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INTRODUCTION

A "SERIOUS" theorem is a theorem which contains
'‘Significant' ideas and | suppose that | ought to try to analyse
a little more closely the quantities which make a mathematical
idea significant.

- A MATHEMATICIAN'S APOLOCY.

by G.H.HARDY

The theory of numbers is simultaneously one of the
most elementary branches of mathematics in that it deals,
essentially, with the arithmetic properties of the integers
1,2,3, . . . and one of the most difficult branches in so far

as it is laden with difficult problems and difficult techniques.

The aim of this dissertation is to collect some interesting

results from the Theory of Numbers. With this aim the following

papers are studied.

On Mersenne's Numbers

by M.Perisastri Lel

On a technique for obtaining Numbers with a multiplicity

of GCenerators

by A.Narasinga Rao [&)



On Kaprekar's “Junction Numbers"

by Andrzej Makowski L[]

On the form of odd perfect Numbers

by M.Raghavachari Ca]

Perfect totient Number

by T.Venkataraman [o]

The set of Numbers {1,2,7}

by Neelambigai Thamotharam Pillai (1]

On the structure of Magic Matrices - 1

by R.Balakrishnan 3]

The first chapter is devoted to the study of Mersenne's

numbers, generated numbers, Kaprekar's junction numbers, odd

perfect numbers, perfect totient

{1. 2, 7} .

numbers, the set of numbers

1. Numbers of the form 2P where p s prime, are

called Mersenne's numbers and denoted by M

2. Given a number A the number g(A) generated by

A is formed by adding to a (written in the scale of ten) the



A magic square is a double array of elements arranged
in the form of a square whose row sums, column sums as well
as the two diagonal sums (herein called associated sum) are

all equal. A matrix representing such a square is a magic

matrix.

Here many interesting results connected with the magic

matrices are discussed.

1. The aggregate of magic matrices form a ring M with

unity and aggregate of the magic matrices with associated sum

zero constitutes a maximal ideal in M.

2. Any magic matrix is a linear combination of the
permutation matrix, we mean a matrix which has unity in each

row and column only once while the other elements of the matrix

are all zero.

The ring M of magic matrices of order n defined over
a scalar field R (of zero characteristic) is a unitary matrix

algebra over R of order (n2 - 2" . 2)

In the third chapter the two common types of density

of sequence of integers (Asymptotic density and Schnirelman

density) are defined and some interesting results connected with



the asymptotic density are discussed.

Asymptotic density é\](A) of a set A is defined by:

&1(A) = lim__inf A(n)/n

In case the sequence A(n)/n has a limit we say that

A has a natural density (S(A). The. main results proved here
are the following

" If A is an infinite sequence then

& (&) = lim_inf n/a_

- o0

If (A) exists, then (A) = lim n/a
n-y& N
"The set of square - free integers has natural density

6/ T2 n
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CHAPTER - |

SECTION 1 ON MERSENNE'S NUMBERS

Definition 1.1

The numbers of the form% n(n+1), (n = 1,2,3,...) are

called triangular numbers. The numbers 1,3,6,10, . . . etc, are

triangular numbers.

Definition 1.2

Numbers of the form 2"-1 where n is prime, are called

Mersenne's Numbers and denoted by Mn.

Theorem 1.3

Mn = x¥ has no solutions is positive integers, x,y with
X>1, y>l.

Proof :-

Let x>1 and y = 2k, k>1 [ since y is even]
If M= xY,
n

We know that Mn is of the form 2n-1

(i.e) Mn is always odd (2"-1 = even -1 = odd].
= n_
Mn = 2 -1
= xY = x2K
Mn = 2" = xY = x?'k
Mg - x2k

2"-2 = x**-1 =0 (mod ).



Since x is odd. So, 2"! =1 (moa 4) for every n>1.
k+1

Now let x> 1, vy =2 , kK21 (y-odd)
If M= x¥
We have Mn = 2" = XY = x2k+1'
504 = < 2k+1
N _ x2k+1 +1

2k
= (x+1) 2, (-1"x"

Since x is necessarily odd and k > 1, the second factor on the

right is odd.

Hence the result.

Theorem 1.4

There are an infinity of triangular numbers which are

not Mersenne's numbers.

Proof :-

A triangular number is of the form 1 n(n+1)

If  n(n+1) = a? then [since (2n+1)2 = 1 + 4n? + un

(2n+1)2 = 1 + 8az

1 + Un(n+1)

1+ oy [_"(":‘”_] 2
2

1 + 8a?]

(2n+1)2 = 1 + 8a? which has infinitely many solutions with x,y> 0.

Therefore, infinitely many triangular numbers are squares,

while Mn is not a square for n>1.

Hence the theorem.



Theorem 1.5

i, 220k+13 — g,
. 20k+17
ii. 2 =72 (mod 102), k2> 0.
iii 2 20k+21 =)
Proof :-
For k = 0 in (i)
220(0)+13 513 _ 5197 = 92 (mod 100)
Put k = k+1
But  220(k+1)+13 _,(20k + 20)+13
20k+13
= 2 220 _ 92 x 220 , g7 x 220 _ g
20k+13 20 20
= {2 - 92)2  + 92(2 - 1)
- (20k+13 20 10
= (2 = 92)2 + 92 (27 4 (2]0 - 1))
since (220K*13 — 92 =0 (mod 100), /92 and 25/2'%1 the abcve

equation shows that (i) is true for k+1, if is true for k.

Hence by induction (i) is proved.

. 20k+17
i, 277" = 72 (mod 100)

For k = 0

20(0)+17 17
2 = 2 = 131072 = 72 (mod 100)

put k = k + 1,



220(k+1)+17 -7 = 2(20k+20)+17

= 220k+17 2 72 x 220 + 72 x 220 _ 72

_2OKHIT 00020 520 0

= (220k+17 - 72)220 + 72(2]0 + (2]0 - 1))

since 220" _ 73 =0 (mod 100), 4/72 and 25/2'%1, the equation

shows that (ii) is true for K+1, if it is true for k.

Hence by induction (ii) is proved.

. _20k+21

. 2 = 52 (mod 100), k3 0.
For k = 0

20(0)+21 21

2 = 2 = 2097152 = 52 (mod 100)

Put k = k+1.

220(k+1)+21 _ 5y = 5(20k+20)+21 _ 52
= 220k+21 220 - 52 x 220+ 52 x 220 = 52
LI
_ (22021 | 5oy520 52(210 . (210 - 1)

Since 2405 4153 =0 (mod 100), 4/52 and 25/2'% + 1 the above

equation shows that (iii) is true for k + 1, if it is true for x.
Hence by induction (iii) is proved.

Hence the theorem.



Theorem 1.6

M2n is not triangular for n = 10k + 5, 10k + 7, 10k
10k + 9.
Proof :-

First let n = 10k + 5, then if M2n is triangular.

We know 1 + 8M = a2
2n

Hence 22n+3 - 7 = a2

(58] 220k+13_

7 = a2

By theorem 1.5 (i) we get a? = 85 (mod 100). Thus a must be
of the form 10b + 5 and we would get
(10b + 5)2 = 85 (mod 102)

25 =85 (mod 102)

Hence MZn is not triangular. Similarly, we can prove

that the theorem when n = 10k + 7 and n = 10k + 9.



SECTION 2 GENERATED NUMBERS AND KAPREKAR'S "JUNCTION NUMBERS".

Consider any number A written in the scale of ten. Add
to it the sum of all its digits. The number thus obtained will

be called the number generated by A and will be denoted by g(A).

From g(A) by applying the generating process we can get
another number which we shall denote by g%(A). It is obvious
that gn(A) exists for all positive integral values of n and forms

an ordered set of chain which we shall call a digital chain.

Sometimes we can go backward and find a number g_](A).
Which generates A. Going backwards like this we shall come to
a stop at a certain number which cannot be obtained from another
smaller number by the above digit addition process. Thus starting
from A = 34, we get forward and get successively 34 + 4 + 3 = 41,
then 46, 56 etc and going backward 9_1(34) = 26, g-](26) = 9_2(311):22

and g_3(34) = 20. But 2 has no generator. We call such numbers

"Self numbers". Every chain may be supposed to start from some
self number. The first few self numbers are 1, 3, 7, 20, 31,

42, 53, 64, 75, 86, 97, 108, 121, 132, etc. Sometime a number

has more generators than one we call it a junction number.

The number 101 can be generated both from 91 and from

100 so, it is a Junction number being the smallest of all the Junction

Numbers.



The next Junction numbers are 103, 105, 107, 111, 113,

115, 117 but the junction number after that is 202, generated by

191 and 200.

In 1965, Andrzej Makowski (Warsaw) proved that, they

are e.g., the numbers,

m, = 0™ Ko (k=123 .. L)
_ 1 k _
where ne = g (10 1).
Proof :-
nk k
For such m, we can take x = (10 - 1)10 + 1 and
Ny K K
y = 10 .Wehavetx=9nk+1=10.
n
Hence x+t=10k+k 1 ;t =1,
X Y
y +t, = T LA

which completes the proof.

Sometimes, we have 3 chains meeting at a number with

three generators. The least number with three generators according

to Kaprekar is 1013 + 1 which has the following generators 10]3

and 910 901 and 910 892. Here 9]0 means the digit 9 repeated
ten times. So that the second generator written above is 9 written

ten times followed by the digits 901.

The least number U4 generators is believed to be the 25



digit number 102]102. This last result has been found by Prof.
Gunjikar and Sri Kaprekar by starting with some large numbers
with 4 generators and property. The least number with 5 generzzo-s

is still not known but is be a very huge number .

KAPREKAR'S JUNCTION THEOREM

Kaprekar found a very interesting theorem in 1962.

"Let A and B be two numbers and let A have m generators A],

A2, s Am and let B have n generators B], B2 Bn all the
generators Ar and BS having the same number d of digits. If

A - B = 2, then we can get a new number with m + n generators
as follows. Prefix the digits 9k to each of the numbers A],

A2’ A3, Am' and prefix the digits 10k to each of the numbers
B1, BZ’ Bn' Then all the m + n numbers so obtained will
be generators of a single number provided k = ]d that is 1111 ...
(d times)".

Take A = 521 (which has generators 499 and 508) and :he
number B = 519 (which has the generators 498 and 507). lFere

A - B = 2. The generators are all 3 digit numbers so that k=1_,=111.

3

According to the theorem 9]”499,9”1508,10”1498, and 10”]507

are all cogenerators of a single number namely 10]”520 which is

a number of 115 digits.

This result is easily verified as also the junction theorem.



The merit of Kaprekar's junction theorem is that it gives a simple
method for combining 2 numbers with m and n generators so as

to get a junction number with m + n generators.

GENERALISATION OF THE JUNCTION THEOREM

"Let A and B be two junction numbers with m anc n
generators, all of d digits each and let A - B = 2 + 9p where
p is a positive integer. Then we get a new number with m + n
generators by prefixing 9k to each of the generators of A, and
10k to each of the generators of B, where k = ]d - ph

A NUMBER WITH THREE GENERATORS

To get a number with 3 generators, we shall comkine a
number with two generators with a number with one generator.
Since the smallest number with 2 generators has generators with
three digits, we cannot make d smaller than 3. The smallest rumber
with one generator is 0 whose generator is also 0. We meke it
into a three digit number by writing it as 000 and take tris as
our B. For A we search for the biggest number with two generators
each of 3 digits and have a choice among 925, 923, 921, 919, etc.

and choose the biggest such that A - B = A (since B

0) is of
the form 2 + 9p. This is 911 which has the two generators 892

and 901. The difference A - B = 911 = 2 + 9p where p = 101.

Since d = 3, we have to take k = ld - p = 111 - 101 = 10. So

we have to insert 9k = 9]0 before 892 and 901 and 1010 before 000



10

giving 910901, 9]0892 and 1013 as the 3 generators of the number

with 3 generators namely 10]21.

A NUMBER WITH & GENERATORS

Here we take B to be the smallest number with 2 generalors,
namely 101 and A has the biggest number with 2 generators each
of 3 digits consistent with A - B = 2 + 9p. It will be found tnat
913 is the biggest number which fulfils this requirement. Its

generators are 893 and 902. The difference A - B = 913 - 101

= 2 + 9p where p = 90. Since d = 3 in this case we take

k = 111 - 90 = 21. Inserting 921 before A], A. and 10 before

2 21

902, 10 091 and 10 100 as the four

B], 82 we get 92] 893, 9 21 21

21

generators of 1021 102.

I belive that is the smallest number with 4 generators.

A NUMBER WITH 5 GENERATORS

We combine a number with 3 generators with one with
2 generators. This will give a much smaller number than combining
one with 4 generators with one with one generator. It is found
that we shall get a smaller junction number if we make A the bi.gger
number have 3 generators and B the smaller number have 2 generators.
For the smaller number B we take the smallest number with 2
generators namely 101 and convert its generators into 14 digit numbars
by adding zeros in front. Its two generators are thus B1 = 0”091

and 82 = OHIOO. For the bigger number A with 3 generetors
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we start with a number with 3 generators such as 1010102 which

has generators 1010 100, 10]0 091, and 09]0 992 and increase its
till further by adding 8 to the first digit of each of the genercztors.
We now make a suitable addition to the last digits of each of three

generators so as to make the difference A - B = 2 + 9p with p

as an integer.

It will be found that adding 1 to the last digit does

the trick. Thus we get 90]0101, 9010092 and 8910993 as the three

generators of the number A which is 90 112.

10

between A and B turns out to be 2 + 9p where p = 1012 15

The difference

Since

all the generators are of 14 digits, d = 14. Subtracting p from

1 =1 .
d 14

generator number sought for are

We get k = 112 0. Hence the generators of the 5

10k+11 091

]0k+11 100 leading to N = 10k+11 102
94105 101 = W 192
9,0 092 where k =1 111 111 111 110.
9k 89]0 993

The number of digits in the number N with 5 generators

is k + 15

= 1”25 and magnitude of the number

12

10

is slightly >10 ".
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NUMBERS WITH SIX, SEVEN AND EIGHT GENERATORS

To find a number with 6 generators, we seek two junction
numbers. A and B each having 3 generators, such that
A - B = 2 + 9p andin order to make A - B as large as possible.
For ‘any number with 3 generators we can get another much bigger
number with 3 generators by adding the same number £ 10 to the
first digit of all the generators of that number, and finding the
number generator by all of them. Infact we can add any particular
number < 10 to the units, or tens or hundreds, . « . digits of
all the cogenerators of a junction number without affecting the
cogenerator property, provided that by this addition we do not
make any digit> 9. In this way we find a big number A and a
small number B with the same number of digits such that

A - B =2+ 9p.

For a number with SIX generators found by this process.

9k 89,0993 all of which are generators of 10k10]22
9y 904,092 where K = 2, 222, 222, 222, 210 = 2”10
9K 90710101 a number of k + 15 digits. The magnitude

k+14 e
10, 0979901 of the number is roughly 10 ML IOZX]O
10 K 09708992 approx.

IOk 10]0000
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For a number with SEVEN generators

9,89 51894
989721903 all of which are generators of
91.90,,092 M = =
k90 7, 0k+11 1012 2 where K 1, 111,
9k90 21101 11, 12, 222, 222, 222, 210 1]]21]]0_
10 10 ,,000 i igi
k+11 'Y 10 M is number of 1” 2” 3 6 digits and
10 09 901 2
k+11 10 it is of order 10k+25 = 1010 approx.
10 09 ..892
k+11 10

23
M is a number of 1”2”36 digits and it is of order 10k+25:10]0

approx.

Similarly for a junction number with 8 generators.

990 ,,093
all of which are generators of
9k902]102 P =10 10__103 wh K=2__1=2_-1
T kogp o Where RE Sy =2y
9k892190u
Numbers of digits of p are k + 26
9k892]895

23
The order of P is 10k+25= IOZXIO
10k09 2]893

13¢5
_ ]00100

10,09 ,.902

kK™ 21

10110 57091

10 18 100
k 21
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A GENERAL THEOREM ON DOUBLING THE NUMBER OF GENERATORS
OF A JUNCTION NUMBER.

Given a number B of digits whose first digit is 1
and having d digits, and given also that the different between the
biggest and the smallest units digit in the several generators does

not exceed 7, it is possible to find another number which has

2m generators. The value of this number is 10 + B + 1

where
k+d

=2, = T,

This we do by adding 8 to the highest digit of each
generator of B to get the generator of A2 and adjust the unit digits

so that A - B - 2 is divisible by 9.



SECTION 3 ON THE FORM OF ODD PERFECT NUMBERS.

Definition 1.7

A number is called perfect number if it equals tc the

sum of all its proper divisor (less than that Number) If that

number is odd then it is called 0dd Perfect Numbers.

Example 1.8
6 =1 + 2 + 3
28 =1 + 2+ 4 + 7 + 14

6 and 28 are examples of even perfect numbers.

Theorem 1.9

If odd perfect numbers exist, they are of the forms

12m + 1 or 36m + 9.

Proof :-

Let n be an odd perfect number with representation

n=peqgfs qzsl : = s tht

p and o are of the form u4k + 1 and 81,82, . . . Bt are all even.

since n= 1(mod 4). This is because p= 1 (mod 4) and

q]BL qzﬁz o @ e qff': being an odd perfect square, is = 1(mod 4)

also for the same reason, q%‘ qu qft = 1(mod 3),
q; #3; i=1,2, ...t
so that q?‘ qzB 4 ewu qft = 1 (mod 12), qa; F 3 ;0 =1,2,...t

Now we distinguish two cases.
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Case[1]3/n
3/n => n is either 12m + 3 or 12m + 9.
Sincé 12Zm + 3 = 1 (mod 4),
n cannot be of the form 12m + 3.
Hence n is of the form 12m + 9.
Since p # 3, 3%/(12m + 9)

which implies 3/3=>n is of the form 36m + 9.

Case (2]
3 is not a divisor of n.

=>n is one of the form 12m + 1, 12m + 5 , 12m + 7 and

12m + 11.
Since 12m + 7 and 12m + 1 are not congruent to 1 (mod 4) we
can rule out these two forms.
Next we observe that n cannot be of the form 12m + 5.
Therefore q181 qu qf,il’ =1 (mod 12), a; #3;1=1,2 ...t
and o =1 (mod 4)
which implies that p is of the form 12m + 5.
Since % is odd, this means 3/(1 - p + p? + ... + p®)
3/n, \'/vhich is a contradiction

Thus n can only be of the form 12m + 1.

Theorem 1.10

Let n be an odd perfect with the representation
n = p% q%' tht . Assume 3 is not a divisor of n. Then

p =1(mod 12) and = 1(mod 12) or a =9(mod 12)



Proof :-

From case 2 of theorem (1.9) we have n

d, q%z q%t =1(mod 12)

P%= 1(mod 12)
p T(mod 12), since @ = 1(mod 4)
New @ can be of the form 12s + 1, 12s + 5 and 12s + 9.

Let if possible, « =5(mod 12)

We have now 1 + p + p2 + .., 12645

5 = (1+p)
12s+4
(14 p2&P" + ,.udp ) since p=1(mod 12),
1+ p? + 12s+4

tp = 0(mod 3)
=>3/n which is a contradiction-

Thus @ is one of the forms 12s - 1 or 12s + 9.

=1(mod

17

12) and
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SECTION 4 PERFECT TOTIENT NUMBER

Definition 1.11

If n>1 the Euler totient (ﬁ(n) is defined to be the number

of positive integers not exceeding n which are relatively prime

to n ; thus

0(n) = g1
K=1

where the ' indicates that the sum is extended over those

k relatively prime to n.

Here is a short table of values of ¢(n).

O (n) 1 1 2 2 4 2 6 4 6 4

Definition 1.12
Let ¢)(n) be Euler's function. If ¢(n) = n, ¢(n]) = n,,
q)(nz) = ng, so on, then define the totient sum function as

¢p(n) = d?(n) * ¢)(n]) ¥ ses 1

when ¢p(n) = n, n is called a perfect totient number.

Theorem 1.13

If n = 34.3™7 + 1) and 4.3M! is a prime then n is

a perfect number (m > 1).
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Proof :-

We know §(n) = n 1 (1- 1/p)
p/n

¢p(n) = ¢p(3(u.3m“ + 1))

1

m-1

¢p(3UL3m—]H = 3.3™ 1 v 1) (1-1/3) GL

4.3 +1
m-1
m-1 2 \ 4.3 +1 -1
= 3('4.3 + 1) <_3'°/
m-1
4.3 + 1
m-1
= 8.3 = n,
m-1 1 1
n = 8.3 - — (1 = -—-)
9, (n)) (1 - =) {1 -~
m-=1,2 2
- 03" () (3
m-2
= 8.3 =n,
m-2 2 m-3
- 1, 4 = _
¢p(n2) 8.3 - 2 8.3 ° = 3
proceeding like this, we get
$p(n) =83™ T L 3™2 L L3, 1) + 4 + 2 + 1

3(11.3m—1 + 1) = n.

I
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Theorem 1.14
n/3 # kt, for any k» 1, t> 1.
Proof ;-

If t is even kt-1§ 0 (mod 8) as k is odd
But 14.3m_1é0 (mod 8)

So, t must be odd

If t is odd (k - 1) (k'V + k2 & ... + k + 1) = 4.3M!
So, k -1 =14 or 4.3tand
1+ k+k?+ oo+ kU123 o 3h | v b (m-1)

By definition (1.12) t = 2 in contradiction to (1)

Hence the theorem.

Note :
If we apply quadratic character of 3, we say that
5.3™1 4 1 can have factors of the form 125 + 5, 12s + 1 or

12s + 7. We are not able to prove for all conditions that

¢)p(n) £n. Under certain conditions ¢)p(n)< n.

Example 1.15
n = 3.5 (125 + 1) or 3.5 (125 + 7). It is seen that

¢)p(n) L la f & s 1 & le 4 wdu g

I = =B n< n.
15 45 2 22 9 <m
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SECTION 5 THE SET OF NUMBERS {1,2,7}

In this section we present an interesting result proved
by l'Neelambigai Thamotharam Pillai'.

The set of numbers {1,2,7} has the property that the
product of any two distinct number of the set increased by 2
is a square. But this property doesnot hold for the set {1,2,7,C}

where C is any positive integer. To prove this fact we snall

prove the following theorem.

Theorem 1.16

There exists no positive C such that the product of every
pair of numbers of the set {1,2,7,C} increased by 2 is a square.
Proof :-

To prove this it is sufficient to prove that there exist

no positive integers x,y and z satisfying the Diophantine equations.

C+2=x2 -——aee- (1)
2C + 2 = y? mmeeo (2)
2C + 2 = 22 —-—mm (3)

From (2) we get 2(C + 1) = y2
C+1 = y2/2
2 divides y?2
2 divides y

Let y = 2Y where Y is any integer.



Therefore equation (2) becomes
2C + 2 = yY2
C+ 1 =2Y2 o

From the equation (1) (3) and (4) we get

(%)
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x% = Y3 254 7  ereeseae (5)
z: = Ix? = 12 2 seemsemee— (6)
Now we will prove that the Diophantine equations (5) and

(6) do not hold simaltaneously.

The general solution of the equation(5) is

given by R
X+ {2 Yyn= (1 + ﬁ)zn where n is an integer.
Hence we get
n 0 1 2 3 4
Xn 1 3 17 99 577
0 2 12 70 408
= 2(m+n)
Xnen * (2 Ymen = (1% /)
= (1 + )M+ {7y
= e 2 Y ) (x, ¢ 2y
(ive) X W2y = Xy Xp + 2 Yp i)+ J2 (xgY + x Yp)

Hence we obtain
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m+n

m+n ) n m m n

Putting m=n in the above equation (7) and (8) we get

= 2 2 = 2 _ = 2_ e
Xgy = X3 + 2y 3 = F X 1= 4y 21 (9)
and Yog = 2% ¥g @~ = 0 —eaisiesess (10)

Putting m = 2r in the equation (7) and (8) we get

xn ® 2F = xnx2r * 2yn y2r

1 = 2w
(i.e) X, ot 2r xn(2xr 1) + 2Yn(2xryr)

(Since from(9) and (10))

i = 2! e
(i.e) Xn+2r XX, Xg * WX, Y ¥

Xneap - X od ). S cc—— (11)

We also have
xn+2r - xn x2r * 2yn y2r

; = 2
(i.e) I xn(llyr + 1) + 2yn(2xryr)

: - .
(i.e) Xn+2r qxnyr " uxryryn T X

Xneop = X (mod y ) —mmmmmmoeee (12)
From equation (6) we get

z 2= 7x 2% = 12  —=memmmmmmmme o (13)
n n

The proof is now accomplised in three stages
a. When n=0 (mod 4) by equation (11) we have,

X
n

t

* Xo (mod x2)

th

+ 1 (mod 17)
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Therefore by (13)
an = -5 (mod 17)
which is impossible, since-5 is not a quadratic residue modulo 17.
Hence (13) is impossible when n=0 (mod U4)
b. When n=1,3 (mod 4)
By equation (12) we have
X = Xqr X3 (mod y2)

In both cases we have X = 0 (mod 3)

xn2~.—':0 (mod 9)

z 2= - 12(mod 9)
which is impossible.
Hence (13) is impossible when n = 1,3 (mod 4)
(o when n = 2 (mod 4)
by equation (11) we have
ant xz(mod x2)
=0 (mod 17)
So, ZnZE- 12 (mod 17)
Which is impossible. Since -12 is not a quadratic residue
mod 17.

Hence (13) is impossible when n=2 (mod 4).

Thus we have shown that the Diophantine equations (5)

and (6) cannot hold simaltaneously.

Hence the theorem.
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We would like to collect some interesting triplets of numbers

which have the similar property mentioned in the above theorem.

Sets of

numbers Property

I{1,2,7} Product of any two distinct numbers increased by
2 is a square.

{1,3,8} Product of any two distinct numbers increased by
1 is a square.

{1,4,9} Product of any two distinct numbers itself is a square.

{1,5,10} Product of any two distinct number dicreased by
1 is a square.

{1,6,11} Product of any two distinct number decreased by
2 is a square.

{1,7,12} Product of any two distinct number decreased by
3 is a square.

{1,8,13} Product of any two distinct number decreased by
4 is a square.

{1,9,1&} Product of any two distinct number decreased by
5 is a square.

{1,10,15} Product of any two distinct number decreased by
6 is a square.

{],11,16} Product of any two distinct number decreased by
7 is a square.

{1,12,17} Product of any two distinct number decreased by
8 is a square.

{1,13,18} Product of any two distinct number decreased by
9 is a square.
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CHAPTER - 11

ON THE STRUCTURE OF MAGIC MATRICES

Definition 2.1

A Magic Square, is a double array of elements arranged

in the form of a square whose row sums, column sums as well
as diagonal sums are all equal.
We shall relax the restriction on the diagonals and consider

here all 'squares' whose row and column sums are equal.

Lemma 2.2

A matrix A of order n is a magic matrix with associated

sum ¢ if, and only if, the following two conditions are satisfied.
AE = ¢ E

and E'A= 4. E'

Proof :-
AE = a-E
d a a
11 12 n
dzl1 a=z dzn
Let A = .
ahl. anz dnp

n x n
Let E be the column vector all of whose elements are

unity.



(i.e) 1

a +a t+ ... + a

11 12 n
A E =
ani tanzt ... + anp
n x 1
1 a
1 a
1 a
(IE = o . = = O.E
1 a
v AE = o E
ii. E'A = o E!
E'=(111...1)
1xn
au a12 o» am
az1 a2z . a 2n
A =
a’11 E:l'12 ann
n X n
E'A = (a +a + ... +a a +a + ... +2a_ ..... a +a
11 21 ni 12 22 n2 ni

27

+...%a
n2 nn)



(Since Matrix A of order ‘'n!
sum ).

o.‘ ElA = ((y. QA eeee Q)

XE'"= (11 ...1)

(¢ ¢ veun a)

Lemma 2.3

28

is magic matrix with associative

E'A

If A and B are magic matrices with associated sums

® and 8, then their sum A + B and product AB are magic matrices

with associated sumsa +8 and oB respectively.
(i.e) To prove (A+B)E = (« +B)E,
E'(A+B) = (a+B)E!'
and (AB)E = (aB )E,

E'(AB) = (oB)E!

Proof :

(A+B)E = AE + BE

®*E + BE (since by lemma 2.2)

(o +B)E

E'(A+B)

E'A + E'B

aE' + BE' (since by lemma 2.2)

1l

(o +B)E!

Similarly (AB)E

A(BE)

A(BE)

A(Eg )
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1]

(AE) g

(a E)B

(o8 )E

(AB)E = (ag)E

E'(AB)

(E'A)B
(« E")B

a (E'B)

I

alg E")

(o )E'

1

E'(AB) (o )E

Result 2.4

By taking AB = unit matrix I, the inverse of A (whan

it exists) is also a magic matrix with associated sumOL_].

Proof :
Take (AB)E = (<« B)E
IE = (aB) E
E = (aB)E
aB= 1 =>B=d
The inverese of A is also a magic matrix with associated
sum o'

To prove the theorem connected with magic matrices

we need the following definitions and results in Algebra.
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Definition 2.5
A ring is a set A with two binary operation definad
by + and « satisfying the following axioms.
R] : (A, +) is abelian group
R2 : The operation - is associative
R3 : a,b,c €A such that
a -+ (b+c) = arb+a-c (left distributive law)

(b+c)*a = beatcsa (Right distributive law)

Definition 2.6
A homomorphism form a ring A to a ring B is a map cf
f : A9 B such that a,b € A.

1. f(a+b) = f(a) + f(b) and
2. f(ab)

f(a) f(b) for every a,bE A.

Definition 2.7

A nonempty subset U of R is said to be a (two - sided)
ideal of R if
1. U is a subgroup of R under addition

2. For every u€ U and re R, both Ur and rU in U.

Definition 2.8

An associative ring A is called an algebra over F if A

is a vector space over F such that for all a,b€A andoa eF,

«(ab) = (ea)b = a(a b).
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Definition 2.9

A field F is said to be of Characteristic 0 if ma # 0

for a # 0 in F and m >0, an integer.

Results 2.10
1. Let R, R' be rings and ¢) a homomorphism of R onto
R' with Kernal U. Then R' is isomorphic to R/U.

2. If R is a commutative ring with element and M is an

ideal of R, then M is a maximal ideal of R iff R/M is a field.

Remark 2.11

The magic matrices forms a ring M with unity, the zero
and unity elements of ring being the null and unit matrices.

Let A be a magic matrix with associated sumec .

Consider ¢ : A—D o ,lER
To prove this mapping is a homomorphism such that

0(A) = &, 0(B) =p

¢)(A+B) = &+ B

= 0(A) + O(B).
0(AB) = op

= 0(A) + (B)

Now define a mapping f : K =>M
Let kK = {A/(A) = 0
To prove kernal 'K' is an ideal.

(i.e) To prove that f:K —> M such that forevery AE k and 1€ M
both Al and [A in K.
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By known results 2.10 from these we get a homomorism between
rings. This implies that M/K is isomorphic to R. But since
R is a field, this gives that the residue class ring M/K is a

-

field and hence K is a maximal ideal in M.

Theorem 2.12

The aggregate of magic matrices with associated sum zero
constitutes a maximal ideal in M.

Proof :-

To prove f : K-> M such that forevery A € K and
BE M both AB and BA in K.

Consider B € M then the associated sum of B is & and

the associated sum of A is zero.

@ 3, ... @
d,, a,, ... a,,
Let A =
A @4, +++ ann
nxn
bll blz @ ieie bxn\
b,, b,, ... b,
B =
By, by 44 b

nxn
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ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Hig w10 F a +a_ b +...+a._b
annbm ni bxz nz = 22 M S, /

Consider the first row of the above matrix.

= a (b +b +...+b )+a (b +b +...+b )+

.......
11 11 12 n 12 21 22 2n

ceetan, (b +by +..i4by, )

a, (o) +a,(a) + ... + app ()

= afay + a;,+ ... + A )
= %0 = 0.

Consider the last row

a“ (bl +b +...+b )+a (b +b +...+b )+..

eee Tl )T eeeesen
1 12 mn 12 21 22 2n

...+a,m(bm+b +teeotb,, )

n2 L)

am(a)+an2(a) t oees +tap, (o)

=% (a,;+ @ pt ... + a

ng on )

= a-(0) = 0.

(i.e) §(AB) = 0

(i.e) the associated sum of AB is zero
AB € K.

Similarly to prove that BA = 0

AB and BA€ K
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Theorem 2.13

The matrix complex N = {/\U} . AER forms a two sided
ideal in M.

Proof :-

Consider the matrix complex N.

N : {_)\U} , A€ER
If 8, €R, BU-aU = (B -a) UEN
Also A€ M with associated sum «a,

To prove that it is an ideal

Define f : N ;—>M such that >\U€N and A€M and P. T AUAE N.
A( AU) = A(AU) = A(AU)

all 12
a
21 22
(AU) = >\
ap 9y,

1
>/
Q
Q
e
e
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- (AXE, AE, . . . A«E)
= AU(E, E, . . . E)
2 AoGU € N, A€ R

. N :{XU)J ,)\GR forms a two sided ideal in M

It is infact a two sided ideal AU = UA = o¢U

The matrix complex N = {)\N‘j ,)\éR forms a two sided
ideal in M.

Definition : 2.14

By a permutation matrix, we mean a matrix which has

unity in each row and column only once while the other elements

of the matrix are all zero.

Note

It is obvious that there are n! permutation matrices
of a given order n. Moreover the product of any two permutation
matrices is a permutation matrix and likewise the inverse of a

permutation matrix is again a permutation matrix.

Theorem 2.15

Any magic matrix as a linear combination of the

permutation matrices.

Proof :-

Consider the n! permutation matrices of the given order
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n. Among these n! permutation matrices, there will be (n-1)!

permutations which have 1 in the i-th row or j-th  column and

among these (n-2)! permutations will have 1 in any place other
than that in the i-th row or j-th column. Let us sum these
(n-1)! matrices. This matrix sum will then have (n-1)! in the

(i,j)-th place and zero in the remaining positions of the i-th
row and j-th column while (n-2)! in all the rest of the places.
Removing the factor (n-2)! we call the resulting matrix
Bii Thus Bij is a matrix which has (n-1) in its (i,j)-th place,
zero in the remaining positions of the i-th row and j=th column
and unity elsewhere and therefore it is a magic matrix with
associated sum (n-1). We have corresponding to each of n? positions

n? matrices, Bij' permutation matrices.

Let R, as before, stand for te scalar field of zero
characteristic and let the elements of the matrices of the r ng
M be drawn from this field. By this assumption, it follows
readily that the scalar multiplication of the matrices of M by

the elements of R is well defined. We shall now examine the

general structure of the matrix ring M.

We write the n?2 matrices Bij in the form of a douhle

array thus



Bll Blz B 18 B n
ﬂ B 11 Brz Brs Byn
B sy By, By, Bhn

Now select a paper set of base matrices and prove that
every magic matrix is expressible as a linear combination of these

matrices. Suppose A = (aij) is a magic matrix with assccia-ed

sum a . Let us denoted by Dij’ the sum of all the elemen:s of

the matrix - minor of ai. in A.

Then
Dij = na - (20 - aij) = (n - 2)a + aij ------- (1)

Consider the sum Z a.. B.. consisting of n? terms
o)

corresponding to the n? elements of A and Q@ - Then, the (i,i)-th

element in this matrix sum is

(n—l)aij + Dij = naij + (n=2)a____ (2) (since from (1)
Consequently Zaij Bij = nA + (n-2)a U =—=-=-eeun (3)
t.)

We abserve that the matrix sum of each row and cclumn
in o is (nh-1)U. Delete the matrices in the r-th row and s- th
column of @ and consider the remaining (n-1)2 matrices. But the

sum of these (n-1)2 matrices is not a multiple of U. Consequertly

. " 2 ; ;
we take in addition to these (n-1)" matrices of ¢, the mat-ix U

also and (3) now ensures that every magic matrix such as A can
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be expressed as a linear combination of these (n=1)2+1 = n2-2p+2
matrices composed of U and the (n-1)2 matrices obtained by
suppressing the matrices

in the r-th row and s-th column of ¢ .

Moreover, as the matrices in R are all linear combination
of the permutation matrices, we have, in effect expreesed any magic
matrix as a linear combination of the permutation matrices.

In fact, it can be verified that if
wij = aij ta, - a, - arJ i#+#r, jts
= 0= n(n~1l) a_  ~—eeeo_ (4)
then Z Wij Bij + >\U = NA e (5)
(CEy 35

and therefore, the compounding coefficients in the linear sum

for A are explicity expressed by (4).

Theorem 2.16

The ring M of magic matrices of order n defined over
a scalar field R (of zero characteristic) is a unitary matrix algektra
over R of order (nz - 2n + 2).

Proof :-

Now we prove that the (n?2-2n+2) base elements that have
chosen a linearly independent set. Consider the sum consist ng

of (n%-2n+2) terms

2 Ajj Bij v mu
3 4
R
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In order to introduce symmetry, we now take all nz \'s

instead of (n-1)2 A's only and we then have the double array.

ooooooooooooooooooo

oooooooooooooooooo

Now we take all the r-th row and j-th column of A to
be zero. The introduction of these >\'s will, in no way, affcct

the sum in (1). Consequently, the sum in (1) can be rewritten

without any restriction, as

E)\ij Bij B e (2}

Now, in order to prove that the base elements are lineerly
independent, we must show that if we equate the matrix sum in
(2) to zero, then all >\ij and Mshould be zero. Firstly we note
that the sum (2), by virture of lemma 2¢3, is a magic matrix
with associated sum (n-1) Z>‘ij + n/u and this must be zero.
This gives

le] = 'n/“/(n']) ————— (3)

Further, the (i,j)-th element of the matrix sum in (2) is (n-1)

(=1) Ay + Dy # 4 = (4)

J
in A, Now, if R, and Ci denote the sum of the elements in the

We know Dij is the sum of all the elements in the minors of ':\i

i-th row an j-th column of A respectively,
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Then we have

(n-1) ,\ij + Dij + M= _f(n—l))\ij + {Z)‘ij - (Ri + ci - >\..) + M}

1)

= ")‘ij-(Ri+Cj) + )\ij+/"’

- - - - s=ws{5)
n )\ij Ry + C) M (n-1) (53
from (4)

In the matrix sum in (2) is the null matrix, then the

expression in (5) is zero for all i and j. In particular chcosing

i=r and j=s, we get M =0. Similarly putting j=s and i=r separately
we find that Ri:O and Cj:0 for all i and j

Hence)\ij = 0 for all i and j. Thus it is established that
any magic matrix A is a linear combination of the (n2-2n-2) linerly
independent magic matrices comprising U and (n-1)2 matrices chosen
out the n? matrices in “ by suppressing the matrices in any cne
row and any one column.

From these considerations, and from our mode of definition
of scalar multiplication in M, we conclude that M, regarded as
a module forms a vector spaces of dimension (n? -2n+2) over R
Moreover, since M is a ring and the associative law holds good
for general matrix products, it follows that M is a unitary matrix

algebra over R of order (n? - 2n + 2).

The ring M of magic matrices of order n defined over

a scalar field R is a wunitary matrix algebra over R of order

(n2 = 2n + 2).
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CHAPTER - lII

THE DENSITY OF SEQUENCES OF INTEGERS

Two common types of density are Asymptotic density and
Schnirelman density. Density will be define on a set A of the
distinct positive integers. The elements of A will be arraiged
in a sequence according to size a,< a, < 3« , and we will
also denote A by {ai}. We will use both the terms set and

sequence to discribe A. The set A may be infinite or finite. If

A is empty then it will be denoted by 0.

The number of positive integers in a set A that are less
then or equal to x is denotetd by A(x). For example, if A
consists of the even integers 2,4,6, ..., then A(1) = 0, A(2) =1,
A(6) = 3, A(7) = 3, A(15/2) = 3. Infact A(x) = (X/2) if x >0.

On the otherhand, for any set A = {ai} we have A(aj) = e

Definition 3.1.

The asymptotic density of a set A is

e A(n)
§i(A) = lim_inf <=

In case the sequence A(n)/n has a limit, we say that A

has a natural density, &(A). Thus &A) = &, (A) = lim Ain)
1 n>® n

if A has a natural density. If A is a finite sequence, it is clear
that &(A) = 0.



Example 3.2

Set Natural Density Va ue
a. the set of even positive integers 1/2
b. the set of odd positive integers 1/2
Cis the positive multiple of 3 1/3
d. the positive integers of the form u4K+2 1/4
e. all the positive integers a satisfying
a=b (mod m) where b and m> 1 are 1/m
fixed '
f. the set of primes 0
..n )
g. the set {ar} with n=1,2,3 ... and
fixed a> 1, fixed ¥ >1. 0
h. the set of all perfect square 0
i. the set of all positive cubes 0
je the set of all positive power, that
is, all numbers of the form a with
ax1l, n>2. 0

Definition 3.3

The Schnirelman Density d{A) of a set A of non-negative

integers is d(A) = inn>f‘ _A%M , Where A(n) is the number of positive
v

integers £ nin the set A. Here in this chapter we discuss asymatotic

density. It is interesting to note that the following sets has a

natural density.
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Theorem 3.4

If A is an infinite sequance, then

L
5](A) = Ilng‘)l‘;gf o
If &(A) exists, then &(A) = lim n/a_

N >0
Proof :-

The sequence k/a, is a subsequence of A(n)/n and hence

k
lim inf A jim inf X
N = n K~da3 k-
If n is any integer > a, and a, is the smallest integer

in A that exceeds n, then ak_1 <n <a and

and —K— - M = _.k_.... - lf__]...<..!§_ = L‘:.L = __]_.
ag n ay n n n n
It follows that K < Aln) PR
a n n

o k .. o A(n
I”?t-;gaf A Ilnaawf—-,g—l

and so the theorem is proved.

Definition 3.5

An integer is square - free if it is divisible by no perfect

square a*>1. We will prove that the set of square - free integers

has natural denisty. 6/77%.

Lemma 3.6

The functon T (n), representing the number of positive

divisors of n, satisfies the inequality T(n) <2Jn for n>1.
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Proof :-

Consider the positive divisors. d, of n. Corresponding
to each d > n is the distinct divisor d' = n/d and 1< d'<fn.
Therefore T (n) cannot exceed twice the number of divisor d such

that 1 £ d<[n Clearly the number of these d cannot exceed J—n—,

and we have T(n)<2 [n

Theorem 3.7
o o
We have Zﬂﬂl— Z—]—; =1
n=; n? N
Proof :-

We can write

A
S
n=1

m

> o T Re
7 m~m

Nz

n)
m 2

n
We consider first a fixed integer j€m. If d is any divisor

of j,say j = dq, then p(d)/d? is a term of Rm and 1/g? is a term

of Srn and /u(d)/(dq)z = M(d)/j? occurs in Pm

Then 1/j% occurs in Pm with coefficient
1 if j =1

;p(d) -
/i 0 if j >
In casse j > m the product M(d)/(dgq)? may appear in p

m
for some divisor d of j. Therefore we can write

: o
P Z <;,‘4(d)) o .Z(%}/“(d> iE

J J=my



Where Z' denotes a sum over the appropriate divisor d of j.

Thus we have

o - Z’%ZM 575

j? J=ma J? '

J:mu d/j
G

2, Pld
and using lemma 3.6, we obser\c:e/“ that

¢, < Z lP(d)|<;\ﬂ(d)l<; = T 2<fi
Now we have

[P —1]< Z—l—lz— < ZZE

"TH-, —f')vl
m

2
- J:mz,.‘—”_z

Applying Cauchy's condition to the convergent series Z.Z/j“2

we see that le—ll tends to zero as m tends to infinity.

This establishes the theorem.

Corollary 3.8

s
d 6
We have Z&éyl = —

2

d:l‘ Tr
Proof :-
It is well known from elementary results in the theory
N
2
of fourier series that Z —]2- = I
n=j n 6
For instance, it follows by setting x = 0 in the result.

RS f%"_x
2 3

n=i n?

which is valid for x in the range 0 <xg2TT.
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Theorem 3.9

The set of square - free integers has natural density 6/ 2.
Proof :-

Let S denote the sequance 1,2,3,5,6,7,10 ... of square-
free integers. For any positive integer n let Pys Ppvr +oo P, denote
all the primes such that pizén

We first wish to prove

S = % 1+Q 24 0ag 0y n
(n) L( 1) (p?‘psz... oT): (1)

Y

Where the sum ranges over the 2" terms obtained by setting
each o(.j = 0 or 1.
Now (n / t?) is the number of integers € n that are divisible oy
t*, and we can interpret each term on the right side of (1) as

a count of those integers m< n that are divisible by (p":lp"z‘l...p,‘f')2

If m is square-free, 1< m <n, then m is counted by the

term [n] and by no other terms. If 1<m<n and m is divisible

by p? but by no other pj2 then m is counted by the terms [n]

and - [n/pﬂ, once positively and once negatively, a net count
of 1 - 1 = 0. To take the general case, consider an integer m,
< ; H H P 2 2 PR 2 2 .

1< m<n, that is divisible by R, + Py, Pg S 21 but not

by any of the other pi2 . Then m is counted by the temrs

(_])ajo Tt o

aft a2 ajs 2
%11 p_|2 et F?]S )
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The net count for this m is thus

ajr a2 + *cc + g5
2(_”J 3 )

= LIRS (e cy (N = 0

since Z(—])‘“: 1+ (-1) = 0
This establishes (2).

Next we note that (2) can be written as
S(n) = Z M (d) [—d—'j] --------- (3)
cl;R Py P

In this sum any term which d?> n has the factor [n/d?] = 0

’

and we can restrict d in (3) to be such that d?< n.

Infact, we have

(n)

PYICD {d;‘] ———————— (4)

d*<n
where d ranges over all positive integers such that d?.< n. Since

any term in (4) that is not in (3) will belong to a value of d

that is not square-free.

In this case the term has the factor/u(d) = 0.

Using corollary 3.8 and (4) we find

_ 6 _ n n < n
S — = M(d = —) = 2 i(d) ——
" e dg ( )<[ dZ] = d3n @ o
and hence



Sn)  _ 6 [« 1
n 217 n
v 1<
1 n n 1
== L - LY [
v - T 5] - E e
d“gn
and Z—dlz— —> 0 as n-—=&

d1>ﬂ

I
Since Z = converges.

Therefore the right side of

tends to zero,we have S(n) /n—-)——#; as n -0,
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