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CHAPTER 3

SOME NEW TYPES OF GENERALIZED CLOSED SETS,
CONTINUOUS AND IRRESOLUTE MAPS IN MINIMAL
STRUCTURES.

This chapter deals with study of various generalizations of closed sets
namely g-closed sets, gs-closed sets, sg-closed sets, r-closed sets,
ﬁg-closed. sets, rgs-closed sets, gp-closed sets, =gp-closed sets,
g-closed sets, gs-closed sets, A-closed sets and generalization of
continuous and irresolute maps in minimal structures. Properties and
characterizations and inter relationships between these concepts are

analyzed.

SECTION: 3.1
PRELIMINARIES

Definition: 3.1.1
Let (X,my) be an m-space. A subset A of X is an my-semiopen set
if there exists Ue my such that Uc A cmy-cl(U). A subset A of X is

my-semiclosed if X — A is my-semiopen.

Definition: 3.1.2
Let (X,my) be an m-space. A subset A of X is an my-preopen set
if Acmy-int(my-cl(A)). A subset A of X is my-preclosed if X — A is

my-preopen.
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Definition: 3.1.3
Let (X,mx) be an m-space. A sub set A of X is an my-regular open set
if A = my-int (myx-cl(A)). A sub set A of X is an my-regular closed set if

X — A is an my-regular open set.

Definition: 3.1.4
Let (X,myx) be an m-space. A sub set A of X is an my-m-open set if A

is the finite union of my-regular open sets.

Preposition: 3.1.5
Let A be an m-space (X,my).
(1) If A is my-closed, then it is my-semiclosed.

(i1) If A is myx-closed, then it is my-preclosed.

Remark: 3.1.6

Converse of the above preposition [3.1.5] need not be true.

Example: 3.1.7
(i) Let X ={a, b, c,d}, mx = {¢, X, {a}, {b}, {a, c}}. Then the set
{b} is my-semiclosed but not mx-closed.
(i) Let X={a, b, c,d}, my= {4, X, {a, b, c}, {c,d}}. Then the

set {b} is my-preclosed but not my-closed.



Definition: 3.1.8
Let (X,my) be an m-space and BcX. The my-semiclosure of B
denoted by my-scl(B) is defined to be the intersection of all

my-semiclosed sets of (X,my) containing B.

Properties of my-semiclosure: 3.1.9
(1) my-scl(g) = ¢.
(1) my-scl(X) = X.
(111) If A =B then my-scl(A) cmx-scl(B).
(iv) Ifg # B= X. Then my-scl(B) is not necessarily an
my-semiclosed set.
(v) my-scl(X — A) = X — my-sint(A).
(vi) my-sint(X — A) = X — my-scl(A).

Definition: 3.1.10
The my-preclosure of B denoted by my-pcl(B) is defined to be the

intersection of all my-preclosed sets of (X,my) containing B.

Properties of my-preclosure: 3.1.11
(1) mx-pel(¢) = ¢.
(11) my-pcl(X) = X.
(ii1) If A<=B then my-pcl(A)c my-pcl(B).
(iv) If ¢ # B= X. Then my-pcl(B) is not necessarily an

my-preclosed set.



(v) mx-pcl(X — A) = X — my-pint(A).
(vi) mx-pint(X — A) = X — my-pcl(A).

Lemma: 3.1.12
Let my be an m-structure on X which satisfies the property of Maki.

[f A;e SO(X,my) for each iel, then U A;e SO(X,my).

1€l
Proof:
Let A; e SO(X,my) for each iel, then there exists a set Ujemy such

that U; cA; ¢ my-cl(U;), in consequence, U U; c U A; < U my-cl(U)).
el

el el

Since my-cl is a monotone operator, then U my-cl(U;) < my-cl( U U;)
1€l el

and U U; emy, threfore UU;emyxand UU; cUie; A; cmy-cl(UU;) and

el el 1€l 1el

hence U A; € SO(X,my).

Theorem: 3.1.13
(1) xe my-scl(A) if and only if U~ A= ¢ for every my-semi open set
U containing x.
In the case that my satisfy the property of Maki.

(i1) A is an my- semiclosed set if and only if A = my-scl(A).

Theorem: 3.1.14

Let (X,my) be an m-space and Ac X. If my satisfy the property of
Maki. Then my-scl(A) = A U my-int(my-cl(A)).
Proof:

Since my satisfies the property of Maki, my-scl(A) is an



2

my-semiclosed set, using Definition [3.1.1], we obtain that my-int(my-
cl(mg-sclA))cmy-scl(A). Therefore my-int(my-cl(A))cmy-scl(A) and
follows that AU my-int(my-cl(A)) < myx-scl(A). The opposite inclusion, we
observe that my-int(my-cl(A U my-int(my-cl(A)))) = my-int(my-cl(A)w my-
cl(my-int(my-cl(my-cl(A)))) = (my-cl(A)) u my-int(my-cl(my-int(my-

cl(A))))=myxcl(A)u my-int(my-cl(A))=my-cl(A). Thus my-int(my-cl(A v my-
int(myg-cl(A)))) c my-Int(my-cl(A))c A my-int(my-cl(A)). Follows that
my-int(my-cl(A U my-int(my-cl(A)))) c AU my-int(my-cl(A)). Therefore by
Definition [3.1.1], Aumy-int (mx-cl(A)) is an my-semiclosed set and so

my-scl(A)c A umy-int(my-cl(A)).

Remark: 3.1.15
The property of Maki condition is removed in the above theorem

[3.1.14] the equality is not true.

Example: 3.1.16

Let X =N. Also, define the m-structure on X as follows:
my = { ¢, N.P({2n : neN}),{1}}. Then, the my-closed sets ¢, N, P ({2n:
neN})“and N—{1}. Also, SO(X.myx) = {4.N, P({2n: neN), {1}, F},
Where F n {2n: neN} # ¢. If we take A = {3}, then mx-scl (A) = {3},
mx-cl(A)={2n+ 1 : neN} and myx-int({2n+ 1 : neN})={1}. Itis clear
that AU my-int(my-cl(A)) = {1, 3} {3} = my-scl(A). In consequence,

my-scl(A)c A U my-int(my-cl(A)).
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Theorem: 3.1.17
Let (X,myx) be an m-space and AcX. If my satisfy the property of
Maki. Then
(1) my-sint(A) = Anmy-cl (my-int(A)).
(i1) my-pcl(A) = AU my-cl (my-int(A)).
(111) my-pint(A) = A ~ my-int (my-cl(A)).

Proof:
(1) Follows from Theorems [3.1.13] and [3.1.14].
(i1) The proof is similar to the proof of Theorem [3.1.14].

(111) Follows from (ii).

SECTION: 3.2
NEW GENERALIZED CLOSED SETS UNDER MINIMAL
STRUCTURES

Definition: 3.2.1

Let (X,my) be an m-space. A sub set A of X is an my-ng-closed set if

the my-cl(A)c U whenever AcU and U is my-n-open in X.

Definition: 3.2.2
Let (X,my) be an m-space. A sub set A of X is an my-gp-closed set if

the my-pcl(A)c U whenever AcU and U belongs to my.



Definition: 3.2.3
Let (X,my) be an m-space. A sub set A of X is an my-ngp-closed set

if the my-pcl(A)c U whenever AcU and U my-n-open in X.

Definition: 3.2.4
Let (X,my) be an m-space. A sub set A of X is an my-gs-closed set if

the my-scl(A)c U whenever Ac U and U belongs to my.

Definition: 3.2.5
Let (X,my) be an m-space. A sub set A of X is an my-sg-closed set if

the my-scl(A)c U whenever AcU and U is an my-semiopen set in X.

Definition: 3.2.6
Let (X,my) be an m-space. A sub set A of X is an my-ngs-closed set

if the my-scl(A)c U whenever AcU and U is my-n-open in X.

Example: 3.2.7
Let X ={a, b, c,d}, mxy={¢, X, {a}, {b}, {a, c}}. Then SO(X,my)

{4, X, {a}, {b}.{a, c}, {a, d}, {b, d}, {a, c, d}}, PO(X,mx) = {g, X, {a},
b}, {c}, {a, cl,{a, b, c}}, ROXmX) = {4, X, ({b},

~—

fa oLl
1, Cyy.

Example: 3.2.8

Let X ={a, b, c}, my= {4, X, {a}, {b}}. Then SO(X,myx)={¢, X,
taj, {b}, {b, ¢}, {a, c}}, PO(X.my) = {¢. X, {a} ,{b}, {a, b}}, RO(X,mx)
={¢.X. {a}, {b]
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Example: 3.2.9

Let X = {a, b, c,d}, mx = {¢, X, {a}, {b}, {a, b, d}, {a,b,c}}. Then
SO(X,mx)= {4, X, {a}, {b}, {a, c}, {a,d}, {b, c}, {b,d}, {a, b, c}, {a, b,d},
{a, c, d},{b, ¢, d}}, RO(X,myx) = { ¢, X, {a}, {b}} and PO(X,my) = {4, X,

{a), {b}, {a, b}, {a, b, cl, {a, b, d}}.

Example: 3.2.10

Let X ={a, b, c,d}, mx = {4, X, {a}, {b}, {a, b}, {a, b, d}, {a, b,c}}.
Then SO(X,my) = {4, X, {a}, {b}, {a, b}, {a, c}, {a,d}, {b,c}, {b,d},{a,
c, d}, {b, c, d}, {a, b, c}, {a, b, d}}, RO(X,mx) = {4, X, {a}, {b}} and
PO(X,my) = { ¢, X, {a}, {b}. {a, b}

5 {a: bv C}', {a7 bv d}}

Example: 3.2.11

Let X={a,b,c,d}, my={4¢, X, {a, b, c}, {c,d}}. Then
SO(X.my) = {¢.X, {c,d}, {a, b, c},{a, c,d}, {b,c,d}}, PO(X,mx) = {4, X,
{c}, {a, c}, {a, d},{b, c}, {b, d}, {c, d}, {a, b, c}, {a, c, d}, {b, c, d}, {a, b,

d}}, RO(X,mx) = {¢,X].
Example: 3.2.12
Let X = {a, b, c, d}, mx= {4.X, {a, b}, {a, c}, {a}, {b}

SO(X,myx)= {¢, X, {a, b}, {a, c}, {a}, {b}, {c}}, PO(X,mx) = {4, X, {a},

f v v o
ta, bj, {a, c}, {b, c}}.



Remark: 3.2.13
(1) In Example [3.2.7], the set {a, ¢} is my-gs-closed but not
my-sg-closed.
(11) In Example [3.2.9], the set {a, b} is my-sg-closed but not

my-gs-closed.

Preposition: 3.2.14
Let A be an m-space (X,my). If A is mg-semiclosed, then it is

my-gs-closed.

Remark: 3.2.15

Converse of the above preposition [3.2.14] need not be true.

Example: 3.2.16
In Example [3.2.7], the set {c} is mx-gs-closed but not

my-semiclosed.

Preposition: 3.2.17
Let A be an m-space (X,my).
(1) If A is my-g-closed, then it is my-gs-closed.

(i1) If A is my-g-closed, then it is my-gp-closed.

Remark: 3.2.18

Converse of the above preposition [3.2.17] need not be true.
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Example: 3.2.19
(1) In Example [3.2.7], the set {b} is my-gs-closed but not
my-g-closed.
(i1) In Example [3.2.7], the set {a, d} is mx-gp-closed but not

my-gclosed.

Preposition: 3.2.20
Let A be an m-space (X,my).
(1) If A is my-mg-closed, then it is my-ngs-closed.

(1) If A 1s mx-ng-closed, then it is my-ngp-closed.

Remark: 3.2.21

Converse of the above preposition [3.2.20] need not be true.

Example: 3.2.22
(1) In Example [3.2.7], the set {a} is my-ngs-closed but not
my-ng-closed.
(11) In Example [3.2.12], the set {a} is mx-gp-closed but not

my-ng-closed.

Theorem: 3.2.23
Let (X,my) be an m-space where my satisfy the property of
Maki and A < X. The following properties hold:
(1) If A is my-gs-closed, then A is my-ngs-closed.
(i1) If A is myx-gp-closed, then A is my-ngp-closed.
(ii1) If A is my-g-closed, then A is my-ng-closed.

(iv) If A is my-sg-closed, then A is my-ntsg-closed.
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Remark: 3.2.24
[f the condition of Maki is dropped in Theorem [3.2.23], the result is
not necessarily true as we can see as follows:
(1) The set {a, b} in Example [3.2.8] is my-gs-closed but not
my-ngs- closed.
(11) The set {a, b, c} in Example [3.2.7] is mx-gp-closed but not
my-ngp- closed.
(1i1) The set {a, b} in Example [3.2.8] is myx-g-closed but not
my-ng- closed.
(iv) The set {a, b} in Example [3.2.8] is is my-sg-closed, but not

my-nsg- closed.

Remark: 3.2.25
In Theorem [3.2.23], none of the implications are reversible.

(1) In Example [3.2.10], the set {a, b, ¢} is myx-ngs closed but not
my-gs-closed.

(i1) In Example [3.2.11], the set {a, b, c} is myx-mgp-closed but not
my-gp-closed.

(i) In Example [3.2.10], the set {a, c} is myx-ng-closed but not
my-g-closed.

(iv) In Example [3.2.11], the set {c} is my-n-sg-closed but not

my-sg-closed.

Remark: 3.2.26
The notions my-gs-closedness and my-gp-closedness are independent.

(1) In Example [3.2.10], the set {a} is my-gs-closed but not my-gp-closed.
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(i)In  Example [3.2.11], the set {c} is myx-gp-closed but not

my-gs-closed.

Remark: 3.2.27

The notions my-mgs-closed is different from the notion of
my-nigp-closed set
(1) In Example [3.2.10], the sevt {b} is my-ngs-closed but not my-ngp-closed.

(i1) In Example [3.2.12], the set {a} is myx-ngp closed but not my-ngs-closed.

Definition: 3.2.28
An m-space (X,myg) is said to be my-T;, space if every

my-g-closed set is my-closed.

Definition: 3.2.29
An m-space (X,myx) is said to be my-sT;, space if every

my-gs-closed set is my-semiclosed.

Definition: 3.2.30
An m-space (X,my) is said to be my-mgp-T;, space if every

my-nigp-closed set is my-preclosed.

Theorem: 3.2.31
The following results are true for a subset A of an m-space (X,my).
(1) A is my-sg-closed if and only if my-cl(A)cmy-sKer(A).
(i1) A is my-g-closed if and only if my- cl(A) ¢ my-Ker(A).
(ii1) A is my-gs-closed if and only if my-scl(A)cmy-sKer(A).
(iv) A is my-gp-closed if and only if my-pcl(A)c my-pKer(A).
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(v) A is mx-ng-closed if and only if my-cl(A)cmy-n-Ker(A).
(vi) A is my-ngs-closed if and only if my-scl(A)cmy-n-Ker(A).
(vil) A is my-ngp-closed if and only if my-pcl(A)c my-n-Ker(A).

Where my-Ker(A) (resp. my-sKer(A), my-pKer(A), my-n-Ker(A))
is defined as the intersection of all my-open sets of (resp. my-semi-open,
my-pre-open, my-m-open) containing A.
Proof:

Let A ¢ X be an my-sg-closed set. Let D={S: S ¢ X, A ¢ S,

SeSO(X,my)}. Then my-sKer(A) =N S. For all SeD, my-scl(A)cS as A

Nel)

is my-sg-closed. Hence my-scl(A)c N S = my-sKer(A).

Nel)
Conversely assume that my-scl(A)cmy-sKer(A), take SeSO(X,my)
such that AcS. Then by hypothesis my-scl(A)cmyg-sKer(A)cS. Therefore
A is my-sg-closed.

The proof of (ii), (iii), (iv), (v), (vi) and (vii) are similar.

Theorem: 3.2.32
Let my be an m-structure on X satisfying the property of Maki

and A c X. Then:

(1) A is my-gs-closed if and only if there does not exists a nonempty
my-closed set F such that Fcmy-scl(A) — A.

(i1) A is an mx-sg- closed if and only if there does not exists a nonempty
my-semiclosed set F such that Fcmy-scl(A) — A.

(ii1) A is an my-g-closed if and only if there does not exists a nonempty
my -closed set F such that Fcmy-cl(A) — A

(1v) A is an my-ng-closed if and only if there does not exists a nonempty
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my-7-closed set F such that Fcmy-cl(A) — A.

(v) A is an my-gp-closed if and only if there does not exists a nonempty
my-closed set F such that Femyg-pcl(A) — A .

(vi) A is an my-ngp-closed if and only if there does not exists a nonempty
my-n-closed set F such that Fcmy-pcl(A) — A.

(vii) A is an my-ngs-closed if and only if there does not exists a nonempty

my-ni-closed set F such that Fcmy-scl(A) — A.

Proof:

(1) Let A be an my-gs-closed set and let Fc X be an my-closed set
such that Fcmy-scl(A) — A. Then AcX — F and X — F is an my- open set.
Since A is an my-gs-closed, we have that my-scl(A) ¢ X— Fand F c X
—my-scl(A). Hence Fcmy-scl(A)n (X — my-scl (A)) =¢. Therefore F =4.

Conversely let A ¢ U and U be an my-open set. Then
my-Scl(A) (X — U)cmy-scl(A)n (X — A) = my-scl(A) — A.

Since my-scl(A) — A does not containing any nonempty my-closed.
We obtain that my-scl(A)n(X - U) =¢.Hence my-scl(A)cU.
Therefore A is my-gs-closed in (X,my).

(ii)Let A be an my-sg-closed set and let F be an my-semiclosed set of
(X,my) such that F ¢ my-scl(A) — A. Then AcX — F and X — F is an
my-semiopen set, since A is an my-sg-closed, we have that
my-scl(A)cX — F and FcX — my-scl(A). Hence Fcmy-scl(A)(X—my-
scl(A))=¢. Therefore F=¢.

Conversely, let AcU and U be an my-semiopen set, then
my-scl(A) (X — U)cmyg-scl(A)~ (X — A) = mx-scl(A) — A.

Since my-scl(A) — A does not contain any nonempty my-semiclosed sets,

we obtain that my-scl(A)~ (X — U)=¢. Hence my-scl(A)cU.



Therefore A is an my-gs-closed.

(iv) Let A be an my-ng-closed set and let F = X be an my-n-closed set
such that Fcmy-cl(A) — A. Then AcX — F and X — F is an
my-m- open set. Since A is an my-ng-closed, we have that my-cl(A)c
X—F and Fc X — my-cl(A). Hence Fcmy-cl(A)~ (X — mx-cl(A)) =4.
Therefore F=4.

Conversely, let AcU and U be an my-n- open set, then
my-cl(A)n(X — U)cmy-cl(A)n(X — A) = myg-cl(A) — A. Since
my-cl(A) — A does not contain any nonempty my-n-closed sets, we obtain
that my-cl(A)~n(X — U) =¢. Therefore my-cl(A)cU. Hence A is an
my-ng-closed.

The proof of (iii), (v), (vi) and (vii) are similar.

Example: 3.2.33

(i) In Example [3.2.9], the set {a, b} is sg-closed, and {d} is an
my-semi-closed such that {d} cmx-scl({a, b})- {a, b}).

(i1) In Example [3.2.9], the set {a} is not myx-g-closed and there
does not exist my-closed set F such that F# ¢ and
Fcmy-cl(A) — A.

(ii1) In Example [3.2.7], the set {a} is not mx-gs-closed, and there
does not exist my-closed set F such that F=zg4 and
Fcmy-scl({a}) — {a}.

(iv) In Example [3.2.12] the set {c} is not mx-gp-closed, and there

does not exists a my-closed set F such that F= ¢ and

Fcmyx-pel({c}) - {c}.
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Theorem: 3.2.34
Let (X,my) be an m-space satisfying the property of Maki
and A c X. Then the following properties are equivalent:
(1) A is my-m-open and my-m-gs-closed.
(11) A is mg-regular open.
Proof:
(i) = (ii)
Let A be my-n-open and my-n-gs-closed. Then my-scl(A)c A.
Using Theorem [3.1.14], my-scl(A) = A U my-int(my-cl(A)).
We obtain that my-int(my-cl(A))c A. Since A is my-m-open, A is my-open
and A is my-preopen. Hence A c my-int (mx-cl(A)).
Therefore mx-int(mx-cl(A))c A c mx-int(mx-cl(A)).
Hence A is my-regular open.
(i1) = (i)
Let A is my-regular open. Every my-regular open set is mx-n-open
and my-open. Therefore my-m-open and my-semiopen. By Theorem

[3.1.14], my-scl(A) = A. Hence A is myx-n-gs-closed.

Theorem: 3.2.35

Let (X,my) be an m-space satisfying the property of Maki and A cX.
If A is my-m-open and my-n-gs-closed then A is my-semiclosed and hence
my-gs-closed.
Proof:

Let A be an my-m-open and my-n-gs-closed. By Theorem [3.2.32],
A is my-regular open. Using Theorem [3.1.14], mx-scl(A) = A. Hence A is

my-semi-closed and hence A is my-gs-closed.



Example: 3.2.36
In Example [3.2.7], the set {a, b, c} is my-m-open

my-gs-closed but not my-n-gs-closed.

Definition: 3.2.37
A subset A of an m-space (X,my) is called my-clopen if

my-int (my-cl(A)) = A.

Theorem: 3.2.38
Let (X,my) be an m-space satisfying the property of Maki
and A c X. Then the following properties are equivalent:
(i) A is my-m-clopen, that is my-m-open and my-n-closed.
(i1) A is my-m-open, mg-clopen and my-n-gs-closed.
Proof:

(i) = (ii)

Let A be an my-n-clopen. Then A is my-m-open and my-n-closed.

Hence A is myx-open and my-closed and my-scl(A) =A.
Therefore A is my-n-open, mg-clopen and my-n-gs-closed.
(i) = (1)

Let A be an my-n-open and my-n-gs-closed. By Theorem [3.2.3

and

A is my-regular open. Now if A is my-clopen then my-int(my-cl(A)) = A.

Hence A is my-n-clopen.

Theorem: 3.2.39
Let (X.my) be an m-space satistying the property of Maki

and A.B be subsets of X. Then the following properties hold:
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(1) If A 1s mx-g-closed and AcBcmy-cl(A), then B is my-g-closed.
(i1) If A is mx-n-g-closed and A cBcmy-cl(A), then B is my-n-g-closed.
(111) If A 1s mx-gp-closed and A c Bcmy-pcl(A), then B is my-gp-closed.
(v)Iif A is my-n-gp-closed and AcBcmy-pcl(A), then B s
my-n-gpclosed.
(v) If A is my-gs-closed and AcBcmy-scl(A), then B is my-gs-closed.
(vi)lf A is my-m-gs-closed and AcBc my-scl(A), then B is
my-n-gsclosed.
Proof:
(1) Let A be an my-g-closed subset and Bc U.
Since Bc my-cl(A) then my-cl(B)cmy-cl(A). As A is my-g-closed.
my-cl(A)c U and my-cl(B)cU. Therefore B is my-g-closed.

The proof of (ii), (iii), (iv), (v) and (vi) are similar.

Theorem: 3.2.40
Let (X,my) be an m-space satisfying the property of Maki
and A c X. Then the following properties hold:
(1) A is my-g-open if and only if Fcmy-int (A) whenever F is my-closed
and FcA.
(i) A is my-n-g-open if and only if Fcmy-int (A) whenever F is
my-ni-closed and Fc A.
(i) A is my-gp-open if and only if Fcmy-pint (A) whenever F is
my-closed and Fc A.
(iv) A is my-m-gp-open if and only if F cmy-pint (A) whenever F is

my-nt-closed and Fc A.
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(v) A is my-gs-open if and only if Fcmyg-sint (A) whenever F is
my-closed and FcA.

(vi) A is my-n-gs-open if and only if Fcmy-sint (A) whenever F is
my-ni-closed and Fc A.

Proof:

(1) Let A be an mx-g-open set in X. Then A" is my-g-closed set in X.
Let F be my-closed and Fc A. Then FC is my -open and A“cFS.

So my-cl(A%) cAS, [my-cl(A)]" cF" . Thus Fcmy-int(A).

Conversely assume that Fcmy-int(A)whenever F is my-closed and
FcA. Let G be a my-open set and A'cG. Now G is my-closed.
G (A9 © = A. By hypothesis G <[my-int(A)] .G ;[mx-cl(A)]c and
hence A is my-g-closed. Thus A is my-g-open.

The proof of (ii), (iii), (iv), (v) and (vi) are similar.

Definition: 3.2.41

Let (X,my) be an m-space. A sub set A of X is an my- g -closed set
if the my-cl(A)c U whenever AcU and Ue SO(X,my).

The complement of my- g -closed set is called my- g -open.

Definition: 3.2.42
Let (X,my) be an m-space. A sub set A of X is an mx-#gs-closed set
if the my-scl(A)c U whenever Ac U and U is mxg-open.

The complement of my-"gs-closed set is called my-"gs-open.
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Definition: 3.2.43

Let (X,my) be an m-space. A sub set A of X is an my- g s-closed set if
the my-scl(A)c U whenever AcU and U is mx-ﬂgs-open.

The complement of my- g s-closed set is called my- g s-open.

Definition: 3.2.44
Let (X,my) be an m-space. A sub set A of X is an my-A-closed set
if the my-cl(A)c U whenever Ac U and U is my- g s-open.

The complement of my-A-closed set is called my-A-open.

Remark: 3.2.45
The family of all my-A-open sets of (X,my) is denoted by AO(X,my).

Definition: 3.2.46
Let (X.my) be an m-space and A be a subset of X. The intersection
of all my-A-closed sets containing A 1S called the

my-A-closure of A and is denoted by my-A-cl(A).

Example: 3.2.47

2O(X.my) = ¢, X, {d}. {b.d}, fe.dl. {a ¢, d}, {b,c,d} L
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Example: 3.2.48

Let X = {a, b, c}, mxy= {4, X, {a}, {b}}. Then SO(X,myx)={4¢, X
{a}, {b}, {b, c}, {a, c}}, PO(X,mx) = {4, X, {a} ,{b}, {a, b}}, RO(X,mx) =
14, X, faj, {bj} and  AO(Xmx) = {4, X, {c}, {a c},
b, c}

—~—

Example: 3.2.49

Let X={a, b, c,d}, mx = {4, X, {a}, {b}, {a,b,d}, {a,b,c}}. Then
SO(X,mx)= {¢, X, {a}, {b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, ¢}, {a, b,
d}, {a, c, d}, {b, c, d}}, RO(X,mx)={ 4, X, {a}, {b}}, PO(X,mx) = {4, X,
{a}, {b}, {a, b}, {a, b, c}, {a, b, d}} and AO(X,myx) = {4, X, {c}, {d}, {c,

d}, {a, c,d}, {b,c,d}}.

Example: 3.2.50

Let X = {a, b, ¢, d}, mx = {4, X, {a}, {b}, {a, b}, {a, b, d}, {a, b,
c}}. Then SO(X,my) = {¢, X, {a}, {b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d},
{a, c, d}, {b, c, d}, {a, b, ¢}, {a, b, d}}, RO(X,myx) = {4, X, {a}, {b}}
PO(X.myx) = {4, X, {a}, {b}, {a, b}, {a, b, c},{a, b,d}} and A O(X,mx) =
{¢,X, {c}, {d}, {c, d}, {a,c,d}, {b, c,d}}.

Example: 3.2.51

Let X ={a, b,c,d}, mx= {4, X, {a, b, c}, {c,d}}. Then SO(X,my)
={¢,X, {c,d}, {a, b, c}.{a, c,d}, {b,c,d}}, PO(X,mx) = {4, X, {c}, {a,c},
{a, d},{b, c}, {b, d}, {c, d}, {a, b, c}, {a, c, d}, {b, c, d}, {a, b, d}},
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RO(X.mx) = {¢.X} and AO(Xmx) = {¢, X, {d}, {a b},
ta, b, d}]

Example: 3.2.52

Let X={a, b,c,d}, my= {4, X, {a, b}, {a, c}, {a}, {b}, {c}}. Then
SO(X,myx)= {4, X, {a, b}, {a, c}, {a}, {b}, {c}}, PO(X,mx) = {4, X, {a},
{b},

!
Cia

bj. {a. cj. {b. cj. {a, b. ¢} }, RO(X.mx) = {4, X, {a], {bj, {c],

—_—
o
H

fa, b}, {a,c}, {b,c}} AO(X,mx) = {4, X, {d}, {a, d}, {b, d},{c, d}.{a, b, d},
{a, c,d}, {b,c,d}}

Theorem: 3.2.53
Let (X,my) be any m-space with my satisfing the property of
Maki and A be any subset of X. Then

(1) If A is my- g -closed, then A is mx-g-closed.

() If Ais m_\-—"'gsclosed then A 1s mx- g s closed.

Remark: 3.2.54
[f the property of Maki is dropped in theorem [3.2.53], the result is not
necessarily true.
(1) Take A = {a, b, ¢} in Example [3.2.47].
(i1) Take A = {a, b, d} in Example [3.2.48].

Definition: 3.2.55

A m-space (X.my) is said to be my-sT;,if every

my- gs-closed set is my-semiclosed.
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Example: 3.2.56

The Example [3.2.50], shows that (X,my) is an my-T), space.

Theorem: 3.2.57

Let my be an m-structure on X.
(1) Ac X is an my- ¢ -closed set if and only if my-cl(A)cmy-sKer(A).
(i1) Ac X is an my-g-closed set if and only if my-cl(A)cmy- ¢ Ker(A).
(i11) AcX 1s an mx—#gs-closed set if and only if my-scl(A)cmy-gKer(A).
(iv)A c X is an my- g s-closed set if and only if my-scl(A) gmx-ﬁgsKer(A).
(v) Ac X is an my-A-closed set if and only if my-cl(A)cmy- g sKer(A).

Where my-gKer(A) (resp. ¢ Ker(A), #gsKer(A), g sKer(A)) is defined as

the intersection of all my-g-open sets of (resp. my-g-open,
my-"gs-open, My- g s-open) containing A.
Proof:

(i) Let A be an my-g-closed and Let D = {S: ScX, AcS,
SeSO(X,myx)}. Then my-sKer(A) = N S, for all SeD, my-cl(A)cS then

SebD

AcX. Hence, myx-cl(A) ¢ myx-sKer(A).

Conversely let my-cl(A)cmy-sKer(A), take SeSO(X,my) such that
AcS. then by hypothesis my-cl(A) cmy-Ker(A) <S. Hence A is
my- ¢ -closed.

The other proofs are similar.

Theorem: 3.2.58
Let my be an m-structure on X.

(i) The set Ac X is an my- g -closed set if and only if there does not exist



an my-semiclosed set F such that F # ¢ and Fcmy-cl(A) — A.
(i1) The set A< X is an mx-g-closed set if and only if there does not exist
an my- ¢ -closed set F such that F = ¢ and F cmy-cl(A) — A.
(i11) The set AcX is an mx—#gs-closed set if and only if there does not
exist an my-g-closed set F such that F # ¢ and F cmy-scl(A) — A.
(iv) The set Ac X is an my- g s-closed set if and only if there does not exist
an mx—ﬂgs-closed set F such that F # ¢ and Fcmy-scl(A) — A.
(v) The set A =X is an my-A-closed set if and only if there does not exist
an my- g s-closed set F such that F # ¢ and Fcmy-cl(A) — A.
Proof:

(i) Let A be an my- ¢ -closed and let Fc X be an my-semi closed set
such that Fcmy-cl(A) — A. Then AcX - F and X - F is an
my-semiopen set, since A is an my-g-closed, my-cl(A)cX - F and
FcX — my-cl(A). Therefore Fcmy-cl(A)n (X — mx-cl(A)) = ¢. Hence
F=¢.

Conversely assume that AcU and U be an my-semiopen set, then
myx-cl(A)n(X - U) < my-cl(A)n(X — A) = mx-cl(A) — A. Since
my-cl(A) — A does not contain subsets my-semiclosed different from the
empty set, we obtain that my-cl(A)~(X — U) = ¢, and therefore
my-cl(A)cU. Hence A is an my- ¢ -closed.

The other proofs are similar.

Theorem: 3.2.59
Let (X,my) be an m-space and A.B subsets of X. The following

properties hold:



(1) If A is myx- g -closed and A =B cmy-cl(A) then B is my- ¢ -closed.

(i) If A is mx-#gs-closed and AcBcmy-scl(A) then B is m,\r-#gsclosed.
(111) If A is my- g s-closed and A =B cmy-scl(A) then B is my- g s-closed.
(iv) If A 1s my-A-closed and A B cmy-cl(A) then B is my-A-closed.

Proof:

(1) Let A be an my- g -closed set, BcU and U is my-semi open. Then
AcBcU. Since A 1S my- ¢ -closed, my-cl(A)cU.
As Bc myx-cl(A), my-cl(B) < my-cl(A) <cU. Therefore B s
my- ¢ -closed.

The other proofs are similar.

Theorem: 3.2.60
Let (X,my) be an m-space and A< X. The following properties hold:

(1) A is my-g-open if and only if Fcmy-int(A) whenever F is
my-semi closed and Fc A.

(i1) A is my-g-open if and only if Fcmyg-int(A) whenever F is
my- ¢ -closed and FcA.

(i11) A is mx-#gs-open if and only if Fcmy-sint(A) whenever F is
my-g-closed and Fc A.

(iv) A is myx- g s-open if and only if Fcmy-int(A) whenever F is
my- gs-closed and F c A.

(v) A is myg-A-open if and only if Fcmy-int(A) whenever F is

my- g s-closed and Fc A.
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Proof:

(i) Let A be my-g-open and F be my-semiclosed such that FcA.
Then X — AcX — F and X — F is my-semiopen. Then X — A is
my- ¢ -closed and X — F is my-semiopen. Therefore my-cl(X — A)c
X —F. Therefore X — my-int(A)c X — F. Hence Fcmy-int(A).

Conversely let F be my-semiclosed, Fc A and F cmy-int(A).
Let X — A cU where U is mg-semiopen. Then X —UcA and X - U is
my-semiclosed. By hypothesis X — Uc my-int(A). Follows that
X — my-int(A)cU. Hence my-cl(X — A)cU. Therefore X — A is
my- ¢ -closed and hence A is my- ¢ -open.

In a similar form, we can prove (ii), (ii1) (iv) and (v).

Theorem: 3.2.61

An arbitrary intersection of my-A-closed sets is my-A-closed.
Proof:

Let F = {A;: iel} be a family of my-A-closed sets and let A = NA;.
Since Ac A, foralliel, X;~nmyx-cl(A)cX,nmx-cl(A;)cA;forall iel.
It follows that X; ~mx-cl(A) = X; ~my-cl(A;) cA. Hence A is

my-A-closed.



SECTION: 3.3

(m,,m,)-CONTINUOUS MAPS, (m,,m,) -A-IRRESOLUTE MAPS
AND (m,,m,)- CONTRA A-CONTINUOUS MAPS.

Definition: 3.3.1
A map i (X\my) — (Y,my) is called (my,my)-continuous if

£ '(0) is my-closed in X for all my-closed set OeY.

Definition: 3.3.2
A map f: (X.my) — (Y.my) is called m-(my,my)-continuous if

f l(O) is my-n-closed in (X.my) for every my-closed set O of (Y,my).

Definition: 3.3.3
A map f: (X.my) — (Y.my) is called m-gs-(my,my)-continuous if

f"(O) is my-n-gs-closed in (X.my) for every my-closed set O of (Y.my).
b §

Definition: 3.3.4
A map f: (X.my) — (Y.my) is called mg-(my,my)-continuous if

f*'(O) is my-ng-closed in (X,my) for every my-closed set O of (Y.my).
Definition: 3.3.5

A map f: (X.my) — (Y.my) is called mgp-(my,my )-continuous if

f"(O) is my-ngp-closed in (X.my) for every my-closed set O of (Y,my).
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Definition: 3.3.6
A map f : (X,myx) — (Y,my) is called s-(my,my)-continuous if

f '(0) is my-semiclosed in (X,my) for every my-closed set O of (Y,my).

Definition: 3.3.7
A map f: (X,myx) — (Y.my) is called gs-(my,my)-continuous if

L '(O) is my-gs-closed in X for every my-closed set O of (Y,my).

Definition: 3.3.8
A map f: (X.my) — (Y,my) is called gp-(my,my)-continuous if

f'(0)is my-gp-closed in (X,my) for every my-closed set O of (Y.,my).

Example: 3.3.9
In the Example [3.2.7], take X =Y = {a, b, c}, mx =my = { ¢, X, {a},
(bl} and f: (X,my) — (Y,my) defined as f(a) = f(c) = ¢ and f(b) = a. Then

the function f satisfies all different notions of continuity.

Theorem: 3.3.10
Let f: (X.myx) — (Y.,my), then:
(1) If f is (my,my)-continuous, then it is g-(my,my)-continuous.
(i1) If f 1s (my,my)-continuous, then it is s-(my,my)-continuous.
Proof:
(1) Let f be (my.my)-continuous and let O an my-closed set in

‘ ; : i . .
(Y.my).Since fis (my.my)-continuous, f '(O) is my-closed. Since every

my-closed set is my-g-closed, £ (0)is my-g-closed in (X,my).
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Therefore f is g-(my,my)-continuous.

(11) Let f be (my,my)-continuous and let O an my-closed set in
(Y,my). Since fis (my,my)-continuous, fﬁl(O) is my-closed. Since every
my-closed set is my-s-closed, f '(O) is my-s-closed in (X,my).

Therefore f'is s-(my,my)-continuous.

Remark: 3.3.11

The converse of the above theorem [3.3.10] need not be true.

Theorem: 3.3.12

Let : (X.my) — (Y.my) then:
[f t'is s-(my.my)-continuous, then it is gs-(my,my)-continuous.
Proof:

Let f be s-(my,my)-continuous and let O an my-closed set in
(Y.my).Since f is s-(my.my)-continuous, f"'(O) 1s my-s-closed. Since every
my-s-closed set is my-gs-closed, f ! (O) is my-gs-closed in (X.my).

Therefore f is gs-(my,my)-continuous.

Remark: 3.3.13

The converse of the above theorem [3.3.12] need not be true.

Theorem: 3.3.14
Let f: (X.my) — (Y.my) then
(1) If f'is g-(my,my)-continuous, then it is gp-(my,my)-continuous.

(11) If fis g-(my.my)-continuous. then it is gs-(my,my)-continuous.
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Proof:

(1) Let f be g-(my,my)-continuous and let O an my-closed set in
(Y.my). Since f is g-(my,my)-continuous, £7'(0) is my-g-closed. Since every
my-g-closed set is my-gp-closed, f ' (O) is my-gp-closed in (X.my).
Therefore f'is gp-(my,my)-continuous.

(i1) Let f be g-(my,my)-continuous and let O an my-closed set in
(Y.my). Since f is g-(my,my)-continuous, f 1(0) is my-g-closed. Since
every my-g-closed set is my-gs-closed, f “'(O) is my-gs-closed in (X,my).

Therefore t'is gs-(my,my)-continuous.

Remark: 3.3.15

i o |

The converse of the above theorem [3.3.14] need not be true.

Theorem: 3.3.16

Let f: (X,myx) — (Y,my), where my satisty the property of
Maki, then If f is n-(my,my)-continuous then f is (my,my)-continuous.
Proof:

Let f be m - (my,my)-continuous and let O an my-closed set in (Y,my).
Since f1s 7 - (my,my)-continuous, f*l(O) 1S my- m-closed.
Since every my-n-closed set is my-closed, f ! (O) 1s my-closed in (X,my).

Therefore f'is (my,my)-continuous.
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Example: 3.3.17
In the Example [3.2.8], X =Y = {a, b, ¢}, mx = my = {4, X, {a},
{b}} and f: (X,my) — (Y.my) defined as f(a) = f(b) = a and f(c) = c. Then

fis m-(my,my)- continuous but does not is (my,my)- continuous.

Theorem: 3.3.18

Let f: (X,myx) — (Y.,my), where my satisties the condition

of Maki then:

(1) If fis g-(my,my)-continuous, then f if mg-(my,my)-continuous.

(11) If fis gs-(my,my)-continuous, then f if m-gs-(my,my)-continuous.
(ii1) If fis gp-(my,my)-continuous, then t if T-gp-(my,my)-continuous.
Proof:

(i) Let f be g-(my,my)-continuous and let O be an my-closed set in
(Y.my). Since f is g-(my,my)-continuous, f H0) is my-g-closed. Since
every my-g-closed set is my-mg-closed, f ' (0) is my-mg-closed in (X,my).
Therefore f is mg-(my,my)-continuous.

(i1) Let f be gs-(my,my)-continuous and let O be an my-closed set in
(Y.my). Since f is gs-(my,my)-continuous, f "0) is my-gs-closed. Since
every my-gs-closed set is my-ngs-closed, f 1(O) is my-ngs-closed in (X,my).
Therefore f is mgs-(my,my)-continuous.

(ii1) Let f be gp-(my,my)-continuous and let O be an my-closed set in
(Y.my). Since f is gp-(myx,my)-continuous, f (0) is my-gp-closed. Since
every my-gp-closed set is my-mgp-closed. f '(O) is my-mgp-closed in

(X.my). Therefore fis mg-(my,my)-continuous.
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Remark: 3.3.19

The converse of the above Theorem [3.3.18] need be not true.

Example: 3.3.20
In the Example [3.2.8], take X =Y = {a, b, ¢}, my =my = { ¢, X, {a},

(b} } and f: (X.my) — (Y.my) defined as: f(a) =c. f(b) =a. f(c) =b. Then:

(1) f'is g-(my,my)-continuous but not n-g-(my,my)-continuous.

(i1) f'is gs-(my,my)-continuous but not mgs-(my.my)-continuous.

Example: 3.3.21

In the Example [3.2.8], take X = {a, b, ¢}, mx = { ¢, X, {a}, {b}} and
Y={x.y},andmy = {g. Y, {x}}. Letf: (X.mx)— (Y.my)be defined as:
f(a) = f(c) = x and f(b) = y. Then f is m-gs-(my,my)-continuous but not n-g-

(my,my)-continuous and m-gp-(my,my)-continuous.

Example: 3.3.22

In the Example [3.2.12], take X = {a, b, ¢, d}, mx = {4, X, {a, b}, {a,
c}, {a}, {b}, {c}}and Y = {x, y},and my = {4, Y, {X}}.
Let f: (X.myx) — (Y.my) be defined as: f(b) = f(c) = f(d) = x and f(a) =y.
Then f is n-gp-(my,my)-continuous but not m-gs-(my,my)-continuous and

n—g-(mx,my)—continuous.

Example: 3.3.23
In the Example [3.2.7], X ={a, b, ¢, d}, mx = { ¢, X, {a}, {b}, {a, c}]

. b.
and Y = {x, y}, and my = {4, Y, {x}}, and f: (X.mx) — (Y,my),



f(a) = f(b) = f(c) = y and f(d) =y. Then f is gp-(my,my)-continuous but
none of n-gp-(my,my)-continuous, n-gs-(my,my)-continuous,

n-g(my,my)-continuous and m-(my,my)-continuous.

Definition: 3.3.24
A map f: (X,my) — (Y.my) is called (my,my)- ¢ -continuous if

f~'(0) is my- ¢ -closed in X for all my-closed set OeY.

Definition: 3.3.25
A map f: (X.my) — (Y.,my) is called (mx,my)—#gs-continuous

if £ '(0)is mx-#gs-closed in X for all my-closed set OeY.

Definition: 3.3.26
A map f: (X.my) — (Y,my) is called (my,my)- g s-continuous if

£f(0) is my- g s-closed in X for all my -closed set OeY.

Definition: 3.3.27
A map f: (X.my) — (Y.my ) is called (my,my)-A-continuous if

fﬁl(O) i1s my-A-closed in X for all my-closed set OeY.

Example: 3.3.28
In the Example [3.2.48], take X =Y = {a, b, ¢}, mx=my = {4, X,
fal, {b}} and f: X — Y defined as: f (a) = f(c) = c and t (b) = a. Then f

satisfies all different notions of continuity described the above definitions



Theorem: 3.3.29

Let f: (X,my) — (Y,my), then:
(1) If f is (my,my)-continuous, then f is (my,my)- ¢ -continuous.
(i1) If f'is (my,my)-continuous, then fis (mx,my)—#gs—continuous.
(11)If fis (my,my)-continuous, then f is (my,my)- g s-continuous.
(1v) If f 1s (my,my)-continuous, then fis (my,my)- A -continuous
Proof:

(1) Let fbe (my,my)-continuous and let O be an my-closed set.
Since fis (my,my)-continuous, f ”I(O) is my-closed. As every my-closed
is my-g-closed, f Y0y is my- ¢ -closed in (X,my). Therefore f is
(my.my)- ¢ -continuous.
(11) Let f be (my.my)-continuous and let O be an my-closed set.
Since fis (my,my)-continuous, f 1(0) is my-closed. As every
my-closed is my-"gs-closed, f O) s mx-ﬁgs-closed in  (X,my).
Therefore fis (my.my)-" gs-continuous.
(111) Let f be (my.my)-continuous and let O be an my-closed set.
Since fis (my,my)-continuous, f '(O) is my-closed. As every
my-closed is my- g s-closed, f"(O) is my- g s -closed in (X,my). Therefore f
1s (my,my)- g s-continuous.
(iv) Let fbe (my.my)-continuous and let O be an my-closed set.
Since f'is (my.my)-continuous, f "'(O) is my-closed. As every
my-closed is my- / -closed, f '(0) is my- 2 -closed in (X,my). Therefore fis

(my,my)- A -continuous.



Remark: 3.3.30

Converse of the above theorem [3.3.29] is not true.

Example: 3.3.31

In the Example [3.2.48], X=Y ={a, b, ¢}, mxy=my = {4, X, {a},
(b} and f: X—Y be defined as: f (a) =f (b) =aand f(c) =c. Then f'is
(my,my)- ¢ -continuous, (my,my)-g-continuous, (mX,mY)-#gs—continuous.
(my.my)- g s-continuous and (my,my)-A-continuous but not

(my.my)-continuous.

Theorem: 3.3.32

Let f: (X.my) — (Y.,my), where my satisfies the condition of Maki
then:
(1) If fis (my.my)- ¢ -continuous, then it is (my,my)-g-continuous.
(ii) If f is (mx.my)-"gs-continuous, then it is (my,my)- g s-continuous.
Proof:

(i) Let f be (my,my)- ¢ -continuous and let O be an my-closed set.
Since f'is (my.my)-continuous, f"(O) is my-closed. As every
my- ¢ -closed is my-g-closed, f ' (O) is mx-g-closed in (X,my).
Therefore f'is (my,my)-g-continuous.

(11) Let f be (mx,my)-#gs -continuous and let O be an my-closed
set.Since f i1s (my,my)-continuous, f_l(O) is my-closed. As every
mx—ﬁgs—closed IS my- g s-closed, f ! (O) is my- g s-closed in (X,my).

Therefore f'is (my,my)- ¢ s-continuous.
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Remark: 3.3.33

Converse of the above theorem [3.3.32] need not be true.

Example: 3.3.34

In the Example [3.2.48], X =Y = {a, b, ¢}, mxy = my = {4, X, {a},
{(b}} and f: X — Y be defined as: f (a) =c, f (b) =a and f(c) =b. Then
(1) fis (my,my)- g s-continuous but not (my,my)-g-continuous.

(i1) fis (my,my)- g s-continuous but not (my.,my)-A-continuous.

Example: 3.3.35

In the Example [3.2.47], take X = {a, b, c,d}, mx = {¢. X, {a},
(b}, {a,c}}and Y ={x,y},andmy={¢, Y, {x}},and f: X — Y be defined
as: f(a) = f(b) = f(d) =y and f(c) = x. Then f is (my,my)-"gs-continuous

but not (my.,my)- g s-continuous and (my,my)-A-continuous.

Example: 3.3.36
In the Example [33.2.47], X = {a, b, ¢, d}, mx = {4, X, {a}, {b}, {a,
cjland Y ={x.y}.and my = {¢, Y, {x}} and f: X — Y be defined as: f (a)
=f(b)=1f(c)=yand f(d) =y. Then fis (my,my)-¢-continuous, but not
B # . e &
(my,my)-g-continuous,(my,my)-"gs-continuous,(myx,my)- g s-continuous,

(my.my)-A-continuous.

Definition: 3.3.37
A map f: (X.myx) — (Y.my) is called (my,my)-irresolute if N(ORE

my-semiclosed in X for every my-semiclosed set O of (Y,my).
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Definition: 3.3.38
A map fi (X\my) — (Y,my) is called m-(my,my)-irresolute if

f"(O) is my-m-closed in (X,my) for every my-n-closed set O of (Y,my).

Definition: 3.3.39
A map f: (X\my) — (Y,my) is called g-(my,my)-irresolute if

f"(O) is my-g-closed in (X,my) for every my-g-closed set O of (Y.my).

Definition: 3.3.40
A map f: (X,myx) — (Y,my) is called w-gp-(my,my)-irresolute if
f'(0) is my-n-gp-closed in (X,my) for every my-n-gp-closed set O of

(Y.)ny).

Definition: 3.3.41
A map f: (X,myx) — (Y,my) is called m-gs-(my,my)-irresolute if
f "'(O) is my-m-gs-closed in (X,my) for every my-m-gs-closed set O of

(Y.my).

Definition: 3.3.42
A map f: (X.mx) — (Y,my) is called gs-(my,my)-irresolute if
f Y0) is my-gs-closed in (X,my) for every my-gs-closed set O of

(Y.my ).
Definition: 3.3.43
A map f: (X,myx) — (Y,my) is called gp-(my,my)-irresolute if

f "I(O) is my-gp-closed in (X,my) for every my-gp-closed set O of (Y.my).
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Example: 3.3.44

In the Example [3.2.12], X = {a, b, ¢, d}, mx = {4, X, {a, b},
{a, ¢}, {a}, {b}, {c}}. Y = {x, y}, and my = {4, Y, {x}} and
f: (X,myx) — (Y,my) be defined as: f(b) = f(c) = f(d) = x and f(a) =y. Then f
is m-gp-(my,my)-irresolute but none of m-gs-(my,my)-irresolute and m-g-

(my,my)-irresolute.

Example: 3.3.45

In the Example [3.2.9], X ={a, b, c,d}, mx = {4, X, {a, b, d},
{a,b,c}, {a}, {b}}. Y={x,y},andmy= {4, Y, {x}} and
f: (X,myx)— (Y,my) defined as: f(b) = f(c) = f(d) = x and f(a) = y. Then
f'is m- gs-(my,my)-irresolute but none of m-gp-(my,my)-irresolute,

n-g-(my,my)-irresolute, g-(my,my)-irresolute and gp-(my,my)-irresolute.

Example: 3.3.46

In the Example [3.2.7], X = {a, b, ¢, d}, mx = {4, X, {a}, {b},
{a,c}}. Y={x,y},and my={4g, Y, {x}}, f: (X,mx) — (Y,my) defined as:
(a) =f (b) =f(c) =y and f (d) = x. Then f is gp-(my,my)-irresolute but none
of m-gp-(my,my)-irresolute, m-gs-(my,my)-irresolute, n-g-(my,my )-irresolute

and m--(my,my)-irresolute.
Definition: 3.3.47

A map f: (X,my) — (Y,my) is called (my,my)-pre semi closed if f(O)

is my-semi closed in (Y,my) for all mysemiclosed set O of (X.,my).
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Definition: 3.3.48
A map f: (X,myx) — (Y,my) is called (my,my)-pre semi open if {{O)

is my-semi open in (Y,my) for all my-semi open set O of (X,my).

Definition: 3.3.49
A map f: (X,my) — (Y.my) is called (my,my)-regular open if {(O) is

my-regular open in (Y,my) for every my-open set O of (X,my).

Lemma: 3.3.50

Let (X,my) and (Y,my ) be two m-spaces where my satisfies
the property of Maki. If f: (X,my) — (Y.my ) is n-(my,my )-irresolute
function and (my,my )-pre semiclosed, then f(A) is my -n-gs-closed for
every my-n-gs-closed set A in X.
Proof:

Let A be any my-n-gs-closed set in X and U be an my-m-open set in'y
such that f(A) cU. By hypothesis f ' (U) is my-open set in X and
Acf ' (U). Then my-scl(A)cf '(U) and hence f(my-scl(A))c U. Since
A cmy-scl(A), then f(A)cf(my-scl(A)), hence my-scl(f(A))c my-scl(f(my-
scl(A))). Since f is (my,my)-pre semiclosed, my-scl(f(my-scl(A)))=f(mx-
scl(A)). Then my-sclf((A))cf(mx-scl(A))cU. Hence f(A) is my-ngs-closed

setin Y.

Lemma: 3.3.51
Let (X.my) and (Y.my) be two m-spaces, where my satisfies the
property of Maki. If f: (X,my) — (Y,my) is (my,my)-irresolute,

(my.my)-regular open and bijective, then fis m-gs-(my,my)-irresolute.
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Proof:

Let F be any my-n-gs-closed set in Y and U any my-m-open set in X
such that f "(F) c U. Then F ¢ tf(U) and since f(U) is my-m-open,
my-scl(F) < f(U). Therefore f "l(my—scl(F)) c U. Since f 1s
(my,my)-1rresolute, £ (my-scl(F)) i1s my-semiclosed. Hence my-scl(f l(F))
c my-scl(f I(IT]\'-SCI(F)) = (f ‘l(my-scl(F)) c U. Thus f = (F) 1s

my- n-gs-closed in X.

Lemma: 3.3.52

Let (X.my) and (Y.my) be two m-spaces where my satisfies

the property of Maki. The following conditions are equivalent:

(1) f: (X.my) — (Y.my) is a (my.my)-irresolute function.

(i1) For each subset Ac X, f(my-scl(A)) < my-scl(f(A)).

(iii) For each my semiclosed subset V'Y, the inverse image i (V) is an
my-semiclosed in X.

(iv) For all Bc Y, my-scl(f '(B)) c f '(my -scl(B)).

Proof:

(iii) = (i1)

Let A be a subset of X and assume that y ¢ my-scl(f(A)), then there
exists a my-semi open set G in Y , such that ye G and f(A) nG =¢,
therefore £ '(f(A) ~ G) =¢, A N £ 1G) =¢. Hence my-scl(A)c
(f '(G))'. then f(my-scl(A))~ G = ¢ and therefore ye f(my-scl(A)).

Hence f (my-scl(A)) ¢ my-scl (' (A)) for all subset A of X.
(i1) = (iii)

Let V be any my-semiclosed subset in Y. then £ v e X.



By hypothesis f(my-scl(f '(V)))cmy-scl(f(f '(V))),

fmyscl(f '(V)))cmy-scl(V). Hence f (my-scl(f '(V)))c V, then
mX—scl(f‘](V)gf’l(V). Therefore f ' (V) 1s an my-semiclosed set.
(i) = (iv)

Let B be a subset of Y. Then f ' (B)c X. By the hypothesis
flmy-scl(f ' (B)))c my-scl(f(f '(B)))cmy-scl(B).
Therefore my-scl(f '(B))cf '(my-scl(B)).

(iv) = (iii)

Let V be any my -semiclosed set in Y. Then £ (V)cX. By
hypothesis, my-scl(f '(V))cf ' (my-scl(V)). But V is a my-semiclosed set,
and hence my-scl(V) = V. Hence my-scl(f '(V ))c £ (V).

Therefore f ' (V) is an my-semiclosed set in X.
The others implications (i) = (iii) and (iii) = (i), follow from the

definition of (my,my)-irresolute function and the complement of a set.

Theorem: 3.3.53

Let f: (X,myx) — (Y.,my ), then:
(i) If f is m-g-(my,my )-irresolute, then f is m-g-(my,my )-continuous.
(ii) If f is m-gs-(my,my )-irresolute, then f is m-gs-(my,my )-continuous.

(iii) If fis m-gp-(my,my )-irresolute, then f is m-gp-(myx,my )-continuous.

Remark: 3.3.54

The converse of the above theorem [3.3.53] need not be true.
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Example: 3.3.55

Let X=Y ={a, b,c,d}, my= {4, X, {a}, {b}, {c}.{a, b},
{c,d}},and my = {4, Y, {a}, {b}, {a, c}}. Then the myx-regular open sets
of (X,my) are {¢, X, {a}, {b}, {a, b}, {b, c}, {c, d}, {a, c, d},
(b, ¢, d} and the my-m-open sets are {¢, X, {a}, {b}, {a, b}, {b, c},
{c.d}. {a, c,d}, {b,c,d}and {a, b, c}}. Letf: (X,myx)— (Y.my) be defined
as: f(a)=f(d)=d, f(b)=aand f(c)=c. Then fis n-(my,my )-irresolute but

not m-(my,my )-continuous.

Definition: 3.3.56
A map f: (X,mx) — (Y,my) is called (my,my)-g-irresolute if

f '(0) is my- ¢ -closed in X for every my- ¢ -closed set OeY.

Definition: 3.3.57
A map fi (X,myx) — (Y,my) is called (mx,my)-#gs-irresolute il

f 1(O) 1S mx—#gs-closed in X for every my —#gs—closed set OeY.

Definition: 3.3.58
A map fi (X,mx) — (Y,my) is called (my,my)-g s-irresolute if

£7'(0) is my- g s-closed in X for every my- g s-closed set Oe Y.
Definition: 3.3.59

A map f: (X.my) — (Y.my) is called (my,my)-A-irresolute if

f "(O) is my-A-closed in X for every my-A-closed set Oe Y.
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Example: 3.3.60

In the Example [3.2.52], X = {a, b, ¢, d}, mx = {4, X, {a, b},
{a, c}, {a}, {b}, {c}}. Y={x,y},and my = {4, Y, {x}}, and the function f:
X — Y defined by f (b) = f{(c) = f (d) = x and f (a) = y. f is
(my.my)-irresolute but not (my,my)-g-irresolute, (my,my)-g-irresolute,

# . - » .
(my.my)-"gs-irresolute, (my,my)- g s-irresolute and (my.my)-A-irresolute.

Example: 3.3.61

In the Example [3.2.49], X ={a, b, ¢, d}, mx = {4, X, {a, b, d}. {a, b,
cl,{a}, {b}}.Y={x,y},and my={g, Y, {x}} and f: X — Y is defined as
f(b) = f(c) = f(d) = x and f(a) =y. Then fis (my,my)-"gs-irresolute but not

(my,my)- ¢ -irresolute, (my,my)-g-irresolute and (my,my)-A-irresolute.

Example: 3.3.62

In the Example [3.2.47], X ={a, b, c,d}, mx={¢, X, {a}, {b]},
fa,c}}. Y={x,y},andmy={¢, Y, {x}}, f: X — Y is defined as
f(a)=1(b)=1f(c) =y and f(d) =x. Then fis (my,my)- g -irresolute but not
(my.,my)-irresolute, (my,my)-g-irresolute, (mx,my)—#gs—irresolute.

(my,my)- g s-irresolute and (my,my)-A-irresolute.

Definition: 3.3.63
A map f: (X.myx) — (Y,my) is called (my,my)-contra-continuous if

£ ' (0)is my-closed in X for every my-open set Oe Y.



Definition: 3.3.64
A map f. (Xmyx) — (Y,my) is called (my,my)-contra

g-continuous if f '(O) is my-g-closed in X for every my-open set Oc'Y.

Definition: 3.3.65
A map i (Xmy) — (Y,my) is called (my,my)-contra

g -continuous if f '(0) is my- ¢ -closed in X for every my-open set Oe Y.
§ Yy p

Definition: 3.3.66
A map i (Xmyx) — (Y.my) is called (my,my)-contra

# . ool . # i -
gs-continuous if f (O) is my- gs-closed in X for every my-open set OeY.

Definition: 3.3.67
A map fi (Xmx) — (Y,my) is called (my,my)-contra

g s-continuous if f '(O) is my- g s-closed in X for every my-open set Oe Y.

Definition: 3.3.68
A map f: (X,myx) — (Y.my) is called (my,my)-contra-A-continuous if

£7'(0) is my-A-closed in X for every my-open set OeY.

Lemma: 3.3.69

Let (X,my) and (Y,my) be two m-spaces where my satisfies the
property of Maki. The following conditions are equivalent:
(1) f: (X.my) — (Y.my) is (my.my )-contra A-continuous function.

(ii) For each my-closed set AcY, f '(A)is my-A-open.



(ii1) For each xeX and each my -closed set AcY with f(x) €A, there
exists an my-A-open Ue X such that f{(U) c A.

(iv) For all Ac X, f(my-A-cl(A))cmy -Ker(f(A)).

(v) For all Bc Y, my-h-cl(f '(B)) cf '(my-Ker(B)).

Proof:

(i) = (i1)

Let A be any my -closed set of Y and xef '(A). Then f(x) e A and
there exists an my-A-open set Uy of X such that xe A and f(Uy)c A.

Hence ' (A)=u {Uy/ xef! (A)} 1s an my-A-open.
(if) = (iv)

Let A be any subset of X. Let ye Ker(f(A))). Then there exists an
my-closed set F in Y such that yeF and ffA) ~nF = 4. Thus
Amf’"(F) = ¢ and my-A-cl(A) ~f ' (F) =¢. Therefore f (my-A-cl(A)) n F =
¢ andy ¢ f(my-A-cl(A)). Hence t(my-A-cl(A)) c my-Ker(f(A)).

(iv) = (v)
Let B any subset of Y.
Then f(mx-}\,-C](fil(B))C_:lle-Kel'(f(fI(B)))gI]]\' -Ker(B).
Hence m_\'-k-cl(f*l(B)) i l(my-Ker(B)).
(v) = (i)
Let V any my-open setin Y.
Then mX-)L-cl(f"(V)) = f"(my—Ker(V)) =f l(V).

Hence f ' (V) is my-A-closed.
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Lemma: 3.3.70
Let (X,my) and (Y,my) be two m-spaces and f: (X,myx) —(Y,my) be a
function. Then the following statements are equivalent:
(1) f'is (my,my)-A-continuous.
(i1) For each point x in X and each my-open set V with f(x) €V, there is
my-A-open set Uy such that xe Uy, and f(Uy) eV .
Proof:
(i) = (ii)
Let f(x) € V. Since f'is (my,my)-A-continuous, we have
xe f ' (V)and f'(V)is my-A-open. Let U = £ (V). We have xeU
and f(U) c V.
(i) = (1)
Let V an my-open set and let xef ' (V). Then f(x)eV follows that
there exists a my-A-open set Uy such that xe Uy, f(Ux) <V . We have

xeUy, and f (V) = U U,. by using Theorem [3.2.38], f (V) is

Vep=1(G")

my-A-open.
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