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student well grounded in the methods of advanced calculus and of the 
solution of elementary differential equations.

An attempt has been made to cover the commonly used properties of 
all those integral transforms which are currently in use in the solution of 
boundary value problems. There are chapters on the Fourier transforms and 
those of Lapace, Mellin, Hankel, Mehler and Fock. Kontorovich and 
Lebedev. Closely related topics such as finite transforms, dual integral 
equations, the Wiener-Hopf procedure and the elementary parts of the 
theory of generalized functions are also considered. In an effort to make the 
book more useful as a textbook for students of applied mathematics each 
chapter contains an account of applications of the theory of integral trans­
forms to the solution of problems arising in mathematical physics. In this 
way is illustrated the use of transform techniques in finding the solution of 
boundary and initial value problems for ordinary and partial differential 
equations, of integral equations and difference equations. Problems are 
included at the end of each chapter so that the reader may further develop 
his skill in the application of integral transforms.

The critical comments of colleagues and of students who attended the 
lectures on which this book is based were of great value and are gratefully 
acknowledged. In particular I wish to thank M. Lowengrub. R. P. Srivastav, 
M. P. Stallybrass. J. Tweed and M. S. Alala for their comments on the final 
manuscript and for their help in reading the proofs.

My thanks are due also to Mrs. Dorothy Long for her assistance in 
the preparation of the author and subject indices.

Ian N.Sneddon



Preface

The aim of this book is to provide an introduction to the use of integral 
transforms for students of applied mathematics, physics and engineering. 
It is based upon courses of lectures given at various times in the University 
of Glasgow. North Carolina State University and the Slate University of 
New York at Stony Brook to postgraduate students of these subjects. Some 
sections have also been used in lectures to undergraduates reading for 
"honours" degrees in mathematics or engineering in the University of 
Glasgow.

Since this book has been written for students whose primary interest 
is in the applications of the theory rather than in the theory itself, it does 
not attempt to present the basic theorems relating to integral transforms in 
their most general forms. The treatment is restricted to classes of functions 
which are sufficiently wide to embrace the functions which normally occur 
in physical applications. It is hoped that most of the book is accessible to a

xi



1
Introduction

Since, in this book, we are concerned primarily with the use of integral trans­
forms. we begin by outlining briefly the circumstances in which integral 
transforms arise in the analysis of some boundary value and initial value 
problems of classical physics. This provides some motivation for the mathe­
matical problems with which the remainder of the book is concerned.

In sec. l-l we discuss in a general kind of way how the use of the 
principle of linear superposition in constructing integral representations of 
solutions of linear partial differential equations can lead in a natural way to 
a consideration of the properties of integral transforms. In secs. I-3 through 
I-5 this method is used to introduce the Fourier transform, the Fourier sine 
and cosine transforms, and the Hankel transform. An alternative approach 
is developed in sec. l-2 and in secs. l-6, l-7 this is used to introduce the 
Laplace transform and the Mellin transform.

We conclude this introductory chapter by saying something about the 
kinds of functions we shall be discussing in the subsequent chapters.

1



2 THE USE OF INTEGRAL TRANSFORMS

Many of the phenomena of classical physics may be described by partial 
differential equations of a particularly simple type. For example, problems 
in potential theory (which embraces gravitational theory, electrostatics, 
magnetostatics, and the irrotational flow of a perfect fluid) may be dis­
cussed with reference either to Laplace's equation

d2u d2u d2u _  _
c'.v2 5y2 dz2

or to Poisson's equation

1-1 IN TEG R A L T R A N S F O R M S

P u 52u , d2u
dx2 i'y2 + ?z2

In these equations u is the potential function whose value at an arbitrary 
point (x.y.z) is to be found; in Poisson's equation the function f(x,y.z) is 
prescribed. In terms of the three-dimensional Laplace operator A3 defined 
by the equation

= d2
<~y2

and the position vector r = (x.v.r) of a typical point in Ey we may write 
Laplace's equation in the form

A3u( r) = 0,

and Poisson's equation in the form

<V(r) = /(r).

In many problems of potential theory, the potential function u does 
not depend on one of the cartesian coordinates, z say, in which case Laplace's 
equation and Poisson's equation reduce to

^  + ^  = 0

and

d2u d2u -
I ?  + I ?  =J{X'y)

respectively, or in terms of the two-dimensiortal Laplace operator. A2. de­
fined by

ex2 x.,2cy
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to

A2u( r) = 0 

and
A3M(r) = / (  r),

where, of course, r is now the position vector (.v,v) of a typical point in E2.
Similarly the propagation of waves in E3 is described by the wave 

equation

where t denotes the time and c the velocity of propagation of the waves, and 
diffusion phenomena, such as the conduction of heat, by the diffusion 
equation

where k  denotes the thermal dilfusivity of the medium.
If we take r =  ( v. v.r.r) to be the position vector of a point of space- 

time. we can write these equations in the forms

respectively.
It will be observed that these equations are linear, of second order, and 

that in cartesian coordinates they have constant coefficients, but in spite of 
their somewhat special character, these equations are of fundamental im­
portance in many branches of physics and engineering and since the 
eighteenth century have played an important role in the development of 
pure mathematics as well as of that of mathematical physics.

Perhaps the oldest systematic technique for the solution of the partial 
differential equations of mathematical physics is the method of separation o f 
variables. Introduced by d'Alembert. Daniel Bernoulli, and Euler in the 
middle of the eighteenth century it remains a method of great value today 
and lies at the heart of the use of integral transforms in the solution of prob­
lems in applied mathematics.

To illustrate the method we shall consider its use in the solution of 
Laplace's two-dimensional equation in the half-plane y >  0 when it is

* 1 <’2uA3u =  t t t ' c2 c r

and
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assumed that the potential function i/(.x,y) tends to zero as p -* x .  where 
p =  v/(.v2 +  y1) denotes distance from the origin.

The method of separation of variables consists of try ing to find solu­
tions of Aju(.v.y) =  0 which are of the form

if(.v.y) =  T(.x)T(y),

where X  is a function of .v alone and Y is a function o fy  alone. Since for this
form of w(.t.y)

clJu d2X v
fix2

and
?2u y d2Y
f’v2 = x d ?

it follows that A2// *  0 will have solutions of this form if we can find func­
tions X  and Y such that

d]X
dx2

Y +

for all (v,y) in the half-plane y ^  0. Rewriting this equation in the form

± f X  = _ J_ (PY
X dx2 Y l iy 2

and noting that whereas the left-hand side is a function of .x alone, the right- 
hand side is a function of y alone, we sec that both sides must be equal to a 
constant. — £2 say. Hence X  and Y are determined by the equations

<px
dx1

c2X,
dr2 C

So far we have only said that c is a constant. If we wish to obtain solutions 
u tending to zero as p -* x  we must choose functions Y which tend to zero 
as y -♦ x ,  so we must choose <; to he reed and take

K(y) =  e ’ 1*1'.

(We take e -141*' since if we took e~tf, Y would not tend to zero as y -* x  for 
negative values of ?.) We also take

X(x) = e±itx

This in turn shows us that

m(.v.v) = eiix-w*. ;  e R 

is a solution of A2u = 0.
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In a physical problem the field variable is determined not only by the 
partial differential equation but by the boundary values or the initial values 
assumed by the function. The function derived above certainly satisfies 
Laplace's equation but it is the solution only of the boundary value problem

A2m(.x.v) =  0. — x  < v < x ,  y > 0
i/(jr,ij =  e‘iz. — x  < v < x  
u(x,y) -» 0 as v ( v2 + v2) -*• x  .

For other forms of u(.x.O) we have to construct other solutions. We do this 
by building up complicated solutions from the simple one we ha ve just found. 
Since

A2<>4*-I4lr = o

for all real £ and A2 is a linear operator, we see that for certain forms of the 
function F(i) the function

n(jr.y) = J _ Kl>
would also satisfy Laplace's equation in the half-plane y  > 0 and hence 
give us a new solution.1 For example, if we take F(i) =  je~ l4|a, we obtain 
the solution

a + y  __
.v2 + (a +  y)1’

which satisfies the boundary condition u(.x.O) = «(a2 +  x 2) 1.
The problem which naturally arises is: can we find the solution cor­

responding to the boundary condition m(.t.O) =  fix). — x  <  x  <  x ?  In 
other words: can we find a function /•’(<;) such that

l(x) =  J T F(Z)e‘ix d£ 

for all real values of x?
This problem can be generalized in an obvious way.
Suppose that we wish to find the solution in a domain D of a homo­

geneous partial differential operator of the form

Lw(r) =  0, ( 1- 1- 1)

where r is the position vector, with components (.x,..x2, . . . ..x„). of a field 
point in the Euclidean space of n dimensions and L is a linear differential 
operator in the variables .v,..v2, . . . vx„. For instance L could be A3 or 
A2 or kA3 — 0/ci.
‘This is known as the superposition principle
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We can often find a simple solution tj(r;£) of the equation (1-1-1) in­
volving an arbitrary constant £ whose values, which may be real or complex, 
are taken from a set Q. If

U/(r:£) =  0 r e D. £ e f l

then, since the operator L is linear, it is probable that the function

u(r) =  f F(£)q(r;Z) </£. r e D  
Jn

will also be a solution of (1-1-1) for any arbitrary function F o f  £—at least if 
it is such that the integral on the right side of this last equation converges 
uniformly for all r e D. It may indeed turn out that the boundary conditions 
imposed in the problem are sufficient to enable us to determine the form of 
the function F(£).

To illustrate the kind of situation which may arise we consider the case 
in which i/(.v,.v) is a function of two independent variables (x,y). We then 
have a solution of the form

u(x,y) — f  F(£)»j(.v,y;£) r/£. (.v.v) e D.
J n

If. in addition, it is postulated that u(.v,0) = f(x), where the function / i s  
prescribed, we have the relation

fix) = f  F{c)K{x-s)dc. )c e D „  (1-1-2)
Jn

where Z>, is the domain of v and the function K(x;4) is defined by the 
equation

K(x:c) =  »/(.v,0;£). (1-1-3)

When a function/is defined in terms of a function F by means of an 
integral relation of the type (1-1-2). we say that /(.v) is the integral transform 
of the function F(c) by the kernel A.'(.v,£). and we employ some such notation 
as

/(.v) = .r[f(c );.v ]. (1-1-4)

For a particular choice of kernel we use not a general symbol for the 
operator of the transform but some specific symbol which reflects the nature 
of the kernel. For instance, for kernels traditionally associated w ith the name 
of Fourier we use .¥  instead of and for those associated with the names 
of Laplace. Mellin. and Hankel we use the symbols .4'', and J f , 
respectively.

We note that the operator .7  defined by equations (1-1-2) and (1-1-4) 
is a linear operator, i.e., that if

.?-[/-,(£);*] =  /,(*). .r{F 2it):x ]  - / , ( * )
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and cj and c2 are arbitrary constants, then

*■[<■,F,<£) + q W ; - v] = r,/,(jc) + r , / 2(.x). (M 'S)
For example, if fi is the entire real line R and K(x,£) is (27t)”i e‘{jI, we 

say that /(.v) is the exponential Fourier transform of F(£) or. simply, the 
Fourier transform of F(£). We therefore have as the definition of the Fourier 
transform

It is sometimes convenient to write the integral on the right as 

f ix )  -  \ f  F^ ‘ix <%■y/Qn)

In sec. 1-3 we shall see how this transform arises in a natural way in the 
analysis of a simple boundary' value problem in potential theory.

Similarly, if Q is the positive real line R + and K(x; £) is (2/rt)1 cos (<;.y), 
we say that the function f ix )  defined by the equation

F(£)cos (£x)ti£ s  / - F(c)cos(vY) d£ (1-1-7)

is the Fourier cosine transform of F(£), and if K(£\x) is (2/n)1 sin (c.v). we 
say that

fix )  — / - f  F(£)sin(£x)d£ = -  F(£)s\n(£x) d£ (1-1-8)

is the Fourier sine transform of F(£). We shall see in sec. 1-4 how such trans' 
forms arise naturally in the derivation of certain solutions of the one­
dimensional wave equation.

Another integral transform which is of frequent use in mathematical 
physics is obtained by taking Q to be the positive real line R+ and A'(.v;^) 
to be defined by the equation

A U ; ; )  =  £J,(£x),

where J,( :) denotes the Bessel function of the first kind of order v and argu­
ment z. We then say that fix ) , defined by the equation

fix) = J V(sry,(£-v) d£ (1-1-9)

is the Hankel transform1 of order v of the function F(£). In sec. 1-5 we shall
‘ In some books #C(x:{) is chosen to be (*{)*•/,<*{) to give a kernel which is a function of the 
single variable x(. The choice made here is more appropriate in the analysis of problems in 
applied mathematics.
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sec how such a transform arises in a simple problem.
In the discussion of boundary value problems for partial differential 

equations, the basic problem often turns out to be the determination ol the 
function F(i) when the function /(.v) is prescribed, i.e.. it reduces to the solu­
tion of the integral equation (1-1-2). In many cases it turns out that we can 
find a solution of an integral equation of this type in the form

F ( c ) = f  (lx)H(x-,Z)dx. £ e fi (1-1-10)
Jo ,

where Z), is the domain of ,v. i.e.. in the problem considered x e /),. Such a 
result is called an inversion formula for the transform (1-1-2) and equations 
(1-1-2) and (1-1-10) taken together constitute what is called an inversion 
theorem for the transform (1-1-2).

When it happens, as it frequently does, that the sets Z), and Q are 
identical and K{x:£) = //(c;.v). so that the relation between /an d  F is sym­
metrical. we say that K(x:£) is a Fourier kerne! '

If A(.v;;) = K(£:x). we say as in the theory of integral equations- 
that the kernel A' is a symmetrical kernel. The simplest type of symmetric 
kernel is one of the form A(£.v). w hich is a function of the single variable £x. 
In problem 1-1 a simple necessary and sufficient condition for a kernel to be 
a Fourier kernel is stated: later -in sec. 4 -5 -this is used as the basis for a 
useful criterion by means of which we can determine whether or not a func­
tion A(r) defines a Fourier kernel.

1-2 AN ALTERNATIVE APPROACH
The concept of an integral transform arises naturally in another way which 
we introduce through a simple example.

Suppose we wish to solve the two-dimensional Laplace equation 
A = 0 in the positive quadrant x  ^  0. y  >  0 subject to the boundary 
conditions

u(.v.O) = /(.v), * = gi V)
cx

and the condition that as v (.v2 + r 2) -♦ oc, u(x,y) and its first order deriva­
tives tend to zero. Applying the rule for integrating by parts twice we find 
that

f x t 2u
_ 2 cos (.vc) dxJo ( x

= — cos(.xu) +  cusin(.x^) — £2 I i/( x\r)cos( ti:) dx
LCX " Jo Jo

'I t turns out that the kernel of the Fourier t r a n s f o rm is  not a Fourier kernel! This is an unfortu­
nate consequence of using what is now the standard term "Fourier * kernel for a kernel with the 
defined property: it would be more appropriate to call it an "idempotent" kernel.
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so that for the solution of our problem

f
^2^

2 cos(.Ytf) dx = - 4 2u(4.y) -  g(y)

where the function u(Q.y) is defined by the equation

u(4,r) = r  «(.v,v)cos(.v^)t/.v 
J o

Since, in general

'2u f  * <'2m(.v,.v)
y  = Jo “T P " '

cos(,vc) dx
Jo O"

we see that
c2ii , ,

A2w(.r,y 1 cos ( tc ) J.v = —j  — qu  — g(y) 
jo cy

and hence that A2m = 0 is equivalent to the equation

c2u r2. .—3 -  c m = g(y). n r
Also the conditions m(.y.O) = f{x) and u(x.y) -* 0 as y x .  x  > 0 give us 
the boundary conditions w(£.0) = /(c), «(£,>) -* 0 as y — oc. where

/(s) = J* /(* )cos(,vc) c/.v.

The differential equation governing u(4,.v) is in effect an ordinary differential 
(since derivatives of u with respect to 4 nowhere occur in the problem) so 
that the boundary value problem for determining w(<;,v) is much simpler 
than that for finding u(x,y). «(£->•) is an integral transform of u(x.i).

To show the general situation, suppose that we wish to solve the 
equation (1-1-1) for r e D and that, when re  D, v, e D,. Then for a wide 
class of functions K(.x,,c) the partial differential equation (1-1-1) is equiva­
lent to the relation

I" K(x,.4)Lu(r) dx, = 0. (1-2-1)
JD,

Now it may happen that, with a suitable choice of A(.v,,£). the integral on 
the left side of this equation can be written in the form

|* K(x„4)Nhdr) dx, -* ,(<;,,v2...........xn)
JD,

where M is a linear differential operator in the variables x2, . . . whose 
coefficients may be functions of 4 as well as of ,v2, . . . ,.vn. (For example.
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in the problem considered above L = A2, M = P1/?}* — K(x,£)
= cos(.v£) and £,(£,>■) = Since the operator M does not depend on
.x, we can. if the integral is uniformly convergent, take it outside the integral 
sign in which case the equation (1-2-1)- and hence the equation <1-1-1)— is 
equivalent to the partial differential equation

Mt7(£.x2, . . ,x„) = g fZ ,x 2........... x„) (1-2-2)

where the function «(<;,x2, . . . ,x j  is defined by the equation

ii({.x2............ -vj = J  u(xlvx2............ xJATxy.Ot/x, (1-2-3)

As before, we say that m(c,x 2............ x„) is the integral transform of
i/(r) by the kernel K(x 1.q) and we use a notation of the form

M(iA2............x„) = .7 [u(r):x, -*■ £].

where in a special case the symbol &  would give an indication of the nature 
of the kernel K. and the "arrow” notation is used to indicate unambiguously
which of the n variables x ,,x2............ x. is "integrated out.” Thus, if the
domain of x2 were the same as that of x ,, we should denote the transform

f w(x,.x2. .x„)K(x2f ) d x 2
JDi

by the symbol

,^[u(r);x2 -  £]•

It will be observed that (1-2-2) is a partial differential equation in 
n — I independent variables whereas equation (1-1-1) is in n independent 
variables. The effect of the transform is to reduce the number of independent 
variables by 1. In particular if n = 2. a partial differential equation in two 
independent variables is reduced to what is effectively an ordinary differen­
tial equation. This procedure is illustrated in secs. 1-6 and 1-7 below.

If we take Dx to be the positive real line and A(x,,£) to be e~x,t. w;e 
get the Laplace transform: i.e.. the function u{p.y). defined by the equation

u(p,y) = Jo u(x.y)e~px dx. ( , .2_4 )

is called the Laplace transform of the function m(x ,v) with respect to the 
variable x and

u(xj>) = f  u(x.x)e~ps dv 
Jo

its Laplace transform with respect to the variable y.
Similarly, if we take Dt to be the positive real line and A'(x,.<J) to be
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Xi’_1, we get the Mellin transform : i.e.,

= J* i'(.T,v).r’~ ' dx ( l -2-5)

is the Mellin transform of the function ) with respect to the variable v.
We shall show in secs. l-6 and I-7 below how such transforms arise 

naturally in the solution of simple problems in mathematical physics. It may 
appear rather mysterious how we know what function K{xx£ )  will trans­
form the original differential equation (l-2-l) to give the required simplifica­
tion. Some indication of how we know what kernels we should choose is 
given in Problems l-2 and l-3 at the end of this chapter.

1-3 SOLUTION OF LAPLACE'S EQUATION IN A HALF-PLANE

We shall now illustrate, by means of a simple example, how the Fourier 
transform defined in equation (l-l-6) arises in practical applications.

We consider the problem of determining the function m(xv ) satisfying 
Laplace's equation

&2u{x,y) =  0 (l-3-l)

in the half-plane y  >  0 subject to the boundary conditions
m(.y.O) =  f(x), - x  <  x  < qo ( l -3-2)
u(x.y) -* 0. as p -* x  ( I -3-3)

where p =  (,v2 + r2)*.
We saw above (sec. l-l) that the method of separation of variables 

yields a simple solution of equation (l-3-l) of the form

n(x.y;i) =  W V 4*"1*1'

where q is a real separation constant. At this stage it may seem strange to 
introduce a factor (27t)~*; it is done to define a transform whose inversion 
theorem (it w ill emerge later) has a more symmetrical form. This solution has 
the property that t] ix .y;i) -» 0 as y  -» x . If F(<;) is an arbitrary function of 
the real variable q. we should therefore expect from a simple use of the super­
position principle that the function

u(x.y) = (2*)-* J" ^  <lc (1-3-4)

would satisfy Laplace's equation if F(q) were such that the integral on the 
right were uniformly convergent for all (x.v) in the upper half-plane r > 0. 
We should also expect it to satisfy the condition u(x,y) -* 0 as r -* x .

The remaining conditions will be satisfied if we can find a function 
F(f) such that
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fix) = (2 * r*  P
J - JT

(I-3-5)

and such that

J*  F(£ )eltx ~ l'lr dt -* 0, as |.v| -  x . (I-3-6)

From (1-3-5) we see that the function /(x) is the Fourier transform of 
the function F(£). so that the problem of finding F(4) is equivalent to that of 
finding a function whose Fourier transform is prescribed, i.e., of finding the 
inversion theorem for the Fourier transform. This latter problem is dis­
cussed in sec. 2-3. All that then remains is to verify that the function F{£) ob­
tained as a result of this inversion, satisfies the condition (1-3-6).

To illustrate the second method of approach outlined in sec. l-2, we 
multiply both sides of ( l -3-1) by exp(r^.v) and integrate with respect to x  over 
the whole real line to obtain the equivalent relation

Now. if both ii and i'u/rx tend to zero as |.v| -» x  it follows as a result of two 
integrations by parts that

of the function m(.y.v) with respect to the variable x, we find that it is a solu­
tion of the differential equation

which is. in effect, an ordinary differential equation. From (1-3-2) we see that

where F(£) is the Fourier transform of the prescribed function /(.v). Simf 
larly the limiting condition (1-3-3) is equivalent to the condition

Hence if we introduce the Fourier transform

U(i,y) = (2tt) - * f  u(x,y)e‘ix dx (1-3-7)

(1-3-8)

L'k'.O) = (2n)'* P  f(x)ei(x (lx (1-3-9)

i.e., that

l/<4.0) = F(c). (1-3-10)

t/(<l.y) -* 0. v -* oo. (1-3-11)
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Solving the equation (I-3-8) subject to the conditions (1-3-9) and ( I-3-l l ) we 
find that the transform £/(4;.r) is given by the simple formula

U(c.y) = (1-3-12)

From the equation (1-3-7) we see that the problem of determining the func­
tion nfv.ij is equivalent to that of finding the function whose Fourier trans­
form with respect to v is the function on the right side of equation (.1-3-12). 
As before, therefore, we once again discover that we need to have an inver­
sion formula for Fourier transforms; as pointed out above, this is discussed 
in sec. 2-3.

1-4 SOLUTION OF THE WAVE EQUATION FOR A SEMI-INFINITE 
LINE

As an example of how the Fourier cosine and the Fourier sine transform can 
be introduced to solve problems in mathematical physics, we consider the 
solution of the one-dimensional wave equation

( U 1 C U
cx2 c2 c t2 d-4-1)

for x > 0, / > 0.
In the first instance we shall consider the initial conditions

u(.v,0) = /(* ) , h,(.v.O) = 0 (1-4-2)

and the boundary conditions

n(0.r) =  0, (1-4-3)
u{x.i) -♦ 0 as a -> oo. (1-4-4)

By the method of separation of variables we see that for any positive real 
separation constant

i/(.v,/) = < 2/7C)* sin (qx) cos (c<7 )

is a solution of the wave equation (1-4-1) satisfying the conditions 

tl,ix,0) =  0. ni0,t) =  0.

Using the superposition principle we see that, for any arbitrary function 
/;(£) which leads to the integral being uniformly convergent, the function

u(x,l) -  j* F5(c)sin(CAjcos(c<7) (1-4-5)

is a solution of the wave equation satisfying the second of the initial condi­
tions (1-4-2) and the boundary condition (1-4-3). It will satisfy the remaining 
initial condition of the pair (1-4-2) if we can find a function F,(£) such that
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/(.V) =* F,<{) rin <{*)!«. ( l -4-6)

From equation (l-8) we see that the right side of equation (1-4-6) is the 
Fourier sine transform of the function F,(Z). Our problem is therefore shown 
to be equivalent to that of finding a function F,(s) whose Fourier sine trans­
form is A v). This problem is discussed in sec. 2-5 below.

Having determined we still have to show that the function defined 
by equation (1-4-5) satisfies the condition (1-4-4). Since we can write equa­
tion (1-4-5) in the form

m(w /) =  (2nV 1 J *  /;(£){sin <(.v +  cl) -  sin£(.v -  </)} d 

we see that this condition will be satisfied if we can show that

fV .< £ ) sin (/£)<« - 0  Jo

as /. -» x  . This problem is considered in sec. 2-2.
If. instead of the condition (1-4-3). we have the condition

i iJ Q . i ) =  0 . (1-4-8)

the other conditions remaining unaltered, we can easily show by a similar 
method that the corresponding solution can be written in the form

i/(.y j ) = ^  F£(c)cos(c.r)cos(?c7) d$ (1-4-9)

provided that we can find a function Ft(Z) such that the integral on the right 
side of this equation is uniformly convergent and that the conditions

/(•*) = 0 )  J  Fc(i)c o s ( ix )d i,  (1-4-10)

J* />((-)cos(c/.) di -» 0. as k -» x  (1-4-11)

are satisfied.
We therefore need to look at the problem of determining a function 

when its Fourier cosine transform is prescribed; this is considered in 
sec. 2-4 below. The second problem, expressed by the relation (1-4-11) is 
considered in sec. 2-2.

1-5 AN AXISYM METRIC PROBLEM IN POTENTIAL THEORY

To show the manner in which Hankel transforms may enter into the analysis 
of boundary value problems we consider the axisymmetric solution u(p.:) 
of Laplace’s equation
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d2u I cu
cp 2 p dppdp

(1-5-1)

in the half-space p > 0. :  >  0, which satisfies the boundary conditions

where/(p) is a prescribed function of p, and r = (p2 + r 2)*.
It is easily shown (Cf. Appendix, sec. A .l) that a simple solution of the 

equation (1-5-1) is

n(p.::t) = J0U p )c 'tz,

where J0 denotes the zero-order Bessel function of the first kind. This solu­
tion has the property that, if if > 0, t/(p,r;c) -* 0 as r -* x .  By simple 
superposition we can therefore construct solutions of the form

where ) is any arbitrary function of <f such that the integral on the right is 
uniformly convergent. The condition (1-5-2) will be satisfied if we can find a 
function such that

i.e., if we can find a function i/rif) whose Hankel transform of order zero is 
f(p). and which is such that the integral on the right of (1-5-4) tends to zero 
as r -* x .

The properties of Hankel transforms are discussed in Chapter 5.

1 6  DIFFUSION ALONG A SEMI-INFINITE LINE

The occurrence of Laplace transforms can be demonstrated by considering 
the simple problem of determining the solution u(x.t) of the one-dimen­
sional diffusion equation

in the region x > 0. / >  0 subject to the initial condition

w(p.O) = /<p). p > 0. 
u(p.z) -* 0. as r -* x .

(1-5-2)
(1-5-3)

(1-5-4)

,/(p )=  dl, (1-5-5)

i/(a,0) = 0
r

and the boundary conditions

( 1- 6- 2)

u(0,O =  ./(/),
u(x,t) -» 0, as x  — X'.

(1-6-3)
(1-6-4)
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We shall also assume that u(x.r) remains finite as t -* cc.
We use the method of sec. 1 -2.
If we multiply both sides of (1-6-1) by e 1" and integrate with respect 

to t from 0 to x>. we find that
'•X

Jo o 'd l
rx

i r
K . o

dl.

Integrating by parts we see that the integral on the right side of this equation 
can be written as

-[wfx.Oe '"lo +  i  u(*4>)'K ft

where

u(x,p)
X

u{x.t)e~ dl 
o

(1-6-5)

is the Laplace transform of n(x.t) with respect to the variable /. Because of 
the initial condition (1-6-2) and the fact that u remains finite as t -> x .  we 
see that

1 f“ ,-  -r e p‘ dl =
x Jo &

u(x.p).

so that

c u  p
=  -  u(x.p). <x K (1-6-6)

Also, from equation (1-6-3), we have the condition

u(O.P) =  |  n(0.l )c’ p' dl =  |  J\t)e~p' dl. 

showing that

m(O^) =  Rp). (1-6-7)

where, comparing with equation (1-2-4), we see that /(/>) is the Laplace 
transform of the prescribed function/(r). Similarly we see that the condition 
(1-6-4) is equivalent to the relation

u(x.p) -» 0 as .x -> oc. (1-6-8)

We recall that (p/tc)* is a complex number. If wc take the branch of (/j/k)1 
with the positive real part we see that the solution of the differential equation 
(1-6-6) satisfying the boundary conditions (1-6-7) and (1-6-8) is

H(x.p) =  f ( p ) e x' ,pk>.
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This function can be found once we know the inversion formula for the 
Laplace transform: this is discussed in sec. 3-10. Other properties of the 
Laplace transform are discussed in Chapter 3.

1-7 A PROBLEM IN POTENTIAL THEORY CONCERNING AN 
INFINITE WEDGE

Mellin transforms arise in a natural fashion in the discussion of solutions 
u{p.<f>) of the two-dimensional Laplace equation appropriate to the infinite 
wedge p > 0. |̂ >| < z. where p and <f> are plane polar coordinates. In terms 
of these coordinates. Laplace's equation can be written

t 2u I cu  I c 2u 
r r i  + ~ — H— 2 --ri = 0. c<p p rp p c4>

(1-7-1)

If we use the formula for integrating by parts we see that

[ V +,(^  +Jo V P  P<P)

= r  p’ ~ ( p ~ )  dpJo trp V c p j

= [ps+1 ̂  - V»T/(P.4>)J + v2 j" u(p4)ps~'dp

so that if the functions

ps+' ~ ,  p‘u(p.<t>)cp

tend to zero as p -» 0 and as p x  we find that

f  p*+1 f  + 1 f~ '\ dp -  52M*(S,0) Jo V'P~ P ‘ pJ
where

ps 'u(p,<())dp.

(1-7-2)

(1-7-3)

Comparing equation (1-7-3) with equation (1-2-5) we see that h*(.v,$) is the 
Mellin transform of the function i/(p,<£) with respect to the variable p.

Equation (1-7-1) is therefore equivalent to the ordinary differential 
equation

(i<f)2 + szu*(s,<(>) = 0. (1-7-4)
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If the conditions on the faces of the wedge are specified by the equations 

«(P-±*) = ./(p), 
we see that

«*(*. + a) = / ’*(.»). (1-7-5)

where/*(.v) is the Mellin transform of the function J\p). The solution of 
equation (1-7-4) subject to the boundary conditions ( l -7-5) is

cos (,vj)

Hence we see that the required solution is the function u(p,<f>), whose 
Mellin transform with respect to p is

cos(.sa)

where f*(s) is the Mellin transform of the prescribed function /(p). The pro­
perties of Mellin transforms, and. in particular, the inversion theorem are 
considered in Chapter 4.

1-8 CLASSES OF FUNCTIONS

The inversion theorems for integral transforms of functions of a very general 
type are lengthy and somewhat intricate. Since we are interested primarily in 
applications we shall consider only functions of the type which normally arise 
in the analysis of physical problems.

If a function /(.v). of a single independent variable x. is continuous on 
an open interval (a.b), we say that f(x )  belongs to the class of functions 
e6'(a.h). and we w rite /6 V>(a,b); if the interval on which the function is con­
tinuous is closed we w rite /e  % [a,b\ If the function/is continuous over the 
whole real line we w rite /e  *£(R) or f e  r6( — oc.x).

A function /(.v) is said to be piecewise continuous in an interval (a,b) if 
the interval can be partitioned into a finite number of nonintersecting 
intervals

(a,. a2)............ (a„_ ,/>).

in each of which the function is continuous and has finite limits as x 
approaches the endpoints of each of the subintervals. A function of this kind 
is shown in Fig. 1-1. When a function is piecewise continuous in (a.b) we 
write f e  j*(a,b).

If ar is an endpoint of one of the subintervals into which (a.b) is parti­
tioned. then by f(ur—) we mean
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/U)

Fig. 1-1

fix)

Fig 1-2

lim/(a, -  e)
e -*0

where e tends to zero through positive values, and by f(ar+) we mean 
lim/fa, -f e),

where, again, e tends to zero through positive values. These values in a 
particular case are shown graphically in Fig. I -2. The magnitude of the finite
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/(*)

discontinuity in the function at the point a, is written [ /]„ r so that

L / k  = (1-8-1)
When a function /(.v) and each of its first m derivatives f ( x ) .............

/1ml(v) is continuous on the interval (a.b) we say that /  belongs to the class 
<6m(a.h) and we write /  e %m(a.h). If all the derivatives o f/a re  continuous on 
(a.b). i.e., if / e  (6 k(a.b) for all positive integral values of k, we say that 
fe<6*{a.b). or th a t/is  infinitely smooth or. simply, smooth.

When a function and each of its first m derivatives are piecewise con­
tinuous on the interval (a.b) we say that f  e ;?m(a.b).

It should be noted that /can  belong to -?(a,b) but not to ? x(a.b). For 
instance, the fund ion//c) shown in Fig. I-3 is piecewise continuous but not 
piccewise-continuously differentiable since f ( x )  is infinite at the point ,v =  a , .

It should be noted also that even if /  e i^'(a.b). the points of finite dis­
continuity of fix )  need not coincide with those of its derivative /(.v). For 
example, the function whose graph is shown in Fig. I-4 has a point of finite 
discontinuity at v =  a t but its derivative is continuous there (in the sense that 
the function possesses both a left-derivative and a right-derivative and their 
values are equal) while its derivative has a point of discontinuity at x  = />,. 
and a , *■ b ,.

If /(.x.y) is a function of two independent variables x  and r which is 
continuous for all values (.v.v) in the set |(x,v):.vs A',, r e  A'2J. we write 
fe '6 (K i  x Aj).

We have a similar notation for functions of several variables. If
,v = ( v,..v2, ..........v„) isa point of the/i-dimensional real Euclidean space R".
and if the function/(.v) is continuous at every point v of a domain D of R".
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/<*)

Fig. 1-4

we w rite/e V(D). If. in addition, each of the partial derivatives o f/u p  to and 
including all those of the m-th order are continuous on D we w rite /e  Y>m(D). 
If/has continuous derivatives of all orders at all points of the domain D. we 
say that it is infinitely smooth, or simply that it is smooth, on D: we write

Similarly, if D can be partitioned into the union of a finite number N
of nonintersecting open sets D t, D2.............Ds in each of which the function
/and  each of its partial derivatives up to and including all those of order m 
are continuous, we say that /  is piecewise continuous on D and we write 
/  e S miD)

We now introduce the idea of the support of a function of a single real 
variable. If a function f(x )  is zero for values of v lying outside a set of points 
K on the real line, we say that K is the support o f f  : in other words the support 
o f/is  the closure of the set of points v at which/(.v) /  0, We write

K =  supp /

so that 5 u  s i n  $ / m ?

supp/ =  {xeR:/(.vj 6}.

If supp /consists of a closed bounded set on the real line we say that the func­
tion/has compuct support.'

For example, if the function p;(x) is continuous on any interval which 
includes the open interval ( — a,a), the function

/(.v) = g(x)H(a -  |.x|).

'This ii because in R. a compact set is simply a bounded closed set. It will be recalled that in 
more general types of topological vector spaces a dosed bounded set is not necessarily compact.
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where H{x) is the Heaviside unit function.1 has as its support the closed 
interval [ — a .a \  In other words / has compact support.

In the theory of distributions (Cf. Chapter 9) an important role is played 
by the set of functions which belong to the class *(fi). H e  R, and which 
have a compact support A contained in O. A function </> e % l (f2) such that 
supp </> = A is a compact subset of Cl is said to belong to the class C/{C1). The 
elements of Cf(Cl) are also called test functions on Cl.

For example, the function e~x* belongs to *(R) but not to //"(R) since 
it does not have compact support. On the other hand e xl H( 1 -  |.v|) has 
compact support [ —1.1] but does not belong to %I:(R) since its derivative 
is discontinuous at the points x — +1. The prototype test function is the 
function £(x) defined by the equation

a.v) =  WO -  |.v|)exp {<-v2 -  1 )-1 }• 0-8-2)

where II again denotes the Heaviside unit function. This function obviously 
has compact support [ —1.1] and it is easy to show that it is infinitely dif­
ferentiable. By means of this function it is a simple matter to construct a test 
function whose support lies w ithin the closed interval [ — a.a\. £(x/b) would 
be such a function for any positive b satisfying the inequality b < a.

It should be noticed that the definition of Cf does not demand that all 
the elements of 5“ should have the same support; for example, £(.v) and 
C(v — 3) arc both elements of £/(R) although their supports are respectively 
[ —1.1] and [2.4] respectively.

These ideas are easily generalized to functions of several real variables. 
If fl is a subset of R". we say that 0 is a test function and write <f> e &(C1) if 
<p *(£2) and if supp </> is a compact subset of Cl. As an example of a test 
function in R". we have

4>(v) = £([v|). (1-8-3)

where y(.v) is defined by equation (1-8-2) and |.v| by the equation

M  = V + * !  + ■ • ■ +  (1-8-4)

Another space of test functions which enters into the theory of distribu­
tions is the space of test functions o f rapid descent. I f  is also called the 
Schwartz space. A function </> is said to be a test function of rapid descent if 
<p e % *•(/?") and if f  and all its partial derivatives decrease to zero faster than 
every power of |.v|~ ’. In the case of n = 1 this latter condition can be w ritten 
in the form

|.vV**(x)| ^  Cmk. (1-8-5)

for all non-negative integers m and k and for all values of .t.

2The function H(x) takes the value I when x > 0. and the value 0 when x < 0.
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For the corresponding expression in R" it is convenient to denote the 
vector (k i.k2. ■ • whose components are non-negative integers k,. by
k and the partial derivative

+k: +

r.v^1 rxV •
+*n

• ■ c c • -v„)

by O*0(.v). The counterpart of (1-8-5) is then

i *r cmjt ( 1-8-6)

For some purposes it is also convenient to introduce the space whose 
elements are called functions o f slow growth. We say th a t/e  .T(R) if /e  <6 *(R) 
and if there exists a positive integer N with the property that

| / ,r,(-v)| = 0(|.t|v ). | . v | - »  (1-8-7)

for all non-negative integers r. This can be written in the alternative form: 
every / e „ t satisfies the set of inequalities

|-v-■Vw(jt)| $  cr. (1-8-8)

for some fixed integer N and for all non-negative integers r. The set f (R") 
can be defined in a similar way with (1 -8-8) replaced by

|.v |-V|Z)*/(A)| $  ck, (1-8-9)

with the notation of (1-8-6).
The function e~%l is obviously an element of Sf while any polynomial is 

an element o f . ) '.
It should also be observed that Lighthill (1958) calls the elements of 5/ 

good functions and those of ..V fairly good functions.
The concept of convergence in these spaces is important from the point 

of view of the theory of distributions (Cf. sec. 9-3).
A sequence of test functions {$,(•*)},•= i r . .v e R. is said to converge in

9  if

(a) $ r(.v) e 9 . r = 1,2.............
(b) each of the functions <f>fx) vanishes outside some fixed interval / of 

the real line;
(c) for each fixed positive integer k. the sequence {0,<*l(.v)}r= ,* con­

verges uniformly for all real values of x.
If <f>(x) is the limit function of the sequence J0r(.v) j,  ̂, x, it is easily shown 
that <p(x) e 9  \ we describe this property by saying that the space 9  is dosed 
under convergence.

The definition of convergence in (/(R") can be extended in an obvious
way.

Similarly, a sequence of functions |d>,(.v) }r= ,x' is said to converge in 9 '
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ir
(a) r *  1,2, ;
(b) lor each set of non-negative integers k =  (k ,.k 2.............k„) and for

each positive integer m. the sequence |.v I" 10*</>r(.v)},, , * converges 
uniformly over R".

In condition (b) the convergence must be uniform for any given set k and 
each non-negative integer m. but it is not required to be uniform over all such 
sets.

If the limit function of the sequence [0r(.t) |r= of functions of rapid 
descent is <f>(x), then again it is obvious that <j>(x) e ■/. Again we express this 
property in the words: the space f f  is closed under convergence.

Finally we introduce the set of functions .y t(ft). We say th a t/ e 
if / is  absolutely integrable over fi, i.e., if

f  |Avl| dx Jo
is finite. Similarly the statement / e  implies that

f  |/(-v)|1’ dx Ja
is finite.

PROBLEMS

1 -1 Show that a necessary and sufficient condition for K(£x) to be a 
Fourier kernel is that

f  u~lK(xu)Kl(tu) du =  H(x) — H(x — /)
Jo

where H denotes the Heaviside unit function and

* ,( ')  = P K(s) ds.
Jo

1 -2 If u(x,y) satisfies the partial differential equation

, c 2u , cu c 2u
a(x) m  + W*) ~  = 0c.r cx cy

in the quadrant x  ^  0. y  ^  0. and the boundary conditions

(a) u(0,y) = 0,
(b) u(x.O) = fix ),
(c) u(x,y) -* 0 as (.v2 + y 2)1 -» x ,  

show that the transform t/(c,>) defined by the equation

V(i,y) = u{x,y)K ix,i)dx
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whose kernel satisfies the equation

~  {«<*)*<*,$)} -  i -  {*(-v)A(.v,0! + le w  + €*}*(*.<;) = 0r.V CX

and the condition a(0)K(0,£) = 0, is given by 

(/<{,>■) = ^£ )* _iiir 
where

F(C) = f *  Ax)K{x,Z) dx.

1 -3 If, in the above problem, the condition (a) is replaced by the condition 
ux(Q,y) — 0, show that the above result still holds except that now K(x,£) 
satisfies the initial condition

b(x)K(x, <J) \a(x)K(x,c,)) = 0.
i = 0

1 -4 The function <5„(jc), x e R, is defined by the equation

£(*/«)<50(v) = (a > 0)

where the function £ is defined by equation (1-8-2). Show that 

J 6„(x)dx = 1, supp̂ = [-a.u] 
and sketch the graphs of the functions <$a with a = 0.25, 0.5, 1.0.

1 -5 Suppose that f(x) is continuous for all t  and that the function <f>a(x) 
is defined by the equation

= j'_ r ».(x -  Z)M ) d(. (a > 0)

where S„ is the function defined in Problem 1-4.
Show that if su p p /=  [a,/I], then supp <j>a = [a — u.fi + a], and 

that <(>„ e
Show also that, if we are given a prescribed positive number c, we can 

find a positive number A such that, for all .v,

\f(x) -  4>fl(x)| < e, 
whenever a < A.
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1 -6 If the functions <j>, and </*, are defined in terms of the function £— 
cf. equation ( I -8-2)— through the equations

4>r(x) =  r _1C(x). IMx) =  r~'C(x/r).

show that the sequence {<£r(x)} converges in Q  to zero but that the sequence 
!^r(x)j does not.

1-7 If the function £ (x) is defined by the equation

v2
{(*) = H( 1 -  |x|)exp x e R

show that the sequence {f(x/r)} converges to 1, and that £(x/r) is uniformly 
bounded with respect to r over the whole of R.

Show also that if <f>(x) e ( f ,  and <t>r(x) is defined by the equation

<M*) = <j>(x)$(x/r), (r = 1,2, . . .),

then 0 r e S ’ and the sequence {<j>r(x)} converges in - f  to </>(x).t

tThis result is usually expressed by saying that the space S? is dense in the space V  (Cf. Zemaman 
1965. Theorem 4.2-1. p. 101.)
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Fourier Transform s
2

2-1 SOLUTION OF LAPLACE'S EQUATION FOR A LONG STRIP

We shall begin by deriving a formal solution of the problem stated in 
sec. 1-3 by finding the limiting form (as a -* x )  of the solution of the 
corresponding problem in the semi-infinite strip |x| < a,y > 0. (Cf. Fig. 2-1.)

Our problem is first to determine a function i/(A\y) satisfying 
Laplace's equation

('.V 2
= o ( 2- 1- 1)

in the strip |jr| < a .y  > 0, and satisfying the boundary conditions

u(x.O) = fix ). - a  < x  a (2-1-2)
m(.t.j ) -* 0, as v -* ao. (2-1-3)

By a simple procedure based on the method of separation of variables we 
have a solution of the equation (2-1-1) of the form

27
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Fig. 2-1

u(x.y) =  £  aKe x p (-in n x /a  -  \n\ny/a) (2-1-4)

where, to satisfy the boundary condition (2-1-2) we must choose the 
constants a. to be such that

/(*) =  £ — a < x < a . (2-1-5)

From the elementary theory of Fourier series we know that if 
/(.v) e ( —a.a), the constants a„ are calculated from the formula

I du (2-1-6)
J

so that the required potential function is given by the equation

' f  r"(x,_v) =  —  2 ,  J  / ( “ )*’,"’ ,“ ~ x> “ ~ l"l*F,u du. (2-1-7)

We now consider the form taken by these expressions as we let 
a -* oo.

If we substitute from (2-1-6) into (2-1-5) we obtain the identity

fix )  =  ^  e Umx' j" du.
(|= — qO W ~°

( 2- 1-8)
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Proceeding purely formally, we find on writing <5* = n/a, that

fix )  =  r— V  S i f * "  Au)ei" - I»*du  
2n

and we note that Si -» 0 as a -» x .  By the definition of the Riemann 
integral as the limit of a sum we see that as <5̂ -* 0. the series

/  S i \ ' * '  / ( u i e ^ - '^ d u
■ * “ X

tends to the integral

f  dc f  f(u)e',“~xt< du,
J ~ X J  -  «

so that, in the limit as a -» x  the identity (2-1-8) would appear to take the 
form

fix )  = ^  |  e ' Ui d i f W *  du. (2-1-9)

This can be written in another way. If we Put

Fit) *  (2n)-* f® f i u ^ d u ,  (2-1-lOn)
J - *>

then equation (2-1-9) states that

f{x) =  (2n)'* J *  F H )e-lx(di. (2-1-10A)

In a similar way if we l e t  « -  oo in (2-1-7) we find that the formal 
solution of this potential problem is

u{X'y ) ~ h \ *  ?~ixi~m d i ^  A")*b*du,

which can be written in the form

u(x,y) =  (2n)~* f*  F(i)e~‘x̂ y,<l di,
•/ —®

where F(i) is defined by equation (2-1 - 10rr)-

( 2- 1- 1! )
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2-2 FOURIER’S INTEGRAL THEOREM

We saw in the last section by a purely formal argument that in some sense 
the identity

might be valid. This identity is known as Fourier's integral theorem. In this 
section we shall show that Fourier's integral theorem holds for functions 
f\x) which are piecewise-continuously differentiable and absolutely in­
tegrate on the whole real line.

Fourier's integral has been proved under much more general condi­
tions on the behavior of the function J\x). We shall look at some of these 
results in sec. 2-11, but we shall here confine our attention to establishing the 
theorem for the class of functions stated since that class is sufficiently wide 
to embrace most of the functions which arise in problems in mathematical 
physics.

The central result is:

The Riemann-Lebesgue lemma lff(t)e%  [a,b], whereO < a < h  < x .

as /. —► x .

We shall begin by proving the first result.
By a suitable change of variable we find that

* /(r)sin (Ar) dt = -  P  f i t  + */'-)sin (At) <h

and hence that

We may now write this result in the form

where

-  P  / ( / ) sin(2/) dt. /2 = f  *"* { /( /) - / ( l  + jr//)}sin(/./)dt

/j = f f(t + it/A)sin (At) dt.
J a ~  K/X
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Since/{/) is continuous in [a./>] it is bounded in that interval; suppose 
that |/ (0 | < M in [a,£>]. Then given any arbitrary positive constant s. we 
can choose a positive constant»/, such that

so that, if /. >  t/,.

|/ , | <  Mn/k < | / 3| <  Mn/k < j£.

If f i t )  is continuous in a finite closed interval [a./>] then it is uniformly 
continuous in [a.6] so that, given e we can find a positive number such 
that

)/(/ +  it//.) -/ (/ )|  <  e/(b -  a). (/. >  t/2).

Hence if k > r\2,

f) — a — n/k
| / j |  <  I If u  + k / a. )  -  f i t )I dt <  -----—  ----£

showing that |/21 <  £.
Collecting these results together we see that if we write rj =  max(i;,,i|2),

then

f i t )  sin (kl)d t <  2 e , a >  rj.

and the first result follows.
In proving this result the only properties of sin (k t) which we have used 

are that it is continuous and that for real values o ft, sin (// +  tt) =  — sin(/f) 
and |sin (//) | <  l. The function cos(/./) has the same properties so that the 
second result can be established in exactly the same way.

Corollary 1 I f  f i t )  e i?[a.b], where 0 <  a < h < x ,

-  0 .

as k -* x .
We apply the Riemann Lebesgue lemma to each of the integrals over

the intervals [a.«,),(fl,.«2)............. <«„ - ,.«„).(«„,/>] in which/(/) is continuous.
and the result follows immediately.

Corollary 2 If f i t )  e  a > 0. and i f  f i t )  e  x ) .  then

as a. -»  x .
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To prove this we may assume, without loss of generality. th a t/ri)  is 
continuous in [</,x). Sincef i t )  is absolutely intcgrable in the same interval, 
we can find a positive number A/ such that

£  |./U)| dt <  ic

for any prescribed positive number c.
Since

Jl> £ H -  J > C ' ^ + £ «<>>■''
< £*̂ ,)JS(A/)*#r|+ J* \m \dt

and given e and N  we can. by the Riemann Lebesgue lemma, find a positive 
number tj such that

>  n

so that the result follows immediately. 
We next prove:

The localization lemma / / / ( / )  e # '[0 ,a ]. where a is finite,

f  / ( /)  — dt -* \nf(Q + )
Jo 1

as /. -*  x .

It is sufficient to prove the result for /(/) e ^ '[O .a].
We may write

Jo > 
where

1,

Since f ( t )  is continuous in [O.u] it follows that t~ l [fit) — A0+)} is con­
tinuous in [O.tf] and hence, by the Riemann Lebesgue lemma, we see that 
given any prescribed positive number £ we can find a positive number rjt such 
that
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|/j| < K  if /  > m-
If/(0 + ) = 0, the result is now proved. If /(0+  ) ^  Owe need a further 

result. By a trivial change of the variable of integration we can write

|*“ sin(/./) , f^ sin i/ , --------dt = -----du.Jo ' Jo u
Now the integral 

sinu

j. du

is convergent and has the value t̂t. Hence for the given value of e and for 
/(0 + ) =f= 0, we can always find a positive number rj2 such that

If t
- d t  -  |n

2|/(0 + ) f
> m-

It follows that if we take//to be maxlr;,.^). then for A > rj.

If H f * ? dt -  {n + \h

and the lemma is established.

Corollary 1 If J\t) e .^'[0,oc), and if  f- '/(/) e J^[[a,oo), where a is an 
arbitrary positive number,

"* /( ( )  —“  di -  iiryi0 +  )
JO  1

ask -► oo.

Since /* '/(/) is absolutely integrable in [a,oo) we can find a positive 
number N such that for any prescribed positive number e,

£  \t~xf(t)\d t < \v 

and

-  W to + , | «  I [’ m ^ d ,  -  M 0 + ,
Jo ' I IJ 0 1

From the localization lemma we know that corresponding to the given e,N 
there exists a positive number rj such that
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JO t

and the result follows.

< > n).

Corollary 2 ///(f) e f ( t ) e .o/,(R). where R if the whole real line,

sin(/f).A* + /) r/f -» ^7t/(x + ). (x > 0),

o.? /  -» x .

This is a trivial extension of Corollary 1, obtained by a simple change 
of the variable of integration and the fact that if /(f) e .s/,(0,x), then 
r  ‘/(/) e .s/,[ti,oo) for any a > 0.

Corollary 3 //.AO e ^ '(R ).A O  6 .cZ/R). where R is the whole real line,

sin(//)
f ix  + ,) dt i* [ /(x  + ) + / ( x - ) ] .

as /, -* oo.

This follows immediately since

(x e R),

L
, sin ( a / )/(x + 0  — i/r

■ f
„ sin (A/) , 

A  * -  0  — ' dt

We are now in a position to prove the key result:

Fourier’s integral theorem  I f f( t)  6 ^ '(R ). /(f) 6 ,c/,(R), then for all 
x € R.

</e /(f)cos{£(x -  f)} dt = i[.AJf + ) + /(*-)]■!  f *
« Jo
To prove this result we begin by noting that if k > 0.

\ X f(t)dt f*cos{«/ -  -0} d£ -  f  dt; f x /(f)cos |^(f -  x)}dt
Jo Jo *J o Jo

= f‘ .A,)dt rAcos{{(/ -  x)} dc
JO JO

+ J * /(0  dt f*  cos {;(/ -  x)} di

-  dt f7(f)cosK (f -  x)} dt
JO JO

- J* dz J;/(f)cos{̂ (f - x)} dt
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= f * / \ t ) d t  f*  cos [Z(t -  , »  dt

-  f  dc, f  /( r )c o s{l(t -  .v)J dt.
Jo Jk

Since/(f) is absolutely convergent, we know that if we are given an arbitrary 
positive number £, we can find a number A, such that

j ]  J/(,)l dt < Ta k > K 1

From this it follows that if k > A,,

| j o d t £ * ./( /)cos {<;(/ -  x)J </f| < dc £*  |/<f)| dt < |r..

Also, since

r  ( ' / .  ,r sin { / . ( I  -  ,r){cos {c(t -  .«)} d t = -------------------
Jo t — x

it follows that

J*® r*  I I f x sin (kt)
/( /)  dt f  cos {IU  -  at)} d l\ =  f t t  + x ) -------- dt .

* J° I | Jk-JT 1
By Corollary I to the localization lemma, we can find a number A'2 such that 
if k > A2 + Jr,

f x sin (At)
jU + x ) - ...dt

J k - x  1
< ic.

Thus no matter how large k is, K =  max(A1,A2) can be chosen so large that

£*/(/)< // cos (£(f -  x)\ d t -  j * d t  £ * / ( ')  cos! t u  -  x)}dr < £.

a  > k ).

In other words

lim f  /(f) d t  f A cos {<!;(/ -  v)J d c ,  
j- i Jo Jo

=  lim I * *  f ’0 / ( / ) c o s  !£(/ -  jc)} d t .
A-*3C JO JO

In an exactly similar way we can show that

lim f  /(f)  d/ f  cos |^ (/ — jc) J d c ,  k—a. J - * Jo
*  lim d t f° J (t)co s{ iV  -  x)} dt

i**.t Jo J - 3D
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and, by addition, that

lim f*  f \t)d t  f  cos {£(/ -  x)J </{
k — 9;  J - #  J O

=  lim f  </s f  /(f)cos{<(/ -  x )' dt.

Now, by Corollary 3 of the localization lemma, we have that

, .. 1 f*  _ sin(/.u) ,
i  {/(* + ) +  /(.v -)}  =  lim -  fix  +  u )-------- du

‘" “ k J - *  u
1 , sin {A(f -  x)}
n J - a  t ~  x

=  lim -  j f( t)  dt | cos{^(/ -  x )} dc 
Jo

=  lim -  I d£ I /(/)cos{£(/ -  x)} dt. i-x It J0 J-®
Hence we obtain the result

i  [ / (* + )  + / ( * - ) ]  =  ~ I d i \  JU) cos {{(/ -  x)} dt.
71 Jo J-®

If we replace the cosine function by its exponential form we see that we may 
rewrite this equation in the form

i[.ftx + ) + A x -  )] = 2“ f e ~‘<x dc. j" f(t)ei(‘ dt.

Corollary If, in addition, f(t) is continuous at the point t = x,

2n fJ -  CO

dc, /(/)<?*' dt = f(,x).

2-3 FOURIER TRANSFORMS 

If we write

Fit) = (27!)-* r  f(t)e ‘<'dt, (2-3-1)
J -  *

then by the corollary to Fourier's integral theorem we see that if /( /)  is 
piecewise-continuously differentiable and absolutely integrable on R. then 
at a point at which it is continuous



FOURIER TRANSFORMS 37

AO = (2*)“* P  FH )e-*dtJ - 00
(2-3-2)

We say that the function F it)  is the Fourier transform of/(/). The pair of 
formulae (2-3-1) and (2-3-2) embody what is called the Fourier inversion 
theorem.

We also write iF [/( t) ;c ]  or .¥ [ / ]  for the Fourier transform of/(/). 
For example.

When the function/depends on more than one independent variable, 
we make use of a less ambiguous notation. For instance if/depends on both 
t and .v, both of them ranging over all real values, we write F \J(t,x) ,t -» <!;] 
to denote the Fourier transform

and ^ [ / ( / ,x);x  -» £] to denote the Fourier transform

(2*)-* r  f(t.x)e ,ix dx.J — Of
From (2-3-1) we see that

iF(?)i $ (2 *)-* r  i/(/)i dt
J  — ao

so that if AO  6 ^ i(R ). there is a finite positive number J  such that

and hence such that 

|f« > | <  (2n )-* J
showing that F(Z) is hounded. We note also that in terms of this notation, the 
Riemann-Lebesgue lemma can be written

lim F({) «  0.UI-*
Also from the definition (2-3-1), we find that 

F(( + h ) ~  F (i) =  HZJ,)

-  |/|);<;] =  (2tr)-*
* sin (Ja)

/(rjr)e^ ' dt.

f_ \ jAOl dt — J

where
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Obviously.

|/(£./i)| < (2/n)4 \f{t)\dt

so that H£.h) is uniformly convergent and we can write

lim l(S.h) =  (2*) * f  (lim  (e*** -  l ) i  dt =  0
* -0  J - ® '  (* •« J

showing that, if f  is piecewise-continuously differentiable and absolutely 
integrable on the whole real line, its Fourier transform F is continuous.

If /'(/) is a real function of t. the complex con jugate of its Fourier trans­
form is

.*■•[/] = <2*V* f *  A t K ' ^ d t

so that

■F*[fU):Q  =  ■ ?[/< /);-{]. (2-3-3)

When f i t )  is no longer real we use this equation to define the operator ■?*. 
With this notation we can rewrite (2-3-2) as

/ =  .W*F

and since F = this is equivalent to the operator equation

,¥*:¥  = /  (2-3-4)

in which 1 denotes the identity operator. This can be written in the alternative 
form

. ¥ - '= & *  (2-3-5)

.¥  '*1 denoting the operator which is the inverse of the Fourier operator F.
By the argument which established equation (1-1-5) we see that &  is 

a linear operator, i.e., that

# ■ (//+  pg) = I F ( f )  + p.F(g) (2-3-6)

where A and p are constants.

If a > 0, then, by the definition of a Fourier transform

.^ [ /(a /) ;^ ]  =  (2n)“* f  f(a t)e‘i' dt 
J - <JC

= </-‘(2 it)'* J* J\ v)eu i dy



FOURIER TRANSFORMS 39

showing that

f[A a t) :Z ]  = a - l* lA t):t/a -] , (a > 0).

On the other hand, if a < 0.

J  + XJ

showing that

*LAaO;{]  = - a - ' * [ A n ; t / a ] ,  (a < 0). 
In general, therefore, we find that if a is real,

? lf (a ty ,Q  = i j

Similarly we find, directly from the definition, that 

-  a );{] = (2 « r*  f *  f( t  -  a)eli' dt
J  -  I>

= (2k)_* j "  f(u)e‘i,u + °> du 

from which it follows that

* l f l t  -  « );f]  = eitâ [ f o y , a
Also, if /. is a constant,

■?[eiX,f(ty,i~\ =  (2k ) _ * J f ( t )e ‘t,e'*' dt

= (2jt)_* I "  f( t)e u( + k)'d t  
J  -  3D

so that

? [ e iUjXt)-,$'] =  .^ [ / ( / ) ; {  + /]■

If./(/) is a complex-valued function, we see that

* [ n - t y . i ]  = (2k) -*  P  r ( - t ) e * d t
J  -  CD

= (27t)'i J  ./*(«)e iui du

and hence that

• * [ /* ( - / ) ;« ]  =

(2-3-7)

(2-3-8)

(2-3-9)

(2-3-10)
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where F*(.;) denotes the complex conjugate of /•'(£). the Fourier transform of
AD

In the application of the Fourier transform to the solution of partial 
differential equations, we need to know the Fourier transform of the deriva­
tive of a function. If we proceed formally, then, if /(/) is continuous

• <2*r* J' n i)e * d l

= (2nr*[.A /)e,«,] f x -  /{(2n)"* J *  ADe'1'd i

Now for the Fourier transform on the right to exist we must have/(/) e .s/,(R) 
and this implies that

lim f(t) = 0,lil
so that the term in the square bracket vanishes. Hence if/belongs to both 
%(R) and V,(R) and f  to both .^'(R) and ,ci/(R). we obtain the relation

sc] =  - i ^ [ A t y . a  (2-3-11)

Continuing this process we see t h a t / / ' ,  . . . ./*"■ "  are continuous 
on R. and is piecewise-continuously differentiable, and each of the de­
rivatives/1'1. (r = 0.1,2, . . . ,n) is absolutely integrable on R. then

• n /" " (0 ;c ]  =  ( - /c T -n /(0 ;< n . (2-3-12)
In particular we note that (2-3-12) is valid if/belongs to either of the classes 

! f  defined in sec. 1-8.
In a certain sense, then, we can say that the operator djdt is mapped by 

the Fourier transform into the complex number ( — /£).
If / ’(/) has finite discontinuities the result (2-3-11) has to be modified. 

For simplicity we shall suppose initially that/(/)  has a finite discontinuity at 
the single point t = a. Then we write

= ( 2 * r 4 f  A D e ^ 'd i  + (2n)_1 f* dt.J — ® Ja +
Integrating by parts we therefore obtain the equation

- ^ ( 2 ji) '*  P  A<)ei{'d i -  ii(2n)~* f  /(/)e i4' dt 

which can be written in the form

f t fU Y .Z ]  = - / / * [ / ( '> / ]  -  (2*)" (2-3-13)
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where
[ / ] ,  = /(«  + ) - / ( « “ )• (2-3-14)
If we now suppose thatytf) has n points of finite discontinuity, denoted 

by we see that (2-3-13) is modified to the form

-  (2tt) * £  U \ e >{«r (2-3-15)

We know that if/( /)  € % ‘(R), then regarded as a function of t and £ 
<f'(R x R), so that if the integral

F(S) = (2*)'* P  f( l)e * d l.
J  — SB

is convergent and the integral

/(2/r)-* I • tfXt)ei(t dt = (2*)-* \ ^ K D e ^ d t
J-» ' J-» c f

is uniformly convergent, then

F ( i) = (2-3-16)

We can. of course, continue this process: Iff e  ^ '(R Jand  f j \ t )  e ,s/,(R) 
for r = 0,1,2, . . . then

/* '’({) = (r =  0.1.............n). (2-3-17)

In particular, i f / e  e3  then (2-3-17) holds for all positive integral values 
of r. If we combine (2-3-12) and (2-3-17) we find that

= (-«)* j ^ W " ' < , ) ;f ]

^  ( - i ) k+m ~ r F(i )  (2-3-18)

where F(i) = F[fU Y,$].
This result can be written in a slightly different way. Since

=  i"^ [r" /( r ) ;c ]
it follows that

{ " ^ " '(0  = im+"&

Using Leibnitz’s theorem for the /t-th derivative of a product, we see that
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where p ■» min(m,w), from which we deduce that

(2-3-19)

From this result it follows that if / e  if, then Fe  .9'’, a result which we may 
write symbolically as

The Fourier transform i f  therefore maps the class of functions i f  into itself.
It should be noticed that the Fourier transform of a function of com­

pact support is not itself a function of compact support. For example, the 
function J\t) = H(a — |/|), (a > 0). has the compact support [ - a .a] but 
its Fourier transform F(£) — (2/7t)*<̂ “ 1 sin (<Ja) does not have compact 
support.

2-4 FOURIER COSINE TRANSFORMS

When the function f{t) is defined only for positive values of the real variable t, 
we may consider a function /+(/) defined over the whole real line by the 
equations

we see that Fc( — ̂ ) = /^(£)sothatfv(£)isan<?t>«7i function of£, and equation 
(2-3-2) implies that

.? [ if]  *  if. (2-3-20).

(cf. Fig. 2-2) to be the “extension” of/(/). Then, since

f* f+(t)eii' dt = r f ( t ) e ii,d t+  f° f i - t ) e l(,dtJ-® Jo J — 30

we find that

If we write

(2-4-1)
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We say that Fc(i)  is the Fourier cosine transform of/(/) and the result 
contained in the equations (2-4-1) and (2-4-2) is called the Fourier cosine in­
version theorem. It should be noted that these formulae are symmetrical and 
also that

AO  =
so that if /  denotes the identity operator

=  I
that is.

= ?<■ (2-4-3)

These results may be stated simply by saying that (2/7t)*cos(f/) is a Fourier 
kernel in the sense defined at the end of sec. 1-1.

Obviously, ,¥c is a linear operator.
Fourier cosine transforms have many properties analogous to those of 

exponential Fourier transforms.
For example, since, if a > 0.

,Fc[/(a /);c ] /(«0cos(<*/) dt

=  a ' 1 f(x )  cos (£x fa) dx
0
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we see that

( « > 0 ) .  (2-4-4)

It is also easily established that

.^ [c o sM ):^ ]  = i{Fc(c +  to) +  Fc( i  -  w)}. (2-4-5)

2-5 FOURIER SINE TRANSFORMS

If, instead of the function f +(t), we take as the “extension" o f f(t),  defined 
on (0,oc). the odd function

M D
f /(0 . / >  o,
{ - / ( - / ) ,  t <  0,

(cf. Fig. 2-3), then, since

f  f -U ) e ii ,d t =  ( X f ( t )e ' t ' dt — f° f ( - t ) e i(‘ dl 
J -  X  J O  J — 9C

=  J 1"/(/){<?«' -  e dt

=  2/ f  f(t) sin (£t) dt 
Jo
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we see that

•*T /-(0 ;c] = fit)s \n i^ t)d t.
If we write

F,(i) = W / ) ; « ]  = (? )*  J* /( /)s in (4 /)  di. (2-5-1)

we see that fj(4) is an odd function of 4 and equation (2-3-2) implies that

/ - ( ')  =  - / ( | ) *  {«^.«)}an({/) A

i.e., that

f( t)  =  { ^ j  | *  F,(*) sin(4r) df, (I > 0). (2-5-2)

We say that Fsi£) is the Fourier sine transform of the function fit) . The result 
expressed by (2-5-1) and (2-5-2) is called the Fourier sine inversion theorem.
These formulae are symmetrical so that

(2-5-3)

also JFt is a linear operator.
It is very easy to show that

J^fcos(ca/)/(r);4] = ${/;(<; + oj)  + F,(£ -  w)} (2-5-4)
,Fc[sin(<x>r)/(/);c] = + 4) + F,(w -  4)} (2-5-5)
.F ,[sinM )/(/);4] = HFAZ -  to) -  FC(S + «)}. (2-5-6)

Also

■F.UiatyA] = a-\ ¥ ,li\ l)^ la\  (a > 0). (2-5-7)

Another result is most useful in the actual calculation of Fourier sine 
transforms. If we can show that

*JUlx)\Z] = <PU)
for 4 > 0, then for 4 < 0 we have

■?,li(x)\t] =  f i x ) sin( — t]x) d.x

where we have written 4 =  —t) with r\ >  0. Hence when 4 < 0.

;F ,[/(*):4] = -*(*>  = - M - t )
and we have, in general,

^ L /U ) ;{ ]  = 0(K |)sgn^ (2 -5 -8 )
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where we have used the

sgn£ {
+ 1.
- I ,

symbol

« >  o,
i  <  o.

(2-5-9)

2-6 FOURIER TRANSFORMS OF DERIVATIVES

When we make use of the theory of Fourier sine and cosine transforms to 
solve boundary value problems involving differential equations we need to 
know how to express the transforms of the derivatives of an unknown func­
tion in terms of the transform of the function itself.

Integrating by parts on the right-hand side of the equation

W ( 0 ; « ]  =  0 ) *  J V < 0 c ° s  («/)<//

and. assuming that f(t)  e V 2[0,®) and tha t/(/), f '( t)  are both absolutely 
integrable, we find that

W ( ' ) ; £ ]  = J ‘ /l/)®in«/)<//

so that

W < ' ) : { ]  =  -  (2/7r)*/(0) + < ^ [ / ( 0 ;£ ] .  (2-6-1)

Similarly, we can show that, for functions satisfying these same conditions, 

• ^ [ / ( 0 ;£ ]  = (2-6-2)

Hence, from (2-6-1). we may deduce that if. in addition, /"(f) belongs to 
V'fO.'X) and .s/,[0.ao),

•^ [.r(/);s : ] =  — (2/it)ty’(0) +  £ # ,[ /< /) ;« ] .

and hence from (2-6-2) that

-*c[.n/);c] = — (2/n)*A0) -  Z '.f 'U L tV 'Z l (2-6-3)
Similarly from the same two equations applied in the reverse order we have 
for functions of the same type,

^ t r ( 0 : c ]  =  (2/rr)*</(0) -  £ * . * , [ ( 2 - 6 - 4 )  

In particular, i f / ’(0) =  0, we have the relation

W ( 0 ; < ]  =  - ; 2fc(4)
and if/(0) = 0, that we have the relation

(2-6-5)
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It should be noticed that these formulae give us some indication of 
which transform—sine or cosine—to employ in the solution of any problem. 
In any problem in which/(0) is known b u t/(0 )  is not known, we should take 
the Fourier sine transform ) and make use of equation (2-6-4). On the 
other hand, in any problem in which/'(0) is known but /(0) is not. we should 
take the Fourier cosine transform of/" ( /)  and make use of equation (2-6-3).

These formulae have been derived on the assumption that/  e « 3[0,x ); 
if/ a n d /  have finite discontinuities, the formulae have to be modified in the 
same way as (2-3-15).

Similar results hold for the Fourier transforms of functions of several 
variables. For simplicity we shall state them for a function/(.x, v) of two in­
dependent variables x  and y: the extension to a higher number of variables 
is obvious. If we write

then the analogues of (2-6-1) and (2-6-2) for continuous functions are

FM.y) = -  c]
F,(s..v) =  J \ [ / “(.v,_v);.v -» c]

(2-6-7)

( 2-6-8)

Applying these in succession we find that

( 2-6- 10)

(2-6-9)

Now. by the definition of a cosine transform

so that

where D denotes the differential operator F/t'y. In general.
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?< -  { ] =  D 'F c(s V ) (2-6-11)

= D '^ . v ) . (2-6-12)
l  <y J

Hence for the transforms of

. y. ?2/ V f
A 2./(X,y) = t~2 + - 4

tb r  rV
(2-6-13)

we have the relations

,Fr[A2./(A,i);x -  {] =  (D 2 -  i 2) M M )  -  My) ,  (2-6-14)

,^[Aj/(.v,v);.r -* 2] = (D 2 -  V ) M M )  + i f0(v). (2-6-15)

In problems involving A2/ i n  a region in which .v e (0 ,x ) and /'(O. y) is 
known but /,(0._i ) is not known, we should take the Fourier sine transform of 
/(x,v) with respect to a and make use of the formula (2-6-15). On the other 
hand, if /,(0.y) is known but/(0,.y) is not, we should take the Fourier cosine 
transform of/(x,v) with respect to x  and make use of the formula (2-6-14).
This is illustrated in sec. 2-16(c) below.

We get similar results for higher derivatives:

■M [ 0 ;  v -  {J  = - i 3FM,y) + Z*My) -  M y )  (2 -6 - 1 6 )

=  «3/rc(s,>) +  qftiy) (2-6-17)

-  { ]  «  Z*Ft(i.y) + i 2M r )  ~ My)  (2-6-18)

-*  {J -  V M M )  -  C3/o(v) +  % (v ) (2-6-19)

and for mixed derivatives:

[ - T ^ *  -  -  - Z W M J )  ~ M v )  (2-6-20)

■?s -  - l 2D2F,(M) + VoLv) (2-6-21)

Hence for the plane biharmonic operator A22 defined by the relation

V a 2a 2 r 4 c* V
dx* + ~ f,x i?y2 + vy*
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we have

•Ft[AjV(x,j):x — £]
-  <D2 -  {2)2£($.v) + (c 2 -  2D2)/,(y) -  M y)  (2-6-22) 

#,[A22/(.v,r);.v -  {]
= (D2 -  i 2)2Fs(i,v) -  C(C2 + 2D2)/0( v) + c/2(.v). (2-6-23)

2-7 THE CALCULATION OF THE FOURIER TRANSFORMS OF 
SOME SIMPLE FUNCTIONS

In this section we shall consider the calculation of the Fourier transforms of 
some simple functions which occur frequently in applications.

We begin by considering the integrals

/ =  f e '*  cos (£t) dt, J  =  f e- "  sin (£/)*//

in which the constant a is taken to be real and positive. If we integrate by 
parts we And that

"  Jo

a relation which we may write in the form

"sinfcr) dt

On the other hand, if we integrate J  by parts, we find that

J = [ - a ~ 1e~‘” sin(£0]o1’ + e '*  cos (£,t)dt
t

which is equivalent to the relation

Solving these two equations for /  and J  we find that

from which we deduce immediately that

(«  >  0).

( a  >  0) (2-7-1)

(2-7-2)
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It will be observed, too. that (2-7-1) is equivalent to the formula 

'2V  a
ai + e

(a > 0). (2-7-3)

If we integrate both sides of (2-7-2) with respect to a from a to oc and 
make use of the result

■ r*
da
+ i 2

cot"

we find that
/ 2 \* /a \

= (  ) cot- ‘I - I ,
W  \C/

(a > 0). (2-7-3)

The limiting case of this formula as a -* 0 is of interest. From the definition 
of the Fourier sine transform we find that if £ > 0

f* sintff) dt = ($«)*.

(2-7-4)

Using (2-5-8) we see that, in general,

= (in)*sgnc- 
This relation is, in turn, equivalent to the formula

,F [ /-1 ;c] = (i«)*/Sgn{. (2-7-5)

If we differentiate both sides of (2-7-1) with respect to a we find that

* [ * - : < ]  = ( ?Y  ° 2 **n)  (a2 + £2)2’
(a > 0) (2-7-6)

and if we differentiate both sides of (2-7-2) with respect to a we obtain the 
formula

These results can be written in the alternative forms

laic,
n) (a1 + r r  

2\* a1 -  i 2
yn j (a2 + £2)2'

Using the identity

r- -  m  = (/ -  b e )2 + k 2.

(a > 0)

U> >  0).

(2-7-7)

(2-7-8)

(2-7-9)
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we see that

■■F[e~'‘:<;] =  J" dt.

Since

J" dt = j  e~m‘ du = Jt1

we see that

= 2

Making use of equation (2-3-7) we find that

. ^ |> 'a"J:<;] = 2 (a > 0). (2-7-10)

In particular, if we take a = 2"*, we find that
(2-7-11)

A function /(t) with the property that

S ln tY .  C] = /(« )  (2-7-12)

is said to be self-reciprocal under the Fourier transform. Equation (2-7-11) 
thus states that is a self-reciprocal function under the F9 urier
transform.

It also follows from (2-7-10) that

= 2 - *|a|" ie~i(2;a\  (2-7-13)

If we differentiate both sides of (2-7-11) with respect to <f we find that

? , [ t e i,2:i]  = £ e ~ K  (2-7-14)

Hence e - *'1 is a self-reciprocal function under the Fourier cosine transform 
and is a self-reciprocal function under the Fourier sine transform.

An interesting property of Fourier transforms can be demonstrated 
from (2-7-10). It is easily shown that the function

<5„(.v) =  nit~i e^"2x2

has the property

J 6„(x)dx = 1.

and, from (2-7-10). we see that its Fourier transform is given by the 
expression

A.(i) = •*■[$,<*):{] = (27t)"1e '* {,/"1.
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Fig. 2-4

The graphs of <5„(x) and A„(x) for various values of n are shown in Fig. 2-4. 
From these graphs we see that the more “concentrated" a function at the 
origin, the more “diffuse" its Fourier transform is.

Additional results of interest can be obtained by making the 
substitution

fl - -4 *'*'' -  id -  <)
V ^

in equation (2-7-10) and using the results
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We find that

f c[e**u‘ :Z] = - | - (  1 +  i)e~ii(2 
\  *

from which, on equating real and imaginary parts, we deduce that

.F,.[cos(}/2):£] =  - f -  J c o s (^ 2) + sin(4<;2)}, 
\ I Z

^ [ s in ( j / 2);<J] =  {cos(jc2) -  s in (ic2)}-

(2-7-15)

(2-7-16)

An alternative method of deriving these results is suggested in Problem 2-28. 
We now evaluate some transforms by making use of the expansions

cos:
* . 7vr ®

* - X w -  —  x
, r , 2 r + l( - D r-:__

(2r + 1)!

From the duplication formula T(5)r(2r) =  22z T ( r ) r ( r  +  ^) for the 
gamma function F(z) (Cf. Widder, 1961. pp. 367- 378) we find that

1 _ 2~2,tt* ___ 1___ =  2” 2r~1Kt
(2 r)\ rTr'(r + (2 r +  1)! r ! f ( r  +  f)

so that these expansions become

-  *' X 7T -   ̂*cos: 2~2r( —z2)r * V  ( - Dr( |- ) 2' +1Hr +  £) L j r!T(r +  $)
r * 0  ' x '  r  * 0

From the first of these two expansions we see that

Now. if v >  ~ i ,  r ^  0,
J > - i2y ~ i t2'di.

2 J o <fl2
t1) '-* !2' (it

r (v 4- j) f ( r  -f $) 
R r  +  v + 1) ’

so that, if v >  — J

H V  -  i 2y Una -  /):<;] =  2 - ‘ r(v +  } ) £
r^O

r j r < i e r * ^
r! Rv + r +  1)



r
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From the definition

r!f(v + r + 1)
(2-7-18)

of the Bessel function of the first kind of order v we see that this result can 
be written in the form

^ c[(a2 -  t2Y~i H{a -  /) ;{ ] =  2” *r(v + J J a T ’ (2-7-19)

To illustrate the use of the calculus of residues in the calculation of 
Fourier transforms we shall derive the transform of ip~ where 0 < p < I. 

If we write

f(z) = z’ -'e~ts, c > 0. 0 < p < 1 
then, by Cauchy’s theorem,

£/(z) dz = 0
where C is the contour shown in Fig. 2-5. Hence

R xp~l e~'x dx -I- f(z) dz = einp' (* yp~le~''ydy.

Similarly, using the second of the two expansions we find that

Now. if v >

2 t2r+2(a2 -  dt =
Jo

F(r + j)r(v  -  j) 2v
T(r + v + 1)

so that

which is equivalent to the relation

.?,[t(a2 -  t2y -*H (a  -  r);£] «  2V'V £ ' - T ( v  -  i)Jv(«a).
(a > 0, v > i). (2-7-20)
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y

To deal with the integral along the path C, we make use of:

Lemma 1 If AB is the arc 0, < argz < 02 of the circle |z — a\ = e and 
if(: — a)f(z) -* k uniformly as z -» a, then

lim f J\z)dz = ik(0j - 0 , ) .
* - o  J a b

In particular if{z — a)f{z) -> 0 as z -* a.

lim f f(z) dz - 0. 
i - o  J a b

Since, in our case, 

lim zf(z) -  0
if p > 0. it follows that as e -♦ 0

f /(-) dz -* 0.
Jc,

To deal with the integral along the path C2 we make use of:

Lemma 2 If AB is the arc 0, < argz < 02 of the circle |z| = R, and if 
zf(z) -» K. uniformly, as R -* x\ then

lim f f(z)dz = iK(02 -  0,).
J a b

In particular iff(z) ~ o(z~') as z -* x ,t

lim f /(z) dz = 0.
J a b '

+ It will b e  re c a lle d  lhai /(;)  -  1) as :  x . means simply that lim zf\:) «  0.
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In the present case we see that if <J > 0, 

lim r/(z) =  0cti
so that, by Lemma 2, the integral

f  m d z

tends to zero as R -* oo.
The integral

£  y ' - ' e - ^ d y

is convergent if 0 <  p < I, so that if we let R -* ac, e  -* 0, we obtain the 
relation

J* dy = e~inpi J* xp~le~ixdx -  e~impî ~pr(/>).
Equating real and imaginary parts o f both sides of this last equation we ob­
tain the formulae

=  ( - ) *  i ' pr(/>)cos(^/>). 0 <  p < 1 (2-7-21)
it)2\ ** .[ x p- 1; {] «  y  r  T ip )  sin (Jap). 0 <  p < I . (2-7-22)

In particular by taking p =  J we obtain the special cases

- r *  (2-7-23)
= r *  (2-7-24)

showing that .v- i  is self-reciprocal under both the Fourier sine transform 
and the Fourier cosine transform.

2-8 THE FOURIER TRANSFORMS OF RATIONAL FUNCTIONS

The calculation of the Fourier transforms of rational functions can be 
effected easily by means of the calculus of residues. We shall suppose that 
the function f(z), regarded as a function of the complex variable z, has the 
following properties:

(a) f(z) has a finite number of singularities a,. a2, . . ■ , am in the 
upper half-plane:

(/>) /(z) is analytic at all points of the real axis except the points 
hI.b 2, . . . .  bm which are simple poles;1

(c) zf(z)e‘i! -* 0 as r  -> x ,  Im : >  0,
‘The extension to the case of multiple poles is trivial; we assume the poles to be simple merely 
for the sake of definiteness.
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y

If we integrate the function

e-'7(r). a  > 0 ) ,

round the contour shown in Fig. 2-6, and make use of Lemmas 1 and 2 of 
sec. 2-7, we find that

i r *  w 71
2ni f W e‘ix dx = 1 res{/(A,)! .e ifb‘ + ^  res|./(aJ)}ei<‘‘\

where we have used the notation res{/(/),)} to denote the residue of the 
function f(z) at the point z = bs. This yields the simple formula

•*■[./<•*):{] = (2tr)1/| f. res{f(a,)}eiia- + } £ res{/(ft,)}ei<*-|,
«  >  0). (2-8-1)

The simplest example is provided by taking 

f(z) = r " 1.

This function has a simple pole at z = 0 and no other singularities and 
res/(0) =  I, so that if £ > 0 we have

# 0 - ' ; £ ]  = (2-8-2)

Since x ~1 is an odd function we see that this equation is equivalent to the 
formula

-  (§*>*. < £ > « )
and we deduce immediately from (2-5-8) that, in general,

= (i^)* sgn (2-8-3)
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A more sophisticated example is given by

with a real, which has a simple pole at z =  0 and at z — ia with residues a~2 
and —i « '2 respectively. Hence if <J > 0, we have

from which it follows that

____ !____ - A  m
x(x2 + a2) j

(in)*fl-2(l -  e“ ,M)sgn£. (2-8-4)

2-9 THE CONVOLUTION INTEGRAL

The convolution of two integrable functions/and g defined by the equation

fo g  = (2«)-* p  f( t  -  u)g(u) du (2-9-1)

possesses many of the formal properties of an ordinary product. For 
example, if X is a constant, it is obvious that

fof/.g) = (/.f)og = /.(f°g) (2-9-2)

and that

f ° ( g  + h) = fo g  + fo h  (2-9-3)

We note that if both/ and g belong to '(R) and s4x(R), then so does 
their convolution h(t) = fo  g, for

(2x)* f \h(t)\dt =  f dr\ f f(u)g(t -  u) du
J  -CO J  — 30 I J  — *

< f dt (  \f{u)g(t -  u)| du
J  -  <Xl J  “  0D

= f |/(«)| du f |g(/ -  m)| dtJ - oo J - oc
so that

f  \h(t)\dt < (2n)~* f*  |/(m)| du f * |g(e)| dv
J  -  oo J  — ac J  — x

and the result follows from the fact that both /  and g belong to the class 
^f,(R).
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By definition

g ■ f  = (271)'* g(t -  v)f(v) dv.

Changing the variable of integration from r to u where v = / — u we see 
that

g /  =  (2tt) 1 J ^ g(u)f(t -  u) du

so that we have the commutative law

/ *  = ? /■  (2-9-4)

Similarly

f» ( g  h) -  (2n)~* f /( /  -  u)du (2n)~* f g(u -  v)h{v)dv 
J  -  *  J ~ QC

= (27t)'1 f f f i t  -  u)g(u -  v)h{v)dudv
J  -  *  J  -  GO

and

( /  g) h -  (2tt)-* J </c |(2«)-* J” f( l  -  v -  w)g(H) <*t-| /7(n).

Changing the variables of integration from t; and w to v and u, where 
»■ = u — e, we find that

( /«  g )°h  = (2tt)' 1 f f  /(f  -  u)g(w -  v)h( t) dudv
J — <3C J  -  30

from which it follows that

f  (g h) = ( / g )  o h (2-9-5)

so that the associative law holds.
The important result we need is that concerning the Fourier transform 

of a convolution. If/ and g both belong to the classes '(R) and .c/,(R) then 
since (as was shown above) /  g also belongs to ^ '(R ) and .a/,(R). the 
Fourier transform of f  g also exists. From the definitions of the Fourier 
transform and of the convolution of two functions we find that

=  (271)"* J eitf di <27r)~* J f(t -  u)g(u) du

= (2te) “ 1 f ( " / ( /  — u)j?(m)p14' dtdu.
J  — 30 J  -  CD
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Changing the variables of integration in the double integral from t and u to 
v and n\ where

V = t —  U .  11’ =  u.

we see that the right side of this last equation becomes 

(In )" 1 f'  f* f(L)x(n )e‘<t"*w' dvdw

which can be written as the product of two single integrals

(2 r t) '* J  f(i )eli' dv.(2n)~i J  g(w)e‘iw dw.

We immediately deduce that

* ■ [ /■ ■ * ;{ ] -*(£>G<«). (2-9-6)

where F(*) and C7(«f) denote the Fourier transforms o f /a n d  g respectively.
Applying the operator 1 to both sides of (2-9-6) and making use of 

(2-3-5) we obtain the result

J * x R i)G (Z )e  1(1 dc «  f(u)g(t -  u) du. (2-9-7)

The result (2-9-6) is known as the convolution theorem for Fourier transforms 
although this term is sometimes applied to the equivalent form (2-9-7). 
Putting t = 0 in equation (2-9-7) we obtain the relation

f F ( i ) G ( ^ ) d i -  f  f(u)g( — u) du (2-9-8)
J  -  cr J  -  oc-

Taking the special case g(u) =  /* (  — u) and making use of equation (2-3-10) 
we obtain the relation

FU )F*(£)di =  J* f(u)f*(u) du.

In other words, if F(<J) is the Fourier transform of/( /)

P  \F(i)\2 d£ =  f*  \f(t)\2 dt (2-9-9)

This relation, which is known as ParseraFs relation for Fourier transforms, 
may be written in the alternative form

H I  = !!/!!- (2-9-10)
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The convolution theorem for cosine and sine transforms is not so simple as 
(2-9-6) but the formulae corresponding to (2-9-8) and (2-9-9) are just as 
simple.

Inserting the definition of Gc((;), we see that

£  FM)GC(Z)cos(St)dc

Fc( 0  cos(st) g(u)cos(gu) du.

Interchanging the order of the integrations we see that the right-hand side 
of this equation is equal to

^  f  g(u)du f  Fe(Z)cos ( ( t )cos tfu)dZ
\nJ Jo Jo

^ g(u)du j* |[cos{c(f + «)} + cos((,s|t -  u\)]Fc(£)ds

showing that

£  Ft(£)Gf(<j;)cos(iS/) dZ = i  £ °  £(«)[/(/ + m) + /( |r  -  u|)] du.

(2-10-1)

Putting f =  Owe obtain the equation

f* Fc(l)G M ) d i = f(u)g(u) du Jo Jo (2- 10-2)

which in the case in which g is identical with f*  gives the Parseval relation

r  |^<S)|2 dt = f * \f(u)\2 du (2-10-3)JO Jo

which can be stated in terms of the norm in the form

K ll = fi/l-
We have similar results for the Fourier sine transform.
Replacing the Fourier sine transform G, by its defining integral, we 

have the identity

rF,(Z)G,(Z)cos(Zt) d£

rF,(Z)cos(£/) dZ g(u) sin (£u) du.
0
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Interchanging the order of the integrations we have the equation 

^ g(u)du j /^({)cos(£/)sin(£«)</£

i  J  g(u) du ' 2\*
^(Otsin {ZU + M)} + sin {Z(u -  /)}]

W  Jo

from which we deduce immediately that

J' F.(C)G,(()coa((t)d( = i £ "  g(u)[f(u + I) + /(«/ -  l)]du.

(2-10-4)

Giving t the particular value 0 we obtain the relation

£  F,(0C.<0 d£ = J * J\u)g(u) du (2-10-5)

and if we take g to be identical with /* , we get the Parseval relation

J" d{ = J* |/(«/)|2 du (2-10-6)
that is.

K ll  -  ll/il-

As a simple example of the use of these formulae we take 

/(■x) = e"“ , (a > 0), Fe(i) = (2/n)*a{a2 + 42) " 1,
F,(Z) = (2/*)*{(fl1 + S T 1 

g(x) = e~u , (b > 0). GC(Z) = (2/n)*b(b2 + <2) " ,
C.({) = (2/tt) W  + £2) - '.

Since

I f(u)g(u) du = ——  
o a 4- b

it follows from (2-10-2) that

dZi:Jo (a2 + Z2)(b2 + Z2) 2ab(a + h)'
and from (2-10-4) that

l
Z2dZ

o (a2 + Z2)(b2 + *2) 2(a + 6)'

(a > 0, b > 0).
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These results can, of course, be easily obtained by other methods; they 
are derived here by means of the Parseval relations merely to illustrate the 
procedure.

We shall now use the method to derive a much more complicated 
result which we shall require later.

If we take

f(x )  = x~M, (0 < s < 1). g(x) = (1 -  a2)' *//( 1 -  v), (v > -* )  

then by equations (2-7-21) and (2-7-19) we have

FM) = 0 Y  r _ , sin(isn)r(l -  s). G,(?) =  2v~*r(v +  D r ’-Uc).

so that by equation (2-10-2)

2'ji~*sin(jS7t)r(l — s)f(v + i )  J

= f  v"*(l — .v2)”'*  dx.

The simple change of variable y  =  .v2 shows that the integral on the right 
side of this equation has the value

i f  y-**~*(l -  y f - ' d y  =
Hv +  j ) r ( j  -  j j )

2Hv -  is  + 1) ■

Hence, since

cosec(isn) = T r 'n i s j r a  -  is), 
R i) r ( l  — s) — 2_T ( i  -  is )H l -  is) 

we have the relation
■x

Jo
2, - , - | r (js)

T(v — is  + I)’
(0 < s < 1, v > - i ) .

Another pair of formulae of which we shall make use is

J * F f« )C ,(0  sin (Zi)dZ

= i  J* /(« )[g ( |u  -  <|) -  g(u + /)] du,

= i  f*  j?(m)[/(/ + u) -  f(u  -  0 ] du, 
Jo

(2-10-7)

(2- 10-8)

(2-10-9)

which can be established in a way similar to that used in the derivation of 
the relation (2-10-4).
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2-11 OTHER FORMS OF THE FOURIER INVERSION THEOREM

We have proved (in sec. 2-2) Fourier's integral theorem for a very restricted 
class of functions, and on the basis of the Riemann integral (which is the one 
about which we learn in courses in calculus). Fourier integral theorems of the 
same type with very general conditions on/(.x) have been established. These 
are based on the concept of the integral introduced by Lebesgue.1 At the end 
of the last century it became clear that the Riemann integral was not an in­
strument of sufficient power to deal with problems arising in mathematical 
analysis, and would have to be replaced by some other, more general, type 
of integral. There were attempts at such a generalization by Jordan. Borel, 
and W. H. Young as well as by Lebesgue, but it was Lebesguc's construction 
which proved to be the most successful.

It will be recalled that the fundamental idea of Riemann integration is 
that the integral of a function /  over a finite interval [a.b] is the limit as 
n -* ac of the sum

£ /(*,)"!(£,)
i * 1

where [a.b] is partitioned into n disjoint intervals £ , ............ £„ which cover
the interval, v, e £ f and w(£,) denotes the length of £,.

General theories of integration are based on the concept of the measure 
of a set £, denoted by m(E). which is a generalization of the idea of the length 
of an interval and which possesses obvious properties similar to those of 
length:

(a) m(E) ^  0;
(b) £ , <= £ 2 =s- m (Ex) ^  w (£ 2);
(c) m(El tj £ 2) = w (£ ,) + w (£2) -  w (£, n  £ 2).

The Lebesgue measure of a point set is constructed as follows: 
Suppose that £  is a set of points contained in the finite interval (a.b) of 
length / =  b — a, and that we denote by £ ' the complement of £  in (a.b). 
i.e., £ ' consists of all those points of (a.b) which do not belong to E. We 
further suppose that the set £  is covered by a set of disjoint intervals

‘The object of this section is to give only a very general idea of the nature of the Lebesgue 
integral -enough to enable an applied mathematician to read the statements of theorems in 
texts on the theory of Fourier transforms. A reader who does not wish to encounter considera­
tions of this slight degree of subtlety, but wishes to have some idea of the nature of the theorems 
could interpret the statement “f e  Lr(a.h)" as meaning "/(x) is such that the integral

Jj/Wl'd-Y
is Anile.” and "E  is a sei of measure zero” as meaning “£  is an enumerable set of points.” These 
arc gross over-simplifications but they do give some idea of the points involved.
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A,. \ 2. . . . of lengths /,, /2, . . . respectively so that 

F  c: U  A,
i

and

I  h <  A
i

The exterior measure of a set £ , denoted by me(E), is defined to be the 
smallest such sum £  /(.

I
In an exactly similar way we can cover £ ' by a collection of intervals

A',. Aj, . . . with lengths I',. I'2.............The interior measure of the set £,
denoted by w,(£). is then defined by the equation

wf(£) =  / -  me(E ).

where mt (E ) is the exterior measure of the complement £'. It can be shown 
that, in general.

0 $  m,(£) <  »i,(£).

If it turns out that me(E) =  m,(£). we say that the set £  is measurable 
and we call the common value of m ,(£) and m,(£) the measure m(E) of £.

A special role is played in the theory by sets of measure zero. Among 
these is any enumerable set of points {.<•„}(« =  1,2, . . .) contained within 
an interval of finite length. If two functions/and g are equal except on a set 
of measure zero, we say that they are equal almost everywhere and write 
/  = g (a.e.) o r /  =  g (p.p ).

The function f(x )  is said to be measurable on a set £  if the sets £  and 
\x : x e  E .f(x) > c} are measurable for all finite values of c.

If the function f ix )  is a bounded measurable function defined on a 
measurable set £  contained in a closed interval [ « / ] ,  we choose a closed 
interval [A,B] such that

A <  /(*) < 5 ,  a <  x  $  b.

and divide it into n parts by the points = A, >•,, .>'2.............>„ = B
ordered in such a way that y0 < y i <  • • ■>„. i < >’„• The sets £ ,,
£ j ............£„are now defined by the relation £, =  }.*:xe £ ,y , - , <  J(x) < _v(}.
and the sums

= t ,  1"'(£.-). =  t ,i=i i=i
constructed. If, as n -► x  in such a way that each y t — y t. , -» 0, the sums 
s, and 5 , tend to a common limit r. the function/is said to be integrable (or 
summable) and the number s is called the Lebesgue integral of the function / 
over the set £.
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f i x )  f i x )

(a) The Riemann Integral (b) The Lebesgue Integral

Fig. 2-7

The definition of the Lebesgue integral may be extended in an obvious 
way to cases in which the function/is unbounded and the set E  is the whole 
real line.

The difference between Riemann integration and Lebesgue integration 
is shown graphically in Fig. 2-7. Lebesgue has described the difference in the 
following picturesque way: Suppose that we wish to calculate the value of a 
pile of coins of different face-value. The Riemann procedure consists of 
taking coins from the pile in succession in the order in which they lie and 
adding their values. The Lebesgue procedure consists of first of all sorting 
out the coins according to their values, each value then being multiplied by 
the relevant number of coins.

As a concrete example, we recall that the Dirichlet function

 ̂ 1 1, if jc is rational,
(0, if V is irrational.

does not possess a Riemann integral over [0,1]. On the other hand, it does 
have a Lebesgue integral since the set of all rational numbers in [0,1] (being 
enumerable) has measure zero. Hence, the Lebesgue integral of the 
Dirichlet function over [0,1] exists and has the value zero.
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It can be shown that if a function / ( a) is integrable in the Riemann 
sense on the closed interval [a./>], then it is integrable also in the Lebesgue 
sense and that the values of the two integrals coincide, so that any statement 
made about Riemann integrals is automatically true for Lebesgue integrals. 
It should be noticed, however, that the Lebesgue integral is a genuine 
generalization in the sense that there are functions which are Lebesgue- 
integrable on a closed interval but which are not integrable in the sense of 
Riemann

We denote by Lp{a.b) the class of functions for which |/<.v) |r is in­
tegrable over (a.b). If the interval of integration is the whole real'line we 
usually denote the class simply by Lp, i.e.. we say that f e  W  if

exists. In dealing with a sequence of functions {./„(.x)} and a given function 
/(.v), we are often interested not so much in the behavior of the difference 
f ix )  — /„(x) as n -» x  as we are in the mean value of the difference. If 
f f x )  e Lp(a,b). for all positive integers n .f ia) e Lp(a.b), and

as n -> X' we say that f n(x) converges in mean to / ( a) with index p. The ana­
logue of the "general principle of convergence” in Lebesgue theory is the

R iesz-F ischer th eo rem  I f  as m and n tend independently to infinity

then there exists a function f 6 Ifia.b) to which f„(x) converges in mean with 
index p.

A theory of Fourier transforms which is completely symmetrical was 
first given by Plancherel (see Chapter III of Titchmarsh, 1948). It depends 
on mean convergence.1 The key result is:

P lanchere l's  th eo rem  Suppose that f e  L2 and that

Then as a -* x ,  F(£,a) converges in mean over ( — x , x )  to a function 
F{ <J)e 1} Reciprocally,

’Instead o f  saying that a sequence converges in mean with index 2 we say merely that it 
“converges in mean.”

\f(x)\"dx

[ \ f A x ) - f J x ) \ ' d x ^  0.
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Ax.a) =  (2tt) * f* F({)e itx df.
•• a

converges in mean to f(x).
Further, A x) and F(£) are related through the formulae

Plancherel's theorem can be extended from functions of class L2 to 
those of a general class Lp, (p ^  1), (see Chapter IV of Titchmarsh. 1948). It 
turns out that the Fourier transform maps the space Lp into the space U  
where

A typical theorem in this theory is:

T itchm arsh 's  th eo rem  Suppose that f  e Lp, (1 $  p ^  2). and that

Then as a -* x .  F(£,a) converges in mean with index q to a function F(£), 
where

The convolution theorem reflects the same kind of reciprocity. If 
/  e Lp. g e Lp , with

th e n / g <= Lp. where

-  a

'a

f\x)e 'ix dx.

Further, f(x ) and F{f) are related through the formulae

P + P -  PP‘
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and F(£)(7(<;) e La. where

The existence of the integral defining the Fourier transform F(i) im­
poses a certain restriction on the behavior of the function f(x )  at infinity. 
If we write £ =  £ + it] with £ and t] real, then it is conceivable that in cir­
cumstances in which F( £) does not exist for real values of £, the function

FA £> = (2 71) * j *  f(x)er'x dx

may exist for sufficiently large positive values of t\ and the function

F-(£) = (2 *)’ * j ° J ( x ) e « * d x

may exist for sufficiently large negative values of rj.
We now suppose f(x )  to be a complex-valued function of a real variable 

x ; in addition, we shall say that such a function is continuous, integrable, of 
bounded variation, 1 etc., if its real and imaginary parts separately possess 
these properties.

If there exists a constant c such that e~c|x||/(.v)| e L ( - 0 0 ,0 0 ). then it 
is readily shown that the function F+(£) exists for 77 ^  c, and the function 
FA£) for r\ $  - c .  We also have:

Complex form of Fourier's theorem I f  the function f( t)  is o f bounded 
variation in a neighborhood o f  the point t =  x, then

lim [(2;:) * f “ + 4 F+(C)e-uc</£ + (2tO~* f “ + " F-(£)e ■“'</£
X - r  J i a - X  J i b - 1

= H /(* + )  +  / ( * - ) ] •
where a ^  c, b $  — c.

(For a proof of this theorem see p. 43 of Titchmarsh. 1948.)

In applications of this theorem2 we often make use of the following 
theorem, which is proved in Vol. I (p. 463) of Morse and Feshbach (1953):

Suppose that the function F(£) is analytic in the strip a, 4  n <  ai 
and that the function G( £) is analytic in the strip />, «  t] <  b2 < a , and 
that both F(l) and G(£) belong to the class L( -  ao.ao). I f  both F( £) and 
G( 0  tend to zero as |£| -» 0 0 in the region in which they are analytic, and

1 We say that a function /(.») is of bounded variation in an interval if. in that interval, it can be 
expressed in the form utx)  -  r(x) where each of the functions «(.*), r(x) is nondecreasing and 
bounded.
2See, e.g sec. 2-15 below
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1 » “i

1 * «i 
1 *= *2 '

7 * *1

f  analytic

C analytic

- i -  <>2

analytic
and

F  +  C -  0

(a) <b> Fig. 2-8

r  + X FK)e~r'M 4  +  r + X GiOe ^ d l ,  .  0.
.L-®  •'» -*

(a, < a < a2. b, < b < b2)
then

(a) F{0  and G (0  art’ both analytic in the strip A, ^  tf <  a 2; 
(A) F (0  + G({) = 0 in that strip.

The hypotheses of this theorem are illustrated graphically in the diagram
(a) of Fig. 2-8 and the conclusions are shown in (A).

2-12 A TRANSFORM WITH A MORE GENERAL TRIGONOMETRICAL 
KERNEL

We saw in sec. 2-6 that in any problem for a region x  ^  0, (y,z) e Q, in which 
we require to calculate a Fourier transform of e 2J)dx2 when we know that

f(0,y,:) = 4>x(y.z), 
we may use the formula 

~d2f

] - (2/ji)*^1(.v,2) -  £2F,(£,y,z)

where Fs($,y,z) = .F^)\x,y,z)-,x  -» £]. (Cf. equation (2-6-4).) 
On the other hand, if we are given that

(2- 12- 1)

/*(<>•}’,z) = <f>2(y,z) (2-12-2)

it is appropriate to take a Fourier cosine transform for then we can use 
equation (2-6-3) to deduce that
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[ g : *  -  c j  =  - a / n ) U 2(y.=) -  Z'FAZ.v.:).

where Fc( = ^[/(.x,v,r);.v -* £].
It is natural now to seek a transform which can be used in the analysis 

of problems in which, instead of conditions either of the type (2-12-1) or 
(2-12-2) we have a condition of the type

JJQ.y,:) -  hf(O.y.z) =  ^(v,r), (2-12-3)

where h is a constant and the function ij/(y,z) is prescribed for all (,y.r) e fi. 
In the theory of the conduction of heat a condition of the type (2-12-3) is 
called a radiation condition. For that reason we shall denote the operator of 
the relevant transform by Jf. A transform of this type was first considered by 
Churchill. (See sec. 71 of Churchill, 1944.)

Suppose that we consider a general transform defined by the equation

/{£,»•„-) = .T [/(*,>,.-);.* -  c] = (2/rt)* ^  j\x,y,z)K(x,Z) dx.

Using the formula for integration by parts we find that, iff e  J(0,ac) and 
/ ,  f , f  are all absolutely integrable over the positive real line,

■r  r  £J  = (2/it)*0( *nv,z) + (2/k)* J  j\x,y,z)K xx(x£ ) dx

where the function <f>(£,y,z) is defined by the equation

4>U\v.r) = /(0,.r.r)Ax(0,O -  fJ0 .y ,:)K (04b  (2-12-4)

Rearranging the terms on the right-hand side of this last equation we find 
that

0(C.V’.z) =  7(0,y,j){AI(0,O -  hK(O.i)} -  A(0.O^(>,-). 

where the function il>{y,z) is the prescribed function occurring in the boun-
dary condition (2-12-3). From this we deduce that if the 
satisfies the conditions

kernel K(x.Z)

~  + Z2K = 0, x > 0. cx
(2-12-5)

Kx(0,£) -  h W .Z )  = 0. (2-12-6)

then we have the relation

• * 1 ^ : * - *  *1 = - ^ A t . y s )  -  (2/n)‘A(0,«)'/'(>'.-T).I_cx
(2-12-7)

for the transform of the second partial derivative of / with respect to .v.
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The solution of the equations (2-12-5) and (2-12-6) may be taken in 
the form

*•(*.£) = scos(i-v) +  Asin (gjc) 

so that the transform £  defined by the relation 
/(<;.>'•-) *  ^Ly(.v.f.r): v -* {]

= (2/rt)1 f  /(■*.>’,r){4cos(4-x) + Asin(<*.r)J dx (2-12-8) 
Jo

has the property that

*  :Jr -  * ] =  ~  (2/k)j ^ 0 \ - )  (2-12-9)

where i/M>',r) is the prescribed function occurring in the relation (2-12-3). 
We can easily establish an inversion theorem for the .^-transform. If

m  =  *[/<•*): 4]
then it is obvious that

M )  = (Ki t ) + A£<4) (2-12-10)
where Fc($) and Fs( i)  are respectively the Fourier cosine and the Fourier 
sine transform of the function /(.v). We note that a necessary condition for 
these transforms to exist is that

lim fix) =  0. (2-12-11)X-**
From equation (2-6-8) we see that we can write equation (2-12-10) in the 
alternative form

/( O  = -  W ( * )  -  */(*);{]
and making use of the Fourier sine inversion theorem we find that

A x )  -  hf(x) =  - , ^ [ / ( 4 ) ;x ] .  (2-12-12)

Now the differential equation

/(.<•) -  hy(x) =  sin (4.v) (2-12-13)

has the general solution

, , 4cos(4-v) + (isin (4-t)
ylx) = " ----------- V + T 2-------- ’

where c denotes an arbitrary constant. Hence if h > 0 and fix) has the 
property (2-12-11), it follows that we must take c = 0. i.e.. that the equation 
(2-12-13) has solution
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v(x) = - K (X ,£ )

Zx + h2

a result which can be written in the form

( i - h)  sin(W-
K(x.l) 

( 2 + h2

Rewriting (2-12-12) in the form

we see that

Ax) = 3T  '[/(f);* ] = (2/tt)* f ‘  d{. (2-12-14)
Jo C + n

We can calculate .^-transforms easily from tables of Fourier sine and 
cosine transforms. For instance, since

sin (£.v)

= (2 M M a 2 + i 2y \

= (2/n)*Z(a2 + {*)-'

(a > 0), it follows immediately from the definition that 

* [ * ' “ ;{]  = (2/ft)*«a + h)(a2 + Z2V ' .

On the other hand, in working out inverse transforms it is sometimes 
more convenient to use the differential equation (2-12-12) than the inversion 
formula (2-12-14). To illustrate the procedure we shall calculate

If we write

w (U ) =  H(x,i) = a r '[H -({.*);£ -  x], (2-12-15)

then, by equation (2-12-12)

(s -  *) "(w» * .[ * ({  j y . t x l

Using the relation (2-5-4) we see that this is equivalent to

and using equation (2-7-14) to evaluate the expression on the right-hand 
side of this equation, we obtain the differential equation
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(?V “  *  -.v(2/)~1e ' lJ4'.

The solution or this equation is readily seen to be

*•(■x.t) = (2/)'V* J* u e ^ ' ^ d u .

Using the rule for integrating by parts on the integral on the right-hand side 
of this equation we obtain the solution in the form

w(.v./) = (2i)~i e x2*1 -  h(2l) i ekj‘ f* t " "  - ''4' du.

which is easily seen to be equivalent to the solution

— (̂ 7t)* he**+*’'erfc( jjcr" * + hi*). (2-12-16)

We shall now derive a result which is useful in deriving the form of the 
convolution integral which is most appropriate to a transform of this type. 
From the identity

d  f x
JU) = -  I 7(1) dv

and equation (2-6-2) we obtain the relation

From this we deduce that

If we write

4>(x) = fix )  + h J*/(f) dv

we see that this last equation can be put into the form

£ - ’/(£ ) =  (2-12-17)

where Oc(iJ) = .<FrO (jr):{].
To find the form of convolution appropriate to the c#-transform we

write

J f(c)dv;x  £ .+ ^ [ / U ) ; 4 ]  = [/(*) + h

/ c g  =  ^ - , t r ,/« )g (0 ;-v ] .
Then, by equation (2-12-12) we obtain

i lx  ~ ĥ og = -■#*[<1M£)g(c);*]
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and. by the definition of g(£), we can rewrite the right-hand side of this 
equation as

Now by equation (2-10-8)

= (2at) * g(w){^(|x — u|) — 4>(x + «)} du

and, by equations (2-6-2) and (2-10-1),

=  ^ ,[4 » c(« > G c« );* ]

=  JZ (2n) '*  I £(«){<M|* -  «|) +  4>(X + « ) }  du. 
cx Jo

We therefore find that

f o g  = (2je)~* g(u)/(x,u) du

where

X(x.u) «  4>(\x -  h|) + 4>(x + u) +  2h (jl~  -  h j  (j>{x + u).

Now it is easily shown that

(I-*) •** + » ) -

so that

X(x,u) = f( \x  -  u|) +  f ( x  +  u) -  h f  f(v) dv + h f  f(v) dv
J x  + u J | x - ii|

and hence that, if the convolution /»  g of two functions/  and g is defined 
by the equation

f o g  = (2ji)-* J *  g(u) j / ( |*  -  m|) + f( x  + u) + h f* ^ f ( v ) d v ^ d u ,

(2-12-18)
then

= f °g  (2-12-19)

From the symmetry of this result we deduce that for the convolution 
defined by equation (2-12-18),

f a g  =  g o / .
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and so on until we reach

............*.) = ■̂r" , [^i)(Ci.T2............ -  A,]

= ............-  -A ,]

= ■F[.Fr{Fl2)(cl^ 2, ■ • • ,A j;{2 -  - * 2};

t i  -  - V , ] .

If we write out all the steps, we find that n applications of Fourier’s integral 
theorem yields the inversion formula

fix )  = (2*)-*" J  d$. (2-13-6)

To show what is happening we shall write out the details of the three- 
dimensional case. Here

W  = (2*)-* f | f

/U p A j^ e x p '/^ .v ,  + £2 * 2  + £3* 3)! dxxdx2dx3

which may be written in the form

/ix „ jr2 ,jc3)exp{i(^2jr2 + S3 V3 )! dx2dx3:x, - mJ■]
This may be inverted to give 

1
2 it j I f ix  j ,a2,A3 ) exp {/(£ 2a2 + i 3x 3) \d x 2dx3

- (2itr* J* FaJiMiJifr-*'*' dit.
Writing this in turn as

■F ^(2«r*  J ^ f i x t ^ ^ ^ e 113*’ dx3;x2 -*

-(2*)"*
and using the Fourier inversion theorem we obtain the result 

•?Lfixt,x2,x3);x3 -  <*3]



r
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which in turn can be inverted to give

-  (2 «)-* r  r  r  jw * t.« * fj>  x
J  -  X  J  — «

x exp{ — + £2 * 2  + {,*,)}
which is the three-dimensional form of (2-13-6).

The ^-dimensional analogues of the results of sec. 2-3 are easily de­
rived. For example, the analogue of (2-3-8) is

where a denotes a constant vector, while that of equation (2-3-11) is

which is valid if f(x ) e ^ '(R ") and both /  and df/dx, are absolutely in­
tegrate in R".

If/(x) has finite discontinuities this last result has to be modified in the 
same way as in the one-dimensional case.

Derivatives of higher order can be dealt with in an obvious way; for 
example

and so on. From this we deduce that, if L denotes the differential operator 
defined by the equation

•^».[/(x -  a);x -  y  =  *’.F(1„ [/|x );x  -  5] (2-13-7)

(2-13-8)

(2-13-9)

(2-13-10)

where the ars, br. and c are constants, then

^„,[L / ;x -  %] = -  a

in which the quadratic form P(%) is defined by the equation

(2-13-11)

n n
H \)  =  I  + i I  *rCr -  f- (2-13-12)

In particular, if A„ denotes the n-dimensional Laplacian operator

(2-13-13)

a n d /e ^ R " ) ,  then
(2-13-14)
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where
= ^ . , [ 7 U );x -  y .  (2-13-15)

Similarly for the polyharmonic operator A„r defined by the recurrence 
relation

and the equation (2-13-13), we find that for functions fix )  e 2r(R").

•^wlA.71*);* -  y  = ( -  l (2-13-16)
where, again. FM(%) is defined by equation (2-13-15).

The convolution of two functions /(x), g(x) of the vector x is defined 
by the equation

/  g(x) = (2n)_ i" £  f i x  -  u)g(u)du. (2-13-17)

Proceeding exactly as in the one-dimensional case (Cf. sec. 2-9) we find that

•*5»>[ /  *(*);* - » y

= (27r) ~" J  e‘tx 41 dx J /(x  -  u)g(u)dii 
= (27t)""J g(u) da J /(x  - u)e,u 41 dx 

= (2n) " j  (̂u)e,,■ 4) du J fiy )e 'ty t> dy

where /\„(^) and G,„p(^) are the Fourier transforms of /(x) and g(x) re­
spectively. Hence we have the convolution theorem

«(*);* -  y  «  (2-13-18)
This is most often used in its inverse form

-  x] =  (2ji)-*‘ £  fix -  u)g(u)du. (2-13-19)

2-14 FOURIER TRANSFORMS OF RADIALLY SYMMETRIC 
FUNCTIONS
In applications we often have to find the Fourier transform F{mfe)  of a 
function fir) which is a function of

r = |x| = (x ,2 + x22 +  • • - + x„2)* (2-14-1)

only. We shall now show that in such a case Fw (%) can be expressed simply 
in terms of a Hankel transform of the function fir). We begin with the two- 
dimensional case.
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It' we introduce plane polar coordinates (r.O) in the jc,jr2-plane and 
in the s,ij;2-plane, we may write

at, = rcosfl, v2 = rsinO. £, = pcostj), ; 2 = psin^> (2-14-2)

from which it follows that 

(x-^) = rpcos(() -  <£). 

and hence that

-> c ,.* 2 -  c2] =  v  f X rdr r A n e " — '* *'JO.
2* Jo Jo

Now it is an elementary result from the theory of Bessel functions that

I C2kelrpc»,(#-*(</W = Jo(rp)
2* Jo 

so that

— ‘m -Vj -* Cz] =  f* rflr)J0(rp)dr. (2-14-3)Jo
Comparing the integral on the right-hand side of this equation with 

that on the right-hand side of equation (1-1-9) we see that it is the Hankel 
transform of order zero of the function /  If  we use the notation

to denote the Hankel transform of order v of f

f r v/(.v)Jv( / r )  dx 
Jo

we see that equation (2-14-3) can be written in the alternative form

■rl2)[f(r):x , -  { ,.x2 -  {2] =  . r 0[/(r) ;p ]  (2-14-4)

with r = (x ,J + .v22)*. p =  (? ,2 + ^22)*.
For example, if k > 0,

Now the value of the integral 

J o”V * M 0 (pr)dr

is known* to be (k 2 +  p2)~i and therefore we have the result

■ t̂2)[r~te ~kr-x i <m ~v2 -* s 2] =  (k2 +  p2V i . (k > 0). (2-14-5)

•This is a well-known result in the elementary theory of Bessel functions (Cf. sec. 3-7 below or 
sec A-6).
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The result (2-14-4) is readily generalized to the n-dimensional case. 
By the definition of the ^-dimensional Fourier transform we have the 
equation

-  s . ............ -  C.]

= (2»r)-*- f f(r)eiik *> dx. (2-14-6)

We now make the transformations
n= *>»,.(' = 1.2, . . . .n), y, = X *.*.

i *  1it
y, = X U -  2, . . . .«),

/ -  1

the coefficients a0 being chosen in such a way as to make the transformation 
orthogonal. In this case we find that

r = <y.2 + V'22 + • ■ • + y.2)*
and that

n n
d* = dy, (4 *) = X si*/ = P X = AVV 1*1 1*1

If we now put

A2 = y 22 + y32 + - • • + y„2. 

we find that equation (2-14-6) reduces to

/}„($) = (2n)-*• J *  </y, J* Q(A)/{(A2 + y ,2)1 </A. (2-14-7)

where we have written FM($) — •̂ 5„)[ /(r);.r1 -* . . . ,.v„ -* £„], and
Q(A) is defined to be such that, for any arbitrary function g(A),

f  g { (y i2 + y32 + • • • + A’-2)*/ dy2dy3 . . . dy„J£n- |
= J *  0(A)#tf) dX. (2-14-8)

To determine the form of the function O(A) we note that, since fl(A) dX is a 
volume element in £ „ _ it is of the form

0(A) = w„A"-2 (2-14-9)

where w„ is a function of n but not of A. To find the value of w,, we consider 
the special case in which

*<A) = e '*
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In this case

J  j?!(.v22 +  Vi2 + • ' • +  .V,,2)*} dy2dv3 ■ ■ • dyn

J* n U )g (A )< /A  *  u)„ J‘ A"‘ 2e ' 21 d k  =  \ t o mr ( \ n  -  J )

so that we deduce the result 

2n1"‘ 1
r<J» -  i)’ (2-14-10)

from equation (2-14-8).
Substituting from equations (2-14-9) and (2-14-10) into equation 

(2-14-7) we obtain the relation

F" * '  -  2*—,i*rijn -~ i> 1" 'm  *  f  M

Making use of the well-known result1

f* 2*"-1n*n4n -  4)
I sin"' » d6 =  ■------^  J i(l_ ,(pr), (2-14-11)

we see that fj„,(^) is a function only of the variable p. If we write

F(p) = ■?;„,[/(');x , ,X„ -  {.], (2-14-12)

we find that

p*"-'F(p) =  J* r'"f(r)}in_ i(pr) dr. (2-14-13)

Putting
v = in  -  1, (2-14-14)

we see that this result may be written in the symmetrical form

p'F(p) =  ^ { r j ( r ) \ p l  (2-14-15)

The Fourier transform of a radially symmetrical function in E, can 
therefore be reduced to a Hankel transform over the positive real line.

The case in which n =  3 is of special interest. Here v =  j  and if we 
recall that

(pr)*Jj(/»r) =  (2/jr)* sin(pr)

See. for example, p. 113 of Sneddon (1961).
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we find that equation (2-14-15) reduces to the simple form 

In particular, if k > 0, we have the special results

(2-14-16)

ip2 + k 2)2'

p2 + k 2' 

2k

(2-14-17)

(2-14-18)

2-15 THE SOLUTION OF INTEGRAL EQUATIONS OF CONVOLUTION 
TYPE
In this section we shall make use of the theory of Fourier transforms to derive 
the solutions of certain simple types of integral equation.

The simplest integral equation to tackle by means of Fourier transform 
technique is the integral equation of convolution type

(2jt) ' 1 f f{ t)k(x  — t)d t = g(.v), -o o  < .v <  x .  (2-15-1)

in which the functions g(x) and k(x) are prescribed for all real values of x  and 
are assumed to possess Fourier transforms C(^) and K{£) respectively. 
Taking the Fourier transform of each side of (2-15-1) and making use of the 
convolution we obtain formally the relation

connecting F{ £), the Fourier transform of the unknown function fix ), with 
those of g(jr) and k(x). We can write this equation in the form

F if) =  G(f)L(£)

where L if)  =  If it did happen that

t(x) = ^ - , [L (0 ;x ]

exists, then by applying the convolution theorem we should obtain the 
solution of (2-15-1) in the form

The difficulty is that in problems of physical interest the function l(x) usually 
does not exist. If, however, it so happens that for some positive integer n. the 
inverse transform

«£)*<{) =  G(£), (2-15-2)

(2-15-3)
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exists, then writing (2-15-2) in the form 

Fii)  =  (-!> ;)"«( 0 -.W ( £). 

we see that it yields the solution

/(.*) = (2rrr* f T m(x -  i )g" \ t )d t .  (2-15-4)
J  -  x>

As an example, we consider the integral equation 

(h iV *  J *  |.v -  t\ *fU)di *  g(.x).

This is of the type (2-15-1) with Ar(.v) = |.«-| ~ * and hence, by equation (2-7-23). 
with K (f)  =  1st"1. Since

*  ' [ ( - , c ) j q | ) ;'V]  =  ^  ‘[fsgn 5 =  |x | *sgn.v

the solution is given by (2-15-4) with n =  l.m (x) =  |x |'* sg n  .t. The solution 
is therefore given by the equation

I f “ *’U )d t_____ 1 f x g 'U )dt
A v <2*) J - x  v ( *  ~  fj  s/(2jr) J ,  v  (/ -  .*)

In cases in which the inverse transform (2-15-3) does not exist it is some­
times still possible to derive a solution of equation (2-15-1) provided that the 
function g(.v) has derivatives of all orders. The method used is basically due 
to Eddington (1913) although interest in it has recently been revived by 
Kurth (1965). Eddington's method consists essentially in assuming a solution 
of the form

Ax)  = f  c„«,B,(x) (2-15-5)
ll * 1

where the constants c„(n = 0.1.2. . . .) are to be determined. For a solution 
of the type (2-15-5). we find that

F ( { )  =  I  c „ ( - / £ ) nG ( c )
n = 0

provided that the Fourier transforms of all the derivatives exist. If we sub­
stitute this form into equation (2-15-2) we find that

[/C (^)]-1 = £  <„(-/£)"
n = 0

so that if [£ ({ ) ] " 1 can be expanded as a Maclaurin series in the neighbor­
hood of the origin then (-/)"(•„ is the coefficient of £" in that expansion.

I f  there is an Eddington solution (2-15-5). then its coefficients 
c0. Cj, c2. . . . are uniquely determined by the function k(x). but there are
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kernels Ar(.r) which exclude, for any infinitely differentiable function g(.v), all 
possibility that an Eddington solution exists.

As an illustration of a case in which there is an Eddington solution we 
consider the integral equation

where g(x) has derivatives of all orders. In this equation 

k(x) = ff- 'e -**1" 1 

so that

K(i) =  e~K2°\

If, therefore, we assume a solution of the form (2-15-5), we obtain the identity

£  c j - i t r  = **42"2»=o
by means of which we may determine the coefficients c„. We deduce im­
mediately that

= C2m-l =  0mi

and hence that the solution is given by 

JE, /I _2m,

La m!

We have already noticed that it is possible that an Eddington solution 
does not exist; to illustrate this situation we show that the integral equation

a r*  m  dt
n J _ K k2 + (x — t — fi)2 = £(•*)

in which a and p are constants (a > 0) does not possess an Eddington 
solution.

For this equation

k(x) = 

so that

2 \* _____ k _____
n )  k2 + (x -  n)2'

(A > 0)

K(Z) = e1* - '*•«.

Since this function cannot be expanded in a power series in any neighborhood 
of the origin, no Eddington solution exists. (It will be observed that this
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equation cannot be solved by the first method either, since the inverse trans­
form (2-15-3) does not exist for any positive integer n.)

Kurth has shown that for an Eddington solution to exist it is necessary 
that both k(x) and g(.r) possess derivatives of all orders which are absolutely 
integrable over the whole real line, and that g(.v) has moments1 y0. y,. 
y2.............of all orders such that the series

a - 0
converges for some (none-zero) value of Kurth also provides a set of suffi­
cient conditions; he has shown that if

(a) [K(£)] has a Maclaurin expansion f„( —i’s)"* w'hich con­
verges for all values o f f :

(b) g(.v) has derivatives of all orders such that for some suitable positive 
constant a and an integrable function h(x),

|£<",<.v)| «  *"A(x), n =  0.1.2, . . .,

then the series

converges to a function which is integrable over the v-axis and is a solution 
of the integral equation (2-15-1).

The integral equation

can be treated in the same way by first of all observing that it can be written 
in the alternative form

X

— X  <  X  <  X (2-15-6)

which is equivalent to the relation

If we write

(2-15-7)

‘The moments are defined by
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then

Fit) = I  C' i -H T G i -t )n ■ 0
and the coefficients f„(n = 0.1.2. . . .) in the Eddington solution (2-15-7) — 
if it exists at all!—are given by the fact that c„ is the coefficient of (/<;)" in the 
Maclaurin expansion of [£(<;)] ~'.

We shall now consider the solution of the Fredholm integral equation

/(*) = g(x) + A k{.x -  t)f(t)d t (2-15-8)

in which the functions g(x) and k(x) are assumed to be known. A is a para­
meter and f(x) is the unknown function which we wish to determine. The 
equation corresponding to the case in which g(.v) = 0:

A x) = A J *  k(.x -  /)/« ) dt (2-15-9)

is said to be homogeneous.
We recall (Cf. Riesz and Nagy, 1955, Chapter IV). that if there exists a 

non-trivial solution j\(t)  of the homogeneous equation (2-15-9) correspond­
ing to the value A, of A, we say that A, is an eigenvalue of the equation and /, 
an eigenfunction of that equation. The set of eigenvalues is known as the 
spectrum of the equation; if an equation has a discrete set of eigenvalues we 
say that it has a line spectrum and otherwise, a hand spectrum. We begin our 
discussion by showing that a simple equation of the type (2-15-9) may have a 
band spectrum.

From equations (2-3-8) and (2-7-1) we have the relation 

-  «] = e ,{I.:F[e-|,|;£] = (2/7t)*(l +  £2r

Rewriting this in the form

e** =  1(1 + t 2) J°° e lx- ',+it'd t

we see that the equation

f(x) = r  e - 'x - ‘'fU)dt (2-15-10)
J ~ T)

has an eigenfunction e‘ix corresponding to the eigenvalue J(1 + £2) for all 
real values of £. In other words, the equation (2-15-10) has the band spectrum 
A >

We return now to the discussion of the solution of equation (2-15-8). 
From the complex form of Fourier's theorem (see sec. 2-11), we see that we 
may represent the prescribed function g(.r) by a formula of the type
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G .a )e  ‘'*dC + r * *  G M )e
J i b ’ - x

(2-15-11)

where the function G+(0  is analytic throughout the strip q > a \ and the 
function G_(0 is analytic throughout the strip q > b'. For the method of 
the Fourier transform to be applicable, we must be able to represent the 
kernel Jt(.r) in a similar way, such that its Fourier transform AT(C) is analytic 
throughout a strip b'" < q < a" which overlaps the region in which the 
functions G+(£) and G (O are analytic. In a similar way we have to assume 
that the unknown function f(x) can be represented by a formula of the type 
(2-15-11) in which the function F+(£) is analytic in a region q > a", and 
F-(O is analytic in a region q > b". For the method of complex Fourier 
transforms to be applicable we must have (Cf. Fig. 2-9)

a > max(a .a"), y  < min(b',b").

With these assumptions we may write equation (2-15-8) in the form

L - x  F A ^ e ~ K * d Z  +  f * +* F_(C)e-‘;'dC
^ . J  ib - ac

sc f**+x r  , „ /•<*-*-ao
• L - .  + G M )e -‘;xdC

+ /(27t)t J ia+1 f a q ic( d;
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where a’  > a > max(a',<T). and b'" < h < min(b',b”).
If we apply the theorem stated at the end of sec. 2-11, we see that the 

functions

{ 1  -  A(2;t)‘Af(0}F*<0 -  G*(0-
M -  ;.(2a)1/r(0}F.(0  -  C _(0

are both analytic in the strip a < n < b. Furthermore, throughout that strip 
of the C-plane their sum is zero. We may therefore write

{1 -  A(2n)*/f(0}F+( 0  -  G+(f) = H{O,
{1 -  /.(27t)*/«0}F_(0 -  G_(0 = -W O ,

where the function //({) is analytic in the strip a < t] < b.
Solving these equations, we find that

T+ ( 0
+ m )

1 -

F-C) =
G-(Q -  //(C)
1 -  M 2 n )* m y

Inserting these expressions into equation (2-11-1) we find that the solution 
of the integral equation (2-15-8) can be written in the form

/(*) = ( 2  it)"* G+g ) e - iix 
1 -  A(2tt)*A:(C) ^

+

+

(2 *)-* 

( 2  Jr)'*

Jifc- ac
f m )e ~ {Jr 1 -  k(2n)*K<X)

G.{
i -  ;.(2 tt)*a: ( 0

dZ

dC (2-15-12)

where the contour T is the boundary of the infinite strip a < tj < b.
The third term on the right-hand side of equation (2-15-12) represents 

the solution of the homogeneous equation (2-15-9). Since the function //(() 
is analytic in the strip a < rf < b. this will be identically zero unless the 
function

1 -  /(27t)iK(0

has zeros, or branch points, within the strip. If, for instance, this function 
has simple zeros <f,, if 2, . . . , <f„ within the strip, and no branch points, then 
it follows from the calculus of residues that the solution f 0(x) of the homo­
geneous equation (2-15-9) is given by the equation

fo(x) = £  ' V ' 4'* 
r« 1

(2-15-13)
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where the constants A, are given in terms of the analytic function //(C) by the formula
l(2n)* lim -{-Ci- 1

(C -  Cr)//(C)
-  A(2 ir)*#f( 0

(2-15-14)

To illustrate the procedure we shall now consider the solution of the 
integral equation

J\x) = e’l*1 + /. P  e- '* -m'f(u)du. (2-15-15)
J — «.

For this equation 

k{x) = e |x| 

so that

K<C) = (2/*)*<l + C2)~'

/f(C) has simple poles at ± / and therefore is analytic in the strip - 1  < q < I. 
Also it is easily shown that

G+( 0  -  /(2w)-*(C -  / a ) '1. G-(C) =  -K2*)-*<C + /a )-’,

so that G+(C) is analytic in the half-plane tj > x and G_(C) is analytic in the 
half-plane 17 < — a. These half-planes overlap the strip in which K(\) is 
analytic—and hence the method of Fourier transforms can only be applied — 
if a < 1. For this function A (0, we have

1 -  A(2 n)*K( 0  = Co2 *  2 a -  I.
S + I

The zeros of this function depend on the value of the parameter /  (which we 
shall assume to be real).

If a > j. these poles are at the points ±q0 on the real axis, where 
Co = (2 /. -  I )* and therefore contribute the terms

A ^ 0* + A2e ' iio*

to the solution. We observe that these are precisely the eigenfunctions of the 
equation (2-15-10) which we considered above.

On the other hand if A < — I, the poles are at the points ±  w/0, where 
rj0 = ( 1  — 2a)*. Since neither of these poles lie within the contour T it 
follows that the integral round T in equation (2-15-12) has the value zero.

We shall now write down the solution in the case 0 < a < I, a > {. 
From equation (2-15-12) we see that it can be written in the form

f(x ) =  - / ,  +  / 2 +  At<,lia* + A2e~i(ax (2-15-16)
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where the integrals /, and 12 are defined by the equations

' 2 jt/ J j*-,. (C2  -  £02)(c -  '*)'
(a < a < 1 )

J = J_  f -  (C2 +
2 2iriJtt. x (C2 -  so2)(C + '*>' ( -  1 < /> < -  a)

and the constants A, and A2 are arbitrary.
If x > 0. we add a semicircle in the lower half-plane to the path of each 

of these integrals and in that way obtain a closed contour along which to 
carry out the integrations by means of the calculus of residues. The integral 
over the semicircle is easily shown to tend to zero as its radius tends to in­
finity. The integrand of /, has simple poles at the points a .  ±  c0. all of w hich 
lie within the contour so that /, is equal to minus1 the sum of the residues at 
these points, i.e..

h  =
1

* 2 +  £o2
e — « o l+  1

2 c„~

•j -

<,: o +  ra +  Co ~ n
(2-15-17)

The integrand of l 2 has no singularities within the contour so that, from 
Cauchy's theorem, we deduce that / 2 =  0.

If x  < 0, we proceed in a similar way by adding a semicircle in the 
upper half-plane to the path of each integral. The integrand of /, has no 
singularities within the closed contour so formed and hence we deduce that 
/, =  0. On the other hand, the integrand of i2 has simple poles at — is, 
+ C0. all lying within the contour. The value of l2 is therefore given by the 
sum of the residues at these points, so that we find that

/ I -  * 2 - /2 =  -  e 
2  T VO

+
. - “" I

2Co U o  -  «  £o +

In inserting the values of /, and l2 given by (2-15-17) and (2-15-18) we 
note that we may omit the terms in the square brackets since they may be in­
corporated into the terms involving the arbitrary constants. We therefore 
find that the required solution is

/(.v) = - J — ** 2 e,|x| +  Ate*0* + A 2e - i("‘ , (2-15-19)
3 +  so

where Co = (2 /. — 1 )*. and A, and A 2 are arbitrary constants.
The method outlined here is called the Wiener-Hopf technique. It is 

used extensively in the solution of boundary value problems in mathematical 
physics (see Noble. 1958).

‘The minus sign arises because the closed contour will be traversed in the negative direction.
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2-16 THE SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS BY 
MEANS OF FOURIER TRANSFORMS

We shall now illustrate by means of some simple examples how Fourier 
transforms may be used in the solution of boundary value and initial value 
problems for linear partial differential equations.

2-16-1 LAPLACE S EOUATION
In this subsection we shall consider some problems involving Laplace's 
equation

A„M(r) = 0. (2-16-1)

where n is the dimension of the space, u is a function of the position vector 
r = (x,..v2 ............ .v.) and A„ denotes the Laplacian operator

< v  ^  +
We begin with the problem already referred to in sec. l-3.

(a) Laplace's equation in a half-plane It will be recalled—see equa­
tions (l-3-l) through ( l-3-3)—that here we wish to determine a function
«(x,.y) satisfying Laplace’s equation

A2m(.v,v) = 0 (2-I6-2)

in the half-plane v ^  0 . the boundary condition

m(.v.O) = /(.v), — x  < x  < x  (2-16-3)

and the limiting condition

n(x,y) -» 0, p -* x  (2-16-4)

where p = (x2 +  y2)*.
If we introduce the Fourier transform

U(c,y) =  &[u(x,y):x  -* c] (2-16-5)

then it follows from equation (2-3-12) that Laplace's equation (2-16-2) is 
equivalent to the equation

( i p  -  c2)  L’(?,y) = 0. (2-16-6)

The boundary condition (2-16-3) is equivalent to the condition

l/(£.0 ) = F({)
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y

where F(c) — J^[f(a) ;c] and the limiting condition (2-16-4) implies the 
condition

U(i,y) — 0 , y  -* ■».

The condition u(x,y) -» 0 as |.t| -» x  follows from the Riemann-Lebesgue 
lemma. We therefore obtain the expression

U(S.y) = (2-16-7)

for the Fourier transform of the function m(jc,J’)- Using the convolution 
theorem we see that

u(x,y) =  (2*)-* f* ,f{t)g(x -  t )d t ,
J -  ao

where

g(x) = *3 =
2 \* v
n )  P T 7 ‘

Substituting this result into the last equation we obtain the expression

u(x,y) = f*  r  / ( ~ ' — j  (y  >  0 ), (2-16-8)
7t J . x (x -  i)2 + y 2

for the required function.

(b) Laplace’s equation in an in fin ite  strip Suppose now that we wish 
to derive the solution of (2-16-2) in the strip 0  <  y < a subject to the 
boundary conditions

u(.t,0) = f(x), u(x,a) = g(x) (2-16-9)

(cf. Fig. 2-10). This would give the steady-state distribution of temperature
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in a slab whose faces are maintained at prescribed temperatures. The trans­
form U(i.y) defined by equation (2-16-5) still satisfies the ordinary differen­
tial equation (2-16-6) but now, because of the relations (2-16-9) it satisfies 
the boundary conditions

l ’(Z.O) = F(<). U((,a) = G(i)

where F(i)  and <7(0 are the Fourier transforms of the prescribed functions 
/(.v) and g(.v) respectively. The solution of this two-point boundary value 
problem is easily shown to be

U(i,v) = F(')
sinhOt/ — 

sinh ca
y) + <7(0

sinh O' 
sinh 0  < v < a. (2-16-10)

Using the convolution theorem (2-9-6) we see that the required solution may 
be written in the form

u(x,y) /(/)A,(.v — i, a — y) dt

g(t)Ki(x -  t,y) dt, 0  < y  < a (2-16-11)

where the kernel Kx(x,y) is defined by the equation

A,(.v,i)
\ n )  Lsinh(c^)

x
}

Since sinh (£ v)/sinh (O ) is an even function of l  we see that this is equivalent 
to the relation

K^x.y) 2Y -a-T, ------; c -> x
nj  |j>inh(<;<2)

This particular transform can be evaluated by means of the calculus of 
residues (see Problem 2-21) to give

-------------------------- .

cosh(rr.v/a) + cos (ny/a)

Substituting this expression into equation (2-16-11) we obtain finally the 
solution

f 1  __ fU) dt______ _
a )  J _ x coshn(x — t) a — cosny/a

+ i sin(
Another problem of this type is illustrated graphically in Fig. 2-11.

w U *  ------- m i * -----------,M6-I2>
a J \  ~ i ' cosh 7r(.v — t )/a + cos ny/a

u(x.y) = — sin 
2a

in (
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f

a A2i/ = 0

Fig. 2-11
0

This corresponds to the physical problem of determining the steady-state 
distribution of temperature in a thick slab when the temperature of one face 
of the slab is prescribed and the other face is insulated against the flow of 
heat. The conditions (2-16-9) are then replaced by the pair

w(.v,0 ) = fix), urlx,a) = 0  

which in turn are transformed to

If we make use of the convolution theorem (2-9-6) we therefore find that

Ult,  0) =  Fit), UyU.  0) =  0.

The appropriate solution of (2-16-6) is now

( 0  < y  < a)

u(.v.j) =  p  j{t)Kj(x -  t,a -  y) dr, (2-16-13)

where the kernel K2(x,y) is defined by the equation

The Fourier cosine transform involved in this definition is evaluated in 
Problem 2-22; it turns out that
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from which we derive immediately the solution

n(x -  l)
/(/)cosh-

2a
dt

n{x -  i) ny
cosh------------- cos —a a

(2-16-14)

(c) Laplace's equation in a sem i-infin ite strip To illustrate the 
method of solution of boundary value problems for a semi-infinite strip we 
consider the two problems illustrated in Fig. 2-12. In case (i), the boundary 
conditions are

w(0,y) = 0. (0 < y ^  a); u(.v.O) =  f(x), (x ^  0): u(x,a) =  g(x), (x ^  0).

Physically, this corresponds to the situation in which the faces of the strip are 
maintained at prescribed temperatures—one face (x  = 0 ) being at a con­
stant temperature which is chosen as the reference temperature.

From equation (2-6-15) and the first of these conditions we see that in 
this case we should take a Fourier sine transform. We define

^.(C.y) = y j[M(x.y);x -* <]

so that from equation (2-16-15) we see that

-  i 2)  VM.y) = o

satisfying the conditions on y = 0  and y = a. we find that for 0  <  y < a.

t'.(£,v) = FM)
sinh c(a -  y) 

sinh c,a G, ,*v!inhJ 2 '
sinh ila

In terms of the function defined in (b) above, we can write this equation in 
the form
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= a 'W n ) i {Ft( i ) . fc[Kl(x.a -  v);.v -  sr]
+  G s ( c ) ^ [ A , (  y , v ) : V - »  £ ] ’ .

Then, using the convolution theorem (2-10-8) we see that the solution is 
given by the equation

u(x,y) = - -  I f(t){Kl(\t — ,v|,o -  v) -  A',(/ + x.a -  >>)} dt 
J o

+ — j -  ,v|.v) -  A,(/ + x,r)} dt.

Similarly in case (it), the boundary conditions are

m(x,0 ) = /(.v), (.v > 0 ): mx(0 .j ) =  0 , ( 0  $  y  < a); ut(.x.a) =  0 , (x >  0 ).

The physical problem to which this corresponds is the one in which one of 
the infinite faces of the strip is subjected to a prescribed temperature distri­
bution and the other two faces are insulated against the flow of heat.

An examination of equation (2-6-14) suggests that in this instance the 
appropriate transform to choose is the Fourier cosine transform

U{(4,y) = .Pt [u(x,y)\x -* c]

for the first of the above three boundary conditions then ensures that

< v s1 2  U M j ) -  0 .

The remaining conditions provide the initial conditions

«/,({.0) = Fc( ih  j-y u^ - a) = °-

The appropriate form for Uc(£.y) is therefore 

coshflu -  v)
Uc(S,y) = Fc({)

cosh ila

so that, in terms of the function A2(.v.>) defined above, we have the 
expression

Uc(i.y) = (2 rt)i/'c( i) .^ [A J(x,u -  y).x  -  £]

for the Fourier cosine transform (with respect to x) of the solution we are 
seeking. Making use of the convolution theorem (2-10-1) to invert this 
equation we see that the solution itself is given by the equation

u(x.v) = f  f(t){Ki(x + t.a -  y) + A2(|.v -  t\,a -  >•)/ dt 
Jo
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which may be rewritten in the form

An
cosh

n(x + /)

7t(.v + /) ny
cosh ------------cosa a

cosh
re(x -  /) 

2a....
, n(x — I) ny

cosh — ------cos -a a

\dt

(d) The two-dim ensional Laplace equation in orthogonal curvi­
linear coordinates The commonest use of Fourier transforms is in the 
discussion of boundary value problems relating to half-planes or to infinite 
or semi-infinite strips. They can. however, also be used in the study of 
boundary value problems in potential theory which are formulated in terms 
of orthogonal curvilinear coordinates (a./?) related to x  and v through the 
equation

a + ip = iv (v + h) (2-16-15)

where w is a holomorphic function of the complex variable x  + iy and the 
region under consideration is specified by either — x  < a < x  or by 
0 ^  a < x .  The Laplacian A2m then transforms to

so that Laplace's equation is equivalent to the equation

eh,
<v

= 0 . (2-16-16)

To make the situation quite definite we shall consider the case in which 
the boundaries of the region under consideration are given by a = + x ,  
P = p t' p = pl(< p i). We shall assume that w(a,/f) -» 0 as a -» ± x ,  and 
that

u(x.Pi) = /,(a), u(*.P2) = / 2(a) (2-16-17)

where the functions /,(a) and / 2(a) are prescribed for all real values of a. If 
we introduce the Fourier transform

U(t,P) = JF[M(a./J);a -  £] (2-16-18)

we see that it is determined by the solution of the two-point boundary value 
problem posed by the equations
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Ud.Pt)  = Ft( a  U(i,p2) = F2(i)  

where, in the usual notation. Fx and F2 denote the Fourier transforms of 
,/i and f 2.

This problem is easily seen to have the solution

V(i.P) =  F, ( 0
sinh £(P -  p2) 
sinh i(Pi -  p2)

. r f «> sinhW » ~
2 ? 'sinh £ ( / ? , - /J2)

If we write

Lsmh ;(Pt - Pi) J
we see. on making use of the convolution theorem, that we can write the 
required solution in the form

u(x.P) = j  f tU)K(i — t,p — P2)dt

+ J "  hU)K(x -  t,p, -  P)dt. (2-16-19)

In terms of the function Kx(x,y) introduced above,

K(%.P) = i(0 , -  p2y lKx(oL.p).

where, in the definition of Kx. a is taken to be p x -  P2. We therefore obtain 
the formula

np
sin

K(i,P) = Pi - P:
2(PX -  P2) , / ttacosh ( - ------— 1 + cos

P1 ~ P:
D O '
U  -  Pi)

(2-16-20)

In particular, in the symmetrical case in which p2 = — and/j(a) = j 2(a) 
= /(a), say. we find that

sin
K(*.P) =

np
-Pi1

4px ( ni
cosh( — ) + cos

( n p
\2Pi

and hence that the solution of the symmetrical problem is given by the 
formula

u(x.p) = —-co s--^  (" -  t.p,px)cit
*P 1 2 p i J _ x

( 2 - 16- 2 1 )
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>• v y

where the function M(a./?,/?,) is defined by the equation

COsh :nt
Wx

Sin-

Fig. 2-13

(2-16-22)

As an example of the use of this method we instance the solution of 
the Dirichlet problem for a two-dimensional region bounded by two cir­
cular arcs. If we introduce bipolar coordinates (a,/?) in the plane through the 
equations

asinha a sin ft
x  -------------------- , v = ------------—-----

cosh a + cos/? ' cosh a + cos/?

or by the single equation

x  +  />■ = atanh{^(a + //?)}

we find that /? = /?, is the circle with equation 

x 1 + (y + aco t / ? , ) 2 =  a 2 cosec2 /?,.

and that, as a -> + oo.(.r,y)-> (+  a,0 ) so that for 0  <  /?, < jji, — \n  < f}2 < 0  

we get the region shown in (i) of Fig. 2-13. The solution of the Dirichlet prob­
lem for such a plane region is given by equations (2-16-19) and (2-16-20). or. 
in the symmetrical case shown in (//) of Fig. 2-13 by equations (2-16-21) and 
(2-16-22). The solution for a crescent shaped domain of the type shown in 
Fig. 2-13 (Hi) is also given by equations (2-16-19) and (2-16-20), the only dif­
ference being that, in this instance, /?, and /? 2 are of the same sign; in the case 
shown we have taken — 27t < / ? 2 < / ? , < 0 .
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This method has been used extensively by Russian mathematicians in a 
wide variety of problems in elasticity: for an account of this work, the reader 
should consult secs. 7-22 of Uflyand (1963).

(e) The solution of A3u -  0 for the half-space z > 0 As an exam­
ple of the use of multiple Fourier transforms we consider the solution of the 
Dirichlet problem for a half-space. The problem is to determine a function 
u(x,y.z) satisfying Laplace’s equation

A3 u = 0 (2-16-23)

in the half-space z ^  0  and satisfying the boundary conditions

m(x,.f,0) = f(x,v) (2-16-24)
u(x,y,z) -» 0, as r -* oc, (z ^  0) (2-16-25)

where, as usual, r = (.v2 + y 2 + z2)*.
To determine u we introduce its two-dimensional Fourier transform

V(2) ( = ^ j)["(Jt,)’,:);Ji -* £.v — (2-16-26)
Using equation (2-13-1) we see that equation (2-16-23) is equivalent to the 
ordinary differential equation

d*Ua)
dz2

;.2£/U) = o

where/ 2 = £ 2 4- i/2, and that the boundary conditions are equivalent to the 
relations

U(2)(<f,t|,0) = F2(^.r\), U ^ , r \ , z )  - > 0 a s : - * x ,

where F2({,t]) is the double Fourier transform of the prescribed function 
f(x,y). This set of equations has the solution

tW «.* ,z) = F2tf ,n )e -[i':
so that the required solution is given by the convolution theorem for double 
Fourier transforms in the form

i;(x,y,z) =  ~  j* j" / (x '.y ’)g(x -  x \ y  -  v\z)dx 'dy\  (2-16-27)

in which the function g(x,y,z) is defined to be the inverse transform

g (x j\z ) =  -* X’1  -  y].

By differentiating both sides of equation (2-14-5) with respect to k , we see 
that

g(x,y\z) =  z(x2 + y 2 + z2)~i
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and hence that the required solution is 

«< . . _ - f '  f* ..... v'.> ') dx'dy'____
X'y"  2 n J -  x J -  * {(.v -  x ’)2 + (>• -  y')2 + : 2f r

2-16-2 SOLUTIONS OF THE DIFFUSION EQUATION
(a) The linear diffusion equation on a sem i-infin ite line As an ex­
ample of the use of the Fourier sine transform we consider the derivation of 
the solution of the linear diffusion equation

c2u _ I ?u
C .X 2  K  C l

(2-16-29)

in the semi-infinite line x  >  0 . satisfying the boundary conditions

„<().,) = / ( 0 ,  t > 0  (2-16-30)

u{x.t) -» 0 , as x -* x  (2-16-31)

and the initial condition

m(.v.O) = 0. (2-16-32)

If we introduce the Fourier sine transform

then, by equation (2-6-9). we see that

=  - Z 2L'AU) + a /n P Z M

so that the partial differential equation (2-16-29) for the function u(x.t) is 
equivalent to the ordinary differential equation

—  + k£2U, = (2 Jt)lK- /̂(f)

for its Fourier sine transform (/,(£,/). Further, the initial condition (2-16-32) 
is equivalent to the condition

l/.« .0 ) = 0 .

From these equations we deduce that

U.d.O = 0^* Ki | ' / ( T) e dr 

Applying the operator to both sides of this equation we find that



«<-*,»> = -  x] dr.

Now it is easily shown that

K [ ie ' mU~t,{1;c -» Jf] =  Y J 7) M ' -  T ) ! ' 1 exp! ~ * 2 4k(/ -  t)} 

so that the required solution can be written in the form

* < ' • ' ) -  ' 0 * * r * J V ) “ e [ “  l2' ' 6-33>

If, instead of the boundary conditions (2-16-30), we have the condition 

«x(0,t) = /( /) ,  (f$=0). (2-16-34)

we must use the Fourier cosine transform 

Uc(£,t) = .?c[u(x,i);x -» f ]

of the function u(x,t) instead of its Fourier sine transform.
From equation (2-6-9) we find that

W‘ \ j 7 i ;x  *] =  -  <2 /*)VT/)

so that we see that Uc(q j ) must be taken to be the solution of the initial value 
problem

~  + kq2Uc = -(2/7t)V('). £/.(€.0) = 0.
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It is readily shown that

f ( t ) e - « ' - ' X 2 d T .

Applying the operator :¥c to both sides of this equation we obtain the 
solution

u(x,t) = - ^ 0  k j* / ( x)&c[e~KU~x,tl;Z -»-x] dr.

Since it is easily shown that

j r -+x ] = [2k(i -  x) ) - i e ~ xll*KU-"  

the required solution may be written in the form

dx
yJU ~  T)‘« ( * , / ) (2-16-35)
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Another problem of the same kind is to determine the solution of the 
linear diffusion equation (2-I6-29) satisfying the boundary conditions

u(0.i) -  0. (2-I6-36)
w(.v,/) -* 0  as.v -► x ,  (2-16-37)

and the initial condition

u(.v.O) = f(x). (2-16-38)

Again we use the Fourier sine transform. Because of equation (2-16-36) 
we see that

& i,zu
a ?

;x -* t

and hence that equation (2-16-29) is equivalent to

« / .
et- + k? U ,  -  o.

Further, equation (2-16-38) is equivalent to the initial condition

t/.({.0 ) = f m ).
where F,(c) = ^ [ . / ( / ) :£] is the Fourier sine transform of the prescribed 
function. The solution of this initial value problem is

UM-D = F,(Z)G'(t,l)

where
Gr(i,t)  = e-**\

From equation (2-10-8) we therefore deduce that

u(x,l) = (211)’ * f*/(.v){g(|jc -  >|,/) -  g(x + >•,/)} dy 
J o

where
*(*,/) = <F'[G'(Z,t);i -  x] = (2 K t y * e - ^

In this way we obtain the solution

u(x,t) = (4wc0- * Jo* . / ( ^  dy (2-16-39)

(b) The two-dimensional diffusion equation As a further example of 
the use of double Fourier transforms we derive the solution u(x,y,l) of the 
diffusion equation

(i > 0 ), ( 2 - 16-40 )
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in the whole .ry-plane when the value of u is prescribed initially: 

u(.v,v,0 ) =  /(*.>).

We shall also assume that u and its partial derivatives with respect to x  and 
y tend to zero as (.v2 + y2)* -» x  .

W'e introduce the double transform

V id - t 'l )  =  &i2t[u(x.y,l);x -* — »/].

From equation (2-13-12) we deduce that the transform U2(£,t},t) satisfies 
the first order initial value problem

where /. = ( £ 2 + 172)* and F2(£,r]) is the double Fourier transform of the 
function J\x,y). From the solution

u(x,yj)  = — f (x \y ')g (x  -  x',y -  y',t) dx'dy' (2-16-41)
2n

Now, from equation (2-14-4) we know that

g(x,y,l) = P  ke-K,il]0(kr) dX 
Jo

where r = (jr2 + y 2)*. Replacing the Bessel function by its series expansion 
and integrating term by term we find that the integral on the right-hand side 
of this equation is equal to

U2({.v.O =  F2(i,n )e-KUi

we deduce that

where

g(x,y,t) =  -* x,n ->•]•

= ( 2  K t ) - ' e ' r,l*K'-

so that
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and hence that we obtain the solution in the form

« « p [ - "  , 2 -1 6 -4 2 ,

(c) The diffusion equation in an in fin ite  region The three-dimen­
sional problem of finding a function i/(r.t) satisfying

A3 >< = - - -  (2-16-43)
K" t /

throughout the whole nr-space. and the initial condition 

w(r.O) =  / ( r)

can be solved by considering the triple Fourier transform 

=  ^(3)[M(r./);r -  y

of the required function. From equation (2-12-12) we see that the initial 
value problem for u(r,r) is equivalent to the initial value problem

('Ll
~  +  k £ 2 U 3 =  0, U & . 0 )  =  F3( y

for its Fourier transform. In the latter equation F3(§) denotes the three- 
dimensional Fourier transform of / ( r). This initial value problem has 
solution

U3& t)  = F3W e-* * \  

so that

u(r,t) =  (27t)~ * £  /(y)g(r -  y. i )dy,  (2-16-44)

g(r,t) =  .?j3f ’0 ~ K'< , ; 5  -  r].

We could evaluate g(r,t) by the same method as we used in the last sub­
section. Alternatively we could evaluate it by noticing that

= .? [e -K«2;4 -* x \ ? [ e - K" 2.t) -  -  r],

and taking the value of each integral from equation (2-7-13) with a2 replaced 
by i»cf. Whichever method we use we find that

g( w.t) =  (2 (c /)1e -r24''
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so that we may write the solution (2-16-44) in the form

u(r.O  = (4Trie/)-1  f  / ( y) e x p ( - |r  -  y |2/4 s7 j tfy. Jr.} (2-16-45)

2-16-3 VIBRATION PROBLEMS
(a) Free transverse vibrations o f an in fin ite  beam We consider a 
beam of uniform cross-sectional area S  which, in its equilibrium position, 
lies along the .v-axis. If we measure the transverse deflection v(jt,/)—assumed 
to be small—of the beam at any point x. then it is readily shown1 that

c*y 1 c 2y  _  P (x j)  
fx*  + a2 cl2 El (2-16-46)

where E denotes the Young's modulus of the material forming the beam. / 
is the moment of inertia of the cross-section of the beam with respect to a 
line which is normal to both the .v-axis and the y-axis and which passes 
through the centre of mass of S. The w'ave velocity a is defined by the 
equation

where p is the mass of the beam per unit length and the function P(xy)  is 
the transverse load per unit length.

It may also be shown that the bending moment M(x.t)  at the point x  
is given by the equation

c 2y
Mix) = -  El  , ~

r

so that, if the end of the elastic beam is at the point x  =  0  and if that end is 
freely hinged, then

v
d2v
lx-2 0 , at x  =  0 (2-16-47)

are the required boundary conditions at x  = 0 .
We consider first the free vibrations of a beam of infinite length pro­

duced by distorting the beam and then giving each point of it a prescribed 
transverse velocity. In other words, we assume that P(x.i) = 0. and that, 
w hen t — 0 ,

y -  /(-v), ^ 7  =  ag"(x),cl
( 2 - 16-4 8 )

See. For example. P M Morse (I94X). p. 151.
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where the functions/(x) and g(x) are prescribed for all real values of x.
To solve equation (2-16-46) we introduce the Fourier transform

Y(Z,t) «  £]

so that, by equation (2-3-1 2)

and hence the equation of motion is equivalent to the ordinary differential 
equation

~  + a2Z*Y = 0 (2-16-49)

for the Fourier transform of the transverse displacement. Further, the 
initial conditions (2-16-48) are equivalent to the initial conditions

K(€,0) = F(£). y,({, 0) = (2-I6-50)

where F(£) and G(£) denote, respectively, the Fourier transforms of the 
functions /(x) and g(x). The initial value problem posed by equations 
(2-16-49) and (2-16-50) is easily shown to have the solution

Y({.0 = FU )cos( « ? 2 0  -  G (()sm (a i2t). (2-16-51)

Now, by equations (2-7-15) and (2-3-7) we see that

:¥~ '[cos(a£2t);l; x] = i(at) - t x * . xco s-— 4- sin —  4at 4at

so that, by the convolution theorem 

■■r~l[F(s)cos{aZ2t);c, -► x]

= (8  na/)- i X *
-  x

J  “2 ■u) cos -— + sin —  du \ 4ai 4at;

Changing the variable of integration from u to v, where r 2 = u2/(4ar), we 
obtain the equation

. r - '[F ( { )c o s ( f l/ {2) ;{  -* x]

= ( 2 n ) ~ *  f X x ~ 2vai ti )(cosv2 + s i n v 2 ) d v

Similarly, from equation (2-7-16), we deduce that 
. ^ - ‘[ C t O s i n ^ 2);? -  x]

= (27t)_* | g(x -  2 wi1 /*)(cosr2 -  sinv2)di\ J - ac
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so that from equation (2-16-51) we obtain the solution

c(.v.t) = (2 a ) - 4  [ '  f ix  — 2 t<j4/ 4)(cosv1 -(- sin i-2) dv

+ (2a) - 4  J"X g(.v -  2ra4/ 4)(cosr2 -  sini>2) dv, (2-16-52)

a result established i>y Boussinesq—seep. 282ofVol. II, Part II ofTodhunter 
and Pearson (1893).

In any given problem it may be simpler to use the solution in the form 
(2-16-51) instead of Boussinesq’s solution (2-16-52). For example, if

fix)  = ee~x,/4*\ g(x) = 0, (2-16-53)

we have

Fit)  = 2 W <V, G( 0  = 0

so that

Y{£,t) = 24£<re-<2"2 cos(a/c2) = 2- 4£o{exp(-)?<’- *) +  exp(-/(e*)} 

where we have written 

a2 + iat = Re*.

From equation (2-7-13) we deduce that

„ . (  x 2cos<(>\ / x 2 sin0  . \
y{x,t) = «7 / ? - 4  exp ^  J  cos^ - -  -  J .

Now by the definition of R and 0  it follows immediately that

Rcostfr = a 2. Rsin<l> = at, R2 = a* + a2t2, tj> = tan~liat/a2).

so that we may rewrite the solution in the form

>•(*,/) = (I + f lV o -4 )- * exp [ -  - aia/ + g4)]  =

[ atx~ . a l l
------ it -  I tan 1 - j  I.

4(a2/ 2 + a2) a2 J
This result, which is in agreement with that found by Morse, 1 may also be 
obtained by substituting from equation (2-16-53) into the general solution 
(2-16-52).

'See equation (14 9) on p. 155 of P. M. Morse (1948).
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(b ) M o tion  o f a sem i-in fin ite  beam w hen its end has a pre­
scribed m otion We shall now consider the motion of the semi-infinite 
elastic beam x  ^  0  when the end x  =  0  is given a prescribed displacement. 
If we suppose that the beam is freely hinged but that the hinge is in motion, 
we have the boundary conditions

and if we assume that the beam is originally at rest in its equilibrium position 
before the hinge is set in motion, we have the initial conditions

y(.v.O) =  y , (* .()) =  0 , (.v >  0).

If we take the Fourier sine transform of both sides of equation (2-16-46) 
with respect to x  and make use of equation (2-6-19) we find that the function

If we differentiate both sides of equation (2-7-16) with respect to i, we obtain 
the formula

v(O.r) =  /( / ) .  y« (0 ,/) =  0. ( /3 *  0) (2 -16-54)

y .d J )  = .^ [y (x ./);.v  -> c] 

satisfies the equation

and the initial conditions

The solution of this initial value problem is known to be1

.^ j[/sin(i / 2);£] = 2  *£[sin(|£2) + co s(i?2)] 

from which, by using (2-5-7). we deduce that

‘This can be shown by elementary methods such as "variation of parameters." but there is a 
very simple proof of it obtained by using elementary properties of the Laplace transform—see 
sec. 3-14 below.
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If we change the variable of integration from u to v where r2 = x 2/(2au), we 
obtain the solution

originally due to Boussinesq—see p. 280 of Vol II, Part II of Todhunter and 
Pearson (1893).

(c) Free vibrations of a very large membrane We shall now con­
sider some simple problems concerning the transverse vibrations of a mem­
brane of uniform surface density, whose mass per unit area is a, and which 
in the equilibrium position lies in the plane z = 0. We suppose that the 
membrane is stretched to a uniform tension T— in other words, that if a 
straight line of unit length is drawn in any direction on the surface of the 
membrane, the material on one side of the line exerts a force T on the 
material on the other side, the force acting in a direction perpendicular to the 
line itself.

If we denote the transverse displacement by z(x.y.i) and the external 
force per unit area by p(x.y,t)  we obtain the equation of motion

If the vibrations are free we take p = 0 so that the variation of z is governed 
by the wave equation

We shall consider the free vibrations of a membrane of infinite extent, 
when its displacement and velocity are described initially:

z(x,y, 0) =  f(x,y), c,(.v,y,0) = g(x,y),

where the functions f(x.y) and g(x,y) are prescribed for all real values of x 
andy. To solve the wave equation (2-16-57) we introduce the double Fourier 
transform

Z(S,n.O = Wl2)[:(x,yj):x -> i.v -* »/].
Making use of equation (2-13-14) we see that the wave equation (2-16-57) is 
equivalent to the ordinary differential equation

1 c 2z p(x,y,t)
(2-16-56)

(2-16-57)

+ P*2  ~  °* /t2 = r 2( £ 2 + i]2).ct

and the initial conditions on z to

Z<Z,rt,0) = F(tn ) .  Z,a.n,0)  =  G<$,»t)
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where F({.ij) and G (i.l)  are respectively the double transforms of the pre­
scribed functions f(x.y) and g(x,y).

The solution of this initial value problem is easily shown to be

= F(£.t/)cos<^) + / r 'G (£ . »/)sin(ju/). (2-16-58)

In any particular problem the transforms F({.f/) and G(£,»j) could be 
evaluated as a result of a double integration and the final form of z(x.y,t) 
obtained from equation (2-16-58) by the Fourier inversion theorem for 
double transforms.

We can, however, obtain the inverse form of equation (2-16-58) by first 
noticing that it can be rewritten in the form

We then use the relation (2-14-4) to obtain the relation

x.ti -  c~ ’j ToCf '  1 sin (cip);p -* r]

^  c~l(czt2 — r 2 )- *//(c/ -  r),

where it will be recalled r =  (x2 + y2)*. Making use of the convolution 
theorem for double Fourier transforms we see that the general solution may 
be written in the form

where R is defined by the equation

R1 = c1!1 — (x  — x ' ) 2 -  (y  -  > ')2.

and Q is the disk in the .v V-plane defined by R ^  0.
It will be observed that in all the cases we have considered in this section 

the problem of determining the solution of a boundary-value or initial- 
value problem for a partial differential equation has been reduced by means 
of a Fourier transform to the much simpler problem of deriving the solution 
of w'hat is virtually an ordinary differential equation with data prescribed at 
one or two points. Once the solution of this simple problem has been found, 
the Fourier inversion theorem is used to derive the solution of the original 
more difficult problem. The process is described diagrammatically in 
Fig. 2-14 which is due to Dr. Murray Klampkin and expresses in a simple and 
direct way the whole philosophy of the use of transform methods in the solu­
tion of problems in applied mathematics. We shall find that the same pro­
cedure is followed in the application of other transforms to the solution of 
problems in physics and engineering. (The "path” from the formulation to
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Fig. 2-14

the solution of a difficult problem is shown by a broken line because it can 
only seldom be realized—the usual path is along the full line!)

2-17 FOURIER TRANSFORMS IN STATISTICS

It should be noted that Fourier transforms arise in a natural way in statistics. 1

If A' is a random variable, then the distribution Junction F(x) is a func­
tion defined by the relation that, for every real number x, F(x) is the prob­
ability that X  <  x.

It is immediately obvious from this definition that the distribution 
function has the following properties:

(a) lim F(x) =  0,*-* - OP
(b) lim F(x) — 1,

x-* ♦ ac

(C) F(xt) «  F(x2) if * , x 2.
When x  is a continuous variable, it sometimes happens that there exists a 
function p(x) such that

F(x) = f '  p(u)du (2-17-1)
J - OC

for all real values of*. When this does occur we say that the random variable 
X has an absolutely continuous distribution. The function p(x) is then 
called the probability density or the frequency function of the distribution. 
When the random variable X  has an absolutely continuous distribution, the 
expectation of X  is given by the formula

EX =  J xp(x)dx  (2-17-2)

provided, of course, that this integral exists. In a similar way, the equations 

mM = f*  x kp(x)dx, p {k) = f*  \x fp (x )dx  (2-17-3)

See, for example. $12 of Loeve (I960).



114 THE USE OF INTEGRAL TRANSFORMS

define, respectively, the k-ih moment and the k-lh absolute moment (if they 
exist) of the distribution F(.r).

A function F(.v), defined on the whole real line, is said to be compressed 
of two distribution functions F,(.v) and F2(x) if it can be expressed in the form

F(x) =  F,(x -  y)F2{\)dv.  (2-17-4)

and we write

F(x) =  F,*F2. (2-17-5)

Comparing equations (2-17-4) and (2-9-I) we see that

F,*F, = (2«)*F-, F±. (2-17-6)

The characteristic function/ o f  a distribution function F is defined for 
an absolutely continuous distribution by the equation

j\t) = (" e"xp(x)dx, (2-17-7)
J  -  T>

where p(x) is related to F(.v) through the equation (2.17.1). We may rewrite 
equation (2-17-7) in the form

/(/> = (2 *)*.F[p(.v);/]. (2-17-8)

Writing equation (2-17-1) in the alternative form F'(.v) = p(.t) and using 
equation (2-3-11) we see that equation (2-17-7) is equivalent to the relation

F[F(x):t]  = 1(2 * ) -* r '/ ( / ) .  (2-17-9)

Applying the convolution theorem to equations (2-17-5) and (2-17-6) 
we see that, for the composed distribution defined by equation (2-17-4)

((2 * )-* /- '/(f) = (2 *)*.F[F,(.v);/]^? [ p 2(x).t]
= (p*>* • r(2 *) -* /- '/,( /)•  (2 *) - *y2(/>

where/ and /  are the characteristic functions of the two distributions. From 
this we see that equation (2-17-5) is equivalent to the simple relation

fi t)  = / , ( ') / ( / )  (2-17-10)

for the characteristic functions.
If the integral in the first of equations (2-17-3) exists then the A-th 

derivative of the characteristic function is given by

/*>(/) = /* f*  xkp(x)eix' dx 
J  -  cc

so that
mik> =  (_,)*/'*»(()) (2-7-11)
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or

= (-/)*(2n)*P“ ’(0) (2-7-12)

where /*(/■) = ^[p(.v);.v -» r] is the Fourier transform of the probability 
density.

Another way of putting these results is to say that m{t) is the coefficient 
of ( — itflk \  in the Maclaurin expansion of the characteristic function or 
(2k) 1 times the coefficient of the same power in the Maclaurin expansion of 
PUl

The variance of a distribution is defined by the equation

<J2 =/_* (x ~ mil))1p{x)dx. (2-17-13)
Expanding the square and using the definitions (2-17-3) we find that

a2 = ma > -  X " } 2. (2-17-14)

For example for the normal distribution

/><*) =  — tt— e - * - ”"12’1 (2-17-15)<xv'(2 rr)

we have the characteristic function

/(r) = ~m'2 2°2\t] = e,"a.?[e-*uI:ot] =
The A-th moment of the normal distribution is therefore the coefficient of 
Utfik \ in the expansion

Z Utmf y  {i<rt)u
ri~ L  Y s \

r = 0 » = 0

so that

m*'
mk~2ta u k\ 

2s.v7(A — 2 i)T

where AT =  |Ar if A is even and j(A- — 1) if k is odd. In this way we obtain the 
formulae

m0> = m, m<2> = m 2 + a2, m<3> = m{m2 + 3ffJ),
=  m* +  bm2a2 + 3<r4

and so on. It should be observed that 
ma> _  X " } 2 =  a i

so that the <r2 occurring in the probability density (2-17-14) of the normal 
distribution is, in fact, the variance.
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These ideas can be extended to the discussion of multivariate distribu­
tions by the use of multiple Fourier transforms. For a full account of the use 
of characteristic functions—and hence of Fourier transforms!—in statistics 
and probability theory the reader is referred to Wintner (1947) and Lukacs 
(I960).

2-18 FOURIER TRANSFORMS IN QUANTUM MECHANICS

For a system containing a single electron it is well known1 that the prob­
ability of finding the electron in a volume element of volume dx =  dxdydz 
centered at the point with position vector x =  (r.v.z) is |^ (x ) | 2 dx where 
ijt(x) is the relevant solution of the Schrodinger equation

AjiA + 2{W -  F)i/» =  0 . (2-18-1)

The function V{x) is the potential energy of the field in which the electron is 
moving. W is the total energy of the electron and we have used atomic units, 
i.e., we have taken the charge of the electron, the mass of the electron and2 

tf jm e 1 as the units of charge, mass, and length respectively.
In several situations—such as, for instance, determining the profile of 

the modified Compton line—it is desirable to know the momentum wave 
Junction y(p) which has the interpretation that |/(p ) | 2 dp is the probability 
that the momentum of the electron lies in the range between p and p + dp.

The importance of Fourier transforms in quantum theory arises from 
the circumstance that, on the basis of the Dirac transformation theory, /ip) 
is the three-dimensional Fourier transform of ^ (x )—provided of course 
that we are working in atomic units. We therefore have the relation

Z(P) =  -  -p ] -  (2-18-2)

in atomic units, which is easily seen to be equivalent to the relation

X(p) = J r - . ^ 3)[> (x);x  -► — p/ft]. (2-18-3)

It follows immediately from the Parseval relation (2-9-9) that if the spatial 
wave function t/r(x) is normalized to unity, i.e., if

f  |t^(x) | 2 dx =  1
JEj

then so is the momentum wave function, i.e.,

f  lx(P)|2 dfi = 1JPj
where P3 denotes the entire P1P2 P3-space.

‘See, for instance. Chapter I of Mott and Sneddon (1948).
2As usual we denote by h the ratio A/(2ir), where h is Planck's constant.
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It turns out that the quantity which enters into the calculation of the 
profile of the modified Compton line is the momentum density function I(p) 
which is defined by the equation

Up) = J |*<P)|V dto, (2-18-4)

where dm is the element of solid angle for p. Physically this obviously means 
that Up) dp is the probability that the magnitude of the momentum of the 
electron lies between p and p + dp. The Parseval relation therefore leads to 
the equation

f * I ( p ) d p = l  (2-18-5)

which is just what we would expect from the probabilistic interpretation of
Up)-

In the Schrodinger interpretation, the momentum p is represented by 
the differential operator — i -grad in the sense that the mean value of the 
jr-component of p is given by the equation

Pm = - /  j* ^*(x) ^  iMx) dx.

Now if *(p) is related to t/r(x) by the equation (2-18-2) it follows from 
equation (2-3-11) that

*<j» -  -P  = Pm/Ap)-

and hence from equation (2-9-8) that 

Pm = f  PxU(P)|2 4»

again in conformity with the probabilistic interpretation of the momentum 
wave function. It can similarly be shown that the mean momentum of the 
electron can be calculated from the formula

P -  r  pl(p) dp.JO

An especially simple situation arises if the wave function i/i is a function 
of r *  |x| alone. From equation (2-14-16) we may then deduce that

Z(p) = p~'X(p) 

where

X(p) = -*/>].
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Hence

l(p) =  4n|Jf(/>)|2.

In atomic units the ground state of the hydrogen atom may be described 
by the spatial wave function

^(x) = n~*e~r,

so that from equation (2-14-8) we deduce that

X(p) =
2 ^ ( 2  )p

k(I +  P1)2

giving

2J2
M  -  J iT T 7 ¥

and

The mean momentum corresponding to this momentum density func­
tion is given by the formula

- _  32 f  « p 1 dp 
^  ~  n Jo ( 1  +  p 2)2'

The integration is elementary and we find that (in atomic units)

It will be recalled that—in conventional units—the unit of momentum is 
me/137. where m is the mass of the electron and c is the velocity of light; the 
mean momentum therefore has the value

8  me
41 In

In the nomenclature of spectroscopy the function n _*e~r is the Is wave 
function of a hydrogen atom; we have therefore shown that in a Is orbit the 
mean momentum of the electron is 8mc/41 In or 16me2/(3A)—since the fine- 
structure constant 137 is equal to hc/(2ne2).

The evaluation of the momentum wave function in the general case has 
been carried out by Podolsky and Pauling (1929). The calculation is cumber­
some and will not be repeated here; the interested reader should consult the 
original paper or pp. 366-368 of Sneddon (1951).
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In the more complicated case of an atomic or molecular system with n
electrons we number the electrons 1 , 2 , ,n and use x,. x2 ............x„
for their spatial coordinates and p,, p2, . . . , p„ for their momentum vec­
tors. The momentum wave function /(p |.p 2 ............ p„) is obtained from the
spatial wave function ............ x„) by means of the 3n-dimensional
Fourier transform

X<Pi Pj ............ P J =  (27t)-3"'2 • • • J * ^ ( x , , x 2, . . . ,x„)

exp{/(x, p,) + • • • + / ( x . 'p J jA iA ,  . . . dx„

Calculations of the distribution of momenta in atoms based on this formula 
have been carried out by Coulson and Duncanson (1945,1948)—or see 
pp. 368-376 of Sneddon (1951). The determination of the distribution of 
momentum in more complex molecules has been considered by Coulson 
and Duncanson in a series of papers1 to which the reader is referred for 
details.

PROBLEMS
2-1 Iff(t) is continuously differentiable in (0, oe) and the integral fS f(t) dt 
and the series £ f_0 / ( r 7t) are both absolutely convergent, prove that as 
n x ,

Jo sin/ Lf

fOi —i *? t  .!i f cos / d, _> £*/(()) + 7t V  ( -  I yj\rn).
Jo sin /

2-2 Prove that if a. >  0,
f -  _,_,sin(2 « + 1 )/ . .I e 2” ---- ----------- dt -* \n  coth (tta)
Jo sm l
f*  - i n  sin(2 « + 1 )/ , - , , , .e ---------------- cos t dt -> w  tanh (not)
Jo sm /

asn x .

2-3 If/(/) is continuously differentiable in (0,a), a >  0. and if 0 < s < 1. 
prove that as n -» x ,

«’ f “ /* - V(r) sin (nt) dt -* AO) f  * x* 1 sin v dx 
Jo Jo

n' [“ t ’~ 7 ( 0  cos («/) dt -  / ( 0 ) f°° x * '1 cos x  dx.
Jo Jo

'Coulson (1941); Coulson and Duncanson (1941.1942); Duncanson (1941).



120 THE USE OF INTEGRAL TRANSFORMS

2-4 If X is the characteristic function of a finite interval on the real line, 
i.e.. if

f l, -V 6  («,/>), — x  < a < b <  x
*lv) -  jo . ,  < «. .v >  *.

calculate its Fourier transform X  and show that

ill'll = Hx«-
2-5 If Xi and y2 are the characteristic functions of two finite non- 
overlapping intervals, L, and L2, show that

= 0. (Xt .X 2) =  0

where

(/•?) = J 1 /(-T)g(jr) dx.

2-6 If y is the characteristic function of a finite interval, and X  is its Fourier 
transform, prove that

1

v/(2 *r).
-«XX(Q) di x(x)

as N x .

2-7 If .s(x) is a step function
n

J(.V) =  X CrXr(x)
r = 1

where xr(x) is the characteristic function of the interval L, =  \x:a, < x  
< ar+,} and the intervals Lr are disjoint and their union is bounded, prove 
that

m  =  h ,
where S  is the Fourier transform of r.

Show also that /"({) -► 0 as |<j;| -» x .

2 - 8  If r(x) is a step-function and if K(x) satisfies the conditions:

(a) K(x) is integrable and bounded in the interval (0 , x ) ,

(b) ( T K(x) dx = o(T),
Jo

prove that

lim f s(x)K(l;x) dx = 0 .{-at. Jo
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Using the fact that the set of all step functions is everywhere dense1 in 
the space of functions of class L, prove that if /(.v) e L(0. x ) ,

lim f  * f(x)K{£,x) dx = 0.
Jo

2-9 Putting/ ( at) =  at- * in the sine and cosine forms of Fourier’s integral 
theorem show that

rw : COS AT 
y J X

dx =

and deduce that

=  ^«[/-* :« ] =  r * .

2-10 Prove that if a >  0, n > 0,

f t \e~axx H~l ‘,£] = 2/jt) r(n)r "" cos (r?0)
JF(e- “ ;r"- , ;£] = V(2/n)r(/»)r-"sin(nd) 

where r = (a2 + c 2)*.0 =  tan - l  (£/«). and deduce that, if n > 1 and at >  0,
r*« nr
r

cos (nO) cos" *2 0 cos (vtan 0) dO =

sin («0) cos" - 2 0 sin (.xtan 0) r/0 =

2 I »

2 r  (B)
e  at

Multiplying both sides of these last two equations bye- **"’-1 and integrating 
with respect to x  from 0 to x  and adding, show that

f ' cos (m — n)0 cosm + n — 20 dO

n T(w + n — 1) 
= 2-nT^-i r(w )r(n) ’

Deduce that, if 0 < z < 1,

Hz) H I -  z) =  7tcosec(7tz).

(m > 0, n > 0)

2-11 Find the Fourier cosine transform of e~‘“cos (at) and e- "'sin (at) 
and deduce the Fourier cosine transforms of (/4 + k*)~x an d t2(t4 + A:4)-1, 
(k > 0).

“This means that given a function f{x) c f.(O.x), there exists a step-function with the 
property that

Jo “ *«W|dx < E
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2-12 From the Fourier sine transform of e '^ s in fa t)  and e "c o s (a /)  
deduce the Fourier sine transforms of the functions:
(a) /(/* + k*)~', (/>) t{t* + k*)~2, (c) t 3(t* + (d) t3V* + k*)~2,
where k is a positive constant.

2-13 Show that if a > 0, b > 0.
JT[(1 _  + ,)»->#( 1 -  | , |) ;C']

= 2a*h- i C i B{a,b)lFl(b;a +

wherelFi(p:tj;.x) denotes the confluent hypergeometric function defined 
by the equation

,Fy(p,q;x)  =  1 + - x  + ~  +  • •q q{q +  1) 2!

2-14 If P„(t) is the Legendre polynomial defined by Rodrigues' formula

and H  denotes the Heaviside unit function, prove that 

n W H O  -  |/ |) ;c ] =  i 'C 'J .+ i t t )  

and deduce that

2-15 If the function f(x)  is continuous and possesses a Fourier cosine 
transform Fc(£), show that1

y/i K (0 ) + t  *><«{)] = >/*

1 
1

O + i  /(«t)J

- Zx = 2n. Z > 0.
Deduce that

(a )
rt>

* +  XH = 1

(*> v/(K)J^i + X cos ( |n Jc 2) + £  sin

* , _ sf x  T i + £  cos (in V
(c ) i  -t- £  e " * cosh (2nn;p) L »-i

+ £  e~nl* cos (2mr/p)J, p > 0.

This is known as P o isso n 's  fo r m u la .
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2-16 If v > £ > 0, £.v = 2n, show that

<fc>
*— Its I —1

r( i)
r(v + i)

(I -  n2x 2y *]
where p = [.r~'] , the integral part of .v *. 

Deduce that if m is a positive integer.

\ma + £  n~'J,(2/wm) = 1 + 2 ]T (I -  n2/m2)*. 
’ ~ * »=1

2-17 Use the method of sec. 2-8 to evaluate .^[(1 + r4) 1 ;c] and
^[(1 +

2-18 Show that if b and £ are real,

jF» [ , ( V + = nA2* ) ^ -1* 1 -  i}sgn(0-

2-19 C is the closed contour formed by the segment of the imaginary axis 
between the points + i and that half of the unit circle lying to the right of the 
imaginary axis, indented as necessary. By considering

j  (z + r - « ) * - V 1 dz.

where a is real and 1 < a < 2, and then inverting the Fourier transform so 
obtained, prove that

9  [r(ia -  io rda + lo :*] = r(i)r<« -  o H(*n ~ l̂ |)'
2-20 By integrating the function e‘u  cosech z round the rectangle formed 
by the lines y  = 0, y  = 2n, x  = ± R  indented at the points z = 0, 2ni and 
letting R -* oc prove that

^.[cosech *;£] = ^ ( ^ t a n h ^ ) -
Deduce that

■7c[x cosech x;£] = v/(2rt3)t'*<(e*< + l) -2.

2-21 By integrating the functions

sinh(fcz) ^  cosh (kz) (<f 
sinhz ’ sinhz e ' (0 < * < 1)
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round the rectangle formed by the lines x = ±  R, y  = 0. y  =  2n, suitably 
indented, find

rsinh(*jr) I  rcosh(Ar.v) 1

and deduce that if 0 < a <  p .

sin (nx/P)
cosh(jr<J/0) +  cos (noi/P)' 

sinh (n£/P)
cosh (jtf//?) + cos (7iv.jp)

2-22 Using a method similar to that of the previous problem, show that

rcosh (xv) 1  _  , , cos( n a / i p )cosh ( n £ / 2 P )

e j^cosh (/tor) ’ J  ^  cos ( n a i P )  + cosh ( n £ / P )

[~ sinh (ax) 1 _  . , sin ( m x /2 P )  sinh ( i tQ /p )

s [cosh(/tov)'CJ  m cos (noL/p) + cosh (*£//?)'

2-23 Show that if £ > 0,

2
7t 0  X

-  £)•

2-24 If/(t) = (1 -  |/|)//(1 -  |f|), find F(Z) and deduce that

<* jr (")*-*■

2-25 Show that the Fourier transform of the function 

~ ( a 2 -  t 2)H(\ -  \t\/a), a > 0, 

is (27t)~*</>(£a), where
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2-26 If a > 0. b >  0, show that

(tf) = (2/«)*tan"1 (£/«),

(A) = ( 2 s ) - * l o g (a > b)

(c) =  (2/w)* tan *1 (« > />).

2-27 If /"(£) = .^ [ e - *'*;£], show that

dF
~  = fxo) = i
“C

and Acnee deduce that F(s) =

2-28 Show that

^ r[cos(i/2);^] = -7— |  co s(^2 -  £,)</, 

and deduce that

.fc[cos(^/*);£] = acos($c2) + b sin ( |£ 2) 

where a and b are constants. Show also that 

,Fc[sin(i/2);i*] = A cos ( I f 2) -  a s in ( |f 2). 

Deduce that

.£rt [cos(if2);<f] =  -J2  tcos( ic 2) +  s in ( |f2)] ; 

jFf[s in (|/2);{] = [c o s ( |f2) -  s in ( |f2)].

2-29 Show that the function cos ( |r 2 
Fourier cosine transform. Jtr) is self-reciprocal under the

2-30 Show that if a > 0,

■F[(a2 -  t2)~*H(a -  |/|);< ] =  N/<in)J0(£l̂ ) 

and deduce that if 0 < a < b.

r J0(</.t)J0(/uc) dx -  “  K(afb)

where K(k) denotes the complete elliptic integral

P " ( l  — k 2sin20)~i dO.
Jo
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2-31 Using Parseval's theorem, show that if a and b are positive constants

f® d.x
sin (ax) sin (b.x) —j- = min (a. b).

Jo -T
2-32 Making use of the Fourier cosine transform (2-7-21) and the 
Parseval relation (2-10-2), prove that

f .v*"* d.x
■*■— ^  = ^ tsec^ a j) , 0 < s < I.

2-33 Using the Parseval relation (2-10-2). show that 

I a , v n  -  W n)' 0 < a < { ,
1 ° \ v/(2/^)sin_ 1 0 < <* < a.

2-34 Using the Parseval relation (2-10-1), show that if a and k are positive

i 'cosh (ku)duy c\(,k2 + t 1) j"

and deduce that
(a2 u2)*

.rc[(k2 + / 2r ' J 0(aO:{] = (s' > a)

where I0 denotes the modified Bessel function of zero order.
By a similar method show that

J (k2 + / 2)~ ‘J0(aO:^] = (l > a).
2-35 Making use of the Fourier cosine transform (2-7-19) and the Parseval 
relation (2-10-2) deduce that if 0 < a < b.

«2'7>2,- T ( | )
f , ( i  -  + 1 ;a2/b2).2" + T (v  + i)T(/i + l ) 2 

In particular, deduce the result of Problem 2-30 and the result

f  x~ 1J0(a.v)J,(/).r) d.x = (2b/n)E(a;b), (0 < a < b)
Jo

where E(k) denotes the complete elliptic integral 

E(k) = JJ" (1 -  k 2 sin2 (?)* dO, (|*| < 1).

Show also that if n + v > 0,

2— r(i)r(/z  + »•)
x 'M" vJJx )Jv(.v) J.v =

r ( n  +  i ) T ( v  +  i ) f ( / i  +  v  +  ^ ) '



FOURIER TRANSFORMS 127

2-36 Making use of the result proved in Problem 2-14, prove that if m and 
n are positive integers,

f  ^ T_1JM+1(jr)J„+J(x)dx = (n + Mm fI 
where Smm denotes the Kronecker delta.

2-37 The Bessel function of the second kind Tv(.r) is defined by the 
equation

Y,(x) -  cosec (vrt)[cos(v7t)Jv(.v) -  J 

Prove that
(a) *[YJx);s] = + iv)T(^ -  iv)cos(±s -  £v)7t

(b) „*[XiYv(x);s] = -  i«t + iwt).

2-38 Struve’s function of order v is defined by the equation

« w .  f (v > - n
A L  T(r + §)f(r + V +  !)’

Prove that

(1 _  1 -  0

and deduce that
2s " 1 tan ( |jk + 1

(a) *[H.Cx);s] = ----- f(7 v ~ - l^  »
2'-* tan (in + j ^ i 7[v)̂ .t 3±L+ t )

(b) JT[x*H,(x);s] - ------------ fiiy -  h  + i)
2-39 Prove that if x = (Xj2 + *22)*' £ 31 ^  ^

<•> >;,.[*,/(«);*, -  -  «,] -  

w

W A « t* - » ,»-*■:*. -  -  { i]„  _  *,*• +

2-40 Show that if jr = (x .2 + Xj2)1.

-» W  -  e
where = ({,* + £22)*.
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2-41 If

/(x„.vj) = -  jc„ { 2 - x2],

and £ =  ($,2 + {22)1, show that

^ u ,“ [ r  -  x ,.« 2 -  x 2]
___1_ f*  f*  _______ / ( m„ m2) dUjdUj_______
~  2tt J . *  J .,,, [(x , -  u,)2 + (x2 -  u2)2 + A2]*

2-42 Show that the integral equation

f  * dt =  g(x)
J - *

in which a and b are positive constants and the function g(x) possesses 
derivatives of all orders, has the solution

/(x) = g(x) + bg’(x) + I  t„g«"»(x)

in which the coefficients c„ are given by the equation 

b" b " '2
Cn~ ^ . ~  a~2u T ^  i v :  {n *  2y

2-43 A function y(x,/) satisfies the diffusion equation

<?2>’ _ ty
K dx2 dt

on the half-line x > 0 for / > 0, the initial condition 

yfx.O) = cxe~ix2lal

c and a being constants, and the boundary conditions >’(0,/) =  0 and 
>(x,/) -* 0 as x -* oo. Prove that

.v(x.t) = cx(l + « / a 2)-*exp [ -  4̂ — J

2-44 The function u(x,y,z) is harmonic in the half-space z >  0 and tends 
to zero as r -» x .  If, also.

= -A x ,y )

show that

n(x,y, z) = j" J  R " ‘/( j , t) dsdt,

where R2 = (x — s)2 + {y — t)2 + z 2.
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2-45 The function u(x,y) is harmonic in the positive quadrant and satisfies 
the boundary conditions u„(Q,y) = Jly), y > 0; u(x,0) = 0. a ^  0.

Show that

Find uy(x,0) if/( i) = qH(b -  y) where q and b are positive constants. 

2-46 A function 0(x,t) satisfies the diffusion equation

w  _ ee
cx2 f t

for x  ^  0, / ^  0. the initial condition 

0(x,0) = J{x),
in which the function / i s  prescribed, and the boundary condition

~  -  hB = 0, x  = 0. 
dx
Show that 
0(x,r)

= (2n)- * f* w(u,t) /( |x  -  u|) + f (x  + u) + h f \du

w(x,t) = (h r 'e -* 21*’ -  (%h)*heix* Erfcf̂x/“* + hr*).

2-47 The axisymmetric function Q(p,z) satisfies Laplace’s equation in the 
semi-infinite cylinder 0 $  p < a, z > 0, and the boundary conditions

0(p,O) = 1, (0 ^  p < o); 0(a,z) = 0, (z 2  0).
Show that

2-48 The axisymmetric function 0(p,z) satisfies Laplace’s equation in the 
semi-infinite cylinder 0 < p <  a, z > 0, and the boundary conditions

I ?  -  ho] = 0 . o < p «£ a;
Lcz J, - 0

0(a,z) = f(z), z Js ().
Show that

l*-«l
where

8(P,z) = ^ . [ r '{• “  lo«P)/l0«a)};<[ -  4

0(p.z) -  -* 2 ]

where

h i )  -
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2-49 In the two-dimensional irrotational flow of a perfect fluid the com­
ponents of the velocity {«(x,y), v(x,y)}, in the x- and y-directions 
respectively, satisfy the first-order equations

du dv dv
dy dx dx + dy

If the fluid is introduced to the half-plane y  > 0 through the slit |x| < a in 
the rigid plane y — 0 in such a way that

v(x,0) = f(x)H(a -  |.v|).

and if u and v both tend to zero as (x2 + y 2)1 -* oo, show that

, , * f “ 1w(*,y) = -  —
(x -  t\f(t)

t)2 + y
2 dl, v(x,y) = y f"

K J-«
f(Qdt

(x -  t)2 + y2'

Calculate u and v in the special cases:

(a) f(x) — V0, constant;
(b) f{x) — c(a2 — x 2)'* , where c is a constant. 

Verify that in case (b), «(x,0) = 0, |x| < a.

2-50 If, in the last problem, it happens that there exists a velocity 
potential <f>(x,y) such that

8<j> d<p
dx ’ dx

show that

0(x.y) = ^ - ' [ | { | -» x]

where F(£) = &[/(x)H(a -  |x|);{].
Show also that if a stream function >p(x,y) exists with the property

dip dip
u = v = d 7 ’

then

ip(x,y) = -  x].

2-51 The diffusion of heat in a solid medium which is generating heat is 
governed by the differential equation
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aad the initial condition 
«(x,0) = g(x)

in which the functions / and g are prescribed.
Prove that

u(xj) = (4a*:/)- 4 f  g(y)exp(-|x -  y|2/4»a) </y
J E y

+ (4wc)- i  f  (/ -  r)"4 dx f  /fv.T)exp{-|x -  y|J/4tc(/ -  t)) dy. Jo Je3

2-52 If the scalar d>(x) and the vector u(x) both belong to <6 l(E3), show 
that

^ 3,[grad^(x);x -  £] =
J^3,[divu(x);x -  £] = -ifc-UfS),

^ 3,[curln(x);x -» £] = - i t ,  x U(§), 

where 0 (£) = ^ 3 ,[0 (x);x — $]. U(§) = ^ [ u t x j j x  -* §].

2-53 In the three-dimensional irrotational flow of a perfect fluid the 
velocity vector u(x) satisfies the equations

divo = 0, curlu = 0.
If the fluid is introduced to the half-space z > 0 through the aperture 

{(*,_>•) :(x, v.0) e ft) in the rigid boundary :  = 0 in such a way that 
u3(x,y,0) = f{x,y), (x.y) e Q, and if |u| -» 0 as r = |x| -► oc. show that

u(x) = (2tt)_ 1 (x -  x',y -  / , z)f{x \y') dx'dy' 
\(x -  jO* + y -  y')2 + r 2] 1

2-54 The components of stress in an infinite two-dimensional
elastic medium satisfy the equations of equilibrium

cx ry + of(x.y) = 0 , teyj
cy + ag(x,y) = 0

where Jlx,y) and g(x,y) are the prescribed components of the body force 
per unit mass and a is the density. They also satisfy the compatibility 
condition

dV n c 2o„ = d2axt 
dy2 dx2 ~ dxdy

Slow that if/  and g possess two-dimensional Fourier transforms, then
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• «  -  - *  r ,  r ,  a <* -  >"-y  -

-  (y -  y')y(V,y')! dx'dy'

where (he kernel .4(.v,y) is defined by the equation 

3* 2 +  v2
«*■?) -  j p - i ? ? '

Determine the corresponding expressions for axy and ayy.

2-55 The function w(.r„Jt2, . . . ,x„) satisfies A„u = 0 in the region 
x„ ^  0 and tends to zero as (.v,2 + .v22 + • • - +  x„2)* -» x .  H also,

U(.X,..Vj...........-xB_,,0) = / ( x ..........

show that

u(x............ jc.)

_  2 " T f  / ( r „  . . . , t , - , ) d t t ■ ■ <//.-,
J * . - ,  C(̂|2 -  >l2) +  • • • +  (T,-,2 -  t „ - , 2) +  * .* ]*■

2-56 The function u(x,y,z) satisfies the biharmonic equation A3A3u = 0 
in the half-space z > 0 and tends to zero as (x2 + y 2 + z2)} -» x .  On the 
surface z =  0 the function u satisfies the conditions u = f(x,y), cujUz = hu. 
Prove that

u(x,y,z) =  ^  j* j* f(s,t)K(x  -  s,y — f,z) dsdi 

where

K(x,y,z) =  z 2\h{x2 + y 2 + z2) + 3z](.v2 +  y 2 + z2) 1.

2-57 Find the characteristic function of the rectangular distribution whose 
probability density is

t \  \x  ~ m \ <  aP(x) = <L , , '(0, |jc — m\ > a

and deduce lhat the moments are given by the formula
* -  lr

m«« = V ------------------------,
L , (2r + l)!(Ar -  2r)!’
r »  0

where K is \k  if k is even and (̂A: — 1) if k is odd.
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2-58 Find the characteristic function of the Cauchy distribution whose 
probability density isp{x) = 6[n202 + (x -  m)2] -1.

2-59 Show that the Laplace distribution defined by the probability density

where n > 0 and H(x) is the Heaviside unit function.
Find the characteristic function of the distribution.

2-61 Show that the probability density corresponding to the one- 
dimensional spatial wave function

*) = n~ia - i e - ixllal

is a normal distribution with mean zero and variance ox = a /J 2. Find the 
mean and variance op of the probability density corresponding to the 
momentum wave function of the particle and show that1

= i

2-62 Show that Schrodinger's equation (2-18-1) is equivalent to the 
integral equation

(£p2 -  HOx(p) + f* f *  P  v(P -  p )x(pV p' = 0J -  00 J~® J - QO
for the momentum wave function y(p), where r(p) = ^ r3,[F(r);r -  p]. 
Assuming that W is negative show that this can be reduced to the form2

has characteristic function

J\t) = (I + f f V r V ” ' 

and find the fc-th moment of the distribution.

2-60 The probability density of the gamma distribution is

Show that in the one-dimensional case in which

V{x) = V0e~aM, (a > 0),
‘This tea form of Heisenberg's uncertainty relation—See de Bruyn (1968). 
lCf Svartbolm (1945.1947)
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the corresponding integral equation for the momentum wave function 
7.(P) is , , , „  . ,

( ,■ +  * ■ > * « - i  f
+ (p -  P )

wherep02 =  —21V, A = —2V0/a2.

Verify that this equation has a solution of the form

1 ?
CmP

J ^ P 1 + (aw + Po)1 

provided that the coefficients cm satisfy the equation 

am(am +Z r .  am(am + 2p0) 1 2 V

PCm L P2 +  («'" + /’o)2]  "  X \  ^ "  P2 +p* +  {am

and hence the relations

(am + p0y

m c jm  + 2p0) + ?Mcm. x = 0 ,  £  cm =  0.
m— 0

Deduce that the possible values of W  are given by the relation

e-"ai‘]2po:J 2 ^ )  = 0.



3
The Laplace T ra n sfo rm

3-1 THE LAPLACE TRANSFORM

We saw in the proof of Fourier’s inversion theorem that, if the integral

f* \AO\di (3-1-1)
J  -  ®

is not convergent, then the Fourier transform F({) of the function /(/) need 
not exist for real values of This situation does in fact arise in many cases 
of interest. For instance a function which arises frequently in mathematical 
physics is /( /)  =  sin (tot), with ai real, and this function is such that the 
integral (3-1-1) diverges. In many physical problems, especially those in 
which transient effects are of interest, we have a function /(/)  of this type 
but which, in addition, may be assumed to be identically equal to zero when 
t < 0. Since/( /)  does not make the integral (3-1-1) convergent, we consider 
instead the function

/,(/> *  e '^ (O H U )  (3-1-2)
135

/
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where y is a positive constant of such a nature that the integral 

£ °  e -» f(0  dt

does converge. Since /,(/) now satisfies the conditions of Fourier’s theorem 
and is identically zero if t < 0, it follows that

f i i t )  = ~  |  e - *  di du.

Substituting from equation (3-1-2) into this equation, we obtain the result
e 1t  F m  f x .

f i t )  =  — I e~Kl di  I f(u)e~iy~iiw du.

If we now write/? = y -  /£ and define Tip) by the equation

Tip) = ^  f i t  )e-p'd t  (3-1-3)

we see that we can rewrite this last equation in the form 

f i t )  = I I Jip)epl dp.
2 n l  J y - i x .

(3-1-4)

As we observed in Chapter I, the function/(/?) defined by equation (3-1-3) 
is called the Laplace transform of the function fit). We use the notation

Tip) = ^ I f i n . p ]  (3-1-5)
for functions of a single variable t. In a similar manner we shall write the 
relation between the functions f i t )  and /(/?) in the inverse form

f i t )  = ¥ ~ l [Jip)-,t~\.

In the case of functions of several variables . . .. f„ we use the 
notation

/( /„  /„) = Se\J\tx.......... I, .............tnYdr^P]

to denote the integral

r  .fiti, ■ ■ ■, t............ tn)e~IMr dtr.Jo

We shall also use the inverse notation

/ ( ;„  . . ., tr, . . .. t,) = SP-'lTill.......... P............ t.):p -  tr\
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The above heuristic argument suggests that the inversion theorem for the 
Laplace transform is of the form (3-1-4). We shall return to this topic a little 
later—in sec. 3-I0 below. For the moment we shall consider some of the 
more elementary properties of the Laplace transform.

An integral of the form (3-1-3) in which the function/(/)  is integrable 
over the integral (O.a) for any positive a, is called a Laplace integral. The 
integral does not exist for every function /!/). For instance, if /(/) = e'1, 
then the integral is divergent for all values of p. For some functions/(/), the 
integral exists for some values of p but not for others. For example if 
fit) = e'. the integral exists if Rep > 1. but not if Rep <  1. We therefore 
begin by considering sufficient conditions for the Laplace integral of a 
function//) to exist.

Lemma 1 I f
(a) fi t)  is integrable over any finite interval [a.h], 0 < a < b,
(b) there exists a real number c such that for any arbitrary b > 0.

JVrt/(/)<*
tends to a finite limit as /. -* x ,
(c) for arbitrary a > 0.

j ‘ \A')\dt

tends to a finite limit as c -» 0 + ,
then y [ / ( / ) ;p ]  exists for Rep ^  c.

The proof is based on elementary properties of integrals. If a and e 
are arbitrary (c < a) and c > 0,

e-^fU) dt\ < f ‘ e~a\f(t)\ dt < j ‘ |/(/) | dt

while for c < 0

|£ V < 7 (/) /* | < jV“|/(/)|<* < *~n [\f(t)\dt. 

in both cases it follows from condition (c) that the integral 

j ‘ e-»f<i)dr

exists for arbitrary positive values of a. The result then follows from the 
identity
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e " f U ) d t  = (  I* + I* + f " )e -» f( l )d U
JO  \Jo J a  Jb  /

by letting A -* x  and using conditions (a) and (h).

Lemma 2 I f  the Laplace integral for a given function converges for p = c, 
a real number, it converges in the half-plane Rep  ^  c, the convergence 
being uniform in the angle |arg(p — c)| < \n.

This follows from the inequality

le-'VU)! = e - ^ " - c)\e-af(t)\ ^  \ e 'af{t)\ (t > 0).

In the discussion of the convergence of Laplace integrals it is useful to 
have at our disposal:

Lemma 3 If
(<j) f(t) is integrable over any finite interval (a,b), 0 < a < b,
(b) for arbitrary positive a, the integral

£ “ |/( ') | dt

tends to a finite limit as e -* 0 + ,
(c) f{t) = 0 (e rt) as t -> ao,
then the integral defining -^ [ /(O ^ J  converges absolutely if  Rep > c.

IJ, instead of  (c), we have the condition (c)* f i t )  = Of/7) as 
l -* x .  then the Laplace integral converges absolutely for Rep > 0.

The proof of this is trivial and is left as an exercise to the reader.

Theorem 1 I) f i t)  satisfies the conditions of Lemma 1, its Laplace trans­
form f ip )  = if [ /( /) ;p ]  is an analytic function of p in the half-plane 
Rep > c.

To prove this result we consider the function

J i fp )  -  f* e~plfit) dt, Rep > c
J o

If we apply the rule for integration by parts to the integral

(P~P>)  r  dt
J o

(Rep > Rep, > c) we find that it has the value

(3-1-6)
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+ JJ° e~‘p- r.»e -»</(,) dt

which is simply the Laplace transform/(p) of/(r); i.e., we have shown that

Tip) = (p ~  Pi) f* e~ip^p')'T(i,Pi)dt. (Rep > Rep, > c),Jo
(3-1-7)

where the function /(/,p ,) is defined by equation (3-1-6).
We now consider the function

A/(p.A) = Ti-P + h) ~ T(P) -  0(p) (3-1-8)
h

where the function <f>(p) is defined by the equation

HP) = r  e - (p- p'*{l -  (p -  Pl)r}/(t,pi)Jt. (3-1-9)
JO

Using (3-1-7) and (3-1-9) it is a simple matter to show that 

Af (p,h) =  f “ , ,- if- p.v * _  \)J(t,Pl)dt
J  0

+ (p -  Pi) -  A_ ,(l -  e-'")}/(Lp,)<f/.Jo

By condition (c) of Lemma 1, the function /(/,p ,) is bounded and con­
tinuous for / > 0 and Rep, >  c. Hence there exists a positive number 
M(Pl) such that for t > 0,

\T(tPi)\ < M(pi).

Until now, we have taken p, to be arbitrary except in so far as Rep, >  c. 
We now define a positive number >/ by the relation

n *  3 Re(p -  <■)
and choose

Pi = c + r\.

We then find that

|A/ (p./ r) | <  W ( p . )  -  1| dt

+ 2riM(pi) r  e~2m\i 1 -  e‘ *,)| dt.
JoNow
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and

|/ -  h ~ \  1 -  «T*)| <  |A |/V ' 

so that

|A/ (/j./i)| < \h\M(Px) J *  te-«{\  + 2rff)dt

from which it follows immediately that Af (p.h) -» 0 as h -* 0. In other 
words the derivative of f ip )  exists it Rep > c, and is equal to

4>ip) ~  - J *  //(/)«*"' dt.

This also shows that if !f\_.f{t)-p] exists for Rep > c. <f[tfit);p] exists for 
Rep >  c, and

= - f p -

By induction over n we can show that all the derivatives of f ip)  exist for 
Rep > c, and hence that f ip )  is an analytical function of the complex 
variable p in the domain of convergence.

In an intuitive way we see that as Re/i -* x ,  the Laplace transform 
off i t )  will tend to zero. We state without proof the appropriate lemma:

Lemma 4 I f  f i t )  satisfies the conditions o f  lemma 1, then J(p) -* 0. as 
M -► 0 0 , |arg(p -  c)| <  0 <

This lemma and Theorem 1 enable us to settle an important theoretical 
point. It is conceivable that to any arbitrary function/(p) there corresponds 
a function f i t)  such that ^ ’\f i t) ,p]  =  J(p). By these results we see that this 
is not so: if f ip )  is not analytic in some half-plane Rep > c, (where c is 
finite), or if f ip )  does not tend to zero as \p\ -* x  in a sector 
|arg(p — c)| < 0 < j7r. then f ip )  cannot be the Laplace transform of a 
function f i t)  which satisfies the conditions of lemma 1.

It should be emphasized that though the conditions (a)-(c) of lemma 1 
on/(r) are sufficient for the existence of fip),  they are not necessary.

Another theoretical point of some importance is to settle the question 
as to whether it is possible for two different functions j \  (r) and f2(t) to have 
the same Laplace transform fip). To state the answer to this question con­
cisely we introduce the idea of null function. A null function is a function 
N(t) which is zero everywhere except possibly on a set of measure zero 
(Cf. 2-11); it therefore has the property that

(3- 1- 11)
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for arbitrary positive values of t. It should be observed that if. in addition, 
it is postulated that N(t) be continuous, then N(t) = 0, for all positive 
values of /.

We have the result

Theorem 2 (Lerch's theorem ) !j / ,( /)  and f 2(t) both satisfy conditions 
(a)-(c) of lemma I and i f [ /,( /) ;  p] exists for Rep > c,. ^ [ / 2(/):p] 
exists for Rep > c2. and if

y ih in - .p ]  = seUi (');/>].
for Rep > c = m ax(r,.c2). thenf2(t) — /,( /)  is a null function.

I f  in addition, f  (t) andf2(t) are continuous on the whole real line, 
then f( .t)  = f 2(t). t > 0.

We can state the theorem in another way by saying th a t/,(/) = f 2(t) 
(a.e). We shall not prove this theorem now but shall treat it as a corollary 
to the inversion theorem for Laplace transforms when we come to discuss it 
(in sec. 3-10 below). Before doing that we shall discuss some of the simpler 
properties of the Laplace transform.

3-2 CALCULATION OF THE LAPLACE TRANSFORMS OF SOME 
ELEMENTARY FUNCTIONS

We begin by calculating the Laplace transforms of some elementary 
functions. From the definition, we have

- n i  ;/>] = I** e - ' d t  = [-/>-•*-»*;|0* =/> *. (3-2-1)
Jo

Similarly, integrating by parts, we find that

f.p] = f  te~p' dt — [ —p " + p  1 f  e~p' dt 
Jo Jo

which shows that

^ [ t ; p ] = p - f  (3-2-2)

These are special cases of a general formula. If v is a constant such 
that Re v > -  1, then

y 'f / 'jp ]  = J *  dt =  p ~w~1 J  , /V '“ du

where we have made the substitution u =  pt. The integral is Euler's 
integral for the gamma function T(v +  1) so that we deduce the formula

= P ~ '  ‘ T ( v  + I). (3-2-3)
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We have already calculated the Laplace transforms of the functions 
sinr and cost in sec. 2-7. If. in equations (2-7-1) and (2-7-2) we replace a by 
p and then put £ »■ I, we obtain the formulae

i?[sin /;p] = (p2 + l ) " \  (3-2-4)
i?[cos/;p] -  p ip1 + I)-1. (3-2-5)

One of the simplest of all Laplace transforms is that of e viz.,

= ip -  a )~ \ (Rep > Rea). (3-2-6)

Using the fact that i f is a linear operator, we deduce that if a is real and 
positive.

.^[cosh (ar);p] =  \if[e“',p] + \if[e~M\p] = {ip -  a)-1

+ Up + a)~'
if Rep > a. Hence we have the formula

i ' , [cosh(aO;p] =  pip1 -  a 2) " 1. (Rep > a > 0). (3-2-7)

In a similar way, we can show that

if[sinh(aO;p] = a(p2 — a 2)-1, (Rep > a > 0). (3-2-8)

To derive some of the Laplace transforms we require later we now 
consider the evaluation of the integral

-*^f(a.b) = du (3-2-9)

which has the properties

/(«,()) = r  e -°2“2 du = ^ a ' 1 (3-2-10)Jo

%■= - 2 b [  u - 2e -m2u2- blu l du. (3-2-11)^ Jo
If we make the substitution v = au in equation (3-2-9) we find that

J(a.b) = a~' dv = a - i / ( i%ah).

Similarly if we make the substitution v = bu~1 in equation (3-2-11) we find 
that

cl(a,b) 
~~db -2/(1 ,ab)

Eliminating /(l,a/>) from these last two equations we find that 
satisfies the simple differential equation
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whose solution

l(a.b) = l(a.0)e-2ah

is easily derived. If we make use of equation (3-2-10) we therefore obtain the 
equation

f  du _  ^ e -2ab (3-2-12)
Jo
If. for instance, we put t = u2 in the definition

= r  t~ie~cl'~p' dt 
Jo

we find that the integral on the right becomes

^  2 du

and it follows from equation (3-2-12) that

p-2v(fP)
p

(3-2-13)

If we now differentiate both sides of this equation with respect to c we 
obtain the formula

(3-2-14)

3-3 RULES OF MANIPULATION OF THE LAPLACE TRANSFORM

We shall now develop some general rules for the manipulation of the 
Laplace transform by means of which we may extend the list of transforms 
we have already calculated.

First of all we have the shift theorem which enables us to write down 
the Laplace transform of e~a'f(t) when that of f(t)  is known. From the 
definition of the Laplace transform we have

& [ e “f(t)\p]  *  r . f \ t ) e - ^ ^ d t  
Jo

from which we deduce immediately that 

=  St[f{t);p  + a]. ( 3- 3- 1)
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For example, using equation (3-2-3) and this result, we see that

,p] = (p +  f l )- , ' 1r(v + I), (Rev >  — I, Rep >  -a ) .

(3-3-2)

Similarly the Laplace transform offibt), (b > 0). is defined to be
/

f 1 /(/>/ )€ <" dt.
J o

Changing the variable of integration from t to u where u = bt, we see that 
this integral is equal to

b 1 du

from which we deduce the rule

^ [ A b n .p ]  = b - lsr[An:p/b}. ib > 0). (3-3-3)

For instance, using this result in conjunction with equations (3-2-4) and 
(3-2-5) we see that

i^[sin (bt):p'] = b{p1 + b2V 1 (3-3-4)
^ [ c o s ^ f  );/>] = p(p2 + h2y '  (3-3-5)

Combining equations (3-3-1) and (3-3-3) we obtain the result

IIr-~i
131LJ b~ ' i f [ f i i ) : ip  + a)jb\  (Rep > a. b > 0).

(3-3-6)
and. as special cases.

i f{ e “'sin ibi)\p] = b{ip -1- a)2 + h2) - ' (3-3-7)
<f[e~ "cos (/>/);/?] = iP + a) {ip + a)2 + h2}- (3-3-8)

We often use these results in the inverse form

i f - ' 1
ip + a)1 + b1

= b~'e ' “’sin ibt) (3-3-9)

i f - ' P
h2

j — e~at cos ibt) -  sin ibt) . (3-3-10)
ip + a)1 +

As an example of the use of these formulae we shall calculate 

p + 4 
PF

i f
- D + 2P +y']

Since

p 2 + 2p + 5 = (p + l)2 + 22. p + 4 = ip + 1) + 3
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we have

' \ i p  +  l)! +  4 ;l]+ *  '</> + l ) J + 4 ’
= e"'{cos(2/) + §sin(2/)}.

Although in any particular case it is usually simplest to calculate the 
inverse Laplace transform in this way, we can easily develop a general 
formula bv means of which to calculate

<£-r^ rl
IM P)  J

whereM p) >s a polynomial of degree n. say, in p andM p )  is a polynomial 
of degree less than n.

Suppose, for instance, that M p) has n simple zeros a,, a2, . . ., a„. 
Then if we choose the polynomials in such a way that the coefficient of 
p" in M p) *s unity, we can write

ftp) = £ M p -  ary '

where
flI AAP — ffi) — «,-,)</> - ar+i) . . . (p - a j  S/,(/>)

T =  1

so that—as we see by putting p = ar in this identity—

A = ____________________h M A ____________________' (ar -  a,) . .  . (a, -  -  ar+l) . . . (ar -  </.)'
Hence with this value for A„ we find that

For example, in the case considered above /,(/>) — p + 4, 
M p) = (p + l)2 + 4. so that« | =  — I + 2i.a2 =  — 1 — 2i.A, = (3 + 2i')/4i, 
and so

[ p ' + V T 5 ;' ] *  i 113 +
in agreement with the result above.

(3 -  2 i> - '- 2"}
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A similar result can be deduced in the case in which the polynomial 
f 2{p) has multiple zeros; this is left as an exercise to the reader (see 
Problem 3-16).

We sometimes encounter the problem of finding the Laplace trans­
form of/U)H(/ — a), (a > 0). where H denotes the Heaviside unit function. 
We have

if [ /( /)H (/ -  a):p] = £ *  e~p'f(t) di = J* e + a) du

from which we deduce that

. ^ [ / ( / )H ( t  -  a)-p] = [ /( /  + a ) ,p l  (3-3-11)
a/

For example, if /( /)  = cos/, then / ( /  + a) = cos a cos/ — sinasin/, 
so that

i f  [cos/H(/ -  a);pl = e- *” ico sa  -J* ■ -  s i n a - ^ — i
( P + 1 P + 1J

= + y (/> cos a — «sina)
We have already proved in sec. 3-1 that

=  - - ^ T ip ) .  (3-3-12)dp

Repeating the process we find that, if a is a positive integer,

y \ r m \ p \  = ( - ! ) "  ^ . A p l  (3-3-13)

For example, from equation (3-3-5) we deduce that

i f  [/cos (at): p] = (p 2 — a 2)(p2 + a 2) ' 2. (3-3-14)

Similarly, from equation (3-3-4) we deduce that

i f  [/ sin (a/);/?] = 2ap(p2 + a 2)-2 . (3-3-15)

Differentiating these last two equations once more with respect to p, we 
have the formulae

i f  [ /2cos(a/);p] = 2p(p2 -  3a2)(p2 + a 2)-3 (3-3-16)
i f [ / 2 sin (a/);/>] = 2a(3p2 -  a2)(p2 + a2)~3 (3-3-17)

Results of this kind can also be obtained by equating real and imaginary' 
parts in the formula

j  if[rV ";/> ] = ------rr  = n\(p + /a)"+ ,(/>2 + a 2)— 1
VP -  Id)

where a is a positive integer.

(3-3-18)



THE LAPLACE TRANSFORM 147

Since J5? is a linear operator it follows immediately from (3-3-I3) that 

/  + • ■ • + c,)f(t);p]

= co&lffitY.p] + ■ • ■ + cnX[j\ty ,p]

- { ' • ( - $ ) + ' • { - $ )  + + c - } ^ >
showing that if />„(/) is a polynomial of degree n in t,

X[p.U\f{tY,p\ =p,,(-D)?(p) (3-3-19)

where D denotes the differential operator d/dp.
If we integrate both sides of the equation

yLfl 'Y-pl  = /(/>)
with respect to p from p to x ,  we find that

['~7U);/>] =  J ‘ 7 iui)du l (3-3-20)

provided, of course, that both integrals exist. Repeating the process we find 
that, if n is a positive integer,

^  S f [ f f ( tY ,p \  =  f*  dun . . . f "  du2 P  f i u j d u ^  (3-3-21)
J p  Jus  Jus

As an example of this result we see that

3-4 LAPLACE TRANSFORMS OF DERIVATIVES

In applications of the theory of the Laplace transform to the solution of 
ordinary differential equations we require the formula for the Laplace 
transform of the derivative of a function. Integrating the defining integral 
by parts we find that

^ [ f O Y p ]  = [/(O e""]o* + P r j i D e - ^ d t .
J o

A necessary condition for the existence of the Laplace transform of/( /)  is
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that

lim f ( t ) e ~ p' = 0I-**/

so that if we assume that /(f) is continuous for / > 0, this formula is 
equivalent to

= pA p ) ~  AO). (3-4-1)
Repeating this process we see that if / e  56'1 (0,x)

-  P*Ap) -  pAO) -  f ( 0) (3-4-2)

and it is easily shown by induction that if n is a positive integer and 
/ ( / ) e « '" “ n(0.x).

* [ / " ’(');/>] = p ”T{p) - p ’ -'AQ) - p n- 2r m  -  ■ ■ • -/■ "•»(0).
(3-4-3)

In particular if

/W(0) = 0. (r = 0,1,2, . . . .  n -  1),

then

t f i r ' U h p ]  = (3-4-4)
so that (in this sense) the operator d"/dt" is transformed under the Laplace 
transform to p". It is this simple result which provides the basis of operational 
calculus.

In applications to partial differential equations we have to consider
the Laplace transform with respect to /. say, of a function/(.r,..........xm,i)
of several variables. It is then easily shown from equation (3-4-4) that, if 
c'fjdt' is continuous for all positive values of /, and for r = 0,1,2, . .  ., n. 
then

dt* = P '/U j ,
r = 0

n
p" r( ( x u x.).

(3-4-5)

where

f ix , ..........x„,p) = Se[Axx............x„t):t - p ]

and
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For any partial derivative not involving differentiation with respect to t we 
immediately have formulae of the type

t v
ex: • ] - t x f

— f i x X„.p),

(3-4-6)

(with m = q + - - • + r). For mixed derivatives involving i we have 
formulae of the type

<£ e2f
dxtciT.’’1 dxt & dt

e j  o f o

dxt= p i r r
(3-4-7)

and so on.
These results have, of course, to be modified if, instead of being con­

tinuous, /  is only piecewise-continuous on the real line. For example, 
suppose tha t/(t) has a finite discontinuity at t = a but is otherwise con­
tinuous in (0,x). Then, proceeding from the definition, we see that

& l m \ p } =  » dt + r , r ( t ) e ^ d t
Jo Ja +

= [/(/)e-<*]0-  + p / (O e -^ d t  + 

+ p (  fU)e~pt dtJfl +
and, as a consequence, we deduce that equation (3-4-1) has to be replaced by 
the formula

w tru y .p ]  =  pftp) -  / (O )  -  <’ - ' « [ / ] . .  (3 -4-8 )

The case in which f ( t )  has a finite number of points of finite dis­
continuity is obviously covered by the formula

v- ^ [ / '( / ) ; / J] = pT(p) -  f(0) -  £  (3-4-9)
l

where . . . . .  a„ are the points of discontinuity of /.
If, in addition, /  (/) has points of discontinuity b (, . . ., bm,

W ( t ) \ p ]  = p'Rp)  -  Pf(0) - / ( 0 )  -  p £  e - ^ [ / ] ar
r»  1

-  £  e fb- i r ] b, (3-4-10)

There are corresponding results for functions of more than one 
variable. For instance, suppose that /(.t,t) is a function of two independent 
variables x  and i. where x  e D, an interval on the real line and / > 0. and
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D  ( ? ) D A D

n ► Fig. 3-1

that Z(?) is a curve in the .vr-plane with equation 

d>(.v./) = 0 

where

<D(.v.r) = -  r.

We shall also assume that Z(r) propagates along the .v-axis in the manner 
shown in Fig. 3-1. and divides the interval D into two subintervaLs /)_(?) 
and Z)+(?) on which <t> < 0 and > 0 respectively. We now define the jump 
across Z by the relation

From the consideration of a simple diagram such as Fig. 3-2 we see that if 
the jump comes at an instant t  then

[ / ] ,  = ]im {/(«,t + e) -  M , t + £)}

is given in terms of the jump across Z by the simple relation

so that, in this notation, equation (3-4-8) is equivalent to the relation

[ / ] i  = / + (  '.?) -  ./L(.v.r).

E ( T - £ )  S ( t + t )

{

I(t) Fig. 3-2

i f  i  =  - L . a

(3-4-11)
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where

/ ( XJ>) =  -* p]. (3-4-12)

To find the Laplace transform of fif/fix. we write

J(x.p) =  f"*’ fix.I )e p' dt +  fX f{x,t)e clt
JO  J w x )  +

and differentiate with respect to * to obtain

^ -n x .p )  =  [/{ .v ,0(.t)-}  -f{x.<j>(x) + }]4>ix)e ^  + I 
CX Jo

and hence to deduce the relation

I f = ~T(x,p) -  [ f ^ f t i x ^ ’*'*'. (3-4-13)
ex

If we apply equation (3-4-11) twice in succession we obtain the 
formula

I f = p 2J{x,p) -  pf(x.Q) -  Jt(x,0)

4 t/l,+ [ f t } ' (3-4-14)

and if we apply equation (3-4-13) twice in succession and make use of the 
relation

Y
f t  J i

we obtain the formula

f i i r k
fix - a + 4>’(x) (3-4-15)

*  \]Tx2 'J  ~ { (^ " ( v) “  A»{*'<•*)H t / k  +  2<̂ '(jr) ^

+ (3-4-16)

Similar results hold w hen/(r./) is a function of a vector r e  D and a 
scalar variable t >  0. £(/) is now a surface with equation

<t>(r) - 1 = 0 , (3-4-17)

dividing D into two sub-regions /)+(/), D.  (/). (Cf. Fig. 3-3.) The analysis 
goes through in much the same way as when r is a scalar. In terms of the 
Laplace transform

T(*-P) = ^ [ / ( r . / ) ; /  -  p]
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we find that the analogues of equations (3-4-11) and (3-4-12) are respectively

& P = pf(r,p) - / ( r,0) +

y 'fg rad /;/ -* p] = grad/(r,p) -  [ / ] Ee ' p*,,,grad^(r). 

These formulae are due to Chadwick and Powdrill ( 1964).

(3-4-18) 

(3-4-19)

3-5 RELATIONS INVOLVING INTEGRALS 

If we consider the function

F(t) =  j / ( u ) d u (3-5-I)

then

F(t)  = / ( / ) ,  F( 0) = 0, (3-5-2)
and from equation (3-4-1) we have that

^ [ / ( ') ; / 0  =  P&[F0V.P]
a result which can be written in the form

&  [ j >  du;p~^ =  p~ 'T(p) (3-5-3)

where J(p) is the Laplace transform of / ( / ) .
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For example, if Si(r) denotes the sine integral
 ̂ f '  s in uSi(/) = -----du

Jo “

we find from equation (3-3-20) that 

y[Si(r);/>] = p ' ‘ cot_1 p.

The result (3-5-3) can be generalized to the form

Jf r . . .  • ■ • du"'-' pJo Jo
= p-Jip)

If we combine (3-3-20) with (3-5-3) we obtain the relation

<f f  u lf(u) du ,p = p  1 I 7(0 d£. 
Jo Jp

On the other hand if we interchange the order of the integratior 
right-hand side of the equation

Sf Jj u~1f(u) du,p =J e " 'd t j' u~lf(u)du

we find that it becomes

u~\f{u)duj e p,d t = p 1j  «-’(l — e-'’“)/(«) du. 
Similarly, if we integrate both sides of the equation

Tip) = j ’ f i i O e ^ d u

with respect to p from 0 to p we find that 

J'TK) <K = J* *{I - e~nf(u) du

and hence that we have the result

j] ir  \t\u) du;p = p - 1 JV(0 dC- 
Adding (3-5-7) and (3-5-8) we find that

JQ “ ~ 7(«) du -p = P ■1 7(0 d(

which is equivalent to the relation

\ y  f u 'j(u)du = P 7(04:.
Jo Jo

(3-5-4)

(3-5-5)

(3-5-6)

(3-5-7) 

on the

(3-5-8)

(3-5-9)
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To illustrate the use of equation (3-5-8), we put f (u ) =  cos u.
7(0  = Cd + C2)'*  Jo find

^[C\{i) ,p]  =  -  ~  log(l + p 1)

where Ci(r) denotes the cosine integral defined by the equation 

cos u
Ci (/) = - ....du.

(3-5-10)

(3-5-11)

As an example of the use of equation (3-5-9) we choose/(u) = sin«, 
7(C) = (1 + C2) -1 'n which case (3-5-9) gives the well-known result

r du =  i7t.

Finally we shall consider a group of formulae by means of which it is 
possible to evaluate the Laplace transforms of definite integrals involving 
certain functions in terms of the Laplace transforms of the functions them­
selves. We suppose that

y  <f[kU.u) ; / - / > ] =  a(p)e - ,Mr' (3-5-12)

then, multiplying both sides of this equation by f(u) and integrating with 
respect to u from 0 to x ,  we find that

k(l.u)f(u) du; t ( u ) e uh,p' du.

The integral on the right-hand side of this equation is the Laplace transform 
of the function /</) with argument h(p) so that we have the equation

, [ J .  k{t.u)f(u) = a(p)J{b(p)\ (3-5-13)

where, as usual. f(p)  =  &[f(t);p].
For instance, if we take

k(t.u) = (7t/)-*c“ J4'

it follows from (3-2-13) that „ .
/ r  /r-3

so that a(p) = p ~*, b(p) = p*, and we deduce from (3-5-13) that

f(u)e~ 'du : , ]  = 17 ( / ' i ) (3-5-14)

o
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where Tip) is the Laplace transform of the function /(f). Similarly, if we 
take

•k(t.u) = (4*/V W 4'

we see from equation (3-2-14) that, in this instance, a(p) 
and that equation (3-5-13) leads to

= 1, b(p) = p *,

£(4k/ 3)-* j *  u f ( u d u , p ^  =  Tip*) (3-5-15)

3-6 THE ERROR FUNCTION

In many applications of mathematical techniques to 
physical problems, we encounter the function Erf(r) 
equation

the solution of 
defined by the

(3-6-1)

Because of its occurrence in the analysis of errors of observations it is 
called the error function. It is also useful to have at our disposal its 
complement' the function Erfc(z) defined by the equation

Erfc(r) = 1 -  Erf(z). (3-6-2)
Since

II7ri !>

this definition can be written in the alternative form

2 f x
Erfc(z) = —r- e ' 1 dt.

V* Jz
(3-6-3)

By simple changes of variable in these results we can derive the formulae

r  e " 2 du = i(n/fl)4Erf(.xii*) Jo (3-6-4)

J* e~‘ml du =  i(jr/n)*Erfc(.Tfl*). (3-6-5)

The relation of the functions Erf(.x) and Erfc(.x) to the Gaussian 
distribution 2 is shown in Fig. 3-4 and the variation of these 
functions with x is shown in Figs. 3-5 and 3-6 respectively.

From the fundamental relation (3-6-2) we see that

j?[./l/)Erfc{g<0};/>] =  Seyity .p]  -  y ’[/(/)Erf{g(/)};/»]. (3-6-6)
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In particular

y[E rfc(g(r)};/»] = -  -^[E rf{g(/)} ;/7].
P

Since

i>2 + pt = ($/ + p)2 -  p 2 
we may write

y j V * = e*  f* dt.Jo
Changing the variable of integration from t to u where u = p + \t, we find 
that the integral on the right takes the value

2 f e~“2 du = 7t*Erfc(/>)
Jp

so that

y [ e ' l,2;p] = 7r*ep3Erfc(/7). (3-6-7)
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------ z
Fig. 3-5

Using this result together with the general theorem (3-3-3) we obtain the 
formula

y [ e - ihhl;p] = n*h-iep2*2Erfc(p/b), (b > 0). (3-6-8)
If we write down the integral defining y [E rf(t)\p\ and in it replace 

Erf(/) by its definition (3-6-1) and then interchange the order of the 
integrations (Cf. Fig. 3-7) we find that

<f[ErU:p] - | e - "  dt ~  f  t>“ 2 du
Jo v* Jo

Now

.2 f* 
Py/*Jo f

,2- ’mdu.

e~p' dt

u2 + pu = (u + {p f  -  \p 2 
so that the integral on the right of this last equation is

eipl J* du eipi f e~“l du



Er
fc 

2
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u

and so we have shown that

■^[Erf/.p] = p 'e ip!Erfc('ip). (3-6-9)

Applying the theorem (3-3-3) to this result we find that 

<f[Ert (bt);p] = p ' 1 e ^ ^ E x ic ^ p 'b )
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u

or, replacing b by I /(2a). that

(3-6-10)

From equation (3-6-6) we then deduce the complementary equation

& [ Erfc ~ <'“V Erfc(«p)J. (3-6-11)

In a similar way (except that. now. the field of integration is that shown 
in Fig. 3-8) we see that

du

.^[Erttf *);/>] = P  e - "  dt - -  f*  e '*  du 
Jo v^Jo

= ~  f  du f* t'"'" dt = - X -  f e~n *p,“2
V* Jo J„> fW n Jo

from which we deduce immediately that 

Y'fErfU1);^] = p~ l(p + 1)~*.

Applying the theorem (3-3-3) to this result we find that

Y’f E r f ^ t 4);/*] = b*p~l(p + b)~* (3-6-12)

and then making use of the rule (3-3-1) that
2 , [eb'Ert(h't*):p~] = b tp - ^ p  -  b)~'. (3-6-13)

These results can be written in the alternative forms

^ ' [ P ^ P  + />)'*;/] = b 'Erfih't*) 

y  ' l p 'H p  -  >̂)_ 1:/] = 6 V E rf( /> * ts).

(3-6-14)

( 3- 6 - 15)
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u

From equations (3-6-13) and (3-6-6) we deduce that

-S?(V’'Erfc(61/ s);/>] = (p -  6 )~ '(l -  bp~i ) = p~Hp* + b*)~l.
(3-6-l6)

By converting the repeated integral into a double integral over the 
region shaded in Fig. 3-9 and then carrying out the integrations in the 
reverse order we find that

if[E rfc(af'*);/?] =  2n_* f  e~p‘ di f  e~ul du 
JO  J a l - i

= 2ti_* f e~“2 du f  e~* dt
J O  J a 2u - 2

= 2p- 'n -*  f *  du.

Evaluating this last integral by means of equation (3-2-12) we obtain the 
formula

j^[Erfc(<M~, ):p] = p ~ i e ~ u ' r . ( 3-6 - 17)
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3-7 LAPLACE TRANSFORMS OF BESSEL FUNCTIONS

We now consider the Laplace transforms of some functions involving the 
Bessel function of the first kind of order v defined by the equation

J ( -1  r ( l o ,+Jr
r(r + v + 1) (3-7-1)

It follows directly from this definition that

Using the result (3-2-3) and then the duplication formula for the gamma 
function, we have the relation

I
H r + v + 1) r (r + V  + 1)

=  7t - * 22 ’  +  2, r(v +  T +  i )/?-2- - 2' - 1 
(Rep > 0, v > -} ) , so we deduce that

W W t y . p ]  = 2' n - i p - 2*-'
r = 0

If we make use of the binomial theorem

T(a + r) r
w < l

we find that if v > — J, |p| > 1, the series on the right converges to
T ( v  +  J ) ( l

so that we obtain the formula

S f [ i W . p ]  -  - ^ y ^ ( P 2 + I)” - *, Rep >  1. (3-7-1)

In particular

s t [ i 9uv,p\ = (p2 + O '*. Rep > 1. (3-7-2)
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Using the theorem (3-3-3) we therefore have that, if Rep > a > 0,

and that

(2fl)T(v + j)
+ a 2r *

V >  - i (3-7-3)

£r[i0{at);p] =  {p2 +  a 2) ' 1. (3-7-4)

The formula (3-7-3) has, as yet, been proved only when Rep > a > 0. 
but as long as Re(p + ia) > 0. Re(p — ia) > 0 both sides of (3-7-3) are 
analytic functions of a so that, by the principle of analytic continuation, 
the result is true for this wider range of values of a. In particular if a is real, 
it will be true for Rep >  0.

The result can be established in another way. For simplicity we shall 
illustrate the method by establishing (3-7-4) for positive real values of a. 
From Poisson's integral

Jo cos (at cos 0) dO

we have

^ [ J 0(«t);p]
2 f 1*
-  I </0^[cos(a/cos0);p]
21 Jo

2 f*" PM
7t Jo p 2 + a 2cos2(F

The integral can be written

2p (**" sec20 dO 2p f *
n Jo p 2 + a 2 + p 2tan2fl n J0 p 2

dx
+ a 2 + p 2x 2

which is easily shown to have the value (p 2 + a 2) *. 
In a similar way we have the result

^[f‘+,J,(a7);p] = £ -  1)r2~,-2 T (2v + 2r + 2) 
r!T(v + r '+ l ) p 2'r*2r + 2

Using the duplication formula for the gamma function we can show that 
2_v_2rr ( 2 v + 2r + 2)

T(v + r + 1) 

so that if Rep > 1,

;r '* r(v  +  r +  §).

!£[?*  *Jv(f);p] = 2,+ , 7 t '1p - 2v- 2 £ ( - p ~2)T(v + r + j) 
r!

= 2,'+,jr*p'2,~2(i + p-2)-»-*r<v + !)
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showing that

. (Rep > 1). (3-7-5)
vA (p 3 + u ,+*

Using the general result (3-3-3) we find that

,(at):p] = (Rep > a > 0) (3-7-6)
y jn ip1 + a 2)v + i

and in particular that

i^[rJ0(a/);p] = p ip2 + a2)~i , (Rep > a > 0). (3-7-7)

Again the principle of analytic continuation can be used to extend the 
results to a more extensive range of values of a and p than is permissible 
by the argument we have used.

From the definition of the Bessel function of the first kind we have 
the relation

(-1 )V +rJ (2ft)  = V  — L J 1 L  
A L  r!f(v  + r + 1)

so that, if Rep > 0,

= P
(-U P ) '

- r - = *

from which we deduce that, if Rep > 0,

y ,[/*'J>(2fi );p] =  p -* ' * t -  ' f 

and hence that if a > 0. Rep > 0.

y[t* 'J,(zSaiy,p] m (3-7-8)

In particular

¥ [ J 0(2y/ai):p] = ~ e “  F, (« > 0. Rep > 0). (3-7-9)

Similar results hold for the modified Bessel function of the first kind 
defined by the equation
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*(,) 4  r !f (r  +' v + I)

For instance, by exactly the same procedure as before

* |> vU(0:p] -  £ ~ — “f ^ - P * 2'
r “ 0

showing that if Rep > 1, v >  —

■S?[fvl,(/);p] = *"*2T(v + \ ) (p 2 -  l ) " v‘ *. (3-7-10)

Hence, using (3-3-3) we have that if v > — j

^ [ r vlr(a/);p] = + (Rep > a > 0). (3-7-11)
V *(P -  aT""*

In a similar way we can show that if v > — £

2¥* lei',nr(v + 3)
&[r+'l,(at);p]  =  - 7 = ~ -  (Rep > a > 0). (3-7-12)

V ^ (p 2 -  a 2)’ + *

If we repeat the argument leading to (3-7-8) we obtain the result

i?[r*M,,(2v/af);p] =  a*,p - , * V ' ’, (Rep > 0 ,a  > 0, v > -£).
(3-7-13)

The special cases corresponding to v = 0 are of special interest; they 
are

i?[10(at):p] =  (p2 -  a2)'*. (Rep > a > 0). (3-7-14)

-^[H 0(a/);p] = p (p2 -  a 2)"1. (Rep > a > 0), (3-7-15)

^ [ l o ^ ^ j i p ]  = p “ V '" , (Rep > 0 ;a  > 0). (3-7-16)

We can derive an interesting integral theorem from equation (3-7-8). 
From the definition of the Laplace transform

i ^ / 1’ J ” x~*’Jv(2n/ x/ )f(x) d.v;pj

= f  ,v-1’/(.v)^[/**Jv(2vT '):p] dx
Jo

= r V 1,/(.v)p-, - , .r*,’<? 'x''d v
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from equation (3-7-8). Hence we have proved that

.v~*,Jv(2yfxt)j\x) dx.p = />'v~ lJip~l) (3-7-17)

where J\p) denotes the Laplace transform off(t). This result is known as 
Tricomfs theorem (Cf. Tricomi (1935)).

From this result we deduce immediately that if

p'+\Rp) - T i p ' 1) (3-7-18)

then

f* x~*’J,{Zjxi)f\x)dx  = t~*'fU)
Jo

Hence if/(f) satisfies the equation (3-7-18) and if

gU) = r ' f i t f )  (3-7-19)

then

xgix)JJxt)dx = g(t).

Recalling the definition of the Hankel transform (Cf. sec. 2-14 above) we 
see that if the function g(t) is defined by the pair of equations (3-7-18), 
(3-7-19), then

= 8(f)
i.e.. the function g(t) is self-reciprocal under the Hankel transform of 
order v.

We shall now derive some Laplace transforms involving the generalized 
Bessel function J/(z) introduced by E. M. Wright (1935) and defined by 
the equation

V U ) l
____
r i l 'd  + A + pr)' (p > 0); (3-7-21)

it is related to the Bessel function of the first kind through the equation 
J,(2c*) = z**V(r). (3-7-22)

If Rep > a > 0,

‘f [ t xe‘“}i!‘U'‘x)-p] = J *  / V ,J/(/<‘.x>-'" dt

Z rT riT  +
( - * ) '

A + pr) ^ l i l *“r;p -  d]
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_ V
L  rirti + /.

f  (A + pr + l)
+ /ir) (p -  a)‘ + ur+l

(p — a) "*" 1 exp[ — x(p — (3-7-23)

From this we deduce that

t 'cat f* e **J/ { i ux)f'(x) dx:p 
Jo

= J '  e dx

= (p -  u)~*~1 I * /( v)exp{ — [h + (p -  a) *].v] dx 
Jo

showing that, if J(p) is the Laplace transform of the function /(f).

r V  f '  e bx] / U l‘x)f(x) dx.p  
Jo

= (p -  a) *~\T{h + (p -  a )" ]  

(3-7-24)

a result which is due to Kumar (1952).
Putting a = />./. = v, p = 1 in this result and making use of (3-7-22) 

we see that

,VT
= (p -  a)~y~ 'J{a + (p -  a ) '1}. (3-7-25)

3-8 PERIODIC FUNCTIONS

We now consider the Laplace transform of a function /(/) which is periodic 
with period t and which is bounded so that its Laplace transform exists for 
Rep > 0. By splitting up the infinite range of integration in the integral 
defining the Laplace transform we have for a function of this kind

... ,
^ [ J O - p ]  = Z  7 (/k  "

r * 0  J r t

= f  [  Hu + rT)e ptu+r"  du
r  = 0 JO

T. ,
= I  e~pn l ’ /UOe ^ d u .

r  =  0  J O

since, because of the periodic nature of the function /  

f(u  + rr) =f(u). (r = 1.2, . . .).
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MO

0 -------------- 1-------------- 1---------------i-------------- h r -■ rr i I2t

Fig 3-10

Now

£  = (i - 1 '- '")-1
r*0

so that for a periodic function we have the formula

y[A0-,p]  = (1 -  e " T ‘ £ J\u)e-<mdu.

In particular we have the relation

&U\t):p] = (1 -  e~ 2p")~ 1 C* f(u)e~ du.
Jo

for a function of period 2tt.
For example, if

f(i) = |sin /|,

we take i = n in the formula (3-8-1) and use the fact that 

(1 + p 2) J" sin re p‘ di = 1 + e ' p* 

to derive the result

^ [ |s in t |;p ]  = (1 -t- p 2)~ 1 colh(jp7i), (Rep > 0). 

Similarly, if we define the function St(r) by the equations 

S,(r) = H(f) -  2H(t -  $x). 0 < / < x
S,U + n )  = Sx(i), (r = 1,2, , . .)

(Cf. Fig. 3-10) and use the result

| St(i)e »dt  = | dt -  f  e ^ 'd i  = ' (1 -  2 e ^  
Jo Jo Jit P

= -(1 -  e *pt)2,
P

(3-8-1)

(3-8-2)

(3-8-3)

e '* )
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we find from (3-8-1) that

if’fS^/);/?] = p 1 tanh($pr), (Rep > 0). (3-8-4)
In particular

•^[•S2«(0 :p] = p " 1 tanh(pn), (Rep > 0). (3-8-5)

If f i t )  is such that it has a Fourier series
X'

A ' )  — i tto +  Y  ! " .  cos(2«7tr/T) +  h n sin (Initi/r) [
1

its Fourier coefficients are given by the equations

2 f* . 2 f
an — ~ I y(u) cos (2nnu/t) du, b„ =  -  | f(u) sin (2rmu/x) du. 

T Jo T J 0

Also
(3-8-6)

^[A O '.p]  -  ;p] + Y  !a, ^ [cos{2nnt/x);p~\
N = l

+ 6„y’[sin(2njr//T);/>]},

so that if we make use of equations (3-3-4) and (3-3-5) we find that

■^[/(f)’/7] — ~Z~ 0(> + 
2P -X

pxan + 2nnb„ 
p 2r 2 + 4n 2n2

In particular, if z =  2n we obtain the relation

1 ^  pa„ + nb„n . r « ) \p ]  = ~ a 0 + £
p 2 + n2

(3-8-7)

(3-8-8)

for the Laplace transform of a periodic function /(/)  of period 2 k  with 
Fourier coefficients

1 f 2* 1 f 2'
a„ = -  I f(u) cos (nu) du, b„ = -  /(«) sin (mu) du. (3-8-9)

n Jo n Jo
We now have two different expressions—(3-8-1) and (3-8-7)— for the 

Laplace transform of a periodic function of period t. If we equate these two 
expressions we obtain the identity

1 , T V  pxa" + 2nnh"
2p C>0 Z j p 2tj -I- 4n 2n2

f(u)e~'* du (3-8-10)

where the constants a., b „  are given by equations (3-8-6). In the special case
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in which t = 2n this reduces to the simpler form

i “ + nl>„
p 2 + n2 I — e -  2np f du (3-8-11)

where, now, a, and b„ are given by equations (3-8-9).
To illustrate the use of these formulae we consider the case in which 

the function f(t)  is of period 2k and

m
0 < I < n 
n < t < 2n.

It follows from equations (3-8-9) that for this function 

a0 = 1, an = 0. (n = 1.2, . . .) 

and

K  = 0, h2, - ,  = (r -  *7t, (r = 1 ,2 , .).

Also we have

f f ( u ) e ~ ' m d u =  f  e ~ p“ d u — p ~ l ( \  — e '1” ).
Jo ' Jo

Substituting these values into equation (3-8-11) we find that

1 2 p y  1 I
2 + n 2 -  pT  + (2r -  1 )2 ~  1 +T"* '’

a result which is known as the Mitlag Leffler identity.

(3-8-12)

3-9 THE CONVOLUTION OF TWO FUNCTIONS

We now introduce the idea of the convolution (/*£) of two functions/and 
g w hich is similar to the convolution f g introduced in sec. 2-9, but more 
appropriate to the Laplace transform. We define f*g by the equation

f*gU) = f o/ 0  -  x)g(x)dx. (3-9-1)

Using the theorem

of elementary calculus, we see that the integral on the right-hand side of
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i

(3-9-1) can be written as 

£ / ( T ) g ( /  -  t) d r  

from which it follows that

f*g  = g*f- (3-9-2)

It is obvious from the definition that if /  is a real number 

()/)*g = /♦(/.£) = Mf*g) (3-9-3)

and also that the distributive law

./*(# + h) =  f*g  + /*/> (3-9-4)

holds. It is a little bit more difficult to prove that the associative law

f*(g*lt) = (f*g)*h (3-9-5)

is valid. From the definition we have that

U*g)*h = f* *(/ -  r)dx \  /(c)g (t -  ;)</£.
J o  Jo

Changing the order of the integrations (Cf. Fig. 3-l l) we find that the right- 
hand side of this last equation can be written as

£ /< ^ )d i  J 'g (t -  c )h(t -  r)dx.

If we change the variable of integration in the inner integral from r to 
tj where t — c = ff we see that the double integral is

£/(?)</£ £  'j?(»j)/i(/ -  i  -  n)<*1 

which is simply f*(g*h).
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Fig. 3-12

We now calculate the Laplace transform of the convolution f * g  in 
terms of the Laplace transforms/(p), g ( p )  of the functions f { t ) .  g U ) .  By the 
definitions of the Laplace transform and of f * g  we find that

^L/*g>p]  = f  e~p'ilt  f / (T * ( ,  -  x)dx.
J o  J o

Changing the order of the integrations (cf. Fig. 3-l 2) and then changing 
the variable of integration in the inner integral from Mo t] = / — r we find 
that

^ U * g ’-P] = £*  ./(*) dx J *  e~p'g(t -  t) di

= f f(x)e~r  dx f e~ ^g(t\) dt]
Jo  ‘ Jo

showing that

y ’U ' g ’P] =7(p)g(p)- (3-9-6)

This may also be written in the inverse form

¥~'U(p)g(PY,t]  = (f*g)(i)- (3-9-7)
In particular, if g = J we have the equations

n /* /;/> ] = {Tip} I2 <3-9-8>
- / • / ( / )

To illustrate the use of these formulae we first of all consider the pair of 
functions

/ ( / )  =  (a >  0). g ( t )  =  i b - ' A b  >  0) 

which have Laplace transforms

J(p) = V{a)p". g i p ) - r ( h ) p b
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Inserting these forms into (3-9-7) we find that if a > 0. b > 0.

f  -  r)*- 1 di = T " - »; ! ]  =  { 3 -^ “  ta*b-Jo r  (a + t>)
If we now let / =* 1 we find that

f  Ta ‘(I -  t )*~‘ dr = — (a > 0. h > 0). (3-9-10)
Jo H u + b)

Denoting the integral on the left by the beta function B(a,b) this is the 
well-known relation between the beta and the gamma function.

To illustrate the use of equation (3-9-9) we take

AD  -  J0(/). Tip) = 0  + P2)~*<
the form o f/Xp) being derived from (3-7-2). From (3-9-9) we see that

f  J0(T)J„(r -  x)dx =  ^ " ' [ ( l  + p 2r ‘ ;r]
Jo

so that, by using (3-2-4), we find that

f  J0(T)J0(r -  t) dx = sin r. (3-9-11)
Jo

The definition (3-9-1) can be written in an alternative way in the 
special case in which /(0) = 0. When this happens we can write

A '  ~  x 2) = f  11 f ( x t)dxi
Jo

and write the right-hand side of (3-9-1) as the repeated integral

pg(.v2)r/.t2 P  X1 f ( x i)d x l 
Jo Jo

which can in turn be represented as the double integral

JJr f ( x l)g(x1) dXidxt

where T1 is the region + x 2 ^  i. x t > 0, x 2 ^  0. it being assumed that 
/ > 0 (Cf. Fig. 3-13). Hence if we replace the functions/’(.v,) and g(x2) by 
/,(.*[) and /2(x2), and hence Ap)  and g(p) by p lT\(P) and Tip), we see that 
the convolution theorem (3-9-6) can be written in the alternative form

i f J J r /i  (*i)fi(t2) dx^dx2 ;l -> p = P xT\Kp)JAp ) (3-9-12)

Applying the convolution theorem (3-9-6) twice in succession we find
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*2

that
X’l f l*(h*g)-P] = / ,  (P)^[fi*g.p]  = / .  (ptfi(p)gip)- (3-9-13)

Now if g(0) = 0,

/ 2*g(t -  x,) = f  *' f 2(x2)g(t -  x, -  x2)dx2 
J  0

= / 2(x2) dx2 f 3(x3)dx3
Jo Jo

where we have written f 3(x3) = g'(x3), so that

fi*(Ji*g) = J\/i(x ,)*/x, £  X' f 2(x2)dx2 £  *' Xlf 3(x3)dx3 

and it is easily shown that the integral on the right can be written

SSL fi(xi)f2(x2)f3(x3) dxxdx2dx3

where T3 is the tetrahedron x, + x2 + x3 < /, x, ^  0, x2 ^  0, x3 > 0 
with / > 0 (cf. Fig. 3-14). Replacing g(p) by p~'J3(p) in (3-9-13) we find 
that that equation can be written in the form

P lJ\(p)fi{p)T3(p) 

(3-9-14)

This result can be generalized in an obvious way. If T„ is the domain 
defined by the inequations

X| + x2 + • • • + x. < /, Xj > 0 . (/ = 1 ,2 , • . n),(r > 0 )

. . .  f r  ./.<*■) • • U x . ) d x x . . . <**.;/ -*/»J

= p~lTi(p) Lip)- (3-9-15)

then
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3-10 THE INVERSION FORMULA FOR THE LAPLACE TRANSFORM

In the preceding sections we have derived certain simple results concerning 
the Laplace transform J(p) of a function /(.r). Almost all of these results 
give information about the transform ftp) when the function f(x) is 
prescribed In this section we shall consider the converse problem—that of 
deriving information about the original function f{x) when we have some 
knowledge of its Laplace transform. When J(p) is prescribed any formula 
enabling us to derive the form of the original function f\x) is called an 
inversion formula for the Laplace transform. In this section we shall con­
sider the simplest type of inversion formula: in sec. 3-I2 we shall discuss 
other types of inversion formula.

We saw in sec. 3-l —by a heuristic argument—that f(x) would appear 
to be given in terms of the transform J(p) by the complex integral

fix) = | f[p\e*x dp. (3-I0-I)
2 * /  J c -.Vx,

An outline of the proof of this formula is as follows: If /(x) has a 
continuous derivative, and if f(x)  = 0(eyx) for large positive values of x. 
where >• > 0, then the Laplace integral

Up) =  f R u l e ' ^ J u ,  (p =  a  +  it)
Jo

converges absolutely and uniformly w ith respect to a and t in the half-plane 
Rep > y and J(p) is an analytic function of p in the same half-plane.
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Substituting the Laplace integral expression for f(p) into the integral

r 1-. | T(p)epx<Jp, ( c > r )  (3-10-2)
‘■Kl Jc-iw

we find that the integral has the value 

—  J epx dp I f(u )e 'p“ du.

Because of the conditions on the function f(x) we may invert the order of 
the two integrations to obtain the expression

' f f(u) du
/V + IW

Jc~ iw

cr integration

i  [c*,w dp = ! in.iw(v -  uJ i e»-
2i x - u

2ni Jo
Carrying out the inner integration

we have the expression

ftu)elx- u*
sin {w(.v -  u)} 

x — u du

for the integral (3-10-2). By a simple change of variable we may rewrite this 
integral in the form

I f «  s i n ( n t )  1 f *  s in (u 7 )  , 1 f *gU) _ L  J .  d, = -  g ( t ) dt + - \  g (-

n J 1 n Jo 1 X Jo
where g(t) denotes the function e~“f(x  + t). Making use of Dirichlet's 
integral formula (Corollary 1 to the localization lemma of sec. 2-2) we see 
that, provided c > y, the integrals on the right-hand side of this equation 
reduce to {/(x +) and i f(x  — ) respectively. Since f(x) has been assumed to 
be a continuous function of .v, each of these terms is equal to/(.v) and their 
sum is consequently equal to f(x). We therefore have the inversion 
formula

■—  Urn I 7kp\ev* dp — f(x). (3-10-3)
2 n i  w - *  J f _ , „

The following theorem gives conditions on the function/(/>) sufficient 
to ensure the validity of the inversion theorem (3-10-3). The conditions 
imposed on the function J(x) as a result of those on Ji p) should also be noted.

Theorem 3 i f j(  p) «  analytic junction of the complex variable p and is
of order 0 ( p k) in some half-plane Rep ^  y where y and k are real
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B

R e p  «  c

C

A

Fig. 3-15

constants and k > l. then the integral
| P c  + iw

. lim epxJ(p) dp 
2m »-<r Jc_iw

along any line Rep = c > y converges to a function f{x) which is 
independent o f c and whose Laplace transform is J{p). Rep  > y.

Furthermore, the function f (x )  is continuous for each x  ^  0 and 
is 0 (f" )  as x  -* a  .

3-11 THE CALCULATION OF INVERSE TRANSFORMS

The inversion theorem for the Laplace transform can be used for the 
calculation of inverse transforms. If J(p) is analytic in the complex p-plane 
except for a finite number of isolated singularities at p,j>2, . . pm, we
evaluate

by integrating the function

g(p) = T(p)ep'
along the path ABCA shown in Fig. 3-15. In this path AB is the line 
Rep = c, where c has the interpretation given to it in Theorem 3, so that 
AB lies to the right of all the singularities of j\p).  and the radius R of the 
circular arc BCA is chosen so large that all the singularities of .71/*) are 
enclosed by the contour. By the inversion theorem

p - ' i n p y j - )
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To evaluate

(3-11-2)

we make use of Lemma 2 of sec. 2-7. By Cauchy's theorem

(3-11-3)

so that in cases in which the limit (3-11-2) has the value zero, we see by 
letting R -* x  in equation (3-11-3) and using (3-11-1) that

The result (3-11-4) may be extended to the case in which p) has an 
infinite number of singularities. We choose a radius R  ̂ for BCA such that 

*  1a .| and -* x  as n x  . If the limit (3-11-2) is again zero and the 
series on the right-hand side of equation (3-11-4) converges as n -* oo, we 
find that

As a simple illustration of the use of the formula (3-11-4) we shall 
calculate ¥ ~ l [(p2 +  co2)- 1;/] where a> is real and positive. The function

g(p) =  (p2 + aj2y ie,n. U > 0)

has simple poles at p = ±ho  with residues (± 2iat)~ te±“1" respectively. 
Since

lim pg(p) = 0

if Re p < 0, it follows that the integral round the circular arc tends to zero 
as R -* x ,  so that equation (3-11-4) gives

To show the use of the method in a more complicated situation we 
shall determine the function whose Laplace transform is

n
= X resg(/>,). (3-11-4)

= I  resg(pr).
r* 1

(3-11-5)

0 < p < a.
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This function has poles at pr = - i c i / .  (>• = 1.2, .). where c , .  . .
are the positive zeros of J0(«<; )• From the theory of Bessel functions we know 
that all these zeros are real and simple. If we take the radius of the circular 
arc ABC to be (n + there will be no poles of the function ftp)
on this arc, and from the asymptotic expansion of the modified Bessel 
function we can readily show that if 0 < p < a. the integral round the 
circular arc tends to zero as n -* x .

Writing

Sip)
<0!/»(/»o * |

k>* j e

we see that

resg(pr) - lo \p ip jK ) »Prt

[ddp\0{a{plK)'

Since Iq(.v) = I|(v). we have the relation

\jjp lo!"!/' a)*}J = }«(*/>,) ‘ liM /V M * i»

and using the relation between the modified Bessel function I, with 
imaginary argument and the Bessel function J, of the first kind we see that 
the right-hand side of this equation is equal to

We therefore have the relation

v 2 x i r J 0 ( p £ r )
r e s g ( p r )  =  — - j - r - v  r  e

and hence from (3-11-5) that

<£- Iq! p(p!k)1 ! 
■o{a(p'K))*] 'P J  a 2 -  Jt (aQr

r J p (  P Q r)  e - K ir *t 

)
(3-11-6)

the sum being taken over the positive zeros of the function J0(«C)-
The method has to be modified if the functionf tp )  has branch points 

This is done by deforming the contour of Fig. 3-15 to exclude the branch 
point, and then -  by using Lemma I of sec. 2-7—to evaluate the integral 
along the small path encircling the branch point.

To illustrate the method we shall calculate the inverse Laplace 
transform of the function

f t p )  =
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B

,C

A

Fig. 3-16
This function has a branch point at the origin p = 0 so we consider the 
integral of the function

g(p) =

round the contour shown in Fig. 3-16, in which the arcs BC. CA are arcs of 
a circle with centre O and radius R and the small circle surrounding the 
origin has radius e.

On CD we may write p =  x 1e‘* where x  is real and positive so that

and on EF we may write p =  x 2e~in where x  is real and positive so that

Since pg(p) -» 0 as |/»| -► x ,  the integrals round BC'.FA tend to zero 
as R -* x ,  and since

Ijm'PS(P) =  0| p | - 0

and hence as R -* x  and e -» 0.

2 ni(L + JJ g(p)dp — -  ~
n Jo
7 f 1

xe~l2‘ sin (ax) dx

= —(2/jr), ^ i [ .r e 'J[J';.v -♦ a].

it follows that the integral of g(p) roUnd the small circle enclosing the 
origin tends to zero as £ -» 0. Finally, we see that as R -» x  the integral 
along AB tends to JE' '[/(;>);?].
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Since the function gip) has no singularities within the contour, it 
follows that as R -» oo, e -* 0 the sum of these integrals tends to zero. In 
this way we find that

= (2/n)*ir,[jre- *>,;jr -* a]

and from equation (2-7-14) we deduce that

=  a(4nti )~*e~al1*'. (3-11-7)

It should be noted that, if we integrate both sides of this equation with 
respect to a from a to oc, we obtain the formula

S r - l [p~*e~*r -,p -  f] = (3-11-8)

Repeating this process we obtain the formula

i f  [ / T V f ]  = E rfc(ior^). (3-11-9)

3-12 OTHER FORMS OF INVERSION FORMULA

Useful inversion formulae for the calculation of the original function fit)  
have been derived in the case in which its Laplace transform Jip) can be 
expressed in the form of an infinite series

/(/> )=  I  a ji . ip )  (3-12-I)
n =• 0

where the a„ are constants and the functions </>„(p) are respectively the 
Laplace transforms of the functions <£„(r), (« =  0,),2, . . .). Applying the 
operator y 7 - 1 to both sides of this equation and invoking Lerch's theorem 
we obtain the inversion formula

f{t)  =  f  *.*„(/). (3-12-2)
R = 0

This method was introduced by Tricomi (1935) for the special case 
in which the Laplace transform can be expressed in the form

(3-12-3)

with b a positive constant.
If we define the Laguerre polynomial1 Ln(t) by the equation

For Ihe properties of these polynomials see Chapter V of Sneddon (l%l/>).
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A special case considered by Ward (1954) is that in which

? { p )  =  (P  +  i ) (P  +  2 y

If we make the substitution

1 +  <T

p  =  r - ~ a

in this expression we find that

A p )  -  -  id -  “>'id -  W "  -  '>■

Since

it follows that

/ ( / »  =
1 -  <7

2 [i
Table 3-1 The accuracy of 
Tricorni's method for
Hp ) -  Up  + 1 HP + 2)!'1
function / 7 (f) is the sum of 
the first seven terms of the 
series (3-12-7).

/ AO M O
0.0 0 0 0 0 0 0 0.00112
0.05 0 04639 0.04655
0.1 0.08611 0 08608
0.2 0.14841 0.14824
0.3 0.19201 0.19185
0.5 023865 0.23866
0.6 0.24762 0.24770
0.75 0 24924 0.24936
0.85 0.24473 0.24486
1.0 0.23254 0.23263
1.5 0.17334 0.17326
2.0 0.11702 0.11695
2.5 0.07535 0.07538
3.0 0.04731 0.04739
4.0 0.01798 0.01797 j
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and hence that
X

/ ( ')  = **,(/) -  i  I  3 -”5„(0- *= 1* = 1
(3-12-7)

The function /(/) is known exactly in this case. Since

ftp)  = (p + i r ‘ -  (p + 2 )- ‘
it follows that

At)  = e" -  ^ 2'-
An estimate of the accuracy of Tricomi’s method in numerical 

calculations can be made by means of Table 3-1 which is taken from Ward 
(1954) and which compares/(/)  with/7(/) which is the sum of the first seven 
terms of the series on the right-hand side of equation (3-12-7). From this we 
notice that (provided numerical tables of the Laguerre functions are avail­
able) Tricomi's method gives a high degree of accuracy. This conclusion 
reached from an inspection of Table 3-1 is confirmed by a consideration of 
other numerical examples discussed by Ward; an interested reader is 
referred to Ward's paper.

A similar result can be derived involving Legendre polynomials. If 
/(/) is defined at each point of the positive real line, then the function

(h > 1)

may be expanded as a Fourier-Legendre series

I  a„P„(x), (jc = 1 -  2e~') 
» = 0 (3-12-8)

where the coefficients are given by the formula

+ Atye-*-"VJLx)dx- 1

Making use of Murphy's formula1

we see that

(3-12-9)

‘See, for example, sec. IS of Sneddon (l%lt>)
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Hence we have the inversion theorem

/( ,)  = £  a.P.O -  2 e - ) (3-12-10)

with the coefficients a„ given by the formula (3-12-9). This formula is 
useful when the transform /is known at a discrete set of points.

An inversion formula of an entirely different kind has been established 
by Post (1930). We first define an operator L4 x by the equation

For all positive values of x  and for positive integral values of k. Post’s 
inversion theorem states that if / e  L(0,/?), for every R > 0. and if the 
integral defining //?) converges for some p, then for x  >  0,

For the proof of this theorem the reader is referred to Post’s original 
memoir or to Chapter VII of Widder (1941).

Post’s inversion formula is only applicable if we have an explicit 
expression for the fr-th derivative of / ( p). It is analogous to the 
Maclaurin formula a„ = / 1'"(0),n! for the coefficients of the power series 
expansion £  a„x" of the function f ix),  and is of great significance in 
theoretical investigations on the Laplace transform.

3-13 TAUBERIAN THEOREMS

We saw in sec. 2-7 that the behavior of a function/( /)  in the neighborhood 
of the origin is, in some sense, reflected in the behavior of its Fourier 
transform F(£) as |£| -► x .  That there is some such relation between a 
function and its Laplace transform—at least for a restricted class of 
functions—is obvious from an examination of the behavior of the Laplace 
transform of the polynomial

L kJ ( P) = ( - I  W k\k ! x ) { k ! x t " . (3-12-H)

f(x)  = lim Lk,Jip).k— ac (3-12-12)

(3-13-I)

From equation (3-3-2) we see that

7n(P) = = I  crP- '  '.
r - 0

(3-13-2)

From these equations we deduce immediately that

lim pTnip) = lim Jn(t)
p— x  f -• 0  +

(3-13-3)
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(since they are both equal to the constant r0). and that

hm p"+if.(p)  =  w! lim t " f n(t) (3-13-4)r-o « -*

(since they are both equal to the constant c„).

That the relation (3-13-3) holds for functions other than polynomials 
is obvious from an inspection of the transform pair

f i t )  =  cos i. Rp) =  p ~ ^ ry -

which obviously satisfy the relation

lim p((p) =  /(0  +  ). (3-13-5)

We notice also that the transform pair

A t)  = 1 -  T(P) = - - - r :
Pip + 1)

satisfy the relation

lim pRp) m /(x) (3-13-6)
p-* 0-f

analogous to (3-13-4).
Sufficient conditions for the validity of equation (3-13-5) are given by:

Theorem 4 I f  the function f i t ) satisfies the inequality | /(/)| <  Me*', for 
all t > 0, M being a positive constant,

lim P7(P) *  /(0+ ).p— on

To prove this theorem, we suppose that p  is real and that 
p > % + 6, 6 > 0. Then by a simple change of variable in the defining 
integral for/(p), we find that

pR p ) =  f ‘  f(x!p)e~x dxJo
so that we may write

PJ(P) ~ /(0 )  =  {fix/p) -  f(0)}e *dx

and then put it in the alternative form

pRp) -  AO) =  /, +  lt .

THE LAPLACE TRANSFORM
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where

/,  ̂J" {/(.x/p) -  f(0)}e~x dx, / 2 = {Jlx/p) -  f(0)}e-*dx

with R a positive number whose value is not yet prescribed.
By the hypotheses on /(/) and p we have that

so that

|/(.v/p)| < M c x p ( ^ - ^ - j  

t

from which we deduce that
" I , + I) "ex'*

i; f(x/p)e Xdx
('

< | I + ~ | Me*

and hence that

|/2| < { ( l  + 3 )  A# + |./(0 ) | |e - * .

From this inequality it is obvious that for any prescribed positive constant 
c we can find Rt such that

|/2| < k  R > R f
Having fixed Rt we now choose p,(e) so large that

\A*/P) -  /TO)| < k  P > Pi - 0 < X < Rt 

and hence that

| / , | <  §£ J  e 1 dx < k  

Consequently for p > />,(£) we have

IpT(p) - / (0 ) |  < «
which establishes the theorem.

Similarly, sufficient conditions for the validity of equation (3-13-6) 
are given by:

Theorem 5 I f  the function f(t) is hounded for all t > 0: 

|/(0 | <  M.
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and the limit 

lim /(/) = / ( x )

exists, then 

lim pT(p) = / (x ) .

To prove this result we note that we may write 

P7(P) -  /(ac) = A + A 
where

A = J* \f(x/p) -  dx, A = J* {/(.v/p) -  /(x)}£>^ dx.

By the hypotheses we have

|A| < 2 A4 j *  e~*dx = 2M(\ -  e~R) 

so that we choose a value Rx of R such that

|A| < K  R =  *1

For this value of R choose p x to be such that

|f(x/p) -  / ( x ) |  < ie. o < p < Pt, x  > Rx 

and hence

lAl <  f e  * d *  < i £-
J r ,

From these inequalities it follows that for 0 < p < p x,

|pf(p) — ./Ioo)| < £ 
thus establishing the theorem.

As a corollary to this theorem we deduce that if f i t )  -* 0 as t x ,
then

lim pfip) = 0 .p-*0 +

Similarly, if f ( t )  also tends to zero as t -* x  and it is known that/10) is 
finite, then

lim p & [f( ty ,p \  =  0
p~» 0  +

which, because of the assumption o n /(0 ) is equivalent to
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where (;) denotes the binomial coefficient, then by equation (3-2-3) we 
deduce that

p - _ 1

P
n u w . p \ ~ j J ^ n - i y p - ' - - p I

Making use of the rule of manipulation (3-3-6) we obtain the equation 

If, therefore, we take

* .(') = e-**L„ ( 2bt), <t>Jp) = - L -  ( ^ - = iY
p + b \ p  + b)

in equations (3-12-1) and (3-12-2) we find that the function 

1
7(P) = S-(K)'p + h1 I

is the Laplace transform of the function 

fi t)  -  e-» t  fl.L„(2 bt)
n-0

(3-12-4)

(3-12-5)

Tricomi’s method of determining y  '[/(/> ):/] consists of the follow­
ing steps:

(a) Given the function f(p), we make the substitution 

' 1p = b

(b) We manipulate the resulting function of a to give the expansion 

I — <r
Tip) = 2b

(c) We interpret the original function/(t) = y  '[/(/? );/] as the series

f(t)  =  l  a„B,{bt)
n * 0

where the functions B„(x) are defined by the equation 

B„ix) = e - xL.(2jr). (3-12-6)
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where

and there is a positive constant A such that 

|* ,(/)| < AtB/n\
Then

{AD ~ S»(t)}e~'” dt
f T /" A f*

A I — e~ptdt <  tne~p1 dt 
Jo " ! « !J  o

Also by the hypothesis on /(r)

f m e - P d t r< M t - <// = M
P ~  * '

and

£ “ S„(t)e-'Bdt = e ' 1* J* S„(/ + r)e->" <//.

i

n-l >■
S„(t + = y  y  — — t' " 1 t’e -» dt

_  y  y __ cr _  T^y
L l u ( r  - s ) ! p J+1 , .o  *«o '

so that

£  Sn(f)<r,M = 0 ( /T  ‘c'P).

Hence, writing

/(P) -  $»<P) =  £  {./(f) -  S„(t)}e^  dt +  J " / ( t ) e - 'M r/t

- J* S.l/k-"' <//
we see that

T(p) -  S„(p) = A(p--*) + 0 (p  ‘ e -'>).
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Since

$,(/» *  I  ^rP~r~r = o
the theorem follows.

As an illustration of the use of this theorem we shall derive the 
asymptotic expansion of Erfc(x).

If we take

J\t) -  Erf(/)

then it is easily shown that

SAD *  2 *-* r i rr - 0

f l r *  1

2r +  I

and hence that

S„(p) = 2tr 1V < ~ D r <2 ')!
2 - r! " p*'+2r» 0  r

Using the duplication formula for the gamma function we see that we can 
write this in the form

( - l ) T ( r  + j) 
( | p ) 2 r + I

From equation (3-6-9) we see that, in this case,

J\p) = /T V ^ E rfc ^ p ) .

Writing p = lx. we obtain the asymptotic expansion

Erfc(.v) - Xyjn Z j x Ir (3-13-8)

3-14 ORDINARY DIFFERENTIAL EQUATIONS

In this section we shall illustrate briefly how the properties of the Laplace 
transform may be exploited to obtain the solution of certain simple types 
of ordinary differential equations.
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3-14-1 INITIAL VALUE PROBLEM FOR A LINEAR EQUATION WITH 
CONSTANT COEFFICIENTS
We begin by considering the solution of the differential equation

Ly  = f{x), x  > 0 (3-I4-1)

in which L denotes the linear differential operator with constant coefficients 
defined by the equation

dmv d*~lv dy
Ly = a*dP  + a" - ' d ^ ' + ‘ ' + ®> + a°y ' (a" * 0)-

(3-14-2)

We shall assume that the coefficients a0 ,a ,............ a„ are all real.
First of all we consider the solution of the equation (3-14-1) 

satisfying the initial conditions

yw(0) = 0. (r = 0,1............ n -  1). (3-14-3)

We see from equation (3-4-4) that for any function satisfying the initial 
conditions (3-14-3)

&  = p'yip), (r = 0 , 1 ............ n)

where yip) = if[y(x);/»], so that taking the Laplace transform of both 
sides of equation (3-14-1) we find that

Mp)y(p) =T(p)

where A ip) denotes the polynomial1 defined by the equation

Mp) = £  a,pr (3-14-4)
r* 0

Solving this equation for yip) and making use of the convolution theorem 
we see that the solution of this particular initial value problem may be 
written in the form

yix) = JV(m)G(x - u)du (3-14-5)
where G(x) is defined by the equation

c w * * " [ a k r ' H -  (3' 14'<"

1 The polynomial A( p) is sometimes referred to as the characteristic polynomial of the linear 
differential operator L.
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The function G(x), defined by equations (3-I4-6) and (3-14-4) is called 
the Green's function of the initial value problem of the equation (3-14-I). 
It can be thought of in a slightly different way. Suppose that y  = j?(x) is 
the solution of the differential equation

L* = //(*), *<0) «  g'fO) = • • = *” "< 0 ) (3-14-7)

in which H(x) denotes the Heaviside unit function, then its Laplace 
transform is given by the equation

A (p)g(p) = P l 
which shows that

and hence that

G(x) = g'(v). (3-14-8)

For example, the solution of the equation

d2v- 4  + ,,j2y = fix), y(0) = >'(0) = 0 (3-14-9)
ax

is given by equation (3-14-5) with

G(x) = <£~l [(p2 + w2 )_ , ;x] = w_ , sin((ox) 

that is, is given by the formula

y(.v) = — I f[ t)sin {tu(x — /)} dt. (3-14-10)w Jo
The same result is obtained by observing that the initial value 

problem

~  + o>2g = H(x), g(0 ) = g'(0 ) -  0

has the solution

g(x) = y ~ ‘[p~ ‘(p 2 + to2)-1 ;*].

Since

__j__ - 1 n p l
p(p2 + o>2) » 2 [_/> p 1 + ro2J

it follows that

g(x) =  <o~2{ 1 — cos(<o.x)},
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and hence from (3-14-8) that 

G(.x) = w " 1 sin(wx) 

as before.
We complete the solution of the differential equation (3-14-1) in the 

general case by considering the homogeneous n-th order equation

Ly = 0. (3-14-11)

in which the operator L is again defined by (3-14-2), and the function >■(.*•) 
satisfies the initial conditions

y m,(0 ) = ym, (m = 0 , 1 , I) (3-14-12)

JVV’i. - • • ,.f„ - 1  denoting arbitrary constants. From (3-4-4) we find that

¥ \ ^ P - p \  = P'9(P) ~ £
*- -* HI * 0

ymp r-m- 1

Hence we find that

^ i U - p ]  = Mp)y(p) -  4>(P) 
where <j>(p) is defined by the equation

•HP) = t  tr* 0  m* 0

and is obviously a polynomial of degree n — 1 in p. The transform of 
equation (3-14-11) is therefore

9iP) = (3-14-13)Mp)

For example, if A(p) has n simple zeros p,,p2. • ./v  so that

Mp) = a0(p -  p x)(p -  p2) ■ ■ (P ~  P„)
in which p,.p2. . . . ,pm are all distinct, then (3-14-13) can be rewritten in 
the form

Cf
-  Pr

where c^ fj, . . . ,<•„ are real constants. In this case the solution of equation 
(3-14-11) is of the form

->’<*) = X c,ePr*
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showing that to each simple factor p — pr in A(p) there corresponds a term 

crev'x

in the general solution.
If there is a multiple factor (p — p , f  in A(p), then in the partial 

fraction expansion of yip) we get terms of the form

y,(P -  P r)"  + y„-l (P ~  P r y * '  + • ■ • + >'l (p -  Pr)~l 
which, in turn, lead to the terms

<r, + r2.v + ■ ■ • + r,.v«-V rJI
in the general solution. The constants y, are related to the T, by the 
equation

In general the coefficients of the linear differential operator are real, 
so that if the zeros . . .  are all real then the constants c, (or T,)
in the above solutions will also be real. If the zero pr of Mp)  is complex it 
can be written in the form

Pr = K  + i<» r-
then, since the coefficients ar of the polynomial M p)  are assumed to be real, 
there will also be a zero — icor. In the partial fraction expansion for 
y{p) these two zeros will lead to a pair of terms

— i - ^ -  +  — i t —
P  — Xr — l(l)r p  — A , +  l(Or

which can be written in the form

(p -  ).r)Ar o)rB,
{p -  A,)1 + to,2 (p -  a,)2 + (O2

and hence lead to a pair of terms

\Ar cos (o)rx ) + fir sin (corx))e',rJt.

Similarly a factor in Mp)  of the form

Up ~  K ?  + u>r2]*

leads to terms of the form

(A,'0 + ■ • • + Ar<t. ix ‘l~')ei^cos(u}r.x)
+ (Br 0 + Br l .x + ■ ■ + Br sin Unrx).
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If. therefore, we wish to find the general solution of a homogeneous 
equation with constant coefficients we need only examine the zeros of the 
polynomial A(p).

As examples, we have:

Example Find the general solution of

di v d2v
d P  ~ d P

Here A(p) = p 3 -  2p2 -  p + 2 = (p + 1 )(/> -  l)(p — 2) so that 
the zeros of A(p) are —1 . 1 , 2  and the general solution is

y(x) = cle~x + c2ex + c3elx.

Example Find the general solution of

d * i _  7 P y
dx* dx1 + y = o.

Here A(p) = p* — 2p2 + 1 = (p — l)2(p + l )2 so that the general 
solution is

y(x) = (c, + c2x)ex + (c3 + c4x)e~x.

Example Find the general solution o f the equation 

d*y „ diy d2y  „ dv
d P ~ 4 d P  + * d P - * ^  + 4y = °-

Here A(p) = {(p — I) 2 + I } 2 so that the required general solution is 

)’(x) =  {(c, + c2.v)cosjr + (cj + c4 .v) sin *}«■*.

On the other hand if we wish to find the solution of an actual initial 
value problem it is usually simpler to use the method of the Laplace trans­
form rather than to remember formulae of the above type and then to 
determine the values of the constants involved. As an illustration we have:

Example Find the solution of the differential equation

d2y dy___ +  ̂ -- + 9y = sin x 
dx1 dx

which satisfies the initial conditions v(0 ) = 1 , y'(0 ) = 0 .
Since in this case
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we see that the Laplace transform y{p) of the required solution 
satisfies the algebraic equation

p 2y(p ) ~  P + 6{py(p) -  1} +  9y(p)  =  (p 2 +  l ) - '

which has solution

_  p +  6  1

) iP  ~  (P +  3) 2 + (p 2 +  l)(p  +  3) 2  

Now it is easily shown that

p +  6  _  I 3
(P +  3) 2 p +  3 +  (p + 3) 2 

so that

1 3 1 1 1  1 3p -  4
(p2 + l)(/> +  3) 2  ~  5 0 7 +  3 +  10(p + 3) 2  50p 2 +  1

so that

-( . 53 I 31 1 1 3p -  4
>KP) 50p +  3 1 0 (p +  3) 2  50 p 2 +  1‘

Inverting this formula we find that the required solution is given by the 
equation

f 53 31 I  , r I ,  „ . ,
-  [s o  + To'Je -  so13" "  -  4s,n v)-

3-14-2 TWO POINT BOUNDARY VALUE PROBLEM FOR A LINEAR 
EQUATION WITH CONSTANT COEFFICIENTS

In a two-point boundary value problem we have to find the solution of 
a differential equation of the n-th order satisfying r conditions at the point 
x  = 0 . say. and the remaining n — r necessary conditions at the second 
point -v =  a. say. For instance, we might wish to find the solution of the 
equation

f y  _  ^ c f y
dx2 ~ dx2

dy
dx

+ 2v = 0 (3-14-14)

satisfying the conditions

^(0) =  0, / (0 )  = 1 ,  >(1) =  0. (3-14-15)

We use the Laplace transform method by assigning arbitrary values 
to the n — r derivatives not specified at x  =  0  and then, from the general 
solution so obtained, determine the values of these constants by fitting the
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conditions at the point x  = a. To illustrate the method we shall derive the 
solution of the two-point boundary value problem described by equations 
(3-14-14) and (3-14-15).

In this case we assume that y"(0 ) = c so that

*  = p 'K p) - c - p *

*  [ l ? * ]  = p lf ip )  -  *• *  \ j x 'P]  = P>iP)

and hence we find that y(p), the Laplace transform of the solution, 
satisfies the algebraic equation

(pi  -  2p2 — p + 2)y(p) =  p + c + 1

We therefore have the equation

-( ) = P + c + 1 

P {p + !)(/> - l)(p -  2 )'

This can be written in the alternative form

y(p) *  h ( p  + • )" ' -  0  + \ c)(p  -  D " ' + (i + \c)(p -  2 ) - ‘ 
which is equivalent to the solution

>’(t) = ice~* — (I + ic)ex + (I + ic y 2"1. (3-14-16)

To satisfy the condition y(I) = 0 we must therefore choose the constant c 
to be such that

$ce~l -  ( 1  +  $c)e + ( 1  + $t> 2 = 0  

i.e.. we must choose c to be given by the equation 

6 e 2

(e -  1 )(2 e + 1 )
(3-14-17)

The required solution is thereto e given by equations (3-14-16) and 
(3-14-17).

The method can be applied when, instead of knowing the value of 
y(.t) or of some of its derivatives at a second point x  = a, we know its 
behavior as x  -» x .  We may illustrate the method by:

Example Find the solution of the differential equation

j2 2

d x 1

-  2y =  0
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satisfying the initial condition y(0 ) = l and the limiting condition 
y(x) -» 0 as x  — oo.

In this case we do not know the value of / ( 0 ) so we ascribe to it 
the value c. The differential equation is then transformed to the 
algebraic equation

(p2 + p -  2 )y(p) = p + c + l

showing that

When we expand this in partial fractions we cannot have a term in 
(p — l ) - 1  because this would lead to a term proportional to ex in the 
solution and this would cause >(x) to tend to infinity as x  oo. Hence 
the numerator must vanish when p = 1 , i.e., we must have c + 2  = 0 , 
or c = — 2. Hence, we have

3-14-3 LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

The method, outlined above, of solving ordinary linear differential equations 
with constant coefficients by means of the Laplace transform may be 
modified to provide the solution of certain linear equations with variable 
coefficients. We shall illustrate the procedure by finding the solution of the 
equation

satisfying the initial condition y(0 ) =  0 . 
In this case

}iP) ( p - \ ) ( p  + 2Y
p + c + l

so that the required solution is 

y(.v) = e~2x.

so that
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Also

^  n * r , r ]  = - f

so that the Laplace transfonn yip) of the required solution satisfies the 
first-order equation

-  ^  i p ^ i p ) }  -  p y ip ) + ^  = 0

ip 1 -  l ) j  + 3pyip) = 0 . dp

It is easily shown that the solution of this equation is 

yip) = d p 2 -  l ) " 1

where c denotes an arbitrary constant. Hence the required solution is

yix) = c y ~ ' [ ( p 2 -  1 r 1;*] = cxliix)

where /, (jc) is the modified Bessel function of the first kind of order unity— 
compare equation (3-7-11) above.

3 - 1 4 - 4  S I M U L T A N E O U S  D I F F E R E N T I A L  E Q U A T I O N S  W I T H  C O N S T A N T  

C O E F F I C I E N T S

The method of the Laplace transform can also be applied to simultaneous 
differential equations with constant coefficients. We illustrate the procedure 
by an example:

Example Solve the differential equations

x  — x  + y  — y  = 0 , -  2x — 2x + y — y = e~'

subject to the initial conditions

x(0) = 0, Ji(0) = -  l, v(0) = I, yiO) = l.
(Here we are using the notation x  = dx/dt, etc.)

Taking the Laplace transform of both sides of the equation and 
writing xip) and y(p) for the Laplace transforms of x{t) and yit) 
respectively, we find that they transform to

p 2xip) + l — x  + py — 1 — y  =  0

— 2 px -  2x + p 2y -  p -  1 -  y  = (p + 1 )“ ' 

which may be simplified to

yip) = - ( 1  + p)xip)
(p  -  1 )y iP ) ~  I x ip )  = I + ip  + 1)_J
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with solution

I 1

X lP ,~  P2 + 1 (7 + Da(/>J + 1)

p 2 + I + (p + IK/ ) 2 + I)'

The right-hand sides of these equations may be expanded in partial 
fractions to yield the expressions

■v(/>) -  i  p2 + , -  i  — ~ \ (7 7 T p  ~ P2 + i

i,('” - ! ^ T T  + i 7 T  + i 7
from which we deduce the solution 

jc(/) = ^cos/ — sin / — ^ ( 1  + t)e~‘ 
y(t) = ^cos / + § sin r + %e~‘.

3  1 4  5  A U T O N O M O U S  L I N E A R  S Y S T E M S

An autonomous linear system of ordinary differential coefficients may be 
written in the matrix form

= Ay + »j. (3-14-19)dx

where y  and rj are column vectors

• • •//. being constants and A is an n x n matrix (a0). If we write

7 ,(0 )
yi(p) v(0 ) =

v2 (0 )

>'n(p) V„(0 )

then the Laplace transform of the vector equation (3-14-19) is 

py(p) = Av{p) + p~'n  + .1(0)
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with solution

y(p) =  (pi -  A )'  1 {/»'lri + v(0)}. (3-14-20)

The solution to the original system is then found by an application of the 
inversion theorem for the Laplace transform.

As an example we shall consider the solution of the set of simultaneous 
ordinary differential equations

~  = 2 y, -  2 y2 + 3.vj

dy3
dx = + 3yi ~  Tj

satisfying the initial conditions y,(0) = 1 , y 2(0) = y3 (0) = 0. In this case 
ij = 0  and

---
1

1 K> 1
|

1

p/ — A = - 1 p -  1 - i
-  1 - 3  p + i

, y{0 ) = 0

0

The determinant of the matrix pl -  a  is easily shown to be 

D = (p + 2){p -  l)(p -  3)

and

{pl -  A) = D~ 1

P1 -  4 - 2 p + 7
P + 2  p 1 -  p -  5 
P + 2 3p — 8 P2

so that

y(p) = (pl -  A)-'v(O)

Ip -  5
P + > 

3p + 4

“̂3 K* 1 __
1

(P -  2)(P -  l ) - ‘(p -  3)*'
p  •¥ 1 = (p -  I ) ' ‘(P -  3) " 1

+ 2 . . (P -  D " (P  -  3)'* .

Using the Laplace inversion theorem we obtain the solution

>’(*) = i
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3-15 PARTIAL DIFFERENTIAL EQUATIONS

We illustrate the application of the Laplace transform to the solution of 
partial differential equations by considering the solution of the diffusion 
equation in certain circumstances.

3-15-1 THE DIFFUSION EQUATION IN A SEMI-INFINITE LINE

We begin by considering the problems discussed already in sec. 2-16. In 
that section we transformed the equation

c20 \_?0 
K  C l

(3-15-I)

by integrating both sides of this equation with respect to the space-variable 
.v; in this section we take the Laplace transform with respect to the time /. 
If we write

$ (x f )  =  J ->• p]

then, if we assume that 0(.v.O) =  0, we find from equation (3-4-4) that

I f Lb :'
= pO(x,p).

It follows that the transform of (3-5-1) is

c2U
(3-15-2)

If we wish to find the solution in the semi-infinite line x > 0 
satisfying the boundary condition

0 (0 ,/)=  f{i), (/ > 0) (3-15-3)

and the limiting condition 

8(x,t) -> 0 , x  -* oo

we note that the transform U(x,p) must satisfy the conditions 

(T(0 ./>) = T(p)> G(x,p) -* 0 , as x  -» oc, 

so that the appropriate solution of (3-15-2) is

fi(x.p) = J(p)e~ (3-15-4)

Making use of the convolution theorem we see that

O(x.t) =  f  f(u)g(x,t -  u) chi 
J o

(3-15-5)
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where
g(x.t) = y - ‘[ e -* /]. 

From equation (3-2-14) we find that

g(XJ) =
1 X i / 4 K l

y/tfnict3) 

so that the required solution is 

1
0(x,t) = yj(4ltK

A.-2 1 du
4k(/ -  u)J (/ -  m)4

(3-15-6)

It will be noted that this is in agreement with equation (2-16-33) obtained by 
taking the Fourier sine transform of equation (3-15-1).

For the calculation of O(x.t) corresponding to particular forms of 
fit)  it is often easier to make use of equation (3-15-4) than of equation 
(3-15-6). To illustrate this point we consider two special cases:

Casa (i) 0(0,/) = fl0 (77/)4, with 0o and Tpositive constants.
In this case

T(P) = 0oT*<f[t-*-p] m 0o(nT/p)K 

so that equation (3-15-4) gives the expression 

ff(.ty>) = 0oinT)ip - i e - x' il,:’,t

for the Laplace transform of the solution 0(x.t). If we make use of 
equation (3-2-13) we obtain the solution

0(x,t) = 0o(T/t)*e-x,i**'. (3-15-7)

Case (ii) 0(0,t) — 0o, a constant.
In this case

7ip) = ooP-' 
so that

O(x.p) = 0op~ le

From equation (3-6-17) we then deduce the solution 

0(x,t) = OoErfcijxK'*/'*).

To return to the general case: we now consider the case in which 
0(x,t) satisfies the same conditions as before except that equation (3-15-3) 
is replaced by the condition

~  0(0,t) = fit), 
cx

(3-15-8)
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The problem, then, is to solve equation (3-15-2) subject to the boundary 
conditions

“  =  /(/>), -* 0, X — X.
cx

We therefore obtain the expression

which leads to the solution (3-15-5) with

g(x.i) =  — k*y , ~t [p~*e~x<tp"‘*:p -*■ f].

From (3-15-7) we deduce that

tf(.v.f) =  —(K/itt)i e~x‘ 4*'. (3-15-9)

The required solution is given by (3-15-5) with the function g(x./) given by 
(3-15-9)- in agreement with equation (2-16-35).

3-15-2 DIFFUSION IN SLABS

We now consider the solution of the diffusion equation (3-15-1) in the 
slab 0 <  x  ^  a. We shall consider the solution 9{x,t) satisfying the 
boundary conditions

0(0 ./)=  /(/), 0(a,i) =  0, (/ > 0) (3-15-10)

and the initial condition

0(.v.O) = 0. (0 a). (3-15-11)

Because of (3-15-11) the Laplace transform of the linear diffusion equation 
again takes the form (3-15-2). The transformed boundary conditions are

0(x,p)=f(p), ff(a.p) = 0. (3-15-12)

The solution of the two-point boundary value problem posed by equations 
(3-15-2) and (3-15-12) is easily seen to be

U(x,p) =J{p) sinh {(a -  .v)v/(/?/k)} 
sinh {a v '(/>/*;)}

The solution of the problem is therefore given by equation (3-15-5) but now

g(x.t) = <e~2 sinh {(a -  .v)v (/)/*)} 
sinh {a^'(p/K)} 'P (0 ^  x s$ a)

Regarded as a function of the complex variable p , the function g(xp) 
is a single-valued function with poles at/) = pn — — K/t2n 2laI.(n = 1,2__ )
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M

R e p  = c

L

Fig. 3-17

We consider the integral of g(x,p)ep' round the closed contour of Fig. 3-17, 
where LM  is parallel to the imaginary axis in the p-plane and is at a 
distance c from it, and the radius of the circle MNL is equal to

K(n + \)2n2la 2.

Letting n -* x .  we can easily show that the integral round the circular arc 
tends to zero so that g(x.t) is equal to the sum of the residues of the 
integrand at its poles. The residue at the pole p = p„ is

sinh {(a -  x )^J(pJ k)) ^
[d/'dpsinh

and it is easily shown that this residue is

If we substitute this expression for g(x,t) into equation (3-15-5) we 
obtain the solution

so that we have the equation

( 3- 15- 13)
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with

b„(t) = n J  /(w) exp £ — ~~r~  (' ~ ") du• (3-15-14)

For example, if 0(0./) = 0o, a constant, the corresponding functions 
h„(i) are given by the formula

so that

ti(xj) = \  °o ̂  10 ~ e-H’*'K“ ,2)<sin
FI — 1 '  '

(3-15-15)

3-15-3 DIFFUSION IN CIRCULAR CYLINDERS

We now consider a simple problem on the axisymmetric diffusion of heat in 
a cylinder of radius a. The method of solution is similar to that discussed 
above in the case of diffusion in a finite slab, but is included here to afford 
a comparison with the solution of the same problem derived by means of 
the theory of finite Hankel transforms (see sec. 8-3 below).

If 0(r,t) is the temperature at a point distant r from the axis of the 
cylinder, at a time /, and if k is the diffusivity of the material of the 
cylinder, then we have to solve the partial differential equation

d*0 1 M  _  1  ̂cO
fV2 r dr k  dt (/ ^  0 , 0  < r < a). (3-15-16)

We shall suppose that the surface temperature is prescribed:

<)(«,/) = ./(f), (t > 0), (3-15-17)

and that, initially, the temperature of every point of the cylinder is zero

0(r,O) = 0, (0 < r ^  a). (3-15-18)

From equations (3-4-4) and (3-5-18), we see that

where

= pff(rf).

ff(r.p) = ST[0(r,l)u ^  p].
Hence the Laplace transform of the temperature satisfies the simple 
boundary value problem

c2G 1 cfi p „
7 ?  + - r T r - - J

0
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with
$(a,p) = Tip)

and finite when r = Ot. The solution of this problem is easily seen
to be

Gir.p) =J\p) 0  < r < a.
1 o(<V/> *)

Using the convolution theorem for the Laplace transform we obtain 
the solution

0(rj) = j^f(u)g(r,t -  u)du (3-15-19)

where

g(r,t) = <£
UoWJphc) JoWy/phc)

From equation (3-11-6) we deduce that

g(rJ) -«{«
a ^ " " 3 , ( 0  

so that, if £„ are the positive zeros of J0 (</<J),

2'  f  c.«){. K ,r t■’
«« I

0(r..0 -  2-  f  C J M .  £a L -i J .i *« )

where the coefficients c„(r) are defined by the equation

<•„(/)= f du
Jo

(3-15-20)

(3-15-21)

3-16 INTEGRAL EQU A TIO N S

The Laplace transform provides a useful tool for the solution of integral 
equations of Volterra type in which the kernel K{x,t) is a function of t — x  
alone.

We begin by considering equations of the first kind 

J'/(jc)tf(r -  x )dx  = g(t), 0  > 0 ) (3-16-1)

withg(O) = 0.

tHere we make use of the physical condition that 0(r./) -a n d  hence 9 ( r f ) canno1 h* 
infinite along the axis, r ■* 0. of the cylinder.
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Taking the Laplace transform of both sides and using the convolution 
theorem we have the relation

Ap)R(p) = g{p)

which may be solved to give the equation J(p) — g(p)/K(p). ft usually 
happens that ¥ ~ l [l/K(/?):.x] does not exist. When this occurs but 
y > l [\lpR(p),.x] exists we write

Ap)  = pg(p)L(p) 0-16-2)

for the determination of the Laplace transform of the unknown function 
/(.v) in terms of g(p) and

L(p) = [/>£(/>)]■'

(Cf. the similar procedure in sec. 2-15). If the inverse transform

L(x) = !£ ~' [ {pR(p) i ‘ 1 ; jt] (3-16-3)

exists then we can apply the convolution theorem for the Laplace transform 
to equation (3-16-2) to obtain the solution of the integral equation (3-16-1) 
either in the form

Ax)  = ~  |% (/)L(.x -  l ) 6It (3-16-4)

or in the form

Ax) -  f g'0)L(x  -  t) dt. (3-16-5)
Jo

For instance, if 

K(x) = x ~ \  0  < a < 1

R(p) = r ( 1  -  a)p’- ‘ 

and

Up)  = r  (i — *)’
so that

L(x) =
jr’ - 1  sin (art) 1 _ 1

f  (1  — a)T(a) n

Thus we have shown that the solution of the integral equation 

[' f(x) dx
o 0  -  xy

= g(t), t > 0 , 0  < a < 1 . g(0 ) = 0  (3-16-6)



THE LAPLACE TRANSFORM 209

can be written either as

fix) -  n 1 sin (tra) dx
* gU) dt 

0 (.V -  f)‘ -
or as

fix) -  n ~ 1 sin (nx) f* g'iQdt
Jo (v -

The solution of the equation

f' fix)  dx
J. (I -  xy

is easily deduced by writing it in the form

1 f iu  + a) du 
j0 (t + a -  a * )1i

= gU + a)

which has solution

(3-16-7)

( 3 - 1 6 - 8 )

- = g(0. t > a, 0 < a < 1, g(a) = 0 (3-16-9)

„ , - i • / , d f  “ g(t + a) dt
du Jo (w -  t ) 1

This, in turn, can be reduced to the equivalent form 

. d f* e(t) dt
fix)  = n 1 sin (wa) — I ------ ^-pp. (3-16-10)dx Ja (x -  t y

By a similar process we can show that the equation

f = £(')- 0  < t < b, 0  < a < 1 , g(b) = 0
J, (x -  ty

(3-16-11)

has solution

fix)  =  -  tT 1 sin(Tta) f  (3-16-12)
d x j x ( t -  X)’

The solutions of the equations

f  = *<'). 0 < K b .  0 < a < 1 (3-16-13)
{<t>U) -  <*>(x)l

f  T z A — l i n v '  = gU)' “ < ’ < h ' < > < a < l  (3-16-14)J, {4>(x) -  (j>(t)\

in which the prescribed function 4>0) is monotonic strictly increasing and 
differentiable for a < t < b. and <t>‘U) 4  0  in this interval, can be derived 
from equations (3-16-10) and (3-16-12) by a simple change of variables.
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If we put = X, <t>(x) = 4>(a) = fi, <f>(h) = y .. .f(x)i<j>'(x) = h{£),
g{i) = G(t), we see that (3-16-13) reduces to

f = G(r), fi < x < y, 0  < a < 1
Jo <T -  C)

where the conditions on 4>(t) ensure the existence of the inverse function 
/ — 4>~l(t) and the fact that fi < £ < y. The solution of this equation is

. . . .  . d f { G(x)dx

Returning to the original variables we then see that the solution of the 
integral equation (3-16-13) is

f ix )  -  « - M ( w ) ^ J ‘* <W 6-|5>

The same substitutions reduce equation (3-16-14) to the form (3-16-11) 
whence it is easily shown that its solution is

, d f* <p'U)gU)dt
/(.v) = - n  sin(rea)— —— ----- -r—r ,rxrz- (3-16-16)

{0 ( 0  -  <H*)i
For instance, if we take a = 0. b = n. <t>U) = —cost, we find that 

the integral equation

m d X  0 < , < *  (3-I6-I7,
Jo (COSX — COS/)1 

has solution

1 d P* sin (t)g(t)dt Q 
n dx Jo (cos / — cos at)1’

< x < n

and that the integral equation 

f(x) dxrJ, (cos / — cos a:)1 

has solution

= g{t). 0 < 1 < n

/(-v)
_  _ 1 jrf r*

i t  d x  J x  i
sin (t)g(t)dt 0 < x < n.

(3-16-18)

(3-16-19)

(3-16-20)
(cos.r -  cos/)*'

Similarly, if we take a ~ 0, b = x , </>(/) = t 2, we find that the 
integral equation

(*' j\x) dx

to  ( /2 -  -vzT
= g(t), / > 0 . 0  < a < 1 (3-16-21)
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has solution

f(x) =  2n~ 1 sin * tgjpdl  
'o ( * 2 -  I2)1' 1'

x  > 0 , 0  < a < 1

(3-16-22)
and that the equation

/ > 0 , 0  < a < 1 (3-16-23)

has solution

—, .v > 0 , 0  < a < 1 .

(3-16-24)

It can, of course, happen that for a given kernel K(x) the inverse 
transform

does not exist. For example it does not exist if K(x) = x i . In these circum­
stances it may turn out that although this inverse transform does not exist.

then we can solve the equation (3-16-1), by writing 

Tip) = Pmg(p)M(p)
and noting that, because of the conditions (3-16-25),

W ’lOtp] = pmgip)
so that we deduce immediately from the convolution theorem that

fix)  = (* gm «)M(x -  t)dr (3-16-26)
Jo

where the kernel M(x) is defined by the equation

Mix) = <f-l \_p-m{ K i p y r ' ; x l  (3-16-27)

For example, if we are considering the integral equation

^ - l [ \p g (p )} - l -,x]

it is possible to find a positive integer in such that the function 

M(p) = p - { j ( ( p ) } - '
does have an inverse. If it is known, in addition, that 

£"•'(0 ) = 0 , (r = 0 , 1 ............ m -  1 ), (3-16-25)

( 3- 16- 28 )
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in which m is a positive integer and gix) is a prescribed function satisfying 
the initial conditions (3-16-25) then

K(x) = .v"’-* - '

so that

Rip) =  -  ol)

and hence

r(a)f(m  — a)'

The solution of the equation (3-16-28) can therefore be written in the form

fix) = -----------------n ’ r ( a ) f> j  -  a)
’* g'm}U)dt
o &  ~  O '”

(3-16-29)

In circumstances in which the inverse transform of M(p) does not 
exist although the conditions (3-16-25) are satisfied it is possible to modify 
this method of solution. The modification depends on the fact that if the 
conditions (3-16-25) are satisfied,

)£(');/>] = <t>miP)giP)
where 4>m{p) is a polynomial whose degree is equal to (or less than) m, and 
D, denotes the differential operator d/dt. We can therefore rewrite the 
basic relation (3-16-2) in the alternative form

Tip) = <PJp)gip)-N(p)
where

<t>miP)K(P)'
Making use of the convolution theorem we therefore obtain the solution 
of the integral equation (3-16-1), when the function g(x) satisfies the initial 
conditions (3-16-25), in the form

Ax)  = N(* ~ ‘)4>JD,)gU)di (3-16-30)
Jo

where the kernel N(x) is defined by the equation

For example to solve the integral equation 

£  J0(/ -  *)/(*) dx = g(r), j?(0) = g'(0) = 0 (3-16-32)
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we note that

Kip) = ip1 + l) ' 4

so that i? ~ l[{K(p)}~' ,x] does not exist. On the other hand

so that we may take (f>ip) — (p 2 + I) to obtain the solution

fix) = j ; j 0(.v -  0 (D,J + 1 )g(t)dr. (3-16-33)

It may be possible to find a solution by this method even when the 
conditions (3-16-25) are not satisfied. For example, suppose that we wish to 
find the solution of the equation (3-16-32) when g'(0) is non-zero. Proceed­
ing as before we can write the solution in the form

Tip) = (p1 + i r * ( p 2 + i)£(p)
= g W ip *  + l) ' 4 + ip1 + l r 4i?[(D ,2 + !)*(/);/,].

Applying the operator 1 to both sides of this last equation we obtain the 
desired solution in the form

f ix)  =  *'«))J0 (a-) + J o" J0(jt -  / )(D, 2 + \)git)dt.

Finally we consider the solution of the integral equation

where, for simplicity, we assume that g(0) = 0 and /(0) = 0. If we take the 
Laplace transform of both sides of this equation we obtain the relation

Jip)\\ + R(p)} = a (p).

As in the above discussion we can interpret this basic equation in a variety 
of ways. Writing it in the form

and recalling that g(0 ) = 0  we see that we can write the solution in the 
form

f i t ) +  ['fix)KU -  x) dx = gU) 
Jo

(3-16-34)

Tip) = pgip)Up). LiP) = p
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provided that the inverse transform 

1
L(r) = i f 1

P{ I + Kip)}
:x

exists.
In the special case in which the function g(.v) satisfies the initial con­

ditions (3-16-25) we can write the solution in the form

fix) = \ ' M i x  -  /)0 m(D,)j?(/) dl
JO

provided that we can find a polynomial <f>m such that the inverse transform

M ix)  = 2 r - ' [ |> m(/>){i + *(/> )}]-';*]
exists.

Alternatively, we could write the solution of the basic equation in the
form

Tip) =  tip) ~  R(p)gip), Kip) =  j

and hence the solution of the integral equation (3-16-34) in the form

A x)  = £ (0  -  j" N(x -  t)gii) di, N(x) = i f - 1  ^  -~f"fa-py xj

For example, for the equation

fix) + f  /( /) sin {w(.v -  /)} dt = g(.v), (x > 0 )
Jo

we have

KiP) = ~-2~T'---2 - Kip) = 2 ■■■ M --- -p + (0 p + w( 1 + «)

so that the solution may be written in the form 

V) f *
fix) = g(.x) -  -  g(/)sin Jfi(.v -  /)} dt, O2 = a>(I + w).

3-17 DIFFERENCE EQUATIONS

Difference equations arise in a natural way in physics and engineering. As 
an example we consider the ladder network shown in Fig. 3-18. Suppose 
that we denote the current in the n-th loop by then applying Ohm's law 
to the in + l)-th loop we obtain the relation

+  ^ ( i n + i  t*) F  / ? i ( / „ + i  *11 +  2 )  — 0 , I < n  < V -  2.
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o
:«3

This may be written in the simplified form

im + 2 -  2 cosh a/„+I -  /„ = 0 (3-17-1)

where a is defined through the equation

cosh a = 1 + A
IRi (3-17-2)

The equations for the end loops are

t f , / o  +  R i ( i \  ~~ ‘a )  —  f  . R i t t y  ~  t v -  l ) +  ( ^ i  +  R z )i,v =  0  

and these may be written in the forms

(1 -  2 cosh a)i0 + t, = V R 2 (3-17-3)
<Rt + R2 + Kj Kv = (3-17-4)

The problem is. of course, to derive a formula for the solution of the 
difference equation (3-17-1) satisfying the end conditions (3-17-3) and 
(3-17-4).

The technique for solving equations of this type by means of the 
Laplace transform depends on the following method of representing a 
sequence \an) by a function «(t) defined by the equation

ait) = £  «A < ') (3-17-5)
u * 0

where the functions S,0 .S1 .S2, . . .  are defined by the equation

S„(t) =  H(f — n) — H(f — n — 1). (3-17-6)

From this definition we see that

a(t) = a„. n < t < (n + 1 )

so that the graph of a(t) is of the form shown in Fig. 3-19.
Also, from the definition (3-17-5) we see that

a(t + 1) = £  </„{H(f + 1 -  n) -  H(/ -  n)) = £  .( ')
•■ 0



216 THE USE OF INTEGRAL TRANSFORMS

a ( l )

Fig. 3-19

so that we obtain the relation

aft + 1) = £  a„+iS„ft). (3-17-7)
« * 0

In a similar way we may derive the relation

aft + 2) = £  an + 2S„ft). (3-17-8)
fl = 0

Since

^[S„fty,p] = p - l f\ -  e - ')e~ np

we deduce immediately from the definition (3-17-5) of the function aft) 
that its Laplace transform is given by the equation

afp) = P (1 -  e~p%fp) (3-17-9)

where the function (fp)  is given in terms of the sequence {a„} by the 
relation

Cfp) =  I  ane ->n = 0
It is convenient also to use the notation 

Cfp) =

(3-17-10)

( 3- 17- 11)
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From the identities

J a(t)e~p' dt = a(p) — J a(t)e~p' dt

f  a(t)e~pl dt = p ' ‘(l — e~p) Y a.e~pr 
Jo r = 0

(in which k is a positive integer) we deduce that

+ A:);/;] = p ~'(l -  e~p) t(/>) -  £  ^ e* (3-17-12)

and. in particular, that

Jf[a(t + !);/>] = p - ' (  1 -  e - p)ep[C(p) -  a0] (3-17-13)

^ [a ( /  + 2);/>] = / T ' d  -  ? - > 2'K(/») -  a0 -  (3-17-14)

From equations (3-17-7) and (3-17-13) and the definition (3-17-11) of the 
operator Z  we see that

^ , ! ; / ’] = 4 « / ’! - 'i o ] -  (3-17-15)

Similarly, we may rewrite equations (3-17-14) and (3-17-12) in the forms 

5 [!an + 2 };p] = e2ptZ(p) ~  tfo -  (3-17-16)

r= 0
(3-17-17)

that
If a is a constant, it follows immediately from the definition (3-17-10)

= e'V'’ — at)

Similarly, if {y„} is the sequence defined by the rule

(0 , n < k

we find that

»[{>'.);/»] = -  a) 1 •
We also observe that

(3-17-18)

(3-17-19u)

(3-17-196)

C/[{ln  +  1 )ar"};/>] =  £  (n +  l^ V * " '’ =  (1 -  a e '" ) - 2

and hence that

&[{(n + l)a"};/>] = e2p(er -  a)-2. (3-17-20)
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From this result and the relation

ft* 0
(n + \)txHe~np

we deduce that

;/>] = aep(ep - a)'2.
If we define a sequence {.)„} by the rule 

f(Z)a\ n > k ,
>n 1o. n < k.

(3-17-21)

(3-17-22u)

then we have

L
r “  0

= xke~kp(\ -  x e -pr k~' 

from which we deduce that

» -  V  ^ +  r)p v k + r

9 [ { y m)\p\ = *kep(ep -  at)- *-1. (3-I7-22A)

Also from the definition (3-17-10) we deduce that for a general 
sequence

dt
dp' (3-17-23)

The operator © is closely related to the operator of the Z-transform. 
This latter transform is defined through the equation

*[{«„};*] = i  V "  (3-17-24)
*»*0

so that we have the relation

r?0„};/> ] =  &[{a„};ep]. (3-17-25)

Since the Z-transform is related to the Laplace transform through this 
equation we see that the results obtained by the use of the Z-transform can 
just as easily be derived by means of the Laplace transform as outlined here. 
Also, by means of this formula, we may make use of tables of the 
Z-transform (see, for instance. Appendix I of Jury. 1964) to calculate 
^-transforms.

We shall now use these results to derive the solutions of some simple 
difference equations. We begin with the equation

0»+i = 20. + P (3-17-26)
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in which a and /? denote constants. If we write

s(/>) = 2 [ ’(a„};p]
it follows from equations (3-17-15) and (3-17-18) that

ep[((p) ~ VI = <(/>) + Pep(ep ~ l)'1-
Solving this equation for £(/>) we find that

[•
From equation (3-17-8) we deduce that

(3-17-27)

As an example of the solution of a homogeneous difference equation 
of the second degree we consider the equation

where b and c denote unequal real numbers. If we apply the ©-operator to 
both sides of this equation and make use of equations (3-17-15) and 
(3-17-16) we obtain the relation

[£(/>) -  a0 -  ale~p]e2p -  (b + <•)[£(/>) -  a0> p + bc^ip) =  0

which may be solved to give the expression

„ o0e2p + a,ep — (b + c)a0ep 
elp — (b + c)ev +  be

Resolving this expression into partial fractions we find that

Identifying the separate terms by means of equation (3-17-18) we obtain 
the solution

For instance, by taking b =  e*, c = e *, we find that the solution of 
the difference equation (3-17-1) is

o„ + 2 -  (b + + bcan = 0 (3-17-28)

a,‘n
d\ ~ <Oq h n _  g 1 -  na0 

b — c b — c (3-17-29)

sinh(na) . sinh(n — l)a .
( 3- 17- 3 0 )
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where, because of equations (3-17-3) and (3-17-4), i0 and /', are determined 
by the linear equations

(/?! — R2)io + ^ 2*1 =

(Rx + R2 + R2) sinh (Mx) 
sinh st -  R sinh(W — 

2 sinh st
U* 1  .

j ,

■ [
(Rt + R2 + sinh(Ar — l)a sinh(W — 2)al 

3 sinh st 2 sinh st J '°

The solution has to be modified in an obvious way in the case when 
b = c. The equation then becomes

«.+ 2 ~ 2<a„ + j + c2a„ = 0  (3-17-31)

so that

K }  = © - ‘[ a  P)]

where

r ,  v aoe2p + « i C p  -  2ca0ep 
i t p ’ --------------- (» -  -  c f  ' '

Since the right-hand side of this equation can be resolved into partial 
fractions

e” ep
+

it follows from equations (3-17-18) and (3-17-21) that the required solution 
of equation (3-17-31) is

a„ = a0c" + (a, -  ca0)nc"~l. (3-17-32)

The general solution of the inhomogeneous equation

a„ + 2 -  (* + c)a„ +, + bca„ = x* (3-17-33)

in which no two of the numbers b,c,x are equal, may be obtained by adding 
to the right-hand side of the solution (3-17-29) the solution a* of equation 
(3-17-33) corresponding to a0 = ax = 0.

Applying the ©-operator to both sides of equation (3-17-33) and 
making use of equations (3-17-15) and (3-17-16) with a0 = a, = 0 and 
equation (3-17-18) with a = x, we find that

[e2p — (b + c)ep -I- 6 c]£»(/7) = ep(ep — x ) ~ 1
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from which we deduce that 

1
£*</>) = (b -  c)(b -  *)(r -  *)

r  v ep ep e
~  x) —---- r + (x -  b) —------ + (b -  c)ep -  b er — c ep — x

and hence that
♦ = ~ -*)*" + (* ~  b)c" +  (b -  c ) j c "

(/» -  c)(/> -  x)(c -  x) (3-17-34)

3-18 THE DOUBLE LAPLACE TRANSFORM

The double Laplace transform of a function of two variables /(.v,v) defined 
in the positive quadrant of the xv-plane is defined by the equation

f(p.q) = [Ax.y)\(p,q)] =  ¥ [ & \ f ( x ,y ) \ x  -  />};>■ -  q] (3-18-1)

and hence by the double integral

T(p.q) = I"' r  f(x.y)e-'px+‘lr) dxdy (3-18-2)
J o  J o

whenever that integral exists.
From this definition we deduce immediately that

[f(ax,by)\(p.q)] = {ab)~'f(pla,q!b\ (a > 0, b > 0) (3-18-3)

and that

^i[/(tix)g(by);(p,q)] = (ab)~'T(p/a)g(q/b), (a > 0 . b > 0 )
(3-18-4)

where Tip) =  ^[/(x);/* ] andgOy) = df [g( y);q].

In particular, we have the formula

^[/(v);(p,<7)] = < r7(p). (3- I8' 5)
To evaluate the double transform of a function f \x  + y) which 

depends on x  and v only in the combination x  + y  we change the 
independent variables from (*,>■) to («.tj) where

* = Hi -  h). T = + 1 )
(Cf. Fig. 3-20). Then since dxdy = K  drl we have

+ y)AP,q)} = i  f ’ A t)  d i P_t dn.
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The value ol" the inner integral is easily shown to be

——  (e- *  -  e - * )  
p -  q

so that

^ iU < x  + y)Ap.q)]  =  — —  [/(^ ) -  /(/>)]p -  q

where

J ( P) =

(3-18-6)

There is no such simple formula for a general function of the form 
f ( x  -  y). If. however./( /)  is an even function of r, we have

SfilJKx -  y)AP.q)] = f f A *  -  y * - ’ * - ”  dxdyJ jQi

+  J J  f{l ~  X)C~PX" r dxdy (3-18-7)

while if/(f) is an odd function of /, we have

^ 2[./U  -  y)Ap.q)~\ =  JJ J\x  -  y)e~p*~‘,t dxdy

-  J j  /(>• -  x )e - 'x~” dxdy

where Q t and Q2 are the infinite wedges shown in Fig. 3-21. 
If  we make the substitutions

(3-18-8)

x  = i( c  + n ) .  = 2 (v -  Z )
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(again see Fig. 3-21), we find that

I I fix - y)e ',x“ ,! dxdy = * P /(£) dt, P dq
J Joi Jo

1 r'Jop + q 

_  Tip)
p +  q

On the other hand if we make the substitutions

* =  \in - O. y =  \i*\ +  0

f(Q)e ^ di

we find that

A y  ~ x)e p* '» dxdyI I , >-r/(o < « dq

1 P / ( 0e - « t K
' Jop + q .

= Jiq)
p + q

From equations (3-18-7) and (3-18-8) respectively we see that if/ ( u) is
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an even function of u.

*  ~+ -q  W/») + /(<?)] (3-1 8-9)

while if /(w) is an odd function of u,

* 2  LA* -  yy.(P4)] = —j-- [ftp) _ /(<?)]. (3-18-10)

Another formula of some interest is

? 2[ftx)\\{x  -  y)Ap,q)]  =  j f tx )e~px dx | e ' qf dy

which can be written in the form

^ [ / W H U  -  >');(/>,</)] = -  { f tp )  -  f t p  +  q)}. (3-18-11)

Similarly

^L/W H( v -  .v) ;(/>,</)] = j” f(x)e~px dx j* e~v1 dy

1 f-
= -  f (x )e - 'p*‘<)x dx

*7 Jo
which can be expressed as the formula

^ [ / W H ( v  -  *);(/>,<?)] = - f t p  + q). (3-18-12)

The similar formula 

^ [ / W H U  + >•);(/>.</)] =  - f tp )  

is trivial —it is merely a restatement of equation (3-18-5).

As a special case of (3-18-11) we take f tx )  = \._ftp) =  P~ to obtain

^ [ H ( x  -  y)Ap,q)] = p(p~+~4)' (3'18'I3)

There are formulae for the double transforms o f partial derivatives of 
a function of two variables which are straightforward analogues of the
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results of sec. 3-4. For example, from the definition of we have

dur du i  r -

- f — K

e~pxdx

u(x,y)e px dx « (0..V)J
so that we have the formula

u . .— Ap.q)cx = pu{p,q) -  ux(q) (3-18-14)

where

u(p,q) = 2 ’i[u(x,y);(p.q)]. uy(q) = £f[u(0,y):q]. 

Similarly we can derive the relation

sr. = qu(p,q) -  u2(p) (3-18-15)

where u(p,q) has the same interpretation as before and 

u2(p) = <f[u(x,Q),p].

Higher derivatives can be dealt with in a precisely similar way. For 
example, it is easily shown that

[,W<H -  ̂[ *  - *}  ̂ ■']
= y  ^qjsf -  </j -  tt,(Jf.O);x -  p j

PS*»]

pu2(p) + u(0 ,0 )

since

pu2(p) -  m(0 .0 ).

Substituting into this last equation from equation (3-18-14) we obtain the 
result

pqu(p.q) — qux(q) — pu2(p) + «(0 .0 ). (3-18-16)
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In an exactly similar way we can show that

-2dp,q) =  P 2>HP-‘1) ~  Piti<<7) “  » 3 ^ ) (3-18-17)
('.V

~2:(p.q) = q2u(p,q) ~  qui(p) ~  u*(p) (3-18-18)

where u,(q) and u2(p) are defined above and ii3(q) and w4(/>) are defined 
by the equations

».,(</) = y ' [1^ ( 0 , >•);</], ut (p) = y 7[i/),(.v.0 );/>].

There is also an obvious generalization of the convolution theorem. 
We define the two-dimensional convolution by

- t ) d t  (3-18-19)

Tables of double Laplace transforms can be constructed from 
standard tables of Laplace transforms by means of equation (3-18-1), or 
directly by double integrations. Extensive tables are given in Ditkin and 
Prudnikov (1958) but the reader should note that these authors list the form 
of F{p,q) = pqTip.q)-not that of/(/».</).

A result which is used in the application of the double Laplace 
transform to the solution of partial differential equations is that if the 
function

is to be analytic, the image function u(p,q) must be an analytic function for 
all values of p and q in the region defined by the inequalities Rep > x  
Req > p. where a and ft are suitably chosen (real) constants. We use this 
condition to remove a difficulty which is peculiar to this method of solving 
partial differential equations. To derive expressions for the double Laplace 
transforms of some of the terms of the differential equation it is sometimes 
necessary to introduce more boundary (or initial) conditions than the 
problem demands. We use the condition that the function J{p.q) must be 
analytic to derive "conditions of consistency” by means of which we may 
determine the forms of the extra functions we have introduced.

To illustrate the procedure we consider the problem of determining, 
in the positive quadrant, the solution of the partial differential equation

and it is readily showu that

^ 2  [/**£:(/>•</)] = T(p,q)z(p-q)' (3-18-20)

w(.v.v) = '[«(/>.?);(*,>•)]

( u cu
vx cv

(3-18-21)
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satisfying the boundary conditions 

m(.y.O) = a(x), x  > 0.

We know from the theory of first-order partial differential equations that 
these conditions are sufficient to determine the unique solution, but to use 
the method of double Laplace transforms we need to know the value of 
u(0 ,r). (y > 0 ), in order to calculate the double transform of «,(*.>) by 
means of equation (3-18-14). We assume that u(0,.y) =  h( v). We then have

^ 2
du
ox (P4) = pu(p,q) -  E(q)

^ 2
cu
,V'M> =  qu(p.q) -  d(p)

where
a(p) =  <f[a(x):p], K(q) =  <f\b(y),q].

The equation (3-18-21) is therefore equivalent to the equation

p -  q

for the double Laplace transform of the desired solution «(*,>■).
Since u(p,q) must be an analytic function for all values of p and q in 

some region Rep > t. Rcq > fi, the numerator must vanish when p =  q. 
In other words we must have

Tip) =  a(p)

so that, by Lerch’s theorem, we deduce that

h(y) =  «(y), (y > 0 ).

The required solution is therefore given by the equation

u(x,y) =  y ’.
p -  q

Another complex of problems in whose solution the double Laplace 
transform is used is that of functional equations. As an example, we con­
sider Cauchy's functional equation

f i x  + y) = fix) + /(>•). (3-18-22)

Making use of equations (3-18-5) and (3-18-6) we see that this equation is 
equivalent to the relation

— 1-ftv) -  Tip)) = - Tip) + -Jiq) p ~ q q ' P
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which can be rewritten in the separable form

p 2A p ) =
Equating each side to the arbitrary constant k, we see that 

J{p) = kp 2.

showing that the solution of Cauchy’s functional equation (3-18-22) is

Ax)  = kx,
where k is an arbitrary constant.

3 19 THE ITERATED LAPLACE T R A N S F O R M

The special case of the double Laplace transform when the variablesp and q 
are equal has been studied in some detail by Bartels and Churchill (1942). 
who call such a double transform an iterated Laplace transform. Thus, the 
iterated transform of the function f(x,y) is defined by the equation

It is obvious that the principal properties of such a transform can be 
derived from those of the last section by writing q = p. There is, however, 
one interesting result due to Bartels and Churchill which does not emerge 
from the properties of the double Laplace transform. This concerns the 
generalized convolution f*2)(x) of a function f(x,y) defined by the equation

■f[f(x,y):p] = 2 ’i[Ax,y)-,(p,p)'} -  f f f(x,y)e *x*>)dxdy.Jo Jo
(3-19-1)

(3-19-2)

The Laplace transform o f / ,2,(.v) is defined by the integral

-2 ’[ / u,(.v);/?] = J* e rxdx f *  A *  ~ >\v) dy.

If we make the transformation

x = u + r, y = v 

with Jacobian

(3-19-3)

£(u.v) 

we see that

Hx,y) _  ,
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v r

<0.,V) (0,N)

(A/.O) x
0

u
0 (Af.O)

Fig. 3-22

where A is the parallelogram in the xy-plane shown in Fig. 3-22. and A' is 
the rectangle in the i/r-plane onto which it is mapped by the transformation 
(3-19-3). If we now let M -* x  , N x  we see that

that is, that the Laplace transform of the generalized convolution/,J,(.v) of 
the function f(x,y) is identical with the iterated Laplace transform of the 
function f{x,y).

3-20 THE STIELTJES T R A N S F O R M

If we take the Laplace transform with respect to p of the function J(p) which 
is itself the Laplace transform of the function /(.*). we have the relation

Changing the order in which we perform the integrations and making use of 
the elementary result

If a function is such that the integral on the right-hand side of this 
last equation converges for (complex) values of y  belonging to a set fl, the

s e \ f 2Hx)-.p'\ = ./[/(*.>•);/>] (3-19-4)

= f e~r , dp f  f(x)e px dx. 
JO Jo

we see that
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equation
f® f i x )  d x

Tt(y) *  (3-20-1)
Jo x + y

is said to define the Stieltjes transform off(x)  for y e tl.
The Stieltjes transform arose in connection with Stieltjes' moment 

problem for the semi-infinite interval (see Shohat and Tamarkin, 1943), 
and hence is related to certain continued fractions. From our (purely 
formal!) approach it is obvious that the properties of the Stieltjes transform 
will be closely related to those of the Laplace transform, for the details the 
reader is referred to Widder (1937) or to Chapter VIII of Widder (1941). 
These works arc concerned principally with the conditions to be satisfied by 
the function / and the set fi for the Stieltjes transform/2 (y) to exist. In par­
ticular it can be shown that if the integral (3-20-1) converges, the function 
/ 2 (y) is analytic in the complex plane cut along the negative y-axis. We shall 
consider here those formal properties of the transform that can be established 
by elementary means.

For example, the simple identity

x + y x + y

leads to the property

,r[.y/-(.v);y] = P  /(*) dx -  yj2(y) (3-20-2)
Jo

and the identity

I________ 1

(.v + a)(x + y) a — y  |_ t  + y x + a 

leads to the relation

4 4 M =—[_.v + a J a -  y

By changing the variable of integration in the defining integral from 
v to i where l = ax, we deduce that

//[/(a.vLy] = J2(ay), (a > 0 ).

(3-20-3)

Similarly, since by substituting x = u 1 we can show that 

f® x~ \/(x~1) dx _  j*® f(u) duJo -v +  y ~ Jo T +
(3-20-4)
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we deduce that

. [̂.t "'/(*'');>•] = y ~ lT i { y ~ l ).

Combining (3-20-4) and (3-20-5) we obtain the formula 

y [  x ~ ,f(a/x);y] = y~ 7 2 (a/>).

The substitution v = u2 shows that 

uf(u) du

231

(3-20-5)

(3-20-6)

• n /e,**):>■] = 2 Jo ^
+ v

Using the partial fraction expansion

2  u 1 1
+ -  iv*u2 + y u + />•* 

we obtain the equation

.V’[/(x i ); v] =  / 2 («>•*) + / 2(

Applying the rule for integrating by parts, we see that 

C* f ( x )  dx = [~ f(x)  1J + f*  Jjx) dxJo *  +  y  L * +  >'Jo Jo  (* +  y )J
which can be written as the formula

(3-20-7)

.n/'U);>’] = 7<o> <$2
dv

(3-20-8)

for the Stieltjes transform of the derivative of a function.
In some cases it is a simple matter to calculate the Stieltjes transform 

directly from the definition (3-20-1). For example, if |arg«j < w. |argy| < n. 
we have

? [ ( x  + a) ■ f 1
log (3-20-9)

dx
(x + a)(x + a — y

On the other hand it is often easier to calculate the Stieltjes transform 
as a repeated Laplace transform. For instance

' “ :/>] = «*(/> + a)~*.

y [ ( p  + a)-1 ;>’] = 7ti>,-'*p‘,'Erfc(uVi )
so that we immediately have the formula

,^’[x~ie~";y]  = 7t>~ie“, Erfc(ia1 vi )- (3-20-10)
Extensive tables of the Stieltjes transform are given on pp. 216 -232 of 

Vol. 2 of Erdelyi el al. (1954).
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We can derive the inversion formula for the Stieltjes transform in a 
simple way by considering the integral of the function g(z)epz round the 
contour C in the z-plane shown in Fig. 3-23. it being assumed that g(z) is 
analytic in the z-plane cut along the negative real axis, and satisfies the 
growth condition

lim g(z)epz = 0, Rez <  c |2| —*

for large |r|. By Cauchy’s theorem 

g(z)('p: dz -  0

so that

fc + m rs r*
g(z)ep: dz = g(xe lK)e px dx -  I g(xelK)e px dx

J c - i R  J R  J 6

+  { S r  +  L  +  L ) g{z)eP=d:

where I~ denotes the circle |z| =  6. If g(z) is such that zg(z) -* 0  as |z| -» 0 , 
then

lim f  g{z)epz dz = 0  a-o Jr

and from the growth condition imposed on g(z) we see that

lim f  g(z]ep: dz — 0 , lim f  g(z)epz dz = 0  
J ab * - *  Jcd

so that letting c -» 0 . R -» ac, we obtain the result 

2 n i& - l [g(z),p\ =  -  £(«•'*);/>]
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-  * < « “ )};/>];;} = g(r).

Comparing this equation with the relation

sr[se \j ix ):p \ ,y \  = n /(* );.v ]
we see that

=  (2»ti)-, {g(jee-i*) -  g(xein)}. (3-20-11)

For a rigorous proof of this inversion theorem the reader is referred to 
pp. 340 -341 of Widder (1941) where the theorem is proved in the form

Applying the operator &  to both sides o f  this equation we find that

Theorem 7 I f  f ix )  is absolutely integrahle in [0,/?] for every positive R 
and is such that the integral

converges, then for every positive x  at which f ( x  + ) and f i x  —) exist.

lim
l-O-t

U - x  ~  «) +_/£)
2  ni = H /(v + )  + /(* - )} •

3-21 THE HILBERT T R A N S F O R M

Closely related to the Stieltjes transform is the Hilbert transform defined by 
the equation

T„(x) = .W[f(ty.x] I f«  fU )d t
x J  - « / -  x

(3-2I-I)

where x is real and the integral is a Cauchy principal value. 1 We sometimes 
say that f„(x) is conjugate to/(.v).

If x > 0. we may write

1 ( ‘ A H *  + !  f °  l UJ dl
TT Jo t ~  X )t J - *  / -  X

J pA,)rfi  j_ r* m j i
2n J 0 / + xe'" 2it J 0 t + xe~

I  f*  n - n d t  
X Jo • -  x

11 e. the integral is interpreted in the sense

m j i
( -  x
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a relationship which may be interpreted in the form

•*[/('):-'■] = ( In r 'Z f lH D 'X e * ]  + (271)-9" [ /( /) ;.x e ' ,K]

-  n '< f U ( - t ) \ x ]  (.r >  0) (3-21-2)

In a similar way we can show that

*  [ /( ') ;* ]  -  -  (2nr V n / t - O l M e " ]

-  (27t)-, .^ t/(-f);|.v jc> -" '] (.r < 0). (3-21-3)

The Hilbert transform occurs occasionally in mathematical physics 
so it is useful to have its inversion formula available. Formally we may 
write (3-21-1) in the form

7,i(.x) = (2nr* f f(t)g{.x - t)dt
J  -  ac

where

glx) =  — (2 / jt)*.x~ 1 

so that its Fourier transform is 

G{ c) =  - / sgn (<,').

Applying the convolution theorem we obtain the relation

F „ ( Z ) = - i  sgn(c)F(<,r ) (3-21-4)

between the Fourier transform of /„(*), and F(£), the Fourier
transform of/(.x). Writing this relation in the form

F(c) = isgn (£)Fw(C)

and reversing the steps of the above argument we see that

that is, that the relationship between f (x)  and f H(x) is skew-symmetrical in 
the sense that i f /H(.x) is conjugate to /(.v). then —/( v) is conjugate toJH(x).

For a rigorous proof that this is indeed so the reader is referred to 
pp. 1 2 1  125 of Titchmarsh (1948) where the result is discussed in the form 
of:

Theorem  8  //./(.x) is square integrable over ( — x ,x ) ,  then the formula

„ 1 d f* (3-21-6)
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defines almost everywhere a function / H( t)  which is also square- 
integrahle. The reciprocal formula

m (x) log 1 -  -  
X

dx (3-21-7)

holds almost everywhere and

ii/ll = «/«!!■ (3-21-8)

We note that the inversion formula can be written in the operator
form

= -JT (3-21-9)
The elementary' properties of the Hilbert transform:

+ /);*] = JT[/(/);x + a] (3-21-10)

#[f(a t)-x]  = .#[f(t)-,ax\, {a >  0) (3-21-11)
j r [ / l - a / ) ; j r ]  = - . W [ / ( / ) ; -a x ] ,  (« > 0) (3-21-12)

= £/«(-*) (3-21-13)

#[tf(t) \x]  =  xj„(x) +  n~' f* f( t)d t  (3-21-14)
J —

follow directly from the definition (3-21-1) and may readily be established 
by the reader.

The calculation of the Hilbert transform of any prescribed function 
may be carried out either directly from the definition (3-21-1) or by use of 
the formulae (3-21 -2 ) and (3-21-3). Extensive tables are given on pp. 244 262 
of Vol. 2 of Erdelyi et al. (1954).

As an example of the use of both methods we consider the Hilbert 
transform of the function l i t1 + a 2 ) - 1  where, for convenience, we take a 
to be real and positive. Integrating both sides of the identity

_______ t_________ 1 T a1 x xt 1

( /2 +  a2)(t -  x) .v2 +  a1 [ f 2 +  a1 +  t -  x  t 1 + a1 J

with respect to t over the whole real line we obtain the formula

£ /2 +  a 2’* ]  x 2 +  a2'

On the other hand, if we use the formula

(3-21-15)
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in equation (3-21-2) we find that for x > 0

1 X - l x
+ -  r-log(xe~"7a) + -  a + - lo g fx/a)^ in  2 n

which gives the result (3-21-15) in the case x > 0. In a similar fashion 
formula (3-21-3) gives the same result in the case x  < 0.

An alternative method, due to Titchmarsh, is available for the 
generation of conjugate pairs. It also shows clearly the relation between the 
Hilbert transform and the Fourier transform.

If we write

i f *  1 f xaft) = -  ffu)cos ftu) du, bft) — ~ 1 /fit) sin ftu) da
k J - . '  «J-*'

(3-21-16)

we may express Fourier’s integral in the form 

f ix)  = i  f {“(>) + ihft))e~ixt dt

i.e.. in the form

f fx )  = \a(t)cos (xt) + bft) sin fxt)} dt.

If we now define a function

<b(r) = (* {aft) — ibft)}e,a dt, fz = x  + iv) (3-21-17)
Jo

and write

<D(j) = Ufx.y) + iVfx.y) (3-21-18)

we see that

lim Ufx.y) =  ffx).
y - 0

Also we see that

-  lim Ufx.v) = f* {bft) cos fxt) — aft)sin(xt)} dt 
y—o ' Jo

so that substituting for aft) and bft) from equations (3-21-16) we find that
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lim V(x,y) = -  | dt f sin {(u — x)t\f{u)du®̂ Ĵo J-i

— lim * f*  * ~  cos ~  •*)} 
-i- J0 * J-x U  —  X

f(u) dll

I f x 1 — cos(/.r)= |,m ------- -------- {j(x  + /) -  j (x  -  /)}
*■** Ji J o  /

dt.

Now if f(i)  is sufficiently smooth it follows from the Riemann-Lebesgue 
lemma that

, f x ,, , A x  + 0  ~  A x  -  0  ,lim I cos(/./)------------------------- di = 0
*-x Jo 1

so that we find that

, , l f1 A x  + 0 - Alim V(x,y) = ----------—-—>~o n Jo t
Ax - i ) dt

and hence that

-  lim V(x.\) = Jf [/(t);x],
y - 0

In other words we have shown that for an analytic function <J>(z) of the 
form (3-21-14) the function — K(x,0) is conjugate to the function (/(.v.O). 

For instance, by taking

_  1 _  x  y  + a
^  : + ia x 2 + ( v + a)1 ' x 2 + (y + a)2

with a real and positive, we see that the function a(a2 + x J) 1 is conjugate 
to the function x(x2 + a 2) ' 1 in agreement with equation (3-21-11).

As an illustration of the occurrence of Hilbert transforms in mathe­
matical physics, we consider the solution of Laplace's equation A2« (x jj = 0 
in the half-plane y  > 0 , subject to the boundary condition

ux(x,0) = /(* )  (3-21-19)

and the condition at infinity:

u(x,y) -» 0  as (jrJ + >-2)* -* x  .

By the methods of subsec. 2-16-1 (a) we can show that the solution of 
this boundary value problem is

u(x,v) =  (2 n)~* I* f\u)K(x -  u,y)du
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where the kernel K is defined by the equation

K(x,y) = .?  '[/'<£ * ( . vj — (2 /7r)*tan 1 (x/y)

so that

u(.x.y) =
n J -I

For this solution we have the relation

In other words the normal derivative on the boundary uy(.v,0) is the 
Hilbert transform of the tangential derivative mx(x:,0).

This last remark can be used to find the solution of the mixed 
boundary value problem

for a function harmonic in the positive half-plane v >  0  and tending to 
zero as (a 2 +  v2)1 x .  From (3-21-20) we deduce that

m,(a,0 ) = </>'(*), |jc( <  I

and from (3-21-21) that

M , . ( - v . O )  =  z ( * ) H ( l  -  | a | )

where the function /(.v) is unknown and H denotes the Heaviside unit 
function. Now we have just shown that My ( A , 0 )  is the Hilbert transform of 
ux(.v,0); we use this in the inverse form that - « I(.t,0) is the Hilbert 
transform of uy(.v.O). This gives us the relation

u(.T.O) = <p(x). 

mv(a .O) =  0,

(3-21-20)

(3-21-21)

H ( 1  -  |/ |) ;x ] = -<£'(*).

which is easily seen to be equivalent to the integral equation

(3-21-22)

which is known (Solingen, 1939) to have the solution

#'(•*)( 1 -  -v2)* j------------------ ax
i -  x

(3-21-23)

where C denotes an arbitrary constant.
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3-22 THE BILATERAL LAPLACE T R A N S F O R M

The Laplace transform defined in sec. 3-1 is useful for transforming 
problems involving a function which is defined for positive real values of the 
independent variable. We shall conclude this chapter by considering briefly 
a transform, with the function e~px again as kernel, but which can be used 
on functions which are defined for all real values of the independent 
variable.

If the function/(.v) is prescribed over the entire real line, we define its 
bilateral Laplace transform by the equation

T* ip) ■ *+  [ jU ):p ] = f ( x )e -px dx (3-22-1)

provided that/(.v) is such that the integral is convergent for some values of p. 
The function / + (p) is sometimes called the two-sided Laplace transform of 
fix).

Writing the integral on the right-hand side of (3-22-1) as

f  * f l x ) e 'px dx + r  f i -  x)expx dx 
Jo Jo

we see that we may consider the bilateral transform as the sum of two 
ordinary Laplace transforms:

[ / ( v);p] = ^[f(x)- .p] + * U l - x Y .  - p ]  (3-22 -2 )
The first term on the right-hand side of (3-22-2) is a Laplace integral with 
abscissa of convergence a,, say; i.e., the first term exists if and only if 
Re/> > a The second term is a Laplace integral with parameter — p; if its 
abscissa of convergence is — <r2, then this integral will exist if and only if 
R e(— p) > — ff2, i.e.. Re(p) < a2. If, therefore, the bilateral Laplace 
transform of f ix )  is to exist these two half-planes must overlap, i.e., we 
must have cr2 > n x. When this condition is satisfied the bilateral Laplace 
transform converges only in the strip

<r, <  Rep < <t2

of the complex p-planc. If <r2 = <r,. this strip contracts to the vertical line 
Rep =  n while if a2 < rr,, the Laplace transforms on the right-hand side 
of (3-22-2) have no common region of convergence, and the function J\x) 
does not have a bilateral Laplace transform.

For example, if/(.v) = e"*1*1. then y [  /(x);p] converges if Rep >  —a, 
and Jr); — p] converges if R e(—p) >  —a, so the bilateral Laplace
transform of e " ',x| exists for — a < Rep <  a. By a similar argument we 
can show that e “x does not possess a bilateral Laplace transform, while 
e~x* has one for all real values of Rep.
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The inversion theorem for the bilateral Laplace transform may be 
established by a method similar to that used in the proof of the inversion 
theorem for the Laplace transform (Cf. sec. 3-10). It can be shown that if 
the integral

/+(/>) =  f*  J\x)e~px dx 
J  - O P

is absolutely convergent in the strip 

<t, < Rep < o 2 

of the /7-plane, then
I pf-i*

fix) = —  J \(p )epx dp 
J c - i *

(3-22-3)

(3-22-4)

where it, < c < er2.
An operational calculus has been based on the bilateral Laplace 

transform by van der Pol and Bremmer (1950). The transform pair 
defined by these authors

j \p )  = p f e~p'h(t)dt , i t ,  < Rep < a2 (3-22-5)
J  -  00

1 f '4-'* f t p )
h(i) = — ■ — - ep< dp, it, < c < <r2 (3-22-6)

2 m jc-i*  P
bears an obvious relation to the bilateral Laplace transform defined above, 
van der Pol and Bremmer express the relationship between h(t) and/(p) 
symbolically by

flp) = /?(/), it, < Rep < <t2 (3-22-7)

or alternatively

h(t) '= flp), <x, < Rep < <t2 (3-22-8)

and say that f(p) is the image of h(t), or alternatively, that h{t) is the 
original of/(p).

It should be noticed that the region of convergence must always be 
specified since two distinct originals may give rise to the same image but in 
a different region of the complex p-plane. For instance 1

1 = H(r), Rep > 0 
and

1 = — H( — 1), Rep < 0

—two different original functions have the same image 1 but in two 
distinct regions of the p-plane.
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The operational properties of these pairs are readily established. For 
instance, if

f ( p )  = MO. *i < Rep < li{
fi(P) = MO. z2 < Rep < fi2

then

f f P)  ± / 2(/0 •=' M O ± M O, max(a,,x2) < Rep < min(/J,,M
(3-22-9)

provided, of course, that such a strip of common convergence exists.
If the relation (3-22-8) exists and /. > 0, then

h(/.t) = f ip  /.). /.it, < Rep < /.a2 (3-22-10)

while if /. < 0 .

h(/.t) = -f(p//.), ).o2 < Rep < (3-22-11)

Similarly if M O  and h2(t) are defined as in equation (3-22-9). the 
convolution theorem for such transforms takes the form

P~ ViipViiP) = f hx(u)h2{i -  u)du (3-22-11)

provided, again, that

max(x,,a2) < Rep < min(/J,,/*j).
For the proofs of these results and their application to the develop­

ment of an operational calculus, the reader is referred to van der Pol and 
Bremmer (1950). A more theoretical discussion of the bilateral Laplace 
transform is given in Chapter VI of Widder’s treatise on the Laplace trans­
form (Widder. 1941).

In many applications to the discussion of physical problems it is 
found to be easier to use the complex form of Fourier’s theorem (sec. 2-11) 
than the bilateral Laplace transform or its van der Pol- Bremmer equivalent.

PROBLEMS 
3-1 Evaluate

i f  '[p Hl + pJ) '; / ]

by (</) expressing the function in partial fractions,
(b) using the convolution theorem.

3-2 Determine the first four terms in the expansion of 
y ' t p H p *  - p 1  -  2 ) '; / ]  

as a power series in /.
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3-3 By expanding tan '(/) ') in descending powers of p. and taking the 
Laplace transform of each term, show that

i f 1 j^tan
sin t 

t

i f

3-4 Evaluate
i f - ' l p ( p 2 -  ' f i f - ' i i p 1 + a2)~l(I -  e "2’"’“);/]. 

3-5 Prove that
if [.fU -'Y .p }  = -  x ) .p ]

and deduce that if a + h > c

R p iR p  + 
f ( p  +  a ) f ( p

= e“c,(l -  + + b -  c;l -  e ' ) / I >  + b -  c).

( ^ - 6  If the exponential integral is defined by the equation 

£•,(/) = J *  u~ le~'“ du 

prove that

i f  [£ ,(/);p] = p ' x log(p + I).

3-7 Show that if Rep > — 1

■S?[sech /;/?] = |tl/(*P + s) -  i«A(ip  + i)- 
Deduce the value of

f 1' cosh (px)
Jo cosh .v

and hence show that

dx, 0 ^  Rep < I

r sinh(n.x) dx , ,. ,
-----L------- = log cot U d “  P)n t-cosh .v x

Making the substitution p = rj — /£. with <; and tj both real, and letting 
»/-*!, deduce that

■?c\_x 1 tanh.v;£] = (2 /7t)* log coth ).

By a similar method show that

sech.v;*;] = 2 (2 /Jt)* t a n 1 [tanh(|«^)j 

Prove that

i f  '[/(log/))
f -

’,] Jo Ra)
/(«) du.
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3-9 Prove that

(a) .^ [f - 1  cos (at1 );p] = (tt/p)i e'*1'*p 

and deduce that

(b) y[ r ~ l sin (at1);/?] = Erf($ap~*)
U) .^[sinfat1):/?] = la(n/p3)i e~a2l*p.

!-10 If

K(x,t) = y
Lv(p) + h

:p -  i

show that

— -  h ) A'(.r,t) = —x(47tt3)_1 e " l2;4'

and hence deduce that

K(x,t) = -(T tt) '1̂ -"2'4' + /ie'"+*2,E rfc (iv r 1  + /it1). 

3-11 Prove that 

c  f x J0(t) -  cost ,
J. — i— - log*2

3-12 Show that if n is a positive integer

z'"J.(-) = Jo<’)

and deduce that

y[,"SJaty,p] = f-V (p2 + aV*
\a  ca)

= (— ( r +  «2 r - *

n r " +‘J„(ar);/,] = p(p2 + a2) " " »■
2 ”tt!

3-13 Prove that

f — cost
1.4 (2 tt + 1 )n « 0

3-14 Show that if p > l

■^~'[(l -  2pcos0 + p 2r * ;* ]  = e“ “ *J0(JCsin0)

243
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and deduce that
'X/ II

£  Pm(cosO)~ = e« “*J0(xsintf)
N“ 0

P„ denoting the Legendre polynomial of degree n 
3-15 Prove that

— I Erff-v1) ^ /  — x )dx  =  n~i e~’ | e2xx d x .
<h Jo Jo

3-16 If ¥ [  ./(/);/>] can be written as the ratio of two polynomials

Tip) = / .  (p);Mp )
with

U p ) = ( P -  " 1  )■■(/» -  . . . i p -  anr -
m x,m2........m„ being positive integers and the degree of the polynomial f t(p)
being less than m, + m2 + ■ ■ • + m„, show that

fU) = f  e“-' X - 4 ^
r *= 1 s  =  0

where the constants An are defined by the equation

An = J!(mr -  5 -  \ ) \ d p ^ ~ ' (P ~ a' r 'n P ) \ p. a,

3-17 Show that if Rep > l,

y [ J .(/);/»] = + i,Jv + I;v + I ; - p ~ 2)-
Using the result

2Fx(a,a + §■;2a;z) = 22“- '( l  -  :)-*{) + (I -  

show that

& I W ;p] = (P2 + )>‘ Mp  + >/</»* + D r*- 
Deduce that

-  \p  + vv/(p2 + D}(p 2 + I)"4{p + V<p2 + »>!"

x { r ' } y{ty.p\ = \ { P2 + l ) } "

and hence that
dz 1

J„(t -  t)Jv(r) — = - J v + „(/), (v > 0 ,/i > 0 ).
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3-18 Show that iRi > — 1

=U -) = R/i + 1 ) tFt(n + \:2fi + l ; - 2 ;).

Deduce that 

^[.v-*Jr<2a^xy.p] =

3-19 Show that. if.v > O.v > — 1,

245

I e"' */lvJ„(2v /) ill = .v'+ le~x 
Jo

and deduce that, provided the integrals on both siH^c r  , 
converge. ° ecluation

n ^ - ' / ( r l):p] = p - "  J0‘ .^ ‘j v(2 vpi)/(.Y)d.v

where/denotes the Laplace transform o f /
Taking fit) = show that

P  J,U)dt = 1, < v > - l ) .Jo
3-20 If m and n are positive integers such that

i r ‘ o j ............- »
show that

where Tip) = y'f/fvLp],
Using Rodrigues’ formula

for the Legendre polynomial of degree />. show that

#[P.l I -* ):/» ] = / ’"(> P "

3-21 Using the formula

W  =
(IxTR n + |)

nl>»?
^ ( i  -

for the Legendre polynomial ot degree n. show that the Laplace transform
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Hf[P„(x):p] is the sum of powers with negative indices in the expansion in 
ascending powers of p of

where IT is the modified Bessel function of the first kind of order v.

3-22 From the recurrence relations
K~i (x)  = xP'lx) -  nP„(x) =  xP'n. 2(x) + (« -

deduce that
ip  + l ) ( p +  3) . . . ( /»  + 2/i — I) 

p i p - 2 ) i p - 4 ) . . : i p - 2 n )  ’

and derive a similar expression for

^ [ P m +t <*•):/>]

3-23 A function is said to be anti-periodic if 
fit + t) = -  fit), it > 0 ).

Show that

-n /( ');/> ] = a  + e - ' t * r m e - ^ d u .
Jo

3-24 Calculate the Laplace transforms of the periodic functions whose 
graphs are shown in Figs. 3-24 and 3-25.
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3-25 The function .9(a) is defined by the series
*

3(a) = 1 + 2  Y. e~nl' x- R  > °)-

Show that

= /7'*coth (/?*).

Deduce the Laplace transforms of 1 + 2x0(x) and of 

Jo
and prove that

£  £>(/){! + 3(x -  t)} di = I + 2 *.9(a).

3-26 Show that the integral of the function

a ^ - ' a j " ' ' 1 . . . a „ ° " ~  1 ( a t >  0 , ______ a „  >  0 )

over the region defined by the inequations

a ,  +  a 2 +  ■ ' ' +  a „ ^  1,  a , ^  0 , a 2 ^  0 ................... a „ ^  0

has the value
R a i ) R fl2) . . . R«„)

Rtf] + a2 + ■ ■ ■ + j ,  + 1 )

3-27 Prove that as a -* x ,/

Solve the initial value problems1 3-28 3-37:

3-28 x + 3x + 2 a  = ie~\ a ( 0 )  = 1, x(0) =  0.

3-29 a  -  2x -  x  + 2 a  =  e " .  a ( 0 )  = x(0) =  3d(0> = 0.

3-30 x + w2a = sinai/. a(0) =  x(0) = 0.

3-31 x + 2x + 2x = 5 sin t, x(0) =  x(0) = 0.

3-32 x + 2x + x = 5e\ x<0) =  l, x(0) = 0.

3-33 a  = x + L x(0 ) =  x(0) = x(0) = 0.

3-34 x + 2x + 2  a = e~'sin/, x(0) =  x(0) =  0.

1 Here we use the notation familiar from mechanics: 

dx d l x
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3-35 V +  2 *  +  5 x  =  *  v ( 0 )  =  A ( O )  =  0 ,  x ( 0 )  =  I .

3-36 v + 2.x -  4.x -  8 .x = 8e2'. ,v(0) = 0, x(0) = 1, ,x(0) = 2.

3-37 x + 6 .x + 9.x = sin /. v(0) = I. x(0) = 0.

3-38 Show that the differential equation 

( ‘̂  + a \ y  = xmc ax. (.v > 0 )

with n a positive integer and m > — 1 has the particular integral

.. _  J > t  + I)
'  f  (m + n + I)

-• <1.1

3-39 A mass m is attached to the lower end of a helical spring of stiffness 
2 k2m and the upper end of the spring is made to oscillate vertically so that its 
displacement y from a fixed point O is given by y  — 5cos(2/.r). If the upper 
end of the spring were fixed at O, the mass would rest in equilibrium at the 
point P. Denoting by v the displacement of the mass from P at time t. show 
that, if the motion of the mass is restricted by a damping force which is 
2 / j i i  times the velocity, the equation of motion is

x + 2 /..x + 2 /.2.x = 1 0 /.2 cos(2 /./).

Show that if v = x = 0 when t =  0. the motion of the mass is given by 

x = e '“(cos/.f — T sin /.t) — cos (2/.I) + 2 sin (2/7).

3-40 Find the solution of the two-point boundary value problem 

i/ 2 v
+ 9y  = 8 sin v. v(0 ) =  0 . v(^rc) =  - I .

(t.K
3-41 Show that the differential equation

d 2 v dv
l - r j  +  (l -  t )  y + /-f = 0 dt2 dt

has a solution

LkU) = l f - ' [ p  x ' (p -  I ) ':/] .

Deduce that if /  is a positive integer n, then

«/) =

(b) X = (I -  .v)-
«—o

U) X ( — l)"/-2»C2 /) = je'(cos i + sin/)
« = 0
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(</> jr. J  L J D L J x -  i) dt = Z-m+„(A)

(e) Se[rL„(t),p] = n ' . p -  2p-‘).

(L„ is (he Laguerre polynomial of degree n ; cf. sec. 3-12.)

3-42 Show that the solution of the differential equation

v ^ 4  + (1 + 2a x ) ^ -  + av =  0 dx~ dx

satisfying the initial condition y(0) =  1 is 

+  2ap)~*;x\ = e " “ I0(«.v).

3-43 Find the solution of the differential equation 
d1\ dv

x — = + 2  —  + XT = 0  dx* dx

satisfying the initial condition y(0) = I.

Solve the initial value problems 3-44- 3-51:

3-44 v + x  +  .V = 0. 2.v -  f  +  4.t — y  =  0; r(0) =  l,y(0) =  0.

3-45 v + a -  y  = 0. y  + 2a +  4v = 0; a(0) =  1. y(0) =  0.

3-46 a  -  a  -  2y  = /, f  -  2 a  — y  =  / ;  a ( 0 )  = 2 ,  » ( 0 )  =  4 .

3-47 a  + ky  =  a sin k t , y  — kx  = a coski;  a(0) = 0, y(0) =  b.

3-48 a  + 2y + a  — y = cos t, .t -  y -  x  — 2v =  sinf;
,v(0) = 1, y(0) = 0.

3-49 2a +• 3a -  y  = 21, 3a + y  + 4.v = 31 ; a ( 0 )  = y(0) = 0.

3-50 x -  y  — 2 a  + 2v = 1 — 21, x  + 2v J- ,v = 0 ;  

a(0 ) = x(0 ) = >’(0 ) = 0 .

3-51 3x -  »• -  a  -  3y = e~\ x  + 3y -  3x + v = 0; 
x(0 ) = y(0 ) = 0 .

3-52 Find the solution of the system 
x + v = I, x + y  = 0

satisfying the initial condition x(0) =  l and the condition x(/) -* Oast -► x .

3-53 Find the solution of the simultaneous equations 
x -t- y  + x + 2y  =  sin /, x -(- 2y  + 2y = 0

whenx(O) = l, WO) = 0  and verify that as t -> x  ,x (/)  ~  (8/5)* sin (/ -  <t>) 
where <t> =  ta n " 1 (2/3).
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3-54 The coordinates (,v,> ) of a particle moving in a plane are functions of 
the time t and satisfy the equations

2v + 8 .v -  y -  5y = 0, x — 2x -  y  -f y =  0.

Initially the particle is at the point (5,7). Prove that it moves on an arc of a 
parabola, whose axis is parallel to 4x = 3y, and that it steadily approaches, 
but never reaches, the origin.

3-55 Solve the simultaneous differential equations

x + 4y = x. .v = x + y

under the initial conditions ,v(0 ) = x(0 ) = 0 , y(0 ) = I, y(0 ) = 0 .
Prove that |.v + 2y| < 2 for all positive values of r.

Solve the initial value problems 3-56-3-60:

3-56 x  -  3.V =  y ,  y  +  3y =  7 .v ;  .v ( 0 )  =  v ( 0 )  =  y ( 0 )  =  0,y(0) =  I .

3-57 x  + 2y  + x  = cos i. i: + 2.v + y = 0;
x<0 ) = v(0 ) = >(0 ) = >(0 ) = 0 . 

3-58 -v + 2x ~ y  = I. v + y + 2y  = 0;
v(0 ) =  x(0 ) = y(0 ) = y(0 ) = 0 .

3-59 v — 3.v — 9y  = c 1', y  +  .v +  3y  =  0;
.v(0) =  y(0) =  1, jf(0) = .1(0) = 0. 

3-60 .v = 3x + y + :, y = x + Sy + z, i  = x + y + 3z;
x(0) = 3, y(0) = z(0) = 0.

3-61 The motion of a particle is determined by the equations 
.x = y + z — .v, y = z + x  -  y, z = x + y + z.

If the particle is initially at the point (1,0,0) find its coordinates at a 
subsequent time / and show that its trajectory has equations

(.v + y + 2 z)(.v + y -  z) 2 = 1 , .v2 -  y 2 -  2yz + 2 z.t = 1 .

Show also that for large values of t the trajectory lies very close to the 
straight line with equations 

x y _  z
T = T ~ 2 ’

3-62 Find the solution of the system of equations

\ x  + y + 4y =  0, Tv -f f  + 4z = 0. v + 4.v -  9(y + z) 

satisfying the initial conditions

.v(0 ) = 0 , y(0 ) = I, z(0 ) = 0 ; -v(0 ) = y(0 ) = z(0 ) = 0 .
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3-63 Show that the solution of the two-point boundary value problem 
d2v—-  -  w 2v = f{x), (x > 0 ); v(0 ) = 0 , v(.v) -* 0  as .r — xax

is p*>(.vj = -  G(x.t)f(l) (Ii 
Jo

where
, \to~ 1 sinh(w/)e- “jr. 0  < t < x  G(x,t) = < . ,

(oj 1 sinh(rar)e . t > x.

3-64 If »•(.*) is the load per unit length of an elastic beam, E is its Young’s 
modulus and I is the moment of inertia of the cross-section of the beam, then 
the deflection, v(jt), of the beam from its unloaded position is given by the 
differential equation

d*y
E l - A  = »-(x). dx

If the beam is of length a and is built-in at the end x = 0 so that 
v(0 ) =  y'(0 ) = 0 , and is freely hinged at the end x  = a so that 
via) = v"(a) = 0 , show that

)(-x) =
' x 2 v3 I C* 1
A - j  + B ■ + -  (.v -  w)3h (m) du

a2 a3 6 Jo J
where A and B are constants given by the equations

i r*
A = -  (a — u)(2a — u)uw(u) du,4 Jo
B = — ~  | (a — u)(2a2 + 2au — u2)w(u)du.

Derive the solution in the case in which the beam is built-in at both 
ends so that the end conditions are _v(0) = y '(0 ) = y (a ) = y'{a) = 0.

3-65 Find the solution of the equation

x' +  2 v -  x -  2x = Q
satisfying the initial conditions .v(0 ) = 1 , .v(0 ) = 0  and the limiting con­
dition xU) -* 0  as / -♦ x .

3-66 Find the solution of the equation 

x' + 4x + x — 6 .v = e~‘

satisfying the initial conditions ,v(0 ) = .v(0 ) = 0  and the limiting condition 
r(r) -* 0  as t -» x .
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3-67 Find the solution of the differential equation 
ty +  2 v +  tv =  0

satisfying the condition y(t) -* 1 as t -* 0 .

3-68 Show that the solution il/{r.t) of the boundary value problem
C2lp 2  Cij/ l_np

K  C t
(r > a, t > 0 ).

for which = T0, i^(r.O) = 0 for r > a, and ip(r,l) -* 0 as r -» x .  is
given by the equation

3-69 The temperatures m, v in two different media lying in x < 0, x > 0 
satisfy the equations

c2u _  cu r 2v dv

c l 2 <'t' K dt2 ~ Ct

respectively. At the interface x  = 0,
Cu Cu

u — v, --- = a - -r.r r.t

(where a is a constant). Find the temperatures for all t > 0 given that, 
initially, it — 0 . (a < 0 ) and v = 1 , (.v > 0 ).

3-70 Prove that the solution of the wave equation 
, C2u C2u 

Cx2 ct2
in the semi-infinite strip |.v| < / , / > ( )  satisfying the boundary conditions

cx

and the initial conditions

ctu(.v,0 ) = ax. = 0 , \x\ < I

may be written

ax -  aci£ ~ 1 [/> ~ 2 sinh (pxjc) sech (/>/ c):/? 

Hence find a series expansion for u(x,t). 

3-71 The function u(x,t) satisfies the equation

+ S  = 0 . (x > 0 ./ > 0 )
cx c r

']•
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the boundary conditions «(0 ,/) = 1 , d2u(0,i)/dx2 = 0  and the limiting con­
dition u(x,r) -* 0  as x  -» x .

Show that

i/(x.r) =  ^ ' , [ p _1 cos(xv/i/> )exp (-xv/i/>):p -» /], 

and deduce that

u(x.t) = l ----- p  I (cos^v2 + sin \ y 2) dr.
v ' J "

3-72 The function u(x.t) satisfies the equation

2 (*2u _  C 2 U  

C dx2 cl2

in the semi-infinite strip 0  < x <  /, t > 0 . the boundary conditions 

u(0,t) =  asinwf. u(/,t) = 0 , / > 0 ,

and the initial conditions

//(x,0 ) = = o, ( 0  <  x <  /).
cl

Show that

u(x.t) =
asinwf sin (o>(/ — x)/cJ

sin tol/c Ix 2lea . nnx . unci
-1 7 2 -------- - j - r j S i n - ' . - s i nw / — irn  c* I In ■ 1

3-73 Show that the function w(x.f) which satisfies the partial differential 
equation

d2u _  1 c^u , 

c.x2 c2 di2 +

(c and k constants) in the semi-infinite strip / > 0 , 0  < x < /, the initial 
conditions

. n. c?u(x.0 ) u(x,0 ) =  — -—  = 0 , ci ( 0  <  x < /)

and the boundary conditions

„ du(l.t)
m(0 ./) =  —- —  = 0 . (t >  0 ) 

cx
can be expressed as



254 THE USE OF INTEGRAL TRANSFORMS

Deduce that 

«(.*,/) = {kx(x — 8 /) + 

16 kl1 ( - 1 ) (2 » + 1 )Jt(/ -  x) (2rt + \)itct
------ 7 1  COS----------- —----------- COS--------—(2 w + ) 3 2 / 2 /

bkli y  ( -  I) 
n3 L t l n + l f

3-74 Show that the solution u(x.t) of the partial differential equation 
ru

T~2 ~  Try + 2 k — c.x ( t  ct
where1 k is a constant, defined in the half-plane / > 0 by the Cauchy data 

«(v.O) = 0 , =  f i x )Ct

u(x,t) = I*  K(x -  z,l)f\x)dx
J — <t>

where

AT(.v./) = \ e - i , < T t -̂7—i X—  p j exP {~ M v V  ~ k i )\ ’ P -  'j

3-75 The function m(.v,v) satisfies the equation 
c2ur ” * + U = 0vxcy

in the positive quadrant x > 0 . y > 0 , and the boundary conditions 

w(.v,0) =  /( .r ) , ( v >  0), u ( 0 , y )  =  £ (> ), (>■ >  0);

with /(0) = g(0). Show that

«(A7.v) =  /(0)Jo(2v ' at) + f * r O ) S 0{2y*(x -  I)*} dt

+ f ’ g'(t)J0{ lx H y  -  ,)*} dl.

3-76 The function u(x,t) satisfies the partial differential equation

c r dx2
1 c*u 

a4 cx2ct2 (a > 0 , / > 0 )

where a is a real constant, the initial conditions

(.v > 0 ).M(.v,0 ) = ‘M * 0) = 0 ,
ct

and the boundary conditions

m(0 . i) = f f(x)dx. u(x,t) -» 0  as a- -» x , ( f  > 0 )
Jo'

1 It can be shown that K(x.t) - ir"“l0{*>/(iI -  t J)J H(f -  |jt|).
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where the function/(/) is continuous for t > 0 .
Prove that
ru(0. t) f' ,
—:---- = - a  fU ~  r)J0 (ar) dx.

<’-v Jo

Find the value of du(0,t)/dx if u(0. t) = 1 and the other conditions 
are unaltered.

3-77 If u(x, t)  is the solution of the diffusion equation 
c 2u  I  cu
v s  = -  —. -v > 0 , / > 0
e x  k  ct

satisfying the boundary conditions u(0 ,t) = cutO,t)/cx = 0 , t > 0 . and the 
initial condition u(.\\0 ) = f(x), x > 0 , and if c(x,t) is the solution of the 
wave equation

C2V _  1 C'2f
f x 2 c2 dt2' x > 0 . t > 0

satisfying the boundary conditions u(0 ,r) = dv(0.t)/dx = 0 . / > 0 . and the 
initial conditions v(x,0) =  0 , <?r(.v.0 )/r’r = Ax), x > 0 , show- that

u(x,t) = c(4xs.7:,)"i J xv(x.y/^Kx/c)e~,tl*' dx.

3-78 If, in the last problem, the initial conditions on c(.v,/) are replaced 
by r(.v,0 ) = f(x). dc(x,0)jct = 0 , show that

u(x, /) = (nt) * * J i;(.v, v/tcr/c}e ~,J 4‘ dx.

3-79 The current j(x,t) and the potential F(x,f) at a point x  in the semi- 
tnfimte telegraph cable x  > 0  satisfy the equations

_  _  . cV  _  cj 
dx r>' L ct <x

where r and c are the linear resistance and the linear capacity respectively.
The current and potential at all points of the cable are initially zero, 

and constant unit potential is then applied at x = 0 for a time T.
Show that, if t > T,

V(x.r) x
2

- f  e ,cx2 *“u ' i du.
tt Ji- r

3-80 Two functions u, v satisfy the differential equations

cu
tlx

r;i
T, + v o. cv cu 

+ ~  cx ct 0
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/(a ) =  ,r(b)r{n -  b) J0

3-85 Show that if the inverse transform

(a- — «)" h ' lFl( — a:n — b;x -  u)g<",(u)du.

U  x) = i f ' 1 v
_pK(pY

exists, the integral equation

I * fit)  K(x2 -  i 2) dt = g(x), (x > 0)
Jo

has solution

cl i 1
f(x) = -/x I iL(x2 -  r2)g(t) dt.

3-86 Show that the integral equation 

f * cos ik(x2 — r2 >* ] .
- ~ 2 -----~ HD dt =  g(x). (A' > 0)

Jo  ( x 2 -  r ) 1

has the solution

2 d  f*coshf£(v 2 -  t 2)4!
A x )  = 7 - - r i ---- IK(I) di­rt dx Jo (a 2 -  t 2y

3-87 If g(t) is prescribed and g(0) = 0 show that the solution of the 
integral equation

AD + f  f dx
Jo V (' -  X)

g(D, (I >  0 )

which vanishes at t = 0  may be written in the form

fU ) =  f  g’(x )K U  -  a )  dx Jo
where

K(t) = e"  Erfc(tt4/ 4).

3-88 Show that the solution of the integral equation

. / ( a )  -  /. f*  f( t)K {x  -  t)dt =  £ ( a ) ,  ( a  >  0 )  
Jo

can be written in the form

/(a ) =  g(x) +  /. g (t)L (a -  t)dt Jo
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where

U x ) = £  M-v) = & ' 1 [^(/>)},+ ';/»-* *]■r *= O
Find kr(.x) if K(x) is

(a) J0(2.v*); (b) J0(.v).

3-89 Solve the integral equation

>( v) + e~‘y(x  -  i) dr = 1

and verify that r(,v) -* $ as x  -* x .

3-90 Find the solution of the difference equation 

-  (* + C)a,+ I + hcan = h" 
satisfying a0 = a, = 0 .

3-91 Find the solution of the difference equation 

+ 2 ~ 2baH+t + b2a„ = b" 

satisfying a0 = o, = 0 .

3-92 Evaluate the double Laplace transforms of the functions 

sin (ax + by). cos {ax + by).

3-93 Show that

^ ,[Jo (2 .vM );(/> ,< /)] =  (1 +  pqY'.

<3-94 If

rin(jr.v) ,
f{i)g(x -  /, v -  /) dt

show' that

%’2[h{x.y)-,(p,q)] =J{p  + q)g(p.q) 
where

Tip) = ^l /lx):p].  g(p.q) =
3-95 Show that

\ x<-x~:(p.q) = lTip/a.q) 1 
L c x  J L™ J » = i

and deduce that
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- ( - T - f . + , ! ) ■ ( ' + » 0 .nM ) .

3-96 U se the method of the double Laplace transform to find the solution 
of the equation

('a (ii ...
— + = f(x.y)(V <>'

in .v >  0 , y >  0 , which vanishes on the coordinate axes.

3-97 Use the method of the double Laplace transform to find the 
solution in the positive quadrant of the partial differential equation

c2u
+ ti = 0exey

taking the value 1 on the coordinate axes.

3-98 Show that if the boundary value problem

(J1 - i l  -  / ( . v ,  v ) ,  ( y  3 s  0 ,y Ss 0 ) :  / / ( y . 0 )  = a(x), m ( 0 . t )  = b(v)
r.v o-

has a solution which is analytic in the positive quadrant of the .vy-plane, its 
boundary values must be related through the equation

a(x) -  b(x) = -  ')dr. ( v >  0 ).

3-99 Find the solution of the Cauchy■ Abel functional equation 

f i x  + y) = IU)liy).

3-100 Show that the function/satisfying the functional equation 

/«.t + »•) +  f i x  -  y) = 2fix)f\y), ./(()) = I 

is an even function and hence determine it.

3-101 Solve the functional equations

iu) f i x  + r) + f i x  - r) = 2 /(y) + 2 /(.v);

ib) f i x  + y) -  f i x  -  y) = 2 /(y);

(c) f i x  + i ) + f i x  -  i ) =  2fix).

3-102 Find the solution of Jentten's functional equation 

/(l.v + ly) = \ f ix )  + \ f i y )  

which is continuous.
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3-103 Show that

(a) .‘/[ (a  + at) -1 ; v] = (a — v ) '1 log (a/y), (a > 0);

(/>) ‘/ [ ( a  + x) '(ft + x) ';> ]

f (a -  ft)log(a/y) -  (a -  y)log(a/ft)----- —— 1--------------- ---------- . (ft *  a).I (a -  t)(ft -  v)(a -  ft)
v -  ^ {h = a).

L (a -  y r a

(<j y [.v* ':_v] = 7tv,v t cosec(vn), (0 < v < 1):

(</) .'/T.v*_ , (o +  v) 1; |1 =  - ------- — ~ (0 <  v < I, a >  0);
(a -  j)sin(vTt)

(e) f/[(«2 + .v2)- 1;v] = (o’ + y 2)~‘[ixy/a ~ log(>v'a)], (a > 0): 
(/) y'f vfa2 -f y2) 1 ; v] = (a2 + y2)~ '[Irra + ylog(va)], (o > 0).

3-104 Show that

(a) W [H(r -  a) -  H(f -  ft);x] = - log
71

(b) Xr [ r , H(f -- o);.v] = — log;— --..
nx | a —  -Y|

(c) #\(at  + ft) 1 H(r);x]

ft - _ x  

a — x

(o > 0);

(ft > a > 0 );

(d) W

1

n(ax + ft) 

ia — fix
.7r + ~ ^ ’ (o >  0).

(a.ft > 0 , v ± -ft a);

3-105 Suppose that the function K(/.<x) is a solution of the self-adjoint 
equation

d 
dx Pix)

dK
dx + {/-2w(.v) -  t (.Y)}/f = 0, (/. > 0. .v > 0)

and that a transform1 ;T is defined by the equation 

/( /)  = = | f(x)K(/..x) dx.
Jo

Transforms of this general type were introduced by Mercer (1963).
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Suppose further that this transform has an inversion formula of the type

=-'[7U); v] = V T O .)H 0.x ) dk.
J o

Show that if L (^ x )  satisfies

i L  l x  ~  +  ( v  >  x  >  0)

and is such that

dK dL
p(x)L(p.x) —  -  p(x)K(t.,x) —

can be written in the separable form L(/.)M{p), then

2 u(x)LO*,.v)
y [ r 'L ( t* )H ( t ’t ,x)\t -  j ]  =

■V/fy1)

Deduce that

H{k,x) = it. r  L(ke**\x)
7ti(I) “lX) [  M(t.eini)

Consider the special cases:

H k e ' ^ . x j

(a) K(/.,x) — sin (Ax);
(b) K(k.x) = cos (Ax);
(c) AT(A.x) = //sin (Ax) + A cos (Ax);
(d) KO..x) = J,(Ax).



T h e  M ellin  T ra n s fo rm

4-1 ELEMENTARY PROPERTIES OF THE MELLIN TRANSFORM

We saw in sec. 1-7 how the Mellin transform

f*(s)  =  ..^[/(x);.?] = J q /(x )x J ~ 1 dx (4-1-1)

arises in a natural way in the solution of boundary value problems concerning 
an infinite wedge. In this chapter we shall consider the properties of this 
transform.

4

By making the simple change of variable x  = n; 
integral

J f(ax)x ' ~ 1 dx =  Jo f(u)u* ~ 1 du 

we see that

a in the defining

.Ar[/(<ix);s] =  a~*f*(s). (4-1-2)

262



THE MELLIN TRANSFORM 263

Since multiplying /(x) by x* merely results in changing .t to i  + a, we also 
have the relation

.tf'fV’/lx);.?] = /*(.v + a) (4-1-3)
Similarly, since if a > 0

f
r

f (x ‘ )x ‘ - 1 dx 

■j(u)ui'“~ ll“ u1

we obtain the relation

■*[f(x°);s] = a~\f*(s/a), (a > 0 ) 

and by a similar method we can show that

# [ x “ ‘/(x  *);s] = /* ( 1 -  s).

If we use the well-known formula

(4-1-4)

(4-1-5)

^ x '  1 = (logx)x' ' 1 

we see that
*[togxf(x);s]  = ^/*(.v). (4-1-6)

We have already computed several Meliin transforms. For instance if 
we replace p by s, { by 1 in equations (2-7-21) and (2-7-22), we obtain the 
formulae

.^ [co sx ;j] = r(5)cos(|n.v). 0 < Re v < 1 (4-1-7)

.^ [s in x ;5] = r(s)sin(|«.v), 0 <  Re* < I (4-1-8)

Similarly we can interpret equation (2-10-7) as the formula
J ' - v - I r v l  i

■ 4t[x*vJ,(.v);j] = y 0 < Res < I, v >

(4-1-9)
From this and the rule (4*1*3) we deduce the equation

" + 2  ( 4 - ' - 1 0 1

We notice also that we can interpret equation (3-2-3) in the form

,# [e -x;s] = r(j). Rer > 0
by replacing v by s — 1 and p by 1 .

(4 - 1- 11)
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Another useful result can be obtained by changing the variable of in­
tegration in the integral on the left of the formula

(* (I — u) m~ 1 1 du = Res > 0, Rem > 0
Jo Hrn + s)

from u to x, where u = x/(l + x). This gives the equation

f® x ‘~ 'd x  _  r(m)T(s)
Jo ( T + ^ P 1  "  l'(m + s)

which can be interpreted in the form

.V/[(l + .v)'“;s] = o < Res < Rea (4-1-12)Ra)

In particular if we take a = 1 and make use of the relation

r(.v)T(l -  s) = 0  < Res < 1sin(Tts)

we obtain the formula

,//[(! + x)- I ;s] = rc cosec (trs), 0 < Res < I. (4-1-13)

We notice, also, that if w'e combine equations (4-1-4) and (4-1-12) we find 
that

+ .var ' ,;s]

and in particular that 

.//[( l + x‘) - ' ; i ]

r(.v/a )["(/> — s/a) „ „
^  . 0 < Re s < Re aft«Hft)

(4-1-14)

^  cosec 0 < Res < Rea. (4-1-15)

Mellin transforms of rational functions can be calculated by a method 
similar to that outlined in sec. 2-8 for Fourier transforms.

Suppose that J\z) is a rational function which has no poles on the posi­
tive real axis and is such that, for al < Res < a2.

lim z’f(z) = 0 (4-1-16)
1 - 0

and that
lim z*f(z) = 0 (4-1-17)
z - » X

We assume that/(z) has poles at the points r = a,, . . . ,a„. If we integrate 
the function

4>(z) =  {e-^zY-' f iz) (4-1-18)
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v

round the contour shown in Fig. 4-1 and make use of the fact that, because 
of (4-1-16), the integral round the small circle tends to zero as the radius of 
that circle tends to zero and that, because of (4-1-17), the integral round the 
large circle tends to zero as R x ,  we find that, in the notation of sec. 2 - 8

£  '/(.v) dx -  (e*‘xy~ 'f(x) dx -  2 ni £  res<j>(ar)

Since

= 2i sin (sit)

we find that

|" x ‘~ '/(x) dx =  — ~ - . Y  res <j> (a, )
Jo sin (ttt) i-.

that is, that
n

^[y(.v);s] =  sjn" £ rcs^ (<u  (4- '- 19>
r» 1

The formula is easily modified if J(z) has poles ,pm on the
positive real axis. It is readily shown that

n m
.#[i(x)\s] = - - - - -  Y  res</>(«r) -  n cot(.wr) Y  Pr'~1 res/(/Jr)

f  *  1 r -  I

(4-1-20)
it being understood that the integral defining the Mellin transform is taken in 
the sense of its Cauchy principal value.
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To illustrate the use of the formula (4-1-19) wc consider the case in 
which/(z) =  (I + z ) ' ‘.Theconditions(4-l-16)and(4-l-17)willbesatisfied 
if 0 < Re.v < 1. Also, the function /(z) has one pole only, at the point 
- =  e*‘; it is easily seen that the residue of #(z) there is 1 and so we obtain the 
formula (4-1-13),

Similarly, if we take /(z) = (I + z 2)-1. the conditions (4-1-16) and 
(4-1-17) will hold if 0 < Re .v < 2. The only poles of /(z) are at e1", eiwi 
and the residues of 0 (z) at these points are respectively $e*xti. so
that by equation (4-1-19) wc have

.#[(]  + at2 )“ 1 ;s] = . *.•- 0 < Res < 2 (4-1-21)L 2  sin ($ns)

in agreement with (4-1-15).
To illustrate the use of the formula (4-1-20) we take/fz) = (1 -  z) " 1 

Equations (4-1-16) and (4-1-17) are valid provided that 0 < Res < I. This 
function has only one pole, at z = 1 for which the residue of/(z) = -  1 so 
that

.^[(1  -  x)_ , ;.v] = it cot (.V7t), 0 < Rex < 1 (4-1-22)

it being remembered that the integral on the left-hand side of this equation is 
a Cauchy principal value.

As with the Fourier and Laplace transforms, we introduce the inverse 
of the operator ft in the sense that if

/ * ( 5 )  =  . * [ / ( . t ) ; . v]

we write

A x )  =  . * ' [ / * ( * )  ; t ]

For instance we could rewrite equation (4-1-12) in the inverse form

^ - ‘[r(s)r(u  -  ,v):x] =  r(a)(l +  x)--. (4-1-23)

4 -2  MELLIN T R A N S F O R M S  O F  DERIVATIVES A N D  INTEGRALS

In the applications of Mellin transforms we often need to be able to express 
the Mellin transform of the derivatives of a function/(x). or of some integrals 
involving it, in terms of the Mellin transform f*(s)  of the function. We derive 
some of the results here.

By the definition of the Mellin transform

.//[f'(x):s] = I* /'(x )x 5 ~ 1 dx.
J o
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Integrating by parts we find that

.4/[f(x);s] = [/(*)**-']? -  (s -  1 ) j * A x ) x a~2dx.

Hence if there exist <r,. <r2 such that
lim x*-'f(x) = 0 , lim x*~ lf(x) = 0
x—O x-*®

when <t, < Res < o2 and iff*(s — 1) exists in the band, then

Jlf[f'(x);s] = — (s -  I)f*(s -  I), <r, < Res < o2 (4-2-1)

where f*(s) = J t[  f(x),s]. Applying this formula twice we find that 

,#[f"{x),s\ = - ( s  -  1 )Jf\J'(x)\s  -  1 ]
= -{s  -  !){-(* -  2)f*(s -  2 )}

i.e., that

J T ir W is ]  = (s -  I)(t -  2)/*(s -  2) (4-2-2)

We can obviously prove by induction over n that, for all values of s for which 
f*{s — n) exists,

ITs)
= ( - ! )"  -  n) (4-2-3)

provided that
lim >/%T) = 0 , r = 0 , 1 ............n -  1 .
x - 0

Since
.H[xf(x)\s] = ,#[f'(x);s  + I] 

we deduce from (4-2-1) that

and by induction that

( -v)V(.v).

We note, also, that

.f([x’f * )(x)\s] = ,4t[f*\x),s  + n] 
so that, by (4-2-3), we have the relation

(4-2-4)

(4 -2 - 5 )
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In particu lar we deduce by putting n  = 2 in (4-2-4) that

~ i d1/  .-V 7-,- +dx1
J!

X d x[*
s2f*(s). (4-2-6)

For example, if we denote the two-dimensional Laplace operator by A2 we 
find that in plane polar coordinates p, 0

1 <1 1 P2t
^ . M )  -  + - dp + Pi  ^ 2 (4-2-7)

so that by (4-2-6) we find that

■#\> 2A2/ ( p .0 );p  -v] =
d(j>2 + s2 1 /*(.V,0 )

where

/* ( j .0) -  #UXp .<I>);p -» J] (4-2-8)

Hence we deduce that

.//[A 2/(p .0 );p  — .t] = | ~ T + (.v -  2)2|/*(.v  -  2,0) (4-2-9)

If we define the plane biharmonic operator Az 2 by 

A22/  =  A2(A2/ )

we find that

.✓ /[A22/fp.0):p -  s] = + (s -  2)2J ,^[A2/(p.0);p -  ,v -  2 J

and hence that

H[A2 2/(p .0 );p  -» s]
=  {D* 2 +  (v -  2)2 }{D, 2 + (s -  4)2}/*(.s -  4.0) (4-2-11)

where

and/*(s,0) is defined by (4-2-8).
Some of these results can be written conveniently in terms of integrals 

rather than derivatives. For instance we can write equation (4-2-1) in the 
form
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Replacing 5 by s + 1 we can now write this as

.#  j Ĵ /(!/) </u;jj = — ~/*(s + 1) (4-2-13)

where f*(s) denotes the Mellin transform off(x). Repeating this process we 
see that

< *£/& <> *;*] -  + ' ]

showing that

If we denote the n-th repeated integral of/(jr) by I„f(x) in the sense that

IJ ix)  = p  Im.J (u )d u  Jo

we can prove by induction over n that
H e )

.t/[/„/(.t);5] = ( -  1 ) " ^  + »)

Similarly, if we write equation (4-2-1) in the form 

,# [ /(* ) ;.r] = (5 -  I ) , * | j ” /(«)<A/;.r -  l j

and replace j  by .r + 1 we arrive at the formula

t f j J  / ( u)</u;jJ  =  -/* ($  + 1 ).

(4-2-14)

(4-2-15)

(4-2-16)

If now we introduce an n-th repeated integral / “/r v\ „
" of/(*) defined by therecurrence formula

I f  fix)  *  J* l ^ r / M d u

we can show by induction over n that
(4-2-17)

r(.v)
r  (j  + n) /*(.* + «)• (4-2-18)
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Wc shall make use of the Mellin transforms of certain integral expres­
sions. For instance

M u"flxu)g(u) x ‘~ 'd x  uuf(xu)g(u) du

= r  «"(?(«) du f * .vs_ 'f(xu) dx Jo Jo

= r  u*-‘g(u)du f* v’- 'A v )d vJo Jo
showing that

41 jj^* u“f(xu)g(u) = /*(.?)j?*(l + fi -  r)-

Making use of the relation (4-1-7) we obtain the equation

H Ĵ.r; J uttJ(xu)g(u) </«;.vj = /*(s + /)g*(l - / .  + ft -  s).

(4-2-19)

Similarly 

H

showing that 

H

f® /.A /•

ul,f [ - )g { u )  du;s =
LJo W  J J

u“g(u) du

u>e g(u) du;s

= j* u“+1g(u) du J  v*-'Ay) dy 

= i?*(/i + s + 1 )/*(s).

From this we deduce that 

f xtl x  I uvfy -]g (u )du - ,s f*(s + ;.)g*(s + X + n + 1). (4-2-20)

Two particular cases of these results arise frequently. Taking/. = ^ = 0 
in (4-2-19) we obtain the relation

flxu)g[u)du\^ =f*(s 

aking /. = C 

H  j  / ^ ~ j  g(u) = f*(s)g*(sl

Axu)g(u) du:s | = f*(s)g*< -  s) 

and taking /. = 0. n = — 1 in (4-2-20) the relation

(4-2-21)

(4-2-22)
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This last relation is often used in its inverse form

(4-2-23)

As an example of the use of equation (4-2-23) we consider the Mellin 
transform of the Weyl fractional integral

from which it follows that

h*(s;n) «  .0[h(x;n);:x -  v] -  F*(s)G*(s).

where F*(s), G*(s) are the Mellin transforms of F(x), G(x) respectively. Now, 
by equation (4-1-7)

/■*(s) = (%s + fi)

where f*(s) is the Mellin transform of/(.v). and

If we write

F(x) = x “f(x), G(x) = ^  (l -  x r ~  lH(i -  x)

we can put this integral into the form

G*(.v) = =

Hence we find that

Tfs)
■ « [* J ix Y ,s \  = + F)- (4-2-25)

This is an obvious generalization of equation (4-2-18) above. 
If % has a positive real part such that

n — l < Re a < n



272 THE USE OF INTEGRAL TRANSFORMS

where n is a positive integer, we may define the fractional derivative of order 
a of a function /(.x) by the equation

D .7 W  = fx* * n J{X) (4*2'26)
i.e., by the formula

o , - m  -  r 5 r ~ 5 ^ | i* /i« ) ( .  -  v . -  - '  du.

n -  1 < Rea < n. (4-2-27)

The Mellin transform of such a fractional derivative can be deduced easily 
from equations (4-2-3) and (4-2-25). By the first of these we see that

Using equation (4-2-25) to evaluate the Mellin transform on the right-hand 
side of this equation we find that

r/j)
* [D X’/(*):*] « ( - ! ) ■  r ( i  _ -- - /* ( r  -  a) (4-2-28)

which is an obvious generalization of equation (4-2-3).

4-3  THE MELLIN INVERSION T H EO R EM

If we let x  = e', s = c + i£ in the definition of the Fourier transform 

G( 0  = -^ r— f g(t)ei{'dr
s/ (2n)

we find that it becomes

G(ic -  is) =  — I -v'cg(logA)-.vs _ 1  dx. (4-3-1)
V(2 w) Jo

If we make the same substitutions in the inversion formula 

we obtain the relation

g(log.v) = — | G(ic -  is)xc~’ ds. (4-3-2)
\  J c - i x

Writing

J\x) =  (27r)“*jf''g(log.T), f*(s) = G(ic — is)
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we find that equations (4-3-1) and (4-3-2) yield the pair of equations

f*(s) = f x s fix) dx (4-3-3)
Jo
j  Pc+iac

/(.v) = — f*(s)x~‘ ds. (4-3-4)
+.1U - (aD

Now (4-3-3) is merely the definition of the Mellin transform of the function 
fix). so that (4-3-4) is. in some sense, the inversion formula for the Mellin 
transform. This heuristic argument is justified in:

Theorem Suppose that /*(.«) is a function of the complex variable 
s = o + it which is regular in the infinite strip S  =  {s :a < a < b) and 
that for any arbitrary smalt positive number rj. f* (s ) tends to zero uni­
formly as |t| -* x  in the strip a + t ^ ^ a ^ b  — p. Then i f  the integral

f  f* io  + ir)dz
J -  X

is absolutely convergent for each value o f a in the open interval (a.b). and 
if for positive real values of x  and a fixed c e (a,b) we define

fix)  = x~'f*(s) ds
2 *i Jc-i»

then, in the strip S.

n s )  = Jo* .Xs - ‘/(x) dx

To prove this result we note that sincef*(s) -+ 0, uniformly, as |t |  -» x  
in the strip a + r j ^ o ^ b  — r; the path of integration in the definition of 
fix) may be displaced parallel to itself. In other words the function /(x) is 
independent of the particular choice of the constant c. If we take two values 
of c in (a.b), say c, and c2. such that c, < a < c2 (Cf. Fig. 4-2). then we may 
write

J Xs- 'fix) dx = /, + /2 (4-3-5)

where the integrals /, and l2 are defined by the equations
1 /Vi+iao

/j = x‘ ' dx -- .  x~ ,f*(t)dt
Jo 27r/J„_iK
pac I poi + ioc

H .  X’~ ' dX- 2 « i L „  x " n , u '-
Since c, < a the integral 

£  x " - ' ' * 1 dx
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<V ‘ C2

‘i

F ig .4-2

is convergent and we find that

f ' f  d.v < f  |F(c, + ir)\dr f* .t* * 1 ' " 1 dx.
J c i “ l3D J O  I J — 00 J O

Since the integral

f F(<r + it) dx
J  -  Oj

is absolutely convergent if a e (a,b) the first factor on the right of the last 
equation is finite and since the second one is also finite it follows that

1{*c i + i x C1
f * ( t ) d t \  x ’- ' - ' d x  

Jc i-i® Jo
< X

Hence we may change the order of the integrations in /, and obtain
■ fci+i® f  1

/ , = = - .  f * V ) d t \  x - ' - ' d x  
2nr Jc,-ioo Jo
, j*t , +i»

_  S ~ t

= _L f /*(>)<*
2tci JCt t -  s

where Ct is the line shown in Fig. 4-2.
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Similarly, if a < c2 the integral 

J *  .Y»-o- i dx

is convergent and we are able to show that we can invert the order of the in­
tegrations in / 2 and obtain

t  = ±  r  r u ) d t
1 2ni Jcz • ~ s

It follows from (4-3-5) that

Since |/r(s)| -* 0 uniformly as

I f  F i n dt L  
2ni JCi / -  s ' 2 ni

L  + L f*(t)dt 
t -  s

(4-3-6)

I
t| -+ x  it follows that each of the integrals 

F lD di
Cl t s

tends to zero as |t | -* »  and hence that we can replace the integral on the 
right-hand side of (4-3-6) by a similar integral taken round a closed contour 
T enclosing the point s. Since, by hypothesis./*(.v) is regular in the strip S, 
the only singularity of (/ -  s)~lf ( s )  is a simple pole at / =  s and it follows 
from Cauchy’s integral theorem that the value of the integral on the right- 
hand side of equation (4-3-6) is/*(j).

4-4 CONVOLUTION T H E O R E M S  FOR THE MELLIN T R A N S F O R M

If /*(*) and g*(s) are the Mellin transforms of the functions f(x)  and g(.t), 
then

showing that

I P +i*g(x)x‘ 1 dx . f*(:)x~z d:2iuJ  Jlx)g(x)x‘~t dx = J  g(x)x‘ ' d x ^ j '

| ff-M*
= —  F i n  dz g(x)x’ ‘~l dx 

Jc - /x> Jo
I +

# U U ) g U Y . A  -  j - A '  ( /* (:)? '( . -  Zi < h . (4-4-1)
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A special case of this result is obtained by taking 5 = 1 :

(* /(x)g(x) dx = /*(z)g*(l -  r) dz (4-4-2)Jo 2jnjf-i«
In a similar way we can show that

t Pc + iao Pxi
*''[/*(.?)<?*(.?);jr] = 2“ . I f*{s)x~' ds I g{u)u%~1 du

r ®  J L .  1 Pc +  icc

= Z—. f*(s)(x/u)~‘ ds
Jo u 2m Jc _ j30

in agreement with equation (4-2-22).
As an example of the use of equation (4-4-1) we insert in that equation 

the Mellin transform pairs

fix) = 

g(x) =

2 ( 1  -  jc2)a“ *//(! -  x)
Rx)

2 ( 1  -  a2x2y - 'H (  1 -  ax) 
H/i)

f ( z )  =
n iz )

g*{z) =

r(x + jz)
a~zf(jz)
R p + iz)

with x > 0, /< > 0. 0 < a < 1. We then obtain the equation

l_ f +i” njz)r(jv -  
2ni Jc. loc Rx + }z)R/i + i* -  iz)

= I ~ * ¥ * ‘ ( 1  -  a2x2)*-l dx.Rx)R#o jo
Using the expansion

( 1  -  a2*2)"-' = £  - ~ ^ a 2r.
r *  0

,2r

and integrating term by term in this last equation we obtain the equation
i r +‘*

- n‘ Jc-i®
Ri-)RiJ -  iz)as~‘ dz

Rx + \ Z)r(n + is iz)
2 Ri*)

r u  + is) r(n) 2̂ i(I -  /i.ii:x + | j ;a 2)-

With a trivial change of the variables we can rewrite this equation in the form 

1 ff+i* R}z)Ra -  iz)a! dz 
271/ ! - , .  r (P + i-)Hv -  iz)
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2a 2j r(a)
r(a + ff)r(y -  at) 

with 0  < at < 1 . 0  < a < >\ /) > 0.

4-5 THE SOLUTION OF SO M E  INTEGRAL EQUATIONS

2 F,(at.l + a — >•:« + fka1)

We can make use of the results of sec. 4-2 to derive the solution of some in­
tegral equations of general type.

We begin with the equation

f* f(x )K (x t)  dx = g(t). (/ > 0). (4-5-1)

Taking the Mellin transform of both sides and using (4-2-21) we see that 

/*( 1 -  s)K*(s) = j?*(s)

Replacing s by 1 — s we find that 

/*(.v) = g*(l -  s)L*(s) 

where

= w h r )
From equation (4-2-21) we see that the solution of the integral equation 
(4-5-1) can be written in the form

fix)  = j*J° g(i)Uxi) dl (4-5-2)

provided, of course, that the inverse Mellin transform

| 4 ' 5 - 31

exists.
In particular, the equation (4-5-1) will have the solution 

/(.v) = J *  *(/)*(*/)<* (4-5-4)

if

K*(.v)K*(l -  s) = 1. (4-5-5)

In other words equation (4-5-5) is a necessary condition for K to be a Fourier 
kernel (see 1-1). It can easily be shown that the condition is sufficient (Cf. 
Problem 4-23).
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From equations (4-1-7). (4-1-8), and (4-1-10) we can easily verify that

[— cos.v, f — sin .v, „v*J„(-*)
7t v  7t

are Fourier kernels.
As a further example of the use of the formulae (4-5-1) through (4-5-3) 

we consider the case in which

A'(.v) = v1 Y,(.v)

where Yv( v) is the Bessel function of the second kind of order v. It is then 
easily shown [Cf. Problem 2-37(6)] that

A'*(.r) = 2*~* + 't-4^cot(|> t -  i.m + i vtt)
T(| -  i.v + iv)

and hence that

A*(l -  .v) =  M

so that

L*(.v) = 2»~* * \ S *  ~ tan(|7t +  |sti + ]v»r).
T(| + iv + lv)

This. too. is a transform we identify. Making use of (b) of Problem 2-38 we 
see that

L(x) = ,v*Hv(jr)

where Hv(.v) is Struve's function.
In other words we have shown that the integral equation

f (-v/)i /(x)Yv(.v/) dx = g(t) (4-5-6)
Jo

has the solution

/(*) = f*  (*/)*£(/)H„(x/)<* (4-5-7)
Jo

The function g(t) defined by (4-5-6) is called the Y-tramform of the 
function f(x) and we write

g(0 = ^v[/(-v);t] (4-5-8)
Similarly the function/(.r) defined by (4-5-7) is called the H-transform of the 
function g(r), and we write

A x )  = Jf?|>(/):.v] (4-5-9)
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We have therefore shown that the H-transform is the reciprocal of the 
Y-transform. i.e.. that

= ■*?
We can derive the solution of the integral equation

( - ) f i ( y ) —  = gi(x), x  > 0  
o \ ) 7  y

(4-5-10)

in a similar way. Making use of equation (4-2-22) we see that this equation 
is equivalent to

K W f t t s )  = «*(*) (4-5-11)

where Kffs), /*(•'), £*(*) are respectively the Mellin transforms of K,(.v), 
/,(.v), J?i(*)- Writing this last equation in the form

f t ( s  -  ma + ft) =  ( - i r £ t ( i )

where m is a positive integer and

f  (.v/a -  m)

(4-5-12)

L?(J) = * ' r(i/a)A:f(s -  nice + /?)’ 

and making use of the fact that

(* + 0 )

aTYs/a)
+ P)T (sjx — m)

we see that equation (4-5-12) is equivalent to the solution

,w  -  L , ©(>■' -  I ) ’ !.v'*O IJ

(4-5-13)

(4-5-14)

provided that the inverse Mellin transform

L t(x) r ____ V(s/* ~ w) JLh.v/a)A:*(i -  mx + ft)" J
exists.

The integral equation

A y )  —  =  ffM -
V

0 < T <  I

(4-5-15)

(4 - 5 - 16 )
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is a more interesting form of the same equation. If we make the substitutions 

f i x )  = /(.v)H(l -  x), g l{x) m *(*)H(1 -  -r),
K,(x) = *(*)H(I -  x),

we see that equation (4-5-16) is equivalent to (4-5-10) and hence to equation 
(4-5-11).

To illustrate the procedure we consider the integral equation

f J) dy = g(x)' 0 < X < 1 (4_5'17)
where 7^(.r) denotes the Tchebycheff polynomial cos (n cos" 1 x).

In this case

T ( x ~ l)
=-7TT---- ^ H(I "  *)v ( ' -  x )

and it can be shown (Cf. Problem 4-27) that

K*(s) = 2S~2 + ~  ^n)
1 T ( j )

so that

Res > n

1 2 '-r(s)
(s -  «)Kf(s) ~ r ( i«  + Js)T(l -  \n + *s)

and from Problem 4-26 we find that

L 'M  - [irrswH - ;^i?)H(l -*> ,4-5-|8>
Writing

I _ Rs/n -  1)
(s -  n)K*(s) ~  "  r(s/n)K*(s)

we see that this is the above case with % — n, fi = n. m = 1 so that from 
equation (4-5-14)

f ix)  = 4-  !>'Vi(>)/ -~ay )

with L,(x) defined by (4-5-18). In this way we obtain the solution

fix)  = - -  P  dy.
n  J* V (r -  X 2) dy

(4-5-19)
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4-6 THE DISTRIBUTION OF POTENTIAL IN A WEDGE

To illustrate the use of the Mellin transform in the solution of a physical 
problem, we consider the problem of determining a function ty(p,<i>) which 
satisfies Laplace’s equation

, r  V  r  ^
+ P + JTz = 0 op c<p (4-6-1)

in the infinite wedge pi?  0 . \if>\ $  a. the boundary conditions

tlr(p,2 ) =Ap),  IH p- ~ x) = g(p). P > 0 (4-6-2)

and the limiting condition

^(p,4>) -* 0. p -* x ,  |4>| < a. (4-6-3)

If we apply the operator M  to both sides of (4-6-1) and make use of 
(4-2-6) we obtain the differential equation

( £̂  + *2)  = °
for the determination of the Mellin transform

(4-6-4)

^*(j,</>) = .^ [> (p .0 );p -♦ jr]

of the unknown function ^(p.$).
We notice that if we wish to determine the strip in the complex .j-plane 

for which (4-6-4) holds we need a more precise limiting condition than 
(4-6-3). If we integrate by parts we see that the complete form of (4-2-6) is

u r f p - S f  + , a ;/ |  ,  [ > |  *  -  +
I < r  it J l  <> J».«

so that if we have the conditions

^ ( p »  -  p 1 as p — 0  |
<l/(p,<j>) ~ p~" as p -» x j

we see that

*  i y  + p - ^ j =

(4-6-5)

provided that /  < Re .v < p, and provided that, for s lying in that strip, the 
Mellin transform t e x i s t s .

We can therefore adopt the standpoint that, at least for potential func­
tions >p(p,<t>) satisfying limiting conditions of the type (4-6-5) with A < p, 
there will be some strip in the complex v-plane in which (4-6-4) is valid.
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The boundary conditions (4-6-2) may similarly be transformed to

= /* ( j ). ^ * (s .-a )  = g*(s) (4-6-6)

where/*(.?), g*(s) are. respectively, the Mellin transforms of /(p) and g(p).
The solution of the two-point boundary value problem posed by equa­

tions (4-6-4), (4-6-6) is easily seen to be

, sin.v(a + <t>) , ,sins(a -  <f>) 
iA (•«.*) =  /*(•*)— —  + g *(•«)-sin Isa sin 2 sa (4-6-7)

In the symmetrical problem in which/(p) = g(p) this reduces to the simpler 
form

cos sd>
i/f*(.s,a) = f* ( s ) ------- . (4-6-8)cos six

If. therefore, we introduce the kernel

tf(p,<M  = M~
sin s<f>

— psin 2 sa (4-6-9)

and make use of the convolution theorem (4-4-3) we can write the solution 
of the general problem in the form

'Kp-<t>)
f*  du C” du

f(u)K(pju.a + <£,a) — + g(u)K(p/u,z -
J o  u  J o  u

(4-6-10)

Similarly, if we define a kernel L by the equation

L(p.<t>,ct) = M 1
COS S(f>
cossa ’ ' ]

(4-6-11)

we derive the formula

»A(p.0) = I fiu)L(p/u,<j>, a ) — (4-6-12)
Jo u

for the solution of the symmetrical problem.
The evaluation of the kernels K and L for general values of a can be 

carried out by using the results of Problem 4-4. If we write a = n '(2n). n > 0, 
then

/  ji\  n p" sin (n<j>)
\ #,’^ ’2 n / ~  a 1 + 2 p " c o s + p 2’
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Equation (4-6-10) then yields the solution

np= — cos (n<j>)7t
a"~ ‘/(a) du 

2p’un sin (n<j>) + p 2"

up .+ — cos (n<t>) n r _____ u” lg(u)du_____
u2" + 2 p"«"sin(»0 ) + p 2”'

W  < (4-6-13)

4-7 AN APPLICATION TO THE SU M M A T IO N  OF SERIES

A useful method of summing slowly convergent series has been given by 
Macfarlane(1949).

If/ *(s) is the Mellin transform of/(x). then we may write the inversion 
theorem for the Mellin transform in the form of the equation

f(n + a) = r—. j f*U)(n + a)~‘ ds

Assuming that 0 < a < 1 and summing both sides of this equation with 
respect to n from 1 to x  we obtain the relation

1 f r *ix
2^ f(n + a) -  - -  I f*(s)C(s.a) ds (4-7-1)

where C(j.a) denotes the generalized zeta-function of Riemann. defined when 
Res > 1, by the equation

Z(s,a) = £  (s + a )- ”, 0 < a < 1. (4-7-2)
ll-O

In exploiting the possibilities of equation (4-7-1) we need to know 
something of the properties of the function C(s,a). A full account of these is 
given in Chapter XIII of Whittaker and Watson (1927); we shall merely 
state them here.

First of all we notice that when Ref >  1 the definition (4-7-2) is 
equivalent to the equation

s r - J .  ~ r z ~ r= i~J: (4-7-3)

where by j '” + l we mean that the integral is taken along a path starting at 
‘’infinity” on the real axis, encircling the origin in the positive direction and
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---  -*■ x
Fig. 4-3

returning to the initial point, (Cf. Fig. 4-3), and not enclosing the points 
+ 2/in/' which are poles of the integrand. The integral on the right side of 
equation (4-7-3) is a single-valued analytic function of s for all values of s 
and so we may take that equation to define the function J(.s,a) for all values 
of s. With that definition we see that £(.?,«) can have singularities only at the
singularities of T(1 -  ,v), i.e., only at the points .s = 1.2............But from
the definition (4-7-2) £(s,u) is analytic when Re s > 1 so that the only 
singularity of £(.s,a) is at the point .s = 1 and it is easily shown that it is a 
simple pole with residue I.

It is also easily shown that, if m is a positive integer,

£(-/n.a) = -{m  + 1) lBm+i(a), 0 < a s£ I (4-7-4)

where B„(a) is the Bernoulli polynomial of the n-th degree defined to be the 
coefficient of in/n\ in the Maclaurin expansion of the function

e“
e'

-  1 

-  1
i

In particular

C(0,a) = j  — a. (4-7-5)

Another useful result is 

C (-m .l -  a) = ( - 1

Similarly, by using the result (4-1-2) we have the representation 

f(nx) =

from which we deduce the formula

£  f(nx) = ^ ~ 1 [C(j)/*(s);x] (4-7-6)
n = 1

in which £(s) denotes the Riemann zeta-function defined for Res > I by the 
equation

C (-v )=  I  i T * (4 - 7- 7)
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Since £(.?) = C(s.l) many of the properties of the zeta-function may be 
obtained by taking a = 1 in those of the generalized zeta-function. For 
example, it is easily shown that, if m is a positive integer

C( — 2 zn) = 0 (4-7-8)
( - i r

sd -  2m) = Bm 2m (4-7-9)

■yim-' 2m b
« 2m) = 7(2*, + 1)"

(4-7-10)

where Bm is the *>-th Bernoulli number, defined by the relation

Jzcot(ir) = 1 -  Bx ~  -  B1 ^  -  Bs Z-  ---------

and. in particular,

B, = £, B2 = 3 5̂, By = Bt = rs, B5 = <&.

Also we have
£ ( (» = -* . (4-7-11)

Further results can be derived from simple properties of the zeta- 
function. For example, since

£  = £  (2 n -  l ) 1 -  £  (2 «)'*
*= 1 h = 1 n~ 1

= {(.v) -  2  £  (2 nr*
fl3 I

= (I -  2 ‘ -)CU)
we have the formula

£  ( - l ) " * / l x « )  -  > - ‘[<1 -  2‘ -*){'A s)f*(s);x l
H * t
Similarly from the identities

£  (2 /» + I)'* = (I -  2 -*K(s)
ii - 0

£  ( — l ) " ( 2 n  +  I ) ' *  =  2 ' 2' { C ( . t , i )  -  a U ) {
n*0

£  (— l)"(n + 2a) ‘ = 2 - 5 |C(i,«) -  CCM + a)}.
n * 0

we may deduce the formulae

£  J\(2n + \)x] = . 4 r ‘[(l -  2 " )< W W ;* ]  
11*0

(4-7-12)

0  < a < ^

(4-7-13)
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t  (-I)Y !<2* + l)-v} -  -  f(s.J)}:4x] (4-7-14)
1 = 0

+ 2a) = ip 2 ’!ar-a) “ +
0 <  a s$ i  (4-7-15)

To illustrate the use of these formulae we take

Jix) =  -v-'J.(-x) /•(.<) = 2 J - 2 jr— T j - j .  0  < Re^ < |

-Cf. equation (4-1-10) above—in equation (4-7-14) to obtain the relation

x ( - ! ) "  
2 n -I- 1

J,{2» + 1)*}

JL
2  ni

|V4-ia 

J c  -  ICC

n i5 )
m; {C(-s-i) -  C(j.|)}2", ‘ 2.vi ‘ dx.r(2  -  }5)

The integrand has poles only at 5  =  — 2 m .  m  =  0 ,  1,2, . . . and since 

lim ( j  +  2 m ) T ( ^ )s-* - 2r

1 , ,, , , +  n + 1) ( - 1)*
~ 5 ” (is  + M)(fr + n -  I) . . . js  “  T mZ

the residue at s =  — 2m is

* m !(m + 1)!
{ C ( - 2 m4 )  -  f (  — 2M j)j(2.v)2" + *

1 m !(m + 1)! j  2m + 1
(2v)2"+1.

Hence we find that

I i 5 r T T j J ‘ !,2"  + l) ', ! - - i X
( - l ) " g 2. , , a ) ( 2 v)2"*

(2m + 1 ) m !(m + 1)!II — 0 ' n — 0
The series on the right is very rapidly convergent for 0 < x  < 1.

4-8 A NOTE ON GENERALIZED HYPERGEOMETRIC SERIES

In calculating the Mellin transforms of some special functions it is useful to 
have available closed form expressions for sums of generalized hypergeo- 
metric series
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•a^b,. b,.x) = £
r = 0

<fll )r (<FP), ,
'!(*,), • • - (A,)/'

(4-8-1)

when x  takes certain specific values. In the definition (4-8-1) we have used 
the usual notation

(a), = a(a + I)(a + 2) . . . (a + r — 1 ).

Here we shall list such theorems referring an interested reader to Slater (1966) 
for proofs.

The oldest result of the type we are considering is Gauss' theorem

iFt(a.b:c; 1)
r(c)r(c -  a -  h) T(c -  a)r(c ~b) (4-8-2)

with c > a + b. c > a. c > b, c > 0.
When the argument is — 1 we have Kummer's theorem

1Fl(a,b,b — a + 1: — I)

T( 1  + b -  a)T(l + -b )  
n i  + A)T(1 + -A  -  a)

(A > — l.a < I + ^A),

When the argument is \  we may use Bailey's theorem

. i . _  r(iA)njA +
y l )  n ja  +  |A )n *A  -  ia  +

(4-8-3)

(4-8-4)

with A > a — 1. A > 0.
When p = 3 and q = 2 we have the result

JF1(a,b,e,d,e,\) n < /)n i + a — o n  I + A — e)T(l + c — e) 
n T _-  e)T(</~- a)r(</ -  A in 7 - 7 )

(4-8-5)

provided that
(a) one of the parameters a, A, c is a negative integer;
(A) d + e = 1 + a + A + e.

The result (4-8-5) is called Saalsehiitz's theorem and any series satisfying the 
conditions (a), (A) is said to be Saalschutzian.

The result

2F1(a.b,c.\ + a — A. 1 + a — c;l)
_  T(1 + £a)T(l +  $a — A — o m  + a — A)F(1 + a — c)

T(1 + a)f(l + a — A — rjr( l + |a  — A)T(1 + \a — c)
(4-8-6)
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is called Dixon's theorem. In particular if c — - n .  where n is a positive in­
teger, the result reduces to

j  F2(u,A, — «; 1 +  a  — h ,  1 +  a +  n: 1)

= 0  + ~ b ) „

0  + \a)„( 1 + a -  b)„ (4-8-7)

Similarly the relation

+ \b,2c,\)

=  r ( D n l  +  c ) r ( j  + \ a  +  -  j a  -  { h  +  C)

r<i + §a)r(i + \b)T{\ -  \a + c)Hi -  \b + c)'

(i + r -  i a - i / » > 0 )  (4-8-8)
is known as Watson's theorem and

3 /^(0 .! -  a ,c ;e ;l + 2 c — e ; l)

_______ 2‘~2c7tr(e)r(l + 2c -  e)_________________
H ie  + 2 tf)r(i + -  i« ) n i  + C -  \e  f  ia ) r ( l + c -  \e  -  £a)

(4-8-9)
(o > 0 ,e > 0 , 1  + 2 r > e), as Whipple's theorem.

PR O B LE M S

4-1 Prove that if m is a positive integer, j  ^  0,

(fl) «
d \ m

dx)  / ( V ) ; 5
= ( — l)ma" n y g )

r  (s/i — m) f*(s -  ms)

4-2

(/>) 4t dx'

Show that

/(v);.s ( 1  -  sr/*(s).

(a) , # - ' [ r ( 5 )/*(l -  s)-x] = .? [/(/)  ;.r],

(b) ,M~X [sin (|7 ti)r(i)/*(l -  s);x] = sK%rt)?s\_f(t)\x],

(c) , #  [cos(^7t.v)f(s)f*(  1 -  ,9);.r] =  •J{%x)-?c[ f { i ) \ x ] .



THE MELLIN TRANSFORM 289

4-3 Show that 

(a ) . r /] = r
n i s  + i r

4-4 If — < tf> < in, show that

[e ~ xc0’* cos (x sin if>);x -» s] = r  (s) cos (s<j>),

,4'[«,-,I<;“,*sin(jfsin^);.T -♦ s] = T(s)sin(s<^), 

Deduce that if — < <p < ^7t

1 + XCOS(f>

r

(Res > 0), 

(Res > -1).

[_ sin (sn) J  n

u r - r ^ u . i .
|_stn(sJt) J  n

and hence that if — ~~ < < r -
2  n 2n

1 + 2 tcos0  + x 1 

x sin <j>
I -I- 2 jtcos <j> + x 2 

n > 0 

cos(w^)( ( - '  r  cos (sift) 1  = n 1 + x 
Lsin (sn/n)' J  n 1 -t- 2 .v"cc

j f - i  f  sin<J»> ; x ] _  " .
[sin(sji//i)’ J  n

cos (n<f>) + x u  

x“ sin (n4>)
1 + 2 *" cos (n<f>) + x 2

4-5 Starting from the definition

(2 x)"(|),PJx) = 2^i(i ~  K  ~ i " - \  -  n;x~2)

of the Legendre polynomial P„(x) show that 

*[P,(x~l)H(1 -  *);s]

= ~ 3P2(i -  i n -  in;i -  n,is -  in + I ; I).
n\

Summing the series on the right by means of Saalschiitz's theorem show that 

.^[/>,(x-l)H(l -  jr);s]

= v - 1  r (js + jn + j) r ( js  -  in) Res> „
r( i) r (s  + i )
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4-6 Show that if n is a positive integer
.tf[x,'Pn(x)\\(\ -  r);.s] = (n + .v)~* iF\( — n.n + 1 ;« + s + l;i).

Evaluate the sum on the right by using Bailey’s theorem and hence 
deduce that

.<r[x"/».(jr)H(l -  d ;s ]

_ 1 T (jm + iv)r(iw + + J)
2  r (\m — \n + |.v + + \n + §s + 1 )’

(Res > n -  m -  ]).
4-7 Defining the Gegenbauer polynomial Cml(x) by the formula

C-V) ‘ T  «***'■■ « > °>'
r =  0  ' V

prove that
1 -  aY '* H (1 -  *);.v]

2s' ‘r(m + 2;.)r(i.v -  {/ronf-s + ; . + |m)
= -----------------TFTTF/—r  v~v---------------- (Re5 > m)m !r(/.)r(i + 2 /,)

4-8 Adopting the alternative formula

C/(.t) = 2 F,(-# i./i + 2fi;n + -  £.v), (/* > 0 )

for the Gegenbauer polynomial, prove that 
J t [(1 -  x 2r ~ i  Cn% x)H (1 -  .V);j ]

= ____ 2 - i r(i)H // + tor(2tt -f w)f(s)
n\f(2ii)V(\n + i + n + |i)r(  ̂+ \s -  }/i)

and hence that
.#[ar’’- 1(l -  -  .x);s]

2‘~"~,r(|)r(/t + j)r<2/i + n)r(s + n -  i)
w!r(2 /t)nis)r(^T + n + n) (Rex > 0).

4-9 Defining the associated Legendre function P, *(x) by the equation

Pv l (x) 1 o1 - A**
r a + i ) V i + v  2

F,(-v.v + 1 ; /  + 1 ;J -  iv)
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show that, if Res > min (0. v -  A -  l ). 

. * [ 0  -  x 2)* '/> ,-% x)H (l -  x);s]

2 -*-T(i)r(j)
F(iA — jv + is +• i)r(|A + Jv + is + l)

4-10 Show that, if Res >  c — a, Res >  c — b. Res >  0,

f(s  + a — c)r(s +  b — c)
F(s)fi(s +  a +  b — c)

=  p r - r d  -  t f  2F i(n .h ;f; l  -  .v_1)H ( l  -  x).
R d

4-11 Prove that

.* [> * (1  -  x y ~ '  2F ,(a ,/?;•/; 1 -  .v)H (l -  x);s]

= r(y)r(s + g>r(s -  * -  g + y + &) 
T(s -  a +  y +  <5)T(s — fi +  y +  8)

-;x

and deduce that, if 7 > a +  fi.

f r(s + a)r(s + ID

L r(v)ns + y)

v1 + S(l _  xV~*~f ~ l
= “ TT------ — Ri —  -  « -  f i l l  -  X - ' ) H ( )  -  X).

1 O' -  3C -  P)

4-12 Prove that if n is a positive integer,

. / / [( I  -  x) ’ - '  ^ ( - n , * ; /? ;* )H(! -  x ) ;s]

= r (y)r(s)
Ry + s)

and using Saalschiitz’s theorem show that

* [ 0  -  x y - '  2Fl ( ~ n J 1  + y +  w -  1 ;/#:jc)H(I  -  ,v);s]

3F2( —/»,a,s ;g,y +  s;  1)

R^irjy + w irisiFi/O +n-s)
r i p  + niwg- I j f  (y + s + n)

Deduce that

.* T(a + s)r(/3 + n -  s) ~| T(a + fi + rt) 
f(a T 7 T s ^ ^ ( ^ “s); VJ = ' rt* F fi)

.t*(1 -  x ) ' - '  j F . i - n , a  + fi + y + n — 1; a +  f i ;x ) \ i ( \  -  x)
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4-13 Suppose that

(a) f ix )  is a real-valued function defined on (0, x )  such that its Mellin 
transform/*(?) exists in some strip er, <  Res < a2 of the complex 
s-plane;

(A) f(x) has an analytic continuation,/(z), in some sector |argz| < at. 
0 < a < 7t;

(c) with <r, < <r3 < Res < aA ^  <r2. |argz| < x 

lim z*({z) — 0 . lim z‘('(z) = 0 .|l|-ao l*|-»0

Prove that the integral

f : ‘~\f(z)dz, («t3 < Res < <r4),

in which Le denotes the radial line argz = 0, |0| < a, directed outward 
from the origin, is independent of 0 and is equal to f*(s).

Show also that

,# ''[ /* (s )c o s (sd ) ;s  -  r] = Re/(reifl), 
# _ l[/*(s)sin(s0 ) ; s -» r] = —Imj \re‘*)

where <r3 < Res < <r4, |fl| < a.

4-14 Using the pair of equations immediately above calculate the inverse 
Mellin transforms of 

cos (sfl) sin (sQ) 
sin (s7t) ’ T (s) cos (sO), r  (s) sin (s0).sin (.or)’

4-15 Prove that if / and m are positive integers, a ^  0, fi ±  0

f r(s/a)r(s/fi -  h/ft)
r(s/a  — l)Y(sip -  lx/ft — m)

K*(s -  /a)/*(s -  /a -  mfi + /):

= ( - 1  ),+mpms' r  (V/?)
Y(sff} — m) K*(s)f*(s -  mfi + /);
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=  ( - 1 ),+"a\s -  /a)” * * ( *  -  /»)/*(•'' -  k  +  y ) :r  (s/a -  I)

(«/> J t dx,
= {-s)'+mK*(s)f*{s + V).

4-16 The operator I,., is defined by the equation 

l x - 2’ - 2" /(«) du.

Show that

# T I  / ( x r ) i l  =  —— 1 — f* ts)

where/*(■*) is the Mellin transform of f(x).

4-17 The operator K ^  is defined for a > 0 by the equation

KSAx)  = ftt I*<r  ~ x T ' m m r - '  dtr(«) J*
and for a < 0  by the equation

j /
dx1

K ^ f(x )  = J  K ,J +lf(x)

where / is a positive integer such that 0 < a -i- / < 1. Show that 

* [* ,~ 7 (-t) ;j ] =  F r 7 ~ ”r  ^  / *(v +T(j//m + a)
Deduce that

.«{KxSx<Kjx*f(x);s}

r ( i  + , ) r ( - ^ t 2  + ,

4-18 Show that if m and n are integers, 0 < x  < I

J  0  J -  -  y1)l,' iCmi Q  C/{y)dy

^  T(m + 2/.)r(n + 2ft) j  p ,  ft 1
= 22A+2«-̂ m7n7î rotir(TT7 + i) Lm- J

f* (s  + mx + nfi + y +  d).
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where

J P "  /4;jrl = iT(/. + // + 1) x 
l_m. n J

i [ _____r (  js -  + /  + |»o_______
L n i?  + in + A + m + ijr ( iv  -  \n + /  + | ) ’

= .v"'(l -  .t2)2*" 2 ^ 1  (iw -  i ”' + + b
- \ m  -  \ n  +  { ; / .  +  n  +  I ; 1 -  x2).

Deduce that

(a) if fi = i(m — n — 1), the integral has the value

+ 2 /.)I~(n + In) _  _ , 4 + „.
222 + 2',' 1w!«!f(A)r(/i)r(/ + /t + lj'
(b) if m + n = 2N + 1 where jV is a positive integer,

1  - m  + + „ + I ) j(l -  ^

where

7«> = + ~

4-19 Prove that if ni and n are positive integers, 0 < x  < 1.

£  PJy/x)P„(y) dy

= iv -" ( l  -  .V2)2f ,( l  -  {m + i« ;2 ;l -  .x2)

and deduce that

(a) £  PJy/x)Pm̂ 2(y)dy  =  i v - ( l  -  x 2), (/« > 2 ),

(b) £  Pm(y/x)Pm+2(y) dy = ix " +,(l -  .x2). (m > 0 ).

4-20 Show that if m. n are positive integers, and 0 < ,v < 1, 

f  Tm(y/x)Tn(y) dy 
J, VIO'2 -  *2)0 -  J'2)}

_ . f ___n f j  + jm )r( |r  -  \m) 1

4 Lr (is + + i)Hi* -  + i) ’ J
= 2rt2^i(i -  2W + -  *2)
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and deduce that

f ‘ Tm(y/x)Tm.  , 0 ’) dy _
(‘" J. - ’PS "
(A) if m + n = 2W + 1 where N is a positive integer the integral has 

the value

I x 2m

where

d"

4-21 If 0 < jc < 1,0 < c < m. show that

y ' m(y -  J c r 'd  -  y -r" - 1  2f,(«.A :c;l -  0 >/.v))f
iFi( — a, —h;m — c; 1 — y) dy = r W ( w  -  c) _  ,

T (m )

4-22 Defining the modified Bessel function of the second kind Kv(x) by the 
equation

* ' ,x> ~  },* '  ~  * d'
show that

.#[K,(jr);j] = 2*'2r(|v + |v)r(}.v -  H  (Re.v > v > 0). 

Show that

4-23 Show that the condition K*(s)K*(I — t) = I implies that

f  u~1 K{xu)Kx{tu) du = H(x) -  H(x -  t)
J o

where

K , U )  -  £  K ( u )  d u .

and hence by Problem 1 - 1  is a sufficient condition for K(x£) to be a 
Fourier kernel.
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4-24 Prove thal 

dz

and deduce that

(a) .#*[tmg(t);x] = +

Show also that

(b) =  1 * - ' ^ - - ^  r + " - * V * +mtf ix h t ] .

4-25 Show that if a > 0,

, r ; [ / ,+ 1 H(a -  /):*] = a'* ‘jf '*H v+ ,(ajr), 

and deduce that
(a) .# ; [ / " * y,-,(a/);.Y] = a , - , x , + 1 H(.v -  a);
(b) [jt " * H, +, (a.x); f] = f * * a - - l H(a -  /).

4-26 Defining the Tchebycheff polynomial 7̂ (jc) by the equation 

T„(x) = 1Fl (-«■»:l i i  ~ i*) 
show that

. # [ ( 1  -  v 2) - * 7 n( . v ) H ( l  -  j c ) ;a ]

/($*)
Hi)

r<* + i)
and hence that

ur[(l -  -v2)-*r„(.Y)H(i -  *);*] =

2^1(2 + " .i -  »;s + i ; |)

2 ’W O
n i  + is- + in)r(i + i-r -  \n)

4-27 Defining the Tchebycheff polynomial 7̂ (.v) by the equation
ii»i

!(n -  2m)\

show that

ur[( 1 -  -x2) - 1r n(.x , )H(i -  v):r] =  2 - 2̂  x

x 3F2(\ -  in, -  — \n -  I ; 1 -  n.$s -  }/t -  1)
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and hence that

.* [0  -  x2) - ‘7’.(.t- ‘)H(1 -  r);.r] =  2s - 2
r(jw + |v>r(^j -  \n)

r  (5)
4-28 Show that the integral equation

withg(l) = g'(I) = 0  has solution

fix) =

4-29 Show that the integral equation

£* O’ -  Oc~‘ 2F,(a,b\c:l -  xjy)f(y)dy = g(.r),

in which g(.r) is prescribed and g<r,(l) = 0 , (r — 0 , 1 , . . . ,»» — 1 ), has 
the solution

,, ,_ (-ir
/ v  r<c)r(m -  c>

where 0 < x < 1 and N is the largest integer such that xN* < 1, has sum

,m -  c -  1 .F fi-a ,-h- ,m  -  c: 1 -  y/x)gtmHy)dy

4-30 By taking

Ax) = x-1(l -  x*)
in equation (4-7-6) show that the finite series

N
SO) = Y. "~}(1 -  xn*).

and deduce that as x  -* 0

•SO) -  JluT* + C(j) + lx  -  & (-j).V 2 + ■ • •



5
H ankel T ra n s fo rm s

The Hankel transform arises naturally in the discussion of problems posed 
in cylindrical coordinates and hence, as a result of separation of variables, 
involving Bessel functions. The proof of the inversion theorem j f .  ~ 1 = JK\ 
(which is given in sec. 5-3) is complicated. A reader whose primary interest 
is in the use of Hankel transforms may. in the first instance, omit the 
reading of this section but should read the statement of the theorem to see 
the sense in which it justifies the pair of formulae (5-1-3) and (5-1-4) derived 
heuristically in the first section.

5-1 IN TR O D U C T IO N

We saw in sec. 2-13 that, if fir)  is a function of r = |xj alone, its 
A!-dimensional Fourier transform /■',„,(£) is a function of p = |f | alone. If 
we write

-* v] =  F(P)
298



then we see from equations (2-13-14), (2-13-15) that

F(p) = p~\#,[r'f(r)-.p], v = \n -  1. (5-1-1)

Making use of the Fourier inversion theorem (2-12-5) we find that

/(r) = .?w [F(p)\Z - x ]

and hence that

fir) = r- 'Jf\[p 'F(pY.r\  (5-1-2)

If. therefore, we write

ryf(r) = p'F(p) = $ y(p)

we see that equations (5-1-1) and (5-1-2) can be written in the form

$,(p) = JFv[<P(r);p] (5-1-3)
<t>(r) = Jr,[$,(p);r]. (5-1-4)
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respectively. Hence we see that, if v is zero or half of a positive integer (even 
or odd), there is a symmetrical relationship between a function and its 
Hankel transform of order v in the sense that, if <?v(p) is the Hankel trans­
form of order v of an arbitrary function t/>(r), then <p(r) is the Hankel 
transform of order v of $Jp).  This result is called the Hankel inversion 
theorem.

Although in physical applications v is usually either zero or a positive 
integer we shall give (in sec. 5-3) a proof of the Hankel inversion theorem 
for general values of v.

5-2  ELEMENTARY PR O PE R T IE S  O F  HANKEL T R A N S F O R M S

By making the simple change of variable p = ax in the defining integral

.*v[7 (<«);{] = I"’ xnax)i ,(x t)dx .  (a > 0 )
Jo

we find that the integral on the right becomes

~2 I P A p ) i , ( f > i / a ) d p  
a Jo

from which we deduce that

#v[f(ap); ?] =  a~2j r yl/(p);S/a] (5-2-1)

Another simple relation is obtained by making use of the recurrence 
relation

Jv.,( .t) -  — J,(.e) + J ,+ 1 (.t) =  0. 
x

(5-2-2)
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Substituting ip  for x. multiplying both sides of the resulting equation by 
p!\p) and integrating with respect to p over the positive real line we obtain 
the relation

~  { / . - ,« )  + /,♦ !« )} , (v + 0). (5-2-3)

It is not possible to derive a simple "shift” formula—giving the 
transform of JXp — a) in terms of that of /(p )- in the case of the Hankel 
transform. This is because the addition formula for the Bessel function even 
in the case in which v is an integer takes a most complicated form. Against 
the simple addition formula

ex + t = ex-e*

for the exponential function (which is the basis of the shift formula for the 
Laplace transform) we have the Neumann-Lommel addition formula

U v  + >’) =  I  (5-2-4)m = - at
(Watson, 1944, p. 30). From the definition of the Hankel transform we have 
the formula

-  «)H(p -  a);i]  = j *  pf(p -  a)JJip)dp 

(a > 0 ) and the simple change of variable p = a + u yields the expression 

Jo (n + a)f(u)Jm(4a + iu) du

for the integral on the right-hand side of this last equation. Making use of 
the addition theorem (5-2-4) we see that in turn this reduces to

£  f* (m + a)f(u)im(iu) du.
*.= - *  Jo

Now by equation (5-2-3) we have the formula

J  (u + a)f(u)J„(iu) du = Jfm[/(u);i]  + aJ^m[u~'f(u)\i]

Now — 7m(i) + 2̂  {./L-l(f) +X.+ l(?)}
f  i(<l) — f  (rn + \)~l}n-m- l(i,a)Tm(i)

-  *> m = -  ®
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£  w ~ 1J„-m(£fl)/m+, ( 0  = £  (m -
* — x  m = -  ac

and
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so that finally we have the formula

,*„[/(P -  u)H(,> -  <»);«] = t  (5-2-5)m * - jr
where

+ i  ac{(m + l ) ' ' J „ .m_,(<a)
+ (m -  I >_ ,J„_1>1 + ,(c«)}- (5-2-6)

If we use the recurrence relation (5-2-2) with v replaced by n — m and .v 
replaced by la we see that we can rewrite equation (5-2-6) as

a,
»> L m + -,(£«) +

n -  I 
m — I (5-2-7)

We shall not make use of this formula. It is produced here merely to con­
vince the reader that the shift theorem for Hankel transforms is not 
simple!

One result we shall use depends on the fact that the function 
|.v!J,|.y)| is bounded. If we write, for x real.

,y!Jv(.v)| s£ A. v 2* (5-2-8)
then

| / , ( s * ) |  =  I f* dx\Jo

c  r * Jox k * /w ||( - ^ ) i J ,( ^ ) | dx

|**/U)| dx

showing that if ^fxjlx) is absolutely integrable over the positive real line 
TM) >s bounded for all positive values of (.

5-3 THE HANKEL INVERSION THEOREM

We shall now give a proof of the Hankel inversion theorem. The difficulty 
is that a valid proof for general values of v is complicated and involves a 
knowledge of the properties of Bessel functions. In applications of the 
Hankel transform to the solution of boundary value problems in mathe­
matical physics (for example, in potential theory and in the mathematical 
theory of elasticity) it is usually only the transforms of order zero and 
unity that are involved. For that reason a demonstration of the plausibility 
of the Hankel inversion theorem is given in sec. 5-7. A reader whose 
interest is entirely in the applications of Hankel transforms could omit this 
present section taking the equations (5-1-3). (5-1-4) as the statement of the 
Hankel inversion theorem.
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For the details of the proof of the Hankel inversion theorem we need 
some properties of Bessel functions which are listed here for convenience. 
In addition to the relation (5-2-8) we need the result that the function

rJo v'VJ,(0 <*

is bounded for all positive values of x  if v ^  — j, although the integral does 
not converge as x  -* x .  We shall write

<  B. v >  - 1 (5-3-1)

From this and the relation

J (l v'*J,(/.v) dx ~ ), i J  * v'VJ,(i) dt 

we deduce that if fi > y. ^  0 . /. > 0

J* v".vJv(/.v) dx < 2 B/.-i (5-3-2)

A relation of a similar kind may be deduced from (5-2-8). Since if 
fi ^  a ^  0 . /  > 0 , we may write

J* ( o ( . y ) v .v J v ( / L v )  dx =  ! J* w(.y)n/(/_y)J ,(/.*) dx

we conclude that

v .vJv(/.v) dx (5-3-3)

We also require the dominant term in the asymptotic expansion of 
the Bessel function of the first kind of order v;

J,(r)
2 \+

cos(r -  ivTt -  Jn), v . , (5-3-4)

v ^  - i -  |argz| < n (Watson, 1944, p. 199).
Two integrals involving Bessel functions arise in the proof. If we 

carry out the differentiation on the left and make use of well-known 
recurrence relations for J,.(r) we find that

[.v ■ u*+1J„ + , (xu) ■ u ~ ”Jv( vu) - vu ~ ’J(.vu) • u ’+ 1 Jy + , ( yw)]

Recalling that =  (.y 2 -  y 2)nJv(.YM)Jv( yu)-
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if v > - 1 we find, on integrating both sides of this last equation with 
respect to u from 0  to that

uJv(xu)Jy(yu) du = h,(.v,j;/), v > (5-3-5)

where
,...>LrJv*!(A.v)JT(A.v) - A>'Jv(;_t)J»+,(;.>) ,c , ^• A) _ lln _ (j-j-O)

x* — y

We assume that the value of Weber’s second exponential integral

ue~’*uI) y(pu)}y(ru) du (5-3-7)

is known to be

r1 + p 2\  
2P1 )

(Watson. 1944, p. 395) where I, denotes the modified Bessel function of 
the first kind of order v. If we also make use of the result that for small 
values of p,

I. T ^ i 1' + e»p

we see that 

J,(p.r.p) 

and hence that

I___
2pj(nrp) {I + 0(p2)} exp (*• ~ P)2]

4P1 J

[  ‘ r ' U e t . n d ,  -  —  !i + o*#-1) } l

(S > 0). From this we deduce that if S > 0

lim f  * (rp)i J,(p.r.p)dp = f  (5-3-8)
p-0 J,

Similarly, if 8 > 0,

lim f  (rp)i i y(pj,p)dp -
P- 0 J r - t

The proof of the Hankci inversion we shall now give is basically that 
of Watson (1944. pp. 456- 465) which is itself substantially Hankel’s proof. 
As in the proof of the Fourier inversion theorem we break the proof up by 
establishing a number of lemmas. These are more complicated than the 
corresponding ones in the Fourier case because the properties of Bessel 
functions are more complicated than those of the circular functions.
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We begin with a lemma which is the analogue of the Riemann- 
Lebesgue lemma.

Lemma 1 (the Riemann-Lebesgue lemma) Ij\Jxj\x) is piecewise 
continuous anti absolutely inteyruble in (a.b), (b > a > 0 ), then as 
a -* x

J -v/(x)Jv(A.v) dx =  oU~*), v > (5-3-10)

To prove this lemma we note that if b is finite we may divide the 
interval {a.b) into n subintervals (.r,_,,jc,)(i = 1 ,2 , . . . ,n) with jc0 = a. 
,v„+, = b, each of length 6, n being chosen so large that

n
Y  (M, -  ms)6 < e
S= 1

(5-3-11)

where m, ^  v '.v/(x) < M, for x  e (*,_,,*,). Under these circumstances we 
may write

v"v/'(v) = V - t , + w,(.v)
with

|w,(-v)| < M, ~ m, 
and

(5-3-12)

(5-3-13)

J .y/(.v)Jv( /.v) dx = /, + l2 (5-3-14)

where I, and I2 are defined by the equations

li = £ \ ' x s- \A x t - 1 ) I ” y/xJy{Ajc)dxSB 1
(5-3-15)

12 = £  f ’ v'VWs(.Y)Jv.(/..v) dx
J= 1 j  x»- 1

(5-3-16)

respectively.
For the first of these integrals we have from equation (5-3-2) that 

|/ , | < £  |v/-*5- i / (* J- ,) | < 2nBMX~i
J »  1

where M  is the upper bound of yjxf{x).
Also from (5-3-3) we find that

|/2| ^  a~*A £  I "  |w,(.r)| dx
s a 1

< / ' hA £  ( M , -  m,)6
S® 1

by equation (5-3-11).
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Hence we have the estimate

\ £  xf(x)],(/jc) dx sj I n B M A - i  +  A ' i A e . (5-3-17)

Having prescribed c we can find n; for this fixed value of n we can now 
choose k sufficiently large that 2nBMA~l < At. and hence that

J* xf(x)l,(/-x) dx < 2A~*Ae (5-3-18)

and the lemma follows.
The case in which b is infinite can be deduced from this case by 

noticing that we can write

|£* xf(x)JvUr) dx sj J xf(x)iy(Ax)dx + j *  v'.r|/(.t)| dx 

for arbitrary b and then choosing b large enough that

f *  \/* |/W | dx < e-

The next lemma shows that we can invert the order of the integrations 
in the repeated Hankel integral:

Lemma 2 I f  Njxf(x) is piecewise continuous and absolutely integrable on 
(0 . x ). andfju) = then

f  uJl(u)l,(ru) du — lim j pf{p)h,(p,r ;l) dp, v > - $Jo A—X Jo
provided that the limit on the right side of this equation exists.
To simplify the writing out of the proof of this lemma we write

F(u,p;r) — puf{p)J,(pu)J,(ru)

so that from equation (5-2-8)

\F(u,p;r)\ ^  A1p i r~i \J\p)\. (5-3-19)

Then

| Jo ^  Jo ^(u,P,r)du ”  J  du J  F(u,p,r)dp < F, + F,

where F, and F2 are defined respectively by the equations

F, =  J dp |F(u,p;r)| du, F2 = J du £  |F(u.p;r)| dp 

where c > 0. This result is true for arbitrary positive values of c, but,
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given any arbitrary positive number e, we now choose c to be such that

[ '  v'-<|y(.x)| dx < ^  (5-3-20)

where again A is the constant introduced in equation (5-2-8). Then from 
(5-3-19) and (5-3-20) we have

F, s: j* dp/.A2p * r* \A p ) \d p  =

Similarly we find that 
ri 4  2

f 2 du , sjf>\ftp)\dp <
Jo \Jr Jc

and hence, since e is arbitrary, that

f  dp f  F(u.p.r)du = f  Ju [* 
Jo Jo Jo Jo

If the integral on the left has a limit as x 
of an infinite integral that

A 1 A f  *r \'p\/(p)jdp < Je 
\  r  Je

— du -  j£ 
0 2 /.

F(u.p:r) dp.

x  it follows from the definition

f du f F(u.p\r)dp = lim f  dp f  F(u,p\r)du 
JO Jo Jo Jo

and if we insert the form for F(w,p;r) we get the desired lemma.
The next lemma shows that the only part of the p-range of integration 

which contributes to the value of Hankel s repeated integral is in the 
immediate vicinity of the point p =  r:

Lemma 3 I f  Jx f(x )  is piecewise continuous and absolutely integrable on 
the positive real line and r does not belong to the interval (a.b), then

uifur)du  j  p / ( p ) J , ( p M) dp =  0 ,  v >  -  j .

To prove this result we use Lemma 2 to obtain

f* «J„(iir) du f p f(p ) l jpu )dp  = lim C  pf(p)hy(p.r;>.) dp.
J O  J a  A - x  J a

Substituting the expression (5-3-6) for hv(p.r:A) we see that the right-hand 
side of this equation is equal to f x — f 2 where

/i  = JL™ -J.+ ifxp) dp

h lim rJv+1(xr)A “*1 '
r  p a p ) J* P1 -  r1 KUp) dp.

and
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By our hypotheses the function p\f(p)!(p2 -  r2) is absolutely integrable 
over (a.b) so that by the Riemann-Lebesgue lemma /, = 0. Similarly it is 
easily shown that / 2 = 0 .

It should be noted that this lemma is not restricted to finite b.
To establish the contribution from the immediate vicinity of p = r 

we need:

Lemma 4 The repealed integral

J sjpdp J uJ,(up)J,(ur) du. v > — |
in which a and b have any finite positive values, remains bounded as
/. -> x .

If we replace the Bessel functions by the dominant terms (5-3-4) of 
their asymptotic expansions we find that

\ •/*»

. j - r
7tv'r J.

dp j* cos (up — ii n — j 7r)cos(«r — |vn — x4n) du

sin{A(p — r)} cos{/(p + r) — vtt} — cosvw
p -  r P + r

dp

ttyjr
f 2,<’ '' s i n . v ^ _  f ‘lt+' ’cos(.v -  V*)

Jt(fl-r) * JMa + rl *V

+ cos(v^) log
b + r 
a + r

showing that this integral is bounded and tends to the limit

1 (*x(t>-r» „in V- . b + r l
—  hm -----dx + cos(vTr) log-------
Jtv/r _ , a(o - rl X a + r

provided, of course, that this limit exists.
Similarly by considering the terms 0 («  2) in the asymptotic expansion 

of the function a,(p,r,u)

a,(r,p,u) = \nuy/(rp)}„(ur)},(up) -  cos (up -  -  in) x
X COS(w — jV7t — l i t )

we can show that the integral

/ = _ L  r
2 nJ r .

also remains bounded as /. -» x  .

dp j* a,(p.r,u) thi
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Now the integral

h  =  - V  I dp I a,(p.r.u) duwVrJ« Jo
is the integral with respect to p of an integral which is uniformly convergent 
for positive values of p and r. and so it is a continuous (and hence 
bounded) function of r when r is positive.

Observing that

J  yjp dp wJ,(wp)J¥(ur) du =  /, +  l2 + /3

we conclude that the integral is bounded as A -► ao and converges to a 
limit if

f Hb *r> sin x  
lim ......- dx

jM u - r )  X

exists. Hence the lemma holds not only when a and b are finite positive 
numbers but also when they are functions of A, either or both of which tend 
to r as A -» ac.

With the establishment of this result we can calculate the contribution 
made to the repeated integral by the immediate vicinity of the point 
p = r. This is contained in:

Lemma 5 If x(p) = p i f(p) is piecewise continuous and absolutely in-
tegrable over the positive real line and 6 is chosen such that 
Jjc(p) — .v(r + )| < c whenever r < p < r + 6, then as A -» x
j \ i , ( u r ) d u j  pf(p)iy(up) dp — j f(r+), v > - { .  (5-3-21)

Similarly if\x(p)  — x(r — )| < e for r — 6 < p < r we have that

J uiy(ur)du j   ̂pf(p)Jy(pu) dp = | / ( r - ) ,  v > —} (5-3-22)

as A -* oo.
rk fr+d

j^ u J y(ur)duj pj\p)iy(up) dp

= £  Pix(p) dp J* u}y(ur)]y(up) du

~-ftr + * / ,  (pr^  dP u}’(ur)J'>(uP) du

+ {x(r -  5) -  x(r + )} ['** p* dp uJy(ur)Jy(up)du. 
J r + {  J O

(5-3-23)

1
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Now by Lemma 4 the first term on the right tends to a limit as A -* oc 
which may be interpreted as

by equation (5-3-8). By Lemma 4 the repeated integral in the second term 
on the right-hand side of equation (5-3-23) remains bounded as /  -» x .  If 
we denote the upper bound of the modulus of this repeated integral by k 
we therefore deduce that the absolute value of the second term is always 
less than k e  and hence establish the equation (5-3-21).

Theorem 1 (the Hankel Inversion theorem) I f  fx f (x )  is piecewise 
continuous and absolutely integrable on the positive real line, then if 
v > -  L(u) -  ^ ,[/(.t);u ] exists and

uf,(u)J,(ur) du = £[/(r+) +/(r-)].

The proof follows immediately from Lemmas 3 and 5, for if we write

Kz.fl) = lim f  ul,(ur)du pf(p)J,(pu) dp 
x> Jo J t

it follows from Lemma 3 that, since r is contained in neither of the intervals 
(0 ,r -  6). (r + b,oc).

7(0, r — S) = 0 , /(r + 6, x )  = 0

Also, by Lemma 5

lim/(r+) f * (pr)i ifp.r,p) dp = i/(r+ ) 
p- o  J,

l(r -  d,r) *  i / ( r~ ) , /(r,r + <5) = | / ( r  + ).

The theorem follows at once from the observation that 

uf(u)JJur) du

= Jim f ;  uJ,(ur) du f  ® pj(p )l fpu )  dp
J  0  J o

= KO.r - <5) + Hr -  S,r) + I(r.r + 6) + l(r + <5,x).
Corollary I f f (p ) is continuous at the point p = r.

• * » [ / , ( « ) ; ' • ]  =  f(r) ( 5- 3-2 4 )



r
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5-4  HANKEL T R A N S F O R M S  OF DERIVATIVES OF FU N CTIO N S

In the application of Hankel transforms to physical problems and in the 
calculation of the Hankel transforms of some elementary functions, it is 
useful to have available some formulae connecting the Hankel transforms 
of derivatives of functions.

Using the definition of a Hankel transform and the formula for 
integrating by parts we find that

The first term vanishes provided that J( p) is such that 

lim p'+ 7 (p) = 0 . lim p*f(p) =  0 .
p— 0

It follows from the argument of sec. 5-2 that the second of these conditions 
holds for any J\p) whose Hankel transform exists. Hence the term in the 
square bracket vanishes if

Ap)  = o(p~ '~l), p -» 0  (5-4-1 )

If in the second term we make use of the recurrence relation

so that, provided f(p)  satisfies the condition (5-4-1) and is such that its 
Hankel transform of orders v and v — I exist, we have the relation

0/7>)Jv(S/>)]£ ~  [  f>l ~'f\p)~-\p'i,(Zp)}dp.
o cp

S- lpy),(Zp)} = QpViy-l(ip)cp

we see that the second term reduces to

(5-4-2)

In particular if we put v = l we obtain the relation

where/(p) = o(p~2) as p -* 0 .

(5-4-3)
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In a similar way we have that

311

p ’’J.tSp) —  1p ’ +,/ ( p )1 dp
tp• c

= [p/(P)J,(P<D]o* -  p , * ' / l p ) ^ ) {f>~'Jy( p i ) } d p .

The terms in the square bracket vanish if J { p ) satisfies the same conditions 
as before, and if we make use of the recurrence relation

cp
{ p - 'J , ( Z p )}  =  -£ p ~ ,-I, + i(£p)

in the second term we find that it reduces to 

Jo

In this way we find that, if/(p) satisfies (5-4-1), 

Corresponding to v = 0 we have the special case

(5-4-4)

(5-4-5)

provided that /(p) = o(p~ ‘) as p  -» 0,
We shall now consider some results involving the differential operator

I f 1 v 2e

c p ‘  p e p  p -

From the definition of a Hankel transform of order zero we have

~  J~2 + ~  +----------1op pep  p *
(5-4-6)

Using (5-4-5) we see that provided

p d p \  I p
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Now if

/  = o ( p '2), p -* 0 , 

we see from (5-4-3) that

JTo[.»o/:«] - - : 2*o [/;{]■ (5-4-7)
This method is easily generalized to the case in which v #  0. We 

begin by noting that

■ * J - P

= P

so that from (5-4-4)

j ^ v [ -  « v̂+1 |pW/- (P_T)j •
We can now use (5-4-2) with v replaced by v + 1 to evaluate the term on 
the right-hand side and obtain the result

j r vW ; 4 ]  = (5-4-8)

If we use cylindrical coordinates (p.<f>.z), the Laplacian operator in 
three dimensions becomes

^  p cp ^  p 2 d<f>2 cb2
(5-4-9)

and in problems in which there is axial symmetry we may, by choosing the 
axis of symmetry to be the --axis, take the Laplacian operator to be

\ -  I L  I A  H i
“ ?p2 p dp dz2

It is immediately obvious from these definitions that 

A3M(p,r)eiv* = (* t + D2)u(p,z)e‘'*

Aa«(p,r) = (£ 0 + D 2)u(p.z)
where D denotes the operator d/dz, and then from equations (5-4-7) and 
(5-4-8) that

j r y[A3//(p,z)eî ;p  -  £] = (D2 -  {J)f i .(^ )e ^  

jr0[Amtilp,z);p -* c] = (D2 -  Z2)u0(Z.z)

(5-4-11)

(5-4-12)



HANKEL TRANSFORMS 313

where
= Jff,[u(p,z)',p -  c] (5-4-13)

is the Hankel transform of order v of u(p,z) with respect to the variable p.
In the discussion of problems in hydrodynamics and in the theory of 

elasticity we need the results

j r A A S u t p ^ - i p  -  i ]  =  (D2 -  t 2)2ut(Ca1e‘+ (5-4-14)
•*o[Aa2u(p.:);p -* {] = (D2 -  <J2 )2 «0(£.z) (5-4-15)

obtained by repeated applications of equations (5-4-11) and (5-4-12) 
respectively. It will be recalled that A3 2 is the biharmonic operator A3A3.

5-5 THE HANKEL TRANSFORMS OF SOME ELEMENTARY 
FUNCTIONS
In this section we shall calculate the Hankel transforms of some elementary 
functions.

Expanding the Bessel function in the definition of the Hankel trans­
form and assuming that p > v > 0  we have

.# ,[x '(a2 -  .v2 )', " * ', H(a -  Jt);f]

=  J \ x ' * l (a2 -  x 2)u~'’~2 J v(jCî ) dx

X

( - f-
r ! f ( r  + v + 1 ) Jo

x2v+2' +,(«2 -  .x2)" ' dx.

The integral on the right-hand side of this last equation is easily seen to 
have the value

1 nr + V  + l)R/t -  V )

2  r(r + p + 1 ) 
so that

J f „ ( y v  -  .v2 ) " - '- 'H ( a  -  jc);<f]

from which we deduce that 

.r,[.v*(a2 -  x 2? - ’- '

= 2 " R/J -  mW ' *  Y ,
r* 0

r ! R r  + p + I)

H(« -  *);£] =  2" ~ v ~ 1 r(p  -  v W ' i t f a ) .
(5-5-1)

Now using the Hankel inversion theorem we find that if p >  v > 0

2 < '- ' 1 R / j -  v)a*JK,[{’’"*J(1({a):x] = x '(a 2 -  jr’y - ’ - 'H lfl -  x)
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a result which can be written in the alternative form

r t a 1 -
• * , [ * ' =  y i - —T r(/;  _  v k  H(a ~  0 (5-5-2)

with a > 0 , ji > v > 0 . i.e..

r n * 2 -  i 1r
H(a — ?) (5-5-3)jo 2 " - ’ - ' r i / i  -  v k

with the same restrictions on a, ft. and v.
If we put ji -  v + 1 in (5-5-1) and (5-5-2) we obtain the special cases 

. . * + 1
(5-5-4)XMVH(« -  *):£] = ----- Jv+,(£«), a > 0 

■>M>~ 'J v-m ( ^ ) ^ ]  =  ~ r r  H(a ~ O- a >  0 (5-5-5)

Similarly if we put n = v + $ in the same pair of equations we find that

jr,
.v'H(n -  .*) ,
v / ( « 2 -  x 2)'

.^v[.v- *Jv + j(a.v);;] *

2 { a v + *J, + i (fa)

[2 CvH(a -  q) 
'ha'+iyjia*  -  Z2)

a > 0 , v ^  0 .
If we take v = 0 in (5-5-5) and (5-5-7) we find that 

■*0[x-  1Ji(«.v); (a > 0 )

■#o[.x~l sin(a*);£] =
H (a -  {)

(a > 0 ).
vV  -  n ’

Similarly if we take v =  j  in (5-5-7) we obtain the result

(5-5-6)

(5-5-7)

(5-5-8)

(5-5-9)

i
...................... j  /2 i*H(o -  {)

Interchanging a and £ we see that this result can be written in the form

(5-5-10)^  r - i  ■ , v -i aH (S ~ fl) * i [ x  s in (« ,r) ;c j =  — r—2---- - j -
~  * 2)

If we write out the left-hand side of equation (5-5-8) we find that

r J,(u.v)Jo(s-v) dx =  »H(a -  t ) (5-5-11)
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Using the results

we find on integrating both sides of (5-5-11) with respect to a from 0 to a 
that

j* ----- J0(C.v) J.v = H(a -  c ) lo g 0 j

i.e.. that

*ol>~2!l “  = H(a -  • (5-5-12)

We shall now consider the Hankel transforms of some functions con­
taining a simple exponential factor.

By the definition of the Hankel transform we have that

, W , [ e - px f ( x y , i ]  =  f*  l X f ( x ) ] t ^ x ) } e - ^  d . x  
Jo

from which it follows that

= ^[ x f ( x ) i , ( i x ) . p l  (5-5-13)

For example from equations (3-7-3). (3-7-5), and Problem 3-18 we deduce 
immediately that if v > — 1

v, - .  _ - „ .n  2 '{T (v  + i)
~ yin(p 2 + z 2r +i

(5-5-14)

J f r TV- r . . i l _ 2 ,* W v  + i) 
vL ,4J J n ( p 2 +

(5-5-15)

#,[ x  e ,{] -  ^  + ^  {p + v / ( / , 2  + {»,} (5-5-16)

(P1 + i 1)i \ p  + y/(p2 + i 2)\
. (5-5-17)

Similarly we have the relation

j?,[e"*'”lI/(Jf);^] = f*  xf(x)e~i '“1\,(xZ)dx. Jo
If we change the variable of integration in the integral on the right from x
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to u where u =  |.xJ vve find that it assumes the form

2 H2u*)Js(2gui du

from which we deduce that 

•*rvO’~1 '"Y(.t);£] «

If we take/(x) = v* then

=  2’+lJf[***Jt(2 ZyjxY,p] 

and using the result (3-7-8) we find that

(5-5-18)

which can be written in the form

JKv[> V -x1/‘,2;£] =  ( ja 2 )T+I^ V '1<1‘,J. (5-5-19)

In particular, if we take a 2 =  2 we obtain the result

(5-5-20)

showing that x'e~*xl is self-reciprocal under the Hankel transform of 
order v.

Similarly if we take/(.x) =  jc-  1 in equation (5-5-18) we find that 

«  Sf[x-*JA2ty/x):p]

and using the result of Problem 3-19 we find that

Analogous to equation (5-5-13) we have a relation involving the 
Mellin transform. By the definition of the Hankel transform we have

■#r»0,"2A*);c] = f* ** ' dx.
J O

Interpreting the right-hand side as a Mellin transform we obtain the relation 

=  *[/(x)J,(£.x);.s]. (5-5-22)

As a special case of this equation we have 

=  tf[J„(C-x);s +  1 ]
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and evaluating the Mellin transform by means of equation (4-1-10) we see 
that

2T ( j j  + jv + j) 
f * 'r ( i v  -  i s +  i)

(5-5-23)

with — 1 — v < s < 1 + >’.

5-6 THE PARSEVAL RELATION FOR HANKEL T R A N S F O R M S

Suppose that the functions / ( x) and g(x) have, respectively, the Hankel 
transforms of order v, f r(Z) and £,(<;). Then, proceeding formally, we have

f  <&(£)£»<{><*«= f  f  JrgU)J.(c.x) dxJo Jo Jo

= r  Xg(jr) dx r  di
J o  J o

so that we obtain the Parseval relation

f* tfl(t)g,(Z)di = f* xf(x)g(x)dx. (5-6-1)Jo Jo
A systematic discussion of this formula has been given by Macauley-Owen 
(1939) who proved the following theorem:

Theorem 2 I f  the func tions f ix) and g(.x) satisfy the conditions of 
Theorem 1 and i//v(c) and gv( 0  denote their Hankel transforms of  order 
v ^  — i, then

f* xf(x)y(x) dx = f  d tJo Jo

The usefulness of this result in the evaluation of integrals is shown by 
the evaluation of Jf y[x~l),(ax);$], v >

If we take

f (x ) = jrvH(u -  x), g(x) = x ’Hih -  x ), v > - ]

with a > 0 , b > 0 , we have
a '*1 b’*1

/,(«) -  —  J .+ .(«"). i M )  = s , +lm

so that by (5-6-1)

(ah)’*1 JJ0 { _1J,+ 1(C«)J,+ i( ib)di  =  ^2*+1 dx
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Suppose that we take 0 < a < b. Then this last equation gives the
result

0  < <i < 6 , v >  - $ ,  (5-6-2)

which can be written in the alternative form

0 < £ < a.
.* t [.v JJv(u.v);£] = 

where v > j.

m

m -

(5-6-3)
Z > a

5-7  RELA TIO N S B E TW EE N  F O U R IE R  A N D  H A N K EL T R A N S F O R M S  

The well-known integrals

cos(<!/) dt . . . .  .
-------r -------T  =  j 7 t J 0 (£ .Y ), ( x  >  0 , c  >  0 )

o V(* -  '>  

sin (ijr) dt
= J7tj0 (?.v), (x > 0,£ > 0)

(5-7-1)

(5-7-2)l - x ')

suggest that there are close relations between Fourier and Hankel trans­
forms. To investigate these relations it is convenient to define Abel 
transforms a/, and through the equations

M x )  = •»'i[ / ( 0 ; y] = - f i t)  dt > 0
* Jo s j i x2 -  t 2y

f 2(x) & s j 2[ f( t) -x ]  =  f 2 , x > 0
\ n j x  v ( ' -  x  )

(5-7-3)

(5-7-4)

If we regard (5-7-3) as an integral equation for f(t). f x(x) being pre­
scribed, then its solution is given by equation (3-16-22) in the form

d f' xf\ (x)dx 
\ n d t j 0y/ ( i2 -  x 2)' >

which may be rewritten as

f(t) = . n r  1 [/,<*);/] =  D , . c / ,  [ . x / i ( . v ) ; t ]  ( 5 - 7 - 5 )
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where, as usual. D, denotes the differential operator djdt. Similarly by 
using equation (3-16-24) we can write (5-7-4) in the inverse form

fit) s  ,</3 - 1 [/,(*); r] = -  D,[.x/ 2 (.t); f] (5-7-6)

Many standard integrals can be interpreted as statements involving 
these transforms. For instance, we can interpret (5-7-1) and (5-7-2) in the 
forms

.5/,[cos (£/);*] = y/'(tx)J0(ix) (5-7-7)
^ [s in tf l) ;* ]  = J{jn)J0((x) (5-7-8)

respectively. If we differentiate both sides of (5-7-7) with respect to 4 we 
obtain the formula

.</,[/sin ({/);*] = v/(j;r).vJ,(f.r) (5-7-9)

and using this result in (5-7-5) we find that

' ‘[sinfc*);?] *  y/(}n)4/J0((t) (5-7-10)

Similarly from (5-7-6) and (5-7-8) we find that

_  -D .V jO in ({*);/]

from which we immediately deduce the relation

(5-7-n )

The proof that W\ ~ 1 = for v = 0,1 follows from two general 
identities which are simply established.

From the definition (5-7-3) we have, for any arbitrary integrable 
kernel K(4,x),

f® ll f® f(t)dt
1  * 7 ;  1  *«•*'* J.

Reversing the order in which we perform the integrations we see that the 
double integral on the right may be written in the form

which shows that

K(4.x) dx 
-  /*)

£  A'(sI,.r)/1 (x) dx = £  f (x )Ki^x)  dx (5-7-12)
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where
K 2 ( q . x )  *  -* x]

In a similar way we can show that

I * K(t,x)f2(x) dx = f * /fx)A,(£,x) dx (5-7-13)

where
A\(i ,x)  = -  x] (5-7-14)

If, in equation (5-7-12) we put A'(i,x) = (2 /7t)*sin(£x) and make use 
of equation (5-7-8) we obtain the relation

Applying the operator :FS 1 = to both sides of this equation we find 
that

and hence that

Using equation (5-7-10) we see that this last equation is equivalent to the 
relation

/(') = J* s./o(c)J0(£0 df.

In other words # 0~l =

Similarly from equations (5-7-13) and (5-7-9) we see that

(*):{] = Jo*./(.v)J0(<;x) dx

which may be written in the alternative form

= /o < 0  e  Jt0[/(x);c] (5-7-15)

V* Jo

showing that

&t\xf2(x)\£\ = /,($) = J f,[/(x );f]. (5-7-16)
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From this we deduce that

/ 2W  = sin (£x) dc

and hence that

j* c/KO-Me'Mc

sin (c,x) 
x

d(

by equation (5-7-11). Hence j F, * 1 = J f \ .
We can get another set of relations if, instead of starting from the 

integrals (5-7-1) and (5-7-2) we take

■^Uo(£p);4 -* x] =
2  H(p -  x) 
n y/(p2 -  x z)

x] = / - • - K — 4
V 71 v (*  -  P )

as our basic relations.
For instance we can write

= j” pf(p) ?c[J0(tpy.£, — -v] dp

12 f  P f ( p ) d p

V 71 Jx
and

= J o"  p f \ p ) ^ , [ h ^ p y - i  -  *]

12 f* p f ( p ) o

=  V *  Jo v / ( * 2 ~

</p

dp
P2)

(5-7-17)

(5-7-18)

relations which may be written in the form 

f ' U o ^ Y - x ]  = .s/ 2[ p /(p );.t]

= ^ i [ p/(p );t ]

(5-7-19)

(5-7-20)
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On the other hand, if Fr(£) *  # ,[ / ( / ) ;£ ] ,  we can write 

* o [ 'T ,W );/> ] =  ^ j *  J0 (£pM« J  /(f)cos(£f) </f 

At)?c[h(Zpy<$ -» ']<*- r
12 C" f ( i )d i
" J o  *J(P2 ~  l 2)

and if F,(s( =  we can write

JfoDTWOip] = J0(<Jp)^| /(f)sin(<;f)dl

-* t ] dt

f ( ' ) d t

- j :
2 1 ’ _ n j 
" J p %A' 2 p 2)

and hence we have the relations

* o [ ‘T , /rc (0 ;p ] =  ^ i [ / ( 0 ;p ]  (5-7-21)
n [ r  W O :p ]  =  V 2[./( /)^ ] . (5-7-22)

Since

W  «)■•{] =  - w o
we find from equation (5-7-22) that

•# o |/c (0 ;p ]  =  - - ^ [ / ' ( O t p ]  (5-7-23)

Also if/(0) = 0, then

• W ( ') ; c ]  =  W O
so that equation (5-7-22) yields the formula

/ o K « ) : p ]  = ^ , [ / ' ( 0 : p ]  (5-7-24)

Special cases of these formulae are of special interest. If we take 
/(f) =  g(f)H(a -  f), (a > 0), in equations (5-7-21) through (5-7-24) we 
obtain the formulae

R  rmmtp.V
-  -):{|:p] * A l

(5-7.25)
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*o[4-'?A*(')H(a  -  i);£}:p] = gU) di

v V  ~ P2>(5-7-26)
^ o K ! ^ ) H ( «  -  t y . ihp]  = - -  H ( a  -  p ) g'(0 di

L  J e 1 -  p 2)(5-7-27)
/2 /•min(p.o)

■ # o l ? , { g ( n H ( a  -  0 : c } ; p ]  =  I - ^ , 2  _  , 2 ) . g(0)  =  0.

(5-7-28)In a similar way we can deduce the relations
* ' l j r 0{ r lg u m u ,  -  f);{};*] = J l m a -  -v) j ° - 7 ^ ~  

* , [ j r o \ r ' g O W a  -  ');£};*] = / - I

H(a -

g(t) dlJo y/(X2 ~ >

!)(5-7-29)

(5-7-30)from equations (5-7-19) and (5-7-20) respectively.
5-8 FORMULAE OF BELTRAMI TYPE

In certain physical applications it is desirable to express the function in ,erms of the original function </>(/»). The general case is complicated (see Sneddon. 1965) but it is possible to derive simple expressions for Jf0[ i * ‘<?o(£);p] and these are the ones which occur most frequently in applications. Since the formula for #o[f;<l>o(£) • p] <s equivalent to a result in potential theory originally due to Beltrami (see sec. 5-10 below) we shall call relations of this kind "formulae of Beltrami type."If
FM) = <?o(0 (5-8-1)then by equation (5-7-20)

. / ( / )  =  ~  ^ i [ - r < ^ ( . t ) ; / ] .  ( 5 - 8 - 2 )Substituting from (5-8-1) and (5-8-2) into equations (5-7-22) wc obtain the relation (5-8-3)
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which when written out assumes the form

« ) :p ] 2 f" dt_ r dx
« J„ yJU1 -  p 2) J 0 V ( / 2 -  X2)

(5-8-4)

If we apply the Hankel inversion theorem to the results 

J *  cos(p O J0 (-tO</v =  ( t2 -  p 2 ) '* H (x  -  p)

r  sin (p£)J0 (x£) =  (p 2 -  x 2 )~*H(p -  x)
Jo

we obtain the integrals

p  x i 0{ tx )dx  
L s/(t 2 - p 2)

'co s  (pO,

which may be written as

C- xJ0{xQdx
J o  J i p 2 ~ x 2)

j/ 2 [xJ0 ({x);p] = (2 /n)*{~‘ cos(p£)l 
•s/i [xJ0 (<Jx);p] =  (2 /n)*Cl sin(p£).J

1 sin (cp)

(5-8-5)

Hence

,< .^ 2 p .* 0 [£/o(<!;);p] =  s/v ^ 2p |  ^ 2/o(?)J0 (sP) di  

=  *V ^[£/o(0 ]

■ M

■£

^7o(0^i[cos(c/);x]r/<;

«7o«)Jo K*)dS

by equation (5-7-7). Hence, using the Hankel inversion theorem we derive 
the relation

• ^ I ' ^ P ^ o K ^ ) ^ ]  =  /(*)• (5-8-6)

Applying the operator ,V2 to both sides of this equation we find
that

);p] =  P '  xs*i “ ' . ^ i " ' fix)

which when written out takes the form

• *0 [£/o(0 :p]
_2_ _d r® tdt P  x /(x) dx /5_8_7)

* P  4 p  Jo  V * '2 ~  P 2) J o  v V  “  * 2)
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5-9 THE MODIFIED O PER ATO R O F HANKEL T R A N S F O R M S

In certain theoretical investigations it is more convenient to use a modified 
operator of Hankel transforms S„ , instead of the operator .W\. We 
define the modified operator by the formula

s ,.,[ /( ') ;* ]  = (5-9-D

so that
s„.,[/( /) ;* ] = 2 *.xr J *  + dt. (5-9-2)

If we write

T i J x )  =  S , , „ [ / ( f ) ; . T ]

then
* 2 .,+ , 0  7 ( ') :* ]  = 2

and using the Hankel inversion theorem we find that 

/</) = 2 ~V .*2, + j 

an equation which we may write as 
/(/> =  S„+Ii- , |X I(.ir);f].

Since we may also write 

AD  »  S „ . , U ) ; / ] .

we see that this last equation may be written in the operator form

S „ ,r ' = + (5-9-3)

5-10  THE U SE O F  HANKEL T R A N S F O R M S  IN THE SOLU TION OF 
PARTIAL DIFFERENTIAL E Q U A TIO N S
In this section we shall describe briefly how Hankel transforms may be 
used to determine the solution of certain partial differential equations 
which occur in mathematical physics.

We begin with a simple problem in potential theory.

5 10-1 AXISYMMETRIC OIRICHLET PROBLEM FOR A HALF-SPACE

Suppose that we wish to determine the solution of Laplace's equation

A(1i/(p.r) = 0. (5-10-1)

in the half-space z > 0  satisfying the boundary condition

«<p,0) =./(/;) (5-10-2)

and the condition that u(p.z) -* 0  as r =  yj{p2 + : l ) -» x ,  z ^  0 .
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If we take the Hankel transform of order zero of both sides of 
(5 - 1 0 - 1 ) we find that this equation is equivalent to the equation

(D2 -  i a)u(4,s) «  0 (5-10-3)

where D =  c'/cz and

u(i.z) = -  {]. (5-10-4)

Also, because of the boundary condition (5-10-2) and the condition at 
infinity we have the additional conditions

!/(<;.0) = m(4.z) -» 0 as z -* x  (5-10-5)

on the function «(<,*); in the first of these equations /,(£ ) denotes
* o[/»P K tt

The solution of the equation (5-10-3) satisfying the condition (5-10-5) 
is obviously

Inverting this result by means of the Hankel inversion theorem we obtain 
the solution

«(p,-) = •tf'ot7o(sV'{!;s -»/>]• (5-10-6)
From this form of the solution we easily deduce that

^
Making use of equation (5-8-7) we find that

cu(p,0) 2  d f*  tdt d f ' xf(x)dx /c in 7l
" Sz ~  np dp l  V ( f 2 -  p 2 )  ' dt Jo v / ( / 2 -  . r 2 ) ’

This relation was originally due to Beltrami. It is for this reason that we 
called the relations derived in sec. 5-8 “of Beltrami type."’

5-10-2 AXISYMMETRIC DIRICHLET PROBLEM FOR A THICK PLATE

We now consider the problem of determining the function u(p,~) which 
is harmonic in the thick plate |; | ^  b and satisfies the boundary' conditions

u(p.b) = /(p), u(p, -b)  = g(p). (5-10-8)

The appropriate solution of equation (5-10-3) is

u(€,z) = zHOsinh {£(/> + :)} + B(£)sinh jc (6  -  -)}.

Putting s = b and using the first of the conditions (5-10-8) we find that

/!(<!;)sinh (2 c;/>) = / 0 (C) *  # 0[ j \p r  * \
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Similarly, by putting z = —b and using the second of the conditions 
(5-10-8) we obtain the relation

fl(C)sinh(2<;A) =  g0(f) = J f0[g(p);f]

so that the appropriate expression for «(£,') is

u((.:) =  cosech(2 ^)[^« )s in h {^ ((>  + 2 )} + #0(£)sinh {£(b -  2)}].

Applying the Hankel inversion theorem we then obtain the solution

u(p.z) = J?0 M i )
sinh {j(b + j )} 

sinh (2 £/>)
, , , sinh { H b - z ) }  c 

go(^  sinh (2^b) ’s IP
(5-10-9)

From this solution we easily derive the formulae

u(p,Q) = Jf0 [i{ /0(£) + g0 (0} sech (£*>);£ -  p] (5-10-10)

~ ~  =  * o [ K { /o t f )  -  g0 (0}cosech(^);4 p \  (5-10-11)

These expressions take a much simpler form in the symmetrical case 
in which f(p) = g(p). In this case

u(t.z) = M i )
cosh (£z) 
cosh (£/>)

so that the relevant solution is

u(p,z) = Jf0 cosh (£2 ) e 1 
cosh (£/>)' ^J

which is such that

(3-10-12)

u(p,0 ) = ^ 0 [ / 0(Osech(^);,J -  p] 

<'u(p,0) = Q

(5-10-13)

(5-10-14)

5 - 1 0 - 3  T H E  B I H A R M O N I C  E Q U A T I O N

A similar method may be used for the solution of the biharmonic equation

A A u(p.z) «  0. (5-IO-I5)

It is easily seen that in this case equation (5 - 1 0 -3 ) is replaced by the 
equation

(D2 -  {¥«(<.-') = 0

where, as before. m({,z) =  Jf0 [w(p,r);p -» £].
(5-10-I6)
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For example, if we consider a function which is biharmonic in the 
half-space z ^  0 , and satisfies the conditions

mp,0) = /'</>)■ r "(,P'0) =  0 (5-10-17)
rz

-* 0 as r -» x .  The corresponding boundary conditions on m(C.z) 
are

«(i.0 ) =/o(C), = o
r z

where J n( i )  =  ■X'oL/fp);*;]. and w(<̂ ,z) -► 0 as z  -» x .  The solution of the 
differential equation (5-10-16) corresponding to these boundary values is 
easily seen to be

i7(c,r) =/o(S)(l + (5-10-18)
so that the required solution is

u(p.:) = .# 0 [7o(C)(l + Z:)e-(2;Z -  p]- (5-10-19)
For example, if f(p) = C(a2 4 - p 2)-1, where C is a constant, 

To(i) = Cq~'e~a(. so that

uip.z) = O r 0 [ r ‘(l + -  p].

This Hankel transform is easily calculated and we find that

w(p. r) = C P 2 +  ( ;  +  a ) ( 2 r  - f  a ) 

\p2 + (z + a)2)i~
(5-10-20)

Problems involving biharmonic functions usually have much more 
complicated boundary conditions than (5-10-17) but the same method is 
applicable in these cases. (Cf., for example. Problems 5-16 through 5-18 
below.)

5-10-4 THE SYMMETRICAL VIBRATIONS OF A LARGE MEMBRANE

The first illustration of the use of Hankel transforms in the solution of 
vibration problems is provided by the calculation of the transverse displace­
ment z(p,t) of a large membrane which is deformed symmetrically. The 
displacement z(pj )  is governed by the nonhomogeneous wave equation

d2z 1 dz _  1 v2z p(p.l)
I p 2 p Pp c2 ct2 T

(5-10-21)

where T is the tension in the membrane. p(pj )  is the symmetrical pressure 
applied (normally) to the membrane and c2 = T/a, where a is the density 
per unit area of the membrane.
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If we introduce the Hankel transforms

z(i.t) = JT0[z(pj):p  -  £]• = ,#0[p(pj) ;p  -  c]

it follows from equation (5-4-8) that

-,-i +  c2( ri  =/•I *
P ( i . 0 (5-10-22)

(5-10-23)

If the initial conditions are
cz(ri.O)

z ( p . 0 ) = / ( p ) .  g ( p )
c t

it follows that the initial conditions on ?(£./) are

f « . 0  ) = / « ) ,  = f « )

where/(c) and £(4 ) are the Hankel transforms of order zero of f(p)  and 
g(p) respectively. The solution of the differential equation (5-10-22) 
satisfying these initial conditions is

z(c,t) =/(if)cos(<7{) + (c{)'ltr(c)sin(ff{)
+ (c o t ) '1 f  p(£.T)sin {c£(/ -  x))dx. (5-10-24) 

Jo

For example, if there is no applied pressure and the initial conditions
are

r(p.O) = c(l + p J/« 2)'*
dt

we may take />(£,/) s  0 , g(£) = 0  and 

7(C) = s a f e ' 4*
in equation (5-10-24) to obtain the solution 

f(c.t) = 0 1 4 " 1 cos(ct£)e~ta 

so that by Hankel's inversion theorem, we deduce that 

z(p.l) =  cosUtlDe *';!; p]

= ea Re
Jo

= raiRe{p2 + (« + /c t )2 } - *

= eaR cos <p

where R and <p are defined by the equations

R4 =  (a 2 + p 1 — c2t 2)2 +  4a2c2t 2, 
tan(2<p) = 2act/(a2 + p 2 — c2t 2).
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6-10-S THE SYMMETRICAL VIBRATIONS OF A THIN ELASTIC PLATE

As a second example of the application of the theory of Hankel transforms 
to the solution of vibration problems we consider the symmetrical vibrations 
of a thin elastic plate.

The symmetrical free vibrations of an elastic plate are described by 
the equation

I *’(p,0  + = 0 (5-10-25)cp- pep) dr
where b is defined in terms of the flexural rigidity D, the density a and the 
thickness 2h of the plate by the equation b 1 = D/(2ah). We begin by con­
sidering the vibrations of a plate of infinite radius resulting from the initial 
conditions

w(p,0) = f(p),  ^ - 0 .  (5-10-26)

From equation (5-4-8) it follows immediately that the Hankel trans­
form of order zero

w ( l D  =  j r 0 [n '( /u ) ;p  -+ £ ]

of the transverse displacement w(p,t) of the central surface of the plate 
satisfies the equation

~  + b2i 4w = 0. (5-10-27)
r r

Similarly the initial conditions (5-10-26) transform to

» « . 0 ) - / ( { ) .  ^ p - o .

where /(£) = ^ 0 [/(P)^s]- The solution of (5-10-27) subject to these 
initial conditions is

>«'(£./) = /(c )  cos (/>/£2).

Applying the Hankel inversion theorem to this result we see that
w(p,t) =  J* c/(c)J0 (sP )co s(K 2) ell (5-10-28)

Inserting the definition 

uf(u)i0(iu) du

for the Hankel transform/(c) and interchanging the order of the integrations 
we find that

w(p,l) = f  uf(u)K(p,t\u) du (5-10-29)
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where
K(p.t;u) = f  £ J0(4p)Jo(£“ )cos(/>/£2)rf<;.

JoUsing ihe result stated in Problem 5-4 we see that 

so that equation (5-10-29) reduces to
w(pJ) = ib,\ 0 uf(u)h(S )s,n( r i r ) du (5-10-3,)
In any given case it might be more convenient to use equation (5-10-28) than equation (5-10-31). For example, if the initial displacement of the central surface is given by

Ap) =where e is a (small) constant,
RZ) = ^£a2e~itlaland so from equation (5-10-28) we deduce that
w(p,i) = {ca2 r  e~i{2“2 cos(bt£2)]0(£p) <IZ- (5-10-32)

Jo

Using the first result stated in Problem 5-2 we see that, for these particular initial conditions
. £ T r1 ~\( r 1 1 r2x“<(>■') - rT,Te’‘i’|_-TT7’J(,cosTT7i + ”,n TT?

where r = pin and x = Abl/a2.

We can discuss forced vibrations in a similar way. In the present account we shall consider the case in which the intensity of the transverse force applied to the plate is of magnitude l6<r/i/>/(p)̂'(t), where Ap) and 
ijt(t) are prescribed functions of p and / respectively. The equation of motion then becomes

b l [ i p  + p ^ )  W+ ft* = WlPWit )  (5-10-33)

which may be transformed immediately to 
lj £  + b 2Z*h- « K b A z m o
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where /(c )  denotes the Hankel transform of order zero of f[p). We may 
lake the solution of this equation in the form

= 8f/(c) J* i/'fx) cos ;/> (/- t)c 2 J dx (5-10-34)

so that, by the Hankel inversion theorem, we derive the solution

nip.i) — 8b f \jj(x)L{t — x.p)dx 
J -  ao

where the kernel L(t.p) is defined by the equation 

L(t.p) = ^ ( ^ J o ( ^ ) c o s ( K 2) ^
J O

= f  uf(u)K(p.t .u) du.

Hence we derive the solution of the prescribed problem in the form

n(p.t) ili(x)dx f uf(u)K(p,t — x.u)du 
Jo

(5-10-35)

where the kernel K(p.t;u) is defined by equation (5-10-30).
In dealing with special problems it is often simpler to make use of 

the solution in the form (5-10-34) instead of the more elegant result 
(5-10-35). For example, if the total force \ bohtnp'(t) is distributed uniformly 
over a circle of radius a, then we may take

Jip) =
H («  -  p) 

™ 2

so that

m  =
W )

rta£

and (5-10-34) reduces to 

8A f 1
Hip. t)  = — \!>{x)dx J0(^p)J,((*a)cos{A(/ -  r)c2} </£.

n a J - x  Jo
(5-10-36)

From this it follows that the transverse displacement of the center of the 
plate is

8b C' f*w(0 ./) = — il/(x)dx J,(c«)cos |b(/ -  x)£2}di.
™ J _ Jo

Making use of the third result stated in Problem 5-1 we see that

"(o,) -  *">[' -
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Changing the variable of integration from x to v where

V 4b (t — r)
we obtain the formula

We obtain the solution for the case in which the force is concentrated 
at the center by letting a -* 0 in (5-10-36). In this way we obtain the 
solution

which is Boussinesq's solution (see p. 470 of Boussinesq. 1885) for the case 
of a concentrated force.

5-10-6 MOTION OF A VISCOUS FLUID UNDER A SURFACE LOAD

In the discussion of the plastic recoil of the earth after the disappearance of 
the Pleistocene ice sheets a boundary value problem in the theory of 
viscous fluids arises (Cf. Haskell, 1935) which can be solved by means of the 
theory of Hankel transforms. The curvature of the earth is neglected, and as 
a model we treat the motion of a semi-infinite, incompressible, viscous fluid 
under the action of a radially symmetrical pressure applied to the free 
surface. Since, in the case of the earth, we are dealing with extremely small 
accelerations and very high viscosity, we may neglect the inertial terms in

n J - * Jo
which may be written in the form

so that making use of the form (5-10-30) we find that

Changing the variable of integration from t  to £ where

f  = ----^-----
4 4bit -  r)

we see that this equation can be written in the form

(5-10-37)
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the equations of motion in comparison with those arising from viscous 
forces.

With this assumption the equations of axisymmetric motion of a 
viscous fluid in a gravitational held may be written in the form

(5-10-38)

(5-10-39)

where, in cylindrical coordinates, the fluid velocity has components 
[t’p(p,r), 0, c,(p,r)], and P is related to the pressure p(p,z) through the 
equation P = pip,:)  — go:, a denoting the density of the fluid. Similarly 
the equation of continuity assumes the form

-  t - </»*>) + CP- -  0. (5-10-40)p < p cz

The components of stress associated with the z-direction are

_ r t'i= - P  + 2p —  cz
and

(5-10-41)

^
dz dp (5-10-42)

The boundary conditions are that, on the free surface, the shearing stress 
Gpz is zero and that the normal component of stress <r„ is equal to the 
applied pressure. In addition it is assumed that at infinity the components 
of the velocity vector and of the stress tensor are zero. If we suppose that 
the equation of the free surface is : = £(p,f) and that the equation of the 
undisturbed free surface is z — 0 . then we take £ to be small in comparison 
with the other distances which enter into the problem, such as, for instance, 
the radius of the circle to which the load is applied. As in the case of the 
theory of surface waves on water, we may take, at least in first approxima­
tion, the free surface to be z -  0. Thus we replace the value of cxjdz at 
z -  £ by its value at z = 0 . and similarly with the other quantities except 
go: = goZ(p.t). If we denote the applied pressure by fip,t). we have 
azz = -f(pJ) when r  = £(/?./), or, by means of equation (5-10-41) with 
the "surface wave approximation,”

P + go£(p,t) -  2p ~  = l\p,t) on z = 0. (5-10-43)

The relation between £ and v. is that, at the free surface, the rate of change
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of '  is equal to c,; hence we have

ec~  = v,(p. 0). (5-10-44)ct

Finally, the condition that the shearing stress on the free surface is zero, 
becomes, in this approximation,

^(p.O ) = 0. (5-10-45)
If we take the Hankel transform of order unity (with respect to p) of 

equation (5-10-38) we find that it is equivalent to

P(D2 -  i 2)v, = - i P  (5-10-46)

where D = P/dz and

i'p =  J^i[Vp(p.:):p -* 5], P  =  , r 0[/»(p,z);p -  { ] .

Similarly, we can show that equations (5-10-39) and (5-10-40) are equivalent 
to

p(D2 -  £2 )i5, = DP (5-10-47)

Qi„ + Df, = 0. (5-10-48)

with f, = j f 0[v,(p,z);p -* c]. Eliminating P and from the equations 
(5-10-46) through (5-10-48) we find that v. satisfies the equation

(D2 -  £2)2 l\  = 0.

We take the solution of this equation in the form

vz = \A{£) + fl(£K'z)e-{I. (5-10-49)

From (5-10-48) we deduce that

v„ = {AW -  B W  + B{fXz)e-*.
Equations (5-10-42) and (5-10-45) together imply the condition 

Dfp(f,0) -  fo({,0) = 0

and it is easily seen that this is equivalent to the condition B W  = AW-  
From (5-10-46) we deduce that

P = 2 tfA((k~u.
In this way we obtain the solutions

Vp =• zJti[ZA(Z)e*4‘ ;{ -* p]
c, =  j r 0 [ - < ( { ) ( i +  £ - V “ {' ; £  -  p ]

P = Ip.JtoltAiOe-t'iZ -  p]
(5-10-50)
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of the equations of motion. It only remains to determine the function Ad)  
in terms of the prescribed surface pressure f(p,t).  From equation (5-10-43) 
we deduce the relation

2 p # 0[ i A d ) ,p ]  + go {(p.t) = f (p, t)
the dot denoting differentiation with respect to t, while equation (5-10-44) 
gives

f(/U ) = # 0l A d ) : p l

Eliminating C(pJ) from these two equations and applying the Hankel 
inversion theorem we then obtain the differential equation

2 pi A d )  + go A d )  = Sd-I)

for the determination of A d )  in terms of

Stf./) = r 0[/(,M);,> -  {].
We therefore obtain the relation

A(()  = ff(4 k -"" 'J*  + f Sd,x)egn" - ,'l2'*dx (5-10-51)
2 /iC Jo

where the function K d )  is determined by the initial conditions. If we 
substitute the expression for S d d )  into the integral on the right of this 
equation, change the order of the integrations and use the rule for integrating 
by parts in the inner integral, we obtain the alternative expression

A(c) = Kd)e~9"' 2'‘‘ + | uf(u.ni0du)du
2/i Jo

_  J L e -v»a< I uf(u,0)5odu)  du 
2 /* Jo

r  -  I™ e v " 1*  I dr | uf(u.x)30du) du. (5-10-52)
V  Jo Jo

To consider a specific example we suppose that

„ , f° / <  0
J(Pd) _  p) , >  0

with the fluid initially at rest. For this loading K d )  = 0 and

A d )  = (5-10-53)
2 pi

Substituting this form for A d )  into equations (5-10-50) we obtain the 
solution
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= ~  *n!2m< — p]

f.- = ~  # o [ r 2e-*’' ^ ^ ‘(l + £r)J ,(£«):« -* p]
2 p

P = + F«jr0 [ r ' * - " " 2 ,,<"<sJ,({a);£ -  p]-
It does not appear to be possible to obtain simple closed forms for 

the integrals occurring in these expressions, but they may readily be put 
into a dimensionless form suitable for numerical integration.

As a special case we also consider the problem when there is no 
surface load, i,e..J\p,l) = 0 . In this case

A(i)  = (5-10-54)

where the function K({) has yet to be determined. This function can be 
determined either from the initial velocity of the surface or the initial con­
figuration of the surface. Substituting from (5-10-54) into the second of the 
equations (5-10-50) we find that at t = 0,

fr(p.0) = # 0[K(i)\p]

so that if at / = 0 , e . ( p , 0 )  = g(p),

KU) = #o[  #(*>):{]• (5-10-55)
On the other hand when the initial displacement is prescribed we 

make use of the integrated form of (5-10-44) in the form

£ ( p , / )  =  C (p .0)  +  f  v . ( p .O . t )  dx 
Jo

to obtain the relation

C(P.0 =  C(p.0) +  2>i . * „ [ { (  1 -  ) * (£ ) ;«  -  P i
go

The condition Zip,l) -» 0 as i -» x  is therefore equivalent to the relation

C(p.O) = - 2- W 0[ZK:(Z);pl (5-10-56)go

Hence K{c) may be determined by the formula

K(Z) ~  s(p .°) ;4 ]- (5-10-57)

In geophysical applications the function g{p) may be represented with 
sufficient accuracy by the exponential function g(p) = - f i e  where b 
and [I are constants. From (5-10-55) we deduce that A(c) = -  fi.#0[e ~ ; £ ].
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Putting p = v »  0 in the first result in Problem 5-1 we find that 
Kit)  «  —/}/(2/>J)e~<J;*“ . Inserting this form for K(Z) into (5-10-56) we 
find that the surface displacement is given by the equation

C(P. 0 ) =
got>

Putting v =  0, p =  1 in the first result in Problem 5-1 we therefore find that

s(p.O) = 2>/nhl{,t , ; -h>p>), (5-10-5H)
ga

Numerical values of this function can be found in Haskell (1936). Haskell 
also uses the formula £(0 ,0 ) = 2yfnhPp!(ga) to estimate the kinematic 
viscosity of the earth.

5-11 DUAL INTEGRAL E Q U A TIO N S A N D  MIXED B O U N D A R Y  
VALUE P R O B L E M S
One of the classic problems of mathematical physics is that of determining 
the electrostatic potential of a circular disk which is charged to a prescribed 
potential. If we use cylindrical coordinates (p.<£,r). we may take the disk 
to be specified by 0 ^  p ^  a. z = 0. In the axisymmetric case the problem 
is to determine a function i/(p,z) which is harmonic in the whole space, which 
tends to zero as r — v'(p 2 4- z 2) -* x  and which satisfies the condition

u (p ,0 )= /(p ), 0 < p < a. (5-11-1)

As the solution of this problem we may take

a(p.r) ii + (p,r). : > 0
M p ,r ) . r $  0

where it+(p.z) and u.(p.z) are harmonic in the half-spaces z ^  0  and 
r < 0  respectively. Since the surface charge density on the plane z = 0 is 
given by the formula

a(p)
1

An
('ii + ip-0 ) r5w_(p.0 ) 1

8z dz J (5-11-2)

and since there is no electric charge on the plane z = 0  outside of the disk 
0  p < a. we have the condition

t?M + (p.0 ) £«_ (p,0 )
Jz ■ p > a. (5-11-3)

On the other hand, the potential function u(p,z) must be continuous across 
the plane r = 0  so that we have the condition

//+(p,0 ) = t/_(p.0 ). (5-11-4)
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From equation (5-10-6) we see that any such pair of harmonic 
functions «+(p,z), w_(p,r) satisfying the continuity condition (5-11-4) must 
take the form

uf tp . z ) = .#0[Z-'A(()e  {I;C -» P_
u . ( p . z )  =  W0 — p].

Now for these expressions

2 ^ 2  -

(5-11-5)

(5-11-6)

so that the boundary conditions (5-11-1), (5-11-4) are equivalent to the 
relations

■#o[ r =  /(p), 0 «  p <  a (5-11-7)
■*"o[4(<);p] =  0, p > a (5-11-8)

for the unknown function A(£).
We also observe that the above expressions for the normal derivatives 

on the boundary together with equation (5-11-2) leads to the expression

f tp )  «  (2n) - ' .#0[A(():p],  0 p «. (5-11-9)

for the surface charge density on the disk.
Relations of the kind (5-11-7). (5-11-8) i.e.

A(i)}0(cp)dZ = ftp),  

£  SA(S)}0dP)di  = 0.

0  < p < a 

p > a

involving an unknown function under the integral signs with data of 
differing kinds prescribed on the subintervals [(),«], (fl.x ) of the positive 
real line are called dual integral equations.

Dual integral equations can arise in another way. Suppose that we 
wish to find a function idp,:)  which is harmonic in the half-space : ^  0 
and which satisfies the boundary conditions

u(p,0 ) = ftp),  0  ^  p <  a

ru(p, 0)
— I-----  =  0 . p > a

then it is obvious that we may take

ftp,:) = J - p ]

ftp://ftp.z
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where, again, A{£) satisfies the dual integral equations (5-11-7) and 
(5-11-8). This boundary value problem for the determination of the function 
(/(<;,z) is called a mixed boundary value problem, because of the fact that 
the boundary conditions are of mixed type, the function u being prescribed 
over part of the boundary and its normal derivative over the remaining 
part.

Mixed boundary value problems arise naturally in several branches 
of physics (see, e.g., Muskhelishvili, 1953: Noble. 1958; Sneddon. 1966) 
and one way of solving them consists in reducing the problem to solving a 
pair of dual integral equations. For that reason a good deal of attention 
has been given in recent years to the study of dual integral equations. We 
shall not give an account of that work here (the interested reader should 
consult Chapter IV of Sneddon. 1966) but content ourselves with showing 
how some of the simpler problems may be solved by using results derived 
in sec. 5-7.

For example, from equation (5-7-27) we see that, if p > a

■*0[. f t { g V m a  -  /);£};/>] = 0

so that a suitable representation for a function >f(^) satisfying the condition 
(5-11-8)is

A{i) = g(/)cos(c/) dt.

For this form of A(£) it follows from equation (5-7-25) that

(5-11-10)

/ 2  o(t )dt
*o[ C lA( t ) ;p ]=  / -

V n Jo v\ p 2 -  t z)

so that the condition (5-11-7) is satisfied if g(t) is chosen to be the solution 
of the integral equation

gV)dt
o n/<P2 

that is, if we take
n

= f(p), 0  < p < a

J? ( 0  =
f id_  p  pf{p)dp 

\ j n d i  Jov 'O 2 -
(5-11-11)

Similar methods exist for the solution of the corresponding problems 
in two dimensions. Again we shall illustrate the method by discussing a 
specific problem.
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We consider the determination of a function u(x,y) which is harmonic 
in the half-plane y  > 0  and satisfies the mixed boundary conditions

—r---- = -v(x). |.x| < a

u(.\-,0 ) = 0 , |.v| > a.

where r(x) is an even function of x  and w(.x.y) -» 0  as p = v/(.x2 + y 2) -* x . 
This boundary value problem arises in the discussion of the problem of 
determining the stress field in the neighborhood of a Griffith crack opened 
up by a symmetrically distributed internal pressure. (See Sneddon and 
Lowengrub, 1969, p. 72.)

A function which is harmonic in »■ ^  0 and tends to zero as p -» x  
may be represented by an expression of the type

u(x,y) =  -> x r ] (5-11-12)

For this function

ru(x,y)
cy

- , ? c[{A(()e l , ;{ -> .v]

and this, in turn, can be written in the form

fiu(x,y) Dx.Ps[A({)e-<’;{ -* x]

where D, denotes the differential operator P/i'x. The boundary values are 
therefore given by the equations

u(x,0) = r c[A(i);x] 

cu(x,0)
c>

=  - D sS s[Atf):x].

The unknown function A(t)  is therefore determined by the dual integral 
equations

.?,[A(£):x] = y(x). 0 .v s£ a (5-11-13)

■?c[MZ):x] = 0, x > a  (5-11-14)

where

V(x) = J J  v(r) (Ii

From equation (5-7-29) we see that if we write

A($) => r  g{t)j0(Qt)<ii 
Jo

(5-H-I5)
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then equation (5-11-14) is automatically satisfied whatever the form of the 
function g(r), and from equation (5-7-30) we see that if we are to satisfy 
equation (5-11-13) we must take g(f) such that

* gU)dl
o 7 (x 2 -  f2) F(x).

Since f'(0) = 0, V'(x) = v(x), we may take the solution of this integral 
equation in the form

£(') = / 2

V *  J o  y/ti* -  * * )
(5-11-16)

The solution of the stated mixed boundary value problem is therefore 
given by equations (5-11-12). (5-11-15), and (5-11-16).

For example, if r(x) =  1. then

MS) = >/($*) f fl/J0(seOdr = y / t i x W ' J M )
Jo

so that

n(x. v) = a J* ^ _ 1 J 1 («c)cos(4.v)<’' {> dS- (5-11-17)

The evaluation of the integral on the right-hand side of this equation is well 
known, and numerical tables are available (George. 1962) by means of 
which the numerical value of the function u can be derived at any point of 
the half-plane.

5-12  GENERALIZED AXISYM M ETRIC POTENTIALS 

If we seek solutions of Laplace's equation in n dimensions

. ?2u
A„m = — -j + CX,

c u
ex.2

2 . v- 2

Cn Ss 3)

which are functions of p — (x , 2 + x 2 2 + ■ 
then since

+ .v„_,2)andr = x„ alone.

CI4 Xj CU d2u Xf2 (,2W 1 /1 Xj2\̂ U
t’Xj p Sp' ( X 2 p 2  ( ~ P 2  p \  p 2)  tV

(i = 1 , 2 ............n -  I)
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r2u n — 2 C'u c2u+ -------_  + —j = 0 .
tp  p tf> vz (5-12-1)

If we let

u(p.z) = p'v(p.z) (5-12-2)
where

r̂>ItIII (5-I2-3)
we find that (5-12-1) is equivalent to

H** +  v n )  =  0 (5-12-4)

where M, is the Bessel operator defined by equation (5-4-6). From 
equation (5-4-8) we see that this equation is equivalent to the ordinary 
differential equation

( ■ S - * 2) f .K .z )“ 0 (5-12-5)

for the Hankel transform

M£.r) = Jf,[v(p,z):p -♦<?] = ■*.[p~yu(p,z);p -» {]. (5-12-6)
Inverting this result by means of the Hankel inversion theorem we find that

u(p,z) = p vjr„[i5,({.z);<J -» p]. (5-12-7)

For instance, if we are seeking a form of u(p.z) suitable for the solution 
of problems in the region z ^  0  and for which u(p,z) - * 0  as x ,  we 
may take a solution of (5-12-5) in the form

v,{(,z) = /Hc)e*4' 
which is equivalent to the solution

u(p.z) = p*jr,|>4«)r-<f:£ -  p], r > 0 (5-12-8)

of equation (5-12-1) with v = — J(w — 3).

PROBLEMS

5-1 Prove that

j ' W  + jp  + jv)
= 2 * * y * - * . r o  + v) ,/■,(! + \p + jv:v + l ; —t 2/4p).
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Deduce that

= r ' d  -  e"4*'4')
and hence that

,W\[.x~‘ cos(/jr2);£] = £- l (l -  cos((*2/4/)} 
1 sin(/jc2);£] = sin(<J2/4f).

5-2 Show that

#oV i<vcos(A/{2);{ - p]
2 \ r1

« 2 ( 1  +  t 2 )  C X P  L ~  1 +  T 2

#oie~i<2°Jsin (ht£2);£ -* p]
2  r  r 2

«2(1 +  T2) CXP L I + T2

(  r2r r*T \  ^ o s — 5 + rs.n p — i j

r21  . r2t
T C O S n _ - 3 - s,n _

where r = pla, r = Abtja2.
5-3 Prove Sonine's first integral

Jfl + V+ l( )̂

~ —+~i) J  ■M^sinf^sin1' '' '1 0 cos2 v + 1 6 dQ (p>~%)

and deduce that if p > — v > — x > 0 , u > 0 ,

J *  r ^ c O J ,  ♦.+,(*>■)</>■ =  y r ( v T T ) (JC> "  “ 2)’ H (*  "  M>'
5-4 Using the formula

Jo(?«)Jo«P) = -  f  V c* ) d0n Jo
where R1 = u2 + p2 — 2up cos 0, show that

*o{e-*2muy,c,  -  p] 1 (  u2 + p2\ ,  ( up\
5 “ p f — t r r w

Deduce that 

, r 0[c o s (^ 2)J0(£M):£

.#0[sin (bti2)J0(£u);Z cos
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5-5 Prove that if m > -  1, n > — 1,

£
(a1 ^m + n+ j{[/(fl2 + fi2)]*)-

Deduce Sonine's second integral

£  /'♦•(I* + *2)-*’J ,W ( f J + r 2)}J'(x,)dt 

= W - * ( a 2 -  _  x 2)]H(a _
(» '> / !>  — 1)-

Show that this result can be written in the alternative form 

J / V  -  ,{*,/(T2 -  z2)JJv(ax) dx

= a - ' x ' - ' - ' z - ’ia1 -  x 2)*']r{Zy/(a2 -  ;t2)}H(fl -  x), 

and by letting x -* 0  prove that (v > r > — 1 )

J * ( r 2 -  z2), *,-1 t1_vJ,(«t) dr = 2v~r- ‘ T(v -  r)a'-'lz - '] r(a:),

(a > 0. v > r >  $v — 4).

5-6 Defining the Erdelyi-Kober operators of fractional integration I,., 
and K ,, by the equations

W W  = - X~iz. r— I* (x2 ~ u2Y ~ 'u2n* lJ(u)du 
H*) Jo

I W M  = ~  f “V  -  x 1'f~ tu~1*~1'1* 'flu) du
r ( « )

with a > 0 , ri > -  1 , prove that

U+

(d) K,.,S,+I j  *=

(/) j  = Sw tf
where S, , is the modified operator of Hankel transforms defined by 
equation <5-9-1 ).
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5-7 Deduce from equation (5-5-14) that, if a > 0. b > 0, v > — 1, 

f*  x 2' * x dx 7t*r(v)
J0 (a2 + .v2 r +W  + V r *  “  2 I >  +  )(a +  b )2’ ’

5-8 Show that

.</,[sin(£/);f — .v] = (|?r)J H0 (£jv) 

where H0 denotes Struve's function of order zero.

5-9 Defining the Bessel function of the second kind of order zero by its 
integral representation

show that

•V2 [cos (£/);.r] =  - ( i * ) 1 Y0(£x) 

and deduce that

t /2“ '[sin(^v);/]  =  (i>r)*£/Y0({/).
5-10 If the operators ¥t * and i¥0 are defined respectively by equations 
(4-5-7) and (4-5-8), show that

5-11 The small transverse oscillations of a heavy chain of uniform line 
density a, suspended vertically from one end are determined by the

where the origin of the x-coordinate is taken at the position of equilibrium 
of the lower end and the x-axis is taken along the equilibrium position of 
the chain, pointing vertically upward. The function p(x,t) denotes the 
intensity of the external transverse force.

(a) If, in the absence of external force, the chain is initially released 
from rest in the position y  = f(x), show that

( • r s r 1 = s/0.

equation

y(.v,r) = Jfof/T f)cos(£/);<!; -* 2 (x/g)*]
where

Fit) = * M K P 2) ^  -  Cl­
in particular, if/(*) = £ ( 1  + xja)~*. show that 

y  = eR~* cos(̂ v»)
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where R and q> are defined by the equations

lamp -
\  a 4d)  a 

(b) If. initially, > (.t,0) = 0,  ̂ = 0, show that

(g?2A0*
I + x/a -  (gt2/4a)'

y(-*,/) = #o />(<;,t) sin {£(r -  t)} dr;4

where

2(x/g)i]
o P ( i . i )  = jr0[piigp2,i):p - i l

5-12 Show that if we wish to give the center of a thin elastic plate the 
prescribed motion w(0,r) = &(!)> that this can be achieved by giving the 
plate an initial displacement

Deduce that if we wish the center of the plate to have the displacement 

f V(T -  t), 0 < t < T
n(0,ri = / > T

then we must choose

where the function F(x) is defined by the equation 

F(x) = — Si(x) — sinx +  .vCi(.v)

with the usual definitions

fx sinu , , f cosu ,Si(.v) = -----du, Ci(x) = -  -----du.Jo " Jx U
5-13 The vibrations produced in a thin elastic plate by a Gaussian distribu­
tion of pressure may be represented by the equation

where A and s are constants and the function 4>(t) is prescribed. 
Show that

w(p,t)  =  A i//(x)Q(p.t — x)dx
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with p =  s2/4b, q — p 2/4h. 
Deduce that

\l>’( x ) R ( t  -  t) dx

where

2 /  j
R{x) -  1 ---- tan " 1 ( -r

n \4  bx

5-14 In the axisymmetric flow of a perfect fluid the velocity components 
up(p,z), u.{p,z) satisfy the first-order equations

1 d  c u ,
~  —  { p u f )  +  - =  0,
p  c p

du„ du,
c z dz cp

= 0.

If the fluid is introduced to the half-space z ^  0 through the circular 
aperture p ^  a, z ~  0 in such a way that

u.(p.O) = /(p)H(a - p)

and if Up and it. both tend to zero as *J(p2 + z 2) -* x ,  show that

Up(p,Z) =  -*  P]< " r (P .- )  =  p]

where

/o (0  = f p/(p)J0(£p ) <*pJo
Evaluate up(p,z) and ut(p,z) in the case in which/(p) = c(a2 -

5-15 The flow of a jet of perfect fluid through a circular aperture, of 
radius a, in a plane rigid screen is determined by a function il/(p.z) which is 
harmonic in the half-space z > 0 and satisfies the mixed boundary 
conditions

*(P, 0) = C,

<ty(p, 0) = Q

0 ^  p < a.

p > a.

where C is a constant. Show that
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5-16 Show that the stress-strain relations

X= /.A + 2p ■
<P

= M  + 2p X  
P

,  cu.<r„ = /.A + 2/i

/  x  x \

in which a and p are Lame’s elastic constants and 

p cp * cz

may be written in the alternative form

X  = {(a + p ) * 0 -  / i * 2} [X ;c  -» p] + ; .D ^ 0[i7.;^ -  />]

= {I-5- + — p] + A D -ro X ii -* p]= #0V4u, + ('- + 2p)Duz;4 -> p]

°pi = [Dm„ -  X ; f  -* p] 
where D = X -  and

uP(p,z) = > f ,X (p ,2 );p -* {], u,(p,z) = ^ 0[u.(p,r);p -  {].

It can be shown that the equations of equilibrium are satisfied if we
take

7: + p P2*!* A + 2p A + p d2tj/
up = --------- «, = -------- A > ----------- -- - jp cpcz p p cz

where i^(p,z) is a solution of the biharmonic equation &„&„<// = 0. Show 
that

u,(p.z) -  - j J 1 .#,[{D$ ( t .z ) \ t -  p]
«,(/),:) = -  - ■ -  pj

where

(DJ -  {*)*f((.z) -  0
and deduce the corresponding expressions for <r^, <rfl. a,,,.

5-17 Show that the solution of the equations of equilibrium in the half­
space z 2  0 satisfying the conditions

o „  =  - P ( P ) .  <fp, =  0
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on the boundary plane z — 0 is given by the expressions of the last problem 
with

5-18 The contact problem for a rigid punch indenting the half-space 
z ^  0 can be reduced to solving the equations of equilibrium in z > 0, 
subject to the mixed boundary conditions (a) ^ (p .O ) = 0, p ^  0; 
(/>) u,(p.0) = /ip), 0 < p <  a; (c) <r„(p,0) = 0, p > a. Show that the 
solution is given by

«„(p.-) = - y  ^ [ { p  -  U + P)fr}Z~ -  p]

u.(p,z) »  +  2 // +  (A -f -► p ]

where i^(f) is the solution of the dual integral equations

n [ r V ( 0 : p ]  =  / < P ) ,  0 < p < a

*o[>(£);p] = 0, p ^ a.
Write down the solution of these equations in the case in which 

/ I p )  —  e, a constant, and verify that

2e
tj/(p,0) = — sin-1 (a/p), p > a.

5-19 Show that the dual integral equations 

•*0 [/I(c);p] = /(p ) . o ^ p ^ u  
^ o [ |T 1̂ (c);p] = o. p > “ 

have the solution

A{£) = f  g(f)sin(^)<//, Jo
where

2 f  pAP)‘ip
g(0  =  _ - - - - - - »t-n J o \ '«  ~ P )

5-20 A function i/(p,r) is harmonic in the half-space 2 ^ 0  and satisfies 
the mixed boundary conditions

£u(p,0)
= ~ /(p). 0 < p <  a

m( p, 0) =  0, p >  u
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and the limiting condition u(p,z) -♦ 0 as r -► x .  Show that 

u(p.z) = ->■ p]

where the function A(£) satisfies the dual integral equations of Problem 5-19. 
Deduce that u(p,z) is the imaginary part of

m d t
Jo \ ' {p 2 + (- ~  ")2)

where

g(0
_  2 T pAp) c 

n Jo VV  ~PAP) dp
p 2y

5-21 Two functions f 2{x,y),f3(p,z) are related through the equations 

-* £] = g(£-y)&c[Pi(x)-,£,]

J^o[ / j(P.^);p  -* <f] = g(L:)#'o[Pi(p)S]  
where

Pi(x) 

Show that

l i  f* PP>(P)<1P 

\  11 Jx \ J ( P 2 ~  v 2) '

/j(P . ) =  J z . l ! L  1
* P 8 p  J„ firi -  '*2' ‘ip J ( * 2 -  P2Y 

If f 2(x,y) and /3(p,z) are related through the equations

^ i[y j(p .^ );p  -+1] = h({,z)jro[P3(p);£]

where p2(x) and p3(p) are related in the same way as before, show that

/j(P.2) =
f 2(x,z) dx 

Xy/(x2 -  p 2)’

5-22 The function / 3(p,z) satisfies the axisymmetric Laplace equation in 
the half-space z ^  0 and the conditions f 2(p,0) = pj(p), f 2(p,z) -» 0 as 
r -* x . Show that

/ j(P.i ) v/2 (-*•-) dx 
yj(x* -  p 2)

where f 2(x,y) is the function which is harmonic in the upper half-plane
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y > 0 and satisfies the conditions

/ a U ,  0 )
11 f ”1 PPi(p)dp 

V "  Jx s / ip 1 -  x 1)
f 2ix,y) -  0 as v/(a 2 + y 2) — x .

5-23 The function f 3(p,z) satisfies the axisymmetric Laplace equation in 
the thick plate 0 < z ^  a and the boundary conditions

/j(p ,0) =  p3n ,(p), / 3(p,u) = p 3(2,(p).

Show that

h ip ,- )
l2\_d_ f* xf2ix.z)dx

y n p S p  Jp j i x 1 -  p z)

where f 2ix,y) is the function which is harmonic in the infinite strip 
0 < y  < a and which satisfies the boundary conditions

/a ( -v .O )
(2 f x pp3n>(p)</p

V n J* s l i p 1 ~  x 2)'
A M  =

j l  f* ppj{2\p )  dp 
V 71 Jx s/iP1 -  *2)

5-24 A function w(p,z) is a generalized axisymmetric potential in the half­
space z ^  0 satisfying w(p.z) -» 0 as  y/ip2 + z2) -♦ x .  Show that

lim p 2vu(p,z)P-0
___2z___ f x pujp,0) dp*(v+‘l.i)Jo ip 2 + z2r  + *'



6
The K on torovich -Lebedev 
Transform

There has been considerable interest in recent years in the use of 
Kontorovich-Lebedev transforms which arise naturally through the use of 
the method of separation of variables to derive solutions of boundary value 
problems formulated in terms of a system of cylindrical coordinates. In this 
chapter we give a brief account of the properties of this transform.

An understanding of the Kontorovich-Lebedev transform rests on a 
knowledge of the elementary properties of K,(x), the modified Bessel func­
tion of the second kind and of Kjt(.v), the Macdonald function; these are out­
lined in sec. 6-1. The Kontorovich Lebedev transform is introduced in 
sec. 6-2 which also contains a sketch of Lebedev's proof of the inversion 
theorem. The proof of the inversion is usually found difficult by students 
of engineering or physics, and, for that reason, an “operational" proof 
of the inversion formula is given in sec. 6-3 in the hope that it will at 
least demonstrate to such readers the plausibility of the formula. The re­
maining sections of the chapter refer briefly to applications.

3S3
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6-1 M O D IF IE D  B E S S E L  F U N C T I O N S  A N D  THE M A C D O N A L D  
F U N C T IO N

If we define the function I,(r) by the integral formula

I,(r) >  -  j eICOT'cos(vf) dt
" J o

and the function K„(z) by the formula

-  r

,  -  xcoshr cosh (vr) dt

(6-1-1)

(6- 1-2)

then by differentiating under the integral sign twice in each case and making 
use of the rule for integrating by parts, we can show that each of these func­
tions satisfies the modified Bessel equation

d 1 h
dz‘

1 dw
s i t

(6-1-3)

These functions are known as the modified Bessel functions of order v of the 
first and second kinds respectively. (See Watson, 1944.)

From (6-1-2) we see that, in particular,

K0(z) =  J J V  :“”h“ du. (6-1 -4)

The Fourier cosine transform of K0(a/) is easily deduced. From the equations

P t[K0(ai);x'] =  -  J cos(xt) dt I du
"Jo Jo

= -  du cos(.r/) dt
"Jo Jo
2 f -  acoshn</u 
" Jo t2 +  ° 2 cosh2 u

_ 2 f "  dv
"  Jo X2 + a 2 + I'2

we deduce that

= [ 2(a- r ^ p ) ]  (6- ' '5)

If. in equation (6-1-2) we replace v by it where t  is real, we obtain the 
function

e *c»»h'cos(Tt) dt (6- 1-6)
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which is a solution of the differential equation

The function Kit(x) is known as the Macdonald Junction.
ft follows immediately from the definition (6-1-6) that in the notation 

of the Fourier cosine transform

-  t], (6-1-8)

Making use of the Fourier cosine inversion theorem we find that

.* [* „ (* );t -» /] = (i* )**-"-* ' (6-1-9)

which when written in integral form produces the equation

J Ki,(x)cos(n) dr = (6-1-10)
Differentiating both sides of this equation w ith respect to t we find that 

J rA',r(jc)sin (rr) <e/t = jrtxsinh/e-J:c<”h' (6-1-11)

and differentiating again we find that

J T2Kj,(x)cos(u) dr = ^7tx(cosh t — ;(sinh/cosh/)e~*c"*h,.

. i u (6-1-12)In general we have

J ” xu KJx)co&(xt) dr =  { * ( - l)"D1JV '* ,:o,h' (6-1-13)

(D, =  dfdt).

In particular, if we put / =  0 in equations (6-1-10), (6-1-11). and 
(6-1-12) we obtain the equations

J *  K,t{x)dt =  \ne~x (6-1-I4)

J x1Klt(x)di =  \nxe~* ( 6 - I - 1 5 )

J *  xu Kix(x)dx = i7 r(- l)" [D 2V ^ “ h,] , . 0 (6-I-16)

If we multiply both sides of equation (6-1-10) by f( t)  and integrate 
with respect to t  from 0 to *  we obtain the equation

J *  Kix(x)f(x) dx = V(i»f) J *  e~ xc”'hlFc(t) dt (6-I-17)

where Ft(t) is the Fourier cosine transform of/ ( r).
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= FtU) = / — ~j——j- (« > 0)c y] n a 2 + t1

For example, if we take 

f(t)

we obtain the equation

f ” /fiT(.v)e-‘r rft =  fl f *  (a2 +  t 2) ~ ' e xcô ‘ dt. (a >  0).
Jo Jo

(6-1-18)

If we interchange this pair of Fourier cosine transforms we obtain the 
equation

,  — « f  — x c m h f dt, (a > 0).
f*  dx it f 3

Similarly if we take

/ ( t) =  A.'0(a r) ,  /v (f) =  | — / 2) |  , ( a  >  0 ) (6-1

(6-1-19)

■20)

we obtain the equation

KJx)K0(ax) dx = \n  j *  (a 2 + dt (6-1-21)

and interchanging this pair of Fourier cosine transforms we find that 

dx
|o  * i,(-t ) v V  +  r 2) " / o

K0Uit)e-xco' t“ dt. ( 6- 1- 22)

In a similar way we can deduce from equation (6-1-11) that

Jo" rKit(x)f(x) dx = V(iir) J* Fs(t)sinh dt (6-1-23)

where F,(r) is the Fourier sine transform of/(t). In terms of the operators <f. 
, f s of the Laplace transform end of the Fourier sine transform respectively, 
we can write this last equation in the form

f*  tA',t(-v)/'(t ) dx 
Jo

= ̂ (\n)^[H(u - 1).̂{/(t);t - V/(M2 - 1)};« - jr]. (6-1-24)
If we take t = a + ib in equation (6-1-10) and equate real and 

imaginary parts we find that

f K„(x) cos (ax) cosh (bx) dx 
Jo

= 47texp(— -Ycosh a cos6)cos (x sinh a sin 6) (6-1-25)
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and that

f  *,.(*) sin (ax) sinh (hr) dx 
Jo

= j n exp ( — x  cosh a cos b) sin (x sinh a sin b) 
and by replacing a by la in these equations we find in turn that

J KlT(x)cosh (at)cosh (bx)dx

= \  n exp (— x cos a cos b) cosh (.x sin a sin b)

and that

I Kir(x) sinh (at) sinh (hr) dr 
Jo

= exp ( — -x cos a cos b) sinh (.x sin a sin b).

An interesting result is obtained by substituting 

f(u) = Fc(z) -  (2/u)*Kh(x)

(6-1-26)

(6-1-27)

(6-1-28)

g(u) = e - 'rah\  Gc( x) = (2/7r)*Ar<t(>)

in the convolution theorem

Fc(x)Gc(x)cos(ix) dx = i J 0 ~ «|) + f(£  + '<)} du

for Fourier cosine transforms. We find that
2
itr K,t(.x)A'ir(.v)cos(£T) dx

{e -ycoshu - xcosh((-u)

^  -  y c o s h u  -  JKCOsh<{ ~  II)

g — Aco»h(u ~ it)

+

du

p “ >ct»h« - xcoshK + «) 1 ^

where
Kcoshe « ; +  xcoshij, /?sinhf. = vsinh£. 

Hence

2 f  * Klt(x)K„( v) cos (i t ) dx = i [ e - dr K Jo J -*>
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and so we have the relation

Ak„(.v)A'if( y)cos(£t) dr -  K0(R). (6-1-29 a)

where

R2 = .v2 + 2.vycosh(!; + y 2.

If we let 4 = 0 we obtain the relation

(6-1-29A)

f* A',r(.Y)A:it(y)</t = i7tA0(.v + y), (x > 0 , y  > 0 )  
Jo (6-1-30)

and if we let £ = /a we find that

Kit(x)Kh( y)cosh(at) dr = £tiA'0{(.y2 + 2.vycos a + y2)*}.

(6-1-31)

Differentiating both sides of this last equation with respect to a we obtain 
the equation

x Af,{(.v2 + 2.vycosa + y 2)*}. (6-1-32)

On the other hand if we invert equation (6-1-29a) by means of the 
Fourier cosine inversion theorem we find that

where R is given by equation (6-1-296). The result (6-1-33) is due to Lebedev 
(1949).

We can also calculate the Laplace transform of Afjt(.v) directly from 
equation (6-1-6). We have

<f[Kix(x)\p'] = f  cos(t t) di f  c~ip+ca‘h,,x dx.
Jo Jo

where we have written p = cosh a. The value of this integral is known 
(Cf. Problem 2-21).

7rsin(ar)
sinhasinh(7rr)

tA'1t(.y)Klt(y) sinh (at) dr = {nxy  sin {x2 + 2xy cos a + y2)'* x
o

(6-1-33)

The a-integration is elementary and we have
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from which it follows that 

i ? [ / if(x);cosh at]
7rsin (at)

sinhasinh(TtT)

This result can be written in the alternative form 

sin (t cosh"1 p)
. slip1 -  1)

vj = n ~1 sinh(7TT)A'il(x).

(6-1-34)

(6-1-35)

6-2  THE K O N T O R O V IC H -LEB ED EV  T R A N S F O R M

We define the Kontorovich Lebedev transform / ( t) of a function/(x), de­
fined on the positive real line, by the formula

JtI/(-t) ;t] =  /<*> = r  x ' f (x )K „ (x )d x  (6-2-1)Jo
and we write

f ix )  = JT [/(x );r] (6-2-2)

If/is  a function of several variables x,. x 2............ xm we denote the integral

Jo ./(x,.x2............ x j / f . /v ,)  dXi

by the symbol

/ ( t , x 2 ............ x j  =  ■#’[ f{xx,x1, . . . ,x„);x, -► r], (6-2-3)

From equations (6-1-6) and (6-1-10) we deduce immediately that

|/ , ( x ) | < K q { x )  (6-2-4)
so that

|/I t) | <  f x - | / ( x ) | / f 0(-T)dx. (6-2-5)
J o

It follows immediately that, provided /(x) is such that the integral on the 
right-hand side of the inequality (6-2-5) converges, the integral (6-2-1) con­
verges uniformly with respect to x and therefore defines a continuous func­
tion of T.

In these circumstances, the integral

F(T,x) -  \  \  xs.\n'h(nx)KiI(x)j(x)dx  (6-2-6)
n  J o

has a precise meaning. If we substitute from equation (6-2-1) into equation 
(6-2-6) and change the order of the integrations we find that

F ( T , x ) - —1 [ u ' f ( u ) d u \  A.jf(x)Af,t(w)T sinh (itx) dx.
K Jo Jo
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If we make the substitution 

m =  ve=  x f

wc find that

F(T,x) = J* Hxe")G(x,0.T) dO

where

g (x.o,t ) = ~  r* Jo Klt(x)Kjt(xc*)T sinh (nr) dr.

We now make use of the identity

Ki,{x)Kit{xe9)sinh {nr)
Jl»l

•A1) sin rx dx

with i/» = 2(cosha — cosh 0) to obtain

G{x.0,T) = -  j r dr f J0(.xe**iA*)sin (ia) dx. 
n Jo J|»|

Now

sin(aT) Tcos(xT) d sin (xT)r Tsin(ra)</T =

so that we may write

G(x.O.T) =  - -  f ^  dx
n J i#i M  * /

and hence 

F(T,\x) = -  -  f  f(xe9) dO f  "  J0(*e *) L  ( S,n * T
ttj-ao J|»| dx \

\
Jdx.

(6-2-7)

( 6-2-8)

It can be shown that this double integral is absolutely convergent so that we 
may change the order of integration to obtain the equation

F(T,x) = - 4
°° d fsinxT

dx I f(xee)S0{xei*ij/i) dO.

If we now use the rule for integration by parts to carry out the a-integration 
we find that we can write this equation in the alternative form

sin a T
F ( T , x ) - i f

” Jo
»c(a) d x

x (6-2-9)
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with
if(a) =  fixe*)e* + f(xe~*)e + " f(xe9)e9 l  J0( A dO.

(6-2-10)

It now follows from the use of Dirichlet's integral that 

jim F(T,x) = i [ / ( . t  +  ) +  / ( * - ) ]

and hence W'e have the inversion theorem (Lebedev. 1946) in the form:

Theorem / f  fix) is a function defined on the positive real line such that

x~ 'fix) is continuously differentiable and xfix) and x  {.v* '/(* )}  are

absolutely integrable over the positive real line, then

fix) -  ~  j KiT(x)r sinh (jit )f(x) dx (6-2-11)
n Jo

where

m  = * l f i x ) : z l  (6-2-12)
6-3 AN OPERATIONAL PROOF OF THE INVERSION FORMULA

Even if. as we have done, we omit the details of the analysis, the proof of the 
inversion formula for the Kontorovich- Lebedev transform is complicated. 
The following argument, though lacking the rigor of a formal proof, may be 
an acceptable demonstration of the validity for formulae (6-2-13) and 
(6-2-14) to readers whose interest is in applications.

We may write equation (6-1-6) in the alternative form

F 'lK J x h x  -  t] m ^ ( { n ) e " - <"h'

from which it follows that

?c[fix) ,t]  =  •*/(!*) J e' *c"“h' .v~ 'f ix) dx

a result which may be written in the form 
2 f x .

¥ [ x  ‘f(x)-p] = -  At)cos(rcosh 1 p) dx (6-3-1)
n Jo

Using the well-known result

^ [ f ix f .p l  =  - j r ^ i x  'fix),fi]
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we find that
2 C* - si

s r u ix u p ]  ~  \ t / ( t ) -
77 Jo

sin (t  cosh ~1 p) 
yjiP* ~  1)

dx

Applying the operator y ’- 1 to both sides of this equation and making use of 
equation (6-1-35) we obtain the inversion formula

/(.v) =
n2 io

Tsinh(7rt)A.'jt(.v)/(T) dx. (6-3-2)

6 -4  PARSEVAL RELATION FOR K O N TO R O V IC H -L EB ED E V
T R A N S F O R M S

Suppose that

/ ( x) = Jf [/(.v) ;t], g(t) = .r[^(.v );r].

Then

*2 jo
t  sinh (nx)f(x)g(x) dx

rc2 jo
t  sinh (t it ) x~'g{x)Ki,(x)dx) / ( ! ) *  P

Jo

=  | x ~ 'g ( x ) d x \  ( r  sinh (xn)f(x)K i,(x) dx 
Jo 77 Jo

= j* x~\f\x)g(x)dx

so that we have the Parseval relation 

‘/(.Y)g(.v) dx 

In particular, if we take

[ v \f(x)g{x) dx = ~  j t sinh (ttt)J(x )g(x) dx.
Jo 71 Jo

sinh (at)
g(.v) =  .vsin a e J‘co“ , gU) =  ~~r .— -

sinh (ret)

77 Jo r
we find that

sinh(ar)/(t) dx = sin a | e

and letting a -* 0 we find that

-  f t/(t) dx = I e~xf(x) dx.
77 Jo Jo

"/(*> dx

(6-4-1)

(6-4-2)

(6-4-3)
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If we pul

/(.v) = f \T) = A cosM
rsinh(jrr)

we find that

f x COS(T/)<fr 
Jo sinh (nr)

showing that
r e~x(l*CMh') dX

^[cosech(»tT):T -» t] I
2v (2»t)

sech2(jt). (6-4-4)

6 5 FUNCTIONS WHICH ARE HARMONIC IN AN INFINITE WEDGE

If we seek solutions of Laplace’s equation 

c 2u 2  i n  . J_ ^  i _
op2 p cp p2 c<f>2 H~2

in the form

(6-5-1)

u(p.tf>.z) =  e±*,±l’: R (p \

then R(p) satisfies the equation 

d 2R \_dR / V  _  2
dp2 + p dp + \ p 2 °

R =  0.

One solution of this equation is Kix(p\o\) so that we have harmonic functions 
of the form

u(p.d>.2) -  * * * t l "A:ll(p H ). (6-5-2)

By the principle of linear superposition we can construct more sophis­
ticated solutions such as

u(p.4>,z)

or

U x x osh
e~'"z do t(7(o.t) (<̂>t)A'Jr(p|er|) sinh (7tr) e/x

(6-5-3)

«(P-<t>,2)

- , / I f
cosh

cos(ctz) da tU(o,t) . (</>t)/L„(p<r)sinh(nr) dr
1 sinh

( 6 - 5 - 4 )
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u(p,<f>,z)
H8 j'ofi cosh

,  . sin(ffz)</(7 xU(a,x) . (4>x)Kit{pa) dx$,\nh(nx) d? 
ns Jo Jo sinh

(6-5-5)
We can rewrite these equations in the forms

u(p,<t>.z) = |~#'~l |(/(<t,t) (<j>x),x -* p|ff|j;rr -» z j  (6-5-6)

u(p,<t>.z) =  .Fc 

u(p.<t>,z) =

j r ~ ‘ ( ,„  cosh 
\U(a.x) .( sinh

JT "1
( sinh (<f>x):x -» p a \ ,a

(6-5-7)

(6-5-8)

Corresponding to the solutions (6-5-7) and (6-5-8) we have the formulae 

u.{p,4>,z) = jffC(ff.T)^°Sk(0T);T -* pj;<7 -* r j  (6-5-9)

u z(p.<j>.~) = :Fe |( t(/((T.t)^°Ŝ ( ^ t);t -♦ pj;<x -► z j (6-5-10)

so that the solution (6-5-8) has the property that 

u(p.<)>, 0) =  0

and the solution (6-5-6) has the property that 

u:(p.<t>, 0) = 0.

As an example of the use of these formulae suppose that we wish to find 
the function it(p,<f>,z) which is harmonic in the infinite wedge 0 < p < x , 
\4>\ < a, —X' < z < x  and which satisfies the boundary conditions

i/(p ,-a,z) = M p,z) ,  u(p.z.z) -  / 2(p.z) (6-5-11)

From the basic solution (6-5-6) we construct the solution

sinh(az — (j>x)u(p,<t>,z) = ■ F~1 X' <f\((TX)- sinh(2ar)
„ sinh (xx + <f>x) . .) 1

Where the functions F,(<r.t), F2(o.x) are chosen to be such that

M P ’Z) = t) ;t -  p\a\}',a -  z]
f 2(p,z) = {F2(g, x):x -* p|<r|}:o — r].

(6-5-12)
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From the first of these equations we have

■ F [ f i i P - z):z — o ] =  t ) ; t - *  p|<r|]

from which we deduce that

Ft(a.r) = J t  |V  j/i -* o ^ ; p -* x

Writing this out in full we see that

FM x )  = -7^— j" p 1 K„{p\<r\) dp |  j\(p,:)eia* d:

(6-5-13)

(6-5-14)

In an exactly similar way we could show that

F2(a.x) = - i - f '
s/On) Jo {

P ' Kh(p\<*\) dp \ J2(p.z)e‘,’: dz. (6-5-15)

The solution of the boundary value problem (6-5-11) is therefore given by 
equation (6-5-12) with the functions F,(<t,t). F2{o.t) given by the equations 
(6-5-14) and (6-5-15) respectively.

In particular, if

M(p.±a, z) = jip.z) (6-5-16)

we find that

[ r "  -  ''w} ”
where

Fl" ) ‘

Similarly if 

u (p .±x,z) =  ±,1(p.Z) 

we find that

u(p.<t>.z) = .F" 1 j r - ‘ F(a, t)
sinh ((j>x) 
sinh(ar)

r

.  (6-5-17)

(6-5-18)

(6-5-19)

-] (6-5-20)

where F(a,t) is again given by equation (6-5-18).
If u(p,4><z) is harmonic in the same infinite wedge and satisfies the 

boundary conditions

= /,(p .r). /zip-:) (6-5-21)
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then it is given by the expression

u(p,(t>,z) = &  1 .n r 1 | t_1F2(^ t)
cosh (at + 0r) 

sinh (2ar)

cosh (at — (j)T) 
sinh(2at) r|J;<r -  z j (6-5-22)

where /•",(<t.t) and F2(o,t) are defined by equations (6-5-14) and (6-5-15) 
respectively.

The solution of the symmetric case

/((>■-) (6-5-23)
cu

is given by
n(p.0.r)

" [ r "  ^ ' 0 '  ■* m } *  ~ -'] <w-24'

where F(<t.t) is defined by equation (6-5-18) and that of the antisymmetric 
case

( S L ,  -  ±flp-z) ^
is given by

u ( P - 4 > ^ )

(6-5-26)

F(ff.r) being defined by the same equation.
In the case in which the function u(p.4>.z) is harmonic in the infinite 

wedge |c£| < a and satisfies the boundary conditions

( J ^ )  = ./i(p-r), u(p,x,z) = f 2(p,z) (6-5-27)

we see that the solution is 

u(p,<f>,z) = -W 1 | V " '  | f 2(ff. T )
cosh(ar + <pr) 

cosh 2a

where the functions F,(<r.r) and F2(<t,t) are defined respectively by equations 
(6-5-14) and (6-5-15) respectively.
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6-6 FUNCTIONS WHICH ARE HAR M O N IC IN A WEDGE OF FINITE 
THICKNESS
To illustrate the use of the Kontorovich-Lebedev transform in a wedge of 
finite thickness we consider the problem of determining a function u(p.<l>.z) 
which is harmonic in the wedge

p  >  0 ,  0  ^  c£ $  a ,  O d e s s a

and satisfies the condition

w(p.a.r) = /(p.z). (6-6-1)

while on the other boundaries it vanishes identically.
From equation (6-5-2) we construct solutions of the type

tF„( i ) sinh(T^) 
sinh (ta) "

nnp
sinh nx dx 

(6-6-2)

which obviously vanishes on the boundaries z = 0. r = a and <j> = 0. It will 
provide a solution of the stated boundary value problem provided that we can 
find functions FJx) such that

i.e.. such that

JT f(p.y) sin ) ily.
a A a J o

Replacing p by ar/nn we see that this condition is equivalent to

in " 5 *
a Jo \mi J a

and hence to

and a trivial change of the variable of integration shows that this integral can 
be written in the form

j . , ' ' ' ( 7 ) ' ' '
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Hence we have the formula

by means of which we may calculate the coefficients of the series (6-6-2).

P R O B L E M S

6-1

6-2

Show thai 

,r [ /( .v ) ;r ]  = 

Prove that 

(a) .r[ .ve -xi:°, ';x

&c[ ¥  {.v ‘/(.v); cosh u);u

- t]
Jtsinh(fT) 

sinh (jit) sin t

and deduce that

(b) jT[,y;t] =  £ji sech (£jit)
(c) j T [ =  JtTCOsech(JtT).

6-3 Prove that

(n) jr[e~xa*'\x r]  =
ji cosh (tz) 
r sinh (jit)

and deduce that

(,b ) j T [ 1 ; t]  = | jit " 1 cosech ( | jit) 
(c) ,jT[e~x;r] =  nx~ 1 cosech(nz) 
id) = jit- 1 cothfnt).

6-4 Prove that

(a) X [ e - xcost,,-,x -  t]
ji cos (tz) 

t sinh (jit)

(,b) ,r [Y e -Jlc,!8h,;.Y -  t]
Jisin(/r)

sinh (jit) sinh I

*].



The M ehler-Foek Transform
7

7-1 INTRODUCTION

In recent years there has been considerable work on the use of Mehler- 
Fock transforms in the solution of boundary value problems in the mathe­
matical theory of elasticity, particularly those concerned with the analysis 
of stress in the vicinity of an "extemar crack (of the type shown in Fig. 7-2 
below). The object of this chapter is to provide—in a form suitable for those 
whose interest lies in applications—a short account of the basic properties 
of the Mehler-Fock transform. Emphasis is put on the transform which cor­
responds to axisymmetric potential problems not because these problems 
are in themselves intrinsically either more significant or more interesting but 
simply because not many transforms of particular functions have been 
calculated.1

'A useful table of transforms is given in Oberhettinger and Higgins (1%I).

369
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A brief account is given in sec. 7-2 of the basic properties of the asso­
ciated Legendre function of the first kind since it is convenient to have listed 
there precisely those properties of that function needed in subsequent 
sections.

7 2 L E G E N D R E 'S  A S S O C IA T E D  E Q U A T IO N

In discussing Mehler Fock transforms we need to know one or two of the 
basic properties of a certain solution of Legendre’s associated equation. We 
list these properties here for convenience.

To obtain solutions of Legendre’s associated equation

11 -  U - J* l + + l)- r r  ?} ’’ - 0 «’•*>
we make the substitution 

y = (.v2 -  1) + ̂ »«'(.V) 

to obtain the equation

(1 -  .x2) ^  -  2(1 -  m)x ~  + (v + #n)(v -  m +  l)n- = 0. (7-2-2) 
dx dx

If we now change the independent variable from _v to where

we find that

C(1 ~  O  +  {m +  I )(1 -  2 0  +  (v -  m)(v +  m +  l)w  =  0
dc

which is identical with the hypergeometric equation

{(I ~  0 $  + 0  ~  (a + b + l ) £ ] ^  -  ahw =  0
«s “s

with
a = m — v, b =  m + v + I. c =  m + I 

so that equation (7-2-2) has a solution of the form 

2Ft(m — v.w -l- v + 1:m + I ; j  — j.v), 

and hence that equation (7-2-1) has the solution 

F(v +  m + 1)
P m( x )  =  ________-___________________  x
v 2 T ( w  + I)r(v -  m + 1 )

x (x2 — — i\m + v + 1 :m + 1 ;j — $.*)■ (7-2-3)
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[f we make use of Rummer’s relation 

2Ffa,b:c.f) -  (l -  sy~ ‘,~b2Fl(c -  a.c -  b;c;£) 
we find that

l -{ m — v,m + v + l ,m + 1;

= 2"(.v -  l ) - " ^  -v ,v  + l;w  +

so that we obtain the alternative expression 

f(v + m + 1)
P,m(x) - r (m + I)T(v -  m + 1)

i h \ y iF' (_v,v+ i ; m + i ; i 2 v

i -

(7-2-4)

The function P”(x) defined by equation (7-2-3) or its equivalent 
(7-2-4) is called an associated Legendre function of the first kind. When 
m = 0 it reduces to the Legendre function

P,(x) = iF, ( -  v,v + 1; 1; 1 -= -^ . (7-2-5)

In most applications m is a positive integer though v is not. In this 
case we can easily show that

H  p  (X) = r(v + m + ■) x
dxm ,v ’ 2mm\r(v -  m + 1)

x 2f |  v + m,v + m + I ;m + 1; -

Hence, when m is a positive integer, we can define the associated Legendre 
function P?(x) by the equation

P,m(x) = (x1 -  I)«- ~  Py(x). (7-2-6)

Since Legendre’s associated equation is unaltered if we replace m by 
— m. we should expect the function defined by the equation

/>/"(*) = (X2 -  I)-*" J*dZt p t l dz2 . . P.(Zm)d tm (7-2-7)

also to be a solution. It is easily shown that this is in fact so and using the 
relation
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w >  ■
(* -

we see that

P,'m{

l)M r! / 1 - x Y
! '( m V l) A  2 /

7 T T r ^ T l f '‘ ( - ' - ,’ + 11”  + , ;L T
(7-2-8)

When m is not an integer, we can use (7-2-8) to define the function P~m(x). 
Comparing equations (7-2-4) and (7-2-8) we find that

p - - m  ,  c m .I(v + m + 1)
(7-2-9)

Putting .v = cost) in equations (7-2-3) and (7-2-8), we find that if m is a posi­
tive integer

Dm/ m f 4" " r(v  +  m + 1)P, (costf) = — i -------- — - X2 nil T(v — m + 1)
x(sin ( ) r 2Ft(m -  v,m + v + l;m + l;sin2£0) (7-2-10)

Pv- m(cosO) = L— /ta n iO fjfU -v ^  + \ ;m + l:sin2$0). (7-2-11) 
m !

It is useful to have an integral expression for the associated Legendre 
function. Starting from the identity

cos (v + $)tp = cos (2$) 2 7̂*1 (— v, v + l;^;sin2j4>) 

and integrating term by term we can easily show that if m is a positive integer

cos{(v 4- j)0}(cos tp -  cos 0)m * dtp

=  - - +  ^ IH ; )  (s,n ^g)2w p [^ _ v v +  | ;w  +  1 ;sin2 y0).
Mm + 1)

Making use of equation (7-2-11) we see that 

ie ^ s in O ) '"Pv-m(cos0)
T(w + i)

x J* cos{(v + $)tp}(costp -  cos0)” -1 dtp. (7-2-12) 

In particular by taking m = 0 we find that

PY(cos0) — f* cost
n Jo >/(cos

(v + $)<P}
J  (cos tp -  cos 0)

dtp. (7-2-13)
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This result is due to Mehler (1881); it is known in the literature as the 
Mehler- Dirichlet formula. We shall return to these formulae in sec. 7-4 
below once we have seen the precise manner in which the associated Legendre 
functions enter into the solution of Laplace's equation expressed in toroidal 
coordinates.

7-3 LAPLACE'S EQUATION IN TOROIDAL COORDINATES

If the cylindrical coordinates (p,<f>,z) are expressed in terms of new coordi­
nates through the relation

p + iz = /(a + iji)

where the function /  is a holomorphic function of the complex variable 
a + i/J, then it is easily shown that Laplace's equation assumes the form

d (  dtp\ d (  dtp\ 
dot \ p dot )  + ep (/* dp )

In the case in which

l / ? £ V  = 0
p  d<t>2 (7-3-1)

p + iz = atanh j(a + ip) (7-3-2)

the coordinates (a,p.<t>) are called toroidal coordinates. Separating real and 
imaginary parts in (7-3-2), we find that p and z are given by the equations

p = a sinha
cosh a + cosP'

sin P!------------------
cosh a + cos P (7-3-3)

Also, from (7-3-2), we have the relation 

| / ' | J = a2(cosha + cos P)~2. (7-3-4)

Substituting from (7-3-3) and (7-3-4) into (7-3-1), we find that in terms of 
toroidal coordinates Laplace's equation assumes the form

d j  sinha di/t) c ( sinha rty)
dot j cosh a + cos [i dot j dp (cosh a + cos P dp)

I d2tp
sinha (cosh a + cos P) dtp2

0. (7-3-5)

We notice from (7-3-3) that if 0  < P < n, then z > 0 . and that if 
— n < p <  0, then z < 0.

The surface p = 0, has equation

p2 + (z + a cot Pt)2 = a2 cosec2 p t (7-3-6)

so that ifO < Pi < n, the surface P = Pt is that part of the sphere with centre 
(0,0, — flcot p t) and radius a cosec pt which lies above the x.v-plane. On the
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x

Fig. 7-1
other hand, if —n < /?, < 0. the surface is that part of the sphere with center 
(0 .0 ,-rtcot/J,) and radius a cosec /?, which lies below the xv-plane. The sec­
tions by a plane through the z-axis of some typical surfaces o f this kind are 
shown in Fig. 7-l.

A

+ ;r
v

P

I ,-/? = 0

Fig. 7-2

It should be noticed that, whatever the value of /?, the circle C with 
equation p = a, z = 0 lies on the surface P = /?,.

If P = 0, r  = 0 and 0 < p < a. so that /? = 0 is the interior of the 
circle C. Also, if p =  n.z  = 0 + ,p  ^  a so that the surface p = n is the upper 
part (i.e„ the part lying above the .yv-plane) of the external groove, or ' ex­
ternal crack.” formed by cutting the space along the z-plane and then joining 
the two resultant half-spaces at all interior points of the circle C. Similarly, the 
surface P = — n is the lower part of the same groove. These surfaces are 
shown diagrammatically in Fig. 7-2. The rim C of the external crack may be
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z

Fig. 7-3

thought of as being specified either by fi = n, a =  x  or by fl = —n, 
a -  -  x .  Alternatively it can be specified by // =  0, a =  x

The form of the region < /i2 in certain special cases is shown
in Fig. 7-3.

In a similar way we can show that the surface a — a, has constraint 
equation

(p — oco thsi)2 + z! =  a2cosechJ a,.

so that it is the surface of the torus formed by rotating Fig. 7-4 about the 
2 -axis.

If a *= 0, we have p = 0. z *  i  sin /i sec2 {/? so that a = 0. 0 < fi < n 
is thi positive c-axis, and a = 0, — n < p < 0 is the negative z-axis. The 
surface a = a, degenerates into the circle p =  a, z =  0 as a, -» x ,  so that 
the interior points of the torus whose surface is a =  a, have a >  a,.
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z

In the discussion of boundary value problems we need expressions for 
the derivatives

dp dp

dp ’ dz

in terms of the derivatives

dip dip
l a '  djp'

To calculate dip/dp through the formula 

dp dip da dp dp
~  ^  j -  + ~  /  (7-3-7)cp va dp dp dp

we must first calculate da! cp and dp/dp.
If we differentiate the equations (7-3-3) with respect to p we obtain the 

pair of equations

(cosh a + cos P) + p I sinh a ^  -  sin P — ) = a cosh a
' dp dpJ dp

da . dpz sinh a ----- sin p —
\  dp dp

a cos)?
dp
dp'

which may be solved to give

— = -  (1 + cosh a cos p ), dp a
1 ■ .  ■ n—  — -  sinh asm p. 

dp a

If we substitute these expressions into (7-3-7). we find that
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In a similar way we can show that
377

t y  t t y  <t y
a —  = -sinh a sin/? —  + (1 + cosh a cos 6) cz ra cji

If we apply the formula (7-3-9) tw ice, we obtain the equation

(7-3-9)

V , f’fya2 -z~t  -  sinh2 a sin2/? -r-y -  2 sinh a sin/?(1 + cosh a cos /?) — “

+ (1 + cosh a cos P)‘ t?ty

— [(1 +  cosh a cos/l) cos /? — cosh a sin2/!} sinh a

rat'/?

t t y

7a
£\J/

— {(I + cosh a cos /?) cosh a + sinh2 a cos /?} sin /? —
cfi
(7-3-10)

The forms of these expressions when /? =  ±7t are particularly useful:

//)» ±irep1

+ (cosh a — 1) sinh a
^  A -± .'

(7-3-11)

(7-3-12)

(7-3-13)

It should also be noticed that if ^(a./?) is of the form 

tf»(a,/?) = v/(cosha + cos/?ty ,(a,/?),

then
t y  . t t y ,
- r -  =  (COSh a +  COS P ) “r ~
<P cP

so that the condition

= 0

implies the condition

M M
\ w L * . m

sin P
2v (cosh a + cos P) tf'i

0.
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Hence the condition

implies the condition

We also need the result obtained by putting /f = 0 in equation (7-3-9), 
namely

"(£L-,i+cosh,i(IL' (" - 141

We now consider the solution of Laplace’s equation in toroidal 
coordinates.

If we put

ijf = v (cosh a + cos (7-3-15)

in Laplace’s equation (7-3-5), we find that the function v satisfies the equation

__ _ i  _____ 1 d2v
episinh at ™  + cosh at — + sinh at ^ 4  + i r  sinh at +

CJ. sinh at tty2
= 0

(7-3-16)

which has solutions of the form

i >(ot,/?,<£) = A(a)e±tfi±im* (7-3-17)

for functions A (at) satisfying the ordinary differential equation

. . d2A . dA . . , . m2 . nsinh ot — -I- cosh at + (£ + r ) sinh at A ---- r—— A — 0.
</ar da. sinh a

If we now change the independent variable from at to f t  where f i  = cosh at, we 
find that this equation becomes

Now if we write
v = + it (7-3-19)

we see that

v(v +  1) =  - ( £  +  T2)

and that we may write (7-3-18) as
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i^d 2A dA V , m2 1
"  - " 1 n ?  ~ 2"  * + + "  -  n r ? J  ■* - 0  <7-3-20»

This equation has a solution of the form 

A =  c P ; m(ti)

where c is an arbitrary constant. Hence equation (7-3-16) has solutions of 
the form

r(a./},0) =  />_i  + it*"'(cosh a ) e ± , , t i m *. (7-3-21)

It will be noticed that since, in physical applications, we are interested only 
in solutions with the property that

I +  2nn) =  i j / ( x n  =  ±1,  ±2, ±3. . . . (7-3-22)

we must take m to be an integer in solutions of the type (7-3-21). In this way 
we derive solutions of Laplace’s equation of the type

ip(x.p,<l>) = v (cosha + cosP)P. * + fr~"(cosha)e* ( 7 - 3 - 2 3 )

where to ensure the property (7-3-22) we must take m to be an integer. 
Putting m = 0, we deduce the axisymmetric solutions

<j/(x,P) =  v/(cosha + cosp)P_ i  + iz(cosh x)e±'f . (7-3-24)

From (7-3-23) we can, by a simple superposition process, construct 
solutions of Laplace's equation of the form

\j/(x.p,<t>) =  ^/(cosha + cos/f) x

£  e,"‘><J>m , [-4jT)cosh(/?T) +  flm(r)sinh(/(T );T -»a] (7-3-25)m ~ - t.
where the operator < !> „, '1 is defined by the equation

<•»*' ' [ / J t) ;t — «] =  ( -  I)m f  Ttanh(TtT)^ i+ l~m(coshx)xm(x)dx.
J o

(7-3-26)

Similarly, in the axisymmetric case, we have solutions of the form

ip(x.p) =  ^/(cosha + cos /f)x
x <P0“ '[^ (rjc o sh  (/(r) + fl(r)sinh(/fr);T -> a] (7-3-27)

where

<I>0 ‘[ x(t) ;t -♦ a] = J* x tanh (nx)P- i + ft(cosh a)*(r) dr. (7-3-28)

For instance, suppose that we wish to find a solution of Laplace’s 
equation A3</f = 0  in the half-space r > 0  when is prescribed on the disk
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0 < (> <  a, z =  0  and fty/r1- =  0  in the region of the boundary outside of 
that disk. This is equivalent to finding a harmonic function in the
region 0  < P < it satisfying the boundary conditions

tMa,0 .</>) =  ) (7-3-29)

(7-3-30)

with the function prescribed for 0 <  <f> < 2n. a >  0. By equation
(7-3-27) we see that the condition (7-3-30) may be replaced by the condition

If we take a solution of the form

(7-3-31)

= v'(cosha +  cos)?) x

cosh (nr — fix) 
cosh(jrr) (7-3-32)

we see that the condition (7-3-31) is automatically satisfied. The condition 
(7-3-29) will be satisfied if we can find a sequence of functions with
the property that

fX*,<j)) = ^ 2 sinh(|a) £  <t>m ' [ A J x ) ; !  -+ a]*’*'"*
m *  — oo

that is, such that
1 ) ;r -* a] =  2- , 7t"1 cosech (ja) im* dip.

Operating on both sides of this equation by Om we find formally that

Am(x) = 2 _*7r_ 1 J e [ c o s e c h  (ja)/(a,0 );a -► r]  d<f>. (7-3-33)

The problem therefore reduces to that of finding the operator <1>„ which is 
the inverse of the operator Om~ 1 defined by equation (7-3-26).

The solution is even simpler in the a.xisymmetric case when the boun­
dary condition (7-3-29) is replaced by the symmetric one

i)qa,0 ) =  f (  a).

The required harmonic function is then given by the equation

</<(*,/?) =  yj(cosh a +  cos/DO,o 1 [ , 0( r )
cosh(7tr — fix)

(7-3-34)

■]
(7-3-35)

cosh (jit)
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where the function .40(r) is defined by the equation

ô(t) = 2~*<l>0[cosech(j at)/(a); 2 -► T], (7-3-36)
7-4  PROPERTIES OF THE FUNCTION P (cosh a)

We saw in the last section how the function it"(cosha), in which m is 
zero or an integer and t  is real, enters into the solution o! Laplace’s equation 
when it is expressed in toroidal coordinates. We shall now derive some 
properties of this function in the special case in which m =  0. If we put 
v = — j  + it, 0 — in in the Mehler Dirichlet formula (7-2-12) we find that 
if m is a positive integer

+ "(cosh a) =  -
2  (sinha)'
7i f(m  + j) >

from which, using equation (7-2-9), we deduce that

cos(t/)(cosh a — cosh /)" * dt 

(7-4-1)

/>-i+<r"'(COSh 3)

j l  T(j +  iz +  w)(sinha)
7t f ( ]  + ix -  w ) f ( w  +  j ),n :

cos(T/)(cosha — cosh /)" '*  dt

and. in particular, that

/ 2  f 1
/ ’ - 1 + i[(cosha) =  —

n jo
cos (zt) dt

^/(cosha — cosh/)

In a similar way (Cf. Lagrange, 1939. p. 47) we can show that
j l

/>_t ^it(cosh a) =  —  coth(7tr)
sin(r/) dt

n J, ^/(cosh/ — cosh a)'

Writing the right side of (7-4-3) as 

. f  I H(n -  /)

VL/

(7-4-2)

(7-4-3)

(7-4-4)

J n  v'(cosh a -  cosh /)
;/

we see on applying the Fourier cosine inversion theorem that

H(n -  /)
^ [ ^ - 1+.r(cosha):T -  /]  =

which when written out becomes

^ [/tlc o sh i — cosh/)]

f x , , //(at — /)P_.+Jcoshx) cos ( x t ) d z  =  —  ---------- -  - -=.
J 0 * yj [2 (cosh <i — cosh /)]

( 7 - 4 - 5 )
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On the other hand if we regard (7-4-3) as an integral equation for cos(/t) in 
terms of P 1+jt(cosh a), we find from equations (3-16-13) and (3-16-15) that

cos(rr) ^(cosh a)__L d [  P
>/2 dt Jo + l

ly we deduce imm̂  

^ [tanh lnT j^ j+ j^cosha);! -* t) -

sinh a da
^/(cosh / — cosh a) 

Similarly we deduce immediately from (7-4-4) that

HU -  a)

(7-4-6)

which is equivalent to

tanh(7tT )/>_ i + iI(cosha)sin (t/)  dx —
\ :

^[refcosh/ — cosh*)] ^  

HU -  a)
v [2(cosh / — cosh*)]

(7-4-8)

Similarly, by applying the formulas (3-16-14) and (3-16-16). we obtain the 
equation

sin (rr) = — ^tanh(rer) x

dt

s/ 2

(cosh * — cosh t)~ *P_ j + jt(cosh*)sinh * da (7-4-9)

from equation (7-4-4). If we use the results 

d
cos(r/) = dt

sin (t/)
T

sin (t/ )
_ d fcos(r/)

we,e see that equations (7-4-6) and (7-4-7) are equivalent to the pair of 
equations

S'n~-— = -i-  I (cosh r — cosh * ) '* /’_ + + jt(cosh a)sinh * da (7-4-10) 
T V 2 Jo

cos(rl)
V2

tanh (jet) x

x (cosh* — cosh O ^ /L ^  + .-^cosh a)sinh* da. (7-4-11) 

From equation (7-4-3) we see that

j" P++ jt(cosh a) sinh a g(cosh a) da

J  2 f*  . , f*  sinh a g(cosh a) da
= —  cos U')dt - 7 7— r ------ - r ; 're Jo J, v (cosha — cosh/)
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Now

1 f x sinhag(cosha)</a _  1 f® g(x)dx  
•A  Jr \  (cosh a -  cosh r) v'jr Jcosh, v (* -  coshT)'

In lerms of the Weyl fractional integral (4-2-24) we can write this last 
integral as

#jO <-v);coshf]

so that we obtain the relation

) />-.i + ,t(cosha)g(cosha)sinhar/a =  ?c{#][g (x ) ;cosh t] ; t  -+ t}.Jo
(7-4-12)

This can obviously also be written in the form

J ( p- t  + n{x)g(x)dx  -  :fe[ * \ { g ( x ) \ c o s h t } \ t -  t], (7-4-13)

For example, if we take

*<■*> = - ~  x  +  k

where A: is a positive constant, then

1 f * d x ___ 2 _ f  * _  du_____
i «(-t),.i ] -  +  _  v) J n J o u2 + + v)

so that

Now it can be shown that

.^ [(co sh r +  k)~*:t -* r ]  =  N/n se c h ( ;tr ) />- 1 + it(A'). |A| <  I
(7-4-14)

(Cf. Erdelyi et al (1954), Vol. 1. p. 30) so that we obtain the integral

f  P . i + Ir(x) =  ttsechlJTT)/* * + ,.(*)• |* | <  I (7-4-15)
Jo x  + k

a result which can be written in the alternative form

f  />. 1 +it( c o s h a ) - =  nsech(7t r ) />. , + )t(cos/l) (7-4-16) 
J 0 1 cosh a + cos/f

with 0  real. - i t  < < it.
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We notice also that if we apply the Fourier cosine inversion theorem to equation (7-4-14). then we obtain the integral
r - - J p :  p. *+ix(COSft) dx - -j=r= (7-4-17)J0 cosh(Ttr) * N/[27t(cosht + cos/))]
In a similar way equation (7-4-4) leads to the relation
J* /*_ ̂+<t(cosh a)g(cosh a) sinh a dot

— coth(jrT).̂,[.**{g(*);cosh'! -► t] (7-4-18)
where is the operator of the Riemann-Liouville fractional integral de­fined by the equation

*„[g (* );v ] =  j* gU)(>- -  -v) " - 1  dx, R en  > 0. (7-4-19)

On the other hand if we substitute for the Legendre function from equation (7-4-3), we find that
£gtrjFLf+ (t(cosh a) dx

s/ 2 r*  . p  cos (xt)dt

i o gX  T Jo V (co sh a  _  c o sh ')

jo v'(cosha -  cosh/) J n  / 0 g(T)cos(rt)^T

so that if we denote the Fourier cosine transform of g(x) by Gc(r). we obtain the relation
I , , 1 f 1 GM) dt

g(x)P^ , + jt(cosh a) dx — I --- r— --r—o 4 " \ n Jo v (cosh a — cosht) (7-4-20)
If we take
g(t) = f g,(s)cos(.vr) <£v, (a  >  0) 

Jo

then
GCU) =

and equation (7-4-20) implies that

£
gj(r)H(a - t)
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J i,(cosh a) th j" g ,(s )cos(t.t) els

I gt(s)ds
~ y/2 Jo 7(yj' (cosh a — cosh 5)'

In a similar way we can show that

J  P. 1 + lt(cosha) dt  j* £,(j ) cos(.ft) di

)j*“ gi(s)ds

(7-4-21)

//(a -  a) (7-4-22)

that

7  l  y/ (cosh a — cosh s)'

*If we use the interpretation (7-4-4) for the Legendre function, we find

where G,(t) denotes the Fourier sine transform of g(r). 
For example, if we take

dt
cosh a) 

(7-4-23)

sinh(jrt)
( — n < p < n)

and make use of the second formula in Problem 2-21 we have

G,U) =  (2*)'* sinh t
cosh/ + cos ft' 

so we find that equation (7-4-23) with the integration

f " _____ sinh t dt
j ,  (cosh/ + cos (l)yj (cosh/ -  cosh a) - j:.-.

du
+ cosh a + ros P

yields the formula

cosh(/fr) ,— — p_ (cosh a) dt
Jo cosh(nt) *

1

.^ (co sh a  + cos P)'

^(cosha + cos P)

-it < P < it. (7-4-24)

Some special cases of the use of equation (7-4-13) arise frequently so 
we shall derive them here.
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Since

*  = a ~ * e (R ea > 0),

we find from equation (7-4-13) that

J* + dx «
Now the modified Bessel function of the second kind of order v may be de­
fined by the equation

A'v(r) = f cosh (vi)dt |argz | < \n
Jo

so that

jarg«| <  \u

showing that

P_i  + lf( x ) e “  dx =  — M a ) ,  |arga | <  \n .  (7-4-25)J i v na

On the other hand, since if. Re v > $, 

# ; [ j r v;>-] =  v*-»iL r(v)

we find that equation (7-4-13) gives the result

T(v -  i)r P - i+it(x)x~ ' dx  =
T (v)

^ [( s e c h /) , _ i ;r ] .

Using formula (5) on p. 30 of Vol. 1 of Erdelyi et at. (1954), we find that if

I, P_ 1 + ft(x)x ' d x  =  -7 - -  n i v  -  5  +  J /T )n jv  -  i  -  \h ) .  
t y l t r M

(7-4-26)

In particular, if n is a positive integer, we may use formulas (3) and (4) on the 
same page to show that

r f - l  + f tW r ln~i  dx

— 3 n - i
=  j \ /(2?t) Tcosech (jTti) J~| <jr2 + r ) ,

( n  2s 2) (7-4-27)
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J "  dx

= r ^2n '+  j ) v(2,r) 864:11 (* * t) 0  ^ tJ + (r “  5)2]- (7-4-28)

In addition we have the special cases

J* P- 1+jt(jf).v'} d x -  v/2sech(jnr) (7-4-29)

J* P -i+ it{ x )x ~ i  dx = TCOsech(̂ 7rt) (7-4-30)

resulting from formulas (1) and (2) on the same page of the book by Erdelyi 
e ia l.

In certain cases it is more convenient to use the representation

cosh.) -  “ *<«'»

instead of equation (7-4-2)—cf. Lagrange (1939),

f x cos(r/)d/
Jo (cosh a + cosh/V + i 

(7-4-31)
p. 47. The special case

/>_1+„(cosha) = V2 , f  cos(tt ) d i
—  cosh (jit ) —7------------------- r—r
n J0 ^ (c o sh a +  cosh/)

(7-4-32)

is also useful.
From equation (7-4-31) we can derive yet another representation of the 

function />_1 + it'"(cosha). We consider the integral
/*cr>
Jo dt /” " 1 (l, f® CQS (tm) du

J o

cos(tm) du J" r - * e ' ,,c“*hj+';o,,,“' dt

-  r(m + cos(tm) du
(cosh u + cosha)"+* ‘

As a result of equation (7-4-31). we therefore derive the integral represen 
tation

/>_i + jr’"(cosh a)

*  <— l)m2*jt~4 cosh (7iT)(sinha)m i m' i e - ,m" '* K J t)  dt (7-4-33)

where, it will be recalled, m is a positive integer.
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As an example of the use o f the integral representation (7-4-32) we have 
the relation

r g(r) sech (nx)P„ i + jT(cosh a) dx

* Jo Jc 
_ _i_ r *

s A  Jo

cos(r/) dt
0  ^/(cosh a + cosh /) 

GAt) dt
‘ (7-4-34)

^/(cosha +  cosh/) 

where Gt.(/) denotes tne Fourier cosine transform of the function g(x)

7 -5  F O C K 'S  T H E O R E M S

We shall begin by finding the form of the operator <1>0. Suppose that

<V ,[ /S ( T ) ; t - > a ]  = /(* )«  (7-5-1)

then, by equation (7-3-28) we see that this is equivalent to the relation

x tanh (7t t ) />_i  + it(cosh a )/5 (r) dx — /(a). (7-5-2)

Determining the operator <l>0 is therefore equivalent to finding the solution

./$(t) =  <I>0 [ /(a ) ;a  -  r ]  (7-5-3)

of this integral equation. If we insert the formula (7-4-3) for the function 
/ \ i  + jt(cosh a), we find that

sin (xt) dt

■if
/(cosh / — cosh a)

^(cosh t — cosh a) V Jo
T/o(T)sin (xt) dx

a relation which we may write in the alternative form

^ / • m ; 0 V(cosh/ / c -sh , |

Regarding this as an integral equation for .Fs[t/* ( t);/J. we see from equa­
tions (3-16-14) and (3-16-16) that it has the solution

■?,[xf*(x) 1 _____ \_ ±  f
J n d t  J,

fix) dx
/(cosha -  cosh/)'

Inverting this result by means of the Fourier sine inversion theorem, we find
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that
r f f r )  = 7  T— f* —

s/n *[ *  J. V(c°sha — cosh/)'

= J _  9  I” f x -fl»)sinh a da 
\ /n C LJ< V(cosh a -  cosh /) ’' 

Hence we find that

T

f t(T)  =  £  f “ cos(t/ ) dr f "  — .AaOsinhj* A __
w Jo Ji y/(cosh<x — cosh/)

= f X/(a) sinh a da ^  f ' ___ ____________
Jo 77 Jo V(cosha ~ cosh/)

Using equation (7-4-2) we have finally that

/*(*) = ^oL/te);*] “  J  /(o^^-i + j^coshajsinha da. (7-5-4)

We can put the pair of formulas (7-5-2) and (7-5-4) in a slightly different
form. If we replace fix)  by g(cosh a) and if

#(*) = J* ’ P- i + ir(x)g$(T) dr. X € [ l ,x ) (7-5-5)

then

g j(t) =  rtanh (7tr) f*  P 4 +,t(.v)g(.v) dx. (7-5-6)

We have proceeded in a purely formal way. However, it is a simple 
matter to prove the following two theorems:

Theorem 1 I f  a function g(x) defined on [l.oo) is such that the function 

hit) =  2sinh(j/)g(cosh/)

has a first derivative which is absolutely integrahle on [0 ,oo). and a 
second derivative absolutely integrahle in any finite interval, and if  
/t(0) = hi + oc) = 0, then g(x) can be written as the integral (7-5-5) 
where g*(r) is defined by equation (7-5-6).
,?o(0) = 0, then gj(x) can be written in the form (7-5-6), where g(.\) is 

Theorem 2 I f  a function g0 *(t). absolutely integrahle in [O.oc). has a 
derivative which is absolutely integrahle in any finite interval and if 
g*(0) = 0, then gS(r) am be written in the form (7-5-6). where g(x) is 
defined by equation (7-5-5).

See Fock (1943). Another form of the theorem, making weaker restrictions 
on the function g(x), is also due to Fock (1943):



390 THE USE OF INTEGRAL TRANSFORMS

T heorem  3 I f  a function g(x) defined on [ 1, x ) is such that the integral

f  ® lg(s)| dx 
J ,  yj(x  +  1 j

exists, then at every point x  in whose neighborhood g(x) has a hounded 
variation

J* P - i+iAx)gt(x)dx -  i|>(x +  ) + g(*-)] 
where

gS(r) = t tanh (nr) J "  P. i + ir( x)g(x) dx.

For other forms of the theorem the reader should consult Lebedev 
(1950).

7-6  M E H L E R -F O C K  T R A N S F O R M S  O F ZERO O R D ER

We can write Fock’s theorems as the inversion theorem for an integral trans­
form. If we define the Mehler-Fock transform o f  order m o f a function fid)  
by the equation

/S (t) = <&«[/(«): t ]  = JoX/(a ) / ,. j +it’B(cosh*)sinhada 

then the transform of order zero is defined by the equation

/S ( t) =  ^ [ / ( a l i t ]  =  f * / ( 3 0 F_i+ 1T(cosha()sinh % dx (7-6-1)
JO

and Fock's theorems state that the inverse transform is given by the formula 

f ix )  =  < V ‘[ /o ( t ) ; a] = t /J ( r ) ta n h ( 7tt)P _ i + it(cosha)dx.

(7-6-2)

The results obtained in sec. 7-4 can now be restated as rules for these 
transforms. Thus equations (7-4-10), (7-4-11), (7-4-16), (7-4-21), (7-4-22), 
and (7-4-24) can be written respectively in the forms

d>o[H(/ -  st)(cosh t -  cosh a)- *; a -* t] =  f l x ~ l sin(/r) (7-6-3)

d>0 [H(a -  /)(cosh % -  coshr)"* ;a -* t ]
=  f i x '  1 coth (7TT)COS(T/) (7-6-4)

d>0[(cosha +  cos f i )~ ' ,x  — *]
=  jrsech(JiT)/>- i+lt(cos/?), ( ~ n  < fi < n) (7-6-5)
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< V 1 Ĵ T 1 coth(Jtt) J g,(r)cos(.rc) ds; t — a j

__ g l(.t) ds
\/2 Jo v/(cos*la  ~ c°shj)

‘Do-1 ^T_1coth(nT) J* g,(j)cos(.yr) ds;t -* a j

=  H(g ~  a) f  ’ £i (*)<**
V2 'J .  ,/(cosh a  — cosh a)

(7-6-6)

(7-6-7)

rcw h ^ r) 1 = _______ J_________
L ttanh (n r) J ^ [ ’ (cosha + cos/?)]

Inverting this last result by Fock’s theorem, we find that

(7-6-8)

d>o[(cosha + cos/?)"*;t] =  ^  ( - n  < fi < n).
x sinh(7tt)

(7-6-9)

Putting fi =  0, we find that

<I>0[sech(ja);T] =  2x~ l cosech(Tir) (7-6-10)

and putting fi =  that

<t>0 [sech*(3();T] =  2 * * T 'l cosech(j«r). (7-6-11)

Similarly, the results (7-4-12) and (7-4-18) can be written in the form 

<D o[/(cosh i);r] =  i (./(*),cosh /} ;/ -► r ]  (7-6-12)

=  coth (nx) [3t*{/(*); cosh r J; / -* r]  

and the pair (7-4-20) and (7-4-23) can be written in the form

lr , - . I f ’ Gc(t)d t
“>„ [t coth(nT)g(T);a] =

cosh 0

< V  ' [ t - * j ? ( T ) ; o t ]  =
____________

yjn ^/(cosh / -  cosh a)
Ga(t) dt

(7-6-13)

(7-6-14)

(7-6-15)

where G,U) and 6 \ ( / )  are respectively the Fourier cosine and the Fourier 
sine transforms of the function g(t).

It is sometimes convenient to use an alternative notation. We shall
write

/>(*) =  </>o[/(*);t] = f * A x ) P „ i + h(x)dx (7-6-16)
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and the inverse operator <f>0~1 will then be defined by the equation

./( v) = 0 O" '[/(>(*):*] = J o” t  tanh (jit )/0(t)P_  ̂+ ir(x) dx. (7-6-17) 

It will be observed that

4>0[/(.v);t] = On[/(cosha);r] (7-6-18)
and that

1 C./̂ <t);-v] =  d’o ' ‘ [ ^ ( r ) ;c o s h _ 1 .v], (7-6-19)

For example we can write equations (7-4-13). (7-4-18) as rules for cal­
culating 4>0g:

0oD?U):t] = *{£(*);cosh/};f -► t] (7-6-20)

= coth(7rT).^[.^i {/j(.v);coshrJ; / -*  r] (7-6-21)
and the special results (7-4-25), (7-4-29), (7-4-30). (7-4-27), (7-4-28) in the 
forms

~  —  KiA<*h |arg« | <  jtr (7-6-22)

<Ao[ t *;t ] = v/2sech(|7tt)

2J20o[v_!;r] = -y -T c o se c h (in t)

(7-6-23)

( 7 - 6 - 2 4 )

i t 2 + r2).0 o[.v 2"_1;t] = v '(27t)tcosech(i7rr) (ii

( n  J s  2 )  ( 7 - 6 - 2 5 )

0 o[-v-J- 4 ; t ]  = H 2 /J + |)
v/(2 r t)se c h (^ r)  P |  [ i t 2 + (r -  j ) 2]

r = ‘ ( 7 - 6 - 2 6 )

respectively. We can also write equation (7-4-15) as

4>o[U  + -* r ]  =  7tse ch (n t)/>.  }+II(r). |/ | <  I. (7-6-27)

Applying the inversion theorem to this formula we find that

l/l <  1.”1 M
(7-6-28)

Corresponding to equation (7-4-34) we have the relation
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0 o ~ '[r " 1 cosech (nx)g(x);x «] =
>/*.

’*> Gc(t) dt
o ^ c o sh  a + cosh/)

(7-6-29)

where, as before. Gc(t) is the Fourier cosine transform ofj?(r) F °r example, 
if in this result we take

£(t) =
coshOrr -  fix) 

cosh(nr)

so that

c j n ~ yj a cosh / — cos fi

(see, for example, formula (12) on p. 31 of Vol. 1 of Erdelyi et at. (1954)). we 
find that we obtain the equation

4>o- 1 cosh(ttt -  fix)-------------------• x —» a
sinh (2nx)

= v 2  s.n cosh(jt) ( /f__________
n J0 (cosh/ -  cosfi)yj(cosha + cosh/)

1 f*  du- ; cos“ l!w J0 o T i v j v n r r n
where k = cosh(ja)cosec(\fi). Putting// =  (u2 — 1)"*, we find that

________du________ _ f » dvJo (I + k2u \'(u 2 + 1) “ J, v2 + (A:2 -  I)
=  (k2 -  I) - 1  tan- lyf(k2 -  1)

and hence that

V2

cosh(/rr — fix)
sinh (2 /tr)

v -  , ... . . fcosha + cos^l*
=  —  (cosh a + cos fi) 4 tan 1 - -- -- - -—— .

n L 1 -  cos/? J
(7-6-30)

7-7 A RELATION OF PARSEVAL TYPE

it is a simple matter to establish formally a relation for Mehlcr Fock trans­
forms (of order zero) which is the analogue of ParsevaFs relation for Fourier 
transforms. (Cf„ Lebedev, 1949; Lowndes, 1961.)

If

/o (T ) *  £ o( t )  =
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then
f t  tanh (7tt)/o(t)^o(T)
Jo

= J *  rtanh (7tT)g0( i)  dx /<*)P -1+lt(*)dx

= J*  fix) dx J* Ttanh<*T)K0(T)P i+ . (.x) dj_

By the inversion theorem the inner integral is equal tog(x)  so that We oh . 
the Parseva! relation ta'n

f* t tanh (jit)f0(x)g0(T) dx = f f(x)g{x) dx.Jo J i 1/-7-J)

For example, if we take

/ « > - - J - .  » w  -  ~

then, from equation (7-6-27) we have

fair) =  it sech(ttt)P_ t + it(j), |.v| <  I, 

gQ(r) -  itsech(nx)P.i+ir(l), J/J <  J. 

Now if.? ^  /,

f * dx = _J l + /
J , (-Y + ?)(X + t) t — S I + S

while

d x ____ i__
, (.V +  .?)2 s  +  l

so that from (7-7-1) we have the result

J0 cosh3 (jct)

l . I +  t 
n2(i -  s ) og r + ^ ’

i
7T2( 1 +  J) =  5)

where |s| <  1 , J/J < I.
If we take
f(x)  =  e~", g(x) =  e~hx.

where a and b are positive real constants, then by equation (7-6-22)
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Also
f*  e -a->

e~«+»*dx = ------ r
Ji a + b

so that from (7-7-1) we have the result

j" rtanh(nr)Kix(a)Kfib)dr = (7-7-2)

If we take

/(.v) = t ' }, £(.v) = jT 1

so that, by equations (7-6-23) and (7-6-24), we must take

2 /2
/o(r) =  v 2sech(2rcT)- So(*) =  - y -  T cosech(|at) 

then, since

J  x~*dx  = 5 , 

we find that

I t2 sech(rer) dr = %.
Jo
As a final example, we take

f ix )  =  g(x) =  —!—
-T +  t

and hence

fob )  =  / — Ait(«), j?0(t) = a sech(7tT)/>_i + (,(/)

to obtain the equation

j" r tanh (ar)sech (ax )P_ ̂  + jt(/)/fjt(a) dr = M  

In terms of the exponential integral 

ei(x) = J e " u ~ l du 

we can. therefore, write

*  e “ X dx 
x + t '

t tanh (a r) sech (a t)/*_ + + ix ( t ) K ix ( a )  d r e * e i ( a  +  a t ) .
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We can write this result in the form

l2n
</><>-1 sech{nx)Kit(a)-,x -* x = eaxei(a + ax)

or. alternatively, in the form

<])0[eaxei(a -f ax)',x -* r ]  =  /--- sech (nx)Kix(a).
2 71

(7-7-3)

7 -8  THE SO LU TIO N  OF B O U N D A R Y  VALUE P R O B L E M S  USING 
M E H L E R -F O C K  T R A N S F O R M S  OF ZERO O R D ER

In this section we shall describe briefly how Mehler Fock transforms may 
be used to derive the solution of boundary value problems in potential 
theory which are o f significance in the mathematical theory of elasticity. This 
method is exploited fully in Uflyand (1963) to which the reader is referred.

We consider first the problem of determining a function ^  which is 
harmonic in the half-space z >  0  and which satisfies the conditions

= F(p), 0 < p <  a (7-8-1)

=  o, p > a (7-8-2)

on the boundary plane z — 0. This is the boundary value problem which 
arises in the contact problem for a half-space in the theory of elasticity.

We saw in sec. 7-3 that if we write

sech(ja)F(atanh2^a) s  /(a) 

then this boundary value problem has the solution 

=  v/(cosha + cos/?)<f>0 1 ^ o(t)

where O0" *[/<0(T);a] = /(a), so that

= v ( cosha + cos/?)<1>0 1 j/g(r) C°Ŝ h ( nx)"~-T

(7-8-3)

(7-8-4)

■]
(7-8-5)

where /* ( t) is the Mehler Fock transform of order zero of the function 
f ix )  defined by equation (7-8-3).
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For example, suppose that F(a) = s, a constant, then

and

A») = -7z sech (i»)

/o*(T) = <h0[sech ($a);t].

(7-8-6)

(7-8-7)

By equation (7-6-10) we find that, in this particular case,

A0{x) *  N/2er ' 1 cosech(Ttr).

Substituting from (7-8-7) into (7-8-4) we obtain the solution

= e^pfcosha + cos0)]<V1 J V 1

Hence, by equation (7-6-29), we have finally 

2c , Tcosha + costfl*
*<M> = -  tan - 1 ■ (7-8-8)

n L 1 “ cosP J
A quantity which is of physical interest in this problem is the number

Now

cos(^)(cosh  a + cosP)~*
dp n

so that, from equation (7-3-14), we derive the relation

( « )
V ^ A - o  na

Also on z = 0, 0 ^  p ^  a, we have p =  a lan h (ia ), 0 < a < oc, so that

P = 2ca f tanh(^a)sech(ia) dm.
Jo

The integration is elementary and we get

P =  4 ea. (7-8-10)

Next we consider the problem of determining a function ^  which is 
harmonic in the half-space z >  0  and which satisfies the conditions

^  =  0 , 0  ^  p ^  a,

dtl/
—  = ~G(p), p > a.

(7-8-11)

(7-8-12)
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on the boundary 2 =  0. This is the boundary value problem which arises in 
the analysis (within the framework of the classical theory of elasticity) of 
the axisymmetric deformation of an infinite body weakened by an external 
circular crack—cf. Sneddon and Lowengrub (1969). sec. 3-9.

If we introduce a new function g defined by the equation

g(x) -  2^7 ,  cosechJ (ix)C(£icothi3i) (7-8-13)

then it follows from equation (7-3-12) that we can replace the pair of equa­
tions (7-8-11) and (7-8-12) by the pair

«A(a-0) *  0, (7-8-14)

Afi / =  S‘nhwc p / p = x

Taking a representation of i/riot./J) of the form

(7-8-15)

= y/ (cosh a + cos/^O q' 1 

we find that 0 ) =  0  and that

. sinh(/h) 1

(0),- “  V2 sinh < i*>«>o'1 oO >: *]
Hence the boundary condition (7-8-15) is satisfied if we take ,4 0(T) =  g*(T). 
i.e., the required solution is

iM M ) = V( c°sh <* + cos/?)<D0' 1 | V  ’f j f r )  (7-8-17)

where go<T) 1S the Mehler-Fock transform of the function g(y) defined by 
equation (7-8-13).

We note that for this solution

V -  cosh <22)<U0~ 1 ) sech (7tt ); a] (7-8-18)

and hence, from equation (7-3-14), that, when 0 $  p < a,

( j £ ) mm 0 =  ^ ~ coshi(2 *)<l)o ' 1[l?o'1[jfo(T)sech(nT);a] (7-8-19)

where p — atanh(£x).
For example, if

G(p) -  ka\b2 +  p2)~i (7-8-20)
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where k and h are constants, then

g(«) =  cosech3 ($a) ( / . 2 + coth2 £a)~*, ). = bja (7-8-21)
2yj2

and

£o(t) = v/ 2  ka sin d o  tan ($£) S1I1g j^T(7eT)" ~ (7-8-22)

with sin^s = (1 +  a2) - * =  a(a2 +  b2)~i.
The solution is then given by equations (7-8-17) and (7-8-22). As a 

further example, see Problem 7-7 below.
The problem of determining the axisymmetric stresses in an elastic body 

weakened by a penny-shaped crack can be reduced to the problem of de­
termining the solution 11> in the half-space z > 0 of Laplace’s equation satis­
fying the conditions

0 <  p <  a

lK  = o =  0. P  >  a

(see Sneddon and Lowengrub, 1969, sec. 3-2). This is equivalent to the prob­
lem of determining a harmonic function satisfying the boundary
conditions

<ty(a,0 )
— 2a sech2 {\a)p(a tanh Ja) (7-8-23)

= 0. (7-8-24)

To satisfy Laplace’s equation and the boundary condition (7-8-24) we take

^(a./f) = ,/(cosha + cos/))d>0 1 f t ' ‘/* ( t)
L cosh(nr) J

(7-8-25)

and to satisfy equation (7-8-23) we take 

/o(t) * <>)o[./(*);r]

where the fund ion/(a) is defined by the equation 

/(*) = v'̂ (2)« sech3 ( ja ) / i (a  tanh Jar).

For instance, it'p(p) = p0, a constant, then 

A<*) = y/(2)p0 a sech3 (£a)

(7-8-26)
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and we find that

/* ( r )  = 8 n/ ( 2 )/» 0 at  cosech (nr) 

see Problem 7-2 below. Hence we have the solution

=  16v (coshM a -  sin2 1

sech2$a =  1 — coth2ja  =  1 — p2/a2 

so that

(̂ ). = 0 = 8posj(a2 - p2). 0 $ p < a.

7 9 DUAL INTEGRAL EQ U A TIO N S  WITH T R IG O N O M ETR IC A L 
KERNELS

An interesting application of the Mehler- Fock inversion theorem to the 
solution of dual integral equations with trigonometrical kernels has been 
given by Babloian (1964). In the next section we shall describe how such 
equations arise in a natural way in potential theory.

We begin by considering the dual integral equations

in which the functions g^.v) and h2(x) are prescribed. If we multiply the first 
of these equations by

jrN/(cosha -  cosh ,v)

and integrate it with respect to x  from 0 to a and use equation (7-4-3). we 
obtain the equation

In particular

^(a,0) =  16cosh(^a)p0a<b0 , [sech(7tT);a]

=  8/?0 «sech(ja).

Now

g(x) = f ./(r)cos(x t) dx -  gi(x), 0 ^  x  ^  a (7-9-1)
o

h(x) =  f coth(nz)/(T)sin(xT)e/T =  h2(x), x  > a (7-9-2)
o

V 2

./(iJP -j + .^cosh a) d x  = Clt (ix). 0 < a < a (7-9-3)
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where

n .(* )= ^  r* Jo -
g t(.x)dx (7-9-4)

^/(cosh a — cosh.v)

Similarly, if we multiply the second equation by

7tv/(cosh x  — cosh a)

and integrate with respect to x  from a to ao. we find on using equation (7-4-4) 
that

j *  f(x)P, i+i,(coshv) dx =  Q2(a), % ^  a

where
a m *

n Ji v (cosh x  — co

(7-9-5)

(7-9-6)

f i ( a )  = (7-9-7)

cosh a)

If we now define the function Q(a) by the equations 

I2 ,(a), 0  ^  a <  a
| Q2(a), a >  a

we see that equations (7-9-3) and (7-9-5) are equivalent to 

d V 'f r ' 1 coth(jrT)/(t);a] = fl(a) 

which may be inverted to yield the relation

/(  t) = Ttanh(7rt)<I>0 [fl(a );r] = Ttanh(jrT)QS(T).

Written out in full this equation takes the form

fix) — ttanh (rtt)  j  f i,(a ) />_ i + jt(cosha)sinha di

+ r tan h (a r)  J Q2(a)/\. } + lt(cosha)sinh a eh. (7-9-9)

In many physical problems what we are interested in is the form of 
g(.t) when x  > a, or the form of h(x) when 0 <  x  <  a. Now from the de­
finition (7-9-1) of g(x) we have the equation

(7-9-8)

£(-v) =  j* r tanh (jit) cos(xt) dx  j* fl(a)sinha/>. 1 + i,(cosha)t/a 

= j* fl(a)sinha d z  j" ttanh(nt)cos(vT)f>_ } + it(cosh a) </t

d r  f x= — Q(a)sinha</a tanh (»tt) sin (jct)P. . +(t(cosh a) </t. 
dx Jo Jo
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The inner integral can be evaluated by means of equation (7-4-8) to give 

_ * f* Q(«)sinha</a
^ X ^ 2  Jo v /<cos^ x  ~  c o s *1 *)

Hence, when x > a, g(x) = £2(x), where the function g2(x) >s defined by the 
equation

_  1 d f* Q,(a)sinha da 
^  v /2  dx J 0 ^'(cosh x  -  cosh a)

I d  f* Q2(a) sinh a dx 
y j2 d x ] a yj(coshjt — cosh a)

Similarly from the definition of h(x) we have the equation
/*CC /*<Xi

h(x) = J Tsin(xr ) rfr J fi(oc) sinh a + a) dz 

which can be written as

(7-9-10)

d f®
h(x) = -  — Q(a) sinh at da 

d x ]  o
cos (.vt )P_ i  + (t(cosh a) dx

and. using equation (7-4-5), we see that this in turn can be written in the form 

1 d f® (l(a)sinha dx
h( x) = fyjl dx ]x (cosh a — cosh x) 

Hence, when 0 ^  x  < a, h(x) = /i,(x) where

(a) sinh a dx, _  1 d f- n ,
1 * y]2 dx Jx v'(cov (cosh a — coshx)

1 d f® Q2(a) sinh a dx
, j 2 d x ] a ^(cosha -  coshx) 

If we have the dual integral equations

j(x) = J T ' I/(r)s in (.V T )t/T  = y,(x), 0  < x $  a

h(x) =  f  cothOrr)/(r)sin(.vr)</r — A2(x), x  > a 
J o

(7-9-11)

(7-9-12)

(7-9-13)

then, differentiating both sides of equation (7-9-12) with respect to x, we 
obtain the equation

j'(x) ~ J*/(T)cos(.vt)</t =• j\(x). 0 < x < a. (7-9-14)
Hence the solution of the pair of equations (7-9-12), (7-9-13) is again given 
by equation (7-9-9) but now we define fi,(a) by the equation
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f  j\(x) dx 
l0 v'(cosh a — cosh x)

(7-9-15)

instead of by equation (7-9-4). The function Q2(a) is defined, as previously, 
by the equation (7-9-6).

From the definition of j(x). we have the equation

and evaluating the inner integral by means of the formula (7-4-8). we find 
that when x  > a,j(x)  =  j 2(x). where

The value of h(x) for 0 <  x  < a is given again by equation (7-9-11) with— 
as in equation (7-9-16)—Q,(a) and C22(a) given by equations (7-9-15) and 
(7-9-6) respectively.

To obtain the solution of the pair of dual integral equations

we integrate the first equation of the pair with respect to x  from 0 to x. It then 
assumes the form (7-9-1) with g,(x) now defined by the equation

The solution is then given in terms of C by equations (7-9-9), (7-9-4), and 
(7-9-6) with g, (jc) now defined by equation (7-9-19); it will therefore be of the 
form

A r) =  Cf0( x ) + M x )

w here/i(r),/j(r) can be computed by the above formulas. The constant C 
will then, as a consequence of its definition (7-9-20), be determined by the 
simple equation

j i x ) = I Q(a)sinha Ja | tanh(7tT)sin(jcT)/>_i + ir(cosha)</r

(7-9-16)

£(*) s  f  T/(T)sin(xr) dx =  Ar,(.v). 0 < x < a (7-9-17)o

h(x) s  f  coth(nT)/(r)sin(.vT)</T =  Aj(.v), x  > a (7-9-18)
o

(7-9-19)

where C is the constant defined by the equation

(7-9-20)
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Dual integral equations o f the type

g(x) s  f  / ( t) cos(tx) dx =  g iU ), 0 <  x <  a (7-9-21)
Jo

l(.x) =  f  t-1 c o th (m )/(T )c o s(T .v ) dx =  l2(x). x >  a (7-9-22) 
Jo

can be treated in a similar way. If we differentiate equation (7-9-22) with 
respect to x , we find that it becomes

f  coth(7tt)/(T)sin(Tx)</T =  — l',(x), x  > a
Jo

which is identical with equation (7-9-2) with

M-v) =  - l ’2ix). (7-9-23)

The solution of equations (7-9-21) and (7-9-22) is therefore given by equa­
tions (7-9-9), (7-9-4), (7-9-6) with h2(x) now defined by equation (7-9-23). 

Similarly the solution of the pair of equations

g(x) = f / ( t ) co s(tx) dx =  g,(x), 0 x  <  a (7-9-24)
Jo

w (x ) S  J TCOth(7TT)/(T)COS(XT)</T =  m 2(x), X > 0  (7-9-25)

is given by equations (7-9-9), (7-9-4), (7-9-6) with h2(x) now defined by 
equation

h2(x) =  C -  f*  m 2(u) du. (7-9-26)

7 -1 0  MIXED BO U N D A R Y  VALUE P R O B L E M S  FO R A SEMI-INFINITE 
STR IP
We shall now show how dual integral equations of the types discussed in the 
last section arise in the analysis of certain mixed boundary value problems 
for the plane harmonic equation

c
-r—y +  -r—r — 0, 0 <  V Sj X, X »  0. (7-I0-I)
cx cy

We begin by considering the case (Cf. Fig. 7-5) in which the boundary 
conditions on the function ^(x , v) are

i//(0 ,v) =  0 ,
iKx.O) = 0, 
^(x .rr)  =  v ,(x ), 

cty(x,jr) 

dy

0  <  y  $  7t 
x  >  0 

0 <  x  a

=  h2(x). x  >  a.
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In addition, we require that <l>(x,y) -» 0 as x  -> oc, 0 <  y  $  rc. It is easily 
verified that the solution of this boundary value problem is given by the 
formula

$(x,y)  = f  t  ‘/ ( t) \  sin (r.v) dx (7-10-2)
Jo sinh(7rr)

provided that the function / ( r )  is the solution of the pair of dual integral 
equations (7-9-12) and (7-9-13).

Similarly the mixed boundary value problem specified by the equations 
(7-10-1) and

^(O.F) =  0 . 0 ^  y  ^  re
f^(.T.O) Q

.v 3? 0
ry

fy (x ,n )  , , ,
— V-— «  * | ( 4  t v

0  <  x  <  u

t ( x .n )  =  h 2(x). x  > a

(Cf. Fig. 7-6) has solution

4>(x,y) = f  fix)  * sin ( tt) dx (7-10-3)
Jo smh (ttt )
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>'

provided that the function f \ t )  is the solution of the pair of dual integral 
equations (7-9-17) and (7-9-18).

Further, the solution of the mixed boundary value problem described 
by equations (7-10-1) and

<V( 0  •>’) =  Q
dx

# (  v.O) _  Q 
dy

m ^ n )
dv g tw .

x  ^  0

0  < x  <  a

>]/{x,n) = l2(x), x  > a

(Cf. Fig. 7-7) is given by the equation

cosh (tv) 
sinh(wt)

cos(r.x) dx (7-10-4)

where f(x)  is the solution of the dual integral equations (7-9-21), (7-9-22).
Finally we note that the function il>{x,y) harmonic in the strip x  ^  0, 

0  < y  <  it and satisfying the mixed boundary conditions

< > ( 0  ,y) = 0

dx
0  < v <  n

ij/( a-,0 ) = 0 , x  ^ 0

tj/(x,n) = giU), 0  <  x  <  a 

<~4'(x,n)
— -̂---  = m2(x),cy

x  >  a
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(Cf. Fig. 7-8) is given by the formula

*i>(x.y) =  j" f ( t )  S-.in~ T-  cos(r.v) dt  
Jo sinh(fft)

where/(r) is the solution of the dual integral equations (7-9-24), (7-9-25).

7-11 DUAL INTEGRAL EQUATIONS WITH LEGENDRE FUNCTION 
KERNELS
We shall now discuss briefly the methods introduced by Babloian (1964) for 
the solution of certain dual integral equations with kernel P_ 1 + h(cosha). 

We begin by considering the pair

g(z) S  JJt / ( t ) />-* +i,(c°sha)</T =  g,(a), 0 $  a ^  a, (7-H-l)

A(a) =  tta n h (7rr)/(T) / ,_ 1 + lt(cosha)dx  =  /i2(a), a >  a,.

(7-l l -2)
Multiplying equation (7-11-1) by sinha(cosh.t — cosha)"1, in­

tegrating the result with respect to a from 0  to x, and then differentiating 
with respect to x, we find that if 0  <  * <  a ,,

1 f® d C* sinhaJ .  JlloAx-
where the function F,(x) is defined in terms o f the prescribed function g,(a) 
through the equation

. I d f x g,(a) sinh a dx
^  *  J .  V (SS7-  S * ?  <7-'

From equation (7-4-6) we see that this is equivalent to the equation

/ir)co s(t.t)  d t  -  F,(jr). 0  C x  <  a,. (7-11-4)
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Similarly, if we multiply equation (7-11-2) by sinh a (cosh a — cosh a ) ' 1 

and integrate with respect to a from a  to ao, we find that

M
; L  /( t)c o s ( tx )  dr -  F2(x), x  ^  a,

where

F2{x) .±r /i2(a) sinh a dx
x  >  a,

^ (cosha — cosh a )’

Hence if we define the function F(x) by the equations 

0  <  x  <  a,
x  > a,

(7-11-5)

(7-11-6)

(7-11-7)

we see that

.Ff[/(T );a] =  F(x) 

and hence that

/ ( r )  =  / ([F(.v) ; t], (7-11-8)

The solution of the pair of dual integral equations (7-11-1). (7-11-2) 
is therefore given by equations (7-11-8), (7-11-7), (7-11-3), and (7-11-6).

If we substitute the value of /( r )  into the equation (7-11-1), we find 
that if a >  a ,,g (a ) = g 2(a), where

-Jf F,(x) dx
cosh a — cosh a)

+ -
F2(x) dx

n J , l ^(cosha -  cosh a) 
(7-11-9)

It can also be shown that if 0 <  a < a,, /i(a) =  /i,(a), where 

cosecha d f J‘ {F2(x,) -  Ft(x)}_____f  J ___________
yfn dx J , ^/(cosha — cosh a)

sinh a  da. (7-11-10)

In a similar way, we can show that the pair of dual integral equations

g(a) s  f*  t/ ( t)P-i  + ir(cosha) dx = g,(a), 0  a < a, (7-11-11)
Jo

/i(a) s  tanh(;rr)/(T)/>_i  + jT(cosh a)*/T = h2(x). a > a,

(7-11-12)

has the solution

/< t)  =  .Fs[F (a);r] (7-11-13)
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where now the components of the function F(x) are defined by the pair of equations
f ( v)  = —  P  gi(g>sinh« <fa* ’ >/n Jo T̂ ĥ -'cosho)’ 0 < x < a, (7-11-14)
_ . v _ _J_ f- ^?(a) sinh a da
1 X ~ y/ndx Jx ^/(cosha -  cosh v)’ X > * (7-11-15)

Here we find that, when a > a,, g(a) = £2(a), where
f 2<“) =

cosecha d f 1 {F2(x) -  F,(a,)} L ,
V " *  J„  vAco^h ̂ T- co^h 7 , S,nh V dX

(7-11-16)
and that, when 0 < a < a,. h(a) = /»,(*), where

*,(»> -  - r  f "  + i  f ■ — - 3 — ' ~V w Ji v <cosh x ~ cosh a) /̂Jt Jtl ̂ /(cosh _v — cosh a)(7-11-17)Asa generalization of the pair of equations (7-11-1), (7-11-2), we could consider the pair
Jo /(T)D + ̂(r)]̂-*-n-t(cosha)</T = g,(a), 0 ̂  a < a,

(7-11-18)Ttanh(nt)/(/>_f + lt(cosha) </r = 0, a > a, (7-11-19)
where the function N(r) is prescribed (and is assumed to be absolutely in­tegrate) and it is desired to find the function/(t).If we write equation (7-11-18) in the form

j * /(T)/>_i + lt(cosha)dx = g,(a) - Jo*/(T)Ar(T)/>_1+jt(cosha)dr

we see that the manipulations which lead to the solution (7-11-8) will, in this case, lead to the relation
A t) /̂(jOcosftJr) dx (7-11-20)

where
F,(x)

_ 1 d C* sinh a da 
y/n dx J0 ^(coshjf — cosh a)

x -  J o / ( r )/V(t )7L } + jt(cosh a) e/xj-
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If we write

C |tt).  ' '  f  . 0  (7-II-2 I,
y/itdx  J 0 ^  (coshjr -  cosh a)^(cosh

and make use of equation (7-4-6) to write

7
l d f * sinh i  dx f ® ~ v n / u » /-  . -jr  . - - . yit)Af(T)fL1 + il(coshat)</Tn ax Jo ^/(cosh .v -  cosh at) J 0

J1
= 7  /(r)A'(r)cos(r.T) dx

Fx(u)du j* N(x)cos (t.t) cos(r«) dx

we see that the solution of the pair of equations (7-11-18), (7-11-19) can be 
written in the form (7-11-20), where Fi(.v) is the solution of the Fredholm in­
tegral equation of the second kind

^  a, (7-11-22)Ft(x) + f Fl(u)K(x,u) du =  G,(.x), 0 ^  x
Jo

with kernel defined by the equation

Wx,u)  =  {Nt(x + u) + jVc(|.t -  u|)},

N'{x) = .?c[Ni r);.t]  (7-11-23)

and with free term defined by equation (7-11-21).
Similarly, we can show that the dual integral equations

r /( r ) / ,..1+It(cosh a) r/x = 0 , 0  <  a <  a,

J*o tanh(7ir)[ l + <V(T)}/(T)F_ 1 + (t(cosh a) dx =  A2(a),

(7-11-24)

have solution

fix)  = _ l z  I F2(x)sin(Tx)</x

where F2(x ) is the solution of the Fredholm integral equation 

F2(.v) + f  F2{u)L(x,u) du = H2(x), x > a,
Jii

a >  a, 

(7-11-25)

(7-11-26)

(7-11-27)

whose free term is defined by the equation
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H > _ __ \ _ ±  f® /ra(a)sinhg dt
1 y jn d x ]x v/(cosh a — cosh .t)’ > a‘

and whose kernel is defined by the equation

L{x,u) =  - 7̂  -  « | )  -  K (x  + «))

Nc(x) having the same meaning as before.

7-12 APPLICATION TO A T O R SIO N  PROB LEM

(7-11-28)

(7-11-29)

To illustrate the application of the methods of the last section Babloian (1964) 
considered the problem of the torsion of a spherical segment when the de­
formation is produced by rotating a circular disk, rigidly attached at the 
center of the plane section, through a small angle 0. (Cf. Fig. 7-9.) We assume 
that the radius of the plane is a and that that of the rigid disk is b < a. The 
remaining part of the flat boundary is assumed to be free from external load­
ing. and the spherical surface is assumed to be rigidly fixed.
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If we express the torsion equation in terms of toroidal coordinates 
(x,p,<p) then it is easily shown that any displacement vector of the form 
(0 ,0 .w )̂ can be characterized by an expression of the form

«♦ =
£/ sinh at

cosh a + cos [i M*.P) (7-IM )

where the function ip(x.p) satisfies the differential equation

c 2ip 52ip 3(coshacosP + I) Pip 3sinP dip _
P<x2 dp2 sinh a (cosh a + cos P) dp cosh a + cos P dp

(7-12-2)

The only nonvanishing components of the stress tensor are and and 
these are given by the pair of equations

o,* = n stnh x — , 
ex

ft sinh x
ep

(7-12-3)

where /.t is the rigidity modulus.
If we now make the substitution

ip(x.p) = cosech x (cosh x + cos P)i e±'f v(n), n = cosh a
(7-12-4)

we find that

"  “  " ‘ ‘ s ?  -  -  [ '*  + + “ 0

showing that

v(H) =  Pi t

is a possible form for v(fx) and hence that 

ipix.p) — cosech a (cosh a + cos /))*
sinh(/?,r — Px)I *P<i) .

o  cosh(p,r)
Pi t + lt(cosh a) dr (7-12-5)

is a possible form for the function ip(x,P).
Corresponding to the stress function (7-12-5), we have the displace­

ment component

Uj,(x,p) = a(cosha + cos p)*

f % ( T ) Sinh(/?!r- - l T>Jo VK ’ coshiP^x) 

and the stress component

/>2 i  + lt(cosha) dx (7 - 1 2 -6 )



= -/i(cosh a + cos/ ? ) 1

cosh(ptx -  fit)
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/: <7- '2-7»

showing that the solution (7-12-5) is such that
u+(*.fit) -  0 (7-12-8)

“*(*-0) = ̂(2) a cosh (̂a) i//(t) tanh(̂,t) />ii + i,(coshx) dr

(7-12-9)

<rw(a,0 ) = - 2 ^ ( 2 )^ cosh1  (iot)j^° t^(t) /’i j +ir(cosha) dr.

(7-12-10)
Hence this solution satisfies the condition that the spherical surface is kept 
fixed and will satisfy the conditions

u4 — 9p, 0  < p < b

— 0 , b < p < a
on the flat face 2  = 0 , 0 < p < a  provided that we can find a function i^(r) 
satisfying the dual integral equations

j* tanh(p^)  Pi i + jr(cosh a) dx
0

= —pr sinh(ia)sech2 (ia), 0  $ a ^  a, 
v 2

(7-12-11)

(7-12-12)

(7-12-13)

J T ^ r / f i j  + ̂ cosha) dx = 0 , a > x,

where a, is defined by the equation 
b = otanhfia,).

Recalling that

~  P.^+^fcosha) = />2 t+(,(coshx) 

we see that equation (7-12-11) may be replaced by the equation 

J* ̂ (r) tanh(/?lr)/>_ ^ jt(cosh x) dx

= c, -  V(2)flsech(ix), 0 < x < x, (7-12-14) 
where c, is a constant, as yet undefined, and that equation (7-12-12) may be
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replaced by the equation

J* i+ir(coshx) dx = 0 . a >  a,. (7-12-15)

Now equations (7-12-14) and (7-12-15) are equivalent to equations (7-11-18) 
and (7-11-19) if we write

i/»(t ) = tanh(7tT)/'(r),

N(x) -  -  1 + tanh(7rT)tanh(^,r) = -
cosh(rrr -  /?,t)

cosh(jtt)cosh(^ji)’ 

so that the solution of the boundary value problem is given by the equation

i/«(t) = /- ta n h ( j ir ) l  F,(x)cos(rx) dx 
V* Jo

where F,(x) is the solution of the Fredholm equation

(7-12-16)

F,(x) — J ‘ F,(u)/f(x,u) du = v' 2 c, coth(Jx) — ^'uflsinhx.

(7-12-17)
In this equation the kernel is defined by the equations 

K(x,u) = tr- *{ATc(x + it) + Ac(|x -  m|)}
, ^  T cosh (nr -  p.r)Ac(x) =  :? c — ——  ---- --—-, r  -  xcosh(7rr)cosh(/J,r)

(7-12-18)

(7-12-19)

and the constant c, is arbitrary.
For example, for a hemisphere fi — jn  and so

Kc(x) = .^f[sech(jrt);x] = (2 jc)~1 sech (lx).

The kernel of the integral equation therefore becomes

2 V ' 2  cosh (jx) - cosh (j«) 
n coshx + cosh u (7-12-20)

The integral equation (7-12-17) may be solved numerically. The value of the 
constant c, is determined by a physical condition —namely, by the condition 
that the sum of the shear stresses which act below the circular disk is 
bounded. (Cf. Abramian etal. 1964.)

7-13 M EHLER-FOCK T R A N S F O R M S  OF ORDER m

We shall now consider a transform suitable for the solution of the boundary 
value problem posed by equations (7-3-29) and (7-3-30); that is. we shall 
find a form of <t>m for <J»m" 1 defined by equation (7-3-26).
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The equation

/(a) =  ( -1 )"  f r  t tanh (xx)P.i+lr"'(cosh x)/*(x) dx (7-13-1)
jo

is an obvious generalization of the equation (7-5-2). Writing it in the form

dm/ ( cosh- , .v) = ( -  l)"(.vJ -  I)" dx' f r  tanh (jtt )P_ it(.r)/* (T ) dx

we see that the analysis which we followed in the derivation of Fock’s 
theorem (sec. 7-5 above) now leads to the equation

/(cosh - 1 x) =  7t - ‘ ( - i r ( . r J -  i r '2
dx1

f x 0(u)c
' J* -

du
x)

where

^ [ t /* ( r ) ; / ]  = 0(cosh/)sinhr. (7-13-2)

By the methods of sec. 3-16 we can easily show that the solution of this in­
tegral equation is

0(u) =  -
I

f(m + £) du
l ) ~ " ' 2/(COSh | x^ x _  (jx

so that, by equation (7-13-2), we construct the relation

1 d
•^,[T/*(t),a] t (m  + $)'<h

j* (sinh £)’ ~mJ(£ )(cosh£ -  cosh a )"-  4 d±.

Hence we derive the equation

“  r(m "T I) J (sinh£)' ~'"/(£)(cosh£ -  cosha)” - * ^ .

Inverting this equation by means of the Fourier cosine inversion theorem, 
we find that

f j x )  = | *  (si(sinh 0 ‘ ' 7 ( 0 itr(m  + i)
ft

x I cos(otT)(cosh{ — cosha)m-i da.
Jo

From equation (7-4-1) we see that this reduces to 

/*(t) = J* M ) P -  "(cosh O  sinh ( d i . (7-13-3)
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Hence if we define the Mehler- Fock transform 1 of order m of a func­
tion/(a) by the equation

= = J * / ( a ) />- i+Jt'"(cosha)sinhada, (7-13-4)

then the inversion theorem slates that

<l>m ', [/m(T):a] =./<*) =  ( - 1 )" J*o* t tanh ( tit )f*(x )P. i +, "(cosh oi) dr.
(7-13-5)

It would appear that the class of functions /  for which this result is 
valid is not yet clearly defined; Olevskii (1943, 1949) and Vilenkin (1958) 
impose conditions on the function /* (r) but not on/(a). The derivation of 
Ragab (1965) is purely formal.

Alternatively, if we define

4>m[/(x ) :r ]  = f m(t)  =  J * / ( a)/> 1+,/"(*) dx (7-13-6)

we have the inversion theorem

< t > m -  A x ) = ( - l ) M Jo t tanh (tit )/* (r ) / , _ 1  + it'"(.v) dr.
(7-13-7)

It is a simple matter to derive a relation of Parseval type;

f®  H i  +  it +  m) -( - l ) m rtanh(^T) ------- - f j x ) g j x ) d xJo Hj + n  -  m)

= ( - 1 ) ” Ttanh(nT)y-f— --------,J J r )d x  g(x)P_i + i t m(x)dx
J o  I  V2 +  IT  —  m > J l

by equation (7-2-9). Hence we have the relation

r *  n i  +  m +  it) - , r *
( — 1 r  Ttanh(TtT)—y-------- — .U t j g j r )  dx =  f\x)g(x)dx.Jo 1 ( 2  -  m + IT) J,

This result can be used in exactly the same way as the Parseval relation 
(7-7-1) to derive the values of complicated integrals. Examples are to be 
found in Lowndes (1964).

7-14 APPLICATIONS OF MEHLER-FOCK TRANSFORMS OF 
ORDER m

We shall conclude by considering some applications of the Mehler-Fock 
transforms of general order.

1 / *(T) in the case m # 0 is sometimes referred to as a generalized Mehler transform.
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We begin with the problem of determining a function ip, harmonic in 
the half-space z > 0 . and satisfying the boundary conditions

*l> =  F(p.tf>), 0 < p < a (7-14-1)

f’tli
- i-  =  0, p > a (7-14-2)cz

on the boundary plane z = 0. It is easily seen that this is equivalent to the 
problem of finding a function ^(a./(,(/>) which is harmonic in 0  < P < n and 
which satisfies

<Ma.0.4>) = /(a .^ ) (7-14-3)

ctp(x.n,(p) _  
cP (7-14-4)

with the function/(x.tp) defined by the equation

/(a.0) = F(atanh ja,0). (7-14-5)

We have already considered the formal solution of this problem in 
sec. 7-3; it is given by equations (7-3-32) and (7-3-33).

To illustrate how the method is used in practice we consider the case 
in which

F(p,tp) = c, + c2(p/a)cos<t> (7-14-6)

where c( and c2 are constants. The corresponding form for ) is 

/(a,</>) = c, -t- c2 tanh(£a)cos<£.

The function ip(z,p,4>) is then given by the equation

(a,/?. <p) = ^/(cosha + cos P)<t>0~ . , , coshfnt -  px) 
A0(x)------ — :— ;tCOSh (7TT ) ■]

-I- COS<f> <J>, 1
cosh (nx -  Px) 

cosh to )

where

A0(x) = — <I»0[sech(ior);r] = cosech (nx)y/Z X

At(x) -  ~b, <t>i[sinh(^a)sech2 (|a);T] = cosech (ttr)
V- r

the first transform being found from equation (7-6-10) and the second from 
Problem 7-8 below.
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Hence we have

^(a./).</>) =  •y/j^cosho! +  cos/?)](f)«l><r1 + 2 c2 cos(£•<!>,'‘)x
f  , 2  cosh (jit — /)t )

x t ' 1 : ----------; t -♦ a
I sm h(2nT )

Now it is easily shown (Cf. Problem 7-8) that

so that we can write the solution in the form 

^(x,/),</>) = ^/^(coshat + cos/))]
(  ,  x $ \ A - l  r 2 cosh(jTT -  px) ]
V da) 0 L TSinh(27tr) J

We saw in sec. 7-8 that

f  cosh
* •  ‘ L - s

(nr -  /?t ) 

sinh (2 jtt)

= 2 (cosha + cos/))_ i tan'

so that
[(cosh a + cos/))*]

2 sin J

i/>(a,/).(/)) =  x(a,0) Ci 2 c2 cos <p
e_
c*a

x

* x(a<P) 1 ,an" '[iZla.jS)cosec]0 ], 

where the function /(a,/?) is defined by the equation 

X(x,/)) = v/[2(c°sha; + cos/?)].

In a similar way the boundary conditions
ij/ — 0, 0  <  p < a, z = 0

P\li
-t— =  — F (a ,$ ) .  p >  a ,  z —  0 cz

(7-14-7)

(7-14-8)

on a function ip harmonic in z > 0 are equivalent to the conditions 
tp(OL,0.̂ >) =  0 . 0  ^  </> <  271

cp
where the function J l t z . i p )  is defined in terms of the prescribed function 
F(<x,4>) through the equation

f(a,(t>) = }acosech2(]a)F(flCoth]a,0). (7-14-9)
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Suppose that /(a,<£) has the Fourier expansion

/(M>) = £m* - x
then the required solution is

* * * * ■ + > -  S«■-« u —*

where Am{j) = / J (  t ) = <J>„[/„,(a);T].
Finally, if \}> is harmonic in the half-space : > 0 and 

conditions

nb
—  =  — F ( p , < l > ) ,  0 <  p  <  a . 0  <(> ^  2 n
cz
$ — 0, p > a, 0 ̂  4> < 2n 

on the boundary plane z = 0 , then

. , . sinh ( tit -  /?t)
t -4m(t) -------—— -— ;t

cosh (tit )

where

*(a<,/»,*)« Y j

X *[**,(*)'< a] = \a  sech2 (\a.)F(a tanh^a,0)
m *  -  «©

that is. where /*„(t) = <&„[/„ (a) ; r ]  with

a r 2*
/«(*) = Tr-sech2 (Ja) F(a tanh £a.tf>)e'm* d<f>.Jo

P R O B LE M S

7-1 Prove that, if 0 <  ff < 2n,

, r, m -* i  V2cosh<*r ~  ^r)
*!' l  -  J t- T 5 S « 5 r -

and deduce that

r „ , , sinhOii - /fr)
4>0[{x - cos fl)~* - 2yt2coscc p s7nh"(ttT)

(7-I4-10)

(7-14-1I) 

satisfies the

-* a

(7-14-12)

(7-14-13)
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7 -2  Prove that, if  —n <  p  <  n,

sinh(/Jr)
0 O[(cosh at + cos/J)-*;t] = 2j2cosec p

$ 0 [(cosh at + cos/()~*;t]
4J2  cosh(^t) „sinh(/?t)~]

- - f  cos“  "  ^ S S < S > J

and deduce that

$ 0[sech3 (Jat);t] =  8rcosech(7rT)

$ 0[sech5 (^at);t] =  ^  t 3coscch(jrt)

^[(sechat)1 ;r] =  v/2 sech (%nx)

0 o[(scch at)*;t]
2J2

3
Tcosech(^jrr).

7 -3  Find

4>o[(l +

in the three cases n =  1, 3, 5 and deduce the corresponding values o f the 
integral

J  x"  cosech (nx) dx.

7 -4  I f  m  is a positive integer, show that

4>o[(* +  0  "  ' :  v - »  t] =  Jtsech(rtT)(r2 -  1) m2P - i + itmU)

and deduce that

. R v 2 -  i r /2 1 rrsech (jtt) „
■* ' J "  — S - -

Show also that

f x sinh(7tr) ,J0 T cosh3 (nr) ~1 + lt
(0  P- i + d t

( - l ) ” +*m!w!(/ -  I)*m+*' 
n 2(m + n +  I )(/ +  1)1 '"**■'' * 1
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7-5 If m is a positive integer, show that

M «  + ‘> >-.* - « ]  -  .-a s js is jj • jp « * [ « « .  '<]•
7-6 Prove that the Mehler-Fock transform of order zero of the function 

,?.(a) = jcosech3 (^a)(x2 + coth2 ^a) ' " /2 

is

*S,(T) =  ? c [ G , ( t) ;t]

where the function G„(x) is defined through the equation

1 -  k ( x f
G.ix) — cosech2 (fr) £-

i + / 2

with the function k(x) given by the equation 

k(x) = [ 1  + (x2 + l)sinh2 (^.v)]-1.

Deduce that

Ifo.jW = 2sin2(^)sec(i< ) sl - h/ ”T.— cot ( ^)  = x.sinh (nr)

Show also that

4 f*  si
#o.5W = Jsin 2 (ic)£S-3 (T) + — sin5 ( { 0  I

sinh2 (^j) cos (ft) ds
sinh2 (^j) + sin2 ( ^ ) } 2

and hence deduce that

2  sinh (nr -  <fx)
£°.s(r) -  3 s i n h ( „ t )

sin4 (^;)sec3 (i£)[I + cos2 (i£) -  rcoth(nr -  <*r)sin<j;].

7-7 The harmonic function ip satisfies the boundary conditions 

ip = 0, 0  < p <  a

= - k (h 2 + p2r * [ l  -  2i/ -t- 3b 2(b 2 + p2) -1], p >  a  
cz

(where k. q and b are constants) on the boundary z =  0  of the half-space 
r ^  0  on which it is defined.

Show that we can write

ip -  ^(cosh a + cos fi)<t>0 r ~'A(r)
sinh(/?r) 
cosh (nr)'

a
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where, in the notation of Problem 7-6, 

k
Air) =

,/2a2
[(I -  Irjig^.iir) + 3 /V o ,s(0 ]. ( / = b/a)

Hence show that if cot (}<;) =  b/a.

v 2Asin2 (j£)
[u " ’  ''’“ ‘ 'k ’

+ cos(jO) sinh(nr -  £r) -  2 t sin (^)cosh(rtr -  ct)] 

and deduce that, if z =  0 . 0  <  p < a, then

^ A s in 2) ^ )
cosh3 (^a)

d: na3

where J  denotes the integral

sinhvsinh(^.r) dx

2 ( 1  — t;) +  cos £ + sin^

Jo (cosh.v — cos<;)(cosh a 4- cosh.v) 1 

Evaluate J  by making the substitution 

sinh(|.v) =  wcosh(ja), 

and deduce that, if r  = 0 . 0  $  p <  a, then

7-8 Prove that

in) <l>i[g'(a);T] = -<D0 [g(a):T] 

ib) < ! > ! ' 1 [z (r);a] = -  <D0 “ ‘[ /(r) ;a ] .

Deduce that

d>,[sinh(|a)sech2 (}a);t] = 4 r _ 1  cosech(7tr).



8
Finite Transform s

The method of integral transforms outlined in the previous chapters may. 
as we have seen, be applied to the solution of boundary value and initial 
value problems in mathematical physics, in which the range of values which 
can be assumed by one of the independent variables, x say, is (O.ao). Making 
use of an integral transform of the type

J o f ( x , . . .)K(x,£) dx

we can often reduce a partial differential equation in n independent 
variables to one in n — 1 independent variables, thus reducing the com­
plexity of the problem under discussion, in some instances successive 
operations of this type will ultimately reduce the problem to a one-point or 
a two-point boundary value problem for an ordinary differential equation, 
methods of solution of which have been much more extensively developed.

There are two obvious ways in which this method can be extended. In 
the first place, by extending the types of kernel K, we might hope to be able

423
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to deal with boundary value problems not hitherto tractable to this method. 
However, the choice of the kernel is largely determined by the form of the 
differential equation whose solution is sought. The other alternative Ls to 
extend the method to finite intervals, that is, to employ integral transforms 
suitable to problems in which the range of variation of the independent 
variable x  is now (a.h). where both a and b are real and finite. One, of 
course, may be zero. This extension seems to have been first suggested by 
Doctsch (1935) in the case of trigonometric kernels. Defining the finite 
Fourier sine transform of a function by the equation

is an immediate consequence of a well-known theorem in the theory of 
Fourier series.

This method has been developed and generalized by Kneiss (1938), 
Koschmieder (1941), Roettinger (1947) and others and applied by Brown 
(1943) to the discussion of the classical boundary value problems of mathe­
matical physics. The use of finite Hankel transforms was suggested by 
Sneddon (1945, 1946) and a little later Eringen (1954) and Churchill (1955) 
developed the concept of a finite Sturm-Liouville transform whose pro­
perties follow immediately from the theory of Sturm-Liouville problems for 
ordinary differential equations.

The use of finite transforms does not. of course, solve problems which 
are incapable of solution by use of the method of separation of variables 
and the direct application of the theory of orthogonal functions, but it does 
facilitate the resolution of boundary value problems by providing an 
"operational'' technique which can be used in much the same way as the 
method of integral transforms developed in the previous chapters.

In this chapter we begin by considering the case of finite Fourier sine 
and cosine transforms and then go on to a discussion of the general finite 
Sturm Liouville transform. The remainder of the chapter is then taken up 
w'ith special cases of this theory.

8 1 FINITE FOURIER T R A N S F O R M S

We begin by outlining the simplest case—that in which the kernel A(<;,x) 
is a simple cosine or sine—since the theory on which it is based is almost 
certainly familiar to the reader.

T,{n) -  f /(*) sin (w.v) dxo

Doetsch pointed out that the inversion formula

1
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8-1-1 FINITE FOURIER SINE AND COSINE TRANSFORMS

It is a well-known result of the theory of Fourier series1 that, if f e  S'iQ.n), 
then the series

converges to the value j[ /( .v + )  +  / ( a — )] at each point of the open 
interval (0 ,n), to the value f ix )  at each point of continuity of the interval, 
and to the value ^ [ /( 0 ) +  / ( n)] if x — 0  or x  =  n.

If, instead of the Fourier coefficient a„, we introduce the finite cosine 
transform of the function, denoted by f in ) ,  and defined by the equation

we may re-state the above theorem on Fourier series as:

The inversion theorem for finite cosine transforms
I f  f ix )  e  J*‘(0,n) and i f f in )  denotes its finite cosine transform, then

at each point o f  the open interval (0, n) at which f ix )  is continuous. At 
any point o f  the interval at which f ix )  has a finite discontinuity the 
symbol f ix )  is taken to mean £[/(.* +  ) +  / ( .* - ) ] ,  and at x  *  0  or 
x  — n it is taken to mean i[./(0 ) +  /(w)].

In the sequel we shall refer to equation (8-1-2) as the inversion 
formula for the finite Fourier cosine transform.

A similar result holds when the independent variable ranges over the 
interval (0,a). If we now define the finite cosine transform by the equation

7t n L-.
n -  I

in which

( 8- 1- 1)

(8-1-3)

See. for instance. Sneddon (I96lr).
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a simple change of the variables shows that the inversion formula (8 - 1 -2 ) 
is equivalent to the result:

I f  f ix )  e .^ ‘(0 .a) anti if  its finite cosine transform is defined by 
equation (8-1-3). then f ix )  is given at a point o f  continuity oj (O.a) by 
the formula

There are obvious modifications at a point of finite discontinuity and at the 
end points of the interval. We shall also refer to (8-1-4) as the inversion 
formula for the finite Fourier cosine transform: this should not lead to any 
confusion since, in any given problem, it will be clear whether the range of 
variation of x  is the open interval (O.rc) or the open interval (O.a).

Similar results hold for finite sine transforms. For a function defined 
on (0,7t) we define the finite Fourier sine transform f i n )  by the equation

The well-known result for half-range Fourier sine series may then be 
restated as:

The inversion theorem for fin ite sine transforms l f j \ x ) e .? xi0.n). 
and if  f i n )  denotes its finite Fourier sine transform, then at each point of  
continuity in the interval (0 , jt)

(There are obvious modifications at the points of finite discontinuity and at 
the end-points of the interval.)

We shall refer to equation (8-1-6) or its corollary

rr - I

(8-1-5)

( 8- 1- 6)

ft -  I

(8-1-7)

with

f i n )  = I>|sin(v)dx , f ix )  e ^  (O.a) (8- 1-8)

as the inversion formula for the finite Fourier sine transform.



FINITE TRAN SFO RM S 427

In the application of these theorems on finite Fourier transforms to 
the solution of boundary value problems it is often necessary to express an 
integral of the type

J > ^  j'??”■©*
in terms of the finite Fourier transforms of the function /(*) defined on 
(O.a).

The basic results are those involving the first derivative of the function. 
For example, we have, as a result of an integration by parts, that

i;c f  . nnx 
— sin —  ax =

0 c.v a
yv ft 71.X * ttn
/(jc)sm —a o “ .

nnx ,
f(x) cos----ax.

o' «

Now, since n is an integer, sin (nnx/a) vanishes both at x  =  0 and at x  = a. 
so that if we define f t (n) by equation (8-1-3), we obtain the relation

A n
rm

—  .£(«) a (8-1-9)

whatever the values of / ( 0 ) and f(a), provided, of course, that they are 
finite. In a similar way we can show that

/, f/ ; . r  -  n =  ( - 1  J’/la ) - / ( 0 ) + — f jn )  (8 -M 0 )
L .̂v J  a

in which f s(n) denotes the finite sine transform defined by equation (8 - 1 -8 ). 
As a special case of this result we see that if

fla)  = / (  0 ) = 0

then

The results for higher derivatives may be established by the repeated 
use of the fundamental results (8-1-9) and (8-1-10). For instance, we deduce 
from (8-1-9) that

and hence by the application of (8 - 1 - 1 0 ) that

Tczf  1 n 2n 2 _ nn
=  "  a 2  ̂ TM) + a [ ( - 1)’ +,/(«) + AO)]- (8-1-12)
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In the particular case in which /(«) «  /(Q) = o this reduces to the simple 
form

T 1  nZ”2 7
4 ^ :x J = " ™ - (8-1-13)

Similarly it follows from equation (8-1-10) followed by (8-1-11) that

K
?2f

= ( - i)T ( f l)  -  / ( 0 ) -  n-~^rTxn)- (8-1-14)

If Pf/dx vanishes at the end points x = 0  and .v 
simply

A n n2 n2 
a2 TAn).

a, this equation becomes

(8-1-15)

For derivatives of order greater than the second the results may be 
obtained by repeated applications of the above results. For instance in the 
analysis of boundary value problems in elasticity we often need to know 
the results for derivatives of the fourth order. It follows from equation 
(8-1-13) that if d2f/dx2 is zero at the end points x  = 0 and x  = a then

(8 -l-l6a)

then

(8-I-I6A)

(8-!-17<i)

then

(8-I-17A)

Similar results for the two-dimensional Laplacian operator A2 can be 
deduced from equations (8-1-12) and (8-1-13).
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If we write

«,(«..»•) = /,[u(x,y);x -* «] 
«,(«. v) = /c[u(x,y);x -> n]

(8-1-18)

then it follows from equation (8 -1 -1 2 ) that 

/i[A2u(r.>);.v -  n]

m  . /  <?2 n 27t2
= — [(-> )" «(«. v) + «(0 ,>’)] + ( jT ^  ~ ~p~ u,(#i,y) (8-1-19)

and from equation (8-1-13) that 

/c[A2u(x.y):x -  n]

(8- 1-20)

Similar results can be generated for the biharmonic operator A2 2 =  A2A2.

8 - 1 - 2  C O N V O L U T I O N  T H E O R E M S  F O R  F I N I T E  F O U R I E R  T R A N S F O R M S  

The convolution theorems for finite Fourier transforms cannot be put into 
simple, elegant forms of the kind that hold for “ordinary" Fourier 
transforms. To present the results in a neat form, we introduce two 
functions Ft (u) and F2(u), which we call the odd and even periodic extensions 
of the function /(«) which is defined in the closed interval [0 ,7t]. Thus in 
the interval [ — 7t,n] we define F^u) the odd periodic extension with period 
27t, of the function /(u) by the equations

F (u) = \ ^ U)' 0  < M < *
' ( - / ( - " ) ,  -71 <  U < 0

F,{u + 2m) = Fjfw), (r = ± l ,± 2 ,  . . .)

Similarly the even periodic extension F2{u) is defined by the equations

F2(u + 2m) = F2(u). (r = ± l .± 2 ,  . . .).

It follows from the definition of Fy(u) that if F,(u) and G,(u) are the 
odd periodic extensions of/(«) and g(U) respectively, then

/_„ U)G>(U) ~  J o A x  -  u)g(u) du -  J* A u  -  x)g(u) du

(8- 1-21)
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and also, because F, is periodic,

p  F, ( a -  -  u)G, (u) du = J* / ( - x -  u)g(u) dii -  /(.v + u)g(u) du.

(8- 1-22)

In the notation introduced by Churchill1 we write F,(.x)*G, (x) for the 
integral

f  F,(* — m)G,(m) du 
J ~ n

and call it the convolution of the functions F, and G ,.
If we denote the finite Fourier sine transforms of /(.t) and g(.v) by 

.£(«) and g,(n) respectively (Cf. equation (8-1-1) above), then

cos(nx)

~ I d£ j dt\ Y  cos(«A)sin(nc)sin(/ifj)
Jo  J o  ,.1

on interchanging the orders of summation and integration. Making use of 
the results

4 sin (tic) sin («>/)cos(«\j = cos (c -  t; + x)n + cos (£ — »/ -  x)n
-  cos(£ + t] + x)n -  cosfc + — x)n

we find that

j sin (m -  |)y 
* + 2  sin 2  v

2

71 Ts(n)gs(n) cos (nx)
r *  1

471
j* A t ) d i j  g(n)drj

sin (77) -  j)(^________
sin i(<J -  »? -  -v) 

sin (77i -  |) ( ;  + t? -  .v) 
sin|(c; + n -  x)

sin (in -  |)(<; - 71 + v) 
sin i(<J -  7j + v) 

t) —  a )  sin (w -  j)(* + >? + v) 
sin j(c + t; + v)

p. 274 of  Churchill. 1944.



FINITE TRANSFORMS 431

If in the first of these four integrals we change the variables of integration 
from { and 7  to /  and fi where

/. = £ -  7  + .v, n = 7 
we find that

I f * .........  C . sin(w -  |)(i* -  7  + x)
4 it j> * j: sin $(£ -  7  + x)

1 f *  , . , s i n ( / w - J ) A

-  s  J„ 8 ( 1 , 1  A a + 8  ^ v| . ' s i i dA
which, by the Riemann localization lemma, tends to 

Ij:g(l*)fiu -  x) d(i

as m -» x .  The other three terms can be evaluated in a similar fashion to 
give

1 V"-  )  .K(n)g,(n)cos(nx)
71 L u  

n ~ J

= J g(fi)[fix -  /1) + ./( x  -  //) -  f in  -  x) -  fill + v)] dfi. 

Hence, by equations (8-1-21) and (8-1-22) we have

~ ^  F»(n)gs(n)cos (nx) — ~ J I Ffix -  fi)Gj(ft) dn

= - i F 1 (.v)*G,U).

Using the inversion formula for finite cosine transforms we see that this 
can be written in the form

/ [ V G , ]  = - 2KMgAn)
Similarly by considering the limit of the sum

2

(8-1-23)

- ^(n)gc(«) sin (nx)

as m -* x  we can show that

= #<«)&<»>. (8-1-24)
For an alternative proof of equation (8-1-24) the reader is referred to 
pp. 274-276 of Churchill (1944).
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By either of these methods we can show further that

/{ [^ •C ,]  = 2y > )g f(/i). (8-1-25)

It is also easily verified that the steps in the above analysis are 
justified if bothy and g belong to the class .^'(O.ft).

8-1-3 MULTIPLE FINITE FOURIER TRANSFORMS

We now consider the case in which f(x ,y) is a function of the two 
independent variables x  and y, defined on the square 0  <  x  < n. 0  < y  < it. 
Then regarded as a function of x, J \x ,y ) will, if it satisfies certain wide 
conditions, possess a finite sine transform. If we denote this transform by 
£(w,y), then

= /[/<*-> );*  -* (8-1-26)

This function will itself have a finite Fourier transform (with respect to y), 
which we may denote by defined by the equation

f j n u n )  = / , [ / s{f(x,y);x  -» m};y -* «]. (8-1-27)

If we substitute from (8-1-26) into (8-1-27), we find that the relation 
between f(x ,y)  and J,(m.n) written in explicit form is 

^[y(A-,v);(.v,y) — (/«,«)] = f ia(m,n)

= f f f(x ,  v) sin (mx) sin (ny) dxdv. (8-1-28)

We shall regard this equation as defining the double finite sine transform of 
the function /(.v,y) defined over the square 0 < x < ft. 0 < y < ft. To 
obtain an inversion formula giving f (x ,y ) in terms of its double finite sine 
transform Jss(m,n), we note that if we apply the inverse theorem for finite 
sine transforms to equations (8-1-26) and (8-1-27) we obtain the relations

Jl(m,y) = ^  fa (m,n) sin Onj (8-1-29)
ft *  1

and
2  ^ ,

f ix ,y)  = -  ^  Jjm.y) sin(w.v). (8-1-30)
m= 1

Substituting into (8-1-30) the series expansion for f,{nuy) given by 
(8-1-29), we obtain finally the inversion formula

-* <*•>)] = /< v-y)
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<0 < .v < n, 0 < v < tt). We have written the result out in the case in 
which f is continuous at (x.y); the modification when it has a finite 
discontinuity is obvious.

The inversion formula given by the pair of equations (8-1-28), (8-1-31) 
is applicable when the range of variation of the independent variables x 
and y is given by the inequalities 0 < x < it. 0 < y < n. If we are dealing 
with a problem in which / (x.y) is defined over the rectangle 0  < x < a, 
0  < y < b. we.use the obvious modification:

If a function /(x.y) e (D). where D is the rectangle [(x.y): 
0  < x < a. 0  < y < b], and if its double finite sine transform is defined 
by the equation

X,[/(x.y); (x.y) (»t,«)] = //">•«)

■ ( 8 ' ' ' 3 2 1

then at points of the rectangle at which the function /(x.y)  is continuous 

£ ~ ‘Uls(ni-n);(m,n) — (x.y)] s  /(x.y)

m  ■=• I « =  I  V '  '  '

The modification required at a point of finite discontinuity of the function 
/  is obvious.

In a similar way we can define double transforms of the types

Tc,(m.n) s  /,[/(x ,y );(x ,y ) -» (w.n)] = /c{/,{ /(x ,y) .y  -  n),x  -* w]
(8-1-34)

f jm .n )  = /„[/(x,y)\(x.y)  -* (m.n)] = / s[ /{ ./(x ,y );y  -* n\;x  -  m]
(8-1-35)

/ /m .n )  = / c[/(x.y):(x.y) -* (m.n)] = / [ X  !/(*•>’) ;y -* n};x — w].
(8-1-36)

Inversion formulas for double transforms of these types can easily be 
deduced by successive applications of the inversion formulas for the finite 
sine and the finite cosine transforms. For example, in the case in which 
/(x.y) is defined on the square {(x.y) : 0  < x < it. 0  < y < ti], we easily 
find that

/(,~lUc,(nbn)\(m.n) -> (x.y)] s  /(x.y)

2
P

/ 3(0 ,«) sin (ny)
n - \

+ - 2  ^  7  Z,(m.n)cos (m.v) sin (ny).
m -  1 n * J

( 8 - 1 - 3 7 )
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The double transforms of the partial derivatives of a function may 
readily be written down. For instance if f\x.y)e e£ 2(D). where

P  -  {(.v..»):0 <  x  <  a . 0  <  y  <  b }

then

{ M y )  + ( - ! )" '/(«.>)} ~ ^  /.lAx.yh:x m]

so that

A
c 1/ ; (jc. v) -*■ (m.n) = 0 ,(/».n) — f„(m.n) < 8 -1 - 3 8 a )

with

&i(m.n) = { / [ / ( O . -* «] + ( -  I)m+l/t [f(a.y);y -» /»]}.

In particular, if

/ ( O .  v) =  f ( a . y )  =  0 ,  0  <  r  <  h.

then

(8-1-38*)

(8-1-39a)

A (a.)) -* (m.n) (8-1-39*)

A similar result holds for the double finite sine transform of c2fi£v2:

A I y) -*• (m.n) — 0 2(m,n) - b2 Ta(m.n) (8-1 -40a)

with
n7t

0 2(m.n) = j [ / s[/(x,0);x -» #w] + ( -  D"+'/s[f(x.b);x -  m]}.

(8-1-40b)
In particular, if

/(.v,0) = f(x.b) — 0, 0 < v < a (8-1-4la)

then
n*7z*

~ A x . y )  -  (m.«)J = (8-1-41*)
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From these results we deduce immediately that 

/k[A 2/(v.r):(.v, v) -♦ ("'.«)]
( m l  n 2\= 0,(m,w) + 0 2(rn,n) -  7t2 / - y  + j^\f„(in.n). (8-1-42)

In particular, if/(*.>•) vanishes along the boundary of D.

( m 1 n 2\
^ A 2 . / ( A ; . . v ) ; ( . r . j )  -►  ( w . n ) ]  =  - n 2 (  ^  ( 8 - 1 - 4 3 )

Similar results can easily be derived for the other operators /£s. 
and /cc. We shall not derive them here since the methods are exactly the 
same as for the operator /„. and double Fourier sine transforms occur more 
frequently in applications than do the others.

The theory outlined above can be extended in another way. by con­
sidering functions ofp  variables x,..v2, . . .  ,.vp. For instance, if/ ( xt........ .v,)
is defined in the region

D -  {(.t„.v2 ..............vp):0 < .x, < at. i -  1.2.

and if its multiple sine transform is taken to be defined by

t m . .......... * - j r j r . . . j > ...........

. sin nHnx,
'l dx t . . . dx„.

/ e  then at any point of D at w hich /is continuous
■x

xp) =  2 '’(«,«J . • . « , ) -  j . . • S
i»i = 1 tip - 1

£<«i.  . .
. . n |ir.v , 

,/i ) s in  ------- . . sin

Many results from the case in which p = 2 go over into the general 
case. For example, i f /  = 0 on the boundary of D then the transform of the 
Laplacian of /  Ap/(.v,. . . . ..v,) is

- r r 2£(n,, . . ,«„) £  (« /,'« /).

8 1-4 APPLICATIONS OF FINITE FOURIER TRANSFORMS

We shall now indicate briefly some applications of finite Fourier transforms 
to the solution of boundary value and initial value problems.
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We begin by considering the solution u(x,t) of the wave equation 

v2u I d2u
dx2 c2 dt2'

0  < v < a, t > 0

satisfying the boundary conditions

i/(0 .r) = u(u.t) =  0 . / > 0

and the initial conditions
Pu(x,0)„ 4C«(.v.0 ) = - j  x{u -  r), 

a
= 0 ,

rt
0  <  x  < a.

(8-1-44)

(8-1-45)

(8-1-46)

Equations (8-1-45) indicate that it is appropriate to introduce the 
finite sine transform

-  /,[u(x,t);x -* n \

From equation (8-1-13) we see that the wave equation (8-1-44) is equivalent 
to the differential equation

( e 2 c2n 2n 2\
+ - 0

for the transform ii,(n,t). From equations (8-1-46) and Problem 8-1 (e). we 
see that the appropriate initial conditions on «,(«,/) are

u,(n.O) = ^ 1 [ 1  + ( - 1  r 1].
7tJ nJ

cus(n.O)
f t

= 0

so that the solution for the finite sine transform is

«,(«./) =
8aj 1 + ( -  1 ) " + 1  ( met
--- ---------—  COS( —

Making use of the inversion formula for the finite sine transform we finally 
obtain the result

u(x
„ 16e _  , , (2 / +  1)7z e t  . (2 r +  l)7t.v

,t) = —j  )  (2r + 1) 3 cos-------------- s in -------------- .
7t3 L - i  

r  = 0

As a second example we consider the solution of the equation 
describing the vibrations of a beam of finite length

c4u 1 d2u p(x,t)
0  < x  ^  a, t >  0

t*.v4 e2 c t2 El 

when the displacement u(x.f) satisfies the initial conditions 
<’w(.Y,0)

« ( ,Y ,0 )  = Pt
=  0 .  0  x  s$ a

(8-1-47)

(8 - 1 - 4 8 )
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and the boundary conditions

u(O.r) = c>2u(0.r)
= 0, u(a,t) = d2u(a.t)

ex1 = 0 . t > 0 .
(8-1-49)

Equations (8-1-49) express the fact that the beam is freely hinged at each of 
its endpoints—see, for example, p. 151 of Morse (1948).

If we write

= /s[u(x,r):x -»• n]

then it follows from equations (8-1-49) and (8-1-16) that

and hence that the transform u,(n,t) satisfies the differential equation 

c2 n*n*c2\  _ c2
j p  + — i“  J (8-1-50)

where

p,(n.t) = /s[p(x,t),x — n], (8-1-51)

The corresponding initial conditions are the transforms of equations 
(8-1-48)

«,(«, 0 ) « ,(« . 0 ) 
?t (8-1-52)

The solution of the initial value problem posed by equations (8-1-50) 
and (8-1-52) is easily seen to be

- a2 f '  c 2 _ n2n 2c(i -  r)
u,(nj)  = — r  — p,(n.T)sin---------2------ drnln 2c J0 El u

so that by the inversion formula for the finite sine transform we have the 
final result

u(x.t) 2ac C” 
it2El L

A -  1

1 nnx C‘ _ . n2it2c(i
^  s in ----I pAn,x) sin----------r

n2 a J0 a 2 -  dr. (8-1-53)

where p,{n,t) is defined by equation (8-1-51).
As an example of the use of the finite Fourier cosine transform we 

consider the derivation of the solution u(x.i) of the diffusion equation

d2u 1
ex* k cl

0  <  jt <  o . i  >  0  (8 - 1 - 5 4 )
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rw(O.t) c u ( a j )
— •..-  = —r- -  = 0 , / > o,vx rx

(8-1-55)

and the initial condition

u(.v.O) =  f\x), 0 $  v <  a. (8-1-56)

By equations (8-1-55) and (8-1-15) we see that

J P u  1 w2tt2 _ . .ft ;.v — n = ------V uA»J)
c x  a-

where

=  /£[«<*,/);-v -* «]

so that equations (8-1-54) and (8-1-56) yield the initial value problem

c'ur Kti2n 2
~^r + ----2~ uc =  0<7 a '

«,(«. 0 ) =  TA«)

for the determination of The solution is easily shown to be

ujn.t) = JAn)e-*ni*2,ia2

so that by the inversion theorem for the finite Fourier cosine transform

u(.x.t) =  - £(0) + -  V  TAn)e~Kn2*2'"‘2 cos
a' a L-t a

Finally, to illustrate the use of double sine transforms we consider the 
solution of Poisson's equation

A2h(.y, v) -f /(.v, v) = 0

in the rectangle D = {(.v,y):0 < x < a, 0 < y < 6 ). when u vanishes on 
the boundary of D. From equation (8-1-43) we see that if we introduce the 
transform

w„(m,n) = Xs[i/(.v,.v):(.v, v) -  (w.n)]

then

iiss(m,n) = wmn- '/„(/«,«) 

where

( 8 -1 -5 7 )



FINITE TRANSFORMS 439

We therefore obtain the solution 

8 2 FINITE STURM-LIOUVILLE T R A N SFO R M S

We saw in the last section that the finite Fourier sine and cosine transforms 
can be used in the analysis of boundary value problems defined in 
rectangular regions when there are simple boundary conditions. A little 
reflection shows that the reason that the finite sine transform is appropriate 
to the solution of the boundary value problem expressed by equations 
(8-1-44) through (8-1-46) is simply because the functions

(the latter conditions being determined by the boundary conditions 
(8-1-45)). This encourages us to believe that we could generate finite 
transforms of a different type by considering the eigenvalues and eigen­
functions of different kinds of differential system. Starting with this idea 
Eringen (1953) and Churchill (1955) developed a theory of finite transforms 
of a very general type—which, following Eringen we shall call finite 
Sturm-Liouville transforms — special cases of which yield transforms of use 
in the solution of boundary value problems in mathematical physics. The 
advantage of Eringen s method is that it determines the choice of transform 
appropriate to the analysis of any given boundary value problem.

We suppose that we are concerned with functions /(.v) defined on a 
prescribed finite interval (a.b). We then consider finite transforms of the 
kind

where the prescribed function p(x) is of the nature of a “weight function"— 
in the sense of the theory of orthogonal polynomials—and the function 
AT(.v,<J) denotes a prescribed function of x on the open interval (a.b) for each 
value of the parameter whose domain is also prescribed. It is obvious 
that y  is a linear operator.

To discover the form of the kernel K(x,£) likely to be of value in a 
particular problem we consider the solutions of the self-adjoint differential

are the eigenfunctions of the differential system

-(0 ) = z(a) = 0

T [ / ( jt);£] = j"p(x)K(x,Z)f(x) dx (8-2- 1)
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equation Lr = 0  where L denotes the linear differential operator

where q{x) e '42 [a,6 ], r(.r) e r6[a,b] and it is assumed that q(x)/p(x) > 0  

for x e  [a,A]. We also introduce boundary operators M and N defined by 
the equations

W  -  a,./(a) + a2f'(a), H f  = h j \b )  + b2f \b )  (8-2-3)

where a,. a2, b, and b2 represent prescribed constants such that at least one 
of a, and a2 and at least one of bt and b2 is nonzero.

Applying the formula for integration by parts, we see that if 
J ' e  %  ' [ a . 6],

J  {Lf(x):Z} = q{a)[KxUi.Z)f(a) -  K(a£\f(u)]
-  q(b)[Kx(b^)ftb) -  K(b,Z)f'(b)]

+ £p{x\fa)UC(x,e)dx.  (8-2-4)

Now if a2 ^  0.

Kx(a,q)Ka) -  K(a,i)f'(a) = a2~x[J{aMK -

and. similarly, if b2 ^  0  we have a corresponding expression for the second 
term on the right-hand side of the equation (8-2-4) so that it reduces to

■f [L/(.v);{] = £* p(x)Jlx)LK(x,Z) dx

+ [ftaM K -  K{a,tWf]
a2 '

-  [ M W  ~"2
If, therefore, we can find A(.v,£) and 4  such that 

(L -  4 ) K ( x , 4 )  = 0, MA = NA = 0 (8-2-5)

then we have
.r[L /:£ ] = -  a2 - ,v(a)*(«i.c)l*/ + b2-'q(b)K(b,4)Hf

( 8- 2- 6)

On the other hand, if a, = 0. a, ^  0.
Ax(a,c)/(a) -  K(a,4)/'(") = at ~ 'q ia ^K ^a .^ M f -  ]

so that, in this case, the second term on the right-hand side of equation 
(8-2 -6) has to be replaced by
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al ~lq(a)Kx(a,Z)9Af

and there is a similar modification to the third term in the case b2 — 0  

b, *  0 .
The formula (8-2-6) must be modified also if / ^ ^ ' [ a . 6 ]. For 

instance, suppose that feV [a ,b]  but that f'(x) is continuous on [a.6] 
except at the point x  = t, a < t < b, where

/ '( /  +) -  .f’U- ) = j (/). (8-2-7)
The first two terms on the right side of equation (8-2-4) then become 

qia)[Kx(a-cy(<i) ~ K(a.£)f(a)] -  qU)\Kjt,£)/(') -  K(t,Z}/’( t- )]
+ q(t)[KxU.i)f{t) -  KU,WU + )] -  q(h)[Kx(b,q)f(b) -  K(b,Z)f’(bj] 

and it is easily seen that this reduces to 

ai ~ -  A'(a,^)M/']

-  b2~'q(b)[f(b)HK -  K{b£)Hj'\ -  q(r)K(r,c)j(i) 

and hence that equation (8 -2 -6 ) is modified to 

^ [L /;{ ]  = -  a r ' q i a m a . Z m f

+ b2~lq(b)K(b,Z)Nj -  q(i)K(r,t)j(t). (8-2-8)

From the theory of second order linear differential equations, we know 
that under the conditions stated on the coefficients p(x), q(x), r(x) of the 
operator L defined by equation (8-2-2), there is a denumerable infinity of 
values of the parameter £ for which the equations (8-2-5) have nontrivial 
solutions and that this set of eigenfunctions is orthogonal on the interval 
(a.b) with the weight function p(x).

If, therefore, we denote by <f>n(x) and {„ the (normalized) eigen­
functions and eigenvalues of the Sturm-Liouville problem

(L -  t)4> = 0, = N<̂  = 0 (8-2-9)

then the finite transform defined by the equation

r  [ / ;  n] *  l  = £  p ( x m x ) A x )  dx (8 -2 - 1 0 )

has the property that i f /e  '£ *[«,/>], then

•r[L/;n] = U n  + H.M /+ v„N/ (8 -2 - 1 1 )

where
f - a 2~lq(a)<l>„(a), (a2 ^  0)

^  = { a ,- '</(")&(«)« ( « 2  -  0 )
( 8 - 2 - 12 )
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and
(7>2'*</(/>)<£„(/>). ( * 2  ^  0 ) 

v" -  j  (/>2 = 0 ). (8-2-13)

The corresponding inversion formula is

= fix )  = £  M x ) (8-2-14)
n« 1

The formula (8-2-11 ) has to be modified if f  $ % 1 [«./>]. For example, 
suppose that, as before, f ix )  e r4i[</.6] and that f i x )  is continuous every­
where in the same interval except at te ia ,h )  where it has the finite 
discontinuity (8-2-7). Then

.r [L /;« ]  = + ftnM / + V.N/ -  qU)<t>„U)j(t). (8-2-15)

Other operational properties of the transform T  are easily derived. If 
we define a function y(.v) by the equation

.r[.r(.v);n] = < " '£

then is the transform of the function Ly if My = Ny =  0 . i.e.. y(.t) is 
the solution of the boundary value problem

Ly = fix).  My =  Ny =  0. (8-2-16)

Whenever this two-point boundary value problem has a solution re  <6 1 \a ,h \

= ./„• (8-2-17)

If we denote the solution of the problem (8-2-16) by L~‘f  we see that the 
equation (8-2-15) is equivalent to the equation

n  L- ’/ ;« ]  = {„-*/.■ (8-2-18)

From the theory of ordinary differential equations we know that when 
/ e ‘<5 [<?.(>], the equation (8-2-16) has a unique solution of class % 1 [a,/>] 
provided that the corresponding homogeneous problem ( /  s  0 ) has only 
the trivial solution y(.r) s  0 . .re  [a.6 ]. that is, provided t, = 0  is not an 
eigenvalue. In this case the solution may be expressed by means of the 
formula

y(.v) = J pU)G(x,t)fU) dt (8-2-19)

where the Green's function G(x.i) is determined by the equations

LG(.v.f) =  0, 

Gx(t + , t )

MG = NG = 0.
iPit)G J l - . t )  =
<7(0

( 8-2-20)

and the continuity condition G(t + .i) = G(t — .t) (Cf. Birkhoff and Rota. 
1969. p. 309.)
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Now, from equations (8-2-15) and (8-2-20) we have the relation 

0  = c.J"fG(.v.t);.r -» ;i] -  

from which we deduce that if £„ /  0 ,

F[G{x.t);x -* n] = {a < t < b). (8-2-21)

Applying the inversion formula (8-2-14) to this result we deduce the 
bilinear formula

G(x.i) = Y. in '<fiJ')<p„(x) (8-2-22)
n = I

familiar from the theory of integral equations.
Also, we have

r[rp(x)G(x,z)G(x.t) d t : x  -* n

=  J p(x).T[G(x,x):x -* ri]G(x,t)dx

= C„~' j*p(x)<f>„(x)G{x,t) dx 

=  ^ - , . r [ G ( r , / ) ; r - « ]

which shows that

J  J '’p(x)G(x.x)G(x.t)dx:x -* =  i „ ' 2<£„(')- (8-2-23)

Another interesting result can be derived by p u ttin g /= 1, Lf  = r(.v) 
in equation (8-2-11). We find that

* [r(x):n] = i „ T [ \ ;«] + P„u, + v,ht (8-2-24)

from which we derive the transform of either r(.v) or 1 when that of the 
other is known.

We shall now consider some special cases of the general transform 
(8-2- 10).

8-3  GENERALIZED FINITE FO U RIER T R A N S F O R M S

To illustrate the use of the above procedures we begin by considering the 
generalized finite Fourier transforms (Cf. Churchill. 1955 6) corresponding 
to the differential operator

L ( 8 - 3 - 1 )



THE USE OF INTEGRAL TRANSFORMS

The first of these transforms correspond to the boundary operators

M r =  y'(0 ) (8-3-2)
N r = A v( 1) + y'(l). (8-3-3)

The solution of Ly = 0 satisfying My =  0 is

y(x) =  cos (?„x).

For this solution

hvix) + y'(x) =  hcos(£„v) -  sin (£„x)

so that the condition Ny — 0  is satisfied if the 
positive roots of the transcendental equation

are chosen to be the

^ tan e; = h.

If we define a transform ,T, /  by the equation

(8-3-4)

./;*<«> 3  ^ i[/(x );/i]  = £  f(x)  cos (£„x) dx (8-3-5)

where <!;„ is the n-th positive root of equation (8-3-4) we see that its inversion 
formula is

r ,  - 1 [/,*(«);.v] s / ( x )  = £  c j ? ( n ) cos({„*), 0  <  x <  1
n* 1

with

cos2 ({.x) dx

that is. with

_  2h 
tn h + sin2 <Jn (8-3-7)

On the other hand, if we replace the conditions (8-3-2) and (8-3-3) by

My = v(0) (8-3-8)
N y = /iv'(l) + >•"(!) (8-3-9)

respectively, we obtain the transform

/*(«) = j[/(x);n] -  £  /(x) sin (c„.v) dx (8-3-10)

where again c,„ is the n-th positive root of the transcendental equation 
(8-3-4), with the corresponding inversion formula

i V 1 [/*<'»:-v] s / ( x )  = £  d j f { n ) sin(£„x) (8-3-11)
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with
,  u
" ■ h -  sin2 ca­

using the formula for integrating by parts we find that 

[/'(*);«] = / ( I) cos
and that

(8-3-12)

(8-3-13)

r 2lT(x):n] = / ( I) sin c\ -  «„/.*<")■ (8-3-14)
Applying these formulae in succession we deduce immediately that

r , [ / " ( * ) ; « ]  =  [ / ' ( I )  +  h f ( I) ] cos£„ -  Cn2/,* («) (8-3-15)
■̂ 2[ / ''W ;« ]  =  / '(I)s in c„  - / ( l ) ^ c o s J „  -  i , 2/j*(«). (8-3-16)

Also, if in equation (8-3-14) we replace/(.x) by 

£ f « ) d t

we find that

*2 [/(-');«] = Sar t ^

As an example of the use of transforms of this kind we consider the 
solution u(.x,/) of the diffusion equation

r 2u 1 du
j - 2  =  0  <  V $  1. 1 >  0
t l x 2 K Hi

(8-3-18)

satisfying the boundary conditions

m(0 ,/) =  0 . / >  0 (8-3-19)

^  + M M ) -  0.  , >  0
C X

(8-3-20)

and the initial condition

M(.r,0 ) =  fix), 0  $  * s£l. (8-3-21)

From an examination of the boundary conditions (8-3-19), (8-3-20) it is 
obvious that the appropriate transform to use is

uf(n.t) *  &,[i/(x,f);jr -* n].

It then follows immediately from equation (8-3-15) that the differential 
equation (8-3-18) is equivalent to the ordinary differential equation

(8-3-17)
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and that the initial condition (8-3-21) is equivalent to

wf (n.O) -  /,*(«).

The solution of this simple initial value problem 

uj(n.r) =  / f i n k ’'* ’’'1'

taken with the inversion theorem (8-3-6) leads immediately to the formula 

u(.v,f) = £  c j f i n i e ^ " 1'cos{f,x)  (8-3-22)
fl* 1

with <•„ defined by (8-3-7) and /*(«) by (8-3-5). for the solution of the
problem.

8 -4  FINITE HANKEL T R A N S F O R M S

The finite transforms corresponding to the linear operator 

■ » d l \ d  v2
L =  .^# =  —~2 +  7--------2 (8-4-1)dx x  dx x*

which is of the form (8 -2 - 1 ) with

p(x) =  v. </(.v) =  .v. r(x) -  — v2 .v~ 2 (8-4-2)

are called finite Hunkel transforms (Cf. Sneddon, 1946). If we take 
i  = -A 2. the first of equations (8-2-9) is simply Bessel’s equation

d 24> , \ dt)> / . ,  v2
+ -  • + / • -----s 1 = 0 (8-4-3)dx1 ' x dx \  x ‘ 

which has general solution

<£(/...*) =  cI( /)J l.(/..v) + c2 (/)Y v(/..v). (8-4-4)

The particular values of A appropriate to any boundary value problem 
will, of course, depend on the forms w e assume for the operators M and N. 
We shall now consider special cases in some detail
Case (a): 0 < x =$ a. N/  =  /.

The required solution of equation (8-4-3) in this case is

Cpjx) =  Jv(sVv). (V 5= 0) (8-4-5)

where £,,£ 2 . • • are the positive roots of the transcendental equation

Jv(<«) = 0.

The transform (8-2-10) becomes in this case

f i j n )  = ^i.v[/(v);/i] = j “ •V/i.v)Jv(c„-T) dx: 
J o

(8-4-7)
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we shall call it a finite Hankel transform o f the first kind. Since the Bessel 
functions of the first kind satisfy the orthogonality relation

J “ xJv(imx)J,({Kx) dx = \a 2 |J>+, (c„u)}2^n„ (8-4-8)

it follows that the inversion formula for the operator , is

4 2  v™'
s A x ) = p

ft * I
■Ml.*)

K +, ( ^ ) 3 2 '
(8-4-9)

This, of course, is merely a restatement of the classical theorem in the 
theory of Fourier Bessel series (see, for instance. Chapter XVIII of 
Watson, 1944) which states that if/(.v)e ^ '(0 .« ) and if its finite Hankel 
transform /J v(n) is defined by equation (8-4-7) then, at any point x  of 
(O.a), the series

2

** i [J ,+1(<„0)]2

converges to the sum f [ /(x + )  + f ( x  —)].
The properties of the operator 4, , follow immediately from those of 

the Bessel function Jt(c„x).
Integrating by parts we see that

4 ..[ / '(* ) :» ]  =  [ t/(x)J,(c,,x)]0‘' -  f  f { x ) ~  !.vJv<^x)J dxJo fix
If we suppose that v >  0 then xJ.(^„x) will vanish at x = 0 so that if we 
assume that f ix )  is finite at x  — 0  then the quantity in the square bracket 
will vanish at the lower limit. It will vanish at the upper limit because of the 
choice of ^ —provided of course that f(a) is finite. Using the recurrence 
relation

f i  i * - v +  1 „ . ,
— xJ.Uvr) = — C„-vJ , - i (sV t)f.T 2v

V -  I
2 v

we find that

Ai .,[/'(* );« ]

C„.vJv+1(c„x),

(v 0) (8-4-10)

2 V inJI. v — I (W) ^  ioTt.y* |(w)> (•’ ^

(8-4-11)

The case v =  0 has to be treated separately. Instead of (8-3-10) we use the 
relation

~  {-vJ0(<?„jt)J «  Jod'X) -  s‘„-vJ,(i„x)
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to derive the equation

*i,o[/'(*);«] -  * 1 .0 [* ''/ (* ) ;« ]  -  <„* ,..[/(* ):« ] (8-4-12)
Similarly from the recurrence relation

J,_i(.v) -  ~  Jv(.r) + Jv+I(.x) =  0, (v 0) (8-4-13)

we deduce the relation

*i.,[.v* '/(-*);"] =  +  7i.v + i(w))> (v #  0). (8-4-14)

From equation (8-2-6) we also have the relation 

= -uc./(a)j;(c„«) -  

from which, by using the result

j;<£„fl) = - J v + 1 (^u ) (8-4-15)

we deduce the equation

*i.v[A ./;«] = </<,E„/(fl)J,+ ,(C„a) -  (8-4-16)

Also, from the recurrence formula

^ ;{ * vJv(x)J = x M .-ift)  (8-4-17)

and the rule for integrating by parts we deduce that

* i..[^ ’" 1/ 'W :n ]  =  v -ilV 'V lv );'* ]- <v > 0). (8-4-18)
In particular, if we take v =  1 we have

*i.i [ / '(x );n ] =  -ZJi.o(n). (8-4-19)

To illustrate the use of the finite Hankel transform of the first kind 
we consider the problem of finding the solution 0(r,t) of the diffusion
equation

e2o 1 CO 1 cO+ -  = -  ( / >  0 , 0  s; r <  a) 
cr* r cr k ct (8-4-20)

satisfying the boundary condition

tl W © (8-4-21)

and the initial condition

0(r,0 ) = 0 , ( 0  $  r ^  a) (8-4-22)

which has been considered already in sec. 3-15-3 as an 
of the Laplace transform.

example of the use
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We introduce the transform 

B.V) = [0 (U ) :r  -> /»]
and make use of the result (8-4-16) to show that

+ \  l r ' r " ]  = )

and hence that ifn(t) satisfies the differential equation 

( i t  + Kr,’ "2) 0"(,) =

From equation (8-4-22) we see that it also satisfies the initial condition

0 .(0 ) =  0 ,

from which we immediately deduce that

6,(0 = KaiJi(i,ak„(t)  (8-4-23)where
c„(t) = J  /(u)e~’'nl('~“l du.

Applying the inversion formula (8-4-9) to equation (8-4-23) we obtain the 
solution

2  v- "
0 (f.o = 2 ^

Jo tfs)
J , ( M

in agreement with equation (3-15-20).

Case (6 ) ■ 0 * s£ a, N / =  /'(a) + hf(a).
The required solution of (8-4-3) in this case is again .!,(£„*), (v > 0), 

but now £,,£ 2- • • • are the positive zeros of the transcendental equation

U 'J L a )  + hi,(L<0 = 0 (8-4-24)

and the finite Hankel transform of the second kind is defined by the 
equation

f 2 ,(n) m 43 v[ / ( A ) ; n ]  =  JJ a/U J-U ^.v) dx (8-4-25)

where is the /i-th positive root of the equation (8-4-24). Since the Bessel 
functions now satisfy the orthogonality condition

•*J»<{.*)J»<v„*) </.v = i t / ^ l  + - j  {-MO)}2* -

( 8 - 4 - 2 6 )
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(Cf. Problem 8-14) it follows that the inversion formula for the operator
*2 . , is

'f2 .*~, [ / 2 ..<',):-v] s  f(x)

2  V" T , , ^„2Jv(c„.v)
?  L  h  J n )  («.2 + A1' 1  v2A/2){J.(s%«)P' 

#1 = 1

(8-4-27)

The properties of the operator Al v can be established in exactly the 
same way as those of /f, v. We obtain the relations:

6 i A . t ( v);«] £f/(«)J „(£„«) +
v_+_ 
‘ 2 v £n.?2'V - 1 1 ^ 1

-  V 2V-1^ , + 1(«) (8-4-28)

^2 .o[/'(-t):»] =  af\a)i0i^ a )  + A2.„[.v~ ’/(.v);n] -  Z j i .M )
(8-4-29)

,.[v */(.t):«] =  ~  {/,.,_ ,(«) + 7 1 , , + (v > 0) (8-4-30) 

'#2.»[v, “ 1/ ( v) ; h]  =  a ' } J q n a ) f ( a )  -

(v >  0) (8-4-31)

(8-4-32)

To illustrate the use of the finite Hankel transform of the second kind 
we consider the solution of equation (8-4-20) satisfying the boundary 
condition

cO(aj)
+ hQUi.t) = 0 , (/ ^  0 )

0{r.0 ) = f(r), ( 0  «S r s? a).

If we introduce the transform

5,(0 =  6i,o[0(rj):r  -♦  n]

then from equations (8-4-32) and (8-4-33) w-e see that

^2,0

so that 0, satisfies

c20 1 cO
~ 2 4-----
r r  r  cr =

(8-4-33)

(8-4-34)

Fi + Ks"
5„<0 = 0.
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Also from equation (8-4-34) we see that it satisfies the initial condition

Dn(0) = .£.o(”) = *i.o[Ar):n]
and hence that

0 . 0 ) =  / 2.

The required solution may therefore be written in the form 

0(r,r) = -  f]
and. from equation (8-4-27) with v = 0, we see that this is equivalent to 
the series solution

0 (r.r) = 4  X 77u l-t  (£,y  « „ 2 + a2 )[j v( ^ u)]j
‘” ' 1  uflu) J, (s„u) du

where the summation extends over the positive roots ^ . in ­
equation (8-4-24).

of

Case(c): a < x  s£ b, M/= / ( « ) ,  N /= / (£ ) .
The required solution of equation (8-4-3) in this case is

<t>„(x) = Jt(£„x)Y,({„a) -  Jv(i!;„a)Yv({„x) (8-4-35)

where now is a root of the^transcendental equation

J.(yi>)Yjy(J) -  Jt(i5„u)Yv( c »  = 0. (8-4-36)

We then define the finite Hankel transform of the third kind by the 
equation

fs j t i )  s  43 .y[/(*);n]

= £  x/(x)[JJZmx) Y,(<„«) -  Jc(^)Y ,.(nv)] dx. (8-4-37)

Using the orthogonality condition

r 2 {Jv(f„u) } 2 -  {Jy( £ „ / > ) } 2

"  {j , ( * > ) } 2 '  "
(8-4-38)

for the functions <f>m(x) defined by equation (8-4-35) we see that the 
inversion theorem for the operator 43 y is

^3.._ l[./s.,(«);-v] /<*) = in 2 £
n ™ I |J ,( n a ) } 2 -  |'j,('i.A)!J

x [j,(nx)Y v(n«) -  j v(n«)Yv(n v )] (8 -4 . 3 9 )

the sum extending over all the positive roots of equation (8-4-36).
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Also, from equation (8-2-6), we have the useful relation

= -2 JIV; | 4 ! m  ~  - m  -  C h . M -  (8-4-40)

For an illustration of the use of this finite Hankel transform of the 
third kind the reader is referred to Problem 8-24.

Case (</) a ^  x < h, Mf  =■ f'(a), N / = f(h).
The appropriate solution of (8-4-3) is

<M*) = -  j;(^u )Y v(^.x) (8-4-41)

with a root of the equation

-  j;(^„u)Yv( ^ 6 ) = 0 . (8-4-42)

The functions <j>n(x) defined by equations (8-4-41) and (8-4-42) are easily- 
shown to satisfy the orthogonality condition

x t j x r t ' W d x  -  ^  J2 ( '  J v ) ]

(8-4-43)

so that the inversion theorem for the operator 44 of the finite Hankel 
transform of the fourth kind defined by the equation 

44 ,,[/(.v);«] s  / 4fV(n)

x J, -vf(.\)[Jv({B.x-)Y^(^fl) -  j;(^u )Y #(^.e)] dx (8-4-44) 

w ith £„ the n-th positive root of equation (8-4-42) is

Ax)  =  44 v (/i);.v]
. _______
2 h i  -  (i -  v2/ca2o2){J, ( ^ / > ) } 2 x

x [Jv(^-v)Y;(^u) -  J;(£„0 )Ys(c„*)] (8-4-45)

where the summation extends over all the positive roots of equation 
(8-4-42). In this case equation (8-2-6) gives

44 .v[ * v/(.v):n] = - C T * , w  -  4 /'<*> + - T r r ^ f (h) <8'4^ 6)ItQm n •Ms.*)
An example of the use of this transform is given in Problem 8-25.

C a s e ( e ) :  a  < x  ^ b . M /  =  / ( a ) ,  N /  =  /'( /> ).
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This case is very similar to the last one. It leads to a finite Hankel 
transform of the fifth kind given by the equation

*5.,[/U K "] = /,..<«)

=  £  v/(.v)[ J v (s Bv) Yv(c„ a) -  )Yv(^.v)] dx (8-4-47)

where c„ is the n-th positive root of the equation

■U&aJY^.A) -  j;(sV>)YvkV0 = 0. (8-4-48)

The inversion theorem is contained in the equation

<*5. . " ‘[/s, ,("):<] = fix)

_ , 2 ST in2 ____
-n L  (T -  v2/ ^ 26j ) { jv( v » } 2 -  !J ;.(c» }J *

X [Jv(c„.v)Yr(c„«) -  Jv(c„a)Yv(<„x)] (8-4-49)

the summation extending over all the positive roots of equation (8-4-48). 
Corresponding to equation (8-4-46) we have the relation

^s,v[-*,/U);«] - ^ 2/s.v(«) + 7  /'(/>) - 2 J;(C-A)
nJ,(s»o)

/(a). (8-4-50)

Case(f): a < .v b. M/ = / '(a ) . N/ =/'(/»). 
In this case the appropriate eigenfunction is

<M-v) = Jv(^.v)Y;(«„a) -  j;.(^a)Yy(^.v) 

where is the n-th positive root of the equation

r ,( imn Y^(c„a) -  j;(v» y ;(c;„6) =  o.

Since these functions satisfy the orthogonality relation

r-t</>™(-T)0 ,(-v) dx

7t2 z 2 Cn

(8-4-51)

(8-4-52)

we see that the finite Hankel transform o f  the sixth kind defined by the 
equation

A > .v [ . / U ) : « ]  s  L . M )

= J\v/(.v);),<{,,*)YJO^a) -  j;(^a)Y,(;„.v)} dx (8-4-53)
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has the inversion Formula

4,.v* '[./«.»(«);•*] = /(* )
X>X> {K(Lh)}%Jn)<p„(x)

( 1  -  -  ( 1  -  »V<.2fl2){j; ( « ^ ) } 2

(8-4-54)

where is defined by equation (8-4-51) and the infinite sum is taken 
over the positive roots of equation (8-4-52).

In this case equation (8-2-6) takes the form

The use of this transform in a typical problem of mathematical 
physics is shown in Problem 8-26.

The general finite Hankel transform corresponding to the operators

L = W  = f(a) + hfia), N/ = /'(/>) + kfib)

has been considered by Cinelli (1966). The formula expressing the inversion 
theorem for a transform as general as this is very complicated and it is 
better, in discussion of a problem involving the operator to construct 
the finite Hankel transform specific to that problem. Further examples of 
the procedure are provided by Problems 8-27 and 8-28.

8-5 FINITE LEGENDRE T R A N S F O R M S

Finite transforms corresponding to the differential operator

were first discussed by Tranter (1951) and Churchill (1954). In this case the 
appropriate eigenfunctions are the Legendre polynomials P.(jr). 
(n = 0 . 1 , . . .), with, in the notation of sec. 8 -2 , c. = -n (n  + 1 ).

If we define the finite Legendre transform by the equation

we can use the procedures of sec. 8 - 2  to establish an operational calculus of 
such transforms.

Since P0 (.v) = 1. P,(.t) = x, we have the special cases

2  J ;« .o )
* 4

(8-4-55)

d , d
L = — ( 1  —  x 2) — ,  - l s S . r s c iax ax

(8-5-1)

JI(0) = J11 fix) dx (8-5-2)
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Ji( I) = J' j xj\x) dx. (8-5-3)

In particular
,r[/'(-v);0] = /( l)  - / ( - l )  (8-5-4)

;l]  = ./(!) + / ( - ! )  -  Ax) dx. (8-5-5)

Replacing fix) by f'(x) in (8-5-5) and using (8-5-4) we find that

'[/" (* ); I] = / '(D  + / ' ( - D  -  /(I) + / ( - ! ) •  (8-5-6)
The well-known orthogonality property for Legendre polynomials

J  P-M P.W  dx = 2 ~ ~ j (8-5-7)

can be written in the form 

/[P m(x):n] =

In particular, by taking m = Owe see that if c is a constant

/[ciO] = 2c, }
(n = 1 ,2 , .  . .). | ^

The inversion formula for the operator f  follows from the Fourier - 
Legendre expansion theorem—itself a consequence of the orthogonality 
relation (8-5-7)—which states that if/(.r) e iP‘[ — 1.1], then the series

Z (n + WA”)p»(x)a-0
converges to ][/(*  + ) + f ( x —)] for all x belonging to ( — 1 , 1 ).

We therefore have the inversion formula

»);*] = Z  (" + WM)K(x). (8-5-9)
11*0

Other operational properties of the finite Legendre transform can be 
derived immediately from elementary properties of the Legendre poly­
nomial.

For example, since

f[ f(~ x ) ,n ]  = J ' i /(-.v)P„(.x)d.v = j ' ^ f ( x )P n( - x ) d x

and P.(-jr) = ( -  l)"P„(jr), we see that 

/ [ / ( - * ) ;« ]  = ( — 1 )"//(/»)
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a result which is more often used in the alternative form

r ' K -  1 rf,(n) :x] = / ( - * ) .  (8-5-10)

Also, by equation (8-2-6), we have the result

provided that both (I — x  2 )/(.*) and ( 1  — x 2)f(x )  vanish at the end­
points x  = ± 1 .

From the recurrence relation

<2» + i)p„(.v) = p,;+1(.v) - p;_,u)
we deduce that

( 1  -  .v2 )/'(.v) m(m + 1 \Ti(n) (8-5-11)

J!, *(x)p»(-x) dx = <2n + *> ‘l>(*)!p..+ i(*) ~ P.-iU)!]-1‘
-  (2 m + I T 1 g'(*)jP„+I(.v) -  P„-,(.v); dx

that is. that

^ [ j? (x ) ;n ]  =  (2« +  1 ) " 1 \ / [ g ( x ) , n  -  1] -  /'[g '(jr);M  +  I]} .

(8-5-12)
In particular, we have the special case

/I(” -  (2>. +  ! ) - ( # ■  -  I ) - T , ( n  +  DJ- <*-5-13)

By repeated use of equation (8-5-12) and the equations (8-5-4), (8-5-5) we 
find that

^[/'(.v);2w] =  /(1) - / ( - I )  -  Y '  <*" -  4r -  \ ) f , ( 2 m  -  2r -  1)
r *  0

(8-5-14)

<Xf ' (x):lm + 1] = 7(1) + /(-1)— T  (4n» -  4r + 1 )7T(2m -  2r).
r= 0

(8-5-15)

From the recurrence relation 

(m + l)P„+1(.x) -  (2m + 1 ).tP„(.x) + mP„. ,(x ) =  0 

we deduce immediately that

/[ .v/(.v);m] = (2m +  1) ~ 1 { (m +  I )J\(n +  1) +  m/J(m)}. (8-5-16)

Repeating this result we obtain the relation
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/[.v2/(.v);«] -
J n  + !)(» + 2 )
(2n + 1 )(2 m + 3) fi(n + 2 ) +

In the case where n is a positive integer the second solution of 
Legendre's equation may be taken to be

(Neumann's formula for the Legendre function of the second kind of positive 
integral order n). This may be interpreted as the form

One of the features of the finite Legendre transform which facilitates 
its use in the discussion of boundary value problems is that Churchill and 
Dolph (1954) have established a convolution theorem for this transform.

This states that if f(x)  and g(.x) are bounded integrable functions on 
the closed interval [ —1.1] and f,(n) and g,(n) denote their finite Legendre 
transforms, then

where, for each fixed are ( - 1 . 1 ), ft is the region bounded by the ellipse 
with equation

/[(a  -  -v)" ’ ;/i] =  2 Q„(a). (8-5-18)

f~ l [./i(«)<?i(«);-*] = M.v), (8-5-19)

where h(x) is described by any one of the following formulas:

21 Jo Jo (8-5-20)

with

cos© = cos 0 cos O' + sin Osin O' cos 4> (8-5-21)

x g[sin</>sin(^ + ]0 )} # (8-5-22)

* J Jo
(8-5-23)

y 2 + z 2 -  2 * v2  = 1 -  x 2.
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If we put x  = I in the relation (8-5-19) written out in the form of a 
Fourier-Legendre series and use P„(l) = 1, we obtain the identity

£  (« + \)Ti(n)g,(n) -  f '  fix)g{x)dx. (8-5-24)
n = 0 •'“ l

Similarly if we put x — — 1 and use the relation P„(— I) = ( — 1 )", we 
obtain the identity

£  ( - l f ( n  + W ,(nWn)  = P  f (x)g(~x)dx .  (8-5-25)
n=0 J -  I

As an illustration of the use of the finite Legendre transform in the 
solution of boundary value problems we shall derive the solution if/(r,0) of 
the interior Dirichlet problem

A3 ^(r,0) = 0, 0 < 0 < ;r (8-5-26)
i)j(a,6) = /(cos0 ), 0  < 0 < rt. (8-5-27)

We have

(8-5-28)

where
d - , d

L = — ( l - . v 2) —, x — cos 0 
dx dx (8-5-29)

so that

lr,x -+ n] = ~  {rr j"  ~ n(n + ’ A (8-5-30)

with

i?,(r,n) = i'0 (r..v);.r -> n].

It follows immediately that the transform (r.n) satisfies the 
differential equation

( f r  f l  ~Fr ~ n n̂ + = 0  < r ^  a

and the boundary condition

if,(fl.M) =Ti(») = /[/(* );« ].
In addition the solution must be such as to be finite everywhere within the 
sphere of radius a. We therefore have the solution
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so that

'!>(r.O) = Ti(n);n -> cos0  j  .

Now by (c) of Problem 8-30 we have

f ~ 2 :n -* x j  = \a(a2 -  r2)(a2 -  2arx -I- r2)-1

so that making use of the form of the convolution theorem expressed by 
equations (8-5-19) and (8-5-20) we obtain the solution

aia2 — r2) f' f*
ip(r,0) ------ — -----J /(cos O') sin O' d0' J

(a2
d<j>

2urcos© + r2)1’

where 0  is defined by equation (8-5-21).
Further examples of the use of finite Legendre transforms in the 

solution of boundary value problems in mathematical physics are given in 
Problems 8-35 through 8-39.

We can easily adapt the above procedure for use in applications in 
which the range of the independent variable is (0,1). We do this by con­
sidering even and odd extensions of the relevant function over the interval 
( - 1. 1).

We define the odd Legendre transform by the relation

A .+ 1 s  -  n] =  f t/(x)P2n+,(x)dx (8-5-31)
Jo

and the even Legendre transform by

A .  = <%[/(x);x -  «] = Jo‘/(x)P2„(.v) dx. (8-5-32)

and

The inversion formulas for these transforms are easily seen to be 

t ,~ ' iA .+  i ; t] = f(x )  = £  (4n + 3)/2„+ lPjB tl(x), 0 < x < 1
n * O

(8-5-33)

t .  ‘[/a .;* ] s  f ix )  =  X (4/i + l)4,Pj„(x), 0 < x <  1
1**0

(8-5-34)
respectively.

Further, if



460 THE USE OF INTEGRAL TRANSFORMS

then

f  n[L/(v);.v

and

/i] -  (2n + l)P 1 (I(0 )/(0 ) -  (2« + l)(2n + 2)4,+ 1
(8-5-35)

f e[L/lx):x -  n] »  - P 2„(0)r<0) -  2 /,(2 n + l)/2„ (8-5-36)

8 - 6  TCHEBYCHEFF TRANSFORMS 

The eigenfunctions corresponding to the operator 

• ,< 2. dz dL = (I -  .x2) —^  -  x —  (8-6-1)
dx dx

which is (8 -2 -2 ) with p(x) = (I -  at2)- *, q(x ) = (I -  .x2)4, rlx) -  0 . are 
the Tchebycheff polynomials T.(.v) defined by the equation

T„(.x) = cos (n cos-1 a ). (8-6-2)

In the notation of sec. 8-2, £ = —n2.
We may therefore introduce a finite Tchebycheff transform through 

the equation

4/(.x);«] = ./,*<«) *  (1 -  .x2 ) ' 4T,(.x)/(x) dx. (8-6-3)

Since the Tchebycheff polynomials satisfy the orthogonality condition

(1 -  x2) 4Tm(.x)T„(.x) dx =
m 0 ,n  0

ji, m — n = 0

we obtain the inversion formula

1 2/ - ‘[/,*(«);*] s  ax)  = -/,* (0 ) + -  > f*(n)T„(.x). (8-6-4)
n n i—i

n = 1
With the operator L defined by equation (8-6-1) we see that equation 

(8 -2 -6 ) yields the relation

/  [ L/; «] = — «2 / [ / ;n ]  (8-6-5)

which is readily generalized to
/[Lr/;n ]  = (— 1 )rn2r/,*(n) (8-6 -6 )

for every positive integer r.
It is possible to derive a convolution theorem for the finite Tchebycheff 

transform.
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We have 

f,*(n)gT(n)
"  J > " » j ' ,  *(I,T-(‘ I

-rj>
-*rj>

/(cos 0 )g(cos 4>) cos (fill) cos (n</>) dOd<fi

i(cos 0)gc(cos<t>) x 

x (cosn(fl -(-(/)) + cos;;((( — </>)' d0d4>

where /,(cos0 ). ge(cos<j>) are the eeen extensions of /(cos#), g(cos</>) 
defined in (O.jt) having period 2n.

The transformation

x = # + </>. y = </> 

for which

< W ) = .
r(tf.<£)

maps the square :|()| < n,\<f>\ ^  re} onto the parallelogram {(.v.y):
|.r — y| < Jr, |v| < Jr} and this can in turn, by virtue of the periodicity be 
replaced by the square {(a% v>;|at| < jr,|y| < 7t}.

Hence

| J  J  f e(cost))ge(cos<}>)cosniO + <j>) dOdtjt

= i  Jo cos (nx) dx J /,(cos v -  y)g,(cosy) dy

If we let x  = cos 1 r  and use

cos(.v -  y) = ccosy + v'(l -  r 2)siny 

we see that this becomes

Jr cosy + v/(l -  r 2)siny}g,(cosy) dy

= i 4 < / *  - « ]
where we have written

( / *  g)U) = $ J /„(*cosy + v/ l  -  v 2 sin y)gr(cosy) dy. (8-6-7) 

We can show similarly that the integral 

J J /,(cos())g,(cos(j>)cosn(l) — 4>) dt)d<t>

f '  T„(z) dz r*
J . v<l - * 2)J  '
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has exactly the same value. Hence

' ' [ ( / *  g)(*);/i] =/,*('»)£*(") (8 -6 -8 )
or, in inverse form,

V1 = ( / *  £)(*)• (8-6-9)
Further properties of the finite Tchebycheff transform are developed 

in Problems 8-40 through 8-45.

8-7  FINITE MELLIN T R A N S F O R M S

We conclude this chapter with an account of a finite transform which is 
generated in a different way from those considered above—the finite Mellin 
transform due to Naylor (1963).

We define a finite Mellin transform of the first kind by the equation

*«i[/(*); *] s  = j* -  x '  ^ f { x ) d x  (8-7-1)

and a finite Mellin transform of the second kind by the equation

" ^ [ / ( t);.*] = f*(s)  = J  + x '~^f{x)dx .  (8-7-2)

From these definitions it follows immediately that

/ ,• ( -* )  = (8-7-3)

and that

/ • ( - s )  => fl-Jy?(j). (8-7-4)

Replacing/)*) by xf'(x) in the definition (8-7-1) and applying the rule 
for integration by parts we find that

* i h r W ; t ]  = (8-7-5)

provided that .v is such that

lim (fl2s.v- ’ -  x‘)f(x) = 0. (8-7-6)
x — Q

Similarly we can show that

[*/'(*) ;s] = sf\*(s) + 2a‘f(a) (8-7-7)

provided that

lim (o2l.v_I + .v, )/(.v) = 0. (8-7-8)x-* 0
If we write
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d d 2 d2 d L, = x -j- x — = at-1 —-j + .v — dx dx ax* ax-
then, from equations (8-7-5) and (8-7-7) we deduce the relation 

[ L i / ( . t ) ; s] =  s2/ , * ( j ) +  2s a 'f(a )  

provided that

lim {(a25* - 1  — ,rs).v/'(.x) + s(a2‘x~s + jc*)/(jc)} = 0

(8-7-9)

(8-7-10) 

(8-7-11)

and the relation

=  s%*(s) + 2a'+\f\a) (8-7-12)

provided that

lim {(«2*.r~* + x*)xf'(x) -I- s(u2sx~3 -  .v^/fv)} = 0. (8-7-13)x — 0
These relations are useful in applications to problems involving the 

two-dimensional Laplacian operator in plane polar coordinates (p.<f>).

£2 l £ 1 r 2

2 £ p 2  +  p  £ p  +  p 2  £<j>2

From (8-7-10) we see that provided s is such that

lim { { a u p - ‘  -  p ‘ ) p u p ( p , < f > )  -I- J(a2V *  +  P ’ M p , < j > ) }  = 0
P~*0

(8-7-14)

(8-7-15)

then

my [p2̂ iu(p.4>y,p u*(s,<f>) + 2sa‘u(a,<f>)

where

u ^ ( s , 4 > )  =  « f ,[u (p , 4 > y , p  — •*]•

Similarly from (8-7-12) we can show that if s is such that 

lim {(a2'p~‘ + p’)p«„(/>.0 ) + s(a2*p~‘ -  p’)u(p,<j>)} = 0

(8-7-16)

(8-7-17)

(8-7-18)

then

»»20 2A2n(p,4>);p i/J(j ,0 ) + 2a‘*1
£u(a,<j>)

£ p

(8-7-19)

where

(8-7-20)
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It is obvious from these equations that in potential problems concern­
ing a region 0  <  p $  a. x <  <f> <  /J we use the *w,-transform when ) 
is prescribed and the //^-transform when cu(a.<t>)/Pp is prescribed.

To establish the inversion formula for the m x-transform we consider 
the integral

where the function /(.v) is defined by the equation

/(-v)
!_

2ni

/V + iS

- x d s
c - i N

in which it is assumed that /,*(.v) is regular in some strip jResj < y of the 
.v-plane and that 0 < c < y. We then have

u 2J_
+ I — .V5' ./(V> d.x

i f c  + iS f a
/,*(/) dl (a2sx

J.-.iv Jo

1

r-W 
c + iN

a ' - f i t )

dt
t + .v 

dt
I — s

x s~'~l) dx

Now if we change the variable in the first integral from t lo - t  and make 
use of equation (8-7-3) we see that the first of these two integrals becomes

I
2ni I a '- 'K U )

dt
t -  5

so that

x ^ f ix )  dx
2*/ (Jc-i.v J - £+i/»J t ~ s

We now close the contour by the two lines u =  x +  /.V, ( — c <  r < c), use 
Cauchy’s theorem and then let N  — x .  If we assume that |/,*(/)| remains 
bounded as |Im r| — oo, {Re rj $  c, we see that the integral on the right 
side of this equation tends to/,*(s) as N  -* x .  Hence if

fi x) = “  J  x f f i s )  ds 

where C is the line |Res| = c, (0 < c < y) then
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This gives us the inversion formula for «/, in the form

'"i 1 [ /’,*(̂ >; v ]  = j -V %*{s) ds. (8-7-21)

By an exactly similar method we can show that the inversion formula 
for m2 is

« j " ' [ / i * W : - v ]  = ~  x~sf 2*(s) ds. 
2 »t' Jc

(8-7-22)

Another pair of finite Mellin transforms—this time suitable for the 
analysis of boundary value problems in spherical polar coordinates—is 
defined by the pair of equations

« j [ / ( - t ) ; . v]  s  f*(s)  = ~ x ^ f ( x ) d x (8-7-23)

»'4 [/(v);.v] = JS(s) = j" T  + v5 + 1 j / ( x )  dx. (8-7-24)

These transforms have the property that if

L _ x z d 2 , 2x d L2 - X — . + 2x~x

then
"’sL L2/ ;s ]  = s(.v + 1 )/j*(.v) + 2r/i+ 'f(a) (8-7-25)

and
= s(s + 1 \f*(s) + 2 a*t 3/'(a). (8-7-26)

Using a method similar to that employed in the derivation of the 
inversion formula for the ^-transform  we can show that the inversion 
formulae for these transforms are

"'i  '[/j*U); v] = x - ’~ 7j*(v) ds (8-7-27)

" ' 4  1 [ /4*(.v);-v] = - ^  |  x - ‘~ %*(s) ds (8-7-28)

where C has the same meaning as before except that now |Re.v| <  y is the 
strip of regularity o f /3*(.v) or f*(s).

From equation (8-7-25) we see that if we denote

As
P .  P i ?

- -  r*  -• 4 -  ..................
. „sin 0 - -

Pr Pr sin 0 cu PO
(8-7-29)
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for the axially symmetric Laplace operator in spherical polar coordinates 
(r,0,<p), then we have

*w3 [ r 2A.w(r,0);r -» s]

~ ^ s i n O ^  + s(s + l) |u?(a,0 ) + (2 s + 1 */**'«(«,0 ) 
sin 0 cO c9 J

(8-7-30)

where

«?(.v.0) = M3 [u(r.0);r -» s]. (8-7-31)

Similarly from equation (8-7-26) we have the relation 

»>4[r2Aau(r,0);r -» .r]
- r ~  'STi sin 6 + s(s + I )1 «J(s,0) +  2a, +iur(a,0) (8-7-32)sin 9 c9 c9 J

where

uMsM  = /w4 [i/(r,l9);r -* s], (8-7-33)

As an illustration of the use of these transforms we consider the 
problem of determining the plane harmonic function u(p,tp) in the sector 

— at < $  <  x satisfying the boundary conditions

u(a,<f>) =  0, u(p\  ± a ) =  /(p ).

From equation (8-7-16) we deduce that the finite Mellin transform 
uf(s,<p) defined by equation (8-7-17) must satisfy the equation

+ *2)  ^  = ° 

and the boundary conditions 

«*(•*. ±  a) = J\*(s)

where f*(s)  is the finite Mellin transform of the first kind of f(p). Hence 
we find that

u*(s.<p) = /,*(s)
cos (s<p) 
cos(.va)

From the inversion formula (8-7-21) we therefore deduce that the required 
harmonic function is given by the equation

,.(p »  -  ~  Jcp s/ * w
COS (s<P) 
cos(sa)

its
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with
/,*U) = p V T , - ’- '  -  p*-')f(p)dp.

Jo

Further illustrations are provided by Problems 8-46 and 8-47.

8-8 A NOTE ON OTHER TYPES OF FINITE T R A N S F O R M

Reference should be made to other forms of transform which are special 
cases of the finite Sturm-Liouville transform discussed in sec. 8-2.

Laguerre transforms have been discussed by Debnath (1960), McCully 
(I960), and Hirschman (1963), Hermite transforms by Debnath (1964). 
Jacobi transforms by Scott (1953) and Debnath (1963), and Cegenbauer 
transforms by Conte (1955). Lakshmanarao (1954), and Srivastava (1965).

A transform of a different kind was introduced by Tricomi (1951). 
This is the finite Hilbert transform defined by the equation

JH(x) m A[f{y)-x] = -  f' (8-8-1)
n  J  - 1 y  — x

where the integral on the right-hand side of the equation denotes a Cauchy 
principal value. The corresponding inversion formula

/< ,> »  < - t7 .W ;r ]  -  ^ T T 7 > [C

( 8- 8- 2)

in which C is an arbitrary constant, was established by Tricomi. (See also 
Problem 8-50.) This can obviously be written in the alternative form

*'M .L(x)\y] = [C -  -  -tj)/»(.v);>’}] . (8-8-3)

Tricomi also established the relation

4 / (  •>')**(>') + 4>)./*< >'); *] = Th(x)gkix) -  f(x)g(x) (8-8-4)
which is the analogue of Parseval’s relation for Fourier transforms.

A finite Laplace transform which should prove useful in the analysis 
of certain physical problems has been discussed by Dunn (1967). He 
defines

/ ( p ,T) = f{t)e- "  dt. (Rep »  a) (8-8-5)

for f ( t ) e  .^ ‘[0,7]. This allows us to consider a more general class of 
functions than does the Laplace transform. For instance, the function e‘l 
does not possess a Laplace transform but it does have a finite Laplace
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transform. Also, in determining the response of a dynamical system at 
time T  we need only know the input to the system up to time T. The 
inversion formula is

where C is an arbitrary contour except that it must terminate at the points 
a + too. The arbitrariness arises from the fact that f tp ,  T) is an entire 
function of p. Similar results were derived earlier by Amerbaev (1961) in a 
paper which has been unfortunately neglected.

In recent years several authors have considered integral transforms of 
the type

The inversion formula for transforms of this general kind is easily derived 
by the methods of sec. 4-5. We shall not discuss transforms of this kind 
since they do not appear to have any useful applications and merely refer 
the interested reader to Sneddon (1968) and the papers cited there.

P R O B L E M S

8-1 Prove that

8-2 Calculate ^ [ e ^  .x

n

—*■ n] and /c[ek*;x -» n] and deduce that 

1  a sin hk(a — x)] n sin hka
0  < x <  a.
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8-3 Show that the solution u(x.l) of the diffusion equation

^  = 0 < x < « . / > ( >
OX K Cl

satisfying the boundary conditions 

u(0,0 = u(a,i) = 0. 1 > 0
and the initial condition

m(jc,0 ) =  f[x). 0  ^  .v <  a

can be expressed by the formula

u(x.i) =  -  £
H- 1  ̂ *

8-4 Find the solution in D = {(.x.y):0 <  x  <  a. 0 ^  y  < b). of the dif­
fusion equation

kA2m(.x.M ) = / >  0,ct

when u vanishes on the boundary of D and 

ulx.y.O) = f(x,y), (x.y) e D.

8-5 The function u(x.y) satisfies A2u = 0 in the region D defined in the 
previous problem, and the boundary conditions

u (0 .y )  =  u ( a .y )  =  0 , 0  <  y  <  h
u(x,0 ) = fix), ulx.h) = 0 , 0  < x  €  a.

Show that

u(x.y) T,(m)
sin hmniafh — y) 

sin hmnb/a
:ni

whercT.lm) = /[/(.x);.x m].
Show also that we may write

u(x,y) =  ~ /u~'[nojm„"\r,(m);(m.n) -  ( v,.v)]

where is defined by equation (8-1-57).
Deduce the first form of solution from the second.
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8-6 The function u(x,y) satisfies A2w =  0 in the semi-infinite strip 
{(x,v) : 0  <  x <  oo, 0  <  y $  h}, and the boundary conditions

m(.v,0 ) =  0 , u(x,b) = 0 , x  > 0  

m(0 ._v) = f[y), 0  < y  <  h
u(x,v) -* 0  as x  -» oo, 0  y  <  b.

Show that
2  x

w(x,y) = ^ c o s ~ .
n - I

8-7 Show that if the normal derivative of u vanishes at all points on the 
boundary, dD. of the region D defined in Problem 8-4, then

/£ .[A 2u(-r,.v);(.v,.y) -  (m.n)] =  -  v>„„ujm,n)

where com„ is again defined by equation (8-1-57).
If u(x,y,t) satisfies the diffusion equation

Ajii(x,y,t) ~  (.v, v) e D, t > 0
ct

if its normal derivative vanishes on dD, and if 

m(x,.v,0) = f(x,y), (x,y) e D

show that

1 ,  2  . mnx
u(x,y,f) = — TjO.O) + — )  ./„(m, O j e ^ c o s - — 

an an i s  affl* 1
* ̂ r —' wtv

+ i , L :

m - 1 rt = 1

where £r(m,H) = fcc\_j\x,y):{m,n)].

8-8 The function u(x,y) satisfies A2u = 0 in the rectangle D of Problem 8-4. 
and the boundary conditions

^ ( 0 ,y) = d u ^ y )  0 * v * b
dx ex

m(x.0 ) = fix), u(x,b) = 0 , 0  < x $  a.
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By considering /f[n(x,>');x -* m] show that 

. » / - lT r /  .smh{mn{b -  y)/a} 1
-  f  [flm) ”  -  * |

and by considering /Js[u(x,y);(x,>-) (w.n)] show that

u(x,y) = ~ /{s~‘[n<um,~ l£(/n);(m.n) -> (x.y)]

where wm„ is defined by equation (8-1-57).
Show that the two results are equivalent.

8-9 Prove that J

(a) ^ i[ l ;» ]  =
(b) ,r,[H(t -  x);x -* n] = 1 sin(£„/), 0  < t < 1

(c) .r,[.v;n] = C 2 { ( 1  + /i)cos^„ -  1 } 
id) JT,[1 -  x;n] = { . - * < 1  -  cosU-

8-10 Show that if 0 < / < l and h is the constant occurring in equation 
(8-3-4),

2 cos(<;,,/):*] = l + / » ■ * - / -  (x -  f)H(x -  /) 

where H is the Heaviside unit function.

8-11 Show that
-  x);n] = cos

and deduce that

j/(x) + h £ ’./(/)<//;«J

‘[cos<;„/,•(«):.v] = / ( l -  x) -  h f* e ta/(I -  t)dt,
Jo

( 0  < x < l).
8-12 Show that

= (i -  t) [*m d tJo
+  £  ( I -  ') / ( /)  <* +  h - 1 J0‘ / ( t )  d t , ( 0  <  .v <  1).

8-13 Show that the integral transform .f 3 defined by the operators

L = W  = A/(0 ) -  / '( 0 ), N / = / ' ( I)

has the property that

^j[/i.v);«] = ^ [ / ( l  -  *):«].
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8-14 If w, and Wv are any two solutions of Bessel’s equation show that, if 
A =£ m.

(m2 -  k 2) J* xny( Ax) W^tmx) dx

= [x{Avvy(Ax)If'v(mx) -  WHt(Ax)H'"<mx)}]f. 

Putting m =* k + t  and letting c tend to zero deduce that

j" x\i\(kx)W,(kx) dx

-  i  jjv2 |w'(A.v)M/;(A.v) +  | l  -  w,(Ax)lf’v(Ax)j .

Deduce the orthogonality relations (8-4-8). (8-4-26). (8-4-38). (8-4-43), 
(8-4-54).

8-15 Prove that

<«) 4 i<v[.tv:n] = uv+1 ^ - ' J v + I(^«)

M  ‘ = “Z'lZ*2 ~ k 2r l}v+i(Z,a)

where k is not a zero of Jv(£a).
Deduce the value of

'(C. 2 -  A2) ' ‘J .+ 1 U=„a);x].

8-16 Show that

*i.o“ * [ £ . . " o < X < a.

8-17 Show that if v ^  0

*i.vL*~’," ,/'U );w] = ^ ^ i,»+i[-t‘ v- '/(.v):«] -

8-18 Show that the equation 

(?2v d (  ev\
ff -T-J- =  g(T — I X -J- J +  p (x ,t), 0 <  X <  a. 1 >  0

or ox \  ex/

governing the horizontal deflection j(x,/) of a heavy chain of uniform line 
density a, fixed at x  = a, and under the influence of an external transverse 
force of intensity p(x.t) can be transformed to
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by the substitution .v = a:2.
Hence show that if initially the chain is at rest under gravity the hori­

zontal deflection at any subsequent time is given by

« * » ■ w t ™ ">*(“■’
where • - • are the positive zeros of J0(£) and

pM ] = 5 : p(xj)J0(Z.y/x/a) dx.

8-19 If the chain described in the last problem is released from rest in the 
position y = e(l — x/a), 0  $  .v < a, and swings freely, show that at a sub­
sequent time the horizontal deflection is given by

v(x.t) = 8 e I
n = 1

-M W  x/a)

where . . . are the positive zeros of J0(£).

8-20 The symmetrical forced vibrations of a circular membrane of radius a 
and density <x. under a tension T and subjected to an applied transverse 
pressure p(r,l) may be described by the inhomogeneous wave equation

A2-, 1 c!z___ ..
cr* r cr c* ( 1

1 r*z
2 7. ,*

P(rj)
0  ^  r a? a. I >  0

(c2 = T/a). If initially the membrane is at rest in the equilibrium position 
show that

:(rj) J o  « .r) i;/7„(t)sin {c£„(/ -  t)} dx

where the summation extends over the positive zeros of J0({a) and

P J O  =  * i , o [ p ( r - » : r  - *  « ]■

If p(r,r) = P0i/>(/)H(b — r), 0 < b < a, calculate pn(t) and examine 
the two special cases:

(a) b = a:
(b) b -* 0. P0 -* x in such a way that nh2P0 -* F.
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sin(fc,/)Jo(f.r)

8-21 If. in the notation of the last problem, we take 

p(r,l) ** />0 sin(wf). 0  < r ^  a

show that

A P r f i n ; - i l  +oar l ) 0(a>a/c) J

2Pq V
+ caa^ i  f"2(oj2 ~ c2£'2)iJi(Z*a>}2

8-22 The free symmetrical vibrations of a thin circular plate of radius a 
held along its circumference in such a way that the displacement of the plate 
is zero and the mean curvature vanishes there also, satisfies the partial dif­
ferential equation

\dr2 r cr )  dt2

where c is a constant, and the boundary conditions 

d2w(a,t) 1 dw(a,t)
w(a,t) =  0. r-,—  + -------;----  =  0, (/ $5 0).

a dr

If the plate is deformed to the shape 

M’(r,0 ) = z(l — r2/a2), 0  <  r ^  a

and then released from rest show that 

, 8 c V  cos (ccn/)J(>(£,,r)u(r,/) = - 5  > ---- 3, —

where the summation is over the positive zeros of J0(£a). 

8-23 Show that

(a) 1 ; ,v] = (v + ha)~l(x/ay;

},(kx)
(/>) *2., -  k 2)~ lJv(<;1,a):.v] = a\hi,(ka) + ArJ',(Aa)]

8-24 The diffusion of heat in an infinite hollow cylinder bounded by r — a. 
r = b{b > a) when these surfaces are kept at zero temperature is governed 
by the equation

c^0
c r2 r  c r  k  p i  '
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and the boundary conditions

(a) <W ) = 0, (b) 0(b,t) = 0, (/ > 0).
If. initially.

0(r.O) = f(r). a $  r < b 

show that
X

0(r.t) = i* 2 ^  y c„2{J0( ^ ) ] 2
- fJo (^ )} 2 -  ( J o (^ ) 12

/„ e - '^ '[ J 0(^r)Y0(C'„a) -  J0(^«)Y0(^r)] 

where the sum is taken over the positive roots of equation (8-4-36) and

7  = £  rf(r){)0(^r)Y 0(^a )  -  J0(vc„a)Y0(^r)} dr.

8-25 If, instead of being kept at zero temperature, the surface r = a is 
insulated against the flow of heat the equations of Problem 8-24 remain 
unaltered except that (a) is replaced by

rfMa.l) _  
(ir

(I > 0).

Show that

0(r!i C.2{J0

[J,(^«)Y0(^r) -  Y,(4„a)J0(^r)] 

where the sum is taken over the positive roots of the equation 

Jo(st./>)Y,(f„a) -  J ,(£.*)Y„(£,/>) = 0 

and

L  = f  F/(r)[J,(^a)Y0(c„r) -  J0(^r)Y,({„«)] dr.
Ja

8-26 The surfaces r = a, r =  b of an infinite hollow cylinder are insulated 
against the flow of heat. The temperature field 0(r,i) is due to a distributed 
source of density Q(r,t) so that

r0
cl

dtKaj)
dr

I d0\| + 0<r.r),K ( T2+ - —\rrz r cr)

ciHb.t) = 0. 0 > 0).
cr
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If, initially, the temperature at every point of the cylinder is the reference 
temperature so that fl(r.O) = 0, (ei < r < b), show that

~ ±n2 ^ { } ^ nb)]2<f>n(r) ri f  d n(z)e ~ '* dx 
I Jo'ri P 2 -  U . ( ^ )

where • are the positive roots of the equation

J -  J M 'tn Y tf 'b )  -  0 

and the functions <f>„(r) and &„(t) are defined by the equations 

4>M) = J|(C»a)Y0(^ r) -  Y ,(^n)J0(^ r)

©,(/) =  J  r&(rj)<t>Jr) dr.

8-27 Show that the eigenfunctions corresponding to the operators

L = M f  = f (a )  + hf(a). H f  = f(b)

are

<£„(*) = Jv(^„ v)Yt(l;n/)) -  Jv(cn/))Yv(^A), (a < v < b). (/)

where is a root of the equation

t iJ A L o )  + A - U ^ ) ] ^ / , )
-  K„Y;(scna) + hYv(Z„a)]}JZnb) = 0. <//)

If a finite transform is defined by the equation

*7.v[./W;n] s  /?.,(«) = £  xf(x)<t>„(x) dx 

with </>„(.y) defined by equations (/) and (/'/). show that its inversion formula is

_  , , V _________ + hiMnrtV'Ti.M)__________________ __ ,
271 +  AJv^ . a) } 2 -  (A2 + C„2 -  v2/0 2);j v(£„/>)}2 " *  '

Write down the expression for V[.^y /(.v):/i] in terms of the boun­
dary values of/(.v) and its transform £ .,(» .

8-28 Show that the eigenfunctions corresponding to the operators 

L = Yv. W  =  f ( a )  + hj\a), N / = f i b )

are
0.(.v) =  j .(5.*)y; k . a) -  j;(^A)Yv(^.v), <« <  * <  a) (0
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K.Y'.tf.a) + h \v(l„a)]S\,(inh)
-  +  ft-Us„«)]Y'»(<;(Ih) = 0. <if)

If a finite transform is defined by the equation

^*.v[./( v):/j] s  = J  x<t>„(x)f(x) dx

where <f>„{x) is defined by equations (i) and (//). show that its inversion 
formula is

o&
Ax) = in2 £

* = 1
___________________6 .2{*» - M £ ,a )  +  /i J , (  j „ u ) } 2f s  J n ) 4 >„( x ) ___________________

(I -  ? l t i b 2){SKi'M.o) + hJv(cna)}2 — (h2 + S 2 -  V2/a2)>K(Z.b)}2 
and write down the formula for <fg v[jifv/(x);n].

where is a positive root of the equation

8-29 Prove that

/[H (x)-n] = (2« + 1 ,(0> -  Pn+ ,(0)}. (n 3s 1) 
and deduce that if n is even i'[H(.v):n] = 0. while if n is odd.

/r[H(.v):w] ^ 1 ) ^ %  -  1)!
2"(\n -  i)!(}w + $)f

8-30 Show that if\a\ ^  1, 
2a1

( a , r , | 2 ^ i ;X =  (1 -  l a x  +  a 2 ) 1

and deduce that 

lb)
'  ' [ ( S T T W + T ) :' ]  "  loe" ~ ~  

*[«"

+ -J{\ — l a x  + a 2)

U )  / - ‘ [a ' j j f ]  =  i d  -  a 2) ( l  -  2 a x  +  a 2)~ J.

2 a ”*k

8-31 Show that if |f| ^  l 

/■[/■'{(I -  2xi + / V 1
f 21*'1

I}: .r -» n] = J 2n + I
0.

n = 1.2.. . . 

n = 0.
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L»(2« + 0’ J

and deduce that if  n  is a positive integer

= log2 -  log{l — ax + J la 2 -  2ax + 1)}, |a| < 1.

8 32 If

L = - f a  ~ x2)tdx ax

show that

Llog(t — x) = — 1, 

and that

^[LlogO -  .x);/i] = - 2  + £  (1 + x)Fm(x)dx.

Writing 1 + x  as (1 — x 2)/{\ — jc) and integrating by parts in the 
integral on the right-hand side of this equation show that if n = 1,2,.. .

/[ lo g d  -  .x);n] = ----— .L n{n + I)

Find ^ [log (I -  x);0] and deduce/[log(l + (n = 0,1.2....).

8-33 Ifg e 1,1] is such that 

£  ( g(.x) dx = 0, 

show that

/ -  r - c - r  *  rL«(« +0 J Jo l - sz J_,
where c is an arbitrary constant.

8-34 Prove that

(a) /[/(.v);n] = ^ 7  J  ~ x2)"/<",(.x) dx

and deduce that
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0. if n is odd, 

if n is even;

479

(c) /[costax):/!] =
( - 1 ) a («).

I t _  n-<»- n

0,

Jn+1(a)- if n is odd, 

if n is even.

8-35 x(r,0) is the solution of the Dirichlet problem 

A3/(r.0) = 0, r ^  a 
X(a.0) = f(  cosO}
X(r,0) -* 0 a s r - t 'X .

Show that

Z(r,0) = “ & 0^, r > a

where ^(r,0) is the solution of the interior Dirichlet problem specified by 
equations (8-5-26) and (8-5-27).

8-36 Show that the solution of the interior Robin problem 

A3tf>(r,0) = 0. 0 < t <  a
cM qSS)
— 1—  + h4>(a,0) = /(cos 0). 0 $  0 ^  it (I)

cr

(h a positive constant), can be written in the form

4>(r,0) = a J \ji(rt,ti)tlu‘ ~l dt

where il/(r.0) is the solution of the interior Dirichlet problem specified by 
equations (8-5-26) and (8-5-27).

Show also that the solution of the corresponding problem in r ^  a 
with (I) unaltered but h how a negative constant, is given by

* w » -

8-37 Show that the solution 1A(r.fl) of Poisson's equation 

A j = J\r, cos 0), 0 ^  r 4  a, 0 < 0 < it

satisfying the boundary condition

^(«.0) = 0
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can be written in the form

ip(r.fl) = -  H(rs/a2,s. cos 0)s2 ds 
‘i Jo

— -  I H(s/r,s, cos 0)s2 ds 
r Jo f H(r/s,s. cos 8) ds

where

//(/i..v.cosfl) =  /H. cos W') sin O' d(Y |
2* Jo Jo

cos© = cos0 cos O' + sin 0 sin O' cos d
v 'd

d<f>
2/rcos0 + />2)’

8-38 The function i\){r.O) satisfies the Poisson equation 

Ajip(rjl) =  r~*. (a > 3) 

in the region r >  a. If ij/{r.O) -* 0 as r -» x  and 

il/(a,0) =  (<• -  cosfl)-1. |c| > 1 

show that

< A ( r , 0 )  =  - Q o ( c )  +  -- ------------ ^ ( r 2 -  -  « 2 ” )  +r (at -  2>(or -  3)

+ ^  (2n + 1 ) ^  P„(cosfl)Q„(c).
1 S /

8-39 In terms of oblate spheroidal coordinates (/j,£) the problem of deter­
mining the potential due to a circular disk of unit radius charged to
unit potential can be reduced to that of solving

x- (1 -  ^ 2) (1 + C2) = 0. \p\ < 1, 0 < £ < xr/i c/( r£

subject to the boundary conditions

= 1, = 0, ^Oi.O — 0 as£ -* x.dfi

Show that 

iA(/i,C) =  j C O t - ‘ C.

8-40 Find the Tchebycheff transform of the Heaviside function H(.v).
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8-41 Prove that
Tm(-v)T„(.v) = i  {Tn+»(-r ) + T|m_„|(jir)}

and deduce that

(a) /[Tm(.v)/(.v);n] = + n) + f*(\m -  >/|)}

( b )  / [ x A x ) ; n ]  =  { { . f * ( n  +  1) + f * ( n  -  1)}

(c) /[.vr/(.x);n] = f,*(n + 2s -  r).

Evaluate

8-42 Prove that

(a) 2n/[f(x):n\ = /[ /'(* );«  -  1] -  /[ / '(* );«  + 1];

(b) /[ ( l  -  .v2)/'(jr);n] = + 1 )f*(n + 1) -  -  ])J*(n -  1).

Deduce that, if

(c) F ? ( 2 m )  =  w - 1 £  f * l 2 r  -  1):
r* 1

(d ) F * l2 m  + 1) =  j ~ - x T £  ./,*(2 r) +  $ F * (  1)

8-43 The function Fix) is defined in terms of a function /(t) which satisfies 

fit) dt
Vc -  '*)

through the equation

= 0i:
he equation 

Fix) = (I -  Jt2)-* J* fit) dt 
v/C "

-v| < 1.

Show that

F?ln + 1) - / ) * ( « -  1) = =-f*(n),ft



482 THE USE OF INTEGRAL TRANSFORMS

and deduce that i f  m  is a positive integer,

(a) F?(2m) =  F?(0) + 2 £  (2r -  l) -^ * (2 r  -  I)
r *  1

(b) F*(2m + 1) =  F*0) + I  r \f* (2 r ) .
r »  I

8-44 Show that

= n ljo )

and deduce the expressions for 

/[cosa.r;n], /[sin ax:n], 

8-45 Prove that

r2)

where C is an arbitrary constant.

8-46 The function u(p,<t>) is harmonic in the sector 0 ^  p  ̂a, 0 $  $  < a 
and satisfies the boundary conditions

up(a,<j>) = 0. (0 < <f> < a)
u(p.O) =  0, (0 < p < a)
u{pa) = /(p), (0 ^  p s£ a).

Show that

sin (j <£) 
t/(j) dssin (soc)

where

U(s) = jU a '- 'p -’- '  +  p‘- l )f(p)dp.

8-47 The axisymmetric function u(r.0) is harmonic in the conical sector 
0 < r $  a, 0 $  0 < a. and satisfies the boundary conditions

u(a.0) =  0, 0 < 6 < a
u(r.ce) = fir), 0 r <  a. 

Show that

P3(cos 0) 
P.tcosa) dir
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where

8-48 Prove that

(a) *[(1 -  v2)"*;x] = 0 
(h) 4[(1 -  >2)*;.v] = -.v.

8-49 Prove that

* iyf{y) \x]  = x j„ ( x )  + -  f /(>') dy .
n J - i

8-50 Prove that

^tv 'O  -  = ~ j* Ay)dy  -  v'O -  x 2)j\x).

Deduce the inversion formula (8-8-2) and the identity

-  y 2)L(y) -  yf(y)\x] = - v;d  -  .v2)/)*) -  x/k(x). 

Calculate

4 > v 'o  -  >’2);*]-



9
Generalized Functions

We shall conclude with a brief account of some of the problems encountered 
in applied mathematics when transform methods are applied to analyze 
physical situations in which impulsive forces, or point sources, are involved. 
Formal calculations are^much simplified by the introduction of the Dirac 
delta “ function" but the rules for its manipulation do notToTTow"naturally 
from the methods of classical analysis. This led to the introduction of the 
concept of a “generalized" function. The first ideas of such an approach are 
to be found in the work of Bochner (1932) and Sobolev (1936) but it was the 
work of Schwartz in the early 1940’s, culminating in the publication of his 
treatise on the theory of distributions (Schwartz. 1950-51) which put the 
theory of generalized functions on a firm foundation.

Only the barest outline of these ideas will be given here. A reader wish­
ing to undertake the study of these ideas is advised to continue with reading 
Zemanian's books—Zemanian. (1965) and Zemanian. (1969).

Since we are only considering the elements of the theory we shall 
restrict our attention to the one-dimensional case.
484
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9-1 THE DIRAC DELTA FUNCTION

In the solution of problems in theoretical mechanics we often encounter 
situations in which the applied force is of an impulsive nature, that is in which 
the relevant disturbance is of very short duration but has a high peak value. 
By the application of an impulse of magnitude I at time t = 0 we mean the 
application ofa force of magnitude F(t) which acts for a very short time t  and 
which satisfies the relation

£ F{t)dt = I. (9-1 -1)

Indeed in many high school texts on mechanics it is just assumed that F(t) 
has a constant value F0. say, so that F0t = /. Such a force could therefore be 
thought of as being of the form

F(t) = IS(i). (9-1-2)

where MO is the limit as e tends to zero of the function <!>,(/). which has the 
properties

<5r(/) = 0. i f /*(().£) (9-1-3)

8c( i ) d i= \ .  (9-M)

If, then, we formally let e tend to zero we should expect 8(0  to have the 
corresponding properties

<*(/) = 0. i f r # 0

8(i)dt =  I.

(9-1-5)

(9-1-6)

This concept was introduced into quantum mechanics by Dirac (see, for 
instance, p. 58 of Dirac (1947)) to deal with a similar problem of representing 
certain physical quantities in that theory. The function d(/) defined in this 
way is not of course a function in the sense in which that word is 
used in classical analysis; it was called by Dirac an “ improper func­
tion" and he recommended its use in analysis only when it is obvious that no 
inconsistency will follow from this use. Initially it was used merely to derive 
formal solutions of physical problems; once such solutions have been ob­
tained they should then be subjected to the processes of classical analysis to 
establish rigorously that they do in fact satisfy all the conditions posed in the 
original formulation of the problem.

For the moment we shall proceed in a purely formal way and set up 
equations concerning the Dirac delta function which we would not claim 
necessarily held rigorously. The equations (9-1-3) and (9-1-4) do not specify 
the variation of 8,0) in the interval (O.c). Suppose that we assume that it is a
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step function of the form:

(0, / < 0,
d,(t) = -j c~\ 0 < t < c,

( 0, t > £.

Then if the function /( /)  is continuous in an interval containing the origin 
and the sub-interval (0,£),

J*T u n n n d i = £ 1 JJ./ft) dt.

Now by the mean value theorem of the integral calculus

JJ./lO dt = r./iOf.). 0 sj 0 < 1
so that we have the equation

J X S cU ) f U ) d t  = f ( 0 e ) ,  0 <  0 1 .

Letting £ tend to zero we should then obtain the relation

r  (9-i-7)
J “ X

for all functions /  which are continuous in a neighborhood of the origin. 
(This property was named the sifting property of the delta function by van 
der Pol.)

Changing the variable in the integral from t to x. where x = t + a, we 
obtain the equivalent relation

J* <5(.v — a)f(x) dx = f(a) (9-1-8)
valid for all functions /  continuous in a neighborhood of x  =  a. We can 
rewrite this equation as

<5(.v — a)f(x) — S(x — a)f(a) (9-1-9)

the meaning of such an equation being that its two sides give equivalent 
results as factors in an integrand. With a similar interpretation we may write

.v<5(.v) = 0. (9-1-10)

Continuing this formal procedure we consider the integral 

H (.v)/(.v) dx

where H (.v) denotes the “derivative" of Heaviside s unit function which it 
will be recalled is defined by the equations
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X  <  0 
X  >  0.

If we apply the rule for integrating by parts we find that

H'( v)/(.v) dx = [H(.y)A v)]- ,  -  H(.v)/ (x) dx

= -  f  * f'(x ) dx Jo

= ./(0)

if we assume that f(x ) -* 0 as x  -* ac (as we must if the integral on the left- 
hand side of this equation is to converge). We may now use equation (9-1-7) 
to rewrite this last equation in the form

To anyone without a background in rigorous mathematical analysis it 
may not be clear why there is anything wrong with the analysis up to this 
point. The reason is that we have treated the Dirac delta "function” (or. 
what is the same thing the derivative of the Heaviside function) as though it 
were a function in the sense of classical analysis. It is obviously nol. since 
it is defined to be zero everywhere except at the origin, i.e. to be zero almost 
everywhere, and yet to have a finite integral. It is not admissible, therefore 
to apply the standard theorems of calculus, such as the formula for integra­
tion by parts, to such "functions.” When we attempt to give a rigorous in­
terpretation to these equations we have to generalize the whole concept of a 
function: there are several such generalizations which reproduce the essential 
features of the Dirac delta function.

9 1-1 THE MIKUSINSKI-TEMPLE THEORY OF GENERALIZED FUNCTIONS 
The simplest attempt at such a generalization (though by no means the first) 
is due to Mikusinski (1948) and developed by Temple (1953. 1955). Basically 
this starts from a function p(t) which satisfies the conditions

J* H (.v)/(.t) dx = J* <5(-y)/( y) dx

or. in the symbolic form 

<$(*) = H'(.v) (9-1-I1)

p(t) = 0. (9-1-12)

(9-1-13)

from which is defined a sequence {/>„(/)) by the rule 

PM) = npint). (9-1-14)
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The sifting relation is then replaced by

lim I*" p „ { t ) f ( t ) d t  ~  f ( 0)n -* at. J - t
for continuous functions f  and the ^-function is regarded as the limit of the 
sequence {/>„}.

Other generalized functions can be defined in a similar way. The method 
defines generalized functions as classes of equivalent fundamental sequences 
of continuous functions in a way similar to that used when real numbers are 
introduced with the help of fundamental sequences of rational numbers. We 
shall outline the method in sec. 9-2.

9-1-2 SCHWARTZ S THEORY OF DISTRIBUTIONS
In the method of Schwartz, a full account of which is given in Schwartz (1950. 
1951), a generalized function or distribution is defined as a linear functional1 
on a class of “ test" functions. In this interpretation the sifting relation

= 0(0)

defines the Dirac delta distribution.
A brief account of this approach is given in sec. 9-3.

9-1-3 GENERALIZED DERIVATIVES OF LOCALLY INTEGRABLE FUNCTIONS 
This method which may be considered to be inspired by the relation (9-1-11) 
is based on the idea of identifying distributions, on finite intervals, with 
generalized derivatives of locally integrable functions. It was discussed briefly 
by Halperin (1952) and developed by Konig (1953) and Sauer (1958).

We shall not discuss this method here since it is one which is more suited 
to the development of the theory of boundary value problems for partial dif­
ferential equations than for that of integral transforms.

9-1-4 MIKUSINSKI'S OPERATIONAL CALCULUS
Another approach to the problem of constructing a consistent theory of 
generalized functions is also due to Mikusinski; (see. for instance. 
Mikusinski, 1953). Unlike his first theory this one is algebraic in nature. It 
closely mirrors the process by w hich the concept of number is extended from 
integers to rational numbers, and provides a natural approach to opera­
tional calculus as well as to generalized functions. Its greatest drawback is 
that although it has been successful with functions defined on the positive 
real line—and has been extended to functions of several such variables—it is 
unable to deal with functions of unrestricted real variables or with functions 
defined on an arbitrary region of a space of n dimensions (n > 2).
1 I t  w il l  b e  r e c a l le d  t h a t  a  l i n e a r  f u n c t i o n a l  is  a  l i n e a r  m a p p i n g  o f  t h e  s p a c e  o f  f u n c t i o n s  i n to  th e  

f ie ld  o f  r e a l  ( o r  c o m p l e x )  n u m b e r s .
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Mikusinski shows that the set If [0 ,x ) with addition and multiplication 
by scalars defined in an obvious way and multiplication of two functions a.b 
of the set defined by the convolution a*h forms a commutative ring which is 
called the convolution ring. As a result of Titchmarsh's theorem which states 
that a*b = 0, the function which is identically zero, if and only if a = 0 or 
b — 0 or both we see that in this ring division is a meaningful operation. This 
is similar to the situation we find when we introduce the idea of division of 
integers, and there we ensure the feasibility of division by extending the con­
cept of number from integers to rational numbers in terms of classes of 
equivalent ordered pairs of integers.

In the present situation we consider ordered pairs of elements of 
^[O .x) and consider (a.b) to be equivalent to (c.d) if a*d = c»h. The class 
of all ordered pairs of continuous functions equivalent to (a.b) is denoted by 
a/b which is called a convolution quotient. It is a simple matter to define the 
operations of addition, multiplication by a scalar and multiplication in J , the 
set of all convolution quotients, and to show that the embedding of 1£[0,x) 
in 1  preserves all these operations. For this reason, we may write (a*J')/a 
as / for any pair of continuous functions a and / and (Xa)ia as /. for any scalar 
X. The unit element e, in J ,  may be written aja and it is easy to show that 
multiplication by e reproduces/ Hence we may identify the unit element in 
J  with the Dirac delta function.

The elements of J  comprise numbers, functions, the delta function, and 
its derivatives so that they may be regarded as generalized functions. The ele­
ments of H may also be thought of as operators thereby providing a con­
venient approach to Heaviside's operational calculus.

We shall not develop these ideas and methods here since Mikusinski's 
method is much more suitable to a text on operational calculus than to one 
on integral transforms. It is drawn to the reader's attention because it pro­
vides a viable alternative to the method of the Laplace transform as a 
justification of Heaviside's methods. The interested reader should consult 
Mikusinski (1953), or its English translation (Mikusinski. 1959); an excellent 
brief account is given also by Erdelyi ( 1962) and by pp. 9 24 of Erdelyi (1961).

An alternative approach to generalized functions has been developed 
by Weston (1957,1959) where they are operators acting on a class of "perfect” 
functions rather than convolution quotients of elements of *[0,oo).

9-2 THE MIKUSINSKI-TEMPLE THEORY OF GENERALIZED 
FUNCTIONS

In this section we shall outline the theory of generalized functions due to 
Mikusinski and Temple as simplified by Lighthill (1958), The spaces .T'and 
Zf introduced in sec. 1-8 play an important part in this theory so the reader 
should refer back to that section now.
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9-2-1 DEFINITION OF GENERALIZED FUNCTIONS
From the definitions of .1" and f f  we deduce immediately the following 
results:

(a) f e y  SF;
(b) f g e . 9 7 = > /+  g e y :
( r ) f e  y ,  g e  A" => fg  e y ;

and we have shown in sec. 2-3 that
(d) f e  y  =*. y \_ f ]  e y
(e) f g  e y  and F(Z) =  -F [ /(* ) ;£ ] , G(s‘ ) =  y [ g { x ) ;  {] =>

f "  F ($)G (Z)dZ=  f*  J \~ x )g (x )d x .
J  — 00 J — QO

A sequence {<()r( x ) } f ,, (j>,(x) e y  is called a regular y-sequence if. 
for any f  e y , the limit

lim f  cpr(x)f(x) dx (9-2-1)
r~* x  J  -  oo

exists. Two regular .^-sequences {̂ >r(.v)}*=, and , are said to
be equivalent if, for any f  e y ,

lim f <f>r(x)f(x) dx =  lim j ipr{x)f(x) dx. 
r - 4 ® J - x  r — oc J  -  x

For example, the sequences
I „  -  x 2/rJ  )  *  I  a  -  Jt2/4r2 1 ao f  -  x Ai r 4 t I

1* j r -  1 '  \ e  t r =  1

are equivalent ^-sequences leading to the limit

f  /(.v) dx.
J  — ac

We now define generalized functions in terms of these sequences: Each class 
o f  equivalent regular y-sequences defines a generalized function.

We shall, as a matter of notation, write <f>(x) for the generalized func­
tion defined by the equivalence class of which the sequence \<f>r{x))?=i is a 
member, and we define the integral

J 4>{x)f(x) dx, f e  y

of the product of a generalized function <̂>(.v) and a function of rapid descent 
fix ), to be the limit

lim f® 4>r(x)f(x) dx.
r  GC J  -  X

We can define the sum of two generalized functions in an obvious way:
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If ij>(x) and ij/(x) are two generalized functions defined by the regular 
.'/■-sequences {^.(.v)}*., and [i/i/.v)}*,,. respectively, we define + 
ij/(x) to be the generalized function defined by the class equivalent to the 
regular .^-sequence

[<t>r{x) + tM-v)}r“Li.
That this sequence is in fact a regular y-sequence follows from the result (b) 
above, and since

I*171 f  {<M*) + ipr{x))f(x) dxJ - x

= lim f 4>r{x)f(x) dx + lim f \pr(x)fU) dx
r -x . J - x  r-** J - x

it follows immediately that the relevant limit exists.
From (a) above we see that if <f>r(x) e if. then so does <t>',(x). Also since 

both <p'r(x) and f\x) belong to i f  we can apply the rule for integrating by parts 
to obtain the equation

J *  4>'r(x)f\x) dx = -  J *  <f>,(x)f’(x) dx.

Since—again by (a)—we know th a t/ ' e i f  we find on letting r -* x  that the 
limit

lim f* 4>'r(x)f(x) dxr-*oc J - x

exists and hence that f^(.v)}/_, is a regular y-sequence. It therefore de­
fines a generalized function. We shall denote this generalized function by 
4>'[x) and we shall call it the derivative of the generalized function 4>{x). We 
shall sometimes also use the notation

to denote the derivative of the generalized function <̂ (.t).
We notice also that

4>'(x)f(x) dx = - J "  /(*)/'(*) dx. fe.<f. (9-2-2)

By continuing this process we can define the Ar-th derivative of the 
generalized function which we denote by 4><k\x )  by the regular
•'/-sequence The relation corresponding to (9-2-2) is then

J* 4>'k'(x)f\x) dx — ( ~ \ f  j *  </>(-x)/(“ (.x) dx. f e  i f  (9-2-3)

where k is any positive integer. We see from its method of definition that a 
generalized function possesses derivatives of all orders.
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If i ' s a regular ./-sequence. then it is easily shown that so
is the sequence ($r(/..v + /i)}7= 1 - /< e R and hence that it defines a
generalized function which we denote by <j>{/.x +  n). Also, since

Finally, if a(x) e .V  then by (c) a fe  /  i f / e  , / .  Hence if </>(*) is the 
generalized function defined by the class of sequences equivalent to the regu­
lar '/-sequence [<f>r(x)}% ,. it is easily shown that {a(x)<f>r(x)}r=, is a regular 
./-sequence. We denote the generalized function defined by this sequence by 
a(x)4>(x).

9-2-2 ORDINARY FUNCTIONS AS GENERALIZED FUNCTIONS 
1 f 4>{x) is a function of x  in the ordinary sense of classical analysis and is such 
that there exists a positive number m such that (1 + Ar2)- ",0 ( jt)e .s /1(R), 
i.e., such that

then it is possible1 to construct a regular ./-sequence {̂ »r(.v)}®=, with the 
property that

for all / e ./ .

By this procedure we can greatly increase the number of generalized 
functions available to us. by using not only ordinary functions such that 
(9-2-5) is finite but also the new generalized functions which can be obtained 
by differentiation in accordance with the rule (9-2-3).

It is also a simple matter to show that if <j>(x) is an ordinary' differen­
tiable function such that both and </>'(.v) satisfy (9-2-5), then the deriva­
tive of the generalized function generated by 0(.v) is identical with the 
generalized function generated by <j>'{x).

J -  x J -  or \  * /
it follows that

f* (1 +  .x:2) m\<i)(x)\dx 
J — 00

K <  X , (9-2-5)

lim f X 4>r(x)f(x) dx =  f* 4>(x)f(x)dx 
r-*X*/-x J — 00

‘See, lo r example. Problem 9-1.
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Among the ordinary functions which can be interpreted as generalized 
functions are the generalized powers |x|*. Whatever the value of m the 
integral

is convergent only if a > — 1. and if a > — 1 this integral is convergent as 
long as we take m > j(a  + 1). Hence we can define a generalized function 
|jr|* if a > — 1. If we take derivatives of both sides of the equation

log |.v |* = a log |.r| 

and recall that

provided that now a > 0 so that 1 as well as |.r|* is defined.
When a < — 1 and is not an integer we define |a:|* to be the generalized 

function

where (a)„ denotes the Pochhammer symbol 

(a)„ = o(a + 1) . . . (a + n -  I),

and we have chosen n to be a positive integer such that a + n > -  I. It has 
to be verified that this definition is in fact independent of the value chosen 
forn. This is simple enough it is Problem 9-9 below—but it depends on a 
property of the generalized function <5(.v) defined in sec. 9-2-3.

In a similar way we define the generalized function |.v|’ sgn .v by the 
equation

^  log j.v| = jx| 1 sgn x

we find that

(9-2-6)

(9-2-7)

M'sgnx -  ^{|jtr"(sgn.v)"+,{(a + » > - ! ) (9-2-8)

and the generalized function |.v|’H(x) by the equation
i ,i"

! vi +"H(.v)} (9-2-9)

with the same restriction on n.
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9-2-3 THE DIRAC DELTA FUNCTION

We now consider the sequence \<pr(x ) } '^ w h e r e

4>r(x) = ~ e ~ rlxl 
J n

(9-2-10)

for which it is obvious that <f>r e if  for all r. We now consider 

lim f  4>r(x)j\x) dx, / e -9.cC J — ao

If/(.v) can be expanded in a power series

x)dx

valid for all values of x, then

= y  f sHQ) ( b s

L  n2‘ (2 s)'.

which indicates that

lim f X <f>r(.x)f(x) dx = f{0).
r-"oc J  -  a.

To prove that this is indeed so, we consider

f  4>r(x)f(x) dx - /(0) , f e  9
IJ — 00

noting that since

P <f),(x)dx = \,
J  — 00

this can be written

| j *  <j>r(x){Ax) -  f(0)} dx <  A / J p  <prM \ x \ d x  

where M = max/'(.Y).

|.v | 4>r(x) dx 

so that it follows that

xe~rlxl dx =

(9-2-11)



GENERALIZED FUNCTIONS 495

f  * 4>M)f(x) dx -  m
J  — AC

^  M n~*r"1

and hence that (9-2-11) holds for a l l / 6 if.
The sequence {<f>r(x)}^L, is therefore a regular .^-sequence which con­

verges to a generalized function d(x) with the property

P d(x)Ax) dx = /(0), / e  i f .  (9-2-12)
J  — X

For an obvious reason we call this generalized function the Dirac delta 
function.

From equation (9-2-3) we see that the £-th derivative of the generalized 
function <$(.v). defined by the regular y-sequence \<j>rik>(x)} ^ , has the 
property

f  f(x)S<l:,(.ir) dx = ( — 1 )* I* f ik)(x)S(x) dx, / e  i fJ -  X  J - 0C>
which is equivalent to

J *  f[x)8{k'{x) dx = ( - l)* / '“»(0), f e i f .  (9-2-13)

We now consider the proof of the equation (9-1-11). Since H(x) satis­
fies the condition (9-2-5) with m = 1, it is a generalized function and for 
any / e if.

P  H'(.r)/(.t) dx = -  f "  H(x)/'(jr) dx = -  (*  f ( x ) d x  =  J\0)
J  -  x J  -  ac JO

which proves the result.
Other properties of the Dirac delta function are collected together in 

Problems 9-5 through 9-8 which the reader should solve for himself.

9-2-4 FOURIER TRANSFORMS OF GENERALIZED FUNCTIONS 
We know that if <j>r(x) e i f  then its Fourier transform ®r(<J) m y[<£r (*);£] 
also belongs to if. Similarly, i f /e  if .  then F =  y  [ / ]  e i f  and by Parseval’s 
theorem

P  <t>,(x)F(x) dx = p  4>,{x)f(-x)dx. f e i f  
J — cc J*®

so that if the limit

lim f  4>r(x \ f ( - x )  dx

exists for an arbitrary member of the set if ,  then

lim P  <i>r(x)F(x)dx r-** J — «
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also exists for any F e y .  In other words, if \4>r(x YJ=i is a regular 
.^-sequence, then so also is the sequence ,.

If the generalized function <f>(x) is defined by the regular .^-sequence 
J0r(.v)}x=,, we call the generalized function tfHc) defined by the regular 
y-sequence {d>r(£)}*=i with = jF[(j)r(x);c] the Fourier transform
of 4> and we denote it by [</>] or by ,F[<p(x):£].

For example, if we take

t>r(.v) =  rn~i e~rlx\

then from equation (2-7-10) we see that its Fourier transform is 

Ar(.t) =  (2 n )-* e 'x2/4r2.

Now the regular sequence {5r(.t)}*=, defines the Dirac delta function and 
the sequence !e_Jc2,4rJjrx=, defines the generalized function I so that

P [d]  = (9-2-14)

where the right-hand side denotes the generalized function 1 multiplied by 
the constant (27t)- *.

Alternatively, if we had taken {e~x2'*'2}f=, as our initial y-sequence 
we should have obtained the result

y [ l ]  = (2 tt)*<5. (9-2-15)

This is, of course, a particular case of the Fourier inversion theorem for 
generalized Junctions which can readily be established from that for functions 
of the class y .

Suppose that the regular y-sequence {$r(.t)| *„, defines the generalized 
function <f>{x). then the sequence of Fourier transforms J<hr(^)x=, defines 
the Fourier transform <t>(c) = & [</»(.Y);f ]. Hence the sequence {®r(—£)}f«, 
defines ®( —£)■ But since, for (j>r e  y .  we find that

y[4>,( -C );.v ] =  4>r(x)

we see that
y[</.U );c] = 0 ( 0  (9-2-16)

implies that
y [< t> (-0 :.v ] = 4>(x) (9-2-17)

which proves the Fourier inversion theorem for generalized functions.
Further, since defines </>'*’( a ) and

.?[<!> rtk\x)-,F\ = ( - iq  )*<!>,( £)•

we deduce that for any generalized function

(9-2-18)
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In particular

[̂<5<*>(.r);S] =  (~ i{ )k(2n)-i (9-2-19)

which in its inverse form can be written

^ [ x “;4] = (2 * )* rkSM(t).

Similarly we can show that if /  and n are real

(9-2-20)

^[d(/.T  + U # 0 ) (9-2-21)

or, in its inverse form

= JQ *) H i  + *>, (a € R). (9-2-22)

9-3 SCHWARTZ S THEORY OF DISTRIBUTIONS

We conclude this chapter with a brief account of Schwartz’s theory of 
distribution.

9-3-1 DEFINITION OF A DISTRIBUTION
As indicated in subsection 9-1-2 we define a distribution to be a linear func­
tional on the space 9 . If the value of a distribution T on a test function <p is 
denoted by T(4>) or then T is mapping of 9  into C satisfying the
conditions:

+ / j  <p2) = ;.,7"(0,) + ).2T(<p2) (9-3-1)

where <t>l,<t>2 e St and A],a2 € C. and

4>j -* <t> in 9  ds j  co => -* T(<f>) as./ -► oo. (9-3-2)

It is easily seen that the distributions form a vector spaced’, a subspace of the 
dual space St*. Thus <7',̂ >> is a bilinear form.

The simplest example of a distribution is provided by a locally in- 
tegrable function f  For such a function we define a distribution 7} through 
the equation

<7}.d>> = £./(*)<£(*) d.v, <f>e9. (9-3-3)

From the definition we see that two functions /  and g define the same dis­
tribution 7} if and only if they are equal almost everywhere.

It is also obvious that for such a function / th e  integral

j^f(x)c(>'r,(x) dx, 4>s 9

also defines a distribution.
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Any distribution of the type 7} is called regular; all other distributions 
are called singular.

Although a distribution does not have a value at a point it is possible 
to speak of local properties of distributions in a certain sense.

If Q is an open subset of R. we say that a distribution T  is zero on Q if 
T(fi) =  0. for all test functions fi such that supp<£ cz £}, and that two dis­
tributions are equal on Q if their difference is zero on Q. A distribution is 
zero in the neighborhood ofa point a if it is zero on some open set containing a; 
we also say that a distribution is regular on fi if it is equal to a regular distri­
bution on £1 By a distribution on an open set fi we mean a continuous linear 
functional on S>(Q) the space of infinitely smooth functions with compact 
supports contained in fi; these distributions in turn form a vector space which 
is denoted by £/'a .

The question which naturally arises is: To what extent do such “ local" 
distributions determine a “global” distribution? This is answered by the 
theorem:

/ / ‘{fi,.n2, ■ .} is a finite or infinite collection o f open sets whose union
is fi, and {f . 72. . . .} is a collection o f distributions each defined on the 
respective element fi, with the property that

f  = Tj on Q, n  Qj fi 0

then there exists a unique distribution T on fi such that

7’ = T  on fi,(/ = 1,2. . . .).

In particular, a distribution which is zero on each set of a collection of open 
sets is zero in their union, so that it is reasonable to define the support of a 
distribution T. denoted by supp T. to be the complement of the union of all 
the open sets on w'hich T  is zero.

As an example we see that if T  is the distribution associated with a 
locally integrable function then supp T  =  supp/.

9-3-2 THE DERIVATIVES OF A DISTRIBUTION 
If / is a continuously differentiable function on R

so that the distributions 7} and Tr  defined by such a function./ have the 
property

<7}..0> = -< 7 } .</>'). f ie  9. (9-3-4)

If. therefore, we wish a regular distribution to have the property that 

(7,)' = 7}
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we may define the derivative o f a distribution T by the equation

<r.0> = 4>e ' (9-3-5)
The higher derivatives are defined in an obvious way:

=  ( - l ) ' < r . 0 w>. <t>e&. (9-3-6)
It follow's immediately from this definition that every distribution possesses 
derivatives of all orders.

In particular a regular distribution 7} has derivatives of all orders but 
these are not necessarily functions: iff \ x )  is not locally integrable there need 
be no connection between/ '  and (7})'.

9-3-3 THE PRODUCT OF A DISTRIBUTION AND A SMOOTH FUNCTION 
From the definitions of the classes . r a n d  Q (Cf. sec. 1-8) we see im­
mediately that if ^  g J  and <f> e then their product >p4> e (/. Hence if 7} 
is a regular distribution, we have the identity

< * 7 =
This suggests that we define the product tj/T of a distribution T and a function 
ifi e ,Cby the equation

WT.tfi) = < r,.//</>>. <f> e @ (9-3-7)

Combining this with the definition of the last subsection we get an im­
portant formula concerning the linear differential operator L defined by the 
equation

ft

a,(x) g K (9-3-8)

and its adjoint L* defined by 

r- ' dr
L*" = L  ( ~ ])'d S  fa lxM x)}-r̂ O

(9-3-9)

If we define L7" by the equation 

LT= £  arT tr)
r = 0

then we can easily show that

< L 7 »  = <r,L*4>>. <f>e (/.

(9-3-10)

(9-3-11)

Similarly, if T(x) is a distribution defined over R, and a e R, we may 
define the shifted distribution T(x — a) by the equation

<T(.v -  «),0(.r)> = (T(x),<j>(x + a)>, <j>e ‘J (9-3-12)
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since this is obviously the analogue of the formula

f  f ( x  -  a)<f>(x) dx =  I* f(x)<f)(x +  a) dx.
J  — 00 J  — V j

In a similar way the formula

f f(-x)<j>(x)dx = f  J(x)<f>(-x)dx
J — rt: J  — oo

suggests that we define the transpose T( — x) of a distribution by the equation

<n-.v),4>(.v)> = < r( .v )X -x )> , <f>e9. (9-3-13)

We say that a distribution T is even if T(x) — T ( - x )  and odd if 
T(x) = - T ( - x ) .

The definition of T(ax), a > 0, can be framed by keeping similar points 
in mind. We take the definition

iT(ax\<t>(x)} =  <7’(jr),a“ V(.t)>, (a > 0.<f> e Q>). (9-3-14)

Combining equations (9-3-12) and (9-3-14) we see that if a and b are
real,

(T(ax -  b),(l>(x)y = \a\-\T(x\4> (x!a  + />)> (9-3-15)

for all <f> e O'.

9-3-4 THE DELTA DISTRIBUTION
As already stated in subsection 9-1-2 we define the delta distribution 6, by the 
equation

<<5(.v);4>(.v)> = <£( 0), <f>eS>. (9-3-16)

From equation (9-3-12) we deduce that

<<5(v — a),4>(x)} = <j>eQ (9-3-17)

and from equation (9-3-6) that

<<$''>(* -  a),4>(x)> = ( -  \Y<t>tr'(a). (9-3-18)

Also, from equations (9-3-7) and (9-3-16) we deduce that 

<jc<H-v),</>(.y)> = 0  <p e  &  

a result which may be written as 

xS(x) = 0. 4> e &

9-3-5 FOURIER TRANSFORMS OF DISTRIBUTIONS 
If in the relation

J® J(x)g( ~x) dx = J® Ff/JGf/) dl
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connecting the functions f,g with their Fourier transforms F,G, we take

G ( t )  -  g ( x )  = '[*(/>;*] = a? |>(/); -.x]
we see that

f* FU)4>(t)di = f* f(x)<t>(x) dx
J  -  ac J  -  ac

or

< y / .»  = a w .

Similarly we could show that

<■*•/*> = < /W >  ■
This suggests that we might define & T  and .F ’ Tby means of the equations 

W  = < T ,W  
< y * W  = < r„ w >

respectively, and this would be alright provided that if cj> e 9  then so did 
y <f>. But we know that this is not so, so that we cannot use these equations to 
define the Fourier transform of an arbitrary distribution.

To overcome this difficulty we extend the class of test functions from 
9  to y .

We say that a distribution is tempered, or of slow growth, if it can be ex­
tended to a continuous linear functional on y .

The set of tempered distributions is the dual of y ,  and is denoted by 
9 ”. We have the relations

9  e  y  c  9" c  9'.

Since 9” is a subspace of 9 ’ all the operations that are defined for distribu­
tions also apply to tempered distributions.

In addition it can be shown that
(a) If /is  an integrable function, Tf  is tempered;
(b) If /is  bounded, Tf  is tempered;
(c) I f /e  .y  is locally integrable, Tf  is tempered;
(d) If T has compact support it is tempered;
(e) If T is tempered, so are Tlr\ (r = 1,2,3, . . .);
( / )  If T  is tempered and e J f  then <I>T is tempered.

(See Chap. 4 of Zemanian, 1965.)
If T is a tempered distribution we define its Fourier transform y  T 

< y 7 »  *  < T ,.W . </>ey. (9-3-19)
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Similarly we define ? * T b y  the equation

<.^*r,</>> =  <r, .*■*<£>, < £ e,r (9-3-20)

and it is easily shown that ,P T  and & * T are tempered distributions.
To prove the Fourier inversion theorem for distributions we put 

T — F T  in (9-3-19) to obtain

Writing C> =  <j) = we see that this is equivalent to the relation

<r,d)> = F>, <F6.9"

and by (9-3-20) we see that this in turn is equivalent to

<r,(p> = (,jF d> 6 .r

showing that

f  =  ¥ T  => T = ? * f .  (9-3-21)

This is Fourier’s inversion theorem for distributions.
From the above definitions we have that

= - < r , w >
= <r,/(,E<!>(?)>
= <‘Z T M Z ) >

= O 'Z T 'W )
= <.^(/.vr),0W >

showing that

( j^ D ' = i& (xT). (9-3-22)

On the other hand

=  <r,o>>
-  —<T,<J>'>

showing that

j r  = - ix F T . (9-3-23)
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These results can easily be generalized to

(F T)1'1 = TF(x'T). (9-3-24)
F T r' = ( -  ix )'F  T. (9-3-25)
In particular

<FS(x -  a),<p(x)> = <<5(v -  a).4>(.x)> = <b(a).

But

0>(a) = <(2ji)~ i ei{tt,<t>d)y 

so that we may w rite

F[S(x -  a);c] = (2n)'*eita. (9-3-26)

Putting a =  Owe have the special case

tF[S(x);(] = (2k)-*. (9-3-27)

By (9-3-25)

F[<$,r,(.x);,J] = (2 n y i ( - i i ) r. (9-3-28)

Using the inversion theorem we can rewrite this in the form 

(2k )1 * w (jt) =  .* • • [ (- /$ ) ': * ]  =  F [ U t Y  ; x ]  

from which we deduce that

F [ x ' = ( — /)r(2it)* *w<{). (9-3-29)

There is a convolution theorem for the Fourier transforms of distribu­
tions the nature of which we shall only outline here. Given two distributions 
Tt and T2 we define their tensor product x T2 in terms of test functions 
which are of the class F  on the Euclidean plane by means of the equation

<7\ x T2.,j>y = <r,(.v),<7i(r).0(.v,3')».
We then define the convolution T,*T2 by the equation

< 7 > r2,<*>> -  <r, x TtM x  + >» .

With this definition it can then be shown that if T, and T2 are distributions 
with bounded supports whose Fourier transforms are denoted respectively 
by 7j and f 2, then

F ( T t*T2) =  f r t 2

For the details of the proof the reader is referred to Chap. 7 of Zemanian. 
(1965).
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9-3-6 INTEGRAL TRANSFORMS OF DISTRIBUTIONS
Other integral transforms—such as the Laplace, Mellin. Hankel, etc..—of 
distributions can be defined in a similar way. As in the case of the Fourier 
transform the basic difficulty is defining a suitable linear space of smooth 
functions in terms of which to frame the definition of the transform.

A complete account of recent developments in this area is given by 
Zemanian (1969), to which the reader is referred.

PROBLEMS

9-1 If <j>(x) is a function of .v in the ordinary sense of classical analysis such 
that there exists a positive integer m for which (1 + x 2)~m(f>(x) e .^(R ). 
show that the sequence {0r(jr)j,® j defined by

where pr(t) is a positive function of class y  satisfying equations (9-1-12) 
through (9-1-14), is a regular y-sequence.

Show further that it has the property

lim f 4>r(x)J'(x) dx = f 4>{x)f(x) dx. f  e y .
r-'X J- i, J — *

9-2 Determine the generalized functions determined by {^r(.v)}r=I when

(b) cj>r(x) = rsech2(r.v).

9-3 Show that the function sgn.x is a generalized function and find its 
derivative.

9-4 If <f>(x) and t/d.v) are generalized functions show that the derivative of 
their product is the generalized function + <j>'ijj.

9-5 If the ordinary function g(x) has only simple zeros .v,. r2. .. . .v„. show 
that

Deduce that

<5(.v2 -  a2) = — !<S(.y + a) + 6(x — «)}. 
2a
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9-6 Prove that, if n is a positive integer, and r > 0.
(a) 5{'\x )  = (— l)"x~mn\S(x)
(A) x'+r6(x) = 0.
If m is a positive integer (m < n).

(c) x"-"<5,” (x) = (-1 )" -"  — A,m,(x).m\
Deduce that

{ti) ^
m = 0

(e) g(x)S,m,(x) = J ( -  I)- g '— "(0)d'm\x), g e  A ‘.

9-7 (o) Iff ix )  e ,Sf , show that 

j X A D d t e t f  

if and only if

fO) dt = 0.

By considering

A(x) = j*^ j/U) ~ n~*e~'2 A “) du| dt

show that if <j>(x) is a generalized function whose derivative is zero, then 
<j>(x) is equal to a constant multiple of the generalized function I.

(A) Prove that /(x) € ! f  =*■ /,(x) = x~ 1 {/(x) -  e~x2/(0)} e !/.
By considering the integral of x<£(x)/,(x) show that if 4>(x) is a 

generalized function satisfying x<t>(x) = 0, then <f>(x) is a constant multiple 
of 6(x).

9-8 Show that the general solution of the equation 

= 0 
is

<f>(x) = r,A(x) + c2d'(x) + c3A”(x) 

where <•,. c2, and Cj are arbitrary constants.
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9-9 Show that the definition (9-2-7) of |jc|* is independent of the value 
chosen for n, provided that the condition ar + n > — 1 is satisfied.

9-10 Show that if a < — l but is not a negative integer.

(a) ^[.v*//(.v);$] =

(h) •^ [ |a-|*;£] = Aj f(a  + 1) |C| ~1 ~1 cos ■[2 ?r(at + 1)};

(c) .jF[|.t|*sgn;t;£] =  isgnc; + l) |c | ' ,_1 sin {\n(a + 1)}.

9-11 The generalized function <f>(x) is said to be odd (even) if 

f  f(-\)<t>(x) dx = 0«* — an
for all even (odd) functions/(.v) e i f .

Prove that
(a) <5(.v) is even;
(b) if 4>(x) is odd (even), then 4>'(x) is even (odd);
(c) 6{k,(x) is even if k is even and odd ifk is odd;
(d) if <{>(x) is even (odd), then is even (odd).

9-12 We define the generalized function x ~ l to be the odd generalized 
function satisfying the equation

x<f>(x) = I

and x~m, m a positive integer, by the relation

(_ir -* . r -1
r (*'').* ~ ( m - ] ) l d x M-

Prove that

.̂ [.y' ”;c] = isgni 12(m  -  1)!

9-13 Show that, if n is a positive integer.

(a) & [xnsgn y; iJ] = ^  ( - /c )~ n~ 

and deduce that

(b) .F[.v-//(.v);4] = y /(2a )ia jV " ’̂ ) +
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9-14 Show that if f(x) has a power series valid for all values of .v, then

= X 2rsgn v;̂ ]r* 0  ' '*

=  V
r  =  0

f 2r+'\0 )
(2 r + l)!

& [ x 2,+ ' sgnx;£]

and deduce that

5  r./(0 ) n  o)
C3 + < 3 “ ■

'.AO) o) , r(0 )
; , = 2  - + {»

(That this is truly an asymptotic expansion for all f e  ,¥  is shown on p. 56 of 
Lighthill, I958.)

9-15 Find the Fourier transforms of the functions

( a ) x 2(l + x 2) (b) + 4' ( c )
x 3 — x  +  2

A '2  —  1

9-16 If (qi,<y2-9 3 ) are arbitrary orthogonal curvilinear coordinates with 
Lame coefficients h x.h1,h1, show that

<5(r — r ) = (h xh2h3)~ i6(ql -  q x)diq, -  q2)S(q3 -  q3).

Write down the expression for <5(r -  r ) in:

(a) cylindrical coordinates (p.<f>,:)
(h) spherical polar coordinates (r.O.tp)

and the corresponding expressions for <>(r).

9-17 Show that a line source of uniform density a distributed along the 
r-axis can be represented by the density function (2np)~ loHp). and that a 
line source of uniform density a  distributed along the positive r-axis can be 
represented by the density function (2 rrr2 sin (1)'

State the corresponding result for a source distributed along the 
negative z-axis.



appendix A 
Bessel Functions

We shall derive here some of the properties of Bessel functions which are of 
most frequent use in the theory of integral transforms. The subject cannot 
be adequately treated in so short a space so that only the most important 
properties can be mentioned even briefly. For a fuller discussion of these 
topics and o f further properties of Bessel functions the reader is referred to 
the standard treatise on the subject:

G. N. Watson, “The Theory of Bessel Functions” second edition.
(Cambridge Univ. Press. London. 1944).

A-1 BESSEL S  DIFFERENTIAL EQUATION

If we seek solutions of Laplace’s equation in cylindrical coordinates (p.<f>.:) 

d 2u l £u l P2u d 2u



GENERALIZED FUNCTIONS 509

of the form

w(p,<M) =  R ( p ) e - ^ * ^ (A-2)

where R( p) is a function of p only we find, on substituting from (A-2) into 
(A-l) that

d2R 1 dR / , 2
T T  + ~ T  + U  dp P dp \

R =  0.

If now we change the independent variable in this equation from p to 
i = iIp. wc find that R satisfies the ordinary differential equation

d 2R [ d R  
d t2 +  t dt

, = tp . (A-3)

The equation (A-3) is called Bessel's differential equation.
One of the standard ways of solving a linear ordinary differential 

equation of this type is to assume a power series solution of the type

R = £ a,/'*'. <«0 # 0)
r * 0

and substitute in equation (A-3) to obtain, by equating coefficients of r',+'~ 2, 
the recurrence relation

{(p  +  r f  -  v2}ar + or - 2 =  0

and. by equating coefficients of t" -2. the indicia! equation

p2 =  v2

giving possible values of p.
Taking p — v we then find that the function defined by the infinite

series

•<» -  £ ( - n ' (i o ,+2r
r!f(v  + r + I)

(A-4)

is a solution of Bessel's equation (A-3).
If v is neither zero nor an integer the function J_ ,(/) will also be solu­

tion of Bessel’s equation so that we may take the general solution to be

R -  Cyi.U) + CjJ_v(/) (A-5)

where c, and c2 are arbitrary constants.
Where v is zero or an integer the functions J,(f) and J_,(f) are not 

linearly independent. We therefore take as the second solution of Bessel's 
equation the function defined by the equations
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2 1 V '1 (n  -  r
K (0  =  ~ {>’ +  lo g (^ ) |J n(0  -  -  2 ^ -------

1 V ' ( - » ) r( i/)- I V  L L
n Z-i r!

o
n + 2r

-  1)! f 2 \ n~2'

Hn +  r)!r* u
where y denotes Euler’s constant and 

1

{<Mr +  n) +  $(/■)} (A-6 )

(A-7)

The function J^(x) is called Weber's Bessel function o f  the second kind o f 
order n: it is sometimes denoted by N„(x).

In other words if v =  n, a positive integer or zero, Bessel’s differential 
equation has general solution

R = fiKO) + c2YH(t)- (A-8 )

A -2 R ECU R REN CE RELATIONS

If we differentiate both sides of the equation

( — l)r(y)V + 2r' 2v + 2r

r^O
«.(») -  fZ j  r!T(v +  r -I+ 1)

and make use of the identity

T(v +  r +  1) =  (v + r)T(v + r)

we obtain the equation

dt

( — |)"(^)v+ 2 '-1ra, + 2r-1 

r!T(v + r)

which is easily seen to be equivalent to the recurrence relation

-  rvJv_,(/), (v > 0). (A-9)
at

In a similar way we can establish the relation

- j - { r vJv(o} =  - r vj v+1(/), (v >  - l ) .  (A-10)
dt

Carrying out the differentiations we find that these equations are equivalent 
to the equations

tJ'Jt) = rJv_ ,(f) -  vJ,(/)
/J'v(/) = vJv(r) -  fjv+1(t)

(A-l I)
(A-12)
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■j

respectively. Eliminating J^(/) between these equations we obtain the further \
recurrence relation

, j
+ ( A - 13) ;

A -3  INTEGRAL E X PR E SSIO N S FOR J ,( f )

If we replace the cosine term by its series expansion and interchange the 
order of summation and integration we find that

f  cos (I cos 0) d() — Y  t 2' f cos2' 0 dO.
Jo ,4* <2r)! Jo

Now 

so that

f 2 , f
Jo (r!)

In other words we have shown that

i r u
cos (/cost?) <10: (A-14)

since

f sin (t cosfl) dO =  0 
Jo

we can write this last equation in the alternative form

J0(r) =  1  | eiUM* JO.
Jo

Another form.

2  f»*
J0U) =  -  cos If cos 0) JO 

n Jo
is known as Poisson's integral for J 0(f).

These results may readily be generalized by considering the integral

(A-15)

(A-16)

f sin2 'D cos(/cosO ) dO, 
Jo (v >  - i ) .
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Expanding the cosine factor in ascending powers o f t cos 0 and making use of 
the duplication formula for the gamma function

r(i>r(2r) = 2U~1 IW(r + j) (A-17)
in the form

1 =  H i)
(2 r)! 2 2,r ! r ( r  +  i )

we readily show that

J v ( / )  =
(htY

r ( i ) r (v  + sin2v0co s(/co s0 ) d tf  (v >  —|) . (A-18)

If we put v =  0 and recall that T(f) =  ^Jn, we may recover (A-16) from 
(A-18). We also note that

(A-19)

is equivalent to (A-18).
A second integral representation for J ,(/) is

j V( o = -  r« Jo
co s (/s in 0  — \Q)dO

-  sin (v/r) J u v 1 exp j— { t ^u — du. (A-20)

In particular if n is a positive integer

1 f"
J„(0 =  -  I co s(/s in0  — n0)d6. * Jo (A-21)

A -4 RELATION BETW EEN THE B ESSEL F U N C T IO N S AND 
CIRCULAR FU N C T IO N S

If we put v =  5  in (A-4) and make use of the duplication formula (A-17) for 
the gamma function, we obtain

at'

(i* /)*J* (r)=  £ ( - l ) ' - ^ - = sin/ 
(2 r + 1)!

which is equivalent to the equation 

•MO =  1 — 1 sin/. (A -22)
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Again, if we put v = — $ in (A-4) we obtain the relation

COS I. (A-23)

A-5 DEFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS

It is easily seen that equations (A-9) and (A-10) are equivalent to the 
equations

~ { x rSM.x) = £.V*V,U‘.V) (A-24)

(A-25)

Integrating both sides of (A-24) with respect to x  from 0 to a. replacing v by 
v + I and using the fact that .vv+ 'J v+ i(.t) -♦ 0  as .v -* 0  if v >  0  we obtain 
the definite integral

I x'* 1 Jv( dx =  ——  Jv+ ,(£a). (v >  0). o 4
Putting v = 0 in this result we obtain the integral

1. ,vJo(Qx)dx = -  J ,(£ c7) 
0 s

(A-26)

(A-27)

which is used repeatedly in the application of the theory of Hankel trans­
forms to special problems.

Further we can write

[ .t\l0(£.*) dx = f x2 | (xJ,((x)! dx
Jo Jo t  < *

Now we can evaluate the integral on the right side of this equation merely by 
putting v = 1 in equation (A-26). Substituting this value and making use of 
(A-13) with v =  1 we obtain the equation

j* x'Jodx) dx = “j ̂2J0(£a) + J,(̂a)j-
Combining equations (A-27) and (A-28) we obtain

(A-28)

i: 4a 2 a2x(a l -  x 2 )J0(fx) dx =  p  J,(4a) -  "-T J0 ((Ja). (A-29)
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If we use Poisson's formula (A-16) we find that

| e ”'}0(a t)d t =  -  | e~pl dt cos (at cos 0) 
Jo n Jo Jo

d6.

Interchanging the order o f the integrations and making use of the result

Pr e ' 1* cos (at cos 8) dt =  —:— — 5----- -,
p 2 +  a2cos2 6

(R ep  > 0)

we find that

f X e - p,J0(a t)d t = ^  P "  Jo 1 Jo J
d0

jo P2 +  a2 cos2 8 

Writing the integral on the right as 

*** sec2 0 ddfJo (P2 + v 2) +  p 2 tan 2 0  

and making the substitution u =  tan 8, we see that it has the value 

1 f x du n
p 2 J o  m 2 4- k 2 2p2k

where k 2 =  (p 2 +  a2)jp2, and hence that

f  e~mi 0(at) dt =  (a2 +  p 2)~ i . (Rep  > 0). (A-30)
Jo

Differentiating both sides of this equation with respect to p  we obtain the 
equation

te p'i0(a t)d t =  p(a2 +  p 2)1. (A-31)

On the other hand, differentiating w ith respect to a and using Jq(-) =  — -M-). 
we obtain

J* te~p' i ^at) dt = a(a2 + p 2)~*. (A-32)

These results are particular cases of the general formula

2-av !"(£/< + |v  +  l)T(4p +  tv +  I)

1o _ ( , , 2 + / ,2)**♦»•+* n v  + o n ! )  

F, + b  + -  i/*;! +  v :p  ^  p ) (A-33)
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where, as is usual, the hypcrgcometric function 2Ft is defined by the equation 

2Ft(a,h:c;x) =  V  ~77T  *'• =  a(a +  1) . . . (a +  r -  1)

letting/) tend to zero and using Gauss' formula 

R c)R c — a — b)
iF ^a .b .cA )  = R r  — o lH r — b)' c > a + b

we find that

1
(A-34)

Equation (A-33) can also be rewritten in terms of the associated 
Legendre function P*:

I0 n M , )  dt (a2 + p 1) ^  P; \U>2 + p 2)H ' (A-35)

In addition, we have the formula 

1e~p,1],Uu) dt

a 'T (\p  + |v )
I

2 v+V +" + ‘vR l + v)

where v >  — I , /r + v > 0 . Re/) > 0 and

r * 0 r

of which an important special case is

i F i i P  + i v;v + I 4pJ (A-36)

r r +1e - ',,2Jv(a/)</f =  ----->vv e  ° ' * e. 
Up)

(A-37)



appendix B
Tables of Integral Transforms

We collect together here the main formulae derived either in the text or in 
the problems to provide short tables of the integral transforms in most com­
mon use.

Unless otherwise stated, a, b are assumed to be positive constants and 
k. m, and n are assumed to be positive integers.

The most complete set o f integral transforms is given in Erdelyi et al. 
(1954). Other collections which should be consulted are those of Campbell 
and Foster (1948), Ditkin and Prudnikov (1961). McLachlan and Humbert 
(1950), and Oberhettinger and Higgins (1961).
516
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B-1 F O U R IE R  T R A N S F O R M S

A O f i m - . n Reference

FI I %(2n)6(Z) (9-2-15)
F2 t ~ l v sgn { (2-7-5)
F3 [a2 +  t 21 Re(a) >  0 v (i« )u  * * '-l' ' (2-7-3)
F4 rla2 +  t2) Re(a| >  u F4&  (2-3-16)
F5 (1 -  f )* - '( l  +  />» 'H ( l -  |f |) 2"*t  t i - * B { a .b ) lF, ih:,i +  b:2 i i) Prob. 2-13
F6 Pnil)Hi 1 -  |( |) Prob. 2-14
F7 e im. ( x e R ) v (27t)*5(c +  *> (9-2-22)
F8 e -  «»*i

v (2/n)u(flJ +  { V (2-7-3)
F9 te m ■" v '(2/n)2a/{(<i2 +  s 2) ' 2 (2-7-8)
F10 \ t \e -* 1' \  <2 -  £2)(fl2 + s'2) " 2 (2-7-9)
FI 1 2  -* fl- V * * 1 dJ (2-7-13)
FI2 r ' h . i V ) ,-/>.U )H(i -  lit) Prob. 2-14
FI3 t coscch t v U T E V ^ d  + e Kir 2 Prob. 2-20

FI4 sm h(a/)coscch ( ) .  0  <  a <  fl
y j i l n ) p - 1 s in (n r / f )x

X  Icosh(irf/0) +  cos(na-)J)}*1
Prob. 2-21

FIS cosh(*/)cosech(/?r). 0  <  ai < ft Jv *j«)/l 1 sin h (* v '/0  x
x Jcosh(n£./f) +  cos(nx //>> J ' 1

F16 H n ( 2 n ) '1 (9-2-14)
FI 7 6 { / J  +  / i ) .  / .  *  0 | / | -  , ( 2 * ) '* f '" 4''1 (9-2-21)

FI8 £ , 4 >( f ) < -i{ > ‘< 2*r* (9-2-19)

FI9 <2*)»; > (9-2-20)

F20
r,* s  /*H<0

(2  <  -  1 hut not an integer)
H *  +  ^  |  r | - « -  1 -  * « « +

v ^ « T k l  '

Prob. 9-10

F2I i » r

<x <  — 1 but not an integer)
v (2 /* )n »  +  i> -  ■ x

X  C O S  { J x ( 3t  +  D J
Prob. 9-10

F22
|<|*sgiw /sg n i;v < 2 'x )n x  +  l ) | * |  * ' 1 x Prob 9-10

{ %  <  -  1)  but not an integer) x sin [ \n ix  +  D |

F23 tk sgn t v ( 2
r  ( - D * * n  

V ( 2 . M ‘ [ K ' * * « )  +  i J

Prob 9-13

F24 /‘ H<0 Prob 9-13

B -2 F O U R IE R  C O S IN E  T R A N S F O R M S

A n f A H i r . i l
Reference

C l t *  l. 0 <  />  <  1 v <2 it) i  'T(/>)cos(l/>«) (2-7-211

C2 i a 2  +  t 2 )  Re{a) >  0 N tjx )a  *r (2 -7 .|)

C 3 In2 +  r ) 2. Rc(a) >  0 J N  i \ n )a  V  mH \  +  " 4 ) (2-7-6)

(fon/tm W  overleaf )
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B-2 FOURIER COSINE TRANSFORMS (continued)

m Reference

C'4 e “ v '(2/7t)a(oJ +  4 2) " 1 (2-7-1)

C5 v/(2 /« )(a2 -  £2)(tf2 +  f V 2 (2-7-6)

C'6 t ’ - ' e ' "
V (2 / k) (n -  l)!/--"cos(/»0 ),

, . v, V  +  ( ■ ) , » -  » « - « / • )  P' ° 1’ 2' 1"
C7 r '* v (2-7-13)

C8 -  e ~ ") , (0  < b < a) - 4 a 1 + i 2 (2 ,0  M o g ^  + {2 Prob. 2-26

C9 cos( \ l 2) l/(v/2 ){cos(K J) +  s in ( i^ 2)} (2-7-15)

CIO sin ( i / 2) l/(v 2 ){cos<l£2) -  s i n ( i i 2)5 (2-7-16)
C l l (a2 -  / 2)v“ 1 H(o -  /), (v >  -  J) 2 '- * r ( v  +  l l f l T J . K ) (2-7-19)

C12 

C l 3

sinh(ar)----2 ' 0 < a <  ti
sinh (fit)

cosh (at)
— r - ^ —- 0  <  a <  P 
cosh (fit)

M W ' --------- sin^ ______cosh (ni/fi) + cos (na/fi) 

'P r tlfl-  1 cos,7I22/r,co sh (^ /2(!,>

Prob. 2-21 

Prob. 2-22
v ~ cosh (nZ;P) +  cos(tta/fi)

CI4 (b1 + t 2) '  ’J0(a/) v/( i « ) i _ , f ' K7 0(aA). i  > a Prob. 2-34
CI5 ^ - acnahr s/(2/n)Ki{(a) (6- 1-8)

C l6 t _ ,J,(ar). v >  — ^
(a2 -  i 2)'- * m a  -  £) 

2 - * t fT (v  +  i )
(2-7-19)

C17 Koiot) v/(i>0 (a2 +  {2)y (6-1-5)
CIS K„(a) K( i n ) e ' ^ < (6-1-9)

B -3 F O U R IE R  S IN E  T R A N S F O R M S

jit) Reference

SI /-> v'( in )sg n i (2-1-*)
S2 e - \  (o < p < i) v/(2/ir){~ 'r(/»)sin (i v ) (2-7-22)
S3 r 1 r * (2-7-23)
S4 t(a2 +  r 2) -1 %'<1 *>*'■* (2-7-2)
S5 /(a2 +  t 2) 2 «*• a i V S (2-7-7)
S6 r  l(a2 +  r2)~ ‘ v/()n )a  2(1 -  >  0 ) (2-8-4)
S7 e ' m v/(2/ k){(oj +  i 2)~ l (2-7-1)
S8 t e " v'(2 /*)2a{(a2 + {2) ~ 2 (2-7-7)

S9 r ' f - "
v ’(2/ r)('« -  1 )!r"*sin (n6), 

r =  v (a2 +  £2), 0  =  tan 1 (<(/a) Prob. 2-10

SIO , - !|)llte 2 (2-7-14)
S ll r v'(2/a ) ta n " , (i/a) Prob. 2-26
S12 /(a2 -  / 2)”' 1H(a - # ) . » > ) 2 > ‘a \ ' , -T (»  -  JU .(ia) (2-7-20)

(ronfsiwfO
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AO n m - p ] Reference

SI3
cosh(a/)----------- 0 <  a <  p
sm h(Pi)

Prob. 2-21
v w ”  cosh (n£//J) + cos (na 0)

Sl4 sinh(a ' ) , 0 < a < f i  
cosh {fit)

, , ,  , o l s in (nx,'2fi)sinh(n{/20) 
cosh(n£//f) +  cos(na//))

Prob. 2-22

SI5 t x~ ‘J ,<a/), v >  J
H a 2 -  i 2) ' <H(o -  {)

(2-7-20)
r - v r i r  -  j)

SI6 r ' J ^ a t )
| v (}k). 0 <  a <  {; 
tv ''(2 n ) s i n '1 (£/a), 0 <  { <  a

Prob. 2-33

S17 t(b2 +  / 2) _IJ0(<i/) v '({*)**“ w l0(a6). 1 > a Prob. 2-34

SIS r *  H.</)
f t  + t o "  ~  ( t r ~ ' W  ~  i]

Prob. 2-38

B -4 LA PL A C E  T R A N S F O R M S

AD n A n . p ] Reference

LI \ p " (3-2-1)

L2 t \ ( v  > -  I) p  ' T (v  +  1) (3-2-3)
L3 e* (p  -  a) l. R ep  >  a (3-2-6)
L4 cosh at p i p 1 — a 2)“ *, R ep  >  a (3-2-7)
L5 sinh at a (p 2 -  a 2) '  Re/? >  a (3-2-8)
L6 f cosh at (p ‘1 +  a 2) (p 2 -  a 3) " 2. Re/> >  a L5 & (3-3-12)
L7 /sinh  at la p ip 1 — a 2) ' 2, R e p  > a L4&(3-3-12)
L8 Ja /co sh a / -  $ sinh a/ «3(p2 -  a 2! 2. Re p >  a LS.L6
L9 cosh at + ja /s in h a / p 3(p 2 -  a 1) 2, R ep  > a L4, L7
LIO co sat p ( p 2 +■ a2)~ l (3-2-5)
L ll sin at a ( p 2 + a 2) 1 (3-2-4)
L l2 t cos at ( p l -  a l ) (p2 +  a 2) -2 (3-3-14)
LI3 t sin at 2ap(p2 -f a2) ‘ 2 (3-3-15)
L l4 js in a /  -  \a t  cos (ft a 3(p 2 +  a 2)~ 2 L 1I.L12
LI5 jsm  at +  \ a t  cosat ap2(p 2 + a 2) 2 L IL L 12
LI6 cos at — ja /s in a / pV  + **rz L10.L13
LI7 t 1 sin (at) cot " ‘ (p/a) (3-3-22)
LIS Si </) p ~1 cot* 1 p (3-5-5)
L!9 Ci(/| — < 1 /2/>) log (1 + p 2) (3-5-10)
L20 r ' lk,,J 7t*b V '^Erfclp A) (3-6-8)
L2I Erf(//2a) p 'r"lpI Erfc(op) (3-6-10)
L22 Erf(ov'/) up '(p + a2)“ * (3-6-12)
L23 Erfc(av  /) p ‘ '[1 -  a ip  + u2r *3 (3-6-12)

(continued overleaf )
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B-4 LAPLACE TRANSFORMS (continued)

n o ¥ U U ) . p ] Reference

L24 e"1' Erfc(av O p  U p *  +  a r 1 (3-6-16)
L25 Erfc(a/y '/) p  '  u '*.  R ep  >  0 (3-6-17)
L26 (it/p)*e‘ 2' ,c*1, Re/> >  0 (3-2-13)
L27 ( 7 t R ep  >  0 (3-2-14)

L28 r*Jr(ar).(e  >  - i )
(2 a ) 'jt-* r(v  +  |) ( p 2 +  ci2) '" '* .

R e p  >  0 (3-7-3)

L29 r + ‘j j a /) ,(v  >  - i )
) t" 12’ + ,a '/) r (v  +  §)(p2 +  a 2)-1"*1.

Rep >  0 (3-7-6)

L30 ' " J J a l )
(2n)! ,
—- r </■(/)* +  a 2 t "  ♦. R ep  >  0 Prob. 3-12

L3I rn+‘J , ( a l )
(2n +  1)! , ,

V»„r “ (P ' +  « > *. R ep  >  0 Prob. 3-12

L32 J J O  (v >  -  £)
(/ )2 +  ] ) -* { />  +  J { p 2 +  I ) } - ' .

Re/) >  0 Prob. 3-17

L33 >J,U)  (v >  - f )
{P  +  > \ ( / ) 2 +  l)} (p2 +  1)“ * x

X !/> +  s J p 2 +  n r * .  Re/) >  0 Prob. 3-17

L34 r ‘j r(o (v  >  0) v ~ ' \ p  +  v ( / ’2 +  I )} " ’. Re/) >  0 Prob. 3-17
L35 >  - i ) c i^ 'p '1" 'e ~ *  *. Re/) >  0 (3-7-8)

L36 f~ sJ,(2uv 'f). (v >  - } ) v''(n./p)e''J;2,I j , Re/) >  0 Prob. 3-18

L37 t’,c“ “J0(Jsin 0) (1 -  2/)cos# +  p 2)~*. Rep >  0 Prob. 3-14

L38 <v >  - i )
(2f l ) * j t ' ‘ r ( v  +  })(p2 -  a 2) " " * .

Re/) >  a >  0
(3-7-11)

L39 / ,+ ‘ 1,(0/).  (V >  - 1 )
2 "  la, n~ ip r iv  +  | ) ( / ) 2 -  a 2 )~ ’ ~*.

Re/) >  a >  0
(3-7-12)

L40 f “ l v(2v ;ti/) a i ',p ~ ' ~ , ea:p. Rep  >>0 (3-7-13)

L41 l l e“ i  f i t *  x)
(p — a ) ~2 ~ 1 exp J-.v (/) -  a) '*} .

Re/) >  a > 0 (3-7-23)

L42 A ( r  e R)
* sin (i t ) . ,

-------— ------ , [p =  cosh a)
sinh or sinh (irr)

(6-1-34)

L43 l ! cos (uv 1) v (it p)e “ ' ip. Rep  >  0 Prob. 3-9

L44 r  1 sin(ciN i) E rfljup"*). Rep >  0 Prob. 3-9

L45 sin (</v /) Jcijt*/)' !e ‘ *"4*. Rep >  0 Prob 3-9

L46 S j l ) p ' 1 tanh (jp r). Rep >  0 (3-8-4)

L47 I - JO p '* '  ’(p  -  II". Rep >  0 sec. 3-12

L48 f  *" V  a,LJ2bl)

" 0 R eP > /> > 0  (3-12-4)

{continued)



TABLES OF INTEGRAL TRANSFORMS 521

/<') i" [  «/);/>] Reference

L49 £ t(t) P 1 log (p  +  1). Rc p  >  0 Prob. 3-8

L50 p  “ 4 coth (/>*). Rcp  >  0 Prob. 3-25

B -5 M ELLIN T R A N S F O R M S

fix) . ^ [ / ( a) ; j ] Reference

Ml (i -  ■ xcot(xv). 0 <  Re v <  1 (4-1-22)
M2 (1 + -V)  1 n cosec (n.v), 0 <  Re v <  1 (4-1-13)

M3 (I +  *■)'*
r(v ,a)n />  — si a)

--------- — ,0  < Rev <  ab
« r w

(4-1-14)

M4
7.(.v>HU -  x) 2*B« n j )

v (1 -  VJ) n j +  J v +  i/i>r(5 +  Jv -  jn ) ’
Rc s >  0 Prob. 4-26

M5
7.(.v 1 >H(1 -  c)

V  ( 1 -  X2)

2“ 3n iA  +  is)T (Is  -  in )------------ —  . . . --------- R c i  >  n
V(s)

Prob. 4-27

M6 p j x m i  -  x)
2 n i

n i ^ n j v  + i)
v -  ]n  +  } )n ]v  +  \ n  +  1)'

Rev >  0 Prob 4-6

M7 PntX '1) H(1 -  x)
2* T < iv  +  }« +  J j n J j  -  \n)

- - . Rev > n
r < i ) r u  +  i )

Prob 4-5

M8 (1 -  x 2)iAP% i (.T)H(l -  X ) nj>.
2 - J - * n j ) r ( j )

-  jv  +  j.v +  i ) r ( J x  - f  }v +  jv +  1)
Prob. 4-9

Rev >  m in(0,v —  /  — 0

M9
‘u  -  x2y * c / ( x > x

X  H(l -  X ) ,  (p >  0 )

4 -  i>r(2p +  n)H v - t - n - o
-  - -------- . — -  - -  -  • , Prob. 4-8

it ! r (2 jn r ( i . f ) ru »  +  n +  p)
Rev > 0 Prob. 4-8

M10 (i -  v ’r ■ * c . i ( .v - , ) x 2 ‘ ~ 1 P ( n  +  2 /)f({v  -  0»)T(Jv +  X +

X  HI! -  x). ( / .  >  0) j i » r u > n j  +  2-ij

Rev > n Prob. 4-7

M l!
1 +  A  C O S  <f>

1 -  ircos<£ +-  x l

n cos(v^)
----------, 0 <  Re s <  1

vin (vir)
- x  <  <t> <  n Prob. 4-4

M 12
x  sin 4>

1 -  2 x c o s <f> +  x 2'
* M O ( A 0 )

..................  . 0  <  Rev <  1
sin (vir)

- x  <  4> <  i t Prob. 4-5
M 13 T(v), Rev >  0 (4-1-11)
M 14 - .ie i r ( iv ) .  Re v >  0 M13
M 15 C O S  A r(v )cos(Jxv), 0 <  Rev <  1 (4-1-7)
M 16 sin a r(v )sin (Jnv), 0 <  Rev <  1 (4-1-8)

(continued overleaf)
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8 -5  MELUN TRANSFORMS (continued)

Ax) J fU ixh s ] Reference

M I7
e '  cos ( r  sin 4>).

— Jjt <  <t> <  J*
F(s)cos(.v^), R e j  >  0

Prob. 4-4

M 18
e '***"♦ sin (.xsin^),

- ) j r  <  <(> < \n
r(.«)sin(.«^>), R es >  —1

Prob. 4-4

M 19 v ’-Ux). v >  - i ----------r  -  - - . 0 <  R es <  1
R v  -  $s +  1)

<4-1-9)

M20 y,(.t). v e R
- 2 * - ,« - | n i.v  +  i v i n j . t  -  Jy) x

X  C O S ( $ S  — Jv)7T, [Vj <  Re.f <  I
Prob. 2-37

M2I K,(x), v e  R 2*"Jr ( i i  +  } v )n * s  — Jv), R e f  >  v >  0 Prob. 4-22

M22 H ,(x), v e  R
2, 1 ta n ( J n j  +  J* v ) r ( js  +  Jr) 

R jv  -  j*  +  1)

— 1 — v <  R e s <  m in (J ,l  -  y) Prob. 2-38

B -6 H A N K E L  T R A N S F O R M S

A x ) Reference

HI .v'Hfo -  x) r v + * j „ m > (5-5-4)

H2 x‘ \  ( - ■v -  1 <  Re.r <  v +  1)
2 'H IS  +  Jy +  J) 

s* * , r<)v -  \ s + b
(2-10-7)

H3
x ' ( a 2 — .X2)" - '  - ‘H(a — Jr),

(// >  v >  0)
I ' - ’ - ' n n  - (5-5-1)

H4 x ' - ’f " (2 *>’n '* r< y  + b i o 2 +  f 2) " ' '* (5-5-14)

H5 .t V “ “ 2 '+ ,r* » * '* r (y  +  b i o 2 +  i 2) ' " * (5-5-15)

H6 x~ ‘e _“ V i a 1 +  £2r ! ;a  +  v V  + (5-5-16)

H7
V i a 1 + {2) '* { a  + vV(a2 +  <2)lx

*{a + v'<o2 + O l ”
(5-5-17)

H8 V —x  e ( i« 2), + 1{ V ' i «1*’ (5-5-19)

H9 u ~xl:a*x ue x a
V a ’ *'1*2

2 ^ w T 7 )  * r "  + ^  +  iv ) *
x iF iU  +  +  iv ;v  +  I; - l a 2?2) Prob. 5-1

B -7 K O N T O R O V IC H -L E B E D E V T R A N S F O R M S

A x ) JT [/(.v) ; t]  Reference

KLI l J nr '  1 cosech <) xt ) Prob. 6-3 (b)

KL2 X (*  sech (Jxt) Prob. 6-2 (6)

KL3 e ~ % i r r " 1 cosech ( j t t )  Prob. 6-3 (c)

KL4 c * jr t~ , colh(xT) Prob. 6-3 (J)

(corn muni)
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n x ) Reference

KL5 xe * 7tr cosech (nr) Prob. 6-2 (c)
K.L6 e - »«•■*»» 7tt~ ‘ cosh(r/)cosech(nr) Prob. 6-3 (a)
KL7 xe-***" tt sinh (r/) cosec f cosech(jrr) Prob. 6-2 (a)
KUt £ ~ ««•>»» rtf' 1 cos (r/) cosech (7tt) Prob. 6-4 (a)
KL9 ^  - ICMbl k sin (rr) cosech i cosech (rcr) Prob. 6-4 (b)

-8 MEHLER-FOCK TRANSFORMS OF ZERO ORDER

fix ) *Ao[/(v);r] Reference

MF1 X "* v 2  scch (Jttt) (7-6-23)
MF2 V * iv ;(2 )t cosech (Jfft) (7-6-24)

MF3 x - 2n K(n 2  2 ) (7-6-25)

MF4 x '  (n 2* 1)
r r 1

(7-6-26)

MF5 (x + O '* nscch{WT)P. j (7-6-27)

MF6 (v + t)~m l
( - I T

- Rsech(nt)(f2 -  1) ! , P . J + Il*(i) 
m! *

Prob. 7-4

MF7 (x + / ) * v 2  cosh{rcos 1 /} 
r sinh(rr)

(7-6-9)

MF8 (x +
( — *m! (T , t 

— cosh (rcos 1 r 
is in h (7tT)(2 /n)! dim

Prob. 7-5

MF9 ix + 1) 4 2yJ{2)x cosech (jtt) Prob 7-3
MFIO (V + I) * j v (2 )r 3 cosech (irr) Prob. 7-3

MFII Lr -  cos ft) 1
cosh(sr -  ftx) 

v rsinh(Tcr)
Prob. 7-1

MF12 ix — C O S 0 )  *f sinh (irr -  fix) 
2 V 2 cosecp —

sinh (nr)
Prob. 7-1

MFI3 e V ' ( 2  ;na)Kir(a) (7-6-22)
MF14 e**eita -+ ti.r) <J(2;na) sech (*r)A'lt(a> (7-7-3)
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Abel transforms, 318
Abel-type integral equations. 210
addition formula for Bessel functions, 300
almost everywhere, 654
anti-periodic functions, 246
associated Legendre function. 290, 370- 373
atomic systems, 119
atomic units, 116
autonomous linear systems, 2 0 0

Bailey's theorem, 287 
band spectrum. 87 
beam equation. 107 1 1 1 

Beltrami-type formulae, 323 324 
Beltrami's relation, 326 
Bernoulli numbers, 285 
Bernoulli polynomial. 284 
Bessel functions, 508 -515 

addition formula, 300 
asymptotic expansion, 302 
first kind. 15, 509 
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integral expressions for, 511 
Laplace transforms. 161-166 
modified. 163, 199 
Poisson's integral, 5! 1 
recurrence relations, 510 
second kind, 127, 278, 510 
Weber's, 510 

Bessel's equation. 508 
biharmonic equation, 132, 327, 349 
biharmonic operator, 48, 268, 3 13, 327 
bilateral Laplace transform, 239 241 
bounded variation, 69
Boussinesq's solution of beam equation, 109 

of plate equation, 333

Cauchv-Abel functional equation, 259 
Cauchy distribution. 133 
Cauchy principal value. 233 
Cauchy's functional equation, 227 
characteristic function, of a distribution. 114 

of an interval, 1 20
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chain, oscillations of. 346. 472 
characteristic polynomial. 19|« 
compact set. 21 

support. 21

Complex form of Fourier's theorem. 69 
Compton line. 116
conduction equation, see diffusion equation 
confluent hypcrgeomelric function. 122 
conjugate functions. 233 
consistency conditions. 226 
contact problem, 350 
convergence in mean. 67 
convolution integral, for double Laplace 

transforms. 226 
for Fourier transforms. 58 60 
for iterated Laplace transforms. 228 

convolution integral, for Laplace transforms. 
169 174

for Mellin transforms. 275 277 
tor multiple Fourier transforms. 79 
for 0  transforms. 79 

convolution quotient. 489 
convolution ring. 489 
convolution theorem, for double Laplace 

transforms. 226 
for Fourier transforms. 60 
for iterated Laplace transforms. 229 
for Laplace transforms, 171 
for Legendre transforms, 457 
for Mellin transforms. 275 
for multiple Fourier transforms* 79 
for Tchebycheff transforms, 461 
for 0  transforms. 75 

cosine integral. 154 
cosine transform, 7 
crack problems, 341, 369, 398. 399

delta distribution. 500 
delta function. 485 

in curvilinear coordinates. 507 
diffusion equation. 3 

for a finite line. 438. 445. 469 
for a rectangle. 469
for a semi-infinite line. 15. 1 0 2 . 128. 2 0 2  

in a medium generating heat. 130 
in an infinite region. 106 
in circular cylinders. 206. 448. 474 476 
in slabs, 204 
two-dimensioned, 104 

Dirac delta distribution. 500 
Dirac della function, 485. 494, 500 
Dirac transformation theory. 116 
Dinchkt function. 6 6  

Dirichlcl problem, 
axisymmctric. 325 
for a circular sector. 480

for a conical sector. 482
for a crescent-shaped region. 100
for a half-plane. 11.92. 237
for a half-space. 325
for an infinite strip, 93
for regions bounded by circular arcs.

100

fora semi-infinite cylinder. 129 
for a thick plate, 326 
for a sphere. 458. 479 
for a wedge. 17. 281 283. 363 368 

distribution function, 113 
of Cauchy. 133 
of Laplace. 133 

distributions. 488. 497 504 
derivatives of. 498 

global. 498 
local. 498
of slow growth. 501 
products with functions. 499 
regular. 498 

distributions, 
shifted. 499 
singular, 498 
tempered. 501 
transforms of, 500 504 

Dixon's theorem. 288 
double Laplace transform. 221 228 
dual integral equations. 338 342. 350.

400 404.-407--411 
^-operator. 216 
difference equations. 214 221 
differential equations, 

ordinary. 190 201 
partial, 92 113. 202 207 
simultaneous. 199 
with variable coefficients, 198 

duplication formula. 512

earth's kinematic viscosity. 338 
Eddington's method, 84 
eigenvalue of integral equation. 87 
eigenfunction of integral equation. 87 
elastic equilibrium. 349 
electrified disk, 338. 480 
eliptic integral, complete. 125. 126 
equivalent sequences. 490 
Frdclyi-Kober operators. 345 
error function. 155 160 
external crack. 369. ,374. 398 
Euler's integral. 141 
expectation, 113
exponential Fourier transform. 7 
exponential integral, 242

fairly good functions. 23



finite cosine transforms. 425-432 
convolution theorem, 429 
inversion theorem. 425 
o f derivatives. 427 429 

finite transforms. 423 483 
cosine, 425 432 
Fourier. 424-439 
Gegenhauer. 467 
generalised Fourier, 443 446 
Hankel. 446 454 
Hermile. 467 
Hilbert, 467 
Jacobi, 467 
Laguerre, 467 
Laplace. 467 
Legendre, 454 460 
Mellin. 462 467 
multiple Fourier. 432 -435 
sine. 425 432 
Sturm-Liouville. 439 443 
TchebychcfT. 460 462 

finite Fourier transforms. 424 439 
finite Hankel transforms. 446 454 
finite Hilbert transforms. 467 
finite sine transforms, 425 432 

convolution theorem. 429 
inversion theorem. 426 
of derivatives, 427 429 

How of perfect fluid. 130, 348 
flow of v iscous fluid. 333 
fluid flow, 130. 333, 348 
Fock's theorems. 388 -390 
Fourier cosine transform. 7 

tables of, 517
Fourier inversion theorem, 37 
Fourier operator. 38 
Fourier series. 28 
Fourier kernel. 8 , 24. 277, 295 
Fourier sine transform. 7 
Fourier transforms, 36 42 

boundedness of. 37 
continuity of, 38 
convolution theorem for. 60 
finite. 424 439 
multiple. 76-79 
of derivatives, 40 
of distributions, 500 
of generalised functions. 495 
of radially symmetric functions, 79 
of simple functions. 49 56 
Parsevafs relation. 60 
relation with Hankel transforms, 80. 82.

318
tables of. 517 
with general kernel. 70 

Fourier-Bessel series. 447 
Fourier-Legendre series. 455
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Fourier's integral theorem. 30. 34 
complex form of. 69 
for generai/ed functions, 496 

fractional derivatives. 272 
fractional integrals, 271. 293, 345. 384 
Fredholm integral equation. 87 
frequency function. 113 
functional equations. 227. 259 
functions, absolutely integrable. 24 

characteristic. 1 2 0  

classes of. 18 
distribution, 113 
fairly good. 23 
frequency. 113 
good, 23
infinitely smooth. 21 

measurable. 65 
of bounded variation. 69 
o f compact support. 21 

o f slow grow th. 23 
piecewise continuous. 18 
radially symmetric, 79 
self-reciprocal, 51. 56. 125 
smooth, 21  

step. 1 2 0  

support of. 2 1 

test. 2 2

gamma distribution. 133 
Gauss’ theorem, 287 
Gegenhauer polynomial. 290 
Gegenhauer transforms, 467 
generalized axisvmmeirie potentials,

342-343. 352
generalized Bessel function. 165 
generalized convolution, 228 
generalized derivatives, 488 
generalized functions. 490 497 
generalized hypergeometric series. 286 
generalized Mehler transform. 416 
generalized zeta*function, 283 
global distribution. 498 
good functions. 23 
Green's function. 192 
Griffith crack. 341 
growth of a function. 23

Hankel transforms. 7. 298 352 
inversion theorem. 299. 309 
modified operator of. 325 
of derivatives, 310 
o f elementary functions, 313 317 
Parseval relation. 317 
relation with Fourier transforms. 318 
shift theorem. 301 

Heaviside unit function. 22 
Heisenberg’s uncertainty relation. 133 
Hermile transforms, 467
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Hilbert transform. 233 238 
hydrogen atom. 118 
hypergeometric function, 

confluent. 1 2 2  

generalized. 286 
h>pergeometric scries. 286 
H-transform. 278

improper function. 485 
initial value problems. 19! 196 
integral equations. 83 91.207 214,256 258 

277 280
dual. 338 342. 350 
eigenfunctions of, 87 
eigenvalues of. 87 
homogeneous, 87 
of Abel type. 210 
of convolution type. 83 91. 128 
of Fredholm type, 87 
of Volterra type. 207 
spectra of. 87 

integral, cosine. 154 
exponential. 242 
Lebesgue. 65 
Riemann. 64 
sine. 153

integral transforms. 6  

inverse Laplace transform. 176 
iterated Laplace transform. 228 229 
inversion formula. 8 

for Fourier transforms. 34 
for the Laplace transforms. 175 

inversion theorem. 8

Jacobi transforms. 467 
Jensen’s functional equation. 259

kernel. 6  

Fourier, 8  

idem potent. 8 /» 
symmetrical. 8

Kontorovich Lebedev transforms. 353 368 
inversion formula. 361 
Parseva! relation. 362 

Kumar's relation. 166 
Rum mer's relation. 371 
Rummer’s theorem. 287

ladder network, 214 
Laguerre polynomial. 180 
Lagucrrc transforms. 467 
Lame coefficients, 507 
Laplace distribution. 133 
Laplace operator Aj, 2

A.. 312
78

in cylindrical coordinates. 312 
in polar coordinates. 268 

Laplace transform, 10. 135 261 
bilateral. 239 241 
double. 221-228 
inverse. 176 180 
iterated. 228 -229 
of Bessel functions. 161-166 
of a convolution. 169 
of derivatives, 147 152 
of error functions, 155-160 
of integrals. 152 1 5 5  

of periodic functions. 166 169 
of simple functions. 141 143 
rules of manipulation. 143 
shift theorem. 143 
Tauberian theorems for. 184 
two sided. 239

Laplace’s equation. 2, 92, 325 
axisymmetric form. 14, 129. 325 
in a crescent-shaped region. 1 0 0  

in a half-plane, 11.92. 237 
in a half-space. 101. 128. 325. 417 
in a lens. 375 
in an infinite strip. 93 
in an infinite wedge. 17, 281 -283. 363 366 
in a rectangle. 469.470 
in a semi-infinite cylinder. 129 
in a semi-infinite strip, 27. % . 404 407. 470 
in a torus, 375
in a wedge of infinite thickness, 367 -368 
in orthogonal curvilinear coordinates. 98 
in regions bounded by circular arcs. 1 0 0  

in toroidal coordinates. 373 381 
Lebedev s theorem. 361 
Lebesgue integral. 65 
Lebesgue measure, 64 
Legendre polynomial. 122, 183 
Legendre function. 371 
Legendre transforms. 454 460 

convolution theorem. 457 
Legendre’s associated equation, 370- 373 
Lerch’s theorem. 141 
line source. 507 
line spectrum. 87 
linear systems, 2 0 0  

local distribution, 498 
localisation lemma. 32

Macdonald function. 355 
measure. 64 

exterior. 65 
interior. 65 
Lebesgue, 64, 63 
zero. 64/i

Mehlcr Dirichlet formula. 373
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Mehlcr-Fock transforms. 369 422 
Parseval relation. 393,416 

Mellin transforms. 11, 262 297 
convolution theorems. 275-277 
elementary properties. 262 266 
inversion theorem, 272 
of biharmonic operator, 268 
of derivatives. 266 268 
of integrals, 268 272 
of Laplace operator A2, 268 

membrane, vibrations of, 111. 328 
Mercer transforms. 260 
Mikusinski's operational calculus, 488 
Mikusinski-Templc theory, 487. 489 496 
Mittag Leffler identity, 169 
mixed boundary value problems. 388-342, 

404 -407. 411 -414. 417-419 
modified Bessel function, 163, 199, 295. 354 
modified operator of Hunkel transforms. 325 
molecular systems, 199 
moments, of a distribution. 114 

of a function, 8 6 /t 
momentum wave function, 116 
multiple finite Fourier transforms, 432 435 

inversion formulae, 432-433 
of derivatives. 434-435 

multiple Fourier transforms. 76-79 
Murphy's formula, 183

network, 214
Neumann -Lommel formula, 300 
Neumann’s formula for 457 
null function, 140

oblate shcroidal coordinates, 480 
orthogonal curvilinear coordinates. 98

Parseval's relation, for finite Hilbert 
transforms. 467

for Fourier cosine transforms. 61 
for Fourier sine transforms. 62 
for Fourier transforms. 60 
for Hankel transforms. 317 
for Kontorovich-Lebedev transforms. 362 
lor Mehler Fock transforms. 393 

perfect functions. 489 
penny-shaped crack. 399 
periodic functions. 166-169 
Plancherel's theorem. 67 
plastic recoil of the earth. 333 
Pochhammer symbol, 287. 493 
Poisson's equation, 2, 438, 479 480 
Poisson’s formula. 122 
Poisson’s integral. 511 
polyharmonic operator. 79 
Post's inversion formula. 184 
potential theory, 2. 14. 17. 281 283

principal value, 233 
probability density. 113

quantum mechanics, 116 119

radially symmetric functions, 79
radiation condition. 71
rectangular distribution. 132
regular distribution. 498
regular ^/"-sequence. 490
Riemann integral. 64
Riemann Lebesguc lemma, 30, 304
Riemann Liouville fractional integral, 384
Riemann zeta-function. 284
Riesz Fischer theorem, 67
Robin problem, 479
Rodrigues'formula. 122
^-transform s, 72 75

Saalschiitzian series. 287 
Saalschiitz’s theorem. 287 
Schrddinger equation. 116 
Schwartz space. 22 
Schwartz’s theory, 488. 497-504 
self-reciprocal functions. 51. 56. 125. 316 
separation of variables, 3 
shift theorem. 143. 301 
shifted distribution. 499 
shifting property. 486
simultaneous differential equations. 199 201 
sine integral. 153 
sine transform. 7 
singular distribution. 498 
smooth function. 21 

Sonine’s first integral, 344 
second integral. 345 

spectrum. 87 
band ,87 
line. 87

statistics. Fourier transforms in, 113 !16
step function. 1 20

Stieltjes transform, 229-233
stream function. 130
stress-strain relations. 349
Struve’s function. 127. 278
Sturm Liouville problem. 442
Sturm Liouville problems, 424
Sturm Liouville transforms. 439 443
Summation of a series. 283
superposition principle. 5n
support of a function. 21

surface wave approximation. 334
Svartholm's integral equation. 133

Tauberian theorems, 184 
Tchebycheff polynomial. 280 
TchebychetF transforms, 460 462
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telegraphy equations. 255 
tempered distribution. 501 
tensor product. 503 
test functions, 22 

of rapid descent. 22 
Titchmarsh's theorem, 68. 489 
toroidal coordinates. 373 
torsion problem, 411 
transform, exponential Fourier. 7 

Fourier, 7 
Fourier cosine, 7 
Fourier sine. 7 
generalized, 72 
Hankel. 7 
integral, 6 
Laplace. 10 
Meliin. 11.17

transformation theory of Dirac. 116 
transpose of a distribution. 500 
Tricomi’s inversion formula. 180 
Tricomi's theorem. 165 
two-point boundary value problems, 196-198 
two-sided Laplace transform. 239 241 
uncertainty relation, 133 
unit function. 22

variable coefficients. 198 
variance, 115
variation of parameters. ! 10 
velocity potential, 130

vibration problems. 107 112. 328 333.
436 437 

vibrations, 
of finite beam. 436 
of finite string. 436 
of heavy chain. 346. 472 
of infinite beam. 107 
of large membrane. I l l ,  328. 473 
of semi-infinite beam. 110 
of thin elastic plate. 330, 347, 474 

viscous flow, 333
Volterra-typc integral equations. 207

Watson's lemma. 188 
Watson's theorem. 288 
wave equation. 3 

for a semi-infinite line. 13 
wave mechanics. 116-119 
Weber's function, 510 
Weber's integral. 303 
wedge problems. 17, 281 283 
Weyl fractional integral. 271 
Whipple's theorem. 288 
Wiener Hopf technique. 91

F-transform, 278

Z-iransform, 218 
zela-funclion, 284


