


CHAPTER V

LINEAR OPERATORS PRESERVING RANK AND
PERIMETER OF RANK-1 MATRICES OVER SEMIRINGS

Definition : 5.1

The rank of AeM,,,(F+) is 1 if and only if there exist nonzero vectors
acM,, (F+) and be M, ;(F+) such that A=ab'. We call a the left factor, and b the
right factor of A . But these vectors a and b are not uniquely determined by A.

For example,
B ﬂ{ﬂh 2]{1/12}[2 | S

Definition :5.2
Let A be any rank-1 matrix in My, ,(F:). We define the perimeter of A,
P(A), as |a|+[b| for arbitrary factorization A = ab'.

Definition : 5.3
Let T is a linear operator Te My, ,(S). Then
(i) T preserve rank 1ifr(T(A)) =1 whenever r(A) = 1 for all AeM;,(S).
(i) T preserve perimeter k of rank-1 matrices if P(T(A)) = k whenever

P(A) = k for all Ae M, (S) with r(A) = L.
Theorem : 5.4

If T is a (P,Q,B)-operator on M, (S), then T preserves both rank and

perimeter of rank-1 matrices.
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Proof :

If T is a (P,Q,B)-opearator on M, (S), there exist mxm and nxn
permutation matrices P and Q, respectively such that T(A) = (A.B)Q, orm =n
and T(A) = P(A'oB)Q for all A in M, ,(S), where B e My, ,(S) is a matrix with all
nonzero entries and r(B) = 1. Then we can write B = cd', where none of entries ¢
or d is zero. Let A be a rank-1 matrix in M, ,(S) with a factorization A = ab'. For
the case T(A) = P(A oB)Q, we have the following :

T(A) = P(ab'ocd")Q = P(aoc)(bod)'Q = (P(ac o)(Q'(bod)) -----mmmmm- (*)
Thus (*) implies that

r(T(A)) = r((P(ac)) (Q'(b>d))) = 1 and

P(T(A)) = [P(acc)[+Q'(bod)| = [accl+{bod| = [al+[b] = P(A)

For the case m=n and T(A) = (A'oB)Q, we can show that r(T(A)) = 1 and
P(T(A)) = P(A) by the similar method as above.

Lemma : 5.5
Let T be a linear operator on M, ,(S). If T preserves rank and perimeter 2
of every rank-1 matrix, then the following statements hold :
(i) T maps a cell into a cell with nonzero scalar multiplication ;
(ii) T maps a line matrix into a line matrix.
Proof :
(i) follows from the property that T preserves perimeter 2. (ii) If not, there
exist two distinct cells E and F in same row (or column) such that T(E) and T(F)
lie in two different columns. Then we have r(E+F) = 1, while
r(T(E+F)) = r(T(E)+T(F)) = 2. This contradicts to the fact that T preserves rank 1.
The following is an example of a linear operator that preserves rank and
perimeter 2 of rank 1 matrices, but it does not preserve perimeter 2n (n>2) and is

not a (P,Q,B)-operator.
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Example : 5.6
Let T be a linear operator on My, ,(S) with n>2 defined by

T(4)= [ia,-,]Ekk = maxla,

i, =12, 1By

il

for all A = [a;3] € M,u(S), where k is a fixed integer in {1,2,...... ,n}. Then it is
easy to verify that T is a linear operator and preserves rank and perimeter 2 of each
rank-1 matrix. But T does not preserve perimeter 2n; for, if Je M, 4(S) is a matrix
whose entries are all 1, then J has rank 1 and perimeter 2n, but T(J) = Ey has

rank 1 and perimeter 2. Hence T is not a (P,Q,B)-operator by Theorem 5.4.

Lemma : 5.7
Let T be a linear operator on M, (S). Suppose that T preserves rank and
perimeters 2 and p (> 3) of rank-1 matrices. Then
(i) T maps two distinct cells in a row (column) into two distinct cells in a
row or in a column with nonzero scalar multiplication;
(i) If T maps a row matrix into a row (or column if m=n) matrix, then T
maps every row matrix into a row (or column if m=n) matrix and if T
maps a column matrix into a column (or row if m=n) matrix then T maps

every column matrix into a column (or row if m=n) matrix.

Definition :5.8
For a linear operator T on M, ,(S) preserving rank and perimeter 2 of

rank-1 matrices, we define the corresponding mapping 7°':A,, 2> A, by

T'(i, j) = (k,1) whenever T(E,.j): b,E, for some nonzero scalar b;jeS.

Lemma :5.9
Let T be a linear operator preserving both ranks and perimeters 2 and k

(k >4,k = n+1) of rank-1 matrices. Then 7" is a bijection of A, , .
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Proof :

By Lemma 5.5, we have that for any E, € E,, there exist E, € E,, and

nonzero b;;e S such that T(E;) = bEq. Without loss of generality, we may assume

. h row with nonzero scalar

that T maps the i row of a matrix into the r'
multiplication. Suppose that 7'(i,j)=T'(p,q) for some distinct pairs (i),
(p.q)e A, By the definition of 7", we have T(E;) = b;Ey and T(Epq) =bpgEn for
some nonzero scalars b; , byg € S. Lemma 5.7 implies that i#p and j#q.

Furthermore T maps the i"™ row and the p™ row of a matrix into the ™ row.
Case 1

4<k<n: claim : we can choose a 2x(k-2) submatrix A from i" and p"
row, but T(A) is a 1xk submatrix in the ' row. If the claim is true, then P(A) =k,
while P(T(A)) = k+1, a contradiction.
Proof of the claim :

By Lemma 5.7, T maps distincy cells in each row (or column) to distinct
cells with nonzero scalar multiplication. Now, choose E;; , Ey; but do not choose
Eiq » Epq Since there is a cell E,, (n # j,q) in the p"™ row such that

T'(p,h)=T"(i,q) but T'(,h)#T'(p.j), we choose a 2x(4-2) submatrix

E;+E, +E, +E, whose image under T is 1x4 submatrix in the ™ row.

Therefore the claim is satisfied for k = 4. Assume that for k = s with 4 <s<n-1,

the claim is true. Then there is a 2x (s —2) submatrix.

s-3 s=3
X=E;+) E, +E, +ZE,,,,,
t=

t=1
such that T(X) is an 1xs submatrix in the i" row, where {j,q,h1,. - .....hs 3} is the

set of distinct indices. Now, we can choose a cell E,, _(h,_, # j.qhysn..ennhy ;) such

that T'(G,h_,)=T' (0. )T (0.9)T' (D)oo T'(po ;). Then  we  have a

s=2 s=2
2x((s+1)-2) submatrix A=E,+ E, +E,+) E, such that T(A) is an
t=1

t=1
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1x (s +1) submatrix in the " row. Thus the claim is satisfied for k = s+1. By the

mathematical induction, the claim is true.
Case 2

k =n+a >n+2.Consider a matrix

n n a-2 n
Y=Y E, +Y E, +3.5 B,
s=1 =1 h=1 g=1

with rank 1 and perimeter k. Then T maps the i" and p" row Y into the ™ row
with nonzero scalar multiplication by Lemma 5.7. Thus the perimeter of T(Y) is
less than k, a contradiction.

Hence 7'(i,7)#T'(p.q) for any two distinct pairs (i.j).(p,q)e A,
Therefore T' is bijection on A, , . Hence the lemma.

The condition of & #n+1 Lemma 5.9 must be necessary. The following

example shows that T is a linear operator preserving both ranks and perimeters 2

and n+1 of rank-1 matrices, but 7' is not a bijection of A, , .

Example : 5.10
Consider a linear operator T on M, 3(S) defined by

T a b c|| |a+te b+f c+d
“\ld e f|) [0 o0 0o |

Then we can easily shows that T preserves both ranks and perimeters 2 and of

rank-1 matrices. But 7" is not a bijection of A, ;.

Notation : 5.11

Let ®&; = {E; | 1<j<n}, ¢ = {E; | 1<i<m}, R = {®; | 1<i<m} and
C = {¢ | I<j<n}. For a linear operator T on M,.(S), define
T'(R:) ={T"(Ey) | 1<j<n} for each i = 1,2,.......,m and T'(&) = (T'(Ey) | 1<i<m}

foreachj=1,2,...... .
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Theorem : 5.12
Let T be a linear operator on M, ,(S), where S is a chain semiring. Then
the following are equivalent :
(i) Tisa(P,Q,B)-operator;
(i) T preserves both rank and perimeter of rank-1 matrices;
(i) T preserves both rank and perimeters 2 and k (k >4,k #n+1) of rank-1
matrices.
Proof :

(i)= (ii): Clear by Theorem 5.4. (ii) = (iii): It is obvious.

(iii)=(i): Assume (iii). Then the corresponding mapping T:4,, >4, is a
bijection by Lemma 5.9. Furthermore, there are two cases :

(a) T maps R onto R and maps C onto C, or

(b) T  maps R onto C and maps C onto R.
Case (a)

We note that T*(Qh) = Qe and T*(C‘Zi) = &g for all i = 1,2,...... ,m and
j=1,2 ......,n, where ¢ and 7 are permutations of {1,2,...... ;Jm} and {1.2....... A
respectively. Let P and Q be the permutation matrices corresponding to ¢ and T,
respectively. Then for any Eje Enn » we can write T(Ey) = bijEq(iy) for some
nonzero scalar bjeS. Now we claim that B = [bj]le Miu(S) has rank 1.
For, consider an mx n matrix J, all of whose entries are 1. Then we have

7(J)= T(ZZEJ -3 37(E, )

i=1 j=I i=1 j=1
m n

= Z Zbif'Ea(i)r(j)

i1 1

=PBQ.
Since J has rank 1, it follows that r(T(J)) = 1, and hence r(B)=r(PBQ)=r(T(J))=1.
Therefore for any A = [a;] € My, 4(S), we have

67



r)-1($5ak, |-55arle)

i=1 j=1 i=1 j=1
m n

= Zza,-jby'Ea(i)r(J')

i=1 1
=P(A-B)Q.

Thus T is a (P,Q,B)-operator.
Case (b)

We note that m = n and T*(QL-) = Cy(i) and T'(@j) = Qq for all i, j, where ¢
and t are some permutations of {1,2,...... ,m}. By an argument similar to case (a),
we obtain that T(A) is of the form T(A) = P(A' o B)Q, thus T is a
(P,Q,B)-operator.
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