) > r and J,(1 - @) < s from Theorem 3.1.3 and
Theorem 3.1.5
for any family {&i An, [1-0=V,, &i /\n,},
&M—m)=V@5mﬁ2r
*(1-0) = ApJols
Without loss of generality, we assume that ai# 0. Since o(x) = 1 for

X € supp(®).

(1-0) () = V(i Am)(x)
:1=mn=gﬁ-&nmvﬁ-mu»

S(1-a)XVA-mK=1Yiel 2)
Since ai # 0, &i(X)= oij#0

- a)=1-w<1.

Hence if x € supp(o), from (2), we get

(1-m)(x)=1Vield

= -m)®)> (- ai) X
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= ni(X) < &i (x)
= (i ANy (x) = m(X)

Thus for x € supp(o),(1 — ®) (x) = \/J (&i A n) (X)

= V ni(x) (3)

ied
If y ¢ supp(w), then
1=(-0) () = V(a An K<Y
£1=(1-0)(y) = V n(y)fory ¢ supp(e) (4)

Hence from (3) and (4) for any family

{&i Anil1-0 = \/J ai A ni}, we have
le

1-0 =V n
ied

It implies

G (1-0)=91-0) = AJ(n)<s.
So, C, ,.(o,1,8)=0

Substituting for o, we get

CJ,’ - (CJ,“J,; (n,r,8),1,8) = Cgm (n, 1, 8) (5)
Similarly, we have
C, #+(Cp (P, s),r,s) = C, .. (p, T, 8) (6)

Consider

ng ~rs)Aps CJ,, . (st"js: (u,r,8),r,s)Ap

= C,"J,; (n, r,8) Ap from (5)

= 0 as iwand p are (r, s)-separated in (X, Jst, ar)
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WAC, (p1,S)<pAC, . (Cy (p,T8) T, S)

=pAC, .(p.TS) from (6)

=0 as wand p are (r, s)-separated in (X, Jst, 3;).
Hence p and p are (r, s)-separated in (X, Jst, g;).
Thus A is not a (r, s)-component in (X, 9, 9°)
It is contradiction.

Hence A is (r, s)-connected in (X, Tst, Iy )-

Let A be a (r, s)-component in (X, Jst g;). From (I), A is (r, s)-
connected in (X, 9, 97). There exists a (r, s)-component pin (X, 9, 9 ")
containing A.

From (Il), p is (r, s)-connected in (X, Ist, g.) and also it contains A.
Thus by the maximality of A, we must have A = p.

Thus A is a (r, s)-component in (X, J, g%). Similarly, if p is a
(r, s)-component in (X, J, g%, from (I), we get p is (r, s)-connected in
X, Tst: T, )-

. There exists a (r, s)-component, v in (X, Jst, g, ) containing p.

By (l) we get v is (r, s)-connected in (X, g, %) and it contains p.

. By the maximality of p, we must have p = v

. pisa(r, s)-componentin (X, Jst, a. )



