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In this paper, a new concept called n-fuzzy proximity base
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A"TRODUCTION

jjhe concept of fuzzy topology was first introduced by Chang, C.L. [1]. The problem of
generalizing the concepts of general topological spaces to fuzzy topological spaces has been
carried out by many authors. In 1979 Katsaras [3] introduced the first definition of fuzzy
proximity.

The concept of fuzzy proximity base was first introduced by P. Srivastava and R.L. Gupta
[5] in 1980. They used this concept to study the product of fuzzy proximities and the lattice of
fuzzy proximities. In this paper, a new concept called n-fuzzy proximity base is introduced in
/1. 1t is shown that every n-fuzzy proximity base B,. on X can be extended to a fuzzy
proximity base [Srivastava [5]] on X and it is denoted by It is shown that if is
the n-fuzzy proximity induced by B,, and EMP (B,,)) is the extension of then
P(EXB,,.)) =EmB,,")).

The behaviour of the new concept n-fuzzy proximity in connection with supremum of a
collection of fuzzy proximities and product of a collection of fuzzy proximities is studied in
detail.

AR\AELINIinARY RESULTS

Ayefinition ; 21 [2]

Let I,,= {0, In, 2/n,..., 1}. A 7"-valued fuzzy set on X is an element of the set ofall
functions from X to |,,

Definition : 2.2 [6]

A binary relation p,. on /,' is called an n-fuzzy proximity on X if p,,. satisfies the

following axioms.
228/M09



Forany fg,he I/.

(FP,,. ) /pn. g implies g p,,./

(FP,,. 2) (fvh) p,.g iff/p,,.g or hp,.g

(FP,,,3) /p., gimplies/VO andg™ 0

(FP,~4) /p g implies that there exists an A ¢ X such that / p,* X4 ~nd (1 - xV)
Pr'sS

{FP,.,5) f/\g*Q implies/p,,.g

The pair (X, p,,.) is called an «-fuzzy proximity space.

To extend the concept of n-fuzzy proximity to a fuzzy proximity on X, the concept of nth
order approximation introduced in [2] is required. The definition and properties of nth order
approximations are collected below.

Definition : 2.3

With every fuzzy set / defined on a set X and with every positive integer «, a finite
fuzzy set "f with values in 1,, is associated as follows :

For X" X
(i) if/(x) =0, define "f(x) =0.
@iy if Un <f(x)< (/ + D)/« define "/(x) =(/+ )/n, for ;=0, 1, 2, -1

"f is called the nth upper approximation of /.
Proposition ; 2.4
[ (X)=Un=>"fix)=Hn for /=1,2,...,n
[ <7 foralln.

f<gnr"f< g
f<"g ~ "f<"g
Tf) ="/
"(VA) = V(%)

m m
") = A V)

Definition : 2.5

For each fuzzy set/ on aset X, the nth lower approximation ,,/ is defined as follov/s:
For Xe X,

(i) iffix) = 1define ,,/(x) =1

@ity if Un</(x) < (/ + )/n, define ,,f(x)= Un for ;=0, L 2,...,n- 1

Proposition : 2.6

0] Iffix) =Unthen ,/(xX)=Un for /=0, 4, ...,n- 1

(i) ,,f<f foralln

(iii) f<g * nfrng-



(IV) n/<g = n/<ng

(v) .Gy =nf
(vi) L(AN) = a(,/¥
m m
(vii) (,\’;{*) = Xd( ol
Proposition : 2.7
@ LU-y) =1-7'and "(I-y) = -,/
(i) J<gr=>7<,,qg
(i) /<,9 7<,9,/<"g = ,/<g<"g
(iv) (7)) =r
N %J) =J
(vi) y* 0= 0
Proposition : 2.8
@i If/€ A"then ,,/=/=y
(i) For lc A, 32 = "la = nlA
Proposition : 2.9
Let 0 : A'-> Kbe a function then
(i) Forall/€/e", "(0())) = 0(7)
(ii) Forgiven /e /m; \Q-"(j)) = Q-y'f)
Proposition : 2.10 |6|
Given an «-fuzy proximity p,,., it is extended to a fuzzy proximity as follows :
f{E, (p,,.))g < "f P& "g- Here  (p,,.) is called the extension of p,,..
Definition (Srivastava and Gupta, 5|: 2.11

A binary relation B on is called a fuzzy proximity base on X if . satisfies the
following axioms :

For f,g,h&

(FBI) /B g impliesgB/

(FB2) If/B g and /</', g<g' thenf'Bg"

(FB3) fB g implies and g*Q

(FB4) [E g impliesthere exists A ¢ X such thatf Bjj and(l ~xa) E ¢
(FES) f g * 0 implies/Bg.

HMFUZZY PROXIMITY BASE AMD PRODUCT

jefinition : 3.1
A binary relation B,. on |/ s called an /i-fuzzy proximity base on X if B,,.
satisfies the following axioms.

For f,g,he 1%
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iFB,,,) fB..g" gB,, f

{FB,,.2) IffB,,, g and /< /', g<g' thenf B,,. ¢

(FB,.3) f Byg implies 0and g %0

(FB,.4) [/ g implies there exists A ¢ X such that/ B,. Xa and (1 -Xx)

g
(FS,.5) / Ag ft 0 implies/ B>g.
Definition : 3.2
Given an «-fuzzy proximity base on X. it is extended to on X as follows :

f(EAB,,-))S » YyRn-"'g
Theorem : 3.3
If S,,. isan /7-tuzz>' proximity base then itse xtensionis afuzzy proximity base.
Proof :
Let EJB,,t) be a binary' relation on / s.t. fE;{B,,*) B,, "0
Forfg,he
(FBI) f{EAB,,.))g<™J B,,."g

« "gB,,Y
O g{EAB,,.)f

(FB2) f{E,B,,.))" and /< /" and g"g’
Then '/ "g and "/<"/' and 'g<’Y ’ [Proposition 2.4 (iii)]

=>TB,,."g' =>f'(E(B...))d'
(FB3) f(E,(B,,.))g"7 B,. "g

=>y A0, "g”" 0

and g ft 0 [Proposition 2.7 (vi)]

(FB4) fiEAB,,))) gy B, "g

=>there exists Xj st. y\, Xaand g B,. (1 - x4
=7 S,. xa and "g fi,. "(I-X.4) (Proposition 2.8)

N f {EyB,A)XA and g (£,(S,,..)) (\ ~Xa)
(FB 5) frg ~0 =7 A'gfto
"yB,, . "g”" f(EAB,.))g
Hence E{B,,.) is a fuzzy proximity base.
Result [5, Theorem 3.2|: 3.4

Let B be a fuzzy proximity base on X and let a binary relation P{B) on /' be defined as
follows :

/ P{B) g iffgiven any two families |/e J,} and {g \j e /} withf= v/ and g=v e,
there exists a pair {i,j) e x  such that f, Bg,. [Here J, denotes the set of the first ni



natural numbers]. Then P(E) is the coarsest fuzzy proximity finer than the fuzzy proximity
base B.

Theorem : 3.5
Let By be an n-fuzzy proximity base. Let P(,B,») be defined on as follows :

For/ g e I"fP(B,,>) g iff given any two families {/ e // |/e J,} and {g, e // \je
J,.} with/= Vi, and g = v ¢j, there exists a pair {i,j) inJ,, xJ,,s.t./ B*gj. Then P(B,/) is the
coarsest «-fuzzy proximity on A'finer than the «-fuzzy proximity base B,».

Proof : The proof is simitar to that of Result 3.4.
Theorem : 3.6

Let B,t be an «-fuzzy proximity base on X. Let B = EYB,>) be its extension. Let P{B)
be the fuzzy proximity induced by B and P(S,,.) be the «-fuzzy proximity induced by B
Then P{B) is equal to the extension of P(6,,.) (i.e.) P{EJiB,»)) = B{P(B,>)).

Proof : Let p = P(EX(B,,»y) be the fuzzy proximity induced by and
p' = ENP{B,,») be the extension of P(B,>).

First to prove p > p'

For/ g e 7~ assume/p g
Ipg~yp”rg [V "/>/and "g > g]

Let y = V{/;/l€ y,} and "g = V{gyly6/,} | . (1)
Then y=«(7) = v(y) |
and "g = nCy) = VCgj) r [Proposition 2.7 (iv) and 2.4 (vi)j

Then yp "gryPiEM -))"]

=>there exists (/,y) such that (JJ) ENB,..) ("j)

="(/) B, Xgj)

=y B, [Proposition 2.7 (v)J

=fi B* gj [Proposition 2.6 (ii) and by FB2] ... (2)
(1) and (2) =y PB,)"g fEmBn*) g~ fp'g

Next to prove p’>p
Assume /p'g. Let/ = v {'11€ J,.;} and g=v {gj\Je J,}

Then “I=v (), "g=v(w ()
fp'g E'P{B..)) 9
"yp{B..rg
=> there exists a pair (j,j) e st. "fB>"g
MMIEN (B,,) g
(1) and (2) = f P{E.{B.,.))9" fpyg

Hence P=P-



Result |5, Theorem5.1]: 3.7

Let {mo, la e Q} be a non-void collection of fuzzy proximities on a set X. Then there
exists a coarsest fuzzy proximity p on such that p > p, forevery a e Q. Here p is
denoted by sup p,.

Theorem : 3.8

Let {p.,ala e Q} be a non-void collection of «-fuzzy proximities on X. Then there
exists a coarsest «-fuzzy proximity p,. on X st p,. > p,<oforevery a e Q. Here p,,. is

denoted by sup{p,,”"}.
a€fl

Proof : Let B» = n {p,*ala e Q}. Then B,. can easily be proved to be an n-fuzzy

proximity base. Then the n-fuzzy proximity induced by B,,. is the coarsest n-fuzzy
proximity finer than every p,,.a.

Theorem : 3.9

Let {p,., la e Q} be a non-empty collection of «-fuzzy proximities on I;". Let p,, = Ey

(p,-8). Then E, (Supp,.») = supp, = sup (£,(p,-2))

Proof : Let p = £, (supp...)

p' = sup (E"(p,.J)

First to prove Ipg=/p'g, forfge I
Let [ =V{illel} adg =V {g e J} . @)
"/= V ry-} and

Now sup p,,.,, is induced by B* = n {p,a} and p' = sup (E" (p,.") is induced by

B=n {£Xp,J}-
Now fP g~ f(.Ex (supp...))d

>"[ (supp,.-») "9
a

>there exists (/,y) e X St B,. "0,
>Ji P<¢fa"gp V a
>f £Xp,,*a)g/, V a
>fi £.(P,.)&
=y"Bgj ...(2)
(1) and (2) ~/p'g
p>p
Next to prove, /p'g =/ pg
fp'g” "fp"y [V r>/and 'g>g\



Let T =V {ml/el} and "g=v{gly € .. ()
Then "/= ,('» = v (/) and "g = ,("9) = v(,»,) [2.7 (iv) and 2.6 (vii)]
y P'"g =>thereexists (J,j) e J,,xJ,, st B
=>/ (Er(P>Q).d, V a
=>'"C/D (P»*a) V a
=/l (P«'a)n&, “ [V \nf) =
=>/ (p-*a)g/, V a [: fi > and gj > ,g]
=>y p*a Va =>/(5,.)9/ ...(2)
(and(2) =>y(sup p,..,)"9
=>/(£, (sup p...J) 9
=>/Pg
p'>p. Hence p=p.
Definition [Katsaras, 4| : 3.10

Let (X, p) and (T, p') be two fuzzy proximity spaces. Thenamap 0:(X,p) (K p)
is called a fuzzy proximity mapping iffforall/ g €

P g <> 0() (P) 0(9)-
Definition : 3.11

Let (X, p,..) and (T, p',,.) be two «-fuzzy proximity spaces. Thenamap 0 : (X, p,,.) -> (T,
P« iscalled an ii-fuzzy proximity mapping iff for all/,g e //, /Ip,,* g «<>0(/) (p',,.)

0(9).

In Proposition 2.10 it is proved that every «-fuzzy proximity p,. induces a fuzz>'
proximity £j(p,,.). The following theorem shows that the map p,,. —/XPnO is functorial.

Theorem : 3.12
0:{X p,.) -> (T, p',.) isan «-fuzzy proximity mapping
= 0: (A £v (p<*) (y, Ex{p',®) isa fuzzy proximity mapping.
Proof : Letfg e
Assume that 0 : {X, p,,.) -> (T, p',,.) is an «-fuzzy proximity mapping.
Now  f(E” (p.,.))g=-y (P«0"g
="0(7)(p'»-)0("9)
Ao (eV) "0() [Proposition 2.9 (i)]
="0(0)(E.(pV)) 0(9)
0: (A E£lp,.)) (T, £:t(p',,.)) is a fuzzy proximity mapping.
Theorem [5, Theorem 7.1] : 3.13

Let X be asetand let F be a non-void family of functions, each member a of F
being on X into a fuzzy proximity space (Ya, pj. Then there exists a coarsest fuzzy
proximity on X such that each member of F is a fuzzy proximity mapping.



Theorem : 3.14

Let X beasetand 5 be anon-void family of functions, each member a of S being on
X into an «-fuzzy proximity space (Fa, P«*a)- Then there exists a coarsest fuzzy proximity p,,.
on X such that each member of S is an w-fuzzy proximity mapping.

Proof : Define a binary relation on// st for/ge / B,go a()(p,") a@)
forevery a e S. Then B,* is an «-fuzzy proximity base and P{B,,*) is the required fuzzy
proximity in the theorem.

Theorem : 3.15

Let X beasetand 5 be anon-void family functions, each member a of S beingon X
into an w-fuzzy proximity space (F,, pn*a)- Let p,. be the coarsest /i-fuzzy proximity on X
such that each a is an «-fuzzy proximity mapping. Let E¥{p,>8) be the extension of
Py V @ Let p be the coarsest fuzzy proximity on X such that each

a ; {X, p) -> (Fe> £v(p'n*a)) > a fuzzy proximity mapping. Then p = £i(p,,*)-
Proof ; Let 5,,. be defined on I/ as follows :
For/, g e fB,,>g<=> a(/) p'..»a(g), Va e F. Then from Theorem 3.14, B,, isan

«-fuzzy proximity base and p,. = F(S,,.) is the coarsest «-fuzzy proximity making each a :
X p.») (Fa P«*a), an n-fuzzy proximity mapping.

Let B be defined on 7* as follows ;
Forf,ge. 1,f Bg o aff) (Ei(p',*a)) ot(g), V a e c. Now from Theorem 3.13 S isa

fuzzy proximity base and p = T(B) is the coarsest fuzzy proximity makingeach a : p) —
(Fa, £v (p',,*a)), a fuzzy proximity mapping.

Now fBg o "(a(/)) (P'«*a)"(ct(g)), Va 65

o a(7) p.aa('g), Vaebd [Proposition 2.9 (i)]
o JB,,. "g «/(£.(5,.))9
B =E,(B,,.)

p = P(B)-P(EAB,,>))
=EAP{B,,>)) [Theorem 3.6)] = £7(p,,.)

. p= E(p.»)
Result [5, Theorem 7.3) : 3.16

Let {(Xa Pa) la € Q} be a non-void collection of fuzzy proximity spaces and let
V= ]~[ X~. The binary relation B on 7~ defined by fBg o n”if) P(B) Ua(g) for
aefi
every a € Q is a fuzzy proximity base on X for the product fuzzy proximity n pa. (Here
T denotes the projection map from A'to .Fa).

Definition : 3.17

Given a collection {(Fa, p,*a) | a e Q} of n-fuzzy proximity spaces, the coarsest «-fuzzy
proximity on the product A'= n A,,, such that each projection map is an «-fuzzy proximity

mapping, is called the product /i-fuzzy proximity ]~[ P . «



Theorem : 3.18

Let {{x0i, p,,.J la € Q} be a non-empty collection of «-fuzzy proximity spaces and let
A'=nXe,. The binary relation on /ldefined by fB,,.g < @ () p,,» (9), VacQ
is an «-fuzzy proximity base on// for the product /j-fuzzy proximity p,,. = p~.

Proof : Proof follows from Theorem 3.14.
Theorem : 3.19

a a

PROOF : Using the notations of the Theorem 3.15 and the Definition 3.17, the product
of extensions of p,,.,, and the extension of the product of/j-fuzzy proximities coincide.
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