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ABSTR.4CT

In this paper, some new elementary operators on a-cuts o f Triangular Fuzzy Numbers 
(TFNs) and some new operators on ce-cuts o f Triangular Fuzzy Number Matrices (TFNMs) 
are defined. Using these operators, some important properties are proved.

INTRODUCTION

Real world decision making problems are veiy often uncertain (or) vague in a number of ways. In 
1965, Zadeh [5] introduced the concept of fuzzy set theory to meet those problems. The fuzzyness can be 
represented by different ways. One of the most useful representation is the membership function. Depending on 
the nature of the membership function the fuzzy numbers can be classified in different forms, such as Triangular 
Fuzzy Numbers (TFNs), Trapezoidal Fuzzy Numbers, Interval Fuzzy Numbers etc. Fuzzy matrices play an 
important role in scientific development. Fuzzy matrices were introduced by M.G.Thomason [4]. A.K.Shymal 
and M.Pal introduced Triangular Fuzzy Number Matrices [2]. Two new operators and some properties of fuzzy 
matrices over these new operators are given in [1]. Some new operators on triangular fuzzy numbers and 
triangular fuzzy number matrices are given in [3].

In this paper, some new elementary operators on a-cuts of Triangular Fuzzy Numbers (TFNs) and 
some new operators on a-cuts of Triangular Fuzzy Number Matrices (TFNMs) are defined. Using these 
operators, some important properties are proved.

1. Basic Definitions and Properties
Definition ; 1.1 [2|

A Triangular Fuzzy Number denoted by = < m, a , P > has the membership
function.

http://www.iournalsliuh.coin


Em(^)

0 for X < m -  a
m -  X for m -  a  < X < m

a
1 for X = m

X -  m
P

for m < X < m + P

0 for X > m + p
The point m, with membership grade of 1, is called the mean value and a , P are the left hand and right 

hand spreads of M respectively.

Example : 1.2

M  = < 3, 6, 7 > is a triangular fuzzy number.

Deriiiition : 1.3 |2|

A Triangular Fuzzy Number M atrix of order m x n  is defined as M where

My = < m,j, a,j, P,j >

Example ; 1.4

M

N

< 2 ,3,4> < 4 ,6 ,7> <3,6,7 >

< 0, 1, 0 > < 1, 2,3 > < 6, 8,10 > and

<7.9,11> < 0 ,0 ,0>  <5,3 ,4>

<0.3, 0.3, 0.6 > <0.8, 0.1, 0.3 >

<0.4, 0.9 0.5 > <0.2, 0.1, 0.3 >
are triangular fuzzy number matrices.

Deriiiition : 1.5 |3|

Let M = < m, p, p > and N = < n, y, 6 > be two Triangular Fuzzy Numbers where m, p, p,n,y,6 
e[0 ,l]. Then the following operators are defined.

( 1)

(2)

(3)

(4)

(5)

M © N  = <m  + n -  mn, p + y -  py, p + 5 -  P5 >

M v N  = < m v n ,  p v y ,  p v 5 >  where x v y means max {x, y}. That is, x v y = max {x, y}.

[x, if X > y 
[O, i f x < y

M > N  if m > n, p > y and P > 5

For a  6 [0, 1], M > a  if m > a , p > a , P > a  and a  > M if a  > m, a  > p, a  > p.

M © N  = < m © n ,  p 0 y ,  P © 5 >  where x © y =

Definition : 1.6 |3j



Let M = and N = be two Triangular Fuzzy Number Matrices of the same order.

Then the following operators are defined.

(1) M © N  = ( M . j © N . j )

(2) M v N  = ( M , j V N , j )

(3) M 0 N  = (M ,j ©  N ,j)

(4) M > N iff M |j > N y V i = 1 to m, j = 1 to n.

2. a-Cuts of Triangular Fuzzy Numbers and a-Cuts of Triangular Fuzzy Number Matrices
Definition : 2.1 [1]

For all X, a  e [0, 1] the upper a-cut of x is denoted as and is defined as

(„) ^ fl, i f x > a
[0, if X < a

lx if X^ccand the lower a-cut of x is denoted as Xĵ j and is defined as X(„) =  ̂ n ’ -f
I Uj IX X ^  cc

Now we define a-cuts of the Triangular Fuzzy Numbers and Triangular Fuzzy Number Matrices. 

Definition : 2.2

F o r a  e [0,1], the upper a-cut of the Triangular Fuzzy Number M  = <  m, p, (3 > is defined 
as

M< “ ) =

and the lower a-cut of M is defined as

M( a)  = <m(„), P(„), P,„)>

Example : 2.3

Consider the triangular fuzzy number M  as follows :

M = < 0.5, 0.1, 0.4 >. By taking a = 0.5, we get

M (a) = < 0.5, 0, 0 > and

M '“ ' = < 1 , 0 , 0 >

Definition : 2.4

The upper a-cut of a Triangular Fuzzy Number Matrix M = is defined as

and the lower a-cut of M is defined as

M,(a)



Example : 2.5

Consider the triangular fuzzy number matrix M as follows;

'<0.5,0.1,0.4> <0.1,0.7,0.6>
M

<0.3,0.5,0.2> <0.6,0.3,0.65 >
Then by taking a = 0.5, we get

■<0.5,0,0> <0,0.7,0.6>
M,(Ct)

M'(a)

<0,0.5,0> <0.6,0,0.65 >

< 1 , 0 , 0 >  < 0 , 1 , 1>

< 0 , 1 , 0 >  < 1,0,1 >

and

Theorem : 2.6

For any two triangular fuzzy number matrices M and N.
(i) (M © N )'"’

(ii) (M V N)'“’

(iii) (M © N)'“’ > m ‘“’© n '“’

Proof

(i)

Let M = (M ,j where M y = < m,j, p.j, (3,j > and 

N = (N y  ) mxn where N y = < n,, y,, 5ij >

Let Ejj and Dj; be the ij"’ elements ofM ‘“* 0 N'“* and (M ©N)'“'.

Ey = 0  and D n = ( M .  0i ( a )
U >J ‘ij 'iJ'

Case 1 : M jj > N  jj > a

< mij, p,j, p,j > > < n,j, Yij, 5ij > > a 
.'. m,j > n,j > a, p,j > y.j > a, > 5,j > a.

Therefore, D y = ( My G N y ) ^ * ^ ^

= < m„, p,j, p,j >

ij ’ "̂lJ ’ t îj

< 1, 1, 1 >

'IT
and Eii = ©  N^.“ ^

1.1 iJ ^ i J  'U 1̂.1 1,1
= < I ©1, 1 ©1, 1 ©1 >
= < 0 , 0, 0>

i.e., Dy > Ey 

Case 2 : M jj > a >



■■■ < mij, Pij, P,j > > a  > < iiij, Yij, 5ij > 
niij > a > iiy, Pij > a > y,j, Pij > a > 5,j. 

Then

Dij = ( M i j 0 N i j ) ( “ )

<m,*lj’ Pij' Pij .(«)

= < 1,1,1 >

andEi j=

ij iJ ^iJ ^iJ ij
= < 1 0 0 , 1 0 0 , 1 0 O >
=

Case 3 : a  >  ̂ Ny

a  > < m,j, p.j, p,j > > < n,j, yij, 5  ̂>
a > niij > 11,j, a > Pij > yij, a  > Py > 5,j.

Here

Dij -  ( M i j © N i j ) ' “ >

= < 0, 0, 0 >

and Ejj = 0

(ii)

= < 000 , o 9 o, o 9 o>  
= <0,  0, o >

i.e., Djj = Ejj

In all the cases, Djj > Ejj

(M jj©  Njj)^“  ̂ > n !“ ^

(M 0N)<“’ > M<“* G N'“\

Let Cjj and Djj be the ij* elements o f v  N*“' and (M v N)'“\  

Cjj = and D;j = (M jjv Njjj^^^

Case 1 : M  y > N y > a

i.e., < mij, Pij, Pij > > < nij, ŷ , 5ij > > a 
.-. m,j > n,j > a, p,j > y,j > a and p,j > 6,j > a.

.•.Djj = ( M i j v N j j ) ( “ )

= < m,j, Pij, p.j



and C

Case 2

ij ^ ' J
= < 1, 1, 1 >

=  VIJ ^

IJ IJ ^iJ 'i j  ^iJ IJ
= < 1 V  1, 1 V  1, 1 V  1 >
= ^ < U U 1 >  

i.e., Djj = Cjj .

: M y  Ny

■■■ < m.p Pij, Pij > S a  ^ < Hij, Tv 5ij >
.•• m,, > a  > n,j, p,j > a  > y,j, P,j > a  > 6,j.
Then

Dij -  ( M i j v N i j ) < “ >

= < m,j, pij, P,j > ' “ >

<  1, 1, 1 >

IJ
and Cjj = (a)

(“ ) W r,(“ ) r (“ ) , ,  x (“ )= < %  v n ^  , py

= < l v O ,  IvO,  l v O >
= < 1, 1, 1 >

vyr' ,  P' IJ IJ - 6^ >

••• D y = Cy

C ase3 : a >  M y ^  Ny

i.e., a  > < m,„ pi„ p,j > > < nij, 6,j >
.-. (X > m,j > n,j, a  > p.j > y.j, a  > P,j > 5,j. 
Then

D y = ( M y v N i i ) ^ “ ^IJ-
(cc)= <m,„p,j, P„>

IJ ’ ^IJ
=  < 0 ,  0 ,  0 >

and Cji = (M (a)
V  n ;.“ ' )

= <m(“> vn(“\  p(“ v̂Ŷ “\IJ IJ ^iJ ' îj ’
= < 0 v 0 ,  OvO, 0 v 0 >
= < 0, 0, 0 >

i.e., Dy = Cy.

.’. In all the cases, Dy = Cy

p l“ > V 5^“  ̂ >  
•̂ 1.1 IJ



( M j j v'' ij ‘J  ̂ ij ij
(M v N /“'= M‘“’v N‘“’.

Let Pjj and Q j: be the ij'’’ elements o f M*“ * 0  N*“ ’ and (M  © N )'“ '.U

Pij = M ^ “ ^ © N | ^ “ ^ a n d Q i j  = (M ij

Case 1 : M y > N y > a

< m,j, p,j, P,J > ; , Yij, 5,J > > a
fflij > n,j > a, pij > Yij > a  and Py > 5y > a.

Then Q ij ( M i j © N i j ) ( “ ^

■ my . lly, Py + Yi, -  Py . Yij, Pij + Sij ~ P.j • 5y 
< m,j + n,j (1 -  m,j), py + Yy (1 -  py), p,j + 5y (1 -  Py) >'

(a)

< niy + ny ■ > (a )

(a)

and Pii =

> < mij, p,j, p,j >

> < < ’ - p r - p r >
= < i , i , i >

IJ J
(a )< m | j (a )

" i j  ’
,( a )
ij y

‘J 'J 'J

ij
(a)  o(a)  

’ ^ij

+ 5^“ -̂ 
iJ ^IJ IJ

<1 + 1 - 1 , 1  + 1 - 1 , 1 + 1 - 1 >
<  1, 1, 1 >

Qy >Pi i -

(ct) ,
P-- + Y^ ‘J 'iJ

5<“ > >

(a )
U ■ Y•J

Case 2 : M  y > a  > N  y

< my, Py, Py > > tt > < Hy, Yij, 5y > 

my > a  > ny, py > a  > Yy, Py ^  a  > 5y. 
Then

rij = ( M j j e N i j ) ^

= < m^ + lly -  m y. lly, Py + Yy “  Py • Yy, Py + 5y -  Py. 5y

>

>

<  Illy + n,j ( 1 -  my), Py + Yy (1 -  Py), Py + 6y (1 -  py)
< my, Py, Py >

< " ’ r . p r ’ p r >
= < 1,1,1 >

and P,j =

= < m [ “ ) © n [ “ \ © y(“ \

(a )= < m | j (a ) (a ) (a )
"ij  - • " ! ]  - " i j  ’

_ p [“ ) © 5 f “ ) >

(a ) , (a ) (a )  (a )pi. ' + yl. ' -  n>. ' .y). \f îj ' ij ^̂ 1J 'ij
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ij ^'J ■ iJ
= < 1 + 0 - 0 ,  1 + 0 - 0 ,  l + 0 - 0 >
=

•’• QiJ ^ ^ij ■

Case 3 : a >  M y  > N y

i.e., a  > < m,j, Pij, Pij > > < n,j, Yij, 5,j >
a  > m„ > n,„ a  > p„ > y,j, a  > P.j > 5,j.

Then

Q y = ( M y © N i j ) ‘“ ’

=  <  m ,, +  iiij -  iTiij. n,j, p,j +  Yi, -  p , j . Yij. P,j +  5jj -  P , j . 5|j
=  <  m.j +  n,j (1  -  m ,j) , p,j +  y ,j (1  -  P ,j) . P.j +  5,j ( 1 -  P,j)
> < m,j, p,j, Pij >

(a ) (a )  n(a)  ^
> <  , 3'- >

= <0, 0, 0>

*̂ i,i 1.1
(a )  . (a ) (a )  (a )p \   ̂ + Y>. -  p>. \  y). ,

1̂.1 '̂ 1.1 ^ij “̂ij ’

= <0, 0, 0>

■■ Qij = Py •

In all the cases, Qjj > Py

(My© Ny)^“ ' > M|j“ f̂fi n |“ ^

Thus, (M © N)'“’ > M‘“' © N‘“’.
In a similar manner, for the lower cut of triangular fuzzy number matrices, one can prove the following

n (a )
1.1 ij
^ (a ) = < m >. © , p[“ ^©ij 1.1 ÎJ 'ij

(a )= <m:. , (a) + n>. (a ) -  m>. . (a )n-. '1.1 ij ij 1.1

3̂ .“  ̂ +■̂IJ ij ■ ij iJ
= < 0 + 0 - 0,0 + 0-0,0 + 0-o>

theorem :

Theorem : 2.7
For any two triangular fuzzy number matrices M and N
(i) (M vN)(„, =
(ii) (M ©N),„, = M ,„,©N,„,
(iii) (M®N)(a)> M(a)©N,a)
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