CHAPTER 4

Fermatean Neutrosophic Approximation

Space

(4.1) Fermatean Neutrosophic Rough Set
(4.2) Topology of Fermatean Temporal Neutrosophic Rough Sets

(4.3) Application of Fermatean Temporal Neutrosophic Rough Sets

In this chapter, the mathematical tools, rough set and Fermatean neutrosophic set
are integrated to introduce a new class of rough set within an arbitrary Fermatean
neutrosophic approximation space. Using a constructive method, the upper and lower
Fermatean neutrosophic rough approximation operators are defined and their properties
are investigated. Additionally, various notions of level cut sets of Fermatean
neutrosophic rough set are established to characterize these approximation operators.
The idea of Fermatean temporal neutrosophic rough set and their associated topology
is introduced. Also, a working rule to find their core is also provided, along with an

example.

4.1 Fermatean Neutrosophic Rough Set

In this section, the Fermatean neutrosophic approximation space and their
induced Fermatean neutrosophic approximation operators are introduced. Furthermore,
a new type of set called the Fermatean neutrosophic rough set (FNRS) is introduced

and some of its properties are investigated.

Exploring Neutrosophic Set Variants: Investigating Topological Insights,
Approximation Spaces and Decision-Making Approaches

125



Chapter IV

Definition 4.1.1

Let Q be a non empty set. A Fermatean neutrosophic relation (FN-r) Rg,

on Q is a Fermatean neutrosophic subset
Rey = {06 9), Ty, (63D, I, (69, Fry, ()| /%,y € @ x Q)
TRFN:Q XQ - [0,1];IRFN: QxQ~- [0,1];FRFN: Q xQ —[01]

satisfies 0 < T,?FN (x,y) + I,%FN (x,y) + F,§FN (x,y) < 2forall (x,y) € Q X Q, then the

family of all FN-ron Q X Q by F(Q X Q).
Definition 4.1.2

Let Rp, € F(Q X Q), then the relation R, is

I. Reflexive

If TRFN(x,x) =1, IRFN(x,x) =1, and FRFN(x,x) = 0 forall x € Q.

ii. Symmetric
If forall (x,y) € Q X Q, TRFN(x, y) = TRFN (y,x), IRFN (x,y) = IRFN (y,x) and
Fre, (X, ¥) = Fg, (. %).

iii. Transitive
Rp,, is transitive if the following conditions are satisfied:
forall x,y,z € Q, A1,1,,45 € [0,1]

L. Vy € Q'TRFN (x' y) = 2'1' TRFN(y' Z) = /11 = TRFN(x' Z) = /11
1. Vy € Q’IRFN(X'y) = AZ’IRFN(y’Z) > AZ = IRFN(X’Z) = 12
111. Vy € Q, FRFN(x,y) = 13, FRFN(y’Z) = A3 = FRFN(x,Z) > /13

Definition 4.1.3
Consider a non empty set Q. An arbitrary FN-r Rg,, over (Q X Q) then the pair

(Q, RFN) is called Fermatean neutrosophic approximation space (FNAS). For any

A € F(Q), of the form
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A= {(x’ TA(X),IA(X),FA(X))/X € Q}

define the upper and lower approximations with respect to (Q,RFN), denoted by

Rp, (4) and EFN (A) respectively.
Ry (4) = {(x. Tay, 4 G g o 000, iy iy ) /3 € )

EFN(A) = {<x: TﬁpN(A)(x):IﬁFN(A)(x):FﬁpN(A)(x)> /x € Q}

where,
Tary@ @) = A |Fre, (69 VT, )]
Iapy @) = A 1= Ty, G 7) VL)
Fey @) = V. [Trg, (6. 9) A )]

Ty ) = V. [Top, 0 3) A T4 )]

IEFN(A)(X) :y\e/Q _IRFN(X' y) A IA()’)]

Fapy ) = A | Fre, Go) V EO))

The pair (EFN (4), ﬁFN (A)) is called FNRS of A with respect to (Q, RFN) and

BFN,EFN: F(Q) — F(Q) is referred to as upper and lower Fermatean neutrosophic

rough approximation operators respectively.

Example 4.1.4

Let (Q’ RFN) be a FNRAS where Q = {pl' P2, D3, p4} and
Rr, € FNRA(Q X Q) is defined as
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Table 4.1.1 Fermatean neutrosophic relation

R, b1 D2 (4] (2

P1 09,0703 |0.7,0908 | 0506,09 | 050.90.8

D2 0.8,0.7,04 | 0.6,05,0.9 | 09,0.8,06 | 0.4,0.8,0.7

P3 05,08,08 | 0.8,06,0.2 | 0.7,0.7,08 | 0.7,0.8,0.8

Da 0.6,04,09 | 05,08,09 | 0.6,04,09 | 0.6,0.90.9
If a FNS

X = {{p1,0.5,0.7,0.6), (p, 0.9,0.8,0.4), (p3, 0.7,0.5,0.8), (p4, 0.9,0.9,0.6)}.
Then,
EFN = {{p1,0.7,0.9,0.6), (p,, 0.7,0.8,0.6), (p3, 0.6,0.9,0.9), (p,, 0.8,0.8,0.8) }
Rp,, = {{p1,0.6,0.5,0.6),(p,,0.5,0.5,0.8),(p3, 0.8, 0.6, 0.6), {p4, 0.8,0.5,0.8)}
upper and lower approximations of X respectively.
Remark 4.1.5

If Rg,, is an intuitionistic fuzzy relation on a non empty universe Q defined by

RFN = {[(X’w: #RFN(X»J’):ﬁRFN(x»J’)] /X,y € Q X Q} then (Q’RFN) is an
intuitionistic fuzzy approximation space, then Fermatean neutrosophic rough operators
are induced from a intuitionistic fuzzy approximation space as follows, for a Fermatean

neutrosophic set A € F(Q) of the form

A = {(x, (Ta(x), Ly (x), Fa(x)))|x € Q}
R (A) = {1, g 0O, Ty 40 G0 Py (0 /¢ € Q)
Re () = {[x.75, (0. I, o 00, Py i 00) /3 € 0
where

Tary@ @ = A [9rs, 0o 0) VT4 0)]
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Tay @ = ({151, (59D + 0, 6 ) V 1))

FEFN(A)(x) :y\E/Q | HRpy, (x,y) A FA(Y)]

Ty () = Y. [y, ) ATA))|

@ =¥ [1- (MRFN (6, Y) + Oy, (x, y)) ALG))

Fapyon 00 = A [ﬁRFN (x,y) V F, (y)]
Remark 4.1.6

Let Rp,, be a crisp binary relation on Q and (Q, RFN) be a crisp approximation
space, then Fermatean neutrosophic rough operators are induced from crisp

approximation space, such that A € F(Q) and y € Rg(x), where Rg(x), is the
successor neighbourhood of x .

Rp, (4) = {<x TBFN(A)(x):IBFN(A)(X)'FBFN(A)(X)>/x € Q}

Re (4) = {(x.77, )00, Iy, o 00, Py () /3 € 0}

where,
TEFN(A) (x) :yeR/;(x) T,(y), IgFN(A) (x) :yelé(x) L(y),
FQFN(A)(X) :ye%(x) F,(y),

TEFN(A) (x) =y61¥;(x) TA (y)’ IEFN(A) (.X) =y61¥(x) IA (.'V),

Fre, ) = E,(y).

N
YERs(X)
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Theorem 4.1.7

Let (Q, RFN) be a FNAS. Then the lower and upper Fermatean neutrosophic

rough operators generated by (Q, RFN) meet the following conditions. VA, B € F(Q),

V&Y, CE[01] with&3 +y3+3<2

(FL1) Rp\ (A) =~ R, (~ A)

R <ﬂ Ai> = () Rev @0

ieJ ieJ

(FL3) A S B = Rp,(A) S Rg,(B)
Rr,, A | 2| |Re, (4D
(FL4) g > Q—F
(FL5) Rr, (40 (E9,0))
=Rr, (A U (£,9,7)
Proof:

(FU1)

(FU2)

(FU3)

(FU4)

(FUS)

Rpy(A) =~ Rpy(~ A)
EFN <U Ai) = UEFN(AL')
i€J i€]
A S B = Rp,(A) SR(B)
Re, (ﬂm) < [VRev@o

ieJ i€J

Rey (A0 (E9,0))
= EFN (A) N (f! l/), ()

The conditions of lower Fermatean neutrosophic rough operators R, (4) are

shown. The upper Fermatean neutrosophic rough operators EFN (A) can be proved in a

comparable way.

(FL1) By Definition 4.1.3,

A = {{x, (Ty(x), L(x), Fa(x)))|x € Q}
C(A) =~ A = {(x, (Fy(x),1 — I,(x), TA()))|x € Q}

Rey (~ ) = {(x, Tay, 0 T (-0 O, P - () /x €

Taey @ = A [Frpy GV 0] = A |Frg, G 7) V1)
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ey () = A 1= Irg, G ) V 14 O))
= A |1 = Tre, o) v (1= L))
Faey @) =V |Trg, G 7) AFa®)] =2 V. [Tig, (69 ATA )]

o [Fre, o) VEG)],

Y€Q

[ ]
| |
Rey(~ ) =| A [1=In, GV (A~ L)
'[ Yo |The, Co) ATAO)) J'

[ Yo oy G A B0 ]

~ Roy (= D) = | V. [l ) ALO)] | =R, )

L., |Fre, 063 V)|

= {5 T GO T o (0, Py (0 /5 € Q) = Ry ()

(FL2), Rey (Nies Ar) = Nies Rey (4)

Rey(NigyAi) = {<x TBFN(niE]Ai)(x)'IBFN(niE/Ai)(x)'FBFN(niE/Ai)(x)>/x € FN}
Ty (s 4) @) =, [Fiey, 69DV T, O]

|Fer, ) v (1,001,
= & |Frey GV N T )] = 2, 3 Ao G v [T, 0]

A [FRFN (x,y) Vv [TAL-(Y)]] J

IBFN(anIAi)(x) =y/E\Q [1 - IRFN (x’ y) v IniE]Ai(y)]
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(1= @ vl )
= A |1 =1In, V)V [Nig 1y, (y)]] = A { [1 — Igp, (,Y) V [IAZ(y)]] }

YEQ
At = Ty o) v [, 0]
Fapy(012) @ = V. [Trey Go3) A1) )]

|( [TRFN(x' y) A [FAl()’)]], \I
[TRF (5, ) A Aigy Fa, () ] =Y { A |Trg, G5 9) A [FAZ(}/)]],.,_'}
|
)

A [fen, o 1 0]

l{ [FRF (x, y) v [TAl (y)]] \l I( [FRFN (x, Y) \ [TAz (Y)]] ’ \l
_ y’e‘QHl_IRF (0,y) v IAl(J’)]] > ﬂ y/E\Q{[1—IRFN(x,y)V[1AZ(y)]]:}
| | | |
{ ) | J

[Ty ) A [F, )] Ty, 60 A [E1, 0]

~~

[FRFN (x,y) Vv [TAi(y)]] )
[1 = Irp, (6, 7) V [IAi(Y)]] ,

[TRFN (6, ¥) A [FAL»(J’)]] )

ﬂ n/E\Q = ﬂBFN(Ai)

ief

Hence Rr, (Niej Ai) = Niej Rry (A1)

(FL3) obvious.

(FL4), It is established that U;e; A; 2 A1, Ui A; 2 4, ... Ui A 2 4;
Rry(Uies Ai 2 A1), Rry (Uiej Ai 2 A2),... Rey (Uies 4i 2 4))

Rr, (U Al-) > | JBe, (a0

i€J i€J
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(FL5) Given that a constant Fermatean neutrosophic set on Q is defined as follows:
(E¥.¢) = {{x, &, O)x € Q} where V §,1,{ € [0,1] with &* +9° + {3 < 2.

To prove Re,, (AU (£,,7)) = Re, (4) U (£,0)

(7o (Tary vE) @, )
Rey (AU (E9:0)) = { < (Tay, 0V ¥) G, >/x € Q }
\ )

(T, 0 v E) @ = A, [Py, o) v (Tav OB

(FgFN(A) A () (x)

= A [Frp, 0 9) vV @D0) V€G]
YEQ N

= 2o [Frey GV (TD@] v £0)
(Tery V) G = A 1= Ig, G )V (Ua V) )]

= A1 I, oY)V UD D) V()]
y€Q N

= A |1 I, o) V LD V()
y€Q N

(Faey 49) 0 = V. [Tae, o 9) A Ex A D)

=V [Ty, e 9) A (EDB) 120

=v :TRFN (x,y) A (FA)(y)] A(Y)

[ A |Frey ) V@DV EG, ]
yEQ N

=14, [1 = Ig, (6, YV (IA)(y)] V(y) |
[ Yo |Tie, o) A EDO)] A2 J
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[ 2, |Fre, 63D V (T, ]
= | A (1= Tre, Go) V UDOD] |0 E0D, 9, )]
Yo [Toey G3) A (ED )]

Hence Rp, (A U (E, Y, ()) =Rp,(A) U (f, Y, () proved.

Level cuts of Fermateam neutrosophic rough sets
Definition 4.1.9

LetX € F(Q)and &,4,{ € [0,1] with &3 + 3 + {3 < 2 and (&,v, () level cut
of X denoted by X €¥9) is defined as

XV = {Tx () 2 §, Ix(x) 2 P, Fx(x) < {/x € Q}
Define
Xe ={Txy(x) 2 ¢&/x € Q}and X¢, = {Tx(x) > &/ x € Q} the & level cut and
strong ¢ level cut of truth value function generated by A and

X = {Ixy(x) = ¢P/x € Q} and Xy, = {Ix(x) > P /x € Q} the P level cut and

strong 1 level cut of truth value function generated by A and
X¢ = {Fy(x) < {/x € Q}and Xt = {Fyx(x) < {/x € Q} the { level cut and
strong ¢ level cut of truth value function generated by X.

Similarly, define the level cuts sets, such as
XCHPHIH =Ty (x) > &, Ix(x) > ¢, Fy(x) < {/x € Q}is (§+,9+,0 +),
XE+D = (T, (x) > &, Iy (x) = 9, Fx(x) < {/x € Q}is (§+,9,0)

XEV+O = (T (x) = &, Iy (x) > 9, Fx(x) < 7 /x € Q}is (§,9+,0)
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XEWH) =Ty (x) = &, Iy(x) =, Fy(x) < { /x € Q}is (§,4,{ +)

level cut set of X respectively. Likewise, other level cuts can also be defined.
Theorem 4.1.10

The level cut sets of FNSs meet the following criteria: VA,B € F(Q),
&, ¢ €[0,1] with & + 93 + {7 <2, &,94,¢ €[0,1] with & + 97 + 7 < 2 and
212,02 €[0,1] with & + 93 + 35 < 2.

(1) AC¥D = Ae n A n AS

(2) (~A)g = ~A%F; (~AY = ~A1 =P +); (~A) = ~Agy

(3) (igj Ai)f =0 (A)¢
(0,4:)w=p v

4
(igj Al) iQ] (49

EPo)
G (ya) 2y @)ewd
i iej

CEv.D
m%g&)

(7) For & = &1 2 24 2 ¢
Ag, € Ag; Ay, S Ay A% € A%, AG¥18) ¢ g62¥2.0)

2N (4,)8¥9
ieJ

1

Proof: (1) and (3) follow directly from Definition 4.1.9
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(2) Since ~A = {{x, F(x), 1 = [4(x), Ty (x))/x € Q}, (~A)¢ = {F4(x) 2§ /x € Q}

By definition,
A ={x € Q/ Fa(x) <}
~ATH = {x € Q/ Fa(x) 2§}
= ~A; = (~4T)
Similarly, it can be proved that,
(~A)y = (~A1 — ¢ +)) and (~A)° = ~A¢,.

@ Nigy i = {{x,0 Ta (0, A LY Fa @) /3 € ]

and

i€J i€

<ﬂ Ai> ~{ree/p @z =req/ Tz vies) =@
§

Similarly,

<ﬂ Ai>¢ ={ree/p @zl =(ree/ Lz wvies)=[uw

ieJ ieJ

¢
(ﬂ Az> = {x €Q/ e Fp(x) 2 (} ={x€eQ/F,(x) < Vie]}= ﬂ(Al.)f
i€J )
Swg ¢
(ﬂ Ai> = (ﬂ Ai> n (ﬂ Ai>z/) n (ﬂ Ai>
teJ i€] £ i€] ie]

Exploring Neutrosophic Set Variants: Investigating Topological Insights,
Approximation Spaces and Decision-Making Approaches

136



Chapter IV

= ﬂ((Ai)f N Ay n (4)°) = ﬂ(Ai)(g‘lp‘O

€] €]

(5) Consider U (4;) = {(x,igl TAi(x)'i\e/] IAi(x),i/E\] FAi(x)> /x € Q} then,

Ja| =freynwzg=fxeanmw=s3ien=| Ju

i€) ¢ i€)

Similarly,

ai|p=freory nw =z} =freamm=pae=| Juw

i€J i€
¢
gAi —~{ree/p Bzt =(req/Rm=taie)} - LJ(Ai)f

then conclude

$g ¢

UAL- = UAL- U UAi YU UAi

teJ teJ £ ieJ i€]
= U(Ai)f U (ADY U (4)° = U(Ai)(&w,{)
i€J i€]
(6) For any x € Ag, according to Definition 4.1.9 implies that if T(x) > &, > &,, then

Ag, € Ag,

1

Similarly, for 1, > ¥, and {; > {, it follows that Ay, S Ay, and A5 € A%z,

Hence, AC1¥1.8) ¢ 4E2¥2.42)
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Corollary 4.1.11

Assume that R, is a FN-rin Q,
(Ren), = {G09) € QX Q/Ts,, (,7) = ¢},

(Re) ) = {y € /Ty, (5,9) = ¢}
(Rey), = {03) € QX Q/ Ty, (6,) > €},

(Rr) e, 0 = {y € /T, (6, > ¢
(Rey W = {(x,7) € Q X Q/Ig,, (x,7) = 9},

(Rey W () = {y € Q/I,, (x,) = ¥}
(Rey = {(x,7) € Q X Q/Ig,, (x,¥) > v},

(Rey W + () = {y € Q/Ig,, (x,7) > v}

(Rey)’ = {(0.9) € Q X Q/Fr, (x,) < ¢,

(Re,)* () = {y € Q/Fg,, (x,) < Z}
(Rey) " ={0,y) € Q x Q/Fr, (x,y) <.

(Re,) " () = {y € Q/Fg,, (x,y) <¢ }
(Rey) "% = {(0,) € Q X Q/Tay, (0 3) 2 & Iy, (0, ¥) 2 ¥, Fr, (6,9) <

(RFN)(EJI)K)(X) = {y € Q/TRFN(x, y) =&, IRFN (x,y) =, FRFN(x, y) < (}

Then for all
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63129 .
) are crisp

(Rrw) g (Rey ) o (Rey Jibs (Rey )+, (Rea)’ (Rey)*" (R
relation in Q and
1) Let Rp,, is reflexive, then the above level cuts are reflexive.
2) If Rg,, is symmetric, then the above level cuts are symmetric.
3) If R, is transitive, then the above level cuts are transitive.

Theorem 4.1.12

Consider (Q,RFN) be a FNAS and A € F(Q), then the upper Fermatean

neutrosophic approximation operator can be shown as below Vx € Q.

D Taw® =Y [ Re) (4060 = v 64 Ry (46)@)]
= [E8 Rr), (490 = ]BA(&wLJﬁaX@]

2) Ty =¥ [§ A (Rey )§ A @] &[vm [§ A (Rey (45 (0]
= EARR)E+AO] =, v (64 (R, )E+ (A D]

”%M@:AEW%ﬂ@WFAJW®JWWd

§elo,1]
— &+ — &+ +
:Ee{(\),l] [E v (RFN) (Af)(x)] zfe{(\),l] [f v (RFN) (Af )(x)]
for any ¢ € [0,1]
4) [EFN(A)]E+ = EFN;.,.(AE‘F) = EFNE(AE) = [EFN(A)]f
5) [Rry(AJ§+E Rry€ + (AE +) S Ry, §(A9) € [Rp, (D¢
6) [Rey @] < Ry, (45) € Re, F(49) < [Ry, (W]
Proof:
1) For x € Q, the following equality holds:

v (64 @) (49 @) = sup {5 € [0.11/x € (R, ) (45}
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= Sup {E € [0»1]/(RFN)5(X) nAg # <p}
= Sup {E € [0,1]/3y € Q (y € (RFN)g(x)’y = Af)}

= sup {¢ € [0,11/3y € Q |Tr,,, (07) 2 £, T4 () 2 £}
=V [Tae, Con) AT )] = T, ()

2) & A (Rry )§ (45 ()] = Sup{¢ € [0,1]/x € (Rg,, )§(AD)}

= Sup{¢ € [0,1]/(R, )E(x) N AE % @}

s‘EE{),l] [

= Sup{f € [0,1]/3y € Q(y € (RFN)f(x),y € A";)}
= Sup {f €[01]/3y €@ [IRFN(X'J’) 28 1L, () 2 E]}
=, |y G 9) AL )] = I, (@)

3 (o [8V Re) (49)00] = inf {5 € 011/x € R, ) (4}
= inf {¢ € [011/(Re, )" () 1 45 # o}

= inf {¢ € [0,1]/3y € Q (v € (Rr,) @),y € 4%))
= inf {¢ € [0,11/3y € Q[Fr,, (xY) < £, Fa(3) <]}

= 2o Fre, o) VE)] = F, @)
Similarly
TEFN (4 (X) :fe%,l] [f A (EFN)f (Af"') (X)]

eelo] ["z A (ﬁFN)gJ,(Ag)(x)]

= v [eARey),, (Ae) @)

§elo,1]
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Iy ) = [§ A (Rey )E(AE H) )]
(¢ A (Rry)§ + (45 ()]

Ee[01

~geloa) [ A (Rey ) + (48 (0]

FEFN(A) (x) :fE{(\),l] [E v (EFN)E(AE+)(x)]

eefo. [V (EFN)f-l-(Af)(-X)]

= o Y ) (40
4) Since Rp,, §,+(A§+) S Rp, ., (4g) < Rp, £(4¢)
To prove only [Rpg,, (4)] e S Ry, €+(A5+) and
Rp, ((4s) [Rr, (A)]  forany x € [Rr, (A)] e TRy > €
=V [TRFN (X, Y) AT, (y)] > £3 atleast one y' € Q such that
|Tap, (6 ¥) ATop (0] > €
>y € RFN&(x) andy' € Az, = RFN&(x) NAsy # @

According to the definition of upper crisp approximation operator,

X € EFN&(A&). Hence [EFN (A)]E+ c EFN& (AE+)
Next, to prove EFNE(AE) c [RFN (A)]g
for any x € EFNf(Af)» RFNf(Af)(x) = 1, if there exist 1, then
Trey () = ¥ | v A (ﬁFN)l,,(Aw)(x)] 2§ A (Rey),,(Ap) () = €

and x € [Rp, (4], Ry, (4) € [Rr, (D],
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5) Similar to (4). It is enough to prove
[Ren€ + (AE +)], < Re, &+ (49) < [Rp, §(AD)]
Hence,
i, [Rey(A]é+ S Rp &+ (AE +)
ii. [Rpy&(48)] € [Rp,(A)]E
i) For x € [Rp, (D¢ +lg,, () > & = V. [Ies, G3) AL > £ 3y €0

such that I, . (x,y") AL,(y") > ¢, (ie.,)
IRFN(x,y’)E and I,(y')¢ >y €Rp,§+ (x)andy' € AE +,y" € R, (x) NAS +
= Rp, & + (x) N AE++# .
According to the definition of crisp approximation operator,

x € Ry & + (A€ +) therefore [Rp, (A)]é+ S R, & + (A +).

For any x € [FNE(AE)], [EFNE(AE)] (x) =1.
If there exists 1 then

TRey @) =, Y [ A Rey (AP (O] 2 § A Rpye (A () = ¢
And x € [EFN(A)]S, therefore FNE(AE) c [EFN (A)]f.

6) The proof of (6) is similar to (4) and (5), hence, it is sufficient to prove the following

inclusions:

[Rr, ] € Rey ¥ (45*) and [Rp, £ (49)] < [Rr, ()]

Forany x € [ﬁFN(A)]&,FﬁFN (x) < &(.e.,) y/E\Q [FRFN (x,y)v FA(y)] < &and

3y’ € Q 3 Fp, (x,y)VFE(y") <§.
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Hence FRFN(x,y’) <¢&T () <€ (ie.,) y' €RS*(x)and Yy e A",

RFN&(X) N A+ # ¢. Therefore, x € RFN&(A&) and [}?FN(A)]EJr c RFN5+(AE+)_
Next for any x € RFNE(Af) note RFNf(Af)(x) = 1 then

Frey@ = A [vRP(4¥)(0)] < v R, (45) () = €.

pelbal
Thus x € [Rp, (A)]°. Hence Ry, ¢ (4%) € [Rr, (D]
Theorem 4.1.13
Let (Q,Rr, ) be a FNAS and 4 € F(Q) then Vx € Q.
D) Tge, () (X)
= ¢ v (1-Re,*) () )] = [¢v (1= Rey)* (A) )]

=§e{(\),1] [9( v (1 - M) (Af_,_)(x)] :fe{(\m] [SZ v (1 . RFN)&(Ag)(x)]
2) IBFN(A)(X)
=y 6V (1= Re 0= 0) (2 D))
=y [V (1= Re )1 - HUH @)
gefoa [E v (1 B M) (A +)(x)]

= [5 v (1 —Rp,(1—¢ +)(A€)(x))]

é€fo,1

EN (1 — %(A“)(x))l
= v lea(1- RFN)E(AE)(x)]

3) FBFN(A) x) =$e%,1]

§elo,1]
= (68 (1= By, (45 (0]
= [64 (1= Reaer) (49) )]
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and for ¢ € [0,1]
4) [Rry (@], € Rey*(Ae+) € Rey** (Aer) € Rey ™ (A¢) < [Rey (D],
5) [Rry(A]E+E Rp, (1 = E)(AE +) € R, (1€ +)(AE +)

C Rpy (1= & +)(A9) < [Rr, (D]¢

6) [BFN(A)]$+ = BFN(A$+) = RFN§+(AE+) = RFNSq_(AE) = [BFN(A)]S

7) [BFN(A)]f < BFNf(Af+) S RF_NE(AS) S RFN5+(A5) S [BFN(A)]E

8) [Rry(A)]E+ES Rpy (1 — E)(AE +) S R, E(AE) S Rp, (1 — & +)(A)

< [Re, ]

9) [BFN(A)]€+ = BFN(A€+) = RFNf(Af) = RFN{+(A€) = [BFN(A)]f

Proof:

(1) and (2). For any x € Q by the duality of upper and lower crisp approximation

operators and in terms of theorems 4.1.7,4.1.10 and 4.1.12
Ty = [£4 (Rry) (~40) )]

IEFN(NA) (.X') :fe%'ﬂ [f A (RFN)E(NAE)('X)]’

FEFN(“'A)(x) =EE{(\),1] ['f v (RFN)E(NAf)(x)]’
TEFN(~A) (») =fEE(/),1] [f A (RFN)g('V Af)(x)]

£ A (Rry) (~ 45 (0]

~gelo,] |

= v
¢elo,1]

A (= Re), (450
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zfe%,ﬂ A (1 - RFN)E(N AE"‘)(X)]

¢ A (R ) (~ 46) )]
€ A (Rey)E(~ AL =€ 9))(0)]

€ A~ (Re,)E(ACL = § ) ()]

FEFN (~A) (x) 256{8,1]

= A
¢elo1]

= A
gef0,1]

€A1 = (R, )é(~ A0 = § ) (@)]
v (Rey)' (= 4) )

£ (Re,) (~ 4) )]

€ v~ (Rr,) (Ag2) 0]

=y v 1= (Re,) (4e:) )]

Thus, by fixing R, (4) =~

EFN (~ A)a

3
Hence TBFN(A)(X) = FﬁFN(“'A)(x) =fe{(\),1] [f 7 (EFN) (AE+)(X)]

ey @) = 1=Ig, 0=, A |6V 1= (R, )E(A0 - ¢ D)@

FBFN(A)(X) = TﬁpN(~A) (x) =

Likewise, It is easy to prove

[€n 1= (Bey) (464) @)

i
é€lo,1

that Re,,* (Agy) S Rpy, **(Agy) S Ryt (4¢).
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To show that [&:I\,(A)]er c RFNf(A&), RFN5+(AE) c [BFN(A)]g for any
x € Rp, S (Ags), if Tgy (A)(x) > ¢ then, s |Frp, (. ¥) VTa()| > € and
[FRFN(x, y)V TA(y)] > ¢ forany y € Q, that is ifFRFN(x, y) < &, then Ty(y) > €.

Alternatively, for any y € Q, if y€ REN(x) then y € Ag,. Therefore,

REN (x) € Ag,, then by the definition of lower approximation operator it follows that
X € RFNE(A&). Therefore, [BFN(A)]er c RFNS(A&). Also, for any x € RFNer (Ag),

and RFN";JF(ASc) = 1. Then,

—FN(x E’e[o 1] [”; VRFNs (Af )(x)]
AR )0
> & AR, (A () = ¢

Hence x € [Rry ()], € Re,** (4¢) and Rr,** (4¢) < [Rey (A)],-

Similarly, to prove (5) and (6) and hence (7), (8) and (9) can be concluded.
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4.2 Topology of Fermatean Temporal Neutrosophic Rough
Sets

This section introduces the concept of the Fermatean temporal neutrosophic

rough set and its associated topology, and discusses some of its properties.

Fermatean Temporal Neutrosophic Rough Set

Definition 4.2.1

Let Q be a universe and T be a non-empty set and the elements of T be time
moments. Let a nonempty set A(T) be a Fermatean temporal neutrosophic set. For an

arbitrary Fermatean neutrosophic relation Rg, over (Q X Q), the pair (Q’RFN)t is

called Fermatean temporal neutrosophic approximation space (FTNAS) at time t,

(where t € T can be discrete or continuous). For any A(T) € F(Q) of the form
A(T) = {<x1 TA (x; t), IA (x; t)l FA(xl t)) (x; t) € Q X T}

the upper and lower approximations of A(T) with respect to (Q,RFN), denoted by

Rp, (A(T) ) and ﬁFN (A(T) ) respectively defined as
Ry (ACT)) = {{x, g (060, g 0 06,8, By (5, )) /G, 0) €@ X T}
Re (A(T)) = {<x Ta, 000, 5, (o), Fr, (. t)> /,t) € QxT}

where,

Tary@ @0 = A | (Frpy G 3),8) VT3, 0)]

0 <(1 prmes y)),t> V L (x, t)l

IQFN(A) (x,t) :y/e\

Faey @ 0) = V. |(Tap,, (030, £) AFa(y,0)]
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TﬁpN(A) (x’ t) :y\E/Q _(TRFN (x! y)ﬂ t) /\ TA (y; t)]

IﬁFN(A)(x, t) =Y _(IRFN(x, y), t) AL (y, t)]

F

Rey (0 8) = A _(FRFN (), t) VEy(y, t)]

The pair (EFN (A(T)), EFN (A(T) )) is called Fermatean temporal neutrosophic
rough set (FTNRS) of A(T) with respect to (Q, RFN)t and Rr,, ﬁFN: F(Q) » F(Q) and

referred to as upper and lower Fermatean temporal neutrosophic rough approximation

operators respectively.

Let Q be an approximation space, and let A(T) = (EFN (A(T) ),ﬁFN (A(T) )) € Qbea

FTNRS with Rr, (A(T)) < Rg, (A(T)). Let Cx be the collection of all FTNRSs in
A(T). 0byp = (x,0,0,1): (x,t) € X X T and 1&g = (x,1,0,0): (x,t) € X X T are
respectively called null FTNRS and whole FTNRS in X. Clearly C(0%yz) = 154z and

C(lzt?NR) = OztrNR

Definition 4.2.2
Let X = (QFN(A(T)),EFN(A(T))) be a Fermatean temporal neutrosophic

rough set and t; be a family of FTNRSs satisfies the following axioms for fixed time
moment t € T in A(T) such that

ii. Foreach A;, A, € 1., thereexista F € 7, such that Tr(x,t) = Ty, n,4,(x, t)
Ip(x, t) = IAlntAz(x, t), FF(x, t) = FAlntAz(x, t) for each (.x, t) eEX X {t}
iii. For any arbitrary family {A;;i € J} € t;, there exist a D € t; such that
TD(xl t) = TU%ein(x’ t)> ID(x' t) = IU%ein(x’ t); FD(xl t) = FU%E]Ai(x, t)

for each (x,t) € A x {t}.
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Then t, is called a topology of FTNRSs in A(T) and the pair (A(T), t;) is called
a topological space of FTNRSs in A(T). Every member of t, is called open FTNRS.

Theorem 4.2.3
Let F, denote the collection of all closed FTNRSs in (A(T),t;) Then the
collection F; of all closed FTNRSs fulfills the following axioms:
a) Ofyg, 1rng € Fi-
b) A;(t),A,(t) € F = A, (t) UA,(t) € F,.
c) Ai(t) EF,i €] =Nic; Ai(t) €E F,.

Proof. The proof is straightforward.

Definition 4.2.4

Consider A(T) be a FTNRS in X. The union of all open FTNRSs in (X, t;)
contained in A(T) is called the interior of A(T) in (X, t,) for fixed time momentt € T,
and is denoted by Int; A(T). Clearly Int,,A(T) is the largest open FTNRS contained

in A(T) and A(T) is open iff A(t) = Int;, A(t).

Definition 4.2.5

Let A(T) bea FTNRS in X. The closure of A(T) in (X, t;) denoted Cl;A(T), is
defined by the intersection of all closed FTNRSs in (X, t,) containing A(T) for fixed
time moment ¢ € T. Clearly Cl; A(T) is the smallest closed FTNRS containing and

A(T) is closed iff A(t) = Cl;, A(t).

Theorem 4.2.6
Let A(t) and B(t) be a FTNRSs in X(T).

i) cl;,(Oprn) = Opr,
i) clr, (cle, (A®)) = el (AD)).
iii) A() € B(t) = cly, (AD) < cly, (BO)).
iv) cl,(A@®) UB(®)) = cl, (A®)) U clyirn (B(D)).
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V) cl, (A@®) nB(®)) < cly (A®)) ncly, (B(D)).
Proof. The proof is straightforward.

Definition 4.2.7

Let Q and R be two universes and f:Q — R be a mapping. Let A(t) =
(Tacey Lacey Faey) be an FTNRS in X(t):(gFN(A,t),EFN(A,t)) and Y(t) =
f(X@®)eVvxV,teT for fixed time moment teT, where Rg (Y(0)=

(EFN(A t)) and R, (Y(1)) = f(RFN(A t)) Then, image of A(t) under f by

)

( wt» F (T )
fA(®) = ( N(A(t)) RFN(A(t)))>'

(7

RFN(A(t)) (FRFN(A(t)))) ]

where,

r @) (VI (40)@®].)
f (IRFN(A“))@)) = 3V [Tgy a)@)], 1% € Rey (A©) 0 £720),Vy € R, (YD)
Fre, (a0) ) A [ Fa, (1) (x)]

TRey(a) ), v :TRFN (am) (x)] )
f IﬁpN(A(t))(J/), ={v :IRFN(A(L“))(X)], b x € Rp (A(®)) N f72(3),Vy € R, (Y (1))
FRe, (ae) ) A [ Fen (10) (x)]
(v [Tap 4y @)
v [IRFN(A(t)) (x)], x € Rp (A()) N 1), Vy € x € Re (Y (£))Rr,, (Y (D))
N raorie]
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Definition 4.2.8

Let f:Q - R be a mapping. Let X(t) = (EFN(X, t), Rpy (X, t)) cQ and
Y(t) = (QFN(Y, £), Rr, (Y, t)) C R are FTNRSs in Q and R respectively. Let
A() = (Taey Lace) Fay) be an FTNRS in Y(t) for fixed time moment ¢ € T.
Then X(©) = fY(Y(v)) € Qwhere Rey (X, t) = f7'Rg, (Y, 1) and
R, (X,t) = fRg, (Y, t). Then the inverse image f~1A(t) of A(t) under f, is
defined by

714 = (7 (Taw) £ 7 (aw) £ (Faw))

Theorem 4.2.9
Let f: Q — R be amapping. Then for all FTNRSs A(t) and B(t), the following
properties hold

(i) A@®) cB@®) = f(A®) < f(B®).
(i) FA® UB@®)=f(AD) U f(B®)).
(i) £(A(®) nB(®)) c f(A®)) n F(B®)).

Definition 4.2.10

Let (X(t),t,) and (Y(t),0,) be two topological spaces of FTNRSs and
f:Q — R beamapping. Then f: (X(t),7:) = (Y(t),0,) issaid to be FTNR continuous
if f71(A(t)) € 7, VA € 0.

Theorem 4.2.11
The following statements are equivalent:
i. f:(X(®,t:) - (Y(t),0;) is FTNR continuous.
i, f71 (A(t)) is closed FTNRS in (X,T), for every closed FTNRS A(t) in

(?(t), at)
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ii. f (clftﬁ(t)) c cly, (f (ﬁ(t))), for every FTNRS P(t) in X(¢).

Proof. (i) < (ii)
Suppose, f: (X(©),t:) = (Y(t),0;) is FTNR continuous and let A(t) € ¥(¢)

be a closed set. Since (?(t) — A(t)) is open in Y(t) and by continuity
£ (7(®) - A(®)) is open in X(t) = X(®) - £ (P(t) - A®) = £ (4(®)) is
closed.

Therefore 1 (A(t)) is FTNR closed.

Conversely, Let A(t) € Y(t) be an open set, Y(t) —A(t) is closed in
Pty = £ (P - A(t)) is closed in ()?(t),r(t)) 2@ - (7(t) - A(®)) is an
open FTNRS in (X(¢),7,) = f* (/T(t)) is open.

Hence f is continuous.
(i) < (iii)

Let P(t) € X(t) be a closed set. Then cl (15(1:)) = (N7, P;(1)), such that
B(t)eT impliesf(cl (ﬁ(t))) = 7 (NP ) € Ny £ (B®)

[by Theorem 4.2.9] = cl (f (ﬁ(t))). Converse is straightforward.
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4.3. Application of Fermatean Temporal Neutrosophic Rough Sets

In many data analysis and decision-making tasks, datasets often contain
redundant or irrelevant attributes that increase complexity and reduce efficiency.
Attribute reduction aims to identify the smallest possible subset of attributes that
preserves the dataset’s classification or decision-making capability.

Using our defined Fermatean neutrosophic rough set, Fermatean temporal
neutrosophic rough set, and Fermatean temporal neutrosophic rough topology, an
attribute reduction method that removes redundant or irrelevant attributes has been
developed by keeping the dataset’s original decision-making ability. This method
considers both uncertainty and time-based changes, ensuring the selected attributes
remain accurate and consistent.

Let S = ((Q, A);) be an Information System (IS) with time t, (where t € T can
be discrete or continuous). where @ is a set of non-empty objects called universe, A is
a set of attributes. The element of Q can be called object, case, instance, or observation.
The attributes can be called features, variables, or characteristic conditions. If an
attribute a i1s given, then a:Q -V, for a € A. V, is called the set of Fermatean

neutrosophic values of a at time t.

Definition 4.3.1

If a € A, H € A, then an indiscernibility relation IND(H,) at fixed time t € T

can be defined as:
IND(H;) = {((m,n);)|(m,n) e U x U,t € T:forall a € H,a(m;) = a(n;)}

or in the statement that the two objects are said to be indiscernible at fixed time t when
the two objects are indistinguishable since they do not have sufficient differences in the

set of attributes called H.
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Definition 4.3.2

Let S = ((Q, A);) be an information system, H € A,and leta € H, t € T is fixed.
It can be said that a is dispensable in H at time t, if INDs(H;) = INDg(H — a);
otherwise

INDs(H;) # INDg(H — a), is indispensable in H at t. A set His called
independent if all of its attributes are indispensable.

Any subset H' of H is called a reduct of H if H' is independent at fixed time t € T and
INDy(H';) = IND(H,).

Therefore, reduct is the minimal set of attributes without changing the
classification results when using all attributes. In other words, the attributes not
in reduct are considered redundant and have no effect on classification.

Definition 4.3.3

Let P be a subset of A. The core of P is the set of all indispensable attributes of P
at fixed time t € T.

Core(P;) =N Red(P;)
where Red(P;) is the set of all reducts of P;.

Working rule for attribute reduction:

This section developes an algorithm to find the deciding factors or core to pick
the minimum number of attributes necessary for the classification of objects.

LetS = ((Q, A), t) be an information system. Let Q be the universe, Rg, (t) be
the Fermatean neutrosophic relation on A(t) and (A(t),7;) be a Fermatean temporal
neutrosophic rough topology in S at fixed time t € T.

Let P, € Rp, (t), and r € P. Then by definition 4.3.2, INDs(P;) = INDg(P — 1),.
A subset P, the set of attributes is known as the core of Rp, (t) if
INDg(P;) # INDg(P — 7).
That is, a core of R FN(t) is a subset of attributes which is in a way that none of

its elements can be removed without affecting the classification power of attributes.
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The procedure can be put in the form of an algorithm as follows:

Step 1: Let Q be the universe of discourse, and A(t) be the set of attributes. An FN-r
Rp, (t) with respect to fixed time t is defined on @ . The elements of the
universe are represented by the columns, the attributes by the rows, and the
values of the attributes are given by the table entries with Fermaten neutrosophic
values. Apply the Fematean neutrosophic level level-cut to each value to
produce crisp values (or classes) per attribute. Build the equivalence relation on
Q: two objects are equivalent iff their level-cut values match for all attributes in
A at fixed time t.

Step 2: Fix a target set W (t) € Q at time t. Find the lower approximation, upper
approximation and the boundary region of W (t) with respect to Rg, (t).

Step 3: Generate the topologies (A(t), T;)on U and also (W (t), T.).

Step 4: Remove an attribute x from A(t) and find the lower and upper approximations
and the boundary region of W (t) with respect to the equivalence relation on
A(t) — {x}.

Step 5: Generate the Fermatean temporal neutrosophic topology (A(t) — {x}, ;) on Q.

Step 6: Repeat steps 3 and 4 for all attributes in A(t).

Step 7: Those attributes in A(t) for which (A(t), ;) # (A(t) — {x}, t;) form the core
of R, (t).

Ilustration.

Consider a universe Q = {X;,X,,X3,X4,Xs}, set of attributes and
A ={C,,C,,Cs5,C4,Cs,Cy,Cy, Cg} criteria. The relation between set of attributes and
criteria given in the Table 4.3.1 using Fermaten neutrosophic values at fixed time
t = 1. In this example fix two target sets such as
CASE 1. W; (1) = {X,, X3}
CASE 2. W, (1) = {X;, X4, X<}
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Table 4.3.1
Q/Rp, (1) X1 X3 X3 Xy Xs
Cq (0.6,0.7,0.5) | (0.8,0.9,0.5) | (0.75,0.85,0.5) | (0.6,0.65,0.4) | (0.8,0.6,0.3)
C, (0.8,0.8,0.4) | (0.4,0.6,0.9) | (0.5,0.7,0.8) | (0.8,0.75,0.3) | (0.3,0.7,0.85)
C3 (0.3,0.7,0.8) | (0.8,0.75,0.5) | (0.8,0.8,0.4) | (0.4,0.7,0.8) | (0.5,0.6,0.9)
Cy (0.95,0.8,0.5) | (0.8,0.95,0.7) | (0.8,0.9,0.4) | (0.9,0.8,0.4) | (0.95,0.85,0.4)
Cs (0.9,0.75,0.4) | (0.4,0.65,0.8) | (0.3,0.7,0.9) | (0.9,0.85,0.3) | (0.95,0.8,0.3)
Ce (0.8,0.9,0.4) | (0.95,0.8,0.3) | (0.9,0.75,0.5) | (0.8,0.85,0.4) | (0.7,0.8,0.4)
C, (0.9,0.8,0.4) | (0.8,0.6,0.5) | (0.7,0.8,0.3) | (0.9,0.8,0.4) | (0.95,0.8,0.2)
Cg (0.8,0.9,0.4) | (0.3,0.6,0.8) | (0.4,0.6,0.7) | (0.8,0.9,0.5) | (0.8,0.85,0.3)

Using Fematean neutrosophic level-cut values such as ¢ € (0.8,1], y» € (0.7,0.8] and
¢ € (0.5,0.6] the equivalence class is given by

Q/RFN(E,IIJ,() = {{X11X4-}l {XZ}' {X3}' {XS}}
CASE 1.
Let Q = {X1,X,,X5,X,,Xs} and W;(1) = {X;,X3}. The set of equivalence

classes corresponding to Rp,zy.¢)(1) is Q/Rp, w0y = {{Xl,X4}, {X,3},{X5}, {XS}}
then the Fermatean temporal neutrosophic topology (W (1), t,) on Q is given by

TRFN(fnllJ.O (Wl(l)) = {Q’ d)' {X3}' {Xli X4-}: {Xl; X3, X4.}}

If C; is removed from set of condition attributes,
Q/Rryw (D) — {1} = {{X1, Xu}, (X5}, (X33, {Xs}}
Then TRFN(S,w,{)_{Cl}(Wl(l)) = {Q' d)' {X3}' {Xli X4-}' {X1'X3ﬂX4-}} = TRFN(f,l,b,{) (Wl(l))

If C, is removed from set of condition attributes,
Q/Rry (1) = {Co} = {{X1, Xa, X5}, (X2}, {(X5}}
Then
TRy ewo-c (Wi (D) = {Q, &, (X3}, {X1, Xy, X5}, {X1, X3, X4, X5}}
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Chapter IV

TRFN(S,w,o—{Cz}(Wl(l)) " TR (W (D).

If C5 is removed from set of condition attributes,
Q/Reyew (D = (G} = {X0, X}, (X33, X3}, (X3}
Then tq, o ey (Wi (D) = {Q, ¢, (Xa}, (X0, Xu} (X0, X3, Xa}} = 7, o (W2 (D).

If C, is removed from set of condition attributes,
Q/Rryewey(D —{Ca} = {{X1, Xu}, (X2}, (X3}, X3}
Then TRFN(aw,{)—{C‘L}(Wl(]-)) = {Q, @, {X3},{X1, X4}, {X1,X3,X4}} = WReyEpd) (W1(1))-

If C5 is removed from set of condition attributes,
Q/Rrygwe(D — {Cs} = {{X1, Xu}, (X2}, (X3}, {Xs}}
Then TRFN(aw,{)—{CS}(Wl(]-)) = {Q, @, {X3},{X1, X4}, {X1,X3,X4}} = WReyEpd) (W1(1))-

If C¢ is removed from set of condition attributes,
Q/Rrywy(D) —{Ce} = {{X1, Xu}, (X2}, (X3}, {Xs}}
Then TRFN(S,wiz)—{cé}(Wﬂl)) = {Q, @, (X3}, {X1, X4}, {X1,X3,X4}} = WReypd) (W1(1))

If C; is removed from set of condition attributes,
Q/Rrypy(D) —{C7} = {{X1, Xu}, (X5, X3}, (X3}
Then TRFN(g‘w‘O—{Cﬂ(Wl(l)) = {Q' ¢, {X3}' {Xli XZ'X4}' {le XZ' X3' X4-}} *

TRenEw.0) (Wl (1))'

If Cg is removed from set of condition attributes,
Q/Reyepy(D) — {Ca} = {{X1, Xa}, (X2}, {X33}, {Xs 3}
Then tp, ., —(ca) (W2 (D) = {Q, ¢, {X3}, {X1, Xu}, (X1, X5, X3} = 75, o (W2 (D).
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Chapter IV

From CASE 1, the Core (R, g0, (1)) = {2, C7}.

CASE 2.
Let Q ={X,X,,X5,X,,Xs} and W,(1) = {X,, X4, Xs}. Using Fematean
neutrosophic level-cut values such as ¢ € (0.8,1], ¥ € (0.7,0.8] and ¢ € (0.5,0.6] the

equivalence class is given by

Q/RFN(f,llJ,Z) = {{Xp Xa} {X23{X3} {Xs}}’

then the Fermatean temporal neutrosophic topology (W (1), t,) on Q is given by
The, ey (W2 (D) = {Q, &, (X2, X5}, (X1, Xa}, (X1, X, Xa, X5}

If C; is removed from set of condition attributes,
Q/Rrypo(D) — {1} = {{X1, Xu}, X}, (X3}, (X5}
Then TRFN@w,Q—{cl}(Wz(l)) = {Q, @, (X3}, {X1, X4}, {X1,X3,X4}} = WReyEwd) (Wz(l))-

If C, is removed from set of condition attributes,
Q/Reyew.) (D — (G2} = {{X1, Xo, X5}, (X}, (X33}
Then TRFN(f,w,{)_{CZ}(WZ(]‘)) = {Q' d)' {XZ}' {X1'X4-'X5}' {le XZ' X4-' XS}} *

Ty W2 (D).

If C5 1s removed from set of condition attributes,
Q/Rpy o)D) —{C3} = {{X1, X4}, {X2}, {X3}, {X5}}
Then TRFN(aI/)l()—{Cg}(WZ(]‘)) = {Q: b, {X3}1{X1, X4}, {X1,X3,X4}} = TRFN@M) (Wz(l))

If C, is removed from set of condition attributes,
Q/Reyepy(D — (€4} = {{X1, X4}, (X2}, {X3}, {Xs 3}
Then TRFN(f‘w‘()—{C‘;}(WZ(l)) = {Q, @, (X3}, {X1, X4}, {X1,X3,X4}} = TRFN@M) (Wz(l))
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Chapter IV

If Cs is removed from set of condition attributes,
Q/Rryep.0)(1) = {Cs} = {{X1, Xa}, {X2}, (X3}, {Xs3}}
Thenty, . —icd(W2(D) = {Q, &, (X3}, (X1, Xa3, (X1, X3, X3} = 7,0 (W2 (D).
If C¢ is removed from set of condition attributes,
Q/Rryep.)(1) = {C6} = {{X1, Xa}, {X2}, (X3}, (X5}
Then g, ., —(c)(Wa () = {Q, ¢, (X3}, (X1, Xo}, (X1, X5, Xu3} = T, 0 (W2 (D))

If C; is removed from set of condition attributes,
Q/Reyew ey ® — {67} = {{X1, X4}, (X2, X3}, {Xs}}
Then TRFN(f,‘tp,{)_{C7}(W2 (t)) = {Q: ¢l {XS}' {Xl; X21X4}' {Xll XZI X4-: XS}} *

PReywo (W2(0)).

If Cg is removed from set of condition attributes,

Q/Rpyi o)) —{Cs} = {{Xl'X4-}r {X2},{X3}, {Xs}}
Thenty, . —cd(Wa(®) = {Q, &, X3}, (X1, Xo}, {X1, X3, X3} = w0 (W2(O)).
From CASE 2, the Core (Rp,.,0(£)) = {C2, Cr).

Observation.
From the Core of Rpy @y, (t), it is concluded that {C,, C;} attributes are

necessary.
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