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INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [32] in 1965. Using the notion of fuzzy sets, Chang [34] introduced the concept of fuzzy topological spaces. Lowen [23] modified Chang’s definition of fuzzy topological spaces to overcome certain drawbacks in Chang’s definition. Since then various notions in topological spaces have been generalized to fuzzy situation by various authors in different ways. In this dissertation we have concentrated our study on the concept of proximity generalized to fuzzy situation.


Fuzzification of proximities has been done in two ways. One is by introducing the proximity of fuzzy sets as a binary relation on IX (I = [0,1]) and the other is by introducing fuzzy proximity as a function from IX x IX → I satisfying certain conditions. 



Thron [30], in his classical theory, emphasized the role that grills can play in the theory of proximity spaces and thereby established that proofs of many results in the theory of proximities can be much simplified. One of the main reasons for giving emphasis on grills is that proximities are clan generated structures. Katsaras [19], Azad [3], Chattopadhyay, Samanta and Mukherjee [8,10] have extended the concepts of filters and grills to fuzzy situation and developed results parallel to those of Thron [30].

In the classical case, various classes of generalized proximities have been extensively studied by many authors including Lodato [21], Haris [15], Thron and Warren [31]. Thron [30] introduced the concept of f-proximities and showed that for different choice of ‘ f ’ one can obtain many of the known types of proximities. Product of different classes of proximities were studied by Leader [20],        Hayashi [16], et al.,. In [9] Chattopadhyay, Mukherjee and Samanta defined          f-proximities of fuzzy sets and fuzzy f-proximities and showed that different classes of fuzzy sets (as well as fuzzy proximities) are obtained for different choices of f.

In this dissertation we have concentrated our study on the following topics

(1) Proximities of fuzzy sets as clan generated structures

(2) Product of 

(i) proximities of fuzzy sets  

(ii) f-proximities of fuzzy sets 

(iii) fuzzy proximities 

       and   (iv)     f-fuzzy proximities

(3) Gradation of proximity and conncections between gradation of proximity and gradation of uniformity. 

In this connection the following articles are chosen for discussion:

(1) K.C.Chattopadhyay, U.K. Mukherjee, S.K. Samanta, Role of clans in the proximities of fuzzy sets [ 7].

(2) K.C.Chattopadhyay, U.K. Mukherjee and S.K. Samanta, Product of             f-proximities in fuzzy setting [11].

(3) M.H. Ghanim, O.A. Tantawy, Fawzia M. Selim, Gradations of uniformity and gradations of proximity [13].

In Chapter 1, we have collected the fundamental definitions and results on filter of fuzzy sets and grill of fuzzy sets. It has been proved that every filter of fuzzy sets is contained in an ultrafilter of fuzzy sets and every ultrafilter of fuzzy sets is a prime filter of fuzzy sets. An example is given to show that the converse does not hold. If F  is a filter of fuzzy sets and G  is a grill of fuzzy sets such that F  ( G  then there exists a prime filter U of fuzzy sets such that F ( U ( G. As a consequence we get that G  is grill of fuzzy sets if and only if it is a union of prime filter of fuzzy sets. Since every ultrafilter is a grill we get that every ultrafilter of fuzzy sets can also be written as union of prime filter of fuzzy sets. The chapter is concluded by showing that every prime filter of fuzzy sets is contained in a unique ultrafilter of fuzzy sets.

In Chapter 2, we have discussed the concept of proximities of fuzzy sets and the role of clans in the proximities of fuzzy sets. The results are due to Chattopadhyay, Mukherjee and Samanta [7]. A basic preproximity Δ of fuzzy sets is a binary relation on IX satisfying the following conditions :

(i) Δ = Δ–1
(ii) ( , , ,  IX,  (   Δ() (   Δ() or   Δ()

(iii) (   IX, (,
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)  Δ
A basic proximity of fuzzy sets ( is a basic preproximity of fuzzy sets which satisfies the following condition:

(iv)  (  ≠ 
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 (   (()

The word basic is dropped and we refer only as preproximity of fuzzy sets and proximity of fuzzy sets. Some interesting properties of neighbourhoods of fuzzy sets with respect to Δ are discussed. It has been proved that if   (() then there exists a prime filter U of fuzzy sets such that U ( (() ( ((). Moreover  for every filter of fuzzy sets F  and preproximity of fuzzy sets Δ we associate a grill of fuzzy sets Δ(F) = ({Δ() :   F } which satisfies some interesting properties. The concept of Δ-clans is dealt with in detail and some of the interesting results proved here are as follows:

(i) Every Δ-clan is contained in a maximal Δ-clan

(ii) If   Δ() there exist prime filters U and V such that   U,   V and U ( Δ(V )

(iii) If   (() then there is a (-clan of the form U ( V  where U, V  are prime filters of fuzzy sets such that   U,   V
(iv) If   (() then there exists a maximal (-clan containing {, }.

As a consequence of the above results we get ( = ( {G x G : G                is a (-clan}. This representation justifies that proximities of fuzzy sets may also be called clan generated structures

Chapter 3 is devoted to the study of product of f-proximities in fuzzy setting. The results are due to Chattopadhyay, Mukherjee and Samanta [11].        It has been proved that the product of preproximities and proximities of fuzzy sets is, respectively, a preproximity and proximity of fuzzy sets. Similar results hold for products of fuzzy preproximities and fuzzy proximities. Using a fuzzy grill operator f, an f-fuzzy proximity is defined to be a fuzzy proximity Δ satisfying the additional condition “f(Δ, Δ()) ≤ Δ(),(   IX ”. It has been proved that an arbitrary product of f-preproximities of fuzzy sets (resp. f-fuzzy proximities) is an f-preproximity of fuzzy sets (resp. f-fuzzy proximity) if f belongs to some classes. The chapter is concluded by showing that the category of all fuzzy proximity spaces and fuzzy p-continuous functions is closed in the categorical sense with respect to the products.

In Chapter 4, we study the concepts of gradation of uniformity and gradation of proximity introduced by Ghanim, Tantawy and Selim [13]. Given a fuzzy uniform space (X, U), the family of all r-level (r  (0, 1]) (classical) fuzzy uniformities Ur on X with respect U are introduced and this family is found to be descending. As a consequence it has been shown that Ur = 
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Us. Moreover, if Ur is the (classical) fuzzy topology induced by Ur, then  {Ur / r  [0, 1]}  is found to be descending and Ur = 
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Us. With every gradation of uniformity U, a gradation of openness U is associated and it has been shown that                  U() = ({ r  (0, 1] /   Ur} for every IX. If f : (X, U) → (Y, V ) is a fuzzy uniform map, then

(i)      f : (X, Ur) → (Y, V r) is a (classical) fuzzy uniform map for each             

     r  (0, 1]. (The converse is also true).  

and (ii)     f : (X, U) → (Y, V ) is a gradation preserving map (gp-map)

As in the case of uniformity, a gradation of proximity  is introduced and the family of r-level fuzzy proximities r for r  (0, 1] is found to be descending. With every gradation of proximity, a family of interior operators {Intr : r  (0, 1]} is associated using which the gradation of openness  induced by the gradation of proximity  is defined. It has been shown that f : (X, ) → (Y, *) is a fuzzy proximal map if and only if f : (X, r) → (Y, r*) is a (classical) proximally fuzzy continuous map.

Given a gradation of uniformity U, a gradation of proximity U is associated and it has been proved that U and U induce the same gradation of openness.

A sub-base Φ for a gradation of uniformity is introduced using which a collection {Φr} of r-level sub-base for Φ is defined. Given a gradation of proximity , a sub-base Φ for a gradation of uniformity is defined and thereby we obtain the gradation of uniformity Uinduced by the gradation of proximity .

CHAPTER 1

PRELIMINARY DEFINITIONS AND RESULTS

In this chapter, we have collected the fundamental definitions and results on fuzzy sets, filter of fuzzy sets and grill of fuzzy sets

SECTION : 1.1

Fuzzy Sets

Definition : 1.1.1


Let X be a non empty set and I be the unit interval [0,1]. A fuzzy set in X is a function with domain X and values in I, that is, an element of IX.


Let ,   IX, we define the following fuzzy sets:

(i)  ≤  by  by (x) ≤ (x) for every x  X

(ii)     IX by (  )(x) = (x)  (x)

              = min {(x), (x)} for each x  X

(iii)     IX by (  )(x) = (x)  (x) 

   = max {(x), (x)} for each x  X

(iv) c  IX by c(x) = 1 – (x) for each x  X.

[c may sometimes be denoted by 1 – ]

Let  be an indexing set and { /   } be a family of fuzzy sets in X. Then their union and intersection are defined as follows


( )(x) =  (x) = sup{(x) /   }


( )(x) =  (x) = inf {(x) /   }

Notation :

(i) For   [0,1], the constant function which maps every element of X to  is denoted by 
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(ii) For ,   [0,1] by    we mean min {, }.

Note :


The ordinary subsets of X can be considered as fuzzy sets by identifying them with their characteristic functions.


If A  X and if we consider A as a fuzzy set, then 

we mean A(X) = 1 if x  A




= 0 if x  A


In view of this, the empty set Φ and the whole space X can be considered as fuzzy sets by identifying them with the constant functions 
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 and 
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 respectively.

Definition : 1.1.2


If  is a fuzzy set in X then support of  denoted by supp  is a subset of X and is defined by supp  = {x  X /  (x) > 0}

Definition : 1.1.3


A fuzzy point px in X is a fuzzy set defined as follows:




p    if y = x

px(y)   =

0    otherwise

where 0 < t ≤ 1.

px is said to have support X and value p and is denoted by px.

Definition : 1.1.4


Let px be a fuzzy point in X and  a fuzzy set in X. Then px is said to be in the fuzzy set  (denoted as px ) is px(x) ≤ (x).

Definition : 1.1.5

If f is a function from X to Y and  ( IY, then the inverse image of  or preimage of  written as f-1() is a fuzzy set in X defined by f-1()(x) =  (f(x)),  for all x ( X. Conversely, let  be a fuzzy set in X. The image of , written as f() is a fuzzy set in Y defined by


f()(y) = 
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,  (z), if f-1(y) is non empty  



=  0 
otherwise

for all y ( Y, where f-1(y) = {x / f(x) = y}

Definition : 1.1.6


Let X be a non empty set.  ( IX is a chang fuzzy topology on X if and  only if 

(1) 
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(2) 
For any ,  ( ,  (  ( 
(3) 
For every family (j)j(J ( , 
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The pair (X, ) is referred to as a Chang fuzzy topological space.

SECTION : 1.2

Filter of Fuzzy Sets and Grill of Fuzzy Sets

Definition : 1.2.1 


A stack of fuzzy sets on X is a subset S of IX such that for every ,   IX,  ≥   S    S

A filter of fuzzy sets F on X is a non empty stack of fuzzy sets on X such that ,   F      F

A grill of fuzzy sets G on X is a stack of fuzzy sets on X such that 
[image: image12.wmf]0

~

  G and     G    G or   G.


A filter of fuzzy sets F is called proper if 
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  F, a grill of fuzzy sets G  is called proper if G  is non empty.


A proper maximal filter of fuzzy sets is called an ultrafilter of fuzzy sets
Theorem : 1.2.2

(i) If G  is a grill of fuzzy sets and if 1  G, 1 ≤ 2 then   G.

(ii) If F  is a filter of fuzzy sets and if 1  F, 1 ≤ 2 then   F.

Proof :

(i) Since 1 ≤ 2, 1 ( 2 = 2. Since  1  G, by definition of grill of fuzzy sets we get 1 ( 2  G.  i.e 2  G.

(ii) Can be proved by a similar argument.

Example : 1.2.3


Let X be a non empty set and x  X. We define Ux = {  IX, (x) > 0}. Then Ux is an ultrafilter of fuzzy sets.

Definition : 1.2.4


U  IX is called a prime filter of fuzzy sets on X if U is a filter of fuzzy sets as well as a grill of fuzzy sets on X.


It follows that every prime filter of fuzzy sets is a proper filter as well as a proper grill of fuzzy sets.

Example: 1.2.5


Let  x  X, r  (0,1]. Then Urx = {  IX : (x) ≥ r} is a prime filter of fuzzy sets.

Definition : 1.2.6


A non empty subfamily D of IX is called as a filter base of fuzzy sets on X if 
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  D and for all 1, 2 in D, there exists  Dsuch that 1  2 ≥ 

A non empty subfamily L of IX is called as a filter subbase of fuzzy sets if L has the finite intersection property

Definition : 1.2.7 


For any stack of fuzzy sets S on X, we define 


ds = {  IX : c  S}

It is easily seen that dF(dG ) is a grill (filter) of fuzzy sets F (grill of fuzzy sets G ). Thus dU is a prime filter of fuzzy sets for every prime filter of fuzzy sets U. If {Si : i  Δ} is a set of stacks of fuzzy sets on X then it is checked that


d( Si)  =  dSi

d( Si)  =  dSi

d(d(Si))  =  Si, i  Δ
Also if Si  Sj then dSi  dSj
Notation :


Φ(X), (X) and Ω(X) shall denote the set of all filters of fuzzy sets, the set of all grills of fuzzy sets and the set of all prime filters of fuzzy sets on X respectively. It is easily seen that


Ω(X) = (X)  Φ(X)

Theorem : 1.2.8


If L is a filter subbase of fuzzy sets on X then the family D(L) of all finite intersections of elements of L is a filter base of fuzzy sets on X.

Proof  :  

Straightforward.

Theorem : 1.2.9


Every proper filter of fuzzy sets on X is contained in an ultrafilter of fuzzy sets

Theorem : 1.2.10


Let U be a proper filter of fuzzy sets on X. Then U is an ultrafilter of fuzzy sets if and only if (   IX,    ≠ 
[image: image15.wmf]0
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 (   U    U.

Remark : 1.2.11


An arbitrary intersection of filters of fuzzy sets on X is a filter of fuzzy sets. In this connection it should be noted that if atleast one member of the family of filters of fuzzy sets is proper then the intersection is also proper. Also an arbitrary union of grills of fuzzy sets on X is a grill of fuzzy sets. Moreover if one member of the family of grills is proper then the union is also proper. 

Theorem : 1.2.12


Every ultrafilter of fuzzy sets is a prime filter of fuzzy sets. 

Proof :


Let U be an ultrafilter of fuzzy sets. Let   U,  U. Then by theorem 1.2.10, there exists 1, 1  U such that   1 =   1 = 
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. If follows that                            (  )  (1  1) = 
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 which shows that     U.


Hence U is a grill of fuzzy sets. Therefore U is a prime filter of fuzzy sets.

The converse of the above theorem need not hold as it is seen from the following example. 

Example : 1.2.13


By example 1.2.5, Urx is a prime filter of fuzzy sets on X. Choose a real p, such that 0 < p < r. Consider the fuzzy point px. Then px(x) = p < r and

px(y) = 0   if y ≠ x. Take   Urx
Consider (px  )(x) = min {px(x), (x)}





 = min {p, (x)}




= p [since (x) ≥ r and p < r]


Therefore px   ≠ 
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 for every   Urx. Also as px(x) = p < r. We get        px  Urx. Therefore by theorem 1.2.10, Urx is not an ultrafilter of fuzzy sets.

Example : 1.2.14


Let X be a set containing more than one point. Choose x1, x2  X.            set F = { : {x1, x2}  supp }


Then F is a filter of fuzzy sets on X.

Consider (px1  px2)(x1) = max { px1(x1), px2(x1)}






      = max {p,0}





      = p.


Therefore x1  supp(px1 px2)

Similarly we get x2  supp(px1 px2)


Therefore px1 px2  F
But as x2  supp px1 and x1  supp px2. We get px1  F and px2  F. Therefore, F is not a grill of fuzzy sets.

Consequently, F is not a prime filter of fuzzy sets.

Theorem : 1.2.15


If F is a filter of fuzzy sets and G  is a grill of fuzzy sets such that F  G then there exists a prime filter of fuzzy sets U such that F  U G.

Proof :


Let  be a collection of subsets of IX defined by every   IX,    if and only if F   and every 1, 2, …, n   1  2 ,…, n  G. Clearly       (, ) is a partially ordered set and F  . Also it    then F    G. By Zorn’s lemma we get that (, ) has a maximal element. 


Let U be a maximal element. Obviously F  U  G. Let 1, 2  U. Then U ( {1  2}   hence by the maximality of U, 1  2  U.


Also if  ≥   U, then U ( {}   and again by the maximality of          U,   U. Thus U is a filter of fuzzy sets


Let ,   IX be such that   U,   U. Then both of U ( {} and        U ( {} do not belong to . Hence we can find 1, 2,...,m  U,                        1, 2,...,n  U such that   1  2 ,…, m  1  2 ,..., n  G  and    1  2 ,…, m  1  2 ,…, n  G  and hence


(  )  1  2 ,…, m  1  2 ,…, n  G. 

     U.


Thus U is a grill of fuzzy sets

Hence U is a prime filter of fuzzy sets

Corollary : 1.2.16


Let G  IX. Then G is a grill of fuzzy sets if and only if it is a union of prime filters of fuzzy sets on X.

Proof :


Since every prime filter is a grill and an arbitrary union of grills is a grill, it follows that if G is a union of prime filters of fuzzy sets then it is a grill of fuzzy sets. 
Conversely, suppose that G   is a grill. Let   G.

Let F = {  IX :  ≥ }. Then F is a filter and F  G. By theorem 1.2.15 there exists a prime filter of fuzzy sets U on X such that F  U  G and hence   U  G. Thus G  is a union of prime filters U of fuzzy sets on X.      i.e.,  G  = 
[image: image19.wmf]G

Î

l

È

 U.

Corollary : 1.2.17


Every filter of fuzzy sets F is the intersection of all the prime filters of fuzzy sets containing it.

Proof :


We know that dF is a grill of fuzzy sets. By corollary 1.2.16 dF is a union of prime filters of fuzzy sets. 


Therefore F = d(dF)


= d ( ( {U : U is a prime filter with U  dF})

=  {dU : U is a prime filter of fuzzy sets on X and dU  F}

Since for each prime filter of fuzzy sets U, dU is also a prime filter of fuzzy sets it follows that 

F = {dU : U is a prime filter of fuzzy sets and dU  F}

  {U : U is a prime filter of fuzzy sets and U  F}

 F
Thus, F =  {U : U is a prime filter of fuzzy sets on X and U  F}

Corollary : 1.2.18


Every ultrafilter of fuzzy sets is a union of prime filter of fuzzy sets.

Proof :


The result follows from the fact that an ultrafilter is a grill.

Theorem : 1.2.19


Let F be a filter of fuzzy sets and G1, G2 be two grills of fuzzy sets on X. Then F  G1  G2 implies F  G1 or F  G2
Corollary : 1.2.20


Let F1 and F2 be two filters of fuzzy sets and G  be a grill of fuzzy sets on X. Then F1  F2  G  implies F1  G or F2  G

Proof :


Since dF1  dF2  dG, the proof follows from theorem 1.2.19

Definition : 1.2.21


An ultrafilter of fuzzy sets which contains no member with finite support is called a nonprincipal ultrafilter of fuzzy sets


An ultrafilter of fuzzy sets is called a principal ultrafilter of fuzzy sets if it is not nonprincipal 


In the following example we show that for any infinite set, there exists a nonprincipal ultrafilter of fuzzy sets.

Example : 1.2.22


Let X be an infinite set and choose   IX such that supp  is infinite


Let F = {  IX : supp  - supp  is finite}. Clearly   F and 
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  F. Moreover, if 1 ≥ 2  F then 1  F because 

supp  - supp 1  supp  - supp 2. Hence F is a stack of fuzzy sets. Also if 1 2  F then 1  2  F, because


supp  -supp(1  2) = (supp  - supp 1)  (supp  – supp 2).        Thus F is a proper filter of fuzzy sets on X. Hence by theorem 1.2.9, there exists an ultrafilter of fuzzy sets U on X such that F  U.

Claim :


If   U then supp  is necessarily infinite. Suppose not, then supp  is finite. Let F = supp .

Take x  supp  – supp X-F

 (x) > 0 and X-F(x) = 0


 (x) > 0 and x  F


 supp  – supp X-F  F

Since F is finite, we get that supp  - supp X-F is finite. 

Therefore X-F  F  U

  X-F  U
Take y  X. If y  F, then


(  X-F)(y) 
= min {(y), X-F(y)}




= min { (y), 0}




= 0

If y  F, then y  supp , therefore (y) = 0


Hence (  X-F)(y) = min{(y), X-F(y)}





= min {0,1}





= 0

Therefore   X-F  = 
[image: image21.wmf]0

~


Since   X-F  U, we get 
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  U which is a contradiction.

Hence supp  is infinite


Hence U is a nonprincipal ultrafilter of fuzzy sets.

Theorem : 1.2.23 


Let U be a principal ultrafilter of fuzzy sets on X.

Then U = Ux for some x in X.

Proof :


Choose   U such that supp  is finite.

Let supp  = {x1, x2, …, xn}. suppose that (xk) = rk, ( K = 1,2,…,n.         Then  =(r1)x1  (r2) x2  …  (rn) xn
Since U is prime, there exists k  {1,2,…,n} such that (rk) xk  U.        Since U is a filter (rk) xk   ≠ 
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 (   U.


  (xk) ≠ 0, (   U
Consider U xk = {  IX / (xk) > 0}


Take   U xk. Then (xk) > 0, therefore (  ) (xk) ≠ 0 which inturn implies that    ≠ 
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 (   U. By theorem 1.2.10,   U,


Therefore U xk  U
Since U xk is an ultrafilter, U = U xk
Remark : 1.2.24


Theorem 1.2.19 cannot be extended to a union of infinitely many grills of fuzzy sets. This is shown in the following example.

Example : 1.2.25


Let X be an infinite set. Suppose that U is a nonprincipal ultrafilter of fuzzy on X. Then U  U {Ux : x  X}

Claim :


U ( Ux for any x.

Suppose not, then U  Ux for some x.

Then for any   U,   Ux. Hence (x) > 0 (   U  

      (1)

Define   IX by (x) > 0 and (y) = 0 for y ≠ x.

Then by(1), (  ) (x) ≠ 0 for every   U.


Therefore    ≠ 
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, (   U
Since U is an ultrafilter, by theorem 1.2.10,   U
But supp() = {x} which is finite. This is a contradiction, since U is          nonprincipal.

Therefore U ( Ux for any x.


Hence theorem 1.2.19 cannot be extended to a union of infinitely many fuzzy grills. 

Theorem : 1.2.26


Each prime filter of fuzzy sets U on X is contained in a unique ultrafilter of fuzzy sets

Proof :


By theorem 1.2.9 U is contained in some ultrafilter of fuzzy sets on X. Let U1, U2 be two distinct ultrafilters of fuzzy sets on X containing U. Choose          1  U1 and 2  U2 such that 1  2 = 
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Let supp 1 = F1, supp 2 = F2, A = X – (F1  F2) and E = F1  A.         Then E  F2 = 
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. Take x  X. If x  F2, F2(x) = 1. 

Hence (E  F2)(x) = 1

If x  F1, then E(x) = 1. Hence (E  F2) (x) = 1

If x  F1  F2, then x  A


Therefore E(x) = 1

Hence (E F2)(x) = 1


Therefore EF2 = 
[image: image28.wmf]1

~



Hence E  F2  U.

Claim : Neither E  U  nor F2  U

If x  F1, 1(x) ≤ 1 = E(x)


If x  F1, 1(x) = 0 ≤ E(x)


Therefore 1 ≤ E
If E  U  U2, then as 1 ≤ E, 1  U2,

which is a contradiction 

Hence E  U. 

Since F2(x) = 1 ( x  F2, we get 
2(x) ≤ F2(x) ( x  F2 .
For x  F2, 2(x) = 0 ≤ F2(x)


Therefore 2 ≤ F2.

Therefore, if F2  U  U1, we get 2  U,

which is contradiction 

Hence F2  U.

So, therefore E  F2  U , but neither E  U nor F2  U.


This is a contradiction


Hence U can not be contained in two distinct ultrafilters. 

CHAPTER 2

BASIC PROXIMITIES OF FUZZY SETS AND ROLE OF CLANS

 IN THE PROXIMITIES OF FUZZY SETS


In this chapter we discuss the concept of proximities of fuzzy sets introduced by Azad [3]. Some interesting properties of proximities of fuzzy sets are studied in detail. The results are due to Chattopadhyay and Mukherjee [7]. Using the fact that the grill of fuzzy sets are exactly unions of prime filters it has been proved that proximities of fuzzy sets are clan generated structures.

SECTION : 2.1

Basic Proximities of Fuzzy Sets


In this section we have discussed the concept of basic preproximity of fuzzy sets and proved some interesting properties. It has been proved that arbitrary union of preproximities is a preproximity but intersection of two preproximities need not be a preproximity 

Definition : 2.1.1


A basic preproximity Δ of fuzzy sets of a set X is a binary relation on IX satisfying the following conditions:

(P1)
Δ = Δ–1
(P2)
( , ,   IX,     Δ()    Δ() or   Δ()

(for any   IX, Δ() = {  IX / (, )  Δ}) 

(P3)
(   IX, ( , 
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)  Δ

The pair (X, Δ) is called a basic preproximity space of fuzzy sets. If Δ is a basic preproximity of fuzzy sets on X then X is called the reference set

A basic proximity of fuzzy sets  is a basic preproximity of fuzzy sets satisfying the additional axiom. 

(P4)
   ≠ 
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    ()

The pair (X, ) is called a basic proximity space of fuzzy sets

Example : 2.1.2


Let {G i : i  I} be a family of grills of fuzzy sets on X. Then, G i X G i is a preproximity of fuzzy sets on X for each i  I
Remark : 2.1.3


Union of a family {Δi} of preproximities of fuzzy sets on X is a preproximity of fuzzy sets on X, and if atleast one member Δi is a proximity of fuzzy sets, then the union  Δi is a proximity of fuzzy sets.

Example : 2.1.4


Let RX =  {U X U : U is a prime filter of fuzzy sets on X}

Then RX is a preproximity of fuzzy sets on X, since every prime filter is a grill. Further it is a proximity of fuzzy sets on X, since for ,   IX with    ≠ 
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 there is an ultrafilter (hence a prime filter) of fuzzy sets U. Such that                  (, )  U X U.


Then RX  Δ is also a proximity of fuzzy sets on X.

Theorem : 2.1.5


Let Δ be a binary relation on IX. Then 

(i) Δ is a basic preproximity of fuzzy sets on X if and only if Δ = Δ–1 and Δ() is a grill of fuzzy sets on X (   IX.

(ii) Δ is a basic proximity of fuzzy sets on X if and only if Δ = Δ–1, Δ() is a grill of fuzzy sets on X and (   IX,

Δ ()  {F : F is a proper filter and   F}

Proof :


Straightforward.

Remark : 2.1.6


Δ is a said to be separated if ( x, y  X, and p, q  (0,1],                            px  Δ (qy)  x = y

Definition : 2.1.7


Let Δ be a preproximity of fuzzy sets and   IX. Then a fuzzy set  is called a neighbourhood of  with respect to Δ if c  Δ(). The set of all neighbourhoods of  is denoted by n(Δ, )

i.e.,  n(Δ, ) = {  IX/ c  Δ()}

Theorem : 2.1.8


For preproximities of fuzzy sets Δ, Δ1, Δ2 on X

(i) n(Δ, ) = d(Δ()) (    IX and hence n(Δ, ) is a filter

(ii) n(Δ, ) = {d(U) : U is a prime filter and U  Δ(),(   IX}

(iii) n(Δ1,   ) = n(Δ1, )   n(Δ1, ),  ( ,   IX
(iv) n(Δ1  Δ2, ) = n(Δ1, )    n(Δ2, )

Proof :


Straightforward

Theorem : 2.1.9


For a proximity of fuzzy sets  on X,   () implies that there exist a prime filter of fuzzy sets U on X such that U  ()  ().

Proof :


Since () is a grill of fuzzy sets and grill of fuzzy sets is a union of prime filters,   () implies that there exists a prime filter of fuzzy sets U on X such that   U  ()


Also for   U,    ≠ 
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, So that   ()

Hence U  (). Thus U  ()  ()

Theorem : 2.1.10


Let Δ1, Δ2 be preproximities of fuzzy sets on X and ,   IX then

(i) Δ1(  ) = Δ1()  Δ1()

(ii) (Δ1  Δ2) () = Δ1()  Δ2()

Proof :


Straightforward.

Remark : 2.1.11


An arbitrary union of preproximities is a preproximity, but as shown in the following example, intersection of two preproximities may not be a preproximity of fuzzy sets

Example : 2.1.12


Let X  {x1, x2}

Define Δ1 = {(, } : supp   supp   {x1}} and


            Δ2 = {(, ) : supp   supp   {x2}}

Then Δ1, Δ2 are both preproximities of fuzzy sets on X. Now, for all                 p  (0,1]. Since x1  supp px1  px2 and x2  supp px1  px2. We get                  (px1  px2 , 
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)  Δ1  Δ2.


Since x2  supp px1 and x1  supp px2 we get (px1, 
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)  Δ1  Δ2 and      (px2, 
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)  Δ1  Δ2
Hence the condition (P2) fail.

Hence Δ1  Δ2 is not a preproximity of fuzzy sets on X.

Definition : 2.1.13


Let Δ be a preproximity of fuzzy sets on X. we define (   IX,


CΔ() =   { {px  Δ()})


It is easily checked that CΔ is a 
[image: image36.wmf]Ú

C

ech closure operator of fuzzy sets       on X.

Remark : 2.1.14


Let Δ1, Δ2 be preproximities of fuzzy sets on X,   IX. Then it can be verified that CΔ1Δ2() = CΔ1()  CΔ2()

Remark : 2.1.15


For each p, 0 < p ≤ 1 and x  X, Δ1(px) = Δ2(px) implies CΔ1() = CΔ2()     (   IX
Theorem : 2.1.16


Let Δ1, Δ2 be preproximities of fuzzy sets on X. F1, F2 be filters of fuzzy sets on X and ,   IX then,

(i) Δ1 (F1) is a grill of fuzzy sets on X

(ii) Δ1() =  {Δ1(U) : U is a prime filter and   U}

(iii) F1  Δ1(F2)  F2  Δ1(F1)

(iv) (Δ1  Δ2) (F1) = Δ1 (F1)  Δ2 (F1)

(v) Δ1 (F1  F2) = Δ1(F1)  Δ2(F2)

(vi)   ≥   Δ1()  Δ1()

(vii) Δ1(px) = Δ1(Upx) ( x  X, ( p > 0.

Proof :

(i) Since (,
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)  Δ1 for every   F1, we get 
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  Δ1(),(   F1.

Hence 
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  Δ1(F1)

Again 1  2  Δ1 (F1)  F1  Δ1(1  2) = Δ1(1)  Δ2(2)

 F1  Δ1(1) or F1  Δ1(2) (by theorem 1.2.19)


 1  Δ1 (F1) or 2  Δ1(F1)

Also, 1 ≥ 2  Δ1 (F1)  1  Δ1(F1)

Hence Δ1(F1) is a grill of fuzzy sets on X

(ii) 
Clearly, Δ1()  {Δ1(U) :   U}


Take   Δ1()    Δ1()    U  Δ1() for some U  Ω(X) by corollary 1.2.16. So   U and   Δ1(U).

Hence Δ1()   {Δ1(U) :   U  Ω (X)}


Hence Δ1() = {Δ1 (U) :   U}

(iii) 
The result follows from the symmetry of preproximities of fuzzy sets.

(iv) 
  (Δ1  Δ2) (F1)  F1  (Δ1  Δ2) ()

 F1  Δ1()  Δ2()  F1  Δ1() or F1  Δ2()

   Δ1 (F1) or   Δ2(F1)





         Δ1 (F1)  Δ2(F1)

(Δ1  Δ2) (F1) = Δ1(F1)  Δ2(F1)

(v) 
  Δ1(F1  F2)  F1  F2  Δ1()


 F1  Δ1() or F2  Δ1() (by corollary 1.2.20)


   Δ1(F1) or   Δ1(F2)


   Δ1(F1)  Δ1(F2)

So, Δ1 (F1  F2) = Δ1(F1)  Δ1(F2)

(vi) 
Obvious

(vii) 
Upx = {  IX :  (x) ≥ p}


Since px  Upx, Δ1(px)  Δ1 (Upx).


Let  be an arbitrary element of Upx. Then px ≤  and hence                Δ1(px)  Δ1(). Consequently Δ1(px)  Δ1(Upx)

Then Δ1(px) = Δ1(Upx)

Theorem : 2.1.17


For a proximity  of fuzzy sets on X.

(F)  F, (  F  Φ(X)

Proof :


Straightforward

SECTION : 2.2

Role of Clans in the Proximiites of Fuzzy Sets


In this section we study the concept of Δ-clans and it has been proved that every proximity of fuzzy sets is a clan generated structure. 

Definition : 2.2.1


Let Δ be a preproximity of fuzzy sets on X. A subfamily S of P(IX) is said to be Δ-compatible if ,   S    Δ(). S is called Δ-closed if for each   IX,


S  Δ ()    S
A Δ-compatible grill is called a Δ-clan.


A grill of fuzzy sets is said to be a Δ-cluster of fuzzy sets if it is a Δ-clan as well as Δ-closed.

Theorem : 2.2.2


For a preproximity of fuzzy sets Δ on X and a grill of fuzzy sets G on X, the following are equivalent.

(i) G  is a Δ-clan

(ii) If U is a prime filter of fuzzy sets such that U  G   then G  Δ(U)

(iii) G   {Δ (U) : U is a prime filter and U  G  }

(iv) For every prime filter of fuzzy sets U1, U2  G, U1  Δ(U2)

Proof :


(i)  (ii)  (iii)  (iv) is obvious

Suppose (iv) holds


Let  ,   G. So there exists prime filters of fuzzy sets U0 and V 0 such that   U0,   V 0. Where U0  G   and   V 0  G. 

So   U0  Δ (V 0)  Δ()


 G  is a Δ-clan.

This completes the proof.

Theorem : 2.2.3


For a preproximity of fuzzy sets Δ on X and a grill of fuzzy sets G on X, the following are equivalent.

(i) G  is a Δ-cluster of fuzzy sets

(ii)   G  G  Δ ()

(iii) G   =   {Δ (U) : U  Ω (X), U  G }

      =   {Δ() :   G}

Proof :


(i)  (ii) is clear

To prove (ii)  (iii)

Suppose that (ii) holds

Then G  {Δ () :   G }. Take   {Δ () :   G }

Then   Δ(),(   G.

Take   G    Δ()


   Δ()

Therefore G  Δ()    G, by (ii)

Hence  {Δ () :   G }  G.


Thus G  =  {Δ () :   G }

Therefore (ii)  (iii) 

To prove : (iii)  (i)


Suppose (iii) holds, G   Δ(), (   G.

Take ,   G. Since   G, by (iii)


G   Δ().

Since   G   Δ(), we get   Δ()


Hence G  is Δ-compatible, therefore G  is a Δ-clan.

Now, to prove G  is Δ-closed, assume G   Δ()

Take   G    Δ()    Δ()

Since this is true for every   G ,     {Δ () :   G } = G.

Hence G   Δ()    G, therefore G  is Δ-closed.


Hence G  is a Δ-cluster of fuzzy sets

Theorem : 2.2.4


Let Δ be a preproximity of fuzzy sets on X. Then every Δ-clan is contained in a maximal Δ-clan.

Proof :


Follows from Zorn’s lemma

Lemma : 2.2.5


Let Δ be a preproximity of fuzzy sets on X. If   Δ() then there exists prime filters U and V   such that   U,   V  and U  Δ(V ) .

Proof :


Since Δ() is a grill of fuzzy sets on X, by corollary 1.2.16, there is a prime filter of fuzzy sets U such that   U  Δ().


By symmetry of Δ,   Δ(U). By (i) of theorem 2.1.16, Δ(U) is a grill of fuzzy sets. So by corollary 1.2.16, there exists a prime filter V  such that                 V   Δ(U).

So   U,   V  and U  Δ(V ).

Theorem : 2.2.6


Let  be a proximity of fuzzy sets on X. If   () then there is a -clan of the form U  V   where U, V  are prime filters of fuzzy sets on X such that         U and   V.

Proof :


Let   (). So by Lemma 2.2.5, there exists prime filters U, V  such that   U,   V  and U  (V ). Since  is a proximity U  V  is a -clan such that   U and   V.

Corollary : 2.2.7


If  is a proximity of fuzzy sets on X such that   () then there exists a maximal -clan containing {, }

Proof :


From the above theorem it follows that there exists a -clan U  V where U, V  are prime filters of fuzzy sets such that {, }  U  V  since very -clan is contained in a maximal clan, the result follows


As a consequence of the above result we get the following corollary

Corollary : 2.2.8


Let  be a proximity of fuzzy sets on X.

Then  =  {G  x G : G  is a maximal -clan}



  =  {G  x G : G  is a -clan}

Remark : 2.2.9


Because of the above representation, it follows that proximities of fuzzy sets may be called clan generated structures in the sense of their description as in the above theorem.

Theorem : 2.2.10


For a grill of fuzzy sets G and for a proximity of fuzzy sets  on X, following are equivalent 

(i) G   is a maximal -clan

(ii) U   G  if and only if G  (U)

(iii) G  is the largest grill of fuzzy sets contained in 

 {(U) : U is a prime filter of fuzzy sets and U  G  }

Proof :


(i)  (iii)

Suppose (i) holds


Then for a prime filter of fuzzy sets U with U  G implies G  (U) because G  is a -clan. Also if U is a prime filter such that G  (U) then          G   U is a -clan as so is G. Consequently by the maximality of G, U  G.

To prove (ii)  (iii)

Suppose (ii) holds

Then G   {(U) : U  G }

Again for V   Ω(X)

V    {(U) : U  G }  ( U  G, U  (V )


 G   (V )


 V   G  (by (ii))


So (iii) holds

To prove (iii)  (i)

Suppose (iii) holds.

Then every U  G, G  (U). So G  is a -clan.

Let G * be the -clan such that G   G *.

Then every U  G, G *  (U) and hence

G *   {(U) : U  G }. Since G  is the largest grill of fuzzy sets           G *  G.

Hence G = G *
Thus (i) holds

Theorem : 2.2.11


Let Δ be a preproximity of fuzzy sets. Then every Δ-cluster is a maximal  Δ-clan.

Proof :


Straightforward.

Theorem : 2.2.12


Let Δ be a preproximity of fuzzy sets on X and D  P(IX) such that each finite subfamily of D is contained in a Δ-clan. Then D is contained in a maximal Δ-clan.

Proof :


By Zorn’s lemma there is a maximal subset L of IX containing D such that each finite subfamily of L is contained in a Δ-clan.

Claim : L is a maximal Δ-clan


Suppose  ≥   L. Let L1 be a finite subfamily of L. Clearly {}  L1 is contained in a Δ-clan because {}  L1 is contained in a Δ-clan.

Hence each finite subfamily of {}  L is contained in a Δ-clan. By maximality of L,    L clearly 
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  L. Suppose that 1  L, 2  L.


By maximality of L, it follows that there exists finite subfamilies L1, L2 of L such that {i}  Li is not contained in any Δ-clan for each i = 1, 2. 

Hence {1  2}  L1  L2 is not contained in any Δ-clan. This implies that 1  2  L. Hence L  is a grill of fuzzy sets, consequently it follows that        L  is a Δ-clan.


Obviously, L is a maximal Δ-clan and D  L.

Theorem : 2.2.13


Let  be a proximity of fuzzy sets on X. A grill of fuzzy sets G on X is a       -cluster if and only if it is a maximal -compatible family of fuzzy sets.

Proof :


Let G  be a -cluster of fuzzy sets. So G  is a maximal -compatible family.

Suppose that G  is a grill of fuzzy sets which is also maximal                      -compatible family. So G  is a -clan

If G  () for some   IX, then G  {} is a -compatible family of fuzzy sets and hence by maximality of G,   G.  So G  is a cluster of fuzzy sets.

CHAPTER 3

PRODUCT OF f-PROXIMITIES IN FUZZY SETTING

In this chapter we discuss the concepts of product of preproximities of fuzzy sets and product of fuzzy proximities. The results are due to Chattopadhyay, Mukherjee and Samanta [11]. It has been proved that the product of                        f-preproximities is a f-preproximity if f  A1  E1. Considering the problem in purely fuzzy setting it has been proved that product of f*-fuzzy proximity is an          f*-fuzzy proximity if f*  A1*  E1*. It has also been established that the class of all fuzzy proximities and p-continuous functions is closed in the categorical sense with respect to the products.

SECTION : 3.1

Preliminaries

In this section we have collected the preliminary definitions and results needed for discussion.

Notation : 


The set of all basic preproximities of fuzzy sets on X and the set of all basic proximities of fuzzy sets on X is denoted by m(x) and M(X) respectively.

Definition : 3.1.1


Let Ψ : X → Y be a mapping. Then for G  (X), G'  (Y), we define


Ψ(G) = {Ψ() :   G}


Ψ-1(G) = { : Ψ ()  G'}

Theorem : 3.1.2


Let Ψ : X → Y be a mapping. Then for G  (X) and G'  (Y), Ψ(G)         and Ψ-1(G') are grills of fuzzy sets on Ψ(X) and X, respectively.

Theorem : 3.1.3


If F, F1, F2  Φ(X) and G, G1, G2  (X) then

(i) F  G1  G2  F  G1 or F  G2
(ii) F1  F2  G  F1  G or F2  G.

Notation :


Hence forth, basic preproximities of fuzzy sets and basic proximities of fuzzy sets will simply be referred to as preproximities of fuzzy sets and proximities of fuzzy sets respectively.

Definition : 3.1.4


A function Ψ : (X, Δ1) → (Y, Δ2) is called p-continuous if 

  Δ1()  Ψ()  Δ2(Ψ())

Theorem : 3.1.5


Composition of two p-continuous mappings is a p-continuous mapping.

Proof :


Let Ψ : (X, Δ1) → (Y, Δ2) and


      Φ : (Y, Δ2) → (Z, Δ3)

be two p-continuous mappings


Then Φ o Ψ : (X, Δ1) → (Z, Δ3). Take   Δ1().

Since Ψ is p-continuous, Ψ()  Δ2(Ψ()).

Since Φ is p-continuous, Φ(Ψ())  Δ3 (Φ(Ψ()))

i.e. 
(Φ o Ψ) ()  Δ3 ((Φ o Ψ) ())

Therefore Φ o Ψ is p-continuous 

Definition : 3.1.6


Let Δ  m(X). Then we define CΔ : IX → IX by 

CΔ() =   ({px: px  Δ()}),   IX. CΔ is called the closure operator of fuzzy sets induced by Δ on X.


If π is a proximity of fuzzy sets on X then it immediately follows that


Cπ() = {px : px  π()}

Definition : 3.1.7


Let Δ  m(X). Then the set of all preproximal neighbourhoods of  with respect to Δ is denoted by n (Δ, ) = { : C  Δ()}

Definition : 3.1.8


A mapping f : m(X) X (X) → (X) is said to be a grill operator if every         Δ  m(X) and G1, G2  (X), f(Δ, G1)  f(Δ, G2) whenever G1  G2
Example : 3.1.9


For Δ  m(X) and for G  (X), define 

 i(Δ, G) = G1
b(Δ, G) = {  IX: CΔ ()  G}

e(Δ, G) = {  IX : n (Δ, )  G}

r (Δ, G) = {  IX : there exists px such that px  Δ()  G}

h (Δ, G) = {  IX : there exists px 
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 , n (Δ, px)  G}

It can be easily verified that i, b, e, r, h are examples of grill operators.

Definition : 3.1.10


A preproximity Δ of fuzzy sets on X is said to be an f-preproximity of fuzzy sets if f (Δ, Δ())  Δ(),  (   IX
Definition : 3.1.11


A proximity π of fuzzy sets on X is said to be an f-proximity of fuzzy      sets if 

f(π, π()  π()),  (   IX
Definition : 3.1.12


A grill operator f is said to be in class A1 if f(Δ,G1G2)  f(Δ,G1)  f(Δ,G2) holds for all G1, G2  (X) and for all Δ  m(X)

Definition : 3.1.13


A grill operator f is said to belong to the class E1 if the following holds


Given a triple (Ψ ; (X, Δ1), (Y, Δ2)) where Δ1  m(X), Δ2  m(X) and               Ψ : (X, Δ1) → (Y, Δ2) is p-continuous then Ψ (f(Δ1, Ψ-1(G))  f(Δ2, G) ( G  (Y).

Definition : 3.1.14


Let F  : IX → I be a mapping satisfying 


F  (
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) = 0

F  (1  2) = F (1)  F(2)

supp F  ≠ Φ

Then F  is called a fuzzy filter on X. The set of all fuzzy filters on X is denoted by Φ*(X)

Definition : 3.1.15


Let G  : IX → I be a mapping satisfying 

G (
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) = 0

G (1  2) = G (1)  G(2)

supp G ≠ Φ


Then G is called a fuzzy grill on X. The set of all fuzzy grills on X is denoted by *(X).

Definition : 3.1.16


Let f : X → Y be a mapping. Then for G   *(X) and G '  *(Y) we define


(fG ) () = G (f -1()),   IY

(f-1 G  ') () = G  ' (f()),   IX
Theorem : 3.1.17


Let f : X → Y be a mapping. Then for G  *(X) and G '  *(Y),              fG   *(Y) and f -1G  '  *(X)

Notation :


For any function S : IX → I and for r  (0,1] denote Sr = {  IX : S() ≥ r}

Theorem : 3.1.18


For a fuzzy filter F  (grill G ), F r (G r) is a filter of fuzzy sets (grill of fuzzy sets) if F r ≠ Φ (G r ≠ Φ)

Proof :

(i)  
By the above notation, F r = {  IX : F () ≥ r}, r  (0,1]. Take 1, 2  F r. By definition, F (1) ≥ r, F (2) ≥ r. By definition 3.1.14, 

F  (1  2) = F  (1)  F (2).

Hence F  (1  2) ≥ r  1  2  F r




      (1)

(ii) 
G r = {  IX, G () ≥ r}, r  (0,1]

Take 1, 2  G r. By definition G (1) ≥ r, G (2) ≥ r

By definition 3.1.15, G (1  2) = G (1)  G (2) 

Hence G (1  2) ≥ r  1  2  G r 




      (2)

By (1) and (2), we get that F r and G r are filter of fuzzy sets and grill of fuzzy sets respectively.

Remark : 3.1.19


As no sense of fuzziness is present in the definitions of (basic) preproximities of fuzzy sets, (basic) proximities of fuzzy sets, we define basic fuzzy proximities to bring fuzziness in the proper sense of the term, as given in the following definition.

Definition : 3.1.20


A mapping Δ : IX x IX → I satisfying

(i) Δ = Δ–1
(ii) Δ ( , 
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(iii) Δ (, 1  2) = Δ (, 1)  Δ(, 2)

is called a basic fuzzy proximity on X. The set of all fuzzy proximities on X is denoted by m*(X).

Theorem : 3.1.21


If  ≥ , then Δ (, ) ≥ Δ (, )
Proof :


 ≥      = 
Therefore Δ( , ) = Δ (   ,)




        = Δ (,   )




        = Δ (, )  Δ (, )




        = Δ (, )  Δ (, )

Therefore Δ(, )  ≥ Δ (, )

Definition : 3.1.22


For Δ  m*(X),   IX, we define 

Δ () : IX → I by Δ() () = Δ (, ) (   IX.

Definition : 3.1.23


For Δ  m*(X),   (0,1], we define Δ by 

Δ = {(, ) : Δ ( , ) ≥ }

Clearly for each Δ  m*(X),   (0,1], Δ  m(X)

Notation :


Hence forth, we drop the prefix basic and just talk of fuzzy proximities of fuzzy sets and preproximities of fuzzy sets.

Definition : 3.1.24


Let X ≠ Φ, Y ≠ Φ be two sets. Δ  m*(X), Δ'  m*(Y). Then a mapping         f : (X, Δ) → (Y, Δ') is said to be a fuzzy p-continuous function if                        Δ'(f(), f()) ≥ Δ(, )

Theorem : 3.1.25


Composition of two fuzzy p-continuous mappings is a fuzzy p-continuous mapping. 

Proof :


Let f and g be the two fuzzy p-continuous mapping. Let f : (X, Δ) → (Y, Δ ') and g : (Y, Δ ') → (Z, Δ ").

Then g o f : (X, Δ) → (Z, Δ ")

Since f is fuzzy p-continuous, Δ'(f(), f()) ≥ Δ(, ) and g is fuzzy               p-continuous,


Δ"(g(f()), g(f())) ≥ Δ '(f(), f())




       ≥ Δ (, )

 Δ"((g o f)(), (g o f)()) ≥ Δ (, )


Therefore g o f is fuzzy p-continuous 

Theorem : 3.1.26


Let X, Y be two non empty sets and Δ  m*(X), Δ'  m*(Y). Then a mapping f : (X, Δ) → (Y, Δ ') is fuzzy p-continuous if and only if 

f : (X, Δ) → (Y, Δ') is p-continuous for all   (0,1]

Proof :


Assume f : (X, Δ) → (Y, Δ ') is fuzzy p-continuous 

Let   (0,1]. Take   Δ()


  (, )  Δ

  Δ(, ) ≥ 
Since f is fuzzy p-continuous,  Δ' (f(), f()) ≥  Δ(, )




                                               ≥  
Hence (f(), f())  Δ'

  f()  Δ' (f())

Hence f : (X, Δ) → (Y, Δ') is p-continuous for all   (0,1]

Conversely, assume f : (X, Δ) → (Y, Δ') is p-continuous for all   (0,1]


Let Δ (, ) = . Since f : (X, Δ) → (Y, Δ') is p-continuous we get                Δ()


  f()  Δ' (f())


 Δ'(f(), f()) ≥ 



  = Δ (, )

Hence f is fuzzy p-continuous.

Theorem : 3.1.27


A mapping Δ : IX X IX → I is a fuzzy proximity on X if and only if the following condition holds 

(i) Δ = Δ-1
(ii) Δ()  *(x) if supp Δ() ≠ Φ   (    IX.

Proof :

Assume : Δ : IX x IX → I is a fuzzy proximity 

To prove : 
(i) Δ = Δ-1


(ii) Δ()  *(x) if supp Δ() ≠ Φ   (    IX
(i) Since Δ : IX x IX → I is a fuzzy proximity condition (i) is obvious

(ii) To prove : Δ()  *(x), if supp Δ() ≠ Φ, (   IX 

i.e., to prove Δ() (
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) = 0, Δ() (1  2) = Δ() (1)  Δ() (2) and supp Δ() ≠ Φ. By definition 3.1.22, 

we get Δ()(
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      (1)

Δ() (1  2) = Δ(, 1  2) = Δ(, 1)  Δ(, 2) 




  = Δ()(1)  Δ()(2)




      (2)

     
and given supp Δ() ≠ Φ






      (3)

By (1), (2) and (3), we get Δ()  *(X)

Converse part follows obviously from the definition of *(X) and fuzzy proximity.

Definition : 3.1.28


A mapping f : m*(X) x *(X) → *(X) is said to be fuzzy grill operator if


F(Δ, G 1) ≤ f(Δ, G 2) whenever G 1 ≤ G 2
Definition : 3.1.29


Let f : m*(X) X *(X) → *(X). A fuzzy proximity Δ on X is said to be an        f - fuzzy proximity if f(Δ, Δ()) ≤ Δ(), (   IX
Notation :


mf* (X) = set of all f-fuzzy proximities on X.

Definition : 3.1.30


A fuzzy grill operator f is said to be in the class A1* if 

f (Δ, G 1  G 2) ≤ f(Δ, G 1)  f(Δ, G 2) holds for every G 1, G 2  *(X) and every Δ  m*(X) 

Definition : 3.1.31


A fuzzy grill operator f is said to belong to the class E1* if the following holds:


Given a triple (Ψ : (X, Δ1), (Y, Δ2)) where Δ1  m*(X), Δ2  m*(Y) and          Ψ : (X, Δ1) → (Y, Δ2) is p-continuous Ψ (f(Δ, Ψ-1{G })) ≤ f (Δ2, G ), ( G   *(Y).

SECTION : 3.2

Product of Preproximities, Proximities and f-proximities of Fuzzy Sets

Definition : 3.2.1


Let (Xs, Δs)}sJ be a family of preproximity spaces of fuzzy sets on X.        Let X = 
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and ps : X → Xs be the projection maps, s  J.


Define Δ  IX X IX by (, )  Δ if and only if for each finite cover               {i : 1  ≤ i ≤ m} of  and {j : 1  ≤ j ≤ n} of , there exists (i, j) such that                  (ps(i), ps(j))  Δs ( s  J. Then Δ is called the product of preproximiites of fuzzy sets on X and is denoted by 
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In a similar way, we can define product of proximities (f-proximities) of fuzzy sets for a family {(Xs, s)}sJ of proximity space (f-proximity spaces) of fuzzy sets.

Theorem : 3.2.2


Let {(Xs, Δs)}sJ be a family of preproximity spaces and Δ be defined as in definition 3.2.1. Then Δ is a preproximity of fuzzy sets on X = (
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) and the projection mappings ps : (X, Δ) → (Xs, Δs) are p-continuous ( s  J.

Proof :

(i) Obviously Δ = Δ-1
(ii) To prove (  , )  Δ if and only if   Δ (), or   Δ()

Suppose   Δ() then (, )  Δ

By the definition of product of preproximity of fuzzy sets there exist finite covers {1, 2 ,…, m} and {1, 2, …, m} of  and  respectively such that for any (i, j) there exists s = s(i, j) such that (ps(i), ps(j))  Δs


         (1)

Claim : (, )  Δ


Take a cover {m+1, m+2,…, p} of  and a cover {η1, η2, …, ηr} of . Then {1, 2, … , p} is a cover (  ) and {i  ηj : 1 ≤ i ≤ m, 1 ≤ j ≤ r} is a cover of .


Since (  , )  Δ, there exists k0, i0, j0 with 1 ≤  k0 ≤ p, 1 ≤ i0 ≤ n,             1 ≤ j0 ≤ r such that (ps (k0), ps(i0  ηj0))  Δs, ( s  J
    

      (2)

Let 
[image: image51.wmf]s

 = s (k0, i0) satisfying equation (1) and (2). Taking s = 
[image: image52.wmf]s

 in (2) we get

(
[image: image53.wmf]S

p

(k0), 
[image: image54.wmf]S

p

 (i0  ηj0)) 
[image: image55.wmf]S

D


By (1), we get k0 ≥  m + 1

By (2), (  s    J, (ps (k0), ps(ηj0))  Δs,  ( s  J

Hence (, )  Δ.

(iii) 
First let us show that, ps(
[image: image56.wmf]0

~

X) = 
[image: image57.wmf]0

~

Xs
Consider for xs  Xs, ps(
[image: image58.wmf]0

~

X) (Xs) 
= 
[image: image59.wmf])
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= 0

Therefore ps(
[image: image60.wmf]0

~

X) = 
[image: image61.wmf]0

~

Xs
Let (i : 1 ≤ i ≤ m} be a finite cover of . Then {
[image: image62.wmf]0

~

X} and {i : 1 ≤ i ≤ m} are finite covers of 
[image: image63.wmf]0

~

X,  respectively.

Consider (ps(i), ps(
[image: image64.wmf]0

~

X)) = (ps(i), 
[image: image65.wmf]0

~

Xs)  Δs.

Since Δs is a preproximity of fuzzy sets 

This is true for every i, i = 1, 2, …,m.

Hence ( , 
[image: image66.wmf]0

~

X)  Δ

Thus Δ is a preproximity of fuzzy sets on X. By the definition of Δ, it follows that for each s  J, the projection mapping.

ps : (X, Δ) → (Xs, Δs) is p-continuous.

Theorem : 3.2.3


Let {Xs, πs)}SJ be a family of proximity spaces of fuzzy sets. Let  X = 
[image: image67.wmf]Õ

Î

J

S

S

X

 and π = 
[image: image68.wmf]Õ

p

Î

J

S

S

. Then π is a proximity of fuzzy sets on X.

Proof :


By theorem 3.2.2, π is a preproximity of fuzzy sets on X. Hence it is enough if we prove    ≠ 
[image: image69.wmf]0

~

    π()

Assume    ≠ 
[image: image70.wmf]0

~


Let {i : 1 ≤ i ≤ m}, {j : 1 ≤ j ≤ n} be covers of  and  respectively. 

Then   ≤ 
[image: image71.wmf]m

1

i

=

Ú

i,  ≤ 
[image: image72.wmf]n

1

j

=

Ú

j
Therefore    ≤ ( i)  ( j)

Since    ≠ 
[image: image73.wmf]0

~

, there exists x  X such that (  )(x) ≠ 0

Hence there exists x such that (x) > 0 and (x) > 0 

Therefore 0 < (  )(x) ≤ ( i(x))  ( j(x)) = ( (i  j)(x))

Hence there exists i, j  J such that (i  j)(x) > 0


      (1)

Consider (ps(i)  ps(j)) (ps(x)) 
=   
[image: image74.wmf]÷
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≥    i(x)   j(x)







>     0, by (1)

Therefore ps(i)  ps(j) ≠ 
[image: image76.wmf]0

~

,   (  s  J

Therefore (ps(i), ps(j))  πs,   (  s  J


Hence for every pair of finite covers for  and  there exists (i, j) such that (ps(i), ps(j))  πs ( s  J. Hence (, )  π
Therefore   π().

Theorem : 3.2.4


Let {Δs}sJ be a family of f-preproximities of fuzzy sets on Xs. Let (X, Δ) be the product of f- preproximity space of spaces (Xs, Δs), s  J. Then (X, Δ) is an      f-preproximity space of fuzzy sets provided f  A1  E1.

Proof :


Let X = 
[image: image77.wmf]Õ
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J
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S

X

and Δ = 
[image: image78.wmf]Õ

D

Î
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S

S

, s  J. By theorem 3.2.2, Δ is a preproximity of fuzzy sets on X.

To prove : f(Δ, Δ())  Δ(),(   IX

Let   f (Δ, Δ())

To prove : (, )  Δ


Let {i : 1 ≤ i ≤ n} and {j : 1 ≤ j ≤ n} be the finite covers of  and  respectively.

Since   f(Δ, Δ()) and f(Δ, Δ()) is a grill of fuzzy sets.

We get 
[image: image79.wmf]n

1

j

=

Ú

j  f(Δ, Δ()). Hence there exists j0  J such that                        j0  f(Δ, Δ())








      (1)

Since  ≤ 
[image: image80.wmf]m

1
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Ú

i, Δ()  Δ(
[image: image81.wmf]m

1

i

=
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i) = 
[image: image82.wmf]m

1

i

=

È

Δ(i)

f(Δ, Δ())  f(Δ, 
[image: image83.wmf]m
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i

=

È

Δ(i)) [since  f is a grill operator]



      
[image: image84.wmf]m
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 f(Δ, Δ(i)) (since f  A1] 




      (2)

Claim :


Δ (i)  
[image: image85.wmf]J
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 EMBED Equation.3  [image: image86.wmf]1
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-

{Δs (ps(i))}






      (3)


Let   Δ(i). Then (, i)  Δ. Hence by the definition of Δ, we get       (ps(), ps(i))  Δs   (  s  J.


i.e.,  
ps()  Δs (ps (i))  (  s  J

Thus   
[image: image87.wmf]1

S

p

-

(Δs (ps (i)))   (  s  J

Hence the claim 

From (1), (2) and (3) we get j0  f(Δ, Δ())  
[image: image88.wmf]m
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 f(Δ,  
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Hence there exists i0 such that 

j0 f(Δ, 
[image: image90.wmf]J
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 EMBED Equation.3  [image: image91.wmf]1
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{Δs(ps(i0))})   f(Δ, 
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Since f  E1, we get ps(j0)  ps(f(Δ, 
[image: image93.wmf]1

S

p

-

{Δs(ps(i0))})






  f(Δs, Δs (ps(i0)))

As Δs is an f-preproximity of fuzzy sets f (Δs, Δs (ps(i0)))  Δs (ps(i0))

Consequently, ps(j0)  Δs (ps(i0)) ( s  J

i.e., (ps(j0), ps(i0))  Δs, ( s  J


 ( , )  Δ

Hence proved.

Theorem : 3.2.5


{i, b, e, r, h}  A1  E1
Proof :


Let G1, G2, G  (X) and Δ be a preproximity of fuzzy sets on X and          Ψ : (X, Δ1) → (Y, Δ2) be a p-continuous mapping.

(i) 
Now i(Δ , G) = G

Therefore i(Δ, G1  G2) = G1  G2 = i(Δ, G1)  i(Δ, G2)

where G1, G2  (X) and Δ  m(X). Hence i  A1.

To prove : i  E1.

i.e., Ψ (i (Δ1, Ψ-1(G))  i(Δ2, G)

Now Ψ (i(Δ1, Ψ-1(G))) = Ψ (Ψ-1(G))





  G = i (Δ2, G)

Hence i  E1
(ii) 
Now b(Δ, G1  G2) 
=  { : CΔ()  G1  G2)





=  { : CΔ()  G1}  { : CΔ()  G2}





=   b (Δ, G1)  b(Δ, G2)

Hence b  A1
Consider A = Ψ(b(Δ1, Ψ-1(G)))



        = Ψ({  IX : CΔ1()  Ψ-1(G)})



        = {Ψ() : Ψ (CΔ1())  G}

Consider B = b (Δ2, G) = {η  IY : CΔ2(η)  (G)}





    = {η  IY : CΔ2(η)  G}

To prove : A  B


Take  '  A. Then  ' = Ψ() where Ψ (CΔ())  G 

Take y  Y

Consider Ψ (CΔ1()) (y)  =  
[image: image94.wmf])
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[ CΔ1() (z)]





      =  
[image: image95.wmf])
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[  { {px : px  Δ1()}}] (z)

If pz  Δ1()( z  Ψ-1(y) then px(z) = 0  ( px  Δ1()


Therefore {px : px  Δ1()}(z) = 0




       (1)

If pz0  Δ1() for some z0  Ψ-1(y), then z0  Δ1()  ( r ≥ p


Therefore  {px : px  Δ1()} (z) = 1




       (2)

From (1) and (2) we get

Ψ (CΔ1()) (y)  = 
[image: image96.wmf])
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(z) if pz  Δ1(),  ( z  Ψ-1(y)




  =    1 if pz0  Δ1() for some z0  Ψ-1(y)


       (3)

Consider CΔ2(’)(y)  =   CΔ2(Ψ ())(y)





=   
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 ( {qx : qx  Δ2 (Ψ())}) (y)

From (1) and (2) we get 

0   if qy  Δ2 Ψ()  ( q > 0

(qx : qx  Δ2Ψ())(y)  = 






1   if qy  Δ2 Ψ()   for some q > 0

Therefore






[image: image98.wmf])
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(z) if qy  Δ2 Ψ()  ( q > 0

CΔ2(Ψ())(y)    =







      (4)





   1  if qy  Δ2 Ψ() for some q > 0





By the definition of the image of a fuzzy point we get Ψ (pz0) = pΨ(z0)
Since Ψ is p-continuous.

pz0  Δ1()  Ψ(pz0)  Δ2Ψ()



         pΨ(z0)  Δ2(Ψ()), since Ψ(pz0) = pΨ(z0)
Whenever pz0  Δ1()  pΨ(z0)  Δ2Ψ()

Thus from (3) and (4) we get


Ψ (CΔ1()) (y) ≤ CΔ2(Ψ())(y)

Since Ψ (CΔ1, ())  G and G is a grill of fuzzy sets from the above               inequality we get CΔ2(Ψ())  G

i.e.,  CΔ2(’)  G

 '  b (Δ2, G)

 '  B

Therefore A  B

Therefore Ψ (b(Δ1, Ψ-1(G))  b(Δ2, G) 

Hence b  E1
(iii) 
Consider e (Δ, G1  G2) = {  IX : n(Δ, )  G1  G2}





       {  IX : n (Δ, )  G1}  {  IX : n  (Δ, ) = G2}





     =  e(Δ, G1)  e(Δ, G2)

Therefore e  A1
Let A = Ψ (e(Δ1, Ψ-1(G))) = {Ψ() :   e(Δ1, Ψ-1(G))}

Take '  A. Then ' = Ψ() where   e(Δ1, Ψ-1(G))

By the definition of e, n (Δ1, )  Ψ –1(G)




      (5)

We have to show that '  e(Δ2, G)


i.e., to prove Ψ()  e(Δ2, G)


i.e., to prove n (Δ2, Ψ())  G

Take   n (Δ2, Ψ()), by the definition of n, c  Δ2Ψ()


Therefore Ψ()  Δ2(c)

Since Ψ is p-continuous we get   Δ1 (Ψ-1 / c))


Therefore Ψ–1(c)  Δ1()

Hence (Ψ-1(c))c  n (Δ1, )

By (5) we get (Ψ-1(c))c  Ψ-1(G)

i.e., Ψ-1()  Ψ–1(G)

Hence Ψ (Ψ-1())  G. Therefore   G

Hence n (Δ2, Ψ())  G

Therefore e  E1
(iv) 
To prove : r  A1
Consider r(Δ, G1  G2) = {  IX : ( px such that px  Δ()  (G1  G2)}

= { : ( px such that px  Δ()  G1}  {  IX : ( px such that px  Δ()  G2}

= r (Δ, G1)  r(Δ, G2)

Therefore r  A1
To prove : r  E1
i.e., to prove Ψ (r(Δ1, Ψ-1(G)))   r(Δ2, G)

Let A = {Ψ() : ( px such that px  Δ1()  Ψ-1(G)}

      B = { : ( qy such that qy  Δ2()  G}

Take '  A then ' = Ψ() such that there exists px with px  Δ1()  Ψ-1(G). Therefore   Δ1(px) and Ψ(px)  G. Since Ψ is p-continuous

Ψ()  Δ2 (Ψ(px)) and Ψ(px)  G

i.e., Ψ()  Δ2(pΨ(x)) and pΨ(x)  G

i.e., pΨ(x)  Δ2(Ψ()) and pΨ(x)  G

Hence by definition of r, Ψ()  r(Δ2, G)

i.e., '  r(Δ2, G) = B

Therefore A  B

Therefore r  E1
(v) 
To prove : h  A1
Consider h(Δ, G1  G2) = { : ( px 
[image: image99.wmf]Î
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  : n (Δ, px)  G1  G2}

 { : px 
[image: image100.wmf]Î

~

  : n (Δ, px)  G1}  { : px 
[image: image101.wmf]Î

~

  : n (Δ, px)  G2}

      = h (Δ, G1)  h(Δ, G2)

Therefore h  A1
To prove : h  E1
i.e.,  to prove Ψ (h(Δ1, Ψ-1(G)))  h(Δ2, G)

Let A = Ψ (h(Δ1, Ψ-1(G)))

Then A = {Ψ() :   h(Δ1, Ψ-1(G))}


Take '  A then ' = Ψ() where   h(Δ1, Ψ-1(G)) which inturn implies that, that there exists px 
[image: image102.wmf]Î

~

   such that n (Δ1, px)  Ψ-1(G) 


        (6)

Consider Ψ() (Ψ(x)) = 
[image: image103.wmf])
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 ≥ (x) ≥ p

Therefore pΨ(x) 
[image: image104.wmf]Î

~

 Ψ()

Claim : n (Δ2, pΨ(x))  G

Take   n(Δ2, pΨ(x)). Then c  Δ2(pΨ(x)) since Ψ (Ψ-1()) ≤ , for every fuzzy set  and Δ2() is a grill of fuzzy sets. We get Ψ(Ψ-1(c))  Δ2(Ψ(Ψ-1(pΨ(x)))).

Since Ψ is p-continuous, we get

Ψ-1(c)  Δ1(Ψ-1(pΨ(x))

Therefore (Ψ-1())C  Δ1(px), since Ψ-1(c) = (Ψ-1())C and 

Ψ-1(pΨ(x)) = Ψ-1(Ψ(px)) ≥ px
Hence Ψ-1()  n(Δ1, px)

By (6) Ψ-1()  Ψ-1(G)

Therefore Ψ (Ψ-1())  G

Since Ψ (Ψ-1()) ≤ , we get   G

Hence n (Δ2, pΨ(x))  G. 

Hence there exists pΨ(x) 
[image: image105.wmf]Î

~

 Ψ () such that n (Δ2, pΨ(x))  G

Therefore Ψ()  h (Δ2, G)

i.e., '  h(Δ2, G)

Therefore Ψ(h (Δ, Ψ-1(G)))  h(Δ2, G) 

Therefore h  E1
Corollary : 3.2.6


Product of f-preproximities of fuzzy sets in a f-proximity of fuzzy sets where 

f  {i, b, e, r, h}

Proof :


Follows from theorems 3.2.4 and 3.2.5

SECTION : 3.3

Product of Fuzzy Proximities and f-fuzzy Proximities

Definition : 3.3.1


Let (Xs, Δs) : S  J) be a family of fuzzy proximity spaces. Let X = 
[image: image106.wmf]Õ
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S

X

. Define Δ : IX x IX → I by Δ( , ) =  {
[image: image107.wmf]j
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Ú

 (
[image: image108.wmf]s

Ù

Δs(ps(i), ps (j)))}

where the infimum is taken over all possible finite covers {1, 2, …, m} and       {1, 2,…,n} of  and , respectively. Then Δ is called the product of fuzzy proximities
Theorem : 3.3.2


Product of fuzzy proximities Δs on Xs, s  J is a fuzzy proximity on               X  
[image: image109.wmf]÷
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Proof :


Let Δ be the product of fuzzy proximities Δs and Xs. By the definition, since {
[image: image110.wmf]0

~

} is a cover for 
[image: image111.wmf]0

~

 and ps(
[image: image112.wmf]0

~

) = 
[image: image113.wmf]0

~

. We get Δ(,
[image: image114.wmf]0

~

) = 0 as Δs (ps(i), ps(
[image: image115.wmf]0

~

)) = 0. 

Obviously Δ = Δ-1
Since a cover of    is also a cover of  and 
We get Δ(, )  ≤  Δ(,   ) and

            Δ(, )  ≤  Δ(,   )


Therefore Δ(,   ) ≥ Δ(, )  Δ(, )

To prove : Δ(,   ) ≤ Δ(, )  Δ(, )

Suppose not, then Δ(,   ) > Δ(, )  Δ(, )

Choose r such that Δ(,   ) > r > Δ(, )  Δ(, )


Then Δ(,   ) > r






        (1)


Δ (, ) < r








        (2)


Δ (, ) < r








        (3)

By definition of product of fuzzy proximities there exists finite covers           {1, 2, …,m} and {1, 2,…,n} of  and  respectively, such that for all                    i {1,2,…,m} and for all j  {1, 2, …, n} there exists s0 = s(i, j) such that

ΔS0 (ps0(i), ps0(j)) < r





       
        (4)


Let {1, 2, …, p} and {n+1,…, q} be any finite covers of  and  respectively. Then  ≤ 
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Therefore  ≤ 
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                ≤ 
[image: image120.wmf]p

...

2

,

1

k

m

,...

2

,

1

i

=

=

Ú

i  k
Therefore {i  k : 1 ≤ i ≤ m, 1 ≤ k ≤ p} is a finite cover of . Also               {1, …, n, n+1,…,q} is a finite cover of   . Since Δ (,   ) > r by the definition there exists i0  k0 and n0 such that

Δs(ps(i0  k0), ps (n0)) > r   (  s




        (5)

By (4), n0 ( n. So n0 > n


Since ps (k0) ≥ ps(i0  k0) using (5) we get 

Δs (ps(k0), ps(n0)) ≥ Δs(ps (i0  k0), ps(n0)) 




         > r  ( s and for some n0 > n

Since {1, 2, …, p} and {n+1, …, q} are arbitrary finite covers of  and , respectively.

We have Δ (, ) ≥ r a contradiction to (3)


Hence Δ (,   ) ( Δ(, )  Δ(, )

Therefore Δ ( ,   ) ≤ Δ(, )  Δ(, )

Thus Δ ( ,   ) = Δ(, )  Δ(, )

Therefore Δ is a fuzzy proximity on X.

Theorem : 3.3.3


Let {Δs, s  J} be a family of f-fuzzy proximities on Xs. Let (X, Δ) be the product space of the proximity spaces {(Xs, Δs)}sJ. Then (X, Δ) is an f-fuzzy proximity space provided f  A1*  E1*

Proof :


Given that Δs is an f-fuzzy proximity on Xs  f(Δs, Δs()) ≤ Δs() ( s  J.


We have to show that f(Δ, Δ()) ≤ Δ() (   IX
That is to show f(Δ, Δ()) () ≤ Δ() () = Δ(, ) ( ,   IX
Let r < f (Δ, Δ()) (). Let {i : 1 ≤ i ≤ m} and {j : 1 ≤ j ≤ n} be covers of  and  respectively.

Then  ≤ 
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Now, r < f (Δ, Δ()) ()



≤ f(Δ, Δ())
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f(Δ, Δ()) (j)

Since f (Δ, Δ()) is a fuzzy grill on X. Thus r < f(Δ, Δ()) (j0) for some j0   (1)

Since  ≤ 
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i it follows that


Δ() ≤ Δ
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Δ(i)

Since f is a fuzzy grill operator and f  A1*, 

f(Δ, Δ()) ≤ f(Δ, 
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Δ(i)) ≤ 
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f(Δ, Δ(i))




        (2)

From (1) and (2)


r < f (Δ, Δ()) (j0) ≤ 
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f(Δ, Δ(i)) (j0)

So there exists i0 such that, r < f (Δ, Δ(i0))(j0)



        (3)

Now, Δ(i)() = Δ(i, )




≤ Δs(ps (i), ps())  ( s  J




= (
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Since Δs(ps(i)) is a fuzzy grill on Xs.

Therefore, Δ(i) ≤ 
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        (4)

From (3) and (4), we have


r < f(Δ, Δ(i0)) (j0)


  ≤ f(Δ, 
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Consider, 

f(Δ, 
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                                                ≤ ps(f(Δ, 
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{Δs(ps(i0))})) (ps(j0))

    ≤ f(Δs, Δs (ps(i0))) (ps(j0)) 




[since ps : (X, Δ) → (Xs, Δs) is p-continuous and f  E1*]





    ≤ Δs (ps(i0), ps(j0))


Since Δs is an f-fuzzy proximity on Xs. Hence Δ r < Δs (ps(i0))(ps(j0))           ( s  J.

Since {i: 1 ≤ i ≤ m} and {j : 1 ≤ j ≤ n} are arbitrary finite covers of  and , respectively.

We have Δ (, ) ≥ r or Δ() () ≥ r. Hence whenever r < f (Δ, Δ()) (), we get that r ≤ Δ() ()


Therefore f(Δ, Δ()) () ≤ Δ() ()

This is true for every   IX

Therefore f(Δ, Δ()) ≤ Δ()

Therefore Δ is a f-fuzzy proximity on X.

Definition : 3.3.4


Let Δ be a fuzzy proximity on X and G be a fuzzy grill on X. Then corresponding to f define f * by


f*(Δ, G ) () =  { :   f(Δ, G)}


Clearly f* is a fuzzy grill operator on X. It is called fuzzy grill operator corresponding to the grill operator f.


One can easily verify that i*, b*, e*, r*, h* are examples of fuzzy grill operators corresponding to the grill operators i, b, e, r, h.

Theorem : 3.3.5


For a grill operator f the following results hold:

(i) f  A1  f*  A1*

(ii) f  E1  f*  E1*

Proof :

(i) Let Δ  m*(X) and G 1, G 2  *(X)

Now f * (Δ, G 1  G 2) () 
=  { :   f(Δ, (G 1  G 2))}





=  { :   f(Δ, (G 1)  (G 2))}

= ( { :   f(Δ, (G 1))})  ( { :   f(Δ, (G 2))})











(since f  A1)

= f * (Δ, G 1) ()  f *(Δ, G 2) ()

Thus f*  A1*

(ii) Let Δ1, Δ2  m*(X) and G  *(X). Also let p : (X, Δ1) → (Y, Δ2) be a                 p-continuous mapping. We have to show that


p (f * (Δ1, p-1{G })) ≤ f *(Δ2, G )

Now, p(f*(Δ1, p-1{G })) () 
=   f *(Δ1, p-1{G }) (p).





=   { : p  f (Δ’, [p-1{G }])}





=   { : p-1  f (Δ’, p-1(G})}





≤   { : pp-1()  p f(Δ’, p-1{G})} 

        





≤   { :   pf(Δ’, p-1{G})} 

        
        (1)

Since  f  E1,


p f (Δ1, p-1{G})  f(Δ2, G) 





        (2)

From (1) and (2) we get that

p(f*(Δ1, p-1{G })) () 
≤  { :   f (Δ2, G)}





= f* (Δ2, G ) ()

i.e., p(f*(Δ1, p-1{G })) ≤ f*(Δ2, G }

Thus f*  E1*

Corollary : 3.3.6


{i*, b*, e*, r*, h*}  A1*  E1*

Proof :


Follows from theorems 3.2.5 and 3.3.5

Corollary : 3.3.7


Product of f-fuzzy proximities is an f-fuzzy preproximity where                      f  {i*, b*, e*, r*, h*}

Proof :


Follows from theorem 3.3.3 and corollary 3.3.6

SECTION : 3.4

Category of Fuzzy Proximity Spaces

Theorem : 3.4.1


Let {(Xs, Δs)}sJ be a family of fuzzy proximity spaces. Let X = 
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,            Δ = 
[image: image138.wmf]Õ

D

Î

J

S

S

and (Y, Δ') be a fuzzy proximity space. Then f : (Y, Δ') → (X, Δ) is a fuzzy p-continuous mapping if and only if psf : (Y, Δ1) → (Xs, Δs) is a fuzzy              p-continuous mapping for each s  J.

Proof :


Let ps : X → Xs, s  J be a projection map. Since ps is a fuzzy p-continuous mapping and composition of two fuzzy p-continuous mappings is a fuzzy               p-continuous mapping, it follows that psf is a fuzzy p-continuous mapping for each s  J.


Conversely, suppose that for each s  J, psf : (Y, Δ') → (Xs, Δs) is a fuzzy p-continuous mapping. We are to show

Δ (f(), f()) ≥ Δ'(, )   ( ,   IX
Let {
[image: image139.wmf]i
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 : 1 ≤ i ≤ m} and {
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 : 1 ≤ j ≤ n} be covers of f() and f() respectively. Let 
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  f() = i, 1 ≤ i ≤ m and 
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  f() = j, 1 ≤ j ≤ n.

Then, i = f(f-1(
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)  ),   1 ≤ i ≤ m

j = f(f-1(
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)  ), 1 ≤ j ≤ n


Thus {i : 1 ≤ i ≤ m} and {j : 1 ≤ j ≤ n} are covers of f() and f() respectively.

Now, Δs(psf(f-1(
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  ), psf(f-1(
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≥ Δ'(f-1(
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If follows that,



[image: image149.wmf]s

Ù

Δs (psf(f-1(
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Since psf is fuzzy p-continuous, 
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Δs(psf(f-1(
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= Δ'((
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f-1(
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[image: image163.wmf]j

Ú

f-1(
[image: image164.wmf]j

m

)  )







≥ Δ' (, )

Therefore Δ(f(), f()) ≥ Δ'(, )

Remark : 3.4.2


In view of the above result we conclude that the category of all fuzzy proximity spaces and fuzzy p-continuous function is closed in the categorical sense with respect to the products.

CHAPTER 4

GRADATION OF UNIFORMITY AND GRADATION OF PROXIMITY


In this chapter, we study the concept of gradation of uniformity and gradation of proximity introduced by Ghanim, Tantawy and Selim [13]. With every gradation of uniformity U a family of all r-level (r  (0,1]) (classical) fuzzy uniformities Ur is associated and this family is found to be descending. Similarly with every gradation of proximity a descending family of r-level fuzzy proximities r for r  (0,1] is introduced. Given a gradation of uniformity U a gradation of proximity U is associated and it has been proved that U and U induce the same gradation of openness. For every gradation of proximity a      sub-base for a gradation of uniformity is obtained, thereby we get a gradation of uniformity induced by the gradation of proximity

SECTION : 4.1

Gradation of Uniformity

In this section, we discuss the concepts of gradation of uniformity, descending family of r-level (classical) fuzzy uniformities associated with a gradation of uniformity and also some interesting results on fuzzy uniform maps. 

Definition : 4.1.1


A (classical) uniformity on a non empty set X is a non empty collection U of subsets X x X satisfying the following properties. 

(i) ΔX  U, ( U  U, where ΔX is the diagonal of X

(ii) U  U  U-1  U, where U-1 is the inverse relation of U

(iii) U  U  there exist V  U such that V o V  U

(iv) U, V  U  U  V  U
(v) U  U, U  V  V  U
The pair (X, U) is called a (classical) uniform space. 

Note :


There is a one-to-one correspondence between sets containing the diagonal and mappings satisfying certain conditions, in the following way.


Let U  X x X which contains the diagonal ΔX. Define a map                         U : P(X) → P(X) by U(A) = { y / there exist x  A such that (x, y)  U}

Then (1) U (Φ) = Φ


(2) U(A)  A


(3) U(
[image: image165.wmf]i
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Conversely, 


Given U : P(X) → P(X) satisfying the above three conditions define           U  X x X   by

(i) U contains the diagonal and 

(ii) U = { (x, y) / y  U ({x}) }
 

Identifying each set U containing the diagonal ΔX with its corresponding mapping U : P(X) → P(X), which satisfies the three conditions, the (classical) uniform space was redefined as follows

Definition : 4.1.2


Let D be the set of maps U : P(X) → P(X), which satisfies the conditions (1) – (3). A (classical) uniformity on X is a subset U of D such that

(U1) 
U ≠ Φ

(U2) 
U  U  U-1  U
(U3) 
U  U  there exists V  U such that V o V = U
(U4) 
U, V  U  U  V  U
(U5) 
U  U, U ≤ V  V  U
Hutton [17] generalized the concept of uniformity to fuzzy case as follows:

Definition : 4.1.3


Let D be the set of maps U : IX x IX which satisfies 

(1)– 
U(
[image: image167.wmf]0

~

) = 
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~


(2)– 
U() ≥ 
(3)– 
U ((i i) = (i (U (i)


A (classical) fuzzy uniformity on X is a subset U of D such that it satisfies the following axioms

(FU1) 
U ≠ 
[image: image169.wmf]0

~


(FU2) 
U  U  U-1  U
(FU3) 
U  U   there exists V  U such that V o V ≤ U

(FU4) 
U, V  U  U  V  U
(FU5) 
U  U, U ≤ V  V  U
where U-1 : IX → IX is given by U-1 () = inf {   IX / U(1 – ) ≤ 1 – }

and U  V : IX → IX is given by

(U  V) ()  =  inf { U(1)  V(2) / 1,  2 = }

Definition : 4.1.4


Since each subset can be identified with its characteristic function, a (classical) fuzzy uniformity U can be written as a function from D into {0,1} which satisfies the following conditions 

(FU1)–    there exist U  D such that U(U) > 0

(FU2)–   U(U) > 0  U(U-1) > 0

(FU3)–   U(U) > 0  there exist V  D such that U(V) > 0 and V o V ≤ U

(FU4)–   U(U) > 0, U(V) > 0  U(U  V) > 0

(FU5)–   U(U) > 0, U ≤ V  U(V) > 0

Remark : 4.1.5


For any U  D, if we call the value of U(D) the grade of uniformity of U with respect to the (classical) fuzzy uniformity U, then the grade of uniformity of any U  D is either 0 or 1.

Definition : 4.1.6


Let D be the set of all maps U : IX → IX which satisfies the axioms. A mapping U form D into I = [0, 1] is said to be a gradation of uniformity if it satisfies the following axioms

(GU1)   there exist U  D such that U(U) = 1

(GU2)   U(U) ≥ r  U(U -1) ≥ r

(GU3)   U(U) ≥ r,   there exist V  D such that U(V) ≥ r and V o V ≤ U

(GU4)   U(U) ≥ r  U(V) ≥ r  U(U  V) ≥ r

(GU5)   U(U) ≥ r, U ≤ V  D  U(V) ≥ r  where r  (0,1]

The pair (X, U) is called a fuzzy uniform space.

Remark : 4.1.7


The axioms (GU2), (GU4) and (GU5) can be replaced by the following axioms :

(GU2) –   U(U) = U(U -1)

(GU4) –   U(U  V) ≥ U(U)  U(V)

(GU5) –   U ≤ V  D  U(U) ≤ U(V)

Remark : 4.1.8


If all grades of uniformity are restricted to be 0 or 1 then, definition 4.1.6 is reduced to Hutton’s definition of a (classical) fuzzy uniform space.

Proposition : 4.1.9


Let (X, U) be a fuzzy uniform space. Then, for each r  (0, 1], the family Ur = { U  D / U(U) ≥ r } is a (classical) fuzzy uniformity on X.

Proof :


Take r  (0,1]

(FU1)  By (GU1), there exists U  D such that U(U) = 1 ≥ r


Hence U  Ur.


Therefore Ur is not empty.

(FU2) Consider U  Ur  U(U) ≥ r

 
U(U -1)  ≥  r 
[by (GU2)]

 
U -1  Ur
(FU3) 
Consider U  Ur    U(U) ≥ r.

 
there exists V  D such that U(V) ≥ r and V o V ≤ U [by (GU3)]

 
there exists V  Ur such that U(V) > 0 and V o V ≤ U

(FU4)  Consider U, V  Ur

U  Ur  U(U) ≥ r


V  Ur  U(V) ≥ r

U(U) ≥ r, U(V) ≥ r  U(U  V) ≥ r 
[by (GU4)]

 
U  V  Ur
(FU5) 
Consider U  Ur and U ≤ V


U  Ur  U(U) ≥ r

U(U) ≥ r and U ≤ V  U(V) ≥ r [by (GU5)]

 
V  Ur
Hence Ur is a (classical) fuzzy uniformity on X for every r  (0,1]

Definition : 4.1.10


For each r  (0,1], the family Ur is called the r-level (classical) fuzzy uniformity on X with respect to the gradation of the uniformity U. 

Proposition : 4.1.11

Let (X, U) be a fuzzy uniform space. The family { Ur / r  (0, 1] } of all       r-level (classical) fuzzy uniformities on X with respect to U, is descending. Furthermore Ur =  
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Proof :


Let (X, U) be a fuzzy uniform space 

Take r ≥ s, and U  Ur
Then U(U) ≥ r ≥ s

 
U(U) ≥ s

 
U  Us

Therefore Ur  Us
Hence the family {Ur / r (0,1]} is a descending family and Ur  
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<

Ç

Us   (1)


To prove the converse, choose U  Ur. Then U(U) < r. Hence there exists S0  (0,1) such that U(U) < S0 < r. Therefore U  US0, where S0 < r.

Hence U  
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s

<
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Us

Therefore 
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<
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 Us  Ur






      (2)

From (1) and (2) we get 
Ur = 
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Proposition : 4.1.12


Let (X, U) be a fuzzy uniform space. For r  (0,1], let Ur be the (classical) fuzzy topology induced by Ur. Then, the family { Ur / r  (0,1] } is descending and satisfies 

Ur = 
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Definition : 4.1.13


Let X be a non empty set and  : IX → I be a mapping satisfying the following axioms

(01) 
(
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~

) = 1 = (
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~

)

(02)
(i) ≥ r, i = 1,2 implies (1  2) ≥ r

(03)
(i) ≥ r, i  Δ implies (
[image: image178.wmf]D
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Ú
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 i) ≥ r where r  (0,1]

or equivalently, we have the following axioms,

(01) – 
(
[image: image179.wmf]0

~

)  =  1  =  (
[image: image180.wmf]1

~

)

(02) – 
(1  2)  ≥  (1)  (2)

(03) – 
(
[image: image181.wmf]D
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Ú

i

 i)  ≥  
[image: image182.wmf]D

Î

Ù

i

 ( (i))

Then  is said to be a gradation of openness on X, and the pair (X, ) is a fuzzy topological space (an fts, for short)

Proposition : 4.1.14


Let { Tr : r ( (0, 1] } be a non empty descending family of (classical) fuzzy topologies (i.e., Chang  fuzzy topologies) on X, and let  : IX → I be a mapping defined by () =  {r  (0,1] /   Tr} Then  is a gradation of openness on X.

If further, for any r  (0,1], Tr = 
[image: image183.wmf]r

s

<

Ç

 Ts, then 

r  =   Tr for every r  (0,1] where r  =   {   IX / () ≥ r } is the r-level (classical) fuzzy topology of 
Theorem : 4.1.15


Let (X, U) be a fuzzy uniform space. The mapping U : IX → I defined by

U()  =   {r  (0, k, 1] /   Ur} is a gradation of openness on X. It is called the gradation of openness induced by gradation of uniformity U.

Proof :


From proposition 4.1.12 the family { Ur : r  (0,1] } is descending and satisfies Ur  =  
[image: image184.wmf]r

s

<

Ç

 Us .

Hence, the result follows from proposition 4.1.14

Definition : 4.1.16


Let (X, U), (Y, W ) be fuzzy uniform spaces. Then the map f : X → Y is called a fuzzy uniform map if, for each V  D*, W (V) ≤ U (f -1(V)), where                 f -1(V) : IX → IX is defined by (f -1(V)) () = (V(f())) and 

D* = { U : IY → IY : U satisfies the conditions (1) – (3).

Theorem : 4.1.17


A mapping f : (X, U) → (Y, W ) is a fuzzy uniform map, if and only if            f : (X, Ur) → (Y, W r) is a (classical) fuzzy uniform map for each r  (0,1], where Ur and W r are the r-level (classical) fuzzy uniformities on X and Y, respectively.

Proof :

Assume : f : (X, U) → (Y, W ) is a  fuzzy uniform map

To prove : f : (X, Ur) → (Y, W r) is a fuzzy uniform map.


Let V  W r then W (V) ≥ r, since f : (X, U) → (Y, W ) is a fuzzy uniform map, we get that W (V) ≤ U (f-1(V)) for each V  D*

i.e. 
U(f -1(V)) ≥ W (V) ≥ r

 
f -1(V)  Ur
Therefore f : (X, Ur) → (Y, W r) is a fuzzy uniform map

Assume : f : (X, Ur) → (Y, W r) is a (classical) fuzzy uniform map for every r  (0,1]

To prove : 
f : (X, U) → (Y, W ) is a fuzzy uniform map.

i.e. To prove V  D*, W (V) ≤ U (f -1(V))

Since f : (X, Ur) → (Y, W r) is a (classical) fuzzy uniform map. We get      W r(V) ≤ Ur (f-1(V)) for each V  W r and for V  W r  f -1(V)  Ur.

Let V  D*, suppose W (V) > U (f-1(V))

Then, there exists r0  (0, 1] such that W (V) ≥ r0 > U (f -1(V)).

W (V) ≥ r0 V  W r0 
U(f -1(V)) < r0  f -1(V)  Ur0
Hence V  W r0 but f -1(V)  Ur0, contradicting the fact that 

f : (X, Ur0) → (Y, W r0 ) is a (classical) fuzzy uniform map.


Therefore W (V) ≤ U(f -1(V)), for each V  D* 

Therefore f : (X, U) → (Y, W ) is a fuzzy uniform map.

Definition : 4.1.18


Let (X, ), (Y, *) be two fuzzy topological spaces and f : X → Y be a mapping. Then f is called a gradation preserving map (gp-map) if                      *() ≤ (f -1()) for every   IY.

Theorem : 4.1.19


Let (X, U), (Y, W ) be fuzzy uniform spaces. If f : (X, U) → (Y, W ) is a fuzzy uniform map, then the mapping f : (X, U) → (Y, W) is a gp-map

Proof :


We prove the contrapositive statement.

Suppose f : (X, U) → (Y, W) is not a gp-map. Then there exists   IY such that W() > U(f-1())

Hence there exists r  (0,1] such that

W() ≥ r ≥ U(f -1()). f -1()  Ur and   W r.


Thus, we have k =  {s  (0,1] /   W s} ≥ r.

Then for any ξ > 0, we have   W k – ξ
Consequently,   W r – ξ
Since ξ > 0 is arbitrary,   Wr but                      f -1()  Ur
That is, f : (X, Ur) → (Y, Wr) is not fuzzy continuous.


Hence by theorem 4.1.17, we get f : (X, U) → (Y, W ) is not a fuzzy uniform map.

SECTION : 4.2

Gradation of Proximity

In this section, we discuss the concepts of gradation of proximity, r-level fuzzy proximity and fuzzy proximal maps.


The concept of a (classical) fuzzy proximity space has been introduced by Katsaras [13] as follows :

Definition : 4.2.1


A binary relation  on IX is called a (classical) fuzzy proximity on X if it satisfies the following axioms

(CFP1) 
(, )     (, )  
(CFP2) 
(  , )     (, )    or (, )  
(CFP3) 
(, )      ≠ 
[image: image185.wmf]0

~

,  ≠ 
[image: image186.wmf]0

~


(CFP4) 
(, )     there exists   IX such that (, )  , (1-, )  . 

(CFP5) 
   ≠ 
[image: image187.wmf]0

~

  (, )  .


If  is a (classical) fuzzy proximity on X, then the pair (X, ) is called a (classical) fuzzy proximity space.


In 1984, Artico [1] redefined a (classical) fuzzy proximity as follows

Definition : 4.2.2


A (classical) fuzzy proximity on a set X (≠ Φ) is a function 

 : IX → IX → {0, 1} which satisfies, for , ,   IX the following conditions 

(CFP1) 
(, ) = (, )

(CFP2) 
( ( , ) =  (, ) ( (, )

(CFP3) 
(
[image: image188.wmf]0

~

,
[image: image189.wmf]1

~

) = 0

(CFP4) 
(, ) = 0  there exists   IX such that (, ) = 0 = (1-, )

(CFP5) 
(, ) = 0   ≤ 1 – .

Theorem : 4.2.3


For (, )  IX x IX, we call the value (, ) the grade of proximity of       (, ) with respect to  . Note that, the grades of proximity are either 0 or 1. In some sense, the fuzziness is absent in the above definition. To allow grades of proximity to be any value in the closed unit interval I = [0,1] we introduce the concept of a gradation of proximity as follows.

Definition : 4.2.4


A mapping from IX x IX into I is said to be a gradation of proximity on X if it satisfies the following axioms,

(FP1) 
(, ) = (, )

(FP2) 
((  ), ) = (, )  (, )

(FP3) 
(
[image: image190.wmf]0

~

,
[image: image191.wmf]1

~

) = 0

(FP4)
(, ) < r  there exists   IX such that (, ) < r, (1 – , ) < r.

(FP5)  (, ) ≠ 1   ≤ 1 – .

The pair (X, ) is called a fuzzy proximity space. 

Theorem : 4.2.5


 ≥      = 
Therefore (, ) = (,  ( ) = (, )  (, )

 
(, )  ≥  (, )

Hence  ≥     (, ) = (, ).

Theorem: 4.2.6


(
[image: image192.wmf]0

~

, ) = 0, (   IX
Proof :


Since (
[image: image193.wmf]0

~

, )  ≤  (
[image: image194.wmf]0

~

,
[image: image195.wmf]1

~

) = 0

We get (
[image: image196.wmf]0

~

, ) = 0


If all grades of proximity are restricted to be 0 or 1 then definition 4.2.1 is reduced to Artico’s definition of a (classical) fuzzy proximity space. 

Proposition : 4.2.7


Let (X, ) be a fuzzy proximity space.  Then for each r  (0, 1] the family

 r  =  { (, )  IX x IX / (, ) ≥ r } is a (classical) fuzzy proximity on X.

Proof :


Given r  (0,1]

(CFP1) 
(, )  r  (  (, ) ≥ r

( 
(, ) ≥ r 


[from (FP2)]

( 
(, )  r
i.e 
(, )  r ( (, )  r
(CFP2) 
(  , )  r (  (  , ) ≥ r

( 
(, )  (, ) ≥ r 
[by (FP2)]

( 
(, ) ≥ r or (, ) ≥ r

( 
(, )  r or (, )   r
i.e 
(  , )  r ( (, )  r or (, )  r
(CFP3)


Since (
[image: image197.wmf]0

~

,
[image: image198.wmf]1

~

) = 0, (
[image: image199.wmf]0

~

,
[image: image200.wmf]1

~

) < r for every r  (0,1] consequently we get that


(
[image: image201.wmf]0

~

, X)  r,  ( r  (0,1]

Therefore (, )      ≠ 
[image: image202.wmf]0

~

,  ≠ 
[image: image203.wmf]0

~


(CFP4) 
Assume : (, )  r  (, ) < r

 
there exists   IX such that (, ) < r, (1 – , ) < r [by (FP4)]

 
there exists   IX such that (, )  r, (1 – , )  r
(CFP5) 
(, )  r  (, ) < r

 
(, ) ≠ 1

 
 ≤ 1 –  
[by (FP5)]


Hence r is a (classical) fuzzy proximity on X  ( r  (0,1].

Definition : 4.2.8


For each r  (0, 1] is called the r-level (classical) fuzzy proximity on X with respect to the gradation of proximity .

Proposition : 4.2.9


Let (X, ) be a fuzzy proximity space. The family { r / r  (0,1] } of all       r-level (classical) fuzzy proximities of   is descending. 

Furthermore r = 
[image: image204.wmf]r

s

<

Ç

 s ( r  (0,1]

Proof :


For r ≥ s, let   r.

To prove : r = 
[image: image205.wmf]r

s

<

Ç

 s
Take (, )  r  (, ) ≥ r

 
(, ) ≥ s 

[ since r ≥ s]

 
(, )  s

Therefore r  
[image: image206.wmf]r

s

<

Ç

 s






      (1)

Let (, )  r  (, ) < r

Therefore there exists s0 < r such that (, ) < s0 < r

 
(, )  s0
 
(, )  
[image: image207.wmf]r

s

<

Ç

 s
Therefore 
[image: image208.wmf]r

s

<

Ç

 s  r






      (2)

From (1) and (2) we get that r = 
[image: image209.wmf]r

s

<

Ç

 s
Corollary : 4.2.10


Let (X, ) be a fuzzy proximity space. Then

(i) (, ) ≥ r,  ≤ 1,  ≤ 1 implies (1, 1) ≥ r

(ii) (, 
[image: image210.wmf]1

~

) = 1, ( 
[image: image211.wmf]0

~

 ≠   IX
Proof :

(i) Consider (1, 1)  =  (1  , 1  )




    ≥   (1  , )




    =   (, 1  )

[by (FP1)]




    ≥   ()

Therefore (1, 1)  ≥  (, )





 ≥   r 


[since (, ) ≥ r]


  Therefore (, )   ≥   r.

(ii) 
Since 
[image: image212.wmf]0

~

 ≠   IX,   
[image: image213.wmf]0

~

,   1 – 
[image: image214.wmf]1

~


From (FP5), we get that

(, 
[image: image215.wmf]1

~

) = 1

Definition : 4.2.11


Let (X, ) be a fuzzy proximity space. For each r  (0,1],   IX, define    Intr = sup {   IX / (, 1 – ) < r}. The family { Intr : r  (0,1]} is called the interior operators of the fuzzy proximity space (X, )
Proposition : 4.2.12


The interior operators of the fuzzy proximity space (X, ) have the following properties 

(i) Intr 
[image: image216.wmf]1

~

 = 
[image: image217.wmf]1

~


(ii) Intr  ≤ 
(iii) Intr (intr ) = Intr 
(iv) Intr (  ) = Intr   Intr 
(v) r ≤ r'  Intr  ≤ Intr' , where ,   IX, r, r'  (0,1]

Proof :

(i) 
Intr 
[image: image218.wmf]1

~

  =  sup {   IX / (,
[image: image219.wmf]0

~

) < r }


           =  sup IX


=  
[image: image220.wmf]1

~


(ii) 
Intr    ≤   
By (FP5), we have (, ) < r   ≤ 1 – 
Therefore (, 1 – ) < r   ≤ 1 – (1 – )

( 
 = 
Therefore Intr   ≤  sup {   IX /  ≤ }

     =  

Therefore Intr  ≤ .

 (iii) 
Intr (Intr ) = Intr 

From (ii) we have Intr   ≤ 
 
Intr (Intr )  ≤  Intr  






      (1)

Conversely, 

Let   IX be such that (, 1 – ) < r

i.e.,   ≤  Intr  








      (2)

Then from (FP4) there exists   IX such that

(, ) < r, (1 – , 1 – ) < r

Now (, ) < r       ≤ Intr (1 – ) and

(1 – , 1 – ) < r   i.e 1 –  ≤ Intr 
Consider   ≤  Intr (1 – )



         ≤  Intr (Intr )






      (3)

From (2) and (3) we get


Intr  ≤ Intr (Intr )







      (4)

From (1) and (4) we get that

Intr  = Intr (Intr )

(iv) 
If  ≤ , then Intr  ≤ Intr 
Since    ≤  and    ≤  , 

we get Intr (  ) ≤ Intr 

            Intr (  ) ≤ Intr 
Hence Intr (  ) ≤ Intr   Intr 




      (5)

Conversely,

Intr()  Intr() = sup{  IX / (, 1 – ) < r}  sup{η IX / (η, 1-) < r}

    = sup {(  η)  IX / (, 1 – ) < r, (η, 1 – ) < r}

    = sup{(η)  IX / (η, 1 – ) < r, (  η, 1–) < r}

    = sup{(  η)  IX / (  η (1 – )  (1 – )) < r}

    = sup{(  η)  IX / (  η, 1 – (  ) < r}

    ≤ sup {σ  IX / (σ, 1 – (  )) < r}

    = Intr (  )

 
Intr()  Intr() ≤ Intr (  )





      (6)

From (5) and (6) we get


Intr(  ) = Intr   Intr 
(v) 
Let r ≤ r'

Intr   =  sup {  IX / (, 1 – ) < r}


          ≤  sup{  IX / (, 1 – ) < r'}


         =   Intr'  

Theorem : 4.2.13


Let (X, ) be a fuzzy proximity space. The mapping  : IX → I defined       () = {r  (0,1] / Intr  = } is a gradation of openness on X. It is called the gradation of openness induced by the gradation of proximity .
Proof :

(01) 
 (
[image: image221.wmf]0

~

)  =  { r  (0, 1] / Intr 
[image: image222.wmf]0

~

 = 
[image: image223.wmf]0

~

 }

Now, Intr 
[image: image224.wmf]0

~

  =  sup {   IX / (, 1 – 
[image: image225.wmf]0

~

) < r }



         =  sup {   IX / (,
[image: image226.wmf]1

~

) < r }

     (,
[image: image227.wmf]1

~

)  <   r

 
(,
[image: image228.wmf]1

~

) ≠ 1      ≤  1 – 
[image: image229.wmf]1

~

 = 
[image: image230.wmf]0

~


 
 = 
[image: image231.wmf]0

~


Therefore Intr 
[image: image232.wmf]0

~

 = 
[image: image233.wmf]0

~

 for every r < 1

Therefore  (
[image: image234.wmf]0

~

) = 1

(
[image: image235.wmf]1

~

) =  {r  (0,1] / Intr 
[image: image236.wmf]1

~

 = 
[image: image237.wmf]1

~

}

Now, Intr
[image: image238.wmf]1

~

  =  sup {   IX / (, 1 - 
[image: image239.wmf]1

~

) < r}



        =  sup {   IX / (,
[image: image240.wmf]0

~

) < r }

Since (,
[image: image241.wmf]0

~

) = 0 < r for every   IX,

We get Intr  
[image: image242.wmf]1

~

 = 
[image: image243.wmf]1

~

 for every r.

Therefore  (
[image: image244.wmf]1

~

) = 1

(02) 
Take 1, 2  IX,

1  2 ≤ 1  T (1  2) ≤  (1)

1  2 ≤ 2  T (1  2) ≤  (2)

Therefore  (1  2) ≤  (1)   (2)

Suppose  (1  2) <  (1)   (2)

Then there exists   (0,1] such that  (1  2) <  <  (1)   (2).

Therefore  <  (1) =  {r  (0,1] / Intr 1 = 1}


 <  (2)  =  { r  (0,1] / Intr 2 = 2 }

By the supremum property there exists r1, r2  (0,1) such that  < r1,  < r2 and Intr1(1) = , Int r2(2) = 2.


If r = max {r1, r2} it is easy to show that, 

1  2  =  Intr1(1)  Intr2(2)


 
    ≤  Intr(1)  Intr(2) [Since r ≥ r1, r = r2 and by proposition 4.2.12(v)]

 
1  2  =  Intr (1  2)

Consequently,  (1  2) ≥ r ≥ r1 (and r2) > 
This is a contradiction. 

Hence,  (1  2)  ≥   (1)  0(2)

(03) 
Let i  IX for every i  Δ suppose  (
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 (i) ≥ ,  ( i  Δ

i.e 
 { r  (0, 1] / Intr i = i } ≥ , (  i  Δ

By the supremum property, there exists ri > ,

such that Intri i  =  i  ( i  Δ
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Hence   (
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Definition : 4.2.14


Let (X, ) and (Y, *) be (classical) fuzzy proximity spaces. A mapping           f from X → Y is called (classical) proximally fuzzy continuous mapping if                (, )        (f(), f())   *

Definition : 4.2.15


Let (X, ), (Y, *) be fuzzy proximity spaces. If f is a function from X into Y. Then f is a fuzzy proximal map if


( , )  ≤   *(f(), f()),( ,   IX.

Theorem : 4.2.16


Let f : (X, ) → (Y, *) where  and * are gradation of fuzzy proximities on X and respectively. Then f is a fuzzy proximal map if and only iff :(X, r)→ (Y, r*) is a (classical) proximally fuzzy continuous map for every r  (0,1]

Proof :


By the definition of fuzzy proximal map, we get


( , )  ≤  *(f(), f()) for all ,   IX
For (, )  r, we have *(f(), f()) ≥ (, )

(, )  r    (, )  ≥  r

Hence *(f(), f())  ≥  (, )





  ≥   r

Therefore (f(), f())  r*

Therefore f : (X, r)  (Y, r*) is a proximally fuzzy continuous map.

Assume : f : (X, r) → (Y, r*) is a proximally fuzzy continuous map

To prove : f : (X, ) → (Y, *) is a fuzzy proximal map

i.e 
to prove (, )  ≤ *(f(), f()) for all ,   IX
Suppose (, ) > *(f(), f()) for some ,   IX
Then there exists r  (0,1] such that (, ) ≥ r > *(f(), f())

(, ) ≥ r  (, )  r and

* (f(), f()) < r  (f(), f())  r*

which is a contradiction.

Therefore (, ) ≤ *(f(), f())

Therefore f : (X, ) → (Y, *) is a fuzzy proximal map.

SECTION : 4.3

Connections between gradation of proximities and gradation of uniformities

In this section, we have explained how to get a gradation of proximity (resp. a gradation of uniformity) if a gradation of uniformity (resp. a gradation of proximity) on a non empty set X is given.

Theorem : 4.3.1


Let (X, U) be a fuzzy uniform space. Let U : IX x I be defined                  U(, ) = {U(U) / U ()  1 – }. Then, U is a gradation of proximity on X. It is called the gradation of proximity induced by U.

Proof :

(FP1) 
U (, ) =  {U(U) / U()  1 – }

Since U-1() =  inf {  IX / U (1 – ) ≤ 1 – } and U()  1 – 
 
U(1 – (1 – ))  1 – , we get U-1()  1 – 
Therefore U(, )  =  {U(U-1) / U-1 ()  1 – }




           =  U(, )

(FP2) 
U(,   )   =  {U(U) / U()  1 – (  )}



             =  {U(U) / U()  (1 – )  (1 – )}




  =  {U(U) / U()  (1 – ) or U(V)  1 – }

  =  ({{U(U) / U()  1 – })  ( {U(U) / U()  1 – })

  =  U(, )  U (, )

(FP3) 
U(
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                =   0

(FP4) 
Assume : U (, ) < r


By the infimum property, there exists U0  D such that U(U0) < r and        U0()  1 – . Since U0()  1 – , there exists x  X such that (U0())(x)>1–(x)

Define a fuzzy point x such that (U0())(x) >  > 1 – (x).

Then we get that U0 ()  x and 1 – (x) < x(x) ≤ (U0(x)) (x)

i.e 
1 –  ( U0(x)

Now, U(U0) < r, U0()  x and U0(x)  1 – 
 
{ U(U) / U()  x } < r and  {U(U) / U(x)  1 – ) < r

i.e 
U(, 1 – x) < r and U (x, ) < r

(FP5) 
 Let ,   IX with  ≤ 1 – . Then for every U  D, U()  1 –  implies that, for every U  D such that U(U) ≥ r.

U()  1 –   ( r  (0,1]

 
{ U(U) / U()  1 – }  ≥  r, ( r  (0, 1]

 
U (, ) ≥ r, ( r  (0, 1]

Consequently, U(, ) = 1

Hence U is a gradation of proximity on X.

Theorem : 4.3.2


Let U be the gradation of uniformity on X. Then U and U induce the same gradation of openness (i.e. U = (U))

Proof :


Since (Ur) is the (classical) fuzzy proximity induced by the (classical) fuzzy uniformity Ur, they have the same (classical) fuzzy topology we have to show that  Ur = (U)r ( r  (0, 1]

Now, we shall show that, (Ur)  =  (U)r
For ,   IX, (, )  (U)r ( U(, ) ≥ r

( 
 { U(U) / U()  1 – }  ≥  r

( 
U(U)  ≥  r  ( U  D, U()  1 – 
( 
U  Ur ( U  D, U()  1 – 
( 
( U  Ur, U()  1 – 
( 
(, )  (Ur)
Hence we get that,

(U)r =  (Ur) ( r  (0,1]

Consequently, gradation of uniformity U and the gradation of proximity      U have the same gradation of openness.

Definition : 4.3.3


A mapping Φ : D → I is said to be a sub-base for a gradation of uniformity if it satisfies the following axioms:

(1) there exists U  D such that Φ(U) = 1

(2) Φ(U) ≥ r  there exists V  D such that Φ(V) ≥ r and V o V ≤ U

(3) Φ(U) ≥ r  there exists V  D such that Φ(V) ≥ r, V ≤ U -1
Proposition : 4.3.4


Let Φ : D → I be a sub-base for a gradation of uniformity. Then the family Φr = { U  D / Φ(U) ≥ r } is a sub-base for a (classical) fuzzy uniformity for every   r  (0,1]

Proof :

(1) Since there exists U  D such that Φ(U) = 1, Φr ≠ Φ

(2) U  Φr ( Φ(U) ≥ r

 there exists V  D such that Φ(V) ≥ r and V o V ≤ U 

    [by definition  4.3.3]

 there exists V  Φr such that V o V ≤ U

(3) U  Φr ( Φ(U) ≥ r

there exists V  D such that Φ(V) ≥ r and V ≤ U-1 [by definition 4.3.3(iii)]

 there exists V  Φr and V = U-1
Hence we get that,


Φr is a sub-base for a (classical) fuzzy uniformity for every r  (0,1]

Definition : 4.3.5


Let (X, U) be a fuzzy uniform space with a sub-base Φ. For r  (0,1] the collection Φr is called the r-level sub-base for Φ.

Theorem : 4.3.6


Let (X, ) be a fuzzy proximity space.

For r  (0, 1] let Ar = {(, )  IX x IX / (, ) < r}. 

For every (, )  IX x IX define U  :  IX → IX as follows 



Φ 
if  = Φ

U()   =   
1 –  
if  ≤ 



X   
otherwise

Let Φr = { U / (, )  Ar} where r  (0,1]. Define a mapping Φ : D → I by

Φ(U) = sup{r  (0, 1] / U  Φr}. Then Φ is a sub-base for a gradation of uniformity.

Proof :

(1) 
Since Φr is a sub-base for a (classical) fuzzy uniformity for every r  (0,1], Φr ≠ Φ 

 
there exists U  D such that Φ(U) = 1

(2) 
Let U  D, Φ(U) ≥ t, then {r  (0,1] / U  Φr} ≥ t

Since Φr is a sub-base for a (classical) fuzzy uniformity then there exists  V  Φr such that V o V ≤ U.

Thus V{r  (0,1] / there exists V  Φr, V o V ≤ U} ≥ {r  (0,1] / U  Φr} ≥ t

Thus there exists V  D such that {r  (0,1] / V  Φr} ≥ t and V o V ≤ U

Consequently, there exists V  D such that Φ(V) ≥ t and V o V ≤ U

(3) 
Let U  D, Φ(U) ≥ t then ({r  (0,1] / U  Φr} ≥ t

Since U  Φr and Φr is a sub-base for a (classical) fuzzy uniformity then there exists V  Φr such that V ≤ U-1. Thus, there exists V  D such that Φ(V) ≥ t and V ≤ U


Hence we get that, Φ is a sub-base for a gradation of uniformity 

Definition : 4.3.7


The gradation of uniformity which has the mapping Φ introduced above as a sub-base is denoted by U and is called the gradation of uniformity induced by the gradation of proximity .

REVIEW OF LITERATURE

In his classical paper Zadeh [32] introduced the fundamental concept of fuzzy sets. This idea was then applied to various other fields of Mathematics including topology resulting in the study of fuzzy topology by Chang[4], and Lowen[23] and fuzzy proximity by Katsaras[19] et.al.


Fuzzification of proximities has been done in various ways. Katsaras [19], Azad [3], Srivastava and Gupta [28] and Srivastava and Khare [29] have defined and studied various types of fuzzy proximities. In all their definitions, fuzzy proximity is defined as a binary relation ( on IX (I = [0, 1]), satisfying certain conditions. Hence, in these definitions of fuzzy proximities no concept of fuzziness is considered because here a pair of fuzzy sets is either proximal or not proximal. These types of fuzzy proximities are referred to as proximities of fuzzy sets. Removing this crispness in fuzzy proximity, Artico and Moresco [2], introduced fuzzy proximity on X as a function ( : IX x IX → I satisfying certain conditions. Note that this definition gives a gradation of nearness between each pair of fuzzy sets in X. In this direction, among others, Samanta [24], Sostak and Markin [25], Chattopadhyay, Samanta and Mukherjee [8] have introduced various types of fuzzy proximities.



In 1979, Katsaras [19] introduced the concept of fuzzy proximity spaces on the basis of the axioms suggested by Efremovic. With every fuzzy proximity a fuzzy topological space is associated. Given a proximity on a set X, Katsaras [19] has associated a fuzzy proximity and conversely with every Katsaras fuzzy proximity, Juarros, Castrillo and Prada Vicente [14] have associated an ordinary proximity.


In 1980, Srivastava and Gupta [26] have defined fuzzy proximity bases and subbases and investigated some of the properties of fuzzy proximity spaces interms of fuzzy proximity bases and subbases. 


Thron [30] presented a new approach to the study of proximity structures based on the recognition that many of the entities important in the theory are grills, an important concept introduced by Choquet [12]. Taking a start from Thron’s work, in 1981, Azad [3] introduced fuzzy stacks, fuzzy grills and fuzzy basic proximities and obtained a characterisation of fuzzy proximity using fuzzy grills. As the definition of a fuzzy proximity according to Azad [3] are, infact, proximities of fuzzy sets, the term proximities of fuzzy sets is used instead fuzzy proximities when we refer to Azad’s [3 ] definition.

Generalized proximity spaces were introduced and developed by       Lodato [21] in 1964. Subsequently such spaces have been extensively studied and quite often these are described as Lodato or Lo-proximity spaces. In 1981, Srivasatava and Gupta [27] have defined fuzzy symmetric generalized proximity spaces and have developed part of its theory as an extension of the Lodato proximity theory. It has been proved that each fuzzy symmetric generalized proximity  on X induces a fuzzy topology () on X in a natural manner. The fuzzy topology () turns out to be a crisp topology. Infact the restriction of a fuzzy symmetric generalized proximity  on IX to {0,1}X is a symmetric generalized proximity and the topology generated by the latter is the same as ().


In 1983, Srivastava and Gupta [28] have defined fuzzy closure spaces and following the definition of fuzzy basic proximity as given by Azad [3] they have shown that every fuzzy basic proximity ( on X induces a fuzzy closure space  (X, C(). It has been further shown that if U is a fuzzy ultrafilter, then ((U) is a fuzzy grill and they have also investigated various properties of ((U).


In 1984 Artico and Moresco [1] have introduced a new definition of fuzzy proximity to overcome several drawbacks encountered in Katsaras [19] definition. This definition agrees well with fuzzy topologies and Hutton [17] fuzzy uniformities. 


In 1987, Aritico and Moresco [2] have introduced another definition of fuzzy proximity which is compatible with Lowen fuzzy uniformities


In 1995, Samanta [24] has introduced a new definition of fuzzy proximity and has shown that every Artico, Moresco [2] type fuzzy proximity is also a fuzzy proximity in his sense. An example is given to show that the converse implication does not hold. He [24] has also given a new definition of fuzzy uniformity and has shown that the underlying fuzzy proximity is a fuzzy proximity in his sense. It is also shown that the fuzzy topology induced by this fuzzy uniformity agrees with the fuzzy topology induced by the underlying fuzzy proximity. 


In the crisp case, Thron [30] has proved that proximities are clan generated structures. In 1996, Chattopadhyay, Mukherjee and Samanta [7] have obtained an analogus result by showing that the proximities of fuzzy sets are also clan generated structures. The proof of this fact mainly depends on the result that grills of fuzzy sets are exactly the unions of prime filters.

Chattopadhyay, Mukherjee and Samanta [6] have given a new definition of a fuzzy topological space by introducing the concept of a gradation of openness. In 1996, [13] Ghanim, Tantawy and Selim have given a new definition of a fuzzy uniform (resp. fuzzy proximity) space by introducing the concept of a gradation of uniformity (resp. a gradation of proximity). They have constructed a gradation of openness induced by a gradation of uniformity (resp. gradation of proximity). The connections between gradations of proximity and gradations of uniformity are investigated.


Thron [30] introduced the concept of f-proximities and showed that for different choice of ‘ f ’ one can obtain many of the known types of proximities. Product of different classes of proximities were studied by Leader [20], Hayashi [16], et.al. In [5] Chattopadhyay made unified approach for studying the product of f-proximities. In [9] Chattopadhyay, Mukherjee and Samanta defined                  f-proximities of fuzzy sets and fuzzy f-proximities and showed that different classes of fuzzy sets (as well a fuzzy proximities) are obtained for different choices of f .


In 2001, Chattopadhyay, Mukherjee and Samanta [11] have defined product of proximities of fuzzy sets and product of fuzzy proximities and proved that the product of f-proximities of fuzzy sets (f-fuzzy proximities) is an f-proximity of fuzzy sets (f-fuzzy proximity) if f belongs to some classes. They have also proved that the category of all fuzzy proximity spaces and fuzzy p-continuous function is closed in the categorical sense with respect to products.


In this dissertation we have discussed the contributions of Chattopadhyay, Mukherjee, Samanta [7, 11], and Ghanim, Tantawy, and Selim [13].


[image: image258.wmf]
SUMMARY AND CONCLUSION


The concept of proximity has been extended to fuzzy situation by various authors. Different classes of generalized proximities in the crisp sense have also been extended to fuzzy situation. Fuzzification of proximity is done in two ways. One is by introducing proximity of fuzzy sets as a binary relation on IX and the other is by introducing fuzzy proximity as a mapping from IX x IX to I.


The concepts of filter of fuzzy sets and grill of fuzzy sets are dealt with in chapter 1 and some interesting properties of ultrafilters and prime filters of fuzzy sets are discussed here. It has been shown that every grill of fuzzy sets is a union of prime filters of fuzzy sets and every prime filter of fuzzy sets is contained in a unique ultrafilter of fuzzy sets.


In chapter 2, we have discussed the concept of proximities of fuzzy sets and explained in detail the role of clans in the proximities of fuzzy sets. The main result proved is that the proximities of fuzzy sets are clan generated structures. 


In chapter 3, we have discussed the product of proximities of fuzzy sets and product of fuzzy proximities. It is established that product of proximities of fuzzy sets (resp. fuzzy proximities) is a proximity of fuzzy sets (resp. fuzzy proximity). Regarding f-proximities it has been shown that product of f-proximities of fuzzy sets (f-fuzzy proximities) is an f-proximity of fuzzy sets (f-fuzzy proximity) if f belongs to some classes.


In chapter 4, a new definition of fuzzy uniformity (resp. fuzzy proximity) is given by introducing the concept of gradation of uniformity (resp. gradation of proximity) on a non empty set X. The method of construction of gradation of openness induced by gradation of uniformity (resp. gradation of proximity) is explained. With every gradation of uniformity U, a gradation of proximity U is associated and it has been shown that U and U induce the same gradation of openness. Conversely, with every gradation of proximity , a gradation of uniformity U is associated by constructing a sub-base for U.
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