CHAPTER V

SOFT LA - SEMIGROUPS

Definition : 5.1

A groupoid is an algebraic structure (S, -) consisting of a hon-empty set S

and a binary operation ‘-’ , which satisfies the following axioms

i. a-(b-c)=(a-b)-cforany a,b,c € S.( associative property)

ii. There exist an element e € S called identity element such that
a-e=e-a=aforanyace€s.

ii. There existan elementa™! € S called inverse of a foreverya € S, so

thata-a l=e=2a"1-a.
Definition : 5.2
A groupoid (S, -) is called a left almost semigroup (LA-semigroup) if it
satisfies left invertive law,

(a-b)-c=(c-b)-aforallab,ceS.

Definition : 5.3

A non-empty subset B of an LA-semigroup S is called a

LA-subsemigroup of Sif BB € B.i-e a,b € Bforalla,b € B.
Definition : 5.4

A non-empty subset I of an LA-semigroup S is called a left (right) ideal

over S, if SIC I (IS € 1) and is called an ideal if it is a left and a right ideal over S.
Definition : 5.5

Let (F,A) and (G,B) be any two soft sets over an LA-semigroup S. Then,
the restricted product of (F,A) and (G,B) is defined as the soft set



(H,C) = (F,A) ® (G,B), where C = AnBand H is a set valued function from
C to P(S) defined as H(e) = F(e)G(e) foralle € C.

Definition : 5.6
A soft set (F,A) over S is called a soft LA-semigroup over S if
(F,A) ® (F,A) = (F,A)
Theorem : 5.7

A soft set (F,A) over S is a soft LA-semigroup if and only if each F(a) # ¢

is an fuzzy LA-subsemigroup of § for all a € A.
Proof:
Let (F,A) be a soft LA-semigroup over S.

By definition, (F,A) ® (F,A) = (F,A), and so F(a) F(a) € F(a)for all a€ A. It
follows that for all a € A, F(a) # ¢ is an LA-subsemigroup of S.

Conversely, assume that (F,A) is a soft set over S such that for all a € A. F(a) is
an LA-subsemigroup of S whenever F(a) # ¢. As F(a) is LA-subsemigroup of S,
therefore for eacha € A, F(a)F(a) € F(a). Thus (F,A) ® (F,A) = (F,A). Hence

(F,A) is a soft LA-semigroup over S.
Theorem : 5.8

Let (F,A) and (G, B) be two soft LA-semigroups over S. Then (F,A) A

(G, B) is also a soft LA-semigroup over §, if it is non-empty.
Proof :

Since (F,A)A(G,B) = (H,AxB) and H(a,b) = F(a) nG(b). As F(a) and
G(b) are LA-subsemigroup of S, therefore either F(a) n G(b) = @ or F(a) n
G(b) is an LA-subsemigroup of S. Consequently, (H,A xB) is a soft LA-

semigroup of S.



Theorem : 5.9

Let (F,A) and (G,B) be two soft LA-semigroups overS. Then their

extended intersection (F,A) ng (G, B) is a soft LA-semigroup over S.
Proof :

Since (F,A) and (G, B) are soft LA-semigroups over S, so their extended
intersection over S is a soft set (H,C) where C=AUB and for all ceC it is

defined as

F(c), ifc eA—B
H(c) =< G(c), ifc EB—A

F(c) n G(c), ifc € AnB

Since for all ce C eitherceA—BorceB—-—Aor ce€ AnB. If ce A—B then
H(c) = F(c) and if c € B— A then H(c) = G(c) and if c € An B then H(c) =
F(c) n G(c). In all the three cases H(c) is an LA-subsemigroup of S. Hence

(H,C) = (F,A) ng (G, B) is a soft LA-semigroup over S.

Theorem : 5.10

Let (F,A) and (G, B) be two soft LA-semigroups over S such that AN B = Q.
Then their restricted intersection (F,A) ni E (G, B) is a soft LA-semigroup over
S.

Proof :

Since (F,A) and (G, B) are soft LA-semigroups over S, so their extended

intersection over S is a soft set (H,C) where C=AnB = ¢ and

H(c) = F(c) n G(c) forallc € C.



Since F(c¢) and G(c) are both LA-subsemigroups of Sand intersection of two
LA-subsemigroups of S is either empty or an LA-subsemigroup of S. Hence

F(c) n G(c) is either empty or an LA-subsemigroup of S.
Hence (H, C) = (F,A) nr (G, B) is soft LA-semigroup over S.
Theorem : 5.11

Let (F,A) and (G, B) be two soft LA-semigroups over S such that AN B = @.

Then (F,A) Ui (G, B) is also a soft LA-semigroup over S.

Proof :

Since (F,A) Ug (G,B) = (H,C) and AnB = @, so for all ce C = Au B either
CEA—B or ceB—A. If ceA—B then L(c) =F(c) and if ce B—A then
H(c) = G(c). In both cases H(c) is an LA-subsemigroup of S. Therefore (H,C) is

a soft LA-semigroup over S.

Definition : 5.12

If (F,A) is a soft LA-semigroup over S, then we say that (F,A) is a soft
LA-semigroup with left identity e if each F(a) # @ is an LA-subsemigroup with
left identity e, where e is the left identity of S.

Theorem : 5.13

If (F,A) is a soft LA-semigroup with left identity e over S, then
(F,A)6(F, A) = (F,A).

Proof :

By definition, (F,A) ® (F,A) = (H, C),



where C=ANnA=A and H(a) = F(a) F(a) for alla € C = A.By definition F(a) is an
LA-subsemigroup of S with left identity by e. Then,
F(a)F(a) = F(a)

= H(a) =F(a)andalsoC=A
Hence (H,C) = (F, A).
Definition : 5.14

Let (F,A) and (G,B) be two soft sets over an LA-semigroup S. Then the
operation = for soft sets is defined as (F,A)*(G,B) = (H,AXx B) where
H(a,b) = F(a)G(b) for alla€ A, b € B and A x B is the cartesian product of the

sets A and B.
Theorem : 5.15

Let (F,A) and (G, B) be two soft LA-semigroups over S. Then (F,A) =*

(G, B) is also a soft LA semigroup over S.

Proof :

By definition, (F,A) * (G,B) = (H,A x B) and
H(a,b) = F(a)G(b) fora € A, b € B.

To prove (F,A) = (G, B) is also a soft LA semigroup over S, we show that H(a, b)
is an LA-subsemigroup of S. Let x,y € H(a,b). This implies x =a;b; and
y = a,b,, where a,a, € F(a), b;b, € G(b). Now by using the medical law we

have
xy = (a;by)(azby)
= (a;by)(azb,) € F(a)G(b) = H(a,b)

so H(a,b) is an LA-subsemigroup of S. Consequently (F,A) = (G, B) become a

soft LA-semigroup over S.



Definition : 5.16

A soft set (F,A) over an LA-semigroup S is called a soft left (right) ideal
over S ifAs ® (F,A) = (F,A) ((F,A) ® As(F,A)), where As is the absolute soft set

over S.

A soft set over S is a soft ideal if it is both a soft left and a soft right ideal over S.

Theorem : 5.17

A soft set (F,A) over S is a soft ideal over S if and only if F (a) # @ is an

ideal of Sforalla € A.
Proof :
Let (F,A) over S be a soft ideal over S. Then
As® (F,A) £ (F,A) and (F,A) ® AgE (F,A).

This gives us that SF(a) € F(a) and F(a)S < F(a) for all a € A. Thus it follows that
F(a) is an ideal of S whenever it is non-empty. Conversely, suppose that (F,A) is
a soft set over S such that for all a € A, F(a) is an ideal of S whenever F(a) = 0.

As F(a) is an ideal of S, so
SF(a) € F(a) and F(a)S € F(a) for all a € A.

This implies that As ® (F,A) £ (F,A) and (F,A) ® As & (F,A). Thus (F,A) is a

soft ideal over S.

Theorem : 5.18

Let (F,A) and (G, B) be two soft ideals over S. Then (F,A) A (G,B) is also a

soft ideal over S.



Proof :

Since (F,A) A (G,B) = (H,A x B) and H(a,b) = F(a) n G(b). Now F(a) and
G(b) are ideals of S, clearly F(a) n G(b) is an ideal of S. Therefore (H,A x B) is

a soft ideal over S.

Theorem : 5.19

Let (F,A) and (G, B) be two soft ideals over S. Then (F,A) v (G, B) is also a
soft ideal over S.

Proof :

Since (F,A) vV (G,B) = (H,A x B) and H(a,b) = F(a) U G(b). Now F(a) and
G(b) are ideals of S, clearly F(a) U G(b) is an ideal of S. Therefore (H,A x B) is

a soft ideal over S.

Theorem : 5.20

Let (F,A) and (G, B) be two soft ideals over S, such that AnB # @. Then
(F,A) ng (G, B) is also a soft ideal over S, contained in both (F,A) and (G, B).

Proof :

By definition, (F,A) ng (G, B) = (H, C),
where C=ANnB and H (c) = F (c) n G(c) where F(c) and G(c) are ideals of S.
As intersection of two ideals of an LA-semigroups is again an ideal of §, so
H(c) = F(c) nG(c) is an ideal of S. Also it is clear that ANBCS A, AnB C B,
H(c) € F(c) and H(c € G(c). Therefore (H,C) = (F,A) and (H,C) = (G, B).



Theorem : 5.21

Let (F,A) and (G, B) be two soft ideals over S. Then (F,A) ng (G,B) is also a

soft ideal overS.
Proof :
As (F,A) n; (G,B) = (H,C), where C=AUB and
F(c), ifc €e A—B
H(c) = 4 G(c), ifc € B—A
F(c) n G(c), ifc € AnB
If c € A—B then H(c) =F(c) and if c € B— A then H(c) =G(c) andifcEANB

then H(c) = F(c) n G(c). In each case H(c) is an ideal of S. Hence (H, C) is a soft

ideal over S.
Theorem : 5.22

Let (F,A) and (G, B) be two soft ideals over S. Then (F, A) Ug (G,B) is also a
soft ideal over S, containing (F,A) and (G, B).

Proof :

As (F,A) Uz (G,B) = (H,C), where C=AUB. For ce C eitherce A— B or
ceEB—Aor ceAnB. If ce A—B then H(c) =F(c), if ce B— A then H(c) =
G(c) and if ce AnB then H(c) = F(c) U G(c). In all the cases, (H,C) is a soft
ideal over S. Clearly (F,A) = (H,C) and (G,B) = (H,C).



Theorem : 5.23

Let (F,A) and (G, B) be two soft ideals over S. Then (F,A) Uy (G, B) is also

a soft ideal overS.
Proof :

As (F,A) Ug (G,B) = (H,C), where C =AnB and H(c) = F(c) U G(c) for all
c € C. As union of two ideals in an LA-semigroup is again an ideal, so

H(c) = F(c) U G(c) is an ideal of S. Consequently, (H, C) becomes soft ideal over
S.

Theorem : 5.24

Let (F,A) and (G, B) be two soft ideals over S, where S is an LA-semigroup

with left identity e. Then (F, A) * (G, B) is also a soft ideal over S.
Proof :
Since (F,A)*(G,B) = (H,AxB) and H(ab) = F(a)G(b). We show that

H(a,b) is an ideal of S. For this, let x € H(a,b) = F(a)G(b). This implies that
x = yz where y € F(a) and z € G(b). Now for s € S,

sx = 5(y7)

= (es)(y2)

= (ey)(sz) (by using medial law)

= y(sz) € F(a)G(b) = H(a,b)



Also xs = (yz)s

= (yz)(es)

= (ye)(zs) € F(a)G(b) = H(a,b)

Hence H(a,b) is an ideal of S. consequently, (F,A) * (G, B) becomes a soft ideal

over S.

If S is an LA-semigroup without left identity then (F,A) *(G,B) is not

necessarily soft ideal over S.

Definition : 5.25

Let (F,A) and (G,B) be two soft LA-semigroups over S, then their
cartesian product is defined as (F,A) X (G,B) = (H,A x B), where H(a,b) =
F(a) x G(b)for all(a,b) € A X B.

Theorem : 5.26

Let S and T be two LA-semigroups and (F, A) and (G, B) is also a soft ideal

over S x T.
Proof :

As (F,A) X (G,B) = (H,A x B) and H(a,b) = F(a) x G(b), for all (a,b)eA x
B.

As (F,A) and (G, B) are soft ideals over S and T respectively. Therefore F(a) and
G(b) are ideals of S and T respectively, then F(a) x G(b) is an ideal of S x T.
That is, H(a,b) is an ideal of S x T. Consequently, (H,A x B) is a soft ideal over
SxT.



Definition : 5.27

Let (G, B) be a soft subset of a soft LA-semigroup (F,A) over S. Then (G, B)
is called a soft LA-subsemigroup of (F,A), if G(b) is an LA-subsemigroup of
F (b) forall b € B.

The soft ideal of a soft LA-semigroup defined above is different from usual soft

ideal over an LA-semigroup S. The following example is to depict this fact.

Theorem : 5.28

If (F,A") and (G,B’) are soft ideals of soft LA-semigroup (F,A) and (G,B)
over LA-semigroups S and T respectively, then (F,A") X (G, B’) is a soft ideal of
soft LA-semigroup (F,A) x (G,B) over S x T, whenever  (F,A") x (G,B") is non-

null.
Proof :

Since (F,A") and (G, B’) are soft ideals of soft LA-semigroups (F,A) and
(G,B), therefore A" € A and B’ € B, clearly A’ xB' € A x B. Also is F(a’) is an
ideal of F(a") for all a’ € A" and G(b") is an ideal of G(b") for all b’ € B’, therefore
F(a") x G(b") is an ideal of F (a") x G(b"). Hence (F,A") x (G, B’) is a soft ideal
of soft LA-semigroup (F,A") X (G,B") over S x T.

Theorem : 5.29

Let (F,A) be a soft LA-semigroup over S and {(H;, B;);i€ I} is a non-
empty family of soft LA-subsemigroup of (F,A). Then:

Ngr

e I(Hi,Bi) is a soft LA-subsemigroup of (F,A), whenever ineRI(Hi,Bi) is

non-null and non-empty.



ii. i/e\I(Hi'Bi) is a soft LA-subsemigroup of iQI(F’A)' whenever

A

‘e I(Hi,Bi) is non-null.

ii. If B;nB;=0 foralli,jel then it‘éRI(Hi,Bi) is a soft LA-subsemigroup of

(F,A).
Theorem : 5.30

Let (F,A) be a soft LA-semigroup over S and {(Hi, Bi) ;i € I} is a non-empty
family of soft ideals of (F, A) then

Ngr

" I(Hi,Bi) is a soft ideal of (F,A).

. A . . A
[ I(Hi,Bi) is a soft ideal ofi c I(F, A).

Ug

iii. e I(Hi,Bi) is a soft ideal of (F, A).

: v : : v
M s I(Hi,Bi) is a soft ideal ofi o I(F, A).

Theorem : 5.31

If (F,A) is a soft LA-semigroup with left identity e over S and (G, B) is a soft
right ideal of (F, A), then (G, B) is soft left ideal of (F, A).

Proof :

As (G, B) is a soft right ideal of (F,A), B € A and G(b) is a right ideal of F(b)
for all b € B. We need to show that G(b) is a left ideal of F(b) for all b € B. For



this let x € G(b), y € F(b). As e € F(b), so yx = (ey)x = (xy)e belongs to G(b).
Implies that G(b) is left ideal of F(b) for all b € B. Hence (G, B) is a left ideal of
(F,A).

Theorem : 5.32

If (G, B) is a soft right ideal of a soft LA-semigroup (F,A) with left identity
over S, then (G,B) ® (G, B) is a soft ideal of (F, A).

Proof :

By theorem 5.31 (G, B) becomes a soft left ideal hence (G, B) is a soft ideal
of (F,A). By definition (G,B) ® (G,B) = (H,C) where C=BnB=Band for all
b € B,H(b) = G(b)G(b). Clearly C < A. we show that H (b) is a right ideal of
F (b).

Let x € H(b) = G(b)G(b)then x=1ij where ij€G(b) and yeF(b) then
xy = (ij)y = (yj)i € G(b)G(b) = H(b), implies that H (b) is right ideal of F (b).
That is (H,C) is a soft right ideal of (F,A). This implies (G,B) ® (G,B) is a soft
right ideal of (F,A). Also by theorem.5.31(G,B) ® (G,B) is a soft left ideal of
(F, A).

Hence (G, B) ® (G, B) is a soft ideal of (F, A).



