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Fuzzy Subalgebras of Z-Algebras 

 

              In 1966, Imai and Iseki [25,26] introduced two new classes of abstract algebras:                 

BCK-algebras and BCI-algebras. In 2017, Chandramouleeswaran et al.[18] introduced the 

concept of Z-algebras as a new structure of algebra based on propositional calculus. In 1965, 

Zadeh[73] introduced the fundamental concept of a fuzzy set which is a generalization of an 

ordinary set. In 1991, following the idea of fuzzy groups, Xi[71] introduced the notion of fuzzy 

BCK-algebras. In 2015, Christopher Jefferson and Chandramouleeswaran[19] applied fuzzy 

algebraic structures in BP-algebras. 

            This chapter is divided into two sections. In the first section, we discuss the notion of 

Fuzzy Z-Subalgebras in Z-algebras. In the second section, we discuss the notion of  Fuzzy                   

Z-Ideals in Z-algebras  and obtain some of their properties. 

2.1 Fuzzy Z-Subalgebras in Z-algebras 

In this section, we define the notion of Fuzzy Z-Subalgebra of a Z-algebra and obtain some 

interesting results.  

Definition 2.1.1: Let  be a Z-algebra. A fuzzy set A in X with membership function 

is said to be a fuzzy Z-Subalgebra of a Z-algebra X if, for all x , y X  the following 

condition is satisfied :  )y(),x(min)yx( AAA  .  

Example 2.1.2: Let X= {0, 1, 2, 3} be a set with the following Cayley table: 

 0 1 2 3 

0 0 1 2 3 

1 0 1 3 2 

2 0 3 2 1 

3 0 2 1 3 

                                 Then  is a Z-algebra. 

 0,,X 

A 



 0,,X 

    2 
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Define a fuzzy set 1A  in X whose  membership function 
1A   is given by 

               













3,2xif3.0

1xif4.0

0xif6.0

)x(
1A   

Then, 1A  is a fuzzy Z-Subalgebra of a Z-algebra X. 

Theorem 2.1.3: Intersection of any two fuzzy Z-Subalgebras of a Z-algebra X is again a fuzzy 

Z-Subalgebra. 

Proof:  Let 1A  and 2A  be fuzzy Z-Subalgebras of  a Z-algebra X. Then, for all  x , y  X  , 

    )}yx(),yx(min{)yx(
2121 AAAA    

                                     )}}y(),x(min{)},y(),x(min{min{
2211 AAAA    

                                     )}}y(),y(min{)},x(),x(min{min{
2121 AAAA   

                                     )}y(),x(min{
2121 AAAA    

That is )}y(),x(min{)yx(
212121 AAAAAA    

Hence  21 AA    is a fuzzy Z-Subalgebra of  a Z-algebra X. 

The following example illustrates Theorem 2.1.3. 

Example 2.1.4: Consider Z-algebra X and fuzzy Z-Subalgebra 1A  as in Example 2.1.2 . The  

fuzzy set 2A  in  X defined  by  













3,2xif2.0

1xif5.0

0xif7.0

)x(
2A  is also a fuzzy Z-Subalgebra of X. 

Now ,        












 

3,2xif2.0

1xif4.0

0xif6.0

)x(
21 AA  

Then,  21 AA    is a fuzzy Z-Subalgebra of  a Z-algebra X. 
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We can generalize the theorem 2.1.3 as follows. 

Corollary 2.1.5: Let  iA i  where  an index set , be a family of fuzzy Z-Subalgebras 

of  a Z-algebra X. Then 
i

i
A


   is  also a fuzzy Z-Subalgebra of X. 

Theorem 2.1.6: Let A be a fuzzy Z-Subalgebra of a Z-algebra X such that 0)0(A  . Let 

]1,0[X:B    be a fuzzy set defined by 
)0(

)x(
)x(

A

A
B 


  for all Xx . Then B is a fuzzy                  

Z-Subalgebra of X. 

Proof:  Let .Xy,x   Then, 

)}y(),x(min{
)0(

)y(
,

)0(

)x(
min)}y(),x(min{

)0(

1

)0(

)yx(
)yx( BB

A

A

A

A
AA

AA

A
B 






















 . 

Therefore B is a fuzzy Z-Subalgebra of  a Z-algebra X. 

Theorem 2.1.7:  If A is a Z-Subalgebra of  a Z-algebra X, then the characteristic function A  

defined by  








Axif0

Axif1
)x(A   is  a fuzzy Z-Subalgebra of X. 

Proof:  Let .Xy,x   

Case (i)  If  Ay,x   then Ayx  . Hence .1)yx(and1)y(,1)x( AAA   Thus,  

)}y(),x(min{}1,1min{1)yx( AAA  , for all  .Xy,x   

Case (ii)  If both Ay,x  , then .0)y(and0)x( AA   In this case,  

)}y(),x(min{}0,0min{0)yx( AAA  , for all .Xy,x   

Case (iii) If Ay,Ax  , then .0)y(and1)x( AA   Then  

)}y(),x(min{}0,1min{0)yx( AAA  , for all .Xy,x   

Case (iv) Interchanging the roles of x and y in case (iii) we can prove that A is a fuzzy                       

Z-Subalgebra of X when Ay,Ax  . 

Thus the theorem is completely proved. 

The converse of the above theorem is also true. 

Corollary 2.1.8: Let A be any subset of a Z-algebra X. If the characteristic function A  is a 

fuzzy Z-Subalgebra of X, then A is a Z-Subalgebra of X. 

 

i
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Proof: For any Ay,x  , .)y(1)x( AA    

Therefore, 1}1,1min{)}y(),x(min{)yx( AAA  . Hence .Ayx1)yx(A   

The theorem 2.1.7 can be generalized as follows. 

Theorem 2.1.9: Let A be any Z-Subalgebra of a Z-algebra X and ]1,0[X:A   be a fuzzy set 

defined by 








Axift

Axift
)x(

1

0
A       with  10 tt  . Then A is a fuzzy Z-Subalgebra of X. 

Theorem 2.1.10: A fuzzy set A of a Z-algebra X is a fuzzy Z-Subalgebra if  and only if for every 

]1,0[t ,  }t)x(|Xx{)t;(U AA   is either empty or a Z-Subalgebra of X.  

Proof: If A is a fuzzy Z-Subalgebra of X, for any ]1,0[t  , assume that )t;(U A   

For any x , y )t;(U A , we have  t)x(A   and t)y(A  . 

Then )}y(),x(min{)yx( AAA   }t,tmin{ = t 

This implies )t;(Uyx A  

That is, )t;(U A is a Z-subalgebra of  a Z-algebra X. 

Conversely, assume that )t;(U A  is a Z-Subalgebra of  a Z-algebra X. 

Let x,yX and let )x(A = 1t  and )y(A = 2t . Then x )t;(U 1A and y )t;(U 2A . 

If  21 tt   , then  )t;(U)t;(U 1A2A   and so )t;(Uy 1A . 

Since )t;(U 1A  is a Z-Subalgebra of X, )t;(Uyx 1A . 

Thus )}y(),x(min{t)yx( AA1A  , proving that A is a fuzzy Z-Subalgebra of a Z-algebra 

X. 

Definition 2.1.11: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. For any ]1,0[t ,                           

Z-Subalgebras  t;U A  are called upper level Z-Subalgebras of A. 

Remark 2.1.12: Henceforth, in this section,  the upper level Z-Subalgebras of A will be  referred 

as level  Z-Subalgebras of A. 

Theorem 2.1.13: Any Z-Subalgebra of a Z-algebra X can be realized as a level  Z-Subalgebra of 

some fuzzy Z-Subalgebra of X. 

Proof: Let S be a Z-Subalgebra of a Z-algebra X and A be a fuzzy set in X defined by 









Sxif0

Sxift
)x(A  
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where  ]1,0[t  is fixed. Clearly  S)t;(U A  .We consider the following cases: 

Case (i): If Sy,x   then Syx  . 

Hence  andt)yx()y()x( AAA   

t)}y(),x(min{)yx( AAA  . 

Case (ii): If Sy,x   then   .0yx)y()x( AAA   

.0)}y(),x(min{)yx(Then AAA   

Case (iii): If at most one of  x, yS then atleast one of A (x) and A (y) is equal to 0. 

Hence .0)}y(),x(min{)yx( AAA   

This shows that S is a level Z-Subalgebra of a Z-algebra X corresponding to the fuzzy                        

Z-Subalgebra A of X. 

Theorem 2.1.14: Let X be a Z-algebra. Then given any chain of Z-Subalgebras 

XSSS r10   , there exists a fuzzy Z-Subalgebra A of X whose upper level                                       

Z-Subalgebras are exactly the Z-Subalgebras of this chain. 

Proof :  Consider a set of  numbers r210 tttt    , where each ]1,0[t i  . 

Let A be a fuzzy set defined by   00A tS   and   i1iiA tSS    , r,...,2,1i  . 

 Claim:  A is a fuzzy Z-Subalgebra of a Z-algebra X.  

Let Xy,x  . Then we classify it into two cases as follows: 

Case (1): Let 1ii SSy,x  . Then by the definition of A,    ytx AiA  . 

Since iS  is a Z-Subalgebra of X, it follows that iSyx   and so either 1ii SSyx   or 

1iSyx  . In any case, we conclude that       y,xmintyx AAiA  . 

Case (2): For i > j , Let  1ii SSx    and  1jj SSy  . 

Then     jAiA ty;tx   and  iSyx  , since iS  is a Z-Subalgebra of X and ij SS  . 

Hence       y,xmintyx AAjA  . 

Thus A is a fuzzy Z-Subalgebra of  a Z-algebra X. 

From the definition of A, it follows that    r10 t,,t,tAIm  . 

Hence the upper level Z-Subalgebras of A are given by the chain of Z-Subalgebras. 
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        Xt;Ut;Ut;Ut;U rA2A1A0A   . 

Now    00A0A S}t)x(|Xx{t;U  . 

Finally , we prove that   iiA St;U   for r,...,2,1i  . 

Clearly  iAi t;US  . 

If   iA t;Ux   , then   iA tx   which implies that jSx  for j > i. 

Hence    i21A t,,t,tx    and so kSx   for some ik  . 

As ik SS  , it follows that iSx      iiA St;U   for r,2,1,0i  . 

This completes the proof. 

Note: If X is a finite Z –algebra, then the number of Z-Subalgebras of X is finite whereas the 

number of level Z- Subalgebras of a fuzzy Z-Subalgebra A appears to be infinite. But since every 

level Z-Subalgebra is indeed Z-Subalgebra of X, not all these Z-Subalgebras are distinct. The 

next theorem characterizes this aspect. 

Theorem 2.1.15: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. Two level Z-Subalgebras 

)t;(U A  and )s;(U A  (with st  ) of A are equal if and only if there is no Xx  such that 

s)x(t A  . 

Proof: Assume that )s;(U)t;(U AA   for some st   and there exists Xx  such that 

s)x(t A  . 

Then )s;(U A  is a proper subset of  )t;(U A  which is a contradiction. 

Hence there is no Xx such that s)x(t A  . 

Conversely, Suppose that there is no  Xx  such that s)x(t A  . Since  st  , we get  

)t;(U)s;(U AA                        (1) 

If )t;(Ux A  then t)x(A   and so s)x(A  , because )x(A  does not lie between t and s. 

Hence  )s;(Ux A .  

Hence  )s;(U)t;(U AA               (2) 

From (1) and (2) we get ).s;(U)t;(U AA   
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Remark 2.1.16: As a consequence of Theorem 2.1.15, the level Z-Subalgebras of a fuzzy                 

Z-Subalgebra A of a finite Z-algebra X form a chain       Xt;Ut;Ut;U rA1A0A   , 

where .t...ttt r210   

Corollary 2.1.17: Let X be a finite Z-algebra and A be a fuzzy Z-Subalgebra of X. If 

   n1 t,,tAIm  , then the family of  Z-Subalgebras   n,...,2,1i,t;U iA  , constitutes all the  

level Z-Subalgebras of A. 

Proof: Let ]1,0[t  and  AImt . Suppose n21 ttt    without loss of generality.  

If 1tt   , then    t;UXt;U A1A  . 

If ntt  , then    t;U A  obviously. 

If i1i ttt   , then    iAA t;Ut;U   by Theorem 2.1.15. Thus for any ]1,0[t , the level    

Z-Subalgebra is one of   n,,2,1i|t;U iA  . 

Lemma 2.1.18: Let X be a Z-algebra and A be a fuzzy Z-Subalgebra of X. If Im(A) is finite, say 

{t1,t2,...,tn}, then for any ti, tj Im(A), )t;(U)t;(U jAiA  implies ti=tj . 

Proof: Assume that ji tt    and ji tt  . 

If )t;(Ux jA then ijA tt)x(  . 

Hence )t;(Ux iA  

Let jAi t)x(tthatsuchXx  . 

Then )t;(Ux iA but )t;(Ux jA  

Hence )t;(U)t;(U iAjA   and  

           )t;(U)t;(U iAjA   a contradiction. 

Therefore  )t;(U)t;(U jAiA   ji tt  . 

Theorem 2.1.19: Let A and B be two fuzzy Z-Subalgebras of a Z-algebra X with identical 

family of level Z-Subalgebras. If Im(A)={t1,t2,...,tr} and  Im(B)= k21 q,...,q,q  where 

r21 t...tt   and k21 q...qq  . Then 

                  (i)      k = r 

(ii)    U( A ; ti) =  iB q;U   , r,,2,1i   
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(iii)   If  iA t)x(thatsuchXx     then iB q)x(  r,,2,1i  . 

Proof: Let A and B be two fuzzy Z-Subalgebras of a Z-algebra X with identical family of level 

Z-Subalgebras with  F(A)=F(B) where F(A)=  r,...,2,1i)t;(U iA    and                                       

F(B) =  k,...,2,1i)q;(U iB  . 

Let Im(A) = {t1,t2,...,tr} where  r21 t...tt        (1) 

and let Im(B) =  k21 q,...,q,q  where  k21 q...qq                   (2) 

From (1) we get X)t;(U...)t;(U)t;(U rA2A1A                   (3) 

From (2) we get  X)q;(U...)q;(U)q;(U kB2B1B         (4) 

To prove (i) : k = r 

Suppose rk   , then we consider the following cases: 

Case (i): rk   

Let rk   then   U( A ; ti)= U( B ; qi) i=1,2,...,r 

This shows that both ti and qi    Im )A(  

For i > r we observe that ti  Im )A(  and hence, U( A ; ti)   U( B ; qi)  ,  i= r+1, r+2,...,k. 

Case (ii): kr   

Let kr   then U( A ; ti)= U( B ; qi)  i=1,2,...,k 

This shows that both ti and qi   Im ( B ). 

For i > k we observe that qi  Im ( B ) and hence U( A ; ti)   U( B ; qi) ,  i=k+1,k+2,...,r. 

From (3) and (4) we get ti   qi for all  i=1,2,...,r. 

Hence we can find some i such that U( A ; ti)   U( B ; qi). 

This contradicts that F(A)=F(B). 

Hence we conclude that k = r. 

To prove (ii): By part (i), we have proved that k = r. Since A and B have identical family of  

level Z-Subalgebras, we have 

U( A ; ti)= U( B ; qi), i=1,2,...,r. 

To prove (iii):  Let Xx  such that  iA t)x(   and jB q)x( 
 
where ki0   and kj0  . 

From  (ii) follows that )q;(Ux iB , thus  iB q)x(   and ij qq   
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Therefore  )q;(U)q;(U iBjB   

Since )t;(U)q;(Ux jAjB  , we get jAi t)x(t  , this  

gives )q;(U)t;(U)t;(U)q;(U jBjAiAiB   

Thus )q;(U)q;(U iBjB   and by above lemma:2.1.18 we get qj = qi.  

Hence iB q)x(  . 

Hence the proof. 

Corollary 2.1.20: Let A and B be two fuzzy Z-Subalgebras of a Z-algebra X with identical 

family of  level Z-Subalgebras. Then Im(A)=Im(B) implies A = B. 

Proof: Let Im(A) = Im(B)= r21 q,...,q,q  where r21 q...qq  . 

By Theorem 2.1.19, for any  Xx  there exists qi such that )x(q)x( BiA  . 

Thus Xxallfor)x()x( BA  . 

This implies A=B. 

Theorem 2.1.21: Let h be a Z-homomorphism from a Z-algebra  0,,X   onto a Z-algebra 

 0,,Y   and let A be a fuzzy Z-Subalgebra of X with the sup property. Then the image of A 

denoted by h(A) is a fuzzy Z-Subalgebra of Y. 

Proof: Let Yb,a   with   ahx 1
0

   and   bhy 1
0

  such that  
 

 tsupx A
aht

0A
1




 ;  

 
 

 tsupy A
bht

0A
1




. 

Now, 

  
 

        0A0A00AA
baht

Ah y,xminyxtsupba
1


   

 
 

 









 

tsup,tsupmin A
bht

A
aht 11

 

                                                                                                            b,amin AhAh   

Hence   h(A) is a fuzzy Z-Subalgebra of  a Z-algebra Y. 

Theorem 2.1.22: Let )0,,Y()0,,X(:h   be a Z-homomorphism of Z-algebras. If A is a 

fuzzy Z-Subalgebra of Y then the pre-image of A denoted by )A(h 1   is a fuzzy Z-Subalgebra of 

X. Converse is true if h is an Z-epimorphism. 
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Proof: Let x, yX. Then, 

  ))yx(h()yx( AAh 1   ))y(h)x(h(A  ))}y(h()),x(h(min{ AA   

                                                                                 y,xmin
AhAh 11    

        y,xmin)yx(Hence
AhAhAh 111    

Therefore, )A(h 1  is a fuzzy Z-Subalgebra of  a Z-algebra X. 

On the other hand, assume that h is an Z-epimorphism and )A(h 1  is a fuzzy Z-Subalgebra of X. 

Let y1, y2   Y. Since h is an Z-epimorphism, there exists x1, x2 X such that  h(x1) = y1 and 

h(x2) = y2. 

This implies x1=h -1(y1)  and  x2= h -1(y2). 

Now, ))x(h)x(h()yy( 21A21A   = ))xx(h( 21A    21Ah
xx1    

                                                                                                 2Ah1Ah
x,xmin 11    

                                                                                          ))}x(h()),x(h(min{ 2A1A   

                                                                                           )}y(),y(min{ 2A1A   

Hence A is a fuzzy Z-Subalgebra of  a Z-algebra Y. 

 

Definition 2.1.23: Let h be an Z-endomorphism of Z-algebras and A be a fuzzy set in a                    

Z-algebra X. We define a new fuzzy set Ah in X as Xxallfor))x(h()x( AA h  .  

Theorem 2.1.24: Let  h be  an  Z-endomorphism   of  a Z-algebra )0,,X(  .  If  A  be  a fuzzy 

 Z-Subalgebra  of X. Then hA is also a fuzzy Z-Subalgebra of X. 

Proof: Let x, yX. Then, 

))yx(h()yx( AAh  ))y(h)x(h(A  ))}y(h()),x(h(min{ AA  )}y(),x(min{ hh AA
  

)}y(),x(min{)yx( hhh AAA
  

Hence hA  is a fuzzy Z-Subalgebra of  a Z-algebra X. 
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Theorem 2.1.25: If A and B are fuzzy Z-subalgebras of a Z-algebra X then BA  is also a fuzzy  

Z-Subalgebra of XX  . 

Proof: For any (x1,x2), (y1,y2)  XX , we have 

  BA  ((x1,x2) (y1,y2))   =  BA  (x1 y1 , x2 y2) 

                                         = min { A (x1 y1), B (x2 y2)} 

                                         min {min{ A  (x1), A  (y1)}, min{ B  (x2), B  (y2)}} 

                                         min {min{ A  (x1), B  (x2)}, min{ A  (y1), B  (y2)}} 

                                          = min { BA  (x1, x2) , BA  (y1,y2)} 

Hence BA  is also a fuzzy Z-Subalgebra of XX . 

We can generalize the above theorem as follows. 

Theorem 2.1.26: Let  n,,2,1i|X i   be a finite collection of Z-algebras and i
1i

n

XX

 . Let 

iA  , n,,2,1i   be fuzzy Z-Subalgebras of  iX  respectively. Then  i
1i

n

AA

  is also a fuzzy               

Z-Subalgebra of X. 

Theorem 2.1.27: If B is a fuzzy Z-subalgebra of a Z-algebra X then the strongest fuzzy relation 

BA  is a fuzzy Z-Subalgebra of XX . 

Proof: For all     XXy,x,y,x 2211  , 

Then        2121A2211A yy,xxy,xy,x
BB

  

                                                  21B21B yy,xxmin   

                                                         2B1B2B1B y,ymin,x,xminmin   

                                                        2B2B1B1B y,xmin,y,xminmin   

                                                  22A11A y,x,y,xmin
BB

  

Therefore  BA  is a fuzzy Z-subalgebra of XX . 
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2.2 Fuzzy Z-Ideals in Z-algebras 

In this section, we introduce the notion of Fuzzy Z-ideals in Z-algebras and prove some simple 

but elegant results. 

Definition 2.2.1:  Let )0,,X(  be a Z-algebra. A fuzzy set A in X with membership function A  

is said to be a fuzzy Z-ideal of a Z-algebra X if it satisfies the following conditions: For all x, y 

in X,   

(i)   A (0)   A (x)  

(ii)  A (x) min{ A (x y), A (y)} 

Example 2.2.2: Let X= {0, 1, 2, 3} be a set with the following Cayley table: 

  0 1 2 3 

0 0 1 2 3 

1 0 1 2 3 

2 0 2 2 3 

3 0 3 3 3 

 

                     Then  0,,X   is a Z-algebra. 

Define fuzzy sets 1A   and 2A in X with membership functions 
1A  and  

2A  by 
1A (x)=0.9  

for all x = 0,1,2,3  and  













3,2xif5.0

1xif6.0

0xif8.0

x
2A      . Then,  1A  is a fuzzy Z-ideal of X , while 

2A is  not. For,
 

             0,02min0,0min8.0,8.0min8.05.02
22222 AAAAA 

 

Theorem 2.2.3: Arbitrary intersection of  fuzzy Z-ideals of Z-algebra X is also a fuzzy                  

Z-ideal. 

Proof: Let  be a family of fuzzy Z-ideals of  a Z-algebra X. 

For any x, y   X,  

i
i

A

 (0) = ))0((inf

iA
i




  ))x((inf
iA

i



=  

i
i

A

  (x) 

i
i

A

  (x)  = ))x((inf

iA
i




   
i

inf (min{
iA (x y), 

iA (y)}) 

 iA i
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                                           = min{ ))yx((inf
iA

i



, ))y((inf

iA
i




} 

                                           = min{
i

i
A


  (x y), 

i
i

A

  (y)} 

Hence  i
i

A

   is a fuzzy Z-ideal of  a Z-algebra X. 

Proposition  2.2.4: Let  be a chain of fuzzy Z-ideals of a Z-algebra X. Then  is 

a fuzzy Z-ideal of X. 

Proof: Let . Then      

Let Xy,x  . Then, we have 

 

                                      

                                     )}y(),yx(min{
i

i
i

i
AA


           

Hence   is a fuzzy Z-ideal of a Z-algebra X. 

Theorem 2.2.5: A fuzzy set A of a Z-algebra  0,,X   is a fuzzy Z-ideal if and only if   for any 

    tx|Xxt;U],1,0[t AA   is an Z-ideal of X where    t;U A . 

Proof: Suppose A is a fuzzy Z-ideal of  a Z-algebra X and    t;U A  for any ]1,0[t . 

Let   t;Ux A , then   txA  . 

By definition of fuzzy Z-ideal, we have     tx0 AA  . Thus  t;U0 A . 

If  t;Uyx A  and  t;Uy A , then   tyxA    and    tyA  . 

By definition, we have          tt,tminy,yxminx AAA   

Therefore   t;Ux A . Hence   t;U A  is an Z-ideal of X. 

Conversely, suppose that for each ]1,0[t ,  t;U A  is either empty or an Z-ideal of  a                     

Z-algebra X. 

For any  Xx , let   txA  . Then   t;Ux A . 

Since     t;U A  is an Z-ideal of X, we have  t;U0 A  and  

hence     xt0 AA  . 

}i|A{ i  
i

iA

Xx ))0((sup)0(
ii

i
A

i
A 





))x((sup
iA

i



)x(

i
i

A



))x((sup)x(
ii

i
A

i
A 





)}}y(),yx({min{sup
ii AA

i




)}y(sup),yx(supmin{
ii A

i
A

i





i

iA
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Thus     ,x0 AA   for all Xx . 

Assume        y,yxminx AAA    for all Xy,x   is not true. 

Then there exists Xy,x 00   such that        0A00A0A y,yxminx   

Let        0A00A0A0 y,yxminx
2

1
t 

 

Then        0A00A00A y,yxmintx   

This implies  0A000 t;Uy,yx   and  0A0 t;Ux   

But  0A t;U   is an Z-ideal of X. So  0A0 t;Ux   by the definition of Z-ideal. 

This implies   00A tx  . 

This is a contradiction. 

Therefore        y,yxminx AAA  , for all Xy,x  .  

Hence A is a fuzzy Z-ideal of a Z-algebra X. 

Theorem 2.2.6: A fuzzy set A of a Z-algebra  0,,X   is a fuzzy Z-ideal if and only if  every 

nonempty upper level subset   q;U A  of A,  AImq  is an Z-ideal. 

Proof : Let A be a fuzzy Z-ideal of a Z-algebra X. 

Claim:  q;U A ,  AImq  is an Z-ideal. 

Since    q;U A  there exists  q;Ux A  such that   qxA  . 

Since A is a fuzzy Z-ideal of X,    x0 AA   for all Xx . 

Hence for this  q;Ux A ,   q0A  , which shows that  q;U0 A . 

Now, for any Xy,x  , assume that  q;Uyx A  and   q;Uy A      

  qyxThen A   and     qyA  . 

This shows that,      qy,yxmin AA  . 

Since A is a fuzzy Z-ideal of X,        qy,yxminx AAA  , 

Thus  q;Ux A , this proves that  q;U A  is an Z-ideal of  a Z-algebra X. 

Conversely, let  q;U A ,  AImq  be an Z-ideal of  a Z-algebra X. 

Claim: A is a fuzzy Z-ideal of a Z-algebra X. 

Let Xy,x  . For any  AImq , let     y,yxminq AA  . 
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Therefore,   qyxA   and   qyA  . 

This shows that   q;Uy,yx A . 

Since  q;U A  is an Z-ideal, we have  q;Ux A . 

This proves that       y,yxminqx AAA   

This shows that A is a fuzzy Z-ideal of  a Z-algebra X. 

 

Theorem 2.2.7: Let A be a fuzzy Z-ideal of Z-algebra X and let Xx . Then   txA   if and  

only if  t;Ux A  but   q;Ux A  for all q > t. 

Proof: Assume   txA  , so that  t;Ux A . 

If possible, let  q;Ux A  for q > t. 

Then   tqxA  . 

This contradicts the fact that   txA  . Hence  q;Ux A  for all q > t. 

Conversely, let  t;Ux A , but  q;Ux A  for all q > t. 

 t;Ux A       txA  . 

Since   q;Ux A  for all q > t,   txA  . 

 

Theorem 2.2.8: Let h be a Z-homomorphism from a Z-algebra  0,,X   onto a Z-algebra 

 0,,Y   and A be a fuzzy Z-ideal of X with the sup property. Then image of A denoted by  h(A) 

is a fuzzy Z-ideal of Y.  

Proof: Let Yb,a   with  ahx 1
0

   and   bhy 1
0

  such that  

 
 

 tsupx A
aht

0A
1




 ;   
 

 tsupy A
bht

0A
1




.  

  
 

   0tsup0 AA
0ht

Ah
1


 

 0A x
 

 tsup A
aht 1




  aAh          

    









 

)t(sup),t(supminb,bamin A
)b(ht

A
)ba(ht

)A(h)A(h
11

 

                                          )}y(),yx(min{ 0A00A   

                                          0A x  
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 

 tsup A
aht 1




 

                                           aAh  

This implies,    aAh     b,bamin )A(h)A(h   

Hence h(A) is a fuzzy Z-ideal of  a Z-algebra Y. 

 

Example 2.2.9: Consider the Z-algebras  0,,X   and  0,,Y   with the following Cayley tables 

1 and 2 respectively. 

                               Table 1 Table 2 

 

        

 

 

 

 

Now,  the function    0,,Y0,,X:h   such that 









3,2,1xif3

0xif0
)x(h       is a Z-homomorphism. 

and a fuzzy set A in X defined  by 4.0)x(A   for all Xx  is a fuzzy Z-ideal of X. 

Then, the Z-homomorphic image of A, h(A)  is a fuzzy Z-ideal of Y. 

Theorem 2.2.10: Let )0,,Y()0,,X(:h   be a Z-homomorphism of Z-algebras. If B is a fuzzy 

Z-ideal of Y, then )B(h 1  is a fuzzy Z-ideal of X. 

Proof: For any x   X, we have  

   )0())x(h(x BBBh 1   ))0(h(B =   0
Bh 1                                      

Let  x, y   X. Then 

             ))y(h(,yxhmin)}y(),yx(min{ BBBhBh 11    

                    = min { ))y(h()),y(h)x(h( BB  } 

                                                      ))x(h(B  

 0 1 2 3 

 0 0 1 2 3 

1 0 1 3 2 

  2 0 3 2 1 

 3 0 2 1 3 

  1 2 3 

  1 2 3 

1  1 1 3 

 2  1 2 1 

3  3 1 3 

  0

0 0

0

0

0
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                                                      =   x
Bh 1  

   x
Bh 1         )}y(),yx(min{

BhBh 11    

Hence  )B(h 1  is a fuzzy Z-ideal of a Z-algebra X. 

Theorem 2.2.11: Let )0,,Y()0,,X(:h   be an Z-epimorphism of Z-algebras. Let B be a 

fuzzy set of Y. If  )B(h 1  is a fuzzy Z-ideal of X then B is a fuzzy Z-ideal of Y. 

Proof: Let y Y, there exists x X such that h (x) = y. Then 

  x))x(h()y(
BhBB 1   0

Bh 1 = ))0(h(B = )0(B   

       This implies,          )y()0( BB   

Let x, y   Y. Then there exists a, b   X such that h(a) = x and h (b) = y. It follows that 

  a))a(h()x(
BhBB 1      }b,bamin{

BhBh 11   ))}b(h()),ba(h(min{ BB   

                                                                                               ))}b(h()),b(h)a(h(min{ BB   

                                                                                               )}y(),yx(min{ BB   

Hence B is a fuzzy Z-ideal of  a Z-algebra Y. 

Theorem 2.2.12: Let h be an Z-endomorphism of a Z-algebra X and A be a fuzzy set in X. Then   

]1,0[X:Ah   defined by ))x(h()x( AAh   for all Xx  , is a fuzzy Z-ideal of X if A is a 

fuzzy Z-ideal . 

Proof : Obvious. 

Theorem 2.2.13: If A and B be fuzzy Z-ideals in a Z-algebra X then BA  is a fuzzy Z-ideal in  

XX . 

Proof: Let  )x,x( 21    XX , 

)}0(),0(min{)0,0( BABA   )}x(),x(min{ 2B1A  = )x,x( 21BA  

      Hence  )x,x()0,0( 21BABA         (1) 

Let )x,x( 21 , )y,y( 21   XX . Then, 

       )}x(),x(min{)x,x( 2B1A21BA    

                           )}}y(),yx(min{)},y(),yx(min{min{ 2B22B1A11A   

                           )}}y(),y(min{)},yx(),yx(min{min{ 2B1A22B11A   

                           )}y,y()),yx(),yx((min{ 21BA2211BA    
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                           )}y,y()),y,y()x,x((min{ 21BA2121BA        (2) 

Hence  )}y,y()),y,y()x,x((min{)x,x( 21BA2121BA21BA    

By (1) and (2) we get, BA  is a fuzzy Z-ideal in XX . 

Theorem 2.2.14: Let A and B be fuzzy sets in a Z-algebra X such that BA  is a fuzzy Z-ideal  

of  XX . Then, 

(i)        Either  )x()0( AA   (or) )x()0( BB   for all x   X. 

(ii)       If  )x()0( AA   for all xX, then either )x()0( AB   (or) )x()0( BB   

(iii)      If  )x()0( BB   for all xX then either )x()0( AA   (or) )x()0( BA   

Proof:  (i)              If   )x()0( 1AA    and  )x()0( 2BB   for some Xx,x 21  . 

Then,  )}x(),x(min{)x,x( 2B1A21BA   )}0(),0(min{ BA   

                                                                     = )0,0(BA , which is a contradiction. 

Hence, either )x()0( AA   (or) )x()0( BB   for all x   X. 

 (ii)       Let  )x()0( AA   for all  xX. 

Assume that there exists 21 x,x  X such that )x()0( 1AB   and )x()0( 2BB  . 

Then, )}0(),0(min{)0,0( BABA   )0(B  

         )}x(),x(min{)x,x( 2B1A21BA   )0(B )0,0(BA  

    )0,0()x,x( BA21BA   , which is a contradiction. 

Hence  either )x()0( AB   (or) )x()0( BB   

(iii) will obtain by interchanging the roles of A and B in part (ii). 

Theorem 2.2.15: Let A and B be fuzzy sets in a Z-algebra X and  BA  is a fuzzy Z-ideal of 

XX  then either A or B is a fuzzy Z-ideal of X. 

Proof : By Theorem 2.2.14 (i), we can assume that )x()0( BB   for all xX. Then, by                      

Theorem 2.2.14 (iii), either )x()0( AA   (or) )x()0( BA  . 

Let  )x()0( BA   for any xX, then  

)}x(),0(min{)x( BAB  )x,0(BA )}y,0()),y,0()x,0((min{ BABA    

                                                                       )}y,0()),yx(),00((min{ BABA    
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                                                                 )}y,0(),yx,0(min{ BABA    

                                                                 )}}y(),0(min{)},yx(),0(min{min{ BABA   

                                                                  = min{ B (x y), B (y)} 

Therefore, B (x) min{ B (x y), B (y)}, for all .Xy,x   

Hence  B is a fuzzy Z-ideal of a Z-algebra X.   

By Theorem 2.2.14  (i) and (ii) , assume that )x()0( AA   for all Xx  and )x()0( AB    

for any Xx . 

Then A  is a fuzzy Z-ideal of a Z-algebra X. 

This completes the proof. 

Theorem 2.2.16: Let A be a fuzzy relation on a Z-algebra X and  AB  be the strongest fuzzy 

relation on X, where B is a fuzzy set of  X. If B is a fuzzy Z-ideal of a Z-algebra X, then AB is a 

fuzzy Z-ideal of X x X. 

Proof:  Let     XxXy,y,x,x 2121  . Then       0,0min0,0 BBA B
     2B1B x,xmin   

                                                                                                                     21A x,x
B

  
and also        2B1B21A x,xminx,x

B
  

                                           2B22B1B11B y,yxmin,y,yxminmin   

                    2B1B22B11B y,ymin,yx,yxminmin   

                 21A2211A y,y,yx,yxmin
BB

  

              21A2121A y,y,y,yx,xmin
BB

  

Therefore BA  is a fuzzy Z-ideal of X x X. 

Theorem   2.2.17:  Let A be a fuzzy relation on a Z-algebra X and B be a fuzzy set of X. If the 

strongest fuzzy relation BA  is a fuzzy Z-ideal of X x X, then B is a fuzzy Z-ideal of a Z-algebra 

X. 

Proof : For all     XxXy,y,x,x 2121  , 

)}x(),x(min{)x,x()0,0()}0(),0(min{ 2B1B21AABB BB
  

Then,       2B1BB x,xmin0   

     1BB x0     or     2BB x0   for all 21 x,x X. 

Also,         21A2B1B x,xx,xmin
B

  

                                                   21A2121A y,y,y,yx,xmin
BB

  
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                                                   21A2211A y,y,yx,yxmin
BB

  

                                                      2B1B22B11B y,ymin,yx,yxminmin   
                                                      2B22B1B11B y,yxmin,y,yxminmin   
Put 0yx 22  , we get       1B11B1B y,yxminx   

Hence B is a fuzzy Z-ideal of a Z-algebra X. 


