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INTRODUCTION


The concept of fuzzy sets and fuzzy set operation swere introduced by Zadeh [38] in the year 1965. Since then several authors have worked on various basic concepts from general topology using fuzzy sets and developed the theory of fuzzy topological spaces. The notion of fuzzy sets naturally plays a very significant role in the study of fuzzy topology introduced by Chang [12]. Levin [19] introduced the concept of generalized closed sets in general topological spaces in the year 1970. Fukutake Saraf, Caldas and Mishra [16] introduced generalized pre-closed fuzzy sets in fuzzy topological spaces. In 2002, g(p-closed sets g(p-continuous, g(p-irresolute, g(p-closed, g(p-open maps and 
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, (Tp-spaces were introduced and studied by Veerakumar [35] for general topology Pu and Liu [27] introduced the concept of quasi‑coincidence and q-neighbourhoods by which the extension of functions in fuzzy setting can very interestingly and effectively by carried out.


Azad [3] introduced the concept of fuzzy semi continuity and studied the concepts of fuzzy almost continuity and fuzzy weakly continuity. Thakur et al.  [29] defined fuzzy semi-proper sets. Saraf et al. [29] generalized the concept of fuzzy semi-pre open sets and introduced fuzzy semi – T1/2 -spaces, Fgsp-continuity and Fgsp-irresoluteness.


This thesis is devoted to the study of fuzzy semi-pre-generalized closed sets and fuzzy g( pre-continuous maps in fuzzy topological space.


The following papers are chosen for discussion :

1.
“Fuzzy topological spaces”, by Chang [12].

2.
“Fuzzy semi-pre-generalized closed sets” by Saraf et al. [29]

3.
“Fuzzy g(-pre-continuous maps in fuzzy topological spaces” by Benchalli and Siddapur [9].

In chapter 1, the preliminary definitions and results on fuzzy sets fuzzy topological spaces, fuzzy neighbourhood of a set and fuzzy comport spaces due to Chang [12] are discussed.

In chapter 2, fuzzy semi pre-generalized closed sets due to Saraf et al .[29] are studied.

In section 2.1, deals with the study of fuzzy generalized closed sets, fuzzy generalized open sets and fuzzy generalized continuous functions.

In section 2.2 we analyse fuzzy semi pre-generalized closed sets. “A fuzzy set A of (X, () is called fuzzy semi-pre-generalized closed (fspg-closed) if Spcl(A) ( H, whenever A ( H and H is fs-open in X”.

The relationship between fuzzy semi pre-generalized closed and other generalized closed sets and other generalized closed sets are discussed properties and characterization of these sets are discussed.

In section 2.3, the properties, characterizations and applications of fuzzy semi pre-generalized continuous mappings are studied.

In section 2.4 fuzzy semi-pre generalized connectedness space are studied. “A fts (X, () is said to be fuzzy semi-pre-generalized connected (fspg‑connected) iff the only fuzzy sets which are both fspg-open and fspg-closed are 0X and 1X.

Some of the important results discussed are as follows :

1.
Let (X, () be a fts. If X is a fspg-connected space, then it is fs‑connected.

2. 
A fts (X, () is fspg-connected if X has no non-zero fspg-open sets A and B such that A + B = 1X.

3.
If f : (X, () ( (Y, () is fspg-continuous surjection and (X, () is fspg‑connected, then (Y, () is fuzzy connected.

In chapter 3, fuzzy g(pre-continuous maps in fuzzy topological spaces due to Benchalli and Siddapur [9] are studied.

In section 3.1, we discuss properties and characterizations of fuzzy g(p-continuous maps in fuzzy topological space. Some of the characterizations and properties discussed are as follows :

1.
A function f : X ( Y is fg(p-continuous iff the inverse image of every closed fuzzy set in Y is g(p-closed fuzzy in Y.

2.
Every f-continuous function is fg(p-continuous function.

3.
Every fg(p-continuous function is fgp-continuous function.

4.
Every fg(p-continuous function is fgsp-continuous function.


Section 3.2 deals with the fuzzy g(pre-homeomorphisms in fuzzy topological spaces.


A function f : X ( Y is called fuzzy g(p-homeomorphism (fg(p‑continuous. Characterization s of fuzzy g( pre-homeomorphisms is given as follows


Let f : X ( Y be a bijective function. Then the following are equivalent.

1.
f is fg(p-homeomorphism.

2.
f is fg(p-continuous and fg(p-open maps.

3.
f is fg(p-continuous and fg(p-closed maps.
REVIEW OF LITERATURE


The concept of fuzzy sets was introduced by Zadeh [38] in 1965. Several authors have applied this concept to various branches of mathematics. In 1968, Chang [12] introduced the notion of fuzzy topological spaces to generatise some of the basic concepts of general topology. Levine (19) introduced the concepts of generalized closed sets in concepts of generalized closed sets in general topology in 1970.


Since the various authors have studied various form of generalized  closed sets and various form of generlized continuous function in fuzzy topological  spaces, Here we shall give a brief survey of some of the articles published on these concepts

1.
‘Fuzzy sets’ 

GadeH, A.L. (1985) [38]

In this article, the author has characterized the membership zero and one and the notations of inclusions, union, intersection, compliment, relation, convexity are studied.

2.
Generalized closed sets in topology


Levine, N. (1970) [18]

In this article, the author has characterized the behaviour of unions, intersectin and subspaces and the properties of generalized closed and generalized open sets are studied.

3.
Semi-continuous and semi-closed mappings and semi-connectedness


Banamali Ghosh (1990) [5]


In this article, the author has studied the characterization of semi-continuous and semi-closed mappings between fuzzy topological spaces. With fuzzy semi-open, fuzzy Ti-spaces are defined and these spaces are investigated under fuzzy semi-continuity.

4.
Fuzzy strong semi-continuity and fuzzy precontinuity


Bin Shahna, R.N. and Anjan Mukherjee (1991) [10]

In this article, the author has introduced the concept of semiopen (semiclosed) sets, semi-continuous mapping, almost continuous mapping, and weakly continuous mappings and characterized fuzzy (-open ((-closed) sets, fuzzy preopen (preclosed) sets.

5.
Fuzzy weak semi-continuity


Bai Shi-Zhong (1992) [7]

In this article, the author has characterized the properties of fuzzy semicontinuous, fuzzy semiopen, fuzzy semiclosed and fuzzy pre-semi-open mapping and introduced the weaker form of both fuzzy semicontinuous and fuzzy almost continuous mapping in fuzzy topological spaces are studied.

6.
Generalized mapping between fuzzy topological spaces


Kandil, A., Kerre, E.E., Nooh, A.A., El-Shafei, M.E., (1992) [17]

In this article, the authors have introduced and studied (-operation on a fuzzy topology ( on a set X, fuzzy ( (-open (fuzzy ( (-closed) and fuzzy homeomorphism fuzzy (-open (fuzzy (-closed) and fuzzy (-open (fuzzy (‑closed).

7.
Fuzzy weakly completely continuous functions


Bhaumik, R.N. and Anjn Mukherjee (1993) [11]


In this article, the authors have introduced generalization of fuzzy completely continuous functions and fuzzy weakly completely continuous function and its properties are studied.

8.
The method of neighbourhood system fuzzy topology


Mingsheno Ying (1994) [22]

In this article, the author has introduced the theory of neighbourhood systems in fuffy topology and treated the membership relation as a fuzzy relation are studied.

9.
Fuzzy weakly semi-continuous functions


Dang, S., Behera, A. and Nanda, S. (1994) [13]

In this article, the authors have introduced fuzzy weakly semi-continuous functions between fuzzy topological spaces and the properties of these functions are characterized in terms of quasi coincidence, quasi neighbourhoods, 0-neighbourhood.

10.
Semi-generalized homeomorphism and generalized semi-homeomorphism in topological spaces


Devi, R. Balachandran, K. and Maki, H. (1995) [14]

In this article, authors have introduced two new classes of mappings of generalized semi-homomorphisms are studied.

11.
Some generalizations of fuzzy continuous functions


Balasubramanian, G. and Sundaram, P. (1997) [4]

In this article, the authors have introduced and studied fuzzy generalized connectedness, generalized fuzzy extremely disconnectedness and fuzzy generalized compartness.

12.
Fuzzy semi-preopen sets and fuzzy semi-precontinuity


Thakur, S.S. and Surendra Singh (1998) [34]

In this article, the authors have introduced the concepts of fuzzy semi-preopen sets and fuzzy semi-precontinuous mapping in fuzzy topological spaces are studied.

13.
Fuzzy non-continuous mappings and fuzzy pre-semi-separation axioms


Bai Shi-Zhong and Wang Wan-Liang (1998) [6]
In the article, the authors have introduced fuzzy pre-semi-open mapping, fuzzy pre-semi-irresolute mappings, fuzzy pre-semi-separation axioms and fuzzy pre-semi-connectedness in fuzzy topological spaces and its properties are studied.

14.
Fuzzy totally continuous and totally semi-continuous functions


Anjan Mukherjee (1999) [2]

In  this article, the author has  introduced fuzzy totally continuous and fuzzy totally semi-continuous functions and the composition of these function are studied.

15.
Fuzzy weak totally semi-continuous and fuzzy weak totally precontinuous


Abd El-Hakeim, K.M. (2001) [1]
In this article, the author has introduced and studied the properties of fuzzy weak totally continuous, fuzzy totally precontinuous, fuzzy weak totally semicontinuous, fuzzy totally M-precontinuous and fuzzy totally irresolute mappings.

16.
Fuzzy weakly semiopen functions

Migvel Caldas, Govindappa Navalagi, Rathesh Saraf (2002) [21]

In this article, the authors have introduced and characterized fuzzy weakly semi open functions between fuzzy topological spaces as natural dual to the fuzzy weakly semi continuous function.

17.
Generalized fuzzy 
strongly semiclosed sets in fuzzy topological spaces 


Oya Bedre Ozhakir (2002) [26]

In  this article, the author has introduced the concept of generalized fuzzy strongly semiclosed, generalized fuzzy almost-strongly semiclosed. generalized fuzzy almost-strongly closed.

18.
Generalization of some fuzzy functions


Erdal Eichi (2005) [15]
In this article, the author has introduced the notation of fuzzy slightly precontinuity, generalized fuzzy precontinuity, fuzzy weakly continuity, fuzzy continuity, fuzzy strongly continuity, fuzzy almost strongly continuity, fuzzy weakly continuity fuzzy almost continuity and fuzzy super continuity are studied.

19.
Fuzzy pre-semi-closed sets


Murugesa​n, S. and Thangavelu, P. (2008) [24]

In this article, the authors have introduced fuzzy pre-semi-closed sets in fuzzy topological spaces and investigated this properties. As an application to fuzzy pre-semi-closed sets, fuzzy pre-semi-T1/2 spaces, fuzzy pre-semi-T3/4 spaces and fuzzy semi-pre-T1/3 spaces are introduced and their characterizations are studied.

20.
Weak and strong forms of fuzzy irresolute maps


Sara F.R.K., Seema Mishra and Calda S.M. (2008) [32]

In this article, the authors obtained the characterization of fuzzy semi-T1/2 spaces using fap irresolute maps, fap-semi closed maps and fuzzy contra-irresolute maps.

21.
Fuzzy almost pairwise semi-pre continuous mapping and fuzzy almost semi-pre open (semi-pre closed) mappings


Mohammed Jasim Mohammed (2009) [23]
In this article, the author has introduced the concepts of fuzzy semi pre open in fuzzy topological spaces and fuzzy almost semi-pre continuous mappings and fuzzy almost pairwise semi-pre open (semi-pre closed) mappings are studied.

22.
Fuzzy minimal generalized continuous functions


Parimelazhagan, R. and Nagaveni, N. (2010) [25]

In this article, the authors have introduced fuzzy minimal generalized continuous function and fuzzy minimal generalized closed functions and their properties are studied.

23.
fbg-closed sets and fb-seperation axioms

Benchalli, S.S. and Jenifer Karnal, J. (2011) [8]


In this article, the authors have introduced fuzzy separation axioms with the help of fuzzy b-open sets and the properties of fuzzy b-generalized closed sets, fuzzy b-generalized continuous. Fuzzy b-irresolue maps and fuzzy b T1/2-spaces are studied.
CHAPTER – 1
PRELIMINARY DEFINITIONS AND RESULTS


In this chapter fuzzy topological spaces, neighbourhood of fuzzy set and compact fuzzy spaces due to Chang [12] are studied.

SECTION  1.1

FUZZY SETS

Definition  :  1.1.1


Let X be a non-empty set and ( be the unit interval [0, 1]. A fuzzy set in X is a function with domain X and values in (, that is an element of  (X.


Let A, B ( (X. We define the following fuzzy sets

(i)
A include B (i.e., B ( A) by B(x) ( A(x) for every x ( X.

(ii)
A ( B ( (X by (A ( B)(x) = min {A(x), B(x)} for each x ( X.

(iii)
A ( B ( (X by (A ( B)(x) = max {A(x), B(x)} for each x ( X.

(iv)
A( ( (X by A((x) = 1 – A(x) for each x ( X.


Let ( be an indexing set and {A( / ( ( (} be a family of fuzzy sets in X. Then their Union and intersection are defined as follows.


(( A()(x)  =  sup {A((x) / ( ( (}  


(( A()(x)  =  inf {A((x) / ( ( (}.

Definition  :  1.1.2

Let A1, A2 (, An be fuzzy sets in X. The product A = A1 x A2 x ( x An of fuzzy sets is a fuzzy set in Xn defined by


A(x1, x2, (, Xn) = min(A1(x1) (, An(Xn))

The ordinary subsets of X can be considered as fuzzy sets by identifying them with their characteristic functions.


Ordinary subsets are referred to as crisp sets when they are considered as fuzzy sets. Ordinary topological spaces are referred to as crisp topological spaces.


If A ( X, and if we consider A as a fuzzy set then, we mean




A(x)   =   1,    if x ( A




          =   0,    if x ( A

when an ordinary set A is considered as a fuzzy set, we write it as (A or A itself.


In view of this, the empty set ( and the whole space X can be considered as fuzzy sets by identifying them, with the constant functions 0 and 1 respectively.

Definition  :  1.1.5

Let f be a function from X to Y. Let B be a fuzzy set in Y. Then inverse image of B or preimage of B written as f(1(B) is a fuzzy set in X defined by f(1(B)(x) = B(f(x)), for all x ( X. 

Let A be a fuzzy set in X. The image of A, written as f(A) is a fuzzy set in Y defined by f(A)(y)
=
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Properties  :  1.1.6

Let f be a function from X to Y. Then

(a)
f(1(B()  =  {f(1(B)}( for any fuzzy set B in Y.

(b)
f(A() ( {f(A)}( for any fuzzy set A in X.

(c)
B1 ( B2 ( f(1(B1) ( f(1(B2), where B1, B2 are fuzzy sets in Y.

(d)
A1 ( A2 ( f(A1) ( f(A2), where A1 and A2 are fuzzy sets in S.

(e)
B ( f {f(1(B)} for any fuzzy set B in Y.

(f)
A ( f(1{f(A)} for any fuzzy set A in X.

(g)
Let f be a function from X to Y and g be a function from Y to Z. Then (g ( f)(1 {c} = f(1{g(1(c)} for any fuzzy set C in Z. Where g ( f is the composition of g and f.

(h)
If f is into then f(f(1(A)) = A.

Proof
(a)
To prove, f(1(B() = {f(1(B)}( for any fuzzy set B in Y. For all x in X


W.K.T. 
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      Thus f(1(B()
=
{f(1(B)}(

Hence the proof (a).

(b)
To prove, f(A() ( {f(A)(} for any fuzzy set A in X.


For each y ( Y, if f(1(y) is not empty, then


W.K.T. (f(A()(y)

=
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Thus, f(A() ( {f(A)}(

Hence the proof (b).

(c)
To prove, B1 ( B2 ( f(1(B1) ( f(1(B​2) where B1, B2 are fuzzy sets in Y.


W.K.T.
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Thus f(1(B1) ( f(1(B2)


Hence the proof (c).

(d)
To prove, A1 ( A2 ( f(A1) ( f(A2) where A1 and A2 are fuzzy sets in X.


W.K.T. 
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Thus f(A1) ( f(A2)


Hence the proof (d).

(e)
To prove, B ( f (f(1(B)) for any fuzzy set B in Y.

Case (i)

If f(1(y) is not empty,
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Case (ii)

If f(1(y) is empty,



[image: image30.wmf])

y

(

))

B

(

f

(

f

1

-

m


=
0


Therefore,



[image: image31.wmf])

y

(

))

B

(

f

(

f

1

-

m


(  (B(y) for all y ( Y.


Thus B ( f(f(1(B)) for any fuzzy set B in Y.


Hence the proof (e).

(f)
To prove, A ( f(1(f(A)) for any fuzzy set A in X.
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Hence the proof (f).

(g)
To prove, let f be a function from X to Y and g be a function from Y to Z.


Then to prove (g ( f)(1(C) = f(1(g(1(C)) for any fuzzy set C in Z, where g ( f is the composition of g and f.


For all x ( X,
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      Thus, (g ( f)(1(C)
=
f(1(g(1(C))

Hence the proof (g).  Hence the theorem.

SECTION  1.2

FUZZY TOPOLOGICAL SPACES

Definition  :  1.2.1 


A fuzzy topology on a set X in a collection of fuzzy sets in X satisfying the following axioms :

(i)
(, X ( (
(ii)
A, B ( ( ( A ( B ( (
(iii)
A( ( ( for ( ( ( ( 
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The pair (X, () is referred to as a Fuzzy topological space.

Definition  :  1.2.2



Let X be a non-empty set ( ( (X is a fuzzy topology on X iff

(1)
for every ( ( [0, 1], the constant function ( ( (
(2)
for every A, B ( (, A ( B ( (
(3)
for every (Aj)j(J ( (, 
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The pair (X, () is referred to as fts in short.

Definition  :  1.2.3

If (X, () is a fuzzy topological space, members of ( are called open fuzzy sets.


A fuzzy set A is called a closed fuzzy set iff A( ( (.

Definition  :  1.2.4

The closure and interior of a fuzzy set A ( (X are defined respectively as 



[image: image39.wmf]A

  =  ( {B / B ( A, B( ( (}


A(  =  ( {B / B ( A, B ( (}


It is easily seen that A is the smallest closed fuzzy set larger than A and that A( is the largest open fuzzy smaller than A.

Definition  :  1.2.5

Let ( be a fuzzy topology on a set X. A subfamily B of ( is a base for ( iff each member of ( can be expressed as the union of member (  of B.

Definition  :  1.2.6

Let (X, (), (Y, (() be two fts’s. A mapping f of (X, () into (Y, (() is fuzzy continuous iff for each open fuzzy set V in ((, the inverse image f(1(V) is in (.

Definition  :  1.2.7

Let (X, (), (Y, (() be two fts’s. A mapping f of (X, () into (Y, (() is called fuzzy open iff for each open fuzzy set V in (, the image f(V) is open in ((.

Definition  :  1.2.8

A bijective mapping f of a fts (X, () into (Y, (() is a fuzzy homoeomorphism iff it is fuzzy continuous and fuzzy open.

Theorem  :  1.2.9

Let f be a fuzzy continuous (resp. fuzzy open) mapping of a fts (X, () into a fts (Y, (() and g be a fuzzy continuous (resp. fuzzy open) mapping of (Y, (() into a fts (Z, ((). Then the composition g ( f is a fuzzy continuous (resp. fuzzy open) mapping of (X, () into (Z, (().

Definition  :  1.2.10

Given two fuzzy topologies (​1, (2 on the same set X, (1 is finer than (2 (and that (2 in coarser than (1) if the identify mapping of (X, (1) into (X, (2) is fuzzy continuous.

Definition  :  1.2.11

Let f be a mapping of a set X into a set Y and (( be a fuzzy topology on Y. The coarser fuzzy topology ( on X for which f in fuzzy continuous is called the inverse image under f of ((. Then open fuzzy sets in X are the inverse image of (( open fuzzy sets in Y.

Definition  :  1.2.12

Let f be a mapping of a set X into a set Y, and let (( be a fuzzy topology on X. The finest fuzzy topology (( on Y for which f is fuzzy continuous is called the image under f of (. A fuzzy set B in T is U-open iff f(1(B) is a (-open fuzzy set in S.

Definition  :  1.2.13



Let A be a fuzzy set in X and ( a fuzzy topology on X. Then the induced fuzzy topology on A is the family of fuzzy subsets of A which are the intersections with A of (-open fuzzy sets in X. The induced fuzzy topology is denoted by (A and the pair (A, (A) is called fuzzy subspace of (X, ().

Definition  :  1.2.14

Let ( be a fuzzy topology on a set X and (A the induced fuzzy topology on a fuzzy subset A of X. A sub family B( of (A is a base for (A iff each member of (A is expressed as the union of member of B(.

Definition  :  1.2.15

​If (A, (A), (B, 
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) are fuzzy subspaces of fts’s (X, () and (Y, (() respectively, and f is a mapping of (X, () into (Y, ((), then we say f is a mapping of (A, (A) into (B, 
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Definition  :  1.2.16

Let (A, (A), (B, 
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) are fuzzy subspaces of fts’s (X, () and (Y, (() respectively. Then a mapping f of (A, (A) into (B, 
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, the intersection f(1(V() ( A is in (A. Conversely, f is relatively fuzzy open iff for each open fuzzy set U( is (A the image f(U() is in 
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Definition  :  1.2.17

A bijective mapping f of a fuzzy subspace (A, (A) of (X, () into a fuzzy subspace (B, 
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) of (X, (() is a relatively fuzzy homeomorphism, iff f(A) = B and f is relatively fuzzy continuous and relatively fuzzy open.

Theorem  :  1.2.18

Let (A, (A), (B, 
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) be fuzzy subspaces of fts’s. (X, () and (Y, (() respectively, and let f be a fuzzy continuous mapping of (X, () into (Y, (() such that  f(A) ( B. Then f is a relatively fuzzy continuous mapping of (A, (A) into (B, UB).

SECTION 1.3

NEIGHBOURHOOD FUZZY SET

Definition  :  1.3.1

A fuzzy set U in a fts (X, T) is a neighbourhood of a fuzzy set A iff there exists an open fuzzy set 0 such that A ( 0 ( U.

Theorem  :  1.3.2

A fuzzy set A is open iff for each fuzzy set B contained in A, A is a neighbourhood of B.

Proof

Given fuzzy set A is open then a fuzzy set A in a fts (X, T) is a neighbourhood of a fuzzy set B iff there exist an open fuzzy set 0 such that B ( 0 ( A.


Therefore A is a neighbourhood of B.


Conversely, since A ( A, there exist an open fuzzy set 0 such that A ( 0 ( A.


Hence, A = 0 and A is open.


Therefore, the neighbourhood system of a fuzzy set is the family of all neighbourhood’s of the fuzzy set.


Hence the theorem.

Theorem  :  1.3.3

If U is the collection of all neighbourhood of a fuzzy set, then finite intersection of members of U belong to U, and each fuzzy set which contains a member of U belongs to U.

Proof



If R and S are neighbourhood’s of a fuzzy set A, exists neighbourhood’s R0 and S0 contained in R and S, respectively. Then R ( S contains the open neighbourhood R0 ( S0 and is hence a neighbourhood of A.


Thus, the intersection of two members of U is a member of U. Hence, if a fuzzy set R contains a neighbourhood of A it contains an open neighbourhood of A and consequently is itself a neighbourhood.


Hence the theorem.

Definition  :  1.3.4

Let A and B be fuzzy sets in a fts (X, T) and let A ( B. Then B is called an interior fuzzy set of A iff A is a neighbourhood of B. The union of all interior fuzzy sets of A is called the interior of A and is denoted by A0.

Theorem  :  1.3.5

Let A be a fuzzy set in a fts (X, T). Then A0 is open and is the largest open fuzzy set contained in A. The fuzzy set A is open iff A = A0.

Proof

By Definition 1.3.4,


Clearly, A0 is itself an interior fuzzy set of A.


Hence there exist an open fuzzy set 0 such that A0 ( 0 ( A.


But 0 is an interior fuzzy set of A, hence 0 ( A0.


Hence A0 = 0.


Thus, A0 is open and is the largest open fuzzy set contained in A.


If A is open, then A ( A0, for A is an interior fuzzy set of A.


Hence, A = A0.


Hence the theorem.

Definition  :  1.3.6  :  Sequences of Fuzzy Sets

A sequence of fuzzy sets, say {An, n = 1, 2, (} is eventually contained in a fuzzy set A iff there is an integer m such that, if n ( m, then An ( A. The sequence is frequently contained in A iff for each integer m there is an integer n such that n ( m and An ( A. If the sequence is in a fts (X, T), then we say that the sequence converges to a fuzzy set A iff it is eventually contained in each neighbourhood of A.

Definition  :  1.3.7

Let N be a map from the set of non-negative integers to the set of non‑negative integers. Then the sequence {Bi, i = 1, 2, (} is a subsequence of a sequence {An, n = 1, 2, (} iff there is a map N such that Bi = AN(i) and for each integer m there is an integer n such that N(i) ( m whenever i ( n.

Definition  :  1.3.8

A fuzzy set A in a fts (X, T) is a cluster fuzzy set of a sequence of fuzzy sets iff the sequence is frequently contained in every neighbourhood of A.

Theorem  :  1.3.9

If the neighbourhood system of each fuzzy set in a fts (X, T) is countable, then :

(a)
A fuzzy set A is open iff each sequence of fuzzy sets {An, n = 1, 2, (} which converges to a fuzzy set B contained in A is eventually contained in A.

(b)
If A is a cluster set of sequence {An, n = 1, 2, (} of fuzzy sets, then there is a subsequence of the sequence converging to A.

Proof
(a)
Given a fuzzy set A is open if each sequence of fuzzy sets {An, n = 1, 2, (} which converges to a fuzzy set B contained in A is eventually contained in A. To prove, A is eventually contained in A. Since A is open, A is a neighbourhood of B. Hence, {An, n = 1, (} is eventually contained in A.


Conversely, for each B ( A, let U1, (, Un, ( be the neighbourhood system of B.


Let Vn  =  
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. Then V1, (, Vn, ( is a sequence which is eventually contained in each neighbourhood of B. (i.e.,) V1, (, Vn, ( converges to B.


Hence, there is an m such that for n ( m, Vn ( A. Then Vn are neighbourhoods of B.


Therefore, by theorem 1.3.2, A is open. 


Hence the proof (a).

(b)
Given A is a cluster fuzzy set of a sequence {A​n, n = 1, 2, (} of fuzzy sets. To prove, there is a subsequence of the sequence converging to A.


Let R1, (, Rn, ( be a neighbourhood system of A.  Let Sn = 
[image: image49.wmf]U

n

1

i

i

}

{R

 

=

.


Then S1, (, Sn, ( is a sequence such that Sn+1 ( Sn for each n.


For every non-negative integer i, choose N(i) such that N(i) ( i and AN(i) ( Si. Then surely {AN(i), i= 1, 2, (} is a subsequence of the sequence {An, n = 1, 2, (}.


Clearly this subsequence converges to A.


Hence the proof (b).


Hence the theorem.

SECTION  1.4

FUZZY CONTINUOUS FUNCTION

Definition  :  1.4.1

A function f from a fts (X, T) to a fuzzy topological space (Y, U) is f‑continuous iff the inverse of each U-open fuzzy set is T-open. Imposition 1.4.2 if f is an F-continuous function on X to Y and g is an F-continuous function on Y to Z, then the composition g ( f is an F-continuous function X to Z, for (g ( f)(1(V) = f(1(g(1(V)) for each fuzzy set V in Z, and using the F-continuity of g and f it follows that if V is open so is (g ( f)(1(V).

Theorem  :  1.4.3

If X and Y are fts’s and f is a function on X to Y, then the condition below are related as follows (a) and (b) are equivalent (c) and (d) are equivalent ; (a) implies (c) and (d) implies (e).


(a)
The function f is F-continuous


(b)

The inverse of every closed fuzzy set is closed.


(c)

For each fuzzy set A in X, the inverse of every neighbourhood of f(A) is a neighbourhood of A.


(d)

For each fuzzy set A in X and each neighbourhood V of f(A), there is a neighbourhood W of A such that f(W) ( V.


(e)
For each sequence of fuzzy sets {An , n = 1, 2, (} in X which     
converges to a fuzzy set A in X, the sequence {f(An), n = 1, 2, (}        
converges to f(A).

Proof
​​(a) ( (b)

The function f is F-continuous iff the inverse of every closed fuzzy set is closed. Given f is F-continuous.


To prove, the inverse of every closed fuzzy set is closed.


This is an immediate consequence of the fact that f(1(B() = {f(1(B)}( for every fuzzy set B in Y.

(a) ( (c)

Given f is F-continuous. To prove, the inverse of every neighbourhood of f(A) is a neighbourhood of A.


If f is F-continuous, A is a fuzzy set in X, and U is a neighbourhood of f(A), then V contains an open neighbourhood W of f(A). Since f(A) ( W ( V, f(1(f(A)) ( f(1(W) ( f(1(V). But A ( f(1(f(A)) and f(1(W) is open. Consequently, f(1(V) is a neighbourhood of A.

(c) ( (d)

Given the inverse of every neighbourhood of f(A) is a neighbourhood of A.


To prove, for each of fuzzy set A in X and each neighbourhood V of f(A), there is a neighbourhood W of A such that f(W) ( V.


Since f(1(V) is a neighbourhood of A, we have f(W) = f(f(1(V)) ( V, where W = f(1(V).

(d) ( (c)

Given for each fuzzy set A in X and each neighbourhood V of f(A), there is a neighbourhood W of A such that f(W) ( V.


To prove, the inverse of every neighbourhood of f(A) is a neighbourhood of A.


Let V be a neighbourhood of f(A). Then there is a neighbourhood W of A such that f(W) ( V.


Hence, f(1(f(W)) ( f(1(V). Furthermore, since W ( f(1(f(W)), f(1(V) is a neighbourhood of A.

(d) ( (e)

Given for each fuzzy set A in X and each neighbourhood of f(A), there is a neighbourhood W of A such that f(W) ( V.


To prove, for each sequence of fuzzy sets {An, n = 1, 2, (} in X which converges to a fuzzy set A in X, the sequence {f(An), n = 1, 2, (} converges to f(A). If V is a neighbourhood of f(A), there is a neighbourhood W of A such that f(W) ( V. Since {An, n = 1, 2, (} is eventually contained in W.


(i.e.,) there is an m such that for n ( m, An ( W, we have f(An) ( f(W) ( V for n ( m.


Therefore {f(An), n = 1, 2, (} converges to f(A).


Hence the theorem.

SECTION  1.5

COMPACT FUZZY SPACES

Definition  :  1.5.1

A family A of fuzzy sets is a cover of a fuzzy set B iff B ( U {A / A ( A}. It is an open cover iff each member of A is an open fuzzy set. A subcover of A is a subfamily A which is also a cover.

Definition  :  1.5.2

A fts (X, T) is compact iff each open cover has a finite subcover.

Definition  :  1.5.3

A family A of fuzzy sets has the finite intersection property iff the intersection of the members of each finite subfamily of A is nonempty.

Theorem  :  1.5.4

A fts is compact iff each family of closed fuzzy sets which has the finite intersection property has a non-empty intersection.

Proof

If A is a family sets in a fts (X, T), then A is a cover of X.

· ( {A / A ( A}
=
X or

· {( {A / A ( A)}(
=
X(  =  ( or

· ( {A( / A ( A}
=
( by the Demorgan’s law.


Hence, the fuzzy space X is compact iff each family of open fuzzy sets in X such that no finite subfamily covers X, fails to be a cover, and this is true iff each family of closed fuzzy sets which possesses the finite intersection property has a nonempty intersection.


Hence the theorem.

Theorem  :  1.5.5

Le f be an F-continuous function carrying the compact fts X onto the fts Y. Then Y is compact.

Proof

Let B be an open cover of Y. Then, since 
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the family of all fuzzy sets of the form f(1(B), for B in B, is an open cover of X which has a finite subcover. However, if f is onto, then it is easily seen that f(f(1(B)) = B for any fuzzy set B in Y. Thus, the family of images of members of the subcover is a finite subfamily of B which covers Y and consequently Y is compact.


Hence the theorem.

CHAPTER – 2

ON FUZZY SEMI-PRE-GENERALIZED CLOSED SETS

In this chapter, the concept of fuzzy semi-pre-generalized closed sets which is a generalization of fuzzy semi-pre closed set is discussed. Properties, characterizations of these sets are studied. As an application, fuzzy semi-pre-T1/2 spaces, fuzzy semi-pre-generalized maps and fuzzy semi-pre-generalized irresolute maps are studied.

SECTION  :  2.1

PRELIMINARY DEFINITIONS OF Fspg-CLOSED SETS
Definition  :  2.1.1

A fuzzy set of (X, () is called fuzzy semi open (fs-open) if A ( cl(Int(A)) and a fuzzy semi closed (fs-closed) if Int(cl(A)) ( A.

Definition  :  2.1.2

A fuzzy set of (X, () is called fuzzy preopen (fp-open) if A ( Int(cl(A)) and a fuzzy preclosed (fp-closed) if (cl(Int(A))) ( A.

Definition  :  2.1.3

A fuzzy set of (X, () is called fuzzy (-open (f(-open) if A ( Int cl(Int(A)) and a fuzzy (-closed (f(-closed) if cl Int(cl(A)) ( A.

Definition  :  2.1.4

A fuzzy set of (X, () is called fuzzy semi-preopen (fsp-open) if A ( cl (Int(cl(A)) and a fuzzy semi-preclosed (fsp-closed) if Int cl(Int(A)) ( A.

Definition  :  2.1.5


The complement of Sp-open fuzzy set is called semi-pre-closed fuzzy set (Sp-open) if there exists a pre-open fuzzy set  B such that B ( A ( cl(B).

Definition  :  2.1.6

A fuzzy set A of (X, () is called fuzzy generalized closed (fg-closed) if cl A ( H, whenever A ( H and H is a fuzzy open in H.
Definition  :  2.1.7

A fuzzy set A of (X, () is called generalized fuzzy semi closed (gfs‑closed) if Scl (A)  ( H, whenever A ( H and H is a fuzzy semi-open (fs‑open) set in X.

Definition  :  2.1.8

A fuzzy set A of (X, () is called fuzzy generalized semiclosed (fgs‑closed) if Scl (A) ( H, whenever A ( H and H is a fuzzy open set in X.

Definition  :  2.1.9

A fuzzy set A of (X, () is called fuzzy (-generalized closed (f(g-closed) if ( cl A ( H, whenever A ( H and H is a  fuzzy open set in X.

Definition  :  2.1.10

A fuzzy set A of (X, () is called fuzzy generalized (-closed (fg(-closed) if ( cl A ( H, whenever A ( H and H is a f(-open set  in X.

Definition  :  2.1.11

A fuzzy set A of (X, () is called fuzzy generalized semi preclosed (fgsp‑closed) if Spcl (A)  ( H, whenever A ( H and H is a fuzzy open set in X.

Definition  :  2.1.12

A mapping f : (X, () ( (Y, () is said to be fuzzy semi-continuous fs‑continuous if f(1(V) is fs‑open in X, for each fuzzy open set V in Y.

Definition  :  2.1.13

A mapping f : (X, () ( (Y, () is said to be fuzzy irresolute if f(1(V) is fs‑open in X, for each fs-open set V in Y.

Definition  :  2.1.14

A mapping f : (X, () ( (Y, () is said to be fuzzy pre-continuous if f(1(V) is fp‑open in X, for each fuzzy open set V in Y.

Definition  :  2.1.15

A mapping f : (X, () ( (Y, () is said to be fuzzy f(-continuous if f(1(V) is f(‑open in X, for each fuzzy open set V in Y.

Definition  :  2.1.16

Let X, Y be two fts. A function f : X ( Y is called fuzzy pre-continuous (fuzzy pre-continuous) function f(1(A) is pre-open fuzzy set in X, for every open fuzzy set A of Y.
Definition  :  2.1.17

A mapping f : (X, () ( (Y, () is said to be generalized fuzzy semi-continuous (gfs-continuous)  if f(1(V) is gfs‑closed in X, for each fuzzy closed set V in Y.

Definition  :  2.1.18

Let X, Y be two fts. A function f : X ( Y is called fuzzy generalized continuous if f(1(A) is g-closed fuzzy set in X, for every closed fuzzy set A of Y.

Definition  :  2.1.19

A mapping f : (X, () ( (Y, () is said to be fuzzy generalized semi-continuous (fgs-continuous) if f(1(V) is fgs‑closed in X, for each fuzzy closed set V in Y.

Definition  :  2.1.20

A mapping f : (X, () ( (Y, () is said to be fuzzy semipro-continuous (fsp-continuous) if f(1(V) is fsp‑open in X, for each fuzzy open set V in Y.

Definition  :  2.1.21

A mapping f : (X, () ( (Y, () is said to be fuzzy M-semiprecontinuous if f(1(V) is fsp‑open in X, for each fsp-open set V in Y.

Definition  :  2.1.22

A mapping f : (X, () ( (Y, () is said to be fuzzy generalized semi pre-continuous (fgsp-continuous) if f(1(V) is fgsp‑closed in X, for every fuzzy closed set V in Y.

Definition  :  2.1.23

A mapping f : (X, () ( (Y, () is said to be fgsp-irresolute if f(1(V) is fgsp‑closed set in X, for every fgsp-closed set V in Y.

Definition  :  2.1.24

A mapping f : (X, () ( (Y, () is said to be fuzzy M-semipreclosed if f(V) is fsp‑closed set in Y, for every fsp-closed set V in X.

Definition  :  2.1.25

A fuzzy point xp ( A is said to be quasi-coincident with the fuzzy set A denoted by xp q A iff P + A(x) > 1. 

A fuzzy set A is said to be quasi-coincident with a fuzzy set  B  denoted  by  A q B iff their exists x ( X such that A(x) + B(x) > 1. If A and B  are not quasi-coincident  then  we  write 
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SECTION  :  2.2

FUZZY SEMI-PRE-GENERALIZED CLOSED SETS
Definition  :  2.2.1

A fuzzy set A of (X, () is called fuzzy semi-pre-generalized closed (fspg-closed) if Spcl(A) ( H, whenever A ( H and H is fs-open in X.

Notation :  2.2.2

The family of all fuzzy semi-pre-generalized closed sets of fts X is denoted by FSPGC (X, ().

Preposition  :  2.2.3

Every fp-closed set is fspg-closed.

Preposition  :  2.2.4

Every gfs-closed set is fspg-closed.

Preposition  :  2.2.5

Every fsp-closed set is fspg-closed.

Preposition  :  2.2.6

Every fspg-closed set is fgsp-closed. The converse of the above preposition need not be true in general.

Example  :  2.2.7

Let X  = {a, b} and Y = {x, y, z} and fuzzy sets A, B, E, H, K and M be defined by :

	A(a)  =  0.3,
	A(b)  =  0.4,
	B(a)  =  0.4,
	B(b)  =  0.5 ;

	E(a)  =  0.3,
	E(b)  =  0.7, 
	H(a)  =  0.7,
	H(b)  =  0.6 ;

	K(x)  =  0.1,
	K(y)  =  0.2,
	K(z)  =  0.7 ;
	

	M(x)  =  0.9, 
	M(y)  =  0.2, 
	M(z)  = 0.5.
	


Let ( = {0, A, 1}, ( = {0, E, 1} and ( = {0, K, 1}. Then B is fspg-closed in (X, () but not fp-closed.


M is fspg-closed in (Y, () but not gfs-closed because  if we consider the fuzzy set,


T(x)  =  0.9, T(y)  =  0.2  T(x)  =  0.7


Clearly Scl(M) 
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 T, whereas M ( T and T is fs-open in (y, () and H is fgsp-closed in (X, () but neither fspg-closed because : If we consider a fuzzy set L(a) = 0.8, L(b) = 0.7, then clearly Spcl (H) 
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 L whereas H ( L and L is fs-open in (X, () nor fsp-closed because Int(cl(Int(H))) 
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Theorem  :  2.2.8


If A is fs-open and fspg-closed in (X, () then A is a fsp-closed in (X, ().

Proof

Since A ( A and A is fs-open and fspg-closed, then Spcl(A) ( A.


Since A ( Spcl(A), we have A = Spcl(A) and thus A is a fsp-closed set in X.


Hence the theorem.

Theorem  :  2.2.9

A fuzzy set A of (X, () is fspg-closed iff 
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E, for every fs-closed set E of X.

Proof

(Necessity) Let E be a fs-closed set of X an A 
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 E. Then A ( 1 – E and 1 – E is fs-open in X which implies that Spcl(A) ( 1 – E as A is fspg-closed.


Hence, Spcl
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(Sufficiency)  Let H be  a  fs-open  set  of  X  such  that A ( H. Then A 
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 (1 – H) and 1 – H is fs-closed in X.

By hypothesis,


 Spcl(A) 
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 (1 – H) (Spcl(A) ( H.


Hence, A is fspg-closed in X.


Hence the theorem.

Theorem  :  2.2.10

Let A be a fspg-closed set of (X, () and xp be a fuzzy point of X such that xp q Spcl(A) then Spcl(xp) q A.

Proof

If Spcl(xp)
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A then A ( 1-Spcl(xp) and so Spcl(A) ( 1 – Spcl(xp) ( 1 – xp, because 1 – Spcl(xp) is Fs-open and A is fspg-closed in X.


Hence, xp 
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 Spcl(A), a contradiction.


Hence the theorem.

Theorem  :  2.2.11

If A is a fspg-closed set of (X, () and A ( B ( Spcl(A), then B is a fspg‑closed set of (X, ().

Proof

Let H be a fs-open set of (X, () such that B ( H. Then A ( H.


Since A is fspg-closed, it follows that Spcl(A) ( H.


Now, B ( Spcl(A) implies Spcl(B) ( Spcl (Spcl(A))



   =  Spcl(A)


Thus, Spcl(B) ( H.


This prove that B is also a fspg-closed set of (X, ().


Hence the theorem.
Definition  :  2.2.12

A fuzzy set of (X, () is called fspg-open iff (1 – A) is fspg-closed in X. That is, A is fspg-open iff E ( sp Int(A) whenever E ( A and E is a fs-closed set in X.

Notation  :  2.2.13

The family of all fuzzy semi-pre-generalized open sets in a fts x is denoted by FSPGO (X, ()
Theorem  :  2.2.14

FSPO (X, () ( FSPGO (X, ()

Proof

Let A be any fsp-open set in X. Then 1 – A is fsp-closed and hence fspg-closed by preposition 2.2.3.


This implies that A is fspg-open.


Hence, FSPO (X, () ( FSPGO (X, ()


Hence the theorem.

Theorem  :  2.2.15

Let A be a fspg-open in X and Sp Int(A) ( B ( A. Then B is fspg-opn.

Proof
Suppose A is fspg-open in x and spint A(A) (  A ( B ( A.. Then 1 – A fspg-closed and 1 – A ( 1 – B ( Spcl(1 – A).


Then 1 – B is fspg-closed set by Theorem 2.2.11.


Hence, B is fspg-open  set in X.


Hence the theorem.


The following diagram is the enlargement of diagram form Definition 2.1.2. 
	fuzzy closed
	
	fg-closed
	
	f(g-closed
	
	fgp-closed

	
	
	
	
	
	
	

	f(-closed
	
	fg(-closed
	
	fgs-closed
	
	

	
	
	
	
	
	
	

	fs-closed
	
	gfs-closed
	
	
	
	fgsp-closed

	
	
	
	
	
	fspg-closed
	

	fsp-closed
	
	
	
	
	
	fp-closed


Here A ( B means “A Implies B” but “B does not imply As”.

SECTION  :  2.3

FUZZY SEMI-PRE-GENERALIZED CONTINUOUS AND FUZZY SEMI-PRE-GENERALIZED-IRRESOLUTE MAPPINGS
Definition  :  2.3.1

A mapping f : (X, () ( (Y, () is called fuzzy semi-pre-generalized continuous (fspg-continuous) if f(1(V) is fspg-closed in (X, () for every fuzzy closed set V of (Y, ().

Definition  :  2.3.2

A mapping f : (X, () ( (Y, () is called fuzzy semi-pre-generalized irresolute  (fspg-irresolute) if f(1(V) is fspg-closed in (X, () for every fuzzy closed set V of (Y, ().

Theorem  :  2.3.3

Let f : (X, () ( (Y, () be gfs-continuous. Then f is fspg-continuous.

Proof

Let V be a fuzzy closed set of Y. Since f is gfs-continuous f(1(V) is gfs-closed in X.


Since every gfs-closed set is fspg-closed, f(1(V) is fspg-closed.


Thus, f is fspg-continuous.


Hence the theorem.


The converse of the above theorem is not true in general.

Example  :  2.3.4

Let X = {a, b, c}, Y = {x, y, z}. Fuzzy set A and B are defined as :


(3.3.1)
 A(a) = 0.1,
A(b) = 0.2, 
A(c) = 0.7 ;


(3.3.2)
B(x) = 0.1, 
B(y) = 0.8, 
B(z) = 0.5.


Let ( = {0, A, 1} and ( = {0, B, 1}. Then the mapping f : (X, () ( (Y, () defined by f(a) = x, f(b) = y and f(c) = z is fspg-continuous but not gfs‑continuous.

Theorem  :  2.3.5

Let f : (X, () ( (Y, () be fspg-irresolute. Then f is fspg-continuous.

Proof

As every fuzzy closed set is fspg-closed and f is fspg-irresolute map. f(1(V) is fspg-closed in X every fuzzy closed set V in Y. Hence the theorem.


The converse of the above theorem is not true in general.

Example  :  2.3.6

Let X = {a, b}, Y = {x, y}. The fuzzy set A is defined as


A(a)  =  0.3, A(b)  =  0.7.


Let ( = {0, A, 1} and ( = {0, 1}


The mapping f : (X, () ( (Y, () defined by f(a) = x and f(b) = y is fspg-continuous but not fspg-irresolute.

Theorem  :  2.3.7

Let f : (X, () ( (Y, () be fspg-continuous. Then f is fspg-continuous but not conversely.

Proof

Let V be a fuzzy closed set of Y.


Since f is fspg-continuous, then f(1(V) is a fspg-closed set of X.


Since every fspg-closed set is fgsp-closed, f(1(V) is also a fgsp-closed set of X.


Thus, f is fgsp-continuous.


Hence the theorem.

Example  :  2.3.8

Let X = {a, b}, Y = {x, y}. Fuzzy sets A and B are defined as


A(a)  =  0.3, A(b)  =  0.7;


B(x)  =  0.3,  B(y)  =  0.4.


Let ( = {0, A, 1} and ( = {0, B, 1}


Then the mapping f : (X, () ( (Y, () defined by f(a) = x and f(b) = y is fgsp-continuous but not fspg-continuous.

Theorem  :  2.3.9

Let f : (X, () ( (Y, () be fp-continuous. Then f is fspg-continuous. The converse of the above There need to be true.

Example  :  2.3.10

Let X = {a, b}, Y = {x, y}. Fuzzy set A and B are defined as


A(a)  =  0.3, A(b)  =  0.4;


B(x)  =  0.6,  B(y)  =  0.5.


Let ( = {0, A, 1} and ( = {0, B, 1}


Then the mapping f : (X, () ( (Y, () defined by f(a) = x and f(b) = y is fspg-continuous but not fp-continuous.

Theorem  :  3.2.11
Every fs-continuous function is gfs-continuous but not conversely.

Proof

Let f : (X, () ( (Y, () be fgs-continuous. Then f is fgsp-continuous but not conversely.


Bin Shahna [10] introduced the concept of fuzzy strongly semi continuity and showed that the class of fuzzy strongly semi continuous functions properly contains the class of fuzzy continuous function and is properly contained in the class of fs-continuous function as well as the class of fp-continuous functions.


The following diagram summarizes the above discussions :




Theorem  :  2.3.12
A mapping f : (X, () ( (Y, () is fspg-continuous iff inverse image of each fuzzy open set of Y is fspg-open in X. 

Proof


Let f : (X, () ( (Y, () be fspg-continuous.


Let H be an open set in Y, then 1 – H is closed in Y. As f is fspg‑continuous. f(1 (1 – H) is fspg closed in X. As f(1(1 – H) = 1 - f(1(H), f(1(1 – H) is fspg open in X.


Here the theorem.
Theorem  :  2.3.13

If  f : (X, () ( (Y, () is fspg-continuous, then for each fuzzy point xp of X and each A ( ( such that f(xp) ( A, there exists a fspg-open set B of X such that xp ( B and f(B) ( A.

Proof

Let xp be a fuzzy point of X and A ( ( such that f(xp) ( A


Put B = f(1(A)


Then by hypothesis B is a fspg-open set of X such that xp ( B and f(B) = f(f(1(A)) ( A.


Hence the theorem.

Theorem  :  2.3.14

Let f : (X, () ( (Y, () is fspg-continuous then for each fuzzy point xp of X and each A ( ( such that f(xp) q A, there exists a fspg-open set B of X such that xp q B and f(B) ( A.

Proof

Let xp ( X and A ( ( such that f(xp) q A


Let B = f(1(A).


Then by hypothesis B is a fspg-open set of X such that xp q B and 


f(B) = f(f(1(A)) ( A.


Hence the theorem.

Definition  :  2.3.15


A fts (X, () is called a fuzzy T1/2 space if every g-closed fuzzy set in X is a closed fuzzy set in X.

Theorem  :  2.3.16

If f : (X, () ( (Y, () is fspg-continuous and g : (Y, () ( (Z, () is fg‑continuous and Y is a fuzzy T½ -space. Then g ( f : (X, () ( (Z, () will be fspg‑continuous.

Proof 

Let A be a fuzzy closed set in Z. Then g(1(A) is fg-closed in Y.


Since Y is a fuzzy T½ -space, g(1(A) is f-closed in Y hence f(1(g(1(A)) is a fspg-closed set in X.


Thus, g ( f is fspg-continuous.


Hence the theorem.

Definition  :  2.3.17

If every fspg-closed set in X is fsp-closed in X, then the space is said to be as fsp T½  -space.

Theorem  :  2.3.18


A fuzzy topological space (X, () is fsp T1/2-space iff FSPO (X, () = FSPGO (X, ().

Proof

(Necessity) Let (X, () be fsp T½-space.


Let A ( FSPGO (X, (). Then 1 – A is a fspg-closed.


By hypothesis, 1 – A is a fsp-closed set and thus A ( FSPO (X, ()


Hence FSPO (X, () = FSPGO (X, ().


(Sufficiency) Let FSPO (X, () = FSPGO (X, ()


Let A be a fspg-closed. Then 1 – A is a fspg-open.


Hence, 1 – A ( FSPO (X, ().


Thus, A is a fsp-closed set.


Therefore, (X, () is a fsp T½ -space.


Hence the theorem.

Theorem  :  2.3.19

Let f : (X, () ( (Y, () and g : (Y, () ( (Z, () be any two functions. Then

(i)
g ( f : (X, () ( (Z, () is fspg-continuous if g is fuzzy continuous and f is fspg-continuous.

(ii)
g ( f is fspg-irresolute, if f and g both are fspg-irresolute.

(iii)
g ( f is fspg-continuous, if g is fspg-continuous and f is fspg-irresolute.

(iv)
Let Y be a fsp T½-space. Then g ( f is fspg-continuous, if g is fspg‑continuous and f is fuzzy M-semi-pre-continuous.

Proof  


Let f : (X, () ( (Y, () and g : (Y, () ( (Z, () be any two functions. Then,

(i)
g ( f : (X, () (X, () is fspg-continuous if g is fuzzy continuous and fspg‑continuous.

Proof
Let f : (X, () ( (Y, () be fspg continuous and let g : (Y, () ( (z, () is fuzzy continuous.


Let A be a fuzzy closed set in Z when g(1(A) is fg-closed in Y. Since Y is fuzzy T1/2-spaces, g(1(A) is fg-closed in Y implies f(1(g(1(A)) is a fspg-closed set in X.


Thus g ( f is fspg-continuous.

(ii)
Let f : (X, () ( (Y, () be fspg-irresolute and g : (Y, () ( (Z, () be fspg‑irresolute. Let V bea fuzzy closed subset of Y. As f is fspg‑irresolute, f(1(V) is fspg-closed in (X, (). As g is fspg-irresolute, g(1(f(1(V)) is fspg-closed in (Y, (), thus g ( f is fspg-irresolute.

(iii)
g ( f is fspg-continues. Let V be fuzzy closed set of Z. As g is fspg‑continuous, g(1(V) is fspg-closed in (Y, ().


As f is fspg-irresolute, f(1(g(1(V)) is fspg-closed in (X, ()


Thus g ( f is fspg-continues.

(iv)
Let Y be a fsp-T1/2-space.


Let V be a fuzzy closed set of Z.


As g if fspg-continuous, g(1(V) is fspg-closed in Y.


As f is fuzzy M-semi-pre-continues, f(1(g(1(V)) is fsp-open in X.


Thus g ( f is fspg-continuous.


Hence the theorem.
Theorem  :  2.3.20
Let f : (X, () ( (Y, () be fspg-continuous. The f is fuzzy semi-pre continuous if (X, () is fsp T½ -space.

Proof

Let V be a fuzzy closed set of Y.


Since f is fspg-continuous, f(1(V) is a fspg-closed set of X.

As, X is fsp T½ -space, f(1(V) is a fsp-closed set of X.


This implies that f is fuzzy semi-pre continuous.


Hence the theorem.

Theorem  : 2.3.21
Let f : (X, () ( (Y, () be fuzzy irresolute and fuzzy M-semi-pre-closed. Then for every fspg-closed set A of X, f(A) is a fspg-closed in Y.

Proof

Let A be a fspg-closed set of X.


Let V be a fs-open set of Y containing f(A).


Since f is fuzzy irresolute, f(1(V) is a fs-open set of X.


As A ( f(1(V) and A is a fspg-closed in X, Spcl(A) ( f(1(V).

 Hence that f(Spcl(A)) ( V.


Since f is fuzzy M-semi-pre closed, 


f(Spcl(A))  =  Spcl(f(Spcl(A)))


Then, Spcl(f(A))  (  Spcl(f(Spcl(A)))




      = f(Spcl(A))




       ( V


Therefore, f(A) is a fspg-closed set in Y.


Hence the theorem.

Theorem  :  2.3.22

Let f : (X, () ( (Y, () be onto fspg-irresolute and fuzzy M-semi-pre closed. If X is fsp T½ -space then (Y, () is also fsp T½ -space.

Proof

Let A be a fspg-closed of Y.


Since f is fspg-irresolute, then f(1(A) is fspg-closed set in X.


As X is a fsp T ½ -space and hence f(1(A) is fsp-closed in X.


As, f is a fuzzy M-semi-pre closed map, f(f(1(A)) is a fsp-closed set in Y.


Since f is onto f(f(1(A)) = A, and hence


Therefore, (Y, () is a fsp T1/2-space.

Hence the theorem.

Theorem  :  2.3.23

If the bijective mapping f : (X, () ( (Y, () is fuzzy pre-semi-open and fuzzy M-semi-pre continuous, then f is fspg-irresolute.

Proof

Let V be a fspg-closed set in Y and let f(1(V) ( H where H is a fs-open set in X. Then V ( f(H)


​Since f is a fpsp-open map, f(H) is a fs-open set in Y and V is a fspg‑closed set in Y  and hence


Spcl(V) ( f(H) and thus f(1(Spcl(V)) ( H.


As f is a fuzzy M-semi-pre continuous map and Spcl(V) is fsp-closed set in Y, f(1(Spcl(V)) is a fsp-closed set in X.


Thus, Spcl(f(1(V))  (  Spcl(f(1(Spcl(V)))




        =  f(1(Spcl(V))




        (  H


So f(1(V) is a fspg-closed set in X.


Hence, f is a fspg-irresolute map.


Hence the theorem.

SECTION  :  2.4

FUZZY SEMI-PRE-GENERALIZED CONNECTEDNESS
Definition  :  2.4.1


A fts (X, () is said to be fuzzy semi-pre-generalized connected (fspg‑connected) iff the only fuzzy sets which are both fspg-open and fspg‑closed are 0X and 1X.

Example  :  2.4.2

Let X = {a, b, c} and a fuzzy topology ( = {0, 1, A}, where A : X ( [0, 1] is such that A(a), A(b) = A(c) = 0. Then it is clearly that (X, () is a fspg‑connected.

Theorem  :  2.4.3

Let (X, () be a fts. If X is a fspg-connected space, then it is fs-connected.

Proof

Let X be fspg-connected and X is not fs-connected. Then there exists a proper fuzzy set E such that E ( 0X, E ( 1X and E is both fs-open and fs-closed which implies that E is fspg-open and fspg-closed set.


Then X is not fspg-connected, a contradiction.


Hence the theorem.


The converse of the above theorem need not be true in general.

Example  :  2.4.4

Let ( be the indiscrete fuzzy topology on X. Then (X, () is fs-connected space, but not fspg-connected.

Theorem  :  2.4.5

A fts (X, () is fspg-connected if X has no non-zero fspg-open sets  A and B such that A + B = 1X.

Proof 


(Necessity) suppose (X, () is fspg-connected.


Let X has two non-zero fspg-open sets A and B such that A + B = 1X. then A is a  proper fspg-open and fspg-closed set of X.


Hence X is not fspg-connected, a contradiction.


(Sufficiency) If (X, () is not fspg-connected, then it has a proper fuzzy set A of X which is both fspg-open and fspg-closed.


So B = 1 – A, is a fspg-open set of X such that A + B = 1X, which is a contradiction.


Hence the theorem.

Theorem  :  2.4.6

If f : (X, () ( (Y, () is fspg-continuous surjection and (X, () is fspg-connected, then (Y, () is fuzzy connected.

Proof

Let X be a fspg-connected space and Y is not fuzzy connected.


As Y is not fuzzy connected, there exists a proper fuzzy set V of Y such that V ( 0Y V ( 1Y and V is both fuzzy open and fuzzy closed set.


Since f is fspg-continuous, f(1(V) is both fspg-open and fspg-closed set in X such that f(1(V) ( 0X and f(1(V) = 1X.


Hence, X is not fspg-connected, a contradiction.


Hence the theorem.

Theorem  :  2.4.7



If f : (X, () ( (Y, () is fspg-irresolute surjection and X is fspg-connected, then Y is so.

Definition  :  2.4.8

A fts (X, () is said to be fspg-connected between fuzzy sets A and B if there is no fspg-closed fspg-open set E in X such that A ( E and E 
[image: image67.wmf]q

 B.

Preposition  :  2.4.9

If a fts (X, () is fspg-connected between fuzzy sets A and B then it is fuzzy connected between A and B but the converse may not be true.

Example  :  2.4.10

Let X = {a, b}. Fuzzy sets A, B and H on X are defined as :


A(a)  =  0.4, 

A(b)  =  0.5 ;


B(a)  =  0.5,

B(b)  =  0.3 ;


H(a)  =  0.4,

H(b)  =  0.3.


Let ( = {0, H, 1} be fuzzy topology on X. Then (X, () is fuzzy connected between A and B but not fspg-connected between A and B.

Theorem  :  2.4.11

If A fts (X, () is fspg-connected between A and B iff there is no fspg‑closed, fspg-open set E in X such that A ( E ( 1 – B.

Theorem  :  2.4.12
A fts (X, () is fspg-connected between fuzzy sets A and B then A and B are non-zero.

Proof

If  A  = 0, then A is fspg-closed, fspg-open in X such that A ( A and A 
[image: image68.wmf]q

 B.


Hence X cannot be fspg-connected, which is contradiction.


Hence the theorem.
Theorem  :  2.4.13

If a fts (X, () is fspg-connected between fuzzy sets A and B and A ( A1 and B ( B1, then (X, () is fspg-connected between A1 and B1.

Proof

Suppose (X, () is not fspg-connected between A1 and B1. Then, there is a fspg-closed, fspg-open sets E in X such that A1 ( E and A 
[image: image69.wmf]q

 B1.


Clearly, A ( E


Now, we claim that E 
[image: image70.wmf]q

 B. 


If E q B, then there exists a point x ( X such that E(x) + B(x) > 1.


Therefore, E(x) + B1(x) > E(x) + B(x) > 1 and E q B1, then a  contradiction.


Hence the theorem.

Theorem  :  2.4.14


Let (X, () be a fts, A and B are fuzzy sets in X. If A q B, then (X, () is fspg-connected between A and B.

Proof

If E is any fspg-closed, fspg-open sets in X such that A ( E, then A q B ( Eq B.


The converse of the above theorem is not true in general.

Example  :  2.4.15

Let X = {a, b}. Fuzzy sets A, B and H on X are defined as


A(a)  =  0.3, 
A(b)  =  0.5 ;


B(a)  =  0.5,
B(b)  =  0.4 ;


H(a)  =  0.5, 
H(b)  =  0.7.


Let ( = {0, H, 1} be fuzzy topology on X.  Then (X, () is fspg-connected between A and B but A 
[image: image71.wmf]q

 B.

Theorem  :  2.4.16

A fts (X, () is fspg-connected iff it is fspg-connected between every pair of its non-zero fuzzy sets.

Proof

(Necessity) Let A and B be any pair of non-zero fuzzy sets of X.


Suppose, (X, () is not fspg-connected between A and B, then there is a fspg-closed, fspg-open set E in X such that A ( E and E 
[image: image72.wmf]q

 B.


Since A and B are non-zero, it E is a proper fspg-closed, fspg-open set of X. This implies that (X, () is not fspg-connected.


(Sufficiency) suppose (X, () is not fspg-connected. Then there exists a proper fuzzy set E of X which is both fspg-closed and fspg-open.


Consequently, X is not fspg-connected between E and 1 – E, a contradiction.

Preposition  :  2.4.17

If a fts (X, () is fspg-connected between a pair of its subsets, then it is not necessarily that (X, () is fspg-connected between every pair of fuzzy set and so is not necessarily fspg-connected.

Example  :  2.4.17

Let X = {a, b}. Fuzzy sets A, B, C and H on X are defined as :


​(2.4.2)
 A(a)  =  0.2, 
 A(b)  =  0.7 ;



 B(a)  =  0.5, 
 B(b)  =  0.4 ;


(2.4.4)
 C(a)  =  0.3, 
 C(b)  =  0.5 ;



H(a)  =  0.3, 
 H(b)  =  0.4.


Let ( = {0, H, 1} be the fuzzy topology on X. Then (X, () is fspg‑connected between A and B but it is not fspg-connected B and C.


Also, (X, () is not fspg-connected.
CHAPTER – 3

FUZZY g( PRE-CONTINUOUS MAPS IN FUZZY TOPOLOGICAL SPACES

In this chapter, we study g(p-continuous maps, fuzzy g(p irresolute maps, fuzzy g(p-closd maps, fuzzy g(p-maps and fuzzy g(p-homeomorphism in fts which are the generalizations of g(p-continuous maps, g(p-irresolute maps, g(p-closed maps and g(p-open maps, g(p-closed maps and g(p-open maps introduced by Verakumar [    ] in 2002 in topological spaces. As an application of these maps T1/2 –spaces and gp-homemorphisms in fts are studied.

On fuzzy q(ore-continuous maps in fuzzy topological spaces.
SECTION  :  3.1

FUZZY g(pre-CONTINUOUS MAPS IN FUZZY TOPOLOGICAL SPACE

In this section, introduce fuzzy g(p-continuous maps, fuzzy g(p‑irresolute maps, fuzzy g(p-closed maps, fuzzy g(p-maps, g(p-open maps and fuzzy  g(p‑homeomorphisms in fts and their properties and characterisatons are studied.

Definition  :  3.1.1


Let X, Y be two fts. A function f : X ( Y is called fg(-continuous function if f(1(A) is g(-closed fuzzy set in X, for every closed fuzzy set A of Y.

Definition  :  3.1.2


A fts (X, T) is called a fuzzy T1/2( space if every g(-closed fuzzy set is a closed fuzzy set.
Definition  :  3.1.3

A fuzzy set A of a fts (X, T) is called a g(-pre-closed fuzzy set (g(p‑closed) if pcl(A) ( U, whenever A ( U and U is g-open fuzzy set in (X, T).

Definition  :  3.1.4

A fuzzy set A of a fts (X, T) is called a g(-pre-open (g(-p-open) fuzzy set if its complements 1 – A is g(p-closed fuzzy set.

Definition  :  3.1.5

Let X and Y be fts. A map f : X ( Y is said to be fuzzy g(p-continuous (fg(p-continuous) if the inverse image of every open fuzzy set in Y is g(p-open fuzzy set in X.

Theorem  :  3.1.6

A function f : X ( Y is fg(p-continuous iff the inverse image of every closed fuzzy set in Y is g(p-closed fuzzy in X.

Theorem  :  3.1.7

Every f-continuous function is fg(p-continuous function.

Proof

Let f : X ( Y be a f-continuous function. Let V be an open fuzzy set in Y.


Since f is f-continuous, f(1(V) is open fuzzy set  in X. As every open fuzzy set is g(o-open fuzzy set, f(1(V) is g(p-open fuzzy set in X.

Therefore, f is fg(p-continuous function.


Hence the theorem.


The converse of the above theorem need not be true in general.

Example  :  3.1.8

Let X = Y = {a, b, c} and the fuzzy set A and B defined as follows :


A  =  {(a, 1), (b, 0.9), (c, 0.8)},


B  =  {(a, 0.4), (b, 0.5), (c, 0.6)}.


Consider T = {0, 1, A} and ( = {0, 1, B}. Then (X, T) and (Y, () are fts.


Let f : X ( Y be the identity map. Then f is fg(p-continuous map but not fuzzy continuous.


Since the open fuzzy set B in Y, f(1(B) =    is not closed fuzzy set in X but it is g(p-closed.

Theorem  :  3.1.9
(i)
Every fg(p-continuous function is fgp-continuous function.

(ii)
Every fg(p-continuous function is fgsp-continuous function.

Example  :  3.1.10

Let X = Y = {a, b, c} and the fuzzy sets A, B and C be defined as follows :


A  =  {(a, 1), (b, 0.9), (c, 0.8)}.


B  =  {(a, 0.4), (b, 0.6), (c, 0.8)} and


C  =  {(a, 0.6), (b, 0.8), (c, 0.4)}


Consider T = {0, 1, A} = (. Then (X, T) and (Y, () are fts.


Let f : X ( Y be such that f(a) = b, f(b) = c and f(c) = a. Then f is fgp‑continuous and fgsp-continuous but not a fg(p-continuous map, for the closed set B in Y, f(1(B) = C is not g(P-closed fuzzy set in X.

Theorem  :  3.1.11

A function f : X ( Y is fg(p-continuous and X is fuzzy TP(-space. Then f is f-continuous.

Proof

Let F be closed fuzzy set in Y. then f(1(F) is g(p-closed fuzzy set in X.


Since X is fuzzy-TP(-space, f(1(F) is closed fuzzy set in X.


Thus f is f-continuous function.


Hence the theorem.

Theorem  :  3.1.12

A function f : X ( Y is fgp-continuous and X is fuzzy-TP(-space. Then f is fg(P-continuous.

Proof

Let F be closed fuzzy set in Y. Then f(1(F) is gp-closed fuzzy set in X.


Since X is fuzzy-TP(-space, f(1(F) is g(p-closed fuzzy set in X.


Thus f is fg(p-continuous function.


Hence the theorem.

Theorem  :  3.1.13

If f : X ( Y if fg(p-continuous and g : Y ( Z is fg(p-continuous and Y is fuzzy-TP(-space. Then g ( f : X ( Z is fg(p-continuous.

Proof


Let F be closed set in Z. Then g(1(F) is g(p-closed fuzzy set in Y.


Since Y is fuzzy-TP(-space, g(1(F) is closed fuzzy set in Y.


Then f(1(g(1(F)) is g(p-closed in fuzzy X as f is fg(p-continuous.


Thus g ( f is fg(p-continuous function.


Hence the theorem.

Definition  :  3.1.14

A function f : X ( Y is said to be fuzzy g(p-irresolute (fg(p-irresolute) if the inverse image of every g(p-closed fuzzy set in Y is g(p-closed fuzzy set in X.

Theorem  :  3.1.15

A function f : X ( Y is fg(p-irresolute function iff the inverse image of every g(p-open fuzzy set in Y is a g(p-open fuzzy set in X.

Proof


Let f : X ( Y be fg(p-irresolute function.


To Prove  :   the inverse image of every g(p-open fuzzy set in Y is a g(p-open fuzzy set in X.


Let V be a g(p-open fuzzy set in Y. then 1 – V is g(p-closed fuzzy set in Y.


Since f is a fg(p-irresolute function, f(1(1 – V) is g(p-closed fuzzy set in X.


Therefore, f(1(1 – V) = 1 – f(1(V).


Hence f(1(V) is a g(p-open fuzzy set in X.

Conversely,


Let V be a g(p-closed fuzzy set in Y. Then 1 – V is a g(p-open fuzzy set in Y.


By hypothesis, f(1(1 – V) is g(p-open fuzzy set in X.


(i.e.) 1 – f(1(V) is g(p-open fuzzy set in X.


Hence f(1(V) is a g(p-closed fuzzy set in X


Hence f is irresolute.


Hence the theorem.
Theorem  :  3.1.16

Every fg(p-irresolute function is fg(p-continuous function.

Proof

Let f : X ( Y fg(p-irresolute function. Let F be a closed fuzzy set in Y. Then F is g(p-closed fuzzy set in Y.


Since f is fg(p-irresolute, f(1(V) is a g(p-closed fuzzy set in X.


Hence f is a fg(p-continuous function.


Hence the theorem.

Example  :  3.2.17

Let X = Y = {a, b, c} and the fuzzy sets A, B, C, D and E be defined as follows :


A  =  {(a, 0.9), (b, 0.9), (c, 0.1)},


B  =  {(a, 0.8), (b, 0.5), (c, 0.6)},


C  =  {(a, 0.7), (b, 0.5), (c, 0.6)}


D  =  {(a, 0.5), (b, 0.2), (c, 0.3)},


E  =  {(a, 0.5), (b, 0.6), (c, 0.7)}.


Consider T = {0, 1, A, B, C, D} and ( = {0, 1, C}. Then (X, T) and (Y, T) are fts.


Define f : X ( Y by f(a) = c, f(b) = a and f(c) = b. Then f is fg(P‑continuous but not fg(p-irresolute as the fuzzy set E is g(p-closed fuzzy set in Y, but f(1(E) = c is not g(p-closed fuzzy set in X.

Theorem  :  3.1.18

Let f : X ( Y, g : Y ( Z be two functions.


Then

(i)
g ( f : X ( Z is fg(p-continuous if f is fg(p-continuous and g are f‑continuous.

(ii)
g ( f : X ( Z is fg(p-irresolute, if f and g are fg(p-irresolute functions.

(iii)
g ( f : X ( Z is fg(p-continuous if f is fg(p-irresolute and g is fg(p‑continuous.

Proof

(i)
Let f : X ( Y be fg(p-continuous and g : Y ( Z be f-continuous.


Let V be an open fuzzy set in Z. Since g is f-continuous, f(1(V) is open fuzzy in Y. Since f is fg(p-continuous, g(1(f(1(V)) is g(p-open fuzzy set is X.


Hence g ( f : X ( Z is a fg(p-continuous map.

(ii)
Let f : X ( Y and g : Y ( Z be fg(p-irresolute functions.


Ler V be a g(p-closed fuzzy set in Z. Then g(1(V) is g(p-closed fuzzy set in Y as g is fg(p-irresolute.


Since, f is fg(p-irresolute, f(1(g(1(V)) is g(p-closed fuzzy set in X.


Hence g ( f : X ( Z is fg(p-irresolute.


Hence the theorem.


The converse of the above theorem need not be true in general.
Theorem  :  3.1.19
If f : X ( Y, g : X ( Z be two fuzzy functions. If f is fg(p-continuous and g is fg(p-irresolutes and Y is fuzzy-TP(-space, then g ( f : X ( Z is fg(p‑irresolute function.

Proof

Let F be g(p-closed fuzzy set in Z. Then g(1(F) is g(p-closed fuzzy set in Y as g is fg(p-irresolute.


Since Y is fuzzy-TP(-space, g(1(F) is closed fuzzy set in Y.


Again since f is fg(p-continuous, f(1(g(1(F)) = (g ( f)(1 (F) is g(p-closed fuzzy set in X.


Hence g ( f is fg(p-irresolute function.


Hence the theorem.

Theorem  :  3.1.20

Let f : X ( Y be a fg(p-continuous function and Y is fuzzy-TP(-space, then f is fg(p-irresolute function. 

Proof

Let F be g(p-closed fuzzy set in Y. Then F is closed fuzzy set in Y as Y is fuzzy- TP(-space.


Since f is fg(p-continuous, we have f(1(F) is g(p-closed in X and hence f is fg(p-irresolute function.


Hence the theorem.

Theorem  :  3.1.21

Let f : X ( Y be an onto, fg(p-irresolute and a closed map. If X is a fuzzy-TP(-space, then Y is also fuzzy-TP(-space.

Proof

Let F be g(p-closed fuzzy set in Y. Then f(1(F) is g(p-closed in X as f is fg(p-irresolute.


Since X is fuzzy-TP(-space, f(1(F) is closed in X. And also f(f(1(F)) = F is closed in Y.


Therefore, f is closed and onto function.


Hence Y is fuzzy-
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Hence the theorem.

Definition  :  3.1.22

A function f : X ( Y is said to be fuzzy g(p-open (fg(p-open) map if the image of every open fuzzy set in X is g(p-open fuzzy set in Y.

Definition  :  3.1.23

A function f : X ( Y is said to be fuzzy g(p-closed (fg(p-closed) map if the image of every closed fuzzy set in X is g(p-closed fuzzy set in Y.

Theorem  :  3.1.24

If f : X ( Y is a fuzzy g(p-open map and Y is fuzzy-TP(-space, then f is f-open map.

Proof

Let V be an open fuzzy set in X. Then f(V) is g(p-open fuzzy set in Y.


Since f is fg(p-open map and Y is fuzzy-TP(-space, f(V) is a open fuzzy set in Y.


Hence f : X ( Y be a f-open map.


Hence the theorem.

Theorem  :  3.1.25

If f : X ( Y be a fg(p-closed map and Y is fuzzy-TP(-space, then f is f‑closed map.

Proof 


Let V be a closed set of X and f be fg(p-closed maps. Then f(V( is g(p-closed fuzzy set in Y.


Since Y is fuzzy-TP(-space, f(V) is closed fuzzy set in Y and hence f is  f-closed map.


Hence the theorem.
Theorem  :  3.1.26

A map f : X ( Y is fg(p-closed iff for each fuzzy set S of Y and for each open fuzzy set U such that f(1(S) ( U, there is a g(p-open fuzzy set V of Y such that S ( V and f(1(V) ( U.

Proof

Suppose f is fg(P-closed map.


Let S be a fuzzy set of Y, and U be an open fuzzy set of X, such that f(1(S) ( U. Then V = Y – f(X – U) is a g(p-open in Y such that S ( V and f(1(V) ( U.


Conversely,  suppose  that  F  is  a  closed  fuzzy  set   of  X.  Then f(1(Y –f(F) ( X – F and X – F is open fuzzy set.


By   hypothesis,  there  is  a  g(p-open  fuzzy  set V of Y such that Y – f(X – V=U) ( V and f(1(V) ( X – F.


Therefore, F ( X – f(1(V)


Hence Y – V ( f(V) ( f(X – f(1(V)) ( Y – V ( f(F) = Y – V.


Since Y – V is g(p-closed fuzzy set. f(F) is g(p-closed fuzzy set and thus f is a fg(p-closed fuzzy map.


Hence the theorem.

Theorem  :  3.1.27

If f : X ( Y is f-closed map and g : Y ( Z is fg(p-closed maps, then g ( f  : X ( Z is fg(p-closed map.

Proof


Let V be a closed fuzzy set in X. Let f : X ( Y be f-closed map and g : Y ( Z be fg(p-closed map then f(V) is closed fuzzy set in Y and g(f(V)) is g(p‑closed fuzzy set in Z.


Hence g ( f is g(p‑closed map.


Hence the theorem.
Theorem  :  3.1.28

If f : X ( Y and g : Y ( Z are fg(p-closed maps and Y is fuzzy‑TP(‑space, then g ( f  : X ( Z is fg(p-closed maps.

Proof

Let V be a closed fuzzy set in X.


Let f : X ( Y and g : Y ( Z be fg(p-closed maps and Y be a fuzzy-
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Then f(V) is a g(p-closed fuzzy set in Y.


As Y is fuzzy-
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-space, f(V) is a closed fuzzy set in Y.


Hence g(f(V) is a g(p-closed fuzzy set in Z.


Hence g ( f : X ( Z is a fuzzy g(p-closed maps.


Hence the theorem.
Theorem  :  3.1.29

Let f : X ( Y, g : Y ( Z be two maps such that g ( f : X ( Z is fg(p‑closed map.

(i)
If f is fuzzy continuous and surjective, then g is fg(p-closed map.

(ii)
if g is fg(p-irresolute and injective, then f is fg(p-closed map.

Proof
(i)
Let G be a closed fuzzy set of Y. Then f(1(G) is closed fuzzy set in X as f ix fuzzy continuous.


Since g ( f is fg(p-closed map, (g ( f) f(1(G)) = g(G) is g(p-closed fuzzy set in Z.


Hence g : Y ( Z fg(p-closed map.

(ii)
Let F be a closed fuzzy set in X. Then (g ( f) (F) is g(p-closed fuzzy set in Z, and so g(1(g ( f) (F) = f(F) is g(p-closed fuzzy set in Y.


Since g is fg(p-irresolute and injective. Hence f is a fg(p-closed map.


Hence the theorem.

Theorem  :  3.1.30
If A is a g(p-closed fuzzy set in X and f : X ( Y is bejective, f-continuous and fg(p-closed, then f(A) is g(p-closed fuzzy set in Y.

Proof

Let f(A) ( O where O is an open fuzzy set in Y.


Since f is f-continuous, f(1(O) is an open fuzzy set containing A.


Hence Pcl(A) ( f(1(O) as A is g(p-closed fuzzy set.


Since f is fg(p-closed, f(Pcl(A)) is g(p-closed fuzzy set contained in the open fuzzy set O. So f(A) is fg(p-closed fuzzy set in Y.


Hence the theorem.

SECTION  :  3.2

FUZZY g(PRE-HOMEOMORPHISMS IN FUZZY TOPOLOGICAL SPACES

In this section, fuzzy g(pre-homeomorphism in fuzzy topological spaces is analysed. Properties and characterizations of these maps are discussed.
Definition  :  3.2.1

A function f : X ( Y is called fuzzy g(p-homeomorphism (fg(p‑homeomorphism) if f and f(1 are fg(p-continuous.

Theorem  :  3.2.2

Every f-homeomorphism is fg(p-homeomorphism.

Proof

Let f : X ( Y be fuzzy homeomorphism. Then f and f(1 are f‑continuous.


Therefore, f and f(1 are fg(p-continuous.


Hence f is fg(p-homeomorphism.


Hence the theorem.



The converse of the above theorem need not be true in general.

Example  :  3.2.3

Let X = Y = {a, b, c} and the fuzzy set A, B and C be defined as follows:


A  =  {(a, 1), (b, 0.8), (c, 0.8)}


B  =  {(a, 0.3), (b, 0.6), (c, 0.8)}


C  =  {(a, 0.4), (b, 0.6), (c, 0.8)}


Consider T = {0, 1, A} and ( = {0, 1, B}. then (X, T) and (Y, () are fts.


Define f : X ( Y by f(a) = a, f(b) = c and f(c) = b. then f is fg(p‑homeomorphism but not f-homeomorphism as A is open in X.


f(A)  =  A is not open in Y.


Therefore, f(1 : Y ( X is not f-continuous.

Theorem  :  3.2.4

Let f : X ( Y be a bijective function. Then the following are equivalent.


a)
f​ is fg(p-homeomorphism


b)
f is fg(p-continuous and fg(p-open maps


c)
f is fg(p-continuous and fg(p-closed maps.

Proof
(a) ( (b) 

Let f be fg(p-homeomorphism. Then f and f(1 are fg(p-continuous.


To prove that f is fg(p-open map.


Let U be an open fuzzy set in X.


Since f(1 : Y ( X fg(p-continuous, (f(1)(1(U) = f(U) is fg(p-open in Y.


Therefore, f(U) is fg(p-open in Y.


Hence fg(p-open map.

To prove that, f(1 : Y ( X is fg(p-continuous.


Let U be an open fuzzy set in Y. then f(U) is fg(p-open set in Y.


Since, f is fg(p-open map.


Now (f(1)(1(U) = f(U) is fg(p-open set in Y.


Therefore, f(1 : Y ( X is fg(p-continuous.


Hence f is fg(p-homeomorphism.

(b) ( (a)

Let f be fg(p-open and fg(p-continuous map. 


To prove that f(1 : Y ( x is fg(p-continuous.
(b) ( (c) 

Let f be fg(p-continuous and fg(p-open map.


To prove that, f is fg(p-closed map.


Let F be a closed fuzzy set in X. Then 1 – F is open fuzzy set in X.


Since f is fg(p-open map, f(1 – F) is g(p-open fuzzy set in Y.


Now, f(1 – F) = 1 – f(F)


Therefore, f(F) is fg(p-closed in Y.


Hence f is a fg(p-closed map.

(c) ( (b) 

Let f be fg(p-continuous and fg(p-closed map.


To prove that, f is fg(p-open map.


Let Y be an open fuzzy set in X. Then 1 – U is a closed fuzzy set in X.


Since f is fg(p-closed map, f(1 – U) is fg(p-closed in Y.


Now, f(1 – U) = 1 – f(U)


Therefore, f(U) is fg(p-open in Y.


Hence f is fg(p-open map.


Hence the theorem.

Theorem  :  3.2.5

If f : X ( Y fg(P-homeomorphism and g : Y ( Z is fg(p‑homeomorphism and Y is fuzzy-TP(-space, then g ( f : X ( Z is fg(p‑homeomorphism.

Proof

To show that, g ( f and (g ( f)(1 are fg( semi-continuous.


Let U be an open fuzzy set in Z.


Since g : Y ( Z is fg(p-continuous, g(1(U) is fg(p-open in Y. Then g(1(U) is open fuzzy set in Y as Y is fuzzy-TP(-space.


Also since f : X ( Y is fg(p-continuous, f(1(g(1(U)) = (g ( f)(1(U) is g(p‑open in X.


Therefore, g ( f is fg(p-continuous.


Again, let U be an open fuzzy set in X.


Since f(1 : Y ( X is fg(p-continuous, (f(1)(1(U) = f(U) is g(p-open fuzzy set in Y.


And so f(U) is open fuzzy set in Y as Y is fuzzy-TP(-space.


Also since g(1 : Z ( Y is fg(p-continuous, (g(1)(1(f(U)) = g(f(U)) = (g ( f) (U) is g(p-open fuzzy set in Z.


Therefore, ((g ( f)(1)(1 (U) = (g ( f) (U)  is g(p-open fuzzy set in X.


Hence (g ( f)(1 is fg(p-continuous.


Thus, g ( f is fg(p-homeomorphism.


Hence the theorem.
SUMMARY AND CONCLUSION

Eversince the introduction of fuzzy sets by Zadeh [38], several authors have worked on this concept and the theory of fuzzy set has developed in many directions and is finding applications in a wide variety of fields.


In chapter 1, we have discussed fuzzy topological spaces, fuzzy neighbourhood set and fuzzy compact spaces due to Chang [12].


In chapter 2, we have analysed fuzzy semi-pre-generalized closed sets due to Saraf et al. [29]. The concept of fuzzy semi-pre-generalized closed set is a generalization of fuzzy semi-pre-open set in topological spaces. Properties and characterizations of these sets are studies. As an application of these sets fsp T1/2-space fspg-continuity and fspg-irresolute mappings are discussed.


Using the concepts of g(p-closed sets, g(p-continuous maps, g(p‑irresolute map, g(p-closed maps and g(p-open maps introduced by Veerakumar [35] in general topological spaces, Benchalli and Siddapur [9] have extended these concepts in fuzzy topological spaces and studied the properties and characterizations. Chapter 3 deals with fuzzy g(pre-continuous maps, fuzzy g(pre-irresolute functions, fuzzy g(pre-open map, fuzzy g(pre-closed maps and fuzzy g( pre-homeomorphisms.
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