Chapter |



16

CHAPTER - |
TRIANGULAR FUZZY NUMBERS AND TRIANGULAR FUZZY
NUMBER MATRICES

Definition : 1.1 : Triangular Fuzzy Number

A triangular fuzzy number denoted by M= < m, o, p >, has the

membership function

0 forx<m-a

m-Xx
1- form—-oa<x<m
(04
M (X) = 1 forx=m
X—-m

1- form<x<m+p

0 forx>m+p

The point m, with membership grade of 1, is called the mean value and
a, B are the left hand and right hand spreads of M respectively. Also it can be

defined as follows :

A triangular fuzzy number represented as A= (at, a, a': Hz), where
at, a, a“ are all real values, Hz denotes the membership grade or height and
px = [0, 1]. &, a" are the left hand and right hand spreads of the mean value

a respectively.
Definition : 1.2

A triangular fuzzy number is said to be symmetric if both its spreads

are equal, i.e., if o = § and it is denoted by M =< m, o >.
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Definition : 1.3 : Standard Arithmetic Operations of Triangular

(i)
(ii)
(iii)

(iv)

Fuzzy Numbers using Function Principle

Let /’K =< ay, as, a3 > and B =< b1, by, b3 > then,

~

Addition : A + B =<a;+b;, a,+by, as +bs >

~ ~

Subtraction : A - B =<a;—-bs, a,-by, a3 -by >

Multiplication : A x B =<min (a1 by, a1 b3, asz by, az bs), az by,

max (as by, a bs, az by, as bs)>

~

Division : A /B = <min (a: /by, a;/bs, as/ b, as/ bs), as / by,

max (ai /by, as/bs, a3/ by, as/ bs)>

Definition : 1.4 : Arithmetic Operations of Triangular Fuzzy Numbers

due to Dubois and Prade [14]

LetM = < m, o, p > and N =< n, vy, 6 > be two triangular fuzzy

numbers.

(1)
(2)

3)

(4)

Addition : M+ N = <m+n,a+y, p+5>
Scalar Multiplication : Let A be a scalar, WM = < am, Ao, AP >,
when A > 0. M\7I =<im, - AB, — Aa >, when A < 0. | n particular,

-M =<-m,B,a>

Subtraction: M-N =<m, o, B>-<n,y,8>=<m-n,a+3,p+y>

~

For two TFNs l\7| and N, their addition, subtraction and scalar

~

multiplication, i.e., M + N M - N and AM are all triangular fuzzy
matrices.

Multiplication : It can be shown that the shape of the membership

function of M.N is not necessarily a triangular, but if the spreads of M
and N are small compared to their mean value m and n then the shape
of membership function is closed to a triangle. A good approximation is

as follows :
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(c)
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~

When M >0and N >0 (M >0, ifm > 0)

~ o~

M.N = <m,o,B><n,y,8> = <mn, my+ na, mé +np >

Whenl\7| <0 and Nzo

~ ~

M.N = <m,a, B><n,vy,8>

<mn, na — mg, N —my >

Whenl\~/ISOand KJSO

~ ~

M.N = <m,q,p><n,y,d>=<mn,-np -mg, - no. —my >
When spreads are not small compared with mean values, the following

is a better approximation :

<m a B> <n y8>=<mnmy+na-ay, md+np+pd>for

M >0, N >0.

Throughout this chapter we use the previous definition.

Also,<m, a,><0,0,0> =<0,0,0>

Now we define inverse of a triangular fuzzy number based on the

definition of multiplication.

Inverse : The inverse of a triangular fuzzy number M = <m, o, p >,

m>0isdefinedas, M = <m,a, p>" = <m™, pm™=?, am™2>.

~

This is also an approximate value of M~

and it is valid only a

neighbourhood of 1 / m. Division of M by N is given by

= M.N"'

Zil| =

Since inverse and product both are approximate, the division is also an
approximate value. The formal definition of division is given below.

Division

- M‘Nq =<m,ap>< n_1,8n_2, yn_2>= T_’mS+noc’mY+nl3
n" n? n?

2 2

From the definition of multiplication of triangular fuzzy numbers, the

power of any triangular fuzzy number M is defined in the following

way.
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(7) Exponentiation
Using the definition of multiplication it can be shown that M" is given by

M'" = <m,q,p>"
— n n-1 n-1 - .
= <m", -nm"" B, —nm"" « >, when nis negative,
= <m", nm""a, nm"" B> when nis positive.
Remark : 1.5

Consider two triangular fuzzy numbers with a common mean value.
Then subtraction produces a triangular fuzzy number whose mean value is
zero and the spreads are the sum of both the spreads of computed triangular
fuzzy number. The quotient of same triangular fuzzy numbers is a triangular
fuzzy number having mean value one. The inverse of a triangular fuzzy
number whose mean value is zero does not exist and we cannot divide by
such a number. The addition and multiplication of triangular fuzzy numbers
are both commutative and associative. But the distributive law does not

always hold.

~

For example, if A=<2, 05, 05> B =<3,0807>C =<51,2>

and D =<-5,2 1>, then

~

Z\.(§+C) = AB+ A.C holds but, /&.(6+[~)) +AC+AD
Definition : 1.6 : Triangular Fuzzy Number Matrix (TFNM)

A triangular fuzzy number matrix of order m x n is defined as

A= (I\~/|ij )mxn » Where l\7|ij = < my, aj, Bij > is the ij'" element of A, mj is the mean

value of I\A/'Iij and o, B are the left and right spreads of l\7|ij respectively.
Definition : 1.7 : Operations on TFNM

Let A = (;5\ij )and B = (gi,-)be two triangular fuzzy number matrices of

same order. Then we have the following.
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() A+B = (Aj+B)
(ii) Aol = (Aij_ Bij)
~ ~ ~ ~ n &~ ~
(i)  For A= (Aj)mnand B =(B;)mp, AB = (C;)mep Where C; = > Ay By
k=1
i=1,2,....,mandj=1,2,...p.
(iv) A = (A;) (the transpose of A)
(V) kA = (kf&i,. ), where k is a scalar.
Definition : 1.8
A triangular fuzzy number matrix is said to be a
(1 pure null triangular fuzzy number matrix if all its entries are zero,
i.e., all elements are < 0, 0, 0 >. This matrix is denoted by O.
(2)  fuzzy null triangular fuzzy number matrix if all elements are of the

form :&U =<0, &y, &>, where £1.6, # 0.

Definition : 1.9

(2)

©)

A square triangular fuzzy number matrix is said to be a

pure unit triangular fuzzy number matrix if ;‘\“ =<1,0,0> and
A; =<0,0,0>,i#] forallij. Itis denoted by I.
fuzzy unit triangular fuzzy number matrix if ,3\“ =<1, &, & > and

'Z‘ij =<0, &;, E>fori=j, foralli, j, where & . &2 # 0, £3.84 # 0.

pure triangular TFNM if either inj =< 0,0, 0> for alli>jor

A; = <0,0,0>foralli<jij=12..,n

~

fuzzy triangular TFNM if either A; = < 0, &, & >foralli>jor

'K‘j =<0,&,&>foralli<j;i,j=1,2,...,nand &.& = 0.
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(5) symmetric TFNM ifA=A' ie, if ;5\"- = /Z\J-i forall i, j.
(6)  pure Skew-Symmetric if A= - A’ and;\" =<0,0,0>, e, if/&ij =— ,Z\ji
foralli,jand A, =<0, 0,0 >.

(7)  fuzzy Skew-Symmetric if A = - A’ and ;\“ =<0,¢&, &> e, if

>
I

i == ;&ji for all i, j and ;‘\“ =<0,&, 8> &.5220.

Definition : 1.10

A pure triangular TFNM A = (/Z\ij )is said to be pure upper triangular
TFNM when 7\“ =<0,0, 0>foralli>jandis said to be a pure lower

triangular TFNM if A;=<0,0, 0> foralli <j.

Property : 1.11

For any three TFNMs A, B and C of order m x n and scalars k, ¢ we
have :

(1) A+B =B+A,

(2) A+B+C)=(A+B)+C,

(3) A+A=2A

(4) A-Aisafuzzy null TFNM,

5) A+0=A-0=A,

6) A)y = A,

(7) (A+By = A +B,
@8 (AByY =  B.A,
(9)  k(A) = (ke) A,
(10) k(A+B) = kA +kB,
(11) (k+0A = kA+IA
(12) k(A-B) = kA-kB
(13) (kAY = kA,

(14) (kA+¢B) = kA +LB'.
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Property : 1.12
Let A be a square TFNM then

(1) A.A’ and A’ A are both symmetric,
(i) A + A’ is symmetric,

(i) A - A’is fuzzy skew-symmetric.
Definition : 1.13 : Trace of TFNM

The trace of a square TFNM A = (;‘\ij), denoted by tr(A), is the sum of

A

[\/]3

the principal diagonal elements. In other words, tr(A) =

1l
=

Property : 1.14

Let A = (A )and B = (B )be any two square TFNMs of order n x n

then,
(i) tr(A) + tr(B) = tr(A + B)
(i) tr(A) = tr(A")
(i)  tr(A.B) = tr(B.A).
Proof

(i) LetA= (A )nxn and B = (B )nxn be two TFNMs whereA < mijj, Qjj, Bij >

A= <M, T, Ty >, where

NgE

and §ij = < nj v O >. Now, tr(A)=

[
-

M= Zm.,, T = Zoc" andTU—ZB,,.

Similarly, tr(B) = < N, P,, Py > where N = Z n;, PL= Z yiand
i=1

n

PU = Z 8"
i=1



(ii)

(i)
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Therefore, tr(A) +tr(B) = <M, T, Tu>+ <N, P, Py >
= <M+N, T .+P, Ty+Py>.
Again,letA+B=D = (ISij ), Where

D; =< Mg, .+ Qg Ba, > Mg, = M+ N oy = o+ and

Bg,, = Bi + 3.

Now, tr(D)

n n
i=1 i=1

<M+N, T +P, Ty+Py>
Hence, tr(A) + tr(B) = tr(A + B).
The proof is trivial.

LetA = (A )and B = (B ) be two TFNMs of order n x n, where

A.

i = < mj, ajj, Bij > and gij = < nj, Yi, 8ij > Also, letC = AB = (Cij ),

~ n ~ ~
then C; = kZ; Ai-By

N n n o ~
Now, tr(A.B) = 3 C;= 3 > Ay.By

n n ~
Now tr(B.A) = > Y By. Ay
i=1 k=1

N
N

By intercharging the indices i and k, we get

n ~

n -
tr(B.A) = > > Ay.By

=1 i=1
Hence, tr(A.B) = tr(B.A).

=

Property : 1.15

The product of two pure upper triangular TFNMs of order n x n is a

pure upper triangular TFNM.
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Proof

Let A = (,Z\ij) and B = (§ij)be two upper triangular TFNMs where

Z\ij = <m;, o, Bj > and §ij = < nj, yi, Oj >. Since A and B are pure upper

triangular TFNMs then A; =<0, 0,0 >and B; =< 0,0, 0> foralli>j;
i,j=1,2,...,n

~ ~ n ~ ~
LetAB=C = (C;), where C; = > Ay.By
k=1

n
= ) <My, oy, Bk >. <Ny, V4 O >
k=1

~

We shall now show that C; =<0,0,0>ifi>j;i,j=1,2 ..., n.
For i > j we have ;&ik =<0,0,0>fork=1,2,...,i—1 and similarly

By =<0,00>fork=i,i+1,..,n.

~

n ~
Therefore, C; = > Ay.

~ n ~
Now C; = Y A,.

= A,.B,, sinceA,=<0,0,0>fork=1,2 .. i-1

and

B, =<0,00>fork=i+1,i+2 ...,n

Hence the result follows.



25

Property : 1.16

The product of two pure lower triangular TFNMs of order n x n is also a

pure lower triangular TFNMs.
Definition : 1.17 : Determinant of TFNM

The triangular fuzzy determinant of a TFNM A of order n x n is denoted
by | A | or det(A) and is defined as,

|A] = > Sgn o <mMiga), Qo) Bot) > -oevennn
ceS,
< Mna(n), Ono(n)s Bno(n) >

G o
Y. Sgno [ Ay

ceS, i=1

~

where A= < Mig), o), Pio) > are TFNs and S, denotes the symmetric

group of all permutations of the indices {1, 2, ..., n} and Sgn ¢ = 1 or — 1

T 2 w« W

j is even or odd
o(1) o(2) ... o(n)

according as the permutation ¢ = (

respectively.

Definition : 1.18 : Adjoint

Let A = (Z\ij )be a square TFNM and B = (A;) be a square TFNM whose

elements are the cofactors of the corresponding elements in | A | then the
transpose of B is called the adjoint or adjugate of A and it is equal to (A;). The
adjoint of A is denoted by adj(A).

Property : 1.19
LetA= (’K‘ij )be a TFNM of order n x n.

(1) If all the elements of a row (column) of A are < 0, 0, 0 >, then
|A]=<0,0,0>,
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(i) If a row (column) be multiplied by a scalar k, then | A | is multiplied by
k.
(iii)  If Alis triangular TFNM, then

n
|A] = H <my, o, By >.
-1

Proof

(i) LetA = ;\U be a square TFNM of order n x n where;\ij = < mj, o, Bij >.

We define the determinants E4, E,, ..., E, as follows :

n

n ~
= =

Ei(A) = o, B > Ay, where A is the cofactor of

ij

~

A

in the determinant A.

Obviously, E1(A) = Ex(A) = ... = En(A) = | A |. Let all the elements of "
row, 1 <r<n be <0 0 0> Then E(A) = <0, 0, 0 > since
a;=<0,0,0>forallj=1,2,...,n.

Therefore, | A| = E/(A)=<0,0, 0>.

(i) If k = 0, then the result is obviously true since | A| =<0, 0, 0 >when A

has a zero row.

Let B = (gij)n x n Where I§ij = < nj, v, Oj > be obtained from an n x n

TFNM A =(5\ij) by multiplying its ™ row by a scalar k = 0.
Obviously < nj, yj, 8> = < mj, o Py > for all i # 0 and
< ng, v, 05 > =< kmy, ko, kB >, when k is positive and
< Ny, vij, 85 > = < kmy;, KBy, Koy >, when K is negative.

Then by definition,

| B| = Z Sgn 6 < N1g(1), Y16(1)s 610(1) s
ceS,
< N26(2), Y20(2)s 620(2) Z < Nro(r)s Yro(r), 6rc(r) = gnnssss

< Nno(n), Yno(n), Ons(n) -

When kK is positive scalar,
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|B|] = Z Sgn 6 < Myg(1), A1s(1), Prs(t) >
ceS,
< M2g(2), 026(2)s Bzo(z) > ... < kmrc(,), kOLrG(r), kBm(r) P Lo seermiaiioss
< Mng(n), %no(n), Bnon) >
n
= k Y Sgno [] < Mis, sy, Biot) >
oeS, i=1
= k|A]|
When k is negative scalar,
Bl = > Sgnoc <mMigu), og), Pro(r) >
oeS,
< M2g(2), 026(2), Bzg(z) 2 et < km,(,(,), kBrc(r), kOch(r) > P —

< Mng(n), Ono(n), Bno(n) >

= k > Sgn o < Mig), Qs1), Bro() >

ceS,
< M2g2), 26(2) P2s@) > -v-vvv-e- < Mro(r), Cro(r)s Pror) > wvvvnenen

< Mng(n), %no(n) Pno(n) >

n
k > Sgno [] < Mis), iy Bio) >

ceS, i=1
kK|A]

Hence the result follows.

~

(iiy Let A = (Aj)mn bea square triangular TFNM for i < j, ie,

aj=<0,0,0>fori<j Takeatermtof |A|,

t = <Migy, o) Prot) > < M2g(2), 026(2), B2o2) > -o-ov-e-.

< Mpno(n), Otno(n) Pno(n) >-

Let o(1) # 1, i.e.,, 1 < o(1) and so that, mis1y) = 0, aiery = 0 and

B1s(1) = 0. Consequently, t =<0, 0, 0 >.

Now, let (1) = 1 but 6(2) = 2. Then it is obvious that c(2) > 2 therefore,
Mas(2) = 0, 02s2) = 0 @and Pag2) = 0 and hence t = < 0, 0, 0 >. This means

that each term of | A |is <0, 0,0 > if o(1) # 1 or 6(2) # 2.
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ie., Mis() = 0, Qig(i) = 0 and Bic(i) = 0 for G(i) # 1.

Therefore, | A | = < myq, o1, P11 > <My, 022, P22 > ... < Mpn, an, Prn >
n
=TT <my, o, Bii >
i=1
Property : 1.20

Let A be a square TFNM if any two rows (or columns) of A are

interchanged then determinant | A | of A changes the sign of | A |.

Proof

Let A = (/’Kij )be a TFNM of order n x n. If B = (§i,-)nxn is obtained from

~

A by interchanging the ™ and s™ row (r < s) of A, then it is clear that I§ij= A,

~

izrizsand By= Ay, By= Ay

Now,
I B | = z Sgn c B1O‘(1) B2(;(2) Brc(r) BSO‘(S) Bnc(n)
oeS,
= 2,896 Ay Azo(2) - Asor) - Aros) -+ Anom)
oeS,
= Z Sgn ¢ < M1s(1), As(), Bis(t) > < Mso(r), Aso(r)y Pso(r) > -
ceS,
< Myg(s), Cro(s)s Pros) > ----- < Mng(n), %na(n)s Bno(n) >
1 2 o T s 8§ e A
Letr =
12 ... s ... T ... n

Then A is a transposition interchanging rand s and Sgn A = - 1.

Let oA = ¢. As o runs through all permutations on {1, 2, ..., n}, ¢ also

runs over the same permutations, because o1 A = 62 A or 61 = o32.
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1 2...r...s...n]
o(1) o(2) ... o) ... o(s) ... o(n))

12 ... r ... s ... n
172 ... s ... r ... n

1 2...r...s...n]
s() o(2) ... o(s) ... o(r) ... o(n)

Therefore d)i =oi,i#r i#sand ¢(r) = o(s), ¢(s) = ¢(r).

* A is odd, ¢ is even or odd according as ¢ is odd or even. Therefore,
Sgn ¢ =-Sgn o.
Then,
1B

> 8gn 6 < Mig(1), Ua(1), Pro(t) > < M2g(2), A26(2), P2o2) > -

ceS,
< Mso(r), Uso(r)s Pso(r) > --- < Mrg(s), Ora(s), Bro(s) > ---

< Mno(n), Ano(n) Pno(n) >

— ) Sgn ¢ < Mg), gty Proct) > < M2g(2), A24(2), P2gc2) > -

ceS,

< Msg(r), Otsi(r)s Psor) > -+ < Mng(n), Ong(n)s Procn) >
-|Al

Property : 1.21
If Ais a square TFNMthen | A | = | A'|.

Proof

Let A (;‘;ij )nxn be @ square TFNM and A’ =B = (§ij)nxn- Then,

Z Sgno By -Basi) v+« Bra(n)

oS,

B

~

2. 8anc Agyr- Az - Agon

oeS,
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Let ¢ be the permutation of {1, 2, ..., n} such that ¢c = I, the identity
permutation. Then ¢ = ¢™". Since & runs over the whole set of permutations, ¢
also runs over the same set of permutations. Let o(i) = j then i = ¢ '(j) and

asiyi = aje( for all i, j. Therefore,

IBl = Z Sgn 6 < Mg()1, A1, Bo(t)t > < Mg2)2, As2)2, Bo2)2 > ...
oeS,

< Mg(n)n, Os(n)n, Bonn >

= ) Sgn < Mgy, gy, Prot) > < M2y2), 0242), Paoiz) > -
LESH

< Mng(n), Ong(n)s Pro(n) >
= |A]
Hence, |A|=|A"|.

Property : 1.22
Let A be a square TFNM of order n x n,

(1) If A is symmetric then adj(A) is symmetric.

(i) If A is a fuzzy null TFNM then adj(A) is a fuzzy null TFNM.
(i)  If Ais a pure unit TFNM then adj(A) is a pure unit TFNM.
(iv)  If Ais afuzzy unit TFNM then adj(A) is a fuzzy unit TFNM.

Property : 1.23
Let A be a square TFNM of order n x n,

(1) If A contains a zero row then adj(A). A is a fuzzy null TFNM.
(i) adj(A’) = (adj(A))".

Proof

(i) LetA= (/Kij )be a square TFNM or order n x n, whereﬂij = < mj, i, P >
and B = adj(A). Then by the definition of adjoint matrix, the ii'" element

I§ij of B is | Aj |, where Kij is the sub-matrix obtained from A by
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suppressing the i row and j"" column. That is, | A; | is the cofactors of

~

A. in A. Without loss of generality we assume that the €" row of A be

j
the zero row. Therefore, the elements of the ¢" row are of the form

K[j= <0, ajj, Bj > for all j. Then all the elements of adj(A) are of the

form | Aj | =<0, o, Bj > exceptj=L.

Let C = adj(A) . A.
Then the ij" element

~ ~ n ~ ~ ~
Cjof Cis C; = kZ; | A [ Ay =kZ[ | A [ A+ Aig [ Ay

*

Now, all | Ai|, k # € are of the form < 0, s B;} > and 5\[] =<0, aj, Bj

>. Hence 6ij is of the form < 0, y;, §; > foralli,j=1, 2, ..., n. Thus C,

i.e., adj(A). A is a fuzzy null TFNM.
(i) The proof is straight forward.
Definition : 1.24 : Singular TFNM

Let A be a square TFNM. Then

(1) singularif|A|=<0,0,0>.
(2) semi-singular if the value of | A | is of the form <0, a, B >.
(3) constant if all its rows are equal to each other, i.e., if < my, ai,

Bik > = < M, Qk, Bjk > for all i, j, k.
Property : 1.25

If A= (,Z\ij)is a constant TFNM of order n x n and B is a TFNM of the

same order, then A.B is a constant TFNM.
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Proof
<

Suppose A = (Kij )is a constant TFNM of order n x n and B = (§ij)is a

TFNM of the same order, where 'Rij: < mj, aj, Bj > and §ij = < nj, ¥ij, Oj >.

Then Kik = < mg, Ok Pk >, are the same fori, j, k € {1, 2, ..., n}. Let
N a ~ ~

AB= z Aik-Bkj =D= (Dij)
k=1 '

Then

(W2

n
i = <Pi W Vi >, where pj = > myny,
k=1

n

n
Kij = kZ; {mik Yk + Nik akj} and vj = l; {mik 8y + Ny Bkj}'

A is a constant TFNM, i.e., mix = my for all i, j, k. This implies that
P11=P21=... = Pnt, P12 = P22 = ... = Pn2, ... Ptn = P2n = ... = Pnn, 1€, Pjj IS
independent of i, i € {1, 2, ..., n}.

Again, 11 = <mMqqy11 + N g1 >+ <Mq2y21 + N2q a2 > + ...+ < Myp Y1

+Npiyin>=H21 = ... T Unt, M2 T H22 = ... T U2y «ooy Hn = H2n = ... = Hnn.
Similarly, Vi1 = V21 = ... = Vpq, Vi2 = V22 = ... = Vp2, .o, Vin = Vo = ...
= Vnn.
Therefore, 5ij is independent of i, i € {1, 2, ..., n} since < mj, ok, Pik >

= < My, ok, Pk > for all i, j, k.
Hence, A.B is constant.
Property : 1.26
If A is a square constant TFNM then,

(i) A. (adj A) is constant,
(i) (adj A)' is constant,

(i)  A. (adj A’) is constant,
(iv)  (A'.(adj A)) is constant,
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(v) (adj A)'. A is constant,
(vi) | A]is ofthe form <0, a, p >.

Property : 1.27

If A, B be two triangular fuzzy number matrices then det (A) . det (B)
may not be equal to det (A . B). If they are distinct, then they differ only by

their spreads but the mean will be the same in both.

Proof

If A= (Z\ij)nxn and B = (I§ij ) nxn Where z\ij'sand LS:U-'S are triangular fuzzy

M

Il
'S

n ~
numbers, then det (A) = Sang; [] Aic,j(i),where oj's are all possible
i=1

J

permutation over {1, 2, 3, ..., n}.
Clearly, det (A) is the sum of n triangular fuzzy numbers. Let P; = Sgn
n ~
o [] Aicj(i). Now since Sgn oj is either 1 or — 1 then some of the P;'s will be
i=1

negative so that the sum det (A) contains some subtractions.

~ n n ~
i=1

=t

Where ¢; runs over all permutations in {1, 2, 3, ..., n}. Here also some Q;'s will

be negative.
n ~ ~ n
Again A .B = [z Ay .Bij = (Cj) (say). Then, det (A . B) = > Sgn¥
k=1 =1

~

n

I ij(i) where ¥ runs over all permutations in {1, 2, 3, ..., n}. Thus
i=1

det (A. B) contains addition and subtraction of only n triangular fuzzy

n n
numbers. Since det (A) = > P, and det (B) = > Q; then det (A) . det (B) is
j=1 =
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the product of two expressions each containing n number of triangular fuzzy

number among which some are negative.

Since multiplication is not distributive over subtraction in triangular
fuzzy numbers, i.e., a. (b —c)#a . b - a . c, in general, for any three

triangular fuzzy numbers a, b, c. Thus the proof of theorem follows.

Hence proved.

Definition : 1.28

A TFNM of order m x n is defined aSA=(;&ij)mxn, where

A= <a§,§ij,ai‘j’ > is the i element of A, A; is the mean value of A and

aﬁ,a{j‘ are the left and right spreads of ’Kij respectively. It is said to be

generalized triangular fuzzy number matrix (GTFNM) if aiﬁ < 5ij <aj.

In this chapter we proposed a method to make a score value by

standardizing each element ;\ij = <a§, Eij,a}j’ > of a TFNM A as follows :

Step 1 : Each generalized TFN is standardized as follows :

L = u
j - al 'u’u

L% =%

— u*
- <aij ,aij,aij >

Step 2 : Calculate the defuzified value x%ij using the following rule :
. ay +a;+ay
Xz =T —
ij 3

Step 3 : Calculate the spread std aj of the a; as follows :

i 2, (> 2 2
- (ay - X%U )* +(aj - x;ij )" +(aj" —X%U )
Std a; =

3
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Step 4 : Calculate score (Ei]f ), the score value of the standardized

generalized TFN as follows :
Score (3j) = xgij .(1-o.std aj).
Remark : 1.29

It is noted that score value of any generalized TFN must be a real

number and its value belongs to the interval [0, 1].

Also, it is noted that, o is a parameter for adjusting the degree of

importance of the spread of a generalized TFN and o = {0.5, 1.5}.

Now we define two basic distance between TFNMs. The distance § is a

mapping from the set of TFNMs (M) to the set of real numbers (R).
d: MxM-R.

Definition : 1.30

The score-distance (SD) between two TFNMs A and B of order m x n

SD (A B) = i

n
=1 j=1

score (a; ) —score (55 )

It is obvious that 0 < SD (A, B) < m.n. The score distance

SD : M x M — R satisfy the following conditions :

(i) SD (A,B)>0forallA,Be M

(i) SD(A,B)=0iffA=Bforall ABeM

(i) SD(A,B)=SD(B,A)forallA,BeM

(ivy SD (A, B) <SD (A, C) + SD (C, B) for all A, B, C e M
(triangular property)

Thus the SD is metric on M.
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Definition : 1.31

The normalized score-distance is defined as :

SD(A, B)
m

SD*(A, B) = , where 0 < SD*(A, B) <1.

Definition : 1.32

The Euclidian SD is defined as :

E(A B) = \[Z y [score (3] ) — score (Si} )J? , where 0 < SD*(A, B) < Ymn.
i=1 j=1

=1 j

The Euclidian distance is also a metric on M.
Definition : 1.33

The normalized Euclidian SD is defined as :
E(A,B)

ymn

E'A, B) =

, where 0 <E*(A, B) <1.

Example : 1.34

Consider two circulant generalized triangular fuzzy number matrices.

(21,3, 4> <1.4.5> 2.3 55]
A = (<2,3,6> <1,3,5> <2,3,8>|and
| <1,4,5> <1,3,4> <2,4,5>_

[<3,5,6> <1,3,7> <2,2,5>]
B = 1<2,3,8> <1,4,5> <2,4,5>
| <34, 7> <1,3,9> <2,3,6>|

g

4’4
<0.25,0.75, 1>
ie, a;, = <0.25,075 1>

Now consider< 1, 3,4 >
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.. = (0.25+;).75+1) il

- (0.25-0.6667)2 +(0.75-0.6667)? + (1-0.6667)?
Std a4
3
0.3118
Score (aj;) = 0.6667 (1—a 0.3118)

= 0.3549 (by taking o = 1.5)

Similarly for the other elements we have

0.35 0.24 043
Score (A*) = |0.35 0.30 0.27
0.32 0.35 047
0.40 0.24 0.39
Score (B*) = [0.27 0.32 0.48

0.42 0.31 0.35

score (a; ) —score (Bi}

m
Then SD(A,B) = >

n
=1 j=1

= 0.66.



