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Abstract In this §)aper the  definition of S-Hausdorff sgace mtroduced by
rlv?stava R, Lai, SN ang Srivastava, AK. [6 “ls exteHdedt second order fuzz
topo ?mal sA)aces in two different ways. It iS Shown that these two concepts are
heredl ary and productive. The relations between first order and second order

concepts are studied. The behavior of these concepts with regard to i(s), 'CS), i*(),
02(1), (a(t)* and «'(t) are also analysed.
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1 Introduction

Aftuzz set 08 aset X | |samet1'o (%Icefmed %n thﬁh values | u& |, \A]ghe{e Idls the closetd
unit Interval ujvalently fuzzy sets which are named as first order fuzzy sets
In this stud Ja %wt crlsy (%‘lned membershl functions or de regs
membership.” It 15 doubtful Whet er, for Instance, uman beinas have or ca avea
crisp image of membership functions in their mings. Zadeh [s] therefore su?gested
the notlon ofafug ¥set ho?e membership function itself s tafuzzZ set. ThiS leads
to the following definition of a second order fuzzy set or a fuzzy Set of type 2. A
second order fuzzy set ona nonempty set X is a map from X to |

First orderfuzzy sets are denoted byf g, h, ... and second orderfuzzy
sets are denoted by 1, ‘g h......

In this paper the terms fuzzy set’ and first order fuzzy set’ are used
synonymously.

Whenever afuzzy set is considered without mentioning the order, it always
refers to afirst orderfuzzy set

Similar terminology applies to all concepts related tofirst orderfuzzy sets.
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Fundamental defrnrtrons and Eropertres of second order fuzzy sets and
second order fuzzy topological space arg Introguced In [; Six_ Important and
Interesting connections "<&, 6 nd g between first order and second

order fuzzy topological spaces are aIso drscussed in 4]

The concept of fuzzy topological spaces was introduced and developed by
Chang[ Iland for other agglrcatrons one may refer[2& 3].Connections hetween crisp
topological spaces and second order fuzzy topologrcal spaces are given in [5),

With every crisp topology X on a nonempty sex X, three second order fuzzy
topologies (OjCX), (92(1))*and @z*(X) on X are associated. Also with every second

order fuzzy topology 5 on a nonempty set X, three crisp topologies i(5), iJ5) and

i'(8) on X are associated [5).

In this pa er the definition of S- Hausdorff space introduced by Srivastava
R, Lai, SN. ang rrvastava AK. [s %rs extended to Second order fuzzy topological
spaces in two different ways. If is shown that these two concepts are heredi tary and
productive. The relations Between first order and second order concepts are studied.

The behavior of these concepts with regard to i(b), ij(e),"i'(5), 0jCX), (coe(Xys and
(02(t) are also analysed.
2. Fundamental Definitions And Notations
Definition 2.1. 44\ A second order Chang fuzz topology 5 on a nonempty set X
Is a collection of second order fuzzy sets o X satisfying the following conditions :
) 0, 1€5 where, foranyx € X
0(x) = the zero function O.and 1 1(x) = the constant function 1on |
(i) T e 6 foreach Ae A implies (V fx)e 5

(i) fie 5fori=12,. .., mimplies (Afi)e 5

The pair (X, e) is called a second order Chang fuzzy topological space.

A second order Lowen fuzzy topology 5 on X is defined by replacing
axiom () in the above definition by axiom i P

(i) Al constant function @ e 5 where, for any x e X, & () = the
constant function a on 1. The pair (X, 5) is called a second order Lowen fuzzy
topological space. The elements of & are called second order fuzzy open sets.

Definition 2.2. |4] Every first order fuzzy topology 5={t"/ Xe A} on a non-empty
set X defines a second order fuzzy topology & = {fx/ fx e e} on X where fx(x) (a)



= fxéx), for every x € X and for every a ¢ 1. The correspondence 5 5 is denoted
as C.

Let 5={fx/eA}bea second order fuzzy topology (Lowen) on X,
Fix a € 1. The collection 5a = distinct elements of the collection {(fx),/

fxes} defings a first order fuzzy topology on X where (fOa(x) = fx(x)(a), for
every x € X. dj denotes the correspondence 6 -> 62

The collection 0= {(fiL ! * " s a subbase for a first order fuzzy
topology & on X where (fr'y (x) = V- £>,(x)(@), for every x ¢ X. d. denotes the

correspondence & —0. .
. Given a second. order fuzzy topology on a nonemptly set X, the association
ds, gives a way of getting another"second Grder fuzzy topology on the same set X.

That is, given a second order fuzzy topology 6 = e A} on a nonempty set
X, the collection 5¢ = {(fx e/ fit"e 5} is also a second order fuzzy topology on X.

Definition 2.3. [5| Let (X, 5) be a second order fuzzy topological space. Define
(1)  ie(5)to be the topology generated by the collection {({(A.)fee}

where foree (0, 1), (A ={xe X/ f(x)\E 1 =1}.
(2)  i*(e)to be the topology generated by the collection {A, /fe5}
where (A.) = {xe X/ f(x)"(e, 1] =forsome se (0, 1)}.

(3)  i(5)tobe the topology having the collection {(A Y'/f€5 €(0,1)} as asub
basis.
Definition 2.4. [5] Let (X, t) be a topological space. Define

(1)  (e4t)X to be the second order fuzzy topology generated by Ke where
fore e (0, 1), Ko = {fe(r')"/(AJ, et}.

() @®{t) to he the second order fuzzy topology generated by Kwhere K =
{fe(1)"I(A)" 6x forevery se (o, 1)}.

(3)  ®A" to be the second order fuzzy topology generated by K. where K. =
ffo(I)"IA. o1}



Definition 2.5. |e| A fuzzy _topological space (X, s) is said to be fuzzy S-Hausdorff
If for any pair of distinct uz%y paints X, Vs in X, there exist f, g e 5 such
that x e fyse gandfAg=0.

3. Second Order Fuzzy S-Hausdorff Spaces

Definition 3.L. A second order fuzzy topological space (X, 5) is said to be second
order fuzzy S-Hausdorff of type 1, denoted by (S- H)i, iff for any pair of distinct

second order fuzzy points XrYj in X, there exist f, § € 5 such that X ¢ f WC
gand'f A'g="0, where f Al §= 0 means given x € X, either f(x) =0 or g(x)
-0

Definition 3.2 A second order fuzzy topological space I-(1X’ 5) is said to be second
order fuzzy S-Hausdorff of type 2, denoted by (g - H)., is defined by replacing

the condition f Al g= o inthe above definition by fA29= o, where fAzq =
0 means given x e X and a e I either  (x) () =0 or §(x) (a) = 0.
Note:

() (X 5)is(S- Hji=>(X, 5)is(S- H)= But the converse need not be true,
(i) Subspace ofa (S- H)i space is (S- H)i.

Definition 3.3. Let (X, 5i), (Y,52)be two second order fuzyz topological spaces. If

fie5i and f2€ sthen the star product
fi *f2.0n X x Y is defined as follows :
(fi*f2)(xy)@) = filx) (@) Af2y)a),
for every (x, y1 e XxYand
forevery a ¢
The product topology 5 x & on X x Y s the second order fuzzy topology
having the collection {fi *12/ fi €&, f26 82} as a hasis.
Theorem 3.4. Product of two (S- H)i spaces is (S- H).

Proof. Let (X, 81) and (Y, s2) be two (S- H)i spaces. Consider two distinct fuzzy

points 2., (5 in Xx Y where 2= (x, y) and u= (p, q).
Eitherx pory g
Assumex *p.

A A

Then x Pj.
There exist , 0 € & suchthat x € f,"p*'e gand f Al g= 0.



f, ge6irf*1 g*185ix52.
Fora e |, consider
(f* 1)(x,y)(a) f(x)(a)A 1 (y)(a) >rVatlvX

e f)
e f*l
Similarly (e g*1
Also fAIg =0=e>(f*1)Ai(g*1)=0.
The proofis similar ify
Hence (XX Y, 6l X 62) is(S- H)i

Definition 3.5. Let {éXx, 5X? [ Ae A} be a family of second order fuz_z?]/
topological spaces and X = fI™"Xx. The"product topology on X is the one wit

basic second order fuzzy open sets of the form ~ fx where fx e 5k and fx = 1
except for finitely many *’s.

Here  X) (o)) (a) = AxsAfx(xX) (), for every (xdxae H, XX
and forevery a e |.
Theorem 3.6.  Arbitrary product of (S - H)i spaces is (S- H)|

Theorem 3.7 (X, 5) is fuzzy S-Hausdorffiff (X, 6) is (S- H)i where (X, 6) is got
from (X, 5) through the association d..

Proof. Given s, 5={f/fe5} where f gx%(a)_:f(x,for every xe Xanda € |
Assume (X.5) is fuzzy S-Hausdorff Consider two distinct second order fuzzy

points XrYs _ _ N
Then the first order fuzzy points x,, — in X are distinct.

there exists f, g e Ssuchthat X € fyse gandfAg=0. f, Qe sand
Xef =>fx)>r => f(x)(a)>r, Vasl=> Xréf
Similarly * ¢ .
Also fAg=0=> fAig =0.

Hence (X, 5)is(S-H),.. .
Proof o(f the 2on£/erse |)s similar,

Theorem 38. If (X, ) is (S - H)i then for every a € |, (X, &) is fuzzy S
Hausdorffwhere (X, s,) is got from (X, 5) through the association <



Proof. Given 6, ea= {f,/ fe e} where fa(x) = f(x) (a), Vxe X

" Consider two distinct first order fuzzy points X, ysin X. Then ., " are
Itinct.

there exist , § e & stch that
xwef YegandfA g=0.
o ?(reAfK\ f<x)(a)>r,Va€I:>fa(x)>r:>Xrefa
Similarly — ys e
Also fAG=0" faAga=0
(X, 58) Is fuzzy S-Hausdorff.
Theorem 3.9, 1f (X, 5) is (S- H)i, then (X, &*) is fuzzy S-Hausdorffwhere (X, 58)
is got from (X, 5) through the association Ca.

Proof. Given 5, a subbase for &"is S*= {f*/ fe 5} where FYx)= V x(x)(a), V
X 6 X

" Consider two distinct first order fuzzy points, X 8 in X. Then x.. Y] are
Itinct.

There exist f, 0 € esuchthat % ¢ f, ¥s'e gand T Ai ¢'= 0.
Xef=>f(x)(a)>r Vael=>V{)(@)>r=>Mx)>r=>Xef
Similaly — yse ¢
Also A g=6=>fAg =0

(X, 59 s fuzzy S-Hausdorff
Theorem 3.10. (X, 8) is (S - H)i iff (X, (8)c) is (S- H)i where (X, (6)c) is got
from (X, &) through the association G-

Proof. The proof is immediate from the following two facts.

For f, § € & and asecond order fuzzy point % in X,
1) Xefo Xe(fk
@ fAg=60(f)cA(g)o= 6.

Theorem 3.1L. 1f(X; 8)is (S- H)i, then
(1)  Fors€(0, 1), (X, is)) is Hausdorff
(2) (X T'(g))is Hausdorff
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(3) (X i(5)) is Hausdorff.
Proof. Consider x, y & X such that xy. Considerr, s e I'suchthatr>e s>¢. xr,
\& in X are distinct.

Thereexist f,g € o suchthat < e ¥," & gandt Aig=0.

Xefr tX)@>n Vael=> (X)) e ]=1=>xe (A"
Similarly y e (A.g

f,geb = (Af),, (Ag). e ")
Ao TAg=e=> (AN (Ag,), =

X, i§(5)) is Hausdorff.
Proofs o(f( )e( (})( 3) are similar,

Theorem 3.12. 1f(X, t) is Hausdorff then
{E ForEeSO,l ),)15(S- H),.
3

o Ko

Proof.

(1) Consider two distinct second order fuzzy points x., * in X, Then x™y.
There exist U, V e xsuchthatx e U,y e VandUn V=aq
el = XX =12 XuX)«@'> Vael= Xe X
Similarly * & Xv

Ao UnV =@ = Xurikv'0

U Vex=> XusXv™ K e where KJs abase of (ofx)X.
(VU=(A ),.V=(A )]

Henceg £ tg)%ls SS Hﬂ

Proofs of (2) and'(3) are similar.

Note 3.13. The theorems 2.4 to 2.12 proved for the separation axiom (S - H)i have
exact parallels for the separation axiom (S - Hyzalso.
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