Chapter 3

Ag-Continuous Maps and Ag-Irresolute Maps

in Topological Spaces
3.1 Introduction

The major perception in the study of general topology is done with the help of
continuity and irresoluteness i.e., using the inverse images of mappings in topological
spaces. The examination of inverse image serves as a handy tool to analyze the respective
closed sets and open sets productively. This work was formally initiated by Levine [1960]
by naming it as strongly continuous maps and in a similar direction many researchers like
Arya and Gupta [1974], Jain [1980], Noiri [1984] respectively introduced weaker forms of
Levine’s strongly continuous maps namely completely continuous maps, totally continuous
maps, perfectly continuous maps in topological spaces. Later, Mashhour et al. [1983] and
Balachandran et al. [1991] characterized a-continuous maps and g-continuous maps in
topological spaces. Devi et al. [1997] formulated ag-continuous and ga-continuous maps
in topological spaces and examined several fundamental properties and theorems. Further,
on the introduction of A-closed sets, A-continuity was introduced and explored by Francisco
G. Arenas et al. [1997]. Crossley and Hildebrand [1972] paved the path to work on the
interesting concept of irresoluteness. Sundaram [1991], Devi et al. [1997] and many other
researchers have also given many generalizations of irresolute maps. Further, Caldas et al.
[2007 b] defined A-irresolute maps and analyzed its properties.

This chapter is dedicated to define A7 -continuity and Ag-irresoluteness in topological
spaces with the familiarity of the already existing mappings. The definitions of Ag-
continuous maps, Ag-irresolute maps, quasi Ag-continuous maps, perfectly A7-continuous
maps, totally Ag-continuous maps and strongly Ag-continuous maps are proposed with

accurate examples. Dependency and independency relationships between the newly defined
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maps and the previously existing maps are derived subsequently. Counter examples are
provided to ascertain the independencies. Vital properties and theorems associated with the

defined maps are also derived. Finally, compositions of the defined mappings are analyzed.

“The forthcoming Sections 3.2 and 3.3 have been published in the Journal Malaya

Journal of Matematik entitled On Ag-Continuous Maps in Topological Spaces, Volume

S, No. 1, Year 2021, Pages 238-245.”

3.2 Ag-Continuous Maps
In this section, Ag-continuous maps have been defined, their interrelationships are

derived and their fundamental properties are analyzed. With the results obtained, we procure

that Ag-continuity is weaker than A-continuity and stronger than gA-continuity.

Definition 3.2.1 A map u: (M, ) - (N,v) is called a Ag-continuous map if the inverse
image of every closed set in (N, v) is A3-closed in (M, p), i.e., if u=!(T) is a A-closed set

in (M, u) for every closed set T in (N, v).

Example 3.22 Let M = N = {i,j, k}, u = {¢,{i,j}, M} and v = {¢, {i}, {j}.{i,j}, N}. Let
u: (M, ) - (N,v) be a map defined by u(i) = i,u(j) = k and u(k) = j. Thenu is a Ag-

continuous map, since the inverse image of every closed set in (N, v) is A7-closed in (M, u).

Theorem 3.2.3 A map u: (M, 1) = (N,v) is A5-continuous if and only if u'(T) is a AJ-
open set in (M, u) for each openset T in (N, v).

Proof: (Necessity) Let T be an open setin (N,v). Then N \ T is closed in (N,v). Since u
is Ag-continuous, u™'(N \ T) = M \ u™'(T) is A3-closed in (M, p) implies u='(T) is A5 -
openin (M, u).

Sufficiency: Suppose that u~*(T) is A5-open in (M, ) for each openset T in (N, v). LetS
be a closed setin (N,v). Then N \ Sisopenin (N,v). Sinceu !(N\S) =M\ u"1(S)is
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Ag-open in (M, p) which implies that u=*(S) is Ag-closed in (M,u). Hence u is a A§-

continuous map.
Proposition 3.2.4

(i) Every A-continuous map u: (M, u) - (N,v) is a Ag-continuous map, but not
conversely.

(i) Every continuous map u: (M,u) — (N,v) is a Ag-continuous map, but not
conversely.

(iii)  Every contra continuous map u: (M, u) — (N, v) is a Az-continuous map, but not

conversely.
Proof: By Proposition 2.2.3, 2.2.5 and 2.2.7, the statements of this proposition hold good.

Example3.25LetM =N = {i,j, k}, u = {¢,{i,j}, M}andv = {¢, {i}, {i,j}, {i, k}, N}. Let
u: (M, ) - (N,v) be a map defined by u(i) = j,u(j) =i and u(k) = k. Thenu is a Ag-
continuous map but not a A-continuous map, since for the closed set {j} in (N,v), u=*({j}) =

{i} is not a A-closed set in (M, p).

Example 3.2.6 Let M = N = {i,, k}, u = {¢,{i}, 3}, {i,j}, {i, k}, M} and v = {¢, {i}, {j},
{i,j}, N}. Let w:(M,u) —» (N,v) be a map defined by u(i) = k,u(j) =i and u(k) =j.
Then u is a Ag-continuous map but not a continuous map, since for the closed set {k} in

(N,v), u"t({k}) = {i} is not a closed set in (M, ).

Example 3.2.7 Consider M, N, u and v as in Example 3.2.6. Let u: (M,u) = (N,v) be a
map defined by u(i) = j,u(j) = i and u(k) = k. Then u is a Ag-continuous map but not a
contra continuous map, since for the closed set {k} in (N,v), u~*({k}) = {k} is not an open
setin (M, ).

Definition 3.2.8 A map u: (M, u) = (N,v) is called a gA-continuous map if the inverse
image of every closed set in (N, v) is gA-closed in (M, v), i.e., if u=1(T) is a gA-closed set

in (M, ) for every closed set T in (N,v).
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Proposition 3.2.9 Every Ag-continuous map u: (M, u) — (N,v) is a gA-continuous map,

but not conversely.
Proof: Follows from the Proposition 2.2.11.

Example 3.2.10 Let M =N ={i,j, k, 1}, u={¢,{i}, M} and v =1{¢,{i,j},N}. Let
u: (M, u) = (N,v) be amap defined by u(i) = j,u(j) = k,u(k) = land u(l) =i. Thenu
is a gA-continuous map but not a AZ-continuous map, since for the closed set {k, [} in (N, v),

u'({k,1}) = {j, k} is not a A5 -closed set in (M, ).

Proposition 3.2.11 Every A-irresolute map u: (M, u) — (N,v) is a Ag-continuous map, but

not conversely.

Proof: Let T be a closed set in (N, v). Since every closed set is A-closed, T is A-closed in
(N,v). Since u is A-irresolute, u=(T) is A-closed in (M, ). By Proposition 2.2.3 we have

u~'(T) is Ag-closed in (M, ). Thus u is a A3-continuous map.

Example 3.2.12 Let M = N = {i,j,k, 1}, u ={¢,{i,j}, M} and v = {¢, {i,j, k},N}. Let
u: (M, u) = (N,v) be amap defined by u(i) = k,u(j) = L,u(k) =iandu(l) =j. Thenu
is a Ag-continuous map but not a A-irresolute map, since for the A-closed set {I} in (N, v),

u™1({1}) = {j} is not a A-closed set in (M, p).

Remark 3.2.13 g-continuous maps and Ag-continuous maps are independent of each other

as observed from the following examples.

Example 3.2.14 Let M = N = {i,j, k}, u = {¢,{i}, {i,j}L, M} and v = {¢, {i}, {j}, {i,j}, N}.
Let u: (M, u) - (N, v) be a map defined by u(i) = j,u(j) =iand u(k) = k. Thenuisa
g-continuous map but not a Ag-continuous map, since for the closed set {j, k} in (N, v),

u™'({j, k}) = {i, k} is not a A5 -closed set in (M, v).

Example 3215 Let M=N={,jk}, wu={p{}{ij}{i,k}L, M} and v=
{¢,{i}, j},{i,j}, {i,k},N}. Then the identity map u: (M, u) — (N,v) is a Ag-continuous
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map but not a g-continuous map, since for the closed set {i, k} in (N,v), u=({i, k}) = {i, k}

Is not a g-closed set in (M, p).

Remark 3.2.16 a-continuous maps and Ag- continuous maps are independent of each other

as observed from the following examples.

Example 3.2.17 Let M = N = {i,j, k}, u={¢p,{i},{i,j},M} and v = {¢,{i}, {j, k}, N}.
Then the identity map w: (M, u) — (N,v) is a Ag-continuous map but not an a-continuous

map, since for the closed set {i} in (N,v), u~1({i}) = {i} is not an a-closed set in (M, p).

Example 3.2.18 Let M = N = {i,j,k, 1}, u={¢,{i}, M} and v ={¢,{i,j, k},N}. Let
u: (M, u) = (N,v) be amap defined by u(i) = k,u(j) =L, u(k) =iandu(l) =j. Thenu
is an a-continuous map but not a A7 - continuous map, since for the closed set {/} in (N, v),

u'({1}) = {j} is not a 23-closed set in (M, p).

Remark 3.2.19 ag-continuous maps and Ag-continuous maps are independent of each other

as observed from the following examples.

Example 3.2.20 Let M = N = {i,j, k, 1}, u = {¢,{i},{i,j}, M} and v = {¢, {i}, N}. Let
u: (M, u) = (N,v) be the map defined by u(i) = j,u(j) = i,u(k) = kand u(l) = . Then
u is an ag-continuous map but not a Az-continuous map, since for the closed set {j, k, [} in

(N,v), u™ ({j, k, 13) = {i, k, 1} is not a A5 -closed set in (M, v).

Example 3.2.21 Let M = N = {i,j, k, 1}, u = {¢p,{i}, (G}, {i,j}, {i,j, k}.{i,j, [}, M} and v =
{p, (i}, {k} {0, )}, (i, k3, {i,j, k}, {i, k, 1}, N}. Let w:(M,u) - (N,v) be a map defined by
u(@) = i,u(j) = L,u(k) = k and u(l) = j. Then u is a A7-continuous map but not an ag-
continuous map, since for the closed set {j, 1} in (N,v), u=*({j,1}) = {j, 1} is not an ag-

closed set in (M, p).

Remark 3.2.22 ga-continuous maps and Ag-continuous maps are independent of each other

as observed from the following examples.
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Example 3.2.23 Let M =N = {i,j, k, 1}, u={¢,{i},{i,j}, M} and v = {¢,{i,j, k}, N}.
Then the identity map u: (M, u) — (N,v) is a ga-continuous map but not a A7-continuous

map, since for the closed set {1} in (N,v), u™*({1}) = {I} is not a A5-closed set in (M, ).

Example 3.2.24 Let M =N = {i,j, k, 1}, u={¢p,{i}, {k}{i,j}{i,k}, {i,j, k},{i,k, 1}, M}
and v ={¢,{i,j, k},M}. Let w:(M,u) - (N,v) be a map defined by u(i) =j,u(j) =
k,u(k) =l and u(l) = i. Then u is a Az-continuous map but not a ga-continuous map,

since for the closed set {I} in (N,v), u=*({1}) = {k} is not a ga-closed set in (M, ).

Remark 3.2.25 The above relationships are presented in the following diagram.

Proposition 3.2.26 Every a-continuous (resp. g-continuous, ag-continuous) map

u: (M, u) - (N,v) isa Ag-continuous map, whenever the domain (M, u) is an a-space (resp.

Ty ,-space, oT},-space).

Proof: Follows from Proposition 2.2.29, Proposition 2.2.30 and Proposition 2.2.33.
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Proposition 3.2.27 Every Ag-continuous map u: (M, u) — (N,v) is a g-continuous map,

whenever the domain (M, p) is a partition space.

Proof: Let T be a closed set in (N,v). Since u is A3-continuous, u~*(T) is A5-closed in
(M, ). Since (M, u) is a partition space, by Proposition 2.2.38, we have u~*(T) is g-closed

in (M, ). Hence u is a g-continuous map.

Proposition 3.2.28 Every map u: (M, u) - (N,v) is a Ag-continuous map, whenever the

domain (M, u) is a door space or a Ty /,-space.
Proof: Follows from Proposition 2.2.34 and Proposition 2.2.31.

Theorem 3.2.29 If u:(M,u) - (N,v) is a Ag-continuous map, then u(Agcl(P)) €
cl(u(P)) for every subset P of (M, u).

Proof: Let P be any subset of (M, ). Then cl(u(P)) is closed in (N,v). Since u is A7-
continuous, u~*(cl(u(P)) is A§-closed in (M, ). Using the fact that u(P) < cl(u(P)),
P =u(u(P)) € u™(cl(u(P)) implies u~*(cl(u(P)) is a A%-closed set containing P. By
definition of 2%-closure, 2%cl(P) < u~'(cl(u(P))) implies u(A¢cl(P)) < cl(u(P)).

Proposition 3.2.30 If u: (M, u) — (N, v) is a continuous map, then u(Agcl(P)) < cl(u(P))
for every subset P of (M, u).

Proof: Follows from Proposition 3.2.4 and Theorem 3.2.29.

Theorem 3.2.31 Let P € M and m € M. Thenm € AZcl(P) ifand only if U n P # ¢, for

every Ag-open set U containing m.

Proof: Assume that m € A cl(P) and suppose 3 a Ag-open set U in (M, u) containing m
suchthatU n P = ¢. Now M \ U is Ag-closed in (M, u) containing P. ThenP S M\ U =
Agcl(P) € M\ U. Hence m & Agcl(P), which contradicts the assumption. Hence U N P #

.
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Conversely, assume that U n P # ¢ for every AJ-open set U in (M, u) containing
m. Suppose that m & AZcl(P) then 3 a A7-closed set T containing P such thatm & T. Then
m€eMN\T and M\T is aAg-open set. By assumption, (M \T)NP # ¢. Since P S T,
(M\T) nP = ¢, which is a contradiction. Therefore m € A7 cl(P).

Theorem 3.2.32 Let u: (M, u) — (N,v) be a map from a topological space (M, u) into a

topological space (N,v). Then the following statements are equivalent.

(i)  Foreach pointmin (M, ) and each open set Q in (N, v) containing u(m), there exists
a Ag-open set P in (M, i) containing m such that u(P) <€ Q.

(i)  Forevery subset S of (M, u), u(Agcl(S)) € cl(u(S)).

(iii) For every subset T of (N, v), AJcl(u™*(T)) € u™*cl(T).

Proof: (i) = (ii) Assume that (i) holds and let n € u(Agcl(S)). Then n = u(m) for some
m € Agcl(S) € M. Let Q be any open set in (N, v) containing u(m) i.e., u(m) € Q. Then
by assumption there exists a A7-open set P in (M, u) containing m such that u(P) € Q. By
Theorem 3.231 PNS # ¢, then u(PNS) # ¢ = Q nu(S) # ¢. Hence n =u(m) €
cl(u(s)).

(if) = (i) Assume that (ii) holds. Let m € M and Q be any open set in (N, v) containing
u(m). Let S=u"(Q°). Then mgS. By assumption u(Agcl(S)) € cl(u(S)) =
clu@™(Q9))) = cl(Q°) = Q°.  Therefore, u~'(u(A5cl(S))) € u™'(Q°) =S which
implies AZcl(S) € S. Hence S = Agcl(S). Since m € S, m & Agcl(S), then there exists a

Ag-open set P containing m such that P N S = ¢ and hence u(P) € u(5¢) € Q.

(i) = (iii) Assume that (ii) holds. Let T be any subset of (N,v). Replace S by u=1(T) in
(i), we obtain u(Agcl(u(T))) € cl(u(u'(T))) = cl(T). Hence Agcl(u™(T))
u~1(cl(T)).
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(iii) = (i) Assume that (iii) holds. Let T = u(S) where S is a subset of (M,u). Then
Agcl(S) = Agcl(u™(T)) < uH(cl(T)) = u=(cl(u(S))). Hence u(Agcl(S))
cl(u(s)).

Remark 3.2.33 The composition of two Ag-continuous maps need not be a Ag-continuous

map as observed from the following example.

Example 3.2.34 Let M = N =K = {i,j, k, 1}, u = {¢,{i}, M},v = {¢,{i,j, k}, N} and k =
{p,{i},{i,j},K}. Letu:(M,u) — (N,v) be a map defined by u(i) = L,u(j) = k,u(k) =j
andu(l) =iandw: (N,v) — (K, k) beamap defined by w(i) = k,w(j) = j,w(k) = land
w(l) = i. Then the maps u and w are both Ag-continuous maps, but their composition (w o
u): (M, u) — (K, k) is not a A7-continuous map, since for the closed set {k, [} in (K, k)
wow) '({k, 1) =utw™ i ({k, 1}) =u ' {i,k}) = {j,1} is not a AJ-closed set in
M, ).

Proposition 3.2.35 The composition of two continuous maps is a Ag-continuous map.
Proof: Follows from Proposition 3.2.4.
Proposition 3.2.36 The composition of two A-irresolute maps is a A7-continuous map.

Proof: Let u: (M,u) - (N,v) and w: (N,v) — (K, k) be the A-irresolute maps and T be a
closed set in (K, x). By Lemma 1.1.8 (ii), T is also a A-closed set in (K, k). Then w™1(T)
is a A-closed set in (N,v). Then u=Y(w=1(T)) = (w o u)"1(T) is a A-closed set in (M, ).
By Proposition 2.2.3, (w o u)~1(T) is Ag-closed. Hence (wou): (M, u) - (K, k) is a Ag-

continuous map.

Proposition 3.2.37 If u: (M, u) - (N, v) is a Ag-continuous map and w: (N, v) — (K, k) is

a continuous map then their composition (w o u): (M, u) — (K, k) is a Ag-continuous map.
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Proof: Let T be a closed set in (K,x). Then w™(T) is a closed set in (N,v) as w is
continuous. Since u is Ag-continuous, (w o w)™(T) = u~'(w™'(T)) is a AJ-closed set in

(M, 1). Hence (w o u) is a Ag-continuous map.
Remark 3.2.38 Proposition 3.2.37 is true even if u: (M, u) — (N, v) is a A-continuous map.

Remark 3.2.39 If u: (M, u) — (N,v) is a continuous map and w: (N,v) — (K, k) is a Ag-
continuous map then their composition (w o u): (M,u) — (K,k) need not be a A7-

continuous map.

Example 3.2.40 Let M =N =K = {i,j, k}, u=1{¢,{i},{i,j}, M}, v={¢,{i,j},N} and
k ={¢,{i},{},{i,j}, K}. Let u:(M,u) » (N,v) and w:(N,v) — (K, k) be the identity
maps. Then u is a continuous map and w is a AZ-continuous map but their composition (w o
u): (M, ) - (N,v) is not a Ag-continuous map, since for the closed set {i, k} in (K, k),
wow) ' ({i, k) = u W™ ({i,k})) = u ' ({i,k}) = {i,k} is not a AJ-closed set in
(M, ).

Proposition 3.2.41 If u: (M, u) = (N,v) is a A-irresolute map and w: (N,v) = (K, k) is a

A-continuous map then their composition (w o u): (M, u) — (K, k) is a Ag-continuous map.

Proof: Let T be a closed set in (K,x). Then w=(T) is a A-closed set in (N, v) as w is A-
continuous. Since u is A-irresolute, (w o u)"3(T) = u~*(w(T)) is a A-closed set in
(M, i). By Proposition 2.2.3, (w o u)~*(T) is a A5 -closed set in (M, 11). Hence (w o u) isa

Ag-continuous map.

Proposition 3.2.42 If amap u: (M, u) — (N, v) is a contra continuous map and w: (N,v) —
(K,x) be a continuous map then their composition (wou):(M,u) - (K,k) is a Ag-

continuous map.

Proof: Obvious by Proposition 2.2.7.
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Proposition 3.2.43 If u: (M, u) - (N,v) is a Ag-continuous map and w: (N, v) — (K, k) is
a continuous map then their composition (w o u): (M, u) — (K, k) is a g-continuous map

whenever the domain (M, p) is a partition space.
Proof: Follows from the Proposition 2.2.38.

Proposition 3.2.44 If w: (M, u) - (N, v) is a Ag-continuous map and w: (N, v) — (K, k) is
an a-continuous (resp. g-continuous, ag-continuous) map then their composition (w o
u): (M, ) - (K, k) is a Ag-continuous map whenever (N,v) is an a-space (resp. Ty ,-

space, oT},-space).

Proof: Let T be a closed set in (K, k). Since w is a-continuous (resp. g-continuous, ag-
continuous), w—1(T) is a-closed (resp. g-closed, ag-closed) in (N,v). As (N,v) is an a-
space (resp. Ty/,-space, oTp-space), w~I(T) is a closed set in (N,v). Since u is 13-
continuous, (w o w)™(T) = u~'(w=1(T)) is A§-closed in (M, ). Hence (w o u) is a AJ-

continuous map.

Proposition 3.2.45 If u: (M, u) - (N, v) is a Ag-continuous map and w: (N,v) — (K, k) is
a continuous map then their composition (w o u): (M, u) = (K, k) is a A-continuous map

whenever the domain (M, u) is a T, -space.
Proof: Follows from the Proposition 2.3.13.
Proposition 3.2.46 Let u: (M, u) — (N,v) and w: (N,v) —= (K, k) be bijective maps.

i) M wou):(M,u) - (K, k) is a A-continuous map and u is a A-closed map then w is
a Ag-continuous map.

(i) I (wou):(M,u) - (K, k) is a A-irresolute map and u is a A-closed map then w is a
Ag-continuous map.

(iii) If (wou):(M,u) - (K, k) is a continuous map and u is a A-closed map then w is a

Ag-continuous map.
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Proof:

(i) LetT beaclosed setin (K, k). Since (w o u) is a A-continuous map, (w o u)~}(T) =
u”t(w™I(T)) is A-closed in (M, u). Since u is a A-closed map u(u~*(w~1(T))) =
w~1(T) isaA-closed setin (N, v). By Proposition 2.2.3, u(u"(w™1(T))) = w™1(T)
is also a A7-closed set in (N, v). Thus w is a Az-continuous map.

(i) Let T be aclosed set in (K,x). By Lemma 1.1.8, T is also a A-closed set in (K, k).
Since (w o u) is a A-irresolute map, (wou) 3(T) = u=*(w(T)) is A-closed in
(M, ). Since u is a A-closed map u(u~t(w™1(T))) = w™I(T) is a A-closed set in
(N,v). By Proposition 2.2.3, u(u™'(w™(T))) = w™(T) is also a AJ-closed set in
(N,v). Thus w is a Ag-continuous map.

(iii) Let T be a closed set in (K, k). Since (w o u) is a continuous map, (w o u)~X(T) =
uY(w™I(T)) is closed in (M, ). By Lemma 1.1.8, (w o u)"}(T) = u~1(w™(T))
is also a A-closed set in (M,u). Since u is a A-closed map u(u~t(w=(T))) =
w™1(T) isaA-closed setin (N, v). By Proposition 2.2.3, u(u~t(w™1(T))) = w™1(T)

is also a A7-closed set in (N, v). Thus w is a Ag-continuous map.
3.3 Ag-lrresolute Maps

In this section, Ag-irresolute maps have been defined and its vital properties have

been derived and examined.

Definition 3.3.1 A map u: (M, ) — (N,v) is called Ag-irresolute if the inverse image of
every A-closed set in (N,v) is AJ-closed in (M, ), i.e., u=*(T) is A3-closed in (M, u) for

every Ag-closed set T in (N, v).

Example 332 Let M=N={i,j,k}, u=1{¢p,{i,j}, M} and u={¢p,{i}, N}. Let
u: (M, ) - (N,v) be a map defined by u(i) = j,u(j) = kand u(k) =i. Thenuisa Ag-

irresolute map.
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Proposition 3.3.3 A map u: (M, u) — (N,v) is Ag-irresolute if and only if u~1(S) is Ag-
open in (M, u) for every 2%-open set S in (N, v).

Proof: (Necessity) Let S be a Ag-opensetin (N,v). Then N \ S is a A7-closed set in (N, v).
By definition u™*(N \ §) = M \ u™'(S) is a A5 -closed set in (M, ). Thus u='(S) is a A3-
open set in (M, p).

Sufficiency: Follows from the Definition 3.3.1.

Proposition 3.3.4 Every Ag-irresolute map u: (M, u) — (N, V) is a Ag-continuous map, but

not conversely.

Proof: Let T be any closed set in (N, v). By Proposition 2.2.5, T is also a A7-closed set in
(N,v). Asuis Ag-irresolute, u™'(T) is Ag-closed in (M, 1). Hence u is a A3-continuous

map.

Example 335 Let M =N ={i,j,k,I,m}, u={p {i}, i} {i,j}, U k}L{i,j, k}L{ k13,
{i,j,k,1},{j,k,I,m}, M}andv = {¢,{i},{j, k},{i,j, k}, N}. Letu: (M, u) - (N,v) beamap
defined by u(i) = i,u(j) =j,ulk) =k,u(l) =m and u(m) =10 Then u is a Ag-
continuous map but not a AZ-irresolute map, since for the Ag-closed set {j, [, m} in (N, v),

w"({j, 1, m}) = {j, 1, m} is not a A%-closed set in (M, ).

Remark 3.3.6 Ag-irresolute maps and A-irresolute maps are independent of each other as

observed from the following examples.

Example 3.3.7 Let M =N ={i,j, k},u = {¢,{i},{i,j},M} and v = {¢,{i,j}, N}. Let
u: (M, ) — (N,v) be a map defined by u(i) = k,u(j) =j and u(k) =i. Thenuisa A-
irresolute map but not a AZ-irresolute map, since for the A7-closed set {i,k} in (N,v),

u'({i, k}) = {i, k} is not a AJ-closed set in (M, p).

Example 3.3.8 Let M =N = {i,j, k}, u={p,{i,j}, M} and v = {¢,{i},{i,j},N}. Let
u: (M, ) - (N,v) be a map defined by u(i) = k,u(j) = j and u(k) =i. Thenuisa Ag-
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irresolute map but not a A-irresolute map, since for the A-closed set {k} in (N,v),
u~1({k}) = {i} is not a A-closed set in (M, ).

Theorem 3.3.9 If u:(M,u) - (N,v) is a Ag-irresolute map then u is g-continuous

whenever the domain (M, p) is a partition space.
Proof: Follows from Proposition 2.2.38.

Remark 3.3.10 ag-irresloute maps and Ag-irresolute maps are independent of each other as

observed from the following examples.

Example 3.3.11 Let M =N ={i,j,k}, u={¢p {i}, M} and v ={¢,{i,j},N}. Let
u: (M, u) = (N,v) be amap defined by u(i) = i,u(j) = kand u(k) = j. Thenuisan ag-
irresolute map but not a Ag-irresolute map, since for the Ag-closed set {j} in (N,v),

u'({j}) = {k} is not a A5-closed set in (M, p).

Example 3.3.12 Let M =N ={i,j, k}, u={¢p{i,j}, M} and v ={¢,{i},N}. Let
u: (M, ) - (N,v) be a map defined by u(i) = i,u(j) = k and u(k) = j. Thenu is a Ag-
irresolute map but not an ag-irresloute map, since for the ag-closed set {k} in (N,v),
u~1({k}) = {j} is not an ag-closed set in (M, u).

Remark 3.3.13 ga-irresolute maps and Ag -irresolute maps are independent of each other as

observed from the following examples.

Example 3.3.14 Let M =N = {i,j, k}, u={¢p,{i}, M} and v = {¢,{i},{i,j}, N}. Let
u: (M, u) = (N,v) be a map defined by u(i) = i,u(j) = kand u(k) =j. Thenuisaga-
irresolute map but not a Ag-irresolute map, since for the A7-closed set {k} in (N,v),

u~'({k}) = {j} is not a A-closed set in (M, ).

Example 3.3.15 Let M = N = {i,j, k}, u = {¢,{i}, {i,j}, M} and v = {¢, {i}, {j}, {i,j}, N}.
Then the identity map u: (M, u) — (N, v) is a Ag-irresolute map but not a ga-irresolute map,
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since for the ga-closed set {i,k} in (N,v), u=*({i,k}) = {i,k} is not a ga-closed set in
(M, w).

Remark 3.3.16 g*-irresolute maps and Ag-irresolute maps are independent of each other as

observed from the following examples.

Example 3.3.17 Let M = N = {i,j, k}, u = {¢,{i}, {i,j}, M} and v = {¢,{i,j}, N}. Then
the identity map u: (M, u) - (N, v) is a g*-irresolute map but not a A7-irresolute map, since

for the A5-closed set {i, k} in (N,v), u=*({i, k}) = {i, k} is not a A5 -closed set in (M, ).

Example 3.3.18 Let M = N = {i,j, k}, u = {¢,{i}, {j}, {i,j}, M} and v = {¢, {i}, {j}, {i,j},
{i,k},N}. Then the identity map u: (M, u) - (N,v) is a Ag-irresolute map but not a g*-

irresolute map, since for the g*-closed set {j} in (N,v), u=({j}) = {j} is not a g*-closed
setin (M, ).

Remark 3.3.19 The above derived interrelationships are depicted in the following diagram.

Analysis on Properties of Ag-Closed Sets in Topological Spaces 53



Chapter 3

Proposition 3.3.20 If a map u: (M, ) — (N, v) is Ag-irresolute then for every subset G of
(M, w) such that u(G) is Ag-closed in (N, v), u(Agcl(G)) < Agcl(u(G)).

Proof: Let G be a subset of (M, 1) such that u(G) is a Ag-closed set in (N,v). By the
property of Ag-closure, we have A cl(u(G)) is also a A7-closed set in (N,v). Since u is a
Ag-irresolute map, u~' (A cl(u(G))) is Ag-closed in (M, u). Using the fact that G < G, we
have G = u™'(u(6)) € u™*(A%cl(u(G))). Therefore, 2%cl(G) € u™*(A4cl(u(B))) =
u(A5cl(6)) € u(u™t(Agcl(u(6)))) = AZcl(u(G)).

Proposition 3.3.21 If a map u: (M, u) — (N, v) is Ag-irresolute then for every Ag-closed

subset H of (N,v), A5cl(u™"(H)) € u™* (A5 cl(H)).

Proof: Let H be a Ag-closed set in (N, v). Then A7cl(H) is Ag-closed in (N,v). Since u is
a Ag-irresolute map, u™' (A5 cl(H)) is Ag-closed in (M, u). Since H € AJcl(H), u™'(H) €
u~'(Agcl(H)). By Definition of A5-closure, Agcl(u™'(H)) = u~*(H) S u~'(AJcl(H)).

Proposition 3.3.22 Let u: (M, ) — (N,v) be a Ag-irresolute map and w: (N,v) - (K, k)

be a Ag-continuous map. Then (w o u): (M, u) — (K, k) is a Ag-continuous map.

Proof: Let T be any closed set in (K, k). Since w is A3 -continuous, w=*(T) is A5-closed in
(N,v). Asu is Ag-irresolute, inverse image of every A7-closed set in (N, v) is Ag-closed in
(M, ). Therefore (w o u)™"(T) = u~'(w™'(T)) is a A3-closed set in (M, u). Hence (w o

u) is a Ag-continuous map.

Proposition 3.3.23 Let u: (M, ) — (N,v) be a Ag-irresolute map and w: (N,v) - (K, k)
be a continuous (resp. A-continuous) map. Then (wou):(M,u) - (K,k) is a Aj-

continuous map.

Proof: Let T be any closed set in (K,x). Since w is continuous (resp. A-continuous),

w~(T) is closed (resp. A-closed) in (N,v). As every closed (resp. A-closed) set is A5-
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closed, we have w='(T) is A5-closed in (N,v). As u is Ag-irresolute, (w o w)™!(T) =

u~'(w™(T)) is a Ag-closed set in (M, ). Hence (w o u) is a A5-continuous map.
Proposition 3.3.24 The composition of two A7-irresolute maps is a Ag-irresolute map.

Proof: Let u: (M,u) - (N,v) and w: (N,v) — (K, k) be two AZ-irresolute maps. Let T be
a Ag-closed set in (K, k). Since w is a AS-irresolute map, w='(T) is A5-closed in (N, v).
As u is Ag-irresolute, (wouw)™N(T) =u~*(w™(T)) is Ag-closed in (M,u). Thus

(wou):(M,u) - (K, k) is a Ag-irresolute map.

“The forthcoming Section 3.4 have been published in the Web of Science Journal

Indian Journal of Natural Sciences entitled Some Special Types of 4g-Continuous

Maps, Volume 12, Issue 70, Year 2022, Pages 39076-39084.”

3.4 Special Types of 45-Continuous Maps

This section deals with the special types of continuities namely, quasi AZ-continuous
maps, perfectly AgZ-continuous maps, totally Ag-continuous maps and strongly Ag-

continuous maps. Their interrelationships and the remarkable properties have been

accomplished.

Definition 3.4.1 A map u: (M,u) — (N,v) is called quasi Ag-continuous if the inverse
image of every A7-closed set in (N, v) is closed in (M, ) i.e., if u™*(S) is closed in (M, u)

for every Ag-closed set S in (N, v).

Example 342 Let M =N ={i,j, k}, u={¢p,{i},{j,k}, M} and v ={¢,{i},N}. Let
u: (M, u) = (N, v) be amap defined by u(i) = i,u(j) = kand u(k) = j. Then u is a quasi

Ag-continuous map.

Theorem 3.4.3 A map u: (M, u) — (N,v) is quasi Ag-continuous if the inverse image of

every Ag-open setin (N,v) is open in (M, i) and vice versa.
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Proof: Let T be any AZ-open set in (N,v). Then N\T is Ag-closed in (N,v). By
assumption, u"'(N\T) = M \ (u~1(T)) is closed in (M,u). Hence u~(T) is open in
(M, ).

On the other side, let S be any Ag-closed set in (N,v). Then N \ S is AZ-open in
(N,v),u"t(N\S) =M\ (u1(S)) isopenin (M, ) = u~1(S) isclosed in (M, u). Hence

u is a quasi Ag-continuous map.

Definition 3.4.4 A map u: (M, u) — (N, v) is called perfectly Ag-continuous if the inverse
image of every A5-closed set in (N, v) is clopen in (M, u) i.e., if u™'(S) is clopen in (M, u)

for every Ag-closed set S in (N, v).

Example 3.45 Let M =N ={i,j,k}, u=1{¢,{i},{j k}, M} and v = {¢,{i},N}. Let
u: (M, u) - (N,v) be a map defined by u(i) =i,u(j) =k and u(k) =j. Then u is a

perfectly Ag-continuous map.

Theorem 3.4.6 A map u: (M, ) — (N,v) is perfectly A3-continuous if the inverse image of

every Ag-open set in (N,v) is clopen in (M, u) and vice versa.

Proof: Let T be any A7-open set in (N,v). Then N\ T is Ag-closed in (N,v). Since u is
perfectly A5-continuous u=*(N \ T) = M \ (u~*(T)) isclopenin (M, ). Hence u=*(T) is

clopenin (M, u).

On the other side, let S be Ag-closed set in (N,v), then N \ S is AZ-open in (N, v).
From the assumption, u"1(N \ S) = M \ (u~1(S)) is clopen in (M, u) = u~1(S) is clopen

in (M, u). Hence u is a perfectly A-continuous map.

Proposition 3.4.7 If u: (M, u) — (N,v) is a perfectly Ag-continuous map, then it is a quasi

Ag-continuous map.
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Proof: Suppose that S is a A7-closed set in (N,v). Since u is perfectly Ag-continuous,

u~*(S) isclopen in (M, 1). Hence u is a quasi AJ-continuous map.

Proposition 3.4.8 Every strongly continuous map w:(M,u) — (N,v) is a quasi Ag-

continuous (resp. perfectly A7-continuous) map.

Proof: Suppose that S is a Ag-closed set in (N,v). As u is strongly continuous, for any
subset S, u~*(S) is both open and closed in (M, i1). Hence u is quasi A5-continuous (resp.

perfectly Ag-continuous) map.

Theorem 3.4.9 Consider the discrete topological space (M, u) and any topological space

(N,v), then for any map u: (M, u) = (N, v), the statements
(i) u is perfectly Ag-continuous
(i)  wisquasi AZ-continuous

are equivalent.

Proof: (i)=(ii) Follows from Proposition 3.4.7.

(i)=(i) Let S be any A5-closed set in (N,v). By assumption, u~*(S) is closed in (M, ).
Since (M, u) is adiscrete space, u~1(S) is openin (M, ). Hence u=1(S) is clopenin (M, u).

Hence u is a perfectly A7-continuous map.

Proposition 3.4.10 Every quasi A7-continuous map u: (M, u) - (N, v) is a Ag-continuous

map.

Proof: Let S be a closed set in (N,v). Using Proposition 2.2.5, S is Ag-closed in (N, v).
Since u is quasi AJ-continuous, u~*(S) is closed in (M, 11). Again, using Proposition 2.2.5,

u~'(S) is A5-closed in (M, p). Hence u is a A5-continuous map.

The subsequent example shows that the converse of Proposition 3.4.10 may not hold good.
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Example 3.4.11 Let M=N={ijk}, u={d i}, {yL{i,j}L{i,k},M} and v=
{p,{i},{i,j}, {i, k}, N}. Letu:(M,u) - (N,v) be a map defined by u(i) = j,u(j) =i and
u(k) = k. Then u is a A7-continuous map but not a quasi AZ-continuous map, since for the

Ag-closed set {i, j} in (N,v), u='({i,j}) = {i,j} is not closed in (M, ).

Proposition 3.4.12 Let u: (M, u) = (N,v) and w: (N,v) — (K, k) be any two maps. Then
(wou):(M,u) — (K,x) is quasi Ag-continuous (resp. perfectly AZ-continuous) map,

whenever

(i)  w is a strongly continuous map and u is a quasi Ag-continuous (resp. perfectly Ag-

continuous) map

(i) wisaquasi Ag-continuous (resp. perfectly Ag-continuous) map and u is a continuous

map

Proof: (i) Let S be any A¢-closed set in (K, k). Asw is strongly continuous, w~*(S) is both
open and closed in (N,v) = w~1(S) is A5 -closed in (N,v). Since u is quasi A5-continuous
(resp. perfectly Ag-continuous), (w o u)~1(S) = u~*(w~*(S)) is closed (resp. clopen) in

(M, u). Hence (w o u) is a quasi Ag-continuous (resp. perfectly AZ-continuous) map.

(ii) Let S be any A7-closed set in (K, k). As w is quasi Ag-continuous (resp. perfectly A7-
continuous), w~1(S) is closed (resp. clopen) in (N,v). Since u is continuous,
(wou) 1(S) = u "t (w1(S)) is closed (resp. clopen) in (M, u). Hence (w o u) is a quasi

Ag-continuous (resp. perfectly A7-continuous) map.

Proposition 3.4.13 If u:(M,u) » (N,v) is a quasi Ag-continuous (resp. perfectly Ag-
continuous) map and w:(N,v) - (K,k) is a perfectly Ag-continuous (resp. quasi Ag-
continuous) map, then (w o u): (M, ) — (K, k) is a quasi AgZ-continuous (resp. perfectly

Ag-continuous) map.

Proof: Follows from Proposition 2.2.5.
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Proposition 3.4.14 If u: (M, ) —» (N,v) and w: (N,v) — (K, k) are quasi Ag-continuous
(resp. perfectly Ag-continuous) maps, then (wou): (M,u) — (K, k) is also a quasi Ag-

continuous (resp. perfectly A7-continuous) map.

Proof: Let S be any A7-closed set in (K, k). As w is quasi Ag-continuous (resp. perfectly
Ag-continuous), w~*(S) is closed (resp. clopen) in (N,v) = w™*(S) is A5-closed in (N, v).
Since u is quasi Aj-continuous (resp. perfectly Ag-continuous), (weu)~(S) =
u~'(w™(S)) is closed (resp. clopen) in (M,u) and hence (w e u) is also a quasi AJ-

continuous (resp. perfectly A7-continuous) map.

Definition 3.4.15 A subset A of (M, u) is called Ag-clopen if it is both A7-open and Ag-

closed in (M, p).

Example 3.4.16 Let M = {i,j, k} and u = {¢, {i}, {i,j}, {i, k}, M}. Then the subset {j, k} of
(M, u) is a Ag-clopen set.

Definition 3.4.17 A map u: (M, 1) - (N,v) is called totally Ag-continuous if the inverse
image of every open set in (N, v) is A3-clopen in (M, p) i.e., if u='(T) is a A-clopen set in

(M, ) for every openset T in (N,v).

Example 3.4.18 Let M=N={ijk}, wu=1{p{i}{i,j},{i,k},M} and v=
{p,{i}, {j}.{i,j},N}. Letu:(M,u)— (N,v) be a map defined by u(i) = j,u(j) = k and

u(k) = i. Thenu is a totally A7-continuous map.

Proposition 3.4.19 A map u: (M, u) - (N, v) is totally A7-continuous if the inverse image

of every closed subset of (N, v) is a A3-clopen subset of (M, ) and vice versa.

Proof: Let S be any closed set in (N,v) = N\ S is open in (N,v). As u is totally Ag-
continuous, u™ (N \ S) = M \ (u™'(S)) is AF-clopen in (M, ) = u=*(S) is A5-clopen in

(M, ).
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On the other side, let T be any open set in (N,v) = N\ T is closed in (N,v). By
assumption, u*(N \ T) = M \ u~*(T) is Ag-clopen in (M, ) = u~*(T) is A5-clopen in

(M, ). Hence u is totally A%-continuous.

Proposition 3.4.20 Every totally Ag-continuous map u: (M, u) — (N, v) is a Ag-continuous

map.
Proof: Follows from the Definitions 3.4.17 and 3.2.1.

The subsequent example shows that the converse part of Proposition 3.4.20 may not hold
good.

Example 3.4.21 Let M = N ={i,j, k}, u = {¢,{i}, {i,j}L, M} and v = {¢, {i}, {j}, {i,j}, N}.
Let u: (M, u) - (N,v) be a map defined by u(i) = i,u(j) =k and u(k) =j. Thenuisa
Ag-continuous map but not a totally A7 -continuous map, since for the open set {i, j} in (N, v),

u~t({i,j}) = {i, k} is not A%-clopen in (M, ).

Definition 3.4.22 A map u: (M, u) — (N, v) is called strongly A3-continuous if the inverse
image of every subset in (N, v) is A3-clopen in (M, u) or if u=*(S) is a A5-clopen set in

(M, ) for every subset S in (N, v).

Example 3423 Let M=N={ijk}, wu={p{i}{i,j},{i,k},M} and v=
{p,{i},{j,k},N}. Let w:(M,u) —» (N,v) be a map defined by u(i) = k,u(j) =j and

u(k) = i. Thenu is a strongly Ag-continuous map.

Proposition 3.4.24 Every strongly AZ-continuous map u: (M, u) — (N,v) is a totally A7-

continuous map.
Proof: Follows from the Definitions 3.4.17 and 3.4.22.

The subsequent example shows that the converse of Proposition 3.4.24 may not hold good.
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Example 3.4.25 Let M = N = {i,j, k}, u = {¢,{i}, {i,j}L, M} and v = {¢, {i}, {j}, {i,j}, N}.
Let u: (M, u) — (N,v) be the identity map. Then u is a totally Ag-continuous map but not
a strongly AJ-continuous map, since for the set {i,k} in (N,v), u™'({i, k}) = {i, k} is not

A%-clopen in (M, ).

Theorem 3.4.26 Let u: (M, u) — (N,v) be a totally Ag-continuous map where (N,v) is a

discrete topological space. Then u is a strongly A7-continuous map.

Proof: Let T be any subset of (N,v). As (N, v) is a discrete topological space, T is open in
(N,v) = u~*(S) is AJ-clopen in (M, 1), as u is totally A -continuous. Hence u is a strongly

Ag-continuous map.

Proposition 3.4.27 Every perfectly A7-continuous map u: (M, u) — (N,v) is a totally A7-

continuous map.

Proof: Let T be any open setin (N,v). Then T is also a Ag-open set in (N, v). Since u is
perfectly A-continuous, u~*(T) is clopen in (M,u) = u~'(T) is A5-clopen in (M, u).

Hence u is a totally A3 -continuous map.
The subsequent example shows that the converse of Proposition 3.4.27 may not hold good.

Example 3.4.28 Let M = N = {i,j, k}, u={¢,{i}, M} and v = {¢,{i},{j, k}, N}. Let
u: (M, ) — (N,v) beamap defined by u(i) = i,u(j) = kand u(k) = j. Thenu isatotally
Ag-continuous map but not a perfectly A7-continuous map, since for the A7-closed set {k} in

(N,v), u"t({k}) = {j} is not clopen in (M, ).

Proposition 3.4.29 Every quasi Ag-continuous (resp. perfectly A7-continuous) map

u: (M, u) - (N,v) is a Ag-irresolute map.
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Proof: Let S be any Ag-closed setin (N,v). As u is quasi Ag-continuous (resp. perfectly
Ag-continuous), u~*(T) is closed (resp. clopen) in (M, i) = u=*(T) is A3-closed in (M, ).

Hence u is a Ag-irresolute map.
The subsequent examples show that the converse of Proposition 3.4.29 may not hold good.

Example 3430 Let M =N={,jk}, wu={¢{i},{}L{i,j}{i,k},M} and v=
{p,{i}, {i,j}, {i, k}, N}. Letu:(M,un) - (N,v) be a map defined by u(i) = j,u(j) =i and
u(k) = k. Then u is a A§-irresolute map but not a quasi Ag-continuous map, since for the

Ag-closed set {i, j} in (N,v), u=*({i,j}) = {i,j} is not closed in (M, ).

Example 3.4.31 Consider M, N, u,v and u as in Example 3.4.30. Then u is a Ag-irresolute
map but not a perfectly A7-continuous map, since for the Ag-closed set {k} in (N,v),

u~1({k}) = {k} is not clopen in (M, ).

Remark 3.4.32 Perfectly Ag-continuous maps and strongly Ag-continuous maps are
independent as observed from their respective definitions. In the same way, quasi Ag-

continuous maps and totally A7 -continuous maps are also independent.

Remark 3.4.33 The above implications are depicted in the diagram below.
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