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Abstract

In this paper we introduce the new class of homephisms called generalized beta homeomorphisms in
intuitionistic fuzzy topological spaces. We alsdradluce M-generalized beta homeomorphisms in iohigtic
fuzzy topological spaces and investigate some@ptioperties. We provide the relation between fitistic fuzzy
generalized beta homeomorphisms and intuitionistizy M-generalized beta homeomorphisms. Also wav@r
that the set of all M-generalized beta homeomorpifrms a group under the operation of composiifomaps.
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I.  Introduction

Zadeh [6] introduced fuzzy sets. After that Atamasl] introduced intuitionistic fuzzy sets. Usitige notion of
intuitionistic fuzzy sets, Coker [3] introduced thmtion of intuitionistic fuzzy topological space¥he notion of
homeomorphisms plays a vital role in intuitionidiizzy topology as well as in topology. Here weadnduce the new class
of homeomorphisms called generalized beta homedmi®ms in intuitionistic fuzzy topological spacese\&lso introduce
the M-generalized beta homeomorphisms in intuititoifuzzy topological spaces and investigate sofrihe properties.
We provide the relation between intuitionistic fuzgeneralized beta homeomorphisms and intuitianiftizzy M-
generalized beta homeomorphisms. Also we provettigaset of all M-generalized beta homeomorphisonsi$ a group
under the operation of composition of maps.

Il. Preliminaries
Definition 2.1: [1] An intuitionistic fuzzy set (IFS in short) A in X is an object having tf@am
A={"X Ha (X), va(X)* / XEX}

where the functions g1 X — [0,1] andv,: X — [0,1] denote the degree of membership (namel(x)} and the degree of
non -membership (namely(x)) of each element &X to the set A, respectively, andQu, (x) +va(x) < 1 for each xX.
Denote by IFS (X), the set of all intuitionisticzizy sets in X.

Definition 2.2: [1] Let A and B be IFSs of the form A = {, pa (X), va(X)* / x€X} and B = {* X, Ug (X), vg(X)* / X€X}.
Then

a) A =Bifand only if gy (X) < g (X) andva(x) > vg(x) for all xeX

b) A=Bifandonlyif ASBand BEA

c) A®={" % va(X), la(¥)* /x€X}

d ANB={"x pa (X) Aps (X),va(x) Vveg(X)* /x€ X}

e) AUB={"X, ta(X) Vs (X),va(X) Avg(X)* /x€ X}
For the sake of simplicity, we shall use the notath = - X, Pa, va* instead of A = § X, pa (X), va(X)* / x € X}. The
intuitionistic fuzzy sets 0= {- x, 0, I /x€eX}andl ={- x, 1, O / x €X} are respectively the empty set and the whole

set of X.
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Definition 2.3: [2] An intuitionistic fuzzy topology (IFT for short) on X is a familyg of IFSs in X satisfying the following
axioms.

0,1l et

(iGN G, etforany G G, €1

(i) UG, et forany family {G/i €J} &.

In this case the pair (%) is called anntuitionistic fuzzy topological space (IFTS in short) and any IFS inis known as an
intuitionistic fuzzy open set (IFOS in short) in Khe complement 2of an IFOS A in IFTS (X7) is called an intuitionistic
fuzzy closed set (IFCS in short) in X.

Definition 2.4:[2] Let (X, 1) be an IFTS and A = X, Ua, va* be an IFS in X. Then thiatuitionistic fuzzy interior and
intuitionistic fuzzy closure are defined by
int(A)=U{G/GisanIFOS in Xand & A}cl (A) = N{K/KisanIFCS in X and AS K}

Definition 2.5:[2] An IFS A =+ X, Ua, va* inan IFTS (X,1) is said to be an
(i) intuitionistic fuzzy beta closed set (IFBCS for short) if int(cl(int(A)))d A.
intuitionistic fuzzy beta open set (IFBOS for short) if A cl(int(cl(A))).

Definition 2.6:[3] Let A be an IFS in an IFTS (%). Then the beta interior and theta closure of A are defined by
Bint (A) = UY{G/ G is an IBOS in X and G= A}. Bel (A) =N{K/Kis an IBCS in X and ASK}.
We have for any IFS A in (%), Bcl(A®) = (Bint(A))¢ andBint(A°%) = Bcl(A))€ [3].

Definition 2.7:[3] An IFS A in an IFTS (X) is said to be amtuitionistic fuzzy generalized beta closed set (IFGBCS for
short) if Bcl(A) €U whenever AU and U is an IFO$ Xn).

Every IF3CS is an IFBCS but the converse may not be true in general [3].

Definition 2.8:[3] The complement Aof intuitionistic fuzzy generalized beta open set an IF@CS A in an IFTS (Xz) is
called an (IF@OS for short) in X

Definition 2.9:[3] If every IFG3CS in (X, 7) is an IBCS in (X, 1), then the space cdre called as amtuitionistic fuzzy
[T1/2 space (IFBT4, space for short).

Definition 2.10:[4] A mapping f: (X,1) — (Y,0) is called anintuitionistic fuzzy generalized beta continuous mapping
(IFGB continuous mapping for short) if{V) is anIFGBCS in (X,) for every IFCS V of (Yp).

Definition 2.11:[4] A mapping f: (X,t) — (Y,0) is calledintuitionistic fuzzy generalized beta irresolute (IFGp irresolute)
mapping if (V) is an IF@CS in (X,1) for everylFGBCS V of (Y,o).

Definition 2.12:[5] A map f: X — Y is called anintuitionistic fuzzy generalized beta closed mapping (IFGBCM for short)
if f(A) is an IFGBCS in Y for each IFCS Ain X.

Definition 2.13:[5] A mapping f: X— Y is said to be amtuitionistic fuzzy generalized beta open mapping (IFGBOM for
short) if f(A) is an IF@OS in Y for each IFOS iiX.

Definition 2.14:[5] A mapping f : X — Y is said to be arintuitionistic fuzzy M-generalized beta closed mapping
(IFMGBCM, for short) if f(A) is an IFGCS in Y for everyFGBCS A in X.

Ill. Generalized Beta Homeomor phismsin Intuitionistic Fuzzy Topological Spaces
In this section we introduce intuitionistic fuzzgrneralized beta homeomorphisms and investigate pooperties.
Definition 3.1: Let f: X — Y be a bijective mapping. Then f is said to be imtuitionistic fuzzy generalized beta
homeomorphism (IF@EHM for short) if f is both an IF@G continuous mapping and an IBGM.
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Example3.2: Let X ={a, b}, Y ={u, v}and G = - x, (0.5, 0.6), (0.5, 0.4): , G, =", (0.2, 0.3), (0.8, 0.%) . Thent
={0., G, 1L}ando = {0, G, 1} are IFTs on X and Y respectively. Define a magpfn(X, t) — (Y, o) by f(a) = u and
f(b) = v. Then fis an IFGHM.

Theorem 3.3: Let f: X — Y be a bijective mapping. If f is an IBEontinuougmapping, then the following are equivalent:
(i) fisan IF@OM (ii) fis an IFEBHM (iii) f is an IFGBCM.
Proof: Straightforward.

Remark 3.4: The composition of two IF@HMs need not be an IFBEIM in general.

Example3.5: Let X ={a, b}, Y ={c, d}and Z = {e, f}. Let G = - X, (0.5, 0.6), (0.5, 0.4) , G, =" X, (0.8, 0.%), (0.2,
0.3)",G ="y, (0.8, 0.9), (0.2, 0.3), G, =+ z, (04 0.3), (0.6, 0.%)- and G = - z, (0.2, 0.2), (0.8, 0.8)+ and
Thent = {0, G;, G, 1}, 0 ={0-, G5 L}andn ={0-, G4, Gs 1} are IFTs on X, Y and Z respectively. Define apping f:
(X, 1) — (Y, 0) by f(a) = c and f(b) = d and g: (%) — (Z,n) by g(c)=d and g(d) = e . Then f and g are BH®s but go
f: X — Zis not an IF@GHM, since @f is not an IF® continuous mapping, since,G - z, (0., 0.%) , (0.4, 0.3)* is an
IFCS in Z but (o f) (G, = * x, (0.6, 0.7%), (0.4, 0.3) is not an IF@CS in X, since (@ f) (G, = * x, (0.6, 0.%,),
(0.4, 0.3): SG;butBel((gof) {(Gs) =1.0G,

Definition 3.6: Let f: X — Y be a bijective mapping. Then f is said to beimtaitionistic fuzzy M generalized beta
homeomorphism (IFM@HM for short) if f is both an IF@ irresolute mapping and an IFNBGM.

The family of all IFM@HMs in X is denoted by IFM@GHM(X).
Theorem 3.7: Every IFMEHM is an IF@BHM but not conversely.

Proof: Let f: X — Y be an IFM@HM. Let A €Y be an IFCS. Then A is an IB&Sin Y. By hypothesis, fi(A) is an
IFGBCS in X. Hence f is an IH&continuous mapping. Let BE X be an IFOS. Then B is an IBGS in X. By hypothesis,
f(B) is an IF@OS in Y. Hence fis an IHBOM. Thus fis an IFGHM.

Example 3.8: Let X = {a, b}, Y ={u, v} and G = - X, (0.4, 0.6), (0.6, 0.4)- ,G, = - X, (0.5, 0.%), (0.5, 0.3)-, G =
*y, (0.2, 0.3), (0.8, 0.7%)-, thent = {0, G, G;, L}and ¢ = {0-, G, 1.} are IFTs on X and Y respectively. Define a
mapping f: (X,1) — (Y, o) by f(a) = u and f(b) = v. Then fis an IBE&M but not an IFM@HM, since A =-y, (0.4,
0.7), (0., 0.3)* is an IF@CS in Y but f1(A) is not an IF®CS in X, since f{(A) = - x, (0.4, 0.%), (0.6, 0.3)* <G,
butBcl(f (A)) =1-0 G,.

Theorem 3.9: The composition of two IFM@BHMs is an IFMG@HM.

Proof: Let f: X — Y and g: Y— Z be any two IFMGSPHMSs. Let & Z be anlFGBCS. Then by hypothesis, H§A) is an
IFGBCS in Y. Again by hypothesis, (g~ *(A)) is an IF@CS in X. Therefore ¢f is an IF@ irresolute mapping. Now let
B € X be an IF@OS. Then by hypothesis, f(B) is an IBGS in Y and also g(f(B)) is an IB®S in Z. This implies ¢f is
an IFMGEOM. Hence gf is an IFMQHM.

Theorem 3.10: Let f: X — Y be a bijective mapping. If f is an IB3rresolutemapping, then the following are equivalent:
() fis an IFMQBOM (i) fis an IFMG3HM (ii) f is an IFMGBCM.
Proof: Straightforward.

Theorem 3.11: The set of all IFM@BHMSs in an IFTS (Xy) is a group under theomposition of maps.

Proof: Define a binary operation : IFMGBHM(X) x IFMGBHM(X) — IFMGBHM(X) by f * g = go f for every f, g€
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IFMGBHM(X) and o is the usual operation of composition of mapsc&ig<€ IFMGBHM(X) and f € IFMGBHM(X), by
Theorem 3.9, g 0 € IFMGBHM(X). We know that the composition of maps is asative. The identity map I: (%)
— (X, 1) belonging to IFM@HM(X) is the identity element. If fe IFMGBHM(X), then f* €
IFMGBHM(X). Therefore fo f * = f ™ o f = | and so the inverse exists for each elemédntFIGBHM(X). Hence
(IFMGBHM(X), o) is a group under the composition of maps.

Theorem 3.12: If f : X — Y is an IFM@HM, then gcl(f * (B)) =f *(Bcl(B)) for every IFSBin Y.

Proof: Let B €Y. Thenpcl(B) is an IFCS in Y.. Since f is an IFGirresolutemapping, f*(Bcl(B)) is an IFGCS in X.
This implies @cl(f *(Bcl(B))) =f *(Bcl(B)) Now gBcl(f (B)) < gBcl(f *(Bcl(B)) = f *(Bcl(B)).

Theorem 3.13: If f : X — Y is an IFM@HM, where X and Y are [BT,, spacesthenpcl(f * (B)) = f *(Bcl(B)) for every
IFSBinY.

Proof: Since fis an IFMBHM, f is an IF@ irresolute mapping. Sindgcl(f(B)) is an IFGBCS in Y, f*(Bcl(f(B))) is an
IFGBCS in X. Since X is an [Ty, space, {Bcl(f(B))) is an IBCS in X. Now, f1(B) =f *(Bcl(B)) S Bcl(f

Y(Bcl(B))). We hagel(f (B)) < Bcl(f*(Bcl(B))) = f Y(Bcl(B)). This impliesBcl(f *(B)) <

f Y(Bcl(B)) ----- (*). Again since fis an IFMBHM, f * is IFGB irresolute mapping. Sindgl(f * (B)) is an IF@CS in X,
(f ) Y(Bel(f Y(B))) = f(Bcl(f }(B))), is an IF®CS in Y. Now B (f %) *(f 4B)) = (f ) (Bcl(f *(B))) = f(Bcl(f (B))).

ThereforeBcl(B) < Bel(f(Bel(f (B)))) = f(Bcl(f *(B)), since Y is an IBTy; space. Henc&(Bcl(B)) =f *

(f(Bel(f "%(B)) < Bcl(f (B)). That is f*(Bcl(B)) < Bel(f (B)) ------ (**). Thus from (*) and (**) we gefcl(f *

(B)) = f Y(Bcl(B)) and hence the proof.

Corollary 3.14: If f: X — Y is an IFM@HM, where X and Y are BT/, spacesthenfcl(f (B)) = f(Bcl(B)) for every IFS
Bin X.

Proof: Since fis an IFM@HM, f *is also an IFM@HM. Therefore by Theore®.13Bcl((f ) *(B)) = (f ) *(Bcl(B)) for
every BE X. That isBcl(f (B)) = f(Bcl(B)) for every IFS B in X.

Corollary 3.15: If f : X — Y is an IFM@HM, where X and Y are BT, spacesthenint(f (B)) = f(Bint(B)) for every
IFS B in X.

Proof: For any IFS BE X, Bint(B) = (Bcl(B%)". By Corollary 3.14, Rint(B)) = f(Bcl(B%))® = (f(Bcl(B®)))° = Bcl(f(B)))° =
Bint(f(B9)° = Bint(f(B9)°) = Bint(f(B)).

Corollary 3.16: If f : X — Y is an IFM@BHM, where X and Y are BT+, spacesthenfint(f *(B)) = f *(Bint(B)) for every
IFSBinY

Proof: Since fis an IFMBHM, f *is also an IFMBHM, the proof directly followgrom Corollary 3.15.
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