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xii THE USE OF INTEGRAL TRANSFORMS
student well grounded in the methods of advanced calculus and of the
solution of elementary differential equations.

An attempt has been made to cover the commonly used properties of
all those integral transforms which are currently in use in the solution of
boundary value problems. There are chapters on the Fourier transforms and
those of Lapace, Mellin, Hankel, Me¢hler and Fock. Kontorovich and
Lebedev. Closely related topics such as finite transforms. dual integral
equations, the Wiener-Hopf procedure and the elementary parts of the
theory of generalized functions are also considered. In an effort to make the
book more useful as a textbook for students of applied mathematics each
chapter contains an account of applications of the theory of integral trans-
forms to the solution of problems arising in mathematical physics. In this
way is illustrated the use of transform techniques in finding the solution of
boundary and initial value problems for ordinary and partial differential
equations. of integral equations and difference equations. Problems are
included at the end of each chapter so that the reader may further develop
his skill in the application of integral transforms,

The critical comments of colleagues and of students who attended the
lectures on which this book is based were of great value and are gratefully
acknowledged. In particular I wish to thank M. Lowengrub. R. P. Srivastav,
M. P. Stallybrass. J. Tweed and M. S. Alala for their comments on the final
manuscript and for their help in reading the proofs.

My thanks are due also to Mrs. Dorothy Long for her assistance in
the preparation of the author and subject indices.

lan N. Sneddon



Preface

The aim of this book is to provide an introduction to the use of integral
transforms for students of applied mathematics. physics and engineering.
1t is based upon courses of lectures given at various times in the University
of Glasgow. North Carolina State University and the State University of
New York at Stony Brook to postgraduate students of thesc subjects. Some
sections have also been used in lectures to undergraduates reading for
“honours™ degrees in mathematics or engineering in the University of
Glasgow.

Since this book has been written for students whose primary interest
is in the applications of the theory rather than in the theory itself, it does
not atiempt to present the basic theorems relating to integral transforms in
their most general forms. The treatment is restricted to classes of functions
which are sufficiently wide to embrace the functions which normally occur
in physical applications. It is hoped that most of the book is accessible to a

x}



1
Introduction

Since. in this book. we are concerned primarily with the use of integral trans-
forms, we begin by outlining briefly the circumstances in which integral
transforms arise in the analysis of some boundary value and initial value
problems of classical physics. This provides some motivation for the mathe-
matical problems with which the remainder of the book is concerned.

In sec. 1-1 we discuss in a general kind of way how the use of the
principle of linear superposition in constructing integral representations of
solutions of linear partial differential equations can lead in a natural way to
a consideration of the properties of integral transforms. In secs. 1-3 through
1-5 this method is used to introduce the Fourier transform, the Fourier sinc
and cosine transforms. and the Hankel transform. An alternative approach
is developed in sec. 1-2 and in secs. 1-6, 1-7 this is used to introduce the
Laplace transform and the Mellin transform.

We conclude this introductory chapter by saying something about the
kinds of functions we shall be discussing in the subscquent chapters.

1



2 THE USE OF INTEGRAL TRANSFORMS

1-1 INTEGRAL TRANSFORMS

Many of the phenomena of classical physics may be described by partial
differential equations of a particularly simple type. For example, problems
in potential theory (which embraces gravitational theory. electrostatics,
magnetostatics, and the irrotational flow of a perfect fluid) may be dis-
cussed with reference either to Laplace’s equation

Pu *u . u

5+ +53=0
axt oyt ' ot
or to Poisson’s equation
u . BPu | du
=+ 53 + 5 = flxpo)
oxt ooyt et T

In these equations u is the potential function whose value at an arbitrary
point (x,y.z) is to be found: in Poisson’s equation the function f(x.y.2) is
prescribed. In terms of the three-dimensional Laplace operator A; defined
by the equation

az 2 2

Ay =35 7?"2 ‘?‘i

cx ¢y cz
and the position vector r = (x.y,z) of a typical point in E, we may write
Laplace’s equation in the form

Asu(r) = 0,
and Poisson’s equation in the form
Asu(r) = [(r).

In many problems of potential theory. the potential function « does
not depend on one of the cartesian coordinates, z say, in which case Laplace’s
equation and Poisson’s equation reduce to

2 A2
cu . Ctu
—s + 3= 1]
éxs  Cy

and
S Mu
— + x5 = f(x.y
l”,\'l 6)"2 j( EA )

+ respectively. or in terms of the two-dimensional Laplace operator. A,. de-
fined by
o
1=z %

&

2y?
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to
Au(r) =0

and
Ayu(r) = f(r),

“where, of course. r is now the position vector (x.y) of a typical point in E;.
Similarly the propagation of waves in E, is described by the ware
equation
1 %

A= — —5-
3 c? &t

where 1 denotes the time and ¢ the velocity of propagation of the waves, and
diffusion phenomena. such as the conduction of heat. by the diffusion
equation

where k denotes the thermal diffusivity of the medium.
If we take r = (x.5.z.0) to be the position vector of a point of spuce-
time. we can write these equations in the forms

2 62
((' AJ - ;"‘rz) ll(l’) =0

¢
(KA_; - 2’;) ll(l‘) =0

respectively.

It will be observed that these equations are lincar. of second order, and
that in cartesian coordinates they have constant coefficients, but in spite of
their somewhat special character. these equations are of fundamental im-
portance in many branches of physics and engineering and since the
eighteenth century have played an important role in the development of
pure mathematics as well as of that of mathematical physics.

Perhaps the oldest systematic technique for the solution of the partial
differential equations of mathematical physics is the method of separation of
cariubles. Introduced by d Alembert. Daniel Bernoulli, und Euler in the
middle of the eighteenth century it remains a method of great value today
and lies at the heart of the use of integral transforms in the solution of prob-
lems in applied mathematics.

To illustrate the method we shall consider its use in the solution of
Laplace’s two-dimensional equation in the half-plane y = 0 when it is
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assumed that the potential function w(x,y) tends to zero as p — . where
p= V’(.\" + y?) denotes distance from the origin.

The method of separation of variables consists of trying to find solu-
tions of A,u(x.y) = 0 which are of the form

u(xy) = XYy,

where X is a function of x alone and Y is a function of » alone. Since for this
form of w(x.y)

Pu_ X,

ax? T dx?
and

A d*Y

—_— —_——

At T vt
it follows that A,u = 0 will have solutions of this form if we can find func-
tions X and Y such that

g%f Y + X“% =0 i
for all (x,3) in the half-plane v 2 0. Rewriting this equation in the form

1 d*°X | FPY

Yd? T T Y P
and noting that whereas the left-hand side is a function of x alone. the right-
hand side is a function of y alone, we sec that both sides must be equal to a
constant, — 2 say. Hence X and Y are determined by the equations

dx d*Y

el = S

So far we have only said that ¢ is a constant. If we wish to obtain solutions
u tending 1o zero as p — ¢ we must choose functions Y which tend to zero
as ¥ = %, 50 we must choose ¢ to be real and take

Y(3) = e 18l

(We take e~ %V since if we took e~ %, ¥ would not tend to zero as v — <« for
negative values of ¢.) We also take

X(.X) = eti{x
This in turn shows us that

u(xy) = &1 ZeR

is ¢ solution of A, = 0.
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In a physical probiem the field variable is determined not only by the
partial differential equation but by the boundary values or the initial values
assumed by the function. The function derived above certainly satisfies
Laplace’s equation but it is the solution only of the boundary value probiem

Au(x.y) =0, - < X < X, y=>0
u(x.y) = e, —X <X <X
uxy) =0 as  J(x?+ yY) - x.
For other forms of 1(x.0) we have to construct other solutions. We do this
by building up complicated solutions from the simple one we have just found.
Since
A z‘,iéx-lcly =0

for all real £ and A, is a linear operator, we see that for certain forms of the
function F(£) the function

u(x.y) = f ©F@e e g

would also satisfy Laplace’s equation in the hail-plane » > 0 and hence
give us a new solution.! For example. if we take F(Z) = e 1% we obtain
the solution
a+y
u(xy) = —g- - g,
- X2+ (a+y)?
which satisfies the boundary condition u(x.0) = a(a® + x?)7".

The problem which naturally arises is: can we find the solution cor-
responding to the boundary condition u(x.0) = flx). - < x < %? In
other words: can we find a function F(¢) such that

o= [T R dg

for all real values of x?

This problem can be generalized in an obvious way.

Suppose that we wish to find the solution in a domain D of a homo-
geneous partial differential operator of the form

Lu(r) = 0, {1-1-1)

where r is the position vector, with components (x,.X3, . - . .X,). of a field
point in E,. the Euclidean space of n dimensions and L is a linear differential
operator in the variables x,.x,. . . . ,x,. For instance L could be A, or
A, orkA; — ¢/ét.

}This is known as the superposition principle.
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We can often find a simple solution n(r;¢) of the equation (l-1-1) in-
volving an arbitrary constant § whose values. which may be real or complex,
are taken from a set Q. If

Lnr) =0 reD. e
then. since the operator L is linear, it is probable that the function

u(r)=fnr(:m<r;¢)d¢. reDn

will also be a solution of (1-1-1) for any arbitrary function F of £ —at least if
it is such that the integral on the right side of this last equation converges
uniformly for all r € D. It may indeed turn out that the boundary conditions
imposed in the problem are sufficient to enable us to determine the form of

the function F(¢).

To illustrate the kind of situation which may arise we consider the case
in which «(x,p) is a function of two independent variables (x.y). We then
have a solution of the form

u(x,y) = fn F(Em(xp: &) . (x.v)e D.

If. in addition. it is postulated that u(x,0) = f(x), where the function f is
prescribed. we have the relation

fix) = J'n FOK(x:E) d:.  xeD,, (1-1-2)

where D, is the domain of x and the function K(x:¢) is defined by the
equation

K(x:8) = n(x,0;%). (1-1-3)

When a function /is defined in terms of a function F by means of an
integral relation of the type (1-1-2). we say that f(x) is the integral transform
of the function F(£) by the kernel K(x,§). and we employ some such notation

f(x) = T[F(&);x) (1-1-4)

For a particular choice of kernel we use not a general symbol J for the
operator of the transform but some specific symbol which reflects the nature
of the kernel. For instance. for kernels traditionally associated with the name
of Fourier we use # instead of . and for those associated with the names
of Laplace. Mellin. and Hankel we use the symbols &, .#, and ¥,
respectively.

We note that the operator .7 defined by equations (1-1-2) and (1-1-4)
is a linear operator, i.e., that if

FLRE:x] = fix).  F[FE):ix] = (v
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and ¢; and ¢, are arbitrary constants, then )
T [eiF($) + e:Fd)ix] = ¢, fi(x) + ¢ falx). (1-1-5)
For example. if Q is the entire real line R and K(x:&) is (21) " ¥e'*, we
say that f(x) is the exponential Fourier transform of F(£) or. simply, the
Fourier transform of F(£), We therefore have as the definition of the Fourier
transform

1 * 2yolix 4=

It is sometimes convenient to write the integral on the right as

1
fix) = —— | F(&e** dZ.
Hx) \/(_Zn)f. &e N
In sec. 1-3 we shall see how this transform arises in a natural way in the
analysis of a simple boundary value problem in potential theory.
Similarly. if Q is the positive real line R* and K(x;&) is (2/m)? cos (éx),
we say that the function f(x) defined by the equation

» )
ﬂ.r)=\[zf F({)cos(é.\')dc'a\/lj‘ F(&)cos(Ex)de  (1-1-7)
nJo 3 "

is the Fourier cosine transform of F(&), and if K(&;x) is (2/m)¥ sin(Ex). we
say that

, 2 (= A 2 .
./(xl=\[—f F(é)sm(éx)désff FOsin(Cx) de ().1-8)
nlo e

is the Fourier sine transform of F(&). We shall see in sec. 1-4 how such trans-
forms arise naturally in the derivation of certain solutions of the one-
dimensional wave equation.

Another integral transform which is of frequent use in mathematical
physics is obtained by taking €2 to be the positive real line R* and K(x;¢)
to be defined by the equation

K(x;§) = {J(¢x).
where J,(z) denotes the Bessel function of the first kind of order v and argu-
ment z. We then say that fix). defined by the equation

oo = [ TEFEEx) i (1-1-9)

is the Hankel transform?® of order v of the function F(§). In sec. 1-5 we shall
'In some books K(x:€) is chosen to be (x§}J (x§) 1o give a kernel which is a function of the
single variable x. The choice made here is more appropnaie in the analysis of problems in
applied mathematics.
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se¢ how such a transform arises in a simple problem.

In the discussion of boundary value problems for partial differential
equations, the basic problem often turns out to be the determination of the
function F(¢) when the function f{x) is prescribed. i.e.. it reduces to the solu-
tion of the integral equation (1-1-2). In many cases it turns out that we can
find a solution of an integral equation of this type in the form

F(3) =L fOH(GE dy, (e (1-1-10)

where D, is the domain of x. i.e.. in the problem considered x € D;. Such a
result is called an inversion formula for the transform (1-1-2) and equations
(1-1-2) and (1-1-10) taken together constitute what is called an incersion
theorem for the transform (1-1-2).

When it happens, as it frequently does. that the sets D, and Q are
identical and K(x:{) = H(E:x). so that the relation between f and Fis sym-
metrical, we say that K(x:Z) is a Fourier kernel.!

If K(x:&) = K(S:x). we say- as in the theory of integral equations--
that the kernel K is a symmetrical kernel. The simplest type of symmetric
kernel is one of the form K(&x). which is a function of the single variable Zx.
In problem 1-1 a simple necessary and sufficient condition for a kernel to be
a Fourier kernel is stated: later --in sec. 4-5 —this is used as the basis for a
usetul criterion by means of which we can determine whether or not a func-
tion K(1) defines a Fourier kernel.

1-2 AN ALTERNATIVE APPROACH
The concept of an integral transform arises naturally in another way which
we introduce through a simple example.

Suppose we wish to solve the two-dimensional Laplace equation
A,u = 0 in the positive quadrant x 2 0. v > 0 subject to the boundary
conditions

y Cu(0y

u(x.0) = f(x). ,.:‘__-.’ =29
and the condition that as /(x? + v?) — o, u(x.y) and its first order deriva-
tives tend to zero. Applying the rule for integrating by parts twice we find
that

* {2y B
J rrrrr cos (x§) dx

o €x2

0 )]

('3“ 43 £
= [:‘-C cos(x&) + Cusin (.\f)] - 52'[ u(x.y)cos (x&) dv

't turns out that the kernel of the Fourier transform .# isnota Fourier kernel! This is an unfortu-
natc consequence of using what is now the standard term “Fourier ™ kernel for a kernel with the
defined property: it would be more appropriate to call it an “idempotent”™ kernel.
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so that for the solution of our problem

= A2
f lj l;cos(_\f) dx = —&xHiC.y) — g(»)
0 CX
where the function #(¢.y) is defined by the equation
W) = Jq u(x.y)cos(x¢) dx
0

Since. in general

2= x A2 .
lad7i CCu(x,y) .
33 = == cos(xE) dx
&’ J. a?

we see that

4 . ; & 5
Asu(x pycos(xf)dx = l:F — &% — g(y)
o 3

and hence that A,u = 0 is equivalent to the equation

2 = g(y).

T3¢
Also the conditions n(x.0) = fix) and u(x.y) = 0 as y — a. x > 0 give us
the boundary conditions #(£.0) = f(¢), a(€.y) - 0 as y — . where

J¢) = J.: f(x)cos(xE) dx.

The differential equation governing u(&,y) is in effect an ordinary differential
(since derivatives of i with respect to ¢ nowhere occur in the problem) so
that the boundary value problem for determining #(E,y) is much simpler
than that for finding u(x.y). a(£.y) is an integral transform of u(x.y).

To show the general situation, suppose that we wish to solve the
equation (1-1-1) for re D and that, when re D, x; € D,. Then for a wide
class of functions K(x,.¢) the partial differential equation (1-1-1) is equiva-
lent to the relation

L K(xy &) dx, = 0. (1-2-1)

Now it may happen that. with a suitable choice of K(x,§). the integral on
the left side of this equation can be written in the form

J-o K(x ,OXMu(rydx, — g(&xs. . . . x,)

where M is a linear differential operator in the variables x;, . . . x, whose
coefficients may be functions of £ as well as of x,, . .. ,X,. (For example,
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in the problem considered above L = A, M = &¥0y? — &2 K(x.£)
= cos{x¢) and g,(&,)) = g(1).) Since the operator M does not depend on
x, we can. if the integral is uniformly convergent. take it outside the integral
sign in which case the equation (1-2-1)- -and hence the equation (1-1-1)--1is
equivalent to the partial differential equation

MiE.x,, . .. X)) = g1(§x5 - X)) (1-2.2)
where the function @(,x,, . . . .x,) is defined by the equation
711485 TN | =f WX, X o . WK (x, ) dxy (1-2-3)
D,
As before, we say that #(S.x,. . . . . x,) is the integral transform of

u(r) by the kernel K(x,.¢) and we use a notation of the form
Wy ) = T ue)ix — £,

where in a special case the symbol .7 would give an indication of the nature
of the kernel K. and the “arrow™ notation is uscd to indicate unambiguously
which of the n variables x,,x5, . . . .x, is “integrated out.” Thus, if the
domain of x, were the same as that of x,, we should denote the transform

fb w(x, X o .. 6K (xy.8) dyy

by the symbol
T [ulr):x, - &].

It will be observed that (1-2-2) is a partial differential equation in
n — | independent variables whereas equation (1-1-1) is in »# independent
variables. The effect of the transform is to reduce the number of independent
variables by 1. In particular if n = 2, a partial differential equation in two
independent variables is reduced to what is effectively an ordinary differen-
tial equation. This procedure is iltustrated in secs. 1-6 and 1-7 below.

If we take D, to be the positive real line and K(x,.&) to be e~ *'¢, we
get the Laplace transform: ie.. the function &(p.y). defined by the equation

u(py) = f: u(x.)e P dx, (1-2-4)

is called the Laplace transform of the function u(x,y) with respect to the
variable x and

a(xp) = J: u(x.p)e " dy

its Laplace transform with respect to the variable y.
Similarly. if we take D, to be the positive real line and K(x,.¢) to be
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x,'" %, we get the Mellin transform: ie.,
W) = [ utxgne=t dx (1-2-3)
[

is the Mellin transform of the function u(x.y) with respect to the variable x.

We shall show in secs. 1-6 and 1-7 below how such transforms arise
naturally in the solution of simple problems in mathematical physics. It may
appear rather mysterious how we know what function K(x,.l) will trans-
form the original differential equation (1-2-1) to give the required simplifica-
tion. Some indication of how we know what kernels we should choose is
given in Problems [-2 and 1-3 at the end of this chapter.

1-3 SOLUTION OF LAPLACE'S EQUATION IN A HALF-PLANE

We shall now illustrate. by means of a simple example, how the Fourier
transform defined in equation (1-1-6) arises in practical applications.

We consider the problem of determining the function u(x.y) satisfying
Laplace’s equation

Au(xy) =0 (1-3-b)
in the half-plane 3 2 0 subject to the boundary conditions

u(x.0) = f(x), -0 <X < W (1-3-2)

ulx,p) - 0. as  p-x (1-3-3)

where p = (x* 4 v}
We saw above (sec. 1-1) that the method of separation of variables
yields a simple solution of equation (1-3-1) of the form

n(xp:&) = (2m)~tetsx-Riy

where £ is a real separation constant. At this stage it may seem strange to
introduce a factor (2n) " %; it is done to define a transform whose inversion
theorem (it will emerge later) has a more symmetrical form. This solution has
the property that n(x.»; &) = 0 as y - x. Il F(¢) is an arbitrary function of
the real variable £, we should therefore expect from a simple use of the super-
position principle that the function

u(xy) = (2n)~ f T F(E)eRE W g (1-3-9)

would satisfy Laplace’s equation if F(£) were such that the integral on the
right were uniformly convergent for all (x.v) in the upper half-plane v > 0.
We should also expect it to satisfy the condition u(x,y) + O as v - .

The remaining conditions will be satisfied if we can find a function

F(&) such that
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fix) = 2m | _"r F(§)e™* de (1-3-5)
and such that
[7 Fee®ae 0. as x| = . (1-3-6)

From (1-3-5) we see that the function f{x) is the Fourier transform of
the function F(&). so that the problem of finding F() is equivalent to that of
finding a function whose Fourier transform is prescribed. i.e., of finding the
inversion theorem for the Fourier transform. This latter problem is dis-
cussed in sec. 2-3. All that then remains is to verify that the function F(§) ob-
1ained as a result of this inversion. satisfies the condition (1-3-6).

To illustrate the second method of approach outlined in sec. 1-2. we
multiply both sides of (1-3-1) by exp(ié.x) and integrate with respect to x over
the whole real line to obtain the equivalent relation

fn Au(x. e dx = 0.

Now. if both 1 and fu/éx tend to zero as | x| — oc it follows as a result of two
integrations by parts that

x a2u x® N
j o3 e dx = — g2 u(x. e dy.
-x X -x

Hence if we introduce the Fourier transform

UGy = 2t J"; (X))o’ dy (1-3-7)

of the function u(x.)) with respect to the variable x, we find that it is a solu-
tion of the differential equation

(‘§2
(L:F - sz) Uiy = 0. (1-3-8)
which is. in effect. an ordinary differential equation. From (1-3-2) we see that
U0 = myt 7 foeits d (1-39)
i.c., that
U.0) = F(Q). (1-3-10)

where F(£) is the Fourier transform of the prescribed function f(x). Simi-
larly the limiting condition (1-3-3) is equivalent to the condition

UEy) = 0. v o, (1-3-11)
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Solving the equation (1-3-8) subject to the conditions (1-3-9) and (1-3-11) we
find that the transform U(&.v) is given by the simple formula

UE.y) = F(3)e I, (1-3-12)

From the equation (1-3-7) we see that the problem of determining the func-
tion u(x,y) is equivalent to that of finding the function whose Fourier trans-
form with respect to x is the function on the nght side of equation (1-3-12).
As before. therefore, we once again discover that we need to have an inver-
sion formula for Fourier transforms; as pointed out above. this is discussed
in sec. 2-3.

1-4 SOLUTION OF THE WAVE EQUATION FOR A SEMI-INFINITE
LINE

As an example of how the Fourier cosine and the Fourier sine transform can
be introduced to solve problems in mathematical physics. we consider the
solution of the one-dimensional wave equation
*u 1
— =

3

oxt ¢

2
Y (1-4-1)
°t

|
|

~
~

forx > 0,1>0.
In the first instance we shall consider the initial conditions

u(x,0) = flx),  1(x.0) =0 (1-4-2)
and the boundary conditions

u(0.r) = 0, (1-4-3)

u(x) -0 as  x- o0, (1-4-4)

By the method of separation of variables we sce that for any positive real
separation constant £,

n(xa) = (2/m)} sin(Ex)cos (Ect)
is a solution of the wave equation (1-4-1) satisfying the conditions

7,(x,0) = 0. n(0.2) = 0.

Using the superposition principle we see that. for any arbitrary function
F(&) which leads to the integral being uniformly convergent. the function

AL L .

u(xt) = (1—[) I F,(&)sin(Ex)cos(Cer) dé (1-4-5)
[

is a solution of the wave equation satisfying the second of the initial condi-

tions { 1-4-2) and the boundary condition (1-4-3). It will satisty the remaining

initial condition of the pair (1-4-2) if we can find a function £($) such that
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¥ x
JIx)y = (i) I F(&)sin(Sx) di. (1-4-6)
o

From equation (1-8) we see that the right side of equation (1-4-6) is the
Fourier sine transform of the function F,(£). Our problem is therefore shown
to be equivalent to that of finding a function F,(§) whose Fourier sine trans-
form is f{x). This problem is discussed in sec. 2-5 below.

Having determined F,{£) we still have to show that the function dcfined
by equation (1-4-5) satisfies the condition (1-4-4). Since we can write equa-
tion (1-4-5) in the form

ulxd) = )"} J'o‘“ FAE){siné(x + ¢f) - sin&(x — 1)} di.
we see that this condition will be satisfied if we can show that

[, Rsingerde 0

0

as 4 — . This problem is considered in sec. 2-2.

If. instead of the condition (1-4-3), we have the condition

u 0.1) = 0. (1-4-8)
the other conditions remaining unaliered, we can easily show by a similar
method that the corresponding solution can be written in the form

i '
wu(x.g) = (;) I F.(¢)cos (Ex)cos(Ecr) dé (1-4-9)
4]

provided that we can find a function F () such that the integral on the right
side of this equation is uniformly convergent and that the conditions

3 £
flx) = (;) j F.(&)cos (Ex) dE, (1-4-10)
(4]

J'o, F(¢)cos(Er) dE — 0, as A= (1-4-11)

are satisfied.

We therefore need to look at the problem of determining a function
when its Fourier cosine transform is prescribed; this is considered in
sec. 2-4 below. The second problem. expressed by the relation (1-4-11) is
considered in sec. 2-2.

1-5 AN AXISYMMETRIC PROBLEM IN POTENTIAL THEORY

To show the manner in which Hankel transforms may enter into the analysis
of boundary value problems we consider the axisymmetric solution u(p.z)
of Laplace’s equation
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P 1 éu | u

Al AL LR L 1-5-1

ép? + plp t ( )
in the half-space p > 0.z > 0, which satisfies the boundary conditions

u(p.0) = fip). p>0. (1-5-2)

u(p.z) - 0, as r— oo, (1-5-3)
where f(p) is a prescribed function of p. and r = (p? + %),

It is easily shown (Cf. Appendix. sec. A.1) that a simple solution of the
equation (1-5-1) is

n(p.2:€) = Jo(iple &,
where J, denotes the zero-order Bessel function of the first kind. This solu-

tion has the property that. if § > 0, n(p.z:¢) = 0 as r —» . By simple
superposition we can therefore construct solutions of the form

ulp.2) = L " S ol Epre ¥ de, (1-5-4)

where /(£) is any arbitrary function of ¢ such that the integral on the right is
uniformly convergent. The condition (1-5-2) will be satisfied if we can find a
function ¢(&) such that

flp) = f:ér//(c')lo(ép) de, (1-5-5)

i.e.. if we can find a function ¢ (&) whose Hankel transform of order zero is
[f(p). and which is such that the integral on the right of (1-5-4) tends to zero
asr — %,

The properties of Hankel transforms are discussed in Chapter 5.

1-6 DIFFUSION ALONG A SEMI-INFINITE LINE

The occurrence of Laplace transforms can be demonstrated by considering
the simple problem of determining the solution u(x.r) of the one-dimen-
sional diffusion equation

w1 éu

L. 1-6-1

& TN (e
in the region x > 0, 7 > 0 subject to the initial condition

w(x0) =0 (1-6-2)

and the boundary conditions

u(0,1) = f(1), (1-6-3)
u(x,0) = 0, as X — X. (1-6-4)
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We shall also assume that u(x./) remains finite as t = oC.

We use the method of sec. 1-2.

If we multiply both sides of (1-6-1) by ¢ ™" and integrate with respect
to 1 from 0 to o, we find that

= 0y 1 [ éu _
T3 e Pdr =~ T(’ Pt
o X K Jo €t

Integrating by parts we see that the integral on the right side of this equation
can be written as

%[u(x.l)e“"]f,‘ + L atep).

where

wx.p) = J‘x‘ u(x.t)e ¥ dt (1-6-5)

Q
is the Laplace transform of u(x.r) with respect to the variable . Because of
the initial condition (1-6-2) and the fact that ¥ remains finite as ¢t = o, we
see that

1 [=¢
J‘ E—u»ef”' dt = gﬁ(x.p).

ko o1
so that
&a p
= o 1(x.p). (1-6-6)

Also. from equation (1-6-3), we have the condition

#(0.p) = J. u(0.t)e P dr = 'r[ Jle™? dr,
0

°
showing that
#0.p) = J(p). (1-67)

where. comparing with equation (1-2-4), we see that f(p) is the Laplace
transform of the prescribed function f{r). Similarly we see that the condition
(1-6-4) is equivalent to the relation

a(xp) -0 as X = . (1-6-8)

We recall that (p/k)} is a complex number. If we take the branch of (p/x)}
with the positive real part we see that the solution of the differential equation
(1-6-6) satisfying the boundary conditions (1-6-7) and (1-6-8) is

#(x.p) = f(p)e P,
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This function can be found once we know the inversion formula for the
Laplace transform: this is discussed in sec. 3-10. Other properties of the
Laplace transform are discussed in Chapter 3.

1-7 A PROBLEM IN POTENTIAL THEORY CONCERNING AN
INFINITE WEDGE

Mellin transforms arise in a natural fashion in the discussion of solutions
u(p.¢) of the two-dimensional Laplace equation appropriate to the infinite
wedge p > 0, |¢] < x. where p and ¢ are plane polar coordinates. In terms
of these coordinates. Laplace’s equation can be written

N2

M éu 1 &

cTn
2‘?+;E})—+;}75¢§—2=0 (1-7-1)
If we use the formula for integrating by parts we see that

= (u Viu
A e —.—)d
J.o T pi)?
& fu
o)
s ( )
[ o1 sp*u(p. d))] + SZJ u(p.p)p*~ " dp
o

so that if the functions

x+l"

t]
Iy 73 plulp.d)

tend to zero us p — 0 and as p — ¢ we find that

i1 ~2
TN R éu = 2 7.2
J‘o P (("pz p (p) dp = s2u(s,¢) (1-7-2)
where
u*(s.p) = J: 2 p.p)dp. (1-7-3)

Comparing equation (1-7-3) with equation (1-2-5) we see that 1*(s.¢) is the
Mellin transform of the function w(p.¢) with respect Lo the variable p.

Equation (1-7-1) is therefore equivalent to the ordinary differential
equation

L 1-7-4
-(;‘p-%-su(.\‘d))z(). (1-7-4)
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If the conditions on the faces of the wedge are specified by the equations
u(p.ta) = fip).

we sec that
u*(s.17) = f3s). (1-7-5)

where. S*(s) is the Mellin transform of the function f(p). The solution of
equation (1-7-4) subject 10 the boundary conditions (1-7-5) is

1*(s,) = %) EQf.‘;f‘.b_)_
cos (sx)

Hence we see that the required solution is the function u(p.¢), whose
Mellin transform with respect to p is

cos(s7)’

where f*(s) is the Mellin transform of the prescribed function f{p). The pro-
perties of Mellin transforms, and. in particular. the inversion theorem are
considered in Chapter 4.

1-8 CLASSES OF FUNCTIONS

The inversion theorems for integral transforms of functions of a very general
type are lengthy and somewhat intricate. Since we are interested primarily in
applications we shall consider only functions of the type which normally arise
in the analysis of physical problems.

If a function f{(x). of a single independent variable x. is continuous on
an open interval (a.b), we say that f(x) belongs to the class of functions
%(a.b). and we write f € 6 (¢.b): if the interval on which the function is con-
tinuous is closed we write f'€ €[a,b]. If the function /is continuous over the
whole real line we write f€ €(R) or f€ €(—oc.).

A function f(x) is said to be piecewise continuous in an interval (a,b) if
the interval can be partitioned into a finire number of nonintersecting
intervals

(a.a)). (@, d3). . . . {4, 1.B)

in each of which the function is continuous and has finite limits as x
approaches the endpoints of cach of the subintervals. A function of this kind
is shown in Fig. 1-1. When a function is piecewise continuous in {(a.h) we
write '€ #(a.b).

If @, is an endpoint of onc of the subintervals into which (a.b) is parti-
tioned. then by f(4,~) we mean
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lim fla, — €)
£=0
where ¢ tends to zero through positive values, and by f{a, + ) we mean
lim fla, + ).
=0

where. again. £ tends to zero through positive values. These values in a
particular case are shown graphically in Fig. 1-2. The magnitude of the finite
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S

0 a * Fig.1-3

discontinuity in the function at the point a, is written [ ], so that
[f]).. = fla,+) ~ fla,~). (1-8-1)

When a function f(x) and each of its first m derivatives f'(x), . . . .
S™(x) is continuous on the interval (a.b) we say that [ belongs to the class
€™(a.b) and we write f € € ™(a.h). If all the derivatives of / are continuous on
(a.b). ie., if fe €*a.b) for all positive integral values of k, we say that
S € € (a.h). or that fis infinitely smooth or, simply. smooth.

When a function and cach of its first m derivatives are piecewise con-
tinuous on the interval (¢.b) we say that fe #™a.b).

It should be noted that f'can belong to #(a,b) but not to .#'(a.b). For
instance. the function f(x) shown in Fig. 1-3 is piecewise continuous but not
piccewise-continuously differentiable since /°(x) is infinite at the point x = a,.

It should be noted also that even if f € #'(a.b). the points of fintte dis-
continuity of f(x) need not coincide with those of its derivative f'(x). For
example. the function whose graph is shown in Fig. 1-4 has a point of finite
discontinuity at x = «, butits derivative is continuous there (in the sense that
the function possesses both a left-derivative and a right-derivative and their
values are equal) while its derivative has a point of discontinuity at x = b,
anda, = b,.

If f{x.y) is a function of two independent variables x and v which is
continuous for all values (x.y) in the set {(x.3):x € K,. v€ K,}. we write
fet(K; x K,).

We have a similar notation for functions of several variables. If
=N, L, L x,) 15 a point of the n-dimensional real Euclidean space R,

and if the function f(x) is continuous at every point x of a domain D of R",
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S(x)

Fig. 1-8

we write f € €(D). If, in addition. each of the partial derivatives of fup to and
including all those of the m-th order are continuous on D we write f'€ €™(D).
If f has continuous derivatives of all orders at all points of the domain D. we
say that it is infinitely smooth, or simply that it is smooth, on D; we write
fe€*(D).

Similarly. if D can be partitioned into the union of a finite number N
of nonintersecting open sets D,, D,. . . . . Dyineach of which the function
/and each of its partial derivatives up to and including all those of order m
are continuous, we say that f is piecewise continuous on D and we write
fe #™D).

We now introduce the idea of the support of a function of a single real
variable. If a function f(x) is zero for values of x lying outside a set of points
K on the real line, we say that K is the support of { in other words the support
of / is the closure of the set of points x at which f(x) # 0. We write

K = supp [
50 that L Y 723 £ne2
suppf = {x e Rif(x) = 0].

If supp fconsists of a closed bounded set on the real line we say that the func-
tion f'has compuct support.}

For example, if the function g(x) is continuous on any interval which
includes the open interval ( —a,a), the function

fix) = g(x)H(a — |x|).

"This is because in R, a compact set is ssimply a bounded closed set. It will be recalled that in
more general types of topological vector spaces a closed bounded set is not necessarily compact.
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where H(x) is the Heaviside unit function* has as its support the closed
interval [ —a.a]. In other words f has compact support.

In the theory of distributions (Cf. Chapter 9) an important role is played
by the set of functions which helong to the class € *(Q). ©2 < R. and which
have a compact support K contained in . A function ¢ € % * (Q2) such that
supp ¢ = K is a compuct subset of Q is said to belong to the class #(Q). The
elements of &2(Q) are also called rest functions on €.

For example. the function ¢ ~** belongs 10 % *(R) but not to Z(R) since
it does not have compact support. On the other hand e * H(1 — {x]) has
compact support [ —1.1] but does not belong to € *(R) since its derivative
is discontinuous at the points x = + 1. The prototype test function is the
function {(x) defined by the equation

{(x) = H(I = |xPexp{(x? — )71}, (1-8-2)

where I1 again denotes the Heaviside unit tunction. This function obviously
has compact support [—1.1] and it is easy to show that it is infinitely dii-
ferentiable. By means of this function it is a simple matter to construct a test
function whose support lies within the closed interval [ - a.a]: {(x/p) would
be such a function for any positive b satisfying the inequality b < a.

It should be noticed that the definition of 2 does not demand that all
the clements of Z should have the same support; for example, {(x) and
{(x — 3) are both elements of Z(R) although their supports are respectively
[ = 1.1] and {2.4] respectively.

These ideas are easily generalized to functions of several real variables.
If Q is a subset of R". we say that ¢ is a test function and write ¢ € 2(Q) if
¢ €% *(Q) and if supp ¢ is a compact subset of Q. As an example of a test
function in R". we have

o (x) = ¢(x|). (1-8-3)
where {(x) is defined by equation (1-8-2) and |x| by the equation
el =yl + 53+ -+ ) (1-8-4)

Another space of test functions which enters into the theory of distribu-
tions is the space . of test functions of rapid descent. & is also called the
Schwariz space. A function ¢ is said to be a test function of rapid descent if
¢ € €™ (R"yand if ¢ and all its partial derivatives decrease to zero faster than
every power of |\| ! In the case of # = 1 this latter condition can be written
in the form

[x"@®(x)] € Cppe (1-8-5)

for all non-negative integers m and & and for all values of x.

*The function H(x) takes the value | when x > 0. and the value 0 when x < 0.

g
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For the corresponding expression in R" it is convenient to denote the
vector (k,.ky. . . . .k,). whose components are non-negative integers k. by
k and the partial derivative

(‘:hvk;-r«-«ﬂ-g,,

m ¢(.\’l..\‘z. S WY,)
by D*¢(x). The counterpart of (1-8-5) is then
lxl""l)‘d’(.\')l < Cas (1-8-6)

For some purposes it is also convenient to introduce the space whose
elements are called functions of slow growth. We say that fe .4 (R) if fe € “(R)
and if there exists a positive integer N with the property that

(90 = 0x). |x] » % (1-8-7)

for all non-negative integers r. This can be written in the alternative form:
every f€ .4 satisfies the set of inequalities

x=¥0) € o, (1-8-8)

for some fixed integer N and for all non-negative integers r. The set .47 (R")
can be defined in a similar way with (1-8-8) replaced by

|x] Y| D) €« (1-8-9)

with the notation of (1-8-6).
The function e " ** is obviously an element of & while any polynomial is
an clement of .4
It should also be observed that Lighthill (1958) calls the elements of &
good functions and those of .4 fairly good functions.
The concept of convergence in these spaces is important from the point
of view of the theory of distributions (Cf. sec. 9-3).
A sequence of test functions {¢,(x)},.,*. x € R, is said (o converge in
if
@ (Vez. r=12.....
(b) each of the functions ¢,(x) vanishes outside some fixed interval f of
the real line;
(c) for each fixed positive integer k. the sequence {¢,*'(¥)},-,
verges uniformly for all real values of x.
If ¢(x) is the limit function of the sequence {¢,(x)},-,”. it is easily shown
that ¢(x) € & we describe this property by saying that the space & is closed
under convergence.
The definition of convergence in & (R") can be extended in an obvious
way.
Similarly. a sequence of functions {¢,(x)}, ™ is said to converge in S

Q

* con-
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if

@o(x)ey. r=12...;

(b) for each set of non-negative integers k = (kkg . . .. k,)and for
each positive integer m. the sequence [x|™{ D*$,(X)}, -, © converges
uniformly over R".

In condition (b) the convergence must be uniform for any given set k and
each non-negative integer m. but it is not required to be uniform over all such
sets.

If the limit function of the sequence {@,(x)},.,” of functions of rapid
descent is ¢(x), then again it is obvious that ¢(x) € ¥". Again we express this
pronerty in the words: the space 7 is closed under convergence.

Finally we introduce the set of functions .o/, (€2). We say that f € .o/, ()
if /' is absolutely integrable over Q, i.e., if

[ 1fo0] dx
JQ

is finite. Similarly the statement f'€ .o¢,(€2) implies that

f |f(x)|? dx
o]

is finite.

PROBLEMS

1-1 Show that a necessary and sufficient condition for K(¢x) to be a
Fourier kernel is that

fo” w K(xu)K, () du = H(x) - H(x — 1)
where H denotes the Heaviside unit function and
= 'K s) ds.
K, (1) .ro (s) ds
1-2 1If u(x,v) satisfies the partial differential equation
c? ¢ 32y
é

a(x) [:}l“; + b(x) .—% + c(x)u + 7 =90

>

in the quadrant x 2 0, y 2> 0. and the boundary conditions

(a) u(0,3) = 0,
(B) u(x.0) = flx),
@ulx,yy=>0 as (x2+ )t o> x,

show that the transform U(¢,y) defined by the equation

UG = [T u(x)Kx.8) dx
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whose kernel K(x, &) satisfies the equation

73 KD} - f; (BOK(x.€)) + fetx) + ¢1K(x¢) = 0
and the condition a(0)K(0.5) = 0, is given by

Ug.y) = F(&)e BV
where

F&) = 7 foK(x.8) dx.
1-3 If, in the above problem, the condition (a) is replaced by the condition

u,(0,y) = 0, show that the above result still holds except that now K(x,£)
satisfies the initial condition

é
[b(X)K(x,f) - &~ {a(-t)K(x,s‘)}] =0

x=0

1-4 The function é,(x). x € R, is defined by the equation
{(x/a)
a f Y

where the function { is defined by equation (1-8-2). Show that

O4(x) = {a > 0)

J‘_T S(x)dx =1, suppd, = [-a.d]

and sketch the graphs of the functions 8, with « = 0.25. 0.5, 1.0.

1-5 Suppose that f(x) is continuous for all x and that the function ¢,(x)
is defined by the equation

b0 = [T six - d. @>0

where J, is the function defined in Problem 1-4.

Show that if supp/ = [z.§]. then supp¢, = [« — ¢.f + a]. and
that ¢, e &.

Show also that, if we are given a prescribed positive number &, we can
find a positive number A such that, for all x.

[f(x) - ¢.4x)| <&,

whenevera < 4.
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1-6 If the functions ¢, and ¥, are defined in terms of the function {—
cf. equation (1-8-2)— through the equations

¢ x) = r71{(x) W (x) = rTi{(x/r),

show that the sequence {¢,(x)} converges in £ to zero but that the sequence
{¥,(x)} does not.

1-7 If the function §(x) is defined by the equation

x?

4 = —
E(x) = H(1 = |x]exp pral

xeR

show that the sequence {£(x/r)} converges to 1, and that £(x/r) is uniformly
bounded with respect to r over the whole of R.
Show also that if ¢(x) € &, and ¢,(x) is defined by the equation

¢, (x) = ¢(x)i(x/r),  (r=12,..),

then ¢, € 2 and the sequence {¢,(x)} converges in & to ¢(x).t

+This result is usually expressed by saying that the space % is dense in the space 7 (Cf. Zemaman
1965. Theorem 4.2-1. p. 101.)
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Fourier Transforms

2-1 SOLUTION OF LAPLACE'S EQUATION FOR A LONG STRIP

We shall begin by deriving a formal solution of the problem stated in
sec. 1-3 by finding the limiting form (as a — o¢) of the solution of the
corresponding problem in the semi-infinite strip |x| < a,y > 0.(Cf. Fig. 2-1.)

Our problem 1s first to determine a function w(x.y) satisfying
Laplace's equation

2 2

Mu fu
cu_ ¥ _y -1-
a7 37 2-1-1)
in the strip |x| < a. y > 0, and satisfying the boundary conditions
u(x.0) = fix). —a<x<ua (2-1-2)
ulxy) - 0, as ¥y — . (2-1-3)

By a simple procedure based on the method of separation of variables we
have a solution of the equation (2-1-1) of the form

27

e
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(u~o

Au=0

- X
(~a.0) 0 "\ (a.0)
u = f(x) Fig. 2-1

u(xy) = Y a,exp(—innx/a — |njny/a) (2-1-4)
where, to satisfy the boundary condition (2-1-2) we must choose the
constants a, to be such that

fix) = Z a,e” e —a< x<a. (2-1-5)

n= - x

From the elementary theory of Fourier series we know that if
J(x) € #'(—a.a), the constants a, are calculated from the formula

a, = 2{—1 J. ‘ Sue™ e du (2-1-6)

so that the required potential function is given by the equation

u(x.y) =

1 < .
ﬂ J-—'f(u)eun(-~x),-n-lllty,'a du. (2,].7)
We now consider the form taken by these expressions as we let
a — .
If we substitute from (2-1-6) into (2-1-5) we obtain the identity

X

1 ; a
for=g5 ) “_"'"",[ fluhe* du @18

LE
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Proceeding purely formally, we find on writing 6 = n/a, that

1 x L .
Aoy = = Z ot Sue I gy

- x/é¢

n= -
and we note that 8¢ — 0 as a — x. By the definition of the Riemann

integral as the limit of a sum we see that as 8¢ — 0. the series

X

Z ‘Sé fjf‘:ﬂu)e“""u: du

"= —-x

tends to the integral
- X -

so that. in the limit as 2 — = the identity (2-1-8) would appear to take the
form

fix) = ?l' j e dg J‘ e du. (2-1-9)
<n - -x
This can be written in another way. Il we put
F© = @ [7 fuge du, (2-1-10a)
then equation (2-1-9) states that
(2-1-108)

fx) = Qm)~# f_" F(E)e™ ™ d¢.

In a similar way if we let a — o ip (2-1-7) we find that the formal

solution of this potential problem is
u(x.y) = _LJ.” e =t déJ. flupe™ du,
2n - ~->

which can be written in the form

ulxy) = Qr)~F [T Fgyem i &8, (2-1-11)

-®

where F(&) is defined by equation (2-1-104).
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2-2 FOURIER'S INTEGRAL THEOREM

We saw in the last section by a purely formal argument that in some sense
the identity

1 [ ; * .

flx) = ;;J' e g Sfluw)e™ du

-~ -x ~
might be valid. This identity is known as Fourier's integral theorem. In this
section we shall show that Fourier's integral theorem holds for functions
flx) which are piecewise-continuously differentiable and absolutely in-
tegrable on the whole real line.

Fourier’s integral has been proved under much more general condi-
tions on the behavior of the function f{x). We shall look at some of these
results in sec. 2-11, but we shall here confine our attention to establishing the
theorem for the class of functions stated since that class is sufficiently wide
to embrace most of the functions which arise in problems in mathematical
physics.

The central result is:

The Riemann-Lebesgue lemma Iff(1)e%6[a.b). where0 <a < b < =,
fbf(I)Sin (A dt = 0, fbf(l)cos (Atydr - 0

asi— xT.

We shall begin by proving the first result.
By a suitable change of variable we find that

j"f(z)sin(;.z)d: = —f”-":f(r + w/A)sin (At) dt
a a- =8/

and hence that

b

2£ﬁnmunm=fﬂnmanm—L;jm+mamunm
We may now write this result in the form
fb_/(l)sin(ll) d=il+1,-0h)
where
h * h-x/A . . .
I = f Swysin(Adr, I, = f ) = U+ =/A)) sin(ar) dt
b A a

—X/A

5=£mm+wmmma
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Since f{r) is continuous in [a.h] it is bounded in that interval; suppose
that |fir)} < M in [a,b]. Then given any arbitrary positive constant ¢ we
can choose a positive constant i, such that

n &

FRETA (4 >ny)

so that, if 2 > n,,

] < Mrfi < 3e. L] < Mnj7 < je.

If f(t) is continuous in 4 finite closed interval [a.b] then it is uniformly
continuous in [a.b] so that, given ¢ we can find a positive number », such
that

U+ m2) — i) < e/b ~ a). (4 > n,).

Hence if 4 > n,,
b-md ) b —-a-nji

llll < J l_f(l + n/2) —f(l)l dt < —-—h—:—a—'LE
showing that |1} < &.

Collecting these results together we see that if we write n = max(n,.1,).
then

1fhjll)sin(il)dl < 2. >

and the first result follows.

In proving this result the only properties of sin (ir) which we have used
are that it is continuous and that for real values of 1. sin (A1 + 1) = —sin{Ar)
and |sin(4r)] < 1. The function cos(4r) has the same properties so that the
second result can be established in exactly the same way.

Corollary 1 If f(t) e P[ab]. where ) < a < h < «,

b 9]
[ i in di = 0.

as i — L.
We apply the Riemann - Lebesgue lemma to each of the integrals over
the intervals [a.g,)(a,.4;), . . . {d,.,.4d,){d..b]}in which f{f)is continuous.

and the result follows immediately.
Corollary 2 Iffit) € #[a.c). a > 0. and if fit) € o \[a.20). then
= o sin .
[Frninyar =0

us A — 2.
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To prove this we may assume. without loss of generality. that fir) is
continuous in [¢,¢). Since f{1) is absolutely integrable in the same interval,
we can find a positive number N such that

f‘ |0} dr < j¢

N

for any prescribed positive number €.
Since

I fr/'(t)‘““

cos (Al) dr

N 1 Bl Q4
= IL f(!);'(':s(i.t)dr + L ﬂl)zg‘s().t)dt

< l f Y05 Gy dz' + f: LA dr

and given £ and N we can. by the Riemann - Lebesgue lemma. find a positive
number 5 such that

£"ﬂ,)zions(;_,) dt

<kt Ji>n

so that the result follows immediately.
We next prove:

The localization lemma  [f f(!) € #'[0,a]. where a is finite,
I fa) UL nf(0+)

0 4

as i — x.

It is sufficient to prove the result for f{¢) € € '[0.a].
We may write

j I G,
o '

where

I, =j'(0+)j

a
0

. o
: 7]
I, =j (i) = f04)) 204D g,
o [
Since /(1) is continuous in [0.a] it follows that 1~ '{ (1) — fl0+)} is con-
tinuous in {0,a} and hence. by the Riemann- Lebesgue lemma. we see that
given any prescribed positive number ¢ we can find a positive number n, such
that
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4] < le, if  A>n,.

If f(0+) = 0, the result is now proved. If f(0+) # 0 we need a further
result. By a trivial change of the variable of integration we can write

f sm(/!)d = J““s_n_!_u du.
o I o U

Now the integral

- -
sinu
——du

o U

is convergent and has the value {n. Hence for the given value of ¢ and for
f10+) # 0. we can always find a positive number 5, such that

J‘ sm5 i < £
o & 2|f(0 + )"

It follows that if we take 7 to be max(n, #1,), thenfor 4 > n,

fﬂ)‘“""”dt %ﬂf(0+)| |f(0+)|H

2>,

sm C

dE — Y| + |L)

and the lemma is established.

Corollary 1 If fir)e #'[0,0), and if 17'f(1) € o#,[a,0), where a is an
arbitrary positive number,

J 1) 5"’55 D it — ynfi0+)
asi— .

Since 1 'f(1) is absolutely integrable in [¢,90) we can find a positive
number N such that for any prescribed positive number &,

Jm [r )] dr < ke

T 0 a0

j. f )-s'-“-('"’ dr — %n1(0+)|

+ j- 7)) dr.
N

From the localization lemma we know that corresponding to the given ¢ N
there exists a positive number 7 such that
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N L
J fn ?‘T}("ff«’ di = rf0+4)] < Y&, G >m,

0
and the result follows.
Corollary 2 [ fit) e 2 (R), f(1) € o/ (R). where R is the whole real line,
T

r'ﬂx +1) sin(41) dt = inf(x+). (x> 0),
0

as i — .

This is a trivial extension of Corollary 1. obtained by a simple change
of the variable of integration and the fact that if f(r) e .o¢,(0,). then
1Yy e o,[a,0) for any a > 0.

Corollary 3 If fli) e ' (R). f{1) € . (R), where R is the whole real line,

J- fx + 1) S-'Eff-'-) di = iz[fix+) + fix=)]. (xeR),

as A — WO,

This follows immediately since

) S P s
j- fix + l)in—ffﬁdr = J. fix=1) -SE%"") dt
-x 0

We are now in a position to prove the key result:

Fourier's integral theorem If f(1) e #*(R). f(1) € /,(R), then for all
xeR.

! j s r fycos {&(x = N} di = 4[fix+) + fix=)].
0 ~x

To prove this result we begin by noting that if &k > 0.
X A N
J; 1) dt f: cos{&(t — x)} d¢ — fo dé L Ji)cos [ E(r — x)} dt
= f’ﬂ:)d:f‘cos{c(: -0 d:
o 0 ‘
+ J;mf(t)dtj: cos{¢(r ~ x)} dS
- J‘A d& f‘_ﬂl)cos{f(t - x)}dt
0 [+]
- J‘A d¢ jtf(r)cos{é(l — )} dr
(4] k
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x i
=£ fu)d:fo cos [&(t ~— X)) dE

_ Jd dé r’ﬂl)cos{é(t — X)) dr.
0 ok

Since f{(r) is absolutely convergent, we know that if we are given an arbitrary
positive number ¢, we can find a number K, such that

'r i) dr < % k>K,.
A 2

From this it follows that if £ > K|,

fo‘dc" f"_m)cos{g"(: - ) d:{ < J::dé f D] di < be.

Also. since

4 sin {A(1 - x)}
I cos{i(t — x)} d ik Uit
] - X

it follows that

fu + 02D

x
k-x

J?f(l) di J:t cos {&(r — x)} d{l =

By Corollary I to the localization lemma, we can find 2 number K, such that
ifk > K, + x,

J; fit + x) §59;(-f35~-’ drl < }e

-X

Thus no matter how large 4 is, K = max(K,.K;) can be chosen so large that

o s o
J; f(l)dlj; cos [E(1 — x)| dE ~ j:déﬁ flt)cos (&1 — x)} dif <&,
k > K).

In other words

N x i I _ .
Jim fo Jt) di fo cos {§(r ~ )|
= |lim Ad{ J‘”f(t)cosif(l - x)}d.
(1) 0

In an exactly similar way we can show that
0 4
lim |[© fndi fo cos | E(t — x)! dE
i o
= lim d{J. J)ycos {E(t ~ x)} dt
4] -

A-x
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and, by addition, that

sim (7 pndr [T costeu - 0} de

-

A=~n

. A " x
= Jim ["dz [* fncostew - v} e

Now, by Corollary 3 of the localization lemma. we have that
.1 sin (4

lim - fix + u)———du

A~-® KX J-»

tim 1"y S0,

HAx+) + fix=)}

i

Lond 2 (35 PR
1 = A
= lim - 0 d:j cos{S(r — x)} d¢
iI~o R J. o o

i a
= lim + dg’J‘ f)cos {&(t ~ x)} dr.
Q -

i T J

Hence we obtain the result

H/x+) + fix-)] = ;{-J’: dEJ. SWycos {&(1 — x)} dr.
[+ -a

If we replace the cosine function by its exponential form we see that we may
rewrite this equation in the form
| L] . « N
{Ax+) + fix—)] = —f e~ ix dg’J fine™ dr.
bl o3

2n J_ .

Corollary [If, in addition, f(1) is continuous at the point { = X,

l © —i§x Jz * T —
;;[J\ e dg J.-tf(')l'i‘ dt = f(X)

- -®
2-3 FOURIER TRANSFORMS
If we write

F(&) = @n)~t f T et di, (2-3-1)
then by the corollary to Fourier’s integral theorem we see that if f{r) is

piecewise-continuously differentiable and absolutely integrable on R. then
at a point at which it is continuous
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A =0 [T F@e . (2-3-2)
We say that the function F(&) is the Fourier transform of f(1). The pair of
formulae (2-3-1) and (2-3-2) embody what is called the Fourier inversion

theorem.
We also write # [ f(1);&] or # [ /] for the Fourier transform of f(r).

For example,

a ’ - -
F[H@ - |]);&] = (2“)-4f o dp = (%) sm;ca)

When the function f depends on more than one independent variable,
we make use of a less ambiguous notation. For instance if f depends on both
rand x, both of them ranging over all real values. we write [ f(1,x);71 — ¢]
to denote the Fourier transform

@0t 7 frxe dr.
and F[f(1.x);x — £] to denote the Fourier transform
Q2n)~4 J'_c f(r.x)e* dx.

From (2-3-1) we see that

IF& < @ |7 |l d

so that if f{t) € #,(R). there is a finite positive number J such that

f; ol de=J

and hence such that
|F&)| < @)=ty

showing that F(£) is bounded. We note also that in terms of this notation, the
Riemann-Lebesgue lemma can be written

|,|,i£". F(§) = 0.
Also from the definition (2-3-1), we find that
F(& + k) — F(§) = I(¢h

where

HER) = Qm)~t J'_” fle)e e — 1) di.
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Obviously.

ml < @t [

s0 that /(C.h) is uniformly convergent and we can write
lim I(Eh) = (2n) ¥ f T e {lim (et — I)} di =0
0 . hsO

showing that. if [ is piecewise-continuously differentiable and absolutely
integrable on the whole real line. its Fourier transform F is continuous.

If f(1) is a real function of ¢, the complex conjugate of its Fourier trans-
form is

Ff] = nt f:/me"“' di
so that

FrA08) = FLH) L] (2-3-3)
When f(r) is no longer real we use this equation 1o define the operator .7 *.

With this notation we can rewrite (2-3-2) as

f=F*F

and since F = #/, this i1s equivalent to the operator equation
FrF =1 (2-3-4)

in which 7 denotes the identity operator. This can be written in the alternative
form

Fl=F* (2-3-5)

F ! denoting the operator which is the inverse of the Fourier operator #.
By the argument which established equation (1-1-5) we see that # is
a linear operator, i.e.. that

Ff + pug) = AF () + u¥F(g) (2-3-6)
where 4 and p are constants.

If a > 0, then. by the definition of a Fourier transform
Fflar);El = (2m)~% J'w Slat)e™ di

=atem [T et dy
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showing that
Flfa):l]l =a ' FLA1)Eu]. (a>0).

On the other hand. ifa < 0.
Flflar):é] = a7 '2n)~* ." T fres ey gy
+x

showing that
Flfan;é] = —a 'FL1):¢/a],  (a < 0)
In general. therefore, we find that it a 1s real,

: 1 .
Flflar);é] = fd] F[f1);&/a]. (2-3-7)
Similarly we find. directly from the definition, that

FlAt -l = 7t [T fu - wedr

= (2n)~¢ fm flw)e+ dy

from which it foltows that
Ffir = a);E] = ™ F[f1):€].

Also, if 4 is a constant,

(2-3-8)

Fle#f(1);e] = @)™+ f T et dr
= (2m)" ¢ f N S(1)e™ A dy

50 that
Fle™f():g] = #L10):¢ + 4]

If /(1) is a complex-valued function. we see that

(2-3-9)

f[/'(—l);é] = (2n)‘§f‘nm_/t(_,)(,i:: dt

= (m)™ Jw Sra0e” ™ du

- %
and hence that

FLr(=1:€] = FHQ), (2-3-19)
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where F*({) denotes the complex conjugate of F(¢&). the Fourier transform of
.

In the application of the Fourier transform to the solution of partial
differential equations. we need to know the Fourier transform of the deriva-
tive of a function. If we proceed formally, then. if f(1) is continuous

f[f’(l).é’] = (27[)‘* f" A’v(,)‘)l:l dr

R ¢

= Qm AN ]T, - i:(zn)-*f" frye™ di
-
Now for the Fourier transform on the right to exist we must have f(1) € o (R)
and this implies that
lim flr) =0,
If|~=

so that the term in the square bracket vanishes. Hence if f/ belongs to both
%(R) and .o/ |(R) and f* to both #*(R) and o/,(R), we obtain the relation

FLLu)rEl = —€F[f1): €] (2-3-11)

Continuing this process we see that f, /7, . . . ./"~ " are continuous
on R. and f™ is piecewise-continuously differentiable, and each of the de-
rivatives " (r = 0.1,2, . . . .n) is absolutely integrable on R. then

FLIM0):E) = (=i F[f1):€]. 2-3-12)

In particular we note that (2-3-12) is valid if f belongs to either of the classes
2, & defined in sec. 1-8.

In a certain sense, then, we can say that the operator d/dt is mapped by
the Fourier transform into the complex number (—i&).

If /1) has finite discontinuities the result (2-3-11) has to be modified.
For simplicity we shall suppose initially that f(¢) has a finite discontinuity at
the single point t = a. Then we write

FLM0):E] = Qm™} f: L@e di + (2m)~4 ft fne dr.
Integrating by parts we therefore obtain the equation
FLru:el = Q0 AN ) 2o+ 2m A0 ]S
—iZ2m* f'— Sine dr — iEQ2m)~3 J‘I f)e* di

which can be written in the form
FLr)g] = —F[/11):E] - 2n)~ e [f], (2-3-13)
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where
[f). = fla+) - fla-). (2-3-14)
If we now suppose that f{r) has n points of finite discontinuity, denoted
by a,.a;3, . - . .a,, we see that (2-3-13) is modified to the form
FLL):E] = —ikF[f1):é] - 2o Y [/, (2-3-15)
r=1

We know that if f{t) € $'(R), then regarded as a function of ¢ and ¢
fine* € €' (R x R), so that if the integral

F(&) = (n)~4 f finye* di.

is convergent and the integral
S @ A
i(Zn)'*f C et dt = (21!)'*"‘ f-j'(ir)e"' dt
is uniformly convergent, then
F(§) = iF [f(1);¢]. (2-3-16)

We can, of course, continue this process: If f€ 6'(R)and /(1) € o (R)
forr =012, ... n then

F(¢) = i'S‘[t’f(r);é], (r=01, ... .. (2-3-17)

In particular, if fe & then (2-3-17) holds for all positive integral values
of r. If we combine (2-3-12) and (2-3-17) we find that

FH™u)E] = (-:)“ d{" FLS™@);¢]

= (—ipm S E‘ §mF(E) (2-3-18)

where F($) = F[f1):¢].

This result can be written in a slightly different way. Since

F™() = i"F [1™f(1);¢]
it follows that

Clpﬂl)(é) = '.§uy[ mf(‘) ‘.:I

Using Leibnitz’s theorem for the a-th derivative of a product, we see that
P

a m nim! o -n
] = Zr,m Y A At )

im — r)'
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where p = min(m.n), from which we deduce that

C'F‘"(C)ﬂ‘"“i ———"1'—"—!——~f[r""/‘""(r);c] (2-3-19)

& ;!(n - r)i(m - r)!
From this result it follows that if f€ &, then Fe %, a result which we may
write symbolically as
FlL)= 2. (2-3-20).

The Fourier transform # therefore maps the class of functions & into itself.

It should be noticed that the Fourier transform of a function of com-
pact support is not itself a function of compact support. For example. the
function f{r) = H(a — |t}), (a > 0). has the compact support [ —a.a] but
its Fourier transform F(&) = (2/x)*¢~'sin(£a) does not have compact
support.

2-4 FOURIER COSINE TRANSFORMS

When the function f{/) is defined only for positive values of the real variable ¢,
we may consider a function f,(r) defined over the whole real line by the

equations 0
. 120,
f+(') - {/-(__')‘ < 0’

(cf. Fig. 2-2) to be the "‘extension™ of f{(¢). Then, since

f _:L(r)e“’ dr = f:f(t)e“' dr + ffwf(—l)e“' di
= [T Aote + ey an

= 2f”j(:)cos(¢z)dr
[

we find that

$ (=
FLL):E] = (%) J‘ f(t)cos(&r) dr.
0
If we write

2\ [=
F(&) = Z[An:é] = (—) L Si)cos(&r) dt (2-4-1)

n

we see that F.(—¢) = F(&)sothat F(£)isan even function of ¢, and equation
(2-3-2) implies that
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WAL
0 %
Fig. 2-2
4 =
f(1)=(1—1:) j E(&)cos(et) dé. (1 3 O). (242)
0

We say that E,(&) is the Fourier cosine transform of f(1) and the result
contained in the equations (2-4-1) and (2-4-2) is called the Fourier cosine in-
version theorem. 1t should be noted that these formulae are symmetrical and
also that

fuy = ZLEQ); 1) = FLFLS)8} ]
so that if / denotes the identity operator

FF =1
that is.
F =7 (2-4-3)

These results may be stated simply by saying that (2/)} cos (&) is a Fourier
kernel in the sense defined at the end of sec. 1-1.

Obviously, #, is a linear operator.

Fourier cosine transforms have many properties analogous to those of
exponential Fourier transforms.

For example. since, if ¢ > 0,

+ =
Flflayi] = <E) ‘[ fatycos(&r) di

n 0

2\ (=
=a’ (;) J. J(x)cos (&xja) dx
°
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WA
0 i
Fig. 2-3
we sce that
Fflan);€] = a ' F [ fU):¢/a).  (a > 0) (2-4-4)
It is also easily established that
Ffcos(wt):€] = §{F(¢ + w) + F(& - w)}. (2-4-5)

2-5 FOURIER SINE TRANSFORMS

If, instead of the function f, (1), we take as the “extension” of f{r). defined
on (0,cc). the odd function

. 1>
S0 = {—f(—t), 1 <0,

(cf. Fig. 2-3), then, since
r [ (et di = f: (e di — f ® f(—1)e di
- fo SR — e~} dr

=2 f:_/(:)sin(cr)d:
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we see that
Flrn:&) = i(%)’ f St)sin(Er) dr.
I we write
E( = F[n¢] = (%)i L - fie)sin (&) dr. (2-5-1)

we see that £,(£) is an odd function of ¢ and equation (2-3-2) implies that

+ =<
[0 = _,-(2) J {iF(&)) sin (&) di
n o

i.c., that

Nt [=
ﬂr)=(i) f F(&)sin(¢ndé, (1> 0). (2-5-2)
(4]

We say that F.(&) i1s the Fourier sine transform of the function f{(¢). The result
expressed by (2-5-1) and (2-5-2) is called the Fourier sine inversion theorem.
These formulae are symmetrical so that

F = £, (2-5-3)

also #, is a linear operator.
It is very easy to show that

Flcos(@n)f(1);&] = 3{F¢ + o) + F(§ — w)} (2-5-4)
F[sin(w)f(1);£] = H{Fw + &) + Flow - &)} (2-5-5)
F,[sin(n)f(1):€] = ${F(E — w) = F(E + w)). (2-5-6)
Also

Flfa);E] = a ' F[1(0);¢a),  (a > 0). (2-5-7

Another result is most useful in the actual calculation of Fourier sine
transforms. If we can show that

F/):8] = ¢(8)

for ¢ > 0, then for £ < 0 we have

AL A
F L)L) = (;) I S(x)sin{—nx) dx
0
where we have written { = —n withn > 0. Hence when ¢ < 0,
F L&) = - = —¢(=§)
and we have, in general,

Ffx):&] = ¢(jEDsgn (2-5-8)
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where we have used the symbol

1, 0,
sgné = {f N g o (2-59)

2-6 FOURIER TRANSFORMS OF DERIVATIVES

When we make use of the theory of Fourier sine and cosine transforms to
solve boundary value problems involving differential equations we need to
know how to express the transforms of the derivatives of an unknown func-
tion in terms of the transform of the function itself.

Integrating by parts on the right-hand side of the equation

+ ffoo
~7c[./’(l):<f]=<§) f S ()cos (&r) di

and. assuming that f{r) € €2[0,0c) and that f{r), f'(1) are both absolutely
integrable, we find that

2\¢ 2\ [~ .
FLrn:é] = —(-) SO + é(-) J‘ SW)sin ($r) di
n n) Jo
so that
FLra):E] = —@m¥o) + ¢F,[/0:¢]. (2-6-1)
Similarly, we can show that. for functions satisfying these same conditions,
FLr0);E] = —EF[():E]. (2-6-2)

Hence, from (2-6-1), we may deduce that if, in addition, f(1) belongs to
€'[0.x¢)and .o/, [0.0c).

FLL):E] = ~Qm(0) + EF,[(1):E].
and hence from (2-6-2) that
F 18] = =@ ) - E2LF[AD:£] (2-6-3)

Similarly from the same two equations applied in the reverse order we have
for functions of the same type.

FLF(0):E] = @m0y - E2F[f1):£] (2-6-4)
In particular, if //(0) = 0, we have the relation
FLregl= -3k (2-6-5)

and if f(0) = 0, that we have the relation
FLra):E) = —E*F©. (2-6-6)
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It should be noticed that these formulae give us some indication of
which transform —sine or cosine—1o employ in the solution of any problem.
In any problem in which f{0) is known but £7(0) is not known. we should take
the Fourier sine transform of /() and make use of equation (2-6-4). On the
other hand. in any problem in which £7(0) is known but f{0) is not. we should
take the Fourier cosine transform of /7(¢) and make use of equation (2-6-3).

These formulae have been derived on the assumption that '€ €*[0,x);
if fand f” have finite discontinuities. the formulae have to be modified in the
same way as (2-3-15).

Similar results hold for the Fourier transforms of functions of several
variables. For simplicity we shall state them for a function f{(x,y) of two in-
dependent variabies x and v: the extension to a higher number of variables
is obvious. If we write

Fy) = FLfxyyix = £]
F(iy) = F[f(xy):x = &)

2 ar
S = \[~ [;-/]
| Cx" | -0

then the analogues of {2-6-1) and (2-6-2) for continuous functions are

e g-;x - i] = —foly) + SK(EY) (2-6-7)
| ix

¥, }{x - 5:1 = ~ZF(.y). (2-6-8)

Applying these in succession we find that

r(—;zf

EAPSES -5] = —EEEY) - () (2-6-9)
!:(‘:Zf

¥, ;.g;_}ﬂx d é] = —EF(EY) + &) (2-6-10)

Now. by the definition of a cosine transform

[ A t f~pf
Z, (.fx - 5] (E) J' g cos (&x) dx
&y n) Jo &

B 5 ‘e
. (2) J- J{x.y)cos(éx) dx
CyA\”m [}

DF.(E.v)

i

so that

¥, [g’-;x - ¢]
ey

where D denotes the differential operator &/¢'y. In general,

]
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. [:‘f‘ - é] = D'F(.0) (2-6-11)

#, [::v[r - f] = D'F(S.0). (2-6-12)
Hence for li1e transforms of

Ay fixy) = :;:—: + g:é (2-6-13)

we have the relations

F B2 /(x3)ix = §] = (D? = EHF(EN) = Ly (2-6-14)
F[AS(xy)ix = E] = (D? = EHF(EY) + Efolv). (2-6-15)

In problems involving A, f'in a region in which v € (0,00 ) and f(0.y} is
known but £,(0.y) is not known. we should take the Fourier sine transform of
J(x,») with respect to x and make use of the formula (2-6-15). On the other
hand. if /_(0.}) is known but f(0,y) is not, we should take the Fourier cosine
transform of f(x,y) with respect to x and make use of the formula (2-6-14).
This is tlustrated in sec. 2-16(¢) below.

We get similar results for higher derivatives:

Fayy

lff '(-’{;3;.\' - g‘ = — “31:‘(‘5"‘,) + :1/;)()) ‘fz(_l’) (2-6-[6)
= [eY ] )
Ty - S| =CFEY + S (2-6-17)
LA T
Fe|amx =8 = SEG + 2400 - A0) (2:6-18)
N '
Fo|zaix = &l = CREN = ER0) + ) (2-6-19)
and for mixed derivatives:
ny 7
Flzaazx C] = =D Ry — (0 (2-6-20)
| Ax2éy
[ &Y £2y2 . sk o
.;s _"eleayz“,-\ —D.f = =D F,(é__v) + %(",). (2-6-21)

Hence for the plane biharmonic operator A,? defined by the relation
N4 ‘-34

2 . C
87 = By = 5+ I ¥
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we have
F A Nxy)ix ~ ]
= (D? = ENF(EN) + (€2 = 2DHL0) — /() (2-6-22)

FLAx)ix = &)
= (D? = E)F(Ex) — (&2 + 2DYfo(r) + EH(Y). (2-6-23)

2-7 THE CALCULATION OF THE FOURIER TRANSFORMS OF
SOME SIMPLE FUNCTIONS

In this section we shall consider the calculation of the Fourier transforms of
some simple functions which occur frequently in applications.
We begin by considering the integrals

= [ o= £ = [ rag
I-J; e~ cos(t) de, J J; e “sin(&r) dr

in which the constant a is taken to be real and positive. If we integrate by
parts we find that

«
I=[-ale""cos({n)]s — EJ e “sin(t) dr
[4]
a relation which we may write in the form

I=-=-J

1
a a
On the other hand, if we integrate J by parts. we find that
J= [-—a"e"‘sin(fl)]o” + g'( e~ “cos(&r) dr
' 1]
which is equivalent to the relation

¢

J==1
a

Solving these two equations for / and J we find that

I=—— J= s
~aye e

from which we deduce immediately that

2\t
FleE] = (;) o @>0 @-7-1)

+ £
Fle "] = (;) ;T—i-—e-i (a > 0). (2-7-2)
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1t will be observed. too. that (2-7-1) is equivalent to the formula

Fle &) = % ! -——a——-~. (a > 0). (2-7-3)
’ n) a* + &?
If we integrate both sides of (2-7-2) with respect to a from a to © and
make use of the result

we find that

H
Flrle ] = (2) col"(‘é), (a > 0). (2-7-3)

n

The limiting case of this formula as @ — 0 is of interest. From the definition
of the Fourier sin¢ transform we find that if £ > 0

t (o
.f,[l'l;f] = (Z) J 512(5’.) dr = (in)i_
n o !

Using (2-5-8) we see that, in general,

F[7':8] = dm)itsgng. (2-7-4)
This relation 1s, in turn, equivalent to the formula
Fl &) = dmtisgné. 2-7-5)
It we differentiate both sides of (2-7-1) with respect to a we find that
2 & aZ — 62
; T El = =) D5, 2-7-6
F.[re”*:&] (7:) @ Ty (a > 0) ( )

and if we differentiate both sides of (2-7-2) with respect to a we obtain the
formula

2 2al

ks
.f‘[lé"“lé:l = (;) (-m‘f)—i (a > 0). 2-7-7)

These results can be written in the alternative forms

Fle-e] = (2) 248 0 (2-78)
F e, “\z) @37 (a >0 =

& 2 _ x2
o8] (E) i SR (2-79)

7L n) (@ + &

Using the identity

1? o~ i = - $iE)? + §EL
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we see that

T emu-pier-gs gy

Fle":i]=(m)} f

Since

x

J"’ e U4RP 4y _ J’x e v du = nt
- %X —-x

we see that
Fle:E] = 274,
Making use of equation (2-3-7) we find that
Fle:§] = 274a e 100, (a > 0). (2-7-10)
In particular, if we take a = 27, we find that
Fle47¢] = e ¥ (2-7-11)
A function f{z) with the property that
FLAnE] = O (2-7-12)

is said to be self-reciprocal under the Fourier transform. Equation (2-7-11)
thus siates that e ¥ is a self-reciprocal function under the Fourier
transform.

It also follows from (2-7-10) that

F e 8] = 27 Ya| e 1, (2-7-13)
If we differentiate both sides of (2-7-11) with respect to ¢ we find that
Fl1e47:¢] = e ¥ (2-7-14)

Hence e~ 4" is a self-reciprocal function under the Fourier cosine transform
and re~ ¥ is a self-reciprocal function under the Fouricr sine transform.

An interesting property of Fourier transforms can be demonstrated
from (2-7-10). It is easily shown that the function

—nix?

d,(x) = nn"te

has the property
A
f I, (x)dx = 1.

and, from (2-7-10). we sec that its Fourier transform is given by the
expression

B(&) = F[5,(x):8] = (2m) te 48,
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64(-‘)
2F
63(»\')
I -
8:(x) L, 84(%)
A (x)
\S ~
A, (x)
Fig. 2-4
-1 0 1
X ——

The graphs of d,(x) and A, (x) for various values of 1 are shown in Fig. 24,
From these graphs we see that the more ““concentrated™ a function at the
origin. the more “diffuse™ its Fourier transform is.

Additional results of interest can be obtained by making the
substitution

a= +e'*“' =4 -4

v

in equation (2-7-10) and using the resuits

—— = ..‘__+_i. az == —%,

1
ay

9

V/ 2
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We find that
F[ *i-‘t‘-f] = _‘_(| + e ¥
Le Hl=— iye
v
from which, on equating real and imaginary parts, we deduce that

Fleosdr?):E] = — ’cos(%é ) + sin(3¢H)}. 2-7-15)

F[sin(31%):¢] = \/2 {cos(3¢?) — sin (3¢} (2-7-16)

An alternative method of deriving these results is suggested in Problem 2-28.
We now evaluate some transforms by making use of the expansions

L T (_22)7 o (__I)r 52r+1
o= ; ant AT Z @+t

From the duplication formula T'($)[(2z) = 2**"'T(2)[(z + }) for the
gamma function ['(z) (Cf. Widder, 1961, pp. 367-378) we find that

I 27 2nt 1 2% it

@ T+l Q@+ D M+ d)

so that these expansions become

o 2”2~ 22y — 1Y (L-)2r 1
cos:=n!22__(....z_)_‘ sinz = ngz( 1Yd=) .

5 r'T(r + 3 rif(r + 3)

From the first of these two expansions we see that
2\t 2y
Fl@? - 1) tH(u - 1);¢] = (;) J’ (a® — 1*) " tcos(Er) dt
(1]
X, (—lz2y fa
= 2* ( 45 ) J. ((l2 - 13)"*12'111.

. ‘Or!r(r+§) 0
Now.ifv > =4,r > 0,

a _ (v + Hre + 4
2 2 g2\v~442r = givt2r
'L (a 1) "YU dt = a ————-———-——-—-—r(r P T

sothat,if v > -}

X (~1y Zr v+ 2r
Fl@ -’y tHa - 0] =270 + D) Z 'r"r")(:.i?? +0
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From the definition

L

( 1 )r(iz)v +2r
= e e S 2-7-18

i L TG+ r D @719

of the Bessel function of the first kind of order v we see that this result can
be written in the form
Fl@® - y~¥H@ — 1):&] = 270(v + pa’iTV (@) (2-7-19)

Similarly, using the second of the two expansions we find that

t (o
F[ta® = ?y~tH(a - 1);¢] = (;25) J Ha® — ) ¥sin(&r) dr
0

@€«

Y (=yder! .
- 'Z; r!r(r+;)

a
xJ. ’2r+2‘a2 — Il)v-j dr.

0

Now. if v > {,

y - T+ Priv - §)
b re 2,2 2yw—{ = 2e4 2v
-L’ t@ rrTid frr+v+1) y

so that

ly(%é)ZH‘I(IZH’Zr(‘. - i)
r'fr+v+ 1)

_ e (-
F 1@ - Ay tH@ - 1);¢] =27 z
r=0

which is equivalent to the relation
F 1@ — 2y tH(a - 1):8] = 27108 T (v - ), (Ea).
{a>0,v>4%. (2-7-20)

To illustrate the use of the calculus of residues in the calculation of
Fourier transforms we shall derive the transform of ¢#~?, where 0 < p < 1.
If we write

J(2) = 2P te™ %, E>00<p<i
then, by Cauchy's theorem,
f fi2)dz = 0
C
where C is the contour shown in Fig. 2-5. Hence

L‘f(z) dz + J:R xPTle T (dx + fc, A2y d= = et J:R yP e dy,
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(0.2)

0
Fig. 2-5

To deal with the integral along the path C, we make use of:

Lemma 1 If AB s the arc 0, < argz < 0, of the circle |z — a| = ¢ und
if (z — a)f(z) — k uniformly as z — a. then

Jim L fiz) d= = ik(0; - 0,).
In particular if (z — a)f(z) - Oasz — a.
lim Laf(:) dz = 0.

Since. in our case.
il_ng ()= 0

if p > 0. it follows thatas ¢ — 0

J‘c‘ f(z)dz - 0.

To deal with the integral along the path C, we make use of:

Lemma 2 /f AB is the arc 0, < argz < 0, of the circle |z| = R, and if
3f(2) = K. uniformly. as R — %, then
Jim f“;(:) dz = iK(0, - 0,).

In particular if f(z) ~ o(z" V) asz —» x,t

Jim LB/(:) dz = 0.

1 will be recalled that fiz) ~ oz~ ') as 2 — . means simply that lim zf{z) = 0.
E Badt §
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In the present case we see that if { > 0,
lim zf(z) = 0
g=m
so that. by Lemma 2, the integral
J. f(c) d-
C2

tends 10 zero as R — ao.
The integral

J‘ ).r 1o- &y d_v
(1]

is convergent if 0 < p < 1, so that if we let R — oc, £ — 0, we obtain the
relation
x Y - . :
J' yo ey gy = e—}lplf xP-le=35 gy = o™ 4r0ig-P[(p).
[ o

Equating real and imaginary parts of both sides of this last equation we ob-
tain the formulae

3

F L] = (i—) Err(picosidnp).  O0<p < (2-7-21)
3

Fxr i8] = (2) &~ T (p)sin (iap), O<p<l (2-7-22)

n
In particular by taking p = § we obtain the special cases
.;r[.\‘-ilé] = é'f (2-7_23)
Flxti)=¢ (2-7-24)

showing that x™ ¥ is self-reciprocal under both the Fourier sine transform
and the Fourier cosine transform.

2.8 THE FOURIER TRANSFORMS OF RATIONAL FUNCTIONS

The calculation of the Fourier transforms of rational functions can be
effected easily by means of the calculus of residues. We shall suppose that
the function f{2), regarded as a function of the complex variable z, has the
following properties:

(@) f(z) has a finite number of singularities a,. a,, . . . , g, in the
upper half-plane:

(h) flz) is analytic at all points of the real axis except the points
b,. by, . . . . b, which are simple poles:'

(0) zf(2)** -0 as z—=oc,lmz>0

! The extension 1o the case of multiple poles is trivial; we assume the poles to be simple merely
for the sake of definiteness.
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If we integrate the function

e fiz), (E>0),

round the contour shown in Fig. 2-6, and make use of Lemmas 1 and 2 of
sec. 2-7, we find that

2-:; J:: f(x)e dx = 4§ Z res{ f(h,)} .e"™ + Z rest fla,)} e,

551 s=1
where we have used the notation res{ f(b,)} to denote the residue of the
function f{(z) at the point z = b,. This yields the simple formula

Flfix):é] = (21:)*:‘{ ires{f(a,)}e“" +3 i res{,l‘(b,)}e"“‘}.

- - (>0. (281

The simplest example is provided by taking

flizy = =1,
This function has a simple pole at z = 0 and no other singularities and
resf{0) = 1, so thatif { > 0 we have

Fx~':E] = imt. (2-8-2)

Since x~ ' is an odd function we see that this equation is equivalent to the
formula

Flxl=0nY (£>0)
and we deduce immediately from (2-5-8) that, in general,
F[x":¢E] = (4n)t sgn . (2-8-3)
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A more sophisticated example is given by

I

z2(2* + a)

with g real. which has a simple pole at z = 0 and at z = ia with residuesa™
and — ka2 respectively. Hence if ¢ > 0, we have

)=

2

1 )
; . = $,-2i1 _ p-dlel
f[x—“'z—“-—(x + az).ﬁ] (mta=2i(l — o8

from which it follows that

1

Fl oo 2| = dmta~ U1 — e~ son £. 8-
#, L(xz " a’)'é] dn)ta=3(1 — e~ 1¥ysgn ¢ (2-8-4)

2-9 THE CONVOLUTION INTEGRAL

The convolution of two integrable functions fand g defined by the equation
fog=@m™* 7 fur - wgt du (2:9-1)

possesses many of the formal properties of an ordinary product. For
example, if 4 is a constant, it is obvious that

fo(dg) = (AN)eg = ASfog) (2-9-2)
and that
folg+h)y=fog+ foh (2-9-3)

We note that if both fand g belong to ¥!(R) and «¢,(R), then so does
their convolution A(1) = fo g, for

2n)t J‘: [0} dt = f: d:l _[ : Sglt — w)du

< [T ar [ st - w)du

- J‘ 1] du f: gt — w)| dr
so that
J.; [h(n)] dr < 2m)~% J.:c |flw)] du J‘; lg(v)] dv

and the result follows from the fact that both f and g belong to the class
& (R).
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By definition
g f=02m? F gl — v)f(v) dv.

-®

Changing the variable of integration from v to u where v = — u we see
that

g-f =0t [T gt — uydu
so that we have the commutative law

fg=¢/ (294

Similarly

fe(g h) =Qn)~} J._: St — u)du-2m)~* f:c g(u — v)h(r) dv

= Qn)"! f _f_: At — w)g(u — v)h(v) dudv

€«

and
frg) h=@2m} f_m ‘ dv {(21:)'* f_w S = v — wglw) dw} h(v).

Changing the variables of integration from v and w to v and u, where
w = u - v, we find that

(fog)oh=(2m)"" f_: f_:m - wglu ~ v)h(v) dudv

from which it follows that
So(g hy=(f-g)eh (2-9-5)

so that the associative law holds.

The important result we need is that concerning the Fourier transform
of a convolution. If fand g both belong to the classes ¢ '(R) and ./, (R) then
since (as was shown above) f g also belongs to €'(R) and .#,(R). the
Fourier transform of /- g also exists. From the definitions of the Fourier
transform and of the convolution of two functions we find that

Ed

Flfogd]l= (Zn)"f e dr 2n)™t f_m _ﬂl — u)g(u) du

=2n)"! J._‘; f-: St — wg)e™ didu.
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Changing the variables of integration in the double integral from ¢ and « to
v and w, where

r=1-u, W = u,

we see that the right side of this last equation becomes

(2m)~! f' r L) (w)e* ™ dpdw

which can be written as the product of two single integrals

(2n)-*f_” fiv)eis dv.(zm‘*f_" g(w)e™ dw.

We immediately deduce that
Ff g:8] = FOHGE), (2-9-6)

where F(&) and G(§) denote the Fourier transforms of f'and g respectively.
Applying the operator # ! to both sides of (2-9-6) and making use of
(2-3-5) we obtain the result

J._L F(OG(&e M de = J‘_m __f(u)g(l — u) du. (2-9-7)

The result (2-9-6) is known as the convolution theorem for Fourier transforms
although this term is sometimes applied to the equivalent form (2-9-7).
Putting 1 = 0 in equation (2-9-7) we obtain the relation

f .: FG(E) & = f’; f(u)g(~u) du (2-9-8)

Taking the special case g(v) = /*(—u) and making use of equation (2-3-10)
we obtain the relation

|7 roP@d = 7 s d
In other words. if F($) is the Fourier transform of f(1)

[ IF@Pde = [T (g a (2-99)

This relation. which is known as Parseral’s relation for Fourier transforms.
may be written in the alternative form

1Fj = ts) (2-9-10)
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210 PARSEVAL'S THEOREM FOR COSINE AND SINE TRANSFORMS

The convolution theorem for cosine and sine transforms is not so simple as
(2-9-6) but the formulae corresponding to (2-9-8) and (2-9-9) are just as
simple,

Inserting the definition of G(¢), we see that

J. F.(&)G(&)cos (1) dé
o

t (= »
=(E) f ﬁ(é)cos(il)d{j. glu)cos (&u) du.
n (o]

V]

Interchanging the order of the integrations we see that the right-hand side
of this equation is equal to

3 (= *
(i)f g(u)d"f F.(&)cos(&r)cos (Su) dE

] 0

4+ fx o
= (;) J‘ g(u) duJ‘ 1[cos {E(r + w)} + cos(&|t — u)JF(&) dé
[+

V]

showing that
xX - 1 ®©
[T B@GaercosGnde = 4 [T gl i + w + Ale = u)] du.
(2-10-1)
Putting 1 = 0 we obtain the equation

[ o6 e = (17 gt du (2-10-2)
(1] 1]

which in the case in which g is identical with f* gives the Parseval relation
f: [F()|? dg = J:' [f]? du (2-10-3)

which can be stated in terms of the norm in the form

TARSVE

We have similar results for the Fourier sine transform.

Replacing the Fourier sine transform G, by its defining integral, we
have the identity

L FAE)GL&)cos(Er) dE

$ (= ©
= (—2-) I F(&)cos(&r) dE J gu)sin (Eu) du.
n 0 0
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Interchanging the order of the integrations we have the equation

(%)‘ Jlm glw) du fﬂ F (&) cos (&r)sin (§u) dS

[+] 0
@® $ (o
-4 f g(u)du(;tz-) f F(O)sin (& + W) + sin (£ — 0}] &
(4] o

from which we deduce immediately that

[T RGO os@nde =4 [T g@lfw + 1) + fiu = 0] du.

(2-10-4)

Giving ¢ the particular value 0 we obtain the relation

J; oG ds = [7 gt du 2-105)

0 o

and if we take g to be identical with /™, we get the Parseval relation

J:, IEO d¢ = J:; |fa))? du (2-10-6)
that is,

1&) = isi.

As a simple example of the use of these formulae we take

Slx) = e7*, (a > 0), F(&) = @/mta@® + €371,
F(&) = /mpé@® + &)™

gx) = €™, (6> 00 GA&) = /mPb(d + M7,
Gy(&) = /mpFeé®d* + EH7".

Since

L Su)g(u) du = P

it follows from (2-10-2) that

- ¢ a
J:) (az + C-Z)(bz ¥ {2) = 2abla + b)- (a > O,b > O)-

and from (2-10-4) that

jm ':Zdé B n
o (@ + EDB? + &) 2Aa+ b)
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These results can, of course. be easily obtained by other methods; they
are derived here by means of the Parseval relations merely to illustrate the

procedure.
We shall now use the method to derive a much more complicated

result which we shall require later.
If we take

fy=x0<s<1), gx)=(=xtH1 - x).(vr> -}
then by equations (2-7-21) and (2-7-19) we have

F() = (E)! g tsin(dsmF( = 5). GAZ) = 2730 + ¢TI
so that by equation (2-10-2)

2'n~¥sin (bsm)I(1 — s)I(v + %)f S NI Y3

0
= fl X7 — ¥ Hdx.
o

The simple change of variable y = x? shows that the integral on the right
side of this equation has the value

1 1 !
iL R -y rdy = W
Hence, since
cosec(§sm) = n”'TESNIU ~ $9),
FHro — 9 = 27 1@ - 490 — s
we have the relation
2 gy
Tv—43s+1)
OVD<s<l,v> -1 (2-10-D

J. N I =
0

Another pair of formulae of which we shall make use is
[T B®Ga2sineen e
i'l?f(u)[g(lu —t]) = glu + 0)]du,  (2-10-8)

if: g[St + u) = flu = D] du, (2-10-9)

1}

which can be established in a way similar to that used in the derivation of
the relation (2-10-4).
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2-11 OTHER FORMS OF THE FOURIER INVERSION THEOREM

We have proved (in sec. 2-2) Fourier's integral theorem for a very restricted
class of functions, and on the basis of the Riemann integral (which is the one
about which we learn in courses in calculus). Fourier integral theorems of the
same type with very general conditions on f{x) have been established. These
are based on the concept of the integral introduced by Lebesgue.! At the end
of the last century it became clear that the Riemann integral was not an in-
strument of sufficient power to deal with problems arising in mathematical
analysis, and would have to be replaced by some other. more general, type
of integral. There were attempts at such a generalization by Jordan. Borel,
and W. H. Young as well as by Lebesgue, but it was Lebesgue’s construction
which proved to be the most successful.

It will be recalled that the fundamental idea of Riemann integration is
that the integral of a function f over a finite interval [a.b] is the limit as
n — ot of the sum

zn: fix;ym(E;)

i=1

where [a.b] is partitioned into  disjoint intervals E,. . . . .E, which cover
the interval, x; € E; and m(E;) denotes the length of E

General theories of integration are based on the concept of the measure
of a set E, denoted by m(E). which is a generalization of the idea of the length
of an interval and which possesses obvious properties similar to those of
length:

(@) m(E) =z 0;

(h) E, « E; = m(E|) < m(Ey);

(c) m(E, u E;) = m(E)) + m(E;) — m(E; n E,).

The Lebesgue measure of a point set is constructed as follows:
Suppose that E is a set of points contained in the finite interval (a.b) of
length / = b.— a, and that we denote by E’ the complement of £ in (a.h).
i.e., E’ consists of all those points of (a.h) which do not belong to E. We
further suppose that the set E is covered by a set of disjoint intervals

IThe object of this section is to give only a very general idea of the nature of the Lebesgue
integra! --enough to enable an applied mathematician to read the statements of theorems in
texts on the theory of Fourier transforms. A reader who does not wish 1o encounter considera-
tions of this slight degree of subtlety, but wishes to have some idea of the nature of the theorems
could interpret the statement “f€ L”(a.h)” as meaning "*f(x) is such that the integral

h
J: P dx

is finite.” and “"E is a set of measure zero™ as meaning *'E is an enumerable set of points.” These
are gross over-simplifications but they do give some idea of the points involved.
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Ay A, .. .oflengths /), I,, . . . respectively so that
Ec YA

and '
Z <L

The exterior measure of a set E, denoted by m,(E). is defined to be the
smallest such sum y_ /.

In an exactly similar way we can cover £’ by a collection of intervals
A AL . owithlengths 1) L. . . .. The interior measure of the set E,
denoted by m,(E). is then defined by the equation

m(E)y =1— m/(E").

where m_(£°) is the exterior measure of the complement £°. 1t can be shown
that. in general,

0 < m(E) < mE).

If it turns out that m,(E) = m(E). we say that the set E is measurable
and we call the common value of m, (E) and m(E) the measure m(E) of E.

A special role is played in the theory by sets of measure zero. Among
these is any enumerable set of points {x,}(» = 1.2, . . .) contained within
an interval of finite length. If two functions f'and g are equal except on a set
of measure zero, we say that they are equal almost everywhere and write
S=glae)orf=g(pp.)

The function f(x) is said to be measurable on a set E if the sets E and
Ix:x € E. flx) > c} are measurable for all finite values of ¢,

If the function f{x) is a bounded measurable function defined on a
measurable set E contained in a closed interval [a.h], we choose a closed
interval [ 4,B] such that

A € fix) € B, agx<bh,
and divide it into n parts by the points yo = A, ¥y, ya. - . . . yo=B
ordered in such a way that yo <y, < .. .y,.y <), The sets E,
E,. . ... E,are now defined by therelation E; = {x:xe E,y;_, < fix) < v},

and the sums
5, = Z Yi-1m(Ey), S, = Z y,m(E))
i=1 i=1

constructed. If, as n — o in such a way that each y; — y,_; — 0, the sums
s, and S, tend to a common limit s, the function f'is said to be integrable (or
summable) and the number s is called the Lebesgue integral of the function f
over the set E.
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The definition of the Lebesgue integral may be extended in an obvious
way to cases in which the function fis unbounded and the set £ is the whole
real line.

The difference between Riemann integration and Lebesgue integration
is shown graphically in Fig. 2-7. Lebesgue has described the difference in the
following picturesque way: Suppose that we wish to calculate the value of a
pile of coins of different face-value. The Riemann procedure consists of
taking coins from the pile in succession in the order in which they lie and
adding their values. The Lebesgue procedure consists of first of all sorting
out the coins according to their values, each value then being multiplied by
the relevant number of coins.

As a concrete example, we recall that the Dirichlet function

fx) = 1, if x is rational,
S = 0, if x is irrational,

does not possess a Riemann integral over [0,1]. On the other hand. it does
have a Lebesgue integral since the set of all rational numbers in [0.1] (being
enumerable) has measure zero. Hence. the Lebesgue integral of the
Dirichlet function over [0,1] exists and has the value zero.
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It can be shown that if a function f{x) is integrable in the Riemann
sense on the closed interval [a.b], then it is integrable also in the Lebesgue
sense and that the values of the two integrals coincide, so that any statement
made about Riemann integrals is automatically true for Lebesgue integrals.
It should be noticed. however. that the Lebesgue integral is a genuine
generalization in the sense that there are functions which are Lebesgue-
integrable on a closed interval but which are not integrable in the sense of
Riemann.

We denote by L?(a.b) the class of functions for which |f(x)]" is in-
tegrable over (a.b). If the interval of integration is the whole real line we
usually denote the class simply by L?, i.e.. we say that fe LP if

f _: S0l dx

exists. In dealing with a sequence of functions { /,(x)} and a given function
f(x), we are often interested not so much in the behavior of the difference
AAx) — f(x) as n — oc as we are in the mean value of the difference. If
J(x) € L?(ab). for all positive integers n. f(x) € L?(a.h), and

b -
f [fo(x) = fx)|? dx — 0,

as n — o we say that f,{(x) concerges in mean to f(x) with index p. The ana-
logue of the “‘general principle of convergence™ in Lebesgue theory is the

Riesz-Fischer theorem [f as m and n tend independently to infinity

(]
J‘ 1) = ful)ff dx = 0,

then there exists a function f€ [P(a.b) to which f(x) converges in mean with
index p.

A theory of Fourier transforms which is completely symmetrical was
first given by Plancherel (see Chapter 111 of Titchmarsh, 1948). It depends
on mean convergence.' The key result is:

Plancherel’'s theorem Suppose that [€ L* and that
Ftta) = 2n) ¢ f " fixye dx.

Then as a = %, F({.a) converges in mean over (—x,%) lo a function
F(¢) € L2 Reciprocally,

'Instead of saying that a sequence converges in mean with index 2 we say merely that it
“converges in mean.”
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fixa) = Qm)~} f  F(&)e "t g
e

converges in mean to f(x).
Further, f(x) and F(¢) are related through the formulae

1 d x e({x -1
F&) = e = x) S dix,
W=-gnx) WO w &

Plancherel's theorem can be extended from functions of class L2 to
those of a general class L?, (p 2 1). (see Chapter IV of Titchmarsh. 1948). It
turns out that the Fourier transform maps the space L? into the space L9
where

|
-4 - =
P q
A typical theorem in this theory is:

Titchmarsh’'s theorem Suppose that fe L?, (1 < p < 2). and that
F(éa) = (2n)~? fa S(x)e"* dx.
~-a

Then as a - x. F({,a) converges in mean with index ¢ 10 a function F(&),
where

x P . e~ 1
[T 1R de < m! e { |7 1ok dx} .

Further, f(x) and F(&) are related through the formulae

1 d £ ‘,-‘{x — 1
= e e X)) — —_— (1, 'y
FO = Zma | SO
1 (l x ei{x - l
= e e F Ty d’.
S = a0 dx Lb s

The convolution theorem reflects the same kind of reciprocity. If
feLP.ge L with

11

-+ =>1,

p P

then f- g < L”. where
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and F(E)G(E) e L2, where

1.1
P Q

The existence of the integral defining the Fourier transform F(¢) im-
poses a certain restriction on the behavior of the function f{x) at infinity.
If we write { = & + in with & and n real. then it is conceivable that in cir-
cumstances in which F(I) does not exist for real values of ¢, the function

Fo(0) = Qmt f * f0)e® dx
0
may exist for sufficiently large positive values of # and the function
o
F@) =@t [ foevds

may exist for sufficiently large negative values of .

We now suppose f(x) to be a complex-valued function of a real variable
x; in addition. we shall say that such a function is continuous, integrable, of
bounded variation,? etc., if its real and imaginary parts separately possess

these properties.
If there exists a constant ¢ such that e ™| f(x)| € L(~ oc,00). then it

is readily shown that the function F,({) exists for > ¢, and the function
F_({)forn € —c. We also have:

Complex form of Fourier's theorem [If the function f(1) is of bounded
variation in a neighborhood of the point t = x, then

lim [(21:)* ) "R e+ e | S dt]
Ay ia=A b~ 1
= J/xe+) + S )]

wherea > ¢, b < —c¢.
(For a proof of this theorem see p. 43 of Titchmarsh, 1948.)

In applications of this theorem? we often make use of the following
theorem, which is proved in Vol. I (p. 463) of Morse and Feshbach (1953):

Suppose that the function F() is analvtic in the stripa, < n € a,
and that the function G(§) is analytic in thestriph, € n < b, < ay and
that both F({) and G({) belong 1o the class L(~ o,20). If hoth F({) and
G() tend 10 zero as || — % in the region in which they are analytic. and

1We say that a function f(x) is of bounded variation in an interval if, 1n that interval. it can be
expressed in the form u(x) — r(x) where each of the functions u(x). £(x) is nondecreasing and

bounded.
28ee. e.g. sec. 2-15 below.
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L] n
4
P
n o=~ a,\ i/
v F analytic ' .
- o Fand G
L IS analytic
nwa and
n=b, ~ F+G=0
G analytic
e ——— ‘\
"‘bl - \\\"'-bl
(a) (b) Fig. 2-8

io+ % Y " ib+ x. ~ilx gy
f‘” FOe d + [ Goye e d = 0.
io- o ib—x

(@, <a<a, b, <b<hb,y)

then
(@) F(0) and G({) are both analytic in the stripb, < n < ay;

() FQ) + G§) = 0in that strip.

The hypotheses of this theorem are illustrated graphically in the diagram
{a) of Fig. 2-8 and the conclusions are shown in (b).

2.12 A TRANSFORM WITH A MORE GENERAL TRIGONOMETRICAL
KERNEL

We saw in sec. 2-6 that in any problem for a region x > 0, (y.2) € Q, in which
we require to calculate a Fourier transform of é2f/¢x? when we know that

JO.y.2) = ¢y(v.2), (2-12-1)
we may use the formula
al
s [ZT{" = é] = (2/m)i¢,(1.3) — EF(Ep.)
where F(§,y,2) = F,[ fix.y,2):x — &]. (Cf. equation (2-6-4).)
On the other hand, if we are given that
S:0p,2) = ¢,(p.2) (2-12:2)

it is a'ppropriate to take a Fourier cosine transform for then we can use
equation (2-6-3) 1o deduce that
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iuf F 3 z2
F| 53w = € | = —Qmrear) — RGN,

where F(£3.0) = F[flxy)ix = ]

It is natural now to seek a transform which can be used in the analysis
of problems in which, instead of conditions either of the type (2-12-1) or
(2-12-2) we have a condition of the type

£:0.v.5) — A(0,y.2) = Y(¥.0). (2-12-3)

where h is a constant and the function y(y,2) is prescribed for all (y.2) € Q.
In the theory of the conduction of heat a condition of the type (2-12-3) is
called a radiation condition. For that reason we shall denote the operator of
the relevant transform by #. A transform of this type was first considered by
Churchill. (See sec. 71 of Churchiil, 1944.)

Suppose that we consider a general transform defined by the equation

fEyo) = Ffixyz)ix - &] = @/npt J: S(x.y.2)K(x,&) dx.

Using the formula for integration by parts we find that, if f € % %(0,2¢) and
J £, [ are all absolutely integrable over the positive real line,

24 @©
T [;T‘i:x - 6} = (2/m)to(E,v.2) + (/) f Axy, 2K (x,8) dx
. (1]

where the function ¢(¢.y,:) is defined by the equation
d(Z.y.2) = fl0.y.2)K(0.8) — £(0.y.2)K(O0.L). (2-12-4)

Rearranging the terms on the right-hand side of this last equation we find
that

$(Er.2) = f10.5,2) K (0.8) ~ hK(0.5)} ~ K(O.EW(y,2),

where the function y(r,z) is the prescribed function occurring in the boun-
dary condition (2-12-3). From this we deduce that if the kernel K(x.)
satisfies the conditions

a2
¢‘K
ax? + &K =0, x>0, (2-12-5)

K,(0.) — hK(0.5) = 0. (2-12-6)

then we have the relation

27 .
F [‘—é;x - {} = =& (&2 ~ QMPKOEW(r,2), (2-12-7)

ix

for the transform of the second partial derivative of / with respect to x.
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The solution of the equations (2-12-5) and (2-12-6) may be taken in
the form

K(x,§) = &cos(Ex) + hsin(¢x)
so that the transform # defined by the relation
J(Ep2) = A f(xpy2)ix = £]
= () [0" Sy 2 Ecos (Ex) + hsin(Ex)) dx  (2-12-8)

has the property that

CX

A [fzir - {] = —&f(Exa) - QA2 (2-12:9)
where ¢(3.2) is the prescribed function occurring in the relation (2-12-3).
We can easily establish an inversion theorem for the #-transform. If
f&) = A f0):¢]
then it is obvious that
f@) = SR + hE(E) (2-12-10)

where F({) and F($) are respectively the Fourier cosine and the Fourier
sine transform of the function f(x). We note that a necessary condition for
these transforms to exist is that

lim f1x) = 0. @-12-11)

From equation (2-6-8) we see that we can write equation (2-12-10) in the
alternative form
A& = =FLS) - h(x):¢]

and making use of the Fourier sine inversion theorem we find that

(X)) = hfix) = —F[f(&):x]. (2-12-12)
Now the differential equation
(X)) — hy(x) = sin(&x) (2-12-13)

has the general solution

_ Ecos(Ex) + hsin({x)
él + h2

X

¥x) = ce* .
where ¢ denotes an arbitrary constant. Hence if & > 0 and f{x) has the
property (2-12-11), it follows that we must take ¢ = 0. i.e.. that the equation
(2-12-13) has solution
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F(x) = K(x.f)
ST gy
a result which can be written in the form

d o K(x.£)
(a - ) sin (f.\') = —ET—:T—hi.

Rewriting (2-12-12) in the form
© -1

fx) = —2/n)} J' 1) (di - h) sin (£x) d¢,
° x

we see that

. = K(x.&) -
£ = 27 [AE);x] = @yt I c.,—‘:’%f(é) dz. @2-12-14)

(1]

We can calculate #-transforms easily from tables of Fourier sine and
cosine transforms. For instance, since

Fle ™:¢] = 2/m)taa® + &7,
Fle 8] = Q/mtia® + &H7!

(a > 0), it follows immediately from the definition that
J[e"';{] = (Z/n)*{(a + hy@® + {’)".

On the other hand, in working out inverse transforms it is sometimes
more convenient to use the differential equation (2-12-12) than the inversion
formula (2-12-14). To illustrate the procedure we shall calculate

A7 Eem ¥ x].
If we write

W) = Ee™%N, w(x,r) = #7'[W(&1); & - x], (2-12-15)
then. by equation (2-12-12)

(_6_ - h) wix,f) = —F [w(r):€ - x].

éx
Using the relation (2-5-4) we see that this is equivalent to

é ]
Bl . = —— R GET -1
(Bx h) w(x.r) 5 F e ¥ L = x(20)7 Y]

and using equation (2-7-14) to evaluate the expression on the right-hand
side of this equation, we obtain the differential equation



74 THE USE OF INTEGRAL TRANSFORMS

n
(;( - h) wix,) = ~x(2r) te ¥4
ox
The solution of this equation is readily seen to be

wix.t) = (20) 1™ J.m we WM gy

x

Using the rule for integrating by parts on the integral on the right-hand side
of this equation we obtain the solution in the form

w(xt) = (20) " te M — p20) Y Im e Ml gy

x

which is easily seen to be equivalent to the solution
wixs) = () te 4 — Gmthe***erfcixr Y + AY).  (2-12-16)

We shall now derive a result which is useful in deriving the form of the
convolution integral which is most appropriate to a transform of this type.
From the identity

d =
Axy = —E_[, M) de

and equation (2-6-2) we obtain the relation

FLfx):E] = . [ f ® fu) du: 5].
From this we deduce that

EFLf00:E] + hF[f1x):€] = EF, [/‘(x) +h f * fe)dvix - e].
If we write

$0) = J0) + h [* fv) o
we see that this last equation can be put into the form

EH(E) = D.8) (2-12-17)

where ®.(§) = F [$(x):E].
To find the form of convolution appropriate to the #-transform we
write

Sog = REOEE):x].
Then, by equation (2-12-12) we obtain

Ox

¢
(—- - h)f°g = = F[0.0)£():x]
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and. by the definition of §(£), we can rewrite the right-hand side of this
equation as

= F,[$00)G(§):x] — hF[O(E)G,(¢);x).
Now by equation (2-10-8)

FLOUOGx] = @)™t [ g (x — ul) — d(x + )} du

and, by equations (2-6-2) and (2-10-1),
- F,[{0.(£)G(8);x]

F[P()G(&):x]

< .

Qm)~t J.: g{P(|x — u|) + ¢(x + w)} du.

57

2l

We therefore find that
fog=(mt fo * gu)x(xu) du
where

-1
Xxu) = ¢(|x — ul) + ¢(x + ) + M(;; - h) O(x + u).

Now it is easily shown that

a -1 ©
(E; - h) O(x + u) = —J;wf(v)dv

50 that
2(xw) = flilx — u]) + fix + u) — hj:.f(v)dv + h":_ﬂf(v)dv

and hence that, if the convolution f o g of two functions f and g is defined
by the equation
x 'x+u
feg = (Zn)’*f g(u) {f(lx —uf) + fix + u) + hf S(v) dv ; du,
] Ix=v
(2-12-18)
then
A E O x] = fog.
From the symmetry of this result we deduce that for the convolution
defined by equation (2-12-18),

feg=gef

(2-12-19)
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and so on until we reach
Axyxge o0 X,) = F M EE g, . X5y = xy]

FRGixa Xl » —x)

';[‘?:Eﬁ(él'éz'l B 9‘\-!');&2 i —".2};
&= —x)

If we write out all the steps, we find that n applications of Fourier’s integral
theorem vields the inversion formula

foy = m74n [ Fo@)e e (2-13-6)

To show what is happening we shall write out the details of the three-
dimensional case. Here

Fiy(8) = (2m)~ J‘_: f.: f:

SIxxax)expli(Eyxy + Ex; + E3x3)) dxdxydx,

which may be written in the form

F3)($1.42.83)
= [~
=7 [Z_if I Sexy,xp,x3) expli(dyxy + §30,)} dgdyyix, — ‘:'J
—w J x
This may be inverted to give
I x x
'2—'[ J S0 05) explil€yx; + $3%3)} dradx,
N)-nJ-n

= (2n)"?} f_ Fay(&1.85.8 e x dg .
Writing this in turn as *

F [(27:)'* fm JUxg,x5,%3)e0% dxyix, - éz]
-,
= (27')-‘ f_‘: ﬁs;(éufzf;)(’uam ds,
and using the Fourier inversion theorem we obtain the result
FSlx, x2.x3): %y — &3]

1 * ® —i8axy +82x2) 3
= i; Fay(&1.62.83)e dé d¢,
- - o
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which in turn can be inverted to give
f(x1.x2.%3) = (2m)~3 J-_c J._‘ J‘_t Fi3(§1.82.85) x

x expl—i(§yx) + {axy + &yxy)} dEydl,dly
which is the three-dimensional form of (2-13-6).
The n-dimensional analogues of the results of sec. 2-3 are easily de-
rived. For example. the analogue of (2-3-8) is

Faolfix — a)ix =+ §] = "0 F [ fix).x - E] 2-13-1

where a denotes a constant vector, while that of equation (2-3-11) is

. [ L ,
‘:r(n) [5}::" - g] = -—lé,f],,[ﬂx);x - g] (2-13-8)
which is valid if f(x)e €¢"(R") and both f and &f/Cx, are absolutely in-
tegrable in R".

If f{x) has finite discontinuities this last result has to be modified in the
same way as in the one-dimensional case.

Derivatives of higher order can be dealt with in an obvious way; for
example

&Y oy
Fm [m“ hnd §] = —=§6F LX) ix — &) (2-13-9)

and so on. From this we deduce that, if L denotes the differential operator
defined by the equation

R, o, o,
= el -13-10
Lf Z o Z b+ (2-13-10)
where the a,, b,. and ¢ are constants, then
Fwllfix > &) = — PE)F,[(x):x — E] (2-13-11)
in which the quadratic form P(E) is defined by the equation
PE) = Y auii+iY b —c (2-13-12)
rs=1 r=1

In particular, if A, denotes the n-dimensional Laplacian operator

o2 a? a2

and fe €2(R"), then
FnlAf(x);x - &] = —E2F,(E) (2-13-19)
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where
Fa@) = Fo[f1x):x = E]. (2-13-15)

Similarly for the polyharmonic operator A, defined by the recurrence
relation

A = AN
and the equation (2-13-13), we find that for functions f(x) € €*'(R").
ZwlAAX):x = §]) = (= DE¥FL(8). (2-13-16)

where, again, F,(E) is defined by equation (2-13-15).
The convolution of two functions f(x), g(x) of the vector x is defined
by the equation

[ gx) = (2n)'*~f£ fix — u)g(u) du. @-13-17)

Proceeding exactly as in the one-dimensional case (Cf. sec. 2-9) we find that

Ful S g(x);x = E]
= (27:)‘"f‘E e"‘""dxfE JIx — u)g(u) du

= @n) " fE g(u) du f' f(x — w)e ™ dx

= [ gwedu [ ety ay

= Fp)(E)Gy(E)

where F, (&) and G,(§) are the Fourier transforms of f(x) and g(x) re-
spectively. Hence we have the convolution theorem

FulS 8x);x = &] = F,(8)G,(8). (2-13-18)

This is most often used in its inverse form

Fu @G~ x] = @07 [ fix ~ wg(w) du. (2-13-19)

2-14 FOURIER TRANSFORMS OF RADIALLY SYMMETRIC

FUNCTIONS
In applications we often have to find the Fourier transform £, (§) of a

function f(r) which is a function of
r=xl=0,24x7+ -+ x (2-14-1)

only. We shall now show that in such a case () can be expressed simply
in 1erms of 2 Hankel transform of the function f{r). We begin with the two-
dimensional case.
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If we introduce planc polar coordinates (r.0) in the x,x,-plane and
(p.9) in the ¢, &,-plane, we may write

X, =rcosf. x; = rsin0,. &, = pcos, Z, = psing (2-14-2)
from which it folfows that
(x-8) = rpcos(t) — @),

and hence that

i 1 (= I on®-
Fol/inix, = & x, » §0) = ‘)’iJ- r d’J [(r)e¥ <@ .
< o

o
Now it is an elementary result from the theory of Bessel functions that

l = irpcosté — @)
In J’o €Tt dl = Jo(rp).

so that
Falfinix, = &5y = &1 = [ fotep) dr (2-14-3)

Comparing the integral on the right-hand side of this equation with
that on the right-hand side of equation (1-1-9) we see that it is the Hankel
transform of order zero of the function /. If we use the notation

X S0 E]

to denote the Hankel transform of order v of /
J: XA (Ex) dx

we see that equation (2-14-3) can be written in the alternative form

Folfr)ix; = §.x; = &,] = #o[f(n):p] (2-14-9)
withr = (x, + x, ) p = (&, + &4
For example. if k > 0,

Falrte™ix; » &1xy = &) = Ho[r e M ip].
Now the value of the integral

f “ e M (pr)dr
)

is known* 10 be (k2 + p?)~% and therefore we have the result

FolrteVixy, =& x; =2 &E] =3+ pH)4 (k>0. (2-149)

*This is a well-known result in the elementary theory of Bessel functions (Cf. sec. 3-7 below or
sec. A-6).
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The result (2-14-4) is readily generalized to the n-dimensional case.
By the definition of the n-dimensional Fourier transform we have the

¢quation
.f“,[_ﬂf);.tl - S‘l- L vxn - én]

= (2m)+ L f(De®™ D dx.  (2-14-6)

We now make the transformations

;;i = px; (1 = 1.2. e Jl). N = Z o X;
i=
y=Y ax, (=2 ....n),
i=1

the coefficients x,; being chosen in such a way as to make the transformation
orthogonal. In this case we find that

r=nt 4+t 4+t
and that

& =dy, (§x)= .-Z: Gxi=p ‘:Zl %X = pyy.
If we now put
e S o VLI SR LS
we find that equation (2-14-6) reduces 1o
Fl®) = 2m)~# f " dy f: QGY{G? + p e di, (2-147)

where we have written F,(8) = F,[Ar)ix, =&, ... x, - ¢§,] and
€Q(4) is defined to be such that, for any arbitrary function g(4),

f gl + y2 + -+ W didys .y,
En- s
= fo T Qg di.  (2-14-8)

To determine the form of the function Q(4) we note that, since £}(4) di is a
volume element in E,_,. it is of the form

Q) = w2 (2-14-9)

where w, is a function of n but not of 4. To find the value of w,, we consider
the special case in which

gi) = e~ ¥,
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In this case

f' gl + 32 + - -+ ) dyadys . L dy,
e o

f ® Q)g(d) dA = w, J' * 22 dj = Yo, TGn ~ b
0 0

and

so that we deduce the result
2nin-d
rdn -4y
from equation (2-14-8).
Substituting from equations (2-14-9) and (2-14-10) into equation
(2-14-7) we obtain the relation

! ® 8 R iprc
Fu(8) = WL r""ﬂr)d’rJ‘ sin®~ 20 e'*<" 4.

w, (2-14-10)

[}

Making use of the well-known result’

J:: sin"~ 20 "7 g = 2 1(7;);')5*("_&": k| Jin-1lpr), (2-14-11)
we see that F,\ () is a function only of the variable p. If we write

F(p) = Fal/()ixy » &y . - - X = 4] (2-14-12)
we find that

P 1) = [T Sy (or) dr. (2-14-13)
Putting

vo=4n -1, (2-14-14)
we see that this resuit may be written in the symmetrical form

P F(p) = H.[r'flr)ip]). (2-14-15)

The Fourier transform of a radially symmetrical function in E, can
therefore be reduced to a Hankel transform over the positive real line.

The case in which n = 3 is of special interest. Here v = } and if we
recall that

(pr)3y(pr) = Q/m) sin(pr)

1See. for example, p. 113 of Sneddon (1961).
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we find that equation (2-14-15) reduces to the simple form

Fa[r)ix = &] = p~ ' F,[rf(r);p]. (2-14-16)
In particular, if £ > 0. we have the special results
— A
Falrle ™ ix = 8] = |~ TV R (2-14-17)
ke 2\ 2k
'9:3)[" ix - g] = (;) (—;2+—/\2)i (2-14-18)

2-15 THE SOLUTION OF INTEGRAL EQUATIONS OF CONVOLUTION

TYPE
In this section we shall make use of the theory of Fourier transforms to derive

the solutions of certain simple types of integral equation.
The simplest integral equation to tackle by means of Fourier transform

technique is the integral equation of convolution type
(27()'*['3 fDk(x — 1) dt = g(x). -0 < X < X, (2-15-1)

in which the functions g(x) and k(x) are prescribed for all real values of x and
are assumed to possess Fourier transforms G(¢) and K(£) respectively.
Taking the Fourier transform of each side of (2-15-1) and making use of the
convolution we obtain formallyv the relation

F(E)K(E) = G(), (2-15-2)
connecting F(£), the Fourier transform of the unknown function f{x), with
those of g(x) and A(x). We can write this equation in the form

Ft§) = G(EIL(S)
where L(&) = 1/K(&). If it did happen that

x) = FL(&);x]

exists, then by applying the convolution theorem we should obtain the
solution of (2-15-1) in the form

‘ o«
flx) = \/———(2") J:w g)l(x — 1ydr.
The difficulty is that in problems of physical interest the function /(x) usually
does not exist. If, however, it so happens that for some positive integer n, the
inverse transform

I
=F N e -15-
m(x) = F [(-—ic')"K({)’x] (2-15-3)
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exists, then writing (2-15-2) in the form
F(O) = (—YG($) M(E).
we see that it yields the solution
flx) = 2m)~ f: m(x — (g™ ) dr. (2-15-4)
As an example, we consider the integral equation

Qn)~t ff ]x - I" )y di = g(x).

This is of the type (2-15-1) with k(x) = |.x|~# and hence. by equation (2-7-23),
with K(¢&) = & ¥ Since

1
Fo oo | = F Wisgn&-|E]7ix] = |x] tsgnx
| g | = et = 1 b
the solution is given by (2-15-4) withn = 1.m(x) = |x|* sgn x. The solution
is therefore given by the equation

1 J" gy di 1 J"‘ g)di

Jx = 1) N )

2N =D J@2n)

In cases in which the inverse transform (2-15-3) does not exist it is some-
times still possible to derive a solution of equation (2-15-1) provided that the
function g(x) has derivatives of alf orders. The method used is basically due
to Eddington (1913) although interest in it has recently been revived by
Kurth (1965). Eddington’s method consists essentially in assuming a solution
of the form

Ax) = RIS

f) =Y g™ (x) (2-15-5)
n=]
where the constants ¢,(n = 0,1.2, . . .) are to be determined. For a solution

of the type (2-15-5). we find that

F&) = 3 al(=i3)G()
provided that the Fourier transforms of all the derivatives exist. If we sub-
stitute this form into equation (2-15-2) we find that

X
(K&)' = 3 al=id)
so that if [K(&)] ™! can be expanded as a Maclaurin series in the neighbor-
hood of the origin then {—i)"¢, is the coefficient of " in that expansion.
I/ there is an Eddington solution (2-15-5). then its coefficients
Co. €1n €. . . . are uniquely determined by the function k(x). but there are
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kernels k(x) which exclude, for any infinitely differentiable function g(x), all

possibility that an Eddington solution exists.
As an illustration of a case in which there is an Eddington solution we

consider the integral equation

I X
e~ Hx- n3a? dr = ;
0'\/(27!) _Q.ﬂ e 1 = g(x)

where g(x) has derivatives of all orders. In this equation
k(x) = g~ le- ¥’
so that
K(&) = e~ ¥
If, therefore, we assume a solution of the form (2-15-5), we obtain the identity

i (—if)y = et

=0
by means of which we may determine the coefficients c,. We deduce im-
mediately that
(ialn)

Cr1a = (—1), T Com-1 =0

and hence that the solution is given by

3 3 2m
s = Y (=0, 820 gamiy

m=0

We have already noticed that it is possible that an Eddington solution
does nort exist; to illustrate this situation we show that the integral equation

Al® ) dr
) A2+ (x —1 - p)
in which 4 and g are constants (A > 0) does not possess an Eddington

solution.
For this equation

5 = g(x)

2\ A
=) — i>0
k(x) (n) Traop “>0
so that
K(E) = e,

Since this function cannot be expanded in a power series in any neighborhoo@
of the origin, no Eddington solution exists. (It will be observed that this

PHRL BN
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equation cannot be solved by the first method either. since the inverse trans-
form (2-15-3) does not exist for any positive integer n.)

Kurth has shown that for an Eddington solution to exist it is necessary
that both k(x) and g(x) possess derivatives of all orders which are absolutely
integrable over the whole real line. and that g(x) has moments' 7. 7,.
72+ - - . .of all orders such that the series

x 13-4
Y, G
o n n!
~=0

converges for some (none-zero) value of . Kurth also provides a set of suffi-
cient conditions; he has shown that if
(@) [K(&)]™! has a Maclaurin expansion Y ;.o ¢,(—i&)" which con-
verges for all values of ¢:
(b) g(x)has derivatives of ali orders such that for some suitable positive
constant 2 and an integrable function A(x),

lg""(.\')l < 2"h(x), n=~012 ...,

then the series

™18

(.ugtn)(x)

n=0

converges to a function which is integrable over the x-axis and is a solution
of the integral equation (2-15-1).
The integral equation

(2n)~t F Sk(x + 1) dt = g(x). —x < x<x (2-15-6)

can be treated in the same way by first of all observing that it can be written
in the alternative form

Q) ft f=v)k(x = ) dy = g(x)
i o
which is equivalent to the relation

F(=$)K(S) = G(Q).

If we write

"
fxy = Z [ di;,, g(=x). (2-15-7)

n=0

! The moments are defined by

T = J:Z Xglx)dx.
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then
& = Zo CQ(=i5)'G(=&)
and the coefficients c,(n = 0.1.2. . . .)in the Eddington solution (2-15-7) —

if it exists at all'—are given by the fact that ¢, is the coefficient of (i) in the
Maclaurin expansion of [K(&)] ™%
We shall now consider the solution of the Fredholm integral equation

fx) = gx) + 4 f_’ k(x — 1)f(t) dr (2-15-8)

in which the functions g(x) and k(x) are assumed to be known, 4 is a para-
meter and f(x) is the unknown function which we wish to determine. The
equation corresponding to the case in which g(x) = 0:

fix) = i f_’ k(x = ) di (2-15-9)

is said to be homogeneous.

We recall (Cf. Riesz and Nagy. 1955, Chapter 1V). that if there exists a
non-trivial solution f, (1) of the homogeneous equation (2-15-9) correspond-
ing to the value 4, of 4, we say that 2, is an eigenvalue of the equation and f;
an eigenfunction of that equation. The set of eigenvalues is known as the
spectrum of the equation: if an equation has a discrete set of eigenvalues we
say that it has a line spectrum and otherwise, a band spectrum. We begin our
discussion by showing that a simple equation of the type (2-15-9) may have a
band spectrum.

From equations (2-3-8) and (2-7-1) we have the relation

Fle™ U1 = &) = e Fle™ME] = (2/mP(1 + E2) 1™
Rewriting this in the form

oiT = %“ + éz)f“‘ polxAvia g

we see that the equation

fix) = f:., e Ny dr (2-15-10)

has an eigenfunction e** corresponding to the eigenvalue §(1 + &2) for all
real values of £. In other words, the equation (2-15-10) has the band spectrum
A>3

We return now to the discussion of the solution of equation (2-15-8).
From the complex form of Fourier's theorem (see sec. 2-11), we see that we
may represent the prescribed function g(x) by a formula of the type
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n

G.(Dis
analytic

e @ — - ——

Fig. 2.9

g0 = 20 { [ e+ [T et dc}
(2-15-11)

where the function G, ({) is analytic throughout the strip n > a', and the
function G_({) is analytic throughout the strip n > b". For the method of
the Fourier transform to be applicable. we must be able to represent the
kerne! k(x) in a similar way, such that its Fourier transform K({) is analytic
throughout a strip 4” < n < " which overlaps the region in which the
functions G, ({) and G _({) are analytic. In a similar way we have to assume
that the unknown function f{x) can be represented by a formula of the type
(2-15-11) in which the function F.({) is analytic in a region n > a”, and
F_({) is analytic in a region n > 4", For the method of complex Fourier
transforms to be applicable we must have (Cf. Fig. 2-9)

a” > max(a',a"), b” < min(h’.b").

With these assumptions we may write equation (2-15-8) in the form
iat ot
[ r@esa, [T F e sa
=J~‘“tG . . i ib+ o .
aeg O+ Qe dr 4 J;b_m G_({e = d;
a4 x .
w1 p QRO g
ta-p

- b+ 3 .
A [T K@e g
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where " > a > max(a’.a”). and b” < b < min(b’,b").

If we apply the theorem stated at the end of sec. 2-11, we see that the
functions

{1 = QP K(}F. () = G.(D).

= 22mH KO F() = GO
are both analytic in the strip a < n < b. Furthermore. throughout that strip
of the {-plane their sum is zero. We may therefore write

{1 = J2mKO}F() ~ G.() = H(D),
{1 = 22nPK(O}F(Q) - G_({) = —H(),

where the function H({) is analytic in the stripa < n < b.
Solving these equations, we find that

_ G.@) + HE)
T = 2C20PK()
g = -0 = HE)
T TSRy

Inserting these expressions into equation (2-11-1) we find that the solution
of the integral equation (2-15-8) can be written in the form

[ Gupe ™
- 3 — &
fix) = (2m) L-m T ok ©
bre  G_({)e®
)4 T 200K
+ (2m) J:b_m 1 — AR K()

- H({)e™ ™
! 1 = 03K - -
e J’r I = A2r)K(() & (2-15-12)

where the contour I is the boundary of the infinite stripa < 5 < b.

The third term on the right-hand side of equation (2-15-12) represents
the solution of the homogeneous equation (2-15-9). Since the function H({)
is analytic in the strip @ < 5 < b, this will be identically zero unless the
function

I~ 22m)*K()

has zeros, or branch points, within the strip. If, for instance, this function
has simple zeros £,,&,. . . . , &, within the strip, and no branch points. then
it follows from the calculus of residues that the solution fo(x) of the homo-
geneous equation (2-15-9) is given by the equation

F. ()

4

Jolx) = il Ao (2-15-13)

r=
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where the constants A, are given in terms of the analytic function H({) by
the formula

- (L= L)HQ)
A, = 12n)! lim —— 2l TS -15-14
A S T T (2114
To illustrate the procedure we shall now consider the solution of the
integral equation

fx) = e 4 ;f e~ Y1) du. (2-15-15)
For this equation

k(x) = ¢~ Mot
so that

K(J) = 2m¥1 + (!

K({) has simple poles at +7and therefore is analytic in the strip ~1 <n < |.
Also it is easily shown that

GoO) =im ¥ — ™' G.(Q) = =i2n) N + i,

so that G, ({) is anaiytic in the half-plane n > « and G_({) is analytic in the
halt-plane n < —ax. These half-planes overlap the strip in which K({) is
analytic—and hence the method of Fourier transforms can only be applied —
if x < 1. For this function K({), we have

v

{2 - (ot
I — AQ2RRKQ) = 25— i =2 — |,
¢+ 1

The zeros of this function depend on the value of the parameter Z (which we
shall assume to be real).

If i > 4. these poles are at the points +¢, on the real axis, where
Eo = (24 — 1)} and therefore contribute the terms

A %0 4 fye7 0

to the solution. We observe that these are precisely the eigenfunctions of the
equation (2-15-10) which we considered above.

On the other hand if 2 < -1, the poles are at the points + in,, where
no = (I — 24)%. Since neither of these poles lie within the contour I it
follows that the integral round [T in equation (2-15-12) has the value zero.

We shall now write down the solution in the case 0 < 2 < 1. 4 > 4.
From equation (2-15-12) we see that it can be written in the form

fix) = =1, + I, + A cBo% 4 Ay itox (2-15-16)
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where the integrals /7, and [, are defined by the equations

l at x (.:2 + l)‘,-i;x di:
= —— . < <1
: zm‘L-,_ T —m  TesD
b+ o »2 —iix v
I 1 (2 + e Bx g (=1 <b< —2)

T 20 e (02 - EDE + )

and the constants A, and A4, are arbitrary.

If x > 0. we add a semicircle in the Jower half-plane to the path of each
of these integrals and in that way obtain a closed contour along which to
carry out the integrations by means of the calculus of residues. The integral
over the semicircle is easily shown to tend to zero as its radius tends to in-
finity. The integrand of /, has simple poles at the points ix. + &,. all of which
lie within the contour so that /, is equal to minus' the sum of the residues at
these points. i.e.,

1 — 12 2 1 iZox —ifox
" PR e — éo ,+ ~ ¢ e 8 _e T (2-]5~l7)
x* + &y 2o Cot 1 Go— 12

The integrand of 7, has no singularities within the contour so that, from
Cauchy's theorem, we deduce that 7, = (.

If x < 0, we proceed in a similar way by adding a semicircle in the
upper half-plane to the path of cach integral. The integrand of /, has no
singularities within the closed contour so formed and hence we deduce that
1, = 0. On the other hand. the integrand of /, has simple poles at —ia,
+£,. all lying within the contour. The value of /, is therefore given by the
sum of the residues at these points, so that we find that

| -2 Fo2 + 1] e e idox
Iy = ——5—r5¢ ™+ §_0___’___ SR S (2-15-18)
A S0 260 co bl ¥ 4 60 +

In inserting the values of /7, and [, given by (2-15-17) and (2-15-18) we
note that we may omit the terms in the square brackets since they may be in-
corporated into the terms involving the arbitrary constants. We therefore
find that the required solution is

— 2 n
(x) = — 4 TF exl g oitox 4 gy Rox, (2-15-19)
2+ &2 ! 2

where ¢, = (24 — 1)}, and 4, and 4, are arbitrary constants.

The method outlined here is called the Wiener-Hopf technique. 11 is
used extensively in the solution of boundary value problems in mathematical
physics (see Noble. 1958).

! The minus sign arises because the closed contour will be traversed in the negative direction.
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2-16 THE SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS BY
MEANS OF FOURIER TRANSFORMS

We shall now illustrate by means of some simple examples how Fourier
transforms may be used in the solution of boundary value and initial value
problems for linear partial differential equations.

2-16-1 LAPLACE'S EQUATION

In this subsection we shall consider some problems involving Laplace’s
equation

Au(r) = 0, (2-16-1)
where n is the dimension of the space, u is a function of the position vector
r = (xy.X3. . . . .x,) and A, denotes the Laplacian operator

ik é? Ik
Stz + o+ a3
v o oéxy? ox,?

We begin with the problem already referred to in sec. 1-3.

(a) Laplace’s equation in a half-plane It will be recalled—see equa-
tions (1-3-1) through (1-3-3)—that here we wish to determine a function
u(x,y) satisfying Laplace's equation

Au(xy) =0 (2-16-2)
in the half-plane y > 0. the boundary condition
u(x.0) = flx), - <x<ax (2-16-3)

and the limiting condition
u(xy) -0, p—-x (2-16-4)

where p = (x? + yH)i
If we introduce the Fourier transform

UE.y) = Flulx,y):x = ] (2-16-5)

then it follows from equation (2-3-12) that Laplace’s equation (2-16-2) is
equivalent to the equation

2
(?}7 - :2) U,y) = 0. (2-16-6)

The boundary condition (2-16-3) is equivalent to the condition

U0 = F(©Q)
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where F(E) = F[f(x);£] and the limiting condition (2-16-4) implies the
condition

Uy -0, y- o

The condition u(x,y) — 0 as |x| — 2 follows from the Riemann-Lebesgue
lemma. We therefore obtain the expression

UE.y) = F(&)e™ K> (2-16-7
for the Fourier transform of the function u(x,y). Using the convolution
theorem we see that

utey) = @mt 7 fiogx ~ 1

where

Nty
2 =F ! ‘Hh’;l_,_ == - .
gtx) Le §=] (n) X+ 37

Substituting this result into the last equation we obtain the expression

u(x.y) = z -——~ﬂ L (v > 0), (2-16-8)
Rloc(x—1) +y

for the required function.
{b) Laplace’s equation in an infinite strip Suppose now that we wish

10 derive the solution of (2-16-2) in the strip 0 < y < a subject to the
boundary conditions

u(x,0) = f(x), u(x.a) = g(x) (2-16-9)
(cf. Fig. 2-10). This would give the steady-state distribution of temperature
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in a slab whose faces are maintained at prescribed temperatures. The trans-
form U/(&.v) defined by equation (2-16-5) still satisfies the ordinary differen-
tial equation (2-16-6) but now, because of the relations (2-16-9) it satisfies
the boundary conditions

U(0) = F). Ua) = G&)

where F(&) and G(&) are the Fourier transforms of the prescribed functions
£ix) and g(x) respectively. The solution of this two-point boundary value
problem is easily shown to be

sinh C(a — y)

y sinh &y
UGy = K<) - sinh ¢a

4 - 0 <y <a (2-16-
G() sinh éa ¥ < a. (2-16-10)
Using the convolution theorem (2-9-6) we see that the required solution may
be written in the form

u(x,y) = —l~- f TIK(x —r.a— y)dr
2a ) .

+ 210_[ g(NK (x — 1,¥)dl. O<y<a (2-16-11)

-

where the kernel K, (x.y) is defined by the equation

- 2\Y __ [sinh(ey)
Ky(xa) = (ﬂ) ar [s'i;h(sa)’* )

Since sinh (Ey)/sinh (&) is an even function of ¢ we see that this is equivalent
to the relation

AN sinh (&y)
K,(x.'\) = (;) (Lz [;;[Th—(éa;'g - X].

This particular transform can be evaluated by means of the calculus of
residues (see Problem 2-21) to give

sin (ny/a)
cosh(nxja) + cos(nyia)

Ki(xy) =

Substituting this expression into equation (2-16-11) we obtain finally the
solution

o b ([ L
ulxy) = 2a sin ( a ) j., coshn(x — f)a — cosny/a

1 (ay\ ™ g(t) dr
— sin | — . -16-12
+ %" ( a ) J:, coshn(x — t)/a + cosmy/a (2-16-12)

Another problem of this type is illustrated graphically in Fig. 2-11.
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This corresponds to the physical problem of determining the steady-state
distribution of temperature in a thick slab when the temperature of one face
of the slab is prescribed and the other face is insulated against the flow of
heat. The conditions (2-16-9) are then replaced by the pair

u(x.0) = f(x), ul(x,a) =0
which in turn are transformed to
U(&0) = F(E). U, (E.0) = 0.
The appropriate solution of (2-16-6) is now
s ) = Fey Soshil ~ ) ,
U¢y) = F(&) coshéa O<y<a

If we make use of the convolution theorem (2-9-6) we therefore find that
mw=fﬂww-m-nn (2-16-13)

where the kernel K,(.x,y) is defined by the equation

Ki(xp) = Qu) 4%, [9“"‘” L x].

cosh (¢a)’

The Fourier cosine transform involved in this definition is evaluated in
Problem 2-22: it turns out that

cos (E’I cosh rx
2a 24
cosh (ﬁ) + cos (72')
a a

K 2(.\'.)‘) =
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¥ y
{ 4
du
/-u = g(x) f e 0
“= | By =0 %-\0_. Ay =0
0 K i » x 0 N .“4 x
Ku = f(x) - u = f(x)
Case (i) Case (ii) Fig. 2-12
from which we derive immediately the solution
-1
» JU)cosh 1(5—-—-2 dt
_ [ny 2a
u(x.y) = sin (;—») I . (2-16-14)
2a}) ). (x —t) ny
cosh -— - - — cos v

(c) Laplace’s equation in a semi-infinite strip To illustrate the
method of solution of boundary value problems for a semi-infinite strip we
consider the two problems illustrated in Fig. 2-12. In case (i), the boundary
conditions are

1(0,3) = 0.(0 € v € a): u(x.0) = flx). (x = 0): u(x.a) = g(x), (x = 0).

Physically, this corresponds to the situation in which the faces of the strip are
maintained at prescribed temperatures—one face (x = 0) being at a con-
stant temperature which is chosen as the reference temperature.

From equation (2-6-15) and the first of these conditions we see that in
this case we should take a Fourier sine transform. We define

U&y) = Fluxp)ix > ]

so that from equation (2-16-15) we see that

62
(ﬁ - :Z) Us(éu}') =0

satisfying the conditions on ¥ = 0 and y = a. we find that for 0 < vy € 4,

ripn ey SinhE(@ = ) 7y SinhCy
Uldn) = EQ) —gr= + GO o

In terms of the function defined in (b) above, we can write this equation in
the form



FOURIER TRANSFORMS 97
Uiw) = a 'EdmH RO F LK (xa — y)ix = ]

+ GUOF[K(xp):x = E]).

Then. using the convolution theorem (2-10-8) we see that the solution is

given by the equation

| B ]
u(x,p) = ZJ; SOIKUt — x|a — ¥) — Kyt + xa = 0} dr
[
¥ ZL ROUK (|1 = x|y = Ky + x))} dr.

Similarly in case (if). the boundary conditions are

#(x.0) = flx), {x = 0): u(0.) = 0.0 < y € a); u(x.a) =0, (x > 0).
The physical problem to which this corresponds is the one in which one of
the infinite faces of the strip is subjected to a prescribed temperature distri-
bution and the other two faces are insulated against the flow of heat.

An examination of equation (2-6-14) suggests that in this instance the
appropriate transform to choose is the Fourier cosine transform

U éx) = Flu(x.y);x > &]
for the first of the above three boundary conditions then ensures that
62
(S P

The remaining conditions provide the initial conditions
)
Ude0) = EQ), = Uléa) = 0.
dy

The appropriate form for U.(&.y) is therefore
coshé(a — y)

(J,(é-,") = E(é) h £
cosh éa

so that, in terms of the function K,(x.)) defined above, we have the
expression

U&y) = CaPEQ)F[Kilxa — y)ix - §]
for the Fourier cosine transform (with respect to x) of the solution we are

seeking. Making use of the convolution theorem (2-10-1) to invert this
equation we see that the solution itself is given by the equation

ulx.y) = f:f(:){xz(x +1a—y + Kylx = tha =) di
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which may be rewritten in the form

n(x + 1)
ar - cosh 211 )
ulx.y) = sin (2(1) j.o n cosh M) os™
a a
cosh ™% 7.1
2a
+ xx — 1) w (!
cosh- -~ — - — ¢cos 2
a a

(d) The two-dimensional Laplace equation in orthogonal curvi-
linear coordinates The commonest use of Fourier transforms is in the
discussion of boundary value problems relating to half-planes or to infinite
or semi-infinite strips. They can. however, also be used in the study of
boundary value problems in potential theory which are formulated in terms
of orthogonal curvilinear coordinates (x.f}) related to x and y through the
equation

2+ iff = wlx + iy) (2-16-15)

where w is a holomorphic function of the complex vanable x + iy and the
region under consideration is specified by either —a < a < xx or by
0 < x < x. The Laplacian A,u then transforms to

A2 N2

cu  Cu
ll!"lz <:'—2 + T‘i)

‘o cp

so that Laplace’s equation is equivaient to the equation

)

":2 2

B

To make the situation quite definite we shall consider the case in which
the boundaries of the region under consideration are given by 2 = +x,
B = B,. B = B,(<B,). We shall assume that u(z2.f/) » 0 as 2 - +x, and
that

=
i~
=

|

= 0. (2-16-16)

|

+

~
]
~

ca

u(x.fy) = (), w(x.p;) = (@) (2-16-17)

where the functions f;(2) and f,(a) are prescribed for all real values of z. If
we introduce the Fourier transform

U(EB) = Fluap)ix = £] (2-16-18)

we see that it is determined by the solution of the two-point boundary value
problem posed by the equations
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lsl R .
(fﬂ_’ - c’) UEp =0
UC.B) = F(2).  UEB,) = RS

where. in the usual notation. F; and F, denote the Fourier transforms of

Jy and f;.
This problem is easily seen to have the solution
. sinh (B — B,) sinh (B, — P
UVip) = ) ———T— + F() 0.
A= RO e =g T Y S, — B
If we write
P inh
K@a.p) = 2 tF -1 .._.sm_;_._ E — ]
=.f) = n) [S"‘h (B — /32)'g *

we see. on making use of the convolution theorem. that we can write the
required solution in the form

uep) = [7 K@ 1B - By d
+ [T hwKa - By - P 21619

In terms of the function K, (x,) introduced above,

K(x.f) = %(ﬂl - B2 lKl(aﬁ)-
where. in the definition of K. a is taken to be ; — fi,. We therefore obtain

the formula
sin (-— Ui )
1 B — B2

2B, - ) <___ nx ) ( nﬁ_)'
cosh ”l—-————__ 7 + cos ———-——-ﬂl _—

In particular. in the symmetrical case in which #, = —f,. and fi(2) = f3(a)
= f(x), say. we find that
(P )
sin [ =
(3

1
K@ap) = —- -
4[" cosh (,:;—:) + COs (Zn[:_f
2P . )

and hence that the solution of the symmetrical problem is given by the
formula

(2-16-20)

K(x.p) =

i .
u(x.p) = T R 2":1 _;/(:)M(a — LBB) dt (2-16-21)
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Fig. 213
where the function M(a.f,8,) is defined by the equation
A
cosh 2;;:
M@.B.B,) = : (2-16-22)
cosh? (E) — sin? (ltﬁ)
2B 28,

As an example of the use of this method we instance the solution of
the Dirichlet problem for a two-dimensional region bounded by two cir-

cular arcs. If we introduce bipolar coordinates (a, §) in the plane through the
equations

asinha asin f§

X=s =
cosha + cosf ©  cosha + cosf

or by the single equation
x + iy = atanh{{(z + if)}

we find that § = B, is the circle with equation

xt + (3 + acot §,)? = a’cosec? B,.

and that,asx = +oc.(x,y) > (+a.0)sothatfor0 < f, < jn. —in < B, <0
we get the region shown in (i) of Fig. 2-13. The solution of the Dirichlet prob-
lem for such a plane region is given by equations (2-16-19) and (2-16-20). or.
in the symmetrical case shown in (i) of Fig. 2-13 by equations (2-16-21) and
(2-16-22). The solution for a crescent shaped domain of the type shown in
Fig. 2-13 (iii) is also given by equations (2-16-19) and (2-16-20), the only dif-
ference being that, in this instance, f§, and B, are of the same sign: in the case
shown we have taken —47 < f, < 8, < 0.
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This method has been used extensively by Russian mathematicians in a
wide variety of problems in elasticity ; for an account of this work. the reader
should consult secs. 7-22 of Uflyand (1963).

(e) The solution of Aju = O for the half-spacez > 0 As an exam-
ple of the use of multiple Fourier transforms we consider the solution of the
Dirichlet problem for a half-space. The problem is to determine a function
u(x.v.z) satisfying Laplace's equation

Aju =0 (2-16-23)
in the half-space z > 0 and satisfying the boundary conditions

u(x,r,0) = flx.y) (2-16-24)

u(x.y,z) = 0, as r— o,z =0 (2-16-25)

where, as usual, r = (x? + 32 + )%,
To determine v we introduce its two-dimensional Fourier transform

Ua(&.n,2) = Fo)lulx.p.2)ix = &y = n). (2-16-26)
Using equation (2-13-1) we see that equation (2-16-23) is equivalent to the
ordinary differential equation

azUQ:

022
where 42 = £2 + n?, and that the boundary conditions are equivalent to the
relations

Uy(En,0) = F(&m),  Ugl€n.z) »0asz = «,

where F,(¢.n) is the double Fourier transform of the prescribed function
Jix,y). This set of equations has the solution

Ua)(&n,2) = F(Eme
so that the required solution is given by the convolution theorem for double
Fourier transforms in the form

u(x.y,z) = 2—1’;"' f Sx'y)glx — x'\y — ¥\ de'dy’,  (2-16-27)

-y =0

in which the function g(x.y,z) is defined to be the inverse transform
glx.y,2) = £ [e7M:8 - xp = ).

By differentiating both sides of equation (2-14-5) with respect to k, we see
that

glx,y.2) = z(x? + y* + 2%)7
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and hence that the required solution is

o ____Y(r')')d.x dy’ 5 169
w(x.y.2) ~—f J: (\_‘_)2+(t_’,)2+_},. (2-16-28)

2-16-2 SOLUTIONS OF THE DIFFUSION EQUATION

(a) The linear diffusion equation on a semi-infinite line Asanex-
ample of the use of the Fourier sine transform we consider the derivation of
the solution of the linear diffusion equation

‘C;i%’ = %?’7‘ (2-16-29)
in the semi-infinite line x 2 0. satisfying the boundary conditions

u(0.r) = fn), t20 (2-16-30)

u(x.t)y - 0, asx = x (2-16-31)

and the initial condition
u(x.0) = 0. (2-16-32)

[f we introduce the Fourier sine transform
Ugé.) = Flulx,1);x - £]

then. by equation (2-6-9). we see that
Z, [;\g,x - é] = —EUE + Qimefu)

so that the partial differential equation (2-16-29) for the function u(x.f) is
equivalent to the ordinary differential equation

cU,
o

for its Fourier sine transform U,(&.r). Further. the initial condition (2-16-32)
is equivalent to the condition

U,8.0) = 0.

+ K&, = (2 RBKEAD)

From these equations we deduce that

9

Uén) = (1';) x{J‘ Sirye == g

Applying the operator , to both sides of this equation we find that
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Nt fr
u(x,1) = (;:-) NJ SOV F [e =™ ¢ o ] dr.
1]
Now it is easily shown that
Flee "% E 5 x] = ﬁ; fk(t — o)) " dexpl —x2 (1 - 1)}

so that the required solution can be written in the form

xz

u(x.r) = x(4nr)”* J:f(t) exp [— m] (,_:kt_)i (2-16-33)
If, instead of the boundary conditions (2-16-30), we have the condition
u(0,0) = f(1). (r =2 0). (2-16-34)
we must use the Fourier cosine transform
ULy = Ffulx.1);x - &]
of the function u(x, ) instead of its Fourier sine transform.
From equation (2-6-9) we find that
s, [f%’x - 5] = -G — Q)

so that we see that U,(&.¢) must be taken to be the solution of the initial value
problem

¢
?(T/S + kU, = —Qim)ixfu). UlE0) = 0.
ftis readily shown that
2 [ )
V(e = '(") "jf(t)e"‘""" dr.
n 0

Applying the operator #, 1o both sides of this equation we obtain the
solution

23 [
u(x,1) = —(;) xf SO F[e * R E o x] dr.

]

Since it is easily shown that
Flem =0 E 4 x] = {2kt ~ 1)} THe Y

the required solution may be written in the form

YN xt dr
= —f- - -, -16-35
u(x.t) (n) Lf(r)exp[ 4x(t — r)] Je-0 ¢ )
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Another problem of the same kind is to determine the solution of the
linear diffusion equation (2-16-29) satisfying the boundary conditions

w(0.1) = 0. (2-16-36)
u(x,) =0 as x —» x, (2-16-37)

and the initial condition
u(x.0) = flx). (2-16-38)

Again we use the Fourier sine transform. Because of equation (2-16-36)
we see that
%y
#, [-,-—,:x - C] = =AU,
éx
and hence that equation (2-16-29) is equivalent to
U,
2+ k&, = 0.
a T
Further, equation (2-16-38) is equivalent to the initial condition
Ui(§.0) = E(S).

where F,(¢) = F,[f(1):¢] is the Fourier sine transform of the prescribed
function. The solution of this initial value problem is

Ué.) = F(OHG(E,)
where
G(&1) = e7™%,

From equation (2-10-8) we therefore deduce that

u(x,r) = (2n)’*f:f(.v){g(lx -yl - glx + p.0} dy
where
g(x.0) = F[G(E,1);& = x] = (2x1) " Hem=Vax

In this way we obtain the solution

u(x.r) = (4nxr)~4 _[': Sy e xmmlidt _ pmxantiast g (2:16-39)

(b) The two-dimensional diffusion equation As a further example of
the use of double Fourier transforms we derive the solution u(x,y,?) of the
diffusion equation

1éu

= = 0, ‘]'40
A =~ (>0 (2-16-40)
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in the whole xy-plane when the value of u is prescribed initially:

u(x.y.0) = fix.p).
We shall also assume that « and its partial derivatives with respect to x and

ytend to zero as (x? + y¥) - .
We introduce the double transform

Uént) = Zpfulx.v.0);x = &y -l

From equation (2-13-12) we deduce that the transform U,(&,n,t) satisfies
the first order initial value problem

eu ,
?,—2‘ + ki2U, = 0, Uy, (8n.0) = K¢
where 4 = (£2 + n®)t and F,(&.n) is the double Fourier transform of the
function f{x.)). From the solution

L’Z(Ev"v’) = F’Z(fv”)e"‘“z
we deduce that

u(x,y.t) = ——J- f Jx'vglx — x'\y — y'1)ydx'dy’ (2-16-41)

where
glx.pt) = F,) e 8 - xn - y].
Now, from equation (2-14-4) we know that

glx.yt) = fo” Ae™=%] (ir) di

where r = (x? + y?)} Replacing the Bessel function by its series expansion
and integrating term by term we find that the integral on the right-hand side
of this equation is equal to

x, 12w (o
(=3r’) J. a1 gmma? 4o
1]

n'n!
a=0
ri/axe)y -z
= (2x1)"! 2 ( ST f 2"e”  dz

n=0
—r‘/‘xi

= (2xnN""'e

so that

- x2 4y
glx,p,t) = (2kt)" ‘exp| — Wt '
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and hence that we obtain the solution in the form

l T T
u(x.y,t) = 47"‘:' 'f J f(f"lv.v') x
Y- @ J-=

x-x)P 4+ (=¥
x exp [— =) 4',&! Yo -:’—)—] dv'dy.  (2-16-42)

(¢} The diffusion equation in an infinite region The three-dimen-
sional problem of finding a function wu(r.r) satisfying

A = %ff’—‘ (2-16-43)

throughout the whole xyz-space. and the initial condition
u(x0) = f(s)

can be solved by considering the triple Fourier transform
Uy(i.) = Ffutra);r - &}

of the required function. From equation (2-12-12) we see that the initial
value problem for u(r.r) is equivalent to the inttial value problem

eu
‘6—13 + kU = 0, Uy(E.0) = FK(&)

for its Fouricr transform. In the latter equation Fy(§) denotes the three-
dimensional Fourier transform of f(r). This initial value problem has
solution

Us(E.1) = FyE)e ™,
so that
w(r.1) = (2m)~* J; fWete = y.0) dy. (2-16-44)

gt = F57 e ™8 > 1]
We could evaluate g(r,7) by the same method as we used in the last sub-
section. Alternatively we could evaluate it by noticing that

Fay e > 1]
= Fle & » x]F[e ™ in > y)F e @ - 2]

and taking the value of each integral from equation (2-7-13) with a? replaced
by ix1. Whichever method we use we find that

g(r.1) = k)"t A



FOURIER TRANSFORMS 107

so that we may write the solution (2-16-44) in the form

u(r) = (41txl)'*J;_ Sy expi—[r — y|*/4n1} dy. (2-16-45)

2-16-3 VIBRATION PROBLEMS

(a) Free transverse vibrations of an infinite beam We consider a
beam of uniform cross-sectional area S which. in its equilibrium position.
lies along the x-axis. If we measure the transverse deflection v(x,7) —assumed
to be small—of the beam at any point x. then it is readily shown' that

(2-16-46)

where E denotes the Young's modulus of the material forming the beam. /
is the moment of inertia of the cross-section of the beam with respect 1o a
line which is normal to both the x-axis and the y-axis and which passes
through the centre of mass of S. The wave velocity a is defined by the
equation

a’ = 24
pS
where p is the mass of the beam per unit length and the function P(x,!) is

the transverse load per unit length.
It may also be shown that the bending moment M(x.r) at the point x

is given by the equation
N2
M) = —EI 3
cx
s0 that, if the end of the elastic beam is at the point x = 0 and if that end is
freely hinged. then

&%y s
y=z3=0 atx=0 (2-16-47)

are the required boundary conditions at x = 0.

We consider first the free vibrations of a beam of infinite length pro-
duced by distorting the beam and then giving each point of it a prescribed
transverse velocity. In other words. we assume that P(x.r) = 0. and that,
whent = 0,

Y

: = ag"(x), (2-16-48)

y = fx).

Y}

'See. for example. P. M. Morse (1948). p. 151.
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where the functions f(x) and g(x) are prescribed for all real values of x.
To solve equation (2-16-46) we introduce the Fourier transform

Y(&n) = Flylx,1)ix &}

so that, by equation (2-3-12)

5| .

B —.X = =

oY =48ren

and hence the equation of motion is equivalent to the ordinary differential
equation

oy

Cr + ety =0 (2-16-49)
for the Fourier transform of the transverse displacement. Further. the
initial conditions (2-16-48) are equivalent to the initial conditions

Y(£.0) = F({). Y(&0) = —ag*G($) (2-16-50)
where F({) and G({) denote, respectively, the Fourier transforms of the

functions f{x) and g(x). The initial value problem posed by equations
(2-16-49) and (2-16-50) is easily shown to have the solution

Y(&.1) = F(&)cos(acty — G(&)sin(allr). (2-16-51)

Now, by equations (2-7-15) and (2-3-7) we see that

x? x?
P £2,\. — 1 -4 had i
F " [cos(aZ?n;¢ — x] = j(ar) (0054‘” + S|n4a—’>
so that. by the convolution theorem

FUF(&)cos(ag?t); ¢ = x]

£ 2 2
- -1 (x — u in 2 )
(8nar) f_tj(x u) (cos ; + sin : du

Changing the variable of integration from u to v, where v? = u*/(4ar), we
obtain the equation

F - MF(&)cos(arg?):é - x]
= (2n)"} ft Six = 2vatrt)(cosv? + sinv?)dr
Similarly, from equation (2-7-16). we deduce that
F G(&)sin(atg?); ¢ = x]

= (2n)"¢ fj glx — 2vatrt)(cosv? — sinv?)dr.
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50 that from equation (2-16-51) we obtain the solution

1) = 2m)"8 fm f(x = 2vatr?)(cosv? + sinc?)dv
~®

+ o)t f * g(x — 2vattd)(cosv? — sinvd)de,  (2-16-52)
-

a result established by Boussinesq —see p. 282 of Vol. 1. Part I of Todhunter

and Pearson (1893).
In any given problem it may be simpler to use the solution in the form

(2-16-51) instead of Boussinesq’s solution (2-16-52). For example, if
fx) = ee™4 g(x) =0, (2-16-53)
we have
F(¢) = Pege™,  G(E) =10
so that
Y(&.1) = 2¥eae™" cos(arc?) = 27 teolexp(— Re™ ) + exp(— Re®)}
where we have written
a? + iat = Re®.

From equation (2-7-13) we deduce that
_ x¥cos¢ x?sing
y(x,1) = e6R "t exp (- R )cos( R id:).

Now by the definition of R and ¢ it follows immediately that
Rcos¢ = o Rsing = at, R? = ¢* + a*% ¢ = tan~Y(at/a?),

so that we may rewrite the solution in the form

aix?
y(x,t) = (1 + a*t20™*)"texp [— 4—(;2!_1—-\!'—6‘)] x

X €os ax’ ftan~! «
) ot}

4@ + o?

This result. which is in agreement with that found by Morse,' may also be
obtained by substituting from equation (2-16-53) into the general solution

(2-16-52).

!Sec equation (14.9) on p. 155 of P. M. Morse (1948).
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(b) Motion of a semi-infinite beam when its end has a pre-
scribed motion We shall now consider the motion of the semi-infinite
elastic beam x 2 0 when the end x = 0 is given a prescribed displacement.
If we suppose that the beam is freely hinged but that the hinge is in motion,
we have the boundary conditions

¥0 = fr).  y (0)=0, (=0 (2-16-54)

and if we assume that the beam is originally at rest in its equilibrium position
before the hinge is set in motion. we have the initial conditions

y(x.0) = 3(x.0) = 0, (x20).

If we take the Fourier sine transform of both sides of equation (2-16-46)
with respect to x and make use of equation (2-6-19) we find that the function

V(i) = Flvixix = ¢]
satisfies the equation

2y 3
e = (N eon

¢
and the initial conditions

C Y, (&,
v = B8O _ g
ct
The solution of this initial value problem is known to be!

+ 1
Y(&a) = (3) aCJ]‘(I — w)sin (auz?) du.
0

n

If we differentiate both sides of equation (2-7-16) with respect to ¢ we obtain
the formula

Flrsin(30%):8] = 274 [sin (5% + cos(§¢?)]
from which, by using (2-5-7). we deduce that

x? x?
F[Esin(aué?);x] = ix(an)"} [sin S 4+ COS L—].
dau

dau
so that
1 xz _\’2 du
o = ) ¥ - in— ol b 1
y(x.1) = (8na) fo(r u) [sm‘m“ + cosMu] 3

'This can be shown by elementary methods such as “variation of parameters.” but there is a
very simple proof of it obtained by using elementary properties of the Laplace transform —see
sec. 3-14 below.
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If we change the variable of integration from u to v where v? = x%/(2au), we
obtain the solution

« 2
»x,1) = n‘*f f(l - i%) isin(3e?) + cos(3v?)} dr (2-16-55)

originally due to Boussinesq—see p. 280 of Vol 11, Part 11 of Todhunter and
Pearson (1893).

daid tx

(c) Free vibrations of a very large membrane We shall now con-
sider some simple problems concerning the transverse vibrations of a mem-
brane of uniform surface density. whose mass per unit area is ¢, and which
in the equilibrium position lies in the plane z = 0. We suppose that the
membrane is stretched to a uniform tension 7—in other words. that if a
straight line of unit length is drawn in any direction on the surface of the
membrane, the material on one side of the line exerts a force 7 on the
material on the other side. the force acting in a direction perpendicular to the
line itself.

If we denote the transverse displacement by z(x.y.r) and the external
force per unit area by p(x.y,s) we obtain the equation of motion

1 &% plxy,n)
2= g s = e -16-56
Az =533 T (2-16-56)
If the vibrations are free we take p = 0 so that the variation of z is governed
by the wave equation

| &2z
4, = ET (2-16-57)

We shall consider the free vibrations of a membrane of infinite extent,
when its displacement and velocity are described initially:
2(x,y.0) = f(x.y), z,(x.y,0) = glx.»).

where the functions f{x.y) and g(x,y) are prescribed for all real values of x
and y. To solve the wave equation (2-16-57) we introduce the double Fourier

transform
Z@Ena) = Fol=(xp.):x = &y = 1]

Making use of equation (2-13-14) we see that the wave equation (2-16-57) is
equivalent to the ordinary differential equation

+ @22 =0, 2= cHE + )

at
and the initial conditions on = to

Z{(§.n.0) = F({n). Z(¢én0) = G(&y)
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where F(&.n) and G(£.n) are respectively the double transforms of the pre-
scribed functions f(x.y) and g(x,).
The solution of this initial value problem is easily shown to be

Z(En.0) = F(Emeos(ut) + u~ ' G(&n)sin{pr). (2-16-58)

In any particular problem the transforms F({.n) and G(&,n) could be
evaluated as a result of a double integration and the final form of z(x.y,?)
obtained from equation (2-16-58) by the Fourier inversion theorem for
double transforms.

We can, however, obtain the inverse form of equation (2-16-58) by first
noticing that it can be rewritten in the form

~ .
Z{&nn) = (F(é.n)(—:; + Gté.n)) f'_"_:‘_’i_”,

We then use the relation (2-14-4) to obtain the relation

i (ut ‘
, Fa ! [521—;(‘5«2:{ - X - y] c ' Ho[p sin(etp)ip - 1]

e MeA? ~ ) tH(ct - 1),

where it will be recalled r = (x? + y*). Making use of the convolution
theorem for double Fourier transforms we see that the general solution may
be written in the form

| ) é l
z(x) = Imc J‘L {_I(x'.y‘) Fr + g(x"y')} 3 dx'dy’

where R is defined by the equation
R =cl? — (x = XV = (y = ¥

and Q is the disk in the x'y’-plane defined by R > 0.

1t will be observed that in all the cases we have considered in this section
the problem of determining the solution of a boundary-value or initial-
value problem for a partial differential equation has been reduced by means
of a Fourier transform to the much simpler problem of deriving the solution
of what is virtually an ordinary differential equation with data prescribed at
one or two points. Once the solution of this simple problem has been found,
the Fourier inversion theorem is used to derive the solution of the original
more difficult problem. The process is described diagrammatically in
Fig. 2-14 which is due to Dr. Murray Klampkin and expresses in a simple and
direct way the whole philosophy of the use of transform methods in the solu-
tion of problems in applied mathematics. We shall find that the same pro-
cedure is followed in the application of other transforms to the solution of
problems in physics and engineering. (The “path™ from the formulation to
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Diffcot | __ _ Solution of
Problem Difficult Problem
Transform Invert
Easy Solve Solution of
Problem o Easy Problem
Fig. 2-14

the solution of a difficult problem is shown by a broken line because it can
only seldom be realized —the usual path is along the full line!)

217 FOURIER TRANSFORMS IN STATISTICS

It should be noted that Fourier transforms arise in a natural way in statistics.’
If X is a random variable. then the distribution function F(x) is a func-
tion defined by the relation that, for every real number x, F(x) is the prob-

ability that X < x.
It i1s immediately obvious from this definition that the distribution

function has the following properties:
(a) lim F(x) =0,
L Sndalt 3
» x!‘ir&c F(x) =1,
(¢) F(x,) < F(xy)if x; < x,.
When x is a continuous variable, it sometimes happens that there exists a
function p(x) such that

Fix) = fj 2w du

for all real values of x. When this does occur we say that the random variable
X has an absolutely continuous distribution. The function p(x) is then
calied the probability density or the frequency function of the distribution.
When the random variable X has an absolutely continuous distribution, the

expeciation of X is given by the formula

E)\’=f'z xp(x) dx
-

(2-17-1)

(2-17-2)

provided, of course, that this integral exists. In a similar way, the equations

m = [* podx. = [T [xPpo)dx 217-3)

'See, for example. §12 of Loéve (1960).
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define. respectively, the k-th moment and the k-th absolute moment (if they
exist) of the distribution F{x).

A function F(x), defined on the whole real line. is said to be compressed
of two distribution functions F,(x) and Fy(x) if it can be expressed in the form

F(x) = f " R(e= RO (2-17-4)

and we write

F(x) = FysF,. (2-17-5)
Comparing equations (2-17-4) and (2-9-1) we see that

FaF, = 2n)'F, - F;. (2-17-6)

The characteristic function f of a distribution function F is defined for
an absolutely continuous distribution by the equation

fn = f: e"*p(x) dx, (2-17-7)
where p(x) is related 10 F(x) through the equation (2.17.1). We may rewrite
equation (2-17-7) in the form

1) = QorF{p(x).1]. (2-17-8)

Writing equation (2-17-1) in the alternative form F'(x) = p(x) and using
equation (2-3-11) we see that equation (2-17-7) is equivalent to the relation

FF(x).1] = iCm) 41 'f(0). (2-17-9)

Applying the convolution theorem to equations (2-17-5) and (2-17-6)
we see that, for the composed distribution defined by equation (2-17-4)

iRy~ ) = Qo F[F(x)0) Fpax).1]
= (pr)}-iQ2r) "} (1) (20) 3 f5(0)

where f; and f; are the characteristic functions of the two distributions. From
this we see that equation (2-17-5) is equivalent to the simple relation

M) = fi) (1) (2-17-10)

for the characteristic functions.
If the integral in the first of equations (2-17-3) exists then the k-th
derivative of the characteristic function is given by

0y = i f _’° x*p(x)e™ dx

so that
m% = (=) FP0) (2-7-11)
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or

m®" = (=2} PH(0) (2-7-12)
where P(1) = #[p(x);x — t] is the Fourier transform of the probability
density.

Another way of putting these results is to say that m™ s the coefficient
of (—ir?/k" in the Maclaurin expansion of the characteristic function or
(2r)! times the coefficient of the same power in the Maclaurin expansion of

P(1).
The variance of a distribution is defined by the equation

ol = f‘ (x ~ m)p(x) dx. (2-17-13)
-
Expanding the square and using the definitions (2-17-3) we find that
at =m — (2 (2-17-14)

For example for the normal distribution

= ] ~(x=mp:2a?
plx) = ———a\/(21r) e (2-17-15)

we have the characteristic function
ﬂ’) = F" l[()' - le-lx—mlz 2a2:’] = eilmlg[‘,—‘}u’.n‘] = eilm—Q«’l“

The k-th moment of the normal distribution is therefore the coefficient of
(it}*ik! in the expansion

g

s0 that

*
" Z 2’»'(k ~ .s)'

where K = }k if k is even and 3(k — 1) if & is odd. In this way we obtain the
formulae
m=m,  mP=m? e m® = mm?+ 30,

m® = m* + om?*c? + lo*

and so on. It should be observed that

m? — {m? = a2
so that the o occurring in the probability density (2-17-14) of the normal
distribution is, in fact, the variance.
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These ideas can be extended to the discussion of multivariate distribu-
tions by the use of multiple Fourier transforms. For a full account of the use
of characteristic functions—and hence of Fourier transforms!—in statistics
and probability theory the reader is referred to Wintner (1947) and Lukacs
(1960).

2-18 FOURIER TRANSFORMS IN QUANTUM MECHANICS

For a system containing a single electron it is well known' that the prob-
ability of finding the electron in a volume element of volume dx = dxdyd:
centered at the point with position vector x = (x.y,2) is |¥(x)|? dx where
Y(x) is the relevant solution of the Schridinger equation

Ay + AW — V) = 0. (2-18-1)

The function ¥(x) is the potential energy of the field in which the electron s
moving. W is the total energy of the electron and we have used aromic units,
i.e., we have taken the charge of the electron, the mass of the electron and?
h%/me? as the units of charge. mass, and length respectively.

In several situations—such as, for instance, determining the profile of
the modified Compton line—it is desirable to know the momentum wave
function y(p) which has the interpretation that |z(p)}? dp is the probability
that the momentum of the electron lies in the range between p and p + dp.

The importance of Fourier transforms in quantum theory arises from
the circumstance that. on the basts of the Dirac transformation theory, y(p)
is the three-dimensional Fourier transform of Y (x)—provided of course
that we are working in atomic units. We therefore have the relation

1) = F)[¥(x):x = —p). (2-18-2)
in atomic units, which is easily seen to be equivalent to the relation
1p) = h™ 1 F[Yx);x —» ~p/h]. (2-18-3)

It follows immediately from the Parseval relation (2-9-9) that if the spatial
wave function ¥(x) is normalized to unity, i.e., if

J, oo ax =1
Ey
then so is the momentum wave function, i.e.,
[, P =1
Py

where P, denotes the entire p, p, p3-space.

'See, for instance. Chapter 1 of Mott and Sneddon (1948).
2 As usual we denote by h the ratic hi(2x), where A is Planck’s constant.
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It turns out that the quantity which enters into the calculation of the
profile of the modified Compton line is the momentum density function I{p)

which is defined by the equation
I(p) = f x®)p? do, (2-18-4)

where dio is the element of solid angle for p. Physically this obviously means
that I(p) dp is the probability that the magnitude of the momentum of the
electron lies between p and p + dp. The Parseval relation therefore leads to

the equation
J;’_ Hp)dp =1 (2-18-5)

which is just what we would expect from the probabilistic interpretation of

1(p).
In the Schrodinger interpretation, the momentum p is represented by

the differential operator —i-grad in the sense that the mean value of the
x-component of p is given by the equation

_ i 7 ,
Pe=— LJ%‘(X)?—xw(X)dx

Now if x(p) is related to y(x) by the equation (2-18-2) it follows from
equation (2-3-11) that

¢
-i'm[-—'g;:x - -lb] = p.1(P).

and hence from equation (2-9-8) that
P = J; Pulx(®)* dp

again in conformity with the probabilistic interpretation of the momentum
wave function. It can similarly be shown that the mean momentum of the
electron can be calculated from the formula

P= L pl(p) dp.

An especially simple situation arises if the wave function ¥ is a function
of r = |x| alone. From equation (2-14-16) we may then deduce that

e = p~ ' X(p)
where
X(p) = F[ré(r)ir - p].
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Hence
I(p) = an|X(p)f.

In atomic units the ground state of the hydrogen atom may be described
by the spatial wave function

Y(x) = ¥,

so that from equation (2-14-8) we deduce that

2/(2
X(p) = (,‘/,f e
giving
2,/2
xp) = 20 + pt
and
2
1P = m s 2-18-6)

The mean momentum corresponding to this momentum density func-
tion is given by the formula

. 32( ptdp
P n Jo (1 +pHY
The integration is elementary and we find that (in atomic units)

5238
p—3n.

It will be recalled that—in conventional units—the unit of momentum is
mc:137, where m is the mass of the electron and c is the velocity of light; the
mean momentum therefore has the value

8me
4(in

In the nomenclature of spectroscopy the function n™1e~" is the Is wave
function of a hydrogen atom; we have therefore shown that in a 1s orbit the
mean momentum of the electron is 8mc/411n or 16me*/(3h)—since the fine-
structure constant 137 is equal to hc/(2re?).

The evaluation of the momentum wave function in the general case has
been carried out by Podolsky and Pauling (1929). The calculation is cumber-
some and will not be repeated here; the interested reader should consult the
original paper or pp. 366-368 of Sneddon (1951).
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In the more complicated case of an atomic or molecular system with n

electrons we number the electrons 1, 2, . . ., n and use x;, X, . . . . X,
for their spatial coordinates and p,. p;. . . . , p, for their momentum vec-
tors. The momentum wave function z(p,.p,. . . . . p.) is obtained from the
spatial wave function ¥(x,.X,. . . . .x,) by means of the 3n-dimensional
Fourier transform

AP P2 - - - P = (2m)732 J‘r; .- ~f: Y(XXz, - - - X))

exp{i(x, p,) + - - + (X, Py} dx.dx, . . . dx,

Calculations of the distribution of momenta in atoms based on this formula
have been carried out by Coulson and Duncanson (1945.1948)—or see
pp. 368-376 of Sneddon (1951). The determination of the distribution of
momentum in more complex molecules has been considered by Coulson
and Duncanson in a series of papers' to which the reader is referred for

details.

PROBLEMS
2-1 If f(2) is continuously differentiable in (0, oc) and the integral (§ f(1) di
and the series Y, ., f(rn) are both absolutely convergent, prove that as

n- G,
T

* sin(2n + i)

'L ) enT di — inf(0) + ﬂ;f(m)
zf(l)ii—nﬂ:—ﬂcmudir - inf(0) + n i (= 1)f(rn)
0 sint - '

2-2 Prove that ifa > 0,

J e tm ﬂ(w dr — 4ncoth (na)
0 s/

° .

j e w cost dt — yntanh (na)
o sin’/

asn = w.

2-3 If f(ry is continuously differentiable in (0,a), a > 0. and if 0 <5 < 1,

prove thatas n — =,

n* f' 7Yy sin (1) dr — f10) J: x*~'sinx dx

1]

n* f: 1"~ ity cos (nr) dt — f(0) J-: x*"Tcosx dx.

ICoulsan (1941): Coulson and Duncanson (1941.1942): Duncanson (1941).
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2-4 If y is the characteristic function of a finite interval on the real line,
e f
) = i, X € (a,b), —-x<a<h<x
Y= x<a x>b
calculate its Fourier transform X and show that
hxg = Il

2-5 If g, and g, are the characteristic functions of two finite non-
overlapping intervals, L, and L), show that

(1“12)‘-’0. (X‘.X2)=0

where
e = f_ g dx,

2-6 If g is the characteristic function of a finite interval. and X is its Fourier
transform, prove that
N

l .
> 18X E o
——V,(m_f e REX(E) di - y(x)

-N

asN — cc.
2-7 If s(x) is a step function

) = 3. Gl

where g, (x) is the characteristic function of the interval L, = {x:aq, < x
< a,,} and the intervals L, are disjoint and their union is bounded. prove
that

Ish = sl
where S is the Fourier transform of s.
Show also that F(&) — 0 as J¢| - .

2-8 I s(x) is a step-function and if K(x) satisfies the conditions:
(a) K(x)is integrable and bounded in the interval (0, ),
® | " K(x) dx = o(T).

prove that
lim fo" s(x)K(Ex) dx = 0.
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Using the fact that the set of all step functions is everywhere dense ' in
the space of functions of class L, prove that if f{x) € L(0,0),

Jim fo * )K(Ex) dx = 0.

2-9 Putting f(x) = x~% in the sine and cosine forms of Fourier’s integral
theorem show that

© sin x * cosx .
—dx = —dx = J(n)
o \/ x o VX v
and deduce that

FlLtg]=F[r4i]1=¢14
2-10 Prove thatifa > 0, n > 0,
F e~ x" 1 E] = J(2/m) (n)r~"cos(n)
Fle *x" "1 &) = JQ/mT (m)r~"sin(nd)
wherer = (a? + £2)}.0 = tan~'({/a), and deduce that.ifn > 1 and x > 0,

s n
n-2 — —xn—1
L cos(nf)cos” " *@cos(xtan ) df = 2r(")e X
™ in () cos™2O'sin (dan 0) d =~ e==xn!
. sin (n8) cos sin (2 ) = I

Multiplying both sides of these last two equations by e “*x™ ~! and integrating
with respect to x from 0 to o and adding, show that

in
J’ cos(m — mOcos™*"~20 4o
Q

n Tm+n-1

= 0, 0
wEnsi TomEon (m>0,n>0)

’

Deduce that, if 0 < z < |,
rar{ — z) = ncosec(nz).

2-11 Find the Fourier cosine transform of e”*cos(at) and e~ “sin(at)
and deduce the Fourier cosine transforms of (r* + k*)™"and 12(1* + %71,
k> 0).

*This meuns that given a function f{x) € L(0,x), there exists a step-function s(x) with the
property thut

J': |Ax) = sx)|dx < &
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2-12 From the Fourier sine transform of e *sin(ar) and e * cos{at)
deduce the Fourier sine transforms ol the functions:

(@1 + k37 (D) ru* + k¥ (o) Pt + kN7 () rPut + k%72
where k is a positive constant.

2-13 Show thatifu > 0, > 0,

Fl -0 '+ 0 HA = ]):¢]
= 20*2= 44 B(u, b) F(h.a + b;2i)

where, Fi(p:.¢;x) denotes the confluent hypergeometric function defined
by the equation

e P PPt DX
Filpigx)y=1+ ;lx + alg + 1) 2 +

2-14 If P,(1) is the Legendre polynomial defined by Rodrigues’ formula

1 i(,l - ])n

Fny = 2! dt"

and H denotes the Heaviside unit function, prove that
FIPMHQ = [t):E]) = 71,4 ©)

and deduce that
F 0 (0:E] = "PEH = [E]).

2-15 If the function f(x) is continuous and possesses a Fourier cosine
transform F(Z), show that!

Ve [%i}(O) + .21 ﬂ(rtc')] = Jx [irf(o) + .i, f(nx)]

where &x = 2n, & > 0.
Deduce that

(a) \/é [% + i e-}n‘(‘] = \/X [% + il P-*.ZXZ];
n=1 =
®) \/(%é)[i + 3 cos@nie) + il sin(g,.zm]
n=1 na
S = Jx [f + i cos(%n’x’)]:
(© 3+ Y e ""cosh(2nn/p) =

n=]

x

= %P [% + Y e"™*cos (2rm/’p)], p>0.
n=1

' This is known as Poisson’s formula.
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2-16 Ifv > 4, ¢ > 0, ¢x = 2n, show that
zv i
1-v » - z
4o [—~—-~—2N.r(w TR unc)]

LR
_ I j’: — p2y2 v~g]
—r(v+§)|:i+ (=)

=]
where p = [x~'], the integral part of x~'.
Deduce that if m is a positive integer,
x m-~]
Ima+ Y n7',2man) =1 + 2 Y (1 - n¥m*Ht.
L] r=1
2-17 Use the method of sec. 2-8 to evaluate #[(1 + ¢*)"';¢] and
FIa +1971;2).
2-18 Show that if b and ¢ are real,
12 - hz .
#, [m;c] = J@m{e™ ™ — $sgn ().

2-19 Cis the closed contour formed by the segment of the imaginary axis
between the points +i and that half of the unit circle lying to the right of the
imaginary axis, indented as necessary. By considering

f (z + z74)y 21 g2,
C

where aisreal and 1 < a < 2, and then inverting the Fourier transform so
obtained, prove that

4 ! ol 2°"dcos* 2 _
* [F(ia -iorda + g,)-f] = Fr@ =1 "am 1412

2-20 By integrating the function e’ cosech z round the rectangle formed
by the lines y = 0, y = 21, x = + R indented at the points z = 0, 2ri and
letting R = oc prove that

F[cosechx;¢] = J(dn)tanh (4n).
Deduce that
Fxcosechx:{] = /(2n¥)e™i(e™ + 1)72.

2-21 By integrating the functions

sinh (kz) ek, Shikn) g, O<k<l)
sinhz sinh z *

R
ol e ot
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round the rectangle formed by the lines x = + R, y = 0.y = 2n, suitably
indented, find

sinh (kx) cosh (kx)
| “sinh x "‘] "'3[ ss.;i;*f]

and deduce that if 0 < a < #,

R

% :::—:*:_gi%{ = Jdmp! cosh (%;)(Tff;s(n&/_ﬁ'
*. @Ef}%;f = VB B s cos el

2-22 Using a method similar to that of the previous problem, show that
g = Ve el
|| - e S e

2-23 Show thatif & > 0,
2 J“ sin x cos &x

S| = (- o).

o

2-24 1ff(r) = (1 = [IPHQ = [1]), find F(§) and deduce that

[t H 2

@ <§E> dx = in
Jo \ X
(= (sinx\?

() (———) dx = §n
Jo x
fx : 4

© (5‘1’—") dx = n.
Jo \ x

2-25 Show that the Fourier transform of the function
3
4—;1-3(u2 ~ 1HHQ - |t|/a), a>0,
is 2n)~¥@(Ea). where

sinz  cosz

6@ =35 — .
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2-26 Ifa > 0,4 > 0, show that
(@) F[17 e ";¢] = Qmttan~ ' (S/a),
by FLt7 ™™ - e7™):i] = 2n) " Hlog gz—+—:—i (a > b)
(; b 4 2

() Flt7 (e - e):&] = 2/m)ttan ! [(fb—i-b;é] (a > b).
2-27 If F(&) = F[e ¥";&). show that

ff

dd
and hence deduce that F(¢) = e~ ¥
2-28 Show that

= —(F,  FO) =1

Fleos(h1?):¢] = \725#—),[-: cos(4* ~ ¢ndr
and deduce that

F[cos(41):¢] = acos(4?) + bsin (4&2)
where a and b are constants. Show also that

F[sin(31?):¢] = beos(3¢?) — asin(j¢?).

Deduce that

F[cos(4t?);¢] = 715 [cos (3™ + sin (4¢2)]:

F[sin(3t?);¢] = :/_lf [cos(§E?) ~ sin (§¢ 7)),
2-29 Show that the function cos (32
Fourier cosine transform.
2-30 Show thatifa > 0,

Fl@® ~ ) H(a = [1);¢] = Jdm)igae)
and deduce that if 0 < @ < b,

= kmy is self-reciprocal under the

Ed 2 )
J. Jolax)dy(bx) dx = s K(asb)

[ ]

where K(k) denotes the complete elliptic i“legral

f*"(l — kZsin?0)"* db.
0
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2-31 Using Parseval's theorem. show that if ¢ and b are positive constants
- . d; .
'[ sin (ax) sin (hx) ;;- = 4mmin(a,b).
0 -

2-32 Making use of the Fourier cosine transform (2-7-21) and the
Parseval relation (2-10-2), prove that

j‘t;"—-—.ﬁzfnsec(}ns), D<s<l.

0 1 + xz
2-33 Using the Parseval relation (2-10-2). show that

Jdn., 0<a<y,
J(@2/n)ysinT! (Efa), 0<é<a
2-34 Using the Parseval relation (2-10-1), show that if @ and k are positive

“ cosh (ku) du
0 (a® - ul)i

F 17 Wetan; &) = {

FL(k? + 1) olan;E] = J(2/n)e™™
and deduce that
FLk2 + 1D Upan:E] = JAmk e Mlyak), (&> a)

where 1, denotes the modified Bessel function of zero order.
By a similar method show that

F Lk + ) Uglan:E] = JAme Rlgak), (€ > a).
2-35 Making use of the Fourier cosine transform (2-7-19) and the Parseval
relation (2-10-2) deduce that if 0 < ¢ < b,
€*
J. x7*77) (ax)) (bx) dx

0 azuth—lr(é)
229T(v + HT(u + 1) ?

In particular, deduce the result of Problem 2-30 and the result

G = vihi + 1,a%0%).

f * x"Ug@n), (bx) dx = (2b/n)E(a/h), (0 < a < b)
0
where E(k) denotes the complete elliptic integral

Ek) = f:'(x — kPsin?0)t dO, (k] < 1).

Show also that if u + v > 0,

N 274 TN + v)
X dx = :
'L LWL Ay = e Dy + D
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2-36 Making use of the result proved in Problem 2-14, prove that if m and
r are positive integers,

.{.1 X sy y(x)dx = (0 + H7 15,

where 4, , denotes the Kronecker delta.
2-37 ) The Bessel function of the second kind Y,(x) is defined by the
equation
Y (x) = cosec (vm)[cos(va)] (x) — J_ ().
Prove that
(@ #[Y,(x);s] = ~2"'n7'T(ds + WTUs - ) cosUs — 4y
(b) H[x}Y,(x);5] = 27 ¢ %E%% cot@n — fsm + dvm),

2-38 Struve's function of order v is defined by the equation

_ V(= o> -
) = Zo e+ DIC+v+3) :

Prove that
+-v } .
FH0:8] = 'ﬁ%—:_i)“ — gy iHa =)

and deduce that
2~ tan (hms + )T s+ 4
Tdv=ds+ 1

> tanpn + st i)
(5) -l[xi",(x);s] = rdv -

(a) “l[H-(x);S] =
r(% + ‘%&' + i—v)

s+ 1

2 )3
239 Prove thatif x = (x,% + X, & = (67 ¥ 40 (x);¢]
iV A [xf(x);
(@) Fg)[x, f(x);x, = E1nx2 = E2] = i [xf);8

s = Epxg = &) )
“ f'“[x‘xzjm:lg-zi:;':,z;fo[xzzj(x):5] — 287,69, [Xf(x): £]

~2. ekr., o
(¢) Folx x4 x; = &1 x2 sz]= e — K+ {1)~g}_

2-40 Show that if x = (x,* + x;2)%,
Foyle ™ ix) = £, %1 = §2) = Ja'e

where £ = (§,% + £,2)3.

. yLra?
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2-41 If
Axxy) = Foy 7 [F 826 = %80 = xa)
and & = (&,% + &,%)}, show that
E 2 [l ) (IS 1) $i = x18y = x2)

J‘ j‘ Sluy,uz) duydu,
[y = u)® + (3 = uy)? & Ky

2-42 Show that the integral equation

fa J._‘ fie™ ="M dr = g(x)

in which a and b are positive constants and the function g(x) possesses
derivatives of all orders. has the solution

fix) = g(x) + bg'(x) + i ,2"™(x)

n=2

in which the coefficients ¢, are given by the equation

G =—— 5—=, (12 2).

2-43 A function y(x,) satisfies the diflusion equation

Oy _ e
FICANF T

on the half-line x > 0 for 1 > 0, the initial condition
¥(x.0) = cxe” P

¢ and a being constants, and the boundary conditions »(0,7) = 0 and
y(x.1) = 0 as x - =c. Prove that

X2
vx.) = ex(l + xt/a®)" exp [_ m]

2-44 The function u(x,y, z) is harmonic in the half-space z > 0 and tends
to zero as r — x¢. If, also.

Su
[é-—:]:w = ~flx.y)

show that
l x oL
u(x,y,2) = — I f R™Y(s,0) dvdi,
2n - € Ja

where R = (x — s> + (y — 0)* + 22,
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2-45 The function u(x,y) is harmonic in the positive quadrant and satisfies
the boundary conditions #,(0,¥) = f{¥), y 2 0; u(x,0) = 0. x = 0.
Show that

u,(x.0) = 2 f < 1f(r) dr

m o x4 1%

Find u,(x,0) if f{y) = qH(b — y)where g and b are positive constants.
2-46 A function 8(x,?) satisfies the diffusion equation

o _ o

éxt A
for x = 0, ¢ = 0. the initial condition

0(x,0) = f(x),
in which the function f is prescribed, and the boundary condition

a0
5; - hﬂ = 0‘ x = 0.
Show that
O(x,1)
=t [ wi - ) dv
n) fo wiu l)[f(|x ul) + fix + w) + hJ;x_.I,\(, ]du
where

wix, 1) = (20) " te %% — (dn)the™* " Erfe(dxr™4 + h™Y).

2-47 The axisymmetric function 0(p,z) satisfies Laplace’s equation in the
semi-infinite cylinder 0 < p € a, z > 0, and the boundary conditions

6p,0)=1,0<p<a); Oaz)=0(=0.

Show that

B(p,2) = FLEH ~ L(Ep)/1o(la)};¢ - 2].
2-48 The axisymmetric function 0(p, z) satisfies Laplace’s equation in the
semi-infinite cylinder 0 < p < a, 2 > 0, and the boundary conditions

[if—w] -0 O<p<a

(o4 2= 0
Ha,z) = fiz), z20.

Show that

B(p.2) = B[ J(ENo(Ep) 1o(Ea);E - 2]
where

J&) = [ f2):¢).
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2-49 In the two-dimensional irrotational flow of a perfect fluid the com-
ponents of the velocity {u(x,y), v(x,»)}, in the x- and y-directions
respectively, satisfy the first-order equations

du Qv _ _6u+6v_0

& ox = ex dy
If the fluid is introduced to the half-plane y > 0 through the slit |x| < ain
the rigid plane y = 0 in such a way that

v(x,0) = fix)H(a — |x|).

and if « and v both tend to zero as (x? + y?)} — o0, show that

L l a (X — r)/(,) _ y “ f(’) dr
u(x,y) = - J; PP ar e dr, vix,y) = ;I_, -0+

Calculate u and v in the special cases:

(@) fix) = V,. constant;
®) f(x) = c(a? — x*)~%, where ¢ is a constant.

Verify that in case (), u(x,0) = 0, |x| < a.

2-50 If, in the last problem, it happens that there exists a velocity
potential ¢(x, ) such that

show that

o(x.3) = F L TIF(E)e I E = x]
where F(§) = F[f(x)H(a - |x]):¢].

Show also that if a stream function ¥ (x, y) exists with the property
oy _ oy

u= -5, v=—
oy éx’

then
W(x,y) = —iF HETF(Ee g 5 x].

2-51 The diffusion of heat in a solid medium which is generating heat is
governed by the differential equation
u

¢
— = KA + f(x,!?
7 su + f(x,0)
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and the initial condition
u(x,0) = g(x)
in which the functions f and g are prescribed.
Prove that
u(x.f) = (4mrr)”f5 g exp(—|x — y|*/Axe) dy

+ (4ak)~4 J:(t -1 tdr fE Sy Dexp{—|x — y|}4x(t — 1)} dy.

2-52 1If the scalar ¢(x) and the vector u(x) both belong to ' (E,), show
that
Falgrad ¢(x):x — £] = —iEDE),
Faldivax);x - §] = ik UE),
Fslcurlu(x):x = ] = —i& x U(E),
where (€) = F,,[¢(x):x - E]. UE) = F3,[u(x);x - E].

2-53 In the three-dimensional irrotational flow of a perfect fluid the
velocity vector u(x) satisfies the equations

diva = 0, curlu = 0.

If the fluid is introduced to the half-space z > 0 through the aperture
{(x,)):(x.3.0) e Q} in the rigid boundary z = 0 in such a way that
uy(x,p,0) = fix,y), (x.y) € Q, and if Juf —+ Oas r = |x| —» oc. show that

- om-t | [ o Xy = YY) de'dy’
u(x) = (2n) Uﬂ [ 3T (=) + 7]

2-64 The components of stress (7,,,7,,,4,,) in an infinite two-dimensional
elastic medium satisfy the equations of equilibrium

ba,, (o, ia,, Co
=+ =¥ 4+ gf(x.3) = 0, 4 2 g, =0
cx Ay /(x.5) fx cy g(x.))

where f(x,») and g(x.y) are the prescribed components of the body force
per unit mass and o is the density. They also satisfy the compatibility

, condition

Show that if £ and g possess two-dimensional Fourier transforms, then
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o, = -lJ‘ f A(x = p oy = ¥ )x = )Xy
4n - - X

— (¥ = )Xy} dx'dy’
where the kernel .4(x,v) is defined by the equation

3x2 4+ 2
(",2 + ).2)2'

Determine the corresponding expressions for ,, and o,,.

A(x,y) =

2-55 The function u(x,,x;, . . . ,X,) satisfies A,u = 0 in the region
x, > 0 and tends to zero as (x,2 + x,2 + - - - + x,})t = . If also,
u(x Xy, ... X,-1,0) = flx;, . . . 3% y)
show that
u(xy. ... .X,)
_r 'Tdn)x, J' (TP RN Y /" |
i N R A R R I R

2-56 The function u(x,y,z) satisfies the biharmonic equation AAyu = 0
in the half-space z > 0 and tends to zero as (x* + y? + z2)} - o. On the
surface = = 0 the function u satisfies the conditions ¥ = f(x,)), Cujiz = hu.
Prove that

u(x,y,z) = %j. J f(s.0K(x — s,y — 1,2) dsdt
where
K(x,y,2) = 22[(x? + y2 + 23 + 32)(x? + y2 + 29

2-57 Find the characteristic function of the rectangular distribution whose
probability density is

px) = {(2")-1' le—m| <o

0, |x—m|>0
and deduce that the moments are given by the formula

l 2r
) _ k!
'" Z or ¥ l)'(k &3 Dk =27

where K is 4k if k is even and $(k — 1) if k is odd.
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2-58 Find the characteristic function of the Cauchy distribution whose
probability density is p(x) = 8[7%62 + (x — my]-,

2-59 Show that the Laplace distribution defined by the probability density

l X —
p(x)=5;exp[~'-‘;—1']

has characteristic function
L) =( + gl le™
and find the k-th moment of the distribution.

2-60 The probability density of the gamma distribution is
- ___f'__ ~dxg s \a—1
p(x) T e ¥(ix)"" ' H(x),

where n > 0 and H(x) is the Heaviside unit function.
Find the characteristic function of the distribution.

2-61 Show that the probability density corresponding to the one-
dimensional spatial wave function
Y(x) = n-tg e~ txUe?

is a normal distribution with mean zero and variance o, = a/,/2. Find the
mean and variance o, of the probability density corresponding to the
momentum wave function of the particle and show that'

0,0, = 4.
2-62 Show that Schrodinger’s equation (2-18-1) is equivalent to the
integral equation

(p? — W) + 2mH j‘_'; f : J-: v(p - Pl dp =0

for the momentum wave function y(p), where v(p) = F 5[ Vir):r = p).
Assuming that W is negative show that this can be reduced to the form?

oo =" [ 7 koproe) ap

Show that in the one-dimensional case in which

Vix) = Voe o™, (a > 0),
This 15 3 form of Heisenberg's uncertainty relation— See de Bruyn (1968).
Y. Svartholm (1945,1947).
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the corresponding integral equation for the momentum wave function
xp)is
il® as "Ydp'
(P + poalp) = —J' e ap

1) oa? +(p~p)
where po? = —2W, A = =2Vy/a’.
Verify that this equation has a solution of the form

o\ CnP
x(p) Z P+ (am + po)?

m=0
provided that the coefficients c,, satisfy the equation
o a0
am(am + 2p,) ] 2 O P
| - ——— 5| =a Cpe |~
MZO"C“[ p? + (am + po’ L " p? 4 (am 4 p)

and hence the relations

me,(m + 2pg) + Zac, ., =0, Y cu=0.

m=0
Deduce that the possible values of W are given by the relation
e, ,.,4(24%) = 0.



3
The Laplace Transform

3-1 THE LAPLACE TRANSFORM
We saw in the proof of Fourier's inversion theorem that, if the integral

f’ Lf(o)] dr (3-1-1)

is not convergent. then the Fourier transform F() of the function f{t) need
not exist for real values of &. This situation does in fact arise in many cases
of interest. For instance a function which arises frequently in mathematical
physics is f{r) = sin (wr), with w real, and this function is such that the
integral (3-1-1) diverges. In many physical problems, especially those in
which transient effects are of interest, we have a function f{r) of this type
but which. in addition. may be assumed to be identically equal to zero when
t < 0. Since f(1) does not make the integral (3-1-1) convergent, we consider
instead the function

S(t) = e""fiH@) (3-1-2)
135
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where y is a positive constant of such a nature that the integral

f ® e M) dr
[H)

does converge. Since £, (1) now satisfies the conditions of Fourier’s theorem
and is identically zero if ¢+ < 0, it follows that

a

1
L) = E;I_J.,

Substituting from equation (3-1-2) into this equation, we obtain the result

e ¢ J‘ J1Goye™™ du.
0

@

e [* \ € .
() = ;‘J. e déJ‘ Slu)e™ TR gy,

]

If we now write p = y — i and define f{ p) by the equation

oy = [ frer (3-13)
o
we see that we can rewrite this last equation in the form
1 i tix
= = " dp. -4
£ 27::'_[‘,-,; Fpre? dp (3-1-4)

As we observed in Chapter 1, the function f(p) defined by equation (3-1-3)
is called the Laplace transform of the function f(1). We use the notation
fip) = L[ fi):p) (3-1-5)

for functions of a single variable ¢. In a similar manner we shall write the
relation between the functions f(¢) and f(p) in the inverse form

finy = L7 Apyr}

In the case of functions of several variables f,, . . .. {, we use the
notation

iy, o oope o)=L - e o L )i > p)

to denote the integral

x.
fo Aty oo by o e P de

We shail aiso use the inverse notation

fiye oty oot =LAty o P L))



THE LAPLACE TRANSFORM 137

The above heuristic argument suggests that the inversion theoreni for the
Laplace transform is of the form (3-1-4). We shall return to this topic a little
later--in sec. 3-10 below. For the moment we shall consider some of the
more elementary properties of the Laplace transform.

An integral of the form (3-1-3) in which the function f{r) is integrable
over the integral (0.a) for any positive a. is called a Lapluce integral. The
integral does not exist for every function f{7). For instance, if f(t) = e",
then the integral is divergent for all values of p. For some functions f{(1). the
integral exists for some values of p but not for others. For example if

Sy = €. the integral exists if Rep > 1. but not if Rep < 1. We thereforc
begin by considering sufficient conditions for the Laplace integral of a
function f(t) 10 exist.

Lemmat [f

(a) f1) is integrable over uny finite interval [ab]. 0 < a < b,
(b) there exists u real number ¢ such that for any arbitrary b > 0.

A
[feramoyar
(]

tends to a finite limit as 7. - %,
(c) for arbitrary a > 0.

f:lﬂr)ldr

tends 10 a finite limit as ¢ — 0+,
then L[ f(1);p] exists for Rep = c.

The proof is based on elementary properties of integrals. If g and ¢
are arbitrary (¢ < @) and ¢ > 0,

< fa e~ ()| dr J.’ |fle)| d

f' e "fl)dr

while forc < 0

< f"e'“|/m]d: e f L dr.

fae'ﬂﬂl)dt

t

In both cases it follows from condition (c¢) that the integral

Jae""f(t)dt

]

exists for arbitrary positive values of @. The result then follows from the
identity
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fempndr=( [T+ M+ (e an,
l RN

by letting 4 — x and using conditions (a) and (b).

Lemma 2  If the Laplace integral for a given function converges for p = c,
a real number, it converges in the half-plane Rep > ¢, the convergence
being uniform in the angle |arg (p — ¢)] < §n.

This follows from the inequality

le= 70| = e”™C e ()| < e~ )| (1> 0).

In the discussion of the convergence of Laplace integrals it is useful to
have at our disposal:

Lemma 3 If

(@) f(1) is integrable over any finite interval (ab), 0 < a < b,
(b) for arbitrary positive a, the integral

[l
z
tends to a finite limit as ¢ — 0+,

(¢) 1)y = O(eMas t - x,
then the integral defining £ f(t):p] converges absolutely if Rep > c.

If, instead of (c), we have the condition (c)* fir) = O(t") as
1 — 0, then the Laplace integral converges absolutely for Rep > 0.

The proof of this is trivial and is left as an exercise to the reader.
Theorem 1 If f(t) satisfies the conditions of Lemma 1, its Laplace trans-
Jorm f(p)y = L[f(0):p] is an analytic function of p in the half-plane
Rep > c.
To prove this result we consider the function
A
fap) = fo e "fyd,, Rep>c (3-1-6)

If we apply the rule for integration by parts to the integral

p- p,)J.: e~ P PYI(1p ) dt

(Rep > Rep, > ¢) we find that it has the value
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[_,-w—paﬂ,’p’)] + J‘a e~ PP e f(r) dt
o o
which is simply the Laplace transform f(p) of f(1); i.e., we have shown that

p = - P:)J: e P P¥fup)di.  (Rep > Repy > ¢),

(3-1-7)
where the function f(t,p,) is defined by equation (3-1-6).
We now consider the function
Ap.h) = ’L'Z'M ~ $(p) (3-1-8)
where the function ¢(p) is defined by the equation
o) = [T e — (p — p)iiT(p) . (3-19)

Using (3-1-7) and (3-1-9) it is a simple matter to show that

o

Ai(p.h) =f e~ rteh _ DFltp,)dt

o
+(p- p.)f: eIy — AT — e™)flp,) dr.

By condition (¢) of Lemma 1, the function f{¢,p,) is bounded and con-
tinuous for ¢+ > 0 and Rep, > c¢. Hence there exists a positive number
M(p,) such that for ¢ > 0,

[ftre)] < M(py).

Until now. we have taken p, to be arbitrary except in so far as Rep, > c.
We now define a positive number # by the relation

n=j3Re(p o
and choose
pr=c+n
We then find that
lastpl € M(py) [ el — 1] dr

+ ZqM(p.)f: e = A1~ o)) dr.
Now
le ™ — 1] < |A|re™
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and
jr—n10 —e™)|< |h]e2e™

so that
A (p ] < [h|M(p) [ €71 + 200) do

from which it follows immediately that A (p.r) — 0 as h — 0. In other
words the derivative of f{p) exists if Rep > ¢, and is equal to

o(p) = — fo " ife " di.

This also shows that if [ f(r):p] exists for Rep > c. L[1f(1);p] exists for
Rep > ¢, and
= ——. (3-1-10

Z{ifty;p] p 0)
By induction over n we can show that all the derivatives of Jip) exist for
Rep > ¢, and hence that f{p) is an analytical function of the complex
variable p in the domain of convergence.

In an intuitive way we see that as Rep — ac, the Laplace transform
of f(z) will tend to zero. We state without proof the appropriate lemma:

Lemma & Jf fi1) saiisfies the conditions of lemma 1, then J(p) — 0. as
lp] — . farg(p ~ ] < 0 < 4.

This lemma and Theorem 1 enable us to settle an important theoretical
point. It is conceivable that to any arbitrary function f{ p) there corresponds
a function f(7) such that Z[ f(t):p] = f(p). By these results we see that this
is not so: if f(p) is not analytic in some half-plane Rep > ¢, (where ¢ is
finite), or if f{p) does not tend to zero as i p[ — ¢ in a sector
larg(p — ¢)] € 6 < n. then f(p) cannot be the Laplace transform of a
function f{¢) which satisfies the conditions of lemma 1.

It should be emphasized that though the conditions (@)-(¢) of lemma 1
on (1) are sufficient for the existence of f(p), they are not necessary.

Another theoretical point of some importance is to settle the question
as to whether it is possible for two different functions £, (1) and f3(r) to have
the same Laplace transform f(p). To state the answer to this question con-
cisely we introduce the idea of mull function. A null function is a function
N(1) which is zero everywhere except possibly on a set of measure zero
(Cf. 2-11): it therefore has the property that

f; NGu) du = 0 G-1-11)
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for arbitrary positive values of 7. [t should be observed that if. in addition.
it is postulated that N(¢) be continuous, then N(r) = 0, for all positive

values of 1.
We have the result

Theorem 2 (Lerch’s theorem) If f,(1) and f,(1) both satisfy conditions
(a)-(c) of lemma | and if L[ f,(1):p] exists for Rep > ¢, L[ f2(1):p]
exists for Rep > ¢,. and if
LUL()p) = LN p].

Jor Rep > ¢ = max(c,.c,). then f,(t) — f,(t) is a null function.
If. in addition, f,(1) and f5(t) are continuous on the whole real line,
then f,(1) = f,(1). 1 > 0.

We can state the theorem in another way by saying that f,(¢) = f5(1)
(a.e.). We shall not prove this theorem now but shall treat it as a corollary
10 the inversion theorem for Laplace transforms when we come to discuss it
{in sec. 3-10 below). Before doing that we shall discuss some of the simpler
properties of the Laplace transform.

3-2 CALCULATION OF THE LAPLACE TRANSFORMS OF SOME
ELEMENTARY FUNCTIONS

We begin by calculating the Laplace transforms of some elementary
functions. From the definition, we have

2[1:p] =J:" e Pdi=[—p e P]ot =pt. (3-2-1)
Similarly. integrating by parts. we find that
. = x -pr = [ - “1,—-p x ~ 1 bt - pt
Z[1:p] J; te™dr = [—-ple ]t +p fo e dp

which shows that
L[upl =p 2 (3-2-2)
These are special cases of a general formula. If v is a constant such
that Rev > —1, then

L[ripl = J:D e ™dt =p~"! f: u'e ™ du

where we have made the substitution u = pt. The integral is Euler's
integral for the gamma function I'(v + 1) so that we deduce the formula

Z[p)l=p "I (v + 1) (3-2-3)
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We have already calculated the Laplace transforms of the functions
sint and cos¢ in sec. 2-7. If, in equations (2-7-1) and (2-7-2) we replace a by
p and then put & = |, we obtain the formulae

Lsint:p]l = (p*+ 1), (3-249)
Llcost:p] = p(p? + DN (3-2-5)
One of the simplest of all Laplace transforms is that of e®, viz.,

Lle*:pl =(p — )7, (Rep > Rea). (3-2-6)

Using the fact that 2 is a linear operator, we deduce that if a is real and
positive,
F[cosh(ar);p] = $L[e";p] + §L[e ":p] = 4p - a)!

+ip+a!
if Rep > a. Hence we have the formula
L[cosh(an:p] = p(p? — a®"'. (Rep>a>0) (3-2-7
In a similar way, we can show that
Z[sinh(at).p] = a(p? — a*)"', (Rep >a > 0). (3-2-8)

To derive some of the Laplace transforms we require later we now
consider the evaluation of the integral

/
/

)so//(a.b) = f: Pl A (3-29)

which has the properties

Ha0) = J'o e gy = Jntat (3-2-10)
ﬂ = -zbj umlemew Bty (3-2-11)
(’h 0

If we make the substitution v = au in equation (3-2-9) we find that
l(a.b) =g ! J::: e_vz-.zoz..-l dr = a"l(l.ah).

Similarly if we make the substitution v = bu~! in equation (3-2-11) we find
that
@) _ o1 aby
ob
Eliminating /(1.ab) from these last two equations we find that f{ub)
satisfies the simple differential equation
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LU

whose solution
Ha.b) = I(a.0)e™ 2

is easily derived. If we make use of equation (3-2-10) we therefore obtain the
cquation

[." e b gy NT oz (3-2-12)
Jo 2a
If. for instance, we put 1 = 1? in the definition

Llite :p] = fw (~Eemehim o gy
0
we find that the integral on the right becomes

J.x TPl gy
0
and it follows from equation (3-2-12) that

y[,-}‘,—m;p] = \/pie-l.(rm_ (3-2-|3)

If we now differentiate both sides of this equation with respect to ¢ we
obtain the formula

v L[ ie " p] = \/ge‘z""‘”’. (3-2-14)

3-3 RULES OF MANIPULATION OF THE LAPLACE TRANSFORM

We shall now develop some general rules for the manipulation of the
Laplace transform by means of which we may extend the list of transtorms

we have already calculated.
First of all we have the shift theorem which enables us to write down

the Laplace transform of e “f(s) when that of f(r) is known. From the
definition of the Laplace transform we have

_Q“[ea"f(l):p] = f: _[(,y,—(pﬁuk dr
from which we deduce immediately that

Zle~*fiy.p] = L{f1);p + a]. G-3-h
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For example, using equation (3-2-3) and this result, we see that
Lrepl=@+ a7 Ty + 1), (Rev > —1,Rep > —a)
(3-3-2)

Similarly the Laplace transform of f{br), (b > 0). 1s defined to be
4
f  fbtye™ " di.
1]

Changing the variable of integration from r to u where u = b1, we see that
this integral is equal to

b! J‘I fune™ ™" du
0

from which we deduce the rule
LAbr):p) = b L[ fU):p/b). (b >0 (3-3-3)

For instance. using this result in conjunction with equations (3-2-4) and
(3-2-5) we see that

L[sin(bt):p]} = b(p? + b)! (3-3-4)
£Llcos(b1);p] = p(p* + 7! (3-3-5)
Combining equations (3-3-1) and (3-3-3) we obtain the result

YL p) = b L[S p + a)/b]. (Rep > a. b > 0).

(3-3-6)
and. as special cases,
Lle “sin(br);p] = bl(p + a)* + b*}7! (3-3-7)
Ple “cos(ht);p] = (p + a){(p + @)® + b2} 1. (3-3-8)
We often use these results in the inverse form
2 _G‘:;l)-w;’] = b~ 'e "sin (b1) (3-3-9)

-1 r—“ﬂﬂ_______p______. — ,—ar - f H 2.
£ s bz"] =e [cos(bt) bsm(bl):’. (3-3-10)

As an example of the use of these formulae we shall calculate

] +4
AR R i s S
| PP+ 20 + 5":]

Since
PP+ +5=(p+ 1) +20 p+a=(p+hH+3
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we have

- __——————-p+4 . = "__[Li__l._-
Y‘( + 1+ 4 < pri+a’
P

3
-1 .
+¥ [(p +1)P + 4"]
= e *{cos(2/) + 3 sin(21)}.
Although in any particular case it is usually simplest to calculate the

inverse Laplace transform in this way, we can easily develop a general
formula by means of which to calculate

P [f.(p) ]
12(p)
where f,(p) is a polynomial of degree n. say, in p and f,(p) is a polynomial
of degree less than n.
Suppose, for instance. that f;(p) has n simple zcros a,, a,, . . .. a,.
Then if we choose the polynomials in such a way that the coefficient of
p"in f,(p) is unity, we can write

o) = 3 Adp = a)!
where

Zl Alp—a) ... (p=a_)Np~a,,)...(p—=a)=/(p)
s0 that —as we see by putting p = q, in this identity—
Sila,)

(ar - al) core (ar - ar-])(a' - ar+l) ot (ar - (l-)-

Hence with this value for 4,. we find that

AT N
e {1 ¥ e
[f:(p) '] Z ¢

For example. in the case considered above fi(p)=p + 4,

filp)=(p+1)* + d.sothata, = —1 + 2i.a, = ~1 = 2i. 4, = (3 + 2i)/4i,
and so
. p+4 l Ne—t+2it — (3 — 2jjet- iy
ol [p +2p+5] A @ =2

in agreement with the result above.
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A similar result can be deduced in the case in which the polynomial
f»(p) has multiple zeros; this is left as an exercise to the reader (see

Problem 3-16).
We sometimes encounter the problem of finding the Laplace trans-

form of fANH(7 — a). (¢ > 0). where H denotes the Heaviside unit function.
We have

L{fOH(t - a):p] = J‘f e~ Pft)di = J: e P Y(u + a)du

from which we deduce that
_ LANHU - a).p] = e L[ f(1 + a),p]. (3-3-11)

For example, if f(1) = cos1t, then f(r + a) = cosacos! —~ sinasint,
so that

1
LlcostH(t — a);p] = e {cosal;ili:i - sinapﬁ}

e P .
= FIT(pcosa — esina)
We have already proved in sec. 3-1 that
d
£)p] = —-d—f(p). (3-3-12)
/4
Repeating the process we find that, if # is a positive integer,
d"
Lrf)ip] = (=1 471-7']“’)' (3-3-13)
For example. from equation (3-3-5) we deduce that
Plrcos(ar);p] = (p? — a¥)(p? + a¥)~ 2 (3-3-14)
Similarly, from equation (3-3-4) we deduce that
Zlisin(at);p] = 2ap(p? + a®)" 2. (3-3-15)

Differentiating these last two equations once more with respect to p, we
have the formulae
L[t cos(at).p] = 2p(p? — 3a¥)(p® + a3 (3-3-16)
£L[1*sin(at);p] = 2a(3p? — a®)(p? + aH)? (3-3-17)
Results of this kind can also be obtained by equating real and imaginary
parts in the formula
i . n!
n iar. = =n! : +1 2 2y-n-1 _3.
J Zee;p] (———p-ia)"' n'(p + ia)*'(p* + a?) (3-3-18)

where 7n is a positive integer.
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Since & is a linear operator it follows immediately from (3-3-13) that
7 Plleot" + ¢V + - - - 4+ ) (0):p]
= cZ[Ff(N:p] + - + [ /1):p]

= {"0(‘3‘1;)" + c,(—j——p)hl + -+ c,}f(m

showing that if p,(¢) is a polynomial of degree n in ¢,
£p(0)f(1):p] = p(—D)f(p) (3-3-19)

where D denotes the differential operator d/dp.
If we integrate both sides of the equation

2[f):p] = fip)
with respect to p from p to oc, we find that

LI )ip] = f: Fluy) du, (3-3-20)

provided, of course, that both integrals exist. Repeating the process we find
that, if n is a positive integer,

Y elfip) = L‘” du, . . . f" dus f’ fiuy) du,. (3-3-21)

As an example of this result we see that

Sfsin@) T (= a arlt a1 P
e[| [ i <[ ] e e (),

P

so that
4 [S_lnT(afz’p] = Cot—‘ (g) (3-3-22)

3-4 LAPLACE TRANSFORMS OF DERIVATIVES

In applications of the theory of the Laplace transform to the solution of
ordinary differential equations we require the formula for the Laplace
transform of the derivative of a function. Integrating the defining integral
by parts we find that

LU = e rlo™ + p [ e

A necessary condition for the existence of the Laplace transform of /() is
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that

lim fitye ™ =0

i~

so that if we assume that f{r) is continuous for ¢ > 0, this formula is
equivalent to

£LLrw0:p] = plip) ~ 110). (3-4-1)
Repeating this process we see that if fe €' (0,x)
2LUrw):p] = p¥ip) — pf0) — £10) (3-4-2)

and it is easily shown by induction that if n is a positive integer and
S e (0.x).

LLrm@:pl = pip) = p" 7 O) = p"O0) ~ - -~ ["T0).
(34-3)
In particular if
S0 =0, (=012 ...n~1),
then
2Lrew:p] = pfip). (3-44)

so that (in this sense) the operator d"/dt™ is transformed under the Laplace
transform to p*. It is this simple result which provides the basis of operational

calculus.
In applications to partial differential equations we have to consider
the Laplace transform with respect to 1. say, of a function f(x,. . . ., x,.1)
of several variables. It is then easily shown from equation (3-4-4) that. if
&fiét" is continuous for all positive values of ¢, and for r = 01,2, . . .. .
then
ang nel
c -I n R-1l=r
* \/.Y’ [},7:1 —»p]: pPfixy. . . . X.p) — Zp (X o o o Xah
? &
(3-4-5)
where

Sxp o xep) = L[ Axg, L 0= p]

and
&f
f'('\’l‘ R ] X") = [FI"»]I=0
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For any partial derivative not involving differentiation with respect to 1 we
immediately have formulae of the type

. e&f ) o
A4 Y[‘ 6 ll"’ —’p]= fx." - (?anr(x'. T '\""p)"

cx,* ... ¢x
(3-4-6)
(with m = ¢ + - - - + r). For mixed derivatives involving s we have
formulae of the type
~ & é of &
—_ — = -_—f = P e o 3-4-7
‘?[ax,e:" ”] x, y[a:" PI= P T o, (34-7)
and so on.

These results have. of course, to be modified if, instead of being con-
tinuous, / is only piecewise-continuous on the real line. For example,
suppose that f(r) has a finite discontinuity at ¢ = a but is otherwise con-
tinuous in (0,o¢). Then. proceeding from the definition, we sec that

elraxe] = [ rwea+ 7 rwer di
=[/e ™) +p fo Je ™ dt + [fie "],

+ pf: f()e=* di

and, as a consequence, we deduce that equation (3-4-1) has to be replaced by
the formula

Y L1 (1):p] = pIp) = (0) = " ™[ f].. (3-4-8)

~The case in which f'(1) has a finite number of points of finite dis-
continuity is obviously covered by the formula

LU = D) = JO) - ¥ e 1], (34-9)
r=

where dj. . . o Gyare the points of discontinuity of /.
If, in addition, /(1) has points of discontinuity b,, . . ., b,

LLrwipl = pp) = o) = £(0) — p 3 e ™ [/]..

r=

-

=L e, (3-4-10)

~ There are corresponding results for functions of more than onc
variable. For instance. suppose that f{x,!) is a function of two independent
variables x and . where x € D, an interval on the real line and ¢ > 0. and
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Zm

-

—D (1) = D () — »x

- o D > Fig. 3-1

that T(7) is a curve in the xt-plane with equation
D(x.t) =0

where
D(x. 1) = Pp(x) — 1.

We shall also assume that (1) propagates along the x-axis in the manner
shown in Fig. 3-1. and divides the interval D into two subintervals D_(7)
and D, (1) on which ® < 0 and ® > 0 respectively. We now define the jump
across X by the relation

([l = fo(x) = fo(x0).

T(r—6) X(t+e)

A A

Z(r) Fig. 3-2

From the consideration of a simple diagram such as Fig. 3-2 we see that if
the jump comes at an instant 7 then

(11 = PP(], {fC1+ &) = fi&1 + 8))
is given in terms of the jump across I by the simple relation

)=-U/k

so that. in this notation, equation (3-4-8) is equivalent to the relation

. K
>4 [5{1' - p] = pfx.p) = fIx0) + [f]ge P (3-4-11)
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where
fixp) = LLAxa)t - p]. (3-4-12)

To find the Laplace transform of ¢f/éx. we write

_ {x)~ | -pt = -t
fixp) = f: fx.)e™ P dt + J;‘xnf(.\’.l)c dr

and differentiate with respect to x to obtain

x f

L Teep) = [fxd(x)=} — [ix.d(x)+} 1o (x)e P + j i e~ dr
X ) cX
and hence to deduce the relation
of ¢ -
*4 [ﬁ;t d p] = (.,—r](x,p) — [l (x)e™ PR, (3-4-13)

If we apply equation (3-4-11) twice in succession we obtain the
formula

&y 2 . :
Lz = r|=rTxp) - pf(x0) - fi(x.0)

+ {p[./’]; + [2—{][} e~ 0 (3-4-14)

and if we apply equation (3-4-13) twice in succession and make use of the
relation

Ul [ ol Y
Frale [é} t o) [Ex] G4
we obtain the formula
&y :=2 N g ol
< [b—x’zlf -~ p] = };;i - {(¢”(~‘) - p{¢(t)}z)[’]2 + 2¢ (X) [‘§£}1

+ {¢'(0)}? [’i{]‘} e P, (3-4-16)

Simi.lar results hold when f(r.r) is a function of a vector re D and a
scalar variable 7 > 0. £(1) is now a surface with equation

¢(r) — 1 =0, (3-4-17

dividing D into two sub-regions D, (1), D_ (z). (Cf. Fig. 3-3.) The analysis
goes through in much the same way as when r is a scalar. In terms of the
Laplace transform

Jirp) = L[ fie);t - p)
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Fig. 3-3

I

we find that the analogues of equations (3-4-11) and (3-4-12) are respectively

7

o[ L= p] = pep - 160 + Uk (418

Zgradf;t - p] = gradfir,p) — [/]ze™ ™" grad ¢(r). (3-4-19)
These formulae are due to Chadwick and Powdrill (1964).

3.6 RELATIONS INVOLVING INTEGRALS

If we consider the function

F) = fo'f(u) du 3-5-1)
then

F@)y=f1), F0) =0, (3-5-2)
and from equation (3-4-1) we have that

ZL[f1);p] = pL[F(1):p]
a result which can be written in the form

2 [ f;f(u) du:p] =p~'fip) : (3-5-3)
where f(p) is the Laplace transform of f(z).
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For example, if Si(r) denotes the sine integral

T <
Si(n = J 2 (3-5-4)
o U
we find from equation (3-3-20) that
L[Si(t):p] = p~'cot™!p. (3-5-5)
The result (3-5-3) can be generalized to the form
.?[f' BN f"f(u,)du, codugit —»p] = p~"f(p) (3-5-6)
0 0
If we combine (3-3-20) with (3-5-3) we obtain the relation
t-1 il = pt [ 5.7
2 [ [ du.p] rt Tow (3-5-7)

On the other hand if we interchange the order of the integrations on the
right-hand side of the equation

P xL -1 . - ax -pt € — 1y
¥ [J: u” ) du.p} fo e dt j: u” u) du
we find that it becomes
a -1 L _ -1 a -1 — e »
fo u f(u)duJ; e "dt =p fo u (1 — e ™)f(u) du.
Similarly, if we integrate both sides of the equation
oy = [ fune ™ du
[¢]
with respect 1o p from 0 to p we find that
770 & = [Z = emmysiun du
0 (1]
and hence that we have the result
% [f’ u ) du;p] =p [0 . (3-5-8)
' 0
Adding (3-5-7) and (3-5-8) we find that
=y . I a .
¢ [fo w Y du.p] P J.O O &

which is equivalent to the relation

. * Ll 'Y x 4
v fo w” () du = fo RO &. (3-5-9)
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To illustrate the use of equation (3-5-8), we put fiu) = cosu,
J&) = +H Mofind

. 1
Z[Cin):p] = - 3 log(1 + p?) (3-5-10)
where Ci(r) denotes the cosine integral defined by the equation
Cit) = —J 995-{-' du, (3-5-11)
1

As an example of the use of equation (3-5-9) we choose f(i) = sinu.
75) = (1 + {37 in which case (3-5-9) gives the well-known result

P
sin u
e g = {m,
o U

Finally we shall consider a group of formulae by means of which it is
possible to evaluate the Laplace transforms of definite integrals involving
certain functions in terms of the Laplace transforms of the functions them-
selves. We suppose that

\/ LLk(tu)it = p] = a(p)e > (3-5-12)

then. multiplying both sides of this equation by f(v) and integrating with
respect to « from 0 to ¢, we find that

x oy P . _ * ~ ubip)
.z’[ I ktranfiw du.p] = a(p) [ e d.

The integral on the right-hand side of this equation is the Laplace transform
of the function f{r) with argument h(p) so that we have the equation

.([I:J:" k(l.ll)_[(u) dll;p:l = ll(p)?{b(p)} (3_5_]3)

where. as usual. fip) = £ f1);p].
For instance, if we take
k(ta)) = (mt) de "%

it follows from (3-2-13) that

| - a2 1Y)
~ Lkt > pl = p e wp, ocf’ (3
so that a(p) = p~*, b(p) = pt, and we deduce from (3-5-13) that
& [(m)-* f"”f(u)e"‘"“ du:p] =p YrhH (3-5-14)
(1]

A v b
";\~,b [ 4] "2

o
jq de. - J/F(“
c
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where f{p) is the Laplace transform of the function f(¢). Similarly. if we
take

~k(ru) = (4n1®) " tue™ Y

we see from equation (3-2-14) that, in this instance. a(p) = 1. b(p) = p*.
and that equation (3-5-13) leads to

g [(41:13)‘* J:t uf(u)e ™™ du;p] = f(p}). (3-5-15)

3-6 THE ERROR FUNCTION

In many applications of mathematical techniques to the solution of
physical problems, we encounter the function Erf(z) defined by the
equation

Erf(z) = —?—J. e~ d1. (3-6-1)
VT Jo

Because of its occurrence in the analysis of errors of observations it is
called the error funcrion. It is also useful to have at our disposal its
‘complement’ the function Erfc(z) defined by the equation

Erfc(z) = 1 - Erf(z). (3-6-2)
Since

2 f* 2

vTJo

this definition can be written in the alternative form

2 x
Erfc(z) = ——f e Y dr. (3-6-3)
VT 3
By simple changes of variable in these results we can derive the formulae
.f: e ™ du = Y(n/a) Exfixa}) (3-6-4)
J' ¥ e du = Y(n/a)*Erfc(xat). (3-6-5)

The relation of the functions Erf(x) and Erfe(x) to the Gaussian
distribution 2n”*e™" is shown in Fig. 34 and the variation of these
functions with x is shown in Figs. 3-5 and 3-6 respectively.

From the fundamental relation (3-6-2) we see that

L[ ftErcign)}:p] = LLAN:p] ~ LLANER g} :p]. (3-6-6)
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> !

Fig. 3-4

In particular

1
£[Erfcig(n)}:p] = - Z[Erf{g(n}ip]).
Since

2 4+ pt =1+ p)? - p?

we may write
Zle ip]l =e” J‘m eT WY gy
0

Changing the variable of integration from 7 to u where u = p + 3¢, we find
that the integral on the right takes the value

2 J‘m e " du = n*Erfc(p)
P
so that

Lle™¥;p] = nte? Erfc(p). (3-6-7)
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|

= Erfz —»

Fig. 3-5

Using this result together with the general theorem (3-3-3) we obtain the
formula
LLe:p] = nth™'e” P Ecfe(pth). (b > 0). (3-6-8)
If we write down the integral defining £ [Erf(1);p] and in it replace
Erf(r) by its definition (3-6-1) and then interchange the order of the
integrations (Cf. Fig. 3-7) we find that

x ¢ z .
£[Erl1:p] = J:) ¢""dl:/g;t"‘ e du = j; J; e du.[‘ e P dr

o0
2 [~
= J ey,
PVT Jo
Now
ut + pu=(u+ip) - |p?
so that the integral on the right of this last equation is

L'
el” J.o PRCAE Tl TR Vo Ity
ir
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~—— Erfc

R Fig. 3-6

Ny Fig. 3-7

and so we have shown that

P[Erft:p] = p~e}PErfeldp). 13-6-9)
Applying the theorem (3-3-3) to this result we find that

LLEABO:p) = p~tet? P Erfe(ipb)
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0
Fig. 3-8

or. replacing b by 1/(2a). that

¢ [Erf( é);p] = p~ e P Exfc(ap). (3-6-10)
From equation (3-6-6) we then deduce the complementary equation
&£ ':Erfc (\i),p] = pl{l -~ e’"’Erfc(up)}. (3-6-11)

In a stmilar way (except that, now, the field of integration is that shown
in Fig. 3-8) we see that

E' ot
Z[Erft});p] = f e " dr »—/2—-J- e du
°

VT Jo

= 20 e du re""dt=—2—— e+t gy
\/” 0 ut PV Jo

from which we deduce immediately that
LIEfU)p] = p~Up + 1)1
Applying the theorem (3-3-3) to this result we find that

PLIEdb ) p) = bip Hp + b} (3-6-12)
and then making use of the rule (3-3-1) that

P[e"Erf(bir?):p] = bp 3(p - b)~ L. (3-6-13)
These results can be wnitten in the alternative forms

L7 p Hp + b7 4] = b YEM(B ) (3-6-14)

L p Hp ~ by 'it] = b IME(b3 1Y), (3-6-15)
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= a?
N

> Fig. 3-9

From equations (3-6-13) and (3-6-6) we deduce that
Le"Erfc(birt)p) = (p - b)Y "0 = bp~Y) = p~¥(pt + Y"1
(3-6-16)

By converting the repeated integral into a double integral over the
region shaded in Fig. 3-9 and then carrying out the integrations in the
reverse order we find that

£ [Erfc(ar™¥):p]

I
w
A
-
o ?
n
t
R
<3
%
n
'
%
&

il
I
A
“
5
~
i
%
&
—
> 8
i
~
!
b
&

(4]

Evaluating this last integral by means of equation (3-2-12) we obtain the
formula

&[Erfc(at™¥):p] = p~le e, (3-6-17
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3-7 LAPLACE TRANSFORMS OF BESSEL FUNCTIONS

We now consider the Laplace transforms of some functions involving the
Bessel function of the first kind of order v defined by the equation

_ x (_l)r(%,)v‘#lr
JJt) = 'Zo m (3-7-1)

It follows directly from this definition that

L. (_I)rz—v—lr

Y[rvjv(l);p] = Z m Y[lznzr;p}

r=0
Using the result (3-2-3) and then the duplication formula for the gamma

function. we have the relation
TQv+2r+1) _, 5,

_______I__b_‘_ Y? 2v+2r. - e e T
l'(r+s'+l)'[[' r] = Tr+v+1)

= n-,zlv#lrr(v +r+ %)p~1v~2r-l
(Rep > 0, v > —}), so we deduce that

.?'[pj,(t);p] = zvn—ip—zv-l Z [_(_v..%_i.r_)(_p-z)r.

r=0

If we make use of the binomial theorem

T+,
(1 -x) =;-—;'!"I'.’G)—X. 'Xl*(l

we find that if v > —4_|p| > 1, the series on the right converges to
T(v+ 3H( +p2)vs

so that we obtain the formula
2wl = 2D e s Reps 1 (7
rd)
In particular
LLI)p] = (P2 + DY, Rep > 1. (3-7-2)
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Using the theorem (3-3-3) we therefore have that, if Rep > a > 0,

A ,
2Lrianpl = —"a)—»l-«(—‘——t—-i—)-— v> -} (3-7-3)
ﬁ(pz + a’)‘*&

and that

LItar)p} = (p* + > 1. (3-7-4)

The formula (3-7-3) has, as yet, been proved only when Rep > a > 0.
but as long as Re(p + ig) > 0. Re(p — ia) > 0 both sides of (3-7-3) are
analytic functions of a so that, by the principle of analytic continuation,

the result is true for this wider range of values of a. In particular if a is real.
it wilt be true for Rep > 0.

The result can be established in another way. For simplicity we shall

illustrate the method by establishing (3-7-4) for positive real vaiues of a.
From Poisson’s integral

2 (3
Jotat) = ;Jl cos (urcos 1) dbf
0

we have
L{glat)ip] = 2 J‘h do ¢ [cos (arcos 0);p] = z J‘i- ——,——!—,ﬁ-,—
7 Jo nlo p* + a*cos’d
The integral can be written
P J i sec?0 d0 2p “’ o A
o PP+ d ¥ pix?

7)o PP+ al +planil n
which is easily shown to have the value (p? + a?)™%.
In a similar way we have the result
S (=272 4 2 4 2)
r!r(v +r + l)pzv?27+2

Ll qanpl =

r=0
Using the duplication formula for the gamma function we can show that

27U (20 4 2r -}-%2
Feb+r+ b

= v+1

a0 +r+ .

so thatif Rep > 1,

I

. e _ -lrr ,+r+3
_‘Z’[l"”],(l);p] =2 l7L' jp 2 ZZ(‘“J ) :'\! —2_)

r=0

2 TN 4 p )T AT + D)



THE LAPLACE TRANSFORM 163
showing that

2 pl(v + )
\/;(pz + l)\w;
Using the general resuit (3-3-3) we find that
2v¢lavpr(‘. + %)
V/;(pl + az)wg'

L 0:p) = (Rep > 1). (3-7-5)

Lt idar).p] = (Rep > a > 0) (3-7-6)
and in particular that
Zdgtan);p] = p(p? + a¥)™,  (Rep > a > 0). (3-7-7)
Again the principle of analytic continuation can be used to extend the
results to a more extensive range of values of « and p than is permissible

by the argument we have used.
From the definition of the Bessel function of the first kind we have

the relation

(=
Py (2rd) = LA
e ;r!r(v +r+1)
so that. if Rep > 0,
Ly, )p) = Z = L[4 :p)
Y ,;0'!”"” v+ 1) ’
v =y

r!
=0

from which we deduce that. if Rep > 0,

LI 2d)pl=p e P
and hence that if ¢ > 0, Rep > 0.

Ll 2 at).p) = atrpriem o, (3-7-8)
In particular

.'!’[Jo(l\/tj;):p] = i];e'“"". (@ > 0.Rep > 0). 3-7-9)

Similar results hold for the modified Bessel function of the first kind
defined by the equation
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x (i')“ 2
Lo = Z TGSV E Y

For instance. by exactly the same procedure as before

_ Ty +r+ )
v . - v~ 2v-1 TR AP 3 {4
2L)p] = 72 Zo i
showing that if Rep > L.v > -4
LIeL,:p] = a7 312T(v + Hp? = D74, (3-7-10)

Hence, using (3-3-3) we have that if v > —}
2a)'T 4
Llrian:p] = __(__l__("_"_'_l)_ (Rep > a>0). (3-7-11
Jrtp? - a?y

in a similar way we can show that if v > -4

v+l v 9
.?[:""I,(rn);p] = _Z_E_M,

\/;lpz —_ al)v-b-j
If we repeat the argument leading to (3-7-8) we obtain the result

(Rep >a>0). (3-7-12)

Y[l*'l,(l‘/;l-);p] =atp v le?,  (Rep>0,a>0,v> -}
(3-7-13)

The special cases corresponding to v = 0 are of special interest; they
are

Lllolan:p] = (P2 ~ a®»™ L. (Rep > a > 0), (3-7-14)
Llilolan);p] = p(p? — a?)™4, (Rep >a > 0), (3-7-15)
.‘!’[lo(Z\/;):p] =ple?”, (Rep>0:a>0) (3-7-16)

We can derive an interesting integral theorem from equation (3-7-8).
From the definition of the Laplace transform

g’[,h j: x’hjv(z\/x_,)/'(x) dx;p]
- f C TP L[ (0 x):p] dx
[

- J‘r x-*-f(.x)P-v- lx’ve-xl’dx
0
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from equation (3-7-8). Hence we have proved that
-7’[1*' _f: (2 /x)f) dx:p] =p 7 ph (3-7-17)

where fi p) denotes the Laplace transform of f{¢). This result is known as
Tricomi's theorem (Cf. Tricomi (1935)).
From this result we deduce immediately that if

ey =Rp7h) (3-7-18)
then

J‘o X2 /6)fx) dx = )
Hence if f{1) satisfies the equation (3-7-18) and if

gty = 17°f(4r?) (3-7-19)
then

J: xg(x)],(xt)dx = g(t).

Recalling the definition of the Hankel transform (Cf. sec. 2-14 above) we
sce that if the function g(r) is defined by the pair of equations (3-7-18).
(3-7-19), then

*,[g(x);1] = g(r)
i.c.. the function g(r) is self-reciprocal under the Hankel transform of
order v.

We sha}l now derive some Laplace transforms involving the generalized
Bessel function J,%(z) introduced by E. M. Wright (1935) and dcfined by
the equation

Y (=zy
."' )= ————— T , -
) ,.Zo’”‘“ i w o (3-7:21)

it is related to the Bessel function of the first kind through the equation
3,Q2zY) = ) (o), (3-7-22)
IfRep >a >0,

L[re) (" x):p) = fo * e ) (Ve ™ di

= Z (-X)' ) y[,bﬁnr;p —_ a]

L r'TO + 2 + pr)
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(= TG+t D)
;r!ru}# Laopry (p — a)ttertt

=(p—a)* Texpl=x(p — a)™*}. (3-7-23)
P ®

From this we deduce that
¥ [r‘e"' fl e P LAU OfxX) dx:p]
0 .

= fr e B fx)PLtre™I 2 (1" x)ip]) dx
0

*x

=(p~ a7t | foexpl=[b + (p - a) ]y} d
0
showing that. if f{p) is the Laplace transform of the function f{1),
4 [I‘("" J:: e B AN (/.\‘;p] =p—-a)* b+ (p=-a)y¥
(3-7-29)

a resuit which is due 1o Kumar (1952).
Puttinga = b. 4 = v, p = | in this result and making use of (3-7-22)
we see that

¥ I:,}wenl J‘“ e_ux.‘.“§vjv(2\/x‘[)/(,Y) t/.\’i[)]
o
=(p-—" Ma+(p-aytl (3125

3-8 PERIODIC FUNCTIONS

We now consider the Laplace transform of a function f{t) which is periodic
with period t and which is bounded so that its Laplace transform exists for
Rep > 0. By splitting up the infinite range of integration in the integral
defining the Laplace transform we have for a function of this kind

ZLInn.p} i fmmj‘(l)e"'zlr

r=0 Jrt

i

i

Z f'f(u + ro)e P dy
r=0J0

i

x
o~ B » —_
z e ’"J Jwe™ ™ du,
r=0 (]
since. because of the periodic nature of the function /.

S+ =fu). (r=12, ...
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5.0}
3
| [p————— ———— r-—.
i | ) i
; H ! !
’ f ; ! o
- — —
Fig. 3-10
Now
T et = (1 - )
r=Q
so that for a periodic function we have the formula
LU = (1 — 7P J: fae™™ du. (3-8-1)
In particular we have the relation
L) = (= ey [ e du. (3-8-2)
0

for a function of period 2n.
For example, if

Sty = Jsint|,
we take 1 = n in the formula (3-8-1) and use the fact that
a+ [JZ)J“ sinte” P dr =1 + e ™
0
to derive the result
L[lsine}:p] = (1 + p?) 'coth(pn).  (Rep > 0. (3-8-3)

Similarly, if we define the function S,(f) by the equations

S(t) = H(t) — 2H( - 41). 0O<ri<t
S,(1 + rt) = S,(1), (r=12% ..

(Cf. Fig. 3-10) and use the result

t 4t ]
j Sine P dr = ( e P~ J‘ e fd = ! (1 = 2747 4 ¢ /)
0 JO i P

=L — ey
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we find from (3-8-1) that

L{S.(:p} = p~ttanhpr),  (Rep > 0). (3-8-4)
In particular
£{S:(.p] = p~'tanh(pn), (Rep > 0). (3-8-5)

If f7) is such that it has a Fourier series
) = dag + z {a,cos (2nntfr) + b, sin(2nntj1))}
=]

its Fourier coefficients are given by the equations

2 (" t
a, = z j S(u)cos (2nnuft) du, b, = %J’ S(u) sin 2nnuft) du.
L] [

Also (3-36)
LL/:p] = Yao.2(1:p) + Y. la,¥[cos(2nmi/v);p)
n=1
+ b,#[sin(2nnt/1);p]},
so that if we make use of equations (3-3-4) and (3-3-5) we find that
| o pra, + 2znb
¥ t), = . gz — F
L/):r] Er a + "lezrz T anint 387
In particular, if T = 2n we obtain the relation
| - pa, + nb,
L4 == pial . -8-
Lip) = a0+ ) S (5-5-8)

for the Laplace transform of a periodic function f{¢) of period 2z with
Fourier coefficients :

1 2x ) 1 (=
a, = —j. fluycos(nuydu, b, = — '- Slu) sin (nu) du. (3-8-9
T Jo m Jo
We now have two different expressions—(3-8-1) and (3-8-7)— for the
Laplace transform of a periodic function of period 7. If we equate these two
expressions we obtain the identity

1 pra, + 2nnb | t .
— n LA, du 3-8-10
T r; 1= e"'.[»ﬂu)e G-&10

pit + dnin?

where the constants a,, b, are given by equations (3-8-6). In the special case
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in which t = 2= this reduces to the simpler form

! = pa, + nb, 1 2x
P n_ - pu Q.
35 %0 Piral 12 e-;.,,J; SGde™ " du (3-8-11)

L

where, now, a, and b, are given by equations (3-8-9).
To illustrate the use of these formulae we consider the case in which
the function f{(r) is of period 2z and

l O<r<nm
ﬂ"”{o <1< 2m

It follows from equations (3-8-9) that for this function
ag =1, a,=00=12 ..
and
by =0, by =(r=Dn(r=12 ..
Also we have

2z £
f f(u)e"""du=f e Pdu=p (1 - e ™)
0 o

Substituting these values into equation (3-8-11) we find that

Z Pr@-1 I+ (3-8-12)

a result which is known as the Mirtag - Leffler identity.

+ B

[ 1]
2

3-9 THE CONVOLUTION OF TWO FUNCTIONS
We now introduce the idea of the convolution (fsg) of two functions f and

g which is similar to the convolution f . g introduced in sec. 2-9, but more
appropriate to the Laplace transform. We define fsg by the equation

Sog) = [ fu = vglo) ai. (39-1)
0
Using the theorem

J:lﬁ(t)dt=£¢(l~t)dt

of elementary calculus, we see that the integral on the right-hand side of
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ONfmm e mm e

0 (1.0) Fig. 3-1

(3-9-1) can be written as

J:j'(r)g(l - 1) dt

from which it follows that

Jeg = gf. (3-9-2)

It is obvious from the definition that if 4 is a real number

(A )rg = [x(28) = A(f*g) (3-9-3)
and also that the distributive law

Sfe(g + h) = [xg + [*h (399
holds. It is a littie bit more difficult to prove that the associative law

Se(geh)y = (feg)sh (3-9-5)

is valid. From the definition we have that

(feg)+h = fo h - v de [ fogt - & de.

Changing the order of the integrations (Cf. Fig. 3-11) we find that the right-
hand side of this last equation can be written as

J:,/'(f)df J:g(t — &t - 1) dr.

If we change the variable of integration in the inner integral from t to
n where 1 — ¢ = 5 we sce that the double integral is

forerde 7% gophte = & — my i
o S ° S

which is simply fs(g*h).
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0
Fig. 3-12
We now calculate the Laplace transform of the convolution f*g in
terms of the Laplace transforms f{p). g(p) of the functions f(1). g(1). By the
definitions of the Laplace transform and of f+g we find that

Y[ feg:p] = fo “erdr J:f(r)g(l - 1) dr.

Changing the order of the integrations (cf. Fig. 3-12) and then changing
the variable of integration in the inner integral from /1 ton = 1 — t we find
that

Lfegip] = f:f(T) dt J:x e et — t)d
= f7 J@ye Mt fl e~ Paln) dn
0 ]

showing that

Z[S+g:p] = tp)é(p) (3-9-6)
This may also be written in the inverse form
LAMEDPY;1] = (fg)1). (3-9-7)
In particular, if g = f we have the equations
£Lfefip] = (Nip)}? (3-9-8)

£ AP ] = fa)
To illustrate the use of these formulae we first of all consider the pair of
functions

=1t a>0. gy=1>""b>0
which have Laplace transforms

Aipy=TC@p=  gp=rew "
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Inserting these forms into (3-9-7) we find that ifa > 0. b > 0,

' e F(@)T (b)
a-1gy _ -t - -1 a~b. ) = 02 et
Lt -0 td=T@rere p 1] Fla s b)’
If we now let 1 = | we find that
! - F'(a)T(b)
a-1 -~ ) ! A 9.
L N~ dr Fa by (a>0.bh>0). (3-9-10)

Denoting the integral on the left by the beta function B(a,b) this is the
well-known relation between the beta and the gamma function.

To illustrate the use of equation (3-9-9) we take
L) =3, J(p) = (1 +pHt,
the form of f{p) being derived from (3-7-2). From (3-9-9) we see that

J:Jo(r).lo(! ~)dt = LT+ pH ]
so that, by using (3-2-4), we find that
f; JoltMolt — 1) dr = sint. (3-9-11)

The definition (3-9-1) can be written in an alternative way in the
special case in which f(0) = 0. When this happens we can write

U - xy) = J::_n,/‘(x,)dx,
and write the right-hand side of (3-9-1) as the repeated integral

J: g(xy) dx, f‘: o J(xy) dx,

which can in tumn be represented as the double integral

J‘fr,f(x’)g(xz) dxdx,

where T, is the region x, + x, < 1. x; 2 0, x, > 0. it being assumed that
1 > 0 (Cf. Fig. 3-13). Hence if we replace the functions f7(x,) and g(x,) by

f,(x) and f5(x,), and hence f{p) and g(p) by p~'fi(p) and f3(p). we sce that
the convolution thcorem (3-9-6) can be written in the alternative form

.4 [ffnfx(x:)fz(.x‘;)dx,dxz:t —-p:l = p i p)a(p) (3-9-12)

Applying the convolution theorem (3-9-6) twice in succession we find
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hat
L N2(fr00):P) = TP L[ fivg:p) = LDV (P)E(P). (3-9-13)
Now if g(0) = 0,

firglt — x;) = J:_"fz(xz)g(t - X1 = x)dx,
- - Xg =~ X
= [ peepdx, [T R axy
where we have written f3(x,) = g'(x3), so that

finthm) = [ fiosny s, [T fen ds [

and it is easily shown that the integral on the right can be written

xy

ACAY A

fffr’fi (x1)fa2{x2)f3(x3) dxydx,dxy

where Ty is the tetrahedron x, + x; + X3 <4, x;, 20, x, 20, x3 20
with r > 0 (cf. Fig. 3-14). Replacing g(p) by p~'f3(p) in (3-9-13) we find
that that equation can be written in the form

[ J’ f J'T, F1 ()00 f30x3) dxydx gyt — p] = p~ i Pl PV p).
(3-9-14)

This result can be generalized in an obvious way. If T, is the domain
defined by the inequations
X, +x3+ 0 +x, €1, x20G(G=12...,mM@e>0

then
.‘{’l:f N J; Nl oL fx)dyy L dx,,;l*p]
=p h(p) . . - Jp).  (3-9-19)
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3-10 THE INVERSION FORMULA FOR THE LAPLACE TRANSFORM

In the preceding sections we have derived certain simple results concerning
the Laplace transform f(p) of a function f(x). Almost all of these results
give information about the transform f(p) when the function f(x) is
prescribed. In this section we shall consider the converse problem —that of
deriving information about the original function f(x) when we have some
knowledge of its Laplace transform. When f{(p) is prescribed any formula
enabling us 1o derive the form of the original function f(x) is called an
inversion formula for the Laplace transform. In this section we shall con-
sider the simplest type of inversion formula: in sec. 3-12 we shall discuss
other types of inversion formula.

We saw in sec. 3-1--by a heuristic argument—that f{x) would appear
to be given in terms of the transform f(p) by the complex integral

c+ix

I
(xX) = —— Px dn. _10.
ftx) = 5 . Sip)er* dp (3-10-1)

An outline of the proof of this formula is as follows: If f{x) has a
continuous derivative, and if f(x) = 0(e?*) for large positive values of x.
where 7 > 0, then the Laplace integral

Apy = J:f(u)e”’“ du, (p =06 +it)

converges absolutely and uniformly with respect to o and t in the half-plane
Rep > 7 and f(p) is an analytic function of p in the same half-plane.
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Substituting the Laplace integrai expression for f{p) into the integral
l c+iw

3o Jiprer*dp,  (c>7) (3-10-2)
T Jeiw

we find that the integral has the value

1 c+iw

2ni e—iw e dpJ; Sflwe™? du.

Because of the conditions on the function f(x) we may invert the order of
the two integrations to obtain the expression

1 x ¢ +iw
Plx—u)
Py J; Sw) du J: e dp.

-

Carrying out the inner integration

'c+iw H
L P gy = sin {w(x ~ u)} e
2 Jooim X — u

we have the expression

x H fl — 1
%J. frupets=we ST = W]
\ =

X u

for the integral (3-10-2). By a simple change of variable we may rewrite this
integral in the form

o o q . l £ H X o« M N
! f gy 20y L J gy 300 4, L f 2 200

n Jo ! o

- X
where g(r) denotes the function e™“f(x + 7). Making use of Dirichlet’s
integral formula (Corollary 1 to the localization lemma of sec. 2-2) we see
that, provided ¢ > 3, the integrals on the right-hand side of this equation
reduce to 3f(x+) and 1f(x —) respectively. Since f(x) has been assumed to
be a continuous function of x, each of these terms is equal to f{x) and their
sum is consequently equal to f{x). We therefore have the inversion

formula

l ) ¢+ iw
5 lim Tipyer* dp = fix). (3-10-3)
2w Jo_iw
The following theorem gives conditions on the function f{ p) sufficient
to ensure the validity of the inversion theorem (3-10-3). The conditions
imposed on the function f{x) as a result of thosc on fi p) should also be noted.

Theorem 3 If J(p) is an analytic function of the complex variable p and is
of order O(p~*) in some half-plane Rep = 3 where y and k are real
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Rep=c¢
Wit

Fig. 3-15

constants and k > 1, then the integral

l c+iw

5o Jim f e”f(p) dp

- c-iw

along any line Rep = ¢ > y converges 10 a function fix) which is

independent of ¢ and whose Laplace transform is f(p). Rep > 7.
Furthermore. the function f(x) is continuous for each x > 0 and

is 0(e) as x = 1.

3-11 THE CALCULATION OF INVERSE TRANSFORMS

The inversion theorem for the Laplace transform can be used for the
calculation of inverse transforms. If f{p) is analytic in the complex p-plane
except for a finite number of isolated singularities at p,.,p,, . . ., p,, we
evaluate

L Ap)1)
by integrating the function
§(p) = f(p)e”

along the path ABCA shown in Fig. 3-15. In this path 4B is the line
Rep = ¢, where ¢ has the interpretation given to it in Theorem 3, so that
AB lies 1o the right of all the singularities of f{ip). and the radius R of the
circular arc BCA is chosen so large that all the singularities of f{p) are
enclosed by the contour. By the inversion theorem

_ 1 _
£ '[fipyt] = Jim 37 LB £(p) dp.
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To evaluate
im = | &y (3-11-2)
R~o 270 Jpca

we make use of Lemma 2 of sec. 2-7. By Cauchy’s theorem
L emdp+ L | apa —ires*( ) (3-113)
2—"m.MgP /4 i BCAKP p s g(p,

so that in cases in which the limit (3-11-2) has the value zero. we see by
letting R — o in equation (3-11-3) and using (3-11-1) that

L7 Ap)a] = Z res g(p,). (3-11-4)

r=1

The result (3-11-4) may be extended to the case in which f{p) has an
infinite number of singularities. We choose a radius R, for BCA such that
R, # |p,| and R, = x as n - <. [f the limit (3-11-2) is again zero and the
series on the right-hand side of equation (3-11-4) converges as n — 0, we
find that

L Apyal = ’i resg(p,). 3-11-5)

As a simple illustration of the use of the formula (3-11-4) we shall
calculate £~ '[(p? + w?)~';1] where w is real and positive. The function

gp) = +w¥) le”. (1>0)
has simple poles at p = +iw with residues (+2iw)™ 'e*™" respectively.
Since

m pg(p) =0

fpl—~=
if Re p < 0, it follows that the integral round the circular arc tends to zero
as R — x, so that equation (3-11-4) gives

sin (wt)

] )
L HAp)a) = m(e“”' —eThMy =

To show the use of the method in a more complicated situation we
shall determine the function whose Laplace transform is
ot plpin)t}

fp) = Tlalpimf" 0<p<a
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This function has poles at p, = — k&% (r = 1.2, . . ). where .55 . ..
are the positive zeros of Jo(¢&). From the theory of Bessel functions we know
that all these zeros are real and simple. If we take the radius of the circular
arc ABC to be (n + })*xn¥/a®. there will be no poles of the function fip)
on this arc. and from the asymptotic expansion of the modified Bessel
function we can readily show that if 0 < p < 4. the integral round the
circular arc tends to zero as n — .
Writing

boiptp)t]

g = Y
g(p) Lola(p/n)l
we see that
] iseyd
resgip,) = — -SRI

[d dpTolatpix)iy], .,
Since 15(x) = I{(x). we have the relation
d
dp b=

and using the relation between the modificd Bessel function 1, with
imaginary argument and the Bessel function J, of the first kind we see that
the right-hand side of this equation is equal to

-+
- r

1 .
-7(-‘:' Jl(agr)‘
K

We therefore have the relation

& é,Jo( Pé_(_) e-,‘:'z,
a Jl (uér)

resg(p,) =

and hence from (3-11-5) that

-

[ lelptprt 26 o EdolpE) o,
(7 i BT L AL PP = — Z el ALl ST 3-
[lof”(l’“"‘)*} P L T € (-11-6)

the sum being taken over the positive zeros of the function Jy(as).

The method has to be modificd if the function f{ p) has branch points.
This is done by deforming the contour of Fig. 3-15 to exclude the branch
point. and then---by using Lemma 1 of sec. 2-7—to evaluate the integral
along the small path encircling the branch point.

To illustrate the method we shall calculate the inverse Laplace
transform of the function

Jip) = e" >
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4
B
B
R

s DX |
F L/

L 4
Fig. 3-16

This function has a branch point at the origin p = 0 so we consider the
integral of the function

g‘(p) = ‘,Pl Tap
round the contour shown in Fig. 3-16, in which the arcs BC. CA are arcs of
a circle with centre O and radius R and the small circle surrounding the
origin has radius ¢.

On CD we may write p = x?¢'* where x is real and positive so that

! 7( ’d ! RY,—le¢i‘xd.
2ni (ngp P niJ, xe A

and on EF we may write p = x?¢” " where x is real and positive so that

I 1 (*® .
e 5 lp = — xe~ x3t +iax
i .Lr g(p)dp - J; xe dx

-

and hence as R — x and ¢ = 0.

1 2=
— (J. + J. )g(p) dp - — < | xe *'sin(ax)dx
27 \ Jeo EF ™ Jo

= — Q2N F [xe " x - d].

Since pg(p) — 0 as |p| = =, the integrals round BC'.FA tend to zero
as R - x, and since

I g =
Jm p2(p) =0
it follows that the integral of §(p) round the small circle enclosing the

origin tends 10 zero as ¢ — 0. Finally, we sec that as R — x the integral
along AB tends to &~ '[ fip)ir).
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Since the function g(p) has no singularities within the contour, it
follows that as R — o, € = 0 the sum of these integrals tends to zero. In
this way we find that

y—l[e--\.p;,] = (2/7!)’.’,[,\‘?_"";,‘ - a]
and from equation (2-7-14) we deduce that

L e 1] = a(@nt®) e 4, (3-11-7)

It should be noted that. if we integrate both sides of this equation with
respect to a from a 10 o¢, we obtain the formula

LT pre ™ ip =] = (r)He T (3-11-8)
Repeating this process we obtain the formula
L' [pte ?p—~ 1] = Erfc(§ar™1). (3-11-9)

3-12 OTHER FORMS OF INVERSION FORMULA

Useful inversion formulae for the calculation of the original function f{1)
have been derived in the case in which its Laplace transform f{p) can be
expressed in the form of an infinite series

fip) = _io a,$a(p) (3-12-1)

where the «, are constants and the functions ¢,(p) are respectively the
Laplace transforms of the functions ¢,(¢), (n = 0,1,2, . . ). Applying the
operator & ! 10 both sides of this equation and invoking Lerch’s theorem
we obtain the inversion formula

i =Y a,é,0). (3-12-2)

n=0

This method was introduced by Tricomi (1935) for the special case
in which the Laplace transform can be expressed in the form

__ LN, (r=bY
fip =% b;"" (p " b) (3-12-3)

with b a positive constant.
If we define the Laguerre polynomial® L,(r) by the equation

 /n (=1
L = Z(r) r!

r=0

' For the properties of these polynomials see Chapter V of Sneddon (19615).
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A special case considered by Ward (1954) is that in which

i
o= oo+

If we make the substitution

in this expression we find that

- 2
7 = S = K1 = oda1 = 4”1 = o)

Since

A -0l —4o) "' =1 —22(9

n=1

it follows that

Table 3-1 The accuracy of
Tricomi's method for

Ffilp) = {(p + N)(p + 2)}" The
function f,{¢) is the sum ot
the first seven terms of the
series (3-12.7).

! ) )

0.0 | 0.00000 | 0.00112
0.05 | 004639 | 0.04655
01 | 008611 | 0.08608
02 | 014841 | 0.14824
03 | 009200 | 0.19185
0.5 | 02386S | 023866
06 | 024762 | 024770
0.75 | 024924 | 024936
085 { 0.24473 | 0.24486
10 | 023254 [ 023263
15 | 011 | 01732
2 0.11702 | 0.11695
25 | 007535 | 007538

30 | 004731 | 00479

40 | 001798 | 001797 |
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and hence that

S) = §By(0) — % i 37"B.(1). (3-12-7)

a=1
The function f{1) is known exactly in this case. Since
Tpy=wp+107' —(p+27
it follows that
)y =¢et - e %,

An estimate of the accuracy of Tricomi’s method in numerical
calculations can be made by means of Table 3-1 which is taken from Ward
(1954) and which compares f(1) with f7(7) which is the sum of the first seven
terms of the series on the right-hand side of equation (3-12-7). From this we
notice that (provided numerical tables of the Laguerre functions are avail-
able) Tricomi’s method gives a high degree of accuracy. This conclusion
reached from an inspection of Table 3-1 is confirmed by a consideration of
other numerical examples discussed by Ward: an interested reader is

referred to Ward's paper.
A similar result can be derived involving Legendre polynomials. If
J(1) is defined at each point of the positive real line, then the function

e" "V, th>1)
may be expanded as a Fourier-Legendre series
Y aPix), (x=1-2" (3-12-8)

where the coefficients are given by the formula
1
=+ i)f SR (x) dx

=(n+ l)f: f(e "Py(1 — 2¢7") di.

Making use of Murphy's formula’

Z(JL("""+ D (1l -x
(r)? 2
we see that
n+ 1) Z( n)’(:')zt” Jth + ). (-12-9

!Sec, for example. sec. 15 of Sneddon (19615).
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Hence we have the inversion theorem

fa)y=e" " Y qP(l - 27 (3-12-10)
n=0
with the coefficients a, given by the formula (3-12-9). This formula is
useful when the transform f'is known at a discrete set of points.
An inversion formula of an entirely different kind has been established
by Post (1930). We first define an operator L, , by the equation

L flp) = (= DR x)k/x (3-12-11)

For all positive values of x and for positive integral values of &, Post’s
inversion theorem states that if fe L(0,R), for every R > 0. and if the
integral defining fi p) converges for some p. then for x > 0,

£ = lim Ly Jip). (3-12-12)

For the proof of this theorem the reader is referred to Post’s original
memoir or to Chapter VII of Widder (1941).

Post’s inversion formula is only applicable if we have an explicit
expression for the k-th derivative of f(p). It is analogous to the
Maclaurin formula a, = f™(0)/n! for the coefficients of the power series
expansion 3 a,x" of the function f(x), and is of great significance in
theoretical investigations on the Laplace transform.

3-13 TAUBERIAN THEOREMS

We saw in sec. 2-7 that the behavior of a function f{1) in the neighborhood
of the origin is, in some sense, reflected in the behavior of its Fourier
transform F(Z) as || — 2. That there is some such relation between a
function and its Laplace transform—at least for a restricted class of
functions—is obvious from an examination of the behavior of the Laplace
transform of the polynomial

) = }: c,—:—'. (3-13-1)

r=0

From equation (3-3-2) we see that

Tipy = £Lnwyp) = ¥ ep™ (3-13-2)
From these equations we deduce immediately that

lim pfi(p) = lim f,(1) (3-13-3)
p—x 1~0+



THE LAPLACE TRANSFORM 185

(since they are both equal to the constant ¢g). and that
tim p"* fu(p) = n! lim 1~(1) (3-13-4)
-0 —~x

(since they are both equal to the constant c,).
That the relation (3-13-3) holds for functions other than polynomials
is obvious from an inspection of the transform pair

p— = ______p
fi)y =cost.  fip) P
which obviously satisfy the relation

’!Ln; pfip) = f0+). (3-13-5)

We notice also that the transform pair

(1 =1-e", =7
4 ¢ ﬂp? plp+ 1)
satisfy the relation
Jim, plip) = flx) (3-13-6)

analogous to (3-13-4).
Sufficient conditions for the validity of equation (3-13-5) are given by:

Theorem 4 [f the function f(1) satisfies the inequality |f(0)| < Me™. for
all t > 0, M being a positive constant,

Jim pf(p) = f10+).

To prove this theorem, we suppose that p is real and that
p>2+ 0. 0> 0. Then by a simple change of variable in the defining
integral for f{p), we find that

pllp) = L * fixiple™ dx
so that we may write
PIP) = f0) = [* {Aixip) = fi0)}e~= dx

and then put it in the alternative form

PPy = f(0) = I, + Iy,
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where

b [Msp) - foverdx, ho= [T ) - f10))e de

with R a positive number whose value is not yet prescribed.
By the hypotheses on f{#) and p we have that

5 xx
|fxip)| < Mexp (— m)

so that
x ax
<M J; exp (—;—;» )dw

2 2R
= (l + 3) Mexp(—;—-—+ 5)

Qi

j Six/p)e™* dx
R

from which we deduce that

2 -R
< (l + (5) Me
and hence that

L) < {(1 + g)M + |,/‘(0)]} e R,

From this inequality it is obvious that for any prescribed positive constant
¢ we can find R, such that

|} < 3¢, R > R,.

Jv‘ J(x/p)e * dx
R

Having fixed R, we now choose p,(¢) so large that

[fixip) = f(0) <de, p>p. O<x<R

and hence that
R
< %ef e dx < de
o

Consequently for p > p,(¢) we have

[pflp) —~ 10) < &
which establishes the theorem.

Similarly, sufficient conditions for the validity of equation (3-13-6)
are given by:
Theorem 5  If the function f(t) is bounded for all t > 0:

A} < M.
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and the limit
Jim fi) = fix)

exists, then

lim pfip) = flx).
0+

To prove this result we note that we may write

pip) - flocy =14 + 1,

where

187

b= " ) - fxse s, L= [T U~ foo)le dx.

By the hypotheses we have
L] < 2 [ emxdx = 2M0 - &)
so that we choose a value R, of R such that
I < e, R = R,.
For this value of R choose p; to be such that

fixip) - i) <de. O<p<p, x>R,

and hence

L] < gsf" e *dx < e
R
From these inequalities it follows that for 0 < p < p,,
lpfip) — flx)| < &

thus establishing the theorem.

As a corollary to this theorem we deduce that if f{1) — 0 as r — ¢,

then

lim pfip) = 0.
pO+

Similarly, if 7(¢) also tends to zero as 1 — oo and it is known that 0) is

finite, then
Jim p2(f (0;p] =0

which. because of the assurption on f(0) is equivalent to
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where (7) denotes the binomial coefficient. then by equation (3-2-3) we
deduce that

L[L)ip] = Z (f)(‘ et = %(L;"l)

r=0
Making use of the rule of manipulation (3-3-6) we obtain the equation

1 p — b\
-1 (2bt): = |
Lle L, (2b1):p] e b(p " b) .

If, therefore, we take

- ! p— b\
= e ML, (2b1), (p) = — (222
(1) = "L, (2b1) o.(P) Py b(p " b)
in equations (3-12-1) and (3-12-2) we find that the function

1O - b\
fip) = P DI (::‘17:) (3-12-4)

is the Laplace transform of the function
fiy=e™Y a,l,(2b1) (3-12-5)
n=0
Tricomi's method of determining & ~'[ f(p): ] consists of the follow-
ing steps:

(a) Given the function f(p), we make the substitution

l+a
=h{—)
? (l = o)
(b) We manipulate the resulting function of ¢ to give the expansion

Ay n
fip) = 55 a,6".

n=0

(¢) Weinterpret the original function f(t) = £~ '[fip):1] as the series
) = }:o a,B,(bt)

where the functions B,(x) are defined by the equation
B, (x) = e”*L,(2x). (3-12-6)
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where
n=1 ’

S(t) = Z c.'—

rt’

¢, =/"0)

r=0
and there is a positive constant 4 such that
[R(D| < At*/n!
Then
J:{ﬂl) — S,(1)}e™ " dl, < A f"—:e"" dr < %J‘: 1"e” P dr

on
-n-1

Also by the hypothesis on f(1)

-rﬂt)e"’ dt

e-(p—m

@
< Mj e gy =
[ p—x

and
f: S,1)e” " dt = e " J‘w S,(1 + v)e " du.
t [1]
Now

o =1 r x
Sn -pt = 2 _____c_'_____ r—s 1, pt
J; (t + v)e P dt Z Ty 4 J:) e " dt

r=0s=0

-1
= (r — M ps+1
r=0 3=0 (r 5)])
so that

fx Sa()e P dt = O(p~te~?).
Hence, writing
Fipy = Sp) = fo (AN ~ Sy (le " di + f ® frye™ ™ di

- J:” S,(Ne™ ™ dr

we see that
Apy — 5,(p) = A(p™"") + O(p te?).
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Since

S =Y op!

r=0

the theorem follows.

As an illustration of the use of this theorem we shall derive the
asymptotic expansion of Erfc(x).

If we take

) = Erf(r)

then it is easily shown that

r=-1 _ 2r+1
Sy =2n"# Z il S

o+t
= + 1

and hence that

n-1
S(p)=2n7} Z (= @)

r p¥tY

rs0

Using the duplication formula for the gamma function we see that we can
write this in the form

"'Z' (=T + )

i
S..(P) = - (%p)27+l

p

r=0

From equation (3-6-9) we sce that, in this case,
np) = p“e“"Erfc(%p).

Writing p = 2x. we obtain the asymptotic expansion

- 32
el

] C (=17'd),
Erfe(v) ~ Z——t,—— (3-13-9)

£

3-14 ORDINARY DIFFERENTIAL EQUATIONS

In this section we shall illustrate briefly how the properties of the Laplace
transform may be exploited to obtain the solution of certain simpic types
of ordinary differential equations.
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3-14-1 INITIAL VALUE PROBLEM FOR A LINEAR EQUATION WITH
CONSTANT COEFFICIENTS

We begin by considering the solution of the differential equation
Ly =fix), x>0 (3-14-1)

in which L denotes the linear differential operator with constant coefficients
defined by the equation

dy “ty dy
Ly:a,-;;+a,,_,;1;,_—,+"'+alz+aoy. (a, # 0).
(3-14-2)
We shall assume that the coeflicients aq.a,, . . . ,a, are all real.

First of all we consider the solution of the equation (3-14-1)
satisfying the initial conditions

¥2(0) = 0, (r=01,...n-1). (3-14-3)
We see from equation (3-4-4) that for any function satisfying the initial
conditions (3-14-3)

¥ [g;p] =p¥p. (=0l .. .. ")
where y(p) = £[y(x):p]. so that taking the Laplace transform of both
sides of equation (3-14-1) we find that

Alp)i(p) = Jip)
where A(p) denotes the polynomial' defined by the equation

Ap =Y ap (3-14-4)

r20

Solving this equation for 7(p) and making use of the convolution theorem
we see that the solution of this particular initial value problem may be
written in the form

px) = J'o *fw)Gx — u) du (3-14-5)

where G(x) is defined by the equation

Ty BN 144
Gx)y=% [A(p)'p x]A (3-14-6)

1The polynomial A(p) is sometimes refcrred 10 as the characteristic polynomial of the linear
differential operator L.
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The function G(x), defined by equations (3-14-6) and (3-14-4) is called
the Green's function of the initial value problem of the equation (3-14-1).
It can be thought of in a slightly different way. Suppose that y = g(x) is
the solution of the differcntial equation

Lg = H(x), g0)=g@©0)="--=g"""0 (3-14-7)

in which H(x) denotes the Heaviside unit function. then its Laplace
transform is given by the equation

Ap)g(p) =p~!
which shows that

| .
G(p) = A PrE(p)
and hence that
G(x) = g'(x). (3-14-8)

For example. the solution of the equation
dzy 2 ’
=] + o’y = flx), y(0) = '(0) =0 (3-14-9)

is given by equation (3-14-5) with
G(x) = L7 [(p? + 0¥ ;x] = 0™ 'sin(wx)
that is. is given by the formula

y(x) = lj fW)ysin {w(x — 1)} dr. (3-14-10)
w Jo

The same result is obtained by observing that the initial value
problem

2
d—% +olg=Hx), g0 =g©=0
X
has the solution

gx) = 2L [p7'(p? + 0H '5x].
Since

1 _ p

PP+ wd) wlp pl+ @l

it follows that

g(x) = 0~ 2{1 = cos(wx)},
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and hence from (3-14-8) that
G(x) = o™ 'sin(wx)

as before.
We complete the solution of the differential equation (3-14-1) in the

general case by considering the homogeneous #-th order equation
Ly=0. (3-14-11)

in which the operator L is again defined by (3-14-2), and the function y(x)
satisfies the initial conditions

Yy =y, m=01...n-1 (3-14-12)
Yo¥1+ - - - .¥a_; denoting arbitrary constants. From (3-4-4) we find that
d';' r—1
rl| = : = p'v - r-m-— 1‘
[dx' l’] Pp) ...Z;) YmP

Hence we find that
ZLy:p] = Ap)§(p) — ¢(p)
where @(p) is defined by the equation

o(p) = i

r=0 m=

r—1
Yap !
1]

and i§ obviously a polynomial of degree n — 1 in p. The transform of
equation (3-14-11) is therefore

. ¢(p)

fp) = 28 3-14-1
p Alp) ( 3)

For example, if A(p) has n simple zeros p,,p,. . . . p,. so that

A(p) = aglp = py)p — p2) - - - (P —p.)

in which p, p, , are all distinct. then (3-14-13) can be rewritien in

the form
~ C,
F(p) = Z &
Lp-p
where ¢,.¢;, . . . .c, are real constants. In this case the solution of equation

(3-14-11) is of the form

yx)= ¥ cer*

raj
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showing that to each simple factor p — p, in A(p) there corresponds a term
¢ e

in the general solution.
If there is a multiple factor (p — p,) in A(p), then in the partial
fraction expansion of §(p) we get terms of the form

WP =P) v ap=p) T+ +p = p)T!
which, in turn, lead to the terms
(N + Tx + 0+ Txd7 Her™

in the general solution. The constants y, are related to the I, by the
equation

_

ST (s =N

In general the coefficients of the linear differential operator are real,
so that if the zeros p,.p,. . . . are all real then the constants ¢, (or I})

in the above solutions will also be real. If the zero p, of A(p) is complex it
can be written in the form

pr = ;'r + f(L),..

then, since the coefficients g, of the polynomial A(p) are assumed to be real.
there will also be a zero 2, — iw,. In the partial fraction expansion for
F(p) these two zeros will lead to a pair of terms

a, + B,

p—A —iw, p—4Ai +iw,

which can be written in the form

(p — 4)A, w,B,
(p—-iY+o2 (p-4i)P+ae?

and hence lead to a pair of terms

{A,cos(w,x) + B,sin(w,x)}e**.
Similarly a factor in A(p) of the form

[P = 1) + 2]
leads to terms of the form

(Ao + =+ + A, o1 x% e cos (w,x)

+(Bo+ B, x+ - -+ B,,,_lx"')e"" sin (w,X).



THE LAPLACE TRANSFORM 195

If. therefore, we wish to find the general solution of a homogeneous
equation with constant coefficients we need only examine the zeros of the
polynomial A(p).

As examples. we have:

Example Find the general solution of

d’y 5 d*y dy
dx? dx?  dx
Here A(p) =p* =2 ~p+2=(p+ 1)Xp — 1)(p — 2) so that
the zeros of A(p) are — 1, 1,2 and the general solution is

+ 2y =0.

p(x) = c,™* + c,6° + cye?n.
Example Find the general solution of

d* d?y

;“-2334-)7:0.

Here A(p) = p* — 2p? + 1 = (p — 1)(p + 1)> so that the general
solution is
y(x) = (c; + c3x)e* + (3 + ¢ x)e™*.

Examptle Find the general solution of the equation
d*y d*y d%y dy
~—Z ~4-5+8-—5-8—+ 4y .
o e tga gty =0
Here A(p) = {(p — 1)* + 1} s0 that the required general solution is
y(x) = {(c, + c3x)cosx + (€3 + c X)sin x}e*.
On the other hand if we wish to find the solution of an actual initial
value problem it is usually simpler to use the method of the Laplace trans-

form rather than to remember formulae of the above type and then to
determine the values of the constants involved. As an illustration we have:

Example Find the solution of the differential equation
d? dy .
E’—‘;—+6£t-+9yasmx
which satisfies the initial conditions y(0) = 1, y'(0) = 0.
Since in this case

d?y _ dy
.Y’[dx—-——'; :] = ,,Iy(])) - P g[d‘;',’] = p}f:(p) -1
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we see that the Laplace transform j(p) of the required solution
satisfies the algebraic equation

PF(p) — p + 6lpi(p) — 1} + 99(p) = (p* + ™"
which has solution

p+6 + 1
(p+37 (PP + ip+3P*

Now it is easily shown that

Wp) =

p+6 1 + 3
(p+3* p+3 (p+3
so that

1 _3 +1 1 13-4
PP+ D(p+3* S0p+3 10(p+3° 50p+1
so that

53 1 31 1 13-4

_v(p)=§6p + 3+ 10(p + 32 TS0pT At

Inverting this formula we find that the required solution is given by the
equation

1 1 .
y(x) = [2—3 + %x] ™3 - 0 (3cos x — 4sinx).

3-14-2 TWO-POINT BOUNDARY VALUE PROBLEM FOR A LINEAR
EQUATION WITH CONSTANT COEFFICIENTS

In a two-point boundary value problem we have to find the solution of
a differential equation of the n-th order satisfying r conditions at the point
x = 0. say. and the remaining n — r necessary conditions at the second
point x = a. say. For instance, we might wish to find the solution of the
equation

d3y d*y dy

AL AR B A — oy = -

e R R N 0 (G-14-19)
satisfying the conditions

yo =0 0 =1 y1)=0. (3-14-15)

We use the Laplace transform method by assigning arbitrary values
to the n — r derivatives not specified at x = 0 and then, from the general
solution so obtained, determine the values of these constants by fitting the
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conditions at the point x = a. To illustrate the method we shall derive the
solution of the two-point boundary value problem described by equations
(3-14-14) and (3-14-15).

In this case we assume that »"(0) = ¢ so that

d’y .
ol [Zx%‘l’} =p*i(p) = c = p,

d’y. 2z dy_ -
& [2.7‘”] =p¥F(p) - 1, Y[E.p] = py(p)

and hence we find that 7(p). the Laplace transform of the solution,
satisfies the algebraic equation

(P~ —p+Dip)=p+c+1
We therefore have the equation

p+c+1
@+ Dp-p=2

¥p) =

This can be written in the alternative form

Fpy=dep+ D7 =+ 3} p - D7+ +509(p~2)
which 1s equivalent to the solution

y(x) = $ce™ — (1 + $)e™ + (1 + fo)e?™. (3-14-16)

To satisfy the condition y(1) = 0 we must therefore choose the constant ¢
to be such that

oot — (M +c)e + (1 + J)er =0
1.€.. we must choose ¢ to be given by the equation
6(’2
———— e 3-14-17
e — H2e + 1) ( )
The required solution is thereic ¢ given by equations (3-14-16) and
(3-14-17).
The method can be applied when, instead of knowing the value of
y(x) or of some of its derivatives at a second point x = 4, we know its
behavior as x - . We may illustrate the method by:

Example Find the sofution of the differential equation

dzy dy
e e - =0
a2t ix 2
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satisfying the initial condition y(0) = | and the limiting condition
yx)—=0as x — .

In this case we do not know the value of »'(0) so we ascribe to it
the value ¢. The differential equation is then transformed to the
algebraic equation

PP+p=-20Fp)=p+c+1

showing that

When we expand this in partial fractions we cannot have a term in
(p = 1)~ because this would lead to a term proportional to e* in the
solution and this would cause y(x) to tend to infinity as x — oc. Hence
the numerator must vanish when p = 1, i.c., we must havec + 2 = 0,
or ¢ = —2. Hence, we have

S(p) =
NM—F+

ral

so that the required solution is

y(x) = e7 .

3-14.-3 LINEAR OIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

The method, outlined above, of solving ordinary linear differential equations
with constant coefficients by means of the Laplace transform may be
modified to provide the solution of certain linear equations with variable
coefficients. We shall illustrate the procedure by finding the solution of the

equation
d*y
2 _ X _xy=0
o= B v
satisfying the initial condition y(0) = 0.
In this case
d?y _ ,
4 [d;zil’} = p*¥(p) - ¥yO)
so that

dy d
-7'[«\’&?,1’] =% {P*5(p)}.
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Also

dy _ dy
y - = ) Ve = - —
[ d\"p] pr(p), £{xy;p] ™

so that the Laplace transform ¥(p) of the required solution satisfies the
first-order equation

d Py B day _
p {p*F(p)} — V(D) + i 0
dy
2 _— — Vi -
(p 1} p + 3p¥(p) = 0.

It is easily shown that the solution of this equation is

Fp) = c(p* — )7}
where ¢ denotes an arbitrary constant. Hence the required solution is
¥x)=c&L '[(p? = N7ix] = exly(x)
where /, (x) is the modified Bessel function of the first kind of order unity—
compare equation (3-7-11) above.

3-14-4 SIMULTANEOUS DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

The method of the Laplace transform can also be applied to simultaneous
differential equations with constant coefficients. We illustrate the procedure

by an example:

Example Solve the differential equaiions
¥—x+y-—y=0, -2 - 2x+y—y=¢""
subject 1o the initial conditions
x(0)=0, 0= -1, pO)=1 y0 =1

(Here we are using the notation x = dx/dr, etc.)

Taking the Laplace transform of both sides of the equation and
writing X(p) and y(p) for the Laplace transforms of x(t) and y(r)
respectively, we find that they transform to
PP+ 11— +pF—-1~-7=0
i =W+ pW —p—1l—F=(p+ 1!
which may be simplified 1o

Hp) = —(1 + p)x(p)
(p~DFHP) ~2%(p) =1 +(p+ 1)?
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with solution
1 1
Pr4+l (p+ DA+l
p+1 1
Tt TN T
pi+l (p+ Dp*+ D)

X(p) =

¥(p) =

The right-hand sides of these equations may be expanded in partial
fractions to yield the expressions

75 P S B SR N

Pt +1 P+l fp+ 1y p’-s—l’
0 =1 P ...._l._ _l.._

from which we deduce the solution

x(r) = $cost = sint = (1 + ne™!
y(1) = dcost + 3sint + Je7".

3-14-5 AUTONOMOUS LINEAR SYSTEMS

An autonomous linear system of ordinary differential cocfficients may be
written in the matrix form

d.
DAy 4. (3-14-19)
dx

where y and n are column vectors

»i m
Y2 L}
‘. _— . " —_— .
Va Ma
NisM2s - - - M, being constants and 4 is an 7 x n matrix (@;). If we write
Fi(p) »1(0)
- ya(p) ¥2(0)
¥(p) = : = :
Ya(p) ¥.(0)

then the Laplace transform of the vector equation (3-14-19) is

pPF(p) = AF(p) + p~'n + y(0)
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with solution
Hp)=(pl = A H{p "'m + y0)). (3-14-20)

The solution to the original system is then found by an application of the
inversion theorem for the Laplace transform.

As an example we shall consider the solution of the set of simultaneous
ordinary differential equations

dv,
dx
dys
dx
dy

:{3=}'1 + 3y~ s

= 2_"1 - 2}’1 + 3_"3

= +r+r

satisfying the initial conditions y,(0) = 1, y,(0) = y;(0) = 0. In this case
n = 0and

p—2 2 -3 1
pl— A= -t p-1 ~-11, y0)y =101,
-1 -3 p+1 0

The determinant of the matrix p! — 4 is easily shown to be
D=+ 2(p—-NDp-13)

and
P-4  _2p 47 3p—5
(pI-A)'=D""Y p+2 p*—p-5 p+1
p+2 Ip~-8 pt-3p+4
so that

Fp) = (pl = A)~'W(O)

p: -4 (p=2p~-D'p-3"
=D0Mp+2i=l (p-Dp-I!
p+2 (p-DYp-3"!

Using the Laplace inversion thcorem we obtain the solution
3 + e~
_"(X) = i ‘,3: — ex
e.): - e*
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3-15 PARTIAL DIFFERENTIAL EQUATIONS

We illustrate the application of the Laplace transform to the solution of
partial differential equations by considering the solution of the diffusion
equation in certain circumstances.

3-15.1 THE DIFFUSION EQUATION IN A SEMI-INFINITE LINE
We begin by considering the problems discussed already in sec. 2-16. In
that section we transformed the equation

2

20 1480

— = — 3-15-)
&t oKk ét ( )

by integrating both sides of this equation with respect to the space-variable
x; in this section we take the Laplace transform with respect to the time 1.
If we write

fxp) = L[0(x.t).1 — p]
then, if we assume that 8(x.0) = 0, we find from equation (3-4-4) that

&t

It follows that the transform of (3-5-1) is

.20-
;_F = '_':z;_ (3-15-2)

0
£ [f—;t —»p] = pl(x.p).

If we wish to find the solution in the semi-infinite line x > 0
satisfying the boundary condition

80.0) = flr), (>0 (3-15-3)
and the limiting condition

8(x.r) = 0, X —
we note that the transform J(x,p) must satisfy the conditions

00p) =f(p). O(xp)—0, asx-x,
so that the appropriate solution of (3-15-2) is

B(x.p) = fip)e™*vwim), (3-154)

Making use of the convolution theorem we see that

0(x.0) = fo Fg(xa — u)du (3-15-5)
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where »

g2(x.0) = _‘f“[e'x-l':xi;p N l].
From equation (3-2-14) we find that

) = | — x2;4xt
glx) N

so that the required solution is

1 ' x? du
0(x,l) = m Lﬂu)exp[—“x(' = u)]'(( — u)i. (3-'5-6)

It will be noted that this is in agreement with equation (2-16-33) obtained by
taking the Fourier sine transform of equation (3-15-1).

For the calculation of 6(x.r) corresponding to particular forms of
Ar) it is often easier to make use of equation (3-15-4) than of equation
(3-15-6). To illustrate this point we consider two special cases:

Case (i) 0(0.1) = 8,(T/tW¥. with 04 and T positive constants.
In this case
f(p) = 0,TEL[174:p] = B,(nT/p)t.

so that equation (3-15-4) gives the expression
0(,\’,[)) - ()o(n'r)ip'ie“xv'wm

for the Laplace transform of the solution 8(x.t). If we make use of
equation (3-2-13) we obtain the solution

0(x,1) = Oo(T/tyte 4, (3-15-7)

Case (ii) 0(0,0) = 0,, a constant.
In this case

Jip) = top~'

s0 that
J(X,p) = oop— Lo~ 2dtoix)

From equation (3-6-17) we then deduce the solution
0(x.1) = OErfc(dxx~4174),

To return to the general case: we now consider the case in which
0(x, 1) satisfies the same conditions as before except that equation (3-15-3)
is replaced by the condition

F
o 0(0,1) = f(1). | (3-15-8)
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The problem. then. is to solve equation (3-15-2) subject to the boundary
conditions

(ﬁit dop) = fip, Bixp) =0, x—x.

We therefore obtain the expression

Oixp) = —xM(p)p~te 0
which leads to the solution (3-15-5) with

glxa) = =1L [pTle v ip (]
From (3-15-7) we deduce that

glxd) = —(x/ar)te ¥4, (3-15-9)
The required solution is given by (3-15-5) with the function g(x.¢) given by
(3-15-9)—in agreement with equation (2-16-35).

3-15-2 DIFFUSION IN SLABS

We now consider the solution of the diffusion equation (3-15-1) in the
slab 0 < x € a. We shall consider the solution 8(x.7) satisfying the
boundary conditions

00.1) = (1), O(ar) = 0, (r > 0) (3-15-10)
and the initial condition

0(x.0) = 0. 0 <€ x<a) (3-15-11)

Because of (3-15-11) the Laplace transform of the linear diffusion equation
again takes the form (3-15-2). The transformed boundary conditions are
Oxp) =f(p). Blap) =0 (3-15-12)

The solution of the two-point boundary value problem posed by equations
(3-15-2) and (3-15-12) is easily seen to be
sinh {(a — x)\/(p/x)}

sinh {a/(p/x)}

0(xp) = flp)

The solution of the problem is therefore given by equation (3-15-5) but now

sinh {(a = x)/(p/x)}
sinh {a{/(p/x)} N And A D 0O<x<a

gix.ty =" [

Regarded as a function of the complex variable p, the function §(x.p)
isa single-valued function with polesatp = p, = —~wn’na’.(n = 1,2....)}
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!
M
‘/Rep =c
Pa Py
Pavil P 1s) —
—

Fig. 3-17

We consider the integral of g(x,p)e” round the closed contour of Fig. 3-17,
where LM is parallel to the imaginary axis in the p-plane and is at a
distance ¢ from it. and the radius of the circle MNL is equal to

kn + }yn?/ad.
Letting n — a6, we can easily show that the integral round the circular arc

tends to zero so that g(x.r) is equal 10 the sum of the residues of the
integrand at its poles. The residue at the pole p = p, is

sinh {{a ~ x)/(p,/x)} put
[d/dp sinh {a\/(p/x)}], .

and it is easily shown that this residue is

2kn . [nax ,
=g nsin| —= ] e~
a a

so that we have the equation

2xn - :
gix.a) = Z nsin (ﬁ’E) o mimikial
“a? ‘ a

If we substitute this expression for g(x,r) into equation (3-15-5) we
obtain the solution

O(x.t) =~1£Z (t)sm( ) (3-15-13)
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with

' 2.2
boll) = nJ‘ f(u)exp[-" :, - u)jl du. (3-15-14)
0

For example. if 8(0.1) = 0,, a constant, the corresponding functions
h,(1) are given by the formula

a0,

hn“) P ___i_‘m(l - e-'nlxlxunx)‘
nikn
so that -
0xt) = 20, Z Lo = emmmmaratygin ("—”5). (3-15-15)
n n a

n=1
3-15-3 DIFFUSION IN CIRCULAR CYLINDERS

We now consider a simple problem on the axisymmetric diffusion of heat in
a cylinder of radius «. The method of solution is similar to that discussed
above in the case of diffusion in a finite slab. but is included here to afford
a comparison with the solution of the same problem derived by means of
the theory of finite Hanke! transforms (see sec. 8-3 below).

If 6(r.t) is the temperature at a point distant r from the axis of the
cylinder, at a time £, and if x is the diffusivity of the material of the
cylinder, then we have to solve the partial differential equation

2 A 5

%24-;%?:-%%, (r>200<r<a. (3-15-16)

We shall suppose that the surface temperature is prescribed:

Oan) = fin, (1>0), (3-15-17)
and that, initially, the temperature of every point of the cylinder is zero
0(r0)=0, (@©O<r<a) (3-15-18)

From equations (3-4-4) and (3-5-18). we see that

éo
L' [;.,;.l - p] = pO(r.p),
where
A(rp) = L[0(r1);t - p].

Hence the Laplace transform of the temperature satisfies the simple
boundary value problem

é’0+l@(f P
érr rdr K
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with
Bap) = f(p)
and O(rp) finite when r = 0t. The solution of this problem is casily seen
to be
lo(r/p/x
Bo.p) = Ry 2o/l
lolay/p! ")
Using the convolution theorem for the Laplace transform we obtain
the solution

f(r.1) = J:f(u)g(r.l — u)du (3-15-19)

where
I (r. /p/;\
glrit) = [ 2 l]
lo(a\/l'/h)

From equation (3-11-6) we deduce that

0<r<a

- "\E‘ Jolrsa) e
glr.e) 4‘., @)’

so that. if ¢, are the positive zeros of Jy(af).

o) = =Y 1), Jolry) (3-15-20)
a

3y (ag,)

L]
where the coefficients ¢,(r) are defined by the equation

o) = f;f(u)e"“"l""" du (3-15-21)

3-16 INTEGRAL EQUATIONS

The Laplace transform provides a useful tool for the solution of integral
equations of Volterra type in which the kernel K(x.7) is a function oft — x

alone. :
We begin by considering equations of the first kind

f "fK(U — x)dx = g(), (1> 0) (3-16-1)
o

withg(0) = 0.

tHere we make use of the physical condition that 0(s.1) -and hence §(rp)—canNNOL be
infinite along the axis, r = 0, of the cylinder.
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Taking the Laplace transform of both sides and using the convolution
theorem we have the relation

A K(p) = g(p)

which may be solved to give the equation f(p) = g(p)/K(p). It usually
happens that &~ '[1/K(p):x] does mot exist. When this occurs but
£ [1/pK(p); x] exists we write

Ap) = pg(tpL(p) (3-16-2)

for the determination of the Laplace transform of the unknown function
J(x) in terms of g(p) and

Lip) = [pK(p]~!
(Cf. the similar procedure in sec. 2-15). If the inverse transform
Lx)y= 27 '[{pR(p)}~":x] (3-16-3)

exists then we can apply the convolution theorem for the Laplace transform
10 equation (3-16-2) to obtain the solution of the integral equation (3-16-1)
either in the form

) d [*
fix) = = L gYL(x = 1) dt (3-164)
or in the form
flx) = fo g(L(x — 1) dr. (3-16-5)

For instance, if
K(x) = x7% O<ax< |
Rip) =T — a)p*!

and
Iip)= P
Lip) = ST
so that
_ x*-? _sin(an)
Lix) = ra — Qe B n ’

Thus we have shown that the solution of the integral equation

J. ({ffl‘g; =g), (>0 O<a<l, gO0=0 (3166
0 -
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can be written either as

d x
fix)y=rn"! sm(rzz)d L% (3-16-7)
or as
fix) = n” tsin (nz)f (_‘_g_(%t_; (3-16-8)

The solution of the equation

.
[ (i(i) ﬁ: =g(t). t>a. O<a<l, ga=20 (3-16-9)

is easily deduced by writing it in the form
t+a f(u + a)du

. ‘-—-——————t T a 5 gli + a)
which has solution
g(l + a)dr

= q! =
flu+a)=mn sm{mx) o(u—l)‘ 5

This. in tumn, can be reduced to the equivalent form

flx) = n"sm(m) —_ ——(’)—d:_— (3-16-10)
o (x—=1)7"

By a similar process we can show that the equation

. 1
fﬂf)_f"f_=g(t). 0<i<b O<a<l gh)=0

(x =1y
(3-16-11)
has solution
fix) = = sin(ra) -, J' _-8!"\_;‘,_’ - (3-16-12)
The solutions of the equations
! f(x) dx
e 1), < b. 0<ax<l 3-16-13
j{¢(‘,_¢‘x) =gl1) a<t a ( )
b Six) dx
— 1), <t<h, 0<a<) 3-16-14)
.[ 00 — ey ~ED ¢ : (

in which the prescribed function ¢(/) is monotonic strictly increasing and
differentiable for ¢ < ¢ < b, and ¢'(1) # 0 in this interval, can be derived
from equations (3-16-10) and (3-16-12) by a simple change of variables.
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If we put (1) = 1, p(x) = &, pla) = B, P(h) = ... flx)id'(x) = h($),
(1) = G(1), we see that (3-16-13) reduces to

T 14
J‘ ’Z!i)_‘gi =G(r), f<t<y, O<za<l

where the conditions on ¢(¢) ensure the exisience of the inverse function
t = ¢~ (1) and the fact that # < & < y. The solution of this equation is

o d ¢ G()dr
h(€) = n~sin(na) — J S Sy
© &)y €=
Returning 1o the original variables we then see that the solution of the
integral equation (3-16-13) is
1 d [* (g dt
x}) =a"tsin(na) — | —————7- 3-16-15

& ( ’dx[. 500 — A" (1)
The same substitutions reduce equation (3-16-14) to the form (3-16-11)
whence it is easily shown that its solution is

. { [* ’ d
fx) = =" 'sin(na) é;j {7’%%%}”-; (3-16-16)

For instance. if we take a = 0, p = n. ¢(r) = —cost, we find that
the integral equation

T fix)dx N "
J.DM‘S’(’)' d<t<m (3-16-17)

has solution

I d [* sin(t)g(r)dr
—_— —— 3-16-18
ndx Jo (cost — cos x)}’ O<x<n (3-16-18)

flx) =

and that the integral equation

* flx)dx
, (cost — cos x) g(1) O<tr<r (
has solution
i d sin{t)g(r) dr b<x<n 160

) = Trdx ], (cosx — cosi )t
Similarly, if we take a = 0, b = x, ¢(/) = 1% we find that the
integral equation

o
J' ('_{(.{) {_—;)’ =g, 1>0 O<a<l (3-16-21)
0 -
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has solution

d (* tg)d
f(x)=2“-35iﬂ(1n)zéj;a7%:zv)’,_—,, x>0, O<ax<l
(3-16-22)
and that the equation
*® fix)dx
2}4{—,2? = g(1). t> 0, O<ax<] (3-16-23)
1]
has solution
. d [* 1g(t)dt
Six) = "2""Slﬂ(7t1)zj F’%(._\)rz_)'t_" x>0, O0<axx<l
(3-16-24)

It can, of course, happen that for a given kernel K(x) the inverse
transform

£ [{pR(p)}ix]

does not exist. For example it does not exist if K(x) = x*. In these circum-
stances it may turn out that although this inverse transform does not exist,
it is possible to find a positive integer m such that the function

M(p) = p~™{K(p)} "
does have an inverse. If it is known, in addition, that
g0)=0, (r=01,....m=1), (3-16-25)
then we can solve the equation (3-16-1), by writing
fip) = p™g(p)M(p)
and noting that, because of the conditions (3-16-25),
L[g"™):p) = p"8(p)
so that we deduce immediately from the convolution theorem that

fio) = fo "N OM(x - 1) dr (3-16-26)

where the kernel M(x) is defined by the equation
Mx) = £ '[p~™{K(p)}":x]. (3-16-27)
For example, if we are considering the integral equation

J:u S X)) de =g(t), (1 >00<a<l)  (3-16-28)
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in which m 1s a positive integer and g(x) is a prescribed function satisfying
the initial conditions (3-16-25) then

K(x) = xm 2!
so that

Kp)y=p*"T(m - %)

and hence
-3 a=1
M =g [ 2T 2
() [r(m - 2) t] F(@)T(m - a)

The solution of the equation (3-16-28) can therefore be written in the form
1 J‘x gim)“) dr

f(x) (3-16-29)

= T@lm =2, (x = )~

In circumstances in which the inverse transform of A(p) does not
exist although the conditions (3-16-25) are satisfied it is possible to modity
this method of solution. The modification depends on the fact that if the
conditions (3-16-25) are satisfied,

L[dn(D)g(1):p] = dulPIE(P)

where ¢,,(p) is a polynomial whose degree is equal to (or less than) m, and
D, denotes the differential operator d/dr. We can therefore rewrite the
basic relation (3-16-2) in the alternative form

7p)y = ¢, p)a(p) N(p)

where

_ 1

N(p) = ———.
P = 6 (pKp)
Making use of the convolution theorem we therefore obtain the solution
of the integrai equation (3-16-1), when the function g(x) satisfies the initial
conditions (3-16-25), in the form

) = [ NG = 06D dr (3-16-30)
where the kernel N(x) is defined by the equation
I
X)=L N ———=—1x|. 3-16-31)
N =2 [e»m(p)l«m "J (

For example to solve the integral equation

f "Jolt — D)fx)dx = g(r),  g(0) = g'(0) =0 (3-16-32)
0
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we note that
Kipy=(p*+ 07}

so that &~ '[{K(p)} ~'.x] does not exist. On the other hand

1
“ [(,TzTT)Tc*(',T)*‘] =270 + D7Hx] = L)

so that we may take ¢(p) = (p? + 1) to obtain the solution
S = [ Jotx = 0D + gty . (3-16-33)

It may be possibie to find a solution by this method even when the
conditions (3-16-25) are not satisfied. For example, suppose that we wish to
find the solution of the equation (3-16-32) when g’(0) is non-zero. Proceed-
ing as before we can write the solution in the form

fip) = (p? + D7(p* + DE(p)
=g (0)(p* + )™¥ + (p* + 1) 2 2[(D? + g(1):p).

Applying the operator £~ ! to both sides of this last equation we obtain the
desired solution in the form

f(x) = g'(0)y(x) + ﬁ: Jotx — 1}(D2 + l)g(1) dr.

Finally we consider the solution of the integral equation

Ja) + J: Jx)K(t — x)dx = g(1) (3-16-34)

where, for simplicity. we assume that g(0) = 0 and f(0) = 0. It we take the
Laplace transform of both sides of this equation we obtain the relation

Fp)(t + R(p)} = g(p).

As in the above discussion we can interpret this basic equation in a variety
of ways. Writing it in the form

~ = _—\—J*‘
Aoy = pg(pL(p). L) =

and recalling that g(0) = 0 we see that we can write the solution in the
form

fix) = J: Lix — ng'tn) dt -



214 THE USE OF INTEGRAL TRANSFORMS

provided that the inverse transform

1
L{x) = &7 o ool
® [P{l + K(p)} ]

exists.
In the special case in which the function g(x) satisfies the initial con-

ditions (3-16-25) we can write the solution in the form

1) = [ Mix = 06, (D) di
provided that we can find a polynomial ¢, such that the inverse transform

Mx) = 27 [[oa(P{1 + K(p)}]"ix]

exists.
Alternatively, we could write the solution of the basic equation in the
form

i o R(p)
= - N R N =t
Aipy = &(p) = N(p)g(p) (P =17 )
and hence the solution of the integral equation (3-16-34) in the form
, ) 4 K
X)) = - h N B T » = ! ——— .
JIxX) = g(x) L (x — tglt) di N(x)= % [1 " E(p)'x]
For example, for the equation

flx) + J:f(r)sin fw(x — N} di = g(x), (x> 0)

we have
—_ w = w
K(p) = ommees . =
) P+ w? Np) P+ o(l + w)

so that the solution may be written in the form

X)) = g(x) = gJ. g()sin{x — N}d, Q% = (] + w)
0

3-17 DIFFERENCE EQUATIONS

Difference equations arise in a natural way in physics and engineering. As
an example we consider the ladder network shown in Fig. 3-18. Suppose
that we denote the current in the a-th loop by i,, then applying Ohm's Jaw
to the (n + 1)-th loop we obtain the relation

Ryinsy + Raliney — i) + Rolizuy — ipay) = 0. l<nsN=-2
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R, R,

RJ
Fig. 3-18
This may be written in the simplified form
fy4y — 2coshaipy, — i, =0 3-17-1)
where x is defined through the equation
coshxy =1 + ZR;R’z (3-17-2)
The equations for the end loops are
Riig + Ryliy —ip) =V, Ryliy —in-1) + (R, + Ry)iy =0
and these may be written in the forms
(1 — 2cosha)ig + i, = V'R, (3-17-3)
(Ry + Ry + Ryiy = Ryiy . (3-17-4)

The problem is. of course, to derive a formula for the solution of the
difference equation (3-17-1) satisfying the end conditions (3-17-3) and
(3-17-4).

The technique for solving equations of this type by means of the
Laplace transform depends on the following method of representing a
sequence {a,} by a function a(r) defined by the equation

£

atty = Y a,S,(0) (3-17-5)
n=0
where the functions $,.5,.5,, . . . are defined by the equation
St) =H(t - n) ~HGt —-n~-1) (3-17-6)

From this definition we see that
a(t) = a,. n<t<in+1)

so that the graph of a(r) is of the form shown in Fig. 3-19.
Also, from the definition (3-17-5) we see that

alt + 1) = ioa,,{l-l(t +1=n—-H(t-n} = Z! dpSy -1 (1)
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so that we obtain the relation

a(t + ) = i a, .1 S,(1). (3-17-7)

n=0

In a similar way we may derive the relation
ait +2) = Y a,,,S,). (3-17-8)
n=0

Since
L[S(t)ip] = p~ (1 — e )"

we deduce immediately from the definition (3-17-5) of the function a(r)
that its Laplace transform is given by the equation

ap)y =p~'(1 — e ") (p) (3-17-9)

where the function {(p) is given in terms of the sequence {a,} by the
relation

{p) = zu a,e” " (3-17-10)

It is convenient also to use the notation

{(p) = 2[{a.}:pP] 3-17-1D)
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From the identities
fr a(tye ™ di = a(p) — fl a(r)e™ ™ dt
) 0
X k-1
f a(tle ™ di =p (1l —e7?) Y g™
0 =0

(in which k is a positive integer) we deduce that

k-

1
SLla@t + ky;pl=p~'d ~ e")[{(p) - a,e“"'] e (3-17-12)

r=0
and. in particular, that
Zlatt + 1):ip] = p~ (1 — e ?)e?[L(p) — dq) (3-17-13)
Plate + 2).p) = p~ (1 — e P)e?[{(p) — ap — aye” 7). (3-17-14)

From equations (3-17-7) and (3-17-13) and the definition (3-17-11) of the
operator 7 we see¢ that

Z{aps1)ip] = e?[L(p) — ao). (3-17-15)
Similarly. we may rewrite equations (3-17-14) and (3-17-12) in the forms
Z[{ap,2}:p) = €¥[L(p) ~ ap — aye™"] (3-17-16)
A-1
Z[lapnjip] = e“'[((p) -3 a,e"’]. (3-17-17)
r=0

If « is a constant, it follows immediately from the definition (3-17-10)
that

Z{{x"}:p] = eP(e? — )", (3-17-18)

Similarly, if {y,} is the sequence defined by the rule

-1'_‘. n> k
- 12 -17-19
v, {0’ 2 (3-17-194)
we find that
ZLir)ip) = e Vr(er — g)- 1, (3-17-19b)

We also observe that

Y+ a"}ip]= Y (n+ Da"e ™ = (1 —ae™?)"?

a
n=0

and hence that
20 + a"};p] = eP(e? ~ a)~2. (3-17-20)
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From this result and the relation
ka
2[ima"};pl =ae Y (n+ Ha"e™"
a=0

we deduce that

2[{na"}ip] = ac?(e? — a2, (3-17-21)
If we define a sequence [ y,} by the rule

(D" n=k,
'n = 3-17-22a
Y {0. n <k, ( )

then we have

x ®
k+ 1),
2[{y.):r] = Z (Z) e~ "yt = (___r.!,-?, e~ Hripyker

Ak /=0
= ate (1 — xe Py k!
from which we deduce that
@[{va):p] = ateP(eP —a)™* " (3-17-22)

Also from the definition (3-17-10) we deduce that for a general
sequence

) dC

2{‘na,}:p] = ~ (3-17-23)

The operator & is closely related to the operator of the Z-transform.
This latter transform is defined through the equation

at

2[{a,}:2) = Y a,z7" (3-17-29)

n=0

so that we have the relation

Z[{a,}:p] = Z{{a,}:e"]. (3-17-25)
Since the Z-transform is related to the Laplace transforrn through this
equation we see that the results obtained by the use of the Z-transform can
Just as easily be derived by means of the Laplace transform as outlined here.
Also, by means of this formula, we may make use of tables of the
Z-transform (see, for instance. Appendix 1 of Jury. 1964) to calculate

%-transforms.
We shall now use these results to derive the solutions of some simple

difference equations. We begin with the equation
Gy =aa, + f8 (3-17-26)
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n which x and B denote constants. If we write
stp) = 2[la,}:p]
it follows from equations (3-17-15) and (3-17-18) that
e?[{(p) — ao] = al(p) + PeP(e? — )71
Solving this equation for {(p) we find that

e Be? ] 1
C(p)—aoe,_1+1_ I[e"—x_e"-—l]'
From equation (3-17-8) we deduce that

i

y -

a, = aex" + 1 (" = 1). (3-17-27)

As an example of the solution of a homogeneous difference equation
of the second degree we consider the equation

Gyg — (b + €)ay,, + bca, =0 (3-17-28)

where b and ¢ denote unequal real numbers. If we apply the Z-operator to
both sides of this equation and make use of equations (3-17-15) and
(3-17-16) we obtain the relation

[¢(p) — ag — “19-']52' = (b + O{(p) = acle” + bel(p) =0
which may be solved to give the expression

. age® + ae® — (b + c)age?
{(p) = 27 r
e*? — (b + c)e? + be

Resolving this expression into partial fractions we find that

_a,—cay e ay ~ bay e
U = =7 o h b—c e’ -¢

Identifying the scparate terms by means of equation (3-17-18) we obtain
the solution
N7 Copn D Mo , (3-17-29)

a"=mh—c b—-c¢

For instance. by taking » = ¢* ¢ = ¢~%, we find that the solution of

the difference equation (3-17-1) is
sinh (n2) . _ sinh(n — 1 .
! sinha to

(3-17-30)
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where, because of equations (3-17-3) and (3-17-4), i, and i, are determined
by the linear equations

(R, = Ryig + Ryi, = V.

sinh (Nax) sinh(VN — Da| .
[‘R' PR R e TR T ek ]
_ sinh (N — D)a sinh(N = 2)a | |
- [(R' R+ Ry " sinha - R sinh « ]“"

The solution has to be modified in an obvious way in the case when
b = ¢. The equation then becomes

dyys = 2¢ap,y + c%a, =0 (3-17-31)
so that

{a.} = 27'[L(p]
where

‘) age®” + a,e” — 2cage”
o(p (e = c)z

Since the right-hand side of this equation can be resolved into partial
fractions
eP 14

dy ;—,;—:—;‘ + (4, — cap) —_—_(?" — c)’
it follows from equations (3-17-18) and (3-17-21) that the required solution
of equation (3-17-31) is

a, = ag" + (@, — cag)nc" 1. (3-17-32)
The general solution of the inhomogeneous equation
Quey — (b + Oayyy + bca, = x" (3-17-33)
in which no two of the numbers b,c,x are equal, may be obtained by adding
to the right-hand side of the solution (3-17-29) the solution a* of equation
(3-17-33) corresponding to gy = a, = 0.

Applying the Z-operator to both sides of equation (3-17-33) and
making use of equations (3-17-15) and (3-17-16) with a, = a; = 0 and
equation (3-17-18) with « = x, we find that

[e% = (b + QJe” + bcJin(p) = P(e? = x)~!
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from which we deduce that

1
b~ )b - x)c - x)

14
[(c—x) G —h -t b0 e,]

e? — b e? — ¢ e? — x

{slp) =

and hence that
e - X" + (x = b)e" + (b — c)x"
- (b - )b - x){(c — x)

a¥ (3-17-34)
3-18 THE DOUBLE LAPLACE TRANSFORM

The double Laplace transform of a function of two variables f(x,v) defined
in the positive quadrant of the xy-plane is defined by the equation

Hpg) = L[ f(x)):(p.9)] = LLTLIf(xy)ix = pliy = ¢] (3-18-1)

and hence by the double integral

fip.) = J'z f’ﬂx,y)e"‘""” dxdy (3-18-2)
o Jo

whenever that integral exists.
From this definition we deduce immediately that
L Aaxby).(p)] = (ab)~'Niplag/b), (@ >0,b>0) (3-183)
and that
£,[ flax)g(byy.(p.g)] = (ab)™‘f(pla)g(g/b),  (a > 0.b > 0)
(3-18-4)
where f(p) = £{ f(x).p) and g(¢) = £[2()):q].

In particular. we have the formula

£Lx):(p)] = ¢ ' Tp)

To evaluate the double transform of a function f(x + y} which
depends on x and v only in the combination x + y we change the
independent variables from (x.y) to (£.7) where

x=4-m y=i&+n
(Cf. Fig. 3-20). Then since dxdy = 4d dn we have

LU+ »ip)] = if:f({)dg f:ee‘!(r*ﬂc-l(rﬂq .

(3-18-5)
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¢

The value of the inner integral is easily shown to be

.__2_ (e~% — ¢~ )

P—9
so that
) |
L+ ] = o [N - 7ip] (3-18-6)
where

fipy = £Lf(n:p]

There is no such simple formula for a general function of the form
f{x — y). If. however, f(1) is an even function of 1, we have

LU = »ipa)]) = [ [ o= y)emr® ddy

+ ffqu(”f — X)e™ P (xdy (3-18-7

while if /(1) is an odd function of 1, we have

LU = 0:p@] = [[ fix = e dxdy

- _UQ Sy — X)e™ P70 dxdy (3-18-8)

where Q; and Q, are the infinite wedges shown in Fig. 3-21.
If we make the substitutions

=3¢ +n. y=i-9
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Fig. 3-21 ¢

(again see Fig. 3-21), we find that

‘H‘ Six = y)e P U dxdy = %J‘a &) dé j‘ o™ ak-dpran gy
) 0 2

- f: fleye de

it

P+yq
On the other hand if we make the substitutions

x=3n-9. y=in+

we find that
Jj f()’ - X)e‘l"*q’d_xdy = 5JﬂC)d;'j e Ya-pR-3ptam df]
Q: Py :
l e
= - e * A
P +4q L K .
it

Tp+yg
From equations (3-18-7) and (3-18-8) respectively we see that if f(u) is
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an even function of u,

. 1
Lx - »ipg] = Yy Uy + ) (3-18-9)

while if f{v) is an odd function of u,

L[ flx = MNipg)] = Py 7 - . (3-18-10)

Another formula of some interest is

L(x)H(x - y)i(pp] = j‘ S(x)e=?* dx J‘x e~ dy
0

0

l ®
i} J flx)ie™? — &7t} d
9J)o
which can be written in the form
|
2L Hx = »)i(pg)] = p {ipy = Jip + 0} (3-18-11)
Similarly

LS H( - ¥i(pg)] = J' fx)e™P* dx J‘m eV dy
0

, £y
= - 3 )(,—(phnx dx
[ e
which can be expressed as the formula
. ) |
L[ fOH(y = x):(pg)] = ‘-l]'(p + 9. (3-18-12)
The similar formula
1
L[ fOHE + »)i(pg)] = ’;f(p)
is trivial—it 1s merely a restatement of equation (3-18-5).
As a special case of (3-18-11) we take f(x) = 1. f{p) = p~ ', to obtain
L {H(x - »ipg)] = — (3-18-13)

There are formulae for the double transforms of partial derivatives of
a function of two variables which are straightforward analogues of the
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results of sec. 3-4. For example. from the definition of &, we have

cu ® * éu
—t - -qy o - px
A [E.t W /hq)] L e~V dy J; ¢ dx

= f e dy {pj u(x,v)e " dx — u(O.y)}
o o

so that we have the formula

£, [%;(p.q)] = pi(p.g) — i, (q) (3-18-14)
where
#pg) = LL[ux))pg).  iiy(q) = L[u0.y):q].
Similarly we can derive the relation
(3-18-15)

lu _ _
%, [E‘}‘”’“”] = qu(p.q) ~ u(p)
where u(p,q) has the same interpretation as before and
i(p) = £ [u(x.0):p].

Higher derivatives can be dealt with in a precisely similar way. For
example, it is easily shown that

& &2u
&z, [ﬂ“}@'(l’«.‘l)] =Y [-‘f {;ﬁa) i (I} S l’]
u
=Z|gL {5y = qp — u(x0);x = p
‘x

é
= 4%, [Egz(p.q)] - puy(p) + u(0,0)

since
Cu(x,0) R
& [ “;ﬁfﬂp] = piiy(p) — u(0.0).
Substituting into this last equation from equation (3-18-14) we obtain the
result

ez
-‘t’[&;;:(lf.q)] = pyill p.g) — qi(g) — piy(p) + u(0.0). (3-18-16)
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In an exactly similar way we can show that

42
£, [:;\g;(p.q)_l = pli(p.q) — pii\(q) — it3(q) (3-18-17)
Vt’zu } 2= _ -
7, aapa) | =4 U(p.g) — qiiy(p) — Gyl p) (3-18-18)

where i@,(q) and i,(p) are defined above and i,(g) and d,(p) are defined
by the equations

ay(g) = LLu0,0):49] iig(py = Llulx.0):pl.

There is also an obvious generalization of the convolution theorem,
We define the two-dimensional convolution by

[ang = fox ds J: f(s,)g(x — s,y — t)dt (3-18-19)

and it is readily shown that

L[/ (pg)] = p.2(p.q). (3-18-20)

Tables of double Laplace transforms can bc constructed from
standard tables of Laplace transforms by means of equation (3-18-1), or
directly by double integrations. Extensive tables are given in Ditkin and
Prudnikov (1958) but the reader should note that these authors list the form
of F(p.q) = pqfip.gq)—not that of fip.q).

A result which is used in the application of the double Laplace
transform to the solution of partial differential equations is that if the
function

u(x.) = £, Wipg)ix,)]

is to be analytic, the image function ii( p.¢) must be an analytic function for
all values of p and ¢ in the region defined by the inequalities Rep > 2.
Reg > B. where 2 and f are suitably chosen (real) constants. We use this
condition to remove a difficulty which is peculiar to this method of solving
partial differential equations. To derive expressions for the double Laplace
transforms of some of the terms of the differential equation it is sometimes
necessary to introduce more boundary (or initial) conditions than the
problem demands. We use the condition that the function f{p.q) must be
analytic to derive “conditions of consistency™ by means of which we may
determine the forms of the extra functions we have introduced.

To illustrate the procedure we consider the problem of determining.
in the positive quadrant. the solution of the partial differential equation

D (3-18-21)
ox @y
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satisfying the boundary conditions
w(x.0) = a(x), x> 0.

We know from the theory of first-order partial differential equations that
these conditions are sufficient to determine the unique solution. but to use
the method of double Laplace transforms we need to know the value of
u(0.y). (¥ > 0), in order 1o calculate the double transform of u (x.y) by
means of equation (3-18-14). We assume that u(0,y) = b(y). We then have

éu
£ [5;:(/7.4)} = pi(p.g) — hig)
Cu _ .
£, [‘;_;;(1’-4)] = qi(p.q) — atp)
where
a(p) = £L[ax):.p), b(g) = L[b(y):q].
The equation (3-18-21) is therefore equivalent to the equation
bg) - a(p)
P—9q
for the double Laplace transtorm of the desired solution u(x,y).
Since (p.q) must be an analytic function for all values of p and ¢ in

some region Rep > 1. Req > B, the numerator must vanish when p = ¢.
In other words we must have

b(p) = a(p)
so that, by Lerch’s theorem. we deduce that
b(¥) = a(y), (y > 0).

The required solution is therefore given by the equation

“(.",_") = _(/2 -1 l:‘.i!q)_,-fi_(.p_),(_"_y)]

u{p.q) =

Another complex of problems in whose solution the double Laplace
transform is used is that of functional cquations. As an example, we con-
sider Cauchy’'s functional equation

x4+ y) = f(x) + f(») (3-18-22)

Making usc of cquations (3-18-5) and (3-18-6) we sec that this equation is
equivalent to the relation

! l I
— - Voot Z
s o) - 7ip); q,T(p) + p]'(q)
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which can be rewritten in the separable form

PP = ¢*Ng).
Equating each side to the arbitrary constant k, we see that

Apy=kp 2.
showing that the solution of Cauchy’s functional equation (3-18-22) is
fIx) = kx,

where & is an arbitrary constant.

3-19 THE ITERATED LAPLACE TRANSFORM

The special case of the double Laplace transform when the variables p and ¢
are equal has been studied in some detail by Bartels and Churchill (1942),
who call such a double transform an iterated Laplace transform. Thus, the
iterated transform of the function f(x.y) is defined by the equation

Fxp)ip] = L[ Ax):(p.p)] = j:ﬁ L " flxp)e™ PN dxdy.
(3-19-1)

It is obvious that the principal properties of such a transform can be
derived from those of the last section by writing ¢ = p. There is, however.
one interesting result due to Bartels and Churchill which does not emerge
from the properties of the double Laplace transform. This concerns the
generalized convolution f*(x) of a function f{x,)) defined by the equation

SP(x) = fo fx = vy) dy. (3-19-2)

The Laplace transform of f'?(x) is defined by the integral

L/x);p] = Lm e Prdx J:f(x - yy)dy.
f we make the transformation

X =u+0, y=v (3-19-3)
with Jacobian

oxy)
O

we se¢ that

Jf 1 = ymeeasdy = [[ ftucre e dude
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OM | mm e m (O.N)

o M.0) > 0 Mo

Fig. 3-22

where A is the parallelogram in the xy-plane shown in Fig. 3-22, and A’ is
the rectangle in the ur-plane onto which it is mapped by the transformation
(3-19-3). If we now let M —» o, N - = we see that

LL200):p) = S[fix):p] (3-19-4)

that is. that the Laplace transform of the generalized convolution /¥ (x) of
the function f{x,y) is identical with the iterated Laplace transform of the
function f(x,y).

3-20 THE STIELTJES TRANSFORM

If we take the Laplace transform with respect 10 p of the function f{ p) which
is itself the Laplace transform of the function f{x). we have the relation

-‘l’[,ﬁl’);}'] = fo" e d[) fo‘ﬂx)e—ﬁx dx.

Changing the order in which we perform the integrations and making use of
the elementary result

=
J' e PPy =

o X + ¥
we see that
= Nx)
L4 K piiv] = - dX.
(A phiv] = |

If a function is such that the integral on the right-hand side of this
last equation converges for (complex) values of y belonging to a set Q. the

olutindi s
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equation

b) = vl = 0’1{!__‘{5 -

K = LLAx):] = RS (3-20-1)
is said to define the Stieltjes transform of f(x) for y € Q.

The Stieltjes transform arose in connection with Stieltjes’ moment
problem for the semi-infinite interval (see Shohat and Tamarkin, 1943),
and hence is related to certain continued fractions. From our (purcly
formal') approach it is obvious that the properties of the Stieltjes transform
will be closely related to those of the Laplace transform; for the details the
reader is referred to Widder (1937) or to Chapter VIII of Widder (1941),
These works are concerned principally with the conditions to be satisfied by
the function / and the set Q for the Stieltjes transform f;(y) to exist. In par-
ticular it can be shown that if the integral (3-20-1) converges, the function
[2(») is analytic in the complex plane cut along the negative y-axis. We shall
consider here those formal properties of the transform that can be established
by elementary means.

For example, the simple identity

X v

xX+y h x+y

leads to the property

FLef)y] = J‘o’” f(x) dx = () (3-20-2)
and the identity

I 1 1 ]
(x+ax+y) a=-yix+y x+u
leads to the relation

‘4 [-:-{{'9—:)’] = t—lﬂl-; /() - Rt@)] (3-20-3)

By changing the variable of integration in the defining integral from
x to 1 where 1 = ax, we deduce that

F[fax):y] = fHlay), (@ > 0). (3-20-4)

Similarly. since by substituting x = 1~ ! we can show that
J‘" X" Hix"Y) dx _ [’ ﬁt_lld_u

0 X+ vy Jo 1+ vu
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we deduce that

LlxxYy] = y L0 (3-20-5)
Combining (3-20-4) and (3-20-5) we obtain the formula
&xAaix);y} = vy~ Tuta/p). (3-20-6)

The substitution x = u? shows that

S fx)r] = 2 J’ * uf(u) du

o U4y

Using the partial fraction expansion

u 1 1
Earara S i
u: + y u + iy u -1

we obtain the equation
FLxb)] = RGyt) + H(—ivh). (3-20-7)
Applying the rule for integrating by parts, we see that
'[ AL L [ﬂﬁ] I i
o X+J¥ X+ ¥ o(-"?"')’)2
which can be written as the formula
LUy = =y '0) - (‘Il—i: (3-20-8)

for the Stieltjes transform of the derivative of a function.
In some cases it is a simple matter to calculate the Stieltjes transform
directly from the definition (3-20-1). For cxample, if farga] < n.|argy| < =
we have
dx lo
a)x+y a-y &

ST 4 -20-
Llx +a)1y] J; g lI (3-20-9)

On the other hand it is often easier to calculate the Stieltjes transform
as a repeated Laplace transform. For instance

Flx Ve ™ p) =ndp + @) L.

Lp + oy Yy] = nty e Erfciaty)
so that we immediately have the formula

F[x"Ye7*y] = ny~ e Erfe(atyt). (3-20-10)

Extensive tables of the Sticltjes transform are given on pp. 216-232 of
Vol. 2 of Erdelyi et al. (1954).
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D Fig. 3-23

We can derive the inversion formula for the Stieltjes transform in a
simple way by considering the integral of the function g(z)e?® round the
contour C in the z-plane shown in Fig. 3-23, it being assumed that g(z) is
analytic in the z-plane cut along the negative real axis, and satisfies the
growth condition

lllim g(z)e” = 0, Rez g ¢

for large |z|. By Cauchy’s theorem
f g d=-=10
¢
so that

c+ iR _ 2] N R N
f g(2)e” dz = f g(xe M)e P dx — f g(xe'™)e” Px gx
R 8

e-iR
* (fr + .[w + J;D)g(Z)t": *

where I denotes the circle |z| = 8. If g(2) is such that zg(z) » O as |z| - 0,
then

. o e
tim fr g(z)e? d= = 0
and from the growth condition imposed on g(z) we see that

lim fu g()eP dz = 0, Rlﬂ J;_D 2(2)e? dz =0

R—+>

so that letting ¢ — 0. R — a0, we obtain the resuit
20 a(z):p] = L[elxe™™) ~ glxe™):p]
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Applying the operator & to both sides of this equation we find that
L[L Qi) {glxe™™) — g(xe™)}:pl:z) = 2(2).
Comparing this equation with the relation
LLLfx)pliyy = L(0)y]
we see that
S e(y)x] = 2ni)~ ! g(xe ™) — g(xe™)). (3-20-11)
For a nigorous proof of this inversion theorem the reader is referred to
pp. 340-341 of Widder (1941) where the theorem is proved in the form

Theorem 7  If f(x) is absolutely integrable in [0,R] for every positive R
and is such that the integral

. * fix)dx

= T3 5

converges. then for every positive x at which f(x+) and f(x —) exist,

lim Zz(-x ~ ic) —L(—x + it) _
2ni

HAx+) + flx—))

20+

3-21 THE HILBERT TRANSFORM
Closely related to the Stieitjes transform is the Hilber1 transform defined by
the equation
T ft) di
A d (3-21-1)

x =X

Futo = #[fix) =

where x is real and the integral is a Cauchy principal value.! We sometimes
say that f,(x) is conjugate 10 f(x).
If x > 0. we may write
[ 1[0 o

Fulx) = - -
mlo t—x m)_1—x

L% A0d 1 f0d 1 =0
o 1+ xe™  2m ), 1+ xe” I

2n T o), 1-x

'I.¢. the integral is interpreted in the sense

([ [ )
Lhni i W IS xee/ 1 — X
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a relationship which may be interpreted in the form
H[f):x] = Cr) F LA xe™] + (2r) P fir);xe™ "]
— 2 PLA—-1):x] (x > 0) (3-21-2)
In a similar way we can show that
Hfix] = n L) = x] = Cr) LS~ 1):)x|e™]
- 207 L= 15]x]e™ ™) (x < 0). (3-21-3)

The Hilbert transform occurs occasionally in mathematical physics
so it is useful to have its inversion formula available. Formaily we may
write (3-21-1) in the form

Tu(x)y = Qmy~# f Sglx — 1y di

where
gx) = —(mix"!
so that its Fourier transtorm is
G(g) = —isgn().
Applying the convolution theorem we obtain the relation

F (&) = —isgn(&)F(&) (3-21-4)

between Fy,(¢), the Fourier transform of f,(x). and F(¢). the Fourier
transform of f(x). Writing this relation in the form

F(&) = isgn(O)F(O)
and reversing the steps of the above argument we see that

NS Tutt) dt
foy= -2 == (3-21-5)

that is, that the relationship between f(x) and f,,(x) is skew-symmetrical in
the sense that if fi,(x) is conjugate 1o f(x). then —f{(x) is conjugate 10 fi, (x).

For a rigorous proof that this is indeed so the reader is referred to
pp. 121-125 of Titchmarsh (1948) where the result is discussed in the form
of::

Theorem 8 If f(x) is square integrable over {(— x,x), then the Jormula

di (3-21-6)

1 =%
1

b d (¢
Tulx) = —;T;{}j‘ l1/(1)108

At}
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defines almost everywhere q Sunction ],,(x) which is also square-
integrable. The reciprocal formula
t
1 — Zdx 3-21-7)
X

1d|*
) = ;Zj‘_:‘r"(x)bg

holds almost everywhere and

I = 0wl (3-21-8)
We note that the inversion formula can be written in the operator
form
H 1= - (3-21-9)
The elementary properties of the Hilbert transform:
H[fla + 1):x] = H[fu);x + a] (3-21-10)
H[flar);x] = #[f);ax], (a > 0) (3221-11)
H[flmat);x] = =#[fu);—ax]. (a>0) (3-21-12)
. d
H[)();x] = “‘I;fy(-\') (3-21-13)
H[f)ix] = Fylx) + n-'J'” fity di (3-21-14)

follow directly from the definition (3-21-1) and may readily be established
by the reader.

The calculation of the Hilbert transform of any prescribed function
may be carried out either directly from the definition (3-21-1) or by use of
the formulae (3-21-2) and (3-21-3). Extensive tables are given on pp. 244 - 262
of Vol. 2 of Erdelyi et al. (1954).

As an example of the use of both methods we consider the Hilbert
transform of the function 1(1? + a2)~! where. for convenience. we take a
to be real and positive. Integrating both sides of the identity

t _ 1 a? . X1
P +ar-xv X +a|iTva = x 1?44’

with respect to ¢ over the whole real line we obtain the formula

X { . _ a YR
# [’, - a,.x] - (3-21-15)

On the other hand, if we use the formula

[ 1
4 [m..r] = o e [ina + ylog(v/w)]
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in equation (3-21-2) we find that for x > 0
w - : la o (xe™/a)
Sl Pl Rz ) 2 CELYOT

+ 10 - iIog(xe""/a) + 1a + Elog(x/a)]

4 2n ’ 2

which gives the result (3-21-15) in the case x > 0. In a similar (ashion
formula (3-21-3) gives the same result in the case x < 0.

An alternative method, due to Titchmarsh, is available for the
generation of conjugate pairs. It also shows clearly the relation between the
Hilbert transform and the Fourier transform.

If we write

a(t) = %j Su) cos (ru) du, b(t) = ];J Sy sin () du

(3-21-16)

we may express Fourier’s integral in the form

fix) = ;f Lalr) + ib(1)}e™ ™= di

-
i.e.. in the form
X .

) = fo lattycos (xt) + b(r)sin(x1)} di.
If we now define a function

®(z) = .‘: {a(r) — ib(n)}e™ dt,  (z = x + i¥) 3-21-17)
and write

G(z) = U(xy) + (V(xy) (3-21-18)
we see that

lim U(x.y) = f(x).
y=0
Also we see that
~ lim V(xy) = f * 1b(t)cos (xt) — a(t)sin (xt)} dt
y=0 [

so that substituting for a(1) and b(1) from equations (3-21-16) we find that



THE LAPLACE TRANSFORM 237

- lim V(x,y) = lf ‘dl J- sin {(u — x)t}f(u) du
y=0 n Jo -

[l

lim - f Lz coslit “‘;—:——")}ﬂu) du

i=-0 T -x u —

[}

[T = cos(ar) . \
‘Im ’—'L —'———{j(x + 1) = flx = 1)} dr
Now if f{(r) is sufficiently smooth it follows from the Riemann- Lebesgue
lemma that

fim cos(in 1D "f(" D=0
im |

so that we find that
~ lim V(x,y) = ]f S+ 1) - fix - r)d'
y~0 7 Jo

!

and hence that
- ling Vixy) = ¥ [f1);x].
y-

In other words we have shown that for an analytic function ®(z) of the
form (3-21-14) the function - ¥(x,0) is conjugate to the function U(x.0).
For instance, by taking
1 X A
+ia x*+(r+aP xT4(y+a)P

d(z) =

with a real and positive, we see that the function a{u?® + x2)~! is conjugate
to the function x(x? + a*)~! in agreement with equation (3-21-11).

As an illustration of the occurrence of Hilbert transforms in mathe-
matical physics, we consider the solution of Laplace’s equation Aju(x,)) = 0
in the half-plane y > 0, subject to the boundary condition

U, (x.0) = fix) (3-21-19)
and the condition at infinity:

u(xy) =0 as(x 4+ yHt o x.

By the methods of subsec. 2-16-1(a) we can show that the solution of
this boundary value problem is

u(x,y) = (2m)~} fj SuWK(x ~ uy) du
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where the kernel K is defined by the equation
K(xy) = F '[iE e ¥ o x] = (2/n) tan~ ' (x/y)

so that

l T 3 —
uix.y) = n J. Santan™! (\‘ i l!) du.

For this solution we have the relation
I E'a
(x0) = S du

o M — X

In other words the normal derivative on the boundary u,(x.0) is the
Hilbert transform of the tangential derivative u (x.0).

This last remark can be used to find the solution of the mixed
boundary value problem

u(x.0) = ¢(x). jx] <1 (3-21-20)
u(x.0) = 0, |.\| > 1 (3-21-21)

for a function harmonic in the positive half-plane y > 0 and tending to
zero as (x2 + v3)* = xc. From (3-21-20) we deduce that

1 (x,0) = ¢'(x). [x] <1
and from (3-21-21) that
u,(x.0) = y(x)H(1 - |x])

where the function z(x) is unknown and H denotes the Heaviside unit
function. Now we have just shown that 1, (x.0) is the Hilbert transform of
u, (x.0); we use this in the inverse form that —u (x,0) is the Hilbert
transform of u,(x.0). This gives us the relation

H [7(OHA = |1]):x] = —¢'(x).
which is easily seen to be equivalent to the integral equation
1
j. ;/-(Qi' + n¢’'(x) =0, Jx] <1 (3-21-22)
-1 — X

which is known (Solingen. 1939) to have the solution

b - x

- t-x

) =Cd =13t + 270 ~ 1) dx
(3-21-23)

where C denotes an arbitrary constant.
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3-22 THE BILATERAL LAPLACE TRANSFORM

The Laplace transform defined in sec. 3-1 is useful for transforming
problems involving a function which is defined for positive real values of the
independent variable. We shall conclude this chapter by considering briefly
a transform. with the function e~ ?* again as kernel, but which can be used
on functions which are defined for afl real values of the independent
variable.

If the function f(x) is prescribed over the entire real line, we define its
bilateral Laplace transform by the equation

Top = 2.0 fxip) = 7 fioemre d (3:22-1)

provided that f{(x) is such that the integral is convergent for some values of p.
The function 7, (p) is sometimes called the two-sided Laplace transform of

Jix).
Writing the integral on the right-hand side of (3-22-1) as

J‘z/‘(x)e“" dx + fxf(-x)e"”‘ dx
0 (4]

we see that we may consider the bilateral transform as the sum of two
ordinary Laplace transforms:

L.[fx)ip] = L[f(x):p] + LLA=x);=p). (3-22-2)

The first term on the right-hand side of (3-22-2) is a Laplace integral with
abscissa of convergence o, say; i.e., the first term exists if and only if
Rep > o,. The second term is a Laplace integral with parameter —p. if its
abscissa of convergence is —a,, then this integral will exist if and only if
Re(—p) > —a,. ie.. Re(p) < o,. H, therefore. the bilateral Laplace
transform of f(x) is to exist these two half-planes must overlap, i.e., we
must have g, > a,. When this condition is satisfied the bilateral Laplace
transform converges only in the strip

6, < Rep <o,

of the complex p-planc. If ¢, = a,. this strip contracts to the vertical line
Rep = a,. whik if 6; < o,, the Laplace transforms on the right-hand side
of (3-22-2) have no common region of convergence, and the function f{x)
does nor have a bilateral Laplace transform.

Forexample, if f(x) = ¢~ “™, then £[ f(x);p] convergesif Rep > ~a,
and £[f(—x); —p] converges if Re(—p) > —a, so the bilateral Laplace
transform of e~ ** exists for ~a < Rep < a. By a similar argument we
can show that e %" does not possess a bilateral Laplace transform, while
¢~ *" has one for all real values of Rep.
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The inversion theorem for the bilateral Laplace transform may be
established by a method similar to that used in the proof of the inversion
theorem for the Laplace transform (Cf. sec. 3-10). It can be shown that if
the integral

Jopy = f_: SIx)e™P* dx (3-22-3)

is absolutely convergent in the strip
6, < Rep < o,

of the p-plane, then

¢~ it

1
) = . px 9
1(x) ) To(p)eP™ dp (3-22-9)
where o, < ¢ < a,.

An operational calculus has been based on the bilateral Laplace
transform by van der Pol and Bremmer (1950). The transform pair
defined by these authors

i =p f_” e Ph()di. o, < Rep < o, (3-22:5)
1 e+ i

h(l) = ‘_—’—;z—l _’I_‘_,_)_chl d,h g, <c <0, (3'22’6)
“« c—ix

bears an obvious relation to the bilateral Laplace transform defined above.
van der Pol and Bremmer express the relationship between h(f) and f{p)
symbolically by

Jip) = h(n), 6, < Rep < 0, (3-22-7
or alternatively

h() = f(p). 6, < Rep < o, (3-22-8)
and say that f(p) is the image of h(1), or alternatively, that A(t) is the
original of f(p).

It should be noticed that the region of convergence must always be

specified since two distinct originals may give rise to the same image but in
a different region of the complex p-plane. For instance

l=H(, Rep>0
and

1 = —H(=-1), Rep <0

—two different original functions have the same image 1 but in two
distinct regions of the p-plane.
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The operational properties of these pairs are readily established. For
instance. if

AP =h(). 2, <Rep< B
Lpy= h{). x, <Rep< B,
then

NH(p) £ f(p) = hy(1) £ hy(0), max(x,,2,) < Rep < min(§,.8,)
(3-22-9)

provided. of course. that such a strip of common convergence exists.
If the relation (3-22-8) exists and 4 > 0. then

h(it) = fip:7).  is, < Rep < ia, (3-22-10)
while if £ < 0.
hirt) = —flpid), /6, < Rep < io,. (3-22-11)

Similarly if A;(t) and h,(¢) are defined as in equation (3-22-9). the
convolution theorem for such transforms takes the form

P Uh(P(P) = f; hy(u)hy(t — u) du (3-22-11)
provided, again, that
max(x,,%;) < Rep < min(f,.8,).

For the proofs of these results and their application to the develop-
ment of an operational calculus. the reader is referred to van der Pol and
Bremmer (1950). A more theoretical discussion of the bilateral Laplace
transform is given in Chapter VI of Widder's treatise on the Laplace trans-
form (Widder. 1941).

In many applications to the discussion of physical problems it is
found to be easier to use the complex form of Fourier’s theorem (sec. 2-11)
than the bilateral Laplace transform or its van der Pol--Bremmer equivalent.

PROBLEMS
3-1 Evaluate
£ '[p i+ pz)“;l]

by (uq) expressing the function in partial fractions,
(h) using the convolution theorem.

3-2 Determine the first four terms in the expansion of
y—l[pl‘ps - p3 - 2)~l;‘]
48 a power series in f.
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3-3 By expanding tan " '(p~") in descending powers of p. and taking the
Laplace transform of each term, show that

(]

3-4 Evaluate
¥ l[p(pz - 02)-1‘,-”;’], _(/:-l[(pz + uz')-l” - ("—2"“"):1].
3-5 Prove that
Lfe™):p] = 4 f(OHU -~ x):p]
and deduce thatifa + & > ¢
‘f/ -1 _.r:s[.l}l:(f ...t..(:.).,._.. ol
C(p + ) (p + b)
=e Y = e ) "L F b+ b~ ¢l = e YT(a+ b~ o)
Q-G If the exponential integral is defined by the equation
x
— -1,~tw
E\1) = fl u le™™ du
prove that
LLE\1);p] = p~'log(p + 1).
3-7 Show thatif Rep > —1
Psechi:p] = Wip +3) — WG + 1)
Deduce the value of

j cosh(pY) e 0 g Rep<l
o Ccoshx

and hence show that

* sinh (px) dx (
J.o by s = logcot {1(1 ~ p)n}.

Making the substitution p = n — . with { and 5 both real, and letting
n — 1. deduce that

F.[x 'tanhx;E] = (2/m)} logcoth (3 nf).
By a similar method show that

F[x 'sechx:&] = 22/n) tan " {tanh ({n&)}

@ Prove that
x eu- 1

L[ faogp);t] = J.o ;:Cli ) du.
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3-9 Prove that

(@) L[t cos(art)ip] = (nip)te *r
and deduce that

(b) £[17" sin(at?);p] = Erf(Jup ™)
(¢) PLlsin(art):p] = ta(n/p3)reo14e.

~—
9-10 If
-
.’{’"i: e P :}
K(x,t) = - p -
(x,t) \"‘(P) s

show that

(ﬁ - h) K(x,t) = —x(4nr?) 1o~ =4

x
and hence deduce that
K(x,t) = ~(m) de ™% + he" " Erfe(bxe™t + i),
3-11  Prove that
¢ f“ Jo(t) — cost

dr = log,2.
o !

3-12  Show that if n is a positive integer
1 d\"
272y = (= l)'(; a—_) Jo(2)

and deduce that

L (ary:p) = """Cj '5“) (p* + ah)}
- (_2.”_).{ 2 2y-n-3
BT

'
-‘10[’“’1."(0’);[)] = (2"2:;'_'_'.,)_ p(pz + az)‘"_’_

3-13  Prove that

i (07,00 1 - cost
Lgntn +1) r

3-14 Show thatifp > |
L7 = 2pcosO + p?) i x] = ") (xsin6)

g KSRy
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and deduce that
. X” xcond H
P,(cos8) i e*™(xsin0)
n=Q '

P, denoting the Legendre polynomial of degree n
3-15 Prove that

—‘ij. Erf(xHlg(t — x)dx = n"e"J. x4 dx.
dr o

0

3-16 If Z[/(1);p] can be written as the ratio of two polynomials
T(p) = fi(p)iftp)
with
flp) = (p —a)™(p — a))™ ... (p - a)™

mmy. .. m, being positive integers and the degree of the polynomial /,(p)
being less than m; + m; + -+ + m,, show that

n me=1

,“) = z e Z Anf
r=1 =0
where the constants A,, are defined by the equation
l d"lr' s~1
Arx = [ (P - ",)""T(P)]

s'(m, — s — D! | dpmr=2-?

paar
3-17 Show thatif Rep > I,

PUMNPI =27 "L REGy + B+ Liv + 15 —p7 ),
Using the result

JFiaa + §:2a:2) = 2271 — 2)7 ¥ 4 (1 - byio2e
show that

L) =+ D7Hp + P + D)7

Deduce that

LUl mip] =
LUnp) =

P+ v+ DI+ D7 Hp + J(pt+ DT

tp?+ D™

- )—_ -

and hence that

J J - t)J,(r)-‘—? = ‘1],,,(1). (v >0u>0).
o .
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3-18 Show thatif u > —1,

el (x) = _gar Flp+ L2 +1, <)
T M+ ! - T
Deduce that

. n o
.‘{’[.\"*J,(2u\/x):p] = \/I_:‘, a’;lpl*\‘(az‘.-zp)‘
3-19 Show that. if x > 0.v > ~1,
f" e 2 N dt = x't e
[

and deduce that, provided the integrals on both sides of
converge.
LIyl = p 7 [ e e

where 7 denotes the Laplace transform of f,
Taking ftr) = #*~4, show that

the equation

f: Ldi =1, (v>~1)

3-20 If m and n are positive integers such that

x=0

d" .
[d-\:' (I - 1-\’)'_'/(-\”)] =0, r=0l....m~1
show that
P AT dy"
![dx’"“ m)/(.\').p] p (l + 1:1;;) Tp)

where f(p) = £[ ftx):p].
Using Rodrigues’ formula

o

2"t d="

for the Legendre polynomial of degree n. show that

22—y

P.(2) =

2 — . I _‘!_ " RLEDR}
LIP(t —x)p] =p (l + de) pnh
3-21  Using the formula
2" + §)
0=

for the Legendre polynomial of degree n, show that the Laplace transform

DAt~ dnd = mixT?
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£[P,x):p] is the sum of powers with negative indices in the expansion in
ascending powers of p of

%
(=1 (5’;-) Iones(P)

where 1 is the modified Bessel function of the first kind of order v.

3-22 From the recurrence relations
Proi(x) = XPyx) = nP(x) = xPy_y(x) + (n — DP,_(x)
deduce that

+ D +3)... + 2n -1
P[Pyetyp) = LI D )

Pp=D0p 4. (p~2n)"
and derive a similar expression for
y[l’zuﬂ("')il’]
3-23 A function is said to be anti-periodic if
fu+=-/0, (>0
Show that
LR = 0+ ey [ fe™ du.

3-24 Calculate the Laplace transforms of the periodic functions whose
graphs are shown in Figs. 3-24 and 3-25.

)

Fig. 3-24

1) Fig. 3-25

N b — e ———

2t 3 41 St 61 7c
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3-25 The function 3(x) is defined by the series
S =1+23 e (x>0)
Show that "~
L[3x):p] = p~Hcoth(pt).
Deduce the Laplace transforms of 1 4+ 2x3(x) and of

J“ 9(1) di
0
and prove that
ﬁ) TSI+ 3x — ) di = | + 2x3(x).

3-26 Show that the integral of the function
PR R S @, >0,....q,>0
over the region defined by the inequations
X+ x4+ +x, <1, 20x,20... .x,20

has the value
Fa)(a,). . . M(a,)
Yla, +a; + -+ +a,+ 1)

3{-27 Prove that as x — =,

J‘x. e x (__l)r(zr)'
Q

1+ 2 dr ~ eIy

r=0

Solve the initial value problems' 3-28 -3-37:
3-28 % 43X + 2x = te”", x(0) = 1, X(0) = 0.
3-29 V-2i-xXx+2x=¢"", X(0) = x(0) = X(0) = 0.
3-30 5+ wlx =sinwt.  x(0) = X(0) = 0.
3-31 % + 2% + 2x = Ssint, x(0) = x(0) = 0.
3-32 % + 2% + x = 5S¢, x(0) = 1, x(0) = 0.
3-33 ¥=ux+ I, x(0) = x(0) = X(0) = 0.
3-38 %+ 2% + 2x = ¢ 'sint, x0) = x(0) = 0.

'Here we use the notation familiar from mechanics:
dx d*x

X = X om -

dr a %
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3-35
3-36
3-37
3-38
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XO) = X(0) = 0, %(0) = 1,

i

Y .
¥+ 2% + Sx 2

X4 2% — 4% — Bx = Be?, x(0) = 0, %(0) = 1, x(0) = 2.
X 4 6% 4+ 9x = sint. M0y = 1. %(0) = 0.

Show that the differential equation

(d + u) ¥o= x"e ", (x > 0)
dx

with n a positive integer and m > — | has the particular integral

3-39

»x) =

LTm+ )
Fom+n+ 1)

mtn - ax
4 .

A mass m is attached to the lower end of a helical spring of stiffness

24i%m and the upper end of the spring is made to oscillate vertically so that its
displacement v from a fixed point O is given by 3 = 5cos(241). If the upper
end of the spring were fixed at O, the mass would rest in equilibrium at the
point P. Denoting by x the displacement of the mass from P at time 1. show

that,

if the motion of the mass is restricted by a damping force which is

2/ times the velocity. the equation of motion is

X+ 2% + 222x = 1022 cos(241).
Show thatif x = X = 0 when ¢ = 0. thc motion of the mass is given by

X = e *cosit — Isinir) — cos(241) + 2sin{24).

3-40 Find the solution of the two-point boundary valuc problem

3-41

d?y .
gt 9y = 8sinx.  y(0) =0.v(3n) = —1.
Show that the differential equation
d*y dv
IF’T-Q-(I—I)JI""/.} =0

has a solution

Ly =27 p " Up — D],

Deduce that if Z is a positive integer n, then

ed .
(a) L(D) = ;1—!"7’—,,(1 e ")
)] 2': L(Ox" = (1 — xX) leTmt-m
a=0
© i (= "L, (20) = Ye'(cost + sint)
n=0
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@ | Ly = 0dt = Ly
dx }o

) LrLn):p) =n'p " Pl = 2p7H).
(L, is the Laguerre polynomial of degree »; cf. sec. 3-12.)

3-42 Show that the solution of the differential equation

d*v dv
‘dxl + (1 + lar)(hr + ay
satisfying the initial condition y(0) = 1 is
L7U(p? + 2ap) Eix] = e glax).

3-43 Find the solution of the differential equation

d*y dy
—— ? = =
xd,r’+'d.\'+x" 0

satisfying the initial condition 3(0) = 1.

Solve the initial value problems 3-44-3-51:

348 X+ x+y=02v—y+4x—y=0; x(0) =1,y(0) = 0.
345 4+ x~-y=0.7+2x+4y =0, x(0) = 1. y(0) = 0.
346 x-x -y =1y~ —-y=1. x(0) = 2, 3(0) = 4.
3-47 x + ky = asinkt, y — kx = acoski, x(0) = 0, »(0) = b.

348 Y+ 27+ x—y=0coSt,X =} — X~ 2y =sinl:

X(0) = 1, y(0) = 0.

3-49 2¥ +3x -y =23x+ 3 +4x = 3, x(0) = y(0) = 0.
350 X~y —-2x+2y=1-2,84+2y+x=0:

x(0) = %(0) = ¥(0) = 0.

351 -y —x~-3y=ef X+ ~-3x+yp=0,

x(0) = y(0) = 0.

3-52 Find the solution of the system
X+y=1, X+¥i=0

satisfying the initial condition x(0) = 1 and the condition x(1) = Oasr — =.

3-53 Find the solution of the simultaneous equations

X+ V+ x+2v=sint, X+ +2r=0
when x(0) = 1. y(0) = 0 and verify thatas s — ., x(1) ~ (8/5)¥sin(r — ¢)
where ¢ = tan™!(2/3).
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3-54 The coordinates (x,)) of a particle moving in a plane are functions of
the time r and satisfy the equations

X +Bx -y —-5r=0, X—-2x—)p+y=0
Initially the particle is at the point (5,7). Prove that it moves on an arc of a

parabola. whosc axis is parallel to 4x = 3y, and that it steadily approaches,
but never reaches, the origin.

3-556 Solve the simultaneous differential equations
F+di=x  F=x+y
under the initial conditions x(0) = x(0) = 0, p(0) = 1, y(0) = 0.
Prove that [x + 2y| < 2 for all positive values of 1.
Solve the initial value problems 3-56- 3-60:
356 X —-3x=p,5+ 3r="Tx; X(0) = x(0) = v(0) = 0.3(0) = I.
357 X +2r+x=cost. ¥ +2x+y=0;
x(0) = x(0) = y(0) = y(0) = 0.
358 x+2x—-y=Lx+37+2y=0;
X(0) = X(0) = y(0) = (0) = 0.
389 ¥ —-3x—-Or=e¥ i+ x+3y=0;
x(0) = y(0) = 1, x(0) = y(0) = 0.
360 x=3x+ )+ y=x+5y+i=x+y+ 3z
x(0) = 3, v(0) = z(0) = 0.
3-61 The motion of a particle is determined by the equations
X=Vy+z-—x y=z4 x—y, F=x+y+:=.

If the particle is initially at the point (1,0,0) find its coordinates at a
subsequent time r and show that its trajectory has equations

x+rv+2)(x+y-22=1, X2 —p2 = 2pm 2x = 1.

Show also that for large values of s the trajectory lies very close to the
straight line with equations
X ¥y z

1712
3-62 Find the solution of the system of equations
If+57+4y=0, 4¥+74+4:=0, F¥+4x=913+2
satisfying the initial conditions

x(0) =0.3(0) = 1,2(0) = 0;  %(0) = §(0) = #0) = 0.
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3-63 Show that the solution of the two-point boundary value problem

2.
:—\"; - wzy = f(x), (x > 0); 3(0) = 0, y(x) > O0asx - x

y¥x) = — j; * G(x.Nf(t) dt
where

G(x, 1) = {

is

' sinh (mi1)e ™%, 0<t<x

w ™ ' sinh (wx)e ™, t > x.

3-64 If w(x)is the load per unit length of an elastic beam, E is its Young's
modulus and / is the moment of inertia of the cross-section of the beam, then
the deflection, y(x). of the beam from its unloaded position is given by the
differential equation ’

d*y
EI a’x—" = ”(X).

If the beam is of length a and is built-in at the end x = 0 so that
»(0) = »'(0) =0, and is freely hinged at the end x = a so that
y(@) = y"(a) = 0, show that
1 x? x> 1 R
)(\') = EI{A; + 80—5 <+ Ej' (x - u) u(u)du]

o

where 4 and B are constants given by the equations

I a
A —J (¢ — u)(2a — u)uw(u) du,

4 Jo
l a
B= -5 (@ — 1w)a? + 2au — u*)w(u) du.
[
Derive the solution in the case in which the beam is built-in at both
ends so that the end conditions are y(0) = y'(0) = y(a) = y'(a) = 0.
3-65 Find the solution of the equation
X+ 2W—-—x—-2x=0
satisfying the initial conditions x(0) = 1. x(0) = 0 and the limiting con-
dition x(1) = Qast — x.

3-66 Find the solution of the equation

Y+4x¥ + X - 6x=¢""'

satisfying the initial conditions x(0) = x(0) = 0 and the limiting condition
x(f) »0ast— x.
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3-67 Find the solution of the differential equation
H+2i+0=0

satisfying the condition y(1) ~» | as £ = 0.

3-68 Show that the solution ¢/(r.1) of the boundary value problem

LN 1Y

Y] o vl ar (r>ua1>0).
cr ror K Ct

3
for which yi(a.0) = Ty, Y(r.0) = 0forr > a, and y(r,t) = 0asr - x.is
given by the equation

r-a
(f.' = T -lEf —
Yir.n oar rfc (2\‘,(”))
3-69 The temperatures w. v in two different media lying in x < 0, x > 0
satisfy the equations

X u Cu S Qo
- = . K o= =
&2 art &

cu éu
u=r, =
cx éx

(where ¢ is a constant). Find the temperatures for all ¢ > 0 given that,
initially. u = 0. (x < 0)and v = 1, (x > 0).

3-70 Prove that the solution of the wave equation

L
s =
fx r?

in the semi-infinite strip |x} < /. 7 > 0 satisfying the boundary conditions
(’N{ ¢I,l) _
éx

0, >0

and the initial conditions

u(x,0) = ax, Eu({.—:(l) =0, x| </

may be written
ax — ac# M p~ ¥sinh (pxjc)sech(plic):p — 1].
Hence find a series expansion for u(.x.1).

3-71  The function u(x,r) satisfies the equation

.Zu
= = 0. (x>0t>0)

4

3
ENE~
~

+

=
0
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the boundary conditions u(0,7) = 1, ¢2u(0,1)/@x* = 0 and the limiting con-
dition u{x,f) - 0asx —» .

Show that

ux.0) = L '[p* cos(x /Ip)exp(—x/3p):p — 11,
and deduce that

| (v
u(x.f) =t — ——,:f (cos}ry? + siniy?)dy.
vl

3-72 The function u(x.?) satisfies the equation

2% Sl
axt T ot

in the semi-infinite strip 0 < x < /, ¢+ > 0. the boundary conditions
u(0,1) = asinwi, u(l.ty = 0, >0,

and the initial conditions

Cu(x.0
u(x.O).—.-‘i‘g Yoo, 0<x<h
Show that
. e (o e
u(x) = asinat sin .a_{(:l x)/c}
sinwlic .
+ Y Aea o™ sin ™!
”‘w’lz—n’nz('z [

3-73 Show that the function u(x.r) which satisfies the partial differential
equation

o _ 1 &*u k
oxt A

(¢ and k constants) in the semi-infinite strip 7 > 0, 0 < x < /. the initial
conditions

-] .
u(x,0) = c-"'(..i(}-) =0, 0<x<g)

and the boundary conditions

cu(l.t
u(0.1) = L—G{r—) =0, >0

can be expressed as

- [ke? fcosh | p(i = x)fc}
4 1 R Buiatuntl T b WA S -— K el
[ P’ ( cosh (pije) ') 7 ’]‘
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Deduce that
u(x,t) = skx(x — 8) +

2 (=) ] — 2
16k! (=1) 2n + )n( t)cos-(-f” + l)nct

P “o(in + ”,cos 20 21
3-74 Show that the solution u(x.#) of the partial differential equation
oxt o oes ér
where! k is a constant. defined in the half-plane r > 0 by the Cauchy data
pe )
xO) = ‘L'—‘_._._..(x'o) = f(x
‘ wx0) = 0, PP J(x)
is
u(x.t) = J’ K(x — 1,0f(1) dt
where

1
Koy = be™e ™t | g0y
(v) = te™hy [\"/(Pz =

3-75 The function w(x,}) satisfies the equation

exp {=|x|V(p* = K*)}ip - ,],

é
&

zu
Oxéy

u=90
in the positive quadrant x > 0. y > 0, and the boundary conditions
u(x,0) = f(x), (x > 0),  w(0,y) = g(y),(y>0);
with f{0) = g(0). Show that
wx.y) = f0)Io(2/xy) + L (324 x — ntl di
+ J: g'(NIo{2x3(y - 3} dr
3-76 The function u(x, 1) satisfies the partial differential equation

2 N2 "4
%L;-v:;g-o«‘:—‘% (x>0,1>0)
where a is a real constant. the initial conditions

u(x,0) = —F_ =0, (x> 0),
and the boundary conditions

u(0.1) = f‘j(r) dr, u(x, 1) » 0 asx - x, (1 > 0)
0

'1t can be shown that K(x.1) = $e "I lk/(r? = sHHU - lx]).'
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where the function f(¢) is continuous for 1 > 0.
Prove that
Cu(0.1 '
mA ) = -ajf(t ~ )]ylar) dr.
fx °
Find the value of ¢u(0,1)/éx if u(0.1) = 1 and the other conditions

are unaltered.
If u(x.1) is the solution of the diffusion equation

3-77
x>0,1>0

u 1 du
w2 Kkér’
satisfying the boundary conditions u(0,1) = ¢u(0,1)/éx = 0, ¢ > 0. and the
initial condition u(x,0) = f(x), x > 0, and if v(x.t) is the solution of the

3

~

wave equation

c? 1 ¢?
x>01r>0

- "
v e
satisfying the boundary conditions v(0.7) = f¢(0.t)/éx = 0.¢ > 0. and the

initial conditions v(x,0) = 0, év(x.0)/dt = f(x), x > 0, show that

u(x,1) = c(4nxr’)~4 f: te{x./Kt/c)e " dr,

3-78 If. in the last problem, the initial conditions on v(x,r) are replaced

.'ﬁ
(W
ko)

~

by ¢(x,0) = f(x). év(x,0);¢t = 0, show that
u(x, ) = ()~} Jw e(x. Kt/ d.
0
3-79 The current j(x.1) and the potential ¥(x,r) at a point x in the semi-
infinite telegraph cable x > 0 satisfy the equations
v (‘j

ox

év .

- = -1 (4

éx h 't
where r and ¢ are the linear resistance and the linear capacity respectively
The current and potential at all points of the cable are initially zero

and constant unit potential is then applied at x = 0 for a time 7.

~y) ¢

Show that, ift > T,

(4
Vix.r) = ;\/.’;le ey~ gy
-7

3-80 Two functions u, ¢ satisfy the differential equations
‘u €t év  iu
;"+:'+('=0. ;——+*_—=0

1 ix &
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*x

FU;)F(‘;A;WE‘O (X —uy P Fi(—ain — bix — w)g™ ) du.

Jix) =
3-85 Show that if the inverse transform
.2 J
Lix)= %" ——:x
) [I’K(I’)
exists. the integral equation
f’_ﬂl)lx'(.\'z — 1% dt = g(x). (x >0)
[\
has solution
, d [* 2 B
fix) = — | 1wx? = gy de.
d.\’ 0
3-86 Show that the integral equation

rx ‘_305 {/\'(.\'2 — {Z)}}

e ) A dr = g(x). (x > 0)
40 =

has the solution
2 d (*coshk(x? — )}

= 7[(7—; . _-(«——»«xz ~ ’l)i 1g(1) dt.

fix)

3-87 If g(1) is prescribed and g(0) = 0 show that the solution of the
integral equation

1t + f fade g,  (1>0)
1—x
which vanishes at 1 = 0 may be written in the form
) = j:g'(.\')K(l - x)dx
where
K1) = e™Erfc(nir}).
3-88 Show that the solution of the integral equation
Jixy — ZJ:_/'(!)KU - ndt = g(x), (x > 0)
can be written in the form

fix) = g(x) + 4 fo g(OL(x — ) dr
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where

x

L) = Y ik(x), k) =2 '[{RPY T p = x].

r=0
Find &k (x) if K(x)1is
(@) Jo(2x}); (h) Jo(x).
3-89 Solve the integral equation

$x) + j:e"_v(.\' - ndr=1

and verify that p(x) » Yas x - .

3-90 Find the solution of the difference equation
Guyy — (b + O)dpyy + bea, = b"

satisfyinga, = a, = 0.

3-91 Find the solution of the difference equation
Upyy = 2bay,, + bla, = b"

satisfyingdg = a, = 0.

3-92 Evaluate the double Laplace transforms of the functions
sin (ax + hy). cos(ax + by).

3-93 Show that
Zy[Je2xtph)i(p)) = U + pg) 7"

394 1If

hix,y) = Ei“‘x‘”f(l)g(x -1y —=nd

show that

Lyl )iup.) = Flp + 9Er.g)
where
ey = LU1x0:p]. @) = &Ls[e(x.y):(p.9)]
3-95 Show that
¢

&, [x %:(p.q)] = [E a” T p/a. q)l':l

and deduce that

&, [(t :Ll)m (_v .1‘_’.)" fx, 9):(p. q)]
cx ¢y
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m+tn _f‘_ " (._'_ "
= (-1) (l +"ap> (l +"aq) Rp.q).

3-96 Use the method of the double Laplace transform to find the solution
of the equation

cu  ¢u )
— + = = f(x.y)
x Oy

in x 2 0. y 2 0, which vanishes on the coordinate axes.

3-97 Use the method of the double Laplace transform 1o find the
solution in the positive quadrant of the partial differential equation

2
——t u =0
ey
taking the value | on the coordinate axes.
3-98 Show that if the boundary value problem

22 - ;——:‘ = flv,3), (2 0,y =0 u(x0)=a(x),u0.y) = by

has a solution which is analytic in the positive guadrant of the xy-plane, its
boundary values must be related through the equation

a(x) — b(x) = fo “fix = nydr (x> 0).
3-99 Find the solution of the Cauchy- Abel funciional equution
fx + p) = fix)fly).
3-100 Show that the function f satisfying the functional equation
flx + 9) + fix — y) = )f(y),  N0) =1
is an eren function and hence determine it.
3-101  Solve the functional equations
(@) fix + 1) + flx — y) = 2f(x) + 2/(y);
by fix + ) — fix — y) = 2f(y)
(€) flx + ») + f(x = 3) = 2/(x).
3-102 Find the solution of Jensen's functional equation
fax + 40 = Lo + 41w

which is continuous.
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3-103  Show that
(@) Fla + )" Vp] = (@ = y) Noglafy), (o> 0)
) Fla+ 0 "+ x) "iy)
(a ~ hylog(a/y) — ta - y)loglarh)
(a— )b = yia = b) )

d ."?E_‘.;‘..’/Qf.'_’._f,.z.‘.‘i._:_)"_’ h = a):
(u = yYa

b £ a),

)

() [x*""y] = mp* teosecivn), (0 <v <)

) S[x""Na+ ) y] =02 O<v<la>0),

ter Ylta® + xH7 '] = (@ + p) [inyla — log(y/a)]. (¢ > 0%
() SLx@? + x5 = @ + y3) [ina + ylog(y/@). (a > 0).

3-104 Show that

: h>a>0).

b -
(@ #[H( — @) ~ H(t = b)ix] = ’!: log g a

-1 o] = _I_ _a .
by ¥ [1"TH(t — a);x] = - log = (a>0):
() # [(ar + b) 'H(r);x]

1 b :
= e lOR o b >0,x # —ha);
nlax + b € alx| (@b >0x “

at + Pa_ ]_m—ﬂx

x| = 3
1+ a? x4+ a® @>0

(d) ¥ [

3-105 Suppose that the function K(4,x) is a solution of the self-adjoint
equation

Al dK) o
dx [p(x) ,K] + {2 — v}k =0, (A>0.x>0)

and that a transform® 7 is defined by the equation

Joy = Ff(x):i] = fo FKGX) dx.

' Transforms of this general type were introduced by Mercer (1963).
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Suppose further that this transform has an inversion formula of the type
f0 7 =M Fanx) = [ THG, ) di.

Show that if L(pu, x) satisfies

d dL
a A e + el L =
i [p(.v) d.\'J tufu(x) + v(x)}L =0, (g >0.x>0)

and is such that
dK . dL ™
- [P(X)L(#. x) Pl plx)K(4,x) ;1_—‘]0
can be written in the separable form L(A)M(u), then
_ 2u(x)L( yi,_}‘_)

y["‘)L(l*)H(l*..\‘);l — ‘)'] = ——‘?E—l—*)

Deduce that

Hix) = - L’"('/_)u(x)

L(iet® x)  L(ie ¥ x)
M@y MGe %) |

Consider the special cases:

(a) K(4,x) = sin(2x);

(b) K(A x) = cos(ix);

(¢c) K(2.x) = hsin(ix) + Acos(4ix);
(d) K(.x) = J,(ix).



4
The Mellin Transform

4-1 ELEMENTARY PROPERTIES OF THE MELLIN TRANSFORM

We saw in sec. 1-7 how the Mellin transform
S*5s) = H[1x);s] = J:f(x)x"’ dx @11

arises in a natural way in the solution of boundary value problems concerning
an infinite wedge. In this chapter we shall consider the properties of this
transform.

By making the simple change of variable x = w/a in the defining
integral

f: flax)x* ' dx =a”* f:ﬂu)u"‘ du

we see that
M flax);s} = a=3f*(s). (4-1-2)
262
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Since multiplying f(x) by x* merely results in changing s to s + a, W¢ also
have the relation

.I/[x‘fﬂx}:s] = f*s + a) (4-1-3)

Similarly, since if a > 0

H[f(x*):s] = I:f(x‘)x"‘ dx

= J.T‘ Sl e (1 yle1! du)
0 d

we obtain the relation

MLf(x*);s] = a”'f*s/a),  (a>0) (4-1-4)
and by a similar method we can show that
H[xTH(x7 Y s] = 140 — 9). (4-1-5)

If we use the well-known formula

%x"' = (logx)x*~!

we sce that
M[logxf(x);s] = % %), (4-1-6)

We have already computed several Mellin transforms. For instance if
we replace p by s, & by 1 in equations (2-7-21) and (2-7-22), we obtain the
formulae

#[cosx;s] = I(s)cos(ins). 0 < Res< 1 4-1-7)

A [sinx;s] = [(s)sin(§ns), 0 < Res<| (4-1-8)

Simifarly we can interpret equation (2-10-7) as the formula

2:-v- lr(ss)

A[xTI(x):s] = 0<Res <, v> -}

Fv —Js + 1)
From this and the rule (4-1-3) we deduce the equation @1-9)
H[(x);s]) = %'Bi}:—: —v<s<v+2 (4-1-10)

We notice also that we can interpret cquation (3-2-3) in the form
'.»/([e"‘:s] = [(s). Res > 0 4-1-11)

by replacingvbys — landpby 1.
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Another useful result can be obtained by changing the variable of in-
tegration in the integral on the left of the formula

t T(m)lr
L (=" Y 'du = rg:);—(% Res > 0, Rem > 0
from  to x, where 4 = x/(1 + x). This gives the equation

© x5y _ Fmr(s)
o U+ 0" Tim+s)
which can be interpreted in the form

I - s)

M) , 0 < Res < Rea (4-1-12)

N M

In particular if we take ¢ = | and make use of the relation
n

Ir - s) = ﬁ"('ﬁg") 0 < Res <1
we obtain the formula

M1 + x)"'is] = mcosec(ns), 0 <Res<l. (4-1-13)
We notice, also, that if we combine equations (4-1-4) and (4-1-12) we find
that

I(: -
MO+ x) 5] = (_W{%HQ. 0 < Res < Reab
(4-1-14)

and in particular that
- n ns
H[Q + x*) ] = 7 cosec (—a—). 0 < Res < Rea. (4-1-15)

Mellin transforms of rational functions can be calculated by a method
similar to that outlined in sec. 2-8 for Fourier transforms.

Suppose that f(2) is a rational function which has no poles on the posi-
tive real axis and is such that, for 6; < Res < a,.

lim z'f(z) = 0 (4-1-16)
and that
Iim =%(z) = 0 4-1-17
L
We assume that f(z) has poles at the points z = 4,, . . . ,a,. If we integrate

the function

@) = (e~ "¢ (2) (4-1-18)
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Fig. 4-1

round the contour shown in Fig. 4-1 and make use of the fact that, because
of (4-1-16), the integral round the small circle tends to zero as the radius of
that circle tends to zero and that, because of (4-1-17), the integral round the
large circle tends to zero as R — oz, we find that, in the notation of sec. 2-8

J:' (e™"x)*"Y(x)dx — J: (e®x)*"Yix)dx = 2ni i res p(a,)

r=1

Since
(e-:i)'-l - (e")"' = 2isin(sn)

we find that
* =1 M ___l'_ _ 3 .
J; x*"Hix)ydy = G (m); res ¢(a,)
that is, that
sl e S _
M) = — (m; res (4, ). (4-1-19)
The formula is easily modified if f{z) has poles #,. . . . B, on the

positive real axis. It is readily shown that

v - n m
H[f(x)s] = pryp 'Z:’ resp(a,) — ncot (.m); B~ 'res B

(4-1-20)
it being understood that the integral defining the Mellin transform is taken in
the sense of its Cauchy principal value.
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To illustrate the use of the formula (4-1-19) we consider the case in
which f{z) = (1 + 1) '. The conditions (4-1-16) and (4-1-17) will be satisfied
if 0 < Res < 1. Also, the function f(z) has one pole only. at the point
= = e"; it is easily seen that the residue of ¢(z) there is | and so we obtain the
formula (4-1-13).

Similarly, if we take f(z) = (1 + z2)7", the conditions (4-1-16) and
(4-1-17) will hold if 0 < Res < 2. The only poles of f(z) arc at e¥*, 4™
and the residues of @(z) at these points are respectively bo™ ¥ {et™ 5o
that by equation (4-1-19) we have

A+ xH ] = 0 <Res<2 (4-1-21)

n .
2sin(ins)
in agreement with (4-1-15).

To illustrate the use of the formula (4-1-20) we take f{z) = (1 - z)~ .
Equations (4-1-16) and (4-1-17) are valid provided that 0 < Res < |. This
function has only one pole. at z = 1 for which the residue of f{z) = ~1s0
that

H[(1 = x)" ;5] = mcot(sn), 0 <Res< | (4-1-22)
it being remembered that the integral on the left-hand side of this equation is
a Cauchy principal value.

As with the Fourier and Laplace transforms. we introduce the inverse
of the operator .# in the sense that if

S2(s) = A f1x);5]

we write

Sx) = A7 f*s)ix]

For instance we could rewrite equation (4-1-12) in the inverse form
MMM - $):x] = Ta)}(1 + x)°° (4-1-23)

4-2 MELLIN TRANSFORMS OF DERIVATIVES AND INTEGRALS

In the applications of Mellin transforms we often need to be able to express
the Mellin transform of the derivatives of a function f{x). or of some integrals
involving it. in terms of the Mellin transform f*(s) of the function. We derive
some of the results here.

By the definition of the Mellin transform

A (x):s] = J'o ® £t d.
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Integrating by parts we find that
H[(0):5] = [Ox1]E = (s - l)f:_ﬂx)x"z dx.
Hence if there exist gy, 0, such that
lim <~ Yflx) = 0. lim x*~!(x) = 0
when 6; < Res < a; and if f*(s — 1) exists in the band, then
H[(x)is]= (s —Wf*s—-1), oa <Res<a (4-2-1)
where (*(s) = .#[ f(x);s]. Applying this formula twice we find that

M f(x)is] = (s — DA[S(x);s = 1]
= —(s ~ D{=(s = 2)f*s — 2)}
i.e., that
M (x)is] = (s = D(s ~ Df*s - 2) (4-2-2)
We can obviously prove by induction over n that, for all values of s for which
[*¥(s — n) exists,

I'(s)
w) . = (—])" - — -
HP(x):s) = (=1 Feom/ ¢ n (4-2-3)
provided that
Jl‘i_t"r(x) XY =0, r=01...., n~— 1

Since
Mxf(x);5] = H[S(x);5 + 1]

we deduce from (4-2-1) that

M [(x Zd“;),f(x):s:] = —5f*(s)

and by induction that
d n
M l:(x E) f(.r);.r] = (= 8)"%(s). 4-2-4)

We note, also, that
H[x(x);8) = A[SP(x)is + n)
so that, by (4-2-3), we have the relation

-
ALeris] = (- 1r e 4-2:5)
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in particular we deduce by putting n = 2 in (4-2-4) that

dY df i

2 2L = s2/*(s). .

‘//[,x a3t Yt s2/*(s) (4-2-6)

For example, if we denote the two-dimensional Laplace operator by A, we

find that in plane polar coordinates p, ¢
Yoo ey

A, flp.d) = t;;)_i + ‘;5’) + ;1 (;Q-S_z (4-2-7)

so that by (4-2-6) we find that
a2

M[PAf(p.d)ip = 5] = ((—:&’—5 + s’)/"(.s.qs)
where

[*s5.9) = . #[flp.d):p > 5] {4-2-8)
Hence we deduce that

MDA flp.d)ip = 5] = {'(;%;3 + (s — Z)z}f"(s - 2.¢) (4-2-9)

If we define the plane biharmonic operator A, by
A = AyxA,S)

we find that
a2

M[APflp.d).p — 5] = {6_;7 + (s — 2}2}.//[A2f(p.¢);p -3 =12]
and hence that

=D, + (s — 2)}{D,? + (s — H?}/*s — 4.¢) (4211

where

v

D, = .5(; (4-2-12)
and f*(s.¢) is defined by (4-2-8).

Some of these results can be written conveniently in terms of integrals
rather than derivatives. For instance we can write equation (4-2-1) in the
form

Hx);s] = - = 1)./([J:/(u) du:s —~ ]J.
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Replacing s by s + | we can now write this as

,l[f;f(u) du;s] = -—;f‘(s + 1)

where f*(s) denotes the Mellin transform of f(x). Repeating this process we
see that

A [J:d-".ﬁf(“) du;s] = -;.ﬂ [f:ﬂu) du;s + 1]

i ro
= “"{' ;—_!_"'l*f G+ 2)}

(4-2-13)

s

showing that
1

.II[J; dy J; S(uw) du;s] = o j.).ft(s + 2).

If we denote the n-th repeated integral of f{x) by /, /() in the sense that

1) = 71, ) du (4-2-14)
we can prove by induction over » that
: BT AL P
M1 f1x);s] = (~1) For + J;)f (s + ) (4-2-15)

Similarly, if we write equation (4-2-1) in the form
MH[x)s] =(s—1).4 [wa(u)du;s - ]]
and replace s by s + 1 we arrive at the formula

x 1
M [J; S du:s] = }f‘(s + ). (4-2-16)

If now we introduce an n-th repeated integral 7,
recurrence formula ) of fix) defined by the

LA = 7l M) du
: (4-2-17)
we can show by induction over n that
I'(s)

H[1,=f(x);5] = ﬁ;j’,;jf s + 7). (4-2-18)
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We shall make use of the Mellin transforms of certain integral expres-
sions. For instance

) u . _ a0 -1 a u
A [fo w'f(xu)g(u) du,s] - fo x'*"ldx fo utf(xu)g(u) du
- J‘m u*g(u) du ft xX*" Yixu) dx
0 °
= J.t u* " °g(u) du J.Q P dy
° 0
showing that
A [J.w u"f(xu)g(u) du;s] = f*5)g*(1 + u - s).
o
Making use of the relation (4-1-7) we obtain the equation

M [x‘ f: uf(xuyg(u) du:s] =f*s+ Ag*(1 — 42+ pu—3).
(4-2-19)

Similarly

N U‘m 14‘?1'<£) g(u) du;s] = 'r w'g(u) du jw x*" ‘f(f) du
0 u ) 0 u

J. u'*g(u) du I » Ay dy

0 (1]

showing that

M I;fm t?“f(lf) g(u) du;s]
0 u

From this we deduce that

25U + s + 1) f*s).

H [A"l J“t u‘ff(;l;) glu) du;s:l = [*s + 2)g*s + 4 + pu + 1).(4-2-20)

0

Two particular cases of these results arise frequently. Taking 2 = g =0
in (4-2-19) we obtain the relation

M [ f: flxu)g(u) du;s:' = [*5)g*( — 5) (4-2-21)
and taking 4 = 0. u = —1 in (4-2-20) the relation
M [J-mf<:) g -t-ig;s] = f*($)g*(s). (4-2-2%)
0 u u
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This last relation is often used in its inverse form

A H(s)g%s):x] = f * ( )g(u)~ (4-2-23)

As an example of the use of equation (4-2-23) we consider the Mellin
transform of the Wey! fractional integral

hx;p) =% [ fu):x] = F(II)J‘ Sy — x)*~ " du (4-2-24)

If we write

F(x) = x*f(x), G(x) = o )(l - x)*"'H(l — x)

we can put this integral into the form

hix:p) =J. F(u)G( )du
o

from which it follows that

e (s.p) = H[h(x;p):x — 5] = FUIG*(s).
where F*(s), G*(s) are the Mellin transforms of F(x), G(x) respectively. Now,
by equation (4-1-7)

F*s) = 1%s + n)

where f*(s) is the Mellin transform of f(x). and
* = ——— — 1 ' 1 = e
G*(s) Fi J,[ - x)* dx I'(;z T

Hence we find that

I(s)
* : B e e *
h*(s,p) Fa + g)f( + W

. (s
HH i) = s 1+ )
This is an obvious generalization of equation (4-2-18) above.
If 1 has a positive real part such that

(4-2-25)

n—-1<Rex<n
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where n is a positive integer, we may define the fractional derivative of order
x of a function f(.r) by the equation

D, fix) = o W oo fix) (4-2-26)
i.e., by the formula
r [ A — n-2-1
D fx) = r(" D i .[ S — x) du,

n-1<Rea<n. (4-2-27)

The Mellin transform of such a fractional derivative can be deduced easily
from equations (4-2-3) and (4-2-25). By the first of these we see that

r( )
Ts—nm"

Using equation (4-2-25) to evaluate the Mellin transform on the right-hand
side of this equation we find that

MDD Hx)is] = (=) H(W . flx)is = n).

Tl v)- - L. I_-_(Q_ * 2
H[DLf(x):s] = (1) Fs s m S*s - ) (4-2-28)
which is an obvious generalization of equation (4-2-3).

4-3 THE MELLIN INVERSION THEOREM

If we let x = ¢', 5 = ¢ + i in the definition of the Fourier transform

1 © :
Jan J glyet dr

we find that it becomes

G(@¢) =

l o
G(ic — is) = ——— x " g(logx) x*~ 1 dx. 4-3-1)
( \/(275) J; K08 (
If we make the same substitutions in the inversion formula
1 * .
glt) = ——=— G(&)e ™ dE
( \/(21!) J‘.l‘ 9 S

we obtain the relation

c+io

1
= ic — iy £=s 4'3'2’
gllog x) JG J;- . Glic — is)x ™% ds. (

Writing
Jix) = 2m)"¥x"gllogx),  f*(s) = G(ic — is)
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we find that equations (4-3-1) and (4-3-2) yield the pair of equations

JH) = J; x5~ Yix) dx (4-3-3)

1 ctia
S = i f . S*(s)x"* ds. (4-3-4)

Now (4-3-3) is merely the definition of the Mellin transform of the function
f(x). so that {4-3-4) is. in some sense, the inversion formula for the Mellin
transform. This heuristic argument is justified in:

Theorem Suppose that f*(s) is a function of the complex variable
§ = o + it which is regular in the infinite strip S = {s:a < ¢ < b} and
that for any arbitrary small positive number n. f*(s) tends to zero uni-
formiy as|t| - x inthe stripa + n € @ < b — n. Then if the integral

«

f S*e + it)dt

is absolutely convergent for each value of o in the open interval (a,b). and
if for positive real values of x and a fixed ¢ € (a.b) we define

1 c+im
o= -1 (5) d
fx) ZniJ:-.m x7Y¥s)ds
then. in the strip S.
rs) = [T e

To prove this result we note that since f*(s) — 0. uniformly, as Itl - X
in the stripa + n < o < b — n the path of integration in the definition of
f(x) may be displaced parallel to itself. In other words the function f(x) is
independent of the particular choice of the constant ¢. If we take two values
of ¢in (u.b), say ¢, and c,. such that ¢, < ¢ < ¢, (Cf. Fig. 4-2). then we may
write

J; Y de =1, + 1 (4-3-5)

where the integrals /, and 7/, are defined by the equations
1 l (TRAL "]
= s- 1 X - omem -tye
1 I x*ldx ZK'I X)) dr

0 a=-ix
£ | c2¥ix

I = x*! dx';- . x7'X) dr.
1 LR oy -im

Since ¢, < « the integral

1
J‘ x?7¢ b dx
°



274 THE USE OF INTEGRAL TRANSFORMS

Cl Ci

€y

<
=
|
}
e
i
;
L
e mem - el et
A 78

Fig. 4-2

is convergent and we find that

J‘“Hmf‘(!)dtf X7 dx

H
Cr—im 0

< f‘t |Fle, + it)|dt fl x® 77 4y,
- 0
Since the integral
fx F(o + it) dt
e

is absolutely convergent if o € (a.b) the first factor on the right of the last
equation is finite and since the second one is also finite it follows that

f“”'f'(nd: [

€~ o

< X

Hence we may change the order of the integrations in /, and obtain

I = LJ mf‘(r)dt-[ X dy

1
21 o i 0

LJ’c|+imf‘(’)d!

20 Jo —i S — 1

INWAOL.

i Je, 1 =5

where C, is the line shown in Fig. 4-2.



THE MELLIN TRANSFORM 275

Similarly. if 6 < ¢, the integral

T a1
f x? "l dx
1

is convergent and we are able to show that we can invert the order of the in-
tegrations in /, and obtain

L Lo

I = —
i e, t =5

It follows from (4-3-5) that

Y ot ge = L fHndr .3-
J;x j(x)d.\-—zm, C|+ o PR (4-3-6)

Since |F(s)| — 0 uniformly as |t| = x it follows that each of the integrals

L (U N A

ni e, 1t —8 2ni Je, t — 8

tends to zero as {r{ — ¢ and hence that we can replace the integral on the
right-hand side of (4-3-6) by a similar integral taken round a closed contour
I" enclosing the point 5. Since, by hypothesis. f*(s) is regular in the strip S,
the only singularity of (¢ — 5)™!f*(s) is a simple pole at 1 = s and it follows
from Cauchy's integral theorem that the value of the integral on the right-
hand side of equation (4-3-6) is /*(s).

4-4 CONVOLUTION THEOREMS FOR THE MELLIN TRANSFORM

If /*(s) and g*(s) are the Mellin transforms of the functions f{x) and g(x),
then

w0 c+ia
J. g(x)x*" ' dx lf I*)x"*d-

o 0 )i

J. y_f'(x)g(x)x' “ldx
o

1 ¢+ ix
J‘ S*2) d: f gxIx*  dx

»
2mi ¢e-im [

1 ctim
= 5’}—"[ ‘ SU2)gc(s = 2) d:
showing that

e+l

I -
H[flog(x)is] = 3 J- I*(2)g*s - 2) d-. (4-4-1)

e i
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A special case of this result is obtained by taking s = 1:

@® c+im

J‘ f(x)g(xydx = -—'—- SH2g*d - 2)d: (4-4-2)
0 2mi c~i®

Ina similar way we can show that

'c+ o

1
HTUSH)g ) x] = i I

c~im

Hs)x" ds jw gt~ du
(]

an &l ‘ ¢ +im . s
—J. z(u)7 i S*(s)(xfuy~* ds

o 2 c=in

* (x du
= fo S (;) g(u)-!-,- (4-4-3)

in agreement with equation (4-2-22).
As an example of the use of equation (4-4-1) we insert in that equation
the Mellin transform pairs

_ 21 - x?'H(1 - x) .o T2
S = 0 A YT P

_ 21 = @ H(L - ax) . a4z
glx) = TG0 . M) = fn+ 1=

with 4 > 0, 1 > 0.0 < ¢ < 1. We then obtain the equation
| f"‘” rgargs — i2)a=*

20 Joiw TG+ 3200 (0 + 35 — 12) d

= 4 ' s-1 2yi-14 2, 2va-1
_F(/Z)I‘T:T)J‘ox (I = x*7' - a*x*)*~dx

Using the expansion

ke
(1 —a?x?y~ ' = (—l——-«:' Ky g2 e
r=0 )

and integrating term by term in this last equation we obtain the equation
1 [ T4:)Cs - $2)a* 2 dz

200 Jooiw T(A + 320 (u + 35 — 12)
2r(s)

T+ )
With a trivial change of the variables we can rewrite this equation in the form

i J‘ 2 Ignle - j2)a* d:
2 Jeoio T(B + 12007 — 32)

R = pdsii 4 is;ah)
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24 T(x)

= mzﬁ(a.l +a-7:a 4+ f:d?)

with0<2<1.0<a<y f>0.

4.5 THE SOLUTION OF SOME INTEGRAL EQUATIONS

We can make use of the results of sec. 4-2 to derive the solution of some in-

tegral equations of general type.
We begin with the equation

f%nmm¢=ga (> 0). (4-5-1)
Taking the Mellin transform of both sides and using (4-2-21) we see that

M = HK*s) = g*(s)

Replacing s by 1 — s we find that
S*s) = g*(1 — 5)L*(s)
where
I
) =
6 = i Ty

From equation (4-2-21) we see that the solution of the integral equation
(4-5-1) can be wriltten in the form

ftx) = f: g(1)L(xt) dr (4-5-2)
provided. of course, that the inverse Mellin transform
1
= #-] - B - 4.5-3
Lix)= .# [K"(l—s)' s x] ( )
exists.
In particular, the equation (4-5-1) will have the solution
flx) = f: g()K(xt) di (4-5-4)
if
K*®O)K*(l — 5) = 1. (4-5-5)

In other words equation (4-5-5) is a necessary condition for K to be a Fourier
kernel (see 1-1). It can easily be shown that the condition is sufficient (Cf.

Problem 4-23).
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From equations (4-1-7). (4-1-8), and (4-1-10) we can easily verify that

ﬁ cos X, \/—i- sin X, x¥,(x)
n n

are Fourier kernels.
As a further example of the use of the formulae (4-5-1) through (4-5-3)

we consider the case in which
K(x) = x¥Y,(x)
where Y, (x) is the Bessel function of the second kind of order v. It is then
easily shown [CF. Problem 2-37(h)] that
JTG + s+ 40
rg-1is+iv

K*(s) = 2°~ cot(3n — dsm + hvm)

and hence that
TG -+ in

NP Sl LI AT ) 1
K¥(l —5) =2 A+ b+ iv)co Gr + sn + dvm)
so that
L*(s) = 2*°¢ Ig + is + v tan(in + §sm + dvm).

TG+ §s+4v)

This. too. is a transform we identify. Making use of (5) of Problem 2-38 we
see that

L(x) = x}H,(x)

where H_(x) is Struve's function.
In other words we have shown that the integral equation

f: (O )Y, (xr) dx = g(1) (4-5-6)
has the solution
fu) = [T (etg(H () dr 4-5-7)

The function g(r) defined by (4-5-6) is called the Y-transform of the
function f(x) and we write

gty = ¥,[f(x):1] (4-5-8)

Similarly the function f{x) defined by (4-5-7) is called the H-rransform of the
function g(7), and we write

fGx) = # ¥ g():x] 7 459 .
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We have therefore shown that the H-transform is the reciprocal of the
Y-transform. i.e.. that

Yo =2
We can derive the solution of the integral equation
* x dv
f K, (;)f.(y))—" = g,(x), x>0 (4-5-10)
o

in a similar way. Making use of equation (4-2-22) we see that this equation
is equivalent to
K¥s)fts) = g7(9) (4-5-11)

where K§¥(s), /1(5), gF(s) are respectively the Mellin transforms of K,(x).
J11(x), gy(x). Writing this last equation in the form

. - w 27T/
LIs — ma + ) = (=1)"LY(5) [(- 1) 1‘%371 i/zm)g‘(s - ma + /3)]
(4-5-12)
where m is a positive integer and
[(s/a ~
LHs) = 27" (ofe = ) (@ # 0

I(s/))K¥(s ~ ma + B

and making use of the fact that

d m m
H [(x"’zt) x’g(.\‘);s] =(-H" ol l‘(s/_a_L gHs —mx + )

T(s/a — m)
(4-5-13)

we see that equation (4-5-12) is equivalent to the solution
) P x a\" dy
X) = (— D)™™ [ ] L ot Jd-a 7 Y Vv v 4-5-14
fx) = (-1 L 1(y)(} d.l') ey ¥ (4-5-14)

provided that the inverse Mellin transform

(s/a ~
Lx)=a "' [ (/o = m) ] (4-5-15)

T(s/a)K¥s — ma + ﬁ);x

exists.
The integral equation

1 d .
f K(’{,)f(y)% =gx). O<x<l (4-5-16)
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is a more interesting form of the same equation. If we make the substitutions

Six) = flH( - x), £1(x) = g{x)H(1 — x),
K, (x) = K(x)H(l - x),

we see that equation (4-5-16) is equivalent to (4-5-10) and hence to equation

(4-5-11).
To illustrate the procedure we consider the integral equation
1
T.(¥/x)
— (3 dy = g(x), 0<x<l 4-5-17
i \/(yz _ xz)ﬂ}) )/ g(x) ( )

where 7,(x) denotes the Tchebycheff polynomial cos (n cos™! x).
In this case
(7Y

:/—(—I—ZTZ)H“ - X)

K(x) =

and it can be shown (Cf. Problem 4-27) that

Fn + 4)04s - in)
I(s)

K¥s) = 2°72 Res > n

.

so that
I _ 27 (s)
(s — mK¥s) T@n+ 9 = in + 49

and from Problem 4-26 we find that

= -1 ! el = _2_.______7;‘ 1(x) - -
L,(x) = .4 [m,x] = 1[\/( — xz) H(l .“') (4'5 '8)
Writing
1 _ ., Nsim =1
s~ mKi() | T/mKIG)

we see that this is the above case with 2 = n, § = n. m = | so that from
equation (4-5-14)

* X d dy

—— L hd G- "] A I

Sx) L .(y)) pr a0
with L,(x) defined by (4-5-18). In this way we obtain the solution

T R C7 ) BT P, 4-5-19
S = == BVt d_v{) ¢(»)} dy. ( )
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4.6 THE DISTRIBUTION OF POTENTIAL IN A WEDGE

To illustrate the use of the Mellin transform in the solution of a physical
problem. we consider the problem of determining a function y¥(p.¢) which

satisfies Laplace’s equation

&2y &y
p2‘3;7+p(‘3p e¢2 = (4-6-1)

in the infinite wedge p 2 0, |¢| < 2. the boundary conditions

Yip.a) = flp), Ylp—2)=g(p) p=20 (4-6-2)
and the limiting condition
Vpd) =0 p—-x. [P (4-6-3)

If we apply the operator .# to both sides of (4-6-1) and make use of
(4-2-6) we obtain the differential equation

¢ 2 . =
(&F 45 ) Y*(s.9) =0 (4-6-4)
for the determination of the Mellin transform

yrs.g) = H[Y(p.9);p - 5]

of the unknown function y(p.49).

We notice that if we wish to determine the strip in the complex s-plane
for which (4-6-4) holds we need a more precise limiting condition than
(4-6-3). If we integrate by parts we see that the complete form of (4-2-6) is

~2 3 p= o
H [p’ (‘—g + p Elﬁ;s} = [p’” ::_ﬁ - sp‘w:l + s2y*(s.¢)

cp C‘p =0
so that if we have the conditions
vpg)~p* as  p-0
4-6-5
yip.g)~p™ a5 p-ox @63
we see that

2 )

provided that 2 < Res < u, and provided that, for s lying in that strip, the
Mellin transform ¥ *(s.¢) exists.

We can therefore adopt the standpoint that, at least for potential func-
tions y(p.¢) satisfying limiting conditions of the type (4-6-5) with A < u,
there will be some strip in the complex s-plane in which (4-6-4) is valid.
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The boundary conditions (4-6-2) may similarly be transformed to

Yr(s.a) = [*(s). Y(s.—a) = g*(s) (4-6-6)

where f*(s), g*(s) are. respectively, the Mellin transforms of f{ p) and g(p).
The solution of the two-point boundary value problem posed by equa-

tions (4-6-4), (4-6-6) is casily seen to be
sins(a + ¢) sins(x — ¢)

Yr(s.a) = [Hs) 5 + 2(%)

sin 2sx sin 252 (4-6-7)

In the symmetrical problem in which f{p) = g(p) this reduces to the simpler
form
cos v¢

*f *
Yr(s.a) = s )Cos ool (4-6-8)

If, therefore, we introduce the kernel

sin
Kp.pa) = 47! [—.‘—:ﬁ;s - p] (4-6-9)

sin 2sa

and make use of the convolution theorem (4-4-3) we can write the solution
of the general problem in the form

Y(p.9) = J S K(pju.a + ¢.a)? + '[ g K(p/ux — ¢.2) d7u
1] V]

(4-6-10)
Similarly, if we define a kernel L by the equation
L(p.p.x) = . [E‘fs—d’ 5 - p] (@-6-11)
COs 52
we derive the formula
it du ,
v(p.9) = | fwLl(p/u.¢.2) - (4-6-12)
0

for the solution of the symmetrical problem.
The evaluation of the kernels K and L for general values of x can be

carried out by using the results of Problem 4-4. If we write a = n(2n).n > 0.
then

P n\ n p"sin(nd)
”"”'E T x 1+ 2p"cos(np) + p*"
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Equation (4-6-10) then yields the solution
_np" © w" ™ Ylu) du
Vipg) = n cos(nqb)J; u®" — 2p"u"sin(nd) + p*"

u" " g(u) du
28 4 2p"u"sin(ng) + p*

+ " cos(ng) j
n 0 u
n
l¢] < e (4-6-13)

4-7 AN APPLICATION TO THE SUMMATION OF SERIES

A useful method of summing slowly convergent series has been given by

Macfarlane (1949).
If /*(s) is the Mellin transform of f{x). then we may write the inversion

theorem for the Mellin transform in the form of the equation

1 c4ic
fin+ a) = — [*SYn + a)~* ds
200 Je i
Assuming that 0 < ¢ < | and summing both sides of this equation with
respect to n from 1 to % we obtain the relation

x e i

|
Z/(n +a) = Ef—uf S¥$){(s.a) ds «-7-1)

=0 c-fw

where {(s.a) denotes the generalized zeta-function of Riemann, defined when
Res > 1, by the equation

&€
{say= Y (s+a)™ O<axl. (4-7-2)
=0
In exploiting the possibilitics of equation (4-7-1) we need to know
something of the properties of the function {(s,a). A full account of these is
given in Chapter XIII of Whittaker and Watson (1927); we shall merely

state them here.
First of all we notice that when Res > | the definition (4-7-2) is

equivalent to the equation

r(l - 0+) _,)2=1,-as
{sa) = ~—5— 2 J S 4-7-3)

1-¢77

x

where by {{*’ we mean that the integral is taken along a path starting at
“infinity™ on the real axis, encircling the origin in the positive direction and
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Fig. 4-3

returning to the initial peoint, (Cf. Fig. 4-3), and not enclosing the points
+ 2nni which are poles of the integrand. The integral on the right side of
equation (4-7-3) is a single-valued analytic function of s for all values of s
and so we may take that equation to define the function {(s.a) for all values
of 5. With that definition we see that {(s,¢) can have singularities only at the
singularities of I'(1 — s), i.e,, only at the points s = 1, 2, . . . . But from
the definition (4-7-2) {{s.a) is analytic when Res > | so that the only
singularity of {(s,a) is at the point s = 1 and it is easily shown that it is a
simple pole with residue 1.

It is also easily shown that, if m is a positive integer,

U~may= —(m+ 1) "B, (a0, O<axl (4-7-4)
where B,(a) is the Bernoulli polynomial of the n-th degree defined to be the
cocfficient of ¢"/n! in the Maclaurin expansion of the function

et -1

e -1
In particular

{0a)=3%—a (4-7-5)

Another useful result is

{=ml —a) = (=D)""'{(~m.a)

Similarly. by using the result (4-i-2) we have the representation

flnx) = M [n"f*s);x]

from which we deduce the formula

$ finx) = L) x] 476)
a=1

in which (5) denotes the Riemann zeta-function defined for Res-> | by the
equation

C(y) —_ il n* (4-7'7)
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Since {(s) = {(s,}) many of the properties of the zeta-function may be
obtained by taking ¢ = | in those of the generalized zeta-function. For
example, it is easily shown that. if m is a positive integer

{(~2m) =0 (4-7-8)
{1 — 2m) = (;'ln) B, (4-7-9)
. 2204 - '1[2"8,,,

g(2m) = —l:iZ—mTl—)- (4-7-]0)

where B,, is the m-th Bernoulli number. defined by the relation
:2 :‘ 26
jzeot(z) =1 — Blﬁ - B‘ﬁ_ B,-é-!— R

and. in particular,
31=%~ B, = 5. Ba=11!- B, = 35, Bs=&~

Also we have
(o) = ~4.

Further results can be derived from simple properties of the zeta-
function. For example. since

ﬁl(—x)"‘n"= i} @n -1 - il Qn*

(4-7-11)

={(s) -2 z‘ Q2
= (I = 2'7)(s)
we have the formula
S0 = 70 = 2R, @7-12)
n=l

Similarly from the identities

(2n + D7 = (1 - 279{(s)

Ms

[]

(=1)"Q2n + )7 = 273 {{(s.) — {05}

a
Ron

a
n
=)

(=D)"n + 2a)"* = 27 {{(s.a) ~ (s + @)}, O<ax<i

ok

a
k)
o

we may deduce the formulae

S /120 + x) = A0 = 27X 4] 47-13)
n=0

worE
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p-

=I2n + Dy} = 47D ~ {s.D)éx] (4-7-14)

x
B
<

Z(—l)",l(n + 2a) = T:E}J 278 (s.a) — {sa + DY) ds,

D<ax<i (4-7-15)
To illustrate the use of these formulae we take

fixy=x""Ii{x) My =2"2 ——*——-  O<Res<}

~Cf. equalion (4-1-10) above—in equation (4-7-14) to obtain the relation

Z(n:l' Ji{2n + 1)x}

i c i r(%s) .- .
= 5 L Ta- { (s.8) = Us P27 2x" 2k,

The integrand has poles only at s = —2n. 1 =0, 1, 2, . . . and since

!li[nzn G+ 2mT(s)

. Mds +n+ 1) (-1y
= l l ' = -
13.1,1[“2" (3s + n) TPy P N v B
the residue at s = —2nis
1, (_I)" f¥ 2 i » LIS 2 2n+t
iy e = (=220
(=1 "‘Bz;wl(.ls)
=1 PIRYIEY!
2 n'(n + l)!{ 2n + 1 (20"

Hence we find that

(= 1)"Byusy(3)(2x)2"!
V=
Z(Zn Gy it@ + Dx} = 72 G+ Dhaln+

The series on the right is very rapidly convergent for0 < x < [.

4-8 A NOTE ON GENERALIZED HYPERGEOMETRIC SERIES

In calculating the Mellin transforms of some special functions it is useful to
have available closed form expressions for sums of generalized hypergeo-
metric series
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. N o T R A
ollay, . . a by byix) = 2, r'—(bl—)’«_(_;q)’ X (4-8-1)

when x takes certain specific values. In the definition (4-8-1) we have used
the usual notation

(@,=ata+ I a+2)...@+r-1)
Here we shall list such theorems referring an interested reader to Slater (1966)
for proofs.

The oldest result of the type we are considering is Gauss' theorem

ooqy = HOe — a ~ b)
JF(a.bic;l) = Fie = afc = h) (4-8-2)

withec>a+bh.c>a.¢c>b.c>0.
When the argument is — 1 we have Kummer's theorem

JFRlabb—a+1:-1)

T +bh-ald + -h)

- _ . N
T T B0+ b —a P> ~he<l+ib (483

When the argument is § we may use Bailey's theorem

bl = rdords + 3
el —abid = T rdh — 1a v D @84

withh >a~1,6>0.
When p = 3 and ¢ = 2 we have the result

oy A +a - (1 +b— e[ (1 + ¢ — ¢
shlabedel) = Ml —e)f(d — a)I'(d — HI'd — o)
(4-8-5)

provided that
(a) one of the parameters a, b, ¢ is a negative integer.
Pyd+e=1+a+bh+c
The result (4-8-5) is called Saafschiitz's theorem and any series satisfying the
conditions (u), (b) is said to be Sawlschiirzian.
The result
sBabel +a-b+a~cl)

Mt +4aFd +da—b -4 + a— ot +a-~c)
- (4-3-6)
M+ afl +a~-b -0 +4a -4 +la -0
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is called Dixon’s theorem. In particular if ¢ = —n. where n is a positive in-
teger, the result reduces to
sFab, —nl +a—-b1 +a+n:l)
_ (1 »+ a)(l + %uA—- b),

Sl FaTp, @8

Similarly the relation
Flabe;h + da + §b.2¢5 1)
- IO + ol +4a + )G —4a - 4b + ¢)
TG +3ard +40r¢ - e+ o = + o
G+c-la-1>0 (483

is known as Wutson's theorem and
3Fal —aciell + 2c —ell)
o 272l () + 2¢c — @)
Te + 1l + de —da)Td + ¢ — fe + $a)l(1 + ¢ - fe - }a)
(4-8-9)

(a > 0,e > 0.1 + 2¢ > e), as Whipple's theorem.

PROBLEMS

4-1 Prove that if m is a positive integer, 2 # 0,

a2 4\ T/
(@) . # [(A dx) ﬂ.\'),s] =(=1)"x m/ {(s — ma)

) A [([Li x) f(.\');s] = (1 = sy"f*(s).
X
4.2 Show that

(@) A TE) 0 ~ s5)x] = L[f1n;x],
B . [sinGns) T *(1 ~ 5)5x] = OO F[AN:x],
(¢) A [eos(hrs)T(s)f *(1 — 5):x] = JUm)F[fiD:x]).

Iy + s + H
v —4s+ 4

(dy #! [ =1 - s);x] = xX,[flp)ix]
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4-3 Show that

- [_rds 2 fod
@« [egiipron] - & e

L rd -4 ] 2 (™ ADd
h) . 1 *« ; J— —_—
*) 4 [I‘(l f)/() JrJo Jixt = 1%
4-4 If —in < ¢ < 4=, show that

MH[e *™®cos(xsing);x — 5] = ['(s)cos(s¢), (Res > 0),

M [e=*<**sin (xsing);x — 5] = I'(s)sin(s¢), (Res > —1).
Deduce that if —4n < ¢ < 4n
_,[c_qs(s___@_)' ]gl I + xcos¢
n

sin(sm)’ I + 2xcos¢ + x?

_,[s_il(_sj)_)_{,=l' xsin¢
n

sin (sn)” I + 2xcosd + x?
and hence that if .2 < ¢ < u >0
2n 2n’ "

- [cos(s¢) ) ] _n. 1 + x"cos(ng)

sin (sa/n)’ 7 1+ 2¢"cos(nd) + x>

L [sns) _n. xsino
sinGsa/n)’ | ® 1 + 2x"cos(ng) + x2*
4-5 Starting from the definition

mML

P = =2 R G = ~dnid - nix7?)

of the Legendre polynomnal P,(x) show that
HA[P(x"HH( - x);s]

on- ld‘).JFI(i - i,n'__%" 53_ &" é -n, &s - %” + ;D).

Summing the series on the right by means of Saalschiiz’s theorem show that
A[P(x"HH( — x);s)

Fds + 4n + HIrds — i)
rres+ 1)

= ! . Res > n.
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4-6 Show that if n is a positive integer
H[X"PAOH( = x)is] = (n + )7 F(—nn 4+ Lin + s + 1:).
Evaluate the sum on the right by using Bailey’s theorem and hence
deduce that
A [x"P(x)H(] - x).5]
I Cdm + )Tdm + s+ )

T2 rAm — I A DM s I+ B E Y
(Res>n—m~1).
4-7 Defining the Gegenbauer polynomial C,*(x) by the formula

=16,

AR 2r-m 5
DI e

C,Mx) =

prove that
H[CHx~ (A = x1THH( - x):is)
270 + 20Tds — ImTds + 2 + dm)
- M T()T(s + 24) )
4-8 Adopting the alternative formula

p)n
n!

(Res > mj

Chx) = Fil=nn+ 2p+ 553 -0, (u>0

for the Gegenbauer polynomial, prove that
A1 — X ICHOH( — x);5)

_ 2T DT + HTru + mI(s)
mMremrGn + d+p+ 9rd + 5 - n)

and hence that
A = X TECHOH = x);s]

_ 2T+ Hr@u + mis +n— 1)
= A TTAIT (s + 7 + 1) :

4-9 Defining the associated Legendre function P,” *(x) by the equation

(Res > 0).

2 1 1 — x\¥ )
P, (x)='—_a—-+——ﬂ T F(=vv + 1+ 113 =40
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show that. if Res > min{0.v — 4 — 1),
A = XHPP,TAHA = x)is])
_ 274 T (s)
BT N T L )

4-10 Show that. if Res > ¢ — a, Res > ¢ — b, Res > 0,

4 Af(.\'+a—c)r(s+b-——z')_ o x
rs)yfis+a+b-0

-c

X

= [“(c)“ - X}~ ,Fita.bie;t — x”HHQ - x).

4-11 Prove that
AP = xR Byt = YHA = x);8]
TIG + M —x—f+7+8)
TTs-a+ 4+ —fF+7+0)

and deduce that, ify > 2 + 8,

S| T+ TG + By,
s+

XA - xp A 1
= — —_ —_—g -y —a—f'1 - H{l - x).
TG B) Fil—a,—fiy —a - fil x"HH( )

4-12 Prove that if n is a positive integer,
A = PR (—na i x)H - x);8]

= [!il‘(sz JFH(—nas oy + sil)

T+

and using Saalschiitz’s theorem show that
ALG = xR (=n B+ 7+ = 1 B0HU = x);5]

_ rpre + n»rqg)r(p +n j;")
T+ M- 9TG + s +n)

Deduce that
~”,.[_j'(awr.«')r(ﬂ+n—s) ) ]= T+ g +n)

Fx+7+s+mlB - “T@+f

X1 = xV L F{=na+ f+7+na— 12+ B0HA - x)
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4-13 Suppose that

(@) f{x)is a real-valued function defined on (0, o¢ ) such that its Mellin
transform f*(s) exists in some strips; < Res < o, of the complex
s-plane;

(b) f(x) has an analytic continuation. f(z). in some sector |argz| < a.
0<x2<nm,

(¢} witheo, € 6y < Res < a, < g, |argz] < x
|*l|l'l'n?> 2*(z) = 0. ‘l}r_po 2(2) = 0.
Prove that the integral

J; 272 dz, (03 < Res < a,).

in which L, denotes the radial line argz = 0. |0} < a, directed outward
from the origin, is independent of @ and is equal to f*(s).
Show also that

A7 [ [*(s)cos(s8):s — r] = Re fire'),
A S*($)sin(s0):s = r] = ~Im f{re®®)
where 65 < Res < a4, (0] < x.

4-14 Using the pair of equations immediately above calculate the inverse

Mellin transforms of
cos (s0) sin (s60) , .
Sn (ms. ;l_rm)' I'(s)cos (s0), ' (s)sin (50).

4-15 Prove that if / and m are positive integers, x # 0, f # 0

1-._‘1_)' TR AN e
(a) .I([(.\' %) |, K ST E u’f(y),yd

C(s/a)[(s/B — 12/B)
F(s/a — DI (s/B = i — m)

K*(s — l)f*(s — Ix = mB + 3):

LAY Y CA YA A U
o (<) [T g) o ga]

C(s/p)
I'(s/p — m)

(o) A [(xl_' ad;)’ J: K (5) (y %)" {73} %s}

= (- l)”"l'ﬂm

= (=D'*pns! K*(s)f*(s — mB + 7).
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= (= D*mal(s - " r_(,%‘i“_)__ K*(s — l)f*(s — Iz + 7).

AN k(5 2AY &,
) 4 [(r ZE) L K (;)(1 dy) L) ! ‘5]

= (="K ) (s + )
4-16 The operator I, , is defined by the equation

'll 2y
laaft) = r( %) j (x% — Wy a2t ) du.
Show that
’ ra
#[1,.f(x)is) = F(T(T:’i ” %x)% o,

where f*(s) is the Mellin transform of f(x).
4-17 The operator K, is defined for « > 0 by the equation

Ken'flx) = F(")J‘mlt"' — xX"P Y Omem T dr

and for « < 0 by the equation

a d ! +1
K,-"f(x) = = K. 'f(x)

where / is a positive integer such that 0 < « + { < 1. Show that
, _Ts/m)
MK (X)), —— [
[Kef(x)is] = Flom + 5+ mo.

Deduce that
MK 23K xf(x);5)

r (_> r (£_+.£'_1_ *i )
_ m n
r ( R a) r (f_i_’i’j'_‘_‘t_? ,,)
m n

4-18 Show that if m and n are integers, 0 < x < |
1
J’ (3 = X = ypmicH (i) CHdy

_ Cm + 2A)T(n + 2u) PR
PRI TATWE@ + g+ D [mon”

S*s + max 4+ nf +y+96)
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where

.l[/" “'x] =4rG + pu+ )x

m.on’

oot | Fds — 4nOTs + 2 + 4m) oy
' Ts+dn+ i+ p+ Hrds =+ 2+ 47
=X = xR - b o+ L
—dm A+ Li+p+ 11— XY

Deduce that
(a) if g = 4(m — n — 1), the integral has the value

C(m + 20T (n + 2p)
2By I C(A)T T (A + u + 1)

x-m“ - x2y¢u;

(b) if m + n = 2N + | where N is a positive integer,

X21+m
. S—— ] g
FNTaxas /=X
where
el .
(&) = (75;5"““(' ol

4-19 Prove that if m and n are positive integers, 0 < x < 1.
1
[ Putyi0R) dy

= 327" = xR0 = dm 4 dnd = dm = e 200 - 6

and deduce that
1
(a) J; Pu(3/)P, _(3)dy = Ix~"(1 ~ x3), (m > 2),

1
) L Fa(y/[ )P (1 dy = Ix™* (1 = x?). (m > 0).

4-20 Show that if m. n are positive integers. and 0 < x < 1,
- VIOP = x)a =)
s T'ds + %m)r(%s —dm ‘-’
' Tds +4n + HIds ~dn + 9’

=4, F (h = tm + ind — dm - dnibi] — XP)
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and deduce that

b Ta(yx) T (0) dy
a LI m = ‘;'1!,
@ ,[: JIO?2 = xHa -y
(b) if m + n = 2N + | where N is a positive integer the integral has
the value

1 2m
37 3 = x)

where

dh’
7
4-21 If0 < x < 1,0 < ¢ < m. show that

Iy =g &1 =&

1
.[ YUy = XN =y SR (abics] = (3/x)

Fe)I'(m - ¢

_ -h —_ '] — v ’ = c—m - m—l.
JF(—a,—b;m — ;1 — ) dy Tom) "1 - x)

4-22 Defining the modified Bessel function of the second kind K,(x) by the

equation

G T L e
&(x)—r(v+§)-“l e M - 1)"*dr

show that
H[K(x)is] = 27T (s + T{ds — 4v),  (Res > v > 0).
Show that
! - r\ dx n\} e’
f o=, () 25 - (5)

(4]

4-23 Show that the condition K*(s)K*(1 — 5) = | implies that
fo " w KK, (u) du = H(x) — Hix ~ 1)
where
]
K(n) = fo K(u) du.

and hence-- by Problem 1-1 -is a sufficient condition for K(x¢) to be a
Fourier kernel.
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4-24 Prove that

- 'H(2) = 2'H,_(2)

and deduce that

I ¢\
(a) #*[mg(n):x] = x*" (J;, ;x) Xy, L gtn)ix).

Show also that

(b) #.[x"f0u0] = '*"G %,)m Ay, L) ).
4-25 Show thatifa > 0,
K[ H(@ — n:x]) = a"*'x7HH,, (ax),
and deduce that
(a) #2[7HY,_an):ix] = " Ix"HH(x - a):
» ¥,[x"H,, ((ax):1] = r*ia”" " Ha - 1),
4-26 Dcfining the Tchebycheff polynomial 7,(x) by the equation
T(x) = JF(~n.nig;h - dx)
show that
A = xH I ()HA — x);5]

= J3n) - HFG+nt—ns+ 4ih

r (Y + i)
and hence that

27*nl (s)
rd+4+inlfd +4s - i

4-27 Defining the Tchebychefl polynomial T(x) by the equation

H[(1 = xHAT(H = x)is] =

[4n)
= 1 _m - m= " 2m
Tux) = 2n ,..Z: =D m'(n 7m)' (Zx)
show that
_ - , s —=4n~1)
-4 1 ) el = 2 g4
M = FHTITETHH = e} = 270l g

x 3Fyd —dn, —dnds — dn — 151 = nds - 40— 42D
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and hence that
Idn + 9rds — in)
I'(s)

A = xH)TIT,(x"HHA — x)is) = 2272

4-28 Show that the integral equation

1 f
f F, G) ) dy = gx)

with g(1) = g’(1) = 0 has solution

1 2
o= [ () 4) v

4-29 Show that the integral equation
t
f (y = xR abiel — x/pfy) dy = g(x),
in which g(x) is prescribed and g (1) = 0, (r = 0,1, . . . ,m — 1), has
the solution

(="

M= FoFm =

1
f O =X F(—a,—b;m — c:1 — y/x)g"™(y) dy

4-30 By taking
Sx) = x4 — xY)

in equation (4-7-6) show that the finite series

N
S(xy =Y n¥1 - xn¥),

LS}

where 0 < x < 1 and N is the largest integer such that xN* < I, has sum

41 TEs =1
x4« [Fg—j-;—%)) {(s);s = .\'*]

and deduce that as x — 0

S(x) ~ Jnx¥ + [$) + b — H(-Pxr+ - - -



5
Hankel Transforms

The Hankel transformn arises naturally in the discussion of problems posed
in cylindrical coordinates and hence. as a result of separation of variables,
involving Bessel functions. The proof of the inversion theorem ., ' = ¥,
(which is given in sec. 5-3) is complicated. A reader whose primary interest
is in the use of Hankel transforms may. in the first instance, omit the
reading of this section but should read the statement of the theorem to see
the sense in which it justifies the pair of formulae (5-1-3) and (5-1-4) derived
heuristically in the first section.

5-1 INTRODUCTION

We saw in sec. 2-13 that, if f{r) is a function of r = |x| alone. its
n-dimensional Fourier transform F, () is a function of p = |§| alone. If
we write

P (r):x = &) = Flp)
298
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then we see from equations (2-13-14), (2-13-15) that

Flp) = p7 "X, [rf(N:p], v=1in-1 (5-1-1)
Making use of the Fourier inversion theorem (2-12-5) we find that

fir) = Z[Fp): = ~x]
and hence that

fr) = rH [ p"F(p):r]. (5-1-2)
If. therefore, we write

Pfr) = (). p'F(p) = $,(p)
we see that equations (5-1-1) and (5-1-2) can be written in the form

é.(p) = H.[o(1):p] (5-1-3)

o(r) = X,[.(p):r]. (5-1-4)

respectively. Hence we see that, if v is zero or half of a positive integer (even
or odd), there is a symmetrical relationship between a function and its
Hankel transform of order v in the sense that. if @,(p) is the Hankel trans-
form of order v of an arbitrary function ¢(r), then ¢(r) is the Hankel
transform of order v of @,(p). This result is called the Hankel inversion
theorem.

Although in physical applications v is usually either zero or a positive
integer we shall give (in sec. 5-3) a proof of the Hankel inversion theorem
for general values of v.

5-2 ELEMENTARY PROPERTIES OF HANKEL TRANSFORMS
By making the simple change of variable p = ax in the defining integral

AL ax:€] = [ fanlyds. (@ >0)

we find that the integral on the right becomes
l ¥ ] N
~ J' PR (péfa) dp
as Je

from which we deduce that
K [Map);$] = a2 H,[fip):é/a] (5-2-1)
Another simple relation is obtained by making use of the recurrence
relation

,
Jo (3 ~ :EJ,(,\') +J,4000) =0, (5-2-2)
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Substituting &p for x. multiplying both sides of the resulting equation by
pfp) and integrating with respect to p over the positive real line we obtain
the relation

#[p " ip)é] = % {focil®) + La©)) (v #0) (5-2-3)

It is not possible to derive a simple ‘shift” formula—gving the
transform of flp — a) in terms of that of f{p)--in the case of the Hankel
transform. This is because the addition formula for the Bessel function even
in the case in which v is an integer takes a most complicated form. Against
the simple addition formula

e*tY = o*. 0

for the exponential function (which is the basis of the shift formula for the
Laplace transform) we have the Neumann- Lommel addition formuia

X

Jx+ =Y Ju(0],-nlx) (5-2-9

(Watson, 1944, p. 30). From the definition of the Hankel transform we have
the formula

AL = aHp - @:81 = [ ofip ~ a)eo)dp
(@ > 0) and the simple change of variable p = a + u yields the expression
f: ( + @)l (Ca + Eu) du

for the integral on the right-hand side of this last equation. Making use of
the addition theorem (5-2-4) we see that in turn this reduces to

S hente) [T+ afdcu du

Now by equation (5-2-3) we have the formula

J‘:c (v + a)f ) Q) du = K [f):§] + aX [u'fu):E]
[

Now = Jol® + 2T @) + Fuer()

M™Ms

MG @) = S (m o+ 1) (Ea)ad)

=-w®

m= -~z

and

Ms

s @ = 3 0m = D7, GaVa)

L]
]

m o
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so that finally we have the formula

A [fip ~aH(p — a)ii] = ’i L J(E) (5-2-5)
where o
A = Jo_wEa) + 3ai{m + 1)U, . (Ca)
+(m = )7, Ca)). (5-2-6)

If we use the recurrence relation (5-2-2) with v replaced by # — m and x
replaced by Zu we see that we can rewrite equation (5-2-6) as
Sa n+1 n—1
= e | I S emes Q) | . -2-

T 2‘” _ "’)[m + l n-m l(éu) + m— 1 n+tm l("a):l (52 7)
We shall not make use of this formula. It is produced here merely to con-
vince the reader that the shift theorem for Hankel transforms is not
simple!

One result we shall use depends on the fact that the function
Jx!J x| is bounded. If we write. for x real.

Ml €A vz -3 {5-2-8)
then

L&) = U: xHx)- x4I (xE) dx

< &7 [ o] [, 000 dx
< A j: |x4x)| dx

showing that if \/;jﬂ,\') is absolutely integrable over the positive real line
1.(¢) is bounded for alt positive values of .

5-3 THE HANKEL INVERSION THEOREM

We shall now give a proof of the Hankel inversion theorem. The difficuity
is that a valid proof for general values of v is complicated and involves a
knowledge of the properiies of Bessel functions. In applications of the
Hankel transform to the solution of boundary value problems in mathe-
matical physics (for example. in potential theory and in the mathematical
theory of elasticity) it is usually only the transforms of order zero and
unity that are involved. For that reason a demonstration of the plausibility
of the Hankel inversion theorem is given in sec. 5-7. A reader whose
interest is entirely in the applications of Hankel transforms could omit this
present section taking the equations (5-1-3), (5-1-4) as the statement of the
Hankel inversion theorem.
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For the details of the proof of the Hankel inversion theorem we need
some properties of Bessel functions which are listed here for convenience.
In addition to the relation (5-2-8) we need the result that the function

f’ ROROY
0

is bounded for all positive values of x if v 2 — 4, although the integral does
not converge as x — . We shall write

[Jvmwa <8 vz -} (5-3-1)

From this and the relation

f ox),ix)ydx = 54 J':’ () di

2

we deduce that if f > x> 0.2 > 0

[7 Vi x| < 2874 (5-3-2)

A relation of a similar kind may be deduced from (5-2-8). Since if
f2a20.4>0, we may write

f ’ o(x)yx) (Ax) dx = 27} r w(x)y/ (Ax),(Ax) dx
we conclude that

f ? o)y ¥l i) dx| < A4 J' ? o) dx. (5-3-3)

We also require the dominant term in the asymptotic expansion of
the Bessel function of the first kind of order v:

2\t
J.(2) ~ (;t-;) cos(z — 3vm — in), lz| = =, (5-3-49)
v 2 —1 |argz| < 7 (Watson, 1944, p. 199).

Two integrals involving Bessel functions arise in the proof. If we
carry out the differentiation on the left and make use of well-known
recurrence relations for J (z) we find that

-

E‘l;‘ w0, G- u v 8,0m) — yu "l (xw)-u' 1, (w)]
Recalling that = (x? = phud v Ol

ling ) (xe)) (yw)y =0
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if v> —4 we find. on integrating both sides of this last equation with
respect to « from 0 to 2, that

J: Wl )y du = hyxyii). v> —4 (5-3-5)
where
i, (i — Apd (& Jy
hx.yid) = xd, \')Jv(}-:’z) = :,;Jv(; ), 41 ( })_ (5-3-6)

We assume that the value of Weber's second exponential integral
L(p.r.p) = Lt ue™ ") (pu)),(ru) du (5-3-7)

is known to be

2 2
o (3)en(58)

(Watson. 1944, p. 395) where I, denotes the modified Bessel function of
the first kind of order v. It we also make use of the result that for small

values of p,
L I 2 M
b (2/’2) N {1+ 0(p%)) exp (sz)

we see that s
X (r — p)
I(prp) = ————11 + 0(p? -
Ap.r-p) i | (p )}cw[ e ]

and hence that

red ' d 1 , o R 8!12p —S’d
I Pl pr.p)dp = ‘-/71;) 0+ 0(p )}L e dr

r

(0 > 0). From this we deduce that if 6 > 0

Iin:) e ¥l pr.pydp = % (5-3-8)
[ nd r

Similarly. if 8 > 0,
lim | ‘(rp)*Jv(p.r.p) dp = }.

=0 Jy-

The proof of the Hankel inversion we shall now give is basically that
of Watson (1944. pp. 456-465) which is itself substantially Hankel’s proof.
As in the proof of the Fourier inversion theorem we break the proof up by
establishing a number of lemmas. These are more complicated than the
corresponding ones in the Fourier case because the properties of Bessel
functions are more complicated than those of the circular functions.
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We begin with a lemma which is the analogue of the Riemann-
Lebesgue lemma.

Lemma 1 (the Riemann-Lebesgue lemma) If fo(x) is piecewise
continuous and absolutely integrable in (ab), (b > a 2 0), then as
A=
rh X (A dx = o(4™}), v> -4 (5-3-10)

va

To prove this lemma we note that if b is finite we may divide the
interval (a,h) into a subintervals (x,_,.x,)(s =12, . . . ,n) with xg = a.
X,+1 = b, each of length 8, n being chosen so large that

a2

Y (M, — m)d < ¢ (5-3-11)

it

where m, < /xf(x) € M, for x & (x,_,.x,). Under these circumstances we
may write

\r"-\'f(-‘) = \/-".‘-l.f(.\'.-l) + w,(x) (5-3-12)
with
|, ()] € M, — m, (5-3-13)
and
f "Xl dy = 1, + 1 (5-3-14)
where I, and I, are defined by the equations
n b
L=Y Jx  flxe ) J NEIRPE Y (5-3-15)
s=1 2
L=Y f X003, (Ax) di (5-3-16)
s=1 v Xe-
respectively.

For the first of these integrals we have from equation (5-3-2) that

TARS 7 Z. |VXe- 1 fx2 )} < 2mBM i3

where M is the upper bound of \/xf{(x).
Also from (5-3-3) we find that

Ll < a4 Y 7 jouo)ax
s=1 VXa-y
< i %4 ﬁ (M, — m))é
=1

< i"t4e

by equation (5-3-11).
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Hence we have the estimate

< mBMA™Y + )Y 4e. (5-3-17)

f ’ xf(x)),(Ax) dx

Having prescribed ¢ we can find n; for this fixed value of n we can now
choose 4 sufficiently large that 2nBMi™' < Ae and hence that

< 247 ¥4¢ (5-3-18)

! J' " 00, (ix) dx

and the lemma follows.
The case in which b is infinite can be deduced from this case by

noticing that we can write

< +i4 f., " XA dx

f " xf(x)), (ix) dx

J' ° xf()d, x) dx
for arbitrary b and then choosing b large enough that

J:c Vx|l dx < &

The next lemma shows that we can invert the order of the integrations
in the repeated Hankel integral:

Lemma 2 Jf /xf(x) is piecewise continuous and absolutely integrable on
0.x), and f(u) = H#,[ f(x);u], then

J:D uf, o)) (ru) du = _li‘ml J:n pfiph(p,r.2)dp, v> -4

provided that the limit on the right side of this equation exists.
To simplify the writing out of the proof of this lemma we write

Fu,p;r) = pufip)),(pu)l (ru)
so that from equation (5-2-8)

[Fs,pin| < 4204} flp)|. (5-3-19)
Then

f" dp J“ F(u,p;r)du — fl du fm F(u,p;r) dpl <sF+F
0 [ [ 0

where F, and F, are defined respectively by the equations
s a A £
F =f dpfo |F(u,pir)| du, F, = fo duf |Flu.p;n)| dp

where ¢ > 0. This result is true for arbitrary positive values of ¢, but,



306 THE USE OF INTEGRAL TRANSFORMS

given any arbitrary positive number & we now choose ¢ to be such that

o 3 /
J Jalftoldx < 5 (5-3-20)

where again A is the constant introduced in equation (5-2-8). Then from
(5-3-19) and (5-3-20) we have

x . AZJ. T )
F < f dpidipir Y fip)dp =" »/;J' o) dp < e
¢ A% ¢

Similarly we find that

A A 2 n A P
F, € f du - J Jelfip) dp < J. —du = ¢
0 \/r ¢ 0 2/.
and hence, since ¢ is arbitrary, that

f: dp J: Flu.p:r)du = f: du J‘: Flu.p:r) dp.

If the integral on the left has a limit as 4 = o it follows from the definition
of an infinite integral that

qu dufr Flu.p;r)ydp = lim J‘l dp J.‘ F(u,p;r) du
0 0 i=x Jo °

and if we insert the form for F(u.p:r) we get the desired lemma.

The next lemma shows that the only part of the p-range of integration
which contributes to the value of Hankel's repeated integral is in the
immediate vicinity of the point p = r:

temma 3 If /xf(x) is piecewise continuous and absolutely integrable on
the positive real line and r does not belong to the intercal (a.b), then

£ b .
.[o 1), (ur) duf elpM.(pu)ydp = 0, v> -4
To prove this result we use Lemma 2 1o obtain
b
f: ), (ur) duf efip)l(pw) dp = }im fb pf(p)h,(p.r:2) dp.

Substituting the expression (5-3-6) for h,(p.r:4) we see that the right-hand
side of this equation is equal to f; — £, where

j"’ Pfip)

fi = lim J(ir)

A

PR g Jo+1(4p) dp
and .
f = lim f’m“f’J ,,-fL”),sJ.,up) dp.

a
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By our hypotheses the function p!f(p)/(p? — r?) is absolutely integrable
over (a.b) so that by the Riemann-Lebesgue lemma f, = 0. Similarly it is

easily shown that f; = 0.
It should be noted that this lemma is not restricted to finite 5.
To establish the contribution from the immediate vicinity of p = r

we need:
temma & The repeated integral
b i
J; \/pdpfo ul (up)d (ur) du. v> —4

in which a and b have any finite positive values. remains bounded as

/- .

If we replace the Bessel functions by the dominant terms (5-3-4) of
their asymptotic expansions we find that

2 h i
I = ~ dp J. cos(up — fvm — Lrn)cos(ur — dvm — in) du
hY a (4]
1 b[sinfi(p — r}} _cos{i(p +r) — vr} — cosvx d
B nJr Ja p-=r p+r ’

fl

1 Hb-ni gin x A0 cos(x — vr)
1 MY e - COSLE M
"\/’ Jia-n X ia+r X

bh+r
+ cos(vr)log P

showing that this integral is bounded and tends to the limit

Ad—r) o
»-»l« lim [J smx dx + cos(vm)log b+ r]

nv’r i=x io-n X a+r

provided. of course, that this limit exists.
Similarly by considering the terms O(x" ?) in the asymptotic expansion

of the function a,(p.r.u)

a,(r.p.u) = {muJ(rp),(ur)),(up) — cos(up — tve — {m)x
x cos(ur — yve — in)

we can show that the integral

2 b x
I, = -2~ o) du
y n\/rJ:, dpjl a(p.r.u) e

also remains bounded as 4 — .
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Now the integral

bl (] x
L =-"- r.u) d
3 7!\/',‘.. dp L a(p.r.u)du

is the integral with respect to p of an integral which is uniformly convergent
for positive values of p and r. and so it 1s a continuous (and hence
bounded) function of r when r is positive.

Observing that

b A
J; Jedp fo W up)urydu = 1, + I, + I

we conclude that the integral is bounded as 2 — o0 and converges to a
limit if

Adb-r
. sin x
lim J~ om0

i~ Jia-n X

exists. Hence the lemma holds not only when « and b are finite positive
numbers but also when they are functions of 4, either or both of which tend
toras i — oc.

With the establishment of this result we can calculate the contribution
made to the repeated integral by the immediate vicinity of the point
p = r. This is contained in:

Lemma s I x(p) = p*(p) is piecewise continuous and absolutely in-

tegrable over the positive real line and & is chosen such that
|x(p) = x(r+)| < € whenever r < p < r + &, then as i — x

i r+d

J. ul, (ur) duf pflpP (up) dp — L fir+), v> -4 (5-3-2D)
o r

Similarly if |x(p) = x(r—)| < & forr — & < p < r we have that

Ju ul (ur) du r . pf(pV(puydp = Lfir=). v> -1 (5-3-22)
° ~-
as /i — .

fo ul (ur) du J.M pAp) (up) dp
r+d i
= [ otxprdp [y (ur)d,up) e
= fr+) f'ﬂ (pr)t dp J‘A ul (ur)) (up) du
r [

r+é 4
+ {x(r — 8) — x(r+)} J:+: ptdp fu ul, (ur)J,(up) du.
(5-3-23)
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Now by Lemma 4 the first term on the right tends to a limit as 4 — oc
which may be interpreted as

lim fir+) [ (pr3p.rp) dp = 4ftr+)
0 r

by equation (5-3-8). By Lemma 4 the repeated integral in the second term
on the right-hand side of equation (5-3-23) remains bounded as 4 - x. If
we denote the upper bound of the modulus of this repeated integral by x
we therefore deduce that the absolute value of the second term is always
less than ke and hence establish the equation (5-3-21).

Theorem 1 (the Hankel Inversion theorem) If /xf(x) is piccewise
continuous and absolutely integrable on the positive real line. then if
v> ~4 fw) = #,[f(x);u] exists and

f: uf )l (ur) du = Y[ fir+) + fir=)].

The proof follows immediately from Lemmas 3 and 5. for if we write
. a P
Ia.p) = }Lnl.‘; ul,(ur) duf’ pl(p) (pu) dp

it follows from Lemma 3 that, since r is contained in neither of the intervals
(0 = 6). (r + 8,).

I(0r — 6) = 0, Ir +6,c) =0
Also, by Lemma 5
Ir = 8r) =4fUr=-). Irr + 6) = §f(r+).

The theorem follows at once from the observation that
’(: uf, (u)] (ur) du
= lim [l du [ ofip)1,(puy dp
=100 = 8) + Nr — 8.r) + I(rr + 0) + 1(r + 8,%).
Corollary  If f(p) is continuous at the point p = r,

f: uf,(u) (ur) du = fir)

ie.,

X [F).r] = (). (5-3-24)
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5-4 HANKEL TRANSFORMS OF DERIVATIVES OF FUNCTIONS

In the application of Hankel transforms to physical problems and in the
calculation of the Hankel transforms of some elementary functions, it is
useful to have available some formulae connecting the Hankel transforms
of derivatives of functions.

Using the definition of a Hankel transform and the formula for
integrating by parts we find that

é ;
H, [p"" 3 {p"'f(p)‘:c]

x -]
= ‘[ p1Sp) ;f— {p' "flp)} dp
0 (4

xX ~ § (ﬁ .
= [pfip).EM]§ ~ j p! ','/(p);,—;) £0').(Zp)} dp.
° v
The first term vanishes provided that f{p) is such that
lim p**f(p) = O, lim p¥f(p) = 0.
p—0 p-x
1t follows from the argument of sec. 5-2 that the second of these conditions

holds for any f(p) whose Hankel transform exists. Hence the term in the
square bracket vanishes if

fipy=o0(p™" Y, p-20 (5-4-1)

If in the second term we make use of the recurrence relation

é
— 1p(Ep)) = Ep*),
Fp.t’ WEp)j = ¢p'), 1 (ép)

we see that the second term reduces to
- 5}; of(p), -1 (p) dp

so that, provided f(p) satisfies the condition (5-4-1) and is such that its

Hankel transform of orders v and v — 1 exist, we have the relation
L @ — . Lo
X, [p' ! P {p! .f(ﬂ)}:c] = —¢X,_,[N(p):l] (5-4-2)
In particular if we put v = | we obtain the relation
H (8] = = X[ f(0);€] (54-3)

where f(p) = o{p~?asp — 0.
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In a similar way we have that
-1 €4, .
X, [p . Pl “ﬂp)}:-;]

x a .
=J. p7ER) — 1" () dp
o «p

© @
= [pflo)(pd))o™ — j p'*‘ﬂp)e—p{p"ﬂ‘(pé‘)‘; dp.
0

The terms in the square bracket vanish if f{p) satisfies the same conditions
as before, and if we make use of the recurrence relation

e, -
5 {p 'J,(Cp)} = _'ép_vjv¥l(cp)
in the second term we find that it reduces to

¢ fo pfip),, 1 (Ep) dp.

In this way we find that. if f{p) satisfies (5-4-1),

X, [ﬂ"" (:;cp {p'”ﬂp)};C] = &, Lfe)id) (5-4-4)
Corresponding to v = 0 we have the special case
1 é , ]
Ho [;;; {Pﬂp)}lf:‘ = ¢\ [ Ap)i{) (5-4-5)

provided that flp) = o(p~')asp = 0.
We shall now consider some results involving the differential operator

~2 2
Lo v
A= b = (5-4-6)
o’ plp p

From the definition of a Hankel transform of order zero we have

. . 1éf @
ol /il = ¥l -=1p= .
xo[ of:{] = ¥, L} PR (P 51)) é]
Using (5-4-5) we see that provided
if

g )
(,p=o(p ), p—0

K[ AofE] = £, [—f ;:]

cp
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Now if
f=o0(p™®, p~0
we see from (5-4-3) that
Ho [ f:8] = =2 [ f3€] (5-4-7)

This method is easily generalized to the case in which v # 0. We
begin by noting that

vy € af
A f=p"" ';5(;{!)2" ‘(;h-(p 'f)}

=p7! 2 pr! p'i(p“f)
p Ccp

so that from (5-4-4)
. N . e _

We can now use {5-4-2) with v replaced by v + 1 to evaluate the term on
the right-hand side and obtain the result

H[B.1.6] = -GH[f:E] (5-4-8)

If we use cylindrical coordinates (p.¢.z). the Laplacian operator in
three dimensions becomes
e e e &
T dp?  pép  pragr  8:?
and in problems in which there is axial symmetry we may, by choosing the
axis of symmetry to be the z-axis, take the Laplacian operator to be

a2 1 a2

A, =5+ —-—+ .
¢ op? + pop tae
It is immediately obvious from these definitions that

Azu(p.2)e™® = (B, + DH)u(p.z)e™*

A, (549)

Au(pz) = (B, + Dulp.2)

where D denotes the operator &/dz. and then from equations (5-4-7) and
(5-4-8) that

X, [Au(p.2)e™®;p — ] = (D? — I (l.2)e™? (54-11)
Ho[Au(p.2):p — E] = (D? — E2ig(é.n) (5-4-12)



HANKEL TRANSFORMS N3

where
u,¢.2) = #,Ju(p.2);p = ] (5-4-13)

is the Hankel transform of order v of u(p.z) with respect to the variable p.
In the discussion of problems in hydrodynamics and in the theory of
elasticity we need the results
K [A%u(p.2)e":p » £] = (D? - £ (&.2)e™ (54-14)
Ho[Au(p.2)ip = E] = (D? = E3)ip(.2) (5-4-15)
obtained by repeated applications of equations (5-4-11) and (5-4-12)
respectively. It will be recalled that A,? is the biharmonic operator A,A,;.

5-5 THE HANKEL TRANSFORMS OF SOME ELEMENTARY

FUNCTIONS
In this section we shall calculate the Hankel transforms of some elementary

functions.
Expanding the Bessel function in the definition of the Hankel trans-

form and assuming that g > v > 0 we have
#,[x"(a? - x})* " H(a ~ x);¢]
= f:x'”(az ~ X3 (xE) dx

(—I)’(fc)v'z' ‘ 2v+2r+ 14, 2 2\u-v—1
_Z'r(r+\+l) x @ X9 dx.

The integral on the right-hand side of this last equation is easily seen to
have the value

102“2’ rr+v+ NH(p-v

2 FMr+upu+ 1

so that
X [x"(@® - x})*"""'Hia - x):&]

- (—l)'(i‘a)‘”z'
- u-v=1 —_— BEY—p e e -
2 F(p — via*$ r'[‘(r T

from which we deduce that
H[x@? — X Hia — x);€] = 27V (e = v)a*EV T4 (Ea).
(5-5-1)
Now using the Hankel inversion theorem we find that if 4 > v 2 0
227 — vt X[, (a):x) = x"(@* — x?)* " H(a - x)
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a result which can be written in the alternative form

vny axyie] = S = €D
”'[X Ju(‘l‘t);S] = 2y V- lr‘(" — ‘,)”ll H(a - f) (5‘5'2)
witha >0, 4> v 20 1e.
£ ey i ¢V(a - {2)’:-- ] 3
L Tl @ de = S Ty Ha = O (55
with the same restrictions on a, u. and v.
If we put u = v + 1 in (5-5-1) and (5-5-2) we obtain the special cases

vt

K [xH(a = x):¢]) = 2— J, 1 (Ca), a>0 (5-5-4)

H [N @x)g] = fH H@-¢). a>0. (5-5-5)

Similarly if we put 4 = v + } in the same pair of equations we find that

x'H{a — x) _ I LA .
X,[ /—(‘aT ;'—;I—).C] = \/2—;"1 Jy+§(ca) (5-5'6)
¢'Ha ~ &)
H[x3 Jsglax)ié] = \/ 177\7(‘;57?‘ (5-5-7)
a>0.v=20
If we take v = 0 in (5-5-5) and (5-5-7) we find that
Ho[x" 1 (ax);E] = 5_(1‘;:—9, (a > 0) (5-5-8)
Ho[x"'sin(ax);¢] = ——,F-:;I(-l:—:—%, (a > 0). (5-5-9)
v - &

Similarly if we take v = § in (5-5-7) we obtain the result

. h {*H(a - )
% < =z
J; X JI(U.Y)JQ(xg)d'\' \/; a\/((l - 6 )

Interchanging a and ¢ we see that this result can be written in the form

H#y[x" Tsin(ax);l] = ;H (5-5-10)
& —

If we write out the left-hand side of equation (5-5-8) we find that

‘r Ji(ax)Yo(€éx)dx = l-!(ia——"—) (5-5-11)

o
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Using the results

f‘-'l(a-")d" = gg(”_i)
° x

J. lj(aa_ C—)da = H(a - &)log (g)

[}

we find on integrating both sides of (5-5-11) with respect to « from 0 to g

that
f '__*Jr"("—'ﬂjo(;'x) dx = H(a ~ &)log (‘c—‘)

[
i.c.. that
Ho[x 21 = Jolax)};€] = H(a — &)log (%) . (5-5-12)

We shall now consider the Hankel transforms of some functions con-
taining a simple exponential factor.
By the definition of the Hankel transform we have that

H e P(x);¢] = fo" S0, (Ex) e ™ P dx

from which it follows that
X, [e P f(x):{] = Lxf1x)),(Ex).p) (5-5-13)
For example from equations (3-7-3). (3-7-5). and Problem 3-18 we deduce
immediately that if v > ~
27 T(v + 1)
Bl B o (5-5-14)
Jrp?t 4 gyt

. 21EpI(v + 3)
§ voupx.g)1 = 2 F T T 27 5-5-1
fy[x 4 .é] \/K(I’Z ¥ &y ( 5)

’”,v[xv- le—px;él =

i 14 v
H[x le v %] = ; (5-5-16
# [x e P ¢] L +‘51){I’+\/(l’1 7 C’)} )

_p+ vWip? + Cz){ § }" 5-5-17)
T+ L+ JeR O ¢
Similarly we have the relation

o [e P MxiE] = [ xfire™ 0 (xf) d.

¥ A4

If we change the variable of integration in the integral on the right from x
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to u where u = [x? we find that it assumes the form

2 J.o JQRuH 2Eut)e ™ du
from which we deduce that

H L7028 = 22 [ A2 X128 x):7] (5-5-18)
If we take f(x) = x* then

‘f‘[xr‘,‘ﬁkxx;sg} - 2""5’[x*'1,(25\/.\');p]
and using the result (3-7-8) we find that
2v+ lcv

F ¥ kpx2.
f,[.t( b ~€]=_pv+l

which can be written in the form

H [xe = 8] = (Jad)rtigrem 14, (5-5-19)

7
e‘l'

In particular, if we take a? = 2 we obtain the result
H[xed¥ ] = gre ¥ (5-5-20)

showing that x*e™!* is sell-reciprocal under the Hankel transform of
order v.

Similarly if we take f{x) = x~! in equation (5-5-18) we find that
.ﬂ‘,[.t"eﬂpx’;é] = .‘f[x'*],(lé\/x)lp]
and using the result of Problem 3-19 we find that
H[x et E] = \/Ee'*‘z’z’l (‘:—2) (5-521)
p ¥\

Analogous to equation (5-5-13) we have a relation involving the
Mellin transform. By the definition of the Hankel transform we have

AL 0:E] = [ 0 .

Interpreting the right-hand side as a Mellin transform we obtain the relation

H[x*2(x):E) = A SN, (Ex):5]. (5-5-22)

As a special case of this equation we have

H[xV 8] = H[.Ex)is + 1]
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and evaluating the Mellin transform by means of equation (4-1-10) we see
that

iy 2T+t d "
XN [x '6]—6"’T(%v—53+%) (5-5-23)

with =1 —v<s< | +v

5-6 THE PARSEVAL RELATION FOR HANKEL TRANSFORMS

Suppose that the functions f(x) and g(x) have, respectively, the Hankel
transforms of order v, f,(£) and g,(). Then. proceeding formally. we have

[ derrd = [T T de [T xeon o ax

= [ xeodx [T om0 e
so that we obtain the Parseval relation
[ duorierdz = 7 g ax. (5-6-)

A systematic discussion of this formula has becn given by Macauley-Owen
(1939) who proved the following theorem:

Theorem 2 If the functions fix) and g(x) satisfy the conditions of
Theorem Y and if [(¢) and g (€) denovte their Hankel transforms of order

v ~—4, then
© 5 x -
|7 wfxrginy dx = [ duemra.
o [
The usefulness of this result in the evaluation of integrals is shown by

the evaluation of J#,{x~ ), (ax);€}, v > -4
If we take

f(x) = x"H@@ - x). gx) =x"Hh - x),v > ~}

witha > 0, b > 0. we have

v+l vei
T = 9—5— Jor@a RO = 4, (eh)

so that by (5-6-1)
(ab)*! fo" £, 0 ), (ED) dE = fo et paeet gy



28 THE USE OF INTEGRAL TRANSFORMS

Suppose that we take 0 < ¢ < b. Then this last equation gives the
result

l ) v+l
l ot {4
f §T Gy, (b dE = S l)<b) )
0<ac< b‘ vy > —}, (5-6-2)

which can be written in the alternative form

o, [x7 2 (ax);¢E] = | ( (5-6-3)

where v > 4.

5-7 RELATIONS BETWEEN FOURIER AND HANKEL TRANSFORMS

The well-known integrals

[ = meen, x> 0850 (571
0 v\

* 1yd .

J \;l(l:z( . G = i@, (x> 08>0 (512

suggest that there are close relations between Fourier and Hankel trans-
forms. To investigate these relations it is convenient to define Abel
transforms .o/, and .o/, through the equations

A [f)ix] = \[J \/(i(l):_ﬂ,z) x>0 (5-7-3)

[ f):x] = \/% f ‘JZ:Q%% x>0 (5-7-4)

If we regard (5-7-3) as an integral equation for S(0). fi(x) being pre-
scribed, then its solution is given by equation (3-16-22) in the form

2 xf;(x) dx
f(’)"‘\/;d‘ /(lz_xz). t>0

which may be rewritten as
f) = 7 [A0)ir] = Do [ ()] (5-7-5)

()

»/"2(,\')
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where, as usual. D, denotes the differential operator d/dr. Similarly by
using equation (3-16-24) we can write (5-7-4) in the inverse form

S = " (0] = =D, [xi(x):ir] (5-7-6)

Many standard integrals can be interpreted as statements involving
these transforms. For instance, we can interpret (5-7-1) and (5-7-2) in the
forms

Alcos (€nN;x] = JGm)y(Ex) (5-7-7)

A [sin (1) x] = J3r)lo(éx) (5-7-8)
respectively. If we differentiate both sides of (5-7-7) with respect to & we
obtain the formula

Ay[rsin(n;x] = JGr)xd, (¢x) (5-7-9)
and using this result in (5-7-5) we find that

o, T Hsin(€x);1) = SR (ér) (5-7-10)
Similarly from (5-7-6) and (5-7-8) we find that

o, ! El—“—f—*—'l;l-l = — D, o, [sin($x); ]

=~ J4mD J,({1)

from which we immedtately deduce the relation

o, | - sdmeren (5-7-11)

The proof that #,”' = &, for v = 0,1 follows from two general

identities which are simply established. '
From the definition (5-7-3) we have, for any arbitrary integrable

kernel K(¢.x).

“ 2 (= * fl)de
x = (=] K(.x)d -
'L KEX)f; (x) dx \ﬁJ'O (§.x) dx L 7(’;7—_—71—)
Reversing the order in which we perform the integrations we sce that the
double integral on the right may be written in the form

2({* * K(§.x)dx
Bl gzt

which shows that

f * K(EOf (x) dx = fo “ ARy (Ex) dx (5-7-12)
[
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where

K¢y = o [K(E0) it — x]

In a similar way we can show that

[ k@0 de = 7 ok @ de (5-7-13)
0
where _

Kiéx) = o [K(E.0:r = x] (5-7-14)

If. in equation (5-7-12) we put K(£,x) = (2/n)* sin({x) and make use
of equation (5-7-8) we obtain the rclation

FLA0:E] = [T fotgen dx
which may be written in the alternative form

F LA {0:x}):E] = @) = H[f1x):E] (5-7-15)

Applying the operator #,”! = #, to both sides of this equation we find
that

] a
o [1f0):x] =\/;:-j Jo(&)sin (§x) d
0

and hence that

5 ©
fin = \[lr" J Fot&)of, " [sin(Ex); 0] dE
(1]

4

Using equation (5-7-10) we see that this last equation is equivalent to the
relation

Sl = fo R (EVE) .
In other words #, ™! = .

Similarly from equations (5-7-13) and (5-7-9) we see that

F[xfy(x):¢] = ﬁ- J’zf(x).cl, [#sin(&r):x] dx
o

= J- X)), (Ex) dx

[

showing that
F[So(x):E]1 = [i€) = #,[S10):8). (5-7-16)
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From this we deduce that

2
fatx) = \/; xt f Fi(@)sin (Ex) di
(4]

and hence that

Ju) = \/%r],(é).d;' [i"'ffﬁr] dE
0 R

=f SN En dg
o
by equation (5-7-11). Hence #, ! = #|.

We can get another set of relations if, instead of starting from the
integrals (5-7-1) and (5-7-2) we take

2 H(p -
FlIop)i& = x] = f;%ﬁ_f;:% (5717

) 7 Hx -
5'[3"“”);‘“"12\/;\7%;—-7% (5-7-18)

as our basic relations.
For instance we can write

FLh&)ix] = J APV F[1e(Ep):E = X] dp
0

J p/(p)dp
JipT = =)

FLTErix] = j PRI [Io(ep)iE = x] dp

and

_ \[3 * pflp)dp
R Jo :; (XZ - pl)
relations which may be written in the form

F[(&)ix] = o[ pfp);ix]
FLot)ix] = o, [pfip)ix]

(5-7-19)
(5-7-20)



322 THE USE OF INTEGRAL TRANSFORMS

On the other hand, if F(&) = F[f(1);{], we can write

Ho[E ' E)ip] = \/ij Jo(ép)déj- f(tycos(Er)y dr
o 0
= j A.ﬂt)fc[lo(émzé - (]d
\/ J‘ _fnde
JpT =13
and if F($) = F[fl6):£]. we can write

Ho[E'F($)ip] = \/ij- | Jo6p) dij Sy sin (Er) dt
o 0

= j 1 F,[JoCp);& — 1] di

Ry
«

and hence we have the relations

Ho[ET'FE)ip) = o, [in):p] (5-7-21)
Ho[ET ) p] = o[ (0):p]) (5-7-22)
Since

FLr0:8] = =CF©)
we find from equation (5-7-22) that

Ho[Fl)ip] = —o[f'(1):p] (5-7-23)
Also if f(0) = 0, then

FLS0):8] = EFQ)
so that equation (5-7-22) yields the formula

HolFi$):ip] = A, [/ (1):p]). (5-7-24)

Special cases of these formulae are of special interest. If we take
flty = g(t)H(a ~ 1). (a > 0), in equations (5-7-21) through (5-7-24) we

obtain the formulae
'min{p.a) (f)dl
Ho[&™ ' Flgl)Hla — 1):8):p f f: )

(5-7-25)
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#o[¢ ' F,ig()Ha = 1);¢}:p] = \/H(a p)j _&"’)

(5-7-26)
. 2 ¢ g(Dd
! —_7)-E)- == [Z - —
Xo[ 7. (g(OH(a - 1):E}:p] \/;H(” P)J; NITEpES
(5-7-27)
in{p.a} g (,) d!
Ho[ Flg(Ha — 1):&}:p] = \/;Jl ToE =y 8O =0
(5-7-28)
In a similar way we can deduce the relations
F[HT g H(a ~ 1);¢):x] = fH(a - v)j /—gﬂd—’y)
(5-7-29)
P _n- _gydr
FlHo g H(a = 1)) x] = j ’ \/(r 5
(5-7-30)

from equations (5-7-19) and (5-7-20) respectively.
5-8 FORMULAE OF BELTRAMI TYPE

In certain physical applications it is desirable to express the function
#,[E°@,(¢);p] in terms of the original function ¢(p). The general case is
complicated (see Sneddon. 1965) but it is possible to derive simple
expressions for #,[£*'$4(¢):p] and these are the ones which occur most
frequently in applications. Since the formula for #,[¢@o(£): p] is equivalent
to a result in potential theory originally due to Beltrami (see sec. 5-10
below) we shall call relations of this kind “‘formulae ol Beltrami type.™

if

F(E) = $o(&) (5-8-1)
then by equation (5-7-20)

) = FHop = o [xd(x):1]. (5-8-2)

Substituting from (5-8-1) and (5-8-2) into equations (5-7-22) we obtain the
relation

KHo[E7 ' Bo(8):p] = [ A, |xd(x)i1}:p] (5-8-3)
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which when written out assumes the form

- 2(*__ d ' d
olt 1'5"“"”]’;{J ‘/(lzipl) o
»

° J('Z _—;2)'

If we apply the Hankel inversion theorem to the results

(5-84)

[T costpeiatxd) di = (x* ~ p?)"tH(x ~ p)

[ sin(pe)otst) i = (p? = ¥ HH(p ~ x)
we obtain the integrals

T xdo@x)dx P xJox&)dx . .
J; \/(X———-—-—z 5= ¢~ Teos(pd), L m = £~ tsin(lp)
which may be written as

o [xJo(éx):p] = (2/m)* ¢ cos(pé)
o [xJo(§x)ip] = (2/m)E ™ sin(pg).

Hence

A0 Ho[Eo(§):0] = o Ayp j $o(E)o($p) dE
o

(3-8-5)

2 [
- \[; J'o HAREA LIRS

= f T @) olix) d

by equation (5-7-7). Hence, using the Hankel inversion theorem we derive
the relation

o 2 p K o[Eo(E):p] = flx). (5-8-6)

Applying the operator ./, %.of, 7! 1o both sides of this equation we find
that

Ho[Eh(E)ip) = p7 e o, T HUX)

which when written out takes the form

: T . tdt d ' flo)dx 8.7
Io[iﬁ(é)'p] = np dp_[, \/('2 — pz) EJ‘O V/(’z - x.-,). (5 )




HANKEL TRANSFORMS 325

5-9 THE MODIFIED OPERATOR OF HANKEL TRANSFORMS
In certain theoretical investigations it is more convenient to use 2 modified

operator of Hankel transforms S,, instead of the operator ¥.. We
define the modified operator by the formula

S,.[f11);x] = 22x 7, ., [ (D) x], (5-9-1)
so that

S,.[/1:x] = 2x7" J; C T g0 (1) d. (5-9-2)
If we write

Foal) = S, [fin):x]
then

Hoypa[17H(0):x] = 272, (x)
and using the Hankel inversion theorem we find that
SU) = 2700 [ X, ()21 ]
an equation which we may write as
[y =S, J[h.x))
Since we may also write
ft)y = 8,7 [faau].
we see that this last equation may be written in the operator form

Spa ™! = Spenea (59-3)

na

5-10 THE USE OF HANKEL TRANSFORMS IN THE SOLUTION OF

PARTIAL DIFFERENTIAL EQUATIONS
In this section we shall describe briefly how Hankel transforms may be

used to determine the solution of certain partial differential equations
which occur in mathematical physics.
We begin with a simpie problem in potential theory.
5-10-1 AXISYMMETRIC DIRICHLET PROBLEM FOR A HALF-SPACE
Supposc that we wish to determine the solution of Laplace’s equation
Auips) =0, (5-10-1)
in the half-space z > 0 satisfying the boundary condition
u(p,0) = flp) (5-10-2)
and the condition that w{p.z) > Qasr = \/(pz +:2) - . z220
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If we take the Hankel transform of order zero of both sides of
(5-10-1) we find that this equation is equivalent to the equation

(D? - &Ha(g.z) =0 _ (5-10-3)
where D = &/¢z and
W(E.2) = Ho[u(p.2);p — E]. (5-10-4)

Also, because of the boundary coandition (5-10-2) and the condition at
infinity we have the additional conditions
WEO) = &), aén—-0 asz—x (5-10-5)

on the function a(&,z); in the first of these equations fy(£) denotes
Holfp):E]

The solution of the equation (5-10-3) satisfying the condition (5-10-5)
is obviously

a(§.2) = foldre™3",
Inverting this result by means of the Hankel inversion theorem we obtain
the solution

w(p,2) = Ho[Ho($)e ;& — p]. (5-10-6)
From this form of the solution we easily deduce that

cu(p.0) )

SO < ol rin)

Making use of equation (5-8-7) we find that
iu_(p.O) _ 2 d J"’ 1dr ) d lr xf(x) dx
o o S = ph dt [y JUt - XY

np dp
This relation was originally due to Beltramu. It is for this reason that we
called the relations derived in sec. 5-8 *"of Beltrami type.”

(5-10-T)

5-10-2 AXISYMMETRIC DIRICHLET PROBLEM FOR A THICK PLATE

We now consider the problem of determining the function w(p,z) which
is harmonic in the thick plate |z} < b and satisfies the boundary conditions

u(p.b) = fip),  ulp,—b) = g(p). (5-10-8)
The appropriate solution of equation (5-10-3) is
W z) = A(E)sinh {E(h + 2)} + B(£)sinh {E(b — 2)}.
Putting z = b and using the first of the conditions (5-10-8) we find that
A(E)sinh (286) = [o(§) = #o[f(p):5]
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Similarly, by putting z = —b and using the second of the conditions
(5-10-8) we obtain the relation

B({)sinh (28b) = £o(§) = H,[g(p):¢]
so that the appropriate expression for #(¢,2) is
i(&.2) = cosech (2EB)[ /(&) sinh {E(b + 2)} + go(&)sinh {E(h ~ 2)}].

Applying the Hankel inversion theorem we then obtain the solution

N sinh {¢ + )} o, sioh b —2)}
u(p.z) = xo[ﬁ)(é)w- + £0($) sinh (225) g an
(5-10-9)
From this solution we easily derive the formulae
u(p.0) = Ho[H{ Jo(0) + £o($)] sech (5h):€ - p] (5-10-10)
Cu(p.0
W('i-l = Ho[K{/6() — §,(¢)} cosech (§b):¢ — p]. (5-10-11)

é
These expressions take a much simpler form in the symmetrical case
in which f{p) = g(p). In this case
S cosh (¢2)
a(¢.2) = fo(&) coh 2h)
so that the relevant solution is

o ., cosh(§z2)
u(p.z) = K, []"’“)c_“‘osh (Cb)'¢ - p] (3-10-12)

which is such that
u(p,0) = Ho[ /o(¢)sech (2b);& - p] (5-10-13)

> ,0
cde.) 0. (5-10-14)

'z

5.10-3 THE BIHARMONIC EQUATION
A similar method may be used for the solution of the biharmonic equation
AAu(p.z) = 0. (5-10-15)
It is gasily seen that in this case equation (5-10-3) is replaced by the
equation
(D? - §H%i¢.) = 0 (5-10-16)

where, as before, i#({.2) = #,[u(p,z);p - £].
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For example. if we consider a function which is biharmonic in the

half-space = > 0. and satisfies the conditions
. ¢ p.0
uip0) = fip). PO g (5-10-17)
az

u(p.2) » 0 as r = x.. The corresponding boundary conditions on #(¢.z)
are
¢i(g.0)

Oz

@(&.0) = fp(¢), 0

where f,(§) = Ho[f(p): ). and i1(¢.2) — 0 as = — o. The solution of the
differential equation (5-10-16) corresponding to these boundary values is
easily seen to be

HE.2) = &)1 + Ex)e % (5-10-18)
so that the required solution is
up.z) = Ho[ RN + Ene 18 - p]. (5-10-19)

For example, if f{p) = Ca® + p?~}, where C is a constant,
Jo(&) = C&~e™*, 50 that

u(p.z) = CH[E7HI + E2)e™ 4 ¢ = p].
This Hankel transform is easily calculated and we find that

+ (2 + a)2z + a)

u(p.z) = Cpl
p-=) = p2 + (z + o))t

(5-10-20)

Problems involving biharmonic functions usually have much more
complicated boundary conditions than (5-10-17) but the same method is
applicable in these cases. (Cf.,, for example. Problems 5-16 through 5-18
below.)

5-10-4 THE SYMMETRICAL VIBRATIONS OF A LARGE MEMBRANE

The first illustration of the use of Hankel transforms in the solution of
vibration problems is provided by the calculation of the transverse displace-
ment z(p.!) of a large membrane which is deformed symmetrically. The
displacement z(p,/) is governed by the nonhomogeneous wave equation

Al - 52
S léz _1 &%= plon) (5-10-21)
ép?  pip  ctén? T

where T is the tension in the membrane. p(p.t) is the symmetrical pressure
applied (normally) to the membrane and ¢? = T/o. where ¢ is the density
per unit area of the membrane.
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If we introduce the Hankel transforms
2 = Holz(pa)ip = 8] P = Ho[plp.nip = ¢)
it follows from equation (5-4-8) that

i3 (=
O b e < PED (5-10-22)
ct o

If the initial conditions are

éx(p.0)

2(p.0) = fip). i g(p) (3-10-23)

it follows that the initial conditions on 3(£.7) are

o =7, Z8Y g

where f() and (&) are the Hankel transforms of order zero of f{p) and
g(p) respectively. The solution of the differential equation (5-10-22)
satisfying these initial conditions is

FE) = fiE)cos(ctE) + (c&)™'g(E)sin(crE)
+ @) [ pEosiniedt — 0 de (51024

For example. if there is no applied pressure and the initial conditions
are “p.0) = ¢(1 + p’/az)'*, ‘5_:%’:5_)_) =0
we may take p(&,1) = 0, g(¢) = 0 and
JG) = el le®
in equation (5-10-24) 1o obtain the solution
FEd) = walé P cos(ciE)e v
so that by Hankel's inversion theorem, we deduce that
z(pt) = caXHo[E "  cos(ctt)e ;¢ — p]
= tRe J: eIy () dE
= taRe{p? + (a + icr)?}~?
taR tcosg

where R and ¢ are defined by the equations
R* = (@* + p? — 2®)? + 4a’c?s?,
tan (2¢) = 2actf(a® + p? — c¥?),
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6-10-5 THE SYMMETRICAL VIBRATIONS OF A THIN ELASTIC PLATE

As a second example of the application of the theory of Hankel transforms
to the solution of vibration problems we consider the symmetrical vibrations
of a thin elastic plate.

The symmetrical free vibrations of an elastic plate are described by
the equation
az N2,

1 8\ Ow
LY BT . 4 e = -10-
b ((-,pz p(’ ) w(p,1) a’; 0 (5 10 25)

where b is defined in terms of the flexural rigidity D, the density ¢ and the
thickness 2k of the plate by the equation b = D/(26h). We begin by con-
sidering the vibrations of a plate of infinite radius resulting from the initial

conditions

(0.0
w(p.0) = f(p). (j—’:-g'i-«—) = 0. (5-10-26)

From equation (5-4-8) it follows immediately that the Hankel trans-
form of order zero

W& 1) = Ho[w(p.).p -~ &]
of the transverse displacement w(p,7) of the central surface of the plate
satisfies the equation

o 2ra-
-(,‘sz “+ b eNW = 0. (5‘]0‘27)

Similarly the initial conditions (5-10-26) transform to

ow(c.0
wem =fo. TR,

where f(&) = #,[f(p):&]. The solution of (5-10-27) subject to these
initial conditions is

W(E.1) = J(E)cos(btE?).
Applying the Hankel inversion theorem to this result we see that
Ww(p.1) = f: EF(E) o (Ep) cos (BIE?) dE. (5-10-28)

Inserting the definition
x
fo uf(u)o(Eu) du

for the Hankel transform f(¢) and interchanging the order of the integrations
we find that

w(p.1) = f: W) K(p. ;) du (5-10-29)
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where
K(p.t:u) = L * E3o(EpNo(Eu) cos (b1E?) dE.

Using the result stated in Problem 54 we see that

_ 1 up . [u* + p?
K(p.t:u) = bt Jo (2[”) sin (— Wb (5-10-30)
so that equation (5-10-29) reduces to
' (= up\ . (u* + p?
w(p.t) = —Z—b;J; uf(u)l, (E) sm( Ty du. (5-10-31)

In any given case it might be more convenient to usec equation
(5-10-28) than equation (5-10-31). For example, if the initial displacement
of the central surface is given by

flp) = g™
where ¢ 1s a (small) constant,
J@) = jea’em38

and so from equation (5-10-28) we deduce that

wip,1) = yea? J; © o748 o5 (h1E2) o (Ep) dE. (5-10-32)

Using the first result stated in Problem 5-2 we see that, for these
particular initial conditions

(p.t ¢ ex r? cos ris + tsin rit
(p.t) = - sin ———
wip-0) 1 + 12 p 1 + 12 1 + 12 1 + 12

where r = pja and t = 4btful.

We can discuss forced vibrations in a similar way. In the present
account we shall consider the case in which the intensity of the transverse
force applied to the plate is of magnitude 16ahbf(p)y'(1). where f{p) and
Y (1) are prescribed functions of p and r respectively. The equation of
motion then becomes

2 - 2
of £ LA L O . 5.10-
b (op’ + pé‘p) w + P Bhf{py'(r) (5-10-33)

which may be transformed immediately to

&
=t b3 *w = 8HIEW'()
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where f(¢) denotes the Hankel transform of order zero of f{p). We may
take the solution of this equation in the form

WEN = 86C) [ wicos bt — 02} de (5-10-34)
so that, by the Hankel inversion theorem, we derive the solution

w(p.1) = 8b fm WL( = t.p) dt
where the kernel L(1.p) is defined by the equation

L(.p) = [ &7 o&p)cos (biE?)

= f: W) K(p.t.u) du.

Hence we derive the solution of the prescribed problem in the form

w(p.1) = 8b f_: wiz) de _[o WK (p.t - tu) du (5-10-35)
where the kernel K(p.t;u) is defined by equation (5-10-30).

In dealing with special problems it is often simpler to make use of
the solution in the form (5-10-34) instead of the more elegant result

(5-10-35). For example, if the total force 16a/by (1) is distributed uniformly
over a circle of radius g, then we may take

(p) = Hla=p
f(l’) - naz
s0 that
_ @)
fier = s

and (5-10-34) reduces to

8b t o
w(p.1) = Ej W(r)drj Jo(€pM (Ea)cos [h(r — 1)) dE.
- (1]
(5-10-36)
From this it follows that the transverse displacement of the center of the

plate is

gb k.
w(0.1) = o q//(r)dtJ‘o J,(Ea)cos (bt — 1)E2) di.

Making use of the third result stated in Problem 5-1 we see that

(g 2
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Changing the variable of integration from 1 to ¢ where

a?

Tt -0

we obtain the formula

2 (= at\ 1 — cost
W(O,I) = I-I'L l/l(l - 4—b—v)—vT—dl

We obiain the solution for the case in which the force is concentrated
at the center by letting @ — 0 in (5-10-36). In this way we obtain the

solution

4b (] x
w(p,1) = —’E—J‘ Yl(r)de J.o EJo(Ep)cos {b(t — 1)) di

t

which may be written in the form

4’, (]
wip.t) = 5 Y(K(p.t — 1;0) dr

so that making use of the form (5-10-30) we find that

2 _ p? dr
wip.t) =~ . Y(1)sin (Tb(l—:_f—)) —
Changing the variable of integration from 7 to § where

2

— p S
¢= 4b(t ~ 1)
we see that this equation can be written in the form
: 2 (= prysing .
w(p.t) "L W(( yT¥: c— d¢ (5-10-37)

which is Boussinesq's solution (see p. 470 of Boussinesq. 1885) for the case
of a concentrated force.

5-10-6 MOTION OF A VISCOUS FLUID UNDER A SURFACE LOAD

In the discussion of the plastic recoil of the earth after the disappearance of
the Pleistocene ice sheets a boundary value problem in the theory of
viscous fluids arises (Cf. Haskell, 1935) which can be solved by means of the
theory of Hankel transforms. The curvature of the earth is neglected, and as
a model we treat the motion of a semi-infinite, incompressible, viscous Auid
under the action of a radially symmetrical pressure applied to the free
surface. Since, in the case of the earth, we are dealing with extremely small
accelerations and very high viscosity, we may neglect the inertial terms in
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the equations of motion in comparison with those arising from viscous
forces.

With this assumption the equations of axisymmetric motion of a
viscous fluid in a gravitational field may be written in the form

& |

(,g, + a“?) be=rl (5-10-38)
& 1 &P

(do + (-T;‘j’) v, = P (5-10-39)

where, in cylindrical coordinates, the fluid velocity has components
[r,(p.2). 0. v,(p.2)]. and P is related to the pressure p(p,c) through the
equation P = p(p.z) — go:. o denoting the density of the fluid. Similarly
the equation of continuily assumes the form

1
—=(pr,) + = =0 (5-10-40)

6..= —p + 2;“%’ (5-10-41)
and
‘v v
6, = U ((T; + a—;) (5-10-42)

The boundary conditions are that, on the free surface, the shearing stress
d,. is zero and that the normal component of stress g,, is equal to the
applied pressure. In addition it is assumed that at infinity the components
of the velocity vector and of the stress tensor are zero. If we suppose that
the equation of the free surface is = = {(p,¢) and that the equation of the
undisturbed free surface is z = 0. then we take J to be small in comparison
with the other distances which enter into the problem, such as, for instance.
the radius of the circle to which the load is applied. As in the case of the
theory of surface waves on water, we may take. at least in first approxima-
tion, the free surface to be z = 0. Thus we replace the value of év,/é- at
z = { by its value at = = 0. and similarly with the other quantities except
goz = gol(p.1). If we denote the applied pressure by f(p,7). we have
g., = —f{p.1) when = = {{p.1), or, by means of equation (5-10-41) with
the “*surface wave approximation,”

cv S
P + gal(p.t) — 2u —(;:?’ = f(p.1) onz=0. (5-1043)

The relation between J and v, is that, at the free surface. the rate of change
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of { is equal to v,; hence we have
&
‘—:% = v,(p.0). (5-10-44)

Finally, the condition that the shearing stress on the free surface is zero,
becomes. in this approximation,

0,.(p.0) = 0. (5-10-45)

If we take the Hankel transform of order unity (with respect to p) of
equation (5-10-38) we find that it is equivalent to

wD? — &5, = —¢P (5-10-46)
where D = ¢/¢z and

£, = Hi[ep.2):p = £l P = H[Pp.2)ip — ]
Similarly, we can show that equations (5-10-39) and (5-10-40) are equivalent
to

wD? ~ &*)p, = DP (5-10-47)

&, + D, = 0. (5-10-48)

with &, = #¢[r.(p.2):p — ¢]. Eliminating P and 5, from the equations
(5-10-46) through (5-10-48) we find that &, satisfies the equation

(D? = 3%, = 0.
We take the solution of this equation in the form

B, = [A(E) + B(E)Kz)e % (5-10-49)
From (5-10-48) we deduce that

i, = {A(§) — B() + B(&)zle ™.
Equations (5-10-42) and (5-10-45) together imply the condition

D7,(,0) — §5,(3,0) = 0

and it is easily seen that this is equivalent to the condition B(¢) = A(§).
From (5-10-46) we deduce that

P = 2ufA(&)e

In this way we obtain the solutions

v, = z2#,[¢AQ)e™:§ - p]

t, = Ky [ACEN] + £2)e % & - p] (5-10-50)
P = 2uxo[EA)e 48 = p]
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of the equations of motion. it only remains to determine the function A(¢)
in terms of the prescribed surface pressure f(p.r). From equation (5-10-43)
we deduce the relation

H[EAE):p] + gol(p.1) = flp.1)
the dot denoting differentiation with respect to +, while equation (5-10-44)
gives

Sp.t) = Ho[A&):p).
Eliminating {(p.r) from these two equations and applying the Hankel
inversion theorem we then obtain the differential equation

2uEAQ) + gaA(d) = S(G.)
for the determination of A(¢) in terms of

SE.1) = Ho[f(p,0):p = &].
We therefore obtain the relation

A(E) = K(&)e w2 4 J:f S(E,T)ete -2 gy (5-10-51)
2u¢ Jo

where the function K(&) is determined by the initial conditions. If we

substitute the expression for S(¢,7) into the integral on the right of this

equation. change the order of the integrations and use the rule for integrating

by parts in the inner integral. we obtain the alternative expression

£ x
AQ) = K@)emoo2n 4 5’;‘[ uf(u.8))o(Su) du

— 5 et | 0)So(Eu)
2u [
s — ffi o 9ot/2uE J- PLLE dt,[ uf(u,t)Jo(Cuy du.  (5-10-52)
4[‘ [} °

To consider a specific example we suppose that

( _0 t<0
flo.n) = FH(@—-p). >0

with the fluid initially at rest. For this loading K() = 0 and

aF
2ué?
Substituting this form for A4(£) into equations (5-10-50) we obtain the
solution

A) = e il (Ea). (5-10-53)
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Fu- =1, - got:2ul - Zay. E

v, = .,’_; X, [E le-oeuni=8y (Ca):é — »]
Fa o oy pmtag-e fa):¢

0= o W[ S 4 £ (Ga)i - p]
2u

p = g0z + FaX [E e 984 (Fa); ¢ — p).

It does not appear to be possible to obtain simple closed forms for
the integrals occurring in these expressions, but they may readily be put
into a dimensionless form suitable for numerical integration.

As a special case we also consider the problem when there is no

surface load. i.e.. fip,r) = 0. In this case
A(G) = K(Gem oo 2 (5-10-54)

where the function K() has yet to be determined. This function can be
determined either from the mitial velocity of the surface or the initial con-
figuration of the surface. Substituting from (5-10-54) into the second of the
equations (5-10-50) we find that at 1 = 0,

t.(p.0) = #,[K(E)ip]
so thatif at 7 = 0, ¢v.(p.0) = g(p),
K(E) = #o[g(p)i€]. (5-10-55)

On the other hand when the initial displacement is prescribed we
make use of the integrated form of (5-10-44) in the form

{p.t)y = {p0) + f’ . (p.0.17) dt
0
to obtain the relation
2
{Up.) = {(p.0) + g'f,-" Ho[E(1 — e WY K&y - p).

The condition {(p.1) = 0 as t — x is therefore equivalent to the relation

2 s
{(p.0) = ’gf,’ Ho[EK(E)ip]. (5-10-56)
Hence K{(¢) may be determined by the formuta
o )
K@) = ‘§;4 §T 1 Ho[(p. ¢ ] (5-10-57)

In geophysical applications the function g(p) may be represented with
sufficient accuracy by the exponential function g(p) = ~fle "¥# where b
and ff are constants. From (5-10-55) we deduce that K(¢) = —/3.#0[9“”#”;:];
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Putting s = v = 0 in the first result in Problem S5-1 we find that
K(Z) = —[/(2b3)e "¢V Inserting this form for K($) into (5-10-56) we
find that the surface displacement is given by the equation

. ~ 2

{(p.0) = B Ho[Ee ¥4 p).
g0
Putting v = 0, ¢ = 1 in the first result in Problem 5-1 we therefore find that
o0 = NP E gin by, (5-10-58)
go

Numecrical values of this function can be found in Haskell (1936). Haskell
also uses the formula {(0,0) = Z\fnbﬁy,/(go) to estimate the kinematic
viscosity of the earth.

5-11 DUAL INTEGRAL EQUATIONS AND MIXED BOUNDARY
VALUE PROBLEMS

One of the classic problems of mathematical physics is that of determining
the electrostatic potential of a circufar disk which is charged to a prescribed
potential. If we use cylindrical coordinates {(p.¢,:). we may take the disk
to be specified by 0 € p < a.z = 0. In the axisymmetric case the problem
is to determine a function u(p,z) which is harmonic in the whole space. which
tends to zero as r = J(p? + z2) = ¢ and which satisfies the condition

u(p.0) = f(p). 0<p<ga (5-11-1)
As the solution of this problem we may take

o Jus(po). 220
up.s) = {u_. (p2). <0

nd

where «,(p.2) and u_{(p.z) are harmonic in the half-spaces - > 0 a
z=01s

z < 0 respectively. Since the surface charge density on the plane
given by the formula

_ V] fug(p0)  Cu_(p.0)
olp) = Ziv'[[ FE Az

and since there is no electric charge on the plane = = 0 outside of the disk
0 < p < a. we have the condition

(5-11-2)

Cuy(p0) _ il-(p‘ol

éz éz

p>a (5-11-3)

On the other hand. the potential function w(p.z) must be continuous across
the plane = = 0 so that we have the condition

u, (p.0) = u_(p.0). (5-11-4)
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From equation (5-10-6) we seec that any such pair of harmonic
functions u, (p,2), u_{p,z) satisfying the continuity condition (5-11-4) must
take the form

u,(p.2) = Ho[{™'AE)e™4;¢ - p] (5-11-5)

u-(p.7) = Ho[$™'4(0)e% & - p]. (5-11-6)
Now for these expressions

Cu(p.0)

D = Kol 4©)ip)

Cu_(p.0)

= = Ho[A)ip]

so that the boundary conditions (5-11-1). (5-11-4) are equivalent to the
relations

HolT'AC):pl = flp), O0<p<a (5-11-7)
Ho[AE);p]l =0, p>a (5-11-8)
for the unknown function A(¢).

We also observe that the above expressions for the normal derivatives
on the boundary together with equation (5-11-2) leads to the expression

a(pm) = r)~ ' A [A(E):p]. 0<p<a (5-11-9)

for the surface charge density on the disk.
Relations of the kind (5-11-7), (5-11-8) i.e.

fo T AGEpE = flp), O<p<a

f: CAEN(Ep)E = 0. p>a

involving an unknown function under the integral signs with data of
differing kinds prescribed on the subintervals [0.a], (a,%) of the positive
real line are called dual integral equations.

Dual integral equations can arise in another way. Suppose that we
wish to find a function u(p,z) which is harmonic in the half-space = 2 0
and which satisfies the boundary conditions

u(p.0) = f(p). 0€<p<ga
(1u(,1,9)- - 0‘

p>u
'z
then it is obvious that we may take

u(p.2) = Ho[E ' AE)e 4 ¢ —~ p)
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where, again, A() satisfies the dual integral equations (5-11-7) and
(5-11-8). This boundary value problem for the determination of the function
u(&,z) is called a mixed boundary value problem. because of the fact that
the boundary conditions are of mixed type, the function  being prescribed
over part of the boundary and its normal derivative over the remaining
part.

Mixed boundary value problems arise naturally in several branches
of physics (sce. e.g., Muskhelishvili, 1953: Noble. 1958; Sneddon. 1966)
and one way of solving them consists in reducing the problem to solving a
pair of dual integral equations. For that reason a good deal of attention
has been given in recent years to the study of dual integral equations. We
shall not give an account of that work here (the interested reader should
consult Chapter 1V of Sneddon. 1966) but content ourselves with showing
how some of the simpler problems may be solved by using resuits derived
in sec. 5-7.

For example, from equation (5-7-27) we sce that, if p > a

Ho[FlgOH(a = 1):E};0] =0
so that a suitable representation for a function A(€) satisfying the condition

(5-11-8) is

A) = \/:%j g(t)cos (&) dr. (5-11-10)
0

For this form of A(&) it follows from equation (5-7-25) that

'min(p.a) t d‘
Ho[ETAE) ;0] = \/Vj' V(i( )_ Y

so that the condition (5-11-7) is satisfied if g(¢) is chosen to be the solution
of the integral equation

2 (7 gltyd )

o\

that is. if we take

24 [*_oftp)dp 5-11-11
&) = \/;zdl V’(z = e-1-D

Similar methods exist for the solution of the corresponding problems
in two dimensions. Again we shall illustrate the method by discussing a
specific problem.
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We consider the determination of a function w(x, v) which is harmonic
in the half-plane y 2 0 and satisfies the mixed boundary conditions

fu(x.0)
s -vx).  |x]<a
u(x,00 =0, |x|>a,

where t(x) is an even function of x and u(x.y) = Oasp = J(x? + y2) = x.
This boundary value problem arises in the discussion of the problem of
determining the stress field in the neighborhood of a Griffith crack opened
up by a symmetrically distributed internal pressure. (See Sneddon and

Lowengrub, 1969, p. 72.)
A function which is harmonic in y > 0 and tends to zero as p —» x

may be represented by an expression of the type
u(x,y) = F[AE)e ¥:¢ > x]. (5-11-12)
For this function

“’i-i}.’ D leaereiE ]

and this, in turn, can be written in the form

Q‘g*y) = —D,F[4)e™ "1 » x]

where D, denotes the differential operator ¢/éx. The boundary values are
therefore given by the equations
u(x,0) = F[A():x]

(‘"g‘m = D, F[AC):x])

The unknown function A(&) is therefore determined by the dual integral
equations

FlAE):x]=V(x). O0<x<ua (5-11-13)
Fl4¢).x] =0, xX>ua (5-11-14)
where
Vix) = J: v{s) di.
From equation (5-7-29) we see that if we write
(5-11-15)

AQ) = fo g0 (E1) di
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then equation (5-11-14) is automatically satisficd whatever the form of the
function g(r), and from equation (5-7-30) we see that if we are o satisfy
equation (5-11-13) we must take g(s) such that

\/3 J' _and
mlo J&T 1D :

Since F{0) = 0, V'(x)
equation in the form

x(r)—fj ‘(‘)'l' (5-11-16)
od(' “T

The solution of the stated mixed boundary value problem is therefore
given by equations (5-11-12). (5-11-15), and (5-11-16).
For example. if ¢(x) = |, then

g = Jtiny

= v(x), we may take the solution of this integrai

and

AQ) = ) "o dr = J4mag ™), (at)
s0 that

wx.y) =a J‘:’ £, (ad) cos (Ex)e de. (5-11-17)
The evaluation of the integral on the right-hand side of this equation is well
known. and numerical tables are available (George. 1962) by means of

which the numerical value of the function u can be derived at any point of
the half-plane.

6-12 GENERALIZED AXISYMMETRIC POTENTIALS

If we seek solutions of Laplace’s equation in » dimensions

oy &%u
A = R = 0. n=3
L] ('.‘.\',1 ‘?x.z ( = )
which are functionsof p = (x;2 + x,2 + * - - + x,.,%)and z = x,alone.
then since
fu _ x;Cu 2y x? ot + 1 i x;2\ éu
x, pép &2 ptipt op pt)e
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it follows that u(p,z) must satisfy the equation

(‘l; + —7—‘—;; +53=0 (5-12-1)

If we let

u(p.z) = p'e(p.z) (5-12-2)
where

v= ~§n -3, (5-12-3)

we find that (5-12-1) is equivalent to

n2
(d + -:;z-) r{p.2) =0 (5-12-9)

where #, is the Bessel operator defined by equation (5-4-6). From
equation (5-4-8) we see that this equation is equivalent to the ordinary
differential equation

@2
(F? - c’) 08z =0 (5-12-5)
for the Hankel transform
B 82) = A [e(p.2)ip = &) = H[p "u(p.2)ip = £]. (5-12-6)
Inverting this result by means of the Hankel inversion theorem we find that
ulp,z) = p"H,[5,(§.2);¢ - p). (5-12-7)

For instance. if we are seeking a form of u(p.z) suitable for the solution
of problems in the region z 2 0 and for which u(p,z) - 0 as = = o, we
may take a solution of (5-12-5) in the form

EfE2) = A(G)e™ ¥
which is equivalent to the solution

ulp.z) = p*H [AC)e ¥ E = p), 20 (5-12-8)
of equation (5-12-1) with v = —{(n — 3).

PROBLEMS
5-1 Prove that
H [x'e "]

Erg o+ du + 4v)

= 2v+lpl+iuttvr“ + v) 170 + é“ + '!":v + l;_£2/4p).
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Deduce that
H[x7lem ] = &) — emEr)
and hence that
Hi[x"Veos(1x2);&] = E7'{1 — cos(E2/4n)}
Ko [x"Vsin(ix?); 8] = &7 sin(EY40).
5-2 Show that
Ho[e ¥ cos(hE?): & — p]

2 2 rl . rit
T+ )P T (“’s IR I
Ho[e™ 1 sin (b 2); & ~ p]

2 rz rz-t in rzt )
exp| — TCOS8 - S 3
BT S R I+ I+t

where r = pla, 1 = 4htja®.

5-3 Prove Sonine's first integral
Jy&v# 1(2)
V4l in
< . . v y - )
= mj‘o J,(zst)sm“”Ocos’ *16 460 (n> %
and deduce thatif u > —4,v> -4, x> 0,u > 0,
R e o WX 2yH(x — )
L YRy (o) dy = Sy (67 = wIVH
5-4 Using the formula
[
Jol&)Jo(ép) = ;j Jo(ER) dO
)

where R? = u? + p2 — 2upcos 0, show that
1 u? + p? (“P)
- pé? .z - _u e 1.
Hole ? Jo(Eu); & — p] % exp( W Ig %
Deduce that
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5-5 Prove thatifm > —1,n> ~1,

f "t — (BT

2&"'ﬂ"-,'§(~‘.+ i

= (a? +mjm¢n+l{[7(az + PP

Deduce Sonine’s second integral

* L2y 2
J; AR (LR A 7N (LR 2, (x1) di
— g~ Vv tatl 2 _ 2\4(v- o~ ,
=a xz (@ = XNy 2@ ~ XD Ha - x).
(v>u>—-N

Show that this result can be written in the alternative form

o
J: (@ = 2y (- 2 (et de

- a—vxv-r-l;,v"ul - xz)ir_l'{z\/(az - xz)}H(lI - X),

and by letting x — 0 prove that (v>r>-1

Lm (= 2 v (an) de = 27Ty = Patt vz (az),
@>0.v>r>4v -2

5-6 Defining the Erdélyi- Kdober operators of fractional integration I,
and K, , by the equations

2x” 22290
l...f(.\’) = —EFGT-'

22
I
witha > 0,n > -1, prove that

‘r (x2 = 2y~ ) du
0

K, (x) = 'rn (w? = 2T BT ) du

(a) lqn.psq.. = Syees
B) Sy1apSen = liass
(¢) sqn,al.,,. = S.,,.u
(d) Ku.asq¢c.l = sn.l*l
(©) 8,.8y¢05 = Kyasp
(f) S!’.RKW’IJ = Sn.-l*ﬁ

where S, is the modified operator of Hankel transforms defined by
equation (5-9-1).
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5.7 Deduce from equation (5-5-14) that, ifa > 0.5 > 0,v > —1,

» xdx _ 3 (v)
o (@ + xHTHAT 4+ X1 T 2T(v + Da + AP

5-8 Show that
o [sin (€n)ie = x] = () Ho(Ex)

where H, denotes Struve’s function of order zero.

5-9 Defining the Bessel function of the second kind of order zero by its
integral representation

Yo(x) = - * cos(xt) dr
N/ T
show that
ofyfcos(énix] = —(n) Yo (éx)
and deduce that
o, sin(€x): 1] = Gm¥ErYo(En.

5-10 If the operators ¥ § and #, are defined respectively by equations
(4-5-7) and (4-5-8), show that

(‘-*'3)-1 =¥,
5-11 The small transverse oscillations of a heavy chain of uniform line

density o, suspended vertically from one end are determined by the
equation

" ¢y . é . iy + plxd)
ar T8 EN\Ta) T
where the origin of the x-coordinate is taken at the position of equilibrium
of the lower end and the x-axis is taken along the equilibrium position of

the chain, pointing vertically upward. The function p(x,1) denotes the
intensity of the external transverse force.

(a) If, in the absence of external force, the chain is initially released
from rest in the position y = f(x), show that

y(x.0) = Ho[F(&)cos(E1):€ - 2(x/g)t]
where

F($) = #o[fgp®ip - ]
In particular, if f{x) = £(1 + x/a)”*. show that
¥ = eR Ycos(dp)
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where R and @ are defined by the equations

2\2 2 20t

3 gt (gtt/a)
Rr=(1+2-8) +& fang=— 8107
( ti T W a ame =Ty xja — (gt*/da)

€y(x.0
(b) If. initially, y(x,0) = 0, )g ) 0, show that

ylx,0) = ¥, [g’" j: P, t)sin {&(t — 1)} dv; & - 2(.x/g)*]

where

oPE.1) = H#o[pthep®. 0o — £].

§-12 Show that if we wish to give the center of a thin elastic plate the
prescribed motion w(0,1) = Y (1), that this can be achieved by giving the
plate an initial displacement

2 (=g . (p*
w(p.0) = ;L T sin (4’”) di.

Deduce that if we wish the center of the plate to have the displacement

. wr-o, 01T
H(O,l)—{o ST

»

then we must choose
2¥r p?
wip.0) == F (EB?)
where the function F(x) is defined by the equation
F(x) = 4n - Si(x) — sinx + xCi(x)
with the usual definitions

Si(x) = j' Sinu du, Ci(x) = _I " cosu .
u u

6-13 The vibrations produccd in a thin elastic plate by a Gaussian distribu-
tion of pressure may be represented by the equation

al 12\ 3w 24

b LY W E =2 ey,

(&p’ + pep) w + a7 P e v'(n

where 4 and 5 are constants and the function y(r) is prescribed.
Show that

W =4 L y@0pr - 0 de
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where

2])2?-"!("“” ‘l' t . q'
Q(p‘!) = —;'2—('-;)—2—;-;-27‘ cos pz ¥ '2 + ;;Sln m
with p = s%/4b, q = p?/4b.
Deduce that

w(0,0) = 7%4- j' V(DR — 1) dt

where

R() = 1 = Stan* ( 1=
X) = -;an 4bx"

6-14 In the axisymmetric flow of a perfect fluid the velocity components
u,(p,2). u(p,z) satisfy the first-order equations

2uy _ 2, _
¢z {p
If the fluid is introduced to the half-space z > 0 through the circular
aperture p < a, z = 0 in such a way that

u;(p.0) = flp)H(a — p)
and if u, and «_ both tend to zero as /(p? + z?) = =, show that

up(p.2) = H[Jo($e 18 = pl. wlp,2) = Ho[ fo(S)e™¥:8 > p)
where

1 a ¢u
—(pu,) + 1 =0,
pcop c:

& = [ pfiorsotip) do.

Evaluate u,(p,z) and u,(p.z) in the case in which f(p) = c(a? — p?)~L.

5-15 The flow of a jet of perfect fluid through a circular aperture, of
radius a, in a plane rigid screen is determined by a function Y (p.z) which is

harmonic in the half-space z > 0 and satisfies the mixed boundary
conditions

Y(p,0)=C, O0<p<a,
cY(p,0
_dl_(_p___) =0, p > a.

éz
where C is a constant. Show that

2C
Y(p.2) = o H [ sin(a)e™ % ¢ — p],
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5-16 Show that the stress-strain relations

. Cu . u . ¢
a,,=/A+2p~é—‘3, or“a/A+2uf. o,,-—-rA«l-Zu;;f

Cu, Cu,
W=t

in which Z and p are Lamé’s elastic constants and
[ ¢é Cu
A= ““-'."‘(p”,,) + _-\_!
pCp cz
may be written in the alternative form

6,, = {(A+ u) ¥y — pi,}[Ed,:¢ = p] + AD K [0,:¢ - p)
{0+ W + w3 [8a,:8 - p] + ADH[i0,:¢ - p]

T90 =
0., = Ho[iu, + (4 + 2p)Da, € — p]
0,, = X [Di, ~ {i.; ¢ —» r)

where D = @/éz and
ay(p,2) = H [uy(p,2)ip = &1, i (p.2) = Ho[uAp.2)ip = {]

It can be shown that the equations of equilibrium are satisfied if we

Ltake
A+ op ety A+ 2u A+ pudty
p = T T TR : = Ay - Az
p o Cpez u ez

where y(p,z) is a solution of the biharmonic equation A, A = 0. Show
that

u(p.2) = 4—5—“ H [EDY(E.2):E - p]

u(p,z) = H, [(D2 - 5—23"{’) "7t B4 p]

where
(D? = ()W) =0
and deduce the corresponding expressions for 6,,, 044, 0,,. 0.

§-17 Show that the solution of the equations of equilibrium in the half-
space = 2> 0 satisfying the conditions

O = —pip) 0, =0 8l
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on the boundary plane z = 0 is given by the expressions of the last problem
with

.. -3 At B mtp :
56 = —gram e (14 SR ) e are)

5-18 The contact problem for a rigid punch indenting the half-space
= 2 0 can be reduced to solving the equations of equilibrium in z > 0,
subject to the mixed boundary conditions (a) 0,,(p.0) =0. p > 0;

(M) u,(p.0) = f(p). 0 < p < a; (¢) 0,(p.0) =0, p > a. Show that the
solution is given by

1 . EVE— T pg Era—
uy(p.2) = Ry H [n = (2 + ez} é)e & - p]

1 . i —es s
up.z) = P Hol[ld + 2 + (A + Wz "W)™ %,¢ - p]
where (£) is the solution of the dual integral equations
Kol W()ip) =Mp). O0<p<a
Ho[v(&)ipl =0, p2a

Write down the solution of these equations in the case in which
flp) = &, a constant, and verify that

¥(p,0) = %sin'l (a/p). p>a

5-19 Show that the dual integral equations
Ho[A@)ip] =flp). O0<p<a
Ho[E T 'AE).p] =0, p>ua

have the solution

AQ) = f: g(f)sin (31) d,

where

_2(_efnde
8 = L\/u’ -0y

n
5-20 A function u(p,z) is harmonic in the half-space z > 0 and satisfies
the mixed boundary conditions
Cu(p,0)
¢z

=—flp), O<p<a

u(p,0) = 0, p>a
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and the limiting condition u(p,z) = 0 as r — oc. Show that
u(p.z) = Ho[E A ¥:§ - p]

where the function A(&) satisfies the dual integral equations of Problem 5-19.
Deduce that u(p, ) is the imaginary part of

I L —
0 le +(z —in?)

where
2 (" pfipdp
an =2 [ AL

5-21 Two functions f,(x.y), f3(p.2) are related through the equations
FLAxy);x = £] = g6 N[ pa(x);€]
Kol f3(p.2);p — &1 = 8(E, ) H [ pa(p):£]

where

d
pio = [2[7 ol

Show that
21 @ [= xfix,2)dx

Silp.2) = —;;(, L T =

If f3(x.») andf,(p.z) are related through the equations
Flhxyx = &) = MEnF[p(x0):€]
X\ [fp.2):p = E] = W€, D[ pslp):E]

where p,(x) and p;(p) are related in the same way as before, show that

. 2 _hlxz)de
Silp,2) = \[{ I PN LS
5-22 The function f3(p,z) satisfies the axisymmetric Laplace equation in

the half-space z > 0 and the conditions f3(p.0) = p,(p), f3(p.2) = 0 as
r — . Show that

filphz) = * xfy(x.z) dx
N xp ap J&T = ph

where f,(x,») is the function which is harmonic in the upper half-plane
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> 0 and satisfies the conditions

0 _ps(p)dp
fax = f,[ JpT = x?)

frxy) = 0as J(x? + p2) o .,

5-23 The function f3(p, ) satisfies the axisymmetric Laplace equation in
the thick plate 0 € - < ¢ and the boundary conditions

£(p,0) = py'"p),  fi(p.a) = p;P(p).
Show that

. Xfp(x.2) dx
/ *~
Sle-) ﬁm’p JG&T =Y

where f5(x.y) is the function which is harmonic in the infinite strip
0 <€ y < g and which satisfies the boundary conditions

2ps () dp \/ J' 223 ™p) dp
4.0 ,
fe0 = \/I JoT -y o= VT =Y

5-24 A function u(p,2) is a generalized axisymmetric potential in the half-
space z > 0 satisfying u(p.z) — 0 as \/(p? + z?) — x. Show that

2z * pu(p,0)dp
B(v + L) |, (p? + )Y

hm p~ 2u(p,z) =
p=0
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The Kontorovich-Lebedev
Transform

There has been considerable interest in recent years in the use of
Kontorovich-Lebedev transforms which arise naturally through the use of
the method of separation of variables to derive solutions of boundary value
problems formulated in terms of a system of cylindrical coordinates. In this
chapter we give a brief account of the properties of this transform.

An understanding of the Kontorovich-Lebedev transform rests on a
knowledge of the elementary properties of K,(x), the modified Bessel func-
tion of the second kind and of K,,(x), the Macdonald function: these are out-
lined in sec. 6-1. The Kontorovich- Lebedev transform is introduced in
sec. 6-2 which also contains a sketch of Lebedev's proof of the inversion
theorem. The proof of the inversion is usually found difficull by students
of engineering or physics, and, for that reason, an “‘operational”™ proof
of the inversion formula is given in sec. 6-3 in the hope that it will at
least demonstrate to such readers the plausibility of the formula. The re-

maining sections of the chapter refer briefly to applications.
353
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6-1
FUNCTION

If we define the function

1
om i

e* ™ cos (vt) dt

THE USE OF INTEGRAL TRANSFORMS

MODIFIED BESSEL FUNCTIONS AND THE MACDONALD

1,(z) by the integral formula

6-1-1)

and the function K,(z) by the formula

K,(Z) = f: e‘:cnshr

then by differentiating un
use of the rule for integra

cosh (vi) di (6-1-2)

der the integral sign twice in each case and making
ting by parts, we can show that each of these func-

tions satisfies the modified Bessel equation

d?w

dz=?

| dw

zds

1

(

‘,2
ta

(6-1-3)

Jw=0

These functions are known as the modified Bessel functions of order v of the
first and second kinds respectively. (See Watson, 1944.)
From (6-1-2) we see that, in particular,

Ky(2) = f: e gy,

(6-1-4)

The Fourier cosine transform of K, (ar) is easily deduced. From the equations

F[Kolar);x] =

AN

AN

E RN

AN

we deduce that

Z[Kotar):x] = [2

If. in equation (6-1-

function

© -

K (x) = J; €

(a® + x?)

xeosht cos (12) dt

f*o £
e~ ofcosh u du

0

cos(xt) di J.

0
L

du I
[+

acosh u du

=
e M o5 (x1) dt
[+]

f* a0

o X* + a*cosh’u
f* 0

dv
o X2+ a*+?

]

2) we replace v by it where t is real, we obtain the

n

(6-1-5)

(6-1-6)
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which is a solution of the differential equation

dy 1 dy ?
—_— - = -_——y = 6-1-7
dx?  xdx (] xz) y=0 (6-1-1)

The function K, (x) is known as the Macdonald function.
It follows immediately from the definition (6-1-6) that in the notation
of the Fourier cosine transform

Ki(x) = GmtFfe =1 ¢]. (6-1-8)
Making use of the Fourier cosine inversion theorem we find that
FLKx)it = 1] = (m)te o (6-1-9)

which when written in integral form produces the equation

f: K (x)}cos(tt) dr = jme™ >, (6-1-10)
Differentiating both sides of this equation with respect to 1 we find that

fo e, (x)sin (¢1) dt = }rx sinh re™ %o (6-1-11)
and differentiating again we find that

f«) IZK"(X)COS(U)d‘E = iﬂX(COShI -Xx Sinhlcoshz)e'“"“"‘.
[s]

-1-12
In general we have (6-1-12)

fm 12K (x)cos (1) dt = fm(—1)"'D, 2"~ xcosh (6-1-13)
[¢]

(D, = dldt).

In particular. if we put 1 = 0 in equations (6-1-10), (6-1-11), and
(6-1-12) we obtain the equations

f’ K (x)dr = Yne™* (6-1-14)

[¢]

f’ Ky (x) dr = huxe (6-1-15)
(4]

J"’ T Ky(x) dt = fn(—1)"[De” =], o (6-1-16)
a

If we multiply both sides of equation (6-1-10) by f(/) and integrate
with respect to 7 from 0 to 20 we obtain the equation

f * Ku(x)fi) dr = Jdn) f e e £ (1) di (6-1-17)
[ [}

where F(¢) is the Fourier cosine transform of f{z).
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For example, if we take
_ 2 a
fty=e""  F@)= \/;a, pur s (@>0)

we obtain the equation

J:' K (x)e " dtr = afow @ + 1) e =M g (a>0).
(6-1-18)

If we interchange this pair of Fourier cosine transforms we obtain the
equation

- dt n = ~at ~ xcosht
L Kn(x)‘?~+—t—2 =%, e di, (a > 0). (6-1-19)
Similarly if we take
. , n b
’(f) = ko(af), ":.(1) = {m} N (a > 0) (6‘]'20)
we obtain the equation
J’o‘ K. (x)Ky(at) dt = n fo' (@ + 12)~He X gy (6-1-21)
and interchanging this pair of Fourier cosine transforms we find that
x dt *
Ko (x) ——em— — = K, - xcosht 3 o>
J; it(t) \/(az + tz) J; 0(‘”)" d’ (6" 2-)

In a similar way we can deduce from equation (6-1-11) that

[ Koy de = Jidm) f: F,(t)sinh te™ = gy (6-1-23)

where F,(7) is the Fourier sine transform of f(z). In terms of the operators &,
F, of the Laplace transform end of the Fourier sine transform respectively,
we can write this last equation in the form

fo"’ 1K ()f(1) dr

= JONZL[HW — DF{fl1)it = Ju? — D}iu— x]). (6-1-24)

If we take 1 = a + ib in equation (6-1-10) and equate real and
imaginary parts we find that

an K;,(x) cos (at)cosh (bt) dt
V]

= {nexp(—xcoshacosb)cos(xsinhasinb)  (6-1-25)
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and that
J:)x K. (x)sin(at)sinh (bt) dt
= dnexp(~xcoshacosb)sin(xsinhasinb) (6-1-26)
and by replacing a by 2a in these equations we find in turn that
J:: K..(x) cosh (at)cosh (bt) dt
= knexp (= xcosacosb)cosh (xsinasinb) (6-1-27)
and that
fo‘ K,,(x)sinh (ar) sinh (b) dt
= {nexp(—xcosacosb)sinh (xsingsinb).  (6-1-28)
An interesting result is obtained by substituting
flu) = ™™, F(t) = (2/u)}*K;(x)
gu) = e G (1) = (/MK ()
in the convolution theorem
fo * E(1)G,(z)cos(¢r) dr = f: U LAUE — uP) + & + 1)} du

for Fourier cosine transforms. We find that

5 fo
= J‘ K (x)K; (v)cos (&) dr

nJo

= ;J.l {e—ycushu-xumh({—ub + ‘,—rcmhu—xcoﬁhl{*u)} i
[
X

- 5 e—ycml\u- xcoshid —u) du
- o

P
= 5 j e~Rconh(u ~ ) d“
-

where
Rcoshe = y + xcoshd. Rsinhe = xsinh¢.

Hence

@

12t,r K (K, (v)cos(¢r) dr =} J. e Reoshr gy
0

-®m
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and so we have the relation

i—f Ki() K (¥)cos(E1) dr = Ky(R). (6-1-29q)
]
where

R* = x? + 2xycosh¢ + y2 (6-1-295)

If we let £ = ) we obtain the relation

[ KoK de = dakolx + ) (x> 04> 0 (6130
and if we let & = ix we find that

f: Kidx)K;(y)cosh(at) d1 = {nKy{(x? + 2xycosx + )3}

(6-1-31)
Differentiating both sides of this last equation with respect to x we obtain
the equation

f: 1K (X)K (¥)sinh(x1) dT = dnxysin(x? + 2xycosa + ¥2) ¥x

x K f(x? 4+ 2xycosx + pit).  (6-1-32)

On the other hand iIf we invert equation (6-1-29¢) by means of the
Fourier cosine inversion theorem we find that

K (Kol y) = fo " Ko(R)cos (£1) di (6-1-33)

where R is given by equation (6-1-296). The result (6-1-33) is due to Lebedev

(1949).
We can also calculate the Laplace transform of K (x) directly from

equation (6-1-6). We have

2K (0:p] = f: cos(tf) dr J:: e pteoshix 4o
0
The x-integration is elementary and we have
N ©  cos(tt)dr

ZKlx):p] = _[, coshs + coshz
where we have written p = cosha. The value of this integral is known
{Cf. Problem 2-21).

nsin (at)
sinh 2 - sinh (n7)
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from which it follows that

nsin (21)
) N = — e
Z[Kix)icosha] = oo o

This result can be written in the alternative form

H -1

e [ﬂﬁgsﬂ.ﬁ?;.x] = 7~ ' sinh (n7)K, (x). (6-1-35)
NIV}

6-2 THE KONTOROVICH-LEBEDEV TRANSFORM

We define the Kontorovich- Lebedev transform f{(r) of a function f(x), de-
fined on the positive real line. by the formula

H[fix);1] = fir) = fo * % (0)K, (x) dx 6-2-)
and we write

fry = ¥ [fix):1] (6-2-2)
If fis a function of several variables x,. x,, . . . . x, we denote the integral

J:,I"(x,.xz. s WX ) K (xy) dxy

by the symbol
floxg. . ... x,) = A flx;xy .. X)X, - 1) (6-2-3)
From equations (6-1-6) and (6-1-10) we deduce immediately that
|Ke(0)] < Kolx) (6-2-4)
so that
A0l < [7 x| Kol dx. (6-2:5)

it follows immediately that. provided f(x) is such that the integral on the
right-hand side of the inequality (6-2-5) converges. the integral (6-2-1) con-
verges uniformly with respect to t and therefore defines a continuous func-
tion of 7.

In these circumstances, the integral

2 (7 . >
F(T.x) = ! '[ tsinh (nt) K, (x)f (1) dt (6-2-6)
(1]

has a precise meaning. If we substitute from equation (6-2-1) into equation
(6-2-6) and change the order of the integrations we find that

o T
FT.x) = -n% j u M) du " K (x) K ()t sinh (n7) d1.
o

+0
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If we make the substitution
u= xe

we find that

ATx) = f (Gx.0.T) dO (6:2-7)

where
2 (7 o .
G(x,0,T) = - K, (x)K;;(xe?)Tsinh (nT) d7. (6-2-8)
o

We now make use of the identity

b £
i K (x)K (xe®) sinh (n7) = f Jo(xet® ) sin ta da

with ¢y = 2(cosha — cosh 0) 10 obtain
1 T €6
G(x.0.T) = —f T dt f Jo(xe Yy sin (1a) da.
nJo 101

Now

T . .
J e sin(cx) dr = sm(:T) _Teos@l) _ _ & sin(al)
0 2 2 cx

so that we may write
Gux0.1) = -1 f Jotxetyt) < (s__'““l) dx
T Jio 2\ a
and hence

HT.x) = "%J. fixe®) do j‘w Jo(xety ) % (SinaT) .
1

= ot 2

It can be shown that this double integral is absolutely convergent so that we
may change the order of integration to obtain the equation

@ A . x
F(T.x) = —%L };(ST}T) d f ixe®)Jolxe ¥y ) db.

If we now use the rule for integration by parts to carry out the a-integration
we find that we can write this equation in the alternative Jorm

* sinaT
KT.x) = %j wia) ! p dx (6-2:9)
°
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w(a) = flxe*)e* + f(xe *)e™* + Jj’_/'(xe’)e" (;L; Jo(xe™ ¥y ) dp.
(6-2-10)
1t now follows from the use of Dirichlet’s integral that
lim A(T.x) = [fix+) + fix—)]

and hence we have the inversion theorem (Lebedev. 1946) in the form:

Theorem If fix) is a function defined on the positive real line such that
x " (x) is continuously differentiable and xf(x) and x 7;1; {x~Y(x)} are

absolutely integrable over the positive real line, then

fix) = % j - K. (X)t sinh (z1)f(7) dt (6-2-11)
L)

where

fir) = X[ flx):t]. (6-2-12)

6-3 AN OPERATIONAL PROOF OF THE INVERSION FORMULA

Even if. as we have done, we omit the details of the analysis, the proof of the
inversion formula for the Kontorovich-Lebedev transform is complicated.
The following argument, though lacking the rigor of a formal proof. may be
an acceptable demonstration of the validity for formulac (6-2-13) and
(6-2-14) to readers whose interest is in applications.

We may write equation (6-1-6) in the alternative form

‘ir[Kir(X);f - l] = \/(fﬂ)e_“”""

from which it follows that

FLfarr] = Jim) [ e vtz d
a result which may be written in the form

L[x Hix)p) = ’%fo.(t)cos(rcosh “tp)dt (6-3-1)
Using the well-known result

LLIp] = ——,, LLx Yx):p]
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we find that

Al

* .+ sin(tcosh™!p)
1) —F—5——dt
,[) /) Vv (prt -1

Applying the operator ¥ ~! 1o both sides of this equation and making use of
equation (6-1-35) we obtain the inversion formula

Lr0;p] =

2 (* . .
f(.\'):;ﬁj‘ tsinh (1)K, (x)f(z) d. (6-3-2)

0

6-4 PARSEVAL RELATION FOR KONTOROVICH-LEBEDEV
TRANSFORMS
Suppose that

fioy = X [fixnt), g = # [zt
Then

3 (= -
#J‘ tsinh (nt)f(1)g(1) dr

0

A v

J tsinh(m)f(r)drf x71g(X) K () dx

0 Jo

xL 2 n .
x"'g(x)dx 3 j tsinh (1) (1) K, (x) dt
o

0

= Jt x " Y(x)g(x) dx

Q

[
Cr—s

so that we have the Parseval relation
« ] x -
J. X Ylxg(x)ydx = - f tsinh (r1)f(1)g(r) dr. (6-4-1)
0 °
In particular. if we take
sinh (x1)

g — ._ . ‘X\ZQSJ’ -4 ’ = — N—
g(x) = xsinz e g(n Sinh(en)

we find that

3 f= -

;J‘ sinh (2t)f (1) dt = sinazJ- e~ (x) dx (6-4-2)
0 (4]

and letting a — 0 we find that

7 €’ - a

—'—J tf(t) dt = J. e *f(x) dx. (6-4-3)

n

o o
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If we put

) = o™ Xcosht i = _n_??_s_(_‘lﬂ
fx)y=e LY tsinh (nr)

we find that

* cos(tr) dt x
o et L ~x(1 + coshr)
- fo sinh (1) L € dx

showing that

F[cosech(nt)it = 1] = sech?(}1). (6-4-4)

2\/"( 2n)

6-5 FUNCTIONS WHICH ARE HARMONIC IN AN INFINITE WEDGE

If we seek solutions of Laplace’s equation

=2 ] 52 ~2
Cuylon, Lou tu_y (6-5-1)

PPy A F s >
in the form
u(p.g.7) = eiﬂtia:R(p)‘
then R(p) satisfies the equation
2 2
One solution of this equation is K,-‘(pla]) so that we have hammonic functions

of the form
u(p.¢.z) = e** K, (pla}). (6-5-2)

By the principle of linear superposition we can construct more sophis-
ticated solutions such as

u(p.9.z)

2™ e - cosh ) .
= \/;J-_,.e do L TU(U.r)Sinh (¢1)K(p|o]) sinh (n7) de

(6-5-3)
or

u(p.$.z)
8 [ x cosh .
=\/’;L cos(az) do L tU(a,1) sinh (91)K; (po)sinh (nr) dr
(6-5-4)
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364
or
u(p.@.z
g (= . « cosh .
=\/:5f sm(az)daf tU(a,1) . | (¢1)K(pa) dtsinh(nr)dt
7 Jo o sinh

(6-5-5)

We can rewrite these equations in the forms
wWp.p.2) = F! [,X.-x {U(a,t) ;‘;S: (p1):t — pla]};o‘ - :] (6-5-6)
- sh
u(p.p.2) = F, [.xf ' {U(a.t):::h ($1);1 pa};c - :] (65-1
i h
Wp.2) = #, [x -1 {U(a.r) O8N (pryit - pa};o - z] (6-5-8)
sinh
Corresponding to the solutions (6-5-7) and (6-5-8) we have the formulae
w(p.ds) = -9;[:1“' {aU(a.z)c."Sh(m;r - p};a - :] (6-5-9)
sinh
h
u(p.p.2)y = %, [.)f"' {aU(a.r):;;Sh (¢t);t = p};a - z] {6-5-10)

so that the solution (6-5-8) has the property that
u(p.$0) =0
and the solution (6-5-6) has the property that

u,(p.¢.0) = 0.

As an example of the use of these formulae suppose that we wish to find
the function u(p,¢,z) which is harmonic in the infinite wedge 0 < p < x,
|¢] € 2. —x < z < o and which satisfies the boundary conditions

u(p,—2,2) = fi(p.2). u(p.a.z) = f1(p.2) (6-5-11)
From the basic solution (6-5-6) we construct the solution

I sinhloz — ¢1)
u(p.¢.z) = F l[J" {F'(”T) sinh (2xt)

sinh (xt + ¢1)
it ML N ;6 =2 6-5-12,
sinh (2a1) ot pla"},a‘ ] ¢ )

Where the functions Fy(e.t). F,(6.1) are chosen to be such that
fi(p.2) = F X {F(a.1);t = pla|}ioc — 2]
fip,2) = FoUX {Flo):t = plaj}ie - 2]

+ Fy(a.1)
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From the first of these equations we have
Flp.2)iz » 0] = ¥ YF(a1):t - plo]}

from which we deduce that

F(ot) = X [ { (’ 1 ) - o} p - :] (6-5-13)

Writing this out in full we see that

ﬁ(ﬂ ‘t) = '—E—Z’-*) “ - 'K,,(pldl) (lp I f(p. .)t'“” d- (6"5"4)

In an exactly similar way we could show that
Fo.t) = \/() )j "K,,(plal)dp 12(p et d=. (6-5-15)

The solution of the boundary value problem (6-5-! 1) is therefore given by
equation (6-5-12) with the functions F,(a,7). F;(0.7) given by the equations
(6-5-13) and (6-5-15) respectively.

In particular, if

u(p.t2.2) = flp.2) (6-5-16)
we find that
Ne FoOl f?.s']ff{”) S — = | (6-5-17
wp,9.2) = F [.I { .T) cosh (a0’ plofp.e = = | ( )
where
-1 - ,ia. -5-18
Flo.t) = i )'( K,,(plal)dpj 1(p.2)e (6-5-18)
Similarly if
u(p.t2z) = +f(p.2) (6-5-19)
we find that
- g -1 SInh((ﬁ‘t) oy - 5.9
wp.p.z) = F [.xf {F(a, 7) “oh (n) p]a’l 16— 2| (6-5-20)

where F(o,t) is again given by equation (6-5-18).
If u(p,¢.2) is harmonic in the same infinite wedge and satisfies the
boundary conditions

cu . u .
(}E’)’.-’ = fi(p.z), (Eﬁ;)‘., = f1(p.2) (6-5-21)
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then it is given by the expression

wp ) = F ! [Ax’" {r-'rz(a,z)c—”gr%’(-zl:;;i’l

- h(at — ¢r1)
-— IF A .cgs._—-—-——-; End . -
T R (a.1) P clojtio -z (6-5-22)
where F(a.1) and Fy(o,7) are defined by equations (6-5-14) and (6-5-15)
respectively.

The solution of the symmetric case

('?U)
((54)( e = fip.: (6-5-23)

is given by
u(p..z)

N . inh (¢71)
= F Y ¥ 'F S—l—r-l-—"——: - G = I -
[ {1 (0.7) cosh (21) T p]al ;O = 2 (6-5-29)

where F(a.7) is defined by equation (6-5-18) and that of the antisymmetric
case
(-‘?ﬂ> = +fip.2) (6-5-25)
P)p=2.
is given by
u(p.9.2)
-7 |:.;r'-' {f‘f‘(a,ﬂco-sb—@i)'

— Ed . b e -
sinh (1) " pldl}'” } (6-5-26)

F(o.7) being defined by the same equation.
In the case in which the function u(p.¢.z) is harmonic in the infinite
wedge |¢| € a and satisfies the boundary conditions

lai
—,5 = fi(p.2), u(p,2,2) = fo{p.z) (6-5-27)
("¢ ¢=-z

we see that the solution is

_ _ cosh (xt + ¢1)
ll(p,d),:) = ¥ l[[ ! {Fz(d.f)——?")s;—zfi—“

sinh (2t — ¢1)_

-1t — ,0 — -
7 F (o) o p[ol},d ZJ (6-5-28)

where the functions F;(o.7) and F(a.7) are defined respectively by equations
(6-S-14) and (6-5-15) respectively.
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6-6 FUNCTIONS WHICH ARE HARMONIC IN A WEDGE OF FINITE

THICKNESS
To illustrate the use of the Kontorovich-Lebedev transform in a wedge of

finite thickness we consider the problem of determining a function u(p.¢.z)
which is harmonic in the wedge

p=20, 0<¢<2 0<K:<a
and satisfies the condition

u(p.x.z) = fip.2)

while on the other boundaries it vanishes identically.
From equation (6-5-2) we construct solutions of the type

2 = z [*
u(p.¢.z :3 sin i J th(t )s—mh (Id’) K; (MP> sinh nr dt
— a Je sinh (ta) a (6-6-2)

(6-6-1)

which obviously vanishes on the boundaries z = 0.z = g and ¢ = 0. It will
provide a solution of the stated boundary value problem provided that we can
find functions F,(t) such that

flp.2) = Z sin (”:") N [F( ): fff]

i.e..such that

A [F.(n;f'l‘f] =2 f f(p.y)sin (”’”) dy.
a 4 Jo 73

Replacing p by ar;nn we see that this condition is equivalent to

X [E(e)ir] = j f 1(,%») i "--’ dv
0

and hence to

2(¢ . (nny ar ) i
F(r) “L sm( a) X [f(mi')/ r— 1}1).
Now
e [/‘(‘{‘r-.y);r - t] = J “'/( .v) K, (r) dr
nn 0

and a trivial change of the variable of integration shows that this integral can
be written in the form

J K, ("’5 ‘) dx.
0
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Hence we have the formula

2 [mmy * nnx
= = —= ) dy -1 aK. ==
F(1) aL sm( p ) ) J.o X f(x.))K,,( p )dx (6-6-3)

by means of which we may calculate the coefficients of the series (6-6-2).

PROBLEMS

6-1 Show tha.

n
A [fxna) = ﬁ F L x™Yx);coshuj;u — 1].
6-2 Prove that
xeost. ¢y 1] = _Asinh(tr)

(a) X [xe ol = sinh (n1)sin ¢
and deduce that

® X [x;1] = bnsech(3nr)

(¢) X [xe~*;t] = mtcosech(nr).
6-3 Prove that

[~ xcost ncosh (17)
(@) xfe x =1} = ;S;‘l‘.‘(.a

and deduce that
(b) X [1;1] = 4nr~! cosech (3nr)
(¢) ¥ [e *;1] = nt™ ' cosech (n7)
(d) ¥ [e*:1] = nt” ! coth(m1).
6-4 Prove that

ncos (I7)

({l) X[t’—““m;.\' — ‘t] o= ;;—r;h (nr)

nsin(11)

~xcosht. o _, = e
(B) A [xe™>Mix = 1] = o nR T



7
The Mehler-Fock Transform

7-1 INTRODUCTION

In recent years there has been considerable work on the use of Mehler-
Fock transforms in the solution of boundary value problems in the mathe-
matical theory of elasticity, particularly those concerned with the analysis
of stress in the vicinity of an “external’ crack (of the type shown in Fig. 7-2
below). The object of this chapter is 10 provide—in a form suitable for those
whose interest lies in applications—a short account of the basic properties
of the Mehler-Fock transform. Emphasis is put on the transform which cor-
responds to axisymmetric potential problems not because these problems
are in themselves intrinsically either more significant or more interesting but
simply because not many transforms of particular functions have been
calculated.!

'A uscful table of transforms is given in Oberhetiinger and Higgins {1961).
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A brief account is given in sec. 7-2 of the basic properties of the asso-
ciated Legendre function of the first kind since it is convenient to have listed
there precisely those propertics of that function needed in subsequent
sections.

7-2 LEGENDRE'S ASSOCIATED EQUATION

In discussing Mehler- Fock transforms we need to know one or two of the
basic properties of a certain solution of Legendre’s associated equation. We
list these properties here for convenience.

To obtain solutions of Legendre’s associated equation

dx
we make the substitution

y=(x2 = ) ime(x)

. 2
(1 - x? )d ‘2 - 2xd'—‘ {v(\ +1) - _..f,",__}‘ =0 (7-2-1)
dx q 1 - x*

to obtain the equation

(1 )ii -2 - m)xg% + (v + m)y — m+ Dw =0.(7-2-2)
If we now changc the mdependentyvariable from x to £, where
¢=12X
2
we find that

2
¢(1 —s) z 4+ (m + 1) —2g)——+(‘ —-—m@+m+Dw=0

which is identical with the hypergeometric equation

a1 - é)d,‘: +[c~(a+b+ l)f]g‘—i ~abw =0
dz- dE
with
a=m-—v, b=m+v+1. c=m+ 1

so that equation (7-2-2) has a solution of the form
JRm—vm+ v+ 1Lim+ 14 — jx),
and hence that equation (7-2-1) has the solution

Pr(x) = 'd+m+1) N
Vi) = 2rm+ DI'(v —m + 1)
X (x2 = )7V Fm—em+ v+ 1im + 1:3 — §x) (7-2-3)
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If we make use of Kummer’s relation
JRhabic:g) = (1 - &Y "t F(c — a.c — b;c;¢)

we find that

1 ~-x x
R[R{m—vm+v+im+ l;—T

-

- 1 - x
=2"x - 1)""F (—v,v + Lom+ l;-'—‘)——)

so that we obtain the alternative expression

v+ m+1)
m+ DGy ~m+ 1)

— 1\ 1 -
(5—:—:) :h (-v,.v + Em+ 1;——,—1)' (7-2-4)
X -

Pl(x) = r

The function P(x) defined by equation (7-2-3) or its equivalent
(7-2-4) is called an associated Legendre funciion of the first kind. When
m = 0 it reduces to the Legendre function

P(x) = ,F, (— vy o+ 1 l;l-;—x). (7-2-5)

In most applications m is a positive integer though v is not. In this
case we can easily show that

v+ m+1)

N

by =
P Rl T

1 —x
x , F (-v +my+m+ m+ l;»-T—).

Hence. when m is a positive integer, we can define the associated Legendre
function P(x) by the equation

PR = 06— i ) (7-2-6)

Since Legendre’s associated equation is unaltered if we replace m by
~m. we should expect the function defined by the equation

P = = T [P, [T PGk 02

also to be a solution. It is easily shown that this is in fact so and using the
relation
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x 31 Em -4 1 — :m r
JrafFa [T
1 1 1
= l-—x)’
- m! (m+1), 2
we see that

x - N |l - x
P (x) = (;IT) pror} 2R (-—v.v +1;m+1; 3 ) (7-2-8)

When m is not an integer, we can use (7-2-8) to define the function P,”™(x).
Comparing equations (7-2-4) and (7-2-8) we find that

Fy—m+1)

e+ m+1)

Putting x = cos @ in equations (7-2-3) and (7-2-8), we find that if m is a posi-

tive integer

P (x) = P (x). (7-2-9)

ey +m+ 1)
2m'T(v —m + 1)
x(sin 0", Fy(m — vom + v + L;m + L;sin?48)  (7-2-10)

P(cost) =

4dmmi
P "(cosB) = E;,T (tan$0)y", Fi(~v.v + 1;m + L:sin?§8). (7-2-11)
1!
It is useful to have an integral expression for the associated Legendre
function. Starting from the identity
cos(v + $)¢ = cos(}g), F(—v.v + 1;3;5in?19)
and integrating term by term we can easily show that if m is a positive integer
L
fo cos {(v + e} (cos¢p — cosO" ¥ dg

YT + Hrdy

T 1) sin30)*™ , F(=v,v + 1;m + 1;sin? §6).

Making use of equation (7-2-11) we see that

tmmif s -m
P, ™(cos0) = \/%e_ﬁ;i%x

]
><J‘ cos{(v + Ho}(cosd — cos@y"~tde. (7-2-12)
1)

In particular by taking m = 0 we find that

oy - V2 [° cos{(v + Do} .
P(cosB) = - J‘o mdq&, (7-2-13)
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This result is due to Mehler (1881); it is known in the literature as the
Mehler- Dirichlet formula. We shall return to these formulae in sec. 74
below once we have seen the precise manner in which the associated Legendre
functions enter into the solution of Laplace’s equation expressed in toroidal
coordinates.

7-3 LAPLACE’'S EQUATION IN TOROIDAL COORDINATES

If the cylindrical coordinates (p,¢,z) are expressed in terms of new coordi-
nates (x,f,¢) through the relation

p+iz=fla +iff)

where the function [ is a holomorphic function of the complex variable
a + if, then it is easily shown that Laplace’s equation assumes the form

o oy éf oy PRety

aa("?a‘) ¥ a'ﬁ(" 'ﬁ) R >0
In the case in which

p + iz = atanh¥(a + iff) (7-3-2)

the coordinates («,B.¢) are called toroidal coordinases. Separating real and
imaginary parts in (7-3-2), we find that p and z are given by the equations
sinha sin f§ (7-3-3)

A e | z=a
cosha + cosf cosha + cosf

p=

Also, from (7-3-2), we have the relation

[f']? = a¥(cosha + cos )2 (7-34)
Substituting from (7-3-3) and (7-3-4) into (7-3-1), we find that in terms of
toroidal coordinates Laplace's equation assumes the form

_6_{ sicha  dy . é sinh o o

fa |cosha + cosff Ox éff |coshx + cosf B
1 )
+ sinha (cosha + cos f) ¢?
We notice from (7-3-3) that if 0 < f§ < =, then z > 0, and that if

-n<f <0,thenz <0
The surface # = f, has equation

=0 (7-3-5)

P + (z + acot B,)? = a*cosec? f, (7-3-6)

sothatif0 < B, < =, thesurface § = B, is that part of the sphere with centre
(0,0, — acot fi,) and radius acosec i, which lies above the xy-plane. On the
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0<p, <in

~

- ol

~dn< B, <0-
\ 0
—> p

~B, = ~in

— - < < ~in

Fig. 7-1
other hand, if —n < f, < 0. the surface is that part of the sphere with center
(0.0,—acot f) and radius a cosec f§, which lies below the xy-plane. The sec-
tions by a plane through the z-axis of some typical surfaces of this kind are
shown in Fig. 7-1.

A
|
I _g=0

B = +"'\ i B=+n

\ |

ety Y = > p
0 B

ﬂ = —'R/ ‘ \‘ﬁ = —n

Fig. 7-2

It should be noticed that, whatever the value of 8, the circle C with
equation p = «, z = 0 lies on the surface § = 8,.

If =0 -=0and 0 € p < a. so that § = 0 is the interior of the
circle C. Also. if f = n,z = 04, p = asothat the surface f = nis the upper
part (i.e.. the part lying above the xy-plane) of the external groove, or “ex-
ternal crack.” formed by cutting the space along the z-plane and then joining
the two resultant half-spaces at all interior points of the circle C. Similarly. the
surface f = —nr is the lower part of the same groove. These surfaces are
shown diagrammatically in Fig. 7-2. The rim C of the external crack may be
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4 .V .
'”\v_/ﬁ* B

Case(d): —in < B, <0 dn < B, <n

Case(c): —n < f; < ~dnfn < B, < n

Case(e): —§x < f, < 0,0 < 8, < §x
Fig. 7-3

thought of as being specified either by f = @, 2 = > or by i = —n,
a = — . Alternatively it can be specified by f = 0, x = x.

The form of the region i, < B < fi, in certain special cases is shown
in Fig. 7-3.

In a similar way we can show that the surface @ = «, has constraint
equation

(p — acotha,)? + z? = a®cosech?qa,.

so that it is the surface of the torus formed by rotating Fig. 7-4 about the
z-axis.

Ifx =0,wehavep = 0.2 = §sin fsec’4fsothatx = 0.0 < g < n
is the positive z-axis, and a = 0, =7 < f < 0 is the negative z-axis. The
surface x = a, degenerates into the circle p = a.z = 0 as a, — x, so that
the interior points of the torus whose surface is « = 2, have a > a,.
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acosechx, < a

2

N
N

Y ~»p
'
N
i —p=az:=0
DU __>:
I
gacoth oy >a ! Fig. 7-4

In the discussion of boundary value problems we need expressions for
the derivatives

& &y
o’ és

in terms of the derivatives

v
éx’ i
To calculate éy/Cp through the formula
~ ) 1 4 o
W _Wo NP (7-3-7)

ép  dadp @B ép

we must first calculate da/ép and ég/ép.
If we differentiate the equations (7-3-3) with respect to p we obtain the
pair of equations

(cosha + cosf) + p(sinha:—: - sinﬂgg) = acoshag—z-.
o (smhz oy sin 8 6p) = acosﬂap.

which may be solved to give

B =-1—(1 + coshxcos f), 53—/—’=~]—sinhatsin[i.
op a cp a

If we substitute these expressions into (7-3-7), we find that

-

Y _ Y 4 inhasing Y 7-3-8)
a'é’p = (1 + coshacosf) 72 +smhasmﬁaﬁ. (
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In a similar way we can show that

o . ., O . oy
a=-= —smhasmb‘g + (1 + coshazcos/i)CTﬂ—. (7-3-9)
If we apply the formula (7-3-9) twice, we obtain the equation

2 z o2
a? i—;w- = sinh?asin’p % — 2sinhasin B(1 + coshzxcos §) f‘l

< & C

2
+ (1 + cosh xcos f)? %—i—f—

0

~ {(I + coshacos B)cos B — coshasin®#} sinh « %—
a

\
— {(1 + coshacosf)cosha + sinh?xcos B} sinﬂfﬁ%—.

(7-3-10)
The forms of these expressions when § = +n are particularly useful:
A
a (i!’—) = (I — cosha) <P~w—> (7-3-11)
0 Jpesn 0% Jpasn
oy o
al— = (I — cosha) (‘—) (1-3-12)
(az)lttl (’ﬂ L 3]

oy 2%y
2 = (1 — cosha)? | —%
¢ (azz)ﬁ':u ( COShﬂ) <L’ﬂ2 fA=tn

. &N
+ (cosha — 1)sinha (———) . (7-3-13)
Da B=tx

It should aiso be noticed that if Y (x.f) is of the form
Y(x.B) = Jlcosha + cos By, (a.f),

then
&y sin
1 B v,

= (coshx + cos S sl U
¢ 2 ép 2/(cosha + cos fi}

&
op

so that the condition

&4
- = Q
(aﬁ)ﬂ‘tt

implies the condition

(3.~
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Hence the condition

i'fi) -0
(a: B=tx

implies the condition

) -
<8ﬁ )ﬂ‘tl 0

We also need the result obtained by putting § = 0 in equation (7-3-9),
namely

R oy
a (77—.:),‘0 = (1 + cosha) (ﬁ)ﬁ:o. (7-3-14)

We now consider the solution of Laplace’s equation in toroidal
coordinates.

If we put
¥ = (/(cosh 2 + cos f)v(x.f,¢) (7-3-15)
in Laplace's equation (7-3-5). we find that the function v satisfies the equation
62 P) 2% 1 &% _
smha w5+ coshaz + smhazc,,ﬁ2 + tusinhx + snhax2g?
(7-3-16)
which has solutions of the form
v(x,B.p) = A(a)etPrimé (7-3-17)
for functions A(2) satisfying the ordinary differential equation
dzA (1 2
—5 e -~ ————A=0
smhadz +coshad1 + (4 + t¥)sinhax 4 nh:xA

If we now change the independent variable from x to 4 where ¢ = cosh x. we
find that this equation becomes

dzA dA m’
— g2 -2 = — 1 2 = Q. 7-3-18
(1 ﬂ) ﬂd;l [l_”z-i-(z-l-l')]/i 0 ( )

Now if we write
S (7319
we see that
viv+ )= -G + 1Y)

and that we may write (7-3-18) as
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d*4 dA m?
1 = p?)— — 2u — (v - = 3.2
This equation has a solution of the form
A = cP ™(p)

where ¢ is an arbitrary constant. Hence equation (7-3-16) has solutions of
the form

v(x.f.¢) = Py, m(cosha)et?*ime, (7-3-21)

It will be noticed that since. in physical applications, we are interested only
in solutions with the property that

V(x,p.¢ + 2nn) = y(2..4). n=+1, 42, 43.... (7322

we must take m to be an integer in solutions of the type (7-3-21). In this way
we derive solutions of Laplace’s cquation of the type

Y p.¢) = | (cosha + cos B)P. ., "(cosha)et™tims (7-3-23)

where to ensure the property (7-3-22) we must take m to be an integer.
Putting m = 0, we deduce the axisymmetric solutions

¥(2,8) = J(cosha + cosf)P_,, (coshx)e*™, (7-3-24)
From (7-3-23) we can, by a simple superposition process. construct
solutions of Laplace’s equation of the form
V(. f.9) = J(coshx + cos ) x
i e, '[A,(t)cosh(fr) + B,(tr)sinh(fr)it —a]  (7-3-25)

m= -

where the operator ®,,” ! is defined by the equation
&, [smlthit = a] =(=1" f: ttanh(rt)P_, " "(cosha)g, (1) dt.
(7-3-26)
Similarly, in the axisymmetric case, we have solutions of the form

Y(x.p) = f(cosha + cosff) x
x @, '[A4(t)cosh (fr) + B(t)sinh(fir)ir - a] (7-3-27)

where
O, [1(r)it = o] = fo" ttanh (n1)P_ |, o(cosh a)y(t) dr.  (7-3-28)

For instance, suppose that we wish to find a solution of Laplace's
equation A;¥ = 0 in the half-space = > 0 when y is prescribed on the disk

o ety s



380 THE USE OF INTEGRAL TRANSFORMS

0 < p < a.z = 0and &yjéz = 0 in the region of the boundary outside of
that disk. This is equivalent to finding a harmonic function ¥ («,5.4) in the
region 0 < B < = satisfying the boundary conditions

V(@.0.9) = flx.d) (7-3-29)
WY _o (7-3-30)
€2 g N

with the function f{a,¢) prescribed for 0 < ¢ < 2n. « > 0. By equation
(7-3-27) we see that the condition (7-3-30) may be replaced by the condition

Yy _
(-{;7;—),” = 0. (7-3-31)

If we take a solution of the form
Y(xB.¢) = f(cosha + cospf) x

cosh(nr — Br)

-1 . . . .
.‘Z’;D.. [A,.(r) cosh (n7) 54 1]e (7-3-32)

we see that the condition (7-3-31) is automatically satisfied. The condition
(7-3-29) will be satisfied if we can find a sequence of functions {4, (z)} with
the property that

flad) = y2sinh () Y @, A ()it - afe™

that is, such that
2 .
@, [An(t);t = a] = 274" ! cosech (%) fo ‘f(z.d))e‘"'" de.

Operating on both sides of this equation by &, we find formally that
An(r) = 274g"! fz' e~ ™, [cosech §a)flx,¢):2 — 1] dp. (7-3-33)
0

The problem therefore reduces to that of finding the operator ®,, which is
the inverse of the operator @, * defined by equation (7-3-26).
The solution is even simpler in the axisymmetric case when the boun-

dary condition (7-3-29) is replaced by the symmetric one
Y(a,0) = f(a). (7-3-34)
The required harmonic function is then given by the equation

o -1 cosh(rt — fr)
¥(x.f) = J(cosha + cos B)®, [AO(T) “ooshm) T2

(7-3-35)
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where the function 44(t) is defined by the equation

Ag(1) = 27t d[cosech (Ja)f(x);x — 1]. (7-3-36)

7-4 PROPERTIES OF THE FUNCTION P-.i (cosh x)

We saw in the last section how the function P_ ., "(cosha). in which m is
zero or an integer and t is real, enters into the solution of Laplace's equation
when it is expressed in toroidal coordinates. We shall now derive some
properties of this function in the special case in which m = 0. If we put
v = —} + it, 0 = iz in the Mehler Dirichlet formula (7-2-12) we find that

if m is a positive integer

= 2 (sinhx) ™ *
Lm = 2T - m- 4
P 44 "(cosha) \/; fim+ 3 |, cos(tr)(cosha — coshr) dr
(7-4-1)

from which. using equation (7-2-9), we deduce that

P_y 4" (cosh 2)

‘)‘ 1 ;. : q)m z
= \/‘ G + it + m)(sinha) J cos(tt)(cosha — coshs)™~ ¥ 4y

alFG +it—mlm+ Y J,
(7-4-2)

and. in particular, that
/2 [ cos (t1) di
Poyncoshy) = X5 | =i -3

gulcoshz) = = o V{cosha — coshr) 743
In a similar way (Cf. Lagrange, 1939. p. 47) we can show that

ochar o V2o Y___sin(ndr

P_,,(cosha) - coth(nr) . Jicosht — cosha) (7-4-4)

Writing the right side of (7-4-3) as

[ 1 H(x — 1) ]
F. T i Tl = T
Jrooy(cosha — coshe)
we see on applying the Fourier cosine inversion theorem that
. H(a —1)
F [P jinlcosha)yt — 1] = J[n.(c—(;;hz o]

which when written out becomes

- . ; e He-n
J; P_, i (cosha)cos(t) dr = J3cosh# < cosh ]’ (7-4-5)
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On the other hand if we regard (7-4-3) as an integral equation for cos (/) in
terms of P_,, ,{cosha), we find from equations (3-16-13) and (3-16-15) that

I d (' sinh a da
S =— = | P, lcosha) o ~ =l 7-4-
cos(xr) J2di L yoilcosha) J(cosht — cosha) (7-4-6)
Similarly we deduce immediately from (7-4-4) that
) H(t — a)
#,[tanh P i.i(cosha)it =)= ——— -
J[tanh (ROPy (cosh )it = 1) JI[r(cosht — cosha)] 47
which is equivalent to
x . H(t —~ a)
é sh dt = — .
L tanh (1) P_y 1 i(coshz)sin (z1) de J[2(cosh t — cosha)]
(7-4-8)

Similgrly. by applying the formulas (3-16-14) and (3-16-16). we obtain the
equation
sin (1) = -:/l—z tanh(nt) x
x 1‘{1 j‘x (cosha — cosht) 4P Hl-,(cosh a)sinh 2 dz (7-4-9)
{
from equation (7-4-4). If we use the results

[s_m_(u_):l sin (1) = _% [‘Lgsr(_f’_)]

we see that equations (7-4-6) and (7-4-7) are equivalent to the pair of
equations

d
cos(tt) = ;—l—’

. 4

sm:ﬂ)_ _ ﬁ." (cosht ~ cosh2)™*P_, , ,(coshx)sinhx dx (7-4-10)
0

cos(rt) _ 1 tanh (nt) X

Y

X
xJ. (coshx — coshr)"tP_, . (coshz)sinha du. (7-4-11)
L}

From equation (7-4-3) we see that

€O

P_, +ir(cosh a) sinh x g(cosh x) da
0

V2= * sinha g(cosh 2) dx
7 Jo SN ) hn = cosh)
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Now

1 J“ sinhag(coshajde 1 [ g(x) dx
(]

Jr \'(Etw_ssll: ~ cosht) VT Jeoste & (X — coshr)’

In terms of the Weyl fractional integral (4-2-24) we can write this last
integral as

¥ ,[g(x);cosht]

so that we obtain the relation

J: P_y . n(coshwg(cosha)sinh x dx = £ {#\[g(x):cosh]:t - 1}.

(7-4-12)
This can obviously also be written in the form
f!l P_yei(x)g(x)dx = F[#{g(x);coshtil ~ 1], (7-4-13)
For example, if we take
gly) = o
X+ k
where & is a positive constant, then
¥y [gx):y] = E— J‘l "_—dx e J-I T*""{L—t’
Jr), + RJx = Ynlo Gk +p)
so that

¥, T
(el = l:,; £y
Now it can be shown that

F[(cosht + k) tir = 1] = J/asech ()P yuilh).  fk| <1
(7-4-14)

(C(. Erdelyi et af (1954), Vol. 1. p. 30) so that we obtain the integral
® dx ! 5
J; Py inl(x) TVES nsech(rr)P o, (k). k| <1 (7-4-15)
a result which can be written in the alternative form

J‘» P, \icosh ) C&::h:fé;_ﬁ = nsech(nt) P, (cosf) (74-16)
o

with freal, —n < f < n

o ———" d e s L
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We notice also that if we apply the Fourier cosine inversion theorem to
equation (7-4-14). then we obtain the integral

* cos(t!) 1
L cosh (ar) -l Pt = v ey (D

In a similar way equation (7-4-4) leads to the relation
fm P_ 4 +i(cosh 2)g(cosh a) sinh x o
o
= coth(nt).Z,[ #,{g(x):cosht}it = 1]  (7-4-18)

where A, is the operator of the Riemann-Liouville fractional integral de-
fined by the equation

] y
ALgx)y] = G L glx)(y = x)*~tdx, Repy >0, (7-4-19)

On the other hand if we substitute for the Legendre function from
equation (7-4-3), we find that

J‘ ’ g(1)P_ 4 ,(cosh2) dt

(4
_V2 (" * cos(tt) di
o gle) de o \/(cosha — coshy)

1 dt 2T
= \/n o v(coshx — cosh1) 7)o g(t)cos (1) dr

so that if we denote the Fourier cosine transform of g(t) by G (1). we obtain
the relation

® e G.(1) dt
i h = — e — i e R R
J; ROP- g sidcosh) de NE jo J(coshx — coshr) (74-20)

If we take

g(r) = ﬂg,(s)cos(sr) ds, («>0)

then

G = \/; gy(nH@@ - 1)

and equation (7-4-20) implies that
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f P_ 4 ¢il(cosha) dr J 2.(s)cos(ts) ds
(4 [

_ _l‘ 'mints, 1) gl(ﬁrrdi_ﬁi‘ ”
B V2 J; \/(cosh_z — coshs)’ (7-4-21)

In a similar way we can show that

f P_,ﬁ,(coshm)drf g.(s)cos{st) ds
0 a

Hz —a) [* gi(s) ds
= . 7-4-22
V2 Js J(cosha — coshys) ¢ )
*If we use the interpretation (7-4-4) for the Legendre function, we find
that

x 1 (= G(1)dr
L tanh (rt)g(r) Py, p(cosha) d1 = :/-;J; mh o

(7-4-23)

where G,(¢) denotes the Fourier sine transform of g(z).
For example, if we take

cosh (f1) -
) sinh (nt)’ (-n<p<m

and make use of the second formuia in Problem 2-21 we have
sip_l] t
cosht + cosf8’

so we find that equation (7-4-23) with the integration

G, = 2n)~4

T sinh 7 dt I _f{u_
s (coshi + cosf)/(cosht — cosha) ~ ~ J, u? + cosha + cosp

" Jcosha + cos )

yields the formula

* cosh (fr) )
J’o cosh (x7) P_ ., (cosha) dt
1
= J2(€o e p——t ~-r<f<n (7-4-29)
Some special cases of the use of equation (7-4-13) arise frequently so
we shall derive them here.
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Since
#ilewiy] =a"te™™  (Rea > 0),

we find from equation (7-4-13) that

Now the modified Bessel function of the second kind of order v may be de-
fined by the equation

K,(2) = J.: e ™ Neosh(vi)dr  |argz| < 4n
so that

5
'Z[e—ncodu;t] = \/; K"(a)' ’argal < %7[

showing that

* 2
J P_jii(X)e™ dx = ’nia K. (a), larga| < {n. (7-4-25)
1

On the other hand. since if. Retv > §.

R e -4 _
#ix7o] = _F(.\_»;Z_) pEoy

we find that equation (7-4-13) gives the result

(= -y r(v - %) y—4.
I, Poyi)x™"dx = —~ﬁ‘—’)——f,[(sechl) 7]

Using formula (5) on p. 30 of Vol. | of Erdelyi er a/. (1954), we find that if

v > 4,

(o v-1

P_yip)x v dx = A Ty — % + diolfdy - § — 4ir).
i JnT()

(7-4-26)

In particular. if n is a positive integer, we may use formulas (3) and (4) on the
same page to show that

J Py p(0)x ™2 dx
1

n=1

72:.—3
- / 1.2 2
= 4(21t)tcosech({;m)l l g2+ ),
Fon + HY |
(=2 (142D
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f P_yit)x™ Yy
1

22.-—! ,
= s pvensandmo [ e + ¢ -1 04s)

r=]

In addition we have the special cases

J; P yen(x)x" Y dx = J2sech (1) (7-4-29)

x )
J‘ P_youldx"tdx = 23i t cosech (}nt) (7-4-30)
1

resulting from formulas (1) and (2) on the same page of the book by Erdelyi
etal.
In certain cases it is more convenient to use the representation
moa o _ {2 (sinha)” * cos (t1) dt
P-yvic’(cosha) = ﬂ rg - m cosh(m)jo (cosh 2 + cosh/)™*¥
(7-4-31)
instead of equation (7-4-2)-—cf. Lagrange (1939), p. 47. The special case

_ 2 ® cos (tr) di
P-yuitcoshay = n COSh("t)J; Jlcosha + cosh1) (7-4-32)

is also useful.
From equation (7-4-31) we can derive yet another representation of the

function P_,, "(cosha). We consider the integral
4+t B
£ x O
J‘ el (O drt = f T3 g reoshx drf e~ '™ cos (Tu) du
0 V] [V}

= J‘x cos (tu) du fﬂ (™= 4 g~ icosh s corhu) gy
(] o

cos (tw) du
(coshu + coshx)®*¥

k-
=F(im + i)f
°
As a result of equation (7-4-31), we therefore derive the integral represen-
tation
P4 (cosha)

= (= 1)™2}n~4 cosh (rz)(sinh )™ f medethmbek () dr (7-4-33)

x
0

where, it will be recalled. m is a positive integer.
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As an example of the use of the integral representation (7-4-32) we have
the relation

€
I g(r)sech(nt)P_,,  (coshz) dt
[}

_ 5;/‘2j®g(t)dtj‘” cos (t1) dr

o o /(coshz + coshr)
_ 1y G (t)dt 7434
T Jdn ) J(cosha + cosh?) ( )

where G (1) denotes tne Fourier cosine transform of the function g(z).

7-5 FOCK'S THEOREMS
We shall begin by finding the form of the operator ®,. Suppose that

O [ f3(2)it = o] = fa)s (7-5-1)
then, by equation (7-3-28) we see that this is equivalent to the relation

f: ttanh (nt) P_4, , (cosh 2)/ (1) dt = f(a). (7-5-2)

Determining the operator @, is therefore equivalent to finding the solution
S3() = Qo[ fla);2 — 1] (7-5-3)

of this integral equation. If we insert the formula (7-4-3) for the function
P_4 i (cosh x). we find that

o) = ing j’” o/ 3c) dt J" sin (tt) dr
Q

. +J{cosh? — cosh )

1 [~ dr 2 0% e
=:/7¢J.. m-\/;'[; f3(t)sin(xr) dt

a relation which we may write in the alternative form
| I . dr
fl) = \_/;t f, Fl/*m) Jtcosht — cosha)’

Regarding this as an integral equation for .#.[1/*(1);1]. we see from equa-
tions (3-16-14) and (3-16-16) that it has the solution

1 df” flz) da

Jrdi ), J(cosha — coshr)’

Flu )] = -

Inverting this result by means of the Fourier sine inversion theorem, we find
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that
I }‘[—‘{- *©  fla)sinh 2 du ]

AL Aot

4 = = J P
©/a) v dr }, \f(cosha — coshr)’

- L’[J.r f")Sin_lj:da )
Jr L) (eoshx < co—s_hT)” -t

Hence we find that

© f(a)sinh_az_d_z__
¢ J(coshx — cosh1)

= f&f(ar)sinhx dx - V2 r . cos () dt
0 T Jo

Using equation (7-4-2) we have finally that

o(x) = £ J% cos(tr) dr
T Jo

f8(1) = Q[ flx);1] = J‘: f()P_, . . (cosha)sinha dx. (7-5-4)

We can put the pair of formulas (7-5-2) and (7-5-4) in a slightly different
form. If we replace f(2) by g(cosh x) and if

g0 = [T P yLogs dn. xe[lax) (7-5.5)

then
#5) = ranh (o) [7 Py (00800 d. (7-5-6)

We have proceeded in a purely formal way. However, it is a simple
matter to prove the following two theorems:

Theorem 1 If a function g(x) defined on [1.2¢) is such that the function
h(t) = 2sinh (4)g(cosh t)

has a first derivaiive which is absolutely integrable on [0,0). and a
second dericative ubsolutely integrable in any finite interval, and if
hO) = h(+ ) = O, then gix) can be written as the integral (7-5-5)
where g§(1) is defined by equation (1-5-6).
£5(0) = 0, then g8(t) can be written in the form (7-5-6), where g(x) is
Theorem 2 If a function go*(z). absolutely integrable in [0.xc). has a
derivative which is absolutely integrable in any finite interval and if
£8(0) = 0. then g§(r) can be written in the form (7-5-6). where g{x) is
defined by equation (7-5-5).

See Fock (1943). Another form of the theorem, making weaker restrictions
on the function g(x), is also due to Fock (1943):
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Theorem 3 I a function g(x) defined on [1,%) is such that the integral
® |gt]dx
L S+ D)

exists. then at every point x in whose neighborhood g(x) has a bounded
variation

f: P el ¥)g8(x) dt = 4[g(x+) + g(x-)]
where
g3(t) = ttanh(n1) J.,w Py ii(X)g(x) dx.

For other forms of the theorem the reader should consult Lebedev
(1950).

7-6 MEHLER-FOCK TRANSFORMS OF ZERO ORDER

We can write Fock's theorems as the inversion theorem for an integral trans-
form. If we define the Mehler-Fock transform of order m of a function f(a)
by the equation

Sir) = o, [fla):] = J.: S@)P_ 4, " (cosha) sinh & da
then the transform of order zero is defined by the equation
13(2) = O [fl);1] = J; * f@)P_ , , (cosh ) sinh  d (7-6-1)
and Fock's theorems state that the inverse transform is given by the formula
f2) = 0,7 '[f3(1);a] = J;t tf§(t)tanh (r1) P_ 4 , ;. {cosh 2) d.
(7-6-2)

The results obtained in sec. 7-4 can now be restated as rules for these
transforms. Thus equations (7-4-10), (7-4-11). (7-4-16), (7-4-21), (74-22),
and (7-4-24) can be written respectively in the forms

®[H( — a)(coshr — cosha) ;2 — 1] = (/2™ !sin(17) (7-6-3)

®y[H(x — r)(coshx — coshr)™¥;a - ¢]
= /21" 'coth(mr)cos(tt)  (7-6-4)

®,f (cosha + cosp)™';a — 7]
= nsech(nT)P-34i(cOsf), (—n<f<m (765
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®,! [r" coth (m)f gy(s)cos(st) ds;t — a]

]
1 J‘mi-ln‘:) g,(S) ds

") Teoha-cowmn 79

D, ! [r" coth (m)j gi(s)cos(st) ds;T = a]

_H@x-a(* g,(s)ds
N J J(co (7-6-7)

sha — coshs)

-1 M-a = 1 . 7
® |ttanh(mr)” | V[ 2(coshx + cos B)] &8

Inverting this last result by Fock’s theorem. we find that

J2 cos(fo)

t  sinh(nt)’ (- <B<m.

®o[(coshx + cos ) t;1] =

(7-6-9)
Putting 8 = 0, we find that
®o[sech (3a);1] = 217! cosech (nz) {7-6-10)
and putting f = in that
Dofsecht(x);1] = 274 7! cosech (3nr). (7-6-11)
Similarly, the results (7-4-12) and (7-4-18) can be written in the form
Of flcoshx);t] = F[#,[f(x);coshi};t - 1] (7-6-12)

= coth (nt).F,[#,{ f(x);cosh1};1 = 1] (7-6-13)
and the pair (7-4-20) and (7-4-23) can be written in the form

1 [ G (1) dt .
o™ '[17" coth (rt)g(x):a] = J;J; J(cosha )_ cosh7) (7-6-14)

© G d
J(}osh! — cosha)

where G_(1) and G (1) are respectively the Fourier cosine and the Fourier

sine transforms of the function g(t).
It is sometimes convenient to use an alternative notation. We shall

(7-6-15)

®, '[17"g(1):0] = 7';[

write

Jo(t) = do[ fix)i1] = f‘ APy el) dx (7-6-16)



392 THE USE OF INTEGRAL TRANSFORMS
and the inverse operator ¢, ' will then be defined by the equation
100 = o™ [ folt)ix] = f: ttanh (R0} (D) Py wl) . (7-6-17)

11 will be observed that

Po[f1x):1] = @[ f(cosha): 1] (7-6-18)
and that
bo ' [fol1)ix] = ™' [ fy(r):cosh™ ! x]. (7-6-19)

For example we can write equations (7-4-13). (7-4-18) as rules for cal-
culating ¢yg:

$olg(x):7]

F#{g(x)icosht}i1 — 1] (7-6-20)

coth ()., [ #,{g(x).cosht};r = 1] (71-6-21)

and the special results (7-4-25), (7-4-29), (7-4-30). (7-4-27), (7-4-28) in the
forms

2
¢0[0‘u;r] = \/;—;I- K (a), |arga| < 51: (7-6-22)
$o[x i:1] = /2sech(}nr) (7-6-23)
22
Po[x~¥i1] = —%——rcosech (3n1) (7-6-24)
223 "
~2n-4. - ! 1.2 2
do[x i) Fon T T (2n) T cosech (inr)u(;t + ).
(n=2) (7625
d, [_\,-ln-!..r] . _...._2..2_"___1_.. /(‘?n)sech(lnr)[l[ [.er +(r - %)2]
0 : ren+ 3V~ A 1 S

(7-6-26)
respectively. We can also write equation (7-4-15) as
Gol(x + N7 5x = 1] = msech ()P (). Jtf< 1. (76-27)

Applying the inversion theorem to this formuia we find that

®  sinh(nt) : _ __'_, il < 1.
L o (rg) P 1+ OP- g0 e = e M
(7-6-28)

Corresponding to equation (7-4-34) we have the relation
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1 (= G.(n) dr
LT PR TP PN - <
o '[+7" cosech (nr)g(r)it ~ o] = Jr Jo J(cosha + coshr)
(7-6-29)
where. as before, G.(¢) is the Fourier cosine transform of g(r). For example.
if in this result we take
cosh (nr — 1)

&) = cosh (nt)

so that

i
G.at) = 2 sin}Bcosh §r

ncosht — cosf8

(see. for example, formula (12) on p. 31 of Vol. 1 of Erdelyi et al. (1954)). we
find that we obtain the equation

o, [2,-, cosh(ar — fr). ,,]

sinh (2n7)
/2 . » COSh(&‘)dl

_N%, — :

= sin (§8) L (cosh 1 — cos f)y/(cosha + cosht)

1 @ du
= ;cosec(iﬂ)L 0+ KA e + D

where k = cosh (}2) cosec (). Putting u = (v2 — 1)~ 4, we find that

x du N dv
b U+ kA JW +1) )], 2+ *kiI=1)
=(k*~ D dan" ' kP -1

and hence that

1| y-1 Sosh(at = Br) |
Yo [h sinh (2n1) toe

3
= -‘/;t—z(cosha + cos )~ 4tan™! [ e -] . (7-6-30)

7-7 A RELATION OF PARSEVAL TYPE

It is 2 simple matter to establish formally a relation for Mehler - Fock trans-
forms (of order zero) which is the analogue of Parseval’s relation for Fourier
transforms. (Cf., Lebedev, 1949; Lowndes, 1961.)

Hj

fo®) = $ol fAx)it].  £ol1) = doglx):t]
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then -
fo t tanh (1) /p(t)€ol7) dt

- . z
= fo 7 tanh (n1)go(1) d1 L ﬂx)P-hie(I)dx

= J.l f(x) dx fo ttanh (m1)go(t) P youlx) dr.

By the inversion theorem the inner integral is equal 10 g(x) 50 that we obta;
the Parseval relation Win

fo 1 tanh (n1)fo(1)go(r) d1 =fl J(x)g(x) dx. -7

For example, if we take

! =1
Ax) = ;_+—s’ glx) = 41

then, from equation (7-6-27) we have
fol?) = msech (R} P_ g4 i(5) Isl < 1.
£ol1) = msech(U)P_ g () 1] < 1.
Now if s # 1,

ST S B YO i, L
L G+ +D 1= B+

while

a1
L (x+ 92 s+
h

so that from (7-7-1) we have the result

! L+

———

. ——— log ,
® 2 - . (l
'[ TSIAT) Py dr =] a | 9 h+y U=

° cosh? (n1)
731 + 5 (r=y)
where |s| < L, [1f < L.
If we take
)y =e % glx) =

where a and b are positive real constants, then by equation (7-6-22)

~ 2 2
Jolt) = \/; K@) golr) = \/:7: Ki.(b).
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Also

T e—a~b
e b g =
1 a+b

so that from (7-7-1) we have the result

= _ nf@h) _gen 7.9
J.o ttanh (nt)K (@)K (b) dT = a + b) e . (7-7-2)

If we take
fix)=x"4  gx)=x"*
so that. by equations (7-6-23) and (7-6-24), we must take

- 2.2
folt) = /2 sech (31}, gol1) = —%—tcoscch (n)

then, since
fm x4dx =4,
1
we find that
ft t¥sech(nt)dr = §.
[¢]

As a final example, we take

—ax _ 1
fix) = e 2%, g{x) = T T

and hence

f;(t)z\/%l(,,(a). fo(t) = msech (T)P_y 4 ,o(1)

to obtain the equation

Ltla b n p K dr = a [Ce ™dx
. nh (n1)sech (n7) -~y +iell) aldydt = 3 ), I

In terms of the exponential integral
. w
ei(x) =J‘ e *u"! du
X

we can. therefore, write

o

J. tianh (1) sech (n1) P, ( (1)K (a) dT = \/:_Za;e"ei(a + at).
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We can write this result in the form

~
b0 ! [\/j: sech (n7) K (a)it — x] = e%eila + ux)

or, alternatively, in the form

dole*teila + ax);x — 1] = /2(;“ sech (n1) K, (a). (7-7-3)

7-8 THE SOLUTION OF BOUNDARY VALUE PROBLEMS USING
MEHLER-FOCK TRANSFORMS OF ZERO ORDER

In this section we shall describe briefly how Mehler-Fock transforms may
be used to derive the solution of boundary value problems in potential
theory which are of significance in the mathematical theory of elasticity. This
method is exploited fully in Uftyand (1963) to which the reader is referred.
We consider first the problem of determining a function ¥ which is
harmonic in the half-space z 2 0 and which satisfies the conditions

y=Flp), 0<p<ga (7-8-1)

=0, p>a (7-8-2)

on the boundary plane z = 0. This is the boundary value problem which
arises in the contact problem for a half-space in the theory of elasticity.
We saw in sec. 7-3 that if we write

;71-,.; sech (3a)F(atanh?ix) = f(2) (7-8-3)
then this boundary value problem has the solution
cosh(nz - o) 1:’

_ -1
Y(a.p) = J(cosha + cos B)®, [A"(” cosh(nt) '

(7-8-4)
where @y~ "[A4(1);2] = f(x), so that

cosh (nt — ﬁt);r - 1]

Y(@.B) = ((cosha + cosf)®, ! [fﬁ(f) cosh (x7)

(7-8-5)

where f3(r) is the Mehler--Fock transform of order zero of the function
f(2) defined by equation (7-8-3).
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For example, suppose that F(2) = &, a constant, then
fi) = é sech (}2) (7-8-6)

and .
f30) = VA [ sech (Ja):1].
By equation (7-6-10) we find that, in this particular case,
Aolt) = \J2&t™? cosech (nt). (7-8-7)
Substituting from (7-8-7) into (7-8-4) we obtain the solution
- - 2cosh(nr — fr)
= 1 1 YOART & PT) ‘
V(x.p) = e/[2cosha + cos f)]d [1 vh ) T - ,]_
Hence, by equation (7-6-29), we have finally
2% _,fcoshx + cosp}?
v(p) = 7 an [__l_:—cos[! ] :

A quantity which is of physical interest in this problem is the number

(7-8-8)

a ‘Qw)
P=-2 - dp. 7-8-9
"J; p(@z ieo P ( )
Now
% = —if—)ccos(ili)(cosha + cos )4

so that, from equation (7-3-14), we derive the relation

1] 2
(77;),-0 - cosh ($a).

Alsoon z = 0,0 € p € «, we have p = atanh(a), 0 < 2 < oc, so that
P = 2¢a f1 tanh (o) sech (Ja) da.
0
The integration is elementary and we get
P = 4. (7-8-10)

Next we consider the problem of determining a function ¥ which is
harmonic in the half-space z 2 0 and which satisfies the conditions

y=0, 0<€p<a (7-8-11)

%g = ~G(p), p>a, (7-8-12)
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on the boundary z = 0. This is the boundary value problem which arises in
the analysis (within the framework of the classical theory of elasticity) of
the axisymmetric deformation of an infinite body weakened by an external
circular crack--cf. Sneddon and Lowengrub (1969). sec. 3-9.

If we introduce a new function g defined by the cquation

g
22
then it follows from equation (7-3-12) that we can replace the pair of equa-
tions (7-8-11) and (7-8-12) by the pair

gla) = cosech’ (32)G(a coth 4a) (7-8-13)

Y(2.0) = 0, (1-8-14)
oy 'y i (L v
7 = /2sinh (;2)g(a). (7-8-15)
« ﬂ f=x
Taking a representation of ¥ (a.f) of the form
= o -1 -t El.!_‘."_l..(.g}_). . 9
Y(a.p) = {J(cosha + cos f)d, [r Agl(1) o (nr),a (7-8-16)

we find that y(2,0) = 0 and that

é .

_"J‘,' = /2sinh (32)®,” HAo(1):2].

M Jp=n
Hence the boundary condition (7-8-15) is satisfied if we take 4,(7) = gh(r).
i.e., the required solution is

V(x.B) = J(cosha + cos Brb,™" [r"gz(r) E'Ehwr')'a], (1-8-17)

cosh (nz)’

where g§(1) 1s the Mehler-Fock transform of the function &%) defined by
equation (7-8-13).
We note that for this solution

(;_'z_) = /2cosh (}2)®," [ g&(r)sech (r1);a] (7-8-18)
8 /4-0 .
and hence, from equation (7-3-14), that, when 0 € p < a.

O 22
(;f) = 2 o 0 [ [spsechneia] (789

where p = atanh (}2).
For example, if

G(p) = ka’(®* + p¥)~t (7-8-20)
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where k and b are constants. then

g(@) = Ka cosech® ($a)(42 + coth?4a)~ 4, J = bla (7-8-21)

N
and
$(c) = 2kasin(3¢)tan (4¢) ST = &) (1-8-22)
g3(x) = y2has sinh (n1)

withsin$é = (1 + A1) = a(@® + bH)~ 4

The solution is then given by equations (7-8-17) and (7-8-22). As a
further example. see Problem 7-7 below.

The problem of determining the axisymmetric stresses in an elastic body
weakened by a penny-shaped crack can be reduced to the problem of de-
termining the solution ¢ in the half-space z > 0 of Laplace’s equation satis-
fying the conditions

2
(T'f) =-p(p), O0<p<a
€2 [:=0

'l’;so = 0' p>a

(see Sneddon and Lowengrub, 1969, sec. 3-2). This is equivalent to the prob-
lem of determining a harmonic function y(x.) satisfying the boundary
conditions

V(2.0
(W(g; )= —2asech? (a)p(a tanh §a) (7-8-23)
Y(x,n) = 0. (7-8-24)

To satisfy Laplace's equation and the boundary condition (7-8-24) we take

Y(2.p) = \J(cosha + cos fi)d, " [t"f‘(t)?i:-g(—;—-dét—):a]
(7-8-25)
and to satisfly equation (7-8-23) we take
S8(1) = g fla):1]
where the function f(«) is defined by the equation
(7-8-26)

flx) = /(2)asech® a)p(a tanh }2).

For instance. if p(p) = p,. a constant, then
Na) = J(2)pyasech® (ba)
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and we find that
J3(r) = 8/(2)p, at cosech (n1)
- -see Problem 7-2 below. Hence we have the solution

: . .| 2sinh(nr — fr)
— ¢ hil - unil LI e A A
Y(2.f) = 16y/(cosh? ja — sin® }B)poa®, [ sinh 3nn) ]

In particular

¥(2.0) = 16cosh ($2)pga ™ '[sech (n1);x]
~osh (}
= 16poa '}:’:*[:(()28:)1
= 8poasech (ja).
Now
sech’}x = 1 — coth?}a = | — p¥/a?
so that

W).-0 = Bpo/ta®> = p?). O0<p<a

7-9 DUAL INTEGRAL EQUATIONS WITH TRIGONOMETRICAL
KERNELS

An interesting application of the Mehler-Fock inversion theorem to the
solution of dual integral equations with trigonometrical kernels has been
given by Babloian (1964). In the next section we shall describe how such
equations arise in a natural way in potential theory.

We begin by considering the dual integral equations

g(x) = J?fu)cos(xr) dt = g,(x), 0K x<Ka (7-9-1)

h(x) = f: coth (n7)f(1) sin (xt) dt = h,(x), xX>a (7-9-2)

in which the functions g,(x) and h,(x) are prescribed. If we multiply the first
of these equations by

V2

my/(cosha — cosh x)

and integrate it with respect to x from 0 to x and use equation (7-4-3). we
obtain the equation

f“”ﬂ:)ﬂ_,m(cosh ndt=Q). 0<a<a (79-3)
[¢]
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where

Q=2 g (7-9-4)

r Jo Jlcosha — coshx)’
Similarly. if we multiply the second equation by

V2

n/(cosh x — cosh z)

and integrate with respect to x from x to oo, we find on using equation (7-4-4)
that

J:c SOP_ 4oi(cosh2) dr = Qy(x), x> a (7-9-5)
where
2 (= h i
Qpz) =X — b ds (7-9-6)

T J, \/(cc;éh X — cosha)
If we now define the function Q(x) by the equations
o amn 03
we see that equations (7-9-3) and (7-9-5) are equivalent to
@™ [t coth (r1)f(1): 2] = Q(2)
which may be inverted to yield the relation
S(1) = ttanh (nt) Oo[Q(x); 7] = ttanh (r7)QS(1). (7-9-8)

Q) =

Written out in full this equation takes the form
/(1) = ttanh(n7) J:Q,(«)P_ 3 +ir(cosh a) sinh a dx
+ ttanh(nr) f" Q)P4 4 ;(cosh a) sinh x dx. (7-9-9)

In many physical problems what we are interested in is the form of
2(x) when x > a, or the form of 4(x) when 0 < x < a. Now from the de-
finition (7-9-1) of g(x) we have the equation
kg x
g(x) = f T tanh(m)cos(xt)dtf Qa)sinha P, (cosha) da

[1] (]

a8 ®
= f Q(a) sinh @ dx J' ttanh (nr)cos (y1)P_; ,  (cosh a) dr
o '}

¥ 0
= d Q(a) sinh x da tanh (nt) sin (x1) P 4 , ,(cosh z) dt.
dx Jo 0 ]
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The inner integral can be evaluated by means of equation (7-4-8) to give
1 [* Q(a)sinhada
V2 Jo Jflcosh x — coshz)’
Hence, when x > a, g(x) = g,(x), where the function g,(x) is defined by the
equation

g(x) =

1 d " Qa)sinha da
J2dx o (coshx — cosha)
+ _I__fl_ * Q,(a)sinha dx
J2dx }, J(coshx — cosha)’

Similarly from the definition of #(x) we have the equation

gi(x) =

(7-9-10

hix) = f: Tsin(xr) dt J:D Q(a)sinhz P_y, , (cosha) dx

which can be written as

h(x) = —E—J. Q(a)sinh x daj cos(x1)P. ;. (cosha) dt
dx Jo 0

and. using equation (7-4-5), we see that this in turn can be written in the form
by = __l__iJ"’ ’ Q(a) sinh a da ‘
J2dx ), ((cosha — cosh x)
Hence, when 0 < x < a, i(x) = h,(x) where
1 d J"' Q,(2)sinh « da

_ﬁﬂ « v (cosha — coshx)
1 d [ Qua)sinhaxdx

hi(x) =

- 75;1? . y/(cosha - coshx) (79-10
If we have the dual integral equations
Jx)y = J‘: ™ Y(t)sin(xt)dt = ji)(x). O0<x<a (7-9-12)
h(x) = f: coth (nr)f{t) sin (xt) dt = hy(x), x>a (7-9-13)

then, differentiating both sides of equation (7-9-12) with respect to x. we
obtain the equation

J) = J;mf(t)cos(xt)dr = fi(x), 0<x<a (7-9-14)

Hence the solution of the pair of equations (7-9-12), (7-9-13) is again given
by equation (7-9-9) but now we define Q,(«) by the cquation
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2 (= Ji(x) dx
Q =¥ — 7-9-15
@) J; J/(cosha — cosh x) ( )
instead of by equation (7-9-4). The function Q,(x) is defined. as previously,
by the equation (7-9-6).

From the definition of j(x). we have the equation

J(x) = J;z Q(x)sinh x dx fx tanh () sin (xt) P-4 , ,(cosha) dr

(1]

and evaluating the inner integral by means of the formula (7-4-8). we find
that when x > a. j(x) = j,(x). where
1 f‘ Q,(x) sinh x dx 1 f‘ Q,(x) sinh x da

) = V2 Jo Jlcoshx — coshz) ~ 2 ), J(coshx — cosha)’
(79-16)

The value of A(x) for 0 < x < a is given again by equation (7-9-11) with—
as in equation (7-9-16)—Q,(2) and Q,(2) given by equations (7-9-15) and
(7-9-6) respectively.

To obtain the solution of the pair of dual integral equations

k(x) = J'O * finsinixt)dr = k,(x), O0<x<a (7-9-17)
hix) = f: coth (n1)f(7) sin (x1) dt = hy(x), x>a (7-9-18)

we integrate the first equation of the pair with respect to x from 0 to x. It then
assumcs the form (7-9-1) with g,(x) now defined by the equation

gilx)=C+ f;k,(u) du (7-9-19)

where C is the constant defined by the equation
Cc= fo * fir) dr. (19-20)

The solution is then given in terms of C by equations (7-9-9), (7-9-4), and
(7-9-6) with g,(x) now defined by equation (7-9-19); it will therefore be of the
form

Siz) = Chlr) + fi(7)

where /,(t), f,(1) can be computed by the above formulas. The constant C
will then, as a consequence of its definition (7-9-20), be determined by the

simple equation

C[l -L‘”ﬁ,(rm] = f:_[,(t)dt
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Dual integral equations of tie type
20 = [T fncosande = g0, 0<x<a (1-9-21)
x) = J:D t~! coth (n1)f(z) cos (tx) dt = L;(x). x>a (79-22)

can be treated in a similar way. If we differentiate equation (7-9-22) with
respect to x, we find that it becomes

f: coth (ne)f(z)sin (tx) dt = —I3(x). X>a

which is identical with equation (7-9-2) with
hy(x) = —1y(x). (7-9-23)
The solution of equations (7-9-21) and (7-9-22) is therefore given by equa-

tions (7-9-9). (7-9-4), (7-9-6) with h,(x) now defined by equation (7-9-23).
Similarly the solution of the pair of equations

glx) = f:/‘(t)cos(u) dt=gy(x)y, 0<x<ua (7-9-24)
m(x) = f: tcoth (r7)f(1) cos (x1) dT = my(x). x>a (79-25)

is given by equations (7-9-9), (7-9-4), (7-9-6) with h,(x) now defined by
equation
hy(x) = C — f * my(u) du. (7-9-26)

7-10 MIXED BOUNDARY VALUE PROBLEMS FOR A SEMI-INFINITE
STRIP

We shail now show how dual integral equations of the types discussed in the
last section arise in the analysis of certain mixed boundary value problems
for the plane harmonic equation

n2 N2

%+2—;g=0, 0<y<n x20 (7-10-1)
We begin by considering the case (Cf. Fig. 7-5) in which the boundary

conditions on the function ¥ (x,y) are

Y(0.y) =0, 0sys<nm
Y(x.0) =0, x=20
vix.n) = j(x), 0<x<a
N
‘_w_(":’!—t—) - hl(x)’ X > a.

oy
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¥

r (d’ = ji(x) qw, = hy(x)

('l’, = ky(x) g% = hy(x)

O,7) ‘
y=0 '
Y @0 i — x
¥, =0
Fig. 7-6

In addition. we require that ¢(x,y) = 0 as x > o, 0 € y € n. It is easily
verified that the solution of this boundary value problem is given by the
formula
f * ., . sinh(1y)
Yix.y) = flr) -~ sm (tx) dt (7-10-2)
sinh (nt

provided that the function f(t) is the solution of the pair of dual integral
equations (7-9-12) and (7-9-13).

Similarly the mixed boundary value problem specified by the equations
(7-10-1) and

¥(0.y) = 0. 0sy<n
ow.‘.o) -0 50
cy
‘V’_!"E.Q =kix), 0<x<uy
Y(x.m) = hyx), x>a

(CT. Fig. 7-6) has solution

Yix.y) = f fr )“’Sh(;:; sin (x1) dt (7-10-3)
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{W; = g,(x) (“ = [)(x)

(0.x)

¥, =0

\

x

0 (a.0) \
¢,=0

Fig. 7-7

provided that the function fit) is the solution of the pair of dual integral
equations (7-9-17) and (7-9-18).

Further. the solution of the mixed boundary value problem described
by equations (7-10-1) and

O _

2 0, 0sysn
D
L—w—i,:—o) = 0. xz0
& (x,n)
o = g,(x), 0<x<ua
Ylx,m) = [)(x), x>a

(Cf. Fig. 7-7) is given by the equation

= [ ey SOsh ) .
Y(x,y) L T f(t)sinh(m)cos(rx)dz (7-10-4)

where f(7) is the solution of the dual integral equations (7-9-21), (7-9-22).
Finally we note that the function ¢(x,y) harmonic in the strip x 2> 0,
0 < y < = and satisfying the mixed boundary conditions

U0

= <y
ax 0, O0<y<gn
Y(x,0) =0, x>0
Y(x,m) = g,(x), 0<x<a
(wng,n) = my(o), x>a

oy
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¥

I <w = g,(0) <w, = m(x)
(0.x) —
:
] !
Vom0 |
t
0 @0 K >
=0
Fig. 7-8

(Cf. Fig. 7-8) is given by the formula
Yix.y) = J. o)
(4

where f(t) is the solution of the dual integral equations (7-9-24), (7-9-25).

sinh (7y)
sinh (1)

cos (1x) dt

7-11  DUAL INTEGRAL EQUATIONS WITH LEGENDRE FUNCTION

KERNELS
We shall now discuss briefly the methods introduced by Babloian (1964) for

the solution of certain dual integral equations with kernel P_, ,; (cosh x).
We begin by considering the pair

gn) = f:f(f)P.w‘(cosha) di =g @, 0<x<2 (71

h(z) = f: ttanh (re)f(t) Py, p(cosha) dt = hy(a), o > a,.
(7-11-2)
Multiplying equation (7-11-1) by sinha(coshx — coshz)~?, in-
tegrating the result with respect to « from 0 to x, and then differentiating
with respect to x, we find that if 0 € x € «.
I [= d [* sinha
71—!J:, Sy de dx J, Jlcoshx — coshz) P
where the function Fi(x) is defined in terms of the prescribed function g,(2)

through the equation
1 d (* ga)sinhxda
F E S e s -11=
i) Jrdx |, J(coshx — cosha) AL

From equation (7-4-6) we see that this is equivalent to the equation

y+ilcosha) dr = Fi(x)

3 (e
‘/;f fir)cos(tx)dr = Fi(x), 0<x<a,. (7-11-4)
0
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Similarly, if we multiply equation (7-11-2) by sinhx(cosha — coshx)™*
and integrate with respect to « from x to oc, we find that

2 xX
\[;J Slt)cos(tx) dt = Fy(x), X2 uq (7-11-5)
1]

where

l T hy(a)sinha da

F
¥ = + J(cosha — cosh x)’

X 2 %, (7-11-6)

Hence if we dehne the function F(x) by the equations

Fix) = {2:’3 ?fa"l ST (7-11-7)
we see that

F[f(1).x] = F(x)
and hence that

fiz) = F[Fx):t]. (7-11-8)

The solution of the pair of dual integral equations (7-11-1). (7-11-2)
is therefore given by equations (7-11-8), (7-11-7), (7-11-3), and (7-11-6).

If we substitute the value of f{1) into the equation (7-11-1), we find
thatif 2 > a,, g(2) = g;(a), where

2 [ F,(\') dx Fz(t)dx
g2(2) = 7 ° J(coshz - coshx) i \/(coshz — coshx)’

(7-11:9)

It can also be shown that if 0 < a < %, h(a) = h,(x), where

cosecha d (* {F(x) — F(x)}

el inh . : 7-11-10
Jr  dx ), J(coshx — cosha) sinh x dx ¢ )

h](a) =

In a similar way, we can show that the pair of dual integral equations
g(2) = f‘ )Py lcosha) dr = g,(x),  0<a<a (111D
0
h(z) = fr' tanh (1)f(1) P-4, (cosh 2) dt = h,(a). x> x
(o]
(7-11-12)

has the solution

fr) = F[F(x)it] (7-11-13)
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where now the components of the function F(x) are defined by the pair of
equations
g1(®) sinh a gy

Fx) = o Jicoshx = cosha)’ 0K x < (7-11-14)

d [™  hya)sinhadx (1-11-15)

1
Fx) = — == — .
A Jrdx ), :;(COSha — cosh x)’ >

Here we find that, when & > &, g(¢) = g,(x), where

cosecha d [* {Fy(x) — F(2,)}

= oot 7-11-16
22(2) N & |, Jicosha = cosh 1) sinh x dx ( )
and that. when 0 < 2 < a,. () = hy(a), where
hy(a) = ! Jm _.._I:L(ﬂd-" 1 [ _f&(\*) d.\. .
l vrJ, Jl(coshx — cosha) JTI « (coshx — cosha)’
(7-11-17)

As a generalization of the pair of equations (7-11-1), (7-11-2), we could
consider the pair

J:ﬂr)[l + N(1)]P_yiilcosha) dt = g,(a), 0€ac<a1,
(7-11-18)
J:" ttanh (0)f(P_ g4 cosha) dr = 0, 2 > a, (7-11-19)

where the function N(z) is prescribed (and is assumed to be absolutely in-
tegrable) and it is desired to find the function f(t).
If we write equation (7-11-18) in the form

me(r)P.”.-,(cosha) dv = g,(2) - J:f(t)N(r)P_“,,(cosha) dt

we see that the manipulations which lead to the solution (7-11-8) will, in
this case, lead to the relation

Ji) = \[EJ‘ I F(x)cos(1x) dx (7-11-20)
[

where

x sinh o da

Al = Jn d.t o J(coshx — coshx)

x {8:(1) - J:) RON@E)IP- 4 (cosha) dr}
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If we write

- 47 Esmhady <x<: 7-11-21
Gux) Jrdx Jo (coshx — cosha)’ Dgxgm ’

and make use of equation (7-4-6) to write

1 d sinh 2 oz ]
e ) TR NP b d
\/n dx J; \/(cosh x — cosha) L JSEIN(DP_y, p(cosha) dt

=\/2J S(z)N(t)cos(tx) dt
nJo

- %f " Fyw) duj N(t)cos (1x) cos (i) dt

[ 0

1 dJ"‘ gi(2)sinh a dx

we see that the solution of the pair of equations (7-11-18). (7-11-19) can be
written in the form (7-11-20), where F,(x) is the solution of the Fredhoim in-
tegral equation of the second kind

Fx) + fo FuoK(xu) du = G,(x). 0<x <a (7-11:22)
with kernel defined by the equation

1
Kix.u) = :/_(E-n:.) INAX + 0) + No(x = u))},

N,(x) = F[N(1);x] (7-11-23)

and with free term defined by equation (7-11-21).
Similarly. we can show that the dual integral equations

L" Py ulcosha)dr =0, 0<a<a, (7-11-24)

J: tanh (n7)[1 + N(T)]f(e) P y i ilcosh @) dT = hy(), 2> 2

(7-11-25)
have solution
2 k4
fit) = \/; J. Fy(x)sin (tx) dx (7-11-26)
where F;(x) is the solution of the Fredholm integral equation
Fyx) + f * BLGxu) du = Hy(x), x> a (7-11-27)

whose free term is defined by the equation
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Hy(x) = _ d([® hyx)sinhadx
0 = Jrdx ), J(coshx — coshx)’ x> (7-11-28)
and whose kernel is defined by the equation
I
bt = Tam {Ne(x = ul) = Ne(x + )} (7-11-29)

N_(x) having the same meaning as before.

7-12 APPLICATION TO A TORSION PROBLEM

Fig. 7-9

To illustrate the application of the methods of the last section Babloian (1964)
considered the problem of the torsion of a spherical segment when the de-
formation is produced by rotating a circular disk, rigidly attached at the
center of the plane section, through a small angle . (Cf. Fig. 7-9.) We assume
that the radius of the plane is @ and that that of the rigid disk is b < a. The
remaining part of the flat boundary is assumed to be free from external load-
ing. and the spherical surface is assumed to be rigidly fixed.

a5 AR i
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If we express the torsion equation in terms of toroidal coordinates
(x.B.¢) then it is easily shown that any displacement vector of the form
(0,0,144) can be characterized by an expression of the form

asinha
“e = osha + cosp VP (7-12-1)

where the function y(x.f}) satisfies the differential equation

"znll e coshacosf + 1) oy 3sinf 6_44
X" 2p% 7 sinha(coshx + cosf) @ ' cosha + cosf f
(7-12-2)

The only nonvanishing components of the stress tensor are d,, and g;, and
these are given by the pair of equations

4
Oy = psinha — 26 (7-12-3

where u is the rigidity modulus.
If we now make the substitution

Y(a.f}) = cosecha(cosha + cosf)ie*®Pu(u), p = cosha
(7-12-4)
we find that
d* dv ]
1 — 2__2.__-_ 1 2 el & =
( ”)dpz “dy [(4+T)+l—uz]t(u) 0

showing that
v = Py i (w)

is a possible form for v(u) and hence that
Y(x.p) = cosech x(cosha + cos )}

sinh(f;r — fr) _,
. h ) dr 7-12-5)
f Y(t) ———————— cosh (B} P!, .. (cosh2) (

is a possible form for the function y(x,8).
Corresponding 10 the stress function (7-12-5), we have the displace-
ment component

uy(a.p) = a(cosha + cos f)t

sinh (fy7 = Br) ‘ 126
.[ VO — SR B cosh(f,1) P-p.ﬂuoshz);ﬁ (

and the stress component
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9e(2.8) = —u(cosha + cosB)}

f h(c )°°S:O(S'Z'(’ﬂ t)’") Plysalcoshayde  (7-12:7)
1

showing that the solution (7-12-5) is such that
uy(2.8;) =0 (7-12-8)

uy(2.0) = \/(2)acosh (4a) fo “ y(r)tanh(B,7) P, .(cosha) dr
(7-129)
05(2,0) = —2,/(2) ucosh® (}a) j:n (1) Pty .. (cosha) dr.
(7-12-10)

Hence this solution satisfies the condition that the spherical surface is kept
fixed and will satisfy the conditions

u, = 0p, 0<p<b

O = 0. b < P <a
on the flat face z = 0,0 < p < a provided that we can find a function y(t)
satisfying the dual integral equations

J. ¥(1)tanh(f,7) P!, . (coshz) dr

[

= Jg-z—sinh (w)sech?(Ju), O<a<a, (7-12-11)
fo” W) Py, (cosha)d = 0,  a > a (7-12-12)

where x, is defined by the equation
b = atanh(da;). (7-12-13)
Recalling that

% P_,.ulcosha) = Ply, . (cosha)

we see that equation (7-12-11) may be replaced by the equation
J.: y(z)tanh(B,1)P- . n(cosha) dr
- J)0sech(Ga), O<acga, (7-12-19)
where ¢, is a constant, as yet undefined, and that equation (7-12-12) may be

it
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replaced by the equation
J.Q ()P, 4. ;(cosha) dt = 0. a > a,. (7-12-15)
1)

Now equations (7-12-14) and (7-12-15) are equivalent to equations (7-11-18)
and (7-11-19) if we write

Y(t)
N(t)

tanh (nt)f(t).

eyt By o SO = i)
~1 + tanh(rt)tanh(f,7) = COSh(Rt)COShTﬁ:’;‘

so that the solution of the boundary value problem is given by the equation

B 7
Y(t) = \/’—Etanh(nt)J‘ Fi(x)cos (1x) dx (7-12-16)

(1]
where F,(x) is the solution of the Fredholm equation
Fi(x) — f" F(u)K(x.u) du = 2¢, coth{ix) — 4 /nfisinh x.
(1}
(7-12-17)

In this equation the kernel is defined by the equations
Kixa) = a H{K(x + 1) + K(|x ~ u])} (7-12-18)

K(x) = #, [f‘:%%&ﬁaﬁ(;’:?) - r] (7-12-19)
and the constant ¢, is arbitrary.

For example, for a hemisphere f = {n and so

K.(x) = #[sech(nz):x] = (2n)~ ¥ sech (Jx).
The kernel of the integral equation therefore becomes

22 cosh(jx)-cosh (3u) (71220,

n coshx + coshu ~

The integral equation (7-12-17) may be solved numerically. The value of the
constant ¢, is determined by a physical condition—namely. by the condition
that the sum of the shear stresses which act below the circular disk is
bounded. (Cf. Abramian et a/. 1964.)

7-13 MEHLER-FOCK TRANSFORMS OF ORDER m
We shall now consider a transform suitable for the solution of the boundary

value problem posed by equations (7-3-29) and (7-3-30): that is. we shall
find a form of ®,, for @, ! defined by equation (7-3-26).
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The equation
Sy = (=1)~ J: ttanh(nt)P_,, "(cosha)f %(t) dt (7-13-1)
is an obvious generalization of the equation (7-5-2). Writing it in the form
flcosh™ Y x) = (= )™(x? ~ 1)™? % LQ ttanh (o) P_ . (X)f %(1) dt

we see that the analysis which we followed in the derivation of Fock's
theorem (sec. 7-5 above) now leads to the equation

] . 2 d™ (= 0w du
. _ e gymy2  ym2 8 —————
Slcosh™ ! x) = a7}~ 1)"(x* — 1) ™ |, Ju = x)

where

F[tf3(r);1] = O(coshi)sinh 1.
By the methods of sec. 3-16 we can easily show that the solution of this in-
tegral equation is

(7-13-2)

= __.__l___...‘_l_ * 2 ™2 -1 — gyt
O(u) = “Fimt D J: (x ™™ 2f(cosh™! x)(x — u)"~ ¥ dx

so that, by equation (7-13-2), we construct the relation
1 d
¥ *r): = e —
(Y a0 Fim + ) da

jt (sinh &)! "™f(&)(cosh & — cosh ay™~ 3 d¢.

Hence we derive the equation
1 .
Fr30);2] = Fm+ D L (sinh §)' " "f($)cosh & — cosha)™ ¥ gz,
Inverting this equation by means of the Fourier cosine inversion theorem,

we find that
“ e 1-mg = 2
I4484) =L (sinh §)"' ""f(&) & AT+ D x

¢
x J cos(at)(cosh& — cosha)™~ ¥ da.
0

From equation (7-4-1) we see that this reduces to

I = J‘: SEYP-y4i "(cosh§)sinh § dE. (7-13-3)

A b
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Hence if we define the Mehler- Fock transform! of order m of a func-
tion f{2) by the equation

o, [fla):t] = f21) = J)’ fIP- 4o "(cosha)sinhady,  (T-13-4)
then the inversion theorem states that

@, '[fH)a] = flw) = (- 1)" f: ttanh (nr)f2(0)P. , , (cosha) dr.
(7-13-5)
It would appear that the class of functions f for which this result is
valid is not yet clearly defined; Olevskii (1943, 1949) and Vilenkin (1958)
impose conditions on the function f%(t) but not on f(a). The derivation of

Ragab (1965) is purely formal.
Alternatively, if we define

bl flx):iT] = fo(1) = flmf(x}fl,m"'(x) dx (7-13-6)
we have the inversion theorem

b [fr)ix] = fix) = (= D" fo “ ttanh (ne)f (0P, () d.

(7-13-71)
It is a simple matter to derive a relation of Parseval type:
« TG +ic+m
-y tz h — 2 5
(-1 L ttan (nr)r(% e m)f...(t)g...(t)dt
x TG +it+m x
=(-" h T s m
(—1) L ttan (M)F(% P (t)dt 1 Py, ™(x)dx

by equation (7-2-9). Hence we have the relation
® F('§+m+ir)-, L x
1™ e - = ol Y
(-1 L rtanh(nr)r(’% g m./,..(r)g...“)df l Sx)g(x) dx.

This result can be used in exactly the same way as the Parseval relation
(7-7-1) to derive the values of complicated integrals. Examples are to be
found in Lowndes (1964).

7-14 APPLICATIONS OF MEHLER-FOCK TRANSFORMS OF
ORDER m

We shall conclude by considering some applications of the Mehler-Fock
transforms of general order.

'r4(1) in the cuse m % 0 is sometimes referred o s a generalized Mehler transform.
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We begin with the problem of determining a function ¥, harmonic in
the half-space z 2 0. and satisfying the boundary conditions

V=Fpd). 0L£p<u (7-14-1)
% = 0, p>da (7-|4-2)

on the boundary plane z = 0. It s easily seen that this is equivalent to the
problem of finding a function (2. ff.¢) which is harmonicin0 < # < nand
which satisfies

¥ (2.0.¢) = fla.¢) (7-14-3)
Nxrnd) _ (7-14-4)
ap
with the function f{x.¢) defined by the equation
fle.¢p) = F(atanhix.¢). (7-14-5)

We have already considered the formal solution of this problem in
sec. 7-3; it is given by equations (7-3-32) and (7-3-33).

To illustrate how the method is used in practice we consider the case
in which

Flp.¢) = ¢, + c)(p/a)cos ¢ (7-14-6)
where ¢; and ¢, are constants. The corresponding form for f{a,9) is

fla.p) = ¢; + c;tanh (3a) cos .
The function y(x.f.¢) is then given by the equation

cosh(nt — f1)
———————iT
cosh (1)

v(x.f.4) = J(coshx + cosf)p,~! [Ao(t)

cosh(nr — fir) . 1]

+c05¢'¢l;][m(t) cosh(ar) '

where

Aglt) = 5'5 ®[sech (Ja);7] = lﬁfﬂcosech (nt)

Ayr) = :(/—2,, &, [sinh (Ja) sech? (a); 1] = —2\—/;2-‘1 cosech (nt)

the first transform being found from equdtion (7-6-10) and the second from
Problem 7-8 below.
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Hence we have
V(x.p.9) = J[2cosha + cos B)J(c, @' + 2ccos¢- @™ V)x
[ - 2cosh(nt — fr) ]
x |70 5 ELALIPINY

N .

sinh{2n7)

Now it is easily shown (Cf. Problem 7-8) that
7]
&, [x(r)a] = —Piva Oy [ 2(1):2]

so that we can write the solution in the form

Y(x.p.¢) = J[2Acosha + cosB)]
(c, —~ 2c;00s ¢ ;%) o, [M ﬂ“:t - 1] )

1 sinh (Znﬁ—
We saw in sec. 7-8 that
-y |cosh(mr — Bty
o I: tsinh (2nt) T

{cosha + cos By
= 2(cosha + cosfB) tan~! [—-———,;Fﬂ—ﬁ
ZSins

so that
-
Vi p.d) = x(:z.[i)(c, ~ 2c,c08 ¢ é)x

X p(a,f) ' tan” '[Axla.f)cosecp],  (7-14-7
where the function y(a,f) is defined by the equation
z(x.p) = J[2(cosha + cos Br]. (7-14-8)
In a similar way the boundary conditions
g =0 0Lp<garz=
N
i—d_{-= — F(a,d). p>a,z=0
on a function y harmonic in z > 0 are equivalent to the conditions
V¥(2,0.¢) = 0. 0<¢<n
APla.m, .
-"i;b;"»i"’—’ =flad), O<$p<n

where the function fla.¢) is defined in terms of the prescribed function
F(x.¢) through the equation

fla.¢) = Lacosech? (3a)Flacoth{a,¢). (7-14-9)
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Suppose that f(a.¢) has the Fourier expansion

fla.¢) = f: Ju(@)e™* (7-14-10)

m= -

then the required solution is

=< inh
v(x.p.9) = Z e'”‘d),"[f"A,(r)‘%‘%;—;;t—»m] (7-14-11)

where A, (1) = f2(1) = O, [ f,(0);]
Finally, if ¢ is harmonic in the half-space z > 0 and satisfies the

conditions
&
"?_‘-':"F(P“ﬁ)v 0(p$0.0<¢$27{
¥y =0, p>a,0< ¢ <2n

on the boundary plane z = 0, then

Y(a,B.¢) ,'EZ”" ¢, [t An(®) cosh(nr) ' %

where (7-14-12)
Miw ™ @, " [A4,(r):a] = basech? $a)Flatanhix,¢)

that is. where ;4,,(1) =, [ /.(20);1] with
ul2) = Ea; sech? (iz)J::' Flatanh ja.¢)e™ "™ dp. (7-14-13)

PROBLEMS

7-1 Prove that,if 0 < f < 2n,
- cos y-4.47 = Y2COsh(nT — BT)
ol (x - cos f)™2:1] 7 sinh (n7)

and deduce that

sinh(nt — Br)
Go[(x - cos )™ ;1] = 2/2c0sec f— v (m)ﬂ
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7-2 Provethat.if -n < ff < m,

sinh ( f7)

dol(cosha + cos py4:1] = 2y/2cosec f 2

do[(cosha + cos )~¥;1}
e LD _ 0]

= -3~ cos sinh (n7) sinh (nt)

and deduce that
dolsech® (Ja); 1] = 8rcosech(nr)

do[sech® Ga):1] = —'gt’coscch(m)

dol(secha)i i1} = \/2sech(3n7)

do[(sech2)?;7] = 2;/? rcosech (3n7).
7-3 Find

dol(1l + x)™"2:1]

in the three cases n = 1, 3, 5 and deduce the corresponding values of the
integral

J: x"cosech (nx) dx.

7-4 If m is a positive integer, show that

dol(x + "™ ix— 1] = ‘_”_,"f nsech(ra)(r? — D7™2P_,, ")

and deduce that

(x* - 2 nsech (nt)
S [ e R AN

Show also that
j = sinh(nt)

° tcosh’(m) Poyar™(OP_ (O dr

e D U Vi
T Rim + n+ D+ i
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7-5 1If m is a positive integer, show thai
(=224t g™

dollx + D" Hx 1] = e G cosh [tcos~1¢].

7-6 Prove that the Mehler-Fock transform of order zero of the function

2a(2) = §cosech’ (Ja) (4 + coth? o) ="

284(1) = F[G(x):1]
where the function G,(x) is defined through the equation

G,(x) = \[;cosechz (3x) [ll—#]m JFGndi 360
with the function &(x) given by the equation

k(v) = [1 + (4% + Isinh?> (0] "

Deduce that

sinh(nr — £1) cot(d¢) = 4

= Tsin?(Ls sinh(mr
g3.3(1) = 2sin® (§&)sec (4¢) inh)

Show also that
sinh? (1s)cos (st) ds

4 ac
= dain2(lz (S (L
28 s(r) = 4sin? (3¢)gd 5(v) +37t sin (2€)L fsinh?(Ls) + st (15))?

and hence deduce that
2 sinh (nr — ¢&1)
* = A
850 = 37 G o)
sin* (1¢) sec® (3&)[1 + cos®(4¢) — rcoth(nr — &r)siné].
7-7 The harmonic function ¥ satisfies the boundary conditions

=0 0<p<a

el
(where k. n and b are constants) on the boundary z = 0 of the half-space
z 2 0 on which it is defined.

Show that we can write

44 kh* + p2 1 = 2 + 362  + pH7').  p>a

= oo w1 [ -1 geq SiRRGED)
¥ = f(cosha + cos f)d, [r A(r)cosh(nr)'r a
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where, in the notation of Problem 7-6,
k . .
A() = = [(1 = 218 5(1) + 34708 (V). (4 = ba).
Vv 2a

Hence show that if cot (§¢) = bla,

A1) = \—‘az%::}%? [1200 = nysec(¥)
+ cos (36} sinh(nt — &1) — 2rsin(4&)cosh(nr — &)
and deduce that.if 2z = 0.0 < p € « then
%‘f_—/ = g-‘/y‘zg—zig—) cosh® (42) [2(1 — 1) + cos& + siné éj]l
where J denotes the integral
J‘” sinh x sinh (4x) dx
o (coshx — cosé)(coshx + coshx)t’

Evaluate J by making the substitution
sinh (3x) = ucosh (}x),
and deduce that, if - = 0.0 € p < q, then
7-8 Prove that
(@) ®,[g'(@);1] = —®g[g(2):7]

(h) &, '"[x(r);a] = —;%@{’[z(t)::x].

Deduce that

®, [sinh (32 sech? (42):7] = 4t~ ! cosech ().



8
Finite Transforms

The method of integral transforms outlined in the previous chapters may.
as we have seen, be applied to the solution of boundary value and initial
value problems in mathematical physics, in which the range of values which
can be assumed by one of the independent variables, x say, is (0,20). Making
use of an integral transform of the type

f:ﬂx, .. )K(x,E) dx

we can often reduce a partial differential equation in n independent
variables to one in » — | independent variables, thus reducing the com-
plexity of the problem under discussion. In some instances successive
operations of this type will ultimately reduce the problem to a one-point or
a two-point boundary value problem for an ordinary differential equation,
methods of solution of which have been much more extensively developed.

There are two obvious ways in which this method can be extended. In

the first place. by extending the types of kernel K, we might hope to be able
423
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to deal with boundary value problems not hitherto tractable to this method.
However. the choice of the kernel is largely detcrmined by the form of the
differential equation whose solution is sought. The other alternative is to
extend the method to finite intervals, that is, to employ integral transforms
suitable to problems in which the range of variation of the independent
vanable x is now (a.h), where both a and 4 are real and finite. One, of
course, may be zero. This extension secems to have been first suggested by
Doctsch (1935) in the case of trigonometric kernels. Defining the finite
Fourier sine transform of a function by the equation

fim) = J: f(x)sin (nx) dx

Doetsch pointed out that the inversion formula
2% ,
Jlx) = - Z],'(n) sin (nx)

is an immediate consequence of a well-known theorem in the theory of
Fourier series.

This method has been developed and generalized by Kneiss (1938),
Koschmieder (1941), Roettinger (1947) and others and applied by Brown
(1943) 10 the discussion of the classical boundary value problems of mathe-
matical physics. The use of finite Hankel transforms was suggested by
Sneddon (1945, 1946) and a little later Eringen (1954) and Churchill (1955)
developed the concept of a finite Sturm - Liouville transform whose pro-
perties follow immediately from the theory of Sturm-~Liouville problems for
ordinary differential equations.

The use of finite transforms does not. of course, solve problems which
are incapable of solution by use of the method of separation of variables
and the direct application of the theory of orthogonal functions. but it does
facilitate the resolution of boundary value problems by providing an
“operational” technique which can be used in much the same way as the
method of integral transforms developed in the previous chapters.

In this chapter we begin by considering the case of finite Fourier sine
and cosine transforms and then go on to a discussion of the general finite
Sturm- Liouville transform. The remainder of the chapter is then taken up
with special cases of this theory.

8-1 FINITE FOURIER TRANSFORMS

We begin by outlining the simplest case—that in which the kernel K(5.x)
is a simple cosine or sine—since the theory on which it is based is almost
certainly familiar to the reader.
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8-1-1 FINITE FOURIER SINE AND COSINE TRANSFORMS

It is a well-known result of the theory of Fourier series’ that, if fe 2!(0,n),
then the series

| 2 ¢
-n-ao + ;[-.Z; a, cos (nx)
mn which

a, = f‘f(x) cos (nx) dx
[

converges to the value [ f(x+) + fix—)] at each point of the open
interval (0.7), to the value f(x) at each point of continuity of the interval,
and to the value [ /{0) + fim)]f x =0orx = .

If. instead of the Fourier coefficient a,, we introduce the finite cosine
transform of the function. denoted by f/(n), and defined by the equation

ALIC:n) = i) = [ fix)cos () d (8-1-1)
we may re-state the above theorem on Fourier series as:

The inversion theorem for finite cosine transforms
If fix) € P(0.n) and if [(n) denotes its finite cosine transform, then

l o
L) x] = fix) = ;,Z(O) + % Z]:(n)cos(nx) 8-1-2)

at each point of the open interval (0,n) at which f(x) is continuous. At
any point of the interval ar which f(x) has a finite discontinuity the
symbol f(x) is taken to mean 4 f(x+) + f(x~)). and at x = 0 or
x = it is taken 1o mean §[ f(0) + fin)].

In the sequel we shall refer to equation (8-1-2) as the inversion
Sformula for the finite Fourier cosine transform.

A similar result holds when the independent variable ranges over the
interval (0,a). If we now dcfine the finite cosine transform by the equation

Al fx)in] = fin) = J‘ J{x)cos (-'-'gf) dx (8-1-3)
(]

'See. for instance. Sneddon (1961¢).
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a simple change of the vanables shows that the inversion formula (8-1-2)
is equivalent to the result:

If f(x)e #(0.a) and if its finite cosine transform is defined hy
equation (8-1-3). then fAx) is given at a point of continuity of (0.a) by
the formula

. 1 2 nny
-1 1l = fix) = - cos | —— .
L mx] = fix) u 740) + a "E:"Z'('r)uos( - ) (8-1-4)

There are obvious modifications at a point of finite discontinuity and at the
end points of the interval. We shall also refer to (8-1-4) as the inversion
Sformula for the finite Fourier cosine transform: this should not lead to any
confusion since. in any given problem. it will be clear whether the range of
variation of x is the open interval (0.7) or the open interval (0.a).

Similar results hold for finite sine transforms. For a function defined
on (0.n) we define the finite Fourier sine transform f,(n) by the equation

ALACin] = Ty = [ fsin (nv) d. (8-1-5)

The well-known result for half-range Fourier sine series may then be
restated as:

The inversion theorem for finite sine transforms Iff(x)e.#'(0.7).
and if f,(n) denotes its finite Fourier sine transform. then ai each point of
continuity in the interval (0,m)

xT

2 ~ .
£HAx] = fix) = - st(n) sin (nx). (8-1-6)

(There are obvious modifications at the points of finite discontinuity and at
the end-points of the interval.)
We shall refer to equation (8-1-6) or its corollary

2 & nnx
THAm] = S0 = in ( — 8-1-7)
LA x] = flx) ”;],'(n)sm( a) (
with
Tin) = f " fxysin ('%‘) dv.  fix)e #'(0.a) (8-1-8)
o 2

as the inversion formula for the finite Fourier sine transform.



FINITE TRANSFORMS 427

In the application of these theorems on finite Fourier transforms to
the solution of boundary value problems it is often necessary to express an
integral of the type

Joarslepe - [l

in terms of the finite Fourier transforms of the function f(x) defined on

(0.a).
The basic results are those involving the first derivative of the function.

For example. we have, as a result of an integration by parts. that

J‘ (f Ly = [/(x)sm -m] m r /(\)cos~——d\
0 a jo

L'l’

Now, since n is an integer. sin (nnx/a) vanishes both at x = 0 and at x = a.
so that if we define f(n) by equation (8-1-3), we obtain the relation

£ [;{\ - njl = -%ﬂ]:(n) : (8-1-9)

whatever the values of f(0) and f(a), provided. of course, that they are
finite. In a similar way we can show that

/[('{r - n] = (= 1)fa) - f(0) + %/jm) (8-1-10)

in which f(n) denotes the finite sine transform defined by equation (8-1-8).
As a special case of this result we see that if

fla) = f(10) =0

then
%[g‘-;x - n] = '—:‘ﬁ];(n) (8-1-11)

The resuits for higher derivatives may be established by the repeated
use of the fundamental results (8-1-9) and (8-1-10). For instance. we deduce
from (8-1-9) that

A[::\Z\ - n] /,[ X n]

and hence by the application of (8-1-10) that

i nin? nr
A[Exi;x - II:I = — '—‘;—2'~ 7,'(") + a [(—])"* lf(u) + /(0)] (8-1-12)
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In the particular case in which f(a) = f(0) = 0 this reduces to the simple
form

’alf 21(2
/ -'(-,‘_;,“12-‘ - ”] =T Tn). (8-1-13)
Similarly it follows from equation (8-1-10) followed by (8-1-11) that
_02 ng )127[2 -
Alzmix = n = (=10fa) ~ £(0) - “5 [0 (8-1-14)
_( X a

If ¢f/¢x vanishes at the end points x = 0 and v = a. this equation becomes
simply

[ 02f a nznzr
Flagixont=——3 fn. (8-1-15)

L

For derivatives of order greater than the second the results may be
obtained by repeated applications of the above results. For instance in the
analysis of boundary value problems in elasticity we often need to know
the results for derivatives of the fourth order. It follows from equation
(8-1-13) that if @*f/@x? is zero at the end points x = 0 and x = a then

(':if nin? a?.f
A[é}z;x - n} =-—T 4 [ajii-" o

so that if

((f_Z)o = (;TZ), = (=0 = U)s=a =0 (8-1-16a)
then

/[g—{‘ - "] = ";f‘ PALS (8-1-16b)

Similarly if
XA (&N (¥ - <if) =0 (8-1-17a)
("?.\’3 x=0 éox’ x=a éx x=0 ox x=e

4.4

,g[ﬁé;x - ,,] - ”_a"i 7. (8-1-17h)
X

Similar results for the two-dimensional Laplacian operator A, can be
deduced from equations (8-1-12) and (8-1-13).

then
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If we write
any) = flute.y)ix - n] (8-1-18)

i (ny) = £lutx,y)ix - n]

then it follows from equation (8-1-12) that

AlAgu(x.y):x = n]

2 nlnl

nm N ¢ _
= - (= luta.y) + u(0,»)] + (ﬂ-z - )u,(n.y) (8-1-19)

and from equation (8-1-13) that
A[Au(x.y).x — n]
o2 2.2
= (=D la.y) — u(0.y) + ((:‘_2 _ 'lai'zt )ﬁ:(n,}‘). (8-1-20)

Similar results can be generated for the biharmonic operator A,> = A,A,.

8-1-2 CONVOLUTION THEOREMS FOR FINITE FOURIER TRANSFORMS

The convolution theorems for finite Fourier transforms cannot be put into
simple, elegant forms of the kind that hold for “ordinary” Founer
transforms. To present the results in a neat form, we introduce two
functions F, («) and F,(u), which we call the odd and even periodic extensions
of the function f(u) which is defined in the closed interval [0,n]. Thus in
the interval [ —n,n] we define F,(u) the odd periodic extension with period
2z, of the function f(u) by the equations

flu), O<ugn
F, = '
1) {—_I(—u), r<u<0
Fi(u + 2rn) = Fy(u), r=4+142,..)

Similarly the even periodic extension F,(u) is defined by the equations

Fy(u) = {f.(")' O<us<n
fl—u), < u<(
Fz(u + 2m) = Fz(u). (I‘ = i‘l.j:2. L. .).

It follpws frorp the definition of F, (1) that if F,(u) and G, (x) are the
odd periodic extensions of f{u) and g(y), respectively, then

f ity - w6 du = fo Sx ~ wyg(u) du - J: Sl — x)g(u) dua
(8-1-21)
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and also, because F, is periodic,
J‘j’ Fi(x = w)Gy(u) du = J.:_f(—x — u)glu) du — f‘:f(x + w)g(u) du.
(8-1-22)

in the notation introduced by Churchill! we write Fy(x)*G,(x) for the
integral ‘

‘.R Fi(x — )G (u) du
Won
and call it the concolution of the functions F, and G,.

If we denote the finite Fourier sine transforms of f(x) and g(x) by
[i(n) and g,(m) respectively (Cf. equation (8-1-1) above), then

2 ¢ ;
- ; F(mg, (n)cos (nx)

E RS

[}

f del dn f(¢)gtn) Z cos (nx) sin (nS) sin (ny)
[\]

on interchanging the orders of summation and integration. Making use of
the results
4sin (nE) sin () cos (1) = cos{& — n + X + cos(E — n — X)n
—¢cos(¢ + 1+ x)n—cos(+n—x)n

N N sin (m — 4y
; cos(ry) = —} + 2sindy

we find that

2
pe Z.ﬁ(")gs(n)cos (nx)

r=
L Y P sinfm — G - n+ %
Z?:L &) dg L g(n)dn[ S lG —n s ®

sin(m = & —n —x)  sin(m - DéE+n+0
sind(¢ —n — x) sinHE + n + %)
sin(m — 1 +n - x)]
T sindE -0
'p. 274 of Churchill. 1944,
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If in the first of these four integrals we change the variables of integration
from ¢ and i to /4 and u where

t=8¢=n+x u=n
we find that

41'[ /(é)déf g('ns'n('n — i)({ -n+ x)‘b,
T Jo o

sind(Z —n + x)

[ xbx-w sin(m — i 32
== b - x) T P g
37 J-O glm) dﬂj o +p—x - sn1;

x-u

which. by the Riemann localization lemma. tends to

l X

vJ’ g(u)f(u — x)du

4 Jo
as m — x. The other three terms can be evaluated in a similar fashion to
give

2¢ }

- Z Jo(m)g (n) cos (nx)

H

1 {= ] . )
—'zf g fix = W+ fl=x = p) — flu— x) — flu+ x)] dp.
¢

Hence. by equations (8-1-21) and (8-1-22) we have

T

-
Z Ji(mg,(n) cos (nx)

n

"i.” Fi(x = )G (0 dp
a=1 -

]

—3F (x)*G ().

Using the inversion formula for finite cosine transforms we see that this
can be written in the form

ALF*G, ] = —2img,(n) (8-1-23)
Similarly by considering the limit of the sum
2 ¢ o
. Z fmg.(n) sin (nx)
n=]
as m — X we can show that
(8-1-24)

ALF*G,] = 2 mg.(n).
For an alternative proof of equation (8-1-24) the reader is referred to
pp. 274-276 of Churchill (1944).
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By cither of these methods we can show further that
ALF*G:] = 2 mgcm). (8-1-25)

It is also easily verified that the steps in the above analysis are
justified if both / and g belong to the class #'(0,n).

8-1-3 MULTIPLE FINITE FOURIER TRANSFORMS

We now consider the case in which f(x,v) is a function of the two
independent variables x and v, defined on the square0 < x < 1.0 < y < .
Then rcgarded as a function of x, f(x,y) will, if it satisfies certain wide
conditions, possess a finite sinc transform. If we denote this transform by
fi(m.x), then

Fmy) = AL Ax¥)ix — m). (8-1-26)

This function will itself have a finite Fourier transform (with respect to y),
which we may denote by 7 (m,n), defined by the equation

Fimmy = AL AL p)ix = m);y - ). (8-1-27)
If we substitute from (8-1-26) into (8-1-27), we find that the relation
between f(x, y) and f,(m.n) written in explicit form is
Ll fix ) (x,3) = (mn)] = f(mn)
= J: f‘: S(x.y) sin (mx) sin (ny) dxdy. (8-1-28)

We shall regard this equation as defining the double finite sine transform of
the function f(x,y) defined over the square 0 < x <z 0 <y <n To
obtain an inversion formula giving f{x,y) in terms of its double finite sine
transform f,(n,n), we note that if we apply the inverse theorem for finite
sine transforms to equations (8-1-26) and (8-1-27) we obtain the relations

SRS

fmy) = z Fis(m,n)sin (nv) (8-1-29)
n=1

and

2 L 4
fe,y) == ) [f(m,y)sin(mx). (8-1-30)

Substituting into (8-1-30) the series expansion for fm. y) given by
(8-1-29), we obtain finally the inversion formula
A [ Fdmamy; (mon) — (x, 0] = flx.))
= iz Z Jo(m,nysin (mx) sin (ny) (8-1-31)
n

m=1u=1
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0<x<mn 0<y<n). We have written the result out in the case in
which f is continuous at (x.y): the modification when it has a finite
discontinuity is obvious.

The inversion formula given by the pair of equations (8-1-28), (8-1-31)
is applicable when the range of variation of the independent variables x
and y is given by the inequalities 0 < x < m. 0 < y < n. If we are dealing
with a problem in which f(x.y} is defined over the rectangle 0 < x < a,

0 < v < b, we use the obvious modification:
If a function f(x,))€.2' (D). where D is the rectangle {{(x.):
0< x<a0<y<b) and If its double finite sine transform is defined

by the equation
AL (x0) = imm)] = f(m.n)

a *b - N
- f f Sx.¥)sin (f'ﬂ'i) sin (i'-”l) dedy  (8-1-32)
o Jo a b

then at points of the rectangle at which the function f{x, ) is continuous
£ aslmon) (m.n) = (x,3)] = Ax.y)

= ;‘% Z Z F(m.n)sin (%’—") sin <ﬁgl) (8-1-33)

m=1n=1
The modification required at a point of finite discontinuity of the function

/is obvious.
In a similar way we can define double transforms of the types

Fulm.n) = £ [f(xp)i(x.p) = (mm] = £[ AL p)ir = n}sx — m]

(8-1-34)
Soclmn) = Al S 9)i(x.y) = (’”-”)] = ALA{Sxp)y = nfix — m]
(8-1-35)
Frlmony = £ f(x3)i(x,0) = (mm)] = L A1S(x0)ip = n}sx = m].
(8-1-36)

Inversion formulas for double transforms of these types can easily be
deduced by successive applications of the inversion formulas for the finite
sine and the finite cosine transforms. For example, in the case in which
fix.y) is defined on the square {(x.}):0 < x < . 0 < v < r}, we easily
find that

foa LT imam); mem) — (x, )] = flx,y)

w x:

4 X
= n% Z];,(o,msin (ny) + 3 Z Z].T,(m.n)cos (mx)sin (ny).
(8-1-37)

=1 m=1 =1

PR S RN



F__

43 THE USE OF INTEGRAL TRANSFORMS

The double transforms of the partial derivatives of a function may
readily be written down. For instance if f(x.y) € €*(D). where

D={(x)0<x<a0<y<b}

then
&y
A [@::z e "']
mn 22
= U0 + (=1 ] = T AL Ax)ix = m)
so that
n2 2.2
fos [%;(x._v) — (m.n)] = O,(m.n) — ma:! ],',(m.n) (8-1-384)
with
4
O, (m.n) = '—'-:T ALAO. )y = m] + (=1 g fla.y):y — n]).
(8-1-38h)
In particular, if
f0.y) = fla.y) =0, 0<y<hbh (8-1-394)
then
3 min?
Fos [;»\é;(x_y) - (m.n)] = Joslm,n). (8-1-39)
A similar result holds for the double finite sine transform of eyt
& ) nin?
Fos [}T’;(-"’-") - (m.n)] = OQ,(mn) — BT Fm.n) (8-1-40a)

with

Outmn) = T LALAROx = m] + (= 1P g by ]}
(8-1-404)
In particular, if’
Sx.0) = fix.b) = 0, 0<x<a (8-1-41a)
then

A2 22
foa [%‘:—i:(X._r) - (m.n)] = -",,': Jstm.m). (8-1-415)
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From these results we deduce immediately that
L[S p)i(x,v) = (m.m)]
m?  n?
= O,(mn) + ©,(m.n) — nz(:ﬁ + ,—)—z)],',(m.n). (8-1-42)
In particular. if f(x.y) vanishes along the boundary of D,
. S (m*  n?
As[D2f(x3)i(x. ) = (mm)] = == P + B Jis(mm).  (8-1-43)

Similar results can easily be derived for the other operators 4., /.
and #. We shall not derive them here since the methods are exactly the
same as for the operator #,. and double Fourier sine transforms occur more
frequently in applications than do the others.

The theory outlined above can be extended in another way. by con-

sidering functions of p variables x,.x,, . .. .x,. For instance, if f(x,. ... .x,)
is defined in the region
D= {(x;.x;. ... X)0<x;<a.i=12 ... p}

and if its multiple sine transform is taken to be defined by

a, f(tay ap nnx
.y
Ftngo .o ny) =J I R LG . Yp)sin -~
o Jo o @
. onymx
sin 2By, L dx,,
a
3

f€ #4(D). then at any point of D at which f is continuous

fxpxs oo X)) = 2%(ayay . . . a,)! Z C Z

mo=1 np =1
_ ngx R 2
Ftnye oo omysin SUEN 0 sin B2
a, a,

Many results from the case in which p = 2 go over into the general
case. For example. if /' = 0 on the boundary of D then the transform of the

Laplacian of £ A f(x,. . . . .x,) is

~nifn, ... ) i (nla}?).
=1

8-1-4 APPLICATIONS OF FINITE FOURIER TRANSFORMS

We shall now indicate briefly some applications of finite Fourier transforms
to the solution of boundary value and initial value problems.
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We begin by considering the solution u(x.¢) of the wave equation
L
éxt et o
satisfying the boundary conditions

1(0.1) = w(a.t) = 0, >0 (8-1-45)

0<x<g€at>0 (8-1-44)

and the initial conditions

he
0
'—“‘,}: D0, o<x<a (8146
{

4¢
u(x.0) = 7 x(a — Xx),

Equations (8-1-45) indicate that it is appropriate to introduce the
finite sine transform

i n.t) = flu(x.r);x - n].
From equation (8-1-13) we see that the wave equation (8-1-44) is equivalent
to the differential equation

LI 2

(E‘F T) u,(n.t) = 0
for the transform i,(n,7). From equations (8-1-46) and Problem 8-1 (¢). we
see that the appropriate initial conditions on #,(n.1) are

8ea | Ol 0
i (n.0) = _1[7? [] + (~ l)"‘”]_ “‘s(i',’__) =0

so that the solution for the finite sine transform is

8eal + (—1)"*! (mzct)
— ———cos{ — .

u(ni) =
¢ n’ n3 a

Making use of the inversion formula for the finite sine transform we finally
obtain the result
2r + Dmer . (2r + nx
S sin .
a a

16¢
ux.t) = —5 Y (2r + 1)73co
n r=0
As a second example we consider the solution of the equation
describing the vibrations of a beam of finite length

a*u 1 &u  p(x,1)

Q-F".—I(T’i'—‘—ir. 0K x<a1>0 (8-]—47)
when the displacement 1(x.r) satisfies the initial conditions

ux0) =50 o og<x<a (8-1-48)

ft
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and the boundary conditions

2u(0.1) 2u(a.r)
u(0,t) = 7\;&-‘ =0, u(a,t) = TAT* = 0. t>0.

(8-1-49)

Equations (8-1-49) express the fact that the beam is freely hinged at each of
its endpoints—see, for example, p. 151 of Morse (1948).
If we write

in.1) = flu(x,1):x - n)

then it follows from equations (8-1-49) and (8-1-16) that
&tu nint _
ﬁ[é?:x - n] = pr dgn,1)
and hence that the transform #,(n,7) satisfies the differential equation

“:2 . ntnd(.z
ar? a*

2
)a,(n,:) = %,p,(n,:) (8-1-50)

where

pnt) = £ p(x.1);x = n].
The corresponding initial conditions are the transforms of equations
(8-1-48)

(8-1-51)

&y (n,0

,(n,0) = —'i"%'——’ =0. (8-1-52)
The solution of the initial value problem posed by equations (8-1-50)

and (8-1-52) is easily seen to be

) a? "¢t _ . oninicr — 1)

ant) = e J.o -E;p.(n.r) sin —-— &

so that by the inversion formula for the finite sine transform we have the

final result

2ac & | . nnx (' . ntrict - 1)
u(x,1) = ?EI; e sin --‘I—-Lp,(rl,x)sm Pt e, (8-1-53)

where j,(n,1) is defined by equation (8-1-51).
As an example of the use of the finite Fourier cosine transform we

consider the derivation of the solution u(x.7) of the diffusion equation

% 1 éu

—— B e X . 0 -1-54
s el 0K x<€a 1> (8-1-54)
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satisfying the boundary conditions

f’u(().l) _ cula,t)

( el _p, >0 (8-1-55)
éx ox
and the inttial condition
u(x.0) = fix). 0SS x<a (8-1-56)

By equations (8-1-55) and (8-1-15) we see that
&u ' nin? _
/;[:F—‘-z,\‘ e nJ = -3 i (n.t)

where

Gg(n.t) = flutx,0);x — n)

so that equations (8-1-54) and (8-1-56) yield the initial value problem

- + a2 i =0
i(n.0) = [(n)
for the determination of #.(n.r). The solution is easily shown to be
() = vl“(n)e-uﬂnll/al
so that by the inversion theorem for the finite Fourier cosine transform

2 - - xnZxltial nnx
F0) + - Z fime cos —-.

ne |

D[ o

u(x,t) =

Finally. to illustrate the use of double sine transforms we consider the
solution of Poisson's equation

Aju(x,y) + flx,3) =0

in the rectangle D = {(x.§):0 € x € a, 0 € y < b}, when u vanishes on
the boundary of D. From equation (8-1-43) we see that if we introduce the
transform

fi(m.n) = £ Tu(x.v).(x,v) > (m.n)]
then
(M) = Wy Histmn)

where

2 2
0n, = 12 (% . ;)'_2) . (8-1-57)
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We therefore obtamn the solution

u(x.y) = g~ e, fmmimn) - (x.0].
8-2 FINITE STURM-LIOUVILLE TRANSFORMS

We saw 1n the last section that the finite Fourier sine and cosine transforms
can be used in the analysis of boundary value problems defined in
rectangular regions when there are simple boundary conditions. A little
reflection shows that the reason that the finite sine transform is appropriate
to the solution of the boundary value problem expressed by equations
(8-1-44) through (8-1-46) 1s simply because the functions

. nnx
sin§ —
a

are the eigenfunctions of the differential system
d*:z

7 + &% =0

fl

=2(0) = z(a) = 0

(the latter conditions being determined by the boundary conditions
(8-1-45)). This encourages us to believe that we could generate finite
transforms of a different type by considering the eigenvalues and eigen-
functions of different kinds of differential system. Starting with this idea
Eringen (1953) and Churchill (1955) developed a theory of finite transforms
of a very general type—which. following Eringen we shall call finite
Sturm-Liouville transforms —special cases of which yield transforms of use
in the solution of boundary value problems in mathematical physics. The
advantage of Eringen’s method is that it determines the choice of transform
appropriate to the analysis of any given boundary value problem.

We suppose that we are concerned with functions f{(x) defined on a
prescribed finite interval (a.b). We then consider finite transforms of the

kind
Ffix)E] = _[ " p(0)K(x.)f(x) dx (8-2-1)

where the prescribed function p(x) is of the nature of a "‘weight function™—
in the sense of the theory of orthogonal polynomials—and the function
K(x.£) denotes a prescribed function of x on the open interval (a,b) for each
value of the parameter §. whose domain is also prescribed. It is obvious
that 7 is a linear operator.

To discover the form of the kernel K(x,§) likely to be of value in a
particular problem we consider the solutions of the self-adjoint differential
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equation L= = 0 where L denotes the linear differential operator
I d dz
L: [N S A . xX)z(o - Sy %
P {dx 4(x) dx} + r(x)z(x) = 0 (8-2-2)

where g(x)€ 6 %[a.b). r(x)e ¥[a.b] and it is assumed that g(x)/p(x) > 0
for x € [a.b]. We also introduce boundary operators M and N defined by
the equations

M/ =a,fla) + af'@.  Nf = b, fib) + byf'(h) (8-2-3)

where a,. a,, b, and b, represent prescribed constants such that at least one
of ¢, and a, and at least one of b, and b, is nonzero.
Applying the formula for integration by parts, we sec that if
Je%'[ab].
T {LAx):¢} = ga)Ka.8)f(a) — K(a.E)f (a)]
= g(M[Kb.E)(h) — K(b.E) (b))
b
+ [Ptk de (8-24)

Now if a, # 0.
K, (a.5)la) — K(a.$)f (a) = a,”'[ flaMK — K(a.E)M/]

and. similarly. if , # 0 we have a corresponding expression for the second
term on the right-hand side of the equation (8-2-4) so that it reduces to

FILE] = [ pAILK(x.E) d

+ %ﬂ [flaMK — K(a.Z)Mf]
2
b
- ‘%—) [AONK — K(b.5NST.
2
If. therefore. we can find K(x,§) and ¢ such that
(L - 8Kxé) =0, MK=NK=0 (8-2-5)
then we have
FLf:€] = EF[£:E] - a;” 'qa)K(@.OMS + by 'q(0)K(B.SINS.

(8-2-6)
On the other hand. if ¢ = 0. @, # 0,
K(a.O)fa) — K@.S'(a) = a,” 'q(a)[K (0.8 NS — [(@MK]

so that, in this case. the second term on the right-hand side of equation
(8-2-6) has to be replaced by
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a, " 'q(@)K (a.5 S
and there is a similar modification to the third term in the case b, = 0,

by # 0.
The formula (8-2-6) must be modified also if f¢ €'[a.b}. For

instance, suppose that fe €[a.b] but that f'(x) is continuous on [a.h]
except at the point x = {, @ < t < b, where

f+) —ra-) = ju. (8-2-7)
The first two terms on the right side of equation (8-2-4) then become
ga)[ K (a.d)fla) — K(@a.E)f (@)] — (O KA+.E)A1) — K(rEY (1))
+ g K. — KLY (1 +)] — [ K(b.)f(b) — K(b,E)f (b))
and it is easily seen that this reduces to
a,” 'qa)[ fla)MK — K(a,§)M/]
- b, gD fALINK — K(b.EINST — q(0)K(1.8)j(1)
and hence that equation (8-2-6) is modified to
FTLE) = ¢T 8] — a7 g K (a5 WS
+ b7 (KBNS — q(DK(1,8)j(1). (8-2-8)

From the theory of second order linear differential equations, we know
that under the conditions stated on the coefficients p(x), g(x), r(x) of the
operator L defined by equation (8-2-2), there is a denumerable infinity of
values of the parameter ¢ for which the equations (8-2-5) have nontrivial
solutions and that this set of eigenfunctions is orthogonal on the interval
(a.b) with the weight function p(x).

If, therefore, we denote by ¢,(x) and £, the (normalized) eigen-
functions and eigenvalues of the Sturm-Liouville problem

L—¢p=0 Mp=Np=0 (8-2-9)
then the finite transform defined by the equation

Tl =7, = f * pBLOMLY) dx . (8-2-10)
has the property that if f€ 6 '{a.b]. then

Thfin] =&y + 1M+ v, N/ (8-2-11)
where

_ [T @@, @ 40 a2
o {“1_'4(0)¢,'.(a). (a; = 0) ( )
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and
by g Ib,b). by # 0) ,
" {—h.*'qm«wh). (by = 0). 8-219
The corresponding inversion formula is
T il =0 = 3 foulv) (8-2-14)

The formula (8-2-11) has to be moditied if f¢ ¢! [a.b]. For example.
suppose that, as before. I(V)e ’6'[11.’7] and that 1'(x) is continuous every-
where in the same interval except at f€ («.h) where it has the finite
discontinuity (8-2-7). Then

F[Lfin) = Sofa + 1,Mf + v NS = (D, (0)j(1). (8-2-15)

Other operational properties of the transform .7 are easily derived. If
we define a function ¥(x) by the equation

Frxn] =&,

then &,3, is the transform of the function Ly f My = Ny = 0. i.e.. y(x) is
the solution of the boundary value problem

Ly = f(x). My =Ny =0 (8-2-16)
Whenever this two-point boundary value problem has a solution y € ¢ ' [a.b).
én."n = ./n . (8_2' 1 7)

If we denote the solution of the problem (8-2-16) by L™!f we see that the
equation (8-2-15) is equivalent to the equation
T in] =&, (8-2-18)
From the theory of ordinary differential equations we know that when
f€ €[a.b]. the equation (8-2-16) has a unique solution of class ¢'[a.b]
provided that the corresponding homogeneous problem (f = 0) has only
the trivial solution y(x) = 0, x € [a.b]. that is, provided ¢ = 0 is not an
eigenvalue. In this case the solution may be expressed by means of the
formula R
Y(x) = f OGO df (8-2-19)
where the Green's function G(x.r) is determined by the equations
LG(x.1) = 0, MG = NG = 0.
)
q(ry
and the continuity condition G(t+.1) = G(t—.t) (Cf. Birkhoff and Rota.
1969. p. 309.)

(8-2-20)
G (1+.0) — G {t—.1) =
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Now. from equations (8-2-15) and (8-2-20) we have the relation
= LT [Glxr)ix = n] = ¢,(1)
from which we deduce that if &, # 0,
F[G(xa);x »n] =&, ', (1). (a<t<b) (8-2-21)

Applying the inversion formula (8-2-14) to this result we deducc the
bilinear formula

Glen) = § & 0u06u3) (8-2-22)

familiar from the theory of integral equations.
Also. we have

F [fbp(t)G(x,t)G(t.l) drix = n]

= fb POV [G(x,1):x - n)G(r.t) dh

¢t th(t)cb.(t)G(r.r)dr

EIT[Gt) it = n)

which shows that
F [fﬁp(t)G(x.T)G(t.I) tix — n] = £, (1). (8-2-23)

Another interesting result can be derived by putting /' = 1, Lf = r(x)
in equation (8-2-11). We find that

Fr(x):n] = &, F[1in] + puy + v,b, (8-2-24)

from which we derive the transform of either r(x) or 1 when that of the
other is known.

We shall now consider some special cases of the general transform
(8-2-10).

8-3 GENERALIZED FINITE FOURIER TRANSFORMS

To illustrate the use of the above procedures we begin by considering the
generatized finite Fourier transforms (Cf. Churchill. 1955-6) corresponding
to the differential operator
dl
-5+ &2 (8-3-D

thll‘z
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The first of these transforms correspond to the boundary operators
My = y'(0) (8-3-2)
Ny = ay(D) + »'(1). (8-3-3)
The solution of Ly = 0 satisfying My = 0 is
¥{x) = cos($,x).
For this solution
hy(x) + ¥'(x) = hcos(§,x) — &, sin({,x)

so that the condition Ny = 0 is satisfied if the &, are chosen to be the
positive roots of the transcendental equation

Etané = h. (8-34)

if we define a transform .7, f by the equation
h*ay = T, [ fix)in] = J: Six)cos(&,x) dx (8-3-5)

where ¢, is the n-th positive root of equation (8-3-4) we sce that its inversion
formula is

A

T Mmix] = i) = ¥ o ffmcos,x),  O<x<|
LD
with (8-3-6)
¢, ' = Jq cos? (¢, x) dx
0
that is. with
2h
“= T (®37)
On the other hand, if we replace the conditions (8-3-2) and (8-3-3) by
M) = 3(0) (8-3-8)
Ny = iy'(1) + »"(D) (8-3-9)
respectively. we obtain the transform
frey = T fix)n] = fol Sx)sin (&, x) dx (8-3-10)

where again ¢, is the n-th positive root of the transcendental equation
(8-3-4), with the corresponding inversion formula

Ty S mx] = A0 = S drmsinE,n @311)
LR



FINITE TRANSFORMS 445

with
d, = /7-_-_%-,?' (8-3-12)
Using the formula for integrating by parts we find that
Z[r(x):n) = fill)cos &, + &S50 (8-3-13)
and that
F [ (x):n] = fll)sin &, — &S ). (8-3-14)
Applying these formulae in succession we deduce immediately that
L0 = [£Q) + hf(h]coséy = &2 (8-3-15)
Tl (xin] = f1(Dsing, = 15,083, — &Y. (8-3-16)
Also. if in equation (8-3-14) we replace f(x) by
[ a
we find that
F[x)in] = &,7, [J;'f(r)dt;n:l. (8-3-17)

As an example of the use of transforms of this kind we consider the
solution w(x,r) of the diffusion equation

S 1éu
— = -, 0Kxg,t20 8-3-18
fx? Kk Y ( L
satisfying the boundary conditions
u(0,1) = 0, t>0 (8-3-19)
él—‘%——-l',) + hu(l,t) = 0, t>0 (8-3-20)
éx

and the initial condition

u(x,0) = fix), 0<x<l (8-3-21)
From an examination of the boundary conditions (8-3-19), (8-3-20) it is
obvious that the appropriate transform to use is

utnt) = 7, [uix.0).x = n).

It then follows immediately from equation (8-3-15) that the differential
equation (8-3-18) is equivalent to the ordinary differential equation

= ot

dt
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and that the initial condition {8-3-21) is equivalent to
uf(n.0) = f¥(n).
The solution of this simple initial value problem
whn.r) = fr(n)ex"
taken with the inversion theorem (8-3-6) leads immediately to the formula

wix, 1) = g ¢, fi*¥(n)e” "% cos (&, x) (8-3-22)

with ¢, defined by (8-3-7) and 7*(n) by (8-3-5). for the solution of the
problem.

8-4 FINITE HANKEL TRANSFORMS

The finite transforms corresponding to the linear operator
£1d (8-4-1
T dv? o xdx  x? b

which is of the form (8-2-1) with

p)=x.  gx)=x  r(x) = —vix? (8-4-2)
are called finite Hankel transforms (Cf. Sneddon, 1946). If we take
& = — 42, the first of equations (8-2-9) is simply Bessel's equation

12 / 52

e, ‘¢+<, —‘—5>=0 (8-4-3)

dx X dx X

which has gencral solution
P(5.x) = (D)) (ix) + c;3(AY,(ix). (8-4-4)

The particular values of 4 appropriate 10 any boundary value problem
will, of course. depend on the forms we assume for the operators M and N.
We shall now consider special cases in some detail.

Case(a): 0 < x<a, N/ =/
The required solution of equation (8-4-3) in this case is
dul¥) = JL(5x). (v 20 (8-4-5
where &,.&,, . . . are the positive roots of the transcendental equation
J,(Ea) = 0.

The transform (8-2-10) becomes in this case

Jim = &[] = J; X0 J (E,x) dx: (8-4-7
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we shall call it a finite Hankel transform of the first kind. Since the Bessel
functions of the first kind satisfy the orthogonality relation

[7 MmN Eax d = Ja Uy (6000 0, (8-4-8)

it follows that the inversion formula for the operator 4, , is

. 2 ¢ J(&,x
‘l.v-l[];,\'(”):x] = /("‘) = ;1_2 Zﬁ.v(") i:-l ‘(fg \Hlﬂil (8-4'9)
asl v+ I\%n

This. of course. is merely a restatement of the classical theorem in the
theory of Fourier -Bessel serics (see, for instance. Chapter XVIII of
Watson, 1944) which states that if f(x)e #'(0.4) and if its finite Hankel
transform f] ,(n) is defined by equation (8-4-7) then, at any point x of
(0.a), the series

2 ¢ 3 (£, )
Ca Zf'"‘"’ [ Gal

converges to the sum i[ f(x+) + f(x—)].
The properties of the operator £, , follow immediately from those of

the Bessel function J (¢, x).
Integrating by parts we see that

AL 0)n]) = [ef0(E,x) e — f fix) (% (xJ (&2} dx
(V]

If we suppose that v > 0 then xJ (&,x) will vanish at x = 0 so that if we
assume that f(x) is finite at x = 0 then the quantity in the square bracket
will vanish at the lower limit. It will vanish at the upper limit because of the
choice of {,—provided of course that f{a) is finite. Using the recurrence
relation

< {.X’J,(:,,I)} = “‘2-%" f,-“"u—x(fm") - ! 2" ! Cn"1v+l(fnx)'

(v ¥ 0) (8-4-10)

~
.-‘l o

we find that
R = |
Al.v[,f'(x);"] = }2" ;n.rl.v—l(") - ! 3y fn];.v+l(”)e (v # 0).
(8-4-11)

The case v = 0 has to be treated separately. Instead of (8-3-10) we use the
relation

é% {xJo (&, X)) = Jo(EaX) = $u X3 ({,x)
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to derive the equation
Aol S (x)in] = Ay o[ X Yix)in] = ok [S00) 0] (84-12)
Similarly from the recurrence relation
Y a(x) = %J,(x) +ho =0, (v#0) (8-4-13)

we deduce the relation

A X 0;n] = fé‘"l‘ fomt (M + fi 0y (m)). (v #0). (84-19)

From equation (8-2-6) we also have the relation
b [, 0n]) = —al flad(&,a) — &2 L)

from which. by using the result

3@ = =1, 41 (a) (8-4-15)
we deduce the equation

by [, 1in] = abufladd, s (Eaa) = &2F (n). (8-4-16)

Also. from the recurrence formula

d

p {x*J,(x)} = x*),_,(x) (8-4-17)

and the rule for integrating by parts we deduce that

ALIXTY(xN] = & A XY in]). (v > 0).  (8-4-18)
In particular, if we take v = 1 we have

AialS(xhn] = =&uT) o). (8-4-19)

To illustrate the use of the finite Hankel transform of the first kind
we consider the problem of finding the solution 0(r,1) of the diffusion
equation

&0 180 140
= -‘.:=..‘__‘ (r200<r<a (8-4-20)
ér rér k¢t

satisfying the boundary condition

Ba.t) = f(0). (=0 (8-4-21)
and the initial condition
0(r.0) = 0, (0<r<a (8-4-22)

which has been considered already in sec. 3-15-3 as an example of the use
of the Laplace transform.
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We introduce the transform

0.0 = 4 o[0(r.1):r » n]
and make use of the result (8-4-16) to show that

29
‘1.0 [g?zl- + %g“;;’ - "] = aén"l(éua)ﬂ’) - 5!12011(’ )

and hence that 8,(s) satisfies the differential equation

(;1- + x{,,’) 0,(1) = xal, 3 (&, a)ftr).

From equation (8-4-22) we sce that it also satisfies the initial condition
3,00) =0,

from which we immediately deduce that
0.(t) = xal, ), (@), (1) (8-4-23)

where
c(t) = J:f(u)e""'""" du.

Applying the inversion formula (8-4-9) to equation (8-4-23) we obtain the
solution
RN Jo(ar)
0rt) = 5 Y (1), 2t
) a3 ; ( )6 Jl(é.a)
in agreement with equation (3-15-20).
Case(b). 0< x < a, Nf = f'(a) + hf(a).
The required solution of (8-4-3) in this case is again J,(,x). (v = 0),
but now £,&,. . . . are the positive zeros of the transcendental equation

$dua) + Rl (Ea) =0 (8-4-24)
and the finite Hankel transform of the second kind is defined by the
equation

Forkry = A Lf00im) = [ 3 (600) de (8-4-25)

where ¢, is the n-th positive root of the equation (8-4-24). Since the Bessel
functions now satisfy the orthogonality condition

] 2 _ 2,2
J;xJ.(é.x)J.(f..x) dx = !a’(l + 6-;—1?»){],1{,:1)}26,'
(8-4-26)
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(CT. Problem 8-14) it follows that the inversion formula for the operator
ﬁl.v iS

4y, [frntmyix] = fix)

2 IRANTIRS)
< E " 5 n_Tviza — 8-4-27
a? Featn) (E2 + h* = vHaHiLe.mh? ( )

The properties of the operator 4, , can be established in exactly the
same way as those of 4, ,. We obtain the relations:

] c 41
A L0 A] = afta) (Ea) + 1—2-;- Enlay(m)
v — 1 . "
T Sufrvertm  (8-4-28)
hrol £(x):n] = aftaoléa) + Ay olx ' fix)in] ~ &L (M)

(8-4-29)

Ao [T U0) = S a0 + T, (v > 0) (8430)
by LT 0 (x)n] = @’ (C.aMla) — Soby o [T () 0],

v>0 (8-4-31)

fa LA Sn) = =& m + al (&) fla) + hfla)}. (8-4-32)

To illustrate the use of the finite Hankel transform of the second kind
we consider the solution of equation (8-4-20) satisfying the boundary
condition

(0ta.t
E:r‘:) + hb(a.1) = 0, (t=0) (8-4-33)
8(r.0)y = f(n). (0<r<a) (8-4-34)

If we introduce the transform

0,(1) = Ay0[0(r.0:ir — 0]
then from equations (8-4-32) and (8-4-33) we see that

C 18
%30 [‘——2- + -F—O;r - n] = —énzﬁ,

fr rér

so that 0, satisfies

¢ .E 2
= J,) = 0.
(61 + Kon > n“)
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Also from equation (8-4-34) we see that it satisfies the tnitial condition
0,(0) = fr.0(n) = Ay o[ fir):n]
and hence that
1) = Fr.otme™=5"
The required solution may therefore be written in the form
0.1y = Ay o ' [Folme ™ n = r]
and. from equation (8-4-27) with v = 0, we see that this is equivalent to

the series solution

2 QLGN e [
o(r.t) = pr Z ET+ ML EaT e ,[) uftu)) (&) du

where the summation extends over the positive roots ¢,.&,. . . . of
equation (8-4-24).

Cuse(c): a< x<b, M/ = fla). N/ = fib).
The required solution of equation (8-4-3) in this case is

@a(x) = 1,(£,0)Y,({,a) — 1 (5 Y (&%) (8-4-35)
where now £, is a root of the transcendental equation

LY (L) — 1Y, (E,b) = 0. (8-4-36)
We then define the finite Hankel transform of the third kind by the
equation

Fiatmy = 43 [f(x):n]
=f ' MO EX) Y, (Epa) = JE DY (0] de. (8-4-37)

Using the orthogonality condition

’ 2 o -, & n}? ,
; ; x = LB 8-4-38
'[' X (X)P,(x) dx R U - ( )

for the functions ¢,(x) defined by equation (8-4-35) we see that the
inversion theorem for the operator 4, , is

2‘:__‘ W23, ‘(c W)
G = TEn)?

4y [.f,,.(n):-.\'] = fix) =

x [JA&x)Y,(Ea) — ) (&,a)Y,(6.X)]  (8-4-39)

the sum extending over all the positive roots of equation (8-4-36).
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Also. from equation (8-2-6), we have the useful relation

2 . 2
Ay [ A Sx)in] = ni«‘é‘;’) ) =2 ) - 37, (8-4-40)

For an illustration of the use of this finite Hankel transform of the
third kind the reader is referred to Problem 8-24.

Case(d). a<x<bh  Mf=/f(), Nf=/fb).
The appropriate solution of (8-4-3) is
u(x) = L)Y (§,a) ~ 1 (Ea) Y, (£,%) (8-4-41)

with &, a root of the equation
Jv(‘:nh)Y;(:na) - Jv(:na)yv(énb) = 0 (8‘4'42)

The functions ¢,(x) defined by equations (8-4-41) and (8-4-42) are easily
shown to satisfy the orthogonality condition

b 2 J;(énarz _———vz
L Xon(X)Pu¥) dx = —575 [EJ.(c.b);_z - (' - €~’“’)] O
(8-4-43)

so that the inversion theorem for the operator 4, of the finite Hankel
transform of the fourth kind defined by the equation

Ay LSC0n] = foum
x J' L OGN YD = LEaY. (0] de  (84-44)

with £, the n-th positive root of equation (8-4-42) is
J0O = Ay, [ aimyix]

2 & IMEO () N
R N T (R R S T T

=in

x [LEY () = LY, (§x)]  (8-4-45)

where the summation extends over all the positive roots of equation
(8-4-42). In this case equation (8-2-6) gives

2 I
Ao [ B Sx)n] = =& ) Eﬂa) REEH (P

. -4-46

An example of the use of this transform is given in Problem §-23.

Case(e): a<x<bh  Mf=fla), N/ = [(b).



FINITE TRANSFORMS 453

This case is very similar to the last one. It leads to a finite Hankel
transform of the fifth kind given by the equation

s LNx)in] = fsu(m)
= [F DDAV = LG )T dx (8447)
where &, is the n-th positive root of the equation
JAEY (&0 ~ JEH) Y, (Ea) = 0. (8-4-48)
The inversion theorem is contained in the equation

‘S.v- ! [.75.\-(”): .‘:] ,(‘)
énz {Jv(éna)}zi; v(”)
2 _— 5,
N

I3
L vIEI) (&) — UGN

i

x [J, &Y () — V()Y (Eox)]  (8-4-49)
the summation extending over all the positive roots of equation (8-4-48).
Corresponding to equation (8-4-46) we have the relation
2 2)(E,b)

by - _...._.---if(a). (8-4-50)

R :
s [ 4,1(x);n] &5 nim) + m(Ea

nén
Case(f): a<x<bh M/ = f"(a). N/ = f'(b).

In this case the appropriate eigenfunction is

(%) = 1,6, 0Y, (@) = 1) Y, (E,X) (8-4-51)
where {, is the n-th positive root of the equation

JUEbY(6pa) — JUE,@) Y () = 0. (8-4-52)

Since these functions satisfy the orthogonality relation

b
f XPp ()P (x) dx

a
R (R B ) Y P
BEAT N AR D REED &
we see that the finite Hankel transform of the sixith kind defined by the
equation

ﬁn'.v[./('x);"] = ];.v(”)
= f DY) = SUEDY () dy  (8-4-53)
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has the inversion formula
bo [ Jon(m)ix] = f(x)

= n? Z Tz 353 '{:l;(f,,h')z}zig_.(n)tﬁ,.(ic) SIS NTTTAITY Y
.:l(l -V /En b )'l"v(cna)j' - (l - /éu a )lJv(élb)l

(8-4-54)

where ¢,(x) is defined by equation (8-4-51) and the infinite sum is taken
over the positive roots of equation (8-4-52).

In this case equation (8-2-6) takes the form
2 L)
. JE.H)

2
ho B, Mx)in] = fb) ~ o fta) = & n).

(8-4-55)
The use of this transform in a typical problem of mathematical

physics is shown in Problem 8-26.
The general finite Hankel transform corresponding to the operators

L=2#, WM =/ +h), Nf=/[(b)+kfib)

has been considered by Cinelli (1966). The formula expressing the inversion
theorem for a transform as general as this is very complicated and it is
better, in discussion of a problem involving the operator #,, to construct
the finite Hankel transform specific to that problem. Further examples of
the procedure are provided by Problems 8-27 and 8-28.

8-56 FINITE LEGENDRE TRANSFORMS
Finite transforms corresponding to the differential operator

d . d
~2a-mL r<xg
L d.\*(l Y)d.\" Y

were first discussed by Tranter (19513 and Churchill (1954). In this case the
appropriate eigenfunctions are the Legendre polynomials P,(x).
(n = 0.1, ...), with, in the notation of sec. 8-2, { = —nin + 1),

If we define the finite Legendre trunsform by the equation
1
finy = /[ fixy;n] = L S0P (x) dx (8-5-1)

we can use the procedures of sec. 8-2 to establish an operational calculus of

such transforms.
Since Py(x) = 1. P,(x) = x, we have the special cases

Jioy = j _ll_f(X) dx (8-5-2)
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) = f ' et dx. (8-5-3)
-1

In particular

Z[/(x):0] = 1) ~ f(~1) (8-5-4)

L] =) + fl-1) - J'_'lf(x) dx. (8-5-5)
Replacing f{x) by f'(x) in (8-5-5) and using (8-5-4) we find that

L)) = £0) + (=D = D) + =1 (8-5-6)

The well-known orthogonality property for Legendre polynomials

1
2

‘[l P, (x)P,(x)dx = mEl O (8-5-71

can be written in the form
2
/[P,,(x),n] = 5;‘“—;’]- Opn-

In particular, by taking m = 0 we see that if ¢ is a constant

£[c.0] = 2,
¢[esn] = 0, (n=12...).
The inversion formula for the operator / follows from the Fourier-

Legendre expansion theorem—itsell a consequence of the orthogonality
relation (8-5-7)-—which states that if f(x) € #'[ — 1.1], then the series

(8-5-8)

fjo (n + HimP.(x)

converges 10 3[ flx+) + f(x~)] for all x belonging to (—1,1).
We therefore have the inversion formula
7Mmix) = 3+ D nPx). (8-5-9)
Other operational properties of the fimite Legendre transform can be
derived immediately from elementary properties of the Legendre poly-

nomial.
For example, since

(Ufi=nin) = [ fi-oPmdy = [ foopi-xdc

and P,(—x) = (- 1)"P,(x), we sec that

([A—x)in] = (= 1T
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a result which is more often used in the alternative form

(=1 x] = f(=x). (8-5-10)

Also, by equation (8-2-6), we have the result
d .
/[{};,(l - x’)f’(x):n] = —n(n + Dfi(n) (8-5-11)

provided that both (I — x?)f(x) and (I — x*)f"(x) vanish at the end-
points x = + 1.
From the recurrence relation

2n + DP(x) = P, (x) — P,_,(x)

we deduce that
1
f-, gP, () dx = 2n + D)7 '[g(){ Py () ~ P,_(0)}]_ '

1
—@n+ f_lg'(,\'){P,,H(x) — Py, (0 dx
that is. that

(lgtxyin] = @2n + D7 i[g()in — 1] - [g'(x):n + 1]},
(8-5-12)
In particular, we have the special case

/ [J‘x f(l)dl;n] =Qn+ D)y Yfitn-1 ~ fitn + D} (8-5-13)
-1

By repeated use of equation (8-5-12) and the equations (8-5-4), (8-5-5) we
find that
LI 2m] =)~ fi-1) -~ mg (4m — 4r — Dfi2m = 2r - 1)
" (8-5-14)
L/ 2m 4+ 1] = f() + f(—=1)— ’; (@ — dr + DFCm = 20).
(8-5-15)
From the recurrence relation
(n+ NPy (x) — 2n + DxPy(x) + nP,_((x) =0
we deduce immediately that
[xfixyin] = @+ DY + Dfn + 1) + nfi(m)}. (8-5-16)

Repeating this result we obtain the relation
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tn+ Nn +2) 2n? + 20— 1
/N PO [ S,
(0] = G i T 55 D G S e T H A
nin —1)
In the case where n is a positive integer the second solution of
Legendre’s equation may be taken to be

1
Q) =} J UL NI

L x—1

(Neumann’s formula for the Legendre function of the second kind of positive
integral order n). This may be interpreted as the form

¢[ta - x)"':n] = 2Q(a). (8-3-18)

One of the features of the finite Legendre transform which facilitates
its use in the discussion of boundary value problems is that Churchill and
Dolph (1954) have established a convolution theorem for this transform.

This states that if f(x) and g(x) are bounded integrable functions on
the closed interval [—1.1] and fi(n) and g(n) denote their finite Legendre
transforms, then

7 Rmgn):x] = hix), (8-5-19)
where i1(x) is described by any one of the following formulas:
h(cos0) = % J:f(cos 0')sin 0’ db’ J: g(cos ©) do (8-5-20)
with
cos©® = coslcosf + sin0sin0 cos¢ (8-5-21)

ix 2n
h(cos ) = ;J sing d¢J' Llsingsin(y — 10} x
) 0
x glsinpsin(y + 10)} dy (8-5-22)

1
hi(x) = ;!J‘f SNl — x2 — 2 = 27 4 2xy) " dyd:
(4]

(8-5-23)

where, for each fixed x€ (—1.1), Q is the region bounded by the ellipse
with equation

yr4 2t -z =1 - X2,
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If we put x = | in the relation (8-5-19) written out in the form of a
Fourier- Legendre series and use P,(1) = 1. we obtain the identity

S+ Wiimgon = [ fogea d (8:5-24)
n=0 -

Similarly if we put x = —1 and use the relation P,(~1) = (—-1)", we
obtain the identity

X

1
Y (=1 + Hlimgim = f fg(-x) dx. (8-5-25)
n=0 -

As an illustration of the use of the finite Legendre transform in the
solution of boundary value problems we shall derive the solution ¢(r,0) of
the interior Dirichlet problem

Aw(r0) =0, 0<r<a0<0<n (8-5-26)
Yla0) = flcost), 0<0<€n (8-5-2T)
We have
1/e ;@
Q¥ = ﬁ(é;r &+ L)w (8-5-28)
where
_ d 2 d - ”
L= dx“] x )dx' x = cost (8-5-29)
so that
([Asy; ]-l ¢ 2£—n(n‘+l) Gi(ron) (8-5-30)
Wil =nlEr w iron
with

grom) = £[Plr.x)x - n).

It follows immediately that the transform #,(r.n) satisfies the
differential equation

f'—rz—a——t(n+l) Yolr.n) =0 0<rg
ala" pram = srsa

and the boundary condition
Yila.n) = fin) = ¢[fix):n].

In addition the solution must be such as to be finite everywhere within the
sphere of radius a. We therefore have the solution

Yu(r.m) = fin) (;;)
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so that
v =r""* [(i) fi(n);n - cosﬂ] .
Now by (¢) of Problem 8-30 we have

! [(2) n— x] = da(a? - r®)a? - 2arx + r?)"}

so that making use of the form of the convolution theorem expressed by
equations (8-5-19) and (8-5-20) we obtain the solution

_a(az-’z) " A g ' * d¢
y(r.0) = _—-27__,‘;!“050 )sin 6" do J:, (@® — 2arcos© + r3)¥’

where O is defined by equation (8-5-21).
Further examples of the use of finite Legendre transforms in the
solution of boundary value problems in mathematical physics are given in

Problems 8-35 through 8-39.

We can easily adapt the above procedure for use in applications in
which the range of the independent variable is (0,1). We do this by con-
sidering even and odd extensions of the relevant function over the interval

(- L1).
We define the odd Legendre transform by the relation

Foner = LJ003x = ] = [ Py () dx (8-5-31)
and the even Legendre transform by

fon =t [f(x);x > n) = J:) ' SX)P;,(x) dx. (8-5-32)

The inversion formulas for these transforms are easily seen to be

L o iiX¥] =00 = 3 (4n + Dfsns Praar(xh, O x< 1
n=0

8-5-33
and ¢ )

(T ewiXl =00 = ¥ @+ NuPu(x),  0<x<1
n=0
(8-5-34)
respectively.

Further, if

é 2 @
L—;Q}[(l - X )5;]
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then

7 JLAx):x = n] = (2n + DPLO)0) — 2n + 121 + 234y

(8-5-35)

and

{[LA0x = n] = =P, (0)f"(0) - 2n(2n + 1)}, (8-5-36)
8-6 TCHEBYCHEFF TRANSFORMS
The eigenfunctions corresponding to the operator

d? d
== — 2 — —— ==
L=() -x )dx2 X (8-6-1)

which is (8-2-2) with p(x) = (1 = x3)~¢ g(x) = (I — x?)}, rix) = 0, are
the Tchebycheft polynomials T,(x) defined by the equation

T,(x) = cos(ncos™' x). (8-6-2)

In the notation of sec. 8-2, & = —~n2.

We may therefore introduce a finite Tchebycheff transform through
the equation

t{fix)in] = fxn) = J‘_‘l (1 = x3)74T (x)f(x) dx. (8-6-3)

Since the Tchebycheff polynomials satisfy the orthogonality condition

ind,,., m#£0n+0
n, m=n=20

1
}‘ (1 = xH T, ()T, (x) dx = {

-1

we obtain the inversion formula

-
Fe

A x] = flx) = —:;f,'(O) + - Zj;‘(n)T,,(x). (8-6-4)
n=1

With the operator L defined by equation (8-6-1) we see that equation
(8-2-6) yields the relation

Lfn] = —n?e[fin] (8-6-5)
which is readily generalized to
/[Vfin] = (= 1Yn¥f*(n) (8-6-6)

for every positive integer r. '
It is possible to derive a convolution theorem for the finite Tchebychefl
transform.
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We have
£ gt (n) = I

du de
lﬂ")T..(u) NS J- 2T, (1) i

- )

= f f Jicos D)g(cos @) cos (nt)) cos (n¢) d0dp
o Jo

lliJ. j filcos B)g, (cosd) x
x jcosn(f + ¢) + cosn(l — @)} dOdg

where f,(cosB). g.(cos@) are the even extensions of flcosf). g(cosd)
defined in (0.7) having period 2r.
The transformation

x=0+¢. yr=¢
for which

Mey)

é0.9)
maps the square {(6.¢):|0] € 7.|¢| < n} onto the parallelogram {(x.}):
|x — ») € n.]¥| € =} and this can in tumn, by virtue of the periodicity be
replaced by the square {(x,¥):|x| < =,|y| < =}.

Hence

Sfj f. J.(cos g (cos Pp)cosn(0 + @) dOdd

= .%J: cos (nx) dx J.j folcos N=¥)g,(cos ¥) dy

[f we let x = cos "'z and use
cos{x — y) = zcosy + /(1 = z¥)siny
we see that this becomes
1 J" Tz dz (=

al 0= Lflzeosy + J() — z¥)siny)g.(cos y) dv

= 4[(f x g)z):z = n]
where we have written

(f x g)ix) =} J- ) fhxcosy + /1 — xZsiny)g cosy)dy. (8-6-T)
We can show similarly that the integral

77 ttcos dg.tcos pycos (o — ¢) dvug
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has exactly the same value. Hence

[0 % g)x);n] = f2(mgk(m) (8-6-8)
or, in inverse form,
L mgrmix] = (f x g)x). (8-6-9)

Further properties of the finite Tchebychefl transform are developed
in Problems 8-40 through 8-45.

8-7 FINITE MELLIN TRANSFORMS

We conclude this chapter with an account of a finite transform which is
generated in a different way from those considered above—the finite Mellin
transform due to Naylor (1963).

We define a finite Mellin transform of the first kind by the equation

'a 2s
[ fix)is] = fi*(s) = J. (:L.r‘ - X’")f(x) dx (8-7-1)
o \2
and a finite Mellin transform of the second kind by the equation
a 23
wil f(x);5] = fi¥(s) = J' (Y—u,—;—,- + .\'"‘)f(.\') dx. (8-7-2)
o \
From these definitions it follows immediately that
SH(=8) = —a™Bf*(s) (8-7-3)
and that
JH(=5) = a” ). (8-7-4)

Replacing f(x) by x/"(x) in the definition (8-7-1) and applying the rule
for integration by parts we find that

wy[xf7(x);5] = sf*(s) (8-7-5)
provided that s is such that

li_\:% (@¥x™* — x)f(x) = 0. (8-7-6)
Similarly we can show that

[ (x);5] = sf*(s) + 2a°fla) (8-7-7)
provided that

lim {a¥*x~* + x*)flx) = 0. (8-7-8)

I we write
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d d & d

L,r—x;xa=x F+xd} (8-7-9)
then, from equations (8-7-5) and (8-7-7) we deduce the relation

my (L) S(x);5] = s2¥(s) + 2sa’f(a) (8-7-10)
provided that

)](i_‘ns {a®e™® — X )xf'(x) + s(@¥x™* + X))} =0 (8-7-11)
and the relation

oy [Ly f1x)is] = s24%() + 2a**'f (@) (8-7-12)
provided that

li_% {(@¥x™* + X )xf(x) + s(@¥x™* = X*W(x)} = 0. (8-7-13)

These relations are useful in applications to problems involving the
two-dimensional Laplacian operator in plane polar coordinates (p.¢),
A2

ép* pdp  pPig*

From (8-7-10) we see that provided s is such that
lim {(@®p™* = p*)pu,(p,®) + s(a™p™* + p)ulp.9)} = 0 (8-7-15)
p-’

(8-7-14)

Az"—'—

then
al
m [p2u(p.P)ip = 5] = (E_’ + sz) ut(s.@) + 2sa’ula.¢)

(8-7-16)
where
ut(s,@) = m,[u(p.@);p — 5] (8-7-17)
Similarly from (8-7-12) we can show that if s is such that
lim {(@p~* + p")pu,(p.®) + s(@™p~* = pu(p.d)} =0 (8-7-18)
then

2 3
my{p?Au(p.)ip = 5] = (;&j + sz) u3(s,9) + 2a°*} ‘_f_f%’f!

8-7-19)

where
ui(s,9) = my[ulp,$);p = 3] (8-7-20)
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It is obvious from these equations that in potential problems concern-
ing a region 0 € p € d. x € @ < B we use the m-transform when u(a.¢)
is prescribed and the ,~,-transform when éula.¢)/cp is prescribed.

To establish the inversion formula for the »-transform we consider
the integral

(] 2
J; (:‘;r,- - .\"“‘)_I(x) dx

where the function f(x) is defined by the equation

1 c +iN
Jix) = i;!—i,[_m X7 () ds
in which it is assumed that f;*(s) is regular in some strip |Res} < 3 of the
s-plane and that 0 < ¢ < 7. We then have

a 2s
J; (;u,;—, - X' ')_/'(.\’) dx

c4+ IV a
= —,—,---.J ./i‘(r)le (@¥x7t70m e xtrm Y dy
1 Je~iN 0
c+iN
] dx—rfla(,)._(.l.’_.

ri Join 1+

il
|
I

c+iN dt
+ 5 a* ) ——.
i ) - v 1 -5

(]

Now if we change the variable in the first integral from 7 to —r and make
use of equation (8-7-3) we see that the first of these two integrals becomes

| —¢=iN dt
— a* ' (1) ——
20 J_cvin {—s

so that

a 2s e+ N —-c—iN
a ol | Y - _1_ + $—1t ‘t’ . dl
(- v )pman= {7 [ oo 2

We now close the contour by the two linesu = t + iN, (~¢ < t < ¢), use
Cauchy’s theorem and then let N — x. If we assume that | /;*(/)] remains
bounded as {Im7| — a0, {Rer| < ¢, we see that the integral on the right
side of this equation tends to f*(s) as N — . Hence if

L L R
NMx) = T L.\' *fi*(s) ds

where C is the line |Res| = ¢, (0 < ¢ < 7) then



FINITE TRANSFORMS 485

wey [ Ax):s] = f1*(s).
This gives us the inversion formula for », in the form
“ir I -s
oy T A%)x] = i J; T X7 *(s) ds. (8-7-21)
By an exactly similar method we can show that the inversion formula
for ”my is

Cir 1 Carer.
vy LA¥S):x] = I L X7 (s) ds. (8-7-22)

Another pair of finite Mellin transforms—this time suitable for the
analysis of boundary value problems in spherical polar coordinates—is
defined by the pair of equations

a uls+l
w3 flx);s] = f#(5) = fo (;‘-”- - .r’)f(.\') dx (8-7-23)
a als+2
mg[ f1x):5] = £ () = .[» (}—,—;-,— + x’”)ﬂX) dx. (8-7-24)
These transforms have the property that if
L, =x? '(—7 + 2.r£«_
then
ws[L2fis] = s(s + Df*(s) + 2 ') (8-7-25)
and
wa[Lyfi5] = s(s + Df2s) + 2a* 7 f (). (8-7-26)

Using a method similar to that employed in the derivation of the
inversion formula for the »-transform we can show that the inversion
formulae for these transforms are

wiy L 125):x]) = flrfij X7y ds (8-7-27)
i ¢

my [ SE)x]) = _""J‘ XY Es) ds (8-7-28)
2ni Jo

where C has the same meaning as before except that now [Res| < 7 is the
strip of regularity of f;*(s) or f&*(s).
From equation (8-7-25) we see that if we denote

le e 1 e 8
L N (8-7-29
=5 at anoa™ % )
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for the axially symmetric Laplace operator in spherical polar coordinates
(r,0,¢). then we have

wmy[r2Au(r.8);r — 5]

| a a * b) s+l
[sm(?(’ﬂ sm0(,9 + s(s + l)] uy(5,0) + (s + 1)*" 'u(a,0)

(8-7-30)
where
uf(5.0) = my[ulr.;r - s]. (8-7-31)
Similarly from equation (8-7-26) we have the relation
o[ A (r.0);r — 5]
1 ¢ 3
[ D 3 —sinf — P + 5(s + I)] u2(s,0) + 2a**3u,(a.0) (8-7-32)
where
u(s.8) = myu(r,0);r — s]. (8-7-33)

As an illustration of the use of these transforms we consider the
problem of determining the plane harmonic function u(p,¢) in the sector
0 € p <a. —a< ¢ < asatisfying the boundary conditions

u(a,p) = 0, u(p; 2y = f(p).

From equation (8-7-16) we deduce that the finite Mellin transform
ut(s.¢) defined by equation (8-7-17) must satisfy the equation

&
(’F-&—z + 52) lll‘(s,¢) =0

and the boundary conditions
uf(s.xa) = fi*(s)

where f;*(s) is the finite Mellin transform of the first kind of f{p). Hence
we find that

cos (s¢)
cos ( va)

uf(s.¢) = f*(s) ——

From the inversion formula (8-7-21) we therefore deduce that the required
harmonic function is given by the equation

) = 5 [ 70

0s (sx)
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with .
ji-(-') = fo (abp—s-l — ps-l)ﬂp) dp.

Further illustrations are provided by Problems 8-46 and 8-47.

8-8 A NOTE ON OTHER TYPES OF FINITE TRANSFORM

Reference should be made to other forms of transform which are special
cases of the finite Sturm-Liouville transform discussed in sec. 8-2.

Laguerre transforms have been discussed by Debnath (1960), McCully
(1960). and Hirschman (1963). Hermite transforms by Debnath (1964).
Jacobi transforms by Scott (1953) and Debnath (1963), and Gegenbauer
transforms by Conte (1955). Lakshmanarao (1954), and Srivastava (1965).

A transform of a different kind was introduced by Tricomi (1951).
This is the finite Hilbert transform defined by the equation

! ) dv
Ly ndy (8-8-1)

Aoy = AL =2 | T
-1 v

where the integral on the right-hand side of the equation denotes a Cauchy
principal value. The corresponding inversion formula

1! 1 - x?
Sy = &-‘[]h(X);)’] = ‘7'“—1_——;35[6' - ;J:l l/—(;-—:—s——)j;(ﬂ d‘]
(8-8-2)

in which C is an arbitrary constant, was established by Tricomi. (See also
Problem 8-50.) This can obviously be written in the alternative form

A7 xyiy] = 7(7—!_——)1, (€ - #JO = A)fipl]. 88

Tricomi also established the relation
ALS8) + A X] = A(E(x) ~ flx)g(x) (8-8-4)

which is the analogue of Parseval’s relation for Fourier transforms.

A finite Laplace transform which should prove useful in the analysis
of certain physical problems has been discussed by Dunn (1967). He
defines

Tp.T) = forf(t)e"' di,  (Rep 2 o) (8-8-5)

for firye #'[0,T]. This allows us to consider a more general class of
functions than does the Laplace transform. For instance. the function ¢*
does not possess a Laplace transform but it does have a finite Laplace

”

AR

PRy AN
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transform. Also, in determining the response of a dynamical system at
time T we need only know the input to the system up to time T. The
inversion formula is

0 ,
) = 3mi L]'(P-T)(” dp

where C is an arbitrary contour except that it must terminate at the points
o + ixc. The arbitrariness arises from the fact that f(p.T) is an entire
function of p. Similar results were derived earlier by Amerbaev (1961) in a
paper which has been unfortunately neglected.

In recent years several authors have considered integral transforms of

the type
1 X ) dv
FT[Avx]} = [ K (%)./(.v) n
The inversion formula for transforms of this general kind is easily derived
by the methods of sec. 4-5. We shall not discuss transforms of this kind

since they do not appear to have any useful applications and merely refer
the interested reader to Sneddon (1968) and the papers cited there.

PROBLEMS
8-1 Prove that

(@) A[1;n] = ;ai[l + (=1 1]
2
®) Alxin] = (=1t 2

© £ [ntix] = E(l - i)

a
3 3
@) £lx*:n} = (=" f"; - n-;;ﬂ [1+ (=]
2a3

(e) ,ﬁ[x(a - .\')ln] = 3 [] + ("l)"+l],

n’n
8-2 Calculate f[e**:x — n] and g[e**;x — n] and deduce that

. n ) _4 sinhk(a — x) <x <
I [k——————-—z ” n’n’/al'" - x] T anhka 0<x<au



FINITE TRANSFORMS 469

8-3 Show that the solution u(x,/) of the diffusion equation

g%‘=;‘;% 0<x<ai>0
satisfying the boundary conditions
u(0,1) = ula,1) = 0, >0
and the initial condition
u(x,0) = fix). 0<x<a
can be expressed by the formula

e =2 3 T sin (")

LY

8-4 Find the solution in D = {(x.»):0 £ x < 4.0 < y < b}, of the dif-
fusion equation

KAyu(x.y,1) = :l‘, t > 0,
cl
when u vanishes on the boundary of D and

u(x.y,0) = f(x,y), (x.y)e D.

8-5 The function u(x,y) satisfies A,u = 0 in the region D defined in the
previous problem, and the boundary conditions

u(0,y) = ufa,p) = 0, Oosy<h
u(x,0) = fix), u(x.b) = 0, 0<x<a
Show that

V= 4 sinhmrath — p). .,
u(x.y) = 4 [];(’") sinhmnba " F

where [(m) = £[ fix);x - m].
Show also that we may write

u(x,y) = g Ko M f(m); m.n) — (x.3)]

where w,,, is defined by equation (8-1-57).
Deduce the first form of solution from the second.
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8-6 The function wu(x,y) satisfies A,u = 0 in the semi-infinite strip
{(x,3):0 € x € %, 0 < y < b}, and the boundary conditions

u(x,0) = 0, u(x,b) = 0, x20
u(0.y) = fiy) 0<y<h
u(x,y) = 0as x — o, 0<y<bh

Show that
ulx,y) = 2 i F(nye= et os ¥
X, b":l_, c B

8-7 Show that if the normal derivative of « vanishes at all points on the
boundary, @D, of the region D defined in Problem 8-4, then

LLAux. 1) ixy) - (mn)] = —wp,i.(mn)
where w,,, is again defined by equation (8-1-57).
If u(x,y, 1) satisfies the diffusion equation

0
A u(x,p,t) = %‘, (x,y)eD.t >0

if its normal derivative vanishes on éD, and if
u(x,y,0) = flx.p), (x,y)e D
show that

£.(0.0) + E— Z f:‘(m.O)e""""”cos'ﬁB
(44 ab A a

m= 4

1
Xl = —
u(x, . pre

x

2 ~agnt osﬂ[;r
+ ; J.(0.m)e cos

4 v = @mnt oG T_’S)COS i’.’i‘_‘)
+ Ez 2 Joe(m.n)e re b

m=1n=1

where f(mmn) = £[ fix.y)imn)].

8-8 The function u(x, ) satisfies A,u = 0in the rectangle D of Problem 8-4.
and the boundary conditions

ou(0,y) _ Cu(ay) _ 0. o0<y<bh
éx fx

u(x.0) = fix). u(x,b) = 0, 0sx<a
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By coasidering £{u(x,y);x — m] show that

N sinh{mn(b — yYa} N
u(x.v) = £ [I('") ~sin h(mzh/a) m - x

and by considering £, [u(x,):(x,y) - (m.n)] show that

u(xy) = 3 A [nog,” Tembilm.n) = (x.)]
where w,, is defined by equation (8-1-57).

Show that the two results are equivalent.
8-9 Prove that F

(@) F,[Vin] = & 'siné,

B F[Ht ~ x)ix = n] = &7 'sin(& ) O<t<li

) Fi[x:n] = &,7HQ + hycosE, — 1}

@ 7,1 - x;n) = £, - cos¢,).
8-10 Show that if 0 < ¢ < 1 and 4 is the constant occurring in equation
(8-34),

Ty E Peos (G ix] =14+ A7 =1 — (x - DH(x = 1)
where H is the Heaviside unit function.
8-11  Show that

F[AY ~ x);n) = cos, T, [ﬂx) +h f ' o) dr;n]
and deduce that

Ty [eos, f¥(m):x] = f(1 = x) - hf‘e*"ffu — 0,

(4]
0<x<l)

8-12 Show that

7 E i) =1 - ) f:f(r) dt
+ J"(l —0fi)dr + ;,-lf'_fmd:, ©<x<l)
x ]
8-13 Show that the integral transform .7, defined by the operators

2
L= E‘{Cz M/ = hO) - /0), Nf=/11)

has the property that
Ty fixyin} = F,[ AU = x)n].
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8-14 If w, and W, are any two solutions of Bessel's equation show that. if
k # m.
m? — k?) J‘ ’ xw, (kx)W, (mx) dx

= [x{kw,(kx)W,(mx) = mw (kx)W,imx)}]2.
Putting m = k + ¢ and letting ¢ tend to zero deduce that

B
xw, (kx)W, (kx) dx

2 [
= —5[.\-2 {w;(kx)W;(k.t) + (I - %5) w,(kx)W,(kx)}:I .

Deduce the orthogonality relations (8-4-8), (8-4-26), (8-4-38). (8-4-43),
(8-4-54).

8-15 Prove that

(@) Ay [xin] = a"*1E7 N, &)

b 4y, [;f%':‘;"] = al, (&} ~ k)7L G
where k is not a zero of J (£a).

Deduce the value of

AT LET NG = KT Ga)x]
8-16 Show that

a? - x2
Ao 873 a)x] = o O<x<a

8-17 Show thatifv 2 0

AalE ) = Gy [ 0] = 52O

2T(v + 1)
8-18 Show that the equation
o [ oy
= o= go — | x X, O<x<a.t>0
i g"ax(‘e.r +plen x<a.l>

governing the horizontal deflection y(x.s) of a heavy chain of uniform line
density a. fixed at x = a. and under the influence of an external transverse
force of intensity p(x.f) can be transformed to

¢ty gadlly &y

.ﬁlz_al’—z+—‘7—+p(azz.1). 0<z<1lr20
& 12 gl nd
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by the substitution x = az2
Hence show that if initially the chain is at rest under gravity the hori-
zontal deflection at any subsequent time is given by

o § S [l i
)(x.l)—b\/;;—“m}—z Jop,,(l 7)sin| 3¢,1 h dt

where £,.£,. . . . are the positive zeros of Jo(¢) and

I a
Pa) = % J; PAX.OJo(E,/ X/a) dx.

8-19 If the chain described in the last problem is released from rest in the
position y = &(1 — x/a). 0 < x < a, and swings freely. show that at a sub-
sequent time the horizontal deflection is given by

v(x.r) = 8e Z {%%3"{:/;’ ) cos(%'f.t \/;gl)

1

where £,.£,. . . . are the positive zeros of J4(&).

8-20 The symmetrical forced vibrations of a circular membrane of radius a
and density a. under a tension 7 and subjected to an applied transverse
pressure p(r,t) may be described by the inhomogeneous wave equation

¢

17 g
ot rdr ¢

I T
(c? = T/o). If initially the membrane is at rest in the equilibrium position
show that

. 0Kr<at290

T I v 3G sin teE \
ra) = po £, DT L paAt)sin{cé (1 = 1)} dr

where the summation extends over the positive zeros of Jo(Za) and

Pu(0) = & o[ ptr.yir — n).

If p(r.t) = Poy(OH(b — r), 0 < b <€ a, calculate 5,(7) and examine
the two special cases:

(a) b = a:
(b) b = 0. Py ~ x insuch a way that nh?Py — F.
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8-21 If. in the notation of the last problem, we take
p(r.1) = Pysin (). 0<r<a

show that
ey = Fo [J"(a’-’./ﬂ -

an? | Jolwafc)

]] sin(mt) +

2P ¢ sin (£, o(E,r)
+ 55'71.21 EHo? — AEH G

8-22 The free symmetrical vibrations of a thin circular plate of radius a
held along its circumference in such a way that the displacement of the plate
is zero and the mean curvature vanishes there also, satisfies the partial dif-
ferential equation

é&r 1 2)? w

b5+~ w+53=0 0<r<at120
ért " rér aonr = »

where ¢ is a constant, and the boundary conditions

&Awlat) 1 éw(a,D

a.1) = 0. : bad 1
wha.n ot T a o

0, (t 2 0).

If the plate is deformed to the shape
w(r,0) = e(1 — r¥/a®), 0<r<a

and then released from rest show that

8 o cos (€£,1)) (&)
wir.t) = p -:Zn w

where the sunmation is over the positive zeros of Jy(&a).
8-23 Show that
(@) 4y, "[E7 2,8 a):x] = (v + ha)~'(x/a)";

- - . J,(kx)
b) 4, 1 2 kz 1 s xl = v
( ) /,.,v [(én ) Jv(%na) t] a[h.’,,(ka) T kJ',(ka)]

8-24 The diffusion of heat in an infinite hollow cylinder bounded by r = a.
r = b (b > a) when these surfaces are kept at zero temperature is governed
by the equation

0 100 _ 1w

= +t-===-=. a<£r<bi120
cr rcr Kl
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and the boundary conditions
(a) Na,t) = 0, (b) b.t) = 0.(1 = 0).
If. initially.
Hr0)=fr). a<r<b

show that

x

- i 8 0o(Gh))?
o =4 Z olGua)}? — ol&ub)}?
Jue T [ oEarYolEad) = Jo(Eua)Yo(an)]

where the sum is taken over the positive roots of equation (8-4-36) and

7= [ A0 aEnYalEua) — Jolesa Yot} ar

8-25 If, instead of being kept at zero temperature, the surface r = g is
insulated against the flow of heat the equations of Problem 8-24 remain
unaltered except that (a) is replaced by

‘a1 0

t 2 0).
or ( )

Show that

z 2 27 -xEadt
1.2 &2 {Jo(&,0)} /:"
o =3 Z, &) = uEHY
[3:G.a)Yo(&r) = Y (5.0 o(E,r)]

where the sum is taken over the positive roots of the equation

Jo($0) Y ({aa) — J1(8,a)Yo(5,0) = 0

and
A= " NI YolEar) — JolEan Y (Eaa)] dr.

8-26 The surfaces r = a, r = b of an infinite hollow cylinder are insulated
against the flow of heat. The temperature field 0(r.f) is due to a distributed
source of density ©(r.f) so that

0 820 176
f._=x(;»i+——.- + O(r.0), asr<bhi120
Ct \(,r ror

; .
a.n) _ 0D _ 50

or ér
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If. initially, the temperature at every point of the cylinder is the reference
temperature so that (r.0) = 0, (¢ < r < b), show that
(&0 2,0 ! b2
or.n = 4n? Z A | O (v)e " gy
0 =4 ) G - aEmi Jo O

=1
where £,,¢,. . . . are the positive roots of the equation
T (§a) — (@Y (E,h) = 0
and the functions ¢,(r) and ©,(1) are defined by the equations
&a(r) = 1) Yolar) — Y (§aaMolé,r)
O, = f: rO(r.0)b,(r) dr.

8-27 Show that the eigenfunctions corresponding to the operators
L=A. M/ =7+ nla. Nf=fh
are
Gal(x) = 1 (& XY, (D) — JUEDY,(x),  (a < x < b) ()
where £, is a root of the equation

{adi ) + M ]Y,(E,b)
= [&Y.(Ca) + WY, 0] (E0) = 0. (i)

If a finite transform is defined by the equation
b
Ar L fx):n] = Frutm) = [ xf0)6,(0) dx

with ¢,(x) defined by equations (i) and (i7). show that its inversion formula is

427 [ALm]
'y EAETAEa) + WAL} )
:cnj;(c'na) + h"v(ina.)}z - ("2 + énz - "zl;az){',r(ﬁu

= '12'1[ b)}l ¢.(X).
n=1

Write down the expression for 4, ,[:4, f(x):n] in terms of the boun-
dary values of f(x) and its transform 7, .(n).

8-28 Show that the eigenfunctions corresponding to the operators
L=A,. M/=/[(a)+ W N/ = f(b)

are
$.(0) = LEXY(ED — NEHYE,x)., (a<x<h) @
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where £, is a positive root of the equation

[$aY ' dua) + WY (L) AE,h)
= [0y + WLEa]Y Sl = 0. (i)

If a finite transform is defined by the equation
AnuLAxrin]) = ot = [ x,(x)fix) d

where ¢@,(x) is defined by equations (i) and (if). show that its inversion
formula is

Stx) = in? i

n=1

EXENEa) + M (&)} 2T, (M ,(x)
(= vEIWEN(Cuat) + hI(E,a) 2 — (WP + &2 — vEa))(J(E,b))P

and write down the formula for 44 [ #, f(x):n].

8-29 Prove that
([Hx)in] = Qn + DR _(0) = By y(@).  (r21)
and deduce that if n is even /[H(x):n] = 0. while if n is odd.
(=1 N~ gyt
AHO):A] = ST
(H] = o = T+ by

8-30 Show that if |u| < I,

(a) ¢! -'2—'"—;1'.\’] = (|l - 2ax + ¢?)~?
and deduce that
[ a"t! a—x+ 0= 2ax + a)
] = oA Ty Tsan )
®y 7 |20 + Din + l)"‘] lo 1~ x

() £7'[a"x] = H1 — ) ~ 2ax + ¥4

zﬂnn e
Y - SN Ay 23y~
(d) ¢ G0 T o s k)""] L AR S I RVIR S L Nt 7 1N

8-31 Show thatif|r] < 1
2t
/’.’l{“ ~ 2xt + ’2)‘{ - l}:.\'—-n] ={2n+ 1"
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and deduce that if » is a positive integer

24"
-1 .
d [n(ln ¥ 1)"‘]

= log2 — log{l —ax + J(@®* — 2ax + 1)}, 4| < 1.

8-32 If

=40- 0l
L=30-9%

show that
Llog(l — x) = —1,

and that
/[Llog(l — x):n] = —2 + f’l (1 + XPAx) dx.

Writing 1 + x as (1 — x})/(1 = x) and integrating by parts in the
integral on the right-hand side of this equation show that if n = 1,2, . ..
2
n(n + 1)
Find /[log(l — x);0] and deduce ¢{log(} + x):n],(n = 0,1.2....).

/log(l = x);n} = —

8-33 Ifge #'[-1.1]is such that
f‘ g(x)dx = 0,
-1

show that

-1 ‘_g_l(") . - * ds ¢
4 ["("——-+ “.x:l =c L =52 J‘-l gl de

where ¢ is an arbitrary constant.

8-34 Prove that
1
@ (LAxin) = 5 f (1 = XY(x) dx
e

and deduce that

(b) £[e**:n] = ‘/% Ias 3l
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0. if n is odd,
(¢) ¢[cos(ax):n} = o=
(-—I)”"\/-;—J,,.,(a). if niseven;

2n
_1y-tm-1 (27 P
(d) ¢[sin(ax):in] = {‘ DTl Joy Tnea@. ifnis odd,

0, if n is even.

8-35 4(r.6) is the solution of the Dirichlet problem

Asy(r0) =0, r>2a
x(a.8) = flcos 6
£r0) -0 7 asr— o,

Show that
a  [a’
/.(’-9)=;'W<‘;‘.0). rza
where ¥(r.0) is the solution of the interior Dirichlet problem specified by
equations (8-5-26) and (8-5-27).
8-36 Show that the solution of the interior Robin problem
Asp(r,0) = 0. 0<r<a

‘.‘"E{:ﬁ:ﬂ) + h¢p(a0) = f(cos0). 0<O<n M

(h a positive constant), can be written in the form
o(r.0) = a f Loyt
0

where y(r.0) is the solution of the interior Dirichlet problem specitied by
equations (8-5-26) and (8-5-27).

Show also that the solution of the corresponding problem in r > a
with (1) unaltered but & how a negative constant, is given by

.2 (1 2
P(r.0) = —‘:_ J. v (a_r' 0), ha gy

o
8-37 Show that the solution y/(r.0) of Poisson’s equation
AW = flricosd). 0<r<€a0<0<x
satisfying the boundary condition
¥{a0) = 0
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can be written in the form

Y0y = ljl H(rs/a?,s.cos 0)s® ds
aJo

- % J‘ H(s/r,s,cosths? ds — J H(r/s,s.cosf) ds

o

r

where

1 x i d do
s.cos0) = = | fis.cos0)sint’ = ‘
H(h.s.cos0) I L fts.cos0)sin ¢ df J; V(1 = 2hcos@® + h?)

cos© = coslcosl’ + sinfsinf cos .

8-38 The function y(r.0) satisfies the Poisson equation
Ayp(r0) = r % (a>3)
in the regionr > a. If Y(r.0) - Qasr - x and

Ylu,0) = (¢ — cos®)™". Je] > 1

show that
- g 7_»______'__‘¥er_____ 2-2 __ ,2-2
Y(r.0) . Qole) + P Y (r a‘*" ) +
X n+1
+ ; 2n + 1) (g) P {cos 6)Q,(c).

8-39 In terms of oblate spheroidal coordinates (4.J) the problem of deter-
mining the potential y(u.() duc to a circular disk of unit radius charped to
unit potential can be reduced to that of solving

é &0 &y
= =) + = 3 — =0, <L0<{ 4
g U =0 [l <{<=
subject to the boundary conditions
aY(0g . .
V(o) = 1. —“’gﬂ—l’ =0 YD -0 asi- .

Show that

5
Y(ul) = ;col"a‘,'.

8-40 Find the Tchebycheff transform of the Heaviside function H(x).
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8-41 Prove that

T (T (x) = H{ T (X)) + Tjuo (%)}
and deduce that

(@) /[T 00f(x)in] = ${f*0m + m) + f*(|m — n))}

®) /[xfix)in] = 3 Uf%n + 1) + X~ 1)}

(©) ([¥fixyin] =27 z<

s=0

: ) f*n + 25 — 1)

Evaluate
¢[x";n].

8-42 Prove that
(@) 2n/[f(x):n] = ([ (x)n = 1] = 2[f(xhin + 115
() [(1 - X (x);n] = $n + Df*¥n + 1) ~ 0 ~ 1*n ~ 1),
Deduce that, if

* fiyde
F(x) = . =

(€) B*2m)=m~" 5 f*Qr - 1);
1

r=

2 >
d) F*Qm + 1) = T [Z 1¥2n + iF"(l)}
re)

8-43 The function F(x) is defined in terms of a function f{7) which satisfies

' find
VO =6

through the equation

Sy dt

= ~ x4 PR A
Fix) = (1 - x¥) v Tt

x| < L.
Show that

n
F*n 4+ 1)y — F¥n - 1) = -;';f,‘(n).



482 THE USE OF INTEGRAL TRANSFORMS

and deduce that if m is a positive integer,

(@) F*Qm) = FXO) +2 3 Q2 = )72 = 1)

r=

(B) F*m + 1) = F1) + 3 r %2,
) r=l

8-44 Show that
t{e**:n]} = nl(a)
and deduce the expressions for
/[cosaxin],  ¢[sinax:n].
8-45 Prove that
M "R n)x] = C ~ f_l \/—(-I—JZ—F)J l Jﬁd_‘«m

where C is an arbitrary constant.

8-46 The function u(p.¢) is harmonic in the sector0 € p € 0,0 < p < a
and satisfies the boundary conditions

uy(a, ) = 0, 0<¢<a)

wpl) =0, O<p<a

ulpa) = flp), (0<p<a.

Show that
1 sy SN GP)
u(p,¢) = E;t_i,[c Pl sin (sa) &
where

Uls) = J:: @*p™*"1 + p* “)f(p) dp.

8-47 The axisymmetric function «(r.0) is harmonic in the conical sector
0 < r a0 < 0 < a and satisfies the boundary conditions

u(a,0) = 0, 08
u(r.a) = f(r). 0<r<a.
Show that

! R P.(cos )
u(r.0) = i J;_ r Uls) P.(cos) ds
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where

a az:#l
U(s) = f (—;Ti‘ - r‘)ﬂr) dr.
o \ T

8-48 Prove that
(a) [0 - yH)~4x]=0
(by 4L(1 — Y ix] = —-x.
8-49 Prove that

l 1
AL30);x]) = f(x) + ;J. fy) dv.
-1
8-50 Prove that
. 1t
ALV = y(0ix] = ;j 1) dy — J(1 = xHf(x).
-1

Deduce the inversion formula (8-8-2) and the identity

ALJO = DR = 1(3):x] = = J( = X)) — xf(x).

Calculate
ALy = y3);x].

oA i bt s -



9
Generalized Functions

We shall conclude with a brief account of some of the problems encountered
in applied mathematics when transform methods are applied to analyze
physical situations in which impulsive forces. or point sources. are involved.
Formal calculations are much simplified by the introduction of the Dirac
delta * functlon but the rules for its manipulation do not follow naturally
from the methods of classical analysis. This led to the introduction of the
concept of a “‘generalized” function. The first ideas of such an approach are
to be found in the work of Bochner (1932) and Sobolev (1936) but it was the
work of Schwartz in the early 1940°s. culminating in the publication of his
treatise on the theory of distributions (Schwartz, 1950-51) which put the
theory of generalized functions on a firm foundation.

Only the barest outline of these ideas will be given here. A reader wish-
ing to undertake the study of these ideas is advised to continue with reading
Zemanian's books—Zemanian, (1965) and Zemanian. (1969).

Since we are only considering the elements of the theory we shall
restrict our attention to the one-dimensional case.

484
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9-1 THE DIRAC DELTA FUNCTION

in the solution of problems in theoretical mechanics we often encounter
situations in which the applied force is of an impulsive nature. that is in which
the relevant disturbance is of very short duration but has a high peak value.
By the application of an impulse of magnitude / at time t = 0 we mean the
application of a force of magnitude F(r) which acts for a very short time r and
which satisfies the relation

J:F(r)dt =1 (9-1-1)

Indeed in many high schoo! texts on mechanics it is just assumed that F(r)
has a constant value F,. say, so that Fot = I Such a force could therefore be
thought of as being of the form

F(ty = 16(1). (9-1-2)

where 8(r} is the limit as £ tends to zero of the function J,(r). which has the
properties
8(1) =0, if 1 ¢ (0.¢) (9-1-3)

f_"»al(:)d: =1 (9-1-4)

If, then, we formally let ¢ tend to zero we should expect 8(¢) to have the
corresponding properties

My=0. ifr+0 9-1-5)
f’ S()dr = 1. (9-1-6)

This concept was introduced into quantum mechanics by Dirac (see, for
instance. p. 58 of Dirac (1947)) to deal with a similar problem of representing
certain physical quantities in that theory. The function () defined in this
way is not of course a function tn the sense in which that word is
used in classical analysis; it was called by Dirac an “improper func-
tion™ and he recommended its use in analysis only when it is obvious that no
inconsistency will follow from this use. Initially it was used merely to derive
formal solutions of physical problems; once such solutions have been ob-
tained they should then be subjected to the processes of classical analysis to
establish rigorously that they do in fact satisfy all the conditions posed in the
original formulation of the problem.

For the moment we shall proceed in a purely formal way and set up
equations concerning the Dirac delta function which we would not claim
necessarily held rigorously. The equations (9-1-3) and (9-1-4) do not specify
the variation of 3,(¢) in the interval (0.£). Suppose that we assume that it is a
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step function of the form:
0, t <0,
(1) =43¢ 1, 0<r<e,
0, 1> ¢

Then if the function f{1) is continuous in an interval containing the origin
and the sub-interval (0.¢),

fj S(Nfydr = ¢! J:_f(t)dl.
Now by the mean value theorem of the integral calculus
frﬂr) dt = ¢f(0¢), 0<hgI
o

so that we have the equation

N

f snfuyde = fibe), 0 <O <L

Letting ¢ tend to zero we should then obtain the relation
f *a(fu) dr = f10) (9-1-7)

for all functions f which are continuous in a neighborhood of the origin.
(This property was named the sifting property of the delta function by van
der Pol.)
Changing the variable in the integral from 1 10 x. where x = ¢ + a, we
- obtain the equivalent relation

f_" S(x — a)f(x) dx = fia) (9-1-8)

valid for all functions f continuous in a neighborhood of x = a. We can
rewrite this equation as
ax — a)f(x) = §(x — a)f(a) 9-1-9

the meaning of such an equation being that its two sides give equivalent
results as factors in an integrand. With a similar inlerpretation we may write

x8(x) = 0. (9-1-10)
Continuing this formal procedure we consider the integral
f * H()M) dx

where H'(x) denotes the “derivative™ of Heaviside's unit function which it
will be recalled is defined by the equations
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0. x<0

Hex) = {I. x>0

If we apply the rule for integrating by parts we find that

f_’ H0fx) dx = [HOf0]*, — f H(X)S"(x) dx

- J' =[x dx
0
S(0)

if we assume that f{x) — 0 as x — o« (as we must if the integral on the left-
hand side of this equation is to converge). We may now use equation (9-1-7)
to rewnite this last equation in the form

J’” H'(x)f(x) dx = J‘_‘ SIX) dx

or. in the symbolic form
d(x) = H'(x) 9-1-11)

To anyone without a background in rigorous mathematical analysis it
may not be clear why there is anything wrong with the analysis up to this
point. The reason is that we have treated the Dirac delta ““function™ (or.
what is the same thing the derivative of the Heaviside function) as though it
were a function in the sense of classical analysis. It is obviously not. since
it is defined to be zero everywhere except at the origin, i.e. to be zero almost
everywhere, and yet to have a finite integral. It is not admissible. therefore
to apply the standard theorems of calculus, such as the formula for integra-
tion by parts, to such “functions.” When we attempt to give a rigorous in-
lerpretation to these equations we have to generalize the whole concept of a
function: there are several such generalizations which reproduce the essential
features of the Dirac delta function.

9-1-1 THE MIKUSINSKI-TEMPLE THEORY OF GENERALIZED FUNCTIONS
The simplest attempt at such a generalization (though by no means the first)
is due to Mikusinski (1948) and developed by Temple (1953, 1955). Basically
this starts from a function p(r) which satisfies the conditions

puy =0, || >1 (9-1-12)
f,‘ plydr = 1 (9-1-13)

from which is defined a sequence { p,(7)} by the rule

pall) = nplnt). (9-1-13)
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The sifting relation is then replaced by
lim [* postn de = 10)

for continuous functions /. and the d-function is regarded as the limit of the
sequence {p,}.

Other generalized functions can be defined in a similar way. The method
defines generalized functions as classes of equivalent fundamental sequences
of continuous functions in a way similar to that used when real numbers are
introduced with the help of fundamental sequences of rational numbers. We
shall outline the method in sec. 9-2.

9-1-2 SCHWARTZ'S THEORY OF DISTRIBUTIONS

In the method of Schwartz, a full account of which is given in Schwartz (1950,
1951), a generalized function or distribution is defined as a linear functional’
on a class of “test™ functions. In this interpretation the sifting relation

9{p> = p(0)

defines the Dirac delta distribution.
A brief account of this approach is given in sec. 9-3.

9-1-3 GENERALIZED DERIVATIVES OF LOCALLY INTEGRABLE FUNCTIONS
This method which may be considered to be inspired by the relation (9-1-11)
is based on the idea of identifying distributions, on finite intervals, with
generalized derivatives of locally integrable functions. 1t was discussed briefly
by Halperin (1952) and developed by Kénig (1953) and Sauer (1958).

We shall not discuss this method here since it is one which is more suited
to the development of the theory of boundary value problems for partial dif-
ferential equations than for that of integral transforms.

9-1-4 MIKUSINSKI'S OPERATIONAL CALCULUS

Another approach to the problem of constructing a consistent theory of
generalized functions is also due to Mikusinski; (see, for instance.
Mikusinski, 1953). Unlike his first theory this one is algebraic in nature. It
closely mirrors the process by which the concept of number is extended from
integers to rational numbers. and provides a natural approach to opera-
tional calculus as well as to generalized functions. Its greatest drawback is
that although it has been successful with functions defined on the positive
real line—and has been extended to functions of several such variables—it is
unable to deal with functions of unrestricted real variables or with functions
defined on an arbitrary region of a space of n dimensions (7 2 2).

1t will be recalled that a linear functional is a linear mapping of the space of functions into the
field of real (or complex) numbers.
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Mikusinski shows that the set €{0.oc) with addition and multiplication
by scalars defined in an obvious way and multiplication of two functions a.b
of the set defined by the convolution ash forms a commutative ring which is
called the convolution ring. As a result of Titchmarsh's theorem which states
that a=b = 0. the function which is identically zero. if and only if @ = # or
b = 0 or both we see that in this ring division is a meaningful operation. This
is similar to the situation we find when we introduce the idea of division of
integers, and there we ensure the feasibility of division by extending the con-
cept of number from integers to rational numbers in terms of classes of
equivalent ordered pairs of integers.

In the present situation we consider ordered pairs of clements of
%[0,x) and consider (a.b) to be equivalent to (¢.d) if asd = cxb. The class
of all ordered pairs of continuous functions equivalent to (a.b) is denoted by
a’b which is called a convolution quotient. 1t is a simple matter to define the
operations of addition. multiplication by a scalar and multiplication in 2, the
set of all convolution quotients. and to show that the embedding of ¢{0,x)
in 2 preserves all these operations. For this reason, we may write (asf)/u
as f for any pair of continuous functions a and fand (4«)/a as 4 for any scalar
/. The unit element e, in 2, may be written «/a and 1t 1s easy to show that
multiplication by e reproduces /. Hence we may identify the unit element in
2 with the Dirac delta function.

The elements of 2 comprise numbers. functions, the delta function. and
its derivatives so that they may be regarded as generalized functions. The ele-
ments of 2 may also be thought of as operators thereby providing a con-
venient approach to Heaviside's operational calculus.

We shall not develop these ideas and methods here since Mikusinski's
method is much more suitable to a text on operational calculus than to one
on integral transforms. It is drawn to the reader’s attention because it pro-
vides a viable alternative to the method of the Laplace transform as a
justification of Heaviside’s methods. The interested reader should consult
Mikusinski (1953), or its English translation (Mikusinski. 1959); an excellent
brief account is given also by Erdelyi (1962) and by pp. 9-24 of Erdelyi (1961).

An alternative approach to generalized functions has been developed
by Weston (1957, 1959) where they are operators acting on a class of **perfect™
functions rather than convolution quotients of elements of €[0,ac).

9-2 THE MIKUSINSKI-TEMPLE THEORY OF GENERALIZED
FUNCTIONS

In this section we shall outline the theory of generalized functions due to
Mikusinski and Temple as simplified by Lighthill (1958). The spaces .+ and
& introduced in sec. |-8 play an important part in this theory so the reader
should refer back to that section now.
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9-2-1 DEFINITION OF GENERAUIZED FUNCTIONS
From the definitions of .1" and % we deduce immediately the following
results:

(@) feS =[es;
by fged =f+ge ¥,
(c) feS . ge A= fge ¥,
and we have shown in sec. 2-3 thai
d) e = F[fles
(e) fge ¥ and F(§) = F[f(x):£]. G() = F[gx); £]=

[T o6 de = [* fi—vgt dx.

A sequence {¢,(X)};%,, ¢,(x)e & is called a regular -sequence if,
for any f'e &, the limit

lim f T /() dx (9-2-1)

exists. Two regular % -sequences {¢,(x)}%, and {¥,(¥)}%, are said to
be equivalent if, for any fe€ &.

lim [ ¢,()ftx) dx = lim 7 wtorn a.

For example, the sequences

~x2friyx
rs1s

1

- x2ja4ry @
€ et

(e
are equivalent .¢"-sequences leading to the limit

J‘i f(x) dx.

We now define generalized functions in terms of these sequences: Each class
of equivalent regular & -sequences defines a generalized function.

We shall. as a matter of notation, write ¢(x) for the gencralized func-
tion defined by the equivalence class of which the sequence {¢(V)}5, isa
member, and we define the integral

|7 ewonmax.  ses

of the product of a generalized function ¢(x) and a function of rapid descent
S(x). to be the limit

lim [T 6,00/ dv.

We can define the sum of two generalized functions in an obvious way:
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If @(x) and ¥(x) are two gencralized functions defined by the regular
S -sequences 1¢,(V)} 5, and (¢, (X)}Z . respectively, we define ¢(x) +
¥(x) to be the generalized function defined by the class equivalent to the
regular &-sequence

1Px) + ¥ ()72

That this sequence is in fact a regular ¥-sequence follows from the result ()
above. and since

lim [T (8,00 + g, 0) dx
= lim [* g.Coftrde + tim [7 v 00ft0) de

it follows immediately that the relevant limit exists.

From (a) above we see that if ¢,(x) € &. then so does ¢.(x). Also since
both ¢,(x) and f{x) belong to & we can apply the rule for integrating by parts
to obtain the equation

7 #omnds = - [* g0 dx

Since—again by (a)—we know that /" € ¥ we find on letting r — o that the
himit

. x "

lim [ dLx)f(x) dx
exists and hence that [¢.(x)}=%, is a regular ¥-sequence. It therefore de-
fines a generalized function. We shall denote this generalized function by

¢'(x) and we shall call it the derivative of the generalized function ¢(x). We
shall sometimes also use the notation

d
e d(x)

to denote the derivative of the generalized function ¢(x).
We notice also that

f; d()f(x)dx = ~ f _" o(x)'(x)dx. fe¥ (9-2-2)

By continuing this process we can define the k-th derivative of the
generalized function ¢(x)-- which we denote by ¢*'(x)--by the regular
-sequence {¢,*(x)} % . The relation corresponding to (9-2-2) is then

f PP(x) dx = (= 1) J' T e dx.  fe¥  (92-3)

where k is any positive integer. We see from its method of definition that a
generalized function possesses derivatives of all orders.
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If {p(x)}%, is a regular ¥-sequence. then it is easily shown that so

is the sequence {¢,(ix + p)}}%,. 4 p€R and hence that it defines a
generalized function which we denote by ¢(4ix + p). Also, since

J b,ix + wf(x) dx = |3 f ' ¢,(x)f(f‘—’fi‘) dx.
it follows that

J. d(ix + w)f(x)dx

= [/’.l"j v ¢(.t)f(x : ”) dx, A#0, fef. (9-2-4)

Finally, if a(x) e .4"then by (c) af € & if fe &. Hence if ¢(x) is the
generalized function defined by the class of sequences equivalent to the regu-
lar &-sequence {@,(x)};L . it is easily shown that {a(x)¢,(x)},., is a regular
& -sequence. We denote the generalized function defined by this sequence by
a(x)¢(x).

9-2-2 ORDINARY FUNCTIONS AS GENERALIZED FUNCTIONS

If ¢(x) is a function of x in the ordinary sense of classical analysis and is such
that there exists a positive number m such that (I + x?)"™¢(x) € o,(R),
1.e., such that

f_‘ (1 + )" [p()] dr < =. (9-2-5)

then it is possible! to construct a regular #-sequence {¢,(x)}< , with the
property that

rIHE f_: ¢, (xM(x)dx = f_: P(x)f(x)dx

forall fe &,

By this procedure we can greatly increase the number of generalized
functions available to us. by using not only ordinary functions such that
(9-2-5) is finite but also the new generalized functions which can be obtained
by differentiation in accordance with the rule (9-2-3).

It is also a simple matter to show that if ¢(x) is an ordinary differen-
tiable function such that both ¢(x) and ¢'(x) satisfy (9-2-5). then the deriva-
tive of the generalized function generated by ¢(x) is identical with the
generalized function generated by ¢'(x).

!See. for example, Problem 9-1.
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Among the ordinary functions which can be interpreted as generalized
functions are the generalized powers |x|*. Whatever the value of m the
integral

fm (1 + x¥)™"|xPdx

-

is convergent only if 2 > —1, and if x > — 1 this integral is convergent as
long as we take m > 4(x + 1). Hence we can define a generalized function
]x[’ if x > —1. If we take derivatives of both sides of the equation

loglx|* = xlog|x|

and recall that
(—bd—'log[.\'f = |x| 'sgnx

we find that
d s 2—1 . b
> |x]* = afx[*"'sgnx (9-2-6)

provided that now a > 0 so that |x|*~! as well as |x|* is defined.
When 2 < —1 and is not an integer we define |x|* to be the generalized
function
xf = b4
’ (x + 1), dx"
where (a), denotes the Pochhammer symbol

(@, =ala+1) ... (a+n-1)

{|x}** "(sgn x)"}, 9-2-7)

and we have chosen n 1o be a positive integer such that x + n > — 1. It has
1o be verified that this definition is in fact independent of the value chosen
for n. This is simple enough - it is Problem 9-9 below—but it depends on a
property of the generalized function é(x) defined in sec. 9-2-3.

In a similar way we define the generalized function |x|*sgn ¥ by the
equation

xfrsgnx = ot AP0 ek > - 029)

and the generalized function |x[*H(x) by the equation

IfHG) = o L) (9-2-9)

with the same restriction on n.
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9-2-3 THE DIRAC DELTA FUNCTION
We now consider the sequence |¢,(x)} . ,. where
o,
¢, (x) = o€ 9-2-10)
n
v
for which it is obvious that ¢, € & for all . We now consider

lim fj‘ b () dy, fe S

If f{x) can be expanded in a power series

X 1s) 0
fix) = Zf ( )x,
s=0

s!

valid for all values of x, then

kg

x < 90y ([
J &, ()(x) dx = Zf J'( )f x°¢,(x)dx

5=0 e

€

_ Z £ ),

2s

n* (2s)!

s5=0
which idicates that
tim f * () dx = fl0). 9-2-11)

To prove that this is indeed so, we consider

fj ¢, ()Ax) dx — ,/'(O)l. fe&
noting that since
[ duwrax =1,

this can be written

f ¢ flx) — O} dx| < M f_: $,(x) | x| dx

where M = max[f'(x).

* 2r [ e, L
[ |x| b, (x) dx = 7"_~’J‘o xe dx =

Jox f\/ﬂ

so that it foliows that
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f:, ¢, ()f(x) dx = f(0)) € Mn~*r7!

and hence that (9-2-11) holds for all fe .
The sequence {¢,(x)} %, is therefore a regular ¥-sequence which con-
verges to a generalized function d(x) with the property

fj d()x) dx = fi0), fe . (9-2-12)

For an obvious reason we call this generalized function the Dirac delia

Sfunction.
From equation (9-2-3) we see that the k-th derivative of the generalized

function &(x). defined by the regular #-sequence {¢,*'(x)}%, has the
property

f_w JxI6®(x) dx = (= 1) f:‘ M) dx, fe&
which is equivalent to
ft S)d*(x)dx = (=1¥™(0). fed. (9-2-13)

We now consider the proof of the equation (9-1-11). Since H(x) satis-
fies the condition (9-2-5) with m = 1, it is a generalized function and for
any fe ¥.

f: H'(x)f(x) dx = —~ f: H(x)/"(x) dx = — fo * f(x) dx = £{0)

which proves the result.
Other properties of the Dirac delta function are collected together in
Problems 9-5 through 9-8 which the reader should solve for himself.

8.2-4 FOURIER TRANSFORMS OF GENERALIZED FUNCTIONS

We know that if ¢,(x) € & then its Fourier transform @,(§) = #[¢,(x):¢]
also belongs to . Similarly, if fe &. then F = F[ ] € & and by Parseval’s
theorem

fﬁ D (x)F(x)dx = fj &, (x)f(—x) dx, Je¥&
so that if the limit

lim f * @, (x)f(~x) dx

r~x -
exists for an arbitrary member of the set &, then

fim | D,(x)F(x) dx

Land
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also exists for any Fe &. In other words, if {¢,(x)]7., i1s a regular
S -sequence, then so also is the sequence {®,(x)} = ,.

If the generalized function ¢(x) is defined by the regular &-sequence
(x5 . we call the generalized function () defined by the regular
-sequence {D(E)}=, with ) = F[¢p,(x):¢] the Fourier transform
of ¢ and we denote it by .7 [¢] or by #[¢p(x):&].

For example, if we take

0(x) = rn e,
then from equation (2-7-10) we see that its Fourier transform is

A (x) = (2m)~tem X,

Now the regular sequence {4,(x)} %, defines the Dirac delta function and
the sequence {e™*#?!=  defines the generalized function 1 so that

Fl[s] = 2m~¢ (9-2-14)
where the right-hand side denotes the generalized function | multiplied by

the constant (2m)~ 4.
Alternatively, if we had taken {e™*#”}% | as our initial &-sequence

we should have obtained the result
F[1] = 2n)? 6.

This is, of course, a particular case of the Fourier inversion theorem for

generalized functions which can readily be established from that for functions

of the class &.
Suppose that the regular ¥ -sequence {,(x)} % , defines the generalized
function @(x). then the sequence of Fourier transforms {®,(E)=, defines

x

the Fourier transform ®(&) = F[@(x):&]. Hence the sequence {®,(—&)} %,
defines ®(—£). But since. for ¢, € &. we find that

FlO,(-&):x] = ¢,(x)
we see that
Fl(x):Z] = ®(¢) (9-2-16)

implies that
FlO(-8):x] = ¢(x)
which proves the Fourier inversion theorem for generalized functions.
Further. since {¢,*(x)}%, defines ¢*(x) and

FlpM0x):E] = (— i D).
we deduce that for any generalized function
F[pM)i] = (i) ®(&).

(9-2-15)

9-2-17)

(9-2-18)
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In particular

F6M(x):¢] = (=) 2m)~* (9-2-19)
which in its inverse form can be written

F[x§] = Cmbito™(Q). (9-2-20)

Similarly we can show that tf 4 and u are real
Flo(ux + w):l] = (e, A¥0 9-2-21
[6Gx + p):¢] AN (2 # 0) (9-2-21)

or, in its inverse form
Fle&] = J2mdE + 1), (xeR) 9-2-22)

9-3 SCHWARTZ'S THEORY OF DISTRIBUTIONS

We conclude this chapter with a brief account of Schwartz’s theory of
distribution.

9-3.-1 DEFINITION OF A DISTRIBUTION
As indicated in subsection 9-1-2 we define a distribution to be a linear func-
tional on the space 2. If the value of a distribution 7 on a test function ¢ is
denoted by T(¢) or (7,¢ ). then T is mapping of Z into C satisfying the
conditions:

T(i1, + 4;02) = 4, T($) + 4;,T(¢;) (9-3-1)
where ¢,,¢,€ & and 4,,4, € C. and
- dinZasj—»x = T(p) - T(¢)asj—» o 9-3-2)

[t is easily seen that the distributions form a vector space 2, a subspace of the
dual space 2*. Thus (T,¢) is a bilinear form.

The simplest example of a distribution is provided by a locally in-
tegrable function /. For such a function we define a distribution 7, through
the equation

(T,.¢) = f. f)p(x)dx,  deD. 9-3-3)

From the definition we see that two functions f and g define the same dis-
tribution 7} if and only if they are equal almost everywhere.
It is also obvious that for such a function f the integral

f.ﬂx)¢"’(x) dx, ¢e2

also defines a distribution.
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Any distribution of the type T} is called regular, all other distributions
are called singular. .

Although a distribution does not have a value at a point it is possible
to speak of local properties of distributions in a certain sense.

If Q is an open subset of R. we say that a distribution T is zero on Q if
T(¢) = 0. for all test functions ¢ such that supp¢ < Q. and that two dis-
tributions are equal on Q if their difference is zero on Q. A distribution is
zero in the neighborhood of a point a if it is zero on some open set containing a;
we also say that a distribution is regular on Q if it is equal to a regular distri-
bution on Q. By a distribution on an open set Q we mean a continuous linear
functional on Z(Q) the space of infinitely smooth functions with compact
supports contained in Q; these distributions in turn form a vector space which
is denoted by ¥,

The question which naturally arises is: To what extent do such “local™
distributions determine a “‘global™ distribution? This is answered by the
theorem:

If 19,85, . . .} isafinite or infinite collection of open sets whose union

isQ,and {T,.T,. . . .} isa collection of distributions each defined on the

respective element Q, with the property that

=T on QnQ+0
then there exists a unigue distribution T on Q such that
T,=T on Qi =12....).

In particular, a distribution which is zero on each set of a collection of open
sets is zero in their union. so that it is reasonable to define the support of a
distribution 7. denoted by supp T. to be the complement of the union of all

the open sets on which 7 is zero.
As an example we see that if T is the distribution associated with a

locally integrable function then supp T = supp/.

9-3.2 THE DERIVATIVES OF A DISTRIBUTION
1f /'is a continuously differentiable function on R

[Lrwgw e = = [ g dx
so that the distributions T, and 7;. defined by such a function f have the
property

(T = —(T;.¢". e 9-3-4)
If. therefore, we wish a regular distribution to have the property that

() =T,
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we may define the derivative of a distribution T by the equation

(T.¢> = —(T.¢". be ) (9-3-5)
The higher derivatives are defined in an obvious way:
(T"¢) = (-1)XT$">. e (9-3-6)

It follows immediately from this definition that every distribution possesses

derivatives of all orders.
In particular a regular distribution T, has derivatives of ali orders but

these are not necessarily functions: if /'(x) is not locally integrable there need
be no connection between f” and (7}).

9.3.3 THE PRODUCT OF A DISTRIBUTION AND A SMOOTH FUNCTION
From the definitions of the classes 4" and 2 (Cf. sec. 1-8) we see im-
mediately that if y € 47and ¢ € 2. then their product y¢ € 7. Hence if T,
is a regular distribution. we have the identity

WT.¢> =T, y¢). ¢e2
This suggests that we define the product ¢ T of a distribution 7 and a function
¥ € 4 by the equation
YT.¢> =<Tyd). ¢e2 9-3-7
Combining this with the definition of the last subsection we get an im-
portant formula concerning the linear differential operator L defined by the
equation
n d’ A
L= Z ax) o= a0 E ., (9-3-8)
dx

r=0

and its adjoint L* defined by

”

d'
L* = Zn (=1 e la,(x)u(x)}. 9-3-9)
If we define LT by the equation
LT =3 a7" (9-3-10)
r=0

then we can easily show that

(LT.¢) = (T\L*¢). de< (9-3-11)
Similarly, if T(x) is a distribution defined over R, and ¢ € R, we may
definc the shifted distribution T(x — a) by the equation

(Tix — a),d(x)) = {T(x).d(x + a)), Pe (9-3-12)
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since this is obviously the analogue of the formula

f.m fx ~— a)g(x) dx = f_l S)p(x + a) dx.
In a similar way the formula
f_wm\/‘(—x)aﬁ(x) dx = ff F)d(—x) dx

suggests that we define the transpose T(— x) of a distribution by the equation

(T(=x).¢(x)) = (T(x),p(-x)), Pe2 (9-3-13)
We say that a distribution T is even if T(x) = T(—x) and odd if
T(x) = —=T(—x).

The definition of T(ax), a > 0, can be framed by keeping similar points
in mind. We take the definition
(T(ax).p(x))> = {T(x)a™'P(x)), (a>0.¢e2) (9-3-19)

Combining equations (9-3-12) and (9-3-14) we see that if @ and b are
real.
(Tlax ~ b).d(x)> = |a| (T (x).P(x/a + b)) (9-3-15)

for all ¢ € 2.

9.3-4 THE DELTA DISTRIBUTION
As already stated in subsection 9-1-2 we define the delta distribution 8, by the

equation

{8(x);(x)> = ¢(0), e (9-3-16)
From equation (9-3-12) we deduce that

{Blx — a)d(x)) = ¢(a), be2 (9-3-17)
and from equation (9-3-6) that

Nx = a)d(x)) = (= 1)p(a). (9-3-18)

Also. from equations (9-3-7) and (9-3-16) we deduce that
{x0(x).p(x)y =0 Ppeo

a result which may be written as
xd(x) = 0. Ppe

9-3-6 FOURIER TRANSFORMS OF DISTRIBUTIONS
If in the relation

fw Jx)g(=x)dx = f_w FuYG() dr
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connecting the functions f,g with their Fourier transforms F,G, we take
G() = ¢(1), g(x) = F N ):x] = F[d(1);—x]
we see that

[ rewdr = 7 soew)dx

or

(FL> = LFP).
Similarly we could show that

(Fp> = LF*).

This suggests that we might define # T and # *T by means of the equations

(FT.$> = (T.Fb>
(FrTe) =KT.F*¢)
respectively, and this would be alright provided that if ¢ € 2 then so did
F ¢. But we know that this is not so, so that we cannot usc these equations to

define the Fourier transform of an arbitrary distribution.
To overcome this difficulty we extend the class of test functions from

P10
We say that a distribution is rempered, or of slow growih, if it can be ex-

tended to a continuous linear functional on &.
The set of tempered distributions is the dual of &, and is denoted by

&". We have the relations
e cS .
Since & is a subspace of 2’ all the operations that are defined for distribu-

tions also apply to tempered distributions.
In addition it can be shown that

(a) M fis an integrable function, 7, is tempered;
(b) If fis bounded. T} is tempered;
(c) If fe A"is locally integrable, T, is tempered;
(d) If T has compact support it is tempered;
(e) If Tis tempered. soare T, (r = 1.2,3, . . .);
(/) 1€ T is tempered and ¢ € .4 then ¢ T is tempered.
(See Chap. 4 of Zemanian, 1965.)
If T is a tempered distribution we define its Fourier transform # T

(FT.d) =LT.FP), Pe. (9-3-19)
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Similarly we define . #*T by the equation
(F*T,P) = (T.F*), ¢e¥ (9-3-20)

and it is easily shown that .# T and # *T are tempered distributions.
_ To prove the Fourier inversion theorem for distributions we put
T = #7Tin (9-3-19) to obtain
T.4> = (T.F ¢>.
Writing @ = F¢. ¢ = F*d we see that this is equivalent to the relation
(T.O) =(T.F*D), OQe¥
and by (9-3-20) we see that this in turn is equivalent to
(T.®) = (F*Td), oeg
showing that
T=%T = T=#*T (9-3-21)

This 1s Fourier’s inversion theorem for distributions.
From the above definitions we have that

(FTY.9) = —(FT.¢)
= —(T.F¢"
= (TiEP(&))
= (ET.®())
= (ET.F¢>
= (F>UixT).¢(x))

showing that

(FTY = iF(xT). (9-3-22)
On the other hand

(FT.¢) =T . F¢>

= (T.®)

—<(T.9")
—(TF(ixg))
—i{FT.x¢)
—i(xFT.¢)

showing that
FT = —ix¥T. (9-3-23)
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These results can casily be generalized to
(FN = 7F(¥T). (9-3-249)
FT = (-ix)FT. (9-3-25)
In particular
(Fox — a)d(x)) = (5(x — a).D(x)) = P(a).
But
Ba) = 2m)~ e 9(0))>
so that we may write
Flo(x — a):é] = 2n) "t (9-3-26)

Putting a = 0 we have the special case

F[o(x);E] = 2m) L. 9-3-27)
By (9-3-25)
F[6"(x);E] = 2n) Y (- iE)". (9-3-28)

Using the inversion theorem we can rewrite this in the form
Q) 67(x) = FH(=if):x] = FLGE);x]
from which we deduce that
Flx"E] = (=iy(2n)t 6(8). (9-3-29)
There is a convolution thecorem for the Fourier transforms of distribu-
tions the nature of which we shall only outline here. Given two distributions

T, and T, we define their tensor product Ty x T, in terms of test functions
which are of the class .# on the Euclidean plane by means of the equation

(T} x > = LT ()LT(N)Px. ¥,
We then define the convolution T;*T, by the equation

(Ti3T1.¢) =T} x T.d(x + §)).
With this definition it can then be shown that if 7, and T; are distributions
with bounded supports whose Fourier transforms are denoted respectively
by 7, and 7, then

F(TsTy) =T,-T,
For the details of the proof the reader is referred to Chap. 7 of Zemanian,
(1965).

L S A )
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9-3-6 INTEGRAL TRANSFORMS OF DISTRIBUTIONS
Other integral transforms—such as the Laplace. Mellin, Hankel, etc..—of
distributions can be defined in a similar way. As in the case of the Fourier
transform the basic difficulty is defining a suitable linear space of smooth
functions in terms of which to frame the definition of the transform.

A complete account of recent developments in this area is given by
Zemanian (1969), to which the reader is referred.

PROBLEMS

9-1 If ¢(x)isa function of x in the ordinary sense of classical analysis such
that there exists a positive integer m for which (1 + x?)~"¢(x) € o/y(R).
show that the sequence {¢,(x)},Z, defined by

P, (x) = fr ep,(t = X)e™ 7 dr,

where p,(7) 1s a positive function of class ¥ satisfying equations (9-1-12)
through (9-1-14), is a regular ¥-sequence.
Show further that it has the property

lim f_” 6,(X)f(x) dx = f_‘ P dx,  fe .

9-2 Determine the generalized functions determined by {¢,(x)},., when

(@) ¢,(x) = f.'f_(ﬁ";);
nx

() @.(x) = rsech?(rx).

9-3 Show that the function sgnx is a generalized function and find its
derivative.

9-4 If ¢(x) and ¥ (x) are generalized functions show that the derivative of
their product is the generalized function ¢y’ + ¢'y.

9-5 I[f the ordinary function g(x) has only simple zeros x,. x,. . .. x,. show
that
- My — X))
Sig(x)! = ) il
O(g(-\)l ; Ig'(-\’,-)[

Deduce that

5(x? —a?) = é [6(x + a) + 3(x — a)}.
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9-6 Prove that, if » is a positive integer, and r > 0.
(@ 6™(x) = (—1)"x""n'd(x)
b) x"*8(x) = 0.

If m is a positive integer (m < n),
N n!
() X*"3™(x) = (=)™ = $™(x).
m!
Deduce that

~ix 3m) - : n jm=m S(m)
) e~ 5" (x) Zo(m)" 5™(x)

n

(e) g(x)0"™(x) = Z —n" (") g"™0)6"™(x), ge A

)
9-7 (a) If f(x) € &, show that
[ rndes
if and only if
|7 ma=o.

By considering

fix) = f., {f(:) ~ nte” f_’; fw du} di

show that if ¢(x) is a generalized function whose derivative is zero, then
@(x) is equal to a constant multiple of the generalized function 1.

(b) Prove that f(x)e ¥ = fi(x) = x"H{f(x) -~ e *f(O)) e ¥.

By considering the integral of x¢(x)f;(x) show that if ¢(x) is a
generalized function satisfying x¢(x) = 0, then ¢(x) is a constant multiple
of d(x).

9-8 Show that the general solution of the equation

x3p(x) =0

O(x) = ¢,0(x) + €,8'(x) + €30"(x)

where ¢,. c,, and ¢, are arbitrary constants.
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9-9 Show that the definition (9-2-7) of |x|* is independent of the value
chosen for n, provided that the condition a + n > —1 is satisfied.

9-10 Show that if 2 < —1 but is not a negative integer.

Mx+1)

@ FLCHWiE) = - o

‘Vl—rx—le—:i(xé lu;n;;

b
(hy Fx]E] = \/;l‘(a: + D& " Teos {$n(x + D)};

_ 2
(c) F[|x|*sgnx;&] = isgnéﬁr(a + D¢} Vsin {4n(x + D).
9-11 The generalized function ¢(x) is said to be odd (even) if
f_‘ AX)P(x) dx = 0

for all even (odd) functions f(x) € <.
Prove that

(a) o(x)is even;
(b) if @(x) is odd (even), then ¢'(x) is even (odd):
(¢) 6™(x) is even if k is even and odd if k is odd;
(d) if ¢(x) is even (odd), then F [¢] is even (odd).
9-12 We define the generalized function x~* to be the odd generalized
function satisfying the equation
x@(x) = |
and x™™, m a positive integer, by the relation
— gt
"= (%;-—_?]),WT (x7h).
Prove that
n (i !

5(»1 - 1)

Flxm:i)] = isgné
9-13 Show that. if n is a positive integer.

(@ Flx"sgnx:{] = \/‘E(“f)’""n!
and deduce that

ol comen L (=10
(h) F[x"H(0):£] = QI [$0™(E) + 5057 |
dnis
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9-14 Show that if f(x) has a power series valid for all values of x, then

; ey /‘2"(0) 2
iF[f(x):¢] = 2, 3 Fx*sgnx:g)
. j‘(lri-li(o)
EJ x):il= x2r+1 )
[Sx):¢] Z 7 “' sgnx;¢]

and deduce that

. . 2 0 () v 0
F1x):E] = ﬁ[’—i—’ - -’C_(,’ " izi‘l . :|

— 20 70 (0 *(0
Z[fxe] = —\ﬁ[—’—ﬁ—’ - -—’C,f, N fé‘,,’ _. }

(That this is truly an asymptotic expansion for all fe & is shown on p. 56 of
Lighthill, 1958.)

9-15 Find the Fourier transforms of the functions

l x? x}—-x+2
Wiy Pare eI

9-16 If (¢,.¢,.45) are arbitrary orthogonal curvilinear coordinates with
Lame coefficients h,.h, hy, show that

or — 1) = (hhhy) '0(qy — q)0(g2 — 42)8(q3 — q3).

Write down the expression for 8(r - r') in:

(u) cylindrical coordinates (p.¢.z

(b) spherical polar coordinates (r.0). ¢)
and the corresponding expressions for &(r).
9-17 Show that a line source of uniform density o distributed along the
z-axis can be represented by the density function (2mp)~'0d(p). and that a
line source of uniform density o distributed along the positive z-axis can be
represented by the density function (2xr?sin0) ™ 'ad(0).

State the corresponding result for a source distributed along the
negative z-axis.



appendix A
Bessel Functions

We shall derive here some of the properties of Bessel functions which are of
most frequent use in the theory of integral transforms. The subject cannot
be adequately treated in so short a space so that only the most important
properties can be mentioned even briefly. For a fuller discussion of these
topics and of further properties of Bessel functions the reader is referred to

the standard treatise on the subject:

G. N. Watson, “The Theory of Bessel Functions™ second edition.
(Cambridge Univ. Press. London, 1944).

A-1 BESSEL'S DIFFERENTIAL EQUATION

If we seek solutions of Laplace’s equation in cylindrical coordinates (p.¢.2)
w1 du 1 % | %
—S+t-—=+ 553 +5=0 A-1)
p? + pdp  pPégp*r 8 (A-H

508
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of the form

u(p,d.z) = R(ple s=+ive (A-2)
where R(p) is a function of p only we find. on substituting from (A-2) into
(A-1) that

d’R 1 dR , 2

— -t - —=|R=0.

T dp (C 0’

If now we change the independent variable in this equation from p to
1 = p. we find that R satisfies the ordinary differential equation

d*R 1dR v
ao L 2z | = = &p. .
T YT +( ’,)R 0. 1=¢ (A-3)

The equation (A-3) is called Bessel's differential equation.
One of the standard ways of solving a linear ordinary differential
equation of this type is to assume a power series solution of the type

R = 2_‘0 a1”*’,  (ap # 0)

and substitute in equation (A-3) to obtain, by equating coefficients of 1#*"~2,
the recurrence relation
{p+r?—va, +a,_.,=0
and. by cquating coefficients of +#~ 2, the indicial equation
p? =
giving possible values of p.
Taking p = v we then find that the function defined by the infinite

series

. (_ | )’(il)” 2r
MO= 2 Are v 7 (A-49)

is a solution of Bessel's equation (A-3).
If v is neither zero nor an integer the function J_ (7) will also be solu-
tion of Bessel’s equation so that we may take the general solution to be

R=cJd )+ c,J_,n) (A-5)

where ¢, and ¢, are arbitrary constants.

Where v is zero or an integer the functions J,(r) and J_,(¢) are not
linearly independent. We therefore take as the second solution of Bessel's
equation the function defined by the equations

\ uumhnp.p, v
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n=1
2 1 (n—r = D2V
V) =~ Ay + logdnj () - 7 Z — (;)

r=0
l x __] Wty n+2r
-z Z ‘—r—'();(i-_,;)—'— {o(r + n) + (0} (A-6)
r=0 : ‘
where y denotes Euler’s constant and
ol
o=y < (AT)

The function Y,(x) is called Weber's Bessel function of the second kind of
order n: it is sometimes denoted by N,(x).

In other words if v = #, a positive integer or zero, Bessel’s differential
equation has general solution

R = c 3 (0 + e, Y, (). (A-8)
A-2 RECURRENCE RELATIONS
If we differentiate both sides of the equation
-5
and make use of the identity
Frv+r+)=F+nlE+r)

we obtain the equation

x

d ! (__ ”'(_})v¢2:°1,2v+2r-l
— Iy |-
7N ok ,Z; rr(v + 1)

which is easily seen to be equivalent to the recurrence relation
d

p (I} =, (), (v >0). (A-9)
In a similar way we can establish the relation
%{‘_'jv(’)} = =" (0. (v > =1 (A-10)

Carrying out the differentiations we find that these equations are equivalent
to the equations
() = 1), (1) — v, () (A-11)
1,(0) = v (1) — 1 ylr) (A-12)
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KLl

respectively. Eliminating J,(r) between these equations we obtain the further
recurrence relation ;
]

3o + 3 = 230, (A-13)
A-3 INTEGRAL EXPRESSIONS FOR J.(1)

If we replace the cosine term by its series expansion and interchange the
order of summation and integration we find that

2x 4 (-1 2x
f cos(rcos ) dit = Z v 1”J~ cos¥ B db.
r=0 o

o r)!

Now

2n' J, (r?

&

1 2x I
—Ti J. cos® 0 df = 2n(}) —

so that

2x @ _ , .
f cos(rcos ) df) = 2n S__:r)_%fl_
V] = [

In other words we have shown that

2x
Jolr)y = -I—J. cos(rcos®) di. (A-14)
2r Jo
since
J-z' sin(1cos ) d6 = 0
[}
we can write this last equation in the alternative form
] 2x
J = — itcond 1. A-IS
oll) n J‘o 4 ( )
Another form:
2 ("
Jolt) = ;J cos (7 cos ) do (A-16)
0

is known as Poisson's integral for J(¢).
These results may readily be generalized by considering the integral

f‘ sin2" 0 cos (1 cos 8) dO, v > -4
1]
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Expanding the cosine factor in ascending powers of ¢ cos 8 and making use of
the duplication formula for the gamma function

FHr@:) = 242°'roriz + 4) (A-1T)
in the form
1 ré)

@ - 2¥r'T(r + 4)

we readily show that

THre+5H Jo

If we put v = 0 and recall that ['(}) = \/n. we may recover (A-16) from
(A-18). We also note that

1,3v n
J()y = —M————j‘ sin?* 0 cos (7 cos §) do, (v> —4). (A-18)

FErv

is equivalent to (A-18).
A second integral representation for J (1) is

J,@) = ——(J"—)v-—-—- l (] — 2Py g v>-9 (A-19)
“ I R :

J(t) = f cos(tsinf — v6) do
1]

— sin(vm) J-m u " exp {-%1 (u - 5)} du.  (A-20)
1

In particular if n is a positive integer

Q-

J.(t) = ;];f cos(tsin ) — nb) db. (A-21)
0

A-4 RELATION BETWEEN THE BESSEL FUNCTIONS AND
CIRCULAR FUNCTIONS

If we put v = § in (A-4) and make use of the duplication formula (A-17) for
the gamma function. we obtain

= 2r 41
‘57")*]’(1) = Z (=" (‘2"*;’-]-)—; = sin/
r=0 :

which is equivalent 1o the equation

5,0y = (2 sins (A-22)
*(l)-— -n:—" sint. 2
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Again. if we put v = —4 in (A-4) we obtain the relation

2\
Joyn) = (;) cost. (A-23)

A-5 DEFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS

It is easily seen that equations (A-9) and (A-10) are equivalent to the
equations

,
“—‘ {(xF(EX) = Ex*F,_ (EX) (A-24)
Eir (XTILEN)) = —ExYE,, (ExX). (A-25)

Integrating both sides of (A-24) with respect to x from 0 to a. replacing v by
v + 1 and using the fact that x**'J,, ,(x) = 0 as x = 0 if v > 0 we obtain

the definite integral

a vl
f X 1, (Ex) dx = a—é—.lv,.(éa). (v > 0). (A-26)
[}

Putting v = 0 in this result we obtain the integral
? a
J‘ xJo(Ex) dx = < 3, (Ea) (A-27)
0 3

which is used repeatedly in the application of the theory of Hankel trans-

forms to special problems.
Further we can write

j P& dx = f .vzé £ 1,80} dx

o 0 °x
.3 2 e
= [; J 1(€-r)]: ~: J; x2,(&x) dx.

Now we can evaluate the integral on the right side of this equation merely by
putting v = 1 in equation (A-26). Substituting this value and making use of
(A-13) with v = | we obtain the equation

a 2 4
j x3o(Ex) dx = -‘% [250(60) + (a{ - —-)J,(éa)]. (A-28)
0 ¢ 3
Combining cquations (A-27) and (A-28) we obtain

“ 4a 24?
f x{at — x)o(Ex) dx = & J(éa) — &7 Jo(§a). (A-29)
L]
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A-6 INFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS

If we use Poisson’s formula (A-16) we find that

(f %

e~ Plglan dr = EJ e ¥ dlf cos (at cos 6) do,
n

JO 0 0
Interchanging the order of the integrations and making use of the result
f*oc p
IR e P cos(atcos 8) dr =m' (Rep > 0)
we find that
rr

- 2p [ do
Py (at)dt = — e
Jo € olat) dt = J; p? + a%cos*0

Writing the integral on the right as
4= sec? 0 df)
o (p* + a®) + p*tan®d

and making the substitution # = tan 6, we see that it has the value

| du _ =
Pt o Wt + k¥ 2p%k
where k2 = (p? + a®)/p? and hence that
fo"‘ e~Mlglar) dt = (@* + pH)~}.  (Rep > 0). (A-30)

Differentiating both sides of this equation with respect to p we obtain the
equation

J.: te™?lo(aty di = p(a* + pHi. (A-31)
On the other hand, differentiating with respect to @ and using J5(2) = —J,(2).
we obtain

f: te~P} (at) dt = a(a® + p?)~ 1. (A-32)
These results are particular cases of the general formula
L " pemmygan di = = ;2;'*“’ rdu + %;(: ;)T)(ff(‘;: v+ D

2
x o F (iu + v+ Ly = bl + v;a’:—pz) (A-33)

/
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where. as is usual, the hypergeometric function ,F; is defined by the equation

(a'),(b), X', (a)' = a(a + I) Lol ladr ~ l)
&g i),

1Fa.b.cix) =

letting p tend to zero and using Gauss’ formula

INco)(c = a—5b)

Tle —altc = h) by’ c>a+ b

Flabiel) =

we find that

. _2Td + du + )
'L ! .l,(al)d’ - au*lr(% —_ %‘1 + ‘&\').

Equation (A-33) can also be rewritten in terms of the associated
Legendre function P}:

f pe P (arydr = AT+ P'{ p } (A-35)
0

(A-34)

(02 +p2)gu+9 u ((12 +p2)§
In addition, we have the formula

J. Ve (ary di

0
2

a'Tu + iv) a
= 5 hAz*h - \ Fi{de + dviv + - (A-36)
2% I+ v 4

wherev> =1 .y + v > 0.Rep > 0and

o) = \ @, .
1Rlab.x) = Zr!(b),x

r=0

of which an important special case is

.[)‘ e (ar) di = (—2;:;—"1‘1- e elds, (A-37)

Al



appendix B
Tables of Integral Transforms

We collect together here the main formulae derived either in the text or in
the problems to provide short tables of the integral transforms in most com-
mon use.

Unless otherwise stated, a, b arc assumed to be positive constants and
k. m, and n are assumed to be positive integers.

The most complete set of integral transforms is given in Erdelyi et al.
(1954). Other collections which should be consulted are those of Campbell
and Foster (1948), Ditkin and Prudnikov (1961). McLachlan and Humbert
(1950), and Oberhettinger and Higgins (1961).
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B-1 FOURIER TRANSFORMS
- ) A Fian:él Reference
Fi ! v2mé?) (9-2-15)
F2 [ Omisgné (2-7-5)
F3 m’z + '? ! Reta) > 0 JUma e (2-7-3)
1 > (1 -
F4 ta® + 1) L Rea) > v ~jigdmya e F4 & (2-3-16)
FS (=07 '+ 0 'HA = i) 2°*%-45-4p8(g p),F, (h:a + b:2iZ)  Prob.2-13
Fé FUOHT — ey E83,, (D) Prob. 2-14
F7 e (xeR) @0 + ) 9-2-22)
F8 e Vr'(2,/1r)a(al + )t 2-1-3)
F9 st VQm2aid@® + §H? (2-7-8)
Fi0 fefe== VM@t - @ + §)2 2-79)
Fil e 24Tt i¥ (2-7-13)
Fi2 17 43,.040 fPAEH = [¢) Prob. 2-14
Fi 1cosecht Vrem(l + e)? Prob. 2-20
I -1 ‘
Fi4  sinh(ar)cosech(fr).0 <ax < f§ viimp "m(’fx prx Prob. 2-21
x {cosh (n&if) + cos(map)i~?
Fi5 cosh(ar)cosech(fr).0 <x < § IV (Gm)p~ ! sinh (A >
x fcosh(né.f) + cos(nx:By) !
Flé 10)] (2n) ! (9-2-19)
F17 Stir+ p).s %0 JA]7 2Ry re e 9-221)
Fi8 3%r) (—iE)@n) -t 9-2-19)
Fi9 " (b2 SSTARF LUTS) (9-2-20)
20 0= rH T+ D s temasims prob 9-10
(2 < =1 but not an integer) N3]
~3- 1
F2i e _ vmTEE + D x . Prob.9-10
{x < — bul not an integer) x cos {hrix + D}
Far o] sgn s - isgn & Qmlx + .l)[flv X ,  Prob. 9-10
(x < — ) but not an integer) x sin (§xn(x + 1)}
F23 i*sgns V@ ig) ke el
' amit[1sme + CUE Prob. 9-13
F24 *H() V@Mt %0 + Inih e :
B-2 FOURIER COSINE TRANSFORMS
fin FLHn:&] Reference
cl #lo<p<l V2mEPT(p)eos(dpm) (27-2h)
2 @ + %) “Reta) > 0 vima e 70
bLUdma e s+ af) 2-7-6)

a3

@ + ) L Re(a) > 0

(continued overleaf’)
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B-2 FOURIER COSINE TRANSFORMS (continued)

THE USE OF INTEGRAL TRANSFORMS

0 Flan:&] Reference
C3 e ™ Jmala® + 7! 2-1-1)
Cs e J@ana® - Eya? + 7?2 (2-7-6)
oL (2jm)-(n ~ 1)y'r~"cos(nb),

. a~1 _~ar ~ . 2-10
Cé 14 € o= V‘/‘az + CZ)' g = lan‘":/ﬂ) Prob. 2
(o} e o 274y temtthe? (2713

2 2
C8 e — e (0 < b < a) 2m)~4 Iog%—}-é—z Prob. 2-26
9 cos (%) 1Ay D fcos 4E%) + sin(4¢3)} (2-7-15)
Cl0 sin (412) 1/(y 2) {cos (4E2) ~ sin(§&2)} (2-7-16)
Cll (@ = HHa - 1n.(v> -} 274y + hated (wé) (2-7-19)
sinh (af) , sin (2 f)
Cci2 ———— < a< Groyp? PRt Prob. 2-21
sinh (B1) b vamp cosh(n&/B) + cos{nxz/B) o
. cosh (z21) ) cos(na'2f) cosh (=E/28)
C13 Sl 0<cax< /MR N . 2-
cosh (ft) B vemp cosh (r/B) + cos(na/f) Prob. 2-22
Cl4 b + 3 an VUAne te iyab). & > a Prob. 2-34
ClIs P VMK @) {6-1-8)
_ (@ - &) *Hia - &)
Cl16 ~Igar) v > — ———— e -7-
ar), v H Tt D 2-719)
C17 Kotar) ina? + &y {6-1-5)
C18 K. ta) Viime o (6-1-9)
B-3 FOURIER SINE TRANSFORMS
1) EATGRY! Reference

S1 s v@msen{ (2-74)
s2 Tl <p < V2§ T(p)sin(ap) 2-7-22)
S3 A &t (2-7-23)
sS4 Ha* + 1)} Vidme = (2-7-2)

S5 fa® + 1372 Qr) 4a g™ (> 0) 2-7-1
S6 Tl PLIEN S JGra 31 = e %) (& > 0) (2-834)

S7 e VimEa? + &) (2-7-1)

S8 e V(@2i)2adiat + )7 Q-7-7

ot mu v (2:mHn = 1)Ir *sin (n6),

9 e r= @ +¢,0=tan tq Frob-210
slo P SR PRET It s 2-7-14)
S11 rleme V(Zman~ ' ¢/a) Prob. 2-26
S12 e -} tHu - 1n.v> 4 2278 Ty - D (Ea) (2-7-20)

{continued)
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A0 Z{An:p) Reference

' sinh (x&/B)
cosh{n{/B) + cos(nz, B)

o (e 28 sk (e 2
st4 sinh(20) o & 5 < g Jemgr Snma2fsinh(xl2B) o0

S13 @) 4 ca<p vamp !

. Prob. 2-21
sinh (1)

;::);h(ﬁt)' cosh (n&/f) + cos(;r.z/’ﬂ)
E(gd — E2y-4 _
S1s 0, v > i 2,_fa?r(‘_H_("5) £ a0
s16 1~ Uglat) {"’,‘5")‘ S O<a<i Prob. 2-33
V2imsin T ({e),0 < <a
St7 1b? + 12)" Vytar) Jame ¥lyab) &£ > a Prob. 2-34
Si8 17" H,(1) F(%igﬁ“ - & tH - ) Prob. 2-38
B-4 LAPLACE TRANSFORMS

Ji) [ fi).p] Reference
L i Pt (329
L2 r(v> -1 pTMIv+ 1) (3-2-3)
L3 Pad (p—a) . Rep>a (3-2-6)
L4 cosh at ppt —d*)y L Rep>a (3-2-7
LS sinh ar a(p* ~a®) " Rep >a (3-2-8)
L6 fcoshat (p? + a®)p* - a®) L Rep > a L5&(3-3-12)
L7 tsinhar 2aptp* — a*)"* Rep > a L4&(3-3-12)
L8  {atcoshar — }sinhar ap? ~ a’) . Rep>a LS. L6
L9 coshar + Yarsinhar pUp? ~a’) L Rep >a L4.L7
L10 cosat pp? + ahy! {3-2-5)
L1l sinar a(p® + a¥) ! (3-2-4)
L1 tcosat (pt = a¥¥p* + aM)? (3-3-14)
Li3 Isinar 2ap(p? + a*)? (3-3-15)
L4 {sinar — Yatcosan a*(p? + a?)7? Li1L12
LIS {sinar + Yarcosar ap¥(p? + @) L2
Li6 cosat — Yatsinar rp* + a7} L10.L13
L7 £V sin (ar) cot ™! pra) (3-3-22)
Lig Si(?) pleot tp (3-5-5)
L1y Ci(r) ~(1:2p)log (1 + p%) (3-5-10)
L20 e i xth " 1eP ™ Erfe(p b) (3-6-8)
L21 Erf(¢/2a) p le”'” Erfctap) (3-6-10)
L22 Erf(ayr) ap Yp + a*)t (3-6-12)
L23 Erfcayn) p 1 - atp + a1} {3-6-12)

(continued averleaf)
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B-4 LAPLACE TRANSFORMS (continued)

Jtr)
L24 e Eefc(ay 1)
L25 Erfc(a/\/1)
L26 17 iemen
L27 t~demen
L28 t"Igar). (v > =5
L29 i (an, (v > =h)
L30 "] (at)
L3 1" (an)
L32 L (v> =}
L33 > =4
L34 D> 0
L35 I Qyan. (v > =)
L36 H2a 0. (v > =~}
L37 "0 (1sin )
L38 lian (v > =4
L39 e N (an) (v > =)
L4 12/ at)
L4} ey M x)
L42 K. ). (reR)
L43 1 ¥eosayr)
La4 £t singay
L45 sintay't)
Ld46 SN
L47 L.(t)
L43 et Z a,L,(2bt)
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ZLARn:p] Reference
pHpt +a)! (3-6-16)
ple" v Rep > 0 (3-6-17)
(n/p)te 2~“® Rep > 0 (3-2-13)
(mjcPe” 3P Rep > 0 (3-2-14)
Qayn AL + 4(p? + a4,
bip ) (3-7-3)
Rep > 0
7l’~’2'”u'pr(v+ N 2 +a2’—v-,‘
by (3-7-6)
Rep > 0
{2ny! . PURN
Foni Sp*+a )" L Rep >0 Prob. 3-12
2+ 1 .
i a"(p* + d*) "L Rep>0 Prob. 3-12
PP+ 1) Hp + Y(p? + D
d e ! Prob. 3-17
Rep > 0
{p+vJpr + hijp* + D74 x
X ip+ J(p* + D Rep >0 Prob. 3-17
vHp + V(PP + 1))V Rep > 0 Prob. 3-17
at’p=r e %7 Rep > 0 (3-7-8)
a?
Ve T (E) Rep > 0 Prob. 3-18
(1 ~ 2pcos® + p*) L. Rep >0 Prob. 3-14
TN PR R
Q@' Wy + p? =¥y, A1)
Rep>a>0
vel -4 , 2 _ py-v—¢
20w iply + $p a?) . (71
Rep>a>0
at'p 1% Rep >0 (3-7-13)
- —dm1 1 _ -
(p — a) expl—x(p —a) " (379
Rep>a>0
nsinfar)
————— - (p = coshx) (6-1-34)
sinh a - sinh (1) r
tniple ¢ % Rep > 0 Prob. 39
Erftlap ). Rep > 0 Prob. 39
tunip=le o47 Rep > 0 Prob. 3-9
p ttanh(ipt). Rep > 0 {3-8-4)
P Np—1r.Rep>0 sec. 3-12
I T b)‘
b Zu'(\p + b,
e G4

Rep>b>0

fcontinued}
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i) ./‘[Ill) p] Reference
L49 E(n - log(p + 1) ch >0 Prob. 3-8
LS H1) p dcoth(p). Rep > 0 Prob. 3-25
B-5 MELLIN TRANSFORMS
n r) M [/(\) 5] Reference
M1 (l - x)'! ncol(ns) 0 < Rey <1 (4-1-22)
M2 (1 + ! ncosec(ny). 0 < Res < 1 “-1-13)
M3 (1 + x9°t Tt u)l:(«h:—-af) 0 < Res < ab (4-1-14)
al'(h)
M4 T(\)Hl_l7~ Xx) 27%xT(s)
' v -y T+ bs+ Imld + §s = in)’
Res >0 Prob. 4-26
1 _ 32 _
M5 T(\ }H(l L x) f(!_rl + 5:)]‘(%:7 {m) o n Prob. 4.27
(I - x%) I(s)
s
M6 PAOH(I = x) (da)Tds + b
s ~ dn + J)F(iv +in+ 1y
Res > 0 Prob. 4-6
-1 _
M7 Pux HHA - x) M A+ DTs = 4m oo n Prob 45

LG + 1)
274 (hT(s)

M8 (1 - xH¥p YoH - e e . Prob. 49
r(}; St b e b v+ b+ D
Res > min(O,v — 4 — 1)
XN~ Xy E(x at-a-s -
M9 { *) S x - n’)r(»g i»r( H + n)n‘ + " ‘), Prob. 4-8
x H(l - x). (g > 0) 'r(vmr(gy)r(}s +n 4
Res > 0 Prob. 4-8
Mi0 (1 - ¥ 4CHx M x 27+ 20T s - dnT(ks +4+ §n)
x H(l = x). (i > 0) ARG + 24
Res > n Prob. 4-7
I
Mil *xeosé meosB) L Res < |
- lrcosd) + x? sin (ym)
-R<¢p<n Prob. 44
miz o e mA008) o Res <
I -~ 2xcos¢ + x stn (sm)
~-n<P<n Prob. 4-5
MI3 e I'(s), Res > 0 (4-1-11)
Mi4 e {rds) Res > 0 M
Mis cos X I(s)cos(dns). 0 < Res < | 41-7
Mlb sinx I$)sin(ns). 0 < Res < 1 wux)

(¢ ontinue d owrlral )
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8-6 _MELLIN TRANSFORMS (continued)

fix) H[fix):5] Reference
e”*™# cos (¥ sin @), ]
Mi? jr<é<in I'(s)cos (s¢), Rex > 0 Prob. 44
e " gin(xsin d), .
M!I8 “ir< ¢ <in I'(s)sin(s@), Res > —1 Prob. 44
22707k
I > - S -
M1Y I Ax) vy > ~4 o~ i s ) < Res < 1 (4-1-9)
=270 s + dvl(ds — §v) x
M20 YVl veR x cos(ds — jv)n. Jv| < Res < # Prob. 2-37
M21 K, x),veR 27(4s + $Ids — {v).Res > v > 0 Prob. 4-22
s~ 1 r .
M2 H (v veR 2 tan(ns + Iailds + by)

rdr =45+ 1)
—1 — v < Res < min{}, 1 = v) Prob. 2-38

B-6 HANKEL TRANSFORMS

fix) > [Nx):¢] Reference
Hi x"H(a = x) e, ) (554
Prds+ v+ §
H2 ' (-v - Re: 3 e 21
ks (-v—-1<Res<v+1) ~"”r(§"—is+§) (2-10-7)
@ — X" Ha - x), -1 v- ¢
H3 >y >0 iy T = vIargr=*),(5a) (5-5-1)
H4 X le QORI + Ifa? 4 &) "8 (5-5-14)
Hs -‘ve—u z.tlevau-ir(v + i)(az + ;2)~v~9 ‘5_5_15)
H6 xlew E@ + 3 a4 @t + BT (55-16)
Ea + & ta + v (et + X .
7 -ex A -5
H y xla+ Jiat 4+ gy O
HS .“'f-x““ ('%‘,J)I+l:ve-*:l.: (5_5-19’
H9 u,,~xtad C'a."+2 r
x'e ;z-m-l—_?r;—;-) x Il +§u+§v)x
x (Fi(l +4p + dviv 4 1;-1a*8)  Prob. 51
B-7 KONTOROVICH-LEBEDEV TRANSFORMS
Nx) H[fix)it] Reference
KLI 1 Jnr ! cosech (dar) Prob. 6-3 (b)
KL2 x kn sech (4n) Prob. 6-2 (b)
KL3 e nt ! cosech (nt) ‘ Prob. 6-3 (¢)
k4 a mlcothir) Prob 63¢d) _
(continwed)
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fix)
KLS xe "
KL6 e
KL7 Xe e
K L8 o~ xconht
K L9 xe o

B 8 MEHLER FOCK TRANSFORMS OF ZERO ORDER

MF4

MFS

MF6

MF7

MF8

MF9
MF10

MF1}

MF12

MF13

MF14

f(v)

x "t (nz22)

x*tmz2l

(x+1)!

(x + 1) ="!
(x+ 1)}

(x + 1=}

(x+ 1}
(x+ 1)¢

(x —cosfi) !

(x —cos iy !

€

e**eila + ax)
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.f[ﬂ\‘) r]

nrcosech (nt)
nt " ! cosh (t1) cosech (n1)
nsinh {r7) cosec 1 cosech(nr)
nt” ! cos (tt) cosech (nt)

nsin (t7) cosech t cosech (nt)

Reference

Prob. 6-2 (¢)
Prob. 6-3 (a}
Prob. 6-2 (a)
Prob. 64 (a)
Prob. 6-4 (b)

o[ A1x): "]

Re[erem‘e

v 2sech (dnr)
4/ (2)1 cosech (§n7)

"“"ﬂ’t cosech(im) s
5 &) I]( + it

rel

2"' ’n’scch(&nt) 2 2
- [:(T,*n“rg” I:II {r =1 + 4%
nsech(nr)P 4, (1)

(—tr .

’m(* Ksech(nr)(lz —-— l) ,‘-PA’vh.(’)
\2cosh {rcos™ i}
umh(m)

(—l)""’z'"‘m' 7 il ; -
nmh(nr)(Zm)' ti- cosh {rcos™ )
2,/(2)t cosech (x1)

§./(2)1° cosech (n1)

_coxh (m - ﬂt)

\,

4 smh (1!1’)
22 cosecB smh (nt -~ [Ir)
sinh (mt)

VQ2ira)K, (a)
J(2:7a) sech (r1) K, ()

(7-6—"3)
(7-6-24)

(7-6-25)

{7-6-26)

(7-6-27

Prob. 7-4
(7-6-9)

Prob. 7-5

Prob. 7-3
Prob. 7-3

Prob. 7-1

Prob. 7-}

(7-6-22)
(7-7-3)



Bibliography

Abramian. B. L., Arutiunian, N. Kh., and Babloian. A. A., 1964: On two contact problems
for the elastic sphere (in Russian), Prik. Mat. i Mekh.. 28, 622: Engl. Trans. App. Math.
& Mech., 28, 769.

Amerbaev. V. M.. 1961: A finite Laplace transform (Russian). In=-Fiz. Z.. 4, 109.

Babloian, A. A.. 1964: The solution of some dual integral equations, Prik. Mat. i Mekh..

28, 105: Engl. Trans. App. Math. & Mech.. 28, 1227.

Bartels. R. F. C., and Churchill. R. V., 1942: Resolution of boundary problems by the use of a
generalized convolution, Bull. 4Amer. Math. Soc.. 48, 276.

Beckenbach. E. F. (ed.), 1961: “Modern Mathematics for the Engineer. Second Series,”
McGraw-Hill. New York.

Berg, L., 1967: “Introduction to the Operational Calculus,” North Holland Pub. Co..
Amsterdam.

Birkhoff. G., and Rota. G-C., 1969: “Ordinary Differential Equations.” Blaisdell Pub. Co..
Waltham, Mass.

Bochner, S.. 1932: “*Vorlesungen dber Fourierische Integrale.” Akademie-Verlag. Berlin.
1959: Lectures on Fourier Integrals (Ann. Math. Studies No. 42), Princeton University

Press.

----- and Chandrasekharan. K.. 1949: Fourier Transforms (Ann. Math. Studies No. 19).
Princeton University Press.

Brown. H. K., 1943: The resolution of boundary value problems by means of the finite Fourser
transformation. J. Appl. Phys., 14, 609.

524



BIBLIOGRAPHY 525

—----— Bruyn de. N. G.. 1967 Uncertainty principles in Fourier analysis_ in Oshiva “*Inequali-
ties,” Academic Press, New York.
Campbell. G.-A.. and Foster. R. M., 1948: “Fourier Integrals for Practical Application.”
John Wiley & Sons. New York.
Carslaw. H. S.. 1930: “Fourier Scries and Integrals,” 3rd edition, Macmillan, London.
— « and Jaeger. J. C., 1953: “'Operational Methods in Applied Mathematics.” Oxford
University Press.

Chadwick. P.. and Powdrill, B.. 1964: Application of the Laplace transform method to wave
motions involving strong discontinuities, Proc. Cambridge Philos. Soc.. 60, 313.
Churchill, R. V., 1944: "Modern Operational Mathematics in Engineering.” McGraw-Hill,

New York.
1952: Integral transforms and boundary value problems. Amer. Math. Monthiy, 59, 149.
1954 The operational calculus of Legendre transforms, J. Muth. Phys.. 33, 165.
1955: Extensions of operational mathematics. Proc. Conf. Diff. Eqns. Univ. of Maryland,
University of Maryland Bookstore.
1955-6: Generalized finite Fourier cosine transforms, Mich, Marh. Journ.. 3, 8S.
1958 " Operational Mathematics.” McGraw-Hill, New York - 2nded.of Churchill, 1944
- - and Dolph. C. L.. 1954: Inverse transforms of products of Legendre transforms, Proc.
Amer. Math. Soc.. 5, 93.
Cinelli. G.. 1965: An extension of the finite Hankel transform and applications, /n¢. J.
Engng. Sci.. 3, 539.
Conte. S. D.. 1955: Gegenbauer transforms, Quart. J. Math. Oxford (2), 6, 48.
Coulson. C. A., 194la: Momentum distribution in molecular systems: 1 The single bond,
Proc. Cambridge Philos. Soc.. 37, 55.
19415: Momentum distribution in molecular systems: 11 Bonds of higher order, Proc.
Cambridge Philos. Soc., 317, 74.
- - and Duncanson. W. E.. 1941: Momentum distribution in molecular systems:
11 Carbon and the C— H bond. Proc. Cambridge Philos. Soc.. 31, 67.
1942: Momentumdistributionin molecularsysiems, Proc. Cambridge Philos, Soc..38,100.
Dcbnath, L., 1960: On Laguerre transform, Buil. Calcuita Math. Soc.. 82, 69.
1963: On Jacobi transform, Bull. Calcutta Math. Soc., 58, 113.
1964: On Hermite transtorm, Mat. Vesnik. |, 285.
Dirac. P. A. M.. 1947 “The Principles of Quantum Mechanics.” Clarendon Press. Oxford.
Ditkin, V. A_. and Prudnikov. A. P., 1961 “Integral transforms and Operational Calculus,”
Moscow: Engl. Trans. —Pergamon Press, Oxford. 1965.
1968 : Operational Calculus (pp. 1-74 of vol. | of Gamkrelidze. 1968).
Doetsch. G.. 1937: “Theorie und Anwendung der Laplace-Transformation,” Springer-Verlag,
Berlin.
1935: Integration von Differentialgleichungen vermittels der endlichen Fourier-Trans-
formation. Math. Ann., 112, 52.
1950: “*Handbuch der Laplace-Transformation,” Band |, Verlag Birkhauser, Basel.
1955 The same. Band 2.
Duncanson, W. E., 1941: Momentum distribution in molecutar systems: IV The hydrogen
molecular ion H3, Proc. Cambridge Philos. Soc.. 37, 397.
- and Coulson. C. A, 1945: Theoretical shape of the Compton profile for atoms from
H to Ne. Proc. Phys. Soc. London, 87, 190.
1948 : Electron momenta in atoms, Proc. Phys. Soc. London, 60, 175.
Dunn, H. S, 1967: A generalization of the Laplace transtorm, Proc. Cambridge Philos. Soc..
63, 155.
Eddington. A. S., 1913: On a formula for correcting statistics for the effects of a known
probable error of observation, Mon. Not. Roy. Astron. Soc., 73, 359.



526 THE USE OF INTEGRAL TRANSFORMS

Erdelyi. A., 1961 : From delta functions to distributions (in pp. 5-50 of Beckenbach, 1961).
1962: “*Opcrational Calculus and Generalized Functions.” Holt. Rinchart & Winston,
Inc., New York).

-~ {ed.) with Magnus, W., Oberhettinger, F.. and Tricomi, F. G., 1954: ~“Tables of

Integral Transforms,” 2 vols.. McGraw-Hill, New York.

Eringen, A. C., 1954: The finite Sturm-Liouville transform, Quart. J. Muth. Oxford, (2). 8. 120.

Fock. V.. 1943: On the representation of an arbitrary function by an integral involving
Legendre’s function with a2 complex index, Dokl. Akad. Nauk. SSSR. 39, 253.

Friedmann, B.. 1956: Principles and Techniques of Applied Mathematics.” John Wiley &
Sons, New York.

Gamkrelidze. R. V. (ed.), 1968: “Progress in Mathematics,” 2 vols., Engl. Trans,—Plenum
Press. New York.

Gelfand, 1. M., and Shilov. G. E., 1964 -8: “"Generalized Functions.” vols. I. 2, 3, Academic
Press, New York.

------ and Vilenkin, 1964: “*Generalized Functions,” vol. 4, Academic Press, New York.

Goldberg, R. R.. 1961: “Fourier Transforms™ (Cambridge Tract No. 52), Cambridge
University Press.

Goodman, J. W.. 1968: “Introduction to Fourier Optics.” McGraw-Hill, New York.

Halperin. 1.. 1952: “Introduction to the Theory of Distributions based on lectures by Laurent
Schwartz,” University of Toronto Press.

Haskell. N. A., 1935: Motion of a viscous fluid under a surface load, Physics. 6, 265.
1936: Motion of a viscous fluid under a surface load: part U, Physics, 7, 56.

Hirschman. 1. 1.. 1963: Laguerre transforms. Duke Math. J.. 30, 495,

Jones, D. S., 1965: Some remarks on Hilbert transforms, J. Inst. Math. Applics., 1, 226.
1966a: **Generalized Functions,” McGraw-Hill, New York.
19664 : Fourier transforms and the method of stationary phase. J. Inst. Math. Applics.,

2. 197.
Jury. E. 1., 1964: “Theory and Application of the Z-Transform.” John Wiley & Sons.
New York.

Kniess. H.. 1938: Losung von Randwertproblemen bei System gewohnlichler Differential-
gleichungen vermittels der endhichen Fourier Transformation, Math. Z., 44, 266.

Kober, H.. 19434: A note on Hilbert transforms. Quar:t. J. Marh. Oxford., 14, 49.
1943b: A note on Hilbert transforms, J. London Math. Soc.. 18, 66.
1944: A note on Fourier transforms, J. London Math. Soc.. 19, 144.

Kdnig, H.. 1953: Neuc Begrundung der theone der ~Distributionen™ von L. Schwartz, Math.
Nuchr.. 9, 129.

Koschmieder. L.. 1941. Die endliche Fouriersche Abbildung. Deut. Marh. 8, 521.

Kumar, R.. 1952: A pair of functions which are Hankel transforms of each other. Ganita,
3.79.

Kurth. R.. 1965: On Eddington’s solution of the convolution integral equation. Rend. Circ.
Mat. Palermo, (2). 14, 76.

Lagrange. R., 1939: "'Polynomes et Fonctions de Legendre.” Mem. des Sci. Math. Fasic.
XCV1I, Gauthier-Villars, Paris.

Lakshmanarao. S. K., 1954: Gegenbauer transforms, Math. Student. 22, 161.

Lavoine, J., 1959: “*Calcul Symbolique, Distributions et Pseudo-Fonctions,” C.N.R.S., Paris.

Lebedev, N. N., 1949 Parseval’s formula for the Mehler-Fock transform (Russian), Dokl
Akad. Nauk. SSSR, 68, 445, )
1950: Some integral representations for products of sphere functions (Russian), Dokl
Akad. Nauk. SSSR. 13, 449.

Lighthill. M. J.. 1958: “Introduction to Fourier Analysis and Generalised Functions,”
Cambridge University Press.



BIBLIOGRAPHY 527

Loeve. M.. 1960: “"Probabtlity Theory.” 2nd edn., D. van Nostrand, Princeton.
Lowndes, J. S.. 1959: An application of the Kontorovich-Lebedev transform, Proc.
Edinburgh Math. Soc.. 11, 135,
1961: Note on an integral transform. S/4M Review, 3, 162.
1962: Parseval relations for Kontorovich Lebedev transforms, Proc. Edinburgh Marh.
Soc.. (i), 13, 5.
1964: Note on the generalized Mehler transform. Proc. Cambridge Philos. Soc.. 60, 57.

Lukacs. E.. 1960: “Characteristic Functions.” Griffin. London.

Macauley-Owen. P., 1939: Parseval's theorem for Hankel transforms, Proc. London Muth.
Soc.. 45, 458.

McCully, J.. 1960: The Laguerre transform, SIAM Retview, 2, 185.

MacFarlane. G. G., 1949: The application of Mellin transforms to the summation of slowly
convergent series, Phil. Mag.. (vii), 40, i88.

MacRobert. T. M, 1931: Fourier integrais. Proc. Roy. Soc. Edinburgh. 51, 116.

McLlachlan. N. W.. and Humbert. P.. 1950: **Formulaire pour le calcul symbolique.” Gauthier-
Villars, Paris.

Mehler. F. G, 1881: Ueber cine mit den Kugel- und Cylinderfunctionen verwandte Function
und ihre Anwendung in der Theonie der Elektricitatsvertheilung, Marh. Ann. 18, 161,

Mercer. A. McD.. 1963: On integral transform pairs arising from differential equations of any
even order, Quart. J. Math. Oxford, (2), 14, 9.

Mikusinski, . G., 1948 Sur la méthode de généralisation de M. Laurent Schwartz et sur la
convergence faible. Fund. Maith.. 38, 235.

1953: “Rachunek Operatow™ {Polskie Towarzystwo. Warsaw), Engt. Trans.—"The
Calculus of Operators,” Pergamon Press. Oxford. 1959.

Miles, J. W., 1961 Integral transforms (in pp. 68- 99 of Beckenbach, 1961).

Morse, P. M., 1948: “Sound and Vibration.” M¢Graw-Hill, New York.

--— - and Feshbach, H.. 1953: "Mecthods of Theoretical Physics,” McGraw-Rill. New York.

Mott. N. F.. and Sneddon, [. N, 1948: “Wave Mechanics and its Applications.” Clarendon
Press, Oxford ~reprint by Dover Publ. Inc.

Murnaghan. F. D., 1962 "*“The Laplace Transform.” Spartan Books, Washington.

Muskhelishvili, N 1., 1953, ~Singular Intcgral Equations,” Noordhoff, Groningen.

Naylor. D.. 1963a: On a Meliin type integral transform, J. Math. Mech.. 12, 265.
1963h: On a finite Lebedev transform. J. Math. Mech., 12, 375,

1964: On a Lebedev theorem. J. Math. Mech.. 13, 353,
1966: On a finite Lebedev transform, J. Math. Mech., 18, 458,

Nobie, B.. 1958: "Methods based on the Wiener- Hopl Technique.” Pergamon Press. Oxford.

Oberhettinger, F.. and Higgins, T. P.. 1961 Tables of Lebedev. Mehler and generalized
Mehler transforms, Boeing Sci. Res. Lab. Math. Neie 246, Scattie.

Olevskii. M. N_, 1943: On a generalization of Bessel functions, Dokl. Akad. Nauk. SSSR. 40. 5.
1949: On the representation of an arbitrary function in the form of an integral with a
kernel containing a hypergeometric function (Russian), Dok!. 4kad. Nauk. SSSR,
69,11,

Palama. G., 1937: La trasformazione di Laplace e i polinomi di Laguerre € di Hermite, Rend.
Inst. Lombardo di Sci. e Let., 70, Fasc.. 3.

1938 Sulla trasformazione di Laplace di alcune note voli funzioni e su alcuni noti
sviluppi in scnie, Math. Z., 44, 347.

Paley. R. E. A. C,, and Wiener, N., 1934: “Fourier Transforms in the Complex Domain.”
AMS Colloquium Publ., XV, New York.

Papoulis. A.. 1963: “The Fourier Integral and its Applications,” McGraw-Hill, New York.

Pauling, L., and Wilson, E. B., 1935: “Introduction 1o Quantum Mechanics - with Applica-
tions o Chemistry,” McGraw-Hill, New York.



528 THE USE OF INTEGRAL TRANSFORMS

Podolsky. B.. and Pauling. L., 1929: Momentum distribution in hydrogen-like aloms, Phys.
Rev.. 34, 109.
van der Pol, B., and Bremmer, H., 1950: “‘Operational Calculus based on the Two-Sided
Integral,” Cambridge University Press. London.
Post, E. L.. 1930: Generalized differentiation. Trans. Amer. Math. Soc., 32, 373.
Powzner, A., 1948: On differential equations of Sturm- Liouville type on a half-axis (Russian},
Mat. Shornik, 23, 3. Engl. Trans. - Amer. Math. Soc. Translation No. 5 (1950).
Ragab. F. M., 1965: E-Transforms. Math. Res. Center Univ. of Wisconsin Rpt. No. 563.
Riesz. F. and Sz.-Nagy. B, 1955, “'Functional Analysis”, Ungar Publ. Co. New York.
Roettinger, 1., 1947: A generalization of the finite Fourier transformation and applications,
Quart. Appl. Math.. S, 298.
Sauer. R.. 1958: ""Anfangswertprobleme bei partiellen Differentialgieichungen.” 2ad edn..
Springer-Verlag, Berlin.
Schwartz, L., 1950~ 1: "Théorie des Distributions,” Tomes | & 2, Hermann & Cie. Paris.
1961: *Méthodes Mathématiques pour les Sciences Physiques.” Hermann & Cie. Paris.
1966: “Mathematics for the Physical Sciences,” Addison-Wesley, Reading, Mass.
(Engl. Trans. of previous item.)
Scott, E. J.. 1953: Jacobi transforms, Quart. J. Marh. Oxford. 4. 36.
Slater. L. J.. 1966: "Generalized Hypergeometric Functions,” Cambridge University Press.
Sneddon. 1946: Finite Hankel transforms, Phil. Mag.. 37, 17.
1951: *"Fourier Transforms.” McGraw-Hill. New York,
1960: The elementary solution of dual integral equations. Proc. Glasgow Math. Assoc.,
4, 108.
19614: A note on some relations between Fourier and Hankel transforms, Bull. 4cad.
Polon. Sci. Ser. Sci. Math. Astronom. Phyvs., 9, 799,
1961h: “The Special Functions of Mathematical Physics and Chemistry.” 2nd edn..
Oliver & Boyd. Edinburgh —Interscience. New York.
1961¢: “Fourier Series,” Routledge & Kegan Paul, London.
1965: A relation involving Hankel transforms with applications to boundary value
problems in potenuial theory. J. Math. Mech.. 14, 33,
1966: Mixed Boundary Value Problems in Potential Theory.” North Holland Publ.
Co.. Amsterdam.
1968: A procedure for dertving inversion formulae for integral transform pairs of a
general kind, Glasgow Muth. J.. 9, 67.
1969: The inversion of Hankel transforms of order zero and unity. Glasgow Maih.
J.. 10, 156.
Sneddon. 1. N.. and Lowangrub, M., 1969: “Crack Problems in the Mathematical Theory of
Elasticity.” John Wiley & Sons. New York.
Sobolev. S. L., 1936: Methode nouvelle a resoudre le probleme de Cauchy pour les equations
lineaires hyperboliques normales. Mar. Shornik, 1, 39.

. 1 [* A&YdE
Sélingen, H.. 1939: Die Losungen der Integralgleichungen g(x) = 5 [ "’r-‘-?l--f und deren
L P

Anwendung in der Tragflugeltheorie. Math. Z.. 45, 245.
1953 Algebraisierung der endlichen Hilbert-Transformation, Z. Angew. Muath. Mech..
33, 280.

1954 : Zur Theorie der endlichen Hilbert Transformation. Math. Z.. 60, 31.

Srivistav, R. P, 1963: A note on the solution of an integral equation. Proc. Edinburgh Math.
Soc.. 13, 271.

Srivastava, K. N.. 1965: On Gegenbauer transforms, Math. Studene. 33, 129.

Sterhing. R. C., 1960: Kernels for integral transforms: 1. Chebyshev transforms of the first kind.
Rept. Math. Dept. Northampton Coll.. London.



BIBLIOGRAPHY 529

Svartholm, N., 1945: The binding energies of the lightest atomic nuclei (Thesis, Univ. of Lund).
1947: The binding energies of the lightest atomic nuclei, Arkiv. Mat. Astron. Fysik. 35A.

Nos. 7& 8.
Tamarkin, J. D.. and Shohat. J. A, 1943: ' The Problem of Moments.” Amer. Math. Soc..
New York.
Temple, G.. 1953a: Theories and applications of generalized lunctions, J. London Math. Soc..
28, 134,

19535 La théorie de la convergence généralisée et les fonctions généralisées et leur
application & la physique mathématique, Rend. Mat. e Appl.. (v). 11, 113,
1955: The theory of generalized functions, Proc. Roy. Soc. London. 228, 175.

Titchmarsh. E. C.. 1948: “An Introduction to the Theory of Fourier Integrals.” 2nd edn..
Oxford University Press.

Todhunter. §.. and Pearson. K.. 1893: A History of the Theory of Elasticity,” Cambridge
University Press.

Tranter, C. J.. 1950: Legendre transforms, Quart. J. Marh.. Oxford, (2), 1, 1.

1951: ~Integral Transforms in Mathematical Physics.” Methuen, London: John Wiley
& Sons, New York.

Tricomi, F. G.. 193§ Trasformazione di Laplace e polinomi di Laguerre, Rend. Accad. Lincei,
(vi). 21, 235,

1951: On the finite Hilbert transformation. Quari. J. Math. Oxford, 2. 199.

Uflyand. Ya. S.. 1963: ““Survey of Articles on the Applications of Integral Transforms in the
Theory of Elasticity”” (Russian), Leningrad.

Vilenkin, N. Ya., 1958: The matrix elements of irreducible unitary representations of a group
of Lobachevsky space motions and the generalized Fock-Mehler transformations
(Russian). Dokl. Akad. Nauk. SSSR, 118, 219.

Ward, E. E., 1954 The calculation of transients in dynamical systems. Proc. Cambridge Philos.
Soc., 80. 49.

Watson, G. N.. 1944: A Treatise on the Theory of Bessel Functions,” 2nd edn.. Cambndge
University Press.

Weston. J. D.. 1957: An extension of the Laplace-transform calculus, Rend. Circ. Mat. Palermo,
(). 6, 1.

1959 Operational calculus and generalized functions. Proc. Rov. Soc. London A. 250, 460).

Wheelson. A. D.. 1954: On the summation of infinite series in closed form. J. Appl. Phys..
25,113
1955: Note on the summation of infinite series. J. Math. Phys.. 34, 182.

Whittaker, E. T., and Watson. G. N., 1927: A Course of Modern Analysis.” 4th edn..
Cambnridge University Press.

Widder. D. V., 1934: The inversion of the Laplace integral and the related moment problem.
Trans. Amer. Math. Soc.. 36, 107.

1937: The successive iterates of the Stieltjes kernel expressed in terms of the clementary
functions, Bull. Amer. Math. Soc.. 43, §13.

1938 The Stieltjes transform. Trans. Amer. Math. Soc.. 43, 7.

1941 : *The Laplace Transform.” Princeton University Press.

1961 : *Advanced Calculus.™ 2nd edn., Prentice-Hail. Inc.

Wiener, N, 1932: “The Fourier Integral.” Cambridge University Press.

Wintner, A_. 1947: " Fourier Transforms of Probability Distributions,”” (mimeographed notes:
Princeton University Press).

Wright. E. M.. 1935: The asymptotic expansion of the generalized Bessel function, Proc.
London Muth. Soc.. 38, 257.

Zemanian. A. H.. 1965: “Distnnbution Theory and Transtorm Analysis.,” McGraw-Hul
New York.

1969 *Generalized Integrat Transtormations.” John Wiley & Sons. Inc., New York.



Index of Symbols

A
o)

C. (%)
Citr)

77

3lx)
Ei0)
Erf(z)
Erfc()

F*

Fim
¥

¥
530

eqn. (5-7-3)

eqn. (5-7-4)

sec. 1-8

eqn. (5-4-6)

prob. 4-7

sec. 1-8

eqn. {3-5-1D)

(function space) sec. 1-8
(operator) cgns. (3-17-10. 11)
secs. 9-2-3 and 9-3-4
prob. 3-6

egn. (3-6-1)

egn. {3-6-2)

p. 37

eqn. (2-3-3)

eqn. (2-4-1)

egn. (2-13-§)

egn. {1-5-1)

eqn. (8-1-1)

1z}

eqn. (8-1-36)

cqn. (8-1-34)

eqn. (8-1-5)

eqn. (8-1-35)

eqn. (8-1-28)

egns. (2-9-1), (2-12-18)
eqn. {3-9-1)

Heaviside function. sec. 1-8
egn. (3-21-1)

eqn. (8-8-1)

prob. 2-38

p. 80

eqn. (8-4-7)

eqn. (8-4-25)

eqn. (84-37)

egn. (8-4-44)

eqn. (8-447)

eqn. (8-4-53)

p. 164 and egn. (6-1-D)



INDEX OF SYMBOLS

J,(1)
A0
A
K,(2)
K, (x)
..
g
L 9
L.
/
L.(»)

»
P.(2)
P, (x)

prob. 5-6

eqn. (3-7-1)
egn. (3-7-21)
eqn. (6-2-1)
prob. 4-22 and eqn. (6-1-2)
eqn. (6-1-6)
prob. 5-6

eqn. (3-1-5)
eqn. (3-18-1)
egn. (3-22-1)
eqn. (8-5-1)

p. 180

eqn. (4-1-1)

egn. (8-7-1)

eqn. (8-7-2)
eqn. (8-7-23)
eqn. (8-7-24)
sec. 1-8

sec. 1-8

probs. 3-20. 3-2]
prob. 4-9 and eqn. (7-2-4)

P_;.u(coshz) p. 381

E 4

eqn. (2-12-8)

eqn. (7-4-19)

(function space) sec. |-8
(operator) eqn. (3-20-1)
eqn. (2-5-9)

eqn. (3-5-4)

p. 167

eqn. (5-9-1)

sec. |-8

eqn. (8-3-5)

eqn. (8-3-10)

eqn. (8-6-3)

probs. 4-26. 4-27 and eqn. (8-6-2)

sec. 9-3-1
eqn. (4-2-24)
eqn. (9-2-7)
prob. 2-37
eqn. (4-5-8)
eqn. (3-17-25)
prob. 3-25
eqn. (7-5-4)
eqn. (7-6-16)
eqn. (7-13-4)



Author Index

Abramian, B. L., 414, 524
Amerbaev,. V. M., 468
Arutiunian, N. Kh., 414, 524

Buabloian. A. A., 400, 407, 411, 414. 324
Banerji. D. P, 524

Bartels. R. F. C.. 228, 524
Beckenbach. E. F., 524, 526
Berg. L.. 524

Birkhoff, G.. 442, 524
Bochner. S.. 484, 524
Boussinesq, J.. 109, H11
Bremmer, H., 240, 24), 528
Brown. H, K.. 424, 524

de Bruyn. N. G., 133

Campbell. G. A., 516. 52§
Carleman, T., 525
Carslaw,  H.S., 525
Chadwick, P., 152, 525
Chandrasckharan. K., 524

532

443, 454457, 528
Cinelh. G, 454, 525
Conte. S. D.. 467, 82§
Coulson, C. A 119, 52§

Debnath. L.. 467, 525
Dirac. P. A, M. 485
Ditkin, V. A., 226, 516, 525
Doetsch. G., 424, 525
Dolph, C. L., 457525
Duncanson. W. E., 119, 525
Dunn, H. S., 467, 525

Eddington. A. S., 84, 82§

Erdelyi. A., 231, 235, 383, 386, 387, 393. 489,

516, 526
Eringen. A. C.. 424, 439. 526

Feschbach. H.. 69, 527
Fock. V.. 389, 526



AUTHOR INDEX

Foster. R. M., 516, 525
Friecdmann. B.. §26

George, D. L.. 342, 526
Goldberg. R_ R, 526

Halperin, 1., 488, 526
Haskell. N. A, 333, 338526
Higgins. T. P.. 369, 516, 527
Hirschman. 1. 1., 467, 526
Humbert, P.. 516, 527

Jueger. J. C.. 525
Jones, D. S.. 526
Jury, E. L. 218. 526

Kilampkin. M.. |12
Knesss. H.. 424526
Kober. H.. 526

Konig, H.. 48K, 526
Koschmieder, L. 424, 526
Kumar. R, 166

Kurth. R.. 84

Lagrange. R 381, 387, 526
Lakshmanarao. S. K.. 467, 526
Lavoine, J., 526

Lebedev, NN, 358, 361, 390, 393, 526

Lighthill, M. J.. 23, 489, 507, 527
Lotve, M., 113,527

Lowengrub. M., 341_ 398, 399, 528
Lowndes. J. S, 393_416. 527
Lukacs. E.. 116, 527

McCully. 1.. 467, 527
Mclachlan, N. W__ 516. 527
Macauley-Owen, P.. 317, 527
Mucfarlane, G. C_. 283, 27
Mehler. F. G.. 373, 527
Mercer. A. McD.. 260), 527
Mikusinski, 1. G.. 487, 48%. §27
Miles, J. W.. 527

Morse. P. ML 69, 107, 119, 437, 527
Mott, N. F., ll6n, 527
Murnaghan, F. D.. 527
Muskhelishvili. N1, 340, 527

Nagy. B. 82.. 87,528
Naylos, D.. 462. 527
Noble. B., 91, 340, 527

Oberhettinger. F . 369, 516, 527
Olevskii. M. N._ 416, 527

533

Palama. G., 527

Paleyv. R.E. A. C.. 527
Papoulis, A, 528

Pauling, L., 118,528

Pearson. K.. 109. 111529
Podolsky, B.. 118. 528

van der Pol. B.. 240, 24} 528
Powdrill. B.. 152,525
Prudnikov. A. P.. 226, 516, 525

Ragab, F. M., 416, 528
Riesz, F.. 87, 528
Roettinger. 1.. 424, 528
Rota, G-C.. 442, 524

Sauer, R.. 488, 52%

Schwartz, L., 484, 52%

Scott. E. J.. 467, 528

Shohat. J. A, 230, 529

Slater. 1. )., 287, 528

Sneddon. 1. N.. 82, 116n. 118, 119, 183
340. 341, 398, 399, 424, 425y, 446. 468
527,528

Sobaolev, S. L.. 484, 52%

Solingen, H.. 238, 528

Srivastava. K. N., 467

Svartholm, N. 133n, $29

Tamarkin, J. D.. 230, 529

Temple. G.. 487, 529

Titchmarsh. E. C_, 67. 68, 69, 234, 529
Todhunter. [, 109, 111, 529

Tranter, C. J.. 454. 529

Tricomi, F. G.. 165, 180, 467, 529

Uflyand. Ya. S.. 101, 369. 529
Vilenkin. N. Ya. 416. 529

Ward. E. E_, 182, 529

Watson. G. N.. 283. 300, 303, 447, S08, 529
Weston, J. )., 489, 529

Whittaker, E. T, 283, 529

Widder. ). V.. IR4, 230, 213, 241 529
Wicner. N, 527, 529

Wilson E. B., 118, 528

Wintner. A, 116, 529

Wright. E. M., 165, 829

Young, W, H.. 64

Zemanian. A. H_, 26. 4584, 504, 529



Subject Index

Abel transforms, 318

Abel-type integral equations. 210

addition formula for Bessel functions, 300
almost everywhere, 654

anti-periodic functions, 246

associated Legendre function, 290, 370- 373
atomic systems, 119

atomic units, 116

autonomous hinear systems, 200

Bailey's theorem, 287

bund spectrum. 87

beam equation. 107- 111}

Beltrami-type formulae, 323.-324

Beltrami’'s relation, 326

Bernoulli numbers, 285

Bernoulli polynomial, 284

Besset functions, S08-515
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biharmonic equation, 132, 327, 349
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of plate equation, 333

Cauchy-Abel functional equation, 259

Cauchy distribution, 133

Cauchy principal value, 233

Cauchy’s functional equation, 227

characteristic function, of a distribution, 114
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support. 21
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conduction cquation. see diffusion equation.
confluent hypergeometric function. 122
conjugate functions. 233
consistency conditions, 226
contact problem, 350
convergence in mean, 67
convolution integral. for double Laplace

trapsforms, 226
for Fourier transforms, 58 60
for iterated Laplace transforms. 228
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169174
for Mellin transforms, 275- 277
for multiple Fourer transforms, 79
for # transforms, 79
convolution quotient, 489
convolution ring. 489
convolution theorem. for double Laplace
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for Founer transforms. 60
for iteraled Laplace transforms, 229
for Laplace transforms. 171
for Legendre transforms, 457
for Mellin transforms. 275
for multiple Fourier transforms, 79
tor TchebychefT transforms, 461
for # transforms. 75
cosine integral. 154
cosine transform, 7
crack problems, 341, 369, 398, 399

delwa distribution. 500
delta function. 485
in curvitinear coordinates, 507
diffusion equation, 3
for a finne line, 438, 445, 469
for a rectangle. 469
for a semi-infinite line. 15, 102, 128, 202
in a medium generating heat. 130
in an infinite region. 106
in circular cylinders, 206. 448, 474 476
in slabs, 204
two-dimensioned, 104
Dirac delta distribution, 50¢
Dirac delta function, 485, 494, 500
Dirac transformation theory, 116
Dinchket function, 66
Dirichlet problem,
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for a conical sector. 482

for a crescent-shaped region, 100
for a half-plane. 11, 92, 237

for a half-space. 325

for an infinite strip, 93

for regions bounded by circular arcs.

100

for a semi-infinite cylinder, 129

for a thick plate, 326

for a spherc. 458 479

for a wedge, 17. 281 -283, 363-368
distribution function, 113

of Cauchy. 133

of Laplace. 133
distributions. 488. 497 304
derivatives of. 498

global. 498

local, 498

of slow growth, 501

products with functions, 499

regular, 498
distributions.

shifted. 499

singular, 498

tempered. 501

transforms of, 500 -504
Dixon’s theorem, 288
double Laplace transform, 221- 228
dual integral equations, 338- 342 350,

400 404. 407411

Z-operator. 216
difference equations, 214 221
diffcrential equations,

ordinary. 190 201

partial, 92 113, 202. 207

simultaneous, 199

with variable cocffictents, 198
duplication formula. 512

carth’s kinematic viscosity, 338
Eddington’s method, ¥4
eigenvalue of integral equation, 87
cigenlunction of integral equation, 87
elastic cquilibrium, 349

clectritied disk, 338, 480

chiptic integral. compiete, 125, 126
equivalent sequences. 490
Erdclyi-Kober operators, 345
error function, |55- 160

external crack. 369, 374, 398
Euler’s integral, 4]

expectation, 113

exponential Founer transform, 7
expanential integral, 242

fairly good functions, 23
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finite cosine transforms, 425- 432
convolution theorem, 429
tnversion theorem. 425
of derivatives, 427-429

finite transforms, 423- 483
cosine, 425432
Fourier, 424-439
Gegenbauer, 467
generalised Fourier, 443446
Hankel. 446. 454
Hermite. 467
Hilbert, 467
Jacobi, 467
Laguerre, 467
Laplace. 467
Legendre, 454460
Mellin. 462- 467
multiple Fourier, 432-435
sine, 425 432
Sturm-Liouville, 439 443
Tchebychefl, 460- 462

finite Fourier transforms. 424 439

finite Hankel transforms, 446-454

finite Hilbert transforms, 467

finite sine transforms, 425432
convolution theorem, 429
inversion theorem. 426
of derivatives, 427-429

flow of perfect fluid. 130, 348

flow of viscous fluid. 333

fluid flow, 130, 333, 348

Fock's theorems. 388 -390

Fourier cosine transform. 7
tables of, 517

Fourier inversion theorem, 37

Fourier operator, 38

Fourier series. 28

Fourier kernel. 8, 24. 277, 295

Fourier sine transform. 7

Fourier transtorms, 36 42
boundedness of, 37
continuity of, 38
convolution theorem for, 60
finite. 424- 439
multiple, 76-79
of derivalives, 40
of distributions, 500
of generalised functions. 495

of radially symmetric {unctions, 79

of simple tunctions, 49- 56
Parseval's relation, 60

relation with Hankel transforms, 80, 82,

3R
tables of. 517
with general kernel, 70
Fouricr-Bessel series, 447
Fourier-Legendre series, 458
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Fourier's integral theorem. 30. 34
complex form of. 69
for generaized functions, 496
fractional derivatives. 272
fractional integrals, 271, 293, 345. 384
Fredholm integral cquation. 87
frequency function. 113
functional equations, 227, 259
functions, absolutely integrable. 24
characteristic. 120
classes of_ |X
distribution, 113
fairly good. 23
frequency, 113
good, 23
infinitely smooth. 21
measurable. 65
of bounded variation, 69
of compact support. 2|
of slow growth. 23
piecewlise continuous. |8
radially symmetric, 79
self-reciprocal, 51. 56. 125
smooth, 21
step. 120
support of, 21
test. 22
gamma distribution. 133
Gauss' theorem, 287
Gegenbauer polynomial, 290
Gegenbauer transforms, 467
generalized axisymmetric potentials,
342-343, 352
generalized Bessel function, 165
generalized convolution, 228
generahized derivatives, 488
generalized functions. 490 497
generalized hypergeometric series. 286
gencralized Mehler transform. 416
generahized zeta-function, 283
globali distribution, 49%
good functions, 23
Green’s function, 192
Griftith crack. 34}
growth of a function, 23

Hankel transforms, 7. 298 -352
inversion theorem, 299. 309
modificd operator of. 325
of derivatives, 310
of elementary functions, 313-317
Parseval relation. 317
relation with Founer transforms, 318
shift theorem. 301

Heaviside unit function, 22

Heisenberg's uncertainty relation, 133

Hermite transforms, 467
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Hilbert transform, 233 23K in cylindrical coordinates, 312
hydrogen atom, 118 in polar coordinates, 268
hypergeometric function. Laplace transform, 10. 135- 261
confluent, 122 bilateral. 239 241
generalized, 286 double, 221-228
hy pergeometric series, 286 inverse. 176180
H-transtorm, 278 iterated, 228-229
of Bessel functions, 161-166
wnproper function, 485 of a convolution. 169
initial value problems. 191 196 of derivatives, 147152
integral equations, 83 91. 207 214, 256 25%. of error functions, 155-160
277280 of integrals, 152 155
dual, 338342, 350 of periodic functions, 166 169
eigenfunctions of, 7 of simple functions, 141 143
cigenvalues of. 87 rules of manipulation, 143
homogencous, 87 shift theorem. 143
of Abel type. 210 Tauberian theorems for. 184
of convolution type. 83 91, 128 two sided. 239
of Fredholm type, 87 Laplace’s equation, 2, 92, 32§
of Volterra type. 207 axisymmetric form. 14, 129, 325§
spectra of. 87 in a crescent-shaped region. 100
integral. cosine, 154 in a half-plane, 11. 92, 237
exponential. 242 in a half-space, 101, 128, 325, 417
Lebesgue, 65 in a lens, 375
Riemann, 64 in an infinite strip. 93
sine. 153 in an infinite wedge, 17, 281-283, 363 366
integral transforms, 6 in & rectangle. 469. 470
inverse Laplace transform. 176 in a semi-infinite cylinder, 129
iterated Laplace transform, 228 229 in 2 semi-infinite strip, 27, 96, 404-407. 470
inversion formula. 8 in a torus, 37§
for Fourier transforms, 34 in a wedge of infinite thickness, 367 -368
for the Laplace transforms, 175 it orthogonal curvilinear coordinates, 98
inversion theorem, 8 in regions bounded by circular arcs. 100
in toroidal coordinates, 373 -38t
Jacobi transforms, 467 Lebedev's theorem, 361
Jensen's functional equation, 259 Lebesgue integral, 65
Lebesgue measure, 64
kernel. 6 Legendre polynomial. 122, 183
Fourier, 8 Legendre function. 371
idempotent. 8n Legendre transforms, 454 460
symmetrical, 8 ‘convolution theorem, 457
Kontorovich Lebedev transforms, 353--368 Legendre’s associated equation, 370- 373
inversion formula, 361 Lerch’s theorem, 141
Parseval relation, 362 line source, 507
Kumar's relation. 166 line spectrum. 87
Kummer's relation, 371 linear systems, 200
Kummer's theorem, 287 local distribution, 498

localisation lemma. 32
ladder network, 214

Laguerre polynomial. 180

Lagucrre transforms, 467 Macdonald function, 355

Lame coefficients, 507 measure, 64

Laplace distribution, 133 exterior, 65

Laplace operator A;, 2 interior. 65
A,.2 Lebesguc, 64, 6%
A, 312 zero, 64n

A, 78 Mehler Dinchlet formula, 373
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Mechler-Fock transforms, 369 422
Parseval relation, 393, 416
Mellin transtorms, 11, 262 297
convolution theorems, 275- 277
elementary properties. 262- 266
inversion theorem, 272
of hiharmonic operator, 268
of derivatives, 266- 268
of integrals, 268 272
of Laplace operalor A,. 268
membrane, vibrations of, 111, 328
Mercer transforms, 260
Mikusinski’s operational calculus, 488
Mikusinski- Temple theory, 487, 489496
Mittag -Leffler identity, 169
mixed boundary value problems, 388- 342,
404-407.411-414,_417-419
modified Bessel function, 163, 199, 295, 354
modified operator of Huankel transforms, 325
molecular systems, 199
moments, of a distribution, 114
of a function, 86n
momentum wave function, 116
multiple finite Fourier transforms, 432- 435
inversion formulae, 432-433
of derivatives. 434-435
multiple Fouricr transforms, 76-79
Murphy's formula, 183

network. 214
Neumann-Lommel formula, 300
Neumann's formula for @,. 457
null function. 140

oblate sheroidal coordinates, 480
orthogonal curvilinear coordinates, 98

Parseval’s relation, for finite Hilbert
transforms, 467
tor Fourier cosine transforms. 61
for Fourier sine transforms, 62
for Fourier transforms, 60
for Hankel transforms. 317
for Kontorovich-Lebedev transforms, 362
for Mehler- Fock transforms. 393
perfect functions, 489
penny-shaped crack. 399
periodic functions. 166-169
Plancherel’s theorem, 67
plastic recoil of the earth, 333
Pochhammer symbol, 287, 493
Poisson’s equation, 2, 438, 479 480
Poisson’s formula, 122
Poisson’s integral, §11
polyharmonic operator, 79
Post’s inversion formula. 184
potential theory, 2. 14, 17, 281283
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principal value, 233
probability density. 113

quantum mechanics, 116- 119

radially symmetric functions, 79
radiation condition, 71

rectangular distribution. {32
regular distribution. 498

regular & -sequence. 490

Riemann integral. 64

Riemann Lebesgue lemma, 30, 304
Riemann-Liouville fractional integral, 384
Riemann zeta-function, 284

Riesz -Fischer theorem, 67

Robin problem, 479

Rodrigues’ formula, 122
H-transforms, 7275

Saalschiitzian series. 287
Saalschiitz's theorem, 287
Schrodinger equation. 116
Schwartz space, 22
Schwartz’s theory, 488, 497- 504
self-reciprocal functions, 51. 56, 125, 316
separation of variables, 3
shift theorem, 143, 30}
shifted distribution. 499
shifting property. 486
simultaneous differential equations. 19920}
sine integral, 153
sine transform, 7
singular distribution. 498
smooth function. 21
Sonine’s first integral, 344

second integral, 345
spectrum. 87

band, 87

line, 87
statistics. Fourier transforms in, 113-116
step function. 120
Stieltjes transform, 229-233
stream function. 130
stress-strain relations. 349
Struve’s function. 127, 278
Sturm- Liouville problem. 442
Sturm- Liouville problems, 424
Sturm - Liouville transforms, 439443
Summation of a series. 283
superposition principle. Sa
support of a function, 21
surface wave approximation. 334
Svartholm’s itegral equation, 133

Tauberian theorems, 184
Tchebycheff polynemial, 280
Tchebycheff transforms, 460- 362
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tempered distribution, 501
tensor product, 503
test functions, 22
of rapid descent. 22
Titchmarsh’s theorem, 68. 489
toroidal coordinates, 373
torsion problem, 411
transform, exponential Fourier. 7
Fourier, 7
Fourier cosine, 7
Fourner sine. 7
generahzed, 72
Hankel. 7
integral, 6
Laplace, 10
Mellin, 11,17
transformation theory of Dirac, 116
transposc of a distribution. 500
Tricomi’s inversion formula. 130
Tricomi’s theorem. 165
wwo-point boundary value problems, 196- 198
two-sided Laplace transform, 239241
uncertainty relation, 133
unit function, 22

vanable coeflicients. 198
vanance, |15

vanation of parameters. 110
velocity potential, 130
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vibration problems, 107-112, 32§ 333,
436-437
vibrations,
of finite beam. 436
of finite string. 436
of heavy chain, 346, 472
of infinite beam, 107
of large membrane. 111, 328, 473
of semi-infinite beam, 110
of thin elastic plate, 330, 347, 474
viscous flow, 333
Volterra-type integral eQuations, 207

Watson's lemma, 188
Watson's theorem, 288
wave equation. 3

for a semi-infinite line. |3
wave mechanics, 116-119
Weber's function, 510
Weber's integral, 303
wedge problems. 17, 281283
Weyl fractional integral, 271
Whipple's theorem. 288
Wiener Hopf technique. 91

Y-transform, 278

Z-teansform, 21K
zeta-function, 284



