I S \y*a-Homeomorphisms in
Topological Spaces

5.1 Introduction

Several weaker and stronger forms of closed maps in topological spaces were
introduced and investigated by many topologists. Malghan (1982) introduced the concept of
generalized closed maps in topological spaces. Ramya and Parvathi (2013) introduced the
concept of yg-closed maps in topological spaces. The notion of homeomorphism plays an
important role in topology. A homeomorphism between two topological spaces X and Y is
a bijective map f: X — Y when both f and f' are continuous. Maki et al. (1991a)

introduced g-homeomorphisms and gc-homeomorphisms.

In this chapter a new class of closed maps called \y*a-closed maps is introduced and
dependency and independency relations with various closed maps are obtained. Further
quasi \y*a-open maps, quasi w*a-closed maps and \y*a-quotient maps are introduced and
studied their properties and characterizations. Using \V*(x-open maps a new class of maps
called y o-homeomorphisms is introduced and their properties are discussed.
w*aC—homeomorphisms using \y*a-irresolute maps is defined and proved that
v aC-homeomorphisms form a group under the operation composition of maps. Also
\V*a—compact spaces and w*a—connected spaces are defined and their properties are

discussed.

5.2 w*a-closed maps

In this section, w*a-closed maps and w*a-open maps are introduced and some of
their properties are discussed. It is shown that the composition of two w*a-closed

(" a-open) maps need not be a y a-closed (y a-open) map.

Definition 5.2.1 A map f: (X, 1) — (Y, o) is called w*a-closed if f(A) is \y*a-closed in
(Y, o) for each closed set A in (X, 1).
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Example 5.2.2 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {b}, {a, b}, X} and o= { ¢, {a}, {b},
{a,b}, {a,c}, Y}. Let f:(X, 1) — (Y, 0)Dbe the identity map. Then fis a \y*a-closed map.

Proposition 5.2.3

(i) Every closed map f: (X, 1) — (Y, o) is a y a-closed map.
(ii) Every a-closed map f: (X, 1) — (Y, o) is a y a-closed map.
(iii)) Every regular closed map f: (X, 1) = (Y, 0)isa w*a-closed map.

Proof: Since every closed set, a-closed set and regular closed set is a v a-closed, the result

follows.

The converse of the statements in the above proposition need not be true as seen

from the following example.

Example 5.24 Let X =Y = {a, b, ¢}, 1= {9, {c}, X} and o = {¢, {a, b}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) = ¢, f(b) = a, f(c) = b. Then f is a y o-closed
map but not a closed map, not an a-closed map and not a regular closed map, since for the
closed set {a, b} in (X, 1), f({a, b}) = {a, ¢} is not closed, not a-closed and not regular
closed in (Y, o).
Proposition 5.2.5

(i) Every \p*a—closed map f: (X, 1) — (Y, o) isa g,-closed map.

(i) Every \V*a-closed map f: (X, 1) — (Y, o) is a ga-closed map.

(i) Every \y*a-closed map f: (X, 1) — (Y, o) is a ag-closed map.

(iv) Every \u*a-closed map f: (X, 1) — (Y, o) isay-closed map.

(v) Every \u*a—closed map f: (X, 1) — (Y, o) is a yg-closed map.

Proof: Since every \y*a-closed set is g, -closed, ga-closed, ag-closed, y-closed and

yg -closed, the result follows.

The converse of the statements in the above proposition need not be true as seen

from the following examples.

A New Form of Generalized Closed Sets in General Topology 76



Chapter 5

Example 5.2.6 Let X =Y = {a, b, ¢, d}, 1= {0, {a}, X} and o= {¢, {d}, {a, b}, {a, b, d},
Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) = b, f(b) =c, f(c) = a, f(d)=d. Then fis
a g,-closed map but not a \y*a-closed map, since for the closed set {b, c, d} in (X, 1),

f({b, c,d}) = {a, c, d} is not \V*a-closed in (Y, o).

Example 5.2.7 Let X =Y = {a, b, ¢}, 1= {¢, {b}, {c}, {b, c}, X} and 5 = {¢, {a}, {b, c},
Y}. Let £ : (X, 1) — (Y, o) be a map defined by f(a) = b, f(b) = c, f(c) = a. Then fis a
ga closed map and ag-closed map but not a y o-closed map in (Y, o), since {a, ¢} is

closed in (X, 1) but f({a, c}) = {a, b} is not \V*(x-closed in (Y, o).

Example 5.2.8 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {a, b}, X} and o = {¢, {a}, {b},
{a, b}, Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) = b, f(b) =c, f(c) =a. Then fis
a y-closed map and a yg-closed map but not a \u*a—closed map in (Y, o), since {c} is

closed in (X, 1) but f({ c}) = {a} is not \y*a-closed in (Y, o).

Remark 5.2.9 The following examples show that y a-closed map is independent from a
g-closed map, a g -closed map, a §-closed map, a g’-closed map, a "g-closed map and a

g-closed map.

Example 5.2.10 Let X =Y = {a, b, ¢}, 1= {¢, {a, b}, X} and o = {9, {a}, {a, b}, Y}. Let
f: (X, 1) = (Y, o) be a map defined by f(a) = c, f(b) =a, f(c) =b, Then fis a \y*(x-closed
map but not a g-closed, g*-closed, g-closed, g"-closed, *g-closed and g-closed maps, since
for the closed set {c} in (X, 1), f({c}) = {b} is not g-closed, g*-closed, g -closed,
g"-closed, *g-closed and g-closed in (Y, o).

Example 5.2.11 Let X =Y = {a, b, ¢, d}, 1= {¢, {a, b}, X} and ¢ = {¢, {d}, {a, b},
{a,b,d} Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) =d, f(c) = c, f(d)=b.
Then fis a g-closed, g*-closed, g-closed, g#-closed, *g-closed and g-closed map but not a
v a-closed map, since for the closed set {c, d} in (X, 1), f({c, d}) = {b, ¢} is g-closed,
g*-closed, g-closed, g#-closed, *g-closed and g-closed in (X, 1) but not \y*a-closed in

(Y, o).
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Remark 5.2.12 The above observations are depicted by the following diagram.

W a-closed g-closed map
/ map
ag-closed o

v

Properties of w*u-closed maps

Proposition 5.2.13 A map f : (X, 1) — (Y, o) is \y*a-closed if and only if
\u*acl(f(U)) c f(cl(U)) for every subset U of (X, 7).

Proof: Let U be any subset of (X, 1). Since cl(U) is closed in (X, t) and f is \y*a-closed,
f(cl(U)) is y o-closed in (Y, o). Since f(U) < f(cl(U)), v acl(f(U)) < v acl(f(cl(U))) =
f(cl(U)). Therefore \V*acl(f(U)) c f(cl(U)).

Conversely, let U be any closed set in (X, t). Then U = cl(U) and so f(U) = f(cl(U)).
By hypothesis, y acl(f(U)) < f(cl(U)) = f(U). Hence y acl(f(U)) = f(U). Therefore f(U) is

w*a-closed setin (Y, o). Hence fis a w*a-closed map.
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Theorem 5.2.14 Amap f: (X, 1) — (Y, 0) is \V*a-closed if and only if for each subset S of
(Y, o) and for each open set U containing 1(S) there exists a w*a-open set V of (Y, o)
suchthatS Vandf'(V) U.

Proof: Let S be a subset of (Y, 6) and U be a open set in (X, 1) containing f 1(S). As U is
open, X — U is closed. Since fis a \v*a-closed map, f(X - U) is a \y*a-closed set in (Y, o).
Hence Y — f(X — U) is a \u*a-open set. Let V. =Y — f(X — U). Since f'(S) U,
X-U X-f'S)=f(Y-S)implies iX-U) Y-Sie,S Y- (f(X-U))=V. Since
V=Y-fX-U),f(X-U) Y-VimpliesX-U f'(Y-V)=X-f'(V). Hence
fi(v) U.

Conversely, let S be a closed set of (X, t). Then f'[Y - f(S)] X -—S and X —S is open.
By hypothesis, there exists a w*a-open set V of (Y, o) such that Y — f(S) V and
f1(V) X -—SwhichimpliesS X-f'(V).HenceY-V fS) fIX-f'(V)] Y-V.
Therefore f(S) = Y —V. Since Y — V is \u*a—closed, f(S) is \y*a—closed. Hence f is a

\y*a-closed map.

Theorem 5.2.15 If f: (X, 1) — (Y, o) is a pre a-closed and yg-irresolute map and A is a
w*a—closed subset of (X, 1), then f(A) is a \p*a—closed setin (Y, o).

Proof: Let U be any yg-open set in (Y, o) such that f(A) U. Since f is yg-irresolute,
£1(U) is yg-open in (X, 7). Since A is a \y*a-closed subset of (X, 1), acl(A) f'(U). Since
fis pre a-closed and acl(A) is a-closed in (X, 1), f(acl(A)) is a a-closed set contained in
the wyg-open set U which gives acl(f(acl(A))) U and so A acl(A). Therefore
f(A))  f(acl(A)), acl(f(A))  acl[f(acl(A))]  U. Hence f(A) is a y o-closed set in
(Y, o).

Theorem 5.2.16 If f: (X, 1) — (Y, 0)isa w*a-closed map and A is a closed set in (X, 1)

then fj: (A, 1a) = (Y,0)1s \u*a—closed.

Proof: Let A be a closed set in (X, 1) and B be a closed set in (A, ta). Then B=A N F,
for some closed set F in (X, 1) which implies B is closed in (X, 1). Since f is \y*a-closed,

f(B) = (fA)(B) is y a-closed in (Y, o). Hence f, is y o-closed.
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Composition of \V*a-closed maps

Remark 5.2.17 The composition of two w*a-closed maps need not be a \y*a-closed map as

seen from the following example.

Example 5.2.18 Let X =Y =Z = {a, b, c}, 1= {¢, {b}, {c}, {b, c}, X}, o = {¢, {a, b}, Y}
and n= {¢, {a}, {b, c}, Z}. Let f : (X, 1) — (Y, o) be a map defined by f(a) =c, f(b) =a,
f(c)=band g: (Y, o) — (Z, n) be a map defined by g(a) =b, g(b) =c, g(c) = a. Then fand
g are \y*a-closed maps but their composition gef : (X, 1) — (Z,n) is not a \y*a-closed map,

since for the closed set {a, ¢} in (X, 1), (g°f)({a, c}) = {a, c} in not w*u-closed in(Z, n).

Proposition 5.2.19 If f : (X, 1) — (Y, o) and g : (Y, 6) — (Z, 1) are y o-closed maps and
(Y, o) is a y«,Tc-space, then gof : (X, 1) — (Z, ) 1s a \y*(x-closed map..

Proof: Let U be any closed set in (X, 1). Then f(U) is \y*a-closed in (Y, o) as fis
v a-closed. Since (Y, o) is a v Lc-space, f(U) is closed in (Y, o). Since g is v a-closed,

(gof)(U) = g(f(U)) is ¢ a-closed in (Z, n). Thus gof is a y o-closed map.

Corollary 5.2.20 If f: (X, ) — (Y, ) is a y a-closed map and g : (Y, 6) — (Z, 1) is a pre

a-closed and yg-irresolute map, then gof : (X, 1) — (Z, n)) is a y a-closed map.

Proof: Let A be any closed set in (X, 7). Then f(A) is \y*a-closed in (Y, o), as f is
\y*a-closed. Since g is both pre a-closed and wyg-irresolute, then by Theorem 5.2.15

g(f(A)) = (g°H)(A) is w*a-closed in (Z, n). Therefore gefisa \y*a-closed map

Proposition 5.2.21 If f: (X, 1) > (Y, 0)isaclosed mapand g : (Y, 0) — (Z, n)isa
\y*a-closed map, then gof : (X, 1) = (Z, 1) isa \y*a-closed map.

Proof: Let B be a closed set in (X, t). Then f(B) is closed in (Y, o) as f is closed and

(g°f)(B) = g(f(B)) is w*a-closed in(Z,m)asgis w*a-closed. Thus gofisa w*a-closed map.

Remark 5.2.22 If f: (X, 1) —» (Y, 0)is a \y*a-closed map and g: (Y,o0) — (Z,n)isa
closed map then their composition gof : (X, 1) — (Z, n) need not be a w*a-closed map as

seen from the following example.
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Example 5.2.23 Let X =Y =Z = {a, b, c}, 1= {, {a}, {a, b}, X}, o = {¢, {a, b}, Y} and
n = {¢, {a}, {b, c}, Z}. Let £ : (X, 1) — (Y, o) be the identity map and
g: (Y, 0) — (Z, ) be a map defined by g(a) = c, g(b) =b, g(c) =a. Then fis a y o-closed
map and g is a closed map but their composition gof : (X, 1) — (Z, 1) is not a \u*a—closed
map, since for the closed set {b, c} in (X, 1), (g°f)({b, c}) = {a, b} in not \V*a-closed in
(Z, n).

Proposition 5.2.24 If f: f: (X, 1) = (Y, o) isaclosed mapand g: (Y,0) — (Z,n)isa
closed (resp. an a-closed and a regular closed) map, then gof : (X, 1) — (Z, n) is

a w*a-closed map.

Proof: Let A be a closed set in (X, 1). Then f(A) is a closed set in (Y, o) as f is a closed
map and (g°f)(A) = g(f(A)) is a closed (resp. a-closed and regular closed) set in (Z, 1), as g
is a closed (resp. a-closed and regular closed) map. Since every closed (resp. a-closed and

regular closed) set is a w*a-closed set, gef is a w*a-closed map

Proposition 5.2.25 Let f: (X, 1) — (Y, o) be any map and g : (Y, 6) — (Z, n) be an
injective \p*u-irresolute map. If gof : (X, 1) > (Z, ) is a \y*a-closed map, then fis a

w*a-closed map

Proof: Let A be any closed set in (X, 1). Since gef is w*a-closed, (geh)(A) is \y*a-closed in
(Z, m). Since g is y a-irresolute and injective, g’ (gof)(A) = f(A) is a y o-closed set in

(Y, o). Hence fis a \y*a-closed map.

Proposition 5.2.26 If f : (X, 1) — (Y, o) is aclosed map and g : (Y, 5) — (Zn) is a
\y*a-closed map, then gof : (X, 1) — (Z, n) is a g -closed (resp. go-closed, ag-closed,
y-closed and yg-closed) map.

Proof: Let A be a closed set in (X, t). Then f(A) is a closed set in (Y, o) as f is closed and
(g°DH)(A) = g(f(A)) is \y*a-closed in(Z,m)as gis \y*a-closed. Since every w*a-closed set is
g.-closed (resp. ga-closed, ag-closed, y-closed and yg-closed), gof is a g, -closed (resp.
ga-closed, ag-closed, y-closed and yg-closed) map.
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Theorem 5.2.27 Let f: (X, 1) = (Y,0)and g: (Y, 6) — (Z, n) be any two maps such that
gof: (X,1) > (Z,n)isa \y*a-closed map. Then the following statements are true.

(i) If fis a surjective continuous map, then g is a " a-closed map.

(i) If fis a surjective completely continuous map then g is a y a-closed map.

(i) If f is a surjective o-continuous (resp. g-continuous, oag-continuous and
g*-continuous) map and (X, 1) is an a-space (resp. Ty -space, (Tb-space and
T*l/z-space) then g is a w*a-closed map.

(iv) If g is a quasi y o-continuous (resp. perfectly y a-continuous) and injective

map, then fis a closed map.

Proof: (i) Let V be any closed set in (Y, o). Since f is continuous, f'(V) is closed in (X, 7).
Since gef is \y*a-closed and f is surjective, (gof)(f 1(V)) =g(V) is w*a-closed in (Z, n).

Therefore g is a \p*(x-closed map.

(i) Let V be any closed set in (Y, o). Since f is completely continuous, f '1(V) is regular
closed in (X, 7). Since every regular closed set is closed, £'(V) is closed in (X, 1). Since gof
is \y*a-closed and f is surjective, (gof)(f 'v)) = g(V) is \V*(x-closed in (Z, n). Therefore g is

a y o-closed map.

(i) Let V be any closed set in (Y, o). Since f is a-continuous (resp. g-continuous,
ag-continuous and g*—continuous) f 1(V) is oa-closed (resp. g-closed, ag-closed and
g -closed) in (X, 1). Since (X, 1) is an o-space (resp. Typ-space, ¢Tp - space and
T*l/z-space), f1(V) is closed in (X, 7). Since gof is \y*a-closed and f is surjective,

(gof)(f'(V)) = g(V) is ¢ a-closed in (Z, n). Therefore g is a y a-closed map.

(iv) Let U be any closed set in (X, t). Since gof is y a-closed in (Z, 1), (g°H)(U) is
\y*a-closed in (Z, n). Since g is quasi w*u-continuous (resp. perfectly \y*a-continuous) and

injective, g ' ((gef)(U)) = f(U) is closed (resp. clopen) in (Y, o). Therefore fis a closed map
v a-open maps

Definition 5.2.28 A map f : (X, 1) — (Y, o) is called W*a-open if f(A) is w*a-open in
(Y, o) for each open set A in (X, 7).
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Example 5.2.29 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {b}, {a, b}, X} and o = {¢, {a}, {b},
{a,b}, {a,c}, Y}. Let f:(X, 1) — (Y, 0)Dbe the identity map. Then fis a w*a-open map.

Theorem 5.2.30 Let f: (X, 1) — (Y, o) be a bijective map. Then the following statements

are equivalent.

(a)fisa \y*a-open map
(b)fisa \y*a-closed map

) f':(Y,0)— (X, 1) is \y*a—continuous.

Proof: (a) = (b) Let A be any closed set in (X, ). Then X — A is open in (X, 7). By (a),
f(X-A)=Y—-1(A)is \y*u-open in (Y, o). Therefore f(A) is \y*a-closed in (Y, o) and hence
fis \y*a-closed.

(b) = (c) Let A be any closed set in (X, 1). Since fis w*a-closed, f(A) = (fH'(A)
is y'a-closed in (Y, o). Hence f' is y o-continuous.

(c) = (a) Let A be an open set in (X, 7). By (c), f(A) = (f')'(A) is \p*a—open in
(Y, o). Hence fis y a-open.

Theorem 5.2.31 A map f : (X, 1) — (Y, o) is \p*a—open if and only if f(int(U))
\y*aint(f(U)) for every subset U of (X, 7).

Proof: Let U be any subset of (X, 1). Since int(U) is open in (X, t) and f is w*a-open,
f(int(U)) is \p*a-open in (Y, o). Since int(U) < U, \p*aint(f(int(U))) c \V*aint(f(U)).
Since f(int(U)) 1is w*a-open in (Y, o), w*aint(f(int(U))) = f(int(U)). Hence
f(int(U)) v aint(f(U)).

Conversely, let U be an open set in (X, t). Then U = int(U), f(U) = f(int(U)) < \u*a
int(f(U)). Hence f(U) = \V*a int(f(U)). Therefore f(U) is a \y*a-open set in (Y, o). Thus fis

v o-open.

5.3 Quasi w*a-open maps and quasi w*a—closed maps

In this section, quasi \V*a-open maps and quasi \V*a-closed maps are introduced and

some of their properties and characterizations are obtained.
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Definition 5.3.1 A map f: (X, 1) — (Y, o) is called quasi \y*a—open if f(A) is open in
(Y, o) for each w*a-open set A in (X, 1).

Example 5.3.2 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {a, b}, X} and 5 = {¢, {a}, {b}, {a, b},
{a,c}, Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) =c, f(c) =b. Then fis

. *
quasi y a-open.

Theorem 5.3.3 A map f: (X, 1) — (Y, o) is quasi w*a-open if and only if for every subset
U of (X, 1), f(y aint(U)) < int(f(U)).

Proof: Let f be a quasi \p*a—open map. Let U be a subset of (X, 7). Since int(U) < U and
v aint(U) is a y o-open set and y aint(U)) < U, f(y aint(U)) < f(U). As f is quasi
v a-open, f(y aint(U)) is open and f(y aint(U)) = intf(y aint(U))  int(f(U)). Therefore
f(y 0int(U)) < int(f(U)).

Conversely, assume that U is a w*a-open set in (X, 1).Then f(U) = f(\y*aint(U)) c
int(f(U)) but int(f(U)) < f(U). Consequently, f(U) = int(f(U)) and hence f is quasi

v o-open.

Theorem 5.3.4 If f: (X, 1) — (Y, o) is quasi \v*a-open then \u*a int(f1(G)) < f'(int(G)),
for every subset G of (Y, o).

Proof: Let G be any arbitrary subset of (Y, o). Then y aint(f'(G)) is a y a-open set in
(X, 1). Since f is quasi y a-open, f(y aint(f'(G))) < int(f(f'(G))) < int(G). Thus
v o int(f'(G)) < f(int(G)).

Definition 5.3.5 A subset A is called a w*a-neighbourhood of a point x of (X, 1)

if there exists a y a-open set U such that x € U < A.

Theorem 5.3.6 Let f : (X, 1) — (Y, o) be a map. Then the following statements are

equivalent:

(1) fis a quasi \u*a—open map

(i1) For each subset U of (X, 1), f(\y*aint(U)) c int(f(U)
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(iii)  For each x € X and each \p*a—neighbourhood U of x in (X, 1), there exists a

neighbourhood V of {(x) in (Y, o) such that V c f(U).

Proof: (i) = (ii) It follows from Theorem 5.3.3.

(i1) = (iii) Let x € X and U be an arbitrary \|/*(x - neighbourhood of x in (X, 1). Then there
exists a \y*a-open set Vin (X, 1) such that x € V < U. Then by (ii), f(V) = f(w*aint(V)) c
nt(f(V)) and hence f(V) = int(f(V)). Therefore f(V) is open in (Y, o) such that
f(x) € f(V) c f(U).

(iii) = (i) Let U be an arbitrary y a-open set in (X, ). Then for each y € f(U), by (iii) there
exists a neighbourhood Vy of y in (Y, o) such that Vy < f(U). As V is a neighbourhood of
y, there exists an open set Wy in (Y, o) such that y € Wy < V,. Thus
f(U) = u {W, : y € f(U)} which is an open set in (Y, o). This implies that f is a quasi

v 0-open map.

Theorem 5.3.7 A map f: (X, 1) — (Y, o) is quasi \V*(x-open if and only if for any subset
B of (Y, o) and for any \V*(x-closed set F in (X, 1) containing '(B), there exists a closed
set G of (Y, o) containing B such that f G) cF.

Proof: Suppose f is a quasi w*a-open map. Let Bc Y and F be a \y*a-closed set in (X, 1)
containing f'(B). Let G = Y — [f(X — F)]. It is clear that f'(B) ¢ F which implies
B c G. Since f is quasi y a-open, G is a closed set of (Y, o) and f(G) c F.

Conversely, let U be a \u*a-open set in (X, t) and let B=Y — f(U). Then X — U is
a \u*a-closed set in (X, 1) containing f'(B). By hypothesis, there exists a closed set F in
(Y, o) such that B — F and fl(F) c X — U. Hence f(U) c Y — F. Now B c F implies

Y - F cY-B=1f(U). Thus f(U) =Y — F is open and hence f is a quasi \u*a—open map.

Theorem 5.3.8 A map f : (X, 1) — (Y, o) is quasi \p*a—open if and only if
f1(cl(B)) < y'acl(f'(B)), for every subset B of (Y, o).

Proof: Suppose f is a quasi \y*(x-open map. For any subset B of (Y, o),
£1(B) < v acl(f'(B)). Therefore by Theorem 5.3.7, there exists a closed set F in (Y, ©)
such that B < F and f'(F) < y"a cl(f '(B)). Therefore f ' (cl(B)) < f '(F) < y acl(f (B)).

A New Form of Generalized Closed Sets in General Topology 85



Chapter 5

Conversely, let B < Y and F be \u*a—closed in (X, 1) containing f'(B). Let
W = cI(B), then B « W and W is closed and f'(W) « v acl(f'(B)) = F. Then by

Theorem 5.3.7, f is a quasi \p*a—open map.

Proposition 5.3.9 Let f: (X, 1) — (Y, 0) and g: (Y, o) — (Zm) be two maps and
gof : (X, 1) — (Z,m) is a quasi w*a-open map. If g is a continuous and injective map, then

fis a quasi \u*a-open map.

Proof: Let U be a \p*a-open set in (X, 7). Then (gef)(U) is open in (Z, n) as gof is quasi
v 0-open. Since g is an injective continuous map, g ((gef)(U)) = f(U) is open in (Y, o).

. . *
Hence f is a quasi y a-open map.

Remark 5.3.10 The above proposition is also true if g is an injective and completely

continuous map, since every regular closed set is closed.

Definition 5.3.11 A map f: (X, 1) — (Y, o) is called quasi w*a—closed if f(A) is closed in
(Y, o) for each \u*a—closed set A in (X, 1).

Example 5.3.12 Let X =Y = {a, b, c}, 1= {¢, {a}, {a, b}, X} and o = {¢, {a}, {b}, {a, b},
{a,c}, Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) =c, f(c) =b. Then fis

a quasi y a-closed map.

Theorem 5.3.13 Every quasi \y*oc-closed map is a closed map as well as a \y*u-closed map

but not conversely.

Proof: Follows from the fact that every closed set is w*u-closed.

Example 5.3.14 Let X =Y = {a, b, c}, 1= {0, {a}, X} and ¢ = {¢, {a}, {b}, {a, b}, Y}.
Let f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) = c, f(c) =b. Then f is clearly a
closed map as well as a \y*a-closed map but not a quasi \V*(x-closed map, since {c} is

\y*a—closed in (X, 7) but f({c}) = {b} is not closed in (Y, o).

Theorem 5.3.15 A map f : (X, 1) — (Y, ©) is quasi W*a-closed if and only if for every
subset U of (X, 1), cl(f(U)) < f(y acl(V)).
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Proof: This proof is similar to the proof of Theorem 5.3.3.

Theorem 5.3.16 A map f: (X, 1) — (Y, o) is quasi \V*a—closed if and only if for any subset
B of (Y, 6) and for any w*a-open set G in (X, 1) containing f'(B), there exists an open set
U of (Y, o) containing B such that f U) cG.

Proof: This proof is similar to the proof of Theorem 5.3.7.

Theorem 5.3.17 Let (X, 1) and (Y, o) be any two topological spaces. Then
f: (X, 1) — (Y, o) is quasi y a-closed if and only if f(X) is closed in (Y, o) and
f(V) — [f(X = V)] is open in f(X) whenever V is \V*a-open in (X, 1).

Proof: (Necessity) Suppose f : (X, 1) — (Y, o) is a quasi \y*a-closed map. Since X is
\y*a-closed, f(X) is closed in (Y, o) and f(V) — [f(X — V)] = (V) N f(X) — [f(X - V)] is
open in f(X) when V is y a-open in (X, 1).

(Sufficiency): Suppose f(X) is closed in (Y, o), f(V) — [f(X — V)] is open in f(X) when V
is \p*a-open in (X, t) and let C be closed in (X, t). Then f(C) = f(X) — [{(X — C) —(C)]

is closed in f(X) and hence closed in (Y, o).

Corollary 5.3.18 Let (X, 1) and (Y, o) be topological spaces. Then a surjective map
f: (X, 1) — (Y, o) is quasi \y*a-closed if and only if f(V) — f(X — V) is open in (Y, o)

whenever V is y a-open in (X, 1).

Proof: Obvious

Theorem 5.3.19 Let (X, 1) and (Y, o) be topological spaces and let f: (X, 1) — (Y, o) be
a y o-continuous and quasi y o-closed surjective map. Then the topology on (Y, o) is

{f(V) = [f(X = V)] : V is y a-open in (X, T)}.

Proof: Let W be open in (Y, o). Then f'(W) is y'o-open in (X, 1) and
fIf '(W)] = [f(X — £'(W))] = W. Hence all open sets in (Y, o) are of the form
f(V) - [f(X = V)], V is \y*a-open in (X, 7). On the other hand, all sets of the form
f(V)-[f(X-V)],Vis \u*a—open in (X, 1), are open in (Y, &) from Corollary 5.3.18.

A New Form of Generalized Closed Sets in General Topology 87



Chapter 5

Proposition 5.3.20 Let f: (X, 1) — (Y, o) and g: (Y, 6) — (Z, n) be any two maps such
that gef: (X, 1) — (Z, n) is a quasi \V*a-closed map. Iffisa \V*a-irresolute surjective map,

then g is a closed map.

Proof: Let V be a closed set in (Y, o). Since every closed set is a \y*a-closed setand fis a
\y*a—irresolute map, f'(V) is a \u*a—closed set in (X, 7). Since gof is a quasi \u*a—closed map

and fis surjective, (gof)(f V) = g(V) is closed in (Z, n). Hence g is a closed map.

Proposition 5.3.21 If f: (X, 1) = (Y, 0)and g : (Y, 6) — (Z, n) are quasi \u*a—open (resp.
quasi \y*a-closed) maps then gof : (X, 1) — (Z, 1) is also a quasi \y*a-open (resp. quasi

v a-closed) map.

Proof: Let U be any \y*a-open (resp. \y*a-closed) set in (X, 1). Then f(U) is open (resp.
closed) in (Y, o) as f is quasi \V*a-open(resp. quasi w*a-closed). Since every open (resp.
closed) set is w*a-open (resp. \p*a-closed), f(U) is w*a-open (resp. \p*a-closed) set in
(Y, o). Since g is quasi \V*a-open (resp. quasi \V*a-closed), (gof)(U) = g(f(U)) is open (resp.
closed) in (Z, n). Thus gof is a quasi \u*a-open (resp. a quasi \u*a-closed) map.

Definition 5.3.22 A map f : (X, 1) — (Y, o) is called strongly W*u-closed if f(A) is
v a-closed in (Y, o) for each y a-closed set A in (X, 7).

Example 5.3.23 Let X =Y = {a, b, c}, 1= {9, {a}, X} and ¢ = {¢, {a}, {a, b}, Y}.

Let f: (X, 1) — (Y, o) be the identity map. Then f is a strongly \V*a—closed map.
Proposition 5.3.24 Every strongly \p*a-closed map is a \p*a-closed map but not conversely
Proof: Follows from the fact that every closed set is w*u-closed.

Example 5.3.25 Let X =Y = {a, b, ¢}, t= {¢, {a}, {a, b}, X} and o = {d, {a, b}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) = b, f(b) = a, f(c) = c. Then f is clearly
\y*a-closed but not strongly \p*a-closed, since {b} is w*a-closed in (X, 7) but f({b}) = {a} is

not \V*a-closed in (Y, o).

Proposition 5.3.26 Every quasi w*u-closed map is strongly \y*a-closed but not conversely
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Proof: Follows from the fact that every closed set is y a-closed.

Example 5.3.27 Let X =Y = {a, b, c}, 1= {¢, {a}, X} and o = {¢, {a}, {a, b}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) = b, f(c) = c. Then f is strongly
\V*a—closed but not quasi \V*a—closed, since {b} is \v*a—closed in (X, 1) but f({b}) = {b} is

not closed in (Y, o).

Proposition 5.3.28 Let f: (X, 1) = (Y, o) and g: (Y, 6) — (Z, n) be any two maps.

(i) If fis a quasi \y*a-closed map and g is a \p*a-closed, map then gef is a strongly
\V*a—closed map.

(i) If fis a strongly \V*a-closed map and g is a quasi \y*a-closed map, then gef is a
quasi w*u-closed map.

(iii) If fand g are quasi y o-closed maps, then gof is a strongly v a-closed map.

(iv) Iffand g are strongly \u*a-closed maps, then gof is a strongly \y*a-closed map.

Proof: (i) Let A be a \V*a-closed set in (X, 7). Since f is quasi \y*a-closed, f(A) is closed in
(Y, 6).Then g(f(A)) = (g°N)(A) is y a-closed in (Z, 1), as g is y o-closed. Hence gof is a

strongly v a-closed map.

(i1) Let A be \y*oc-closed in (X, 7). Since f is strongly w*a-closed, f(A) is \y*a-closed
in (Y, o). Then g(f(A)) = (g°f)(A) is closed in (Z, 1), as g is quasi \u*a-closed. Hence gef is

a quasi \y*a—closed map.
(iii) The proof follows from the fact every closed set is \y*(x-closed.

(iv) Let A be \u*a—closed in (X, 7). Then f(A) is \u*a—closed in (Y, o), as fis strongly
w*a-closed. Since g is strongly \y*a-closed, (geh)(A) = g(f(A)) is \p*a-closed in (Z, n).

Hence gef'is a strongly \u*a—closed map.

Proposition 5.3.29 Let f: (X, 1) —» (Y, 6)and g : (Y, 0) — (Z, n) be any two maps such
that gof : (X, 1) — (Z, n) is a quasi \V*a-closed map. If g is \y*a-continuous injective then f

is a strongly v o-closed map.
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Proof: Let A be a \v*a—closed set in (X, t). Since gef is quasi w*a—closed, (gef)(A) is closed
in (Z, n). Since g is w*a-continuous injective, g'l(gOf)(A) = f(A) is \y*a-closed in (Y, o).

Hence f is a strongly y a-closed map.

Remark 5.3.30 The Proposition 5.3.29 is true if g is continuous, o-continuous and
completely continuous, since every closed set, a-closed set and regular closed set is

\y*a-closed.

5.4 w*a-homeomorphisms

In this section, two new classes of homeomorphisms namely, w*a-homeomorphisms
and w*ac-homeomorphisms are introduced in topological spaces. Properties of these

homeomorphisms in topological spaces are analyzed.

Definition 5.4.1 A bijective map f : (X, 1) — (Y, o) is called w*a-homeomorphism if

fis both w*a-continuous and \v*a-open.

Example 5.4.2 Let X =Y = {a, b, ¢}, 1= {¢, {a}, X} and ¢ = {¢, {a, b}, Y}. Let
f: X 1 — (Y, o) be a map defined by f(a) = b, f(b) = a, f(c) = c. Then f is

\y*a-homeomorphism.

Proposition 5.4.3 Every homeomorphism f: (X, 1) — (Y, 0) isa \y*a- homeomorphism but

not conversely.

Proof: Let f be a homeomorphism. Then f is both continuous and open. Since every
continuous map is w*a-continuous and every open map is \V*a-open, f is both

\u*a—continuous and w*a—open. Therefore fis a w*a—homeomorphism.

Example 5.4.4 Let X =Y = {a, b, c}, 1= {¢, {a}, X} and o = {¢, {a}, {a, b}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) = ¢, f(c) = b. Then f is
v a-homeomorphism but not homeomorphism, since for the closed set {c} in (Y, o)

£'({c}) = {b} is not closed in (X, 7).

Theorem 5.4.5 Let f: (X, 1) — (Y, o) be a bijective w*a-continuous map. Then the

following statements are equivalent:
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(i) fisa \y*a—open map
(i) fisa w*u-homeomorphism

(iii) f is a y o-closed map.

Proof: (i) = (ii) Let f be a w*a-open map. By hypothesis f is a bijective w*a-continuous

map. Hence f is a y o-homeomorphism.

(ii) = (iii) Let f be a y o-homeomorphism. Then f is y o-open map and by Theorem

5.2.30,fisa w*a-closed map.
(iii) = (i) Follows from Theorem 5.2.30.

Remark 5.4.6 The composition of two w*a-homeomorphisms need not be a

\y*a-homeomorphism as seen from the following example.

Example 5.4.7 Let X =Y =Z = {a, b, ¢}, 1= {0, {a}, {b}, {a, b}, X}, o = {d, {a, b}, Y}
and n= {¢, {a}, {a, b}, Z}. Letf: (X, 1) — (Y, 0) and g : (Y, 6) — (Z, n) be identity
maps. Then both f and g are \y*a-homeomorphisms but their composition
gof: (X, 1) > (Z, ) is not a \y*a—homeomorphism, since for the open set {b} in (X, 1),
(gef)({b}) = {b}which is nota \y*a-open set in (Z, n).Therefore gof is nota \V*(x-open map

and so gof is not a \V*a-homeomorphism.

Definition 5.4.8 A bijective map f : (X, 1) — (Y, o) is called W*a(:’—homeomorphism if

fand ' are \V*a-irresolute.

The family of all y aC-homeomorphisms of a topological space (X, t) onto itself is

denoted by v aC-A(X, T)

Theorem 549 If f : (X, 19 — (Y, o) is w*aC—homeomorphism then
v acl(f'(B)) = ' (y ocl(B)), forall BC Y.

Proof: Since fis a \p*aC—homeomorphism, fis \u*a—irresolute. Since forBC Y, \v*acl(B) is
a y a-closed set in (Y, o), £'(y acl(B)) is y a-closed in (X, 7). Since B < y acl(B),
£'(B) < f'(y acl(B)). Therefore v ucl(f'(B)) < £ (y acl(B)).
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Again since fis a \y*otC—horneomorphism, flis \V*a-irresolute. Since w*acl(f '(B)) is
a y a-closed set in (X, 1), (f")'(y wcl(f'(B))) = f(y acl(f'(B))) is v a-closed in (Y, o).
Since B < (f)Y'¢'®) < E)'(yacl(f'B) = f(y ocl(f'(B))). Therefore
v acl(B) < fy acl(f'(B))) and hence f'(y acl(B)) < f'(f(y acl(f'(B))) < v acl(f'(B)).
Thus the equality holds.

Corollary 54.10 If f : (X, 1) — (Y, o) is y aC-homeomorphism then
v acl(f(B)) = f(y acl(B)), B c X.

Proof: Since f : (X, 1) — (Y, ©) is a y aC-homeomorphism, f' : (Y, ) — (X, 1) is also a
w*ac—homeomorphism. Therefore by Theorem 5.4.9, w*ucl((f H'(B)) = (f 1)'1(\4/*()L(:1(B)),
for all B < X. Hence y acl(f(B)) = f(y acl(B)).

Corollary 54.11 If f : (X, 1) — (Y, 0) is \y*aC—homeomorphism then f(\v*aint(B)) =
v'o int(f(B)), for all B = X.

Proof: For any subset B < X, \y*aint(B) =X - w*acl(X — B). Thus f(\y*aint(B)) =
f(X =y acl(X = B)) = Y — fiy acl(X — B)) = Y — y acl(f(X - B)) = y aint(f(B)) (since by
Corollary 5.4.10).

Theorem 54.12 If f : (X, 1) — (Y, ©0) is a w*aC—homeomorphism, then
£!(y"aint(B)) = y aint(f '(B)), forall B Y.

Proof: Since f is a w*ac-homeomorphism, ' @ (Y, o) - (X, 1) is also

w*ac—homeomorphism. The proof follows from Corollary 5.4.11.

Theorem 5.4.13 Every \p*a-homeomorphism f from s+ Tc-space (X, 1) into another

vralc-space (Y, o) is w*aC—homeomorphism.

Proof: Let f : (X, 1) —» (Y, o) is a \y*a-homeomorphism. Then f is bijective,
\y*a-continuous and \u*a-open. Let V be a \V*a-closed set in (Y, o). Then V is closed, as
(Y, o) is a y«,Tc-space. Since f is \y*a—continuous, f 'I(V) is \y*a—closed in (X, 7). Hence f is
a \y*a-irresolute map. Let U be w*u-open in (X, 7). Then U is open in (X, 7). Since f is
\y*a-open, f(U) is w*a-open in (Y, o). ie.,(f )'(U) is \y*a-open in (Y, o) and hence f' is a

\y*a-irresolute map. Thus fis w*ac-homeomorphism.
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Theorem 5.4.14 If f: (X, 1) > (Y,0)and g: (Y, 0) — (Z, n) are \V*aC-homeomorphisms
then gof : (X, 1) — (Z, n) is also a y aC-homeomorphism.

Proof: Let U be y o-closed in (Z, 1). Consider (gof)'(U) = f'(g”'(U)) = £'(V), where
V = g (U). By hypothesis, V is y a-closed in (Y, o) and (V) is y a-closed in (X, 7).

Hence gof'is \y*a-irresolute.

Let G be a \y*oc-closed set in (X, 1). Consider (g°f)(G) = g(f(G)) = g(W), where
W = f(G). By hypothesis, f(G) is \p*(x-closed in (Y, o) and g(f(Q)) is w*a-closed in (Z, n).
Hence (g°f)(G) is \u*a-closed in (Z, 1) and therefore (gof)" is \y*a-irresolute. Thus gefis a

v aC-homeomorphism.
Theorem 5.4.15 The set \v*a@ﬁ(X, 7) is a group under the composition of maps.

Proof: Define a binary operation * : y aC-A(X, 1) X y aC-A(X, 1) — y aC-A(X, 1) by
(f *g)=(ge ), forall f, g € y aC-A(X, 1), where ° is the usual operation of composition
of maps. Then by Theorem 5.4.14, g o f € \V*aC’-fL(X, 7). Hence \y*ac-ﬁ(X, 7) is closed.
The composition of maps is always associative. The identity map I : (X, 1) — (X, 1) is a
\V*aC—homeomorphism and [ E\y*a&h(X, 7). Also Iof = fo = f for every f € y aC-A(X, 1).
For any f e \y*aC-fL(X, 1), ! e w*ac-h(X, 1) and fof ' = f "of = I. Therefore the set

\V*O.C-ﬁ(x, 7) is a group under the operation of composition of maps.

Theorem 5.4.16 Let f : (X, 1) — (Y, ) be a y aC-homeomorphism. Then f induces an
isomorphism from the group \y*(xC’-ﬁ,(X, T) onto the group \y*ocC’-fL(Y, o).

Proof: Let 0; : \u*aaﬁ(X, T) — \U*O‘.C-ﬁ(Y, c) be a map defined by 04h) = Lohof, for
every h € y aC-A (X, 1). For h; # hy, if 6¢ (h;) = 6 (hy) then f'oh;of = f'oh,ef. Hence h; =
h,, which is a contradiction. Therefore 6y is one - one. For g \v*aC‘-&(Y, G), choose
h  yaC-A(X, 1) such that O¢ (h) = flohef = g That is, h = fogef' e y aC-A(X, 7).
Therefore O¢ is onto. Hence O is bijective. Further, for all h;, h; \p*aC-h(X, ),
O(hiohy) = flo(hchy)of = (flehjef) o (f'ohyef) = 6 (h)) ° O; (hy). Hence O is a

homomorphism. Thus 6 is an isomorphism induced by f.
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Theorem 5.4.17 w*aC—homeomorphism is an equivalence relation in the collection of all

topological spaces.

Proof: Let I1 be the collection of topological spaces. For (X, 1), (Y, o) € Il define a
relation R on IT such that (X, t) R (Y, o) if and only if (X, 1) and (Y, o) are

\y*ac-homeomorphic to each other.
Reflexive : (X, 1) R (X, 1) is immediate.
Symmetry : (X, T) R(Y,o) (Y,0)R (X, 1)
Transitivity : Follows from Theorem 5.4.14.

Hence w*uC-homeomorphism is an equivalence relation in the collection of all topological

spaces.

5.5 \|/* a-quotient maps

In this section, w*a-quotient maps, strongly w*a-quotient maps and completely
\v*a—quotient maps are introduced and studied the relationship between these maps. It is
also proved that composition of two completely \y*a-quotient maps is a completely

\y*a-quotient map.

Definition 5.5.1 A surjective map f: (X, 1) — (Y, o) is called a y a-quotient map if f is

w*a-continuous and f'(V) is open in (X, 1) implies V is a w*a-open setin (Y, o)

Example 5.5.2 Let X = {a, b, ¢}, 1= {0, {a}, {a, b}, X}, Y={L m,n},c={ ¢, {L m}, Y},
v'aO(X, 1) = {4, {a}, {a, b}, {a, ¢}, X} and ¢ aO(Y, o) = { ¢, {1}, {m}, {I, m}, Y}. Let
f: (X, 1) — (Y, o) be amap defined by f(a) =1, f(b) =m, f(c) =n. Then fis a w*a-quotient

map.

Proposition 5.5.3 If amap f: (X, 1) — (Y, o) is surjective, \y*a-continuous and \u*(x-open,

then f is a y a-quotient map.

Proof: It is enough to prove that f'(V) is open in (X, 1) implies V is a y a-open set in

(Y, o). Let (V) is open in (X, 1). Then f(f 'V)) is \v*a-open, since f is \V*a-open. Asfis
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surjective f(f'(V)) = V and so V is a \p*a—open set in (Y, o). Hence fis a \p*a—quotient

map.

Definition 5.5.4 Let f : (X, t) — (Y, o) be a surjective map. Then f is called strongly
v a-quotient map provided a set U of (Y, o) is open in (Y, o) if and only if f'(U) is a

\u*a—open set in (X, 7).

Example 5.5.5 Let X = {a, b, c, d}, 1= {9, {a}, {c}, {a, b}, {a, ¢}, {a, b, ¢}, {a, c, d}, X},
Y ={l, m, n}, o= {¢ {1}, {m}, {l, m}, Y}, y'aO(X, 1) = {9, {a}, {c}, {a, b}, {a, c},
{a, b, c},{a, c, d}, X} and \V*O(O(Y, c)={¢, {1}, {m}, {L, m}, Y}. Let f: (X, 1) — (Y, 0)
be a map defined by f(a) =1 = f(b), f(c) = m, f(d) = n. Then f is a strongly w*a-quotient

map.
Proposition 5.5.6 Every strongly \y*a-quotient map is a \u*a-open map but not conversely.

Proof: f: (X, 1) — (Y, o) be a strongly w*a-quotient map. Let V be an open set in
(X, 1).Since every open set is \u*a-open and hence V is \p*a-open in (X, 7). That is f'(f(V))
is \u*a-open in (X, 7). Since f is strongly \V*a-quotient, f(V) is open and hence (V) is

w*a-open in (Y, o). Therefore fis a w*a-open map.

Example 5.5.7 Let X = {a, b, c, d}, t= {¢, {a}, X}, Y ={l, m, n}, o = { ¢, {l}, {m},
{I, m}, {I, n}, Y}, v aO(X, 1) = {0, {a}, {a, b}, {a, c}, {a, d}, {a, b, c}, {a, b, d}, {a, c,d},
X} and y'aO(Y, o) = { ¢, {1}, {m}, {I, m}, {I, n}, Y}. Let f: (X, 1) — (Y, o) be a map
defined by f(a) = 1 = f(b), f(c) = n, f(d) = m. Then f is w*a-open but not strongly

w*a—quotient, since 1({m}) = {d} is not w*a—open in (X, 1)

Proposition 5.5.8 Every strongly \y*a-quotient map is a strongly \V*u-open map but not

conversely.

Proof: Let £ : (X, ©) — (Y, o) be a strongly  a-quotient map. Let V be a y o-open set in
(X, 7). That is f'(f(V)) is \y*a-open in (X, 7). Since f is strongly \V*a-quotient, f(V) is open
and hence (V) is \y*a-open in (Y, o).Therefore fis a strongly w*a-open map.
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Example 5.5.9 Let X = {a, b, ¢}, t= {9, {a}, {b}, {a, b}, X}, Y ={l, m, n}, 5= { ¢, {l, m},
Y1, y'aO(X, 1) = {9, {a}, {b}, {a, b}, X} and y aO(Y, 6) = { ¢, {1}, {m}, {I, m}, Y}. Let
f: (X, 1) — (Y, o) be amap defined by f(a) =1, f(b) =m, f(c) =n. Then f is strongly
v o-open but not strongly " a-quotient, since f'({1}) = {a} is y a-open in (X, 1) but the set

{I} is not open in (Y, o).

Definition 5.5.10 A surjective map f : (X, 1) — (Y, o) is called a completely y o-quotient

map if fis w*a-irresolute and f'(U) is \p*a-open set in (X, 1) implies U is open in (Y, o).

Example 5.5.11 Let X = {a, b, c, d}, T= {d, {a}, {c}, {a, b}, {a, c}, {a, b, c}, {a,c, d}, X},
Y ={l,mn},o={¢ {I}, {L m}, {I,n}, Y}, y'aO(X, 1) = {¢, {a}, {c}, {a, b}, {a, c},
{a, b, ¢}, {a, c,d}, X} and \V*aO(Y, o)={4¢, {1}, {lL m}, {In}, Y}. Let f: (X, 1) — (Y, 0)
be a map defined by f(a) =1, f(b) =n, f(c) = f(d) = m. Then f is a completely \u*a-quotient

map.

Proposition 5.5.12 Every completely \V*a-quotient map is a \V*(x-irresolute map but not

conversely.
Proof: Follows from the Definition 5.5.10

Example 5.5.13 Let X = {a, b, ¢, d}, T= {d, {a}, {c}, {a, b}, {a, ¢}, {a, b, ¢}, {a,c, d}, X},
Y ={l,mn},c=1{¢ {1}, {L m}, Y}, yaO(X, 1) = {9, {a}, {c}, {a, b}, {a, ¢}, {a, b, ¢},
{a, ¢, d}, X} and \u*aO(Y, c)={d, {I}, {Lm}, {Ln}, Y}. Letf: (X, 1) > (Y,0) be a
map defined by f(a) =1, f(b) =n, f(c) = f(d) = m. Then f is a \V*(x-irresolute map but not
completely y o-quotient map, since £'({l, n}) = {a, b} is y a-open in (X, 1) but the set

{l, n} is not open in (Y, G).

Proposition 5.5.14 Every completely y o-quotient map is a strongly y a-open map but not

conversely.

Proof: Let f: (X, 1) — (Y, o) be a completely \V*a-quotient map. Let V be a \y*a-open set
in (X, 7). That is £'(f(V)) is \V*a—open in (X, 7). Since f is completely y a-quotient, f(V) is

open and hence f(V) is y a-open in (Y, o). Therefore f is a strongly v a-open map.
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Example 5.5.15 Let X = {a, b, c}, = {¢, {a}, {b}, {a, b}, X}, Y={L m,n}, c={ ¢,
{Il, m}, Y}, y'aO(X, 1) = {¢, {a}, {b}, {a, b}, X} and y'aO(Y, o) = {9, {I}, {m},
{l, m}, Y}. Let f: (X, t) — (Y, o) be a map defined by f(a) =1, f(b) =m, f(c) =n. Then
is strongly  o-open but not completely y a-quotient, since £'({I}) = {a} is y a-open in

(X, 1) but the set {I} is not open in (Y, o).

Proposition 5.5.16
(1) Every quotient map f: (X, 1) — (Y, o) is a y a-quotient map.

(i1) Every a-quotient map f: (X, 1) —» (Y, o) isa \y*a—quotient map.

Proof: (i) Since every continuous map is y a-continuous map and every open set is

\y*a-open, the proof follows from the definition.

. . . . * . .
(i1) Since every o-continuous map is y o-continuous map and every o-open set is

w*a-open, the proof follows from the definition.

The converse of the statements in the above proposition need not be true as seen

from the following examples.

Example 5.5.17 Let X = {a, b, ¢, d}, T= {d, {a}, {c}, {a, b}, {a, ¢}, {a, b, c}, {a,c, d}, X},
Y ={l,mn},o={¢, {1}, Y}, y'0O(X, 1) = {§, {a}, {c}, {a, b}, {a, ¢}, {a, b, c}, {a,c, d},
X} and \|/*0LO(Y, o)=1{0, {I}, {L m}, {Ln}, Y}. Let f: (X, 1) = (Y, o) be a map defined
by f(a) =1, f(b)=n, f(c) = f(d) = m. Then the map f is \y*a—quotien but not quotient, since
for the y o-open set {1, m} in (Y, o). (f'({l, m}) = {a, ¢, d} is open in (X, 1) but the set

{I, m} is not open in (Y, o).

Example 5.5.18 Let X = {a, b, ¢, d}, 1= {¢, {a}, {a, b}, X}, Y={l, m, n}, 5= { ¢, {l, m},
Y}, v aOX, 1) = {¢, {a}, {a, b}, {a, c}, {a, d},{a, b, c}, {a, b, d}, {a, c, d}, X},
yoOY, o) = { ¢, {1}, {m}, {I, m}, Y} and aO(Y, o) = { ¢, {I, m}, Y}. Let
f: (X, 1) — (Y, o) be amap defined by f(a) =1, f(b)=m, f(c) = f(d) =n. Then the map f'is
w*a-quotient but not a-quotient, since (f 'y = {a} is open in (X, 1) but the set {l} is not

a-open in (Y, o).
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Proposition 5.5.19 Every strongly \y*a—quotient map f: (X, 1) > (Y,0o)isa \v*a—quotient

map but not conversely.

Proof: Let V be an open set in (Y, &). Since f is strongly w*a-quotient, fi(V)isa w*u-open
set in (X, 7). Hence f'is w*a-continuous, Let f'(V) be a open set in (X, t). Then 'WV)isa
\y*a—open set in (X, 1). Since f is strongly \p*a—quotient, V is open in (Y, o). Hence f is

\y*a-quotient.

Example 5.5.20 Let X = {a, b, ¢, d}, T= {d, {a}, {c}, {a, b}, {a, ¢}, {a, b, ¢}, {a,c, d}, X},
Y = {lLm n}, o= {9, {I}, Y}, y'aO(X, 1) = {9, {a}, {c}, {a, b}, {a,c}, {a, b,c}, {a, c, d},
X} and w*aO(Y, o)=1{0, {l}, {L m}, {Ln}, Y}. Let f: (X, 1) = (Y, o) be a map defined
by f(a) =1, f(b) =n, f(c) = f(d) = m. Then the map f is \V*a—quotient but not strongly
w*a—quotient, since for the \p*a—open set {l, m} in (Y, o). f 1({1, m}) = {a, ¢, d} is open in

(X, 1) but the set {I, m} is not open in (Y, o).

Proposition 5.5.21 Every completely \y*a-quotient map f: (X, 1) — (Y, o) is a strongly

\y*a-quotient map but not conversely.

Proof: Let V be an open set in (Y, o). Then it is \v*(x-open in (Y, o). Since f is completely
v a-quotient, f'(V) is a y o-open set in (X, 7). If (V) is y o-open set in (X, 7). Then V

is open in (Y, o) as f is completely y o-quotient. Hence f is a strongly v a-quotient map.

Example 5.5.22 Let X = {a, b, c, d}, T= {9, {a}, {a, b}, X}, Y ={l, m,n}, o= {¢, {l},
Y}, yaO(X, 1) = {0, {a}, {a, b}, {a, c}, {a, d}, {a, b, ¢}, {a, b, d}, {a, ¢, d}, X} and
yaO(Y, o) = { ¢, {1}, {, m}, {I, n}, Y}. Let f: (X, 1) — (Y, o) be a map defined by
f(a) = 1, f(b) = n = f(c), f(d) = m. Then the map f is strongly w*a—quotient but not
completely \y*(x-quotient, since for the w*u-open set {1, n} in (Y, o) f'({l, n}) = {a, b, ¢} is

\y*a—open in (X, ) but the set {1, n} is not open in (Y, o).

Proposition 5.5.23 Every completely w*a—quotient map f : (X, 1) — (Y, o) is a

w*a—quotient map but not conversely.

Proof: Let f be a completely \V*a-quotient map. Then fis \p*a—irresolute and by Theorem

4.2.7, fis w*a-continuous. Let (V) be an open set in (X, t). Then f 'WV)isa w*a-open set
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in (X, 7). As f is completely \y*a—quotient, V is a open set in (Y, o). It implies that V is a

w*a-open setin (Y, o). Hence fis a \y*a-quotient map.

Example 5.5.24 Let X = {a, b, ¢, d}, 1= {¢, {a}, {a, b}, X}, Y={], m,n}, 5= {9, {I}, Y},
\V*aO(X, 1) = {¢, {a}, {a, b}, {a, ¢}, {a, d}, {a, b, c}, {a, b, d}, {a, ¢, d}, X} and
\V*aO(Y, o) ={ 0o, {I}, {L, m}, {I, n}, Y}. Let f: (X, 1) — (Y, o) be a map defined by
f(a) = 1, f(b) = n = f(c), f(d) = m. Then the map f is \u*a-quotient but not completely
\p*a-quotient, since for the \y*a-open set {I, m} in (Y, o) f'({l, m}) = {a, d} is w*a-open in
(X, 1) but the set {I, m} is not open in (Y, o).

Remark 5.5.25 From the above observations we have the following diagram,

Quotient map Completely

v a-quotient map

NS

[ w*a-quotient map ]

AN

Strongly

o-quotient map v 0-quotient map

Composition of w*a-quotient maps

Proposition 5.5.26 If a map f: (X, 1) — (Y, o) is open, surjective and \V*a—irresolute and
g:(Y,0) »>(Z,m)isa w*a—quotient map. Then gof: (X, 1) > (Z,n)isa \y*a—quotient

map.

Proof: Let V be any open set in (Z, ). Then g”(V) is a w*a-open set in (Y, o), since g is
a y o-quotient map. Since f is y o -irresolute, £'(g”(V)) is a y a-open set in (X, t) which

implies that (g ° f)'(V) is y a-open in (X, 7). This shows that g« f is y a-continuous.
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Now assume that (g o £)"(V) is open in (X, 1) for a subset V < Z. Since f is open,
f(f 1(g'l(V))) is open in (Y, o). This implies that g'l(V) is open in (Y, o), as f is surjective.
Since gisa \p*a—quotient map, Vis a \p*a—open setin (Z,m). Hence g°f isa \p*a—quotient

map.

Proposition 5.5.27 If h: (X, 1) — (Y, ©) is a y a-quotient map and g : (X, ) — (Z, 1) is a
continuous map where Z is a space that is constant on each set h™'({y}) for each y € Y,

then g induces w*u-continuous map f: (Y, o) = (Z,n) suchthatfeh=g.

Proof: Since g is constant on h™'({y}) for each y € Y, the set g(h”'({y})) is an one point set
in (Z, n). If we let f(y) to denote this point, then it is clear that f is well defined and for
each x € X, f(h(x)) = g(x). We prove that f is \|/*(x -continuous. For if let V be any open set
in (Z, n),then g'l(V) is an open set as g is continuous. But g'l(V) = h'l(f 1(V)) is open in
(X, 1).Since h is a \y*a-quotient map, f V) is a \y*a-open set in (Y, o). Hence f is

* .
Y a-continuous.

Proposition 5.5.28 Let f : (X, 1) — (Y, o) be strongly \V*a—open, surjective and
\y*a-irresolute map and g : (Y, o) — (Z, ) be a strongly w*u-quotien‘[ map. Then

gof: (X, 1) — (Z,n)is a strongly \|/*0L-quotient map.

Proof: Let V be any open set in (Z, n)). Then g'(V) is a w*(x-open set in (Y, o), since g is
strongly y a-quotient. Since f is y a-irresolute, f'(g"(V)) is a y a-open set in (X, t) which

implies that (g ° £)(V) is y o-open in (X, 7).

Now assume that (g ° Nl (V)isa \u*(x-open set in (X, 1) for a subset V < Z. Then 1(g'l(V))
is a y o-open set in (X, 7). Since f is strongly v a-open, f(f'(g"(V))) is y a-open in (Y, o).
This implies that g’ (V) is a \y*a-open set in (Y, ), as f'is surjective. This gives that V is an
open set in (Y, o), since g is a strongly y a-quotient map. Hence g ° f is a strongly

v a-quotient map.

Proposition 5.5.29 Letf: (X, 1) > (Y, o) be a \u*a—quotient map where (X, 1) and (Y, o)
are y+ Ic-spaces. A map g : (Y, o) — (Z, n) is quasi w*a—continuous if and only if the

composite map ge°f: (X, 1) — (Z, 1) is a quasi \u*a—continuous map.
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Proof: Let g be quasi \v*a—continuous and U be any \y*a—open set in (Z, n). Then g"'(U)
is open in (Y, o). Since f is \y*a-quotient, fl(g'(U)) =(g ° H'(U) is \y*a-open in (X, 1).
Since (X, 1) is a y+Tc-space, f 1(g'l(U)) is in open in (X, 1). Thus (g ° f) is quasi

* .
Y a-continuous

Conversely, assume that (g o f) is quasi w*a-continuous. Let U be any \y*a-open set in
(Z, m). Then f'(g'(U)) is open in (X, 7). Since f is \V*a—quotient, g'(U) is \y*a—open in
(Y, o). Since (Y, o). is a yxTc-space, g'l(U) is open in (Y, o). Hence g is quasi

* .
V' a-continuous.

Proposition 5.5.30 Let f : (X, 1) — (Y, o) be strongly \y*a-open, surjective and
v a-irresolute map and g : (Y, 6) — (Z, 1) be a completely y a-quotient map. Then

gof: (X, 1) —(Z,1n)is a completely \y*a-quotient map.

Proof: Since f and g are w*u-irresolute, gofis \y*a-irresolute by Proposition 4.2.40.
Suppose that (g ° £)'(V) is y a-open in (X, 1) for a subset V < Z, that is f'(g"(V)) is
\y*a-open in(X, 1). Since f is strongly \V*a-open and surjective, f(f'(g"'(V)) = g'(V) is
v a-open in (Y, o). Since g is completely y a-quotient implies V is open in (Y, o). Hence

gof isacompletely y a-quotient map.

Proposition 5.5.31 Let f: (X, 1) — (Y, o) be a strongly \V*a-quotient and w*a-irresolute
map and g : (Y, o) — (Z, m) be a completely \p*a-quotient map. Then
gof: (X, 1) > (Z, n)is a completely \u*a-quotient map.

Proof: Let V be a \u*a-open set in (Z, ). Then g'l(V) is a \u*a-open set in (Y, ), as g is
completely w*a-quotient. Since f is w*a-irresolute, (g’ (V)) is a \y*a-open set in (X, 1)
which implies that (g ° f)'l(V) is \u*a-open in (X, t). This shows that g ° f is
w*a-irresolute. Let f'(g'(V)) is \p*u-open in (X, 1) for a subset V < Z. Since f is strongly
w*a—quotient, g (V) is open in (Y, o). This implies that g'l(V) isa \y*a—open set in (Y, o).
Since g is completely w*a—quotient, V is open in (Z, ). Hence (g > f) is a completely

w*a-quotient map.
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Proposition 5.5.32 Let f: (X, 1) —» (Y, o) and g : (Y, 06) — (Z, n) are completely

\y*a-quotient maps. Then g f: (X, 1) — (Z, n) is also a completely \y*a-quotient map.

Proof: Let V be any \V*a—open set in (Z, n). Then g'l(V) is \v*a—open in (Y, o), since g is
completely y a-quotient. Since f is completely y a-quotient, f'(g"(V)) = (g ° (V) is a
\y*a-open in (X, t). This shows that go fis \y*a-irresolute. Let (g ° ©)'(V) is w*a-open in
(X, 7). Then f'(g™'(V)) is \y*a—open in (X, 7). Since f is completely w*a—quotient, g (V) is
open in (Y, o). Since g is a completely \V*a-quotient map, V is open in (Z, ). Hence (g ° f)

is a completely \y*a-quotient map.

Proposition 5.5.33 Let f : (X, 1) — (Y, o) be a map where (X, 1) and (Y, o) are

v*aTc-spaces. Then the following statements are equivalent.
(i) fis acompletely \v*a-quotient map
(i) f is strongly \V*a—quotient map
(i) f is a \y*a-quotient map

Proof: (i) = (ii) Follows from Propesition 5.5.21

(i1) = (iii) Follows from Proposition 5.5.19

(1) = (1) Since (Y, o) is a yxIc-space and f is a \y*(x-quotient map, f is
w*a-irresolute by Theorem 4.2.7. Suppose f'(V) is \p*u-open in (X, t). Since (X, 1) is a
vralc-space, f (V) is open in (X, 7). By (iii), V is \V*a-open in (Y, o). Since (Y, 6) isa

v lc-space, V is w*a-open in (Y, o). Hence f is a completely \y*a-quotient map.

5.6 W*u-Compact spaces and \p*a-Connected spaces

In this section, the concept of \y*a-compact spaces and \y*a-connected spaces are
introduced and characterizations of  a-connected spaces are discussed in topological

spaces.

Definition 5.6.1 A collection A of subsets of a space (X, 1) is said to cover X or to be a
covering of X if the union of the elements of A is equal to X. It is called a y a-open

covering of X if its elements are \u*a-open subsets of (X, 7).
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Definition 5.6.2 A nonempty collection {A;, i A, an index set} of y a-open sets
in a topological spaces (X, t) is called a \v*a-open cover of a subset B of (X, 1) if

Bcu {Aj,ie A}.

Definition 5.6.3 A topological space (X, 1) is y a-compact if every \y*a-open cover of X

has a finite subcover.

Definition 5.6.4 A subset B of a topological space (X, 1) is called y a-compact relative to
X if for every collection {A;, i € A} of y o-open subsets of (X, 1) such that
B c U {Aj,i € A} there exists a finite subset A, of A suchthat B c U {A;, 1 € A,}.

Theorem 5.6.5 A \V*a—closed subset of a \p*a—compact space (X, 1) is \V*a—compact relative

to (X, 1).

Proof: Let A be a y o-closed subset of a y o-compact space (X, t). Then A® is y a-open in
(X, 7). Let N = {Gy: €A} be a W*a-open cover of A in (X, 7). Then N* =N U A°is a
w*a—open cover of (X, 7). Since (X, 1) is \p*a—compact, N* is reducible to a finite subcover
of (X, 1), say X = Gg, U G, ........... U Gg,, W A®, Gg,€ N. But A and A® are disjoint

hence A Gy, U Gg, U ........... U Gg,,, Gg, € N which implies that any v a-open cover N

Lo

of A contains a finite subcover. Therefore A is y a-compact relative to (X, 1).

Theorem 5.6.6 If a surjective map f: (X, 1) — (Y, o) is \V*a-continuous and if (X, 1) is

\u*a-compact then (Y, o) is compact.

Proof: Let {V; : i € A} be an open cover of (Y, o). Since f is \y*a-continuous,
{f'(V)) :i e A} is a y a-open cover of (X, 7). Since (X, 1) is y a-compact, it has a finite
subcover of (X, 1), say{f'(V}), £'(V2), ..., £'(V)}. Since f is surjective, {V1,Va,..., Va} is

a finite open cover of (Y, o). Hence (Y, o) is compact.

Theorem 5.6.7 If a surjective map f : (X, 1) — (Y, o) is quasi \y*a-continuous, where

(X, 1) is a compact space, then (Y, o) is y o-compact.

Proof: Let {Vi:i € A} be a \y*a-open cover of (Y, o). Since f is quasi \y*a-continuous,

{f 'V):ie A}isan open cover of (X, 7). Since (X, 1) is compact, it has a finite subcover

A New Form of Generalized Closed Sets in General Topology 103



Chapter 5

say, {f'(V)), f'(Va),......... , T'(Vy)}. Since f is surjective, {Vi, Va,......, V,} is a finite

subcover of (Y, o) and therefore (Y, o) is w*a-compact.

Corollary 5.6.8 If a surjective map f: (X, 1) — (Y, o) is perfectly \y*a-continuous, where

(X, 7) is a compact space, then (Y, o) is \V*a-compact.

Proof: Follows from the fact that every perfectly w*a-continuous map is quasi

\y*a-continuous map and by Theorem 5.6.7.

Theorem 5.6.9 If amap f: (X, 1) — (Y, o) is \y*a-irresolute and a subset B of (X, 1) is

\y*a-compact relative to (X, 1), then the image f(B) is \y*(x-compact relative to (Y, o).

Proof: Let {A; : i € A} be any collection of w*a-open subsets of (Y, o) such that
f(B) = U{A;:i e A}. Then B < U {f'(Aj):i e A}. Since, B is \y*a-compact relative to
(X, 1) there exists a finite subset A, of A such that B < U{f 1(Ai) 11 € A,}. Therefore
f(B) = U{A;: i € A.}, which shows that f(B) is y a-compact relative to (Y, o).

Definition 5.6.10 A topological space (X, 1) is called y a-connected if X cannot be
expressed as a union of two disjoint nonempty y a-open sets A and B such that

[A Ny acl(B)] U [y a cl(A) N B] = ¢.

Suppose X can be so expressed then (X, 1) is called a y a-disconnected space and

we write X = A|B and call this \|1*a- separation of (X, 1).

Example 5.6.11 Let X = {a, b, c}, T = {0, {a}, {b}, {a, b}, X}. Therefore (X, 1) is

v o -connected.
Example 5.6.12 Let X = {a, b}, T = {¢, X}. Therefore (X, 1) is w*a-disconnected.

Theorem 5.6.13 Every \p*a—connected space is connected but not conversely.

Proof: Let (X, 7) be a w*a-connected space. If possible let (X, t) be not connected. Then X
can be written as X = A U B where A and B are disjoint nonempty open sets in (X, 1).
Since every open set is y a-open, X = A U B where A and B are disjoint nonempty
w*a-open sets in (X, 1). This contradicts the fact that (X, 1) is w*a-connected. Therefore

(X, 1) is connected.
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Example 5.6.14 Let X = {a, b}, © = {¢, X}. Clearly (X, 1) is connected but not

*
v a-connected.

Theorem 5.6.15 For a topological space (X, 1) the following are equivalent:
(1) (X, 1) is y o-connected.
(i) X and ¢ are the only subsets of (X, t) which are both  a-open and y a-closed.

(ii1))  Each \y*a—continuous map of (X, 1) into a discrete space (Y, o) with at least two

points is a constant map.

Proof: (i) (i) Let U be a y a-open and y a-closed subset of (X, t).Then U® is both
v a-open and y a-closed. Since (X, 1) is the disjoint union of the y o-open sets U and

U°, one of these must be empty, that is U= ¢ or U= X.

(ii) (i) Assume X = A U B where A and B are two non-empty disjoint y o-open subsets
of (X, 7). Since A =X - B, Ais w*u-closed and by assumption A = ¢ or X, which is a

contradiction. Hence (X, 1) is y a-connected.

(i) (i) Letf: (X, 1) —(Y,0) bea \y*a-continuous map, where (Y, ) is a discrete
space with atleast two points. Since (Y, o) is a discrete space, for eachy € Y, {y} is both
open and closed. Since fis a y a-continuous map, f'({y}) is y a-closed and y o-open and
X =U{f'({y}) : y € Y}. By assumption f '({y}) = ¢ or X for each y € Y. If f'({y}) = ¢
forally Y, then f will not be a map. If f'({y}) =X for a single y € Y, then there cannot
exist one more y; € Y such that f'({y;}) = X. Hence there exist only one y € Y such that

f'({y})=Xand f'({y;}) = ¢ where y; € Y and y; # y. This shows that f is a constant map.

(iii) (i) Let U be both \p*(x-open and \V*a-closed in (X, 7). Suppose U # ¢. Let
f:X,1)— (Y,o)bea \V*a-continuous map defined by f(U) = {y} and f(U°) = {w} for
some distinct points y and w in (Y, ). By assumption f is constant. Therefore y = w which

implies U = X.

Theorem 5.6.16 If A is a \V*a-connected subset of a topological space (X, t) which has the
w*a-separation X=E|FthenA EorAckF.
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Proof: Suppose that (X, t) has the \p*a—separation X=E|F. Then X =E U F where E and
F are two nonempty disjoint sets such that [E N w*acl(F)] . [\V*acl(E) N F] = ¢. Since
ENF=¢, E=Fand F=E" Now [(E N A) Ny acl(F N A)] U [y acl(E N A) N (F N A)]
c [EN \p*acl(F)] U [\y*acl(E) NFl=¢. Hence A=(ENA)|(FNA)isa w*a—separation
of A. Since A is \y*a-connected, we have either (E N A) = ¢ or (F N A) = ¢. Consequently
A c E°or A c F°. Therefore A c Eor A cF.

Theorem 5.6.17 If A is w*a-connected and AcBc w*acl(A), then B is w*a-connected.

Proof: Suppose that B is not \p*a-connected. Then B = E U F where E and F are
two nonempty disjoint sets such that [E N \y*acl(F)] v, [\V*acl(E) N F] = ¢. Since A is
\p*a-connected by Theorem 5.6.16, Ac Eor AcF. Suppose AcE. Then F=FNB ¢
FN \V*acl(A) cFnN \y*acl(E) = ¢. Consequently F = ¢. Similarly E=¢ if A c F. Thisis a

contradiction to the fact that E and F are nonempty. Hence B is w*a-connected.

Theorem 5.6.18 The union of any family of  a-connected sets having a nonempty

intersection is y a-connected.

Proof: Let I be an index setandi 1. Let A = A;, where each A; is \y*(x-connected with
NA; # ¢, Suppose that A is not \V*a-connected. Then A = E U F, where E and F are two
nonempty disjoint sets such that [E N w*acl(F)] U [W*acl(E) N F] =¢ .Since A; is
\u*a—connected and A; c A, by Theorem 5.6.16, A;  E or A; — F. Since NA; # ¢, there
exists an element x € N A;. Therefore x A for all i. Suppose A; < E for some i. Then
x € Esince EN F=¢, x ¢ F. Hence A; c E, for every i. Therefore U A; < E. Therefore

A c E. Hence F = ¢. Which is a contradiction. Therefore A is \y*a-connected.

Theorem 5.6.19 If f : (X, 1) — (Y, o) is y a-continuous surjection and (X, 1) is

v a-connected then (Y, o) is connected.

Proof: Suppose that (Y, o) is not connected. Let Y = A U B where A and B are disjoint
non empty open sets in (Y, o). Since f is \y*(x—continuous and onto, X = f 1(A) uf 1(B)
where f'(A) and f'(B) are disjoint non empty \y*a-open sets in (X, 7). This contradicts the

fact that (X, 1) is \y*(x-connected. Hence (Y, o) is connected.
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Theorem 5.6.20 If f : (X, 1) — (Y, o) is y o-irresolute surjection and (X, 1) is

\y*a-connected, then (Y, o) is \v*a-connected.

Proof: Suppose that (Y, o) is not w*a—connected. Let Y = A U B where A and B are
disjoint non empty \y*a—open sets in (Y, o). Since f is \p*a—irresolute and onto,
X =f'(A) U f'(B) where f'(A) and f'(B) are disjoint non empty \y*a-open sets in (X, 1).

This contradicts the fact that (X, 1) is \u*a-connected. Hence (Y, o) is w*a-connected.
Theorem 5.6.21 If (X, 1) is both +,Tc-space and connected, then (X, t) is \V*a-connected.

Proof: Suppose that (X, t) is connected. Then X cannot be expressed as disjoint union of
two nonempty proper open subsets of (X, 1). Suppose (X, 1) is not \V*a-connected, then
X = A U B where A and B are two disjoint nonempty y a-open sets. Since (X, 1) is a
vralc-space, A and B are open in (X, 7). Hence (X, 1) is not connected which is a

contradiction. Hence (X, 1) is y o-connected.

Theorem 5.6.22 In a topological space (X, t) with at least two points, if
\V*aO(X, T) = \u*a C(X, 1) then (X, 7) is not \u*a—connected.

Proof: By hypothesis we have w*aO(X, T) = w*aC(X, T) Then there exists some nonempty
proper subset of (X, 1) which is both y'o-open and y'o-closed in (X, 7). By

Theorem 5.6.15, we have (X, 1) is not \p*a—connected.
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