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INTRODUCTION
“So far as the laws of mathematics refer to reality, they are not certain.   And so far as they are certain, they do not refer to reality”.

· ALBERT EINSTEIN

In 1966, Y. Imai and K. Iséki [9] introduced a new notion called a        BCK-algebra. This notion is originated from two different ways.

One of the motivations is based on set theory. In set theory, there are three most elementary and fundamental operations among various operations. These fundamental operations are to make the union, the intersection and the set difference of given two sets. As a generalization of those three operations and properties, the notion of Boolean algebras is obtained. The notions of distributive lattices, and upper semilattices or lower semilattices are obtained by using the operations, the union and the intersection.

By considering the notion of the set difference and those properties, a new notion called a BCK-algebra is obtained.

The aim of our thesis is to investigate the theory of BCK-algebras in classical set theory as well as in fuzzy set theory. The following papers are chosen for our discussion.

(i) An introduction to the theory of BCK-algebras by Kiyoshi ISÉKI and Shotaro TANAKA [14].

(ii) BCK-algebras with condition(S) by Kiyoshi ISÉKI [10].

(iii) Fuzzy BCK-algebra by XI OUGEN [29].

The first chapter is devoted to the detailed study of BCK-algebras due to Iséki and Tanaka [14]. The definition of BCK-algebra and its fundamental properties are studied. Various ideals in BCK-algebras are discussed in a detailed manner. Also, the homomorphism properties on      BCK-algebras are discussed.

In this chapter, the following important results are discussed : 

(1) 
In a BCK-algebra, x ≤ y implies z * y ≤ z * x and 

x ≤ y, y ≤ z implies x ≤ z.

(2) 
In a bounded BCK-algebra, the following properties are hold good.

(i) N1 = 0, N0 = 1,

(ii) NNx ≤ x,

(iii) Nx * Ny ≤ y * x,

(iv) y ≤ x implies Nx ≤ Ny,

(v) Nx * y = Ny * x,

(vi) 1  x = x,

(vii) x  1 = NNx,

(viii) NNNx = Nx

(3) 
The set I of involutions of a bounded BCK-algebra X is a bounded BCK-algebra, ie, a bounded subalgebra of X.

(4) 
A BCK-algebra X is positive implicative if and only if x * y = (x * y) * y holds for all x,y of X.

(5) 
In a bounded commutative BCK-algebra, the following conditions are equivalent :

(i) x = x * (y * x),

(ii) x * y = (x * y) * y,

(iii) (x * z) * (y * z) = (x * y) * z,

(iv) x  Nx = 0,

(v) x  Nx = 1,

(vi) x = x * Nx,

(vii) Nx = Nx * x,

(viii) x * (x * Ny) ≤ x * y,

(ix) x * (x * y) ≤ x * Ny,  

(x) (x * (y * z)) * (x * y) ≤ x * Nz.

(6) 
Any bounded implicative BCK-algebra is a Boolean algebra.

(7) 
The kernel of a homomorphism f : X → X' on BCK-algebras is an ideal.

(8) 
Let f be an epimorphism from a BCK-algebra X onto a BCK-algebra X'. Then the quotient algebra X/ ker(f) is isomorphic to X'.

Chapter II is devoted to the study of BCK-algebras with condition(S). In this chapter definition and some properties of BCK-algebra with condition(S) are studied. Also, the relationships between this algebra and a positive implicative BCK-algebra are discussed.


The some of the important results discussed in this chapter are given as follows.

(1) 
Any BCK-algebra X with condition(S) is an ordered semigroup.

(2) 
Let X, Y be BCK-algebras with condition(S). Then X x Y is a              BCK-algebra with condition(S).

(3) 
Any ideal in a BCK-algebra X is implicative, if and only if X is positive implicative.

(4) 
Let X be a BCK-algebra with condition(S). Then the following are equivalent :

(i) X is positive implicative,

(ii) x ≤ y implies x o y = y,

(iii) for any x, x o x = x,

(iv) (x o y) * z = (x * z) o (y * z).

In 1965, L. A. Zadeh put forward the concept of fuzzy set, and in 1977, A.Rosenfeld applied it to the fundamental theory of groups.

In this thesis, chapter III is devoted to the study of BCK-algebra in fuzzy setting. Some of the important results proved in this chapter are given as follows :

(1) 
A fuzzy set μ of BCK-algebra X is a fuzzy left reduced ideal of X if and only if, μ is a constant function μ (0).

(2) 
Let f be a homomorphic mapping from BCK-algebra (X,  * , 0) onto BCK-algebra (X',  *', 0'),  be a fuzzy ideal in X'. Then the homomorphic preimage μ of  under f, is a fuzzy ideal of X.

(3) 
A fuzzy set μ of a quasi-right alternate BCK-algebra X is a fuzzy subalgebra if and only if, μ is a fuzzy ideal.

(4) 
A fuzzy set μ of BCK-algebra X is  a fuzzy implicative ideal if and only if, for any λ  [0,1], μλ = {x | x  X, μ (x) ≤ λ} is an implicative ideal      of X, when μλ ≠ Φ.

(5) 
A fuzzy implicative ideal μ of BCK-algebra X must be a fuzzy ideal. Conversely, when BCK-algebra X  is positive implicative, a fuzzy ideal must be a fuzzy implicative ideal.

REVIEW OF LITERATURE

In 1966, Y. Imai and K. Iséki [9] introduced a new notion called a          BCK-algebra. This notion is originated from two different ways.


One of the motivations is based on set theory. By considering the notion of the set difference and those properties, a new notion called a          BCK-algebra is obtained.


Another motivation is from classical and non-classical propositional calculi. There are some systems which contain the only implication functor among the logical functors. These examples are the systems of positive implicational calculus, weak positive implicational calculus and BCI,              BCK-systems by C. A. Meredith taken from the paper “Formal logic” by           Prior [21].


There is a close relationship between the notions of the set difference in set theory and the implication functor in logical systems.


In classical set theory, there are several interesting relations about the set difference. One of the most simple and useful relations having the only set difference is regarded as 

(1) 
(A – B) – (A – C)  C – B,

or

(2) 
(B – A) – (C – A)  B – C.

These relations correspond with the true formulas asserted in each of the propositional calculi, which are formulated as follows :

(3) 
(p → q) → ((q → r) → (p → r)),

   or

(4) 
(p → q) → ((p → r) → (q → r)).

One of the most simple propositional calculi including the above true formulas, is BCI and BCK-systems which are considered by C. A. Meredith. In his systems, C. A. Meredith emphasized the importance of the following formula : 

(5) 
p → ((p → q) → q).

In the set theoretic notions, this formula is written in the form of 

    (6) 
 
A – (A – B)  B.

From these similar relationships, Y. Imai and K. Iséki [9] reached a notion of a new class of general algebras which is called a BCK-algebra. This name is taken from the BCK-algebra of C.A.Meredith.

Now, we present abstracts of some important papers on various types of algebras.

(1) 
Super associative algebras of continuous mappings. 

Murdov, F. Kh. [1985] [18].

The authors showed that a large class of topological spaces can be characterized by their super associative algebra of continuous mappings or some subalgebra.

(2) 
Decompositions of topologies on algebras of sets. 

Basile and Achille [1986] [3].

The author completes the extension of the classical decomposition theorems of Lebesgue, Jordan and Hewitt-Yoshida to the case in which the functions take their values in an arbitrary topological group. This result in turn uses decomposition theorems of T. Traynor for group-valued set functions and for measures with values in a complete vector lattice.

(3) 
Ideals of uniformly continuous mappings on Pseudometric 

spaces.

Pelant, J. and Vilimovsky, J. [1986] [20].
Ideals of mappings are often used in functional analysis to investigate special classes of spaces. In this paper the authors present a parallel theory in the case of uniform spaces. Various ideals of precompact mappings are investigated and connections with point-finiteness and covering dimension are stated.

(4) 
Stable metrics on universal algebras. 

Choban, M. M. [1986] [4].
In this paper under review the notion of stable Pseudometric on a universal algebra is introduced and studied. It is a natural generalization of the notion of invariant metric on a group. Four theorems and four corollaries are announced. In the third theorem some natural conditions are found under which one can prove that a topological universal algebra is metrizable if and only if it is first countable; there are four corollaries of the fourth theorem which are stated for topological universal algebras. 

(5) 
Maximal ideals in subalgebras of C(X). 

Redlin, Lothar and Watson, Saleem [1987] [23].
Let C(X) denote the continuous real-valued functions on a completely regular space X and let C*(X) denote all the bounded elements in C(X). It is known that the maximal ideals of both C*(X) and C(X) correspond to the points of the Stone-Čech compactification of X. It is shown in this paper that the maximal ideals of an algebra A(X) correspond to the points of the      Stone-Čech compactifiction whenever A(X) contains C*(X) and is a subalgebra of C(X). Consequences for compactification are considered.  

(6) 
Invariance of relative numerical ranges in Banach algebras.

Gaur, A. K. [1991] [6].

The relative numerical range in a Banach algebra is invariant under certain algebra homomorphisms ; this paper discusses the necessity of the hypotheses of the Invariance Theorem and gives several applications of this result in some Banach algebras.

(7) 
Isomorphic incidence algebras of Graphs. 

Parmenter, M. M. [1993] [19].

Let I(G, R) denote the incidence algebra of a locally finite directed graph G over a commutative ring R with identity. In this paper, the author showed that under various sets of conditions on G and R, the incidence algebra I(G, R) determines the graph G.

(8) 
On ideals in BCK-algebras.

Jie Meng [1994] [15].
In this note, various ideals in BCK-algebras are discussed in details. The notions of implicative ideals, which are different to Iséki’s one [11], and commutative ideals are introduced. Their relationships with other ideals are studied. Also the ideal characterizations of several important classes of     BCK-algebras are given. In particular, distributive theorems of commutative, implicative and positive implicative ideals are obtained.
(9) 
q-Representations of the Lie algebras G(a, b).

Vivek Sahai [1997] [27].
The author developed the theory of irreducible q-representations of the     4-dimensional complex Lie algebras G(a,b) and gave models corresponding to these representations involving q-difference operators. The discussion leads to many new identities involving generalized basic hypergeometric functions.

(10) 
Single-element properties in commutative Radical Banach algebras : A classification scheme.

Marc P. Thomas [1999] [17].
The author first developed a classification scheme for studying properties of a fixed non-zero element s of a commutative Radical Banach algebra R. Then they used this scheme to investigate under what conditions s can prime-like properties. By prime-like properties, they included definitions of prime, almost prime, and almost semiprime. If R is an integral domain the first two properties are equivalent. Examples are given of R not an integral domain in which s is prime but not almost prime. Surprisingly, the latter two properties seem to be stronger properties.

These investigations are pertinent to unsolved problems in the theory of Banach algebras, including, for example, the unbounded                   Kleinecke-Shirokov conjecture. They give several sufficient conditions which preclude prime-like properties but, unfortunately, are unable to give a complete answer.

(11) 
T-ideals in BZ-algebras and T-type BZ-algebras.

Xiaohong Zhang, Yongquan Wang and Wieslaw A. Dudek        [2003] [28].
In this paper, the authors introduced the notions of T-type BZ-algebra and T-ideal in BZ-algebra as the generalizations of one of BCI-algebras. They also introduced the notion of associative ideal in BZ-algebra. They investigated the properties and characterizations of them, and obtained the following main results :

Let (X, *, 0) be a BZ-algebra. (1) X is a quasi-associative which implies that X is a T-type BZ-algebra and the inverse is not true. (2) If X is T-type      BZ-algebra, then X has a homomorphism with an involution group. (3) An ideal I of X is an T-ideal if and only if (0 * x) * x  I for any x  X. (4) X is a  T-type BZ-algebra if and only if for each ideal I of X is a T-ideal or the zero ideal {0} of X is a T-ideal. (5) For any ideal I of X, the quotient algebra X over I (ie, X / I) is a T-type BZ-algebra if and only if I is a T-ideal of X. (6) An ideal of BZ-algebra is associated if and only if it is anti-grouped ideal and T-ideal. (7) BZ-algebra X is associated if and only if each ideal of X (or its zero ideal) is an associative ideal. (8) For any ideal I of X, the quotient algebra X over I ie, X / I is associated if and only if I is an associative ideal of X.


The notion of fuzzy groups was introduced by Rosenfeld [22] in 1971. In 1979, David H.Foster [5] introduced the notion fuzzy topological groups. Several other authors have also contributed to the study of the concepts mentioned above. We give here a brief survey of some of the articles published on fuzzy groups.

(12) 
Fuzzy groups redefined.

Anthony J.M. and Sherwood.H. [1979] [2].
The author have defined fuzzy groups using the notion of t-norm and have obtained interesting properties which are generalizations of the results due to Rosenfeld [22].

(13) 
Fuzzy groups and Level subgroups.

Sivaramakrishna Das.P. [1981] [25].
In this paper the author has defined level subgroups of a fuzzy group. If A is a fuzzy set of a non-empty set X, then At = {x  X / A(X) ≥ t} is called a level subset of the fuzzy A. If A is a fuzzy group of a group S, then At,                t  [0,1] and t ≤ A(e) are proved to be subgroups of S. The collection              {At, t  [0,1], t ≤ A(e)} of subgroups of S are called level subgroups of the fuzzy group A.

Using this level subgroups the author has obtained a characterization of all fuzzy groups of finite cyclic groups.

(14) 
Product of fuzzy subgroups.

Sherwood, H. [1983] [24].

The author has used the concept of t-norms to construct product of fuzzy subgroups. When different t-norms are used, different products are obtained.

As a generalization of the well known fundamental theorem of finite abelian groups, which states that any finite abelian group can be written as a direct product of cyclic groups of prime power order, the author has obtained the following result. Every fuzzy subgroup under M of a direct product of a finite number of cyclic groups of distinct prime power orders can be written as an M-product of fuzzy subgroups of those cyclic groups, where M is a t-norm given by 

x, 
if 0 ≤ x ≤ y ≤ 1,

M(x,y)   
=




y, 
if 0 ≤ y ≤ x ≤ 1.

(15) 
On the direct product of fuzzy subgroups, fuzzy sets and system. 

Abu Osman, M. T. [1984] [1].

The notion of t-.norm, T : [0, 1] x [0, 1] → [0, 1] has been generalized to the function Tn : 
[image: image2.wmf]Õ

=

n

1

i

[0,1] → [0,1] defined by

Tn (x1, x2, …..xn) = T (xi, Tn-1 (x1, x2, ….., xi-1, xi+1,…..,xn)). This function Tn is referred to as tn-norm. In this paper the author has proved that the product of fuzzy groups under this tn-norm is fuzzy group.

CHAPTER I
AN INTRODUCTION TO THE THEORY OF 

BCK-ALGEBRAS
Section 1.1 


A BCK-algebra and its properties

Definition : 1.1.1


Let X be a set with a binary operation * and a constant 0. Then X is called a BCK-algebra, if it satisfies the following conditions :


BCK-1

(x * y) * (x * z) ≤ z * y,


BCK-2 
x * (x * y) ≤ y,

BCK-3 
x ≤ x,

BCK-4 
0 ≤ x,

BCK-5 
x ≤ y, y ≤ x implies x=y,

BCK-6 
x ≤ y if and only if x * y=0.

Proposition : 1.1.2


In a BCK-algebra, we have the following properties :

(i) x ≤ y implies z * y ≤ z * x,

(ii) x ≤ y, y ≤ z implies x ≤ z.

Proof :


Let X be a BCK-algebra.

(i) 
Let x ≤ y.

By BCK-1, (z * y) * (z * x) ≤ x * y.

Since x ≤ y, by BCK-6, we have x * y = 0.

Therefore (z * y) * (z * x) ≤ 0





 (1)

By BCK-4, we have 0 ≤ (z * y) * (z * x) 




 (2)

From (1) and (2), (z * y) * (z * x) =0

  
(z * y) ≤ (z * x). Hence x ≤ y implies z * y ≤ z * x. 

(ii) 
By (i), y ≤ z implies x * z ≤ x * y.

If x ≤ y, x * y = 0. Therefore x * z ≤ 0. Also 0 ≤ x * z.

 
x * z = 0  
x ≤ z  by BCK-6.

Hence x ≤ y, y ≤ z implies x ≤ z.

Note :


x ≤ y, y ≤ z implies x ≤ z means that a BCK-algebra is a partially ordered set with respect to the symbol ’≤’.

Theorem : 1.1.3


In a BCK-algebra, (x * y) * z = (x * z) * y.

Proof :


Let X be a BCK-algebra.


Then by BCK-1, (x * y) * (x * z) ≤ z * y.

Also x ≤ y  z * y ≤ z * x by proposition 1.1.2 (i).

Then u * (z * y) ≤ u * ((x * y) * (x * z))   




 (1)

Substitute x * u for x, x * z for z, ((x * u) * y) * (z * u) for u in (1)

Then  ((( x * u) * y) * (z * u)) * ((x * z) * y)

≤   (((x * u) * y) * (z * u)) * (((x * u) * y) * ((x * u) * (x * z)))

≤   (((x * u) * y) * (z * u)) * (((x * u) * y) * (z * u))

=   u * u  =   0.

Therefore (((x * u) * y) * (z * u)) * ((x * z) * y)   ≤  0.

By BCK-4, BCK-5,  ((x * u) * y) * (z * u) ≤ (x * z) * y


 (2)

Let u = z, z = x * y in (2).

Then (( x * z) * y) * ((x * y) * z)  ≤   (x * (x * y)) * y

                  ≤   y * y

(by BCK-2)

         =   0

Hence ((x * z) * y) * ((x * y) * z)  ≤   0

 

             (x * z) * y   ≤   (x * y) * z

 


  (x * y) * z   =   (x * z) * y. 

Hence the proof.

Theorem : 1.1.4


In a BCK-algebra, we have 

(i) x * y ≤ z implies x * z ≤ y,

(ii) x ≤ y implies x * z ≤ y * z and z * y ≤ z * x,

(iii) x * y ≤ x,

(iv) x * 0 = x.

Proof :


Let X be a BCK-algebra.

To prove (i) :


(x * y) * z = (x * z)  * y    by Theorem 1.1.3


(x * y)   ≤   z     (x * y) * z   =   0



              (x * z)  * y  =   0           x * z  ≤   y.

To prove (ii) :


The proof follows from (i) and BCK-1.

To prove (iii) :


From BCK-3, BCK-4 and BCK-6, 0 = x * x ≤ y  for any  y

 
x * y ≤ x 
by (i).

To prove (iv) :


x * 0 ≤ x 
by (iii).

Also by BCK-2,  x *  (x * 0) ≤ 0   x ≤ x * 0. Therefore x * 0 = x.

Hence the proof.

Definition : 1.1.5

Define x  y as follows :

x  y = y *  (y * x).

Remark : 1.1.6

From BCK-2,  x  y = y *  (y * x) ≤ x. Moreover, 0=y * y ≤ y * x implies y * (y * x) ≤ y   by theorem 1.1.4 (i). Hence x  y ≤ x, y. Therefore x  y is a common lower bound of x and y.

Remark : 1.1.7

x  x = x, x  0 = 0  x = 0.

Definition : 1.1.8 


If x  y = y  x holds for all elements x, y in a BCK-algebra, then it is called to be commutative.

Remark : 1.1.9


A commutative BCK-algebra is a BCK-algebra with the following additional condition :


x * (x * y) = y * (y * x).

Conversely, if x  y is the greatest lower bound of x and y, then we have x  y = y  x. Consequently, in this case, a BCK-algebra is a semilattice with respect to ‘’ .

Theorem : 1.1.10


A BCK-algebra X is commutative, if and only if it is a semilattice with respect to ‘’.

Proof :


Assume a BCK-algebra X is a semilattice with respect to ‘’.

Claim : 
BCK-algebra X is commutative.

Since a BCK-algebra X is a semilattice with respect to , x  y is the greatest lower bound of x and y. Then x  y = y  x.


Therefore, it is commutative. Hence the claim.

Conversely, assume that the BCK-algebra X is commutative.

Claim : 
X is semilattice with respect to ‘’.

By the definition of ‘', 


(z  x) * y  =  (x * (x * z)) * y



        =  (x * y) * (x * z) 

(
[image: image3.wmf]Q

  X is a BCK-algebra)

Hence (x * y) * (x * z) = (z  x) * y       




 (1)

If x ≤ y, then 
x = x * 0 = x * (x * y) = y  x.

Hence by the commutative, x ≤ y implies x  y = x.

Then x  y is a common bound of x and y.

Next, suppose that z ≤ x and z ≤ y.

Then we shall prove that z ≤ x  y.

z * (x  y)  =  z * (y * (y * x))



       =   (z  y) * (y * (y * x))



       =   ((y * (y * z)) * (y * (y * x))



       =   ((y * x)  y) * (y * z) 
(by (1))



       =   (y  (y * x)) * (y * z) 
(by the commutativity)



       =   ((y * x) * ((y * x) * y)) * (y * z)



       =   ((y * x) * ((y * y) * x)) * (y * z)



       =   (y * x) * (y * z)



      =   (z  y) * x 
  

(by (1))



      =   z * x  =   0.


[image: image4.wmf]Þ

  
   z ≤ x  y.

This shows that x  y is the greatest lower bound of x and y.

Therefore we have the associative law on ‘’.

Consequently, the algebra is a semilattice with respect to ‘’, which completes the proof of Theorem 1.1.10.

Theorem : 1.1.11


Let X be a set with a binary operation  ‘*’ , a binary relation ‘≤’, and a constant 0. Consider the following conditions :

(i) (x * y) * z = (x * z) * y,

(ii) x * (x * y) = y * (y * x),

(iii) x ≤ x,

(iv) 0 ≤ x,

(v) x ≤ y, y ≤ x implies x = y,

(vi) x ≤ y, y ≤ z implies x ≤ z,

(vii) x ≤ y  if and only if x * y = 0.

Then X satisfies the above conditions if and only if it is a commutative BCK-algebra.

Proof :

Assume X satisfies the above conditions.

Claim : 
X is a commutative BCK-algebra.

From (i), x * y ≤ z implies x * z ≤ y.

Using condition (iii),  x * y   ≤   x * y

 
x * (x * y)  ≤  y.

Put x  y   =  y * (y * x). Then by (ii), x  y = y  x. 

Moreover  x  y = y * (y * x) ≤ x.

Using condition (i), we obtain (x * y) * (x * z)  =  (x * (x * z)) * y




        =  (z  x) * y   ≤  z * y,








        and       z * y   ≤  z.

By using (vi),  (x * y) * (x * z) ≤ z.

This implies (z * (z * x)) * (z * y) ≤ y. Hence (z  x) * (z * y) ≤ y

From this relation, we obtain (z  x) * y ≤ z * y

Hence  (x * y) * (x * z)  =  (x * (x * z)) * y  =  (z  x) * y  ≤  z * y.

Therefore, if X is an algebra satisfying the above conditions, then X is commutative BCK-algebra.

The converse is trivial.

Theorem : 1.1.12

A BCK-algebra X is commutative, if and only if A(x)  A(y) = A(x  y), for all x, y of X, where A(x) = { y |  y ≤ x}.

Proof :

Let X be a commutative BCK-algebra.

Claim : 
A(x)  A(y) = A(x  y) for all x, y of X.

Define A(x) = { z | z ≤ x}  and A(y) = {z | z ≤ y}.

If z  A(x)  A(y), then z ≤ x, y. Hence z ≤ x  y.

This implies z  A(x  y). Thus A(x)  A(y)  A(x  y), 
           (1)

On the other hand, if z  A(x  y), then z ≤ x  y.  Hence z ≤ x, y.

  
z A(x)   A(y)

Therefore,  A(x  y)  A(x)  A(y).                   



 (2)

From (1) and (2),  A(x)  A(y) = A(x  y) for all x, y of X.

Hence the claim.

Conversely, assume A(x)  A(y)=A(x  y) for all x, y of X.

Claim : 
BCK-algebra X is commutative.

Now A(x  y)  =  A(x)  A(y)




  =  A(y)  A(x)   =  A(y  x).

Hence x  y  A(y  x), y  x  A (x  y)

Therefore x  y ≤ y  x, y  x ≤ x  y.

Hence x  y = y  x, which means that X is commutative.

Hence the claim.

Remark : 1.1.13. [30], [31]


H. Yutani proved that a commutative BCK-algebra is equationally defined, and he obtained a new system of axioms of a commutative            BCK-algebra as follows :

(i) (x * y) * z = (x * z) * y,

(ii) x * (x * y) = y * (y * x),

(iii) x * x = 0

(iv) x * 0 = x.

Hence the class of a commutative BCK-algebra makes a variety.

Definition : 1.1.14

If there is an element 1 of a BCK-algebra X satisfying x ≤ 1 for all          x of X, then 1 is called unit of X.

A BCK-algebra with unit is called to be bounded.  

In a bounded BCK-algebra, 1 * x is denoted by Nx.

Proposition : 1.1.15

In a bounded BCK-algebra X, we have 

(i) N1 = 0, N0 = 1,

(ii) NNx ≤ x,

(iii) Nx * Ny ≤ y * x,

(iv) y ≤ x implies Nx ≤ Ny.

(v) Nx * y = Ny * x,

(vi) 1  x = x,

(vii) x  1 = NNx,

(viii) NNNx = Nx.

Proof :

Let X be a bounded BCK-algebra.

To prove (i) :

Since N1 = 1 * 1 = 0  and  N0 = 1 * 0 = 1,  N1 = 0 and N0 = 1.

To prove (ii) ;

Since X is a BCK-algebra,  x * (x * y) ≤ y



 (1)

Put x = 1 in (1). Then, 1 * (1 * y)  ≤  y

 
        NNy   ≤  y 

which implies NNx ≤ x.

To prove (iii) :

Since X is a BCK-algebra, 
(x * y) * (x * z) ≤ z * y 


 (2)

Put x = 1 in (2). Then, (1 * y) * (1 * z) ≤ z * y

 
Ny * Nz ≤ z * y

which implies Nx * Ny ≤ y * x.

To prove (iv) :

Since X is a BCK-algebra, 
 x ≤ y  z * y ≤ z * x    by Theorem 1.1.4.

Therefore y ≤ x   1 * x ≤ 1 * y    Nx ≤ Ny.

To prove (v) :

Since X is a BCK-algebra, 
(x * y) * z = (x * z) * y by Theorem 1.1.3
   (3)

Put x = 1 in (3). Then,  (1 * y) * z = (1 * z) * y

 
Ny * z = Nz * y   
Nx * y = Ny * x.

To prove (vi) :

By the definition of ‘‘,  1  x  =  x * (x * 1)  =  x * 0 =  x.

To prove (vii) :

By the definition of ‘‘,  x  1  =  1 * (1 * x)  =  NNx.

To prove (viii) :

By (iv), NNx ≤ x implies Nx ≤ NNNx 

By (ii)  NNNx ≤ Nx. Hence Nx = NNNX.

Corollary : 1.1.16 

In bounded, commutative BCK-algebra, NNx = x.

Proof :

Let X be a bounded, commutative BCK-algebra.

We know that 1  x = x  and  x  1 = NNx.

Since X is bounded commutative BCK-algebra,  1  x = x  1.

 
 x = NNX. Therefore NNx = x. 

Hence the proof.

Definition : 1.1.17

Let X be a bounded, commutative BCK-algebra.

Define x  y = N(Nx  Ny).

Remark : 1.1.18


Any bounded, commutative BCK-algebra is a lattice with respect to the operations ‘ ‘ and ‘‘.

Proof :


x  y = N(Nx  Ny). Then Nx  Ny ≤ Nx, Ny

 
x, y ≤ N(Nx  Ny) = x  y.

Hence x  y is an upper bound of x and y.

Let x, y be two elements of X, and let u be any element with x ≤ u,          y ≤ u.

 
Nu ≤ Nx, Ny by Proposition 1.1.15 (iv)

Since the BCK-algebra is commutative, Nu ≤ Nx  Ny.

Hence x  y = N(Nx  Ny) ≤ u.

Therefore any bounded, commutative BCK-algebra is a lattice with respect to the operations ‘‘ and ‘‘.

Theorem : 1.1.19


Any bounded, commutative BCK-algebra is a lattice relative to ‘‘ and  ‘‘. Moreover,

(i) N1 = 0, N0 = 1,

(ii) NNx = x,

(iii) Nx  Ny = N(x  y),

(iv) Nx  Ny = N(x  y).

Proof :

Let X be any bounded, commutative BCK-algebra which is a lattice relative to ‘‘ and ‘‘.

Proof of (i) and (ii) obvious.

By the definition of ‘‘, Nx  Ny = N(NNx  NNy) = N(x  y)


Hence (iii) is proved.

Now, N(x  y) =  N(N(Nx  Ny))  =  NN(Nx  Ny)




  

          =   Nx  Ny
    (
[image: image5.wmf]Q

 NNx = x)

 
(iv) is proved.

Definition : 1.1.20

If an element x satisfies NNx = x, then x is called an involution.

Remark : 1.1.21

Let I be the set of all involutions of a bounded BCK-algebra. Then

(i) I is not empty,

(ii) x * Ny = y * Nx.

Theorem : 1.1.22

The set I of involutions of a bounded BCK-algebra X is a bounded BCK-algebra, i.e., a bounded subalgebra of X. 

Proof :

Let I be the set of involutions of a bounded BCK-algebra.

To prove I is a bounded BCK-algebra.

Since 1  I, it is bounded. To complete the proof it is enough to prove that x * y  I for x, y  I .

Since NNx ≤ x, NN(x * y) ≤ x * y 





 (1)

On the other hand, (x * y) * NN(x * y)



               =   (Ny * Nx) * NN(x * y)      (
[image: image6.wmf]Q

 x * y = Ny * Nx)



              =    (Ny * NN(x * y)) * Nx      (
[image: image7.wmf]Q

 (x * y) * z=(x * z) * y)


                         =    (NNN(x * y) * y) * Nx      (
[image: image8.wmf]Q

 Nx * y = Ny * x)


              =     (N(x * y) * y) * Nx
      (
[image: image9.wmf]Q

 NNNx = Nx)



              =     (x * (x * y)) * y
      (
[image: image10.wmf]Q

 x * y = Ny * Nx)


              =     0


      (by BCK-2)

Hence    x * y   ≤    NN(x * y) 





 (2)

By (1) and (2), NN(x * y) = x * y  ( x * y  (  I . Hence the proof. 

Example : 1.1.23


Let A be an arbitrary nonempty set, and let X be the set of all real valued functions defined on A. For f, g  X, define f * g by

0, 

if f(x) ≤ g(x), 

     (f * g)(x)   
=

f(x) – g(x), 
if g(x) < f(x)

By the definition of ‘ * ’, X is a commutative BCK-algebra.

Let Y be the set of all non-negative integer valued functions on A.  Define f * g as follows :

0, 

if f(x) ≤ g(x), 

    (f * g)(x) 
= 
1,  

if g(x) < f(x) and g(x) ≠ 0, 

f(x), 

if g(x) < f(x) and g(x) =0.

Then Y is a non-commutative BCK-algebra.

Consider the set { 0, 1, …, ω }. Define

0, 

if x ≤ y ≤ ω ,


1, 

if y < x < ω and y ≠ 0,

        x * y     =





ω, 

if y < x = ω and y ≠ 0,


x, 

if y<x ≤ ω and y = 0.

This example is a bounded BCK-algebra with unit ω. In this               BCK-algebra, the set of involutions is [0, 1, ω ]. But it  is not commutative.

Note :


Until now, the results of BCK-algebras which are independent of the notion of subsets of a BCK-algebra are considered. In this case, the basic set X is not needed to define a BCK-algebra. Such a theory is called the first order theory of a BCK-algebra. When the notion of subsets are used, the theory is called the second order. For example, Theorem 1.1.12 is a characterization of a commutative BCK-algebra by a second order property.


There are the notions of ideals and quotient algebras of a BCK-algebra as second order properties.

Definition : 1.1.24 


A non-empty subset A of a BCK-algebra X is called an ideal, if

(i) 0  A,

(ii) y * x, x  A implies y  A.

A proper ideal is called to be maximal, if it is not properly contained in any (proper) ideal of X.

Theorem : 1.1.25

 
Suppose A is a nonempty subset of BCK-algebra X. Then A is an ideal if and only if it satisfies for x and y in A, z * y ≤ x implies z  A.

Proof :   Obvious.

Proposition : 1.1.26


Every bounded BCK-algebra contains atleast one maximal ideal. Every proper ideal of a bounded BCK-algebra is contained in a maximal ideal.

Definition : 1.1.27

Let A be an ideal of a BCK-algebra X. For any x, y  X, x ~ y is defined by x * y  A and y * x  A.

Note : 

Then relation ‘~’ is an equivalence relation on X. If the class containing x is denoted by Cx, then Cx * Cy is defined by the class containing x * y. since {Cx} satisfies all conditions of a BCK-algebra, the notion of a quotient algebra X / A [13] which is also a BCK-algebra is obtained.

Proposition : 1.1.28


Every quotient algebra of a commutative BCK-algebra is a commutative BCK-algebra. Every quotient algebra of a bounded BCK-algebra   is a bounded BCK-algebra.

Section : 1.2 

Some special classes of BCK-algebras

In this section, special classes of BCK-algebras are defined.


Let X be a BCK-algebra, and let x, y, z  X. Then we have 

((x * y) * z) * ((x * z) * (y * z)) 

=     ((x * z) * y) * ((x * z) * (y * z))     (
[image: image11.wmf]Q

 (x * y) * z = (x * z) * y)


≤    (y * z) * y


      (
[image: image12.wmf]Q

 (x * y) * (x * z) ≤ z * y)


=    0




      (
[image: image13.wmf]Q

 x * y ≤ x)

  
((x * y) * z) * ((x * z) * (y * z)) ≤ 0

Hence we obtain (x * y) * z ≤ (x * z) * (y * z).

Note :


In any BCK-algebra, the equality of the above relation does not hold. Thus, as a special case of BCK-algebras, the following class can be considered.

Definition : 1.2.1 

If, in a BCK-algebra X, the equality (x * z) * (y * z) = (x * y) * z holds, then it is called to be positive implicative.

Theorem : 1.2.2

Let X be a BCK-algebra. X is positive implicative if and only if                 x * y = (x * y) * y holds for all x, y of X.

Proof :

Let X be a positive implicative BCK-algebra.

To prove : 
x * y = (x * y) * y for all x, y of X.

Since (x * z) * (y * z) = (x * y) * z, (x * z) * (z * z) = (x * z) * z

 
(x * z) * 0 =  (x * z) * z


(by BCK-3)


 x * z = (x * z) * z 



(
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 x * 0 = x)

which implies x * y = (x * y) * y   for all x, y  X.

Conversely, assume x * y = (x * y) * y holds for all x, y of X.

To prove : 
X is positive implicative

For that it is enough to show that (x * z) * (y * z) ≤ (x * y) * z

Using BCK-1 and (ii) of Theorem 1.1.4,

((x * y) * (x * z)) * u ≤ (z * y) * u  for every u  X.

 
((x * y) * u) * (x * z) ≤ (z * y) * u 

(
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 (x * y) * z = (x * z) * y)

Substitute x * z for x, y * z for y, (x * z) * z for z and (x * y) * z for u in the above relation. 

Then (((x * z) * (y * z)) * ((x * y) * z)) * ((x * z) * ((x * z) * z))

 
 
≤   (((x * z) * z) * (y * z)) * ((x * y) * z)


 ≤  ((x * z) * y) * ((x * y) * z)  =   0

Then by our assumption, we obtain (x * z) * (y * z) ≤ (x * y) * z, which completes the proof of Theorem 1.2.2. 

Proposition : 1.2.3

In a positive implicative BCK-algebra, we have

(x * (y * x)) * (x * y) = (y * (y * x)) * (x * y),

(i.e.), 
(x  y) * (y * x) = (y  x) * (x * y)

Proof :

In a BCK-algebra, (x * y) * z = (x * z) * y



 (1)

     x * y = (x * y) * y


 

 (2)

(x * (y * x)) * (x * y)  =  (x * (x * y)) * (y * x)

  (by (1))




            =  ((x * (x * y)) * (x * y)) * (y * x)
  (by(2))



 

 ≤  (y * (x * y)) * (y * x)

  (by BCK-1)

This implies the following equality :

(x * (y * x)) * (x * y) = (y * (x * y)) * (y * x)

(x * (x * y)) * (y * x) = (y * (y * x)) * (x * y)
(by (1))

Hence the proof.

Theorem : 1.2.4


In a commutative BCK-algebra, the following equalities are equivalent :

(i) x * (y * x) = x,

(ii) (x * y) * y = x * y,

(iii) (x * z) * (y * z) = (x * y) * z.

Proof :

To prove : (i)  (ii)

(x * y) * ((x * y) * y) = y  (x * y) 
=  (x * y)  y  =  y * (y * (x * y)) = 0

which implies x * y ≤ (x * y) * y. 

Hence (x * y) * y = x * y. Hence (i) (ii).

To prove : (ii)  (i)


x * (x * (y * x)) = (y * x) x  =  x   (y  * x) =  (y * x) * ((y * x) * x) 

     =  (y * x) * (y * x)  =  0 

which implies x * (y * x) ≤ x. Hence x * (y * x) =  x. Hence (ii)  (i).

Definition : 1.2.5

If, in a BCK-algebra, x * (y * x)= x holds for all x, y, then it is called to be implicative.

Theorem : 1.2.6


Any implicative BCK-algebra is commutative and positive implicative.

Proof :

Let X be an implicative BCK-algebra.

To prove : 
X is positive implicative.

In any BCK-algebra, (x * y) * (x * z) ≤ z * y



 (1)

Put x = z * y, y = (z * y) * y, z = (z * y) * (z * (z * y)) in (1).

Then  ((z * y) *  ((z * y) * y)) * ((z * y) * ((z * y) * (z * (z * y))))

 ≤  ((z * y) * (z * (z * y))) * ((z * y) * y) 
(by (1))

 ≤  y * (z * (z * y))



(by (1))


 =  0

Since X is implicative BCK-algebra,  (z * y) * ((z * y) * (z * (z * y))) = 0

  
(z * y) * ((z * y) * y) = 0   (z * y) * y ≤ z * y    (
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  x * y ≤ x)

Therefore, z * y = (z * y) * y

 
X is positive implicative by Theorem 1.2.2

To prove :
X is commutative.

 Put y = y * z, and z = y * u in BCK-1.

Then (x * (y * z)) * (x * (y * u)) ≤ (y * u) * (y * z)  ≤  z * u    

 (2)

Since x * y ≤ z  x * z ≤ y, (2) becomes

(x * (y * z)) * (z * u) ≤ x * (y * u)

In this expression, put y = x, z = y, u = y * x.

Then (x * (x * y)) * (y * (y * x)) ≤ x * (x * (y * x))  ≤ x * x  =  0.

That implies x  y = y  x.

  
X is a commutative. Hence any BCK-algebra X is commutative.

Note :


A bounded commutative BCK-algebra with the condition x = x * (y * x) is a Boolean algebra.

Proposition : 1.2.7 


In a bounded commutative BCK-algebra, the following conditions are equivalent :

(i) x = x * (y * x),

(ii) x * y = (x * y) * y,

(iii) (x * z) * (y * z) = (x * y) * z,

(iv) x  Nx = 0,

(v) x  Nx = 1,

(vi) x = x * Nx,

(vii) Nx = Nx * x,

(viii) x * (x * Ny) ≤ x * y,

(ix) x * (x * y) ≤ x * Ny,

(x) (x * (y * z)) * (x * y) ≤ x * Nz.

Proof :


Equivalences of (i), (ii) and (iii) is proved in Theorem 1.2.4.               

Since x  Nx  =  Nx  x  =  x * (x * Nx)  =  x * (x * (1 * x))  =  0,

(i)  (iv).

To prove : 
(iv)  (v).

x  Nx = 0  N(x  Nx) = N0    Nx  NNx = 1  

  Nx  x = 1    x  Nx = 1.

To prove : 
(iv)  (vi).

x * (x * Nx) = Nx  x = 0    x ≤ x * Nx.

To prove : 
(vi)  (vii).

Put x = Nx in (vi). Then Nx = Nx * NNx = Nx * x

Similarly (vii)  (vi) can be proved.

Also using the fact “(x * y) * z = (x * z) * y” (viii)  (ix) can be proved.

To prove : 
(vi)  (ix).

By BCK-1, (x * (y * z)) * (x * (y * w)) ≤ (y * w) * (y * z)  ≤  z * w

 
(x * (y * z)) * (z * w) ≤ x * (y * w)

In the expression, put y = x, z = y, w = Nx.

Then (x * (x * y)) * (y * Nx)  ≤  x * (x * Nx) =  x * x   (
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 x = x * Nx) =  0 

 
(x * (x * y)) * (y * Nx) ≤ 0

 
x * (x * y) ≤ y * Nx ≤ x * Ny    (
[image: image18.wmf]Q

 x * Ny = y * Nx)

To Prove : 
(ix)  (x).

First we shall show y  x = x * Ny = y * Nx.

From (ix),  y  x = x * (x * y) ≤ x * Ny

On the other hand, by BCK-1, we obtain

(x * Ny) * (x * (x * y)) ≤ (x * y) * Ny  =  (x * y) * (1 * y)  ≤  x * 1  =  0.

Then x * Ny ≤ x * (x * y) = y  x.

Hence x  y = y  x = x * Ny = y * Nx.

 
(x * (y * z)) *  (x * y) = (x * (x * y)) * (y * z)  =  (y  x) * (y * z)

 =  (y * Nx) * (y * z)  ≤  z * Nx  =  x * Nz.

To Prove : 
(x)  (iii)

Since x ≤ 1, x * y ≤ 1 * y. Hence (x * y) * Ny = 0.

Put x * y for x, z for y, y for z in (x), 

((x * y) * (z * y)) * ((x * y) * z) ≤ (x * y) * Ny = 0

 
(x * y) * (z * y) ≤ (x * y) * z ≤ (x * z) * y.

Hence the proposition.

Remark : 1.2.8

(iv) and (v) of the above proposition imply that each element x has a complement Nx.

Remark : 1.2.9


Let X be a bounded, commutative BCK-algebra. Then for any x, y, z  X,

(x * z) * (y * z) = x * ( y  z).

Proposition : 1.2.10


If, in a bounded, commutative BCK-algebra, there exists a complement of each element, then it is unique.

Proof :


Let X be a bounded, commutative BCK-algebra.

Then each element x has a complement.

Claim : 
Complement of x is unique.

Suppose y and y' are complements of x.

Then x  y = x  y' = 0 and x  y = x  y' = 1.

Then 0 = x  y = y * (y * x).

Hence y ≤ y * x ≤ y, which implies y = y * x.

Similarly, y' = y' * x.

 
y * y' =  (y * x) * (y' * x)  =  y * (y'  x)    (by Remark 1.2.9)

        


       =  y * 1   
(
[image: image19.wmf]Q

 x  y' = 1)

        


       =  0  

     y * y' =  0

Similarly, y' *  y = 0.

Therefore, y = y'.  Hence the proof.

Definition : 1.2.11


If any complement of a lattice with unit has exactly one complement, the lattice is called to be with unique complement or simply unicomplement.

Note : 


From the above terminology, the proposition 1.2.10 can be restated as follows : “Any complemented, bounded, commutative BCK-algebra is a unicomplemented lattice with respect to ‘’ and ‘’.

Definition : 1.2.12


A Boolean algebra is a complemented, distributive lattice.

Theorem : 1.2.13


Any bounded implicated BCK-algebra is a Boolean algebra with respect to ‘’, ‘’ and ‘N’.

Proof :


A bounded implicative algebra is distributive respect to ‘’ and ‘’, since x  y = y * Nx and x  y = N(Ny * x).

It is trivial that (x  z)  (y  z) ≤ (x  y)  z  




 (1)

On the other hand, for any x, y, z, 

((x  y)  z) * (( x  z)  (y  z))

= (N(Ny * x)  z) * (( x * Nz)  (y * Nz)) (
[image: image20.wmf]Q

 x  y = x * Ny = y * Nx 

             and x  y = N(Ny * x))

= (N(Ny * x) * Nz) * N(N(x * Nz) * (y * Nz))   (by definitions)

= (z * (Ny * x)) * N(N(x * Nz) * (y * Nz))   (
[image: image21.wmf]Q

 Nx * Ny = y * x)

= (N(x * Nz) * (y * Nz)) * N(z * (Ny * x))
 (
[image: image22.wmf]Q

 NNx = x, Nx * y = Ny * x)

= (N(x * Nz) * N(z * (Ny * x))) * (y * Nz)
(
[image: image23.wmf]Q

 (x * y) * z = (x * z) * y)

= ((z * (Ny * x) * (x * Nz)) * (y * Nz)
(
[image: image24.wmf]Q

 Nx * Ny = y * x)

= ((N(Ny * x) * Nz) * (x * Nz)) * (y * Nz)
(
[image: image25.wmf]Q

 Nx * Ny = y * x)

= ((N(Ny * x) * x) * Nz) * ( y * Nz)
(
[image: image26.wmf]Q

(x * z) * (y * z) = (x * y) * z)

= ((N(Ny * x) * Nz) * x) * (y * Nz)

(
[image: image27.wmf]Q

 (x * y) * z = (x * z) * y)

= ((z * (Ny * x)) * x) * (y * Nz)

(
[image: image28.wmf]Q

 Nx * Ny = y * x)

= ((z * x) *  (Ny * x)) * (y * Nz)

(
[image: image29.wmf]Q

 (x * y) * z = (x * z) * y)

= ((z * Ny) * x) * (y * Nz))


(
[image: image30.wmf]Q

 (x * z) * (y * z) = (x * y) * z)

= ((z * Ny) * (y * Nz)) * x = 0

(
[image: image31.wmf]Q

 Nx * y = Ny * x)

 
((x  y)  z) * ((x  z)  (y  z)) = 0

Since x * y = 0  x ≤ y, (x  y)  z ≤ (x  z)  (y  z)

 (2)

From (1) and (2),  (x  y)  z = (x  z)  (y  z).

Hence, a bounded implicative BCK-algebra is a complemented distributive lattice. That is, it is a Boolean algebra.

Remark : 1.2.14


In a bounded, commutative BCK-algebra, one of the conditions 

(i) ( x * z) * (y * z) = (x * y) * z,

(ii) (x * y) * y = x * y,

(iii) x * (y * x) = x ~ (x * (y * z)) * (x * y) ≤ x * Nz holds, if and only if it is a Boolean algebra with respect to ‘’, ‘’ and ‘N’.

The following result is to lead a new class of BCK-algebras.

Proposition : 1.2.15


In a bounded implicative algebra, there is a greatest element                   x satisfying x * y ≤ z for given elements y, z and moreover x is given by y  z.

Proof :

(z  y) * y  =  N(Nz  Ny) * y  =  Ny * (Nz  Ny) 

       =  Ny * (Ny * (Ny * Nz))  ≤  Ny * (Ny * (z * y))

      ≤  1 * ( 1 * z) =  NNz ≤ z

Therefore (z  y) * y ≤ z. 


In this part, only the boundedness is used whereas 

z  y = N(Nz  Ny).

Claim : 
x * y ≤ z implies x ≤ z  y.

x * (z  y) =  x * N(Nz  Ny) = (Nz  Ny) * Nx

       =  (Ny * (Ny * Nz)) * Nx  =  (Ny * Nx) * (Ny * Nx)

       =  (x * y) * (z * y) =  (x * z) * y  =  0.

 
x ≤ z  y. Hence the proof.

Section : 1.3 

Homomorphisms on BCK-algebras

Let X, X' be BCK-algebras. A mapping f : X → X' is called a homomorphism, if for every pair of x, y of X, f(x * y) = f(x) * f(y).

Kernel of f is defined by { x / f(x) = 0} it is denoted by ker(f).

Proposition : 1.3.1 


For a homomorphism f,

(i) f(0) = 0,

(ii) x ≤ y  f(x) ≤ f(y).

Proof :

(i) f(0) = f(0 * 0) = f(0) * f(0) = 0. Hence f(0) = 0

(ii) For any x, y of X with x ≤ y, 0 = f(0) = f(x * y) = f(x) * f(y)

Hence x ≤ y implies f(x) ≤ f(y). (i.e.) 
f is isotone.

Proposition : 1.3.2


Let f : X → X' be a homomorphism. Then the kernel of f is an ideal.

Proof:


Let f: X → X' be a homomorphism.

Claim: 
The kernel of f is an ideal.

Since f is a homomorphism, f(0) = 0   
0  ker(f). 

 
ker(f) is non empty. Let x * y, y  ker(f).

Then 0 = f(x * y) = f(x) * f(y) = f(x) * 0 = f(x)

 
x  ker(f). Hence the kernel of f is an ideal.

Definition: 1.3.3 [8]


Let A be a subset of a BCK-algebra X having the following properties:

(i) 0 is contained in A, and

(ii) if for x, y, z  X, (x * y) * z, y * z  A implies x * z  A. 

Such a subset A is called an implicative ideal.

Proposition : 1.3.4


If {0} is an implicative ideal in X', the kernel of a homomorphism f is an implicative ideal.

Proof :

Assume {0} is an implicative ideal in X'.

To prove: 
The kernel of a homomorphism f is an implicative ideal.

Let (y * x) * z  ker(f), x * z  ker(f).

Then (f(y) * f(x)) * f(z) = 0, f(x) * f(z) = 0.


Since {0} is an implicative ideal, then f(y * z) = f(y) * f(z) = 0.

Hence y * z  ker(f). This means that the ideal ker(f) is implicative.

Definition : 1.3.5


If a homomorphism f: X → X' is onto, then it is called an epimorphism.

Remark : 1.3.6


The most simple BCK-algebra is that with two elements 0,1. This algebra is defined by  0 * 0 = 0 * 1 = 1 * 1 = 0, 1 * 0 =1.

Theorem : 1.3.7


Let f be an epimorphism from a BCK-algebra X to the                       BCK-algebra X' with two elements. Then the kernel of f is an implicative maximal ideal.

Proof :


Let f : X → X' be an epimorphism with two elements.

To prove : 
The kernel of f is an implicative maximal ideal.

By proposition 1.3.4, ker(f) = A is an implicative ideal. To show that A is a maximal ideal. Suppose A is not maximal. Then there is a proper ideal B containing A. Therefore there exists x, y such that x  B – A, y  X – B.

Then f(x) = f(y) = 1. 

Hence f(y * x) = f(y) * f(x) = 0, which implies y * x  A.

Since y * x  B and x  B, we have y  B, which is a contradiction to that y  X – B. Hence A is a maximal ideal.

Theorem: 1.3.8


Let f be an epimorphism from a BCK-algebra X onto a BCK-algebra X'. Then the quotient algebra X / ker(f) is isomorphic to X'.

Proof :


Let f: X → X' be an epimorphism.

To prove: 
The quotient algebra X / ker(f) is isomorphic to X'.

By proposition 1.3.2, ker(f) is an ideal.

If f(x) = f(y), then 0 = f(x) * f(y) = f(x * y)

Similarly, f(y * x) = 0. Hence x * y, y * x  ker (f).

This means that x, y belong to a class of X / ker(f).

Conversely, x ~ y (ker (f)) implies f(x) = f(y).

Therefore X / ker(f)  Cx → f(x)  X' is a one-to-one correspondence between X / ker(f) and X'.

Moreover Cx * Cy = Cx * y implies f(x) * f(y) = f(x * y).

Hence the above correspondence gives the required isomorphism.

Theorem : 1.3.9


Let X, Y, Z be BCK-algebras, and let h : X → Y be an epimorphism, and let g : X → Z be a homomorphism. If ker(h)  ker (g), then there is a unique homomorphism f satisfying f . h = g.

Proof :


For any y  Y, there exists an element x  X such that y = h(x).

For the element x, put z = g(x).

To show that the correspondence f: Y → Z is well-defined and satisfies f . h =g.

Let y = h(x1) = h(x2), x1, x2  X, then 0 =h(x1) = h(x2) = h(x1 * x2)

Hence x1 * x2  ker(h).

Since ker(h)  ker(g), we obtain  0 = g(x1 * x2) = g(x1) * g(x2)

Therefore, g(x1) ≤ g(x2). Similarly, we obtain g(x2) ≤ g(x1). 

Hence if h(x1) = h(x2), then g(x1) = g(x2). 

This shows that f: Y → Z is well-defined.

y = h(x), z = g(x) and f: Y → Z imply g(x) = f(h(x)).

To show that f is a homomorphism. Let y1, y2  Y

For any x1, x2  X such that y1 = f(x1), y2 = f(x2)

Then  f(y1 * y2)  =  f(h(x1) * h(x2))  =  f(h(x1 * x2))   =  g(x1 * x2)  

 

    =  g(x1) * g(x2)  =  f(h(x1)) * f(h(x2))  =  f(y1) * f(y2).

Hence f is a homomorphism.


The uniqueness of f follows directly from the fact that g is an epimorphism. 

Hence the proof.

CHAPTER 2

BCK-ALGEBRAS WITH CONDITION(S)
Section : 2.1 

Definition and Basic properties of a BCK-algebra with condition(S) 
Definition : 2.1.1


Let X be a BCK-algebra, and let x, y be any fixed elements of X. Then the set A(x, y) of z satisfying z * x ≤ y 

is not empty (
[image: image32.wmf]Q

 0 * x = 0 ≤ y or x * x = 0 ≤ y). If A(x, y) has the greatest element, such element is uniquely determined by x, y and it is denoted            by x o y.

If there exists x o y for any x, y of a BCK-algebra X, then X is called a BCK-algebra with condition(S). 

Example : 2.1.2 


 A simple example for BCK-algebras not having condition(S) is given as follows. This algebra consists of five elements 0, a, b, c, 1. The operation ‘*’ is given by Table 1. 

Table 1

*
0
a
b
c
1

 

0
0
0
0
0
0

a
a
0
c
c
0

b
b
c
0
c
0

c
c
0
0
0
0

1
1
b
a
c
0

This algebra does not have condition(S). 

Consider the set A(a, a).

Then A(a, a) = {0, a, b, c} and A(a, a) does not have the greatest element. 

Theorem : 2.1.3 


Any BCK-algebra X with condition(S) is a commutative semigroup with respect to ‘o’ and 0 is a zero element of X on ‘o’. 

Proof : 


Let X be a BCK-algebra with condition(S). 

To prove : 
X is a commutative semigroup with respect to ‘o’.

By the definition of ‘o’, (x o y) * x ≤ y. 

Since X is a BCK-algebra, (x o y) * y ≤ x. Hence x o y ≤ y o x.

Therefore we have x o y = y o x which shows that ‘o’ is commutative.

Moreover, by the definition of ‘o’.  ((x o y) o z) * z   ≤   x o y, 

 
(((x o y) o z) * z) * y   ≤  x

 
(((x o y) o z) * y) * z   ≤  x 
       (
[image: image33.wmf]Q

 (x * y) * z = (x * z) * y) 

Hence ((x o y) o z) * y ≤ z o x = x o z.

From the definition of ‘o’, we know (x o y) o z   ≤   (x o z) o y. 

Since y and z are symmetric,  (x o y) o z  =   (x o z) o y


 (1) 

               (x o y) o z  =   (x o z) o y 

(by (1)) 

          =   (z o x) o y 

(
[image: image34.wmf]Q

 ‘o’ is commutative)
 (2) 

    x o (y o z)  =   x o (z o y) 

(
[image: image35.wmf]Q

 ‘o’ is commutative)

          =   (z o y) o x 

(
[image: image36.wmf]Q

 ‘o’ is commutative)

          =   (z o x) o y 

(by (1))


 (3) 

By (2) and (3),  (x o y) o z  =   x o (y o z)

 
X is a commutative semigroup with respect to ‘o’.

Next, u * x = 0 is equivalent to u ≤ x.  Hence x o 0 = x  and 0 o x = x. 

  
0 is a zero element of X on ‘o’.

Corollary : 2.1.4 


If a BCK-algebra X is bounded, then  x o 1 = 1 o x = 1, x o Nx = 1, 

where Nx is defined by 1 * x. 

Proof : 


Assume X is a bounded BCK-algebra.

u * x ≤ 1 holds for all u ≤ x, so x o 1 = 1 

u * x ≤ 1 * x implies x o (1 * x) = 1 

(i.e.) 
x o Nx = 1.  Hence the proof. 

Theorem : 2.1.5 


Any BCK-algebra X with condition(S) is an ordered semigroup.

Proof : 


Let X be a BCK-algebra with condition(S). 

Let x ≤ y in X. 

Since X is a BCK-algebra,  

x ≤ y implies x * z ≤ y * z and z * y ≤ z * x 



 (1) 

Then by (1), (x o z) * y  ≤  (x o z) * x  ≤  z

 
x o z  ≤  y o z

Hence   x  ≤  y   x o z  ≤  y o z.

Then by Theorem 2.1.3, X is an ordered semigroup. 

Remark : 2.1.6


By the above results, we can conclude that any BCK-algebra with condition(S) is an ordered , commutative semigroup with zero 0. 

Theorem : 2.1.7 


In any BCK-algebra X with condition(S), we have 

(x * y) * z = x * (y o z) for all x, y, z  X.

Proof : 


Since X is a BCK-algebra,  (x * y) * z   =   (x * z) * y


 (1)

(x * y) * (z * y)  ≤   x * z 






 (2)

and  x * (x * y)  ≤   y 






 (3)

 
(x * ((x *  y) * z)) * z  =  (x * z) * ((x * y) * z)
(by (1))

            ≤   x * (x * y)

(by (2))

  ≤   y 



(by (3))

which implies x * ((x * y) * z) ≤ y o z    x * (y o z)  ≤  (x * y) * z 

 (4) 

On the other hand, by the definition of ‘o’, we obtain 

(x * y) * (x * (y o z))  ≤  (y o z) * y ≤ z   (x * y) * z   ≤  x * (y o z) 

 (5) 

From (4) and (5),   (x * y) * z  =  x * (y o z). Hence the result. 

Theorem : 2.1.8 


In any BCK-algebra X with condition(S), we have  

(i) x * y ≤ (x * z) o (z * y), 

(ii) (x o y) * (y o z) ≤ x * z ≤ x o z.

Proof : 


(i) follows from (x * y) * (x * z) ≤ z * y   x * y ≤ (x * z) o (z * y)

Next, consider x * (x * y) ≤ y. Then x ≤ (x * y) o y.

Since X is an ordered semigroup, it follows that 

x o z  ≤  ((x * y) o y) o z  =  (x * y) o (y o z) 

 
(x o z) * (y o z) ≤ x * y 






 (1) 

Since X is a BCK-algebra with condition(S), x * y ≤ x and from Theorem 2.1.5, we have x * y ≤ x = x o 0 ≤ x o y 



 (2) 

Therefore by (1), (2) we obtain (x o y) * (y o z) ≤ x * z ≤ x o z. 

Hence the proof. 

Theorem : 2.1.9 


Let X, Y be BCK-algebras with condition(S). Then X x Y is a              BCK-algebra with condition(S). 

Proof : 


Let X, Y be BCK-algebras with condition(S). Let (x , y), (u, v)  X x Y. 

We define (x, y) o (u, v) by (x o u, y o v).

Then (x o u, y o v) * (x, y)  =  ((x o u) * x, (y o v) * y)  ≤  (u, v) 

Next, let (p, q) * (x, y) ≤ (u, v)

Then it follows that p * x ≤ u, q * y ≤ v. Hence p ≤ x o u, q ≤ y o v.

These imply (p, q) ≤ (x o u, y o v).

Therefore, the greatest element (p, q) satisfying 

(p, q) * (x, y) ≤ (u, v) is given by (x o u, y o v).

Hence X x Y is a BCK-algebra with condition(S). 

Remark : 2.1.10 [ 13 ] 


Let X, Y be BCK-algebras. The * operation on X x Y is defined by 

(x, y) * (u, v) = (x * u, y * v). Then X x Y is a BCK-algebra.

Definition : 2.1.11


Let A be a nonempty subset of a BCK-algebra with condition(S). A is called an additive ideal, if 

(i) x  A, y ≤ x imply y  A, 

(ii) x, y  A implies x o y  A. 

Definition : 2.1.12 [26]


A nonempty subset A of a BCK-algebra X is called a Varlet ideal, if 

(i) x  A, y ≤ x imply y  A.

(ii) For any x, y  A, there is an element z  A such that x, y ≤ z. 

Lemma : 2.1.13 


In a BCK-algebra with condition(S), any ideal is an additive ideal, and any additive ideal is a Varlet ideal. 

Proof : 


Let A be an ideal and let x, y  A. Then (x o y) * x ≤ y. 

Hence x o y  A, which shows that A is an additive ideal. 

Let A be an additive ideal and x, y  A. 

Then, by Theorem 2.1.5, it follows that x, y ≤ x o y.

Since x o y  A, A is a Varlet ideal. 

Theorem : 2.1.14   


Let X be a BCK-algebra with condition(S), and let A be an ideal. Then the quotient algebra X / A is also a BCK-algebra with condition(S). 

Proof : 


Let A be an ideal of a BCK-algebra X with condition(S). 

We defined x ~ y by x * y, y * x  A. 

Then ‘~’ is a congruence relation on X, and the quotient algebra X / A is a BCK-algebra [ 13 ]. Let x ~ y. 

Then, by Theorem 2.1.7, it follows that, for any u  X, 

(x o u) * (y o u)  =  (( x o u) * u) * y  ≤  x * y  A.

Hence (x o u) * (y o u)  A.

Similarly (y o u) * (x o u)  A   
x o u ~ y o u. 

Let Cx be the class containing x  X and define Cx o Cy = Cx o y.  

Since x ~ u and y ~ u imply x o y ~ u o v, Cx o Cy is well-defined. 

Moreover, by the definition of Cx o Cy, 

(Cx o Cy) * Cx = Cx o y * Cx ≤ Cy.

To prove that the quotient algebra X / A has the property(S). 

Let us consider an element z satisfying Cz * Cx ≤ Cy


 (1) 

Then C(z * x) * y = C0. 

Hence 0 ~ (z * x) * y = z * (x o y), which implies C0 = Cz * (x o y) . 

Therefore Cz ≤ Cx o y.  

This shows that a greatest class Cz satisfying (1) is Cx o Cy. 

Hence the proof. 

Example : 2.1.15 


Let X = {0, a1, a2, …, an, 1}. We define 

0, 
if x ≤ y,

x * y     = 
a1, 
if y < x and y ≠ 0,

x, 
if y < x and y = 0. 

Then X is a BCK-algebra [13] with condition(S). 

Hence, ai o aj = 1, ai o 1 = 1, for every pair of i, j. 

Example : 2.1.16 


Let X = {0, a, b, c, d, 1}. The ‘*’ operation and the ‘o’ operation are given by Tables 1 and 2 respectively. 

Table 1

* 
0
a
b
c
d
1


1

0
0
0
0
0
0
0

a
a
0
0
a
0
0

b

d

b
b
a
0
b
a
0

c
c
c
c
0
0
0

a

c

d
d
c
c
a
0
0

1
1
d
c
b
a
0


0

Table 2 

o
0
a
b
c
d
1

0
0
a
b
c
d
1

a
a
b
b
d
1
1

b
b
b
b
1
1
1

c
c
d
1
c
d
1

d
d
1
1
d
1
1

1
1
1
1
1
1
1

a o a, a o a o a, … are denoted by 2a, 3a, … .

Then from Table 2, a < 2a = 3a = 4a = … = b, 

          d < 2d = 3d = 4d = … = 1.

and other are idempotent, (i.e.) x o x = x. 

Example : 2.1.17 


Let X be the BCK-algebra with two elements {0, 1} and let Y be a       noncommutative BCK-algebra with three elements {0, u, 1} in which the ‘*’ operation is given in Table 1. 

          Table 1

* 
0
u
1

0
0
0
0

u
u
0
0


1
1
1
0

To make the direct product X x Y, put 

0 = (0, 0), a = (0, u), b = (0, 1), 

c = (1, 0), d = (1, u), 1 = (1, 1).

By the definition of the direct product of X x Y, we have Table 2. 

     Table 2 

* 
0
a
b
c
d
1


0
0
0
0
0
0
0

a
a
0
0
a
0
0


b
b
b
0
b
b
0

c
c
c
c
0
0
0

d
d
c
c
a
0
0

1
1
1
a
b
b
0

Moreover X, Y are both BCK-algebras with condition(S). 

Then the ‘o’ operations are given by Tables 3 and 4. 

                 Table 3 



          Table 4 

o 
0
1


o
0
u
1

0
0
1


0
0
u
1

1
1
1


u
u
u
1







1
1
1
1

By the definition (x, y) o (u, v) = (x o u, y o v), the above Tables 3 and 4 give Table 5 of the ‘o’ operation on X x Y. 

     Table 5 

o 
0
a
b
c
d
1

0
0
a
b
c
d
1

a
a
a
b
d
d
1

b
b
b
b
1
1
1

c
c
d
1
c
d
1

d
d
d
1
d
d
1

1
1
1
1
1
1
1

In this example, we have x o x = x for every x of the direct product          X x Y. 

Definition : 2.1.18 


A BCK-algebra X is called to be complete, if every subset A of X has the least upper bound. The least upper bound is denoted by sup A. 

Definition : 2.1.19 


If any subalgebra A of a BCK-algebra X has the least upper bound in A, then X is called to be locally complete. 

Remark : 2.1.20 


Any locally complete BCK-algebra X satisfies the condition(S). 

Proof : 


Let S(a, b) be the set of x satisfying x * a ≤ b. 

To see that S(a, b) is a subalgebra of X, let x, y  S(a, b). 


Then x * a ≤ b, y * a ≤ b. Since X is a BCK-algebra, 

(i) 
x ≤ y implies x * z ≤ y * z and z * y ≤ z * x, 

(ii) 
(x * y) * z = (x * z) * y, (iii) x * y ≤ x.

 
(x * y) * a = (x * a) * y ≤ b * y ≤ b. 

 
x * y  S(a, b). This shows that S(a, b) is a subalgebra of X. 

Hence S(a, b) satisfies the condition(S). 

Section : 2.2 

Positive implicative BCK-algebras with condition(S). 

Definition : 2.2.1 


A nonempty subset A of a BCK-algebra X is called an implicative   ideal, if 

(i) 0  A,

(ii) (x * y) * z  A, y * z  A imply x * z  A. 

Lemma : 2.2.2 


Any implicative ideal is an ideal.

Lemma : 2.2.3 


Every section A(a) = { x / x ≤ a } is an ideal, if and only if the zero ideal { 0 } is implicative. 

Theorem : 2.2.4 


Any ideal in a BCK-algebra X is implicative, if and only if X is positive implicative. 

Proof : 


Let X be a positive implicative BCK-algebra, and let A be an ideal of X. 


Suppose (x * y) * z, y * z  A. 

Since (x * z) * (y * z) = (x * y) * z, and (x * y) * z  A, it follows that 

(x * z) * (y * z)  A. 

Moreover A is an ideal and y * z  A. Hence x * z  A. 

This means that A is an implicative ideal. 

Conversely, let X be a BCK-algebra that every ideal is implicative. 

We shall show (x * y) * y = x * y. 

(x * y) * y ≤ x * y holds in any BCK-algebra. 

{ 0 } is an ideal, so it is implicative.

Hence any section A(a) is an ideal by Lemma 2.2.3. 

Therefore I = A((x * y) * y) is an implicative ideal. 

Hence (x * y) * y  I and y * y = 0  I imply x * y  I. 

This means that x * y ≤ (x * y) * y. Consequently, (x * y) * y = x * y.

 
X is positive implicative. 

Corollary : 2.2.5 


Any section of a BCK-algebra is an implicative ideal, if and only if it is positive implicative. 

Theorem : 2.2.6 


For any ideal A and for any element ‘a’ of a BCK-algebra X, if                 B = { x / x * a  A } is an ideal, then X is positive implicative. 

Proof : 


To prove X is positive implicative it is enough to prove that any ideal in X is implicative. 

It is given that if for any ideal A and for any element ‘a’ of a               BCK-algebra X,  B = { x / x * a  A } is an ideal. 

Claim : 
B is implicative ideal. 


Let (x * y) * z  A, y * z  A





 (1) 

Case (i) :  
Let z  A. 

Then x * y  A and y  A  x  A.  Hence x * z ≤ x  A. 

Case (ii) : 
Let z ( A. 

Then by the hypothesis, B = { u / u * z  A } is an ideal. 

From (1), x * y  B, y  B. 

Since B is an ideal, it follows that x  B.  Therefore, x * z  A, which means that B is an implicative ideal. This completes the proof. 

Corollary : 2.2.7 


A BCK-algebra X is positive implicative, if and only if for any ideal A and any element a,  B = { x / x * a  A } is an ideal. 

Proof : 


The “if” part follows from Theorem 2.2.6.

To prove the “only if” part (i.e.) to prove B = {x | x * a  A } is an ideal, let x * y, y  B. Then (x * y) * a  A and y * a  A.  

Since X is positive implicative, and A is an ideal, it follows that A is an implicative ideal. Hence x * a  A, which means that x  B. 

It is trivial 0  B. Hence B = { x | x * a  A } is an ideal. 

Theorem : 2.2.8 


Let X be a BCK-algebra with condition(S). Then the following propositions are equivalent : 

(i) X is positive implicative, 

(ii) x ≤ y implies x o y = y, 

(iii) for any x, x o x = x, 

(iv) (x o y) * z = (x * z) o (y * z).

Proof : 


To Prove : 
(ii) and (iii) are equivalent. 

Assume (ii). 

Then x ≤ x implies x o x = x, which shows (iii). 

Assume (iii).

x ≤ y implies x o y ≤ y o y by Theorem 2.1.5, which shows (ii). 

To prove : 
(i) and (iii) are equivalent. 

Let X be a positive implicative BCK-algebra.  x ≤ x o x is trivial. 


By Corollary 2.2.5, any section A(x) is an ideal, and x  A(x). 

By Lemma 2.1.12, x o x  A(x). Hence x o x ≤ x. 

which shows (i)  (iii).

Suppose x o x = x, for every x  X, first claim that any A(a) is an ideal.

Let x * y, y  A(a). 

Then x * y ≤ a, y ≤ a. Hence x * a ≤ x * y ≤ a.

Therefore x ≤ a o a = a, which means x  A(a). 

Hence A(a) is an ideal.

Claim : 
A(a) is an implicative ideal. 

Let (x * y) * z, y * z  A(a). Then (x * y) * z  ≤ a,  y * z ≤ a.
Since X satisfies the condition(S), x * y ≤ z o a, y ≤ z o a. 

As shown above, A(z o a) is an ideal. Moreover, x * y, y  A(z o a).

Hence x  A(z o a) which implies x ≤ z o a.

From this relation, we have x * z ≤ a. Hence x * z  A(a). 

Therefore by Theorem 2.2.4, (i) and (iii) are equivalent. 

To Prove : 
(i)  (iv)

Let X be a positive implicative BCK-algebra with condition(S). 

Then (x o y) * x ≤ y. 

 
((x o y) * z) * (x * z) ≤ ((x o y) * x) * z ≤ y * z, by Theorem 1.1.4 (ii) in Chapter 1. 

Hence (x o y) * z ≤ (x * z) o (y * z) 




 (1)

On the other hand, x, y ≤ x o y. 

 
x * z ≤ (x o y) * z, y * z ≤ (x o y) * z. 

From (iii), it follows that 

(x * z) o (y * z) ≤ ((x o y) * z) o ((x o y) * z) = (x o y) * z 
           (2)

By (1) and (2), (x o y) * z = (x * z) o (y * z).

To Prove : 
(iv)  (i)

Let x = y = z in (iv). Then (x o x) * x = (x * x) o (x * x) = 0 o 0 = 0.

Therefore x o x ≤ x which implies x o x = x. 

Hence X is positive implicative. Hence the proof.

Corollary : 2.2.9 


Let X be a BCK-algebra with condition(S). Any section is an additive ideal, if and only if X is positive implicative.

Proof : 


Let X be a BCK-algebra with condition(S). 


If a section A(x) is an additive ideal, then x  A(x) implies x o x  A(x). 

Hence x o x ≤ x. Therefore x o x = x. 

By Theorem 2.2.8, X is positive implicative.

Conversely, if X is positive implicative, then any section A(x) is an ideal by Theorem 2.4.4. 


Hence from Lemma 2.1.12, A(x) is an additive ideal. 

Theorem : 2.2.10 


In a positive implicative BCK-algebra, a Varlet ideal is an ideal. 

Proof : 


Let A be a Varlet ideal. 


Since A is nonempty, there exists an element x  A. 

Then 0 ≤ x implies 0  A. Next y * x, x  A.

Since A is a Varlet ideal, there exists an element z  A such that             y * x ≤ z and x ≤ z. 

By the definition of positive implicative, (y * z) * (x * z) ≤ (y * x) * z.  

Hence ( y * z) * 0 = 0, which implies y * z = 0. So y ≤ z. 

By z  A, it follows that y  A. This means that A is an ideal.

Corollary : 2.2.11 


In a positive implicative BCK-algebra with condition(S), the notions of three kinds of ideals coincide. 


This follows from Lemma 2.1.12 and Theorem 2.2.10. 

Lemma : 2.2.12 


Any additive ideal is an ideal. 

Proof : 


Let A be an additive ideal, and let y * x, x  A. 

Then by Theorem 2.2.8, (y o x) * y = (y * y) o (x * y) = 0 o (x * y) = x * y.

Hence by the definition of ‘o’, y o x ≤ (y * x) o y. 

Since A is an additive ideal, (y * x) o x  A.

Hence y o x  A, which implies y  A. Therefore A is an ideal. 

Definition : 2.2.13 


An algebra X with two binary operations ‘o’, ‘*’ and a constant 0 is called a semi-Brouwerian algebra, if it satisfies 

(i) x o x = x, 

(ii) x o y = y o x, 

(iii) x * x =0, 

(iv) (x * y) o y = x o y, 

(v) (x * y) * z = x * (y o z).

Corollary : 2.2.14 


Any positive implicative BCK-algebra with condition(S) is a semi Brouwerian algebra. 

Proof :     Obvious.
Section : 2.3 

Homomorphisms on BCK-algebras with condition(S)

Theorem : 2.3.1 

Let X, Y be BCK-algebras with condition(S) and let f : X → Y be a homomorphism. If Y is a  semi lattice with respect to ‘o’, then  


f(x o y) = f(x) o f(y).

Proof : 


Let X, Y be BCK-algebras with the condition(S), and let f : X → Y be a homomorphism. 

Assume Y is a semi lattice with respect to ‘o’. 

For any x, y  X, (x o y) * y ≤ x. 

Since f is isotone, f(x o y) * f(x) ≤ f(y).

Hence f(x o y) ≤ f(x) o f(y) 






 (1) 

On the other hand, x * x = 0 ≤ y  implies x ≤ x o y. 

Therefore f(x) ≤ f(x  o y). Similarly f(y) ≤ f(x o y).

Since Y is a semi lattice on ‘o’, f(x) o f(y) ≤ f(x o y). 


(2)

From (1) and (2), f(x o y) = f(x) o f(y). Hence the proof. 

Remark : 2.3.2 


In a note of K. Iséki  [ 12 ] it is proved that Y is a semi lattice on ‘o’ if and only if it is positive implicative. Therefore, in theorem 2.3.1, Y is positive implicative. 

Proposition : 2.3.3


Let X, Y be BCK-algebras and let f : X → Y be an epimorphism. If X is bounded (commutative, positive implicative or implicative), then so is Y.

Proof : 


Obvious. 

Theorem : 2.3.4 


If X is a bounded (commutative, positive implicative, implicative)       BCK-algebra, then the quotient algebra is bounded, commutative, positive implicative, implicative respectively. 

Proof : 
It can be proved by using the Proposition 2.3.3.    

CHAPTER 3

FUZZY BCK-ALGEBRA
Section : 3.1 

Fuzzy groups  
Definition : 3.1.1 


Let X be an arbitrary non-empty set. Let I = [0, 1]. A fuzzy set in X is a mapping from X into I. (i.e.,) a fuzzy set is an element of IX. For any two fuzzy sets μ, ν in X, 

μ = ν μ(x) = ν(x), for all x  X,

μ ≤ ν μ(x) ≤ ν(x), for all x  X. 

The union μ  νand the intersection μ  ν are defined respectively by 

(μ  ν) (x) = max { μ(x), ν(x) } for all x  X and 

(μ  ν) (x) = min { μ(x), ν(x) }, for all x  X. 

The complement μc of a fuzzy set μ is defined by μc(x) = 1 – μ(x), for all x  X. It is also denoted by μc. For a family { μi }i  Δ of fuzzy sets, the union 
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Definition : 3.1.2 


If μ is a fuzzy subset in X, and f is a map of X onto X', then the fuzzy subset ν in X' defined by  ν(y) = 
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 y  X'.

is called the image of μ under f. Similarly, if νis a fuzzy subset in X', then the fuzzy subset μ = f . ν in X (i.e., the fuzzy subset defined by μ(x) = ν(f(x)) for all x  X) is called the preimage of ν under f. 

Definition : 3.1.3 [ 22 ] 


A fuzzy set μ in S has the sup property if, for any subset T  S, there exists t0  T such that μ(t0) =
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Definition : 3.1.4 


Let X be a groupoid. A fuzzy set μ : X → [0, 1] is called 

(i) a fuzzy subgroupoid if for all x, y  X, μ(xy) ≥ min{μ(x), μ(y)}   

(ii) a fuzzy left ideal if μ(xy) ≥ μ(y) 

(iii) a fuzzy right ideal if μ(xy) ≥ μ(x) 

(iv) a fuzzy ideal if it is a fuzzy left and right ideal. 

Equivalently, a fuzzy set μ is a fuzzy ideal if μ(xy) ≥ max{μ(x), μ(y)} .

Theorem : 3.1.5 


For any λ  [0, 1], the crisp set T = { x | x  X, μ(x) ≥ λ } is a subgroupoid or (left, right) ideal if μ is a fuzzy subgroupoid or fuzzy (left, right) ideal. 

Proof : 



Assume μ is a fuzzy subgroupoid. Let T = { x | x  X, μ(x) ≥ λ }. 

To Prove : 
T is a subgroupoid of X. 


Take x1, x2  T. Since T  X, x1, x2  X. 

Since X is a subgroupoid, x1 x2  X. 

Consider, μ(x1 x2) ≥ min{μ(x1), μ(x2)}

Since x1, x2  T, μ(x1) ≥ λ and μ(x2) ≥ λ.

 
min {μ(x1), μ(x2)} ≥ λ. (i.e.,)   μ(x1 x2) ≥ λ. 

 
x1 x2  T.  Therefore T is a subgroupoid of X. 

Assume μ is a left ideal. 

To Prove :    
T is a left ideal. 

That is to prove for every x  T and y  X, yx  T.

Since x, y  X, yx  X. 

Consider μ(yx) ≥ μ(x) because μ is  a left ideal. 

Since x  T, μ(x) ≥ λ  μ(yx) ≥ λ. 

 
yx  T. Therefore T is a left ideal.

Similarly we can prove the remaining cases. 

Definition : 3.1.6


If X is a group, a fuzzy subgroupoid μ of X will be called a fuzzy group of X, if μ(x -1) ≥ μ(x) for all x  X. 

Terminology : 3.1.7 


Rosenfeld [22] has called the fuzzy set  satisfying the above condition as ‘fuzzy subgroup’. We refer such set as ‘fuzzy group’. 

Example : 3.1.8


Let X = {+1, -1} be a group with respect to the usual multiplication of integers. Consider the fuzzy set μ in X defined by μ(x) = x2 for all x  X. Then μ(xy) = min{μ(x), μ(y)} for all x, y in X. 

Therefore μ is a fuzzy subgroupoid. 


Now to prove μ(x -1) ≥ μ(x) for all x  X.

When x = 1,  μ(x -1) = μ(1) = μ(x). 

When x = -1, μ(x -1) = μ(-1) = μ(x). 

Hence μ is a fuzzy group. 

Indeed it is true that any fuzzy set μ in this example is a fuzzy group if μ(1) ≥ μ(-1). 

Example : 3.1.9 


Let X = {1, -1, i, -i}. Then X is a group under multiplication. Let μ be a fuzzy set defined by μ(x) = 1 - | x | for every x  X. 

Then μ is the constant function 0 and μ is a fuzzy subgroupoid. 

Now to prove μ(x -1) ≥ μ(x) for all x  X. 

When x = 1, μ(x -1) = μ(1) = μ(x). 

When x = -1, μ(x -1) = μ(-1) = μ(x). 

If x = i, μ(x -1) = μ(-i) = 0 = μ(i) = μ(x).

If x = -i, μ(x -1) = μ(i) = 0 = μ(-i) = μ(x). 

Thus μ is a fuzzy group. 

Theorem : 3.1.10 

(i) The intersection of any set of fuzzy groups is a fuzzy group. 

(ii) Product of finite number of fuzzy groups is a fuzzy group. 

(iii) Let μ be a fuzzy group of X. Then μ(x -1) = μ(x) and μ(x) = μ(e) for all x  X, where e is the identity element of X. 

(iv) Let X be a group and μ a fuzzy group of X. Then                               μe = {x  X | μ(x) = μ(e) } is a subgroup.

(v) If μ is a fuzzy group then μ(xy -1) = μ(e) implies μ(x) = μ(y). 

Theorem : 3.1.11


μ is a fuzzy group of X if and only if μ(xy -1) ≥ min{μ(x), μ(y)} for all x, y in X. 

Proof : 


Assume μ is a fuzzy group. 

Consider μ(xy -1) ≥ min{ μ(x), μ(y -1)}

      = min {μ(x), μ(y)} 
(by Theorem 3.1.11(iii))  
       

Conversely, assume μ(xy -1) ≥ min{μ(x), μ(y)} for every x, y  X. 

Put y = x in the above relation. 

 
μ(xx -1) ≥ min{ μ(x), μ(x)}

μ(e) ≥ μ(x) for every x  X





 (1) 

Consider μ(x -1) = μ(ex -1) ≥ min{μ(e), μ(x)} = μ(x)  
by (1) 

 
   μ(x -1) ≥ μ(x) 






 (2) 

Consider μ(xy) = μ(x(y -1) -1) ≥ min{μ(x), μ(y -1)}

  ≥ min{μ(x), μ(y)} 

by (2) 

 
μ(xy) ≥ min{μ(x), μ(y) }





 (3) 

From (2) and (3), we get μ is a fuzzy group. 

Example : 3.1.12 


Consider the set R0 = R – { 0 } of non-zero real numbers. They form a group with respect to multiplication of real numbers. Let μ be a fuzzy set in R0 defined by 

μ(x) = 0 
if x < 0 

        = 1 
if x > 0 

Let x, y  R0. Let x > 0, y > 0. Then y -1 = 1/y and hence xy -1 > 0.

Case (i) : 


Since μ(x) = 1, μ(y) = 1, μ(xy -1) = 1, μ(xy -1) = min{μ(x), μ(y)}.

Case (ii) : 


Let x < 0, y < 0. Then xy -1 > 0. Hence μ(xy -1) = 1.

But μ(x) = 0, μ(y) = 0. Hence μ(xy -1) > min{μ(x), μ(y)}. 

Case (iii) : 


Let x < 0, y > 0. Then xy -1 < 0. Then μ(xy -1) = 0. 

But μ(x) = 0, μ(y) = 1. Therefore μ(xy -1) = min{μ(x), μ(y)}.

Therefore μ is a fuzzy group in R0. 

Theorem : 3.1.13 


The fuzzy (left, right) ideals in a group are just the constant functions. 

Theorem : 3.1.14 

(i) A homomorphic preimage of a fuzzy group is a fuzzy group. 

(ii) A homomorphic image of a fuzzy group is a fuzzy group. Provided the sup property holds. 

Proof : 

(i) 
Let μ be a fuzzy group in f(X).  

To Prove : 
f -1(μ) is a fuzzy group in X. 

Let X and T be two groupoids. Let f : X → T be a homomorphism. 

Let μ be a fuzzy subgroupoid in T. 

To Prove : 
f -1(μ) is a fuzzy subgroupoid in X. 

Consider f -1(μ) (xy) = μ(f(xy))

          = μ(f(x) f(y))  

(since f is a homomorphism)

         ≥ min{μ(f(x)),μ(f(y))} (since μ is  fuzzy subgroupoid)

         = min{f -1(μ)(x), f -1(μ)(y)}

 
f -1(μ) is a fuzzy subgroupoid in X. 

Hence it is enough to prove f -1(μ)(x -1) ≥ f -1(μ)(x).

Consider f -1(μ)(x -1) = μ(f(x -1)) 

           = μ(f -1(x -1)) 
(since f is a group homomorphism) 

= μ(f(x))  
(since μ is a fuzzy group) 

           = f -1(μ)(x). 

 
f -1(μ) is a fuzzy group. 

Similarly (ii) can be proved. 

Section : 3.2 

Fuzzy subalgebras of BCK-algebra 

Definition : 3.2.1 

A non-empty subset S of BCK-algebra X is called a subalgebra of X, if for any x, y  S, x * y  S. 

Definition : 3.2.2 


Let X be a BCK-algebra, a function μ : X → [0, 1] is called a fuzzy subalgebra of X, if for any x, y  X, μ(x * y) ≥ min{μ(x), μ(y)}.

Proposition : 3.2.3 


Let X be a BCK-algebra, the function μ : X → [0, 1] is a fuzzy subalgebra of X if and only if, for every λ  [0, 1], μλ = { x | x  X, μ(x) ≥ λ} is a subalgebra of X, when μλ ≠ Φ. 

Proof : 


Assume that μλ = { x | x  X, μ(x) ≥ λ } is a subalgebra of X, for every    λ  [0, 1] and μλ ≠ Φ. 

To Prove: 
μ is a fuzzy subalgebra of X. 

Let x, y  μλ  μ(x) ≥ λ and μ(y) ≥ λ. 

Since μλ is a subalgebra of X, x * y  μλ. 

 
μ(x * y)  ≥  λ 







           (1) 

min{μ(x), μ(y)}  =  λ 







 (2) 


 By (1) and (2), μ(x * y) ≥ min{μ(x), μ(y)} 

 
μ is a fuzzy subalgebra of X. 

Conversely, assume μ is a fuzzy subalgebra of X. 

Let x, y  μλ. Then μ(x) ≥ λ, μ(y) ≥ λ. 




 (3) 

μ(x * y) ≥ min{μ(x), μ(y)}  
(since μ is a fuzzy subalgebra of X)

           ≥ λ  


(by (3)) 

 
x * y  μλ. 

 
μλ is a subalgebra of X. 

Theorem : 3.2.4 


X is a BCK-algebra, μ is an arbitrary fuzzy subalgebra of X, then for any x  X, μ(0) ≥ μ(x). 

Proof : 


         Assume X is a BCK-algebra and μ is an arbitrary fuzzy subalgebra of X. 

         Since X is a BCK-algebra, we have x * x = 0, for any element x  X.

         So μ(0) = μ(x * x) ≥ min(μ(x), μ(x)) = μ(x) 

        Therefore μ(0) ≥ μ(x), for any x  X. 

Proposition : 3.2.5 


Let μ be a fuzzy subalgebra of BCK-algebra X, for any x  X, we have:

μ(x * ( …(x *(x * x)) … )) > μ(x), 

k = 1, 2 … 


              2k
μ(x * ( … (x * (x * x)) … )) = μ(x), 
k = 0, 1 … 


 (2k +1)
μ((… ((x * x) * x) …) * x) ≥ μ(x), 

n = 1, 2, ...




        n

Proof : 


Since x * 0 = x, then for any x  X, we have 

μ(x * ( … (x * (x * x)) … ))   =   μ(x * ( … (x * (x * 0)) …)) 

                  

    2k


 
      2k-2

            =  …  =  μ(x * x)  =  μ(0) ≥ μ(x). 

The first is proved. 

Similarly, the second formula can be proved. 

Using x * x = 0, 0 * x = 0, the third can be proved. 

Proposition : 3.2.6 


Let μ be a fuzzy subalgebra of BCK-algebra X, and x1, x2, …, xn be arbitrary elements of X. If atleast one xk of the set {x1, x2, …, xn} equals        x1(xk = x1) it will have : 

μ((...((x1 * x2) * x3) …) * xn) ≥ μ(x), for any x  X. 

Proof : 


Since X is a BCK-algebra, for any x, y, z  X, (x * y) * z = (x * z) * y [7]

So we can exchange xk(= x1) to the position of x2. 

Using x1 * x1 = 0, 0 * xi = 0, 

μ((…((x1 * x2) * x3)…) * xn)  = μ((…((x1 * x1) * x2)…) * xn) = … 

  = μ(0) ≥ μ(x) 

Hence μ((…((x1 * x2) * x3)…) * xn) ≥ μ(x). 

Definition : 3.2.7 


X is a BCK-algebra, a function μ : X → [0, 1] is called a fuzzy left reduced ideal of X if, for any x, y  X, μ(x * y) ≥ μ(y). 

Similarly, we can define a fuzzy right reduced ideal. 

Theorem : 3.2.8 


A fuzzy set μ of BCK-algebra X is a fuzzy left reduced ideal of X if and only if, μ is a constant function μ(0). 

Proof : 


Assume a fuzzy set μ of BCK-algebra X is a fuzzy left ideal of X.

We shall prove μ is a constant function μ(0). 

Suppose μ is a fuzzy left reduced ideal, then for any x  X, 

μ(x) = μ(x * 0) ≥ μ(0) 






 (1) 

On the other hand, by definition 3.2.7, μ(x) ≤ μ(x * x) = μ(0) 

 (2) 

From (1) and (2), μ(x) = μ(0)

(i.e.) 
μ is a constant function μ(0).

Conversely, if μ is a constant function μ(0), then for any x  X,           μ(x) = μ(0). Therefore, μ(x * y) = μ(0) = μ(y).

(i.e.) 
μ(x * y) ≥ μ(y) 

(i.e.) 
μ is a fuzzy left reduced ideal of X. 

Remark : 3.2.9 


The constant function μ(0) is also a fuzzy right reduced ideal of X. 


But for a fuzzy right reduced ideal, we only have 

μ(0) = μ(x * x) ≥ μ(x), for any x  X. 

Section : 3.3 

Fuzzy ideals of BCK-algebra

Definition : 3.3.1 

Let X be a BCK-algebra, a fuzzy set μ of X is said to be a fuzzy ideal of X if : 

(i) μ(0) ≥ μ(x), for any x  X, 

(ii) μ(x) ≥ min(μ(x * y), μ(y)), for any x, y  X. 

The following theorem will show the relation between a fuzzy ideal and an ideal. 

Theorem : 3.3.2 


A fuzzy set μ of BCK-algebra X is a fuzzy ideal of X if and only if, for every λ  [0, 1], μλ = { x | x  X, μ(x) ≥ λ } is an ideal of X, when μλ ≠ Φ. 

Proof : 


Assume μ is a fuzzy ideal of X. 


Then μ(0) ≥ μ(x) for any x  X.

Therefore, μ(0) ≥ μ(x) ≥ λ for x  μλ  0  μλ 



 (1) 

Moreover, suppose x * y  μλ, y  μλ, then μ(x * y) ≥ λ, μ(y) ≥ λ. 

Since μ is a fuzzy ideal of X, μ(x) ≥ min(μ(x * y), μ(y)) ≥ λ 

 
x  μλ 








 (2) 

Hence μλ is an ideal of X. 

Assume μλ = { x | x  X, μ(x) ≥ λ } is an ideal of X, when μλ ≠ Φ.

To Prove : 
μ is a fuzzy ideal of X. 

If μ(0) ≥ μ(x) for any x  X is not true, then there exists x0  X, such that μ(0) < μ(x0). 

Let λ0 = (μ(x0) + μ(0)) / 2, then μ(0) < λ0, 0 ≤ λ0 < μ(x0) ≤ 1. 

 
x0  μλ0 and μλ0 ≠ Φ. But μλ0 is an ideal of X, therefore 0  μλ0, and μ(0) ≥ λ0, which is a contradiction. 

 
μ(0) ≥ μ(x) for any x  X





           (1) 

Moreover, if μ(x) ≥ min{μ(x * y), μ(y)}, for any x, y  X is not true, then there exists x0, y0  X such that μ(x0) < min(μ(x0 * y0), μ(y0)).

Let λ0 = [ μ(x0) + min(μ(x0 * y0), μ(y0)) ] / 2, then 

μ(x0) < λ0, 0 ≤ λ0 < min(μ(x0 * y0), μ(y0)) ≤ 1.

 
μ(x0 * y0) > λ0 and μ(y0) > λ0, then x0 * y0  μλ0, y  μλ0. 

Therefore, μλ0 ≠ Φ.  As μλ0 is an ideal, it imply x0  μλ0, so μ(x0) ≥ λ0, it is contradictory to μ(x0) < λ0.

 
μ(x) ≥ min{μ(x * y), μ(y)}, for any x, y  X 


 (2) 

Therefore by (1) and (2), μ is a fuzzy ideal of X. 

Remark : 3.3.3 


If μ is a fuzzy ideal of X, then 

A = { x  X | μ(x) = μ(0) } is an ideal of X.  

Definition : 3.3.4  [16]


If (X, * , 0), (X', *', 0') are BCK-algebras, then a map f of X onto X' is called a homomorphism if, f(x * y)= f(x) *' f(y),  
[image: image46.wmf]"

 x, y  X. 

Proposition : 3.3.5 


Let f be a homomorphic mapping from BCK-algebra (X, *, 0) onto BCK-algebra (X', * ', 0'), ν be a fuzzy ideal of X'. Then the homomorphic preimage μ of ν under f, is a fuzzy ideal of X. 

Proof : 


Let f : (X, *, 0) → (X', * ', 0') be a homomorphic mapping and let ν be a fuzzy ideal of X'.

To Prove : 
The homomorphic preimage μ of ν under f, is a fuzzy ideal of X. 


For any x  X, we have ν (f(x)) = μ(x). 

Since f(x)  X' and ν is a fuzzy ideal of X', then ν(0') ≥ ν(f(x)) = μ(x), but ν(0') = ν(f(0)) = μ(0), thus μ(0) ≥ μ(x), for any x  X. 

Furthermore, μ(x) = ν(f(x)) ≥ min [ν (f(x) * ' y'), ν(y') ] for any y'  X'. 

Let y be an arbitrary preimage of y' under f, then 

μ(x)  ≥  min (ν(f(x) * 'y'), ν(y'))  =  min (ν(f(x) * ' f(y)), ν(f(y)))

        =  min (ν(f(x * y)), ν(f(y)))  =  min (μ(x * y), μ(y)). 

Because y' is an arbitrary element of X', the above result is true for any y  X, i.e. μ(x) ≥ min(μ(x * y), μ(y)) for any x, y  X. 


Hence μ is a fuzzy ideal of X. 

Proposition : 3.3.6 


Let f be a homomorphic mapping from BCK-algebra (X, *, 0) onto BCK-algebra (X', *', 0'), μ is a fuzzy ideal of X with sup property, then the homomorphic image ν of μ under f is a fuzzy ideal of X'. 

Proof : 


Let f be a homomorphic mapping from BCK-algebra (X, *, 0) onto BCK-algebra (X', * ', 0').  


Suppose μ is a fuzzy ideal of X, then for any x  X, we have                μ(0) ≥ μ(x). 

Moreover, the image of zero element 0 of X under f is the zero element 0' of X', so 0  f -1(0'). 

Thus ν(0') = 
[image: image47.wmf])
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 μ(t) = μ(0) ≥ μ(x) for any x  X. 

Furthermore,   ν(x') = 
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, for any x'  X'. 

Thus  ν(0') ≥ 
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 = (x'), for any x'  X'.

Moreover, for any x', y'  X', since X' = f(X), then there exist x, y  X such that x' = f(x), y' = f'(y). 

Let x0  f -1(f(x)) be such that  μ(x0)  =  
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Then,  ν(x') = ν(f(x)) = 
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 μ(z) 

                    =  μ(x0) ≥ min(μ(x0 * y), μ(y))  (since μ is a fuzzy ideal)

         =  min(ν(f(x0 * y), ν(f(y)))  =  min(ν(f(x0) *' f(y)), ν(f(y))) 

         =  min(ν(f(x) * ' f(y)), ν(f(y)))  =  min(ν(x' * y'), ν(y')) 

Therefore, ν is a fuzzy ideal of X'. 

Definition : 3.3.7  [16]


Suppose X is a BCK-algebra, X is called a quasi-right alternate        BCK-algebra if,  x * (y * y) = (x * y) * y  for any x, y  X, x ≠ y. 

Note : 


Generally, a fuzzy subalgebra is different from a fuzzy ideal, but, when BCK-algebra X is a quasi-right alternate BCK-algebra, they are the same.     

Theorem : 3.3.8 


A fuzzy set μ of a quasi-right alternate BCK-algebra X is a fuzzy subalgebra if and only if, μ is a fuzzy ideal. 

Proof : 


Assume a fuzzy set μ of a quasi-right alternate BCK-algebra X is a fuzzy subalgebra. 

Since μ is a fuzzy subalgebra of X, then for any x  X, μ(0) ≥ μ(x). 


Moreover, for any x, y  X, 

Case (i) : 
When x ≠ y.

μ(x)  =  μ(x * (y * y))   
(because of y * y = 0, x * 0 = x) 

        =  μ((x * y) * y) 
(the condition of quasi-right alternate) 

       ≥  min (μ(x * y), μ(y)) 
(the condition of fuzzy subalgebra) 

Case (ii) : When x = y. 

μ(x) ≥ μ(x) = min(μ(0), μ(x)) = min(μ(x * x), μ(x)) 

Therefore, for any x, y  X, μ(x) ≥ min(μ(x * y), μ(y)). 

(i.e.) 
μ is a fuzzy ideal of X. 

Conversely, let μ be a fuzzy ideal. 

Then for any x, y  X, 

Case (i) : 
When x ≠ y.

μ(x * y) ≥ min((μ(x * y) * y), μ(y)) (the condition of fuzzy ideal) 

  = min(μ(x * (y * y)), μ(y)) (the condition of quasi-right alternate)

             = min(μ(x), μ(y)) 

Case (ii) : 
When x = y. 

μ(x * x) = μ(0) ≥ μ(x) 

(the condition of fuzzy ideal)    

             = min(μ(x), μ(x)). 

Therefore, for any x, y  X, μ(x * y) ≥ min(μ(x), μ(y)).

(i.e.) 
μ is a fuzzy subalgebra. 

Section : 3.4 

Fuzzy implicative ideals of BCK-algebra

Definition : 3.4.1 

Let X be a BCK-algebra, a fuzzy set μ of X is called a fuzzy implicative ideal if, 

(i) μ(0) ≥ μ(x), for any x  X,

(ii) μ(x * z) ≥ min(μ((x * y) * z), μ(y * z)) for any x, y, z  X. 

Theorem : 3.4.2 


A fuzzy set μ of BCK-algebra X is a fuzzy implicative ideal if and only if, for any λ  [0, 1], μλ = { x | x  X , μ(x) ≥ λ } is an implicative ideal of X, when μλ ≠ Φ. 

Proof : 


Assume that a fuzzy set μ of BCK-algebra X is a fuzzy implicative ideal. 

Then 0  μλ can be proved as in Theorem 3.3.2.

Furthermore, suppose, (x * y) * z  μλ, y * z  μλ, then 

μ[ (x * y) * z ] ≥ λ, μ(y * z) ≥ λ.

Since μ is a fuzzy implicative ideal, 

μ(x * z) ≥ min(μ((x * y) * z), μ(y * z)) ≥ λ. 

 
x * z  μλ. Hence μλ is an implicative ideal of X. 

Conversely, μ(0) ≥ μ(x) for any x  X can be proved as in              Theorem 3.2.2. 

Suppose μ(x * z) ≥ min(μ((x * y) * z), μ(y * z)) for any x, y, z  X is not true, there exist x0, y0, z0  X, such that 

μ(x0 * z0) < min(μ((x0 * y0) * z0), μ(y0 * z0)) 

Let λ0 = [ μ(x0 * z0) + min(μ((x0 * y0) * z0), μ(y0 * z0)) ] / 2. 

Then λ0 > μ(x0 * z0) and 0 ≤ λ0 < min[ μ((x0 * y0) * z0), μ(y0 * z0) ] ≤ 1 

 
μ((x0 * y0) * z0) > λ0, μ(y0 * z0) > λ0, 

 
(x0 * y0) * z0  μλ0, y0 * z0  μλ0. Therefore, μλ0 ≠ Φ. 

Since μλ0 is an implicative ideal of X, We get x0 * z0  μλ0. 

 
μ(x0 * y0) ≥ λ0. It is contradictory to μ(x0 * y0) < λ0.

Hence μ(x * z) ≥ min(μ((x * y) * z), μ(y * z)) for any x, y, z  X is true. 

Therefore μ is a fuzzy implicative ideal of X. 

Proposition : 3.4.3 


Suppose f is a homomorphic mapping from BCK-algebra X onto        BCK-algebra X', ν is a fuzzy implicative ideal of X'. Then the homomorphic preimage μ of ν under f is a fuzzy implicative ideal of X.  

Proof : 


It can be proved similar to that of Proposition 3.3.5.

Proposition : 3.4.4 


Suppose f is a homomorphic mapping from BCK-algebra X onto       BCK-algebra X', μ is a fuzzy implicative ideal of X with sup property. Then the homomorphic image ν of μ under f is also a fuzzy implicative ideal. 

Proof : 


It can be proved similar to that of Proposition 3.3.6. 

Theorem : 3.4.5 


A fuzzy implicative ideal μ of BCK-algebra X must be a fuzzy ideal. Conversely, when BCK-algebra X is positive implicative, a fuzzy ideal must be a fuzzy implicative ideal. 

Proof : 


Let z = 0, using μ(x * z) ≥ min(μ((x * y) * z), μ(y * z)) and x * 0 = 0, we have μ(x) ≥ min(μ(x * y), μ(y)).


Hence a fuzzy implicative ideal must be a fuzzy ideal. 

Conversely, let X be positive implicative.

Then for any x, y, z  X, (x * z) * (y * z) = (x * y) * z, 

 
μ((x * y) * z) = μ((x * z) * (y * z)).

Since μ is a fuzzy ideal, μ(x * z) ≥ min[ μ((x * z) * (y * z)), μ(y * z) ] 

Using the conditions of positive implicative BCK-algebra, 

μ(x * z) ≥ min [μ((x * y) * z) , μ(y * z)]

So, μ is a fuzzy implicative ideal. 
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