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INTRODUCTION 

A "SERIOUS" theorem is a theorem which contains 

'Significant' ideas and I suppose that I ought to try to analyse 

a little more closely the quantities which make a mathematical 

idea significant. 

- A MATHEMATICIAN'S APOLOGY. 

by G.H.HARDY 

The theory of numbers is simultaneously one of the 

most elementary branches of mathematics in that it deals, 

essentially, with the arithmetic properties of the integers 

1,2,3, . . . and one of the most difficult branches in so far 

as it is laden with difficult problems and difficult techniques. 

The aim of this dissertation is to collect some interesting 

results from the Theory of Numbers. With this aim the following 

papers are studied. 

On Mersenne's Numbers 

by M.Perisastri LJ 

On a technique for obtaining Numbers with a multiplicity 

of Generators 

by A.Narasinga Rao L63 



On Kaprekar' s "Junct ion Numbers" 

by Andrzej Makowskj CIJ 

On the form of odd perfect Numbers 

by M.Raghavachj LJ 

Perfect totient Number 

by T.Venkataraman UoJ 

The set of Numbers 

by Neelambjgaj Thamotharem Pillaj tJ 

On the structure of Magic Matrices 
- 1 

by R.Balakrishnan C31 

The first chapter is devoted to the study of Mersenne's 

numbers, generated numbers, Kaprekar's junction numbers, odd 

perfect numbers, perfect totient numbers, the set of numbers 

2, 7) 

Numbers of the form 
where p is prime, are 

called Mersenne's numbers and denoted by M. 

Given a number A the number g(A) generatec by 

A is formed by adding to a (written in the scale of ten) the 



A magic square is a double array of elements arranged 

in the form of a square whose row sums, column sums as well 

as the two diagonal sums (herein called associated sum) are 

all equal. A matrix representing such a square is a magic 

matrix. 

Here many interesting results connected with the magic 

matrices are discussed. 

The aggregate of magic matrices form a ring M with 

unity and aggregate of the magic matrices with associated sum 

zero constitutes a maximal ideal in M. 

Any magic matrix is a linear combination of the 

permutation matrix, we mean a matrix which has unity in each 

row and column only once while the other elements of the matrix 

are all zero. 

The ring M of magic matrices of order n defined over 

a scalar field R (of zero characteristic) is a unitary matrix 

algebra over R of order (n2  - + 2) 

In the third chapter the two common types of density 

of sequence of integers (Asymptotic density and Schnirelman 

density) are defined and some interesting results connected with 



the asymptotic density are discussed. 

Asymptotic density 1(A) of a set A is defined by: 

(A) = urn inf A(n)/n 

In case the sequence A(n)/n has a limit we say that 

A has a natural density (A). The main results proved here 

are the following 

If A is an infinite sequence then 

= urn inf n/a 
n—> n 

If (A) exists, then (A) = lim n/a 
n 

The set of square - free integers has natural density 

6/ 11 2 
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CHAPTER - I 

SECTION 1 ON MERSENNE'S NUMBERS 

Definition 1.1 

The numbers of the form n(n+1), (n = 1,2,3,...) are 

called triangular numbers. The numbers 1,3,6,10, . . . etc, are 

triangular numbers. 

Definition 1.2 

Numbers of the form 2i where n is prime, are called 

Mersenn&s Numbers and denoted by M n 

Theorem 1.3 

Mn = x has no solutions is positive integers, x,y with 

x>1, y>.1. 

Proof :- 

Let x> 1 and y = 2k, k1 [ since y is even] 

If M n = x''. 

We know that M n n_ is of the form 2 1 

(i.e) Mn is always odd [2n_1 
= even -1 = odd]. 

M 
n 

= 2n 1  

= yx 2k 

M = y = 2k 

n 2k 

= 2ki 0 (mod 8). 
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Since x is odd. So, 2n1 1 (mod LI) for every n.>1. 

Now let x > 1, ., = 
2k+1 

k - 1 (y-odd) 

If Mn = x'' 

We have M = 
21 

= x'' = 2k+i 
n 

n
-1 

2k+1 
2 = X 

= ,2k+1 +1 

= (x+1) (l)rXr 

Since x is necessarily odd and k 1, the second factor on the 

right is odd. 

Hence the result. 

Theorem 1.4 

There are an infinity of triangular numbers which are 

not Mersenn&s numbers. 

Proof :— 

A triangular number is of the form I n(n+1) 

If n(n+1) = a 2  then [since (2n+1) 2  = 1 + 4n2  + LIn 

(2n+1)2  = 1 + 8a2 = 1 + 4n(n+1) 

= 1 + LI 2n (n+1)1 2 

= 1 + 8 2 } 

(2n-'-1) 2 = 1 + 8a 2 which has infinitely many solutions with x,y> 0. 

Therefore, infinitely many triangular numbers are squares, 

while M 
n  is not a square for n>1. 

Hence the theorem. 
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Theorem 1.5 

220k±13 
92 

20k+1 7 
2 72 (mod 102), k 0. 

220k±21 
52 

Proof :- 

For k = 0 in (i) 

220(0)+13 = 213 = 8192 = 92 (mod 100) 

Put k = k+1 

But 
220(k+1)+13 

- 
(20k + 20)+13 

92 = 2 
- 92 

= 22013 220 
 - 92 x 220 + 92 x 220 92 

(220k+13 20 20 
- 92)2 + 92(2 - 1) 

= (220k+13 
- 92)220 + 92 (210 + (210 

 - 1 ) ) 

Since (22013 
- 92  za 0 (mod 100), 4/92 and 25/210+1 the abcve 

equation shows that (i) is true for k+1, if is true for k. 

Hence by induction (i) is proved. 

20k+17 2 
72 (mod 100) 

For k = 0 

220(0)+17 17 
= 2 = 131072 72 (mod 100) 

put k = k + 1. 



220(k+1)+17 
- 72 = 

2 (20k+20)+17 
- 72 

= 220k+17 220 
 - 72 x 2 20 

20 
+ 72 x 2 

- 72 

20k+17 20 20 = 2 
- 72)2 + 72 (2 

- 1) 

= (220k+17 
- 72 ) 2 20 10 10 

+ 72(2 + (2 - 1)) 

Since 
220k-f17 

- 72 0 (mod 100), 4/72 and 25/210+1, the equation 

shows that (ii) is true for K±1, if it is true for k. 

Hence by induction (ii) is proved. 

20k+21 iii. 2 52 (mod 100), k> 0. 

For k = 0 

20(0)+21 21 
2 = 2 = 2097152 52 (mod 100) 

Put k = k+l. 

220(k+1)+21 
- 52 = 

2 (20k+20)+21 
- 52 

20 220k+212 
-52x2 20 

20
+52x2 -52 

- 
- 

(220k±21 20 20 
- 52)2 + 52(2 - 1) 

= (220k+21 
- 52)220 10 10 

+ 52(2 + (2 - 1)) 

Since 
220k+21_52 

(mod 100), 4/52 and 25/210 + 1 the above 

equation shows that (iii) is true for k + 1, if it is true for K. 

Hence by induction (iii) is proved. 

Hence the theorem. 
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Theorem 1.6 

M 
2n  is not triangular for n = 10k + 5, 10k + 7, 10k 

10k + 9 

Proof :- 

First let n = 10k + 5, then if M 
2n 
 is triangular. 

We know 1 + 8M 
2n = a

2  

Hence 
22n+3 

- 7 z 

0k+13 2 
(i.e) 2  

By theorem 1.5 (i) we get a2 85 (mod 100). Thus a must be 

of the form lOb + 5 and we would get 

(lOb + 5  ) 2 85 (mod 102) 

25 85 (mod 102 ) 

Hence M2n is not triangular. Similarly, we can prove 

that the theorem when n = 10k + 7 and n = 10k + 9. 
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SECTION 2 GENERATED NUMBERS AND KAPREKAR'S "JUNCTION NUMBERS". 

Consider any number A written in the scale of ten. Add 

to it the sum of all its digits. The number thus obtained will 

be called the number generated by A and will be denoted by g(A). 

From g(A) by applying the generating process we can get 

another number which we shall denote by g2 (A). It is obvious 

that g(A) exists for all positive integral values of n and forms 

an ordered set of chain which we shall call a digital chain. 

Sometimes we can go backward and find a number g 1(A). 

Which generates A. Going backwards like this we shall come to 

a stop at a certain number which cannot be obtained from another 

smaller number by the above digit addition process. Thus starting 

from A = 34, we get forward and get successively 34 + 14 + 3 = 41, 

then 46, 56 etc and going backward g1(34) = 26, g 1(26) = g 2 (34)=22 

and 
3(34) 

= 20. But 2 has no generator. We call such numbers 

"Self numbers". Every chain may be supposed to start from some 

self number. The first few self numbers are 1, 3, 7, 20, 31, 

42, 53, 64, 75, 86, 97, 108, 121, 132, etc. Sometime a number 

has more generators than one we call ita junction number. 

The number 101 can be generated both from 91 and from 

100 so, it is a Junction number being the smallest of all the Junction 

Numbers. 
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The next Junction numbers are 103, 105, 107, 111, 113, 

115, 117 but the junction number after that is 202, generated by 

191 and 200. 

In 1965, Andrzej Makowski (Warsaw) proved that, they 

are e.g., the numbers, 

mk 
10n +k 1 ( K = 1,2,3, . 

1  where nk = (10 k - 1). 

Proof :- 

For such mk  we can take x = (10 nk - 1)10 
k

+ 1 and 

y = 10 . We have t = 9n 
k 

+ 1 = 10 
x  

Hence x + t x = 10 nk+k + 1 ; t
y 
 = 1, 

+ = 10hk±k + 1, 
y 

which completes the proof. 

Sometimes, we have 3 chains meeting at a number with 

three generators. The least number with three generators according 

to Kaprekar is 1013  + 1 which has the following generators 1013  

and 9 
10 

 901 and 9 
10 

 892. Here 9 
10 

 means the digit 9 repeated 

ten times. So that the second generator written above is 9 written 

ten times followed by the digits 901. 

The least number 4 generators is believed to be the 25 
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digit number 1021102. This last result has been found by Prof. 

Gunjikar and Sri Kaprekar by starting with some large numbers 

with 4 generators and property. The least number with S gener2:o -s 

is still not known but is be a very huge number 

KAPREKAR'S JUNCTION THEOREM 

Kaprekar found a very interesting theorem in 1962. 

"Let A  and B be two numbers and let A have m generators A1, 

A 
2 ' 

. . . A 
m 

and let B have n generators B
1  , B 2 

... 
n 

B all the 

generators Ar and B s 
having the same number d of digits. If 

A - B = 2, then we can get a new number with m + n generators 

as follows. Prefix the digits 
9k 

to each of the numbers A1, 

A 2, A 3, 
... Ami and prefix the digits 

10k 
to each of the numbers 

B1 
B . Then all the 2 

B , ... 

n m + n numbers so obtained will 

be generators of a single number provided k 
=d 

that is  

(d times)". 

Take A = 521 (which has generators 499 and 508) and :he 

number B = 519 (which has the generators 498 and 507). 1-ere 

A - B = 2. The generators are all 3 digit numbers so that k=13=ni. 

According to the theorem 9iii499 s 9iii508,10iii498, and 10 
 ill 

 507 

are all cogenerators of a single number namely 10 
 ill 

 520 which is 

a number of 115 digits. 

This result is easily verified as also the junction theorem. 
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The merit of Kaprekar' s junction theorem is that it gives a simple 

method for combining 2 numbers with m and n generators so as 

to get a junction number with m + n generators. 

GENERALISATION OF THE JUNCTION THEOREM 

"Let A and B be two junction numbers with m anc n 

generators, all of d digits each and let A - B = 2 + 9p where 

p is a positive integer. Then we get a new number with ii + n 

generators by prefixing 
9k 

 to each of the generators of A, and 

10k to each of the generators of B, where k 
= 1d - 

A NUMBER WITH THREE GENERATORS 

To get a number with 3 generators, we shall combine a 

number with two generators with a number with one generator. 

Since the smallest number with 2 generators has generators with 

three digits, we cannot make d smaller than 3. The smallest rumber 

with one generator is 0 whose generator is also 0. We mEke it 

into a three digit number by writing it as 000 and take this as 

our B. For A we search for the biggest number with two generators 

each of 3 digits and have a choice among 925, 923, 921, 919, etc. 

and choose the biggest such that A - B = A (since B = 0) is of 

the form 2 + 9p. This is 911 which has the two generators 892 

and 901. The difference A - B = 911 = 2 + 9p where p = 101. 

Since d = 3, we have to take k 
= 1d - p = 111 - 101 = 10. So 

we have to insert 
9k = 

9 
10 

 before 892 and 901 and 1010  before 000 
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giving 910901, 910892  and 1013 as the 3 generators of the number 

with 3 generators namely 10121. 

A NUMBER WITH 4 GENERATORS 

Here we take B to be the smallest number with 2 gene-alors, 

namely 101 and A has the biggest number with 2 generators each 

of 3 digits consistent with A - B = 2 + 9p. It will be found t.iat 

913 is the biggest number which fulfils this requirement. Its 

generators are 893 and 902. The difference A - B = 913 - 101 

= 2 + 9p where p = 90. Since d = 3 in this case we take 

k = 111 - 90 = 21. Inserting 9 
21 

before A 1, A2 and 1021 before 

B1, B2 we get 9 
21 

893, 9 
21  

902, 1021 091 and 1021 100 as the four 

generators of 10 2 1  102. 

I belive that is the smallest number with L generators. 

A NUMBER WITH 5 GENERATORS 

We combine a number with 3 generators with one with 

2 generators. This will give a much smaller number than combining 

one with 4 generators with one with one generator. It is found 

that we shall get a smaller junction number if we make A the b.gger 

number have 3 generators and B the smaller number have 2 generators. 

For the smaller number B we take the smallest number with 

generators namely 101 and convert its generators into 14 digit numbers 

by adding zeros in front. Its two generators are thus B1 = 0. 1C191 

and B2 
= 011100. For the bigger number A with 3 genertos 



we start with a number with 3 generators such as 10 
 10  102 

which 

has generators 10 100 10 091 and 09 992 and increase its 
10 10 10 

till further by adding 8 to the first digit of each of the generators. 

We now make a suitable addition to the last digits of each of three 

generators so as to make the difference A - B = 2 + 9p with p 

as an Integer. 

It will be found that adding 1 to the last digit does 

the trick. Thus we get 90 
10 

 101 
10 10 

90 092 and 89 993 as the three 

generators of the number A which is 9010  112. The difference 

between A and B turns out to be 2 + 9p where p = 10121. Since 

all the generators are of 14 digits, d = 14. Subtracting p from 

= 1 
14 

. We get k = 112 0. Hence the generators of the 5 

generator number sought for are 

10k+11 091 

10k+11 
100 leading to N = 10 102 

k+11 

9k+1 010 101 
= 10k+14 

+ 102 

9k+1 010 092 
where k = 1 111 111 111 110. 

9k 89 
 10 9013 

The number of digits in the number N with 5 generators 
12 

U)  is k + 15 
= 

1ii25 and magnitude of the number is slightly >io. 
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NUMBERS WITH SIX, SEVEN AND EIGHT GENERATORS 

To find a number with 6 generators, we seek two junction 

numbers. A and B each having 3 generators, such that 

A - B = 2 + 9p and in order to make A - B as large as possible. 

For any number with 3 generators we can get another much bigger 

number with 3 generators by adding the same number 10 to the 

first digit of all the generators of that number, and finding the 

number generator by all of them. Infact we can add any particular 

number 10 to the units, or tens or hundreds, . . . digits of 

all the cogenerators of a junction number without affecting the 

cogenerator property, provided that by this addition we do not 

make any digit.> 9. In this way we find a big number A and a 

small number B with the same number of digits such that 

A - B = 2 + 9p. 

For a number with SIX generators found by this process. 

9k 
89

10993
all of which are generators of 10k10122 

9 k 9010 092 

9 k 90 10 101  

10k 0910901 

10 k 09 18992  

where K = 2, 222, 222, 222, 210 
= 

2 
 11 

10 

a number of k + 15 digits. The magnitude 

12 
k-i-iLl 2x10 

of the number is roughly 10 = 10 

appro x. 

10k 10  10 
 000 
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For a number with SEVEN generators 

9k89 2189 

9 k89  21903 all of which are generators of 

9k90 21092 M 
10 k+11 1012 2 where K = iii, iii, 

9k90  21 101 111, 112, 222, 222, 222, 210 1 1121110. 

10 
 k+11 10 10 000 M is number of 1 

11 
2  
11 

3 6 digits and 

10 09 901 
k+25 = 10 

3-3 
k~11 10 It is of order 10 10 approx 

10 
k+1 1 0910892 

M is a number of 1 
11 2  11 

36 digits and it is of order io25
10 -L3 

approx. 

Similarly for a junction number with 8 generators. 

9k90  21093  

all of which are generators of 

9k9°  21102  
P = 10 

k 
 10 21 103 where K = 2 

23 
 1 

= 
2 -1 
24 

 9k89 2190 
Numbers of digits of p are k + 26 

9k89  21895  
The order of P is 1025= 102x10 

10k09 21893 = 

10k09  21902  

10 k10  21091  

10 18 100 
k 21 
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A GENERAL THEOREM ON DOUBLING THE NUMBER OF GENERATORS 

OF A JUNCTION NUMBER. 

It Given a number B of digits whose first digit is 1 

and having d digits, and given also that the different between the 

biggest and the smallest units digit in the several generators does 

not exceed 7, it is possible to find another number which has 

2m generators. The value of this number is 10 + B + 1 where 
k +d 

k = 
2d-1 

in. 

This we do by adding 8 to the highest digit of each 

generator of B to get the generator of A2  and adjust the unit digits 

so that A - B - 2 is divisible by 9. 



- 5 

SECTION 3 ON THE FORM OF ODD PERFECT NUMBERS. 

Definition 1.7 

A number is called perfect number if it equals tc the 

sum of all its proper divisor (less than that Number) If that 

number is odd then it is called Odd Perfect Numbers. 

Example 1.8 

6=1+2+3 

28 = 1 + 2 + LI + 7 + 14 

6 and 28 are examples of even perfect numbers. 

Theorem 1.9 

If odd perfect numbers exist, they are of the forms 

12m + 1 or 36m + 9. 

Proof : - 

Let n be an odd perfect number with representation 

= pX q q 8' . . . 

p and a are of the form LIk + 1 and i, . . 

. 
are all even. 

since n 1(mod LI). This is because p 1 (mod 4) and 

q1 ' . . . q being an odd perfect square, is ](mod LI) 

also for the same reason, q' q2 ... q 1(mod 3), 

q 3 ; i = 1,2, . . . t 

so that q q 2 
q 1 (mod 12), q

1 
3 ; i = 1,2, . . 

Now we distinguish two cases. 
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Case[1J3/n 

3/n => n is either 12m + 3 or 12m + 9. 

Since 12m + 3 = 1 (mod 4) 

n cannot be of the form 12m + 3. 

Hence n is of the form 12m + 9,, 

Since p 4 3, 32/(12m + 9) 

which implies 3/3 >n is of the form 36m + 9. 

Case [2] 

3 is not a divisor of n. 

=>n is one of the form 12m + 1, 12m + 5 , 12m + 7 and 

12m + 11. 

Since 12m + 7 and 12m + 1 are not congruent to 1 (mod 4) we 

can rule out these two forms. 

Next we observe that n cannot be of the form 12m + 5• 

Therefore q.Bi  qz .. . q 1 (mod 12), q. 3 ; 1 = 1,2, ... t 

and a 1 (mod 4) 

which implies that p is of the form 12m + 5. 

Since a is odd, this means 3/(1 
- p + p2  + + p(.) 

3/n, which is a contradiction 

Thus n can only be of the form 12m + 1. 

Theorem 1.10 

Let n be an odd perfect with the representation 

n = 
pCA q ... qt . Assume 3 is not a divisor of n. Then 

p1(mod 12) and a 1(mod 12) ora 9(mod 12) 
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Proof :- 

From case 2 of theorem (1.9) we have n 1(mod 12) and 

q1
81 q2 

... q; 1(mod 12) 

cz 1(mod 12) 

p 1(mod 12), since 0, 1(mod Lt) 

New ° can be of the form 12s + 1, 12s + 5 and 12s + 9• 

Let if possible, a 5(mod 12) 

We have now 1 + p  + p2  + 
12s+5

= (l+p) 
12s+L 1 + P2 + P + 

.. .P ) since p1(mod 12), 

1 + j2  + ... + 
12s+4 

O(mod 3) 

—>3/n which is a contradiction. 

Thus a is one of the forms 12s - 1 or 12s + 9 
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SECTION It PERFECT TOTIENT NUMBER 

Definition 1.11 

If n 1 the Euler totient 4(n) is defined to be the number 

of positive integers not exceeding n which are relatively prime 

to n ; thus 

(n) = 

where the ' indicates that the sum is extended over those 

k relatively prime to n. 

Here is a short table of values of 41(n). 

n 1 2 3 4 5 6 7 8 9 10 

4 (n) 1 1 2 2 4 2 6 4 6 4 

Definition 1.12 

Let 4(n) be Euler's function. If 4(n) = n1, (n1 ) = n2, 

4 (n2 ) = n3, so on, then define the totient sum function as 

= (n) + (n1 ) + ... 1 

when 4(n) = n, n is called a perfect totient number. 

Theorem 1.13 

If n = 3(4.3
rn-i 

+ 1) and 4.3m-1 
 is a prime then n is 

a perfect number (m >1). 



Proof 

We know (n) = n II (1- lIp) 
p/n 

4) p 
p (n) (I) ( 4. + 1)) 

1 

p 
(3(43rn_i))  = 3(43m_1 

+  

4 .3 (- ni 
+1/ 

rn-i 
= 3(Lj3 + 

1) (3) 

rn-i 
= 8.3 = n1  

= 8.3m1(l _1) 

/ rn- i 
I Lj3 + 1 - 

4 .3 + 

= 8.3 i(__) (+) 
m-2 

= 8.3 = 

= 8. 
 rn-2 

• 
= 83m-3 

= 

proceeding like this, we get 

p 
(n) = 8(3rn-i m-2 

+ 3 + + 3 + 1) + 4 + 2 + 1 

= 3(43m_1 
+ 1) = 

19 
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Theorem 1.114 

n13 ( kt, for any k) 1, t> 1. 

Proof ;- 

If t is even kt_l 0 (mod 8) as k is odd 

But 4.3m-1
0 (mod 8) 

------(1) 
So, t must be odd J 
If t is odd (k - 1) (kt + kt 2  + 

• + k + 1) = 

So, k - 1 = Li or 4.3t  and 

1 + k + k 2  + ... + kt 3m-1 
or 3

h
, + h = (m - 1) 

By definition (1.12) t = 2 in contradiction to (1) 

Hence the theorem. 

Note 

If we apply quadratic character of 3, we say that 

+ 1 can have factors of the form 12s + 5, 12s + 1 or 

12s + 7. We are not able to prove for all conditions that 

<n. Under certain conditions ~
P

(n)4 n. 

Example 1.15 

n = 3.5 (125 + 1) or 3.5 (125 + 7). It is seen that 

(n) --p- n + --p- (1 + + + 
... )r = 

-- n n. P 15 45 2 2 2 9 
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SECTION 5 THE SET OF NUMBERS 11.2.7j 

In this section we present an interesting result przved 

by 'Neelambigai Thamotharam Pillai'. 

The set of numbers L1,2,7  has the property that the 

product of any two distinct number of the set increased by 2 

is a square. But this property doesnot hold for the set {1,2,7,C 

where C is any positive integer. To prove this fact we siall 

prove the following theorem. 

Theorem 1.16 

There exists no positive C such that the product of every 

pair of numbers of the set '1,2,7,C increased by 2 is a square. 

Proof :- 

To prove this it is sufficient to prove that there exist 

no positive integers x,y and z satisfying the Diophantine equations. 

C + 2 = x2 (1) 

2C + 2 = y2 (2) 

2C + 2 = z2 (3) 

From (2) we get 2 (C + 1) = y2  

C + 1 = y2 / 2  

2 divides y2  

2 divides y 

Let y = 2Y where Y is any integer. 
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Therefore equation (2) becomes 

2C + 2 = 4y2 

C + 1 = 2Y2 (4) 

From the equation (1) (3) and (4) we get 

x2  - 2Y2 = 1 (5) 

z2  - 7x 2 = 12 (6) 

Now we will prove that the Diophantine equations (5) and 

(6)do not hold simaltaneously. 

The general solution of the equation ( 5) is given by x 

x + fT Yn = (1 + 4)2n where n is an integer. 

Hence we get 

n 0 1 2 3 4 

x 
n 

1 3 17 99 577 

y 0 2 12 70 408 

x 
m+n + m+n 

1-2 Y = (1 + 1)2(m+n) 

= (1 + f)2m(1 + 

(x m + J• Y ) (x
fl 

+ 'ii Y) 
m  

(i.e) X 
m±n 

+1 
rn+n 

y = (X Xm + 2 Y Y) + (xnYm  + xY) 

Hence we obtain 
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X = X X + 2 
''n 'i'm (7) 

= XY + X ''n (8) 

Putting m=n in the above equation (7) and (8) we get 

x 
2n 
 =x  n 2+2y 

n 
2=2X  n 2_1=4y 

n  2
_1 --- (9) 

and '2n = 2X 
''n (10) 

Putting m = 2r in the equation (7) and (8) we get 

x ±2r=xx +2y y 
n n2r n 2r 

(i.e) x + 2r = x (2x 2 _1) + 2Y (2x y n n r n rr 

(Since from(9) and (10)) 

(i.e)x =2x x 2 -x +LX y y n+2r n r n r r n 

x = - 

n±2r n r 
x (mod x ) ---------------------- (11) 

We also have 

x =x x +2y y 
n+2r n 2r n 2r 

(i.e) X 2  = X(4Y 2  + 1) + 2Yn (2)<rY )  

(i.e) x = 4x y 2 + 4x y y + x n+2r n r r r n n 

X 2  = x (mod (12) 

From equation (6) we get 

Zn2 = 7x 2  - 12 ---------------- (13) 

The proof is now accomplised in three stages 

a. When n0 (mod 4) by equation (11) we have, 

x 
n 

= + x0  (mod x2) 

E± 1 (mod 17) 
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Therefore by (13) 

Z 2 - 5 (mod 17) 

which is impossible, since-5 is not a quadratic residue modulo 17. 

Hence (13) is impossible when nO (mod 4) 

b. When n1,3 (mod Li) 

By equation (12) we have 

X x 1 , x3  (mod y2) 

In both cases we have X 
n 

m 0 (mod 3) 

x 2 O (mod 9) 

Z 2 - 12(mod 

which is impossible. 

Hence (13) is impossible when n 1,3 (mod 4) 

C. when n 2 (mod 4) 

by equation (11) we have 

x n ± x2(mod x2) 

O (mod 17) 

So, Z
11 

- 12 (mod 17) 

Which is impossible. Since -12 is not a quadratic residue 

mod 17. 

Hence (13) is impossible when n2 (mod 4). 

Thus we have shown that the Diophantine equations (5) 

and (6) cannot hold simaltaneously. 

Hence the theorem. 
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We would like to collect some interesting triplets of numbers 

which have the similar property mentioned in the above theorem. 

Sets of 
numbers Property 

cl,2,7) Product of any two distinct numbers increased by 
2 is a square. 

1,3,83 Product of any two distinct numbers increased by 
1 is a square. 

Product of any two distinct numbers itself is a square. 

1,5, 1Q Product of any two distinct number dicreased by 
1 is a square. 

(1,6,11 Product of any two distinct number decreased by 
2 is a square. 

{1,7,127y Product of any two distinct number decreased by 
3 is a square. 

.1,8, 13). Product of any two distinct number decreased by 
4 is a square. 

{1,9,14} Product of any two distinct number decreased by 
5 is a square. 

1 1110,151 Product of any two distinct number decreased by 
6 is a square. 

c
1,11,16} Product of any two distinct number decreased by 

7 is a square. 

{1,12,173. Product of any two distinct number decreased by 
8 is a square. 

1,13,18} Product of any two distinct number decreased by 
9 is a square. 
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CHAPTER - II 

ON THE STRUCTURE OF MAGIC MATRICES 

Definition 2.1 

A Magic Square, is a double array of elements arranged 

in the form of a square whose row sums, column sums as well 

as diagonal sums are all equal. 

We shall relax the restriction on the diagonals and consider 

here all 'squares1  whose row and column sums are equal. 

Lemma 2.2 

A matrix A of order n is a magic matrix with associatcd 

sum a 
if, and only if, the following two conditions are satisfied. 

AE = a E 

and E'A= a E' 

Proof :— 

AE = 

Ia a...a\ 
/ 11 12 II) 

221 a22 a2 

LetA= 

aA, an2 afl,-)  

\ 

Let E be the column vector all of whose elements are 

unity. 
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(i.e) / 1 

1 1 

E =  

1 nxl 

+ ... + a1 

f a 21  +a22  + .. . + 

AE = 

a n, +a 2 + ... + arul  
nxl 

= 

) =() = 

..AE=ciE 

ii. EA = a E' 

) 
lxn 

(a u  a 12  ... a 1  

a21 a22 ... a2, 

) 

A \  

a a ... a / 
/ 

E'A = (a 
11 21 12 22 )12  

+a + ... +a a +a + +a +aa 
a 12 

a... ) 11  
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(Since Matrix A of order ' n '  is magic matrix with associative 

sum ix). 

.. E'A = ( 

O(E' = (1 1 ... 1) = (c c .... c) E'A 

.. E'A =cE' 

Lemma 2.3 

If A and B are magic matrices with associated sums 

° and 8 , then their sum A + B and product AB are magic matrices 

with associated sums a + 8 and aB respectively. 

(i.e) To prove (A+B)E = (cz.+8)E, 

E'(A+B) = 

and (AB)E= (c )E, 

E'(AB) = (a8)E' 

Proof :— 

(A-'-B)E = AE + BE 

=ct  E + 8 E (since by lemma 2.2) 

(c +8)E 

E'(A+B) = E'A + E'B 

= o. E' + 8E' (since by lemma 2.2) 

= (c + 8 )E' 

Similarly (AB)E = A(BE) 

= A(8E) 

= A(E8 ) 
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= (AE) 

( a E)s 

= ( a )E 

(AB)E = (a )E 

E'(AB) = (E'A)B 

= ( a E')B 

=a (EB) 

= a(B E) 

= ( aB )E' 

E'(AB) = ( a )E'  

Result 2.4 

By taking AB = unit matrix 1, the inverse of A (wh.n 

it exists) is also a magic matrix with associated sumo 1. 

Proof 

Take (AB)E = ( )E 

1E = (ciB) E 

E = (a)E 

a = 1 =:> 6 = 

The inverese of A is also a magic matrix with as5ociated 

sum 

To prove the theorem connected with magic matrices 

we need the following definitions and results in Algebra. 
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Definition 2.5 

A ring is a set A with two binary operation defined 

by + and • satisfying the following axioms. 

R1  : (A, +) is abelian group 

R 2  : The operation • is associative 

R3  : a,b,c CA such that 

a (b+c) = a'b+a-c (left distributive law) 

(b+c)a = b.a+ca (Right distributive law) 

Definition 2.6 

A homomorphism form a ring A to a ring B is a map c 

f : A-4B such that a,b€A. 

 f(a+b) = f(a) + f(b) and 

 f(ab) = f(a) f(b) for every a,bE A. 

Definition 2.7 

A nonempty subset U of R is said to be a (two - sided) 

ideal of R if 

U is a subgroup of R under addition 

For every uEU and r  Cz R, both Ur and rU in U. 

Definition 2.8 

An associative ring A is called an algebra over F if A 

is a vector space over F such that for all a,bEA anda€F, 

o((ab) = (aa)b = a(a b). 
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Definition 2.9 

A field F is said to be of Characteristic 0 if ma 1 0 

for a t 0 in F and m >0, an integer. 

Results 2.10 

Let R, R' be rings and a homomorphism of R onto 

R' with Kernal U. Then R' is isomorphic to R/U. 

If R is a commutative ring with element and M is Bn 

ideal of R, then M is a maximal ideal of R iff R/M is a field. 

Remark 2.11 

The magic matrices forms a ring M with unity, the zero 

and unity elements of ring being the null and unit matrices. 

Let A be a magic matrix with associated sumoc 

Consider : A—>cx.,t,R 

To prove this mapping is a homomorphism such that 

t(A) = cx., 
f =f 

(A+B) =oL  + p 

= (A) + 

(AB) = 

= 4(A) +(B) 

Now define a mapping f : K —> M 

Let K = {A/(A) = o 

To prove kernal 'K' is an ideal. 

(i.e) To prove that f: K —> M such that forevery A € k and II € M 

both At and IA in K. 
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By known results 2.10 from these we get a homomorism between 

rings. This implies that M/K is isomorphic to R. But since 

R is a field, this gives that the residue class ring M/K is a 

field and hence K is a maximal ideal in M. 

Theorem 2.12 

The aggregate of magic matrices with associated sum zero 

constitutes a maximal ideal in M. 

Proof :- 

To prove f : K --.> M such that forevery A E K and 

BM both AB and BA in K. 

Consider B E M then the associated sum of B is M and 

the associated sum of A is zero. 

a 11  a 1 2 ... 

a 21  a 22  ... a 2,, 
Let A = 

a a '12 • 
. a,,,, 

nxn 

b 11  b12  . . . birl  \ 
b21  b22  ... b2  

rL 
B= 

b 1  b 2  ... b, 

)nxn 
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11 
b +a 

12 b 21 +.. . + b rIl  all b12 +a 
12 

b 
22 + . . .+ain b 2  - \ 

/ ...a11  b1  +a 1 b +.. .+airL b1 

a 
21 11 

b +a b +.. 
22 22 

• +a 
Zn 

b 
i 

a 
21 

b a 
12 22 

b +. • .+a b 
22 2fl 2 

AB \ 
.a21birt +a 2 2  b 2 +.. .+a b 

b +a b 
11 V12 21 

b 
Ill 

a 
fl.1 

b +a 
12 fl2 

b ...+a b 
22 rfl 

.a b +a 
nz b +.. .+an n bn/ 

Consider the first row of the above matrix. 

a 
11 11 12  

(b +b +.. .+b 
lii 12  )+a (b +b +•• .+b ) . . . . . . . . 

21 22 2i1 

+a (b 1  +b +.. . 

= a ii ( a ) + a 12 (ct) + + a 0,( a) 

= cz(a1 + a 12 + + a) 

= a.0 = o. 

Consider the last row 

= a 
11 11 12  

(b +b +.. .+b 
I1 

)+a 
12 

(b 
21  

+b +.. .+b )+....... 
22 2fl 

+a (b ni  b +.. +b 

= a ( a ) + a ( a  ) + • . + a ( a ) 

a (a 1 + a fl2f •• + ann) 

= a(0) = 0. 

(i.e) (AB) = 0 

(i.e) the associated sum of AB is zero 

ABE K. 

Similarly to prove that BA = 0 

AB and BAtiK 
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Theorem 2.13 

The matrix complex N = Au} , AR forms a two sided 

ideal in M. 

Proof : — 

Consider the matrix complex N. 

N : \U} , 

If B , ci 6 R, B U - ci U = (B - ci ) U E N 

Also A C M with associated sum cz 

To prove that it is an ideal 

Define f : N —> M such that kU C. N and ACM and P. T )UA C N. 

A( \U) = (AU) = X(Au) 

a al.  ... a\/  

(AU) = 

aa ... an1l  1 1 

a a n2...  anflJ  

(1 ci 

= ci ci ci ci 

a ci ci ci 

••• 

Aci Aci ikci 
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= ('\E, ,\OE, . . . Xc) 

= ),(E, E, . . . E) 

= c<}U E N)\o<-R 

N = , )ER forms a two sided ideal in M 

It is infact a two sided ideal AU = UA = o6U 

.. The matrix complex N = [XN1 , AER forms a two sided 

ideal in M. 

Definition : 2.14 

By a permutation matrix, we mean a matrix which has 

unity in each row and column only once while the other elements 

of the matrix are all zero. 

Note 

It is obvious that there are n permutation matrices 

of a given order n. Moreover the product of any two permutation 

matrices is a permutation matrix and likewise the inverse of a 

permutation matrix is again a permutation matrix. 

Theorem 2.15 

Any magic matrix as a linear combination of the 

permutation matrices. 

Proof :- 

Consider the n! permutation matrices of the given order 
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n. Among these n! permutation matrices, there will be (n-i)! 

permutations which have 1 in the i-th row or j-th column and 

among these (n-2) ! permutations will have 1 in any place other 

than that in the i-th row or j-th column. Let us sum these 

(n-i)! matrices. This matrix sum will then have (n-i)! in the 

(i,j)-th place and zero in the remaining positions of the i-th 

row and j-th column while (n-2)! in all the rest of the placcs. 

Removing the factor (n-2) ! we call the resulting matrix 

B; Thus B 
ij is a matrix which has (n-i) in its (i,j)-th place, 

zero in the remaining positions of the i-th row and j-th column 

and unity elsewhere and therefore it is a magic matrix with 

associated sum (n-i). We have corresponding to each of n2  positons 

n2  matrices, B.., permutation matrices. 

Let R, as before, stand for te scalar field of zero 

characteristic and let the elements of the matrices of the r ng 

M be drawn from this field. By this assumption, it follows 

readily that the scalar multiplication of the matrices of M by 

the elements of R is well defined. We shall now examine the 

general structure of the matrix ring M. 

We write the n2  matrices B.. 
II 
 in the form of a douhe 

array thus 
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B B...B B 11 12 IS 111 

St : B Brz ... B 5 .. . By,, 

B
ni 
 B fl2 B, , ... 

Now select a paper set of base matrices and prove that 

every magic matrix is expressible as a linear combination of these 

matrices. Suppose A = (a..) is a magic matrix with associa:ed 

sum c . Let us denoted by Di.,  the sum of all the elemen:s of 

the matrix - minor of a.. in A 
II 

Then 

D 
 ij  
.. = nd - ( 2 d2 - a..) = (n - + a 

 ij  
.. ------- (1) 

Consider the sum a.. 
IJ 
 B 

Ii  
.. consisting of n2  terms 

corresponding to the n2  elements of A and . Then, the (i, )-th 

element in this matrix sum is 

(n-1)a 
 ij  
.. + D 

 ij  
.. = na.. + (n-2)a-----(2) (since from (1) 

Consequently 'a.. B.. = nA + (n-2)a U --------(3) 

We abserve that the matrix sum of each row and cc lumn 

in is i-l)(J. Delete the matrices in the r-th row and s- th 

column of S2 and consider the remaining (n-i) 2  matrices. But the 

sum of these (n-1)2  matrices is not a multiple of U. Conseqiertly 

we take in addition to these (n-i )
IX 
 matrices of ç , the matbc U 

also and (3) now ensures that every magic matrix such as A can 
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be expressed as a linear combination of these (n-1)2+1 
= n2 -2n+2 

matrices composed of U and the (n-i )2 matrices obtained by 

Suppressing the matrices in the r-th row and s-th column of 

Moreover, as the matrices in SZ are all linear combination 

of the permutation matrices, we have, in effect expreesed any magic 

matrix as a linear combination of the permutation matrices. 

In fact, it can be verified that if 

wi3 aij +ars_ ais_ a 1r, js 
= ric 

- n(n-1) a ----------- (4)  rs 
 then W 

ij 
B.. + XU = nA ---------(5) 

and therefore, the compounding coefficients in the linear sum 

for A are explicity expressed by (4). 

Theorem 2.16 

The ring M of magic matrices of order n defined over 

a scalar field R (of zero characteristic) is a unitary matrix algebra 

over R of order (n2  - 2n + 2). 

Proof :— 

Now we prove that the (n2-2n+2) base elements that have 

chosen a linearly independent set. 
Consider the sum consist ng 

of (n2 -2n+2) terms 

A 
J J 8 • + (1) 

J ,s 
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In order to introduce symmetry, we now take all n2  

instead of (n-1)2  >s only and we then have the double array. 

r\1L Al2.... 

A = AY1 A2 •.. A y•• 

> L A2 ... 

Now we take all the r-th row and j-th column of A to 

be zero. The introduction of these will, in no way, aff.Ect 

the sum in (1). Consequently, the sum in (1) can be rewritten 

without any restriction, as 

.. B +,L&U ---------- (2)  
Now, in order to prove that the base elements are I ineErly 

independent, we must show that if we equate the matrix sum in 

(2) to zero, then all > j and f&should be zero. Firstly we note 

that the sum (2), by virture of lemma 2' 3, is a magic matrix 

with associated sum (n-i) EXij + n1u and this must be zero. 

This gives 

= -nI(n-  i) (3) 

Further, the (i,j)-th element of the matrix sum in (2) is (n-i) 

(n-i)  (4) 

is We know D.. 
'I 

the sum of all the elements in the minors of .. ,\ 

in A , Now, if R. and C. denote the sum of the elements in the 

i-th row an j-th column of A respectively, 
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Then we have 

(n-i) 
ij 

+ D 
 ij 
.. + = 

- 
(n-i) ,\ 

. 

+ I E). - (R. + c 
- X ) +/.t) 

= n >. - (R + C.) 
+ .. +/ 

= n X
ij 

- (R. + C.) - I (n-i) ----(5) 

from (4) 

In the matrix sum in (2) is the null matrix, then the 

expression in (5) is zero for all i and j. In particular choosing 

i=r and j=s, we get =0. Similarly putting j=s and i=r separately 

we find that R 
I  
.=0 and C.=0 for all i and 

j 

Hence). 
Ii 

= 0 for all i and j. Thus it is established that 

any magic matrix A is a linear combination of the (n2-2n-2) linerly 

independent magic matrices comprising U and (n-1 ) 2  matrices chosen 

out the n2  matrices in 2  by suppressing the matrices in any one 

row and any one column. 

From these considerations, and from our mode of definition 

of scalar multiplication in M, we conclude that M, regarded as 

a module forms a vector spaces of dimension (n2  -2n+2) over R 

Moreover, since M is a ring and the associative law holds good 

for general matrix products, it follows that M is a unitary matrix 

algebra over R of order (n2  - 2n + 2). 

The ring M of magic matrices of order n defined over 

a scalar field R is a unitary matrix algebra over R of order 

(n 2  - 2n + 2). 
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CHAPTER - III 

THE DENSITY OF SEQUENCES OF INTEGERS 

Two common types of density are Asymptotic density and 

Schnirelman density. Density will be define on a set A of the 

distinct positive integers. The elements of A will be arraiged 

in a sequence according to size a, a2  a3 ... , and we will 

also denote A by fa 1'1.. We will use both the terms set and 

sequence to discribe A. The set A may be infinite or finite. if 

A is empty then it will be denoted by 0. 

The number of positive integers in a set A that are less 

then or equal to x is denotetd by A(x). For example, if A 

consists of the even integers 2,4,6, .. ., then A(1) = 0, A(2) = 1, 

A(6) = 3, A(7) = 3, A(15/2) = 3. Infact A(x) = (X12) if x i. 0. 

On the otherhand, for any set A = fa i l we have A(a) = j. 

Definition 3.1. 

The asymptotic density of a set A is 

s (A) = lim inf - 01 
A(n) 

r—> fl 

In case the sequence A(n)/n has a limit, we say that A 

has a natural density, S(A). Thus S(A) = 61(A) = 

if A has a natural density. If A is a finite sequence, it is clear 

that S(A) = 0. 
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Example 3.2 

Set Natural Density Va ue 

 the set of even positive integers 1/2 

 the set of odd positive integers 1/2 

C. the positive multiple of 3 1/3 

 the positive integers of the form 4K+2 1/4 

 all the positive integers a satisfying 
aEb (mod m) where b and m>1 are 1/m 
fixed 

 the set of primes 0 

 the set tar"3 with n=1,2,3 ... and 
fixed a 1, fixed 'r >1. 0 

 the set of all perfect square o 

 the set of all positive cubes o 

 the set of all positive power
%, 

that 
is, all numbers of the form a with 
a1, n2. 0 

Definition 3.3 

The Schnirelman Density d(A) of a set A of non-negative 

integers is d(A) = inf An) 
 , where A(n) is the number of positive 

integers n in the set A. Here in this chapter we discuss asymzt•Dtic 

density. It is interesting to note that the following sets has a 

natural density. 
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Theorem 3.4 

If A is an infinite sequance, then 

ô (A) = urn j n g 
n 

1 fl9Q) fl 

If 5(A) exists, then (A) = urn n/a 
n 

Proof :- 

The sequence k/ak  is a subsequence of A(n)/n and hence 

urn inf --lim inf -a-- 
n.#. n ak. 

If n is any integer > a1  and ak  is the smallest integer 

in A that exceeds n, then akl n  ak  and 

and k 
- = -'a--- - .L < _k 

- = _L. 
ak n ak n n n n 

It follows that -.- < + _L 
ak n n 

An u • 
k 

rn inf urn inf 
ak 

and so the theorem is proved. 

Definition 3.5 

An integer is square - free if it is divisible by no perfect 

square a2  > 1 . We will prove that the set of square - free integers 

has natural denisty. 6/--2 . 

Lemma 3.6 

The functon r (n), representing the number of posiive 

divisors of n, satisfies the inequality t(n) for n1. 
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Proof 

Consider the positive divisors d, of n. Corresponding 

to each d n is the distinct divisor & = n/d and I d' 

Therefore t (n) cannot exceed twice the number of divisor d such 

that 1 - d :!S,1 CearIy the number of these d cannot exceed 

and we have (n) _< 2 .f 

Theorem 3.7 

We have  

Proof 

We can write 
ryl rn 

= '--- z ---- = R S 
m 2 2 m m 

We consider first a fixed integer jm. If d is any divisor 

of j ,say j = dq, then /2(d)/d2  is a term of Rm and 1/q2  is a term 

of Sm and ,M(d)I(dq)2  = /-L(d)/j 2  occurs in 

Then 1/j2  occurs in P 
m 
 with coefficient 

1 if j = 1 

if j > d 

In casse j > m the product /-&(d)/(dq)2  may appear in 

for some divisor d of j. Therefore we can write 

m 

P ( d)+ E (d) i 
m Z 

j:,fll 
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Where 
E, denotes a sum over the appropriate divisor d of j. 

Thus we have 

J . d) 
= 

P -1 = _____ 

C 

m 

C. ' /.&(d) 

c  
and using lemma 3.6, we observe that 

t/(d)I~ \frt(d)IE1 = t(j)2J 
d/j £ilJ lj 

Now we have 

j 

mC 
IT P-1i 

J=H 

c-  2 

Jrr- 

Applying Cauchy's condition to the convergent series 2tj3F2 

we see that I P 
m-1 I tends to zero as m tends to infinity. 

This establishes the theorem. 

Corollary 3.8 
x) 

We have L 
6 

-- = 

dMI  iT 
Proof :— 

It is well known from elementary results in the theory 
01) 

of fourier series that = n 

For instance, it follows by setting x = 0 in the result. 

x2  
- = 

- - + 2 
_ 

co s nx 
2 3 , n2 

which is valid for x in the range 0x.21T. 
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Theorem 3,9 

The set of square - free integers has natural density 6 / ç 2 

Proof :- 

Let S denote the sequance 1,2,3,5,6,7,10 ... of square- 

free integers. For any positive integer n let p, 
, 

Pt'p r denote 

all the primes such that p2  n 

We first wish to prove 

S(n) OL 1+2+3+ 
4OL I1_______________ 1 = (-1)  

2 (p1 P2 .. . p 

Where the sum ranges over the 
2r 

 terms obtained by setting 

each . 0 or 1. 

Now (n / t2 ) is the number of integers n that are divisible y 

t2 , and we can interpret each term on the right side of (1) as 

a count of those integers m n that are divisible by (p1pz ... p T)2  

If m is square-free, 1 m n, then m is counted by the 

term [n] and by no other terms. If 1 m -n and m is divisible 

by p,2 but by no other p2 then m is counted by the terms [ni 

and - [nip2 ], once positively and once negatively, a net count 

of 1 - 1 = 0. To take the general case, consider an integer rn, 

1 in < n, that is divisible by 2 
, p2 ... p , s - 1. but not 

by any of the other p . Then m is counted by the temrs 

j + 

I 
n 

1 ----- ( 2 ) 
I 
L 

1j ajt pOJ 
... 

aJs 
)21 

ji j z J.S .J 
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The net count for this m is thus 

(lr 
+QJ1 + ••• 

= (1)1J 
.(-i)J 0 

since Z-n= 1 + (-1) 0 

This establishes (2). 

Next we note that (2) can be written as 

S(n) 
= 

1:  /A(d) [_._LLI1 --------- 
clip 

In this sum any term which d2 .> n has the factor [nld2] = 0, 

and we can restrict d in (3) to be such that d2 n. 

Infact, we have 

(n) = T /A (d) r n  1 
f_} --------(4)  ci 

where d ranges over all positive integers such that d2  n. Since 

any term in (4) that is not in (3) will belong to a value of d 

that is not square-free. 

In this case the term has the factor/(d) = 0. 

Using corollary 3.8 and (4) we find 

(td2l ) 
S(n) - ._ 72  Q. = 

z 
 ,kd) 

- d2  - 
j(d) -- 

and hence 
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Ir nj n :ii: - _(5 
n 

) 
- 

ILd2 1 J - 

-

J

+ 42:>n 

But ' n n J
,
,  J_ E 1 

1 -
)0 as n—)°O i~—d

n  ~ I 

and ---> 0 as n  

' >fl 

Since -.--  converges. Therefore the right side of (5) 

tends to zero,we have S(n) /n—>-- as n 
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