
C h a p t e r I 
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C H A P T E R - 1 

T R I A N G U L A R F U Z Z Y N U M B E R S A N D T R I A N G U L A R F U Z Z Y 

N U M B E R M A T R I C E S 

Definition : 1.1 : Triangular Fuzzy Number 

A triangular fuzzy number denoted by M = < m, a , p >, has the 

membership function 

0 for X < m - a 

m - x 
1 - - for m - a < X < m 

a 
1 for X = m 

1 for m < X < m + p 

0 for X > m + p 

The point m, with membership grade of 1, is called the mean value and 

a, p are the left hand and right hand spreads of M respectively. Also it can be 

defined as fol lows : 

A tnanguiar fuzzy number represented as A = (a^, a , a^ : where 

a^ a , a" are all real values, |u~ denotes the membership grade or height and 

)u~ e [0, 1]. a^ a" are the left hand and right hand spreads of the mean value 

a respectively. 

Definition : 1.2 

A triangular fuzzy number is said to be symmetr ic if both its spreads 

are equal, i.e., if a = p and it is denoted by M = < m, a >. 
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Definition : 1.3 : Standard Arithmetic Operat ions of Triangular 

Fuzzy Numbers using Funct ion Principle 

Let A = < a i , 82, 83 > and B = < b i , 62, bs > then, 

(i) Addition : A + B = < ai + b i , 82 + b2, 83 + ba > 

(ii) Subtract ion : A - B = < ai - bs, 82 - b2, 83 - b i > 

(iii) Multiplication : A x B = < min (81 b i , 81 b3, 83 b i , 83 b3), 82 b2, 

max (ai b i , a i ba, 83 b i , 83 b3)> 

(iv) Division : A / B = < min (81 / b i , 81 / b3, 83 / b i , 83 / bs), 82 / b2, 

max (81 / b i , 81 / b3, 83 / b i , 83 / b3)> 

Definition : 1.4 : Arithmetic Operations of Triangular Fuzzy Numbers 

due to Dubois and Prade [14] 

Let M = < m, a, p > and N = < n, y, 5 > be two triangular fuzzy 

numbers. 

(1) Addition : M + N = < m + n, a + y, P + 5 > 

(2) S c a l a r Multiplication : Let Xbe a scalar, = < A.m, Xa, X^ >, 

when X > O.XU =< Xm, - i p , - A,a >, when X < 0. I n particular, 

- M = < - m , p, a > 

(3) Subtraction : M - N = < m , a, p > - < n , y , 5 > = < m - n , a + S, p + y > 

For two TFNs M and N , their addit ion, subtraction and scalar 

mult ipl ication, i.e., M + N , M - N and are all tr iangular fuzzy 

matrices. 

(4) Multiplication : It can be shown that the shape of the membership 

function of M . N is not necessarily a triangular, but if the spreads of M 

and N are small compared to their mean value m and n then the shape 

of membership function is closed to a triangle. A good approximation is 

as fol lows : 
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(a) When M > O a n d N > 0 ( M > 0 , i f m > 0 ) 

M . N = < m, a, p >.< n, y, 5 > = < mn, my + na, m5 + np > 

(b) When M < 0 and N > 0 

M . N = < m, a , p >.< n, y, 5 > = < mn, na - m5, np - my > 

(c) When M < 0 and N < 0 

M . N = < m, a , p >.< n, y, § > = < mn, - np - m5, - na - my > 

When spreads are not small compared with mean values, the following 

is a better approximation : 

< m, a , p >. < n, y, 5 > = < mn, my + na - ay, m5 + np + pS > for 

M > 0, N > 0. 

Throughout this chapter we use the previous definit ion. 

Also, < m, a , p >.< 0, 0, 0 > = < 0, 0, 0 > 

Now we define inverse of a triangular fuzzy number based on the 

definit ion of multiplication. 

(5) Inverse : The inverse of a triangular fuzzy number M = < m, a , p >, 

m > 0 is defined as, M"^ = < m, a , p = < m " \ pm"^, am~^ >. 

This is also an approximate value of M"^ and it is valid only a 

neighbourhood of 1 / m. Division of M by N is given by 

M rit M-1 
— = M . N ^ 
N 

Since inverse and product both are approximate, the division is also an 

approximate value. The formal definition of division is given below. 

(6) Division 

M 
Ji : = M . N " ^ = < m 
N 

- 1 ^ - 2 -2 / m m6 + na m y + np \ a, p >.< n \ §n ^ yn 2 > = ( _ , — , \ ^ ) 
\ n n^ / 

From the definition of multiplication of tr iangular fuzzy numbers, the 

power of any triangular fuzzy number M is defined in the following 

way. 
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(7) Exponentiat ion 

Using the definit ion of multiplication it can be shown that IVI" Is given by 

IVI" = < m, a, p >" 

= < m", - nm""' ' p, - nm"'^ a >, when n Is negative, 

= < m", nm""^ a, n m " ^ P >, when n Is positive. 

Remark : 1.5 

Consider two triangular fuzzy numbers with a common mean value. 

Then subtraction produces a triangular fuzzy number whose mean value Is 

zero and the spreads are the sum of both the spreads of computed triangular 

fuzzy number. The quotient of same triangular fuzzy numbers Is a triangular 

fuzzy number having mean value one. The Inverse of a triangular fuzzy 

number whose mean value is zero does not exist and we cannot divide by 

such a number. The addition and multiplication of tr iangular fuzzy numbers 

are both commutat ive and associative. But the distributive law does not 

always hold. 

For example, If A = < 2, 0.5, 0.5 >, B = < 3, 0.8, 0.7 > C = < 5, 1, 2 > 

and D = < - 5, 2, 1 >, then 

A.(B + C) = A . B + A C holds but, A. (C + D ) ^ A C + A D 

Definition : 1.6 : Triangular Fuzzy Number Matrix (TFNM) 

A triangular fuzzy number matrix of order m x n Is defined as 

A = (Mj j)^xn. where My = < my, ay, Py > Is the Ij"" e lement of A, my is the mean 

value of iviy and ay, py are the left and right spreads of IVIy respectively. 

Definition : 1.7 : Operat ions on TFNM 

Let A = ( A y ) a n d B = (By)be two triangular fuzzy number matrices of 

same order. Then we have the fol lowing. 
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(i) A + B = (Ay+ B,j) 

(ii) A - B = ( A i j - B i j ) 

(iii) F o r A = (Ay )mxn and B =(By )nxp, A.B = (Cy )rTixp, where Cy = XA ik -B^ j 
k=1 

i = 1, 2 m and j = 1, 2, ... p. 

(iv) A = ( A j i ) (the transpose of A) 

(v) k.A = ( kAy ) , where k is a scalar. 

Definition : 1.8 

A triangular fuzzy number matrix is said to be a 

(1) pure null triangular fuzzy number matrix if all its entries are zero, 

i.e., all e lements are < 0, 0, 0 >. This matrix is denoted by 0. 

(2) fuzzy null triangular fuzzy number matrix if all e lements are of the 

form Ay = < 0, ^ 1 , ^2 > , where ^i.$,2 0. 

Definition : 1.9 

A square tr iangular fuzzy number matrix is said to be a 

(1) pure unit triangular fuzzy number matrix if An = < 1, 0, 0 > and 

Ay = < 0, 0, 0 >, i j , for all i, j . It is denoted by I. 

(2) fuzzy unit triangular fuzzy number matrix if A^i = < 1, 4 i , ^2 > and 

Ay = < 0, §3, §4 > for i ^ j , for all i, j , where ^1 . ^2 ^ 0, ^3.^4 ̂  0. 

(3) pure triangular TFNM if either Ay = < 0, 0, 0 > for all i > j or 

Ay = < 0, 0, 0 > f o r a l l i < j , i, j = 1, 2, n. 

(4) fuzzy triangular TFNM if either Ay = < 0, §1, ̂ 2 > for all i > j or 

Ay = < 0, ^ 1 , ^2 > for all i < j ; i, j = 1, 2 n and ^1.^2 ^ 0. 
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(5) symmetr ic TFNM if A = A', i.e., if Ay = Aj i for all i, j . 

(6) pure Skew-Symmetr ic if A= - A' andA^ = < 0, 0, 0 >, i.e., i fAi j = - A j , 

for all i, j and A^ = < 0, 0, 0 >. 

(7) fuzzy Skew-Symmetr ic if A = - A' and Aj | = < 0, ^ i , ^2 >, i.e., if 

A|j = - A j j for all i, j and A,, = < 0, § i , ^2 >, ^1.^2 ^ 0. 

Definition : 1.10 

A pure triangular TFNM A = (Ay ) is said to be pure upper triangular 

TFNM when Ay = < 0, 0, 0 > for all i > j and is said to be a pure lower 

triangular TFNM if Ay = < 0, 0, 0 > for all i < j . 

Property : 1.11 

For any three TFNMs A, B and C of order m x n and scalars k, I we 

have : 

(1) A + B = B + A, 

(2) A + (B + C) = (A + B) + C, 

(3) A + A = 2A, 

(4) A - A is a fuzzy null TFNM, 

(5) A + 0 = A - 0 = A, 

(6) (A') ' = A, 

(7) (A + B) ' = A ' + B', 

(8) (A.B) ' = B'.A', 

(9) k(£A) = (k£) A, 

(10) k(A + B) = kA + kB, 

(11) (k + £ )A = kA + £A 

(12) k ( A - B ) = k A - k B 

(13) (k.A)' = k.A', 

(14) (k.A + £.B)' = k.A' + £.B' 
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Property : 1.12 

Let A be a square TFNM then 

(i) A . A ' and A ' . A are both symmetric, 

(ii) A + A ' is symmetric, 

(iii) A - A ' is fuzzy skew-symmetr ic. 

Definition : 1.13 : Trace of TFNIVI 

The trace of a square TFNM A = ( A y ) , denoted by t r (A) , is the sum of 

n ^ 
the principal diagonal elements. In other words, t r (A) = X • 

i=1 

Property : 1.14 

Let A = ( A i j ) a n d B = (B| j )be any two square TFNMs of order n x n 

then, 

(i) t r (A) + tr(B) = t r (A + B) 

(ii) t r (A) = t r ( A ) 

(iii) t r (A.B) = t r (B.A). 

Proof 

(i) Let A = (A| j )nxn and B =(Bij)nxn be two TFNMs where Ay = < my, ay, Py> 

A ~ ^ 
and By = < ny, yy, Sy >. Now, t r (A) = X = < M, T L , T U >, where 

i=.i 

n n n 
M =Z T L = Z "ii and Tu = X Pn . 

i=i i=i i=i 
n n 

Similarly, tr(B) = < N, PL, PU > where N = X " i i . P L = Z YH 
i=1 i=1 

i=1 
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Therefore, tr(A) + tr(B) = < M, TL , Tu > + < N, PL , P U > 

= < IVI + N, T L + PL , Tu + Pu >. 

Again, let A + B = D = (Dy) , where 

Dy = < m^ . . , a j . . , Pd. . >, m^^. = my + ny, a ^ , , = ay + yy and 

Pd,i = Pij + Sy. 

n ^ n 
Now, tr(D) = ^ D ^ . = X <n^i j+nij-ct i j+Yi j 'Pij+Sij > 

i=1 i=1 

= < M + N, T L + PL, Tu + P u > 

Hence, tr(A) + tr(B) = tr(A + B). 

(ii) The proof is trivial. 

(ill) Let A = ( A y ) and B = (By) be two TFNMs of order n x n, where 

Ay = < my, ay, Py > and By = < ny, yy, Sy >. Also, let C = A.B = (Cy), 

t h e n C y = t ^ ^ A i 

N o w , t r ( A B ) = tc,= ttKA^ 
i=1 i=1 k=1 

Again, let B.A = D = (Dy )where Dy = ^ Bn,. A^ j . 
k=1 

N o w t r ( B . A ) = t i i i k . A k i 
i=1 k=1 

By intercharging the indices i and k, we get 

t r (B .A)= ttKA. 
k=1 i=1 

Hence, tr(A.B) = tr(B.A). 

Property : 1.15 

The product of two pure upper triangular TFNIVIs of order n x n is a 

pure upper tr iangular TFNM. 
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Proof 

Let A = ( A y ) and B = (By)be two upper tr iangular TFNMs where 

A|j = < my, ay, pij > and By = < ny, yy, 5y >. Since A and B are pure upper 

triangular TFNMs then Ay = < 0, 0, 0 > and By = < 0, 0, 0 > for all i > j ; 

i, j = 1, 2, n. 

Let A.B = C = ( C y ) , where Cy = f Aik-B^j 
k=1 

n 
= Z <mik,aik,Pik >-<nkj ,Ykj ,5kj > 

W e shall now show that Cy = < 0, 0, 0 > if i > j ; i, j = 1, 2 n. 

For i > j we have \^ = < 0, 0, 0 > for k = 1, 2 i - 1 and similarly 

Bkj = < 0, 0, 0 > for k = i, i + 1 n. 

Therefore, Cy = ^ Ai^.B^j 
k=1 

i-1 ~ ~ n ^ ^ 
= Z Aik-Bkj + Z Aik-Bkj 

k=1 k=i 

= < 0, 0, 0 > 

kj N o w C , = Z A i k - B 
k=1 

and 

= Z Aik-Bkj + A „ . B, + Z Aik-Bki 
k=1 k=i+1 

= < 0 , 0, 0 > 

= A | i .B | | , s inceA|k= < 0, 0, 0 > for k = 1, 2 i - 1 

Bki = < 0, 0, 0 > f o r k = i + 1, i + 2, n. 

Hence the result fol lows. 
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Property : 1.16 

The product of two pure lower triangular TFNMs of order n x n is also a 

pure lower tr iangular TFNMs. 

Definition : 1.17 : Determinant of TFNM 

The tr iangular fuzzy determinant of a TFNM A of order n x n is denoted 

by I A I or det(A) and is defined as, 

I A I = X ^ 9 " ^ *^ mind), Pla(1) > 

< ninCT(n), OtnCT(n), Pna(n) > 

= X Sgn a n 
aeSn i=1 

where A|„(j)= < mi„(i), ab®, pia(i) > are TFNs and Sn denotes the symmetric 

group of all permutat ions of the indices { 1 , 2, n} and Sgn a = 1 or - 1 

M 2 ... n > 
according as the permutation a = is even or odd 

lcT(l) a (2) ... a (n)J 

respectively. 

Definition : 1.18 : Adjoint 

Let A = (Ay )be a square TFNM and B = (Ay) be a square TFNM whose 

elements are the cofactors of the corresponding elements in | A | then the 

transpose of B is called the adjoint or adjugate of A and it is equal to (Aji). The 

adjoint of A is denoted by adj (A) . 

Property : 1.19 

Let A = (Ay )be a TFNM of order n x n. 

(i) If all the elements of a row (column) of A are < 0, 0, 0 >, then 

| A | = < 0 , 0 , 0 > . 
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(ii) If a row (column) be multiplied by a scalar k, then | A | is multiplied by 
k. 

(iii) If A is tr iangular TFNM, then 

n 
| A | = n <nii i .ai i .Pii >• 

i=i 

Proof 

(i) Let A = Ay be a square TFNM of order n x n whereAy = < my, ay, py >. 

W e define the determinants E i , E 2 , En as fol lows : 

n n 
Ei(A) = S Ay • Ay = X ! < n iy " i j ' Py ^ • Aij- where Ay is the cofactor of 

j=i j=i 

Aj j in the determinant A. 

Obviously, E i (A ) = E2(A) = ... = En(A) = | A |. Let all the elements of r"' 

row, 1 < r < n, be < 0, 0, 0 >. Then Er(A) = < 0, 0, 0 > since 

arj = < 0, 0, 0 > f o r a l l j = 1, 2, n. 

Therefore, | A | = Er(A) = < 0, 0, 0 >. 

(ii) If k = 0, then the result is obviously true since | A | = < 0, 0, 0 > when A 

has a zero row. 

Let B = (By)n X n where By = < ny, yy, 5y > be obtained from an n x n 

TFNM A = ( A y ) by multiplying its r'̂  row by a scalar k 0. 

Obviously < ny, yy, 5y > = < my, ay, py >, for all i 0 and 

< Hrj, yrj, 5rj > = < kmrj, karj, kprj >, when k is positive and 

< Hrj, yrj, 6rj > = < kmrj , kPrj, karj >, when k is negative. 

Then by definit ion, 

I B I = ^ Sgn a < nia(i), y i ^d) , 5ia(i) > 

< n2CT(2). y2a(2) , 52a(2) > < nra(r), yra(r). 5ra(r) > 

< nnCT(n)> YnCT(n). 5nCT(n) >• 

When k is positive scalar. 
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I B I = ^ Sgn a < mia( i ) , aia(i), Pia{i) > 

< m2a(2), a2cT(2), P2a(2) > < kmro(r), kara(r), kPr(T(r) > 

< mna(n), Ctna(n)> Pncj(n) > 

n 

= k ^ Sgn (y Yl"^ '^i'^O)- " M i ) ' PMO ^ 
oeSp i=1 

= l < | A | . 

When k is negative scalar, 

| B | = ^ Sgn a < mia{ i ) , aia(i), Pia(i) > 

< m2o(2), Ot2a(2), P2CT(2) > < kmra(r), kpra(r), kara(r) > 

< mna{n), Otna(n), PnCT(n) > 

= k ^ Sgn a < m i ^ d ) , aia(i), Pia{i) > 
OESn 

< m2CT(2), CX2a(2), P2CT(2) > < mro(r), araCr), Pra(r) > 

< mna(n), a,na(n)> PnCT(n) > 

n 
= k ^ Sgn C7 < mia(i), aia(i), pia(i) > 

aeSp i=1 

= k | A | 

Hence the result fol lows. 

(Ill) Let A = (Ay)nxn be a square triangular TFNM for I < j , I.e., 

ay = < 0, 0, 0 > for I < j . Take a term t of | A |, 

t = < mio( l ) , aia(1), Pla(1) > < m2a(2), a2CT(2)> P2O(2) > 

< nina(n), Ctna(n), Pna(n) >• 

Let a ( 1 ) ^ 1 , I.e., 1 < a ( 1 ) and so that, m i ^ d ) = 0, ai„( i ) = 0 and 

Pi„(i) = 0. Consequently, t = < 0, 0, 0 >. 

Now, let a ( 1 ) = 1 but a ( 2 ) ^ 2. Then it is obvious that a ( 2 ) > 2 therefore, 

m2a(2) = 0, a2a{2) = 0 and p2a(2) = 0 and hence t = < 0, 0, 0 >. This means 

that each term of | A | Is < 0, 0, 0 > if a ( 1 ) ^ 1 or a ( 2 ) ^ 2 . 
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i.e., mia(i) = 0, ab(i) = 0 and Pb(i) = 0 for a(l) ^ i. 

Therefore, | A | = < m n , a n , P n > < m22, a22, P22 > < ninn, ann, Pnn > 

n 
= n < m i i , a i i , P i i > . 

i=1 

Property : 1.20 

Let A be a square TFNM if any two rows (or columns) of A are 

interchanged then determinant | A | of A changes the sign of | A |. 

Proof 

Let A = (Ay )be a TFNM of order n x n. If B = (By)nxn is obtained from 

A by interchanging the r*̂  and s'*̂  row (r < s) of A , then it is clear that B y = A y , 

i 9 i r, i ^ ^ s a n d B, = A g j , B s j = A ^ 

Now, 

| B | = 2 S g n a Bi „ (1) B2(j(2) •••Br„(r) •••Bsa(s) •••Bna(n) 
asSn 

= <̂  A2a(2) • • • As<T(r) • • • Ara(s) • • • An(j(n) 

= Sgn a < micj(i), aia(1), Pla(1) > < nisa(r), astj(r), Psa(r) > ••• 
oeSn 

< mra(s), 0.TG{S), PrCT(s) > < nrinCT(n), Cl.na{n), Pnc(n) >• 

' 1 2 ... r ... s ... n 

J 2 ... s ... r ... n . 
Let^ i = 

Then A, is a transposit ion interchanging r and s and Sgn A, = - 1 . 

Let CTA = (j). As a runs through all permutat ions on { 1 , 2, n}, (j) also 

runs over the same permutat ions, because a i A, = a2 A, or CTI = G2. 
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Now, 

(j) = GA-

= ( ^ 2 .. . 
CT(2) . . . 

' 1 2 ... r . 

J 2 ... s . 

M 2 ... 

a (1) a (2 ) ... 

r 

a ( r ) 

s . 

r . 

r 

a(s) 

s 

a(s) 

s 

a( r ) 

a(n). 

a(n) 

Therefore (|)i = a i , i r, i s and ^r) = a(s), ^{s) = (j)(r). 

•.• X is odd, (j) is even or odd according as (j) is odd or even. Therefore, 

Sgn (j) = - Sgn a. 

Then, 

| B | = ^ Sgn a < mia(1), aia(1), Pl<T(1) > < m2a(2), a2a(2), P2a(2) > ••• 

< msCT(r), OCscT(r), Pso(r) > ... < ^ ^ { 5 ) , CXra(s), P M S ) > ••• 

< nrinCT(n), antT(n), Pn(T(n) > 

= - X ^ 9 " <t> < nii^(i), ai,j,(i), Pi,j,(i) > < m24,(2), CL2^(2), ^2^{2) > ••• 
aeS„ 

< ms,j>(r), as(Kr)> Ps(Mr) > ... < mn4,(n), CLn^{n), Pn(|)(n) > 

= - | A | . 

Property : 1.21 

If A is a square T F N M then | A | = | A'| . 

Proof 

Let A = (Ay)nxn be a square TFNM and A ' = B = (By)nxn-Then, 

| B | = S S g n a B i , ( i ) . B 2 , ( 2 ) . . . B , , ( , ) 
aeSn 

= ^ Sgn a ^cO):-^a{2)2---^<j{n)n 
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Let (j) be the permutation of { 1 , 2, n} such that (j)a = I, the identity 
permutation. Then (|) = Since a runs over the whole set of permutations, ^ 
also runs over the same set of permutations. Let a( i ) = j then i = a"^(j) and 
aa(i)i = aj^(j) for all i, j . Therefore, 

I B I = Z Sgn a < rr\„(^)^, a^m), Pa(i)i > < m„(2)2, aa(2)2, Pa(2)2 > ••• 

< rnCT(n)n, ac(n)n, Pa(n)n > 

= Z Sgn (() < mi^(i), ai^(i), Pi^(i) > < m2^{2), ci2^{2), P2(t>(2) > ••• 

< mn4,(n), CLn/fin), Pn(ti(n) > 

= | A | 

Hence, | A | = | A ' |. 

Property : 1.22 

Let A be a square TFNM of order n x n, 

(i) If A is symmetr ic then adj(A) is symmetric. 

(ii) If A is a fuzzy null TFNM then adj(A) is a fuzzy null TFNM. 

(iii) If A is a pure unit TFNM then adj(A) is a pure unit TFNM. 

(iv) If A is a fuzzy unit TFNM then adj(A) is a fuzzy unit TFNM. 

Property : 1.23 

Let A be a square TFNM of order n x n, 

(i) If A contains a zero row then adj(A). A is a fuzzy null TFNM. 

(ii) adj(A') = (adj(A))'. 

Proof 

(i) Let A = (Ay )be a square TFNM or order n x n, whereAy = < my, ay, Py > 

and B = adj(A). Then by the definition of adjoint matrix, the ij"^ element 

By of B is I Aji I, where Ay is the sub-matrix obtained from A by 
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suppressing the i"̂  row and j ' ^ column. That is, | Ay | is the cofactors of 
Ay In A. Without loss of generality we assume that the row of A be 
the zero row. Therefore, the elements of the row are of the form 
A^j = < 0, ay, pij > for all j . Then all the elements of adj(A) are of the 

form I Aij I = < 0, a*, p J > except j ^ 1. 

Let C = adj(A). A. 

Then the ij'^ element 

CyOfCis Cij = i l A i J A k j =I |Aik|Akj + | A , | A , j 
k=1 k^f 

Now, all I AKI , k ?t £ are of the form < 0, , p* > and A^j = < 0, ay, py 

>. Hence Cy is of the form < 0, yy, 5y > for all i, j = 1, 2, n. Thus C, 

i.e., adj(A). A is a fuzzy null TFNM. 

(ii) The proof is straight fonA/ard. 

Definition : 1.24 : Singular TFNM 

Let A be a square TFNM. Then 

(1) singular if I A I = < 0, 0, 0 >. 

(2) semi-singular if the value of | A | is of the form < 0, a, p >. 

(3) constant if all its rows are equal to each other, i.e., if < mik, aik, 

Pik > = < mjk, ajk, pjk > for all i, j , k. 

Property : 1.25 

If A = (Ay )is a constant TFNM of order n x n and B is a TFNM of the 

same order, then A.B is a constant TFNM. 
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Proof 

Suppose A = (Ajj )is a constant TFNM of order n x n and B = (By )is a 

TFNM of the same order, where Ay= < my, ay, (3y > and By = < ny, yy, Sy >. 

Then A^^^ = < mik, aik, Pik >, are the same for i, j , k e {1 , 2, n}. Let 

k=1 

Then 

Djj = < pij, Vij >, where py = X 
k=1 

^lij = Z {f^ik Tkj +nik ctkj) and Vy = X {"^ik Skj +nik Pkj . • 
k=1 k=1 

A is a constant TFNM, i.e., mik = mjk for all i, j , k. This implies that 

P11 = P2I = ••• = Pn1, P12 = P22 = ••• = Pn2, ••• P ln = P2n = ••• = Pnn, 1-6., Py iS 

Independent of i, i e {1 , 2 n}. 

Again, m i = < m n yn + nn an > + < m i 2 y 2 i + ^^2^ a i 2 > + ... + < mmyni 

+ nm yin > = |i21 = ••• = Urn, m 2 = 1^22 = . . . = ^n2 j^m = ^2n = ... = l^nn. 

Similarly, V n = V21 = ... = Vni, V12 = V22 = ... = Vn2 V m = V2n = ... 

= Vnn-

Therefore, Dy is independent of i, i e {1 , 2 n} since < mik, aik, Pik > 

= < mjk, ajk, Pjk > for all i, j , k. 

Hence, A.B is constant. 

Property : 1.26 

If A is a square constant TFNM then, 

(i) A. (adj A) is constant, 

(ii) (adj A)' is constant, 

(iii) A. (adj A') is constant, 

(iv) (A'.(adj A))' is constant, 
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(v) (adj A)'. A is constant, 

(vi) I A I is of the form < 0, a, p >. 

Property : 1.27 

If A, B be two triangular fuzzy number matrices then det (A) . det (B) 

may not be equal to det (A . B). If they are distinct, then they differ only by 

their spreads but the mean will be the same in both. 

Proof 

l f A = (A|j)nxnand B = (By) nxn where Ay'sand By's are triangular fuzzy 

n n ^ 
numbers, then det (A) = ^ Sgnq j J A|^ (i),where aj's are all possible 

j=i i=i ' 

permutation over { 1 ,2 ,3 n}. 

Clearly, det (A) is the sum of n triangular fuzzy numbers. Let Pj = Sgn 

Gj ] I Aj^.(i). Now since Sgn aj is either 1 or - 1 then some of the Pj's will be 
i=i 

negative so that the sum det (A) contains some subtractions. 

Similarly, if B =(By )nxn then det (B) = ^ Qj where Qj = Sgn (j)j f \ ^ 
j=i i=i 

Where runs over all permutations in {1 , 2, 3, n}. Here also some Qj's will 

be negative. 

f n ^ ^ \ n 

Again A . B = X ^ik • B ĵ = (Cy) (say). Then, det (A . B) = ^ Sgn4^j 
U=i J j=i 

n ^ 
j I C|4,.(j) where runs over all permutations in {1 , 2, 3, n}. Thus 
i=i 

det (A. B) contains addition and subtraction of only n triangular fuzzy 

n n 

numbers. Since det (A) = Z Pj det (B) = X Qj then det (A) . det (B) is 
j=i j=i 
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the product of two expressions each containing n number of triangular fuzzy 
number among which some are negative. 

Since multiplication is not distributive over subtraction in triangular 

fuzzy numbers, i.e., a . (b - c) a . b - a . c, in general, for any three 

triangular fuzzy numbers a, b, c. Thus the proof of theorem follows. 

Hence proved. 

Definition : 1.28 

A TFNM of order m x n is defined as A = (Ajj)mxn, where 

A| j= <a|j,a|j,a|j > is the ij**̂  element of A, Ay is the mean value of A and 

ay,a|j are the left and right spreads of Ay respectively. It is said to be 

generalized triangular fuzzy number matrix (GTFNM) if ay < iy < ay. 

In this chapter we proposed a method to make a score value by 

standardizing each element Ay = < ay, ay, ay > of a TFNM A as follows : 

Step 1 : Each generalized TFN is standardized as follows : 

3 i j a ; 

= <a,r aJ-> 

Step 2 : Calculate the defuzified value Xg. , using the following rule 

^ dj j + d i j + d i j 
a. 

Step 3 : Calculate the spread std a j of the a j as follows : 

Std a; = 
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Step 4 : Calculate score (a*) , the score value of the standardized 
generalized TFN as follows : 

Score ( i i * ) = x~.. (1 - a . s t d a*). 

Remark : 1.29 

It is noted that score value of any generalized TFN must be a real 

number and its value belongs to the interval [0, 1]. 

Also, it is noted that, a is a parameter for adjusting the degree of 

importance of the spread of a generalized TFN and a = {0.5, 1.5}. 

Now we define two basic distance between TFNMs. The distance 5 is a 

mapping from the set of TFNMs (M) to the set of real numbers (R). 

5 : M X M ^ R. 

Definition : 1.30 

The score-distance (SD) between two TFNMs A and B of order m x n 

is 
m n ^ 

SD(A, B) = X Z score (a* ) -score (by) 
i=i j=i 

It is obvious that 0 < SD (A, B) < m.n. The score distance 

SD : M X M -> R satisfy the following conditions : 

(i) SD (A, B) > 0 for all A, B e M 

(ii) SD(A, B) = Oi f fA = Bfora l l A, B e M 

(iii) SD (A, B) = SD (B, A) for all A, B g M 

(iv) SD (A, B) < SD (A, C) + SD (C, B) for all A, B, C e M 

(triangular property) 

Thus the SD is metric on M. 
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Definition : 1.31 

The normalized score-distance is defined as : 

SD*(A, B) = where 0<SD*(A, B) < 1 , 
m.n 

Definition : 1.32 

The Euclidian SD is defined as 

I III II ^ / 

E (A, B) = X Z [score(in-score(bipl^ , where 0 < SD*(A, B) < Vmn. i=i j=i 

The Euclidian distance is also a metric on M. 

Definition : 1.33 

The normalized Euclidian SD is defined as 

E*(A, B) = ^ ^ ^ \ where 0 < E*(A, B) < 1. 
Vm.n 

Example : 1.34 

Consider two circulant generalized triangular fuzzy number matrices. 

< 1 , 3 , 4 > <1 ,4 ,5> < 2 , 3 , 5 > 
A = < 2 , 3 , 6 > <1 ,3 ,5> < 2 , 3 , 8 > 

< 1 , 4 , 5 > <1 ,3 ,4> < 2 , 4 , 5 > 

< 3 , 5 , 6 > <1 ,3 ,7> < 2 , 2 , 5 > 
B = < 2 , 3 , 8 > <1 ,4 ,5> < 2 , 4 , 5 > 

< 3 , 4 , 7 > <1 ,3 ,5> < 2 , 3 , 6 > 

Now consider < 1, 3, 4 > = (—,—,1) 

\ 4 4 / 

= < 0.25, 0.75, 1 > 

i.e., ill = < 0-25, 0.75, 1 > 

and 
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x;, = ( 0 - 2 5 . 0 . 7 5 . 1 ) ^ ^ 3 3 3 ^ 

Std 5 ; , = f 25 -0 .6667 )2 ^ 7 5 _ 0.6667)2 ^ _ 0 . 6 6 6 7 ) ' 

= 0.3118 

Score(a; i ) = 0.6667(1 - a 0.3118) 

= 0.3549 (by taking a = 1.5) 

Similarly for the other elements we have 

"0.35 0.24 0.43 
Score (A*) = 0.35 0.30 0.27 

0.32 0.35 0.47 

Score (B*) = 
0.40 0.24 0.39 
0.27 0.32 0.48 
0.42 0.31 0.35 

ThenSD(A, B) = score ( i j * ) -score (bj 
i=i j=i 

= 0.66. 


