CHAPTER II

Some Hybrid forms of Neutrosophic Sets

(2.1) Introduction to some Neutrosophic Variants
(2.2) Fermatean Neutrosophic Cubic Set
(2.3) Fermatean Temporal Neutrosophic Set

Exploring Neutrosophic variants is essential for handling more complex
uncertainties what traditional neutrosophic sets cannot offer. This chapter deals with the

introduction of neutrosophic variants and incorporates their basic structures.

2.1 Introduction to some Neutrosophic variants

This section defines various neutrosophic variants based on the idea of
dependency based NSs by redefining the structure of the NS. It explores an extended
form of Pythagorean neutrosophic set and neutrosophic spherical set. Additionally, a
graphical comparison provides a visual understanding of these concepts and their

relationship.

Extented Pythagorean Neutrosophic Set
Definition 2.1.1

Let S be a non empty set. An exended Pythagorean Neutrosophic Set (PNS) Ap

is of the form

Ap = {(x, TAP(x),IAP(x),FAP(x))/x € S}
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where Ta, (x), 1s truth membership, Iy, (x) is indeterminacy membership, Fy, (x) is

false membership where T, (x),1 4y (%), Fa, (x) € [0, \/f] and

2 2 2
0<[1,,0] +|l,00| +[E,®] =2
where T4, (x),1 Ay (x) and F Ay (x) are dependent components.

Example 2.1.2
Let S = {X, 7,7} be a set and a PNS Ap on S is denoted as follows,
Ap =((%,0.9,0.6,0.3), (¥,0.8,0.8,0.3), (Z,0.7,0.3,0.5)).
Definition 2.1.3
Let S be a non empty set, and the PNSs, Ap and Bp in S of the form
Ap = {(%, Ty, (), 14, (), Fa, (X)) |x € S} & Bp = {(x, T3, (%), Ip, (x), Fp, (x))|x € S}
satisfy the following conditions:
1) Ap € Bp iff Ty, (x) < Tp,(x); 14, (x) < Ig,(x); F4,(x) = Fp,(x),Vx ES.
2) Ap = Bpiff Ty, (x) = T, (x); [4,(x) = Ig, (x); F4,(x) = Fp,(x),Vx € S.
3) Ap U Bp = {{x, Tapus, (1), Lapus, (), Fapup, (X)) 1x € S} where,
L Tapupp(x) = max{TAp(x)'TBp(x)}
ii. Iyup,(x) = max{ly,(x),1,(x)}
ili. Fy,up,(x) = min{FAP(x),FBP(x)}
4) Ap 0 Bp = {{x, Tapne, (1), Lapnz, (1), Fapns, (X)) 1x € S} where,
i Typnpp(X) = min{TAp(x)lTBp(x)}
. Iypnpp(X) = min{lAP(x),IBP(x)}
ili. Fyonp,(x) = max{FAP(x),FBP(x)}
5) Let a, b and ¢ be three real numbers in [0,1] satisfying the inequality
a’® 4+ b%? + c? <2, where a,b,c € [0, \/7] Then the triplet {a, b, c) is called a

Pythagorean neutrosophic number.
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Definition 2.1.4
Let Ap = {(x, TAP(x),IAP(x),FAP(x))|x € S} be a PNS on S, then the
complement of the set Ap may be defined as
(€) C4p) = {(x, Fy, (x)’IAp(x)’TAp(x))lx € S}
(C2) C(Ap) = {{x, Fap (1), V2 = L4, (%), Ta, (X)) |x € S}

(C3) C(Ap) = {{x,Ta, (), V2 = I, (x), Fa, (1)) x € S}
The complement also should satisfy the PNS condition.

Example 2.1.5
Let S = {X, 7,7} be a set, and let Ap, Bp, Cp, Dp and P, be PNSs on S,
Ap =((%,0.9,0.6,0.3), (¥,0.8,0.8,0.3), (Z,0.7,0.3,0.5)).
Bp = ((X,0.5,0.7,0.8), (#,0.3,0.7,0.9), (£, 0.2,0.8,0.8)).
Cp =((%,0.9,0.7,0.3), (¥,0.8,0.8,0.3), (Z,0.7,0.8,0.5)).
Dp = ((X,0.5,0.6,0.8), (¥,0.3,0.7,0.9), (Z,0.2,0.8,0.8)).
Pp = ((%,0.4,0.5,0.5), (,0.7,0.7,0.8), (Z,0.5,0.6,0.5)).
P S Abecause Tp < Ty;Ip < Iy;and Fp = F.
Further, AUB = {{Ty VT, I, VIg, F4 ANFg)} =C,
ANB ={TyATg, Iy Nlg, F4V Fg)} = D.

Definition 2.1.6
Let {A Pl €J } be an arbitrary family of PNS in S. Then

a) Udp, = {<x VTa (), Vg, (), AFs, (x)>:x € 5}

b) NAp, = {<x A TAPi(x), A IAPi (x), v FAPi (x)>:x € S}

Definition 2.1.7
Let S be a universe. The PNSs null set and whole set in S are defined as follows:
Opy 1s defined as:
0py = {{x,0,0,0})|x € S,}
V2, is defined as:

Exploring Neutrosophic Set Variants: Investigating Topological Insights,
Approximation Spaces and Decision-Making Approaches

22



Chapter 11

\/EPN = {(x: E,l/),O)lx € Sr}
where 0 < {¢ = max(T))} <2 , 0 < {p = max(l;)} < V2,
0<{{=max(F)}<Vv2 with0 <& +y?+*<2.

Proposition 2.1.8
Let S be a universe. Then the following are true for any PNS Ap
a) Opy S Ap, Opy S Opy
b) Ap S V2py, V2py € V2py

Proof:

a) Opy S Ap
Let Ap = {{x, Ta, (%), Ln, (%), Fa, (x))|x € S}. From definition 2.1.7,
0py = {(x,0,0,{}x €S,}
From definition 2.1.3, Opy € Ap implies that 0<T,,(x), 0= I, (x),
{ = F4,(x),Vx € S, where { is the maximum value from the Definition 2.1.7.

Hence the proof.

Similarly, the proof of Opy € Opy is straightforward.

b) Ap S VZpy
Let Ap = {(x, Ty, (%), 14, (x), F4p, (x))lx € S}. From definition 2.1.7,
V2py = {(x,&,%,0)|x €S,}

From definition 2.1.3 Ap S V2, implies that Tp,(x) <&, I, (x) < ¥,
Fy,(x) = 0,Vx € S where ¢ and Y are the maximum values from the Definition 2.1.7.
Hence the proof.

Similarly, the proof of V2,5 S V2py is straightforward.

Proposition 2.1.9
Let S be a non empty set. Let Hp, Ip, Jp and Kp are PNSs in S, then

1. Hp € Ip,and Jp € Kp
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= HpoUJp C1pUKp, HpoNJp S Ip N Kp,
ii. Ho € Ip,Hp S Jp = Hp S Ip N0 Jp,
iii. Hp € Jp,Ip S Jp = Hp U Ip C Jp,

1v. HP c IP’IP g]P = HP g]p,

Proof:
1. Given that Hp, Ip, Jp and Kp are PNSs in S. And from Definition 2.1.3,
Hp € Ip iff Ty, (x) < T, (x); Iy, (x) < I, (x); Fy,(x) = F,(x),Vx €S.
Jp EKp ift Ty, (x) < Tx,(x); I, (x) < Iy, (x); Fj,(x) = Fg,(x),VX ES
Then
Thpuyp(X) = max{THp (x), T}, (x)} < max{TIp (x), Tk, (x)} = Trpukp(X)
Iypuyp(x) = max{ly, (), 1, (0} <max{l;,(x), Ix, ()} =0k, (%)
Fiipujp(x) = min{Fy, (x), F;, (x)} = min{F;, (x), F, (x)} = Fiuk, (%)
Also
Thpnyp (%) = min{Ty, (x), T}, (x)} = min{T,, (x), Tx, ()} = T} pnk, (%)
Ipnye () = min{ly, (), 1, ()} =min{l;, (x), Iy, ()} =1k, (%)

Frpnye(x) = max{FHp (x), F, (x)} = max{FIp (), Fyp (x)} = Fronkp (%)

ii) Hp € Ip,Hp € Jp = Hp € Ip 0 Jp,
Hp € Ip iff Ty, (x) < T;, (x); Iy, (x) < I, (x); Fy,(x) = Fj,(x),Vx €S.
Hp € Jp iff Ty, (x) < T), (x); Iy, (x) < I}, (x); Fy,(x) = F,(x),Yx € S.
min{Ty, (%)} <min{T,, (x), T}, (x)}
min{IHP (x)} < min{I,P (x), 1, (x)}
max{FHP (x)} Smax{F,P (x), Fj, (x)}
iii) The result is similar to case (ii).

iv) The statement is obvious by direct observation.
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Definition 2.1.10

Let X and ¥ be two non empty universal sets and ¢: X — ¥ be a function. If
Ap = {{x, Ty, (x), 14,(x),F4,(x)): x € X} is a PNS in X, then the image of Ap under
¢ denoted by ¢p(Ap) is a PNS in ¥ is denoted by

¢(Ap) = {(¥,0(Tap) ), #(1a, ) ), $(Fa, ) 0)): ¥ € ¥}

sup T, (x)if ¢~ (y) # @
¢(Ta,) ) = {xe¢'1(Y) !

0, otherwise

I T
(;b(IAp)(Y) = {xe;??(y) Ap (x) if ¢ (}7) *

, otherwise

inf Fo,(x)ifp™'(y) # ¢
¢ (Fap)(y) = {xe«rlm !

1, otherwise

Definition 2.1.11
Let X and ¥ be two non empty universal sets and ¢p: X — ¥ be a function. If a
PNSin ¥ is Bp = {(y, Ts, (¥), I5,(¥), Fz,(¥)): ¥ € ¥}, then the pre-image of Bp under
¢ defined by ¢ ~1(Bp) is the PNS in X is denoted by
¢~ (Bp) = {{x, ¢~ (T5,) (), ¢~ (I, ) (x), ¢~ (F5, ) (x)): x € X}
where
¢ (Ts, ) () = T, (),
¢_1(IBP)(9C) = IBp(d)(x))l
¢~ (Fi,) () = Fa, (6 ().
Proposition 2.1.12
Let ¢: X — ¥ be a function. Ap (i € J) be PNSsin X, Bp,(j € K) be PNSs in Y
and then
i. Ap, € Ap, = ¢(4p,) < $(4p,)
ii. Bp, € Bp, = ¢~ *(Bp,) € ¢~ *(Bp,)
iii. Ap € ¢1(¢p(Ap)) and if ¢ is injective, then Ap = ¢p(Pp~1(4p))
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. ¢(¢~1(Bp)) S Bp and if ¢ is surjective, then ¢(¢p~2(Bp)) = Bp
. ¢_1(\/§PN) = \/EPN
vi. 71 (0py) = Opy
ii. p(V2py) = V2py if ¢ is surjective
viii. ¢(0py) = Opy
Proof:.
1) AP1 = APz = ¢(AP1) = ¢(AP2)
From the Definition 2.1.3, Ap, S Ap, iff Ty, (x) < Tap, (x); Lyp, (x) < Lap, (x);

i

<

<

v

—

Fpp,(x) 2 Fy, (x),Vx € X.

From the Definition 2.1.11

¢(AP1) = {(3’: o) (TApl) ), ¢ (IApl) ), ¢ (FApl) (}’)> (Y E 17}

A =1y, sup T, (x), sup 1, (x), inf Fi (x
¢( PJ()’) {y xEd)—?(y) Apl( ) xe¢—?(y) Apl( ) xed)-]lc(y) Apl( )}

o(4r,) = {[7.9 (Tar,) 0.0 (1ar,) 02,8 (Esy,) ) :v € 7}
$(Ap,) ) = {y,xeib_ty(y)TApz (%), xe;t_ty(y)lApz (x), xeéq[(y)FApz (x)}

Since Ty, (x)<T, r, (x) taking supremum on both sides implies

sup Ty (x) < sup Ty, (x)
x€p~1(y) x€p~1(y)

Since I A, (x) <1, ’, (x) taking supremum on both sides implies

sup Iy, (x) < sup Iy, (%)
x€p~1(y) x€p~1(y)

Since Iy, (x) <1, r (x) taking infimum on both sides implies

inf FApl(x)Z inf FAPZ(x)
xep~1(y) x€dp~1(y)

Thus Ty, Y < Tap,) 35 Lp(ap ) ) < Liap ) )5 Fap ) V) 2 Fip(ap,) (V)

i) If Bp, € Bp,, then ™1 (Bp,) S ¢~ *(Bp,)
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Let x € X, and y = ¢(x) € X. The inverse image ¢ ~1(Bp) is defined as
¢ (Bp)(x) = {{x, ™ (T5, ) (x), ¢ (I5,) (), ¢ (Fp, ) (x)): x € X}
¢~ (Ts,) () = Tp, (¢ (),
¢ (I5,) () =I5, (6 (1)),
¢ (Fz,) () = Fy, (6(x))

Given

Bp, € Bp, iff Tp, (¥) < Top, 0); Inp, ) < Ig,, (9); Fg, () = Fg, (0),Vy €Y.
Since y = ¢(x), for any x € X.

¢~ (Tp, ) (x) = T, (), 7 (Ip, ) (X) = Ip, (), ¢~ (Fp,) (x) = F5,(»)

Bp, < Bp, implies

1 (Is, ) ) < 67 (Isy, ) )
H(Fap, ) ) 2 07 (Fap, ) ()

Hence ¢_1(BP1) c ¢_1(Bp2).

¢ (T, ) 00 < &7 (Tay, ) )
¢
o

iii) 4p € ¢~ (¢(4p)), then Ap = ¢ (¢~ (4p)).
Let Ap = {(x, Tp,(x), I, (x),Fy, (x)): X € )?}; From the Definition 2.1.10

$(Ap) = {(¥, &(Tap) @), #(1a,) ), #(Fa, ) 3)): ¥ € ¥}

d(4p) () ={y, sup Tu,(x), sup I, (x), inf FAp(x)}
x€p~1(y) x€p~1(y) x€p~1(y)

X, (Toap) (),
¢~ (d(4p)) = ¢_1(1¢(AP))(JC), x €X
¢~ (Fpap ) ()
Since x € X and ¢p(x) € ¥, and

={3’; sup TAP(X), sup IAp(x)' inf FAP(X)}
xep~1(p() xep~1(p(x)) x€p~1(p(x))
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¢_1(T¢>(AP))(X) = sup Ty (x) =Ty, (%)
x€p~1(p(x))
¢_1(1¢>(Ap))(x) = sup Iy, (%) = Iy, (%)

x€p~1(Pp(x))

O (Fpup)(X) = sup  Fy,(x) < Fy,(x)
xe¢=1 (6 ()

Therefore ¢_1(T¢(AP))(X) > Ty, (X); ¢_1(1¢(AP))(x) > Iy, (x) ;
¢_1(F¢(AP))(x) < F,,(x). Hence Ap S & H(p(4p)).
To prove: If ¢ is injective, then Ap = qb(qb_l(AP))

Assume that ¢ is injective, then ¢(x;) = ¢p(x;) = x; = x,. Given that Ap be

PNSin X. Ap = {(x, Ty, (x), I, (x),Fa,(x)):x € X}. Let Ap be aPNSin Y.

¢ (Ap) = {{x, 0 (Tap ) (), 71 (1n, ) (1), @7 (Fap ) (0)): x € ¥}
¢~ (4p) = {(x, TBP(¢(x)):IBP(Q')(?C))'FBP((I-')(?C)))ix € 7}
Then applying ¢ to ¢~ 1(4p)

d(Pp1(4p)) = {(y, ¢ (Tap(600)), & (Lp (6 (), & (Fa (¢(x)))> xev)

( )

% xefplf?(y) (TAP (¢(X))) '
¢(~(A4p)) = 1 < S (11, (60)), ).y e v}
\ xegy;(y) <FAP(¢(x))) y,

But since ¢ is injective, ¢ "1(y) contains at most one element, say x, such that

dx) =y.

redri) (TAP (¢(x))) =T ()

sup (I, (6(0)) = L, )

x€p~1(y)

inf (FAP(¢(X))) = F4,(¥)

x€p~1(y)
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¢ (Ap)) = {(x, Ta, ), Lo, ), Fap, 0)): y € ¥} . (671 (4p)) = 4p.

iv) The result is similar to case (iii).

V) ¢ (VZpn) = V2py
From the definition 2.1.7
V2py = {(x, &, 9,0)|x € X,0 <& < V2, 0 < &2 +1p? < 2}
Then the inverse image of
¢~ (Bp) = {{x, ¢~ (Ts,) (), ¢~ (5, ) (x), ¢~ (F5, ) (X)): x € X}
Where
0<{E=max(T)}<V2 , 0<{y=max(I)}<v2, 0<{{=max(F)}<V2
with 0 < &2+ 2 + 72 < 2.

vi) 971 (0py) = Opy
From the definition 2.1.7 0py = {{x,0,0,{)|x € X,0 < { <+2,{? < 2}
¢ (0pn) () = {{x, 07 (Topy ) (), @™ (T, ) (), 7 (Fopy ) (0)): x € X}
¢~ (0pn) (%) = {{x,0,0,{(¢p(x)))Ix € X}
But in Opy, forally € Y. T, (¥) = 0,1,,, () =0, F,, () = ¢,
where ¢ € [0,V2], with 0 < {? < 2. Thus, for any x € X, ¢(x) € Y.
Therefore {(¢(x)) € [0,v2] and {? < 2.

vii) The result is similar to case (v).

viii) The result is similar to case (vi).
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Neutrosophic Spherical Set

This section proposes the notion of neutrosophic spherical set (NSS). In this

set, the square sum of the component values is extended to v/3 . The NSS permits higher
membership values than the PNS, even when the squared sum of its component values
is lower than that of the PNS. This section also verifies the basic concepts and properties

of the NSS.
Definition 2.1.13

Let S be a non empty set. A Neutrosophic Spherical Set (NSS) Ay is of the form

As = {<x (TAS(x),IAS(x),FAS(x)» Ix € S} (2.1.1)

where, Ty (x), 14, (x), Fao(x) € [0,1] and
0 <Tu2(0) + L 2(x) + Fp (x) <V3,  Vx€S (2.1.2)

where Ty (x) is truth membership, I, (x) is indeterminacy membership, F ()

is false membership, Ty, (x), I4,(x) and F, (x) are dependent components.

Example 2.1.14
Let S = {X, 7,7} be a set and a NSS A on S is denoted as
Ag = ((%,0.9,0.8,0.5), (¥,0.6,0.8,0.6), (Z,0.7,0.9,0.8)).
Definition 2.1.15
Let S be a non empty set, and the NSSs
Ag = {(x, (Tag (), Lng(x), Fag (x)))1x € S} & Bs = {(x, Tp5 (%), Ip; (x), Fp; (x))|x € S}
satisfy the following conditions:
1.Ag € Bg iff Ty (x) < Tp (x); 4 (%) < I (x); Fpo(x) = Fg (x) VX E S
2.Ag = B iff Ty (x) = T (x); [nc(x) = Ig (x); F4(x) = Fp(x)Vx € S
3.45 N B = {(x, Tysnp5 (%), Lagnps (X), Fagnps (x))|x € S} where,
1. Tynps(x) = min{TAS(x),TBS(x)}

ii. Iyenps(x) = min{IAS(x),IBS(x)}
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iii. Fpnpg(x) = max{F,(x), Fz,(x)}
4. As U B = {{x, Ty qups (%), Laquss (%), Fagups (x))|x € S} where,
1 Tygups(x) = max{TAS(x):TBS(x)}
i, Iyupg(x) = max{l;(x), I, (x)}
iii. Fyoup(x) = min{FAS(x),FBS(x)}
5. Let a, b and ¢ be three real numbers in [0,1] satisfying the inequality
a? + b? + ¢? <3, where a, b, ¢ € [0,1]. Then the triplet (a, b, ¢) is called

a neutrosophic spherical number.

Definition 2.1.16
Let As = {(x, Tag(x), Lag(x), Fag(x))|x €S} be a NSS on S, then the
complement of the set Ag can be defined as
(C) C4) = {(x, FAS(x)'IAS(x)'TAS(x))lx € S}
(C2) C(As) = {(x, Fag(0),1 = Ly (2), Tas (1)) 1x € S}
(C3) C(As) = {(x,1 = Ty (x),1 — Ly (x),1 — Fy i (x))|x € S}
() C(As) = {{x, 1 = Tyg(x), Lng(),1 — Fag () |x € S}
Example 2.1.17
Let S= {X, ¥, Z} and let Ag, Bs, Cs, Dg and Ps be NSSs.
As = ((%,0.9,0.8,0.5), (¥,0.6,0.8,0.6), (Z,0.7,0.9,0.8)).
Bs = ((¥,0.5,0.7,0.3), (¥,0.3,0.9,0.8), (Z,0.6,0.9,0.6)).
Cs = ((%,0.9,0.8,0.3), (¥,0.6,0.9,0.6), (Z,0.7,0.9,0.6)).
Ds = ((X,0.5,0.7,0.5), (¥, 0.3,0.8,0.8), (Z,0.6,0.9,0.8)).
P; = ((%,0.5,0.7,0.4), (¥,0.6,0.7,0.6), (Z,0.6,0.6,0.9)).
Pg < Cg because Tp, < T¢g; Ipg < I¢g; and Fp = Feg.
Further, As U Bs = {(T, V Ty Lig V 155 Fag A Fig)} = Cs,
As N Bs = {(Tag ATps 1ag AN g Fag V Fpg)} = Ds
Definition 2.1.18
Assume that {Asi: i €] } is an arbitrary family of NSS in S. Then
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a) NAg = {(x, A TAsi (x), A IASi(x), v FASi(x)>:x € S}

b) UAg = {(x, v TAsi (x), v IASi(x), A FASi(x)>:x € S}
Definition 2.1.19
Let S be a universe. The NSSs null set and whole set in S are defined as follows:
Oy is defined as:
Ons = {(x,0,0,{)|x €S,}
155 1s defined as:
Iys ={(x, &, 0)|x €S, }

where 0 < {f=max(T)} <1, 0<{¥=max(])}<1, 0<{{=max(F)}<1
with 0 < €2 + % + (% < /3.

Proposition 2.1.20
The following are true for any NSS Ag:
a) Oys S As, Oys S Ops

b) As € 1ys, Ins S 1ns
Proof: This proof is similar to Proposition 2.1.8 and is based on Definition 2.1.19.

Proposition 2.1.21
Let W, Xs, Ys and Zg are NSSs in S, then
1. WS - Xs, and YS - ZS
=>WsUYs CXcUZs, WoenNYs ©C XN Zg
1. WS ng,WS c YS = WS EXSHYS
iV. WS - XS’XS c YS = WS c YS

Proof: This proof is similar to Proposition 2.1.9 and is based on Definition 2.1.15.
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Definition 2.1.22
Let X and ¥ be two non empty universal sets and ¢p: X — ¥ be a function. If
Ag = {(x, Ta; (), L1 (x), Fag(x)): x € X} is a NSS in X, then the image of A under ¢
defined by (4s) is the NSS in ¥ is denoted by
o(4s) = {{y, 0 (Tag) ), 9 (Lag) ), 9 (Fag ) 3)): y € T}
¢(Tas) ) = {xeil-t?(y)TAs G if ¢ % 0

0, otherwise,

I if &1
91, )0) = [ 191020

, otherwise,

inf Fp(x) if ¢7'(0) # ¢
P(Fas) () = {xef_l(Y) !

1, otherwise,
Definition 2.1.23

Let X and ¥ two non empty universal sets and ¢:X — ¥ be a function. If
Bs = {(y, Tg (¥),Ip,(¥), Fgg (y)): y € 17} is a NSS in ¥, then the pre-image of B under
¢ defined by ¢~1(By) is the NSS in X is denoted by
¢~ (Bs) = {(x, ¢~ (To5) (1), &~ (I55) (), d ™" (Fps) (x)): x € X}
Where
¢ (T35) () = Tag(¢(x)), 7 (1) (%) = Ing (D), 7 (Fi) (x) = Fiy (9(x))

Proposition 2.1.24

Let ¢: X — ¥ be a function. Ag,(i € ]) be NSSs in X, ng(]' € K) be PNSs in ¥
and then

i. As, € As, = ¢(4s,) € P(4s,)

ii. Bs, € Bg, = ¢~ (Bs,) € ¢~ *(Bs,)
ii. As € ¢~ (p(As)) and if ¢ is injective, then As = (P~ (4As))
. $(¢71(Bs)) S Bg and if ¢ is surjective, then ¢p(¢p~1(Bs)) = Bs
¢ (Ays) = 1y
vi. 71 (0ys) = Ops

i

oy

i

<

<
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vii. p(1ys) = 1y if ¢ is surjective

viii. ¢(Ons) = Ops

Proof: This proof is similar to Proposition 2.1.12 and is based on Definition 2.1.15,

Definition 2.1.22 and Definition 2.1.23

Definition 2.1.25 [4]
Consider a non empty set S. A Fermatean Neutrosophic set (FNS) A is of the

form
Ap = {{%, (Tap (%), 1a (), Fa, (X)) |x € S}
where Ty, (), Ly, (x), Fa, (x) € [0,1] and
0<Tp () +1,,°(x) + Fy,°(x) <2Vx €S.

where Ty, (x) is truth membership, I, (x) is indeterminacy membership,
Fy.(x) is false membership. Ty (x), l4,(x) are independent components and Fy, (x)
is dependent component with respect to Ty, (x) that is 0 < TAF3(x) + FAF3(x) <1,

0<1,°%(x) <1

Example 2.1.26
Let S = {X,7,Z} be a set and a FNS Ap on S is denoted as
Ap = ((%,0.85,0.7,0.7), (¥,0.9,0.8,0.6), (Z,0.5,0.8,0.9)).
Definition 2.1.27
Let S be a non empty set, and the FNSs Arp and By is of the form
Ap = ({0, Tap (0, Lay (), Fag )x € S}, By = {{x,T5, (), I, (x), F, (0))x € S}
satisfy the following conditions:
1. Ap € Bpiff Ty, (x) < Tp,(x); [n, (%) < I, (x); F4,.(x) = Fp,.(x)
2. Ap = Bpiff Ty, (x) = T, (x); 1, (X)= g (X); Fap(x) = Fp(x)Vx €S

3. ApFNBp = {(x, TAFnBF(x),IAFnBF(x),FAFnBF(x)Mx € S} where,

L Tppnpp(x) = min{TAF(x)'TBF(x)}
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. Iyonpp(X) = min{IAF(x),IBF(x)}
iii.  Fyonpe(x) = max{FAF(x),FBF(x)}
4. Ap U Bp = {{x, Ta,up, (%), Lapusy (), Faus, (X)) € S} where,
L Tapupp (%) = max{TAF(x)' TBF(?C)}
i, Iyupe(x) = max{IAF(x),IBF(x)}
iii.  Fyup,(x) = min{F,,(x), Fz,(x)}
5. Let a, b and ¢ be three real numbers in [0,1] satisfying the inequality
a® + b3 + ¢3 < 2, where a, b, c € [0,1]. Then the triplet {a, b,c) is called a

Fermatean neutrosophic number.

Definition 2.1.28

Let Ap = {(x, T, (%), Lo, (x), F4,(x))|x €S} be a FNS on S, then the
complement of the set Ay, can be defined as

(C) C(AR) = {{(x, Fap (%), 1 — 14, (x), T4, (x))|x € S}

(Cy) C(AR) = {(x, 1 = Ty, (%), 14, (x),1 = F4,(x))|x € S}

(C3) C(AR) = {{x, Fap (), La (%), Ty ()| x € S}

(Cy) CAR) = {(x, 1 = Ty (x),1 — 11, (x),1 — Fp . (x))|x € S}

Example 2.1.29

Let S = {X, 7,2} and let Ag, Br, Cp, Dp and P, are FNSs.
Ar = ((%,0.85,0.9,0.7), (¥#,0.9,0.8,0.6), (Z,0.5,0.8,0.9)).
Br =((X,0.8,0.9,0.7), (7,0.6,0.9,0.8), (£,0.9,0.7,0.6)).
Cr = ((%,0.85,0.9,0.7), (,0.9,0.9,0.6), (Z,0.9,0.8,0.6)).
Dr = ((%,0.8,0.9,0.7), (¥, 0.6,0.8,0.8), (%, 0.5,0.7,0.9)).
Pr =((X,0.8,0.8,0.7), (¥,0.85,0.7,0.8), (Z,0.9,0.8,0.7)).

Pr © Cr because Tp, < T¢; Ip, < I¢.;and Frp = F¢,. Further,

Ap UBp ={{Ts, V Ts,,In, VIg,, Fs, A Fg,)} = Cr and

Ap N Bp = {(Ta, ATop Iag ANpp Fap V Fpp)} = Dr
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Definition 2.1.30
Let {A Fil€]J } be an arbitrary family of FNS in S. Then

a) NAp, = {(x,/\ TAFi (2),A IAFi (x)Vv FAFi (x)> 'X € S}

b) UAp = {<xV Top, GOV Lay CONFy, (x)> xes)

Definition 2.1.31
Let S be a universal non empty set. The FNS Oy is an empty set and 1gy is a
whole set in S are defined as follows:
Opy 1s defined as
0py = {{(x,0,0,1): x € S}
1gy 1s defined as
1py = {{(x,1,1,0): x € S}
where 1 and 0 represent the constant maps that assign every element of S to 1

and 0, respectively.

Proposition 2.1.32
The following are true for any FNS A:
a) Opy S Ap, Opy S Opy

b) Ap € 1py, 1py € 1pn
Proof: This proof is similar to Proposition 2.1.8 and is based on Definition 2.1.31.

Proposition 2.1.33
Let Ag, Br, Cr and Dpare FNSs in X, then

i. Ap © Bp,and Cr € Dg
= A UCr € Bp UDg, Ar N Cr € Bp N Dp.
il. Ap € Bp,Ar © Cr = Ap € Br N Cp,
iii. Ap € Cp,Br € Cp = Ap U B C Cp,

iv. Ap € By, By € Cp = Ap C C,
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V. m = Opn andm = 1pn.

Proof: This proof is similar to Proposition 2.1.9 and is based on Definition 2.1.27 and

Definition 2.1.31.
Definition 2.1.34

Let X and Y be two non empty universal sets and and ¢p: X = Y be a function. If
Ap = {(x, TAF(x),IAF(x),FAF(x)): X € X} is a FNS in X, then the image of A under ¢
defined by ¢(Af) is the FNS in Y denoted by

d(Ar) = {(v, &(Ta,) ), d(1a,) ), d(Fap ) 3)): vy € Y}

sup Ty (x) if 7 () £ o
¢ (Ta,)(y) = {x€o1)
0, otherwise,

sup I, (x) if ¢ # o
UBIHEREE SO
0, otherwise,

inf Fu.(x) if ¢7'()#0¢
¢ (Fap) () = jree7)
1, otherwise,

Definition 2.1.35
Let X and Y two non empty universal sets and ¢: X — Y be a function. If
Br = {(y, TBF(y),IBF(y),FBF(y)>:y € Y} is a FNS in Y, then the pre-image of By
under ¢ defined by ¢p"1(B) is the FNS in X is denoted by
¢~ (Br) = {(x, 0 (T5,) (), &~ (I, ) (%), ¢ " (Fz, ) (X)): x € X}

where

¢ (Tp,)(x) = Tg,(¢(x)), 7 (I5,) (x) =I5, (¢(x)), 7 (Fp, ) (x) = Fz,(¢(x))

Proposition 2.1.36
Let ¢: X — ¥ be a function. A, (i € J) be FNSs in X, Br;(j € K) be FNSs in Y
and then
i. Ap, S Ap, = ¢(4r) € ¢(45)
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ii. Bp, S Bp, = ¢ Y(Br)<S ¢ *(Bg,)
iii. Ar € ¢71(¢p(Ar)) and if ¢ is injective, then Ar = ¢(Pp1(4F))
iv. ¢(¢ 1(Br)) S By and if ¢ is surjective, then ¢(¢~2(Br)) = B
v. ¢ (1pn) = 1py
vi. ¢71(0py) = Opy
vii. ¢(1py) = 1py if ¢ is surjective

Vlll ¢(OFN) = OFN

Proof: This proof is similar to Proposition 2.1.12 and is based on Definition 2.1.34 and

Definition 2.1.35.

Comparison between Neutrosophic variants

A graphical comparison of neutrosophic set and their variants, focusing on the
case of dependence, has been presented. The PNS extends the range from 0 to v2,
enabling the assignment of values greater than 1, up to v2. Therefore, it is useful in

situations where there is data that needs to be assigned member values greater than 1.

In such cases, the PNS is more appropriate. However, in this set, it is difficult to manage
V2 in some places such as define the universal set (whole set) and the null set. To
address this issue, an attempt is made to reduce the range of values from [0,v2] to

[0,1], while still allowing higher membership values in the case of dependence.

In another scenario, the NSS is introduced as a generalized framework that
effectively handles indeterminacy, unlike fuzzy sets and their extensions, which assume
dependency among membership values and cannot address indeterminacy. In NSS, the
square sum of truth, indeterminacy, and falsity values ranges from 0 to v/3, allowing
for higher individual membership values, even when the sum is lower compared to
PNS.
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Hence in general, difficulties arise when the maximum values are more than 1
while defining certain properties such as the universal set, null set, complement, and

their related characteristics.

From the observation, the FNS is a generalized framework that encompasses all
fuzzy and neutrosophic variants. The FNS allows higher values of truth, indeterminacy,
and falsity membership. Although the individual membership values do not exceed 1,
the cube sum is considered, which allows the set to cover broader regions than other
models. Additionally, it is easy to define the universal set, null set, complement, and
their related characteristics within this framework.

A graphical comparison of neutrosophic sets and their variants is given below,

along with a comparison table of PNS, NSS, and FNS.

_ Fermatean Neutrosophic Set

Neutrosophic Spherical Set

Pythagorean Neutrosophic Set

Neutrosophic Set

Table 2.1.1. Tabular represention of comparison between the Neutrosophic variants, focusing
on the case of dependency

Properties Pythagorean Neutrosophic Fermatean
Neutrosophic Sets | Spherical Sets Neutrosophic
Sets
Membership ] Truth
Truth Membership Truth Membership
Function Membership (T):
(T): T € [0,2] (T):T € [0,1]
T € [0,1]
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indeterminacy, and

inconsistency when
all the components

are dependent, and

the range exceeds

more than one.

indeterminacy, and
inconsistency when all
the components are
dependent, but the
values of components

have higher values.

Indeterminacy Indeterminacy Indeterminacy
Membership (I): Membership (I): Membership (I):
I €0,V2] Ie[01] Ie[o01]
Falsity Membership | Falsity Membership Falsity
(F): F € [0,v2] (F): F € [0,1] Membership (F):
F €]0,1]
Independence | The values of T, I The values of T, I and | The values of T,
of Component | and F are dependent | F are dependent of and F are
of each other. each other. dependent of each
other. [ is
independent.
O0<T? 4+I?+F2<2|0<T2+[24+F2<+3| 0<T3+I3+F3
<2
Mathematical | Use the square sum | Use the square sum of | Use the cubic
Structure of truth, truth, indeterminacy, sum condition0 <
indeterminacy, and | and falsity T3+ +F3<2.
falsity components, | components, ranging
ranging from 0 to v2 | from 0 to 1.
Handling of Suitable for general | Suitable for general It is particularly
Uncertainty cases of uncertainty, | cases of uncertainty, effective in

scenarios where
uncertainty is

high.

Necessary and
Sufficient

condition

The Pythagorean
neutrosophic set

does not satisfy the

The neutrosophic
spherical set does not

satisfy the Fermatean

The Fermatean
neutrosophic set

satisfies the
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Fermatean
neutrosophic set

condition.

neutrosophic set

condition.

neutrosophic
spherical set

condition.

Graphical

Representation
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2.2 Fermatean Neutrosophic Cubic set

A cubic set is one of the essential theories for handling both exact and non exact
values, which can be represented through intervals. Also, it handles different types of
uncertainty simultaneously. In this section, the idea of cubic set is imposed to FNS by

introducing interval-valued Fermatean neutrosophic sets.

Definition 2.2.1

Let X be a non empty set. An interval-valued Fermatean neutrosophic set

(IVENS) A;r in X is denoted by

Ajp = {x: [TA_IF(X)’ TAtF(X)]’ [IA_IF(x)' IXIF(x)]’ [FA_IF(x)' FAtF(x)]/ x € X}

where
T (O, 1, (0, Fi () € [0,1], 0 < [T (O] + 15, @] + [Fi, )] <2

T} (0, 1F, (0, Ff, (0) € [0,1], 0 < [TF o + [1iF, @] + [Ff )] <2
where,
Lieo = min{(1,1 = [T, (0] = [Fr, (0]},
ILF(x) = max{(1,1 - [TAtF(x)] - [FA-';F('X)])}'
Definition 2.2.2
Let X be a non empty set, and the IVENSs, A,z and Bys in X of the form

Arp = {2 [T Thrpco b e ipco b [Farpcor Faeol/ % € X} and
Bir = {x:[Tg,p000 Ta o b B cor e [Forpcor Firpeol/ x € X} satisfy  the
following conditions:

Aip € Bip iff Ty, (x) < Tg,,(%); Iy, (x) < I,,(x); Fg,.(x) = Fg,,(x),Vx € X.

T (x) < Tg (x); If (%) < I3 (x); Fy (%) = F5, . (x),Vx € X.
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Aip = Bip iff Ty, (x) = T, (%); Ix,,(x) = I5,,(x); Fs,.(x) = Fg,,(x),Vx € X.
The(0) = Tg,, (0); I, () = 1§, (x0); Ff . (x) = Fg,.(x),vx € X.
Arp U Bir = {(%, Taypum, (0, Laypusys (6), Faypusys (0))|x € X} where,
Tapuss () = [max{Ty, (), Tz, (0}, max{Ty, (x), Ty, (0)}]
Inpupe () = [max{l,. (), I, ()}, max{L; . (x), I3, (0)}]
Fp ot (0) = [min{Fy, (), Fg,, ()}, min{F;,, (), Fg . ()]
Ap 0 Bip = {{%, Ta 08, (0, Laypns (X)) Fagpngs () 1x € X} where,
Taseosse (¥) = [min{T, (0, T3, (0}, min{T, (), T, (0)}]
Lnpng,r () = [min{ly, (%), Iz, (1)}, min{l;, . (x), I, (0)}]
Faypom, (¥) = [max{F;, (x), Fg,. ()}, max{Fz, (), Fz,, (O}

Definition 2.2.3

Let Ay = {x: [T, (), TS (0], [1a,, O, If . (O], [Fay o (), EA ()] / x € X}
be a IVFNS on X, then the complement of the set A;r may be defined as

x, |Fr (0, Ef ()],
CAp) =1 - 11,0, 1= If (0)]]|x€X
[T, (), T4 ()] ()

Definition 2.2.4

Let X be a non empty set. A Fermatean neutrosophic cubic set (FNCS) in (g is

denoted by

{r = {(x, Ajp(x), Ap (X)) /x € X}

where A;r(x) is an IVFNS in X and Ag(x) is a FNS in X.
Example 2.2.5

For X = {p, q,r}, the pair {z = (4;r, Ar) is an FNCS in X is represented Table
2.2.1.
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Table 2.2.1. Tabular representation of {r = (A;r, Ar)
X Ar Ar
p ([0.4,0.6],[0,1],[0.6,0.7]) (0.6,0.9,0.7)
q
T

([0.6,0.7], [0.2,1],[0.2,0.5])  (0.7,0.8,0.5)
([0.2,0.5], [0.6,1],[0.2,0.4])  (0.5,1,0.4)

Definition 2.2.6
Let {r = {{x, A;r(x), Ar(x))/x € X} be a FNCS on X, then the complement of
the set {r may be defined as

C(lp) = {(x, C(Ap), C(AF(X)))/X € X}

where
X [FA_IF (x)’ FA-l;F (x)]’ X, FAF (x)l
CAp) =31 - L, 11 O])lxeXy, CQAp)=2{1—-L,(x),||x€S
[T, (), Ta ()] (20) Ty (x)
Definition 2.2.7

Let X be a non empty set. A FNCS {r = (4;r, Ar) in X is said to be

1. Truth-Internal (T-internal) if the following inequality is true and determined
by
(TA‘IF(x) < Ty, (x) < TAtF(x)), (vx e X) (2.2.1)
il. Indeterminacy-internal (I-internal) if the following inequality is true and
determined by
(1 () < L () < I, (), (¥x € X) (2.2.2)
iii. Falsity-internal (F-internal) if the following inequality is true and

determined by

(FA‘IF (x) < Fy, (x) < FA’;F(x)) ,(Vx € X) (2.2.3)

If a FNCS {r = (4;r, Ar) in X satisfies the above inequalities (equations 2.2.1,
2.2.2,2.2.3) then {y = (4;r, Ar) is an internal FNCS in X.
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Example 2.2.8

For X = {p, q,}, the pair{r = (A;r, Ar) is an internal FNCS in X is represented
Table 2.2.2.

Table 2.2.2. Tabular representation of {r = (A, Ap)

X AF (X) AF(x)

p ([0.4,0.6],[0,1],[0.6,0.7]) (0.5,0.8,0.65)

qg ([0.6,0.7],10.2,1],[0.2,0.5])  (0.7,0.6,0.5)

r ([0.2,0.5],[0.6,1],[0.2,0.4]) (0.4,0.85,0.35)
Definition 2.2.9

Let X be a non empty set. A FNCS {r = (4;r, Ar) in X is said to be
i. Truth-external (T-external) if the following inequality is true and

determined by
T () € (Tj7, (0, T} (), (Vx € X) (2.2.4)

ii. Indeterminacy-external (I-external) if the following inequality is true

and determined by

D) € (1, G0, 1, (x)) (Vx € X) (2.2.5)
iii. Falsity-external (F-external) if the following inequality is true and

determined by
Fa () € (Fir, 00, Ff, (1)), (V2 € X) (2.2.6)
If a FNCS {r = (4;r, Ar) in X satisfies the above inequalities (equations 2.2.4,
2.2.5,2.2.6) the {r = (A;r, AF)n is an external FNCS in X.

Example 2.2.10

For X = {p, q,r}, the pair { = (A,r, Ar) is an external FNCS in X is represented
in Table 2.2.3
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Table 2.2.3. Tabular representation of { = (4;r, 1)

X A[p(x) AF(x)

p  ([0.4,0.6],[0,1],[0.6,0.7])  (0.65,1.1,0.8)
g ([0.6,0.7],[0.2,1],[0.2,0.5])  (0.55,0.1,0.7)

r ([0.2,0.5],[0.6,1],[0.2,0.4])  (1,0.5,0.45)

Proposition 2.2.11

Let {r = (A;r, AF) be an internal FNCS in X that is non empty, then there
exists x € X such that Ty (x) € (TA_IF(x),TAJ’IF(x)), I (x) € (I;IF(x),II;’IF(x)),

Fip(x) € (Fip, (), Fif . ()
Proof: From Definition 2.2.9, the proof is straightforward.

Proposition 2.2.12

Let {r = (A;r, Ar) be an FNCS in a non empty set X, if {r = (4;r, Ar) is both

T-internal and T-external then

(Ta,(x) € {T1,, ()| x € X} U{T} (X)|x € X}) (2.2.7)
Proof:
The equations (2.2.1) and (2.2.4) imply that T, _(x) < T, (x) < T4, (x) and
T () & (T (0, T (1)) VX € X.
It follows that T,.(x) =T (x) or T,.(x)= TAJ;F (x) so that
Ty.(x) € {TA_IF(x)|x € X} U {TAJ;F(x)|x € X}
Proposition 2.2.13

Let {r = (A;r, Ar) be a FNCS in a non empty set X, if { = (4;r, Ar) is both I-

internal and I-external then
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(L,(x) € {IA_IF(x)|x e X}ju {IXIF(x)|x € X}) (2.2.8)
Proof: The proof is similar to Proposition 2.2.12.
Proposition 2.2.14

Let {r = (A;r, AF) be a FNCS in a non-empty set X, if { = (4;r, Ar) is both

F-internal and F-external then

(F,(x) € {FA_IF(x),x e X}u {FAtF(x),x € X}) (2.2.9)
Proof: The proof is similar to Proposition 2.2.12.
Definition 2.2.15

Let Qr = (Ajp, Ar) and Ry = (Bjr, ) be a FNCSs in a non empty set X where
Arp = {x: [Tg ooy Tarpo | rcor Lar o [ Fapcor Fapo )/ € X}
A {(%, Ty, (%), L, (%), Fa . (%)) /x € X}
Bir = {x: [T, To o U1 180 ) [P F o]/ € X}
Yr: { (0 Ty (1), Iy (%), Fpp (%)) /x € X}

The equality, P-order, and R-order are defined as follows:

i. Equalitj/ @F = IRF (=4 AIF = BIF and AF = l/)F
ii. P-order Qr Sp Rp © A;p € Bjpand Ap < Yg

iii. R-order Qp Sz Rp © A;p S Bijpand Ap = Y

Definition 2.2.16
For any FNCS {r = (4;r, Ar) in a non empty set X, where

Arr = {2 Th o Thpo b ey e I [Farecor Faweol/ @ € X3

Ap;: {<x, TlFi (), IAFi (x),F,lFi (x)> /x € X} for i € J and J is any index set, and define
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i. Uigsr ¢k, = (Uigy Arr,» Vigy Ar,) (P-Union)

ii. Nigr S, = (NigyArr,  Niej Ar,) (P-Intersection)
iii. Ujepr $r, = (Uiey Arr, Nigy Ar,) (R-Union)
v. Nigprlp, = (ﬂ,-e]A,Fl.,ViEI Apl.) (R-Intersection)

where

U[ Arp(x) AJ;F(x)] (x),

i€]

v~

iej iej

FAIF(x)’ FAIF(X) (x)
iej J

UA’Fi = < Layp oy AIF(x)] (x), |/x€eX

o <lg,ml><x>, (g )05 ) o2

\
X ﬂ AIF(x)’TA-l;F(x)] (x),
i€]
ﬂAIFl = AIF(X)'IXIF(x)] (x), |/x€eX
iej iej
[FAIF(x)' FAIF(x)] (x)
iej J

el g g

Proposition 2.2.17

For any FNCSs Np = (4,5, 4r), Qr = (Bip, Yr), R = (Dip, $r), Zrp = (Eip, 2F)

in a non empty set X, then
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1) If Np Sp Qr and Qr Sp Ry then Ny Sp Rp.

2) If Np Sp Qp then Qf Sp Nf.

3) If Np Sp Qr and Np Sp Ry then Np Sp Qp Np Rp.

4) IfNp Sp Qr and Rr Sp Qf then Nz Up Rp Sp Qp.

S) If NpSpQrF and RpCSpZp then NpUpRp CSp QpUpZr and
Nr Np Rp Sp QF Np Zr

6) If Ny Sx QF and Qr S Ry then Ny S Rp.

7) If Ngp S; Qp then Q% Sx NE.

8) If Ngp Sz Qr and Ny S R then Np S5 Qp Ny R

9) If Np Sz Qp and Ry S Qp then Ng Up Ry S5 Qp.

10)If NpCSrQr and RpCSRZp then NpUizRp Sz QrUgrZr and
Nr Mg Rp Sr Qp Ng Zp.

Proof: The proof is straightforward.
Theorem 2.2.18

Let {r = (A;r, 1) be a FNCS in a non empty set X. If {p = (A;p, Ap) is -
internal (I-external) then the complement ¢ Fl.c = (A,pic,/lpic) of {r = (4;r, AF) is an

I-internal (I-external) FNCS inX.
Proof:

If {r = (A;r,Ar) is an I-internal (resp. I-external) FNCS in X then

e () < 1, () < 1, (), (resp. L, () € (15,00, 1, () ) for all x € X.

It follows that 1—1I; (x) <1-1,(x) <1-1I; (x), (resp. 1-1,(x) ¢
(1= 1,001 = I;,())-

s q FiC = (A IFiC, /1Fl.c) is an I-internal (I-external) FNCS in a non-empty setX.
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Theorem 2.2.19

Let {r = (A;p, Ar) be a FNCS in a non empty set X. If { = (A4;r, Ap) is T-
internal (T-external) then the complement ¢ Fl.C = (A,Fic,/lpic) of {r = (Ajr, Ap) is

T-internal (T-external) FNCS in X.
Proof: The proof is similar to Theorem 2.2.18.
Theorem 2.2.20

Let {r = (A;r, Ar) be a FNCS in a non empty set X. If {r = (A;r, AF) is F-
internal (F-external) then the complement (& = (A%, AS) of {r = (A;r, AF) is an

F-internal (F-external) FNCS in X.
Proof: The proof is similar to Theorem 2.2.18.
Corollary 2.2.21

Let {r = (A;r, Ar) be a FNCS in a non empty set X. If {r = (A;r, Ar) is internal
(external) then the complement (S = (A%, %) of {r = (A;r,AF) is an internal

(external) FNCS in X.

Theorem 2.2.22

If {p, = ((A,Fi, A/l € ]) is a family of F-internal FNCSs in a non empty set
X, then the P-union and P-intersection of {( F, = Ay Ap /L E] } are F-internal FNCSs

in X.
Proof:

Since {f, = (A,Fi,lpi) is a family of F-internal FNCS in a non empty set X,

then Fy  (x) < Fp, (x) S Ff (x)Vi€].
- +
It follows that (Uie] FAIFi) (x) < (Vie] Flpi) (x) < (Uiej FAIFi) (x) and

(NiesFa,) @) < (Nies Fap,) @ < (Nigy Fayy, ) ()
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Uie]szi = (UiEJAIFi»ViEJ)[Fi) and Niej Cp, = (niE]AIFilAiEJ;{Fi) are

F-internal FNCSs in X.

Theorem 2.2.23

If {p, = ((A,Fl., Ap)/iE] ) is a family of T-internal FNCSs in a non-empty set
X, then the P-union and P-intersection of {{Fi = (Air,p Ar) /L € ]} are T-internal

FNCSs in X.
Proof: The proof is similar to Theorem 2.2.22.

Theorem 2.2.24

If {p, = ((A,Fi, Ap)/i € ]) is a family of I-internal FNCSs in a non empty set
X, then the P-union and P-intersection of {C r, = (Aipp Ap) /1€ } are I-internal FNCSs
inX.

Proof: The proof is similar to Theorem 2.2.22.
Corollary 2.2.25

If{p, = ((A 1rp A/ E ] ) is a family of Internal FNCSs in a non empty set, then

the P-union and P-intersection of {( F = (A Ap) /1 E] } are internal FNCSs in X.

Note:The following examples shows that P-union and P-intersection of F-external
(I-external and T-external) FNCSs may not be F-external (I-external and T-external)

FNCS:s.
Example 2.2.26
Let {z = (A;p, Ar) and Ng = (B;r, Yr) be FNCSs in [0,1] where
Ar = {(x,(0.6,0.8),(0.1,1),(0.3,0.5)) /x € [0,1]3},

Ar = {(x,0.7,0.9,0.9) /x € [0,1]}
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Byr = {(x, (0.4,0.6), (0,1), (0.6,0.8)) /x € [0,1]},
Wr = {(x,0.6,0.9,0.2)/x € [0,1]}
Then {z = (A;r, Ar) and Np = (By, 1) are F-external FNCSs in [0,1].

CF UP NF = (AIF V) BIF,/‘{F Vll}F) of (F = (AIFIAF) and NF = (BIF,'(/JF) is giVel’l as

follows
A;r U B = {(x,(0.6,0.8), (0.1,1), (0.6,0.8))/x € [0,1]}
A VY = {(x,0.7,0.9,0.9) /x € [0,1]} is not a F-external FNCSs in [0,1].
Since (Fy, V Fy,)(x) = 0.9 & (0.6,0.8)
= (Fu,, UFg,,) (%), (Fa,p UFs,) (0

{r Np Np = (A N Bip, Ap AYr) of g = (Ajp, Ar) and Np = (B, p) is given as

follows

Air 0 B = {({x,(0.4,0.6), (0,1),(0.3,0.5))/x € [0,1]}
Ar ANYp = {(x,0.6,0.9,0.3) /x € [0,1]} is not an F-external FNCSs in [0,1].
(Fa, AFy,)(x) = 0.2 & (0.3,05) = (Fy, N Fz,) (%), (Fa, 0 Fg,)" (%)
Example 2.2.27

For X = {p, q,r}, let (F = (AIF’AF) and NF = (BIF,IIJF) be FNCSs in X

representations in Table 2.2.4 and 2.2.5, respectively.

Table 2.2.4. Tabular representation of { = (Af, Ar)

X Ap(x) Ap(x)
p ([0.6,0.8],[0.2, 1], 0.2, 0.4]) (0.5,0.1,0.4)
q ([0.4,0.7],[0.4,1],[0.2,0.5)) (0.3,0.3,0.4)
r  ([0.5,0.6],[0.1, 1], [0.4, 0.6]) (0.7, 0,0.5)
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Table 2.2.5. Tabular representation of Ny = (Bg, ¥r)

X Bir(x) Yr(x)

p  ([0.2,0.5],[0.5, 1],[0.3, 0.4]) (0.7, 0.4, 0.65)
q ([0.6,0.7],[0.2, 1],[0.2, 0.5]) (0.4,0.1,0.5)
r ([02,0.5],[0.6, 1], 0.2, 0.4]) (0.6, 0.5, 0.4)

Table 2.2.6. Tabular representation of {r Up Np = (A;r U Bip, A V Yg)

X (Air U Bip)(x) (Ar V Yr)(x)
p  ([0.6,0.8],[0.5, 1],[0.3, 0.4]) (0.7, 0.4, 0.65)
q ([0.6,0.7],[0.4, 1],[0.2, 0.5]) (0.4,0.3,0.5)
r ([0.5,0.6], [0.6, 1], [0.4, 0.6]) (0.7,0.5,0.5)

Table 2.2.7- Tabular representation Of (F np NF = (AIF n BIF' AF A lpF)

X (A N Bp)(x) (Ar APr)(x)
p  ([0.2,0.5],[0.2, 1],[0.2, 0.4]) (0.5,0.1,0.4)
q ([0.4,0.7],[0.2,1],[0.2,0.5]) (0.3,0.1,0.4)
r ([0.2,0.5],[0.1, 1], [0.2, 0.4]) (0.6, 0, 0.4)

Then {r = (A;r, A1) and N = (Br, ) are both T-external and I-external FNCSs
in X. Observe that the tabular depiction of {z Up Np = (4;r U Bip, Ap V) and
(g Np Ng = (A;r N Bip, Ar AYPr) are given by Tables 2.2.5 and 2.2.6 respectively.

Then {r Up Np = (A;r U B;p, Ap V Yf) is neither an I-external FNCSs nor and

T- external FNCSs in X since any

(IAF v Ill)F)(CI) =04 ¢(051) = ((IAIF U IBIF)_(q)’ (IAIF U IBIF)+(q))
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and (T, V Ty, ) (r) = 04 € (0.6,0.7) = ((Ta,p U Tg,,.) (1), (Tayp U Ts,,) " (1):

Note: R-union and R-intersection of T-internal (I-internal and F-internal) FNCSs may

not be T-internal (I-internal and F-internal) FNCSs as seen in the following examples.
Example 2.2.28
Let {r = (A;r, Ar), and N = (B;p, ¥r) be FNCSs in [0,1] where
Ar = {(x,(0.4,0.5), (0.4,1),(0.2,0.5))/x € [0,1]},
Ar ={(x,0.4,0.6,0.4)/x € [0,1]}
B;r = {(x,(0.5,0.6),(0.1,1), (0.4,0.6)) /x € [0,1]},
Yr = {(x,0.6,0.3,0.5)/x € [0,1]}

Then {z = (A;r, AF), and N = (B)p, Y) are T-internal FNCSs in [0,1], and
{r Ur Np = (Ajr U Bip, Ap A Ypp) with

Arp U Byp = {{x,[0.5,0.6], [0.4,1], [0.4,0.6])/x € [0,1]},

Ar Abp = {(x,0.4,0.3,0.4) /x € [0,1]}.

Note that (Ty,, A Ty, )(x) = 0.4 € [0.5,0.7] = (Ta, U Tg,) (x)
And (I, Ay, )(x) = 0.3 € [0.4,1] = (Lo, Ulz,) (x).

Hence {r Ur Np = (4;r U Big, Ar A YP) is neither a T-internal FNCS nor an
I-internal FNCS ln[O,l]. But CF UR NF = (AIF U BIF' A‘F N l/)F) 1s an F-internal FNCS
in [0,1].

AlSO, the R-intersection {F ﬂp NF = (AIF N BIF’ AF V lpF) with
A 0 Byp = {{x, [0.4,0.5],[0.1,1], [0.2,0.5])/x € [0,1]},

Ar VY = {(x,0.6,0.6,0.6)/x € [0,1]}.
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) - +

Since (Iy,, N Ip,.) () < (I, V Iy, ) (%) < (L N 1p,,) (x) forall x € [0,1],

{r Np Np = (A;r N Byp, Ap V ) is a I-internal FNCS in [0,1]. But neither a T-internal
FNCS nor F-internal FNCS in[0,1].

Example 2.2.29
Let {z = (Azp, Ap), and Ng = (Byp, ¥r) be FNCSs in [0,1] where
Arr = {(x,(0.2,0.5), (0.6,1), (0.2,0.4))/x € [0,1]},
Ar = {(x,0.6,0.6,0.5)/x € [0,1]}
By = {(x, (0.4,0.7), (0.4,1), (0.2,0.5))/x € [0,1]},
¥r = {(x,0.3,0.5,0.6) /x € [0,1]}

Then {r = (A;r, AF), and Ny = (B;p, ) are I-internal FNCSs in [0,1], and
{r Ugr Np = (Ajp U Bjp, Ap A Pp) with

Agr U By = {(x,[0.4,0.7],[0.6,1], [0.2,0.5])/x € [0,1]},
As Ar = {(x,0.3,0.5,0.5)/x € [0,1]}

Since (Iy ALy)(x) = 0.5 € [0.6,1] = (I, U Iz)~(x), and {r Ug N is not an I-
internal FNCS in[0,1].

Also, the R-intersection {r Np Np = (A;r N Bip, A V YPr) with
Ar 0 By = {{x,[0.2,0.5],[0.4,0.5], [0.2,0.4])x € [0,1]},
A VYr = {(x,0.6,0.6,0.6)/x € [0,1]} and it is not an I-internal FNCSs in [0,1].
Example 2.2.30
Let {r = (A;r, Ar), and Ny = (B, ¥r) be FNCSs in [0,1] where
A;r = {(x,(0.4,0.8),(0.3,1),(0.3,0.6))/x € [0,1]},

Ar = {(x,0.9,0.3,0.4)/x € [0,1]}
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B;r = {(x,(0.3,0.6),(0.2,1),(0.5,0.9))/x € [0,1]},
Yr ={(x,0.7,0.9,0.7)/x € [0,1]}

Then {r = (A;r, Ar) and Ny = (B, ¥f) are F-internal FNCSs in [0,1], and
{r Ug Ng = (Ajr U Bip, Ap APp) with

A”:' V) BIF = {(x, [0.4,0.8], [0.3,1], [0.5,0-9]>/x € [0,1]},
Ar APr = {(x,0.7,0.3,0.4)/x € [0,1]} which is not an F-internal FNCSs in [0,1].

R'lntersectlon {F np NF = (AIF N BIF' AF \% lpF) of {F = (AIFI AF), and

Ny = (Br, ¥r) which is given as follows:

Ajr 0 B = {(x,[0.3,0.6],[0.2,1],[0.3,0.6])/x € R},

A VY = {(x,0.9,0.9,0.7)/x € R} and it is not an F-internal FNCSs in [0,1].
Theorem 2.2.31

Let {r = (A;r, Ar) and N = (Br, P) be T-internal FNCSs in a non empty set
X such that,

(max{Ts, (), T, ()} < (Tap ATy, ) (), (Vx € X) (2.2.10)

Then the R-union of {r = (A;r, Ar) and Ny = (B;r, YF) is a T-internal FNCSs

in a non-empty set X.
Proof:

Let {r = (A;r, Ar) and N = (B;r, YF) be a T-internal FNCSs in a non empty

set X, that meet the requirements (equation 2.2.10).

Then Ty, . (x) < Ty, (x) < TS (x) and T . (x) < Ty, (x) < Tg,,. (%).

50, (Tap ATy, )(6) < (Ta,p UTs,) (2.

It follows from equation (2.2.10) that,
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- _ _ +
(TAIF U TBIF) (X) = max{TAIF(x)’TBIF(x)} = (T/lF A TlPF)(x) = (TAIF U TBIF) (x)
Hence Cr Ui Br = (A;p U Big, A AYp) is a T-internal FNCSs in X.
Theorem 2.2.32

Let {r = (A;r, Ar) and Np = (B, Y¥r) be I-internal FNCSs in a non empty set
X such that

(max{L;;, (), 15,0} < (L ALy, ) (@), (Vx € X) (2.2.11)
Then the R-union of {r = (4;r, Ar) and Ng = (B;r, YF) is a I-internal FNCS in X.
Proof: The proof is similar to Theorem 2.2.28.
Theorem 2.2.33

Let {r = (A;r, Ar) and N = (B,p, Yr) be F-internal FNCSs in a non empty set
X such that,

(max{FA‘IF (), Fz, ()} < (Fy, A pr)(x)) ,(Vx € X) (2.2.12)
Then the R-union of {r = (A;r, Ar) and Np = (B,p, Y¥r) is a F-internal FNCS in X.
Proof: The proof is similar to Theorem 2.2.28.
Corollary 2.2.34

If two internal FNCSs {r = (A;r, Ar) and Np = (B,g, ) satisty equation (2.2.10
to 2.2.12 then the R-union of {y = (4;r, Ar) and Np = (Br, ) is an internal FNCSs.
Given the conditions for the R-intersection of two T-internal (I-internal and F-internal)

FNCSs to be T-internal (I-internal and F-internal) FNCSs.
Theorem 2.2.35

Let {r = (A;p, Ar) and Ng = (B;p, Y¥r) be I-internal FNCSs in a non empty set
X such that,
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(1 V 1) @) < min{1f, (), 14, (0)}) , (¥x € X) (2.2.13)

Then the R-intersection of {r = (4;r, Ar) and Ny = (Bjg, ) is an I-internal
FNCS in X.

Proof:
Assume that the equation 2.2.13 is valid. Then I (x) < I;,.(x) < I} (x) and
I, .(x) < Ly, (x) < I (x) for all X. It follows from equation 2.2.13 that
(Ine N 15,) () < (I, N1y, ) G0 < min{If (%0, 1,0} < (I, 0 15,.) " ()
forall x € X.
& Ajp Ng Bip = (A;p N Bip, A V g) is a I-internal FNCS in X.
Theorem 2.2.36

Let {r = (A;r, Ar) and Np = (B;r, Yr) be T-internal FNCSs in a non empty set
X such that,

((Tap v Ty, ) () < min{T, (), T3, (x)}) ,(Vx € X) (2.2.14)

Then the R-intersection of {r = (4;r, Ar) and Ng = (Bp, YF) is a T-internal
FNCS in X.

Proof: The proof is similar to Theorem 2.2.32.
Theorem 2.2.37

Let {r = (4;r, Ar) and N = (Byg, Pr) be F-internal FNCSs in a non empty set
X such that,

((FAF V Fy,)(x) < min{F} (x), Fi (x)}), (Vx € X) (2.2.15)

Then the R-intersection of {r = (4;r, Ar) and N = (B;r, ¥F) is a F-internal
FNCS in X.
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Proof: The proof is similar to Theorem 2.2.32.
Corollary 2.2.38

If two internal FNCSs {r = (4;r, Ar) and Ny = (B;r, YF) satisfy equations 2.2.13
to 2.2.15 then the R-intersection of {r = (A;r, Ar) and Ny = (Br, ¥r) is an internal
FNCS:s.
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2.3 Fermatean Temporal Neutrosophic set

A temporal set is one in which the components are linked to specific time
moment. This section integrates, time moment with FNS and introduces Fermatean
temporal neutrosophic set. This concept will be helpful in addressing real-time
problems in temporal databases, time-series analysis, and temporal information-based

1SSues.

Definition 2.3.1
Let a, b and c¢ be three real numbers in [0,1] satisfying the inequality
a® + b3 + ¢3 < 2. Then the triplet {a, b, ¢) is called a Fermatean neutrosophic number.
Let (dl, by, 61) and (512, b, 62) be two Fermatean neutrosophic number. Then define
i. (ay,by,¢,) < (@, by, 8) © @y <@y by <byand & > &,.
ii. (@y,bq,¢)=(ay by &) © @, =ay b, =byand & = é,.
i, If {(di, b;, Ei);i € ]} is a family of Fermatean neutrosophic triplets, then
v{(a, b, &)= (va, vb, A¢)and A(a;, b, &) = (Ad;, Aby, VE)

iv. The complement of(d, b, E) 1s defined by (d, b, E) = (E, 1-—b, d).

Definition 2.3.2

Let U be a universe and T be a non-empty set. Then the elements of T “time
moments”. Based on the definition of FNS, a Fermatean Temporal Neutrosophic Set
(FTNS) 1s defined as the following:

A(T) = {(x, T4 (x, t), L4 (x, 1), Fs(x, t)): (x,t) € U X T}

where
a. A(T) € U is a fixed set.
b. T3(x,t) + L3 (x, t) + F2(x,t) < 2 forevery (x,t) EU X T
c. Tu(x,t),I4(x,t)and F,(x, t) are the degrees of truth, indeterminacy, and falsity-

membership functions respectively, of the element x € U at the time moment
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t €T.Ty(x,t),I4(x,t) are independent components and F4(x,t) is dependent

component with respect to T, (x, t).

Definition 2.3.3
Let

A(T") = {(, Ta(x, ), 4 (x, 1), Fa(x, 1)): (x,t) € X X T'}
B(T") = {(x,Tg(x, ), I (x, ), Fg (x,£)): (x,£) € X x T"}

where T'and T" have finite number of distinct time-elements. Then,

A(T") N B(T") =

A(T"YUB(T") =<x

([ [min (TA(x t), Tg(x, t)) )

min (IA(x t),1(x, t) |
Fa(x,t),Fp(x, t) /J

«(F
(mwﬂmuw\‘
(TG0, Ts(x, ), |

=

max

bi(x,t) EXX(T'UT")

bi(x,t) EXX(T'UT")

/
g

(&0%@@/)

Also, subsets of FTNS defined as the follows:

A(T) S B(T") & T,(x,t) <Tg(x,t), I,(x,t) <Ig(x,t) and Fu(x,t) = Fg(x,t)
for every (x,t) € X X (T" UT") where

= T (x,t), if teT’
T ,t ={A ) ) )
a@ =1, if teT" —T
= Tg(x,t), if teT”
Ty = fo 0
p(x% 1) 0 if teT —T"
A 0 if teT" —T
B 0 if teT —T"
—= F (x,t) if teT’
F ,t ={A ) ) )
At =g if ter" —T
Fg(x,t) if teT”
F ,t _{ B ’ ) )
s =1y if teT —T"
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It is obviously seen that T,(x,t) =Tu(x,t), Tg(xt)=Tg(x,t),

TA(x; t) = IA(x! t): 7B(xl t) = IB(x) t): FA(x’ t) = FA(xF t)'FB(xl t) = FB(xr t)
whenT' =T".

Let ] be an arbitrary index set. Then, define that T = U;¢; T; where T; is a time
set foreach i € J.

The definition of wunion and intersection of FTNSs family

F = {Ai(Tl-) = (x, Ty, (x, 8), Ly, (x, 1), Fy (x, t)) (x,t) EXXT;i € ]} as follows:
( / x, max (TAi(x, t)) ,\\
| Jam ={| max(lx0). |b:enexxr
i (Fu0) ),
(/x, 1?61]11 (TAi(x, t)), )
nA(Ti) =1 7?61]” (TAi(x’t))’ | b (x,t) EXXT

\ max (Fa@0) /)

where
— TA.(X, t), if te Ti
Ty(x,t) = ¢ .
(0 {0 ifteT—T,
- IA.(X, t), if te TL'
Iy (x,t) =4 " .
o 0) {O if teT T,
— FA.(x,t), if tETl
Fu(x,t) = ¢ .
a6 0) {1 ifteT—T,
Definition 2.3.4
Let

A(T") = {(, Ta(x, ), I4(x, 1), Fa(x, 1)): (x, 1) € X X T'}
B(T") = {(x, Tg(x, 0), I (x, ), F (x,£)): (x,£) € X x T"}
where T'and T" have a finite number of distinct time elements. Then, the definitions of

instant intersection, and instant union of FTNSs are defined as follows:
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([ [min (T (x,to), T(x, to) \‘
A(T) ng, B(T") = { x, mm( (x,to),IB(x,tO)

br(x,tg)) EXX(T'UT")
Fa(x, t9), Fp(x, to) /J

\ max

x(TA(x to), TB(x to) \W
A(T") Ugy B(T™) = {3, | max (Lu(x, ), T (0, t) ), | p:Cxto) €X X (T"UT")
L \min (FA (x, to), Fg(x, to))

Also, from the definition of subset in FNS theory, subsets of FTNS can be

defined as follows:
A(T") S, B(T") © Ta(x,ty) < Tp(x, tp), Ly(x, to) < Tg(x, to) and

Fa(x,ty) = Fg(x,t,) for every (x,t,) € X X (T' UT") where

TaGnt) = {00 oL L
i £ oo
Fax,to) = {11: Aboto I i‘;eeg_T

Let ] be an arbitrary index set. Then define that T = U;¢; T; where T; is a time

set for each i € J.

The definition of wunion and intersection of FTNSs family
F,, = {Ai(Tl-) = (x, Ty, (%, to), Ln, (%, to), Fa, (%, to)) (X, ty) EXXT,i € ]} as

follows:
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p _
t /x, max (TAi(x, to)) ,\1
0 —
- A(Ty) = A | "llea]x (IAL-(X; to)), ) }:(x, to) EXXT
lej . I
| e )
( AT
/xP %l}n (TAi(xl tO)) '\\
to N
A(T) = k T{lel]n (IAL-(X, to)), | L:(x, t)) EXXT
i€J B |
L\ max (Fa,(x to) / )
where
- Ty (x,ty), if ty€T;
TAi(x, tO) = {OAL 0 " tO c Tl_ -
0 i
- IA.(X, to), if ty € Ti
I, (x,t0) =3 " )
4% o) {0 if tyeT—T,
— F,.(x,ty), if ty,€T;
FA@JQ={fL V¥ ner—t
0 i

In fact, these FTNS operators can be seen as FNS operators over FTNSs, since
they are defined for a single time moment.
Definition 2.3.5

0Ly and 1%y € FTNS®T) are defined as:

Ot — {(x: 0F0F1>
M (x,0,0,0)

1t — {(xl 11010)
™ x, 1,1,0)

for each time moment ¢, i.e.

TO;‘N(x' t) =0, IO;‘N(x’ t) =0, FOE«"N(x’ t)=1 or

}:(x,t) € X X T and

}(LOEXXT

TO%N(X, t) =0, IOItrN(x, t)=0, FO%N(JC, t)=0
and TltFN(x, t) =1, 115,,\,(’5' t) =0, Fl%N(x, t)=0or

TlrFN(x, t)=1, 115,,\,("' t)=1, Fl%N(x, t) =0 foreach (x,t) EX XT.

Exploring Neutrosophic Set Variants: Investigating Topological Insights,
Approximation Spaces and Decision-Making Approaches

64



Chapter 11

Definition 2.3.6

0.2 and 150 € TNS®D are defined as:

Of\? = {<X; Toto (X; t)r IotO (X, t), FOtO (x' t)) : (X, t) EX X T}
N N N

15\? == {(x, Tlto (x, t)) IltO (xl t)l FltO (xl t)) . (xF t) € X X T}
N N N

for individual time moment ¢, € T, i.e.

Toto (x, tO) = O, Ioto (x, to) = 0, Foto (x, tO) = 1 or
N N N
Toto (x, to) = 0, I to (x, tO) = O, Foto (x, to) == 0
N N N
and Tlto(x, to) = 1, Ilto (X, tO) = O, Flto (x, tO) == O or Tlto (x, tO) = 1, Ilto(x, to) = 1,
N N N N N

F to(x,to) = 0 for each (x,t) € X X {to}.
N
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