Fuzzy Subalgebras of Z-Algebras 2

In 1966, Imai and Iseki [25,26] introduced two new classes of abstract algebras:
BCK-algebras and BCl-algebras. In 2017, Chandramouleeswaran et al.[18] introduced the
concept of Z-algebras as a new structure of algebra based on propositional calculus. In 1965,
Zadeh[73] introduced the fundamental concept of a fuzzy set which is a generalization of an
ordinary set. In 1991, following the idea of fuzzy groups, Xi[71] introduced the notion of fuzzy
BCK-algebras. In 2015, Christopher Jefferson and Chandramouleeswaran[19] applied fuzzy
algebraic structures in BP-algebras.

This chapter is divided into two sections. In the first section, we discuss the notion of
Fuzzy Z-Subalgebras in Z-algebras. In the second section, we discuss the notion of Fuzzy
Z-ldeals in Z-algebras and obtain some of their properties.
2.1 Fuzzy Z-Subalgebras in Z-algebras
In this section, we define the notion of Fuzzy Z-Subalgebra of a Z-algebra and obtain some
interesting results.

Definition 2.1.1: Let (X,*,O) be a Z-algebra. A fuzzy set A in X with membership function
u,is said to be a fuzzy Z-Subalgebra of a Z-algebra X if, for all x , y € X the following

condition is satisfied : p,(x*y)> min{;,tA (X), 1o (y)}.
Example 2.1.2: Let X= {0, 1, 2, 3} be a set with the following Cayley table:

* |0 1 2 3
0 |O 1 2 3
1 |0 1 3 2
2 |0 3 2 1
3 |0 2 1 3

Then (X,*,0) is a Z-algebra.
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Define a fuzzy set A, in X whose membership function p, is given by

0.6 if x=0
My (X)) =404 if x=1
03 if x=2,3

Then, A, is a fuzzy Z-Subalgebra of a Z-algebra X.

Theorem 2.1.3: Intersection of any two fuzzy Z-Subalgebras of a Z-algebra X is again a fuzzy
Z-Subalgebra.
Proof: Let A and A, be fuzzy Z-Subalgebras of a Z-algebra X. Then, forall x,y € X ,

Ha na, (X *y)=min{p, (X*y),pn, (X*y)}
>min{min{ p, (x),p, (¥)},minfp, (x),n,, (y)}}
=min{min{p, (x),pn, (x)}, min{p, (y),u, (y)}}
=min{p, ., (X),Hy A4, (V)
Thatis p, ., (x*y)Zmin{p, ., (X),Hs s, (Y}

Hence A, N A, isafuzzy Z-Subalgebra of a Z-algebra X.
The following example illustrates Theorem 2.1.3.

Example 2.1.4: Consider Z-algebra X and fuzzy Z-Subalgebra A, as in Example 2.1.2 . The

0.7 if x=0
fuzzy set A, in X defined by p, (x)=40.5 if x=1 isalso a fuzzy Z-Subalgebra of X.
02 if x=23
06 if x=0
Now , Ha s, (x)=104 if x=1
02 if x=23

Then, A, NA, isafuzzy Z-Subalgebra of a Z-algebra X.
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We can generalize the theorem 2.1.3 as follows.

Corollary 2.1.5: Let {Ai|i € Q} where i€ Q an index set, be a family of fuzzy Z-Subalgebras

of aZ-algebra X. Then N A, is also a fuzzy Z-Subalgebra of X.

ieQ
Theorem 2.1.6: Let A be a fuzzy Z-Subalgebra of a Z-algebra X such that p, (0)#0. Let

ng : X —>[0,1] be a fuzzy set defined by pB(x):MA—g; for all x € X. Then B is a fuzzy

KA

Z-Subalgebra of X.
Proof: Let x,y € X. Then,

A(X*Y) >
1, (0) _HA(O)

Therefore B is a fuzzy Z-Subalgebra of a Z-algebra X.

Ha(X) pa(y)
HA(O) ’ M (0)

Hg(x*y)= = min{u, (X),1,(y)} = min{ } =min{pg(x),u5(y)} -

Theorem 2.1.7: If A is a Z-Subalgebra of a Z-algebra X, then the characteristic function y,

1 if xeA .
defined by y,(x)= ) is a fuzzy Z-Subalgebra of X.
0 if xgA

Proof: Let x,y e X.

Case (i) If x,yeA then x*yeA. Hence y,(x)=1,x,(y)=1and y,(x*y)=1. Thus,
LA (x*y)21=min{Ll} =min{y, (x),x,(y)}, forall x,yeX.

Case (ii) If both x,yeA, then y,(x)=0and x,(y)=0. In this case,
YA (X*y) 20 =min{0,0} = min{y , (x),x,(¥)}, forall x,y e X.

Case (iii) If xeA,yeA, then xa(x)=1and y,(y)=0. Then
LA (x*y)20=min{l,0} = min{y , (x),x,(y)}, forall x,y e X.

Case (iv) Interchanging the roles of x and y in case (iii) we can prove that A is a fuzzy
Z-Subalgebra of X when x g A,ye A.

Thus the theorem is completely proved.

The converse of the above theorem is also true.

Corollary 2.1.8: Let A be any subset of a Z-algebra X. If the characteristic function y, is a
fuzzy Z-Subalgebra of X, then A is a Z-Subalgebra of X.
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Proof: Forany x,ye A, y,(x)=1=y,(y).

Therefore, y, (x*y) 2 min{y, (x),x,(y)} =min{l,1} =1. Hence y, (x*y)=1=x*y € A.

The theorem 2.1.7 can be generalized as follows.

Theorem 2.1.9: Let A be any Z-Subalgebra of a Z-algebra X and p, : X —[0,1] be a fuzzy set

t, if xeA

] with t, >t,. Then A is a fuzzy Z-Subalgebra of X.
t, if x¢A

defined by p, (x) = {

Theorem 2.1.10: A fuzzy set A of a Z-algebra X is a fuzzy Z-Subalgebra if and only if for every
te[0,1], U(u,;t)={xeX|n,(x)=1} is either empty or a Z-Subalgebra of X.

Proof: If A is a fuzzy Z-Subalgebra of X, for any t €[0,1] , assume that U(p,;t) #¢
Foranyx,ye U(u,;t),wehave p,(x)>t and p,(y)=>t.

Then p, (x *y) 2 min{p, (x),p, (y)} 2min{t,tj=t

This implies x*y e U(u,;t)

That is, U(p,;t)is a Z-subalgebra of a Z-algebra X.

Conversely, assume that U(p,;t) is a Z-Subalgebra of a Z-algebra X.

Letx,yeXandlet p,(x)=t, and p,(y)=t,. Thenxe U(pn,;t,)and ye U(u,;t,).

If t,<t,,then U(u,;t,) = U(n,;t,) andso y e U(u,;t,).

Since U(u,;t,) is a Z-Subalgebra of X, x *y € U(u,;t,).

Thus p, (x*y)2>t, =min{p, (x),u,(y)}, proving that A is a fuzzy Z-Subalgebra of a Z-algebra
X.

Definition 2.1.11: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. For any te[0,1],
Z-Subalgebras U(u,; t) are called upper level Z-Subalgebras of A.

Remark 2.1.12: Henceforth, in this section, the upper level Z-Subalgebras of A will be referred
as level Z-Subalgebras of A.

Theorem 2.1.13: Any Z-Subalgebra of a Z-algebra X can be realized as a level Z-Subalgebra of
some fuzzy Z-Subalgebra of X.

Proof: Let S be a Z-Subalgebra of a Z-algebra X and A be a fuzzy set in X defined by

tif xeS

“A(X):{o if xgS
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where te[0,1] is fixed. Clearly U(p,;t) =S.We consider the following cases:
Case (i): If X,y €S then x*yeS.

Hence p,(x)=p,(y)=p,(x*y)=t and

Ha(x#y) 2min{p, (x), 1, (¥)} =t.

Case (ii): If X,y &S then p, (x) =p,(y) =, (x *y)=0.
Then p,(x*y)=min{p,(x),n,(y)}=0.

Case (iii): If at most one of X, y €S then atleast one of p, (x) and p, (y) is equal to 0.

Hence p, (x *y) 2 min{u, (x), , (y)} =0.

This shows that S is a level Z-Subalgebra of a Z-algebra X corresponding to the fuzzy
Z-Subalgebra A of X.

Theorem 2.1.14: Let X be a Z-algebra. Then given any chain of Z-Subalgebras
S,cS,c---c8S, =X, there exists a fuzzy Z-Subalgebra A of X whose upper level

Z-Subalgebras are exactly the Z-Subalgebras of this chain.

Proof : Consider a set of numbers t; >t >t, >--->t_, where each t, €[0,1].
Let A be a fuzzy set defined by p, (SO) =t, and u, (S, -S,_, )=t ,i=12,..r.
Claim: A is a fuzzy Z-Subalgebra of a Z-algebra X.

Let x,y € X . Then we classify it into two cases as follows:

Case (1): Let x,y € S, —S, ,. Then by the definition of A, p,(x)=t, =, (y).

Since S; is a Z-Subalgebra of X, it follows that x*yeS, and so either x*yeS, -S, , or
x*yeS, . Inany case, we conclude that p, (x *y)>t, = min{u, (x)u,(y)}.

Case (2): Fori>j,Let xeS,-S,_ and yeS§,;-§, .

Then p, (x)=t; u,(y)= t, and x*yeS,,since S; is a Z-Subalgebra of X and S; c§;.

Hence p, (X * Y) 2t = min{MA (X)a Ha (Y)}
Thus A is a fuzzy Z-Subalgebra of a Z-algebra X.
From the definition of A, it follows that Im(A) = {to, t,,t }

Hence the upper level Z-Subalgebras of A are given by the chain of Z-Subalgebras.
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Ulkasto) = Ulpasty) = Uty ) - < Ulpyst, ) = X

Now U(uA;tO): xeX|pu,(x)2t,}=S,.

Finally , we prove that U(u,;t,)=S, for i=12,...,r.

Clearly S, < U(u,;t,).

If xeU(u,:t,),then u,(x)>t, which implies that x & S; forj>i.

Hence p,(x)e {t,,t,,--,t;} andso x €S, for some k <i.

As S, CS,, it follows that x €S, = U(u,:t,)=S, for i=0,1,2,...r.

This completes the proof.

Note: If X is a finite Z —algebra, then the number of Z-Subalgebras of X is finite whereas the
number of level Z- Subalgebras of a fuzzy Z-Subalgebra A appears to be infinite. But since every
level Z-Subalgebra is indeed Z-Subalgebra of X, not all these Z-Subalgebras are distinct. The
next theorem characterizes this aspect.

Theorem 2.1.15: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. Two level Z-Subalgebras
U(p,;t) andU(p,;s) (with t<s) of A are equal if and only if there is no x € X such that

t<p,(x)<s.

Proof: Assume that U(p,;t)=U(n,;s) for somet<s and there exists xe€X such that
t<p,(x)<s.

Then U(p,;s) is a proper subset of U(p,;t) which is a contradiction.

Hence there isno x € X such that t<p, (x)<s.

Conversely, Suppose that there is no xeX such that t<p,(x)<s. Since t<s, we get
U(p,;s) € U(pyst) (1)

If x e U(p,;t) then p,(x)=t and so p,(x)>s, because p, (x) does not lie between t and s.
Hence x e U(p,;s).

Hence U(u,;t) < U(u,;s) )

From (1) and (2) we get U(p,;t) = U(n,;s).
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Remark 2.1.16: As a consequence of Theorem 2.1.15, the level Z-Subalgebras of a fuzzy
Z-Subalgebra A of a finite Z-algebra X form a chain U(uA;to)c U(MA;tl)c e C U(MA;tr)Z X,
where t, >t >t, >...>t.

Corollary 2.1.17: Let X be a finite Z-algebra and A be a fuzzy Z-Subalgebra of X. If
Im(A)={t,,---,t }, then the family of Z-Subalgebras U(u,;t,),i=1,2,...,n, constitutes all the
level Z-Subalgebras of A.

Proof: Let t €[0,1] and t ¢ Im(A). Suppose t, <t, <---<t_ without loss of generality.

If t<t, ,then U(u,;t,)=X=U(u,;t).

If t>t,, then U(u,;t)=¢ obviously.

If t_, <t<t, ,then U(u,;t)=U(u,;t,) by Theorem 2.1.15. Thus for any t[0,1], the level
Z-Subalgebra is one of {U(u,;t,)|i=12,---,n}.

Lemma 2.1.18: Let X be a Z-algebra and A be a fuzzy Z-Subalgebra of X. If Im(A) is finite, say
{ti,t2,....tn}, then for any t;, tj € Im(A), U(p,5t;) = U(n,;t;) implies =t .

Proof: Assume that t; # t; and t; <t;.

If x e U(u,st))then p, (x) 2t > t;.

Hence x € U(u,;t,)

Let x € X suchthat t <p,(x)<t;.
Then x € U(p,;t;) but x & U(u,;t;)
Hence U(u,;t;) < U(p,;t;) and
U(p,st) # Uuyst;) a contradiction.

Therefore U(u,;t;) =U(u,3t) =t =t;.
Theorem 2.1.19: Let A and B be two fuzzy Z-Subalgebras of a Z-algebra X with identical
family of level Z-Subalgebras. If Im(A)={t.t,...t;} and Im(B)= {ql,qz,...,qk} where
t,>t,>...>2t and q, 2q,>...2q, . Then

i) k=r

(i) Uk )= Ulpgq) , i=12,..1
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(1)) If xeX such that p,(x)=t, then p,(x)=q, i=12,...,r.
Proof: Let A and B be two fuzzy Z-Subalgebras of a Z-algebra X with identical family of level
Z-Subalgebras  with F(A)=F(B) where F(A)= {U(].L " ti)‘ 1= 1,2,...,r} and

F(B) = {U(ky;q)fi =1.2,....k].

Let Im(A) = {ti,to,...,t;} where t >t, >..>t, (1)
and let Im(B) = {ql,qz,...,qk} where q,2>q, >...2q, 2)
From (1) we get U(u,;t,) < U(p,st,) ... U(p,st,) =X 3)
From (2) we get U(ug;q;) < U(pgiq,) S .. € Uugsq) =X 4)

To prove (i) : k=r

Suppose k #r , then we consider the following cases:

Case (i): k>r

Let k >r then U(p,;t)=U(py; q)i=1,2,....,r

This shows that both t; and g; € Im(A)

Fori>r we observe that t; ¢ Im (A) and hence, U(p,; ti) # U(pg; qi) , i=rt+1, r+2,.. k.
Case (ii): r >k

Let r >k then U(u,; t)=U(ug; qi) 1=1,2,...k

This shows that both t; and g; € Im (B).

For 1>k we observe that q; ¢ Im (B ) and hence U(p,; i) # U(ug; qi), i=k+1,k+2,...r.
From (3) and (4) we get t; # q; for all i=1,2,....,.

Hence we can find some i such that U(p,; ti) # U(pg; qi).

This contradicts that F(A)=F(B).

Hence we conclude that k =r.

To prove (ii): By part (i), we have proved that k = r. Since A and B have identical family of

level Z-Subalgebras, we have
U(p, s )= U(pg s qi), 112,01

To prove (iii): Let x € X such that u,(x)=t; and py(x)=q; where 0<i<k and 0< j<k.

From (ii) follows that x € U(u;q;), thus py(x)>q; and q; 2 q;
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Therefore U(uy:q;) < U(ug:q;)

Since x € U(pg;q;) = U(p,st;), we get t; =p, (x) 2 t;, this

gives U(ug;q;) =U(u,st) < Upysty) = Upg:q;)

Thus U(ug;q;) = U(ug;q;) and by above lemma:2.1.18 we get q; = q;.

Hence pgz(x)=q;.

Hence the proof.

Corollary 2.1.20: Let A and B be two fuzzy Z-Subalgebras of a Z-algebra X with identical
family of level Z-Subalgebras. Then Im(A)=Im(B) implies A = B.

Proof: Let Im(A) = Im(B)={q,,q,.....q, | Where q, >q, >..>q,.

By Theorem 2.1.19, for any x € X there exists q; such that p, (x) =q; = pz(x).

Thus p,(x) =pg(x) forall xeX.

This implies A=B.

Theorem 2.1.21: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra
(Y,*,0') and let A be a fuzzy Z-Subalgebra of X with the sup property. Then the image of A
denoted by h(A) is a fuzzy Z-Subalgebra of Y.

Proof: Let a,beY with x,eh'(a) and y,eh”(b) such that p,(x,)= sup u,(t) ;

teh™(a)

”A(YO) = sup MA(t)-

teh™ (b)

Now,

lvlh(A)(a * b) = Sup Hyu (t)Z MA(XO * YO) 2 min{MA(Xo)alJA(YO )} = min{ Sup H, (t)a sup H'A(t)}

teh ™' (ax'b) teh™ (a) teh™ (b)

= min{p,(y)(a), by a) ()}
Hence h(A) is a fuzzy Z-Subalgebra of a Z-algebra Y.
Theorem 2.1.22: Let h:(X,*,0) > (Y,¥,0") be a Z-homomorphism of Z-algebras. If A is a
fuzzy Z-Subalgebra of Y then the pre-image of A denoted by h™'(A) is a fuzzy Z-Subalgebra of

X. Converse is true if h is an Z-epimorphism.
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Proof: Let x, ye X. Then,

Hyo () ¥ Y) =Ry (W *y)) =, (h(x) * h(y)) = min{u, (h(x)), 1, (h(¥)}
e, (ki (8]

Hence. yy 0x3) > mindiy 1 (bt o)

Therefore, h™'(A) is a fuzzy Z-Subalgebra of a Z-algebra X.

On the other hand, assume that h is an Z-epimorphism and h™'(A) is a fuzzy Z-Subalgebra of X.
Let y1, y2 € Y. Since h is an Z-epimorphism, there exists x;, X, € X such that h(x;) = y; and

h(Xz) =Y.
This implies x;=h (y;) and x=h "(v,).

Now, p,(y, + ¥,) = u,(h(x)) * h(x,)) =p, (h(x, *x,)) = Hh*l(A)(Xl * XZ)
2> min{},th,l (A)(Xl ), K (A)(XZ )}
= min{uA(h(Xl))a HA(h(Xz))}

= min{u, (y,), 1, (¥,)}
Hence A is a fuzzy Z-Subalgebra of a Z-algebra Y.

Definition 2.1.23: Let h be an Z-endomorphism of Z-algebras and A be a fuzzy set in a
Z-algebra X. We define a new fuzzy set A" in X as B (x)=p,(h(x)) forallxeX.

Theorem 2.1.24: Let h be an Z-endomorphism of a Z-algebra (X,*,0). If A be a fuzzy

Z-Subalgebra of X. Then A"is also a fuzzy Z-Subalgebra of X.
Proof: Let x, ye X. Then,

o () =1y (h(x #y) =y (B() *h(y) = min i, (), (h(Y)} = minfu, (Ot (1)
= W, (x*y)>min{u,, (X),u1,, (¥)}

Hence A" is a fuzzy Z-Subalgebra of a Z-algebra X.
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Theorem 2.1.25: If A and B are fuzzy Z-subalgebras of a Z-algebra X then A xB is also a fuzzy
Z-Subalgebra of X x X.

Proof: For any (x,X2), (y1,y2) € Xx X, we have
Hap (X0X2)* (Y1.Y2)) = Hap (X% Y1, X2* Y2)
=min {p, (X1*y1), Ky (X2* y2)}
zmin {min{p, (x1), u, (Y0}, min{pg (x2), pg (¥2)}}
=min {min{p, (x1), pp (X2)}, min{p, (y1), pg (v2)}}

=min {p, 5 (X1, X2), Ky (Y1,¥2)}
Hence A xB is also a fuzzy Z-Subalgebra of XxX.

We can generalize the above theorem as follows.

Theorem 2.1.26: Let {Xi 1= l,2,...,n} be a finite collection of Z-algebras and X =[] X, . Let

i=1

A, , i=12,...,n be fuzzy Z-Subalgebras of X, respectively. Then A =[] A, is also a fuzzy

i=1
Z-Subalgebra of X.
Theorem 2.1.27: If B is a fuzzy Z-subalgebra of a Z-algebra X then the strongest fuzzy relation
Ay is a fuzzy Z-Subalgebra of X x X.

Proof: For all (xl,yl ), (xz,yz)e XxX,

Then p,, ((x,.y,)*(x,.y,)) = s, (X, % %5,y %y,)
= min{u, (x, #x, |y (y, *y,)}
> min{min{ug (x, ), 1 (%, )b min{ug (v, ) g ()}
= min{min {u, (x, )1y (y, )} min{u, (x, ). s (v,)))
=minju, (X,,y,hbs (X50¥,)]

Therefore A, is a fuzzy Z-subalgebra of X xX.
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2.2 Fuzzy Z-1deals in Z-algebras
In this section, we introduce the notion of Fuzzy Z-ideals in Z-algebras and prove some simple

but elegant results.

Definition 2.2.1: Let (X,*,0)be a Z-algebra. A fuzzy set A in X with membership function p,
is said to be a fuzzy Z-ideal of a Z-algebra X if it satisfies the following conditions: For all x, y
in X,

() 1a(0) 2, (%)

(i) p,(x) 2min{p, (x*y), p, (y)}

Example 2.2.2: Let X= {0, 1, 2, 3} be a set with the following Cayley table:

Then (X,*,0) is a Z-algebra.

Define fuzzy sets A, and A, in X with membership functions pu, and p, by p, (x)=0.9

0.8 if x=0
forall x =0,1,2,3 and W, (X) =< 0.6 if x=1 . Then, A, is afuzzy Z-ideal of X, while
0.5 if x=23

A, is not. For, p, (2)=0.520.8 =min{0.8,0.8} = minju, (0)p, (0)j=minj, (2%0)p, (0)f
Theorem 2.2.3: Arbitrary intersection of fuzzy Z-ideals of Z-algebra X is also a fuzzy
Z-ideal.

Proof: Let {Ai|i € Q} be a family of fuzzy Z-ideals of a Z-algebra X.

Foranyx,y € X,

o, (0)= inf(r, (0) 2 inf(ry ()= 1, ()

Moa () =inf(u, (x)) 2 inf (minfp, (x*y), u, ())
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=min{inf(p, (x*y)), inf(u, (¥))}
= min{ Mo, (x*y), Hoa, W2}
Hence n A. is a fuzzy Z-ideal of a Z-algebra X.

Proposition 2.2.4: Let {A, |ie Q} be a chain of fuzzy Z-ideals of a Z-algebra X. Then UAi is

ieQ
a fuzzy Z-ideal of X.

Proof: Let x € X. Then p,, (0)=sup(p, (0)) =sup(u, (x)) = By a (%)

ieQ ieQ

Let x,y € X . Then, we have

o, (x) =sup(p, (x)) Zsup{min{u, (x*y),u, (y)}}

ieQ ieQ

=min{supp, (x*y),supp, (y)}

ieQ ieQ
= min{},l%Ai (x*y), Hoa, (v)}

Hence UAi is a fuzzy Z-ideal of a Z-algebra X.

ieQ
Theorem 2.2.5: A fuzzy set A of a Z-algebra (X,*,O) is a fuzzy Z-ideal if and only if for any
te[0,1], U(u,:t)={x e X|u, (x)>t} is an Z-ideal of X where U(u,;t)=¢.
Proof: Suppose A is a fuzzy Z-ideal of a Z-algebra X and U(u Al t) # ¢ forany te[0,1].
Let x e U(MA;t), then uA(x)Z t.
By definition of fuzzy Z-ideal, we have (O) R TIN (x) >t.Thus O e U(uA ; t).
If x*xye U(MA;t) and y € U(uA;t), then uA(x * y)Z t and uA(y)Z t.
By definition, we have p, (x)> min{uA (x*y)u, (y)} > min{t, t} =t
Therefore x € U(u As t). Hence U(u As t) is an Z-ideal of X.
Conversely, suppose that for each te[0,1], U(u,;t) is either empty or an Z-ideal of a

Z-algebra X.
Forany x e X, let pA(x)= t.Then x € U(uA;t).

Since U(u,;t)# ¢ is an Z-ideal of X, we have 0 U(u,;t) and

hence MA(O)Z t= },lA(X).
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Thus p,(0)>p,(x), forall x e X,
Assume [, (X) > min{uA (x * y),uA (y)} for all X,y € X is not true.

Then there exists X,,y, € X suchthat p, (XO) < min{MA(XO *Yo )a Ha (yO )}

Let t, = [HA (Xo)+ min{“A(Xo *Yo )a MA(YO)}]

N | —

Then p, (x,) < to <minfu, (xo* v, s (v}

This implies X, *y,,y, € U(u,;t,) and x, & U(u,;t,)

But U(u,;t,) is an Z-ideal of X. So x, € U(u,;t, ) by the definition of Z-ideal.
This implies 1, (x,)>t,.

This is a contradiction.

Therefore p,(x)> min{u, (x *y),u, (y)}, forall x,y e X.

Hence A is a fuzzy Z-ideal of a Z-algebra X.
Theorem 2.2.6: A fuzzy set A of a Z-algebra (X,*,O) is a fuzzy Z-ideal if and only if every

nonempty upper level subset U(u,;q) of A, q € Im(A) is an Z-ideal.
Proof : Let A be a fuzzy Z-ideal of a Z-algebra X.

Claim: U(u,;q), q € Im(A) is an Z-ideal.

Since U(u,;q)# ¢ there exists x € U(u,;q) such that p,(x)>q.
Since A is a fuzzy Z-ideal of X, p,(0)>u,(x) forall x e X.

Hence for this x € U(u,:q), u,(0)> q, which shows that 0 € U(u,:q).
Now, for any x,y € X, assume that x*y € U(u,;q) and y e U(u,;q)
Then u,(x*y)>qand p,(y)>q.

This shows that, min{u, (x *y)u,(y)}>q.

Since A is a fuzzy Z-ideal of X, p, (x)>min{u, (x *y).u, (y)} > q,
Thus x € U(u,;q), this proves that U(u,;q) is an Z-ideal of a Z-algebra X.
Conversely, let U(u,;q), q € Im(A) be an Z-ideal of a Z-algebra X.

Claim: A is a fuzzy Z-ideal of a Z-algebra X.
Let x,y e X. Forany q e Im(A), let q=min{u, (x *y),u,(y)}.
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Therefore, p, (x * y)Z q and p, (y)z q.
This shows that x*y,y e U(MA;q).
Since U(u,;q) is an Z-ideal, we have x € U(u,;q).

This proves that p, (x)>q=min{u, (x *y),u, (y)}
This shows that A is a fuzzy Z-ideal of a Z-algebra X.

Theorem 2.2.7: Let A be a fuzzy Z-ideal of Z-algebra X and let x € X. Then p, (x)=t if and
only if x € U(uA;t) but x ¢ U(MA;q) forall q>t.

Proof: Assume p,(x)=t, so that x € U(u,;t).

If possible, let x € U, ;q) for q>t.

Then p, (x)>q>t.

This contradicts the fact that p, (x) =t. Hence x ¢ U(p A q) forall q>t.

Conversely, let x € U(MA;t), but x ¢ U(HA;Q) forall q >t.

X € U(MA;t) = }LA(X)Z t.

Since x & Ulu,:q) forallq>t, p,(x)=t.

Theorem 2.2.8: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra
(Y,*',O’) and A be a fuzzy Z-ideal of X with the sup property. Then image of A denoted by h(A)
is a fuzzy Z-ideal of Y.

Proof: Let a,be Y with x, eh™'(a) and y, e h™'(b) such that

HA(XO): Sup “A(t); “A(YO): Sup HA(t)'

teh™'(a) teh ' (b)

uh(A)(O’): Sup M, (t)Z HA(O) 2 “A(Xo) = Sup “A(t) = uh(A)(a)

teh™(0') teh™'(a)

min{“h(A)(a*’b)ﬂuh(A)(b)}:min{ sup [, (t), sup MA(t)}

teh ™ (a¥'b) teh™ (b)
< min{uA (Xo * YO)a Ha (yO)}

= HA(XO)
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This implies, uh(A)(a) > min{uh(A) (a b),uh(A)(b)}
Hence h(A) is a fuzzy Z-ideal of a Z-algebra Y.

Example 2.2.9: Consider the Z-algebras (X,*,O) and (Y,*',O') with the following Cayley tables

1 and 2 respectively.

Table 1 Table 2
* 0 1 2 3 * 0’ 1 2 3
0 0 1 2 3 0’ 0’ 1 2 3
1 0 1 3 2 1 0’ 1 1 3
2 0 3 2 1 2 0’ 1 2 1
3 0 2 1 3 3 0’ 3 1 3

Now, the function h: (X,*,O)—> (Y,*',O’) such that

0 ifx=0 ) .
h(x) = } is a Z-homomorphism.
3 ifx=123

and a fuzzy set A in X defined by p,(x)=0.4 forall x € X is a fuzzy Z-ideal of X.

Then, the Z-homomorphic image of A, h(A) is a fuzzy Z-ideal of Y.
Theorem 2.2.10: Let h: (X,*,0) > (Y,*,0") be a Z-homomorphism of Z-algebras. If B is a fuzzy

Z-ideal of Y, then h™'(B) is a fuzzy Z-ideal of X.

Proof: For any x € X, we have
My ) (%) = 1 (h00) < 1 (0) = 1, (1(0)) = 1, (0)
Let x,y € X. Then
min e, (XFY), 1y ()} = minfig (h(xxy)), g (W)}
=min { py (h(x) * h(y)), pp (h(y)) }
< pg(h(x))
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“ 10

= Hy(X) 2 minfu o oy ()

Hence h™'(B) is a fuzzy Z-ideal of a Z-algebra X.

Theorem 2.2.11: Let h:(X,*,0) > (Y,¥,0") be an Z-epimorphism of Z-algebras. Let B be a

fuzzy set of Y. If h™'(B) is a fuzzy Z-ideal of X then B is a fuzzy Z-ideal of Y.

Proof: Let y €Y, there exists x € X such that h (x) =y. Then

M (¥) =y (h()) = ) (%) Sy (0)= 1 (h(0)) = g (0)

This implies, g (0 2 py(y)

Letx, y € Y. Then there exists a, b € X such that h(a) =x and h (b) =y. It follows that

M (%) =ty (h(@)) =1, (a) = minfp, - (@* by, ()} = min {u, (h(a * b)), g (h(b))}
= min{p, (h(a) ¥ h(b)), 1, (h(b))}
= min{ug (X *y), 1g ()}

Hence B is a fuzzy Z-ideal of a Z-algebra Y.
Theorem 2.2.12: Let h be an Z-endomorphism of a Z-algebra X and A be a fuzzy set in X. Then

A" :X —>[0,1] defined by B (X)=p, (h(x)) forall x e X, is a fuzzy Z-ideal of X if A is a
fuzzy Z-ideal .
Proof : Obvious.
Theorem 2.2.13: If A and B be fuzzy Z-ideals in a Z-algebra X then AxB is a fuzzy Z-ideal in
XxX.
Proof: Let (x,,x,) € XxX,
Haxp(0,0) = min{p, (0), g (0)F 2 minip, (X,), 1p (X5)} =M (X)5X5)
Hence i1,.,(0,0)2 pt,.5(x,.x,) (1)
Let (x,,%x,),(y,,Y,) € XxX. Then,
M (X, X,) = min {, (%, ), 1 (X,)}
> min {min{p, (5, * ¥, )b (¥} minditg (3 * ¥ ) (v2)}
= min{min{p, (X, *y,), L (X, *y,)}, min{p, (y,), hs(¥,)}}

= min{p,, 5 ((X, *¥,),(X, *¥,)), H a5 (¥1,¥,)}
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= min {5 (X1, X,) * (Y1, ¥2)) Has (Y1, Y2) )
Hence p,,;5(x;,%,) 2 min{p,, 5 ((X,X,) * (¥, ¥,)), Maes (Y1, Y2))
By (1) and (2) we get, AxB is a fuzzy Z-ideal in X xX.
Theorem 2.2.14: Let A and B be fuzzy sets in a Z-algebra X such that A xB is a fuzzy Z-ideal
of XxX. Then,
(1) Either p, (0)=p,(x) (or) pug(0) 2 p,(x) forallx € X.
(i1) If n,(0)>p,(x) forall xeX, then either p,(0)=p, (x) (or) pg(0) = py(x)
(1)  If pg(0)>p,y(x) forall xe X then either p, (0) 2 p, (x) (or) p, (0) = py(x)
Proof: (i) If p,(0)<p,(x,) and py(0)<py(x,) forsome x,,x, € X.
Then, p1(x,,X,) = min{i, (x,), g (x,)} > min i, (0), 1, (0)}
= M,,(0,0), which is a contradiction.
Hence, either p, (0) = p, (x) (or) pg(0)>p,(x) forallx € X.
(11) Let p,(0)>p,(x) forall xeX.
Assume that there exists x,,x, € X such that p;(0)<p,(x,) and pg(0) < py(x,).
Then, p,,(0,0) = min {1, (0), 15 (0)} = py (0)
M (X1, X,) = min {1, (%)), 1 (5,)} > 15(0) = 1,,5(0,0)
= Uos(X,X,)>n,.5(0,0), which is a contradiction.
Hence either p,(0)>p, (x) (or) pg(0) = pg(x)
(ii1) will obtain by interchanging the roles of A and B in part (ii).
Theorem 2.2.15: Let A and B be fuzzy sets in a Z-algebra X and A xB is a fuzzy Z-ideal of
XxX then either A or B is a fuzzy Z-ideal of X.
Proof : By Theorem 2.2.14 (i), we can assume that p;(0) > p,(x) for all x€ X. Then, by

Theorem 2.2.14 (ii1), either p, (0) > p, (x) (or) p,(0) = py(x).

Let p,(0)2p,(x) forany x € X, then

b (x) = min{, (0), ug (X)) = p 5 (0,%) 2 mindp,, 5 ((0,%) *(0,¥)), 1,50, ¥)}
= min{p 5 ((0%0), (x *¥)), x5 (0,¥);
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= min {5 (0,X*y),11,,5(0,y)}
= min{min{p, (0),up (x *y)j, minip, (0),ug (¥)}}
=min{pg (X*y), pg (¥)}

Therefore, p, (X) 2min{p, (x*y), uy(y)}, forall x,yeX

Hence B is a fuzzy Z-ideal of a Z-algebra X.

By Theorem 2.2.14 (1) and (i1) , assume that p, (0)>p,(x) forall x e X and p,(0)2>p, (x)

forany x e X.

Then A 1is a fuzzy Z-ideal of a Z-algebra X.

This completes the proof.

Theorem 2.2.16: Let A be a fuzzy relation on a Z-algebra X and Agp be the strongest fuzzy
relation on X, where B is a fuzzy set of X. If B is a fuzzy Z-ideal of a Z-algebra X, then Ap is a
fuzzy Z-ideal of X x X.

Proof: Let (XI’ Xz)’ (YU Y2)E XxX.Then p, (0’0) = min {MB(O)’“B(O)} 2 min{MB(Xl)’HB(Xz)}

=Ha, (XI’X2)
and also Ha, (xl,x2)= min {“B(Xl)ﬂl“lB(XZ)}
> min{min{;yLB(X1 *y, ),MB(Yl )} mln{HB(Xz * Yz) HB(Yz)}}

Zmin{min{HB(Xl*%)“B( *Y2)} n{ B( )MB(Yz)}}
—mln{uAB((X *yl)(Xz*Yz "M, Y1=Yz }

= min {MAB ((Xl ) Xz) (Y1 » Y2 ))’ Ha, (Y1 » Y2 )}
Therefore A is a fuzzy Z-ideal of X x X.
Theorem 2.2.17: Let A be a fuzzy relation on a Z-algebra X and B be a fuzzy set of X. If the

strongest fuzzy relation A, is a fuzzy Z-ideal of X x X, then B is a fuzzy Z-ideal of a Z-algebra
X.

Proof : Forall (x,,x,)(y,,y,)e XxX,

minfpg (0), 15 (0)} = 1y, (0,0) 2y (X, %,) = min{ug (X)), u5(X,)}

Then, 1, (0)2 min{yu, (x, ). py (x, )}

= ug(0)>p,(x,) or pg(0)>p,(x,) forall x,,x, € X.

Also,  min {u (x, )1y ()} = 1y, (x,%,)

> min {uAB ((XI,XZ)* (yl’yz))’“AB (yl’Y2)}
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min {“AB ((X1 *Y, ), (Xz *Y, ))aHAB (ylvyZ )}

= mln{min{HB(Xl *Y )’ HB(XZ *Ys )}a min{“B(Yl )a MB(Yz )}}
= min {min {MB(XI *y, ), uB(yl )}, min{HB(Xz *Y, ), HB(Yz )}}

Put x, =y, =0, we get “’B(XI)Z min{”’B(Xl *Y, )’HB(YI)}
Hence B is a fuzzy Z-ideal of a Z-algebra X.
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