Chapter 2

6P ¢-open sets in topological spaces

2.1 Introduction

In 1968, the class of &-open subsets of a topological space was first introduced by
Velicko. This class of sets plays an important role in the study of various properties in
topological spaces. Since then many authors used this class to define new classes of sets in
topological spaces. In 1993, Raychaudhuri and Mukherjee introduced and investigated a class
of sets called &-preopen. Khalaf and Asaad introduced a new concept called Ps-open sets in
topological spaces. This class of sets lies strictly between the classes of 6-open and preopen
sets. Combining the concepts of d-preopen and Ps-open sets, a new class of sets called
dPs-open sets is introduced. The behaviour of dPs-open sets in various spaces such as locally
indiscrete, hyperconnected, extremally disconnected, semi-Ty, s-regular spaces are discussed

and various interesting results are obtained.

2.2 0Ps-Open Sets

In this section, a new class of open sets called §Pg-open sets is defined and some

relations between & Pg-open sets and some other existing open sets are analyzed.

Definition 2.2.1. A subset A of a space X is called a §Pg-0open set if A is a 6- preopen set

and for each x € A4, there exists a semi-closed set F such that x € F € A.

The family of all §Ps-open subsets of a topological space (X, t) is denoted by 6§ Ps0 (X, 1)
or §P;0(X).

Proposition 2.2.2. A subset A of a space X is § Ps-open if and only if A is a 6-preopen set

and A is a union of semi-closed sets.
Proof: From the Definition 2.2.1, a § Ps-open subset A of X is a 6 preopen subset.
For every x € A there exists a semi-closed set Fx such that x € £, € A

Hence A = Uyea{x} SUE, € A, which will imply A = U,e4 E., @ union of semi-closed

sets.

Remark 2.2.3. A &-preopen set need not be a §Ps.open set. This can be seen from the

following example.
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Example 2.2.4. Let X = {a, b, c} with the topology 7 = {X, @, {a}}. Then §PO(X) = P(X)
and SC(X) ={X,0,{b},{c},{b,c}} and 6P;0(X) ={X,®,{b},{c},{b,c}}. Then {a} €
SPO(X), but {a} & §Ps0(X).

Remark 2.2.5. Union of semi-closed sets need not be a § Ps-open set.

Example 2.2.6. Let X = { a,b,c,d} with the topology

T =1{X,0,{a},{c},{a, b}, {a,c} {a b,c} {a c d}} Then

SC(X) ={X,0,{b},{c},{d},{a, b}, {b,c},{b,d},{c,d} {a b,d}{b,c,d}}and 6PO(X) =
{X,0,{a},{c},{a,c},{b,c} {a b, c} {a b,d}} then

SP0(X) ={X,0,{c},{b,c},{a, b, c},{b,c,d}} Then {{b},{d}} € SC(X) but their union
{b,d} & 5P;0(X).

Proposition 2.2.7. Any union of § Ps-open sets is a § Ps.open set.
Proof: Let {4,} be a collection of § Ps-open sets. Consider A =U A,.
From the Lemma 1.1.24, any union of §-preopen sets is §-preopen we get A is §-preopen.

Now x € A, then x € A,, for some a and since A, iS a §Pg-open set, there exists a semi-

closed set F,suchthat x € A, € F, S UA, =A
~x€EFECA
Thus, A is a § Ps-open set.

The following example shows that the intersection of two §Ps-open sets need not

be & Ps-open set in general.

Example 2.2.8. Let X = (0,1). If A is the set of rational numbers in X and B is the set of
irrational numbers in X together with the singleton set {1/2}. Then A € PO(X) < 6PO(X).
Since X is a Ti-space, every singleton set is closed and hence is semi-closed, then A €
8P;O(X) and B € PO(X) N SC(X) € 6PO(X) N SC(X), then B € §P;0(X). But ANB =
{1/2} ¢ 6P;0(X).

From the above example we notice that the family of all § Ps-open sets need not be a

topology on X.

Definition 2.2.9. If (X, 1) is said to have property P’ if the 5-closure is preserved under finite
intersection or equivalently, if the &-closure of intersection of any two subsets equals the

intersection of their d-closures.

A New Class of Open Sets using 3-Preopen Sets 53



Lemma 2.2.10. If a space X has the property P’, then the intersection of any two 6-preopen
sets is O-preopen, as a consequence of this, §PO(X, 1) is a topology for X and it is finer

than t.

Proof: Let A and B be &-preopen subsets
~ A S Int(6CLA)and B S Int (5CL B)

>ANB cint(§ClA)NInt (6CLB)
CInt(6CLA n 6CLB)
C Int(6CI(AN B)) [+ X has property P’]

= A N B is d-preopen.
Proposition 2.2.11. If (X,t) possesses property P’ mentioned in Definition 2.2.9, then

dPs0(X, t) forms a topology.
Proof: By Proposition 2.2.7, arbitrary union of & Ps-open sets is § Ps-open.

Let A and B are §Ps-open sets, Then A and B are 6-preopen and AN B is 3-preopen from
Lemma 2.2.10.

For each x € A N B there exist semi closed sets Fa & Fg such that
x€EF,CAandx € FF € B
=x € ,NFgF S ANB=x€F < An B, where F is semi-closed. [put F = F, N Fg]
Hence AN B € §P;0(X).
~ A NBisdPs0(X, 1) forms a topology.
~ 8P;0(X, t5) forms a topology.
Proposition 2.2.12. If A and B are § Ps-open subsets of a topological space (X, t) and if the

family of all §-preopen sets in X forms a topology on X, then A n B is a §Ps-open set and

hence the family of § Ps-open sets forms a topology on X.
Proposition 2.2.13. Every Ps-open set is a § Ps-open set.
Proof: Let A be a Ps-open set. By definition A is preopen.

By Lemma 1.1.21(a), A is 6-preopen. ——» (1)
Moreover, since A is Ps-open, we get, for each x € A there exists a semi-closed set F such
that

xeEFCA 2
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From (1) & (2) we get, A is 6§ Ps-open, from Definition 2.2.1
Proposition 2.2.14: A §-open set is a § Ps-open set.

Proof: From Proposition 1.1.31, A 3-open set is Ps-open set.

Now by above property, a Ps-open set is a § Ps-open set. Now by Proposition 2.2.13, a Ps-
open set is § Ps-open set.

Hence a 6-open set is § Ps-open set.

Proposition 2.2.15. Every regular open set is a § Ps-open set (ie)RO(X) € 6P;0(X).

Proof: Let A be regular open by a Corollary 1.1.34, A is semi-closed and preopen.

Now A is preopen = A is §-preopen [By Lemma 1.1.21(a)].

Since A is semiclosed = for each x € A there exists the semi-closed set A itself, such that
XxXEACA

Hence A is in 6 PsO(X).

~ RO(X) € 6P;0(X)

The converse of Proposition 2.2.15 is not true in general.

Example 2.2.16. Let X = {a, b, c},t = {X, ®,{a}}. Then {b} € 6P;0(X) but {b} &€ RO(X).
Proposition 2.2.17. Each clopen set is § Ps-open.

Proof: The proof follows from Lemma 1.1.23 and Proposition 2.2.15.

Proposition 2.2.18. Each 6-open set is § Ps-open set.

Proof: Every 8-open is regular open from Remark 1.1.22. Every regular open set is § Ps-open
by Proposition 2.2.15. Hence every 0-open set is a § Ps- open set.

Remark 2.2.19. From all the above Propositions we have the following figure:

6Pg-open
6-open R-open 3-open Ps.open Preopen 6-preopen
Figure 2.1
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Remark 2.2.20. § Ps-open sets are independent with open sets.
Example 2.2.21. Consider X = {a, b, c} with the topology 7 = {X, @, {a}}. Then {a} is open
but not § Pg-open and {c} is § Ps-open but not open.
Theorem 2.2.22. Let (X, 1) be a space and x € X. Then
a) If {x} € 6P;0(X), then {x} € SC(X).
b) {x} € §P;0(X) if and only if {x} € RO(X).
Proof. (a) Let {x} € 6PsO(X). Then there exists a semi -closed set F such that x € F <
{x},= {x} is semi-closed. Then {x} € SC(X).
(b) Let {x} € 6P;0(X) = {x} is semi-closed by (a). (i.e.,) IntCl{x} < {x} = {x} is
clopen = {x} € RO(X).
Proposition 2.2.23. If a space X is semi-T;, then §P;0(X) = §PO(X).
Proof: Let A< X and A € SPO(X). If A= @, then A € §P;0(X). If A # @, then for each
x € A, by Lemma 1.1.10. {x} is semi-closed set, since X is semi- T;.
Now x € {x} € A. Therefore A € §PsO(X) by Proposition 2.2.2. Hence §PO(X) C
SP:0(X).
But 6P;0(X) € §PO(X) in general, by Proposition 2.2.2. Therefore, §Ps0(X) = 6P0O(X).
Remark 2.2.24. §Ps-open sets are independent with a-open sets.
Example 2.2.25. Consider X = {a, b, c} with the topology t = {X, @, {a}}. Then {a} is open
but not § Ps-open and {b} is § Ps-open but not open.

open \\

oPs-open

4 /
e

a-0pen

Figure 2.2
Lemma 2.2.26. In a hyperconnected space,
a) 60(X) ={X,0}
b) SPO(X) = P(X)
Proof: (a) If A+ @ and A € 650(X), for all x € A, there exists an open set G such that
XEGCGS IntCI(G)<S A —> 1)
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Since (X, ) is hyperconnected, forall a € 7, we get Cl(a) =X —— (2)
From (1) & (2) we get, x e a S Int CI(G) = Int X = X € A.
~A=X

Hence §0(X, 1) = {X, @}
(b) Forany subset A, A € X = Int X = Int(6CI(A) [~ 6C(A) = {X, 0}]

=~ A is d-preopen.
~ 8PO(X) = P(X), the power set of X.
Proposition 2.2.27. In a hyperconnected space, SC(X) € §P;0(X)
Proof: Let X be hyperconnected. Then by Lemma 2.2.26(b) any subset is 6-preopen.
Let A € SC(X). Now A is 6-preopen and semi-closed. Hence A € § P;0(X).
Proposition 2.2.28. If 6Ps0(X) = {X, @} then (X, 1) is hyperconnected.
Proof: Suppose that §P;0(X) = {X,®}. Since RO(X) < §P;0(X) by Proposition 2.2.15,
then RO(X) = {X, ®}. By Lemma 1.1.13, we have (X, t) is a hyperconnected space.
The converse is not true in general it can be seen from the following example.
Example 2.2.29. Let X ={a,b,c},7 = X,0,{a}}. Then (X,7) is hyperconnected, since
Cl{a} = X. By Lemma 1.1.13, RO(X,7) = {X, 0}. But 6P0(X) = {X, 9, {b},{c}, {b,c}} #
{X,0}.

Remark 2.2.30. It is to be noted that in the case of Ps-open sets, (X, 7) is hyperconnected
if and only if PgO(X) = {X, @} which is not true in the case of § Ps-0open sets.

Proposition 2.2.31. In a locally indiscrete space, §Ps0(X) = t.

Proof: Let (X, 1) be a locally indiscrete space. Let U € X, such that U € t. By Definition
1.1.8 of locally indiscrete space every open set in X is closed, then Int CI(U) = U which
implies that U € RO(X). By Proposition 2.2.15, U € §PsO(X). Thust € §P;0(X).
Conversely, take V € §P;0(X). Then V is -preopen and for each x € V and there exists a
semi-closed set F such that x € F € V. By Lemma 1.1.14(b), F is open making V open. Thus
SP;0(X) C 7.

Proposition 2.2.32. In a locally indiscrete space, SC(X) € §Ps0(X).

Proof: The proof is similar to that of Proposition 2.2.27.

Corollary 2.2.33. In a locally indiscrete space, a singleton {x} is semi-closed if and only if
{x} € §P;0(X).

Proof: If {x] is semi-closed then by Proposition 2.2.32, {x} € § PO (X).
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Conversely, if {x} € §P;0(X), there exists a semi-closed set F such that x € F < {x} which
implies {x} = F. Hence {x} is semi-closed. Thus, {x} € SC(X).
Proposition 2.2.34. If A € fO(X) N PsO(X), then A € §Ps0(X).
Proof. Let A € BO(X)NPsO(X). Then &-preopen sets are the same as preopen sets from
Theorem 1.1.19(b) Then §Ps-open sets are identical with Ps-open sets. Hence A € 6§ P;0(X).
Proposition 2.2.35. If a topological space (X, t) is s-regular, then T € §P;0(X).
Proof: Let A € X such that A € t.
If A =0,then A € §P;0(X)
If A # @, since X is s-regular, then by Definition 1.1.4 for each x € A, there exists U €
SO(X) such that x € U € sCL(U) < A. Thus, we have x € sCI(U) < A. Since A € t, we get
A € PO(X) which implies A € §PO(X).
Moreover, for all x € A there exist a semi-closed set sCL(U) such that x € sCL(U) < A.
Hence A € §P;0(X). Thus t € §Ps0(X).
Theorem 2.2.36. For any topological space (X,t), we have:

a) Ift (resp., 6PO(X)) is indiscrete, then § P¢0(X) is also indiscrete.

b) If §P;0(X) is discrete, then §PO(X) is discrete.
Proof: (a) case (i) Let t be indiscrete then T = {X, @}, since 60(X) < t 1, we get 60(X) =
{X,0} and SO(X) = {X,®}. Hence if A is &-preopen and for each x € A there is no
semiclosed set except X containing x and contained in A. Hence dPs0(X) = {X,0} =
dP;0(X) is indiscrete.
case (ii) Even if 6PO(X) is indiscrete, then the result follows as in case-i, since §Ps0(X) <
SPO(X).

(b) Follows from the fact that §P;0(X) < PO (X)
Proposition 2.2.37. If 1 is discrete if and only if PsO(X) is discrete.
Proof: The proof follows from 7 = P(X) & 6PO(X) = SC(X) = P(X), the power set of X.
Corollary 2.2.38. For any subset A € X. The following conditions are equivalent:

a) Ais clopen.

b) A is 6-open and §-closed.

c) Ais Ps-open and §-closed.

d) A is a-open and §-closed.

e) Ais §Ps-open and 6-closed.

f) A is d-preopen and 5-closed
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Proof. (a) = (b) By Theorem 1.1.32
(b) = (c) By Remark 1.1.22.
(c) = (d) From (c) we get A is Ps-open and 6-closed. Now by Corollary 1.1.33.
A is a-open
()= (d)
(d) = (e) From (d) A is a-open = A is 6-preopen — (1)
A is 6-closed = A is semi-closed. EEE— 2
(1) & (2) = Ais § Pg-open.
- (d) = (e)
(e) = (f) Ais § Pg-open = 5-preopen by Definition 2.2.1
=~ (e) = (f)
(f) = (a) Now A is o-preopen = A < Int(8clA)
But A is é-closed also . A € Int A = A is open and
Moreover A is §-closed = A is closed
Hence A is clopen.
~(f)=(a)
Corollary 2.2.39. For a semi-regular space, the following conditions are equivalent:
a) Ais regular open.
b) A is Ps-open and semi-closed.
c) Ais open and semi-closed.
d) A'is a-open and semi-closed.
e) Ais §Ps-open and semi-closed.
f) A is 6-preopen and semi-closed.
Proof. In a semi-regular space, 3-closed sets coincide with closed sets. So §PO(X) = PO(X)
and §P;0(X) = PsO(X).
Hence the result follows from Theorem 1.1.35.
Corollary 2.2.40. For any topological space, the following statements are equivalent:
a) A is regular open.
b) A is 8-open and d-semiregular.
C) A is 8-open and 8-semi-0-closed.
d) A is 6-open and §-semi-closed.
e) A is a-open and 6-semi-closed

f) A is § Ps-open and &-semi-closed.
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9) A is 8-preopen and 86-semi-closed.

h) A is a-open and e*closed.
Proof. The proof of a = b,b = c,c = d,d = e follow from Theorem 1.1.34 and from
Corollary 2.2.39
Proposition 2.2.41: For any space (X, 7),8P;0(X, 1) = Ps0(X, 1)
Proof: By Lemma 1.1.21(b), A € 6PO(X,7) © A € PO(X, 1,)
Proposition 2.2.42. A subset A of a space (X, 1) is 6 Ps-open if and only if for each x € A,
there exists an § Pg-open set B such that x € B € A.
Proof: If A is an §Ps-open subset in the space (X, 1), then for each x € A, putting A = B,
which is § Ps-open containing x such that x € B, € A. Conversely. Suppose that for each x €
A, there exists a § Ps-open set B, such that x € B, € A. S0, A = Uyxea{x} S U B, S A where
B, € 6P;0(X) for each x. Therefore, by Proposition 2.2.7, A is § Ps-open.
Proposition 2.2.43. Let X be a topological space, and A, B € X. If A € 6PsO(X) and B is
both a-open and semi-closed, then A N B € § P;0(X).
Proof: Let A € §P;0(X) and B be a-open, then A is §P-open by Definition 2.2.1. Then by
Lemma 1.1.25, An B € §PO(X). Now let x € A and there exists a semi-closed set F such

that x € F < A. Since B is s-closed, F N B is semi-closed and hencex e FN B € AN B.
Thus A N B is § Pg-open in X.

Proposition 2.2.44. For any topological space, if A € §PO(X) either A € nO(X) U S8(X),
then A € 6Ps0(X).

Proof: Let A € nO(X) and A € 6PO(X). If A= @, then A € 6P;0(X). If A+ @, Since
A €eno(X), then A =UF,, where F, € §C(X), for each a. Since §C(X) € SC(X), then
F, € SC(X), for each a. Since A € §PO(X). Then by Proposition 2.2.2, A € §P;0(X).
Suppose that A € S60(X) and A € §PO(X). If X = @, then A € §P;0(X). If A # @, Since
A € S60(X), then for each x € A, there exists U € SO(X) such that x e U € sCl(U) S A
implies that x € sClU € Aand A € §PO(X). Therefore, by Definition 2.2.1, A € §P;0(X)
Corollary 2.2.45. For any subset A of a space X. If A € S60(X) N 6PO(X), then A €
§Ps0(X).

Proof. Follows from the Proposition 2.2.44, and the fact that S0 (X) < S60(X) or

6S0(X) <€ nO(X) [Proposition 1.1.35].

Proposition 2.2.46. Let (X,1) be any extremally disconnected space. If A € 850(X), then
A € 5P;0(X).
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Proof. Let A € 8S0(X). If A = @, then A € §Ps0(X). If A # @. Since X is extremally
disconnected, then by Theorem 1.1.12, 6S0(X) = §0(X). Hence A € §0(X). But 60(X) <
6P;0(X) by Proposition 2.2.14. Therefore, A € §P;0(X).

2.3 Subspace Properties in 6Ps-Open Sets in Topological Spaces

In this section, some properties of § Ps-open sets using subspaces are studied.
Proposition 2.3.1. Let (Y, 7y)be a subspace of a space (X, 7). If A € 6P;0(X,t) and AC Y,
such that Y € §PO(X) then A € 5Ps0(Y, ty).
Proof. Let A € 6Ps0(X, 1), then A € SPO(X, t) and for each x € A, there exists F € SC(X, 1)
suchthat x € F € A. Since A € 6PO(X,t)and A € Y, such thatY € §PO(X)
Then by Theorem 1.1.20, A € §PO(Y, ty). Since F € SC(X,7) and F € Y. Then by Theorem
1.1.15(b), F € SC (Y, ty). Hence A € 6P;0(Y, ty).
Proposition 2.3.2. Let (Y,7y) be a subspace of a space (X,7). If A € 6P;0(Y,1y) and
Y € RO(X,7),then A € §P;0(X, 7).
Proof. Let A € 6P;0(Y,ty), then A € SPO(Y,ty) and for each x € A, there exists F €
SC(Y,ty) such that x € F € A. Since Y € RO(X, ), then Y € §0(X,t) and since A €
6PO(Y,1y), then by Theorem 1.1.20, A € §PO(X, 7).
Again since Y € RO(X,t), then Y € SC(X,t) and since F € SC(Y,1y), by Theorem
1.1.15(c), F € SC(X,t). Hence, A € §P;0(X, 7).
Corollary 2.3.3. Let Y be a regular open subspace of a space X and let A be a subset of Y.
Then A € 6PsO(Y) if and only if A € 3PsO(X).
Proof. Follows directly from Proposition 2.3.1 and Proposition 2.3.2.
Proposition 2.3.4. Let A and B be any subsets of a space X. If A € 3PsO(X) and B € RO(X),
then ANB € 6PsO(B).
Proof: Let A € 6PsO(X) and then A € 6PO(X) and A = UFa where F, € SC(X) for each a,
by Proposition 2.2.2, Then A N B = (UFa) N B = U (Fa N B). Since B € RO(X), B is 6-open
and since A € §PO(X) by Theorem 1.1.16, A N B € dPO(X)= AN B € §PO(B). Again
since B € RO(X), B is open and Hence by Lemma 1.1.17, Fa N B € SC(B) for each a. Thus
A N B € 6PsO(B).
Proposition 2.3.5. Let A and B be any subsets of a space X. If A € 6PsO(X) and B €
RSO(X), then A N B € 6PsO(B).
Proof. Let A € 6PsO(X), then A € 6PO(X) and A = UFa where Fa € SC(X) for each a by
Proposition 2.2.2. Then A N B = (UFa) N B = U (Fa N B). Since B € RSO(X), then B €
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3SO(X) and by Lemma 1.1.29, A N B € 6PO(B). Again since B € RSO(X), then B € SC(X)
and hence Fa N B € SC(X) for each a. Since Fo N B € B and Fa N B € SC(X) for each a.
Then by Theorem 1.1.15(b), Fa N B € SC(B). Therefore, by Proposition 2.2.2, A N B €
dPsO(B).

Proposition 2.3.6. If A € 6PsO(X) and B is an 3-open subspace of a space X, then A N B €
dPsO(B).

Proof. Let A € 6PsO(X), then A € 6PO(X) and A = UFa where Fa € SC(X) for each a by
Proposition 2.2.2. Then A N B=UFa N B =U (Fa N B). Since B is an &-open subspace of X,
and by Theorem 1.1.16, A N B € 6PO(X). Again, since B is 5-open then B is open. Then by
Lemma 1.1.17, Fa N B € SC(B) for each a. Then by Proposition 2.2.2, A N B € 6PsO(B).
Corollary 2.3.7. If either B € RSO(X) or B is an &-open subspace of a space X and A €
dPsO(X), then A N B € 8PsO(B).

Proof. Follows directly from Proposition 2.3.5 and Proposition 2.3.6.

Note 2.3.8. In the case of Ps-open sets, the above Proposition is true when B is open in X.

But with 6Ps-open sets, it must be modified to that B is a 6-open set.

Proposition 2.3.9. Let A and B be any subsets of a space X. If A € 6PsO(X) and B € RO(X)
then A N B € 6PsO(X).

Proof: Let A € 6PsO(X) then A € 6PO(X) and A=U F, where F,eSC(X), for all a. Let B €
RO(X) and A N B = (U F,) N B=U (F, N B). Since, B € RO(X), then B is 3-open. Then by
Lemma 1.1.16(a), A N B € 3PO(X). Again, since B € RO(X) then B € SC(X) and hence F,
N BESC(X) for each a. Hence by Proposition 2.2.2, A N B € 3PsO(X).

2.4. 6Ps-CLOSED SETS

In this section, the concept of § Pg-closed sets is introduced in topological spaces and

some of its properties are studied.

Definition 2.4.1: A subset B of a space X is called 8Pg-closed if X\B is § Ps-open set. The
family of all § Ps-closed subsets of a topological space (X,1) is denoted by § PsC(X,t) or
S P;C(X).

Proposition 2.4.2: A §-preclosed subset B of a space X is called § Ps-closed if and only if B

IS an intersection of semi-open sets.
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Proof: Let B =n B, where B;s are semi-open sets.
Then B = (n B;)¢ =u (By) = Union of semi-closed sets.
Moreover B¢ is §-preopen.
= By Proposition 2.2.2, B¢ is § Ps-open
< B is dPs-closed set.

Proposition 2.4.3. Let X be a space and A be subset of X. If A € RSO(X) and A € PR(X),
then A € §P;O(X) and A € § P;C(X).
Proof. Suppose that A € RSO(X) and A€ PR(X), then A € SC(X) and Ae PO(X) which
implies A € 6PO(X). Hence A € §P;0(X). Again, since A€ RSO(X) and A € PR(X), then
A€ SO(X) and A € PC(X) which implies A € 6PC(X) Hence, A € § P;C(X).
Definition 2.4.4: A point xeX is said to be 8Pg- interior point of A if there exists a 6 Ps-
open set U containing x such that U < A. The set of all § Pg-interior points of A is said to be
& Ps-interior of A and is denoted by & Ps-IntA.
Proposition 2.4.5: Let A be any subset a space X. If a point xe § PgInt A, then there exists
F € SC(X), containing x such that F < A.
Proof: Suppose that x € § PsInt A, then there exists a § Ps-open set U of X containing x such
that U < A. Since U € §P;0(X), so there exists F € SC(X) containing x such that F € U <
A.Hencex € F € A.
Theorem 2.4.6: For any subsets A of a space X. The following statements are true:

a) The §Ps-Interior of A is the union of all § Ps-open sets which are contained in A.

b) 6Ps-IntA is § Ps-open set in X contained in A

c) O6Ps-Int Ais the largest § Ps-open set contained in A
Proof: Proof follows Directly
Definition 2.4.7: Let A be a set in a space X. A point x € X is in the §P¢-Closure of A if
andonly if An U # @ for every U € §P;0(X) containing x and is denoted by § Ps-CIA.
Definition 2.4.8. The §Ps- interior of A (briefly § Ps Int(A)) in a topological space (X, 7) is
defined to be the union of all § Ps-open sets contained in A.
Proposition 2.4.9. If a subset A of (X,7) is §Ps-open then §PgInt(A) = A but not
conversely.
Proof. Let A be a JdPs-open set in X. By Definition 2.4.8,
SP;Int(A) =U{G S X|G € A,G € 6PsO(X)}. Since A is §Ps-open, it is the largest &Ps-

open set contained in itself is A. Therefore 6 Psint(A) = A.
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Example 2.4.10. Let X = {a,b,c,d} and 7 = {X, @, {a}, {b},{a,b},{a,b,c},{a,b,d}} Then
0P;0(X,t)a = {X,0,{a}, {b} {c},{d},{a,b},{a,c},{a d},{b,c},{b,d} {ab,c},{a, b, d}}.
Take A = {c,d} then §PsInt(A) = {c} U {d} = {c,d} = A. But A4 is not §Ps-open in (X, 7).
Proposition 2.4.11: For any subset A in X. If An F # @ for every F € SC(X) containing X,
then x € 6P;CLA.
Proof. Let U € §P;0(X) containing X. Since U € §Ps0(X), so there exists F € SC(X)
containing x such that F € U. By hypothesis, we have A N F # @, then A N U # @. Hence
x € 6P;CIA.
Theorem 2.4.12: For any subset A of a space X. The following statements are true.

a) The §Ps-closure of A is the intersection of all § Ps-closed sets containing A.

b) § P;CIA is § Ps-closed set in X containing A.

c) 6PsCIA is the smallest § Pg-closed set containing A.

d) A € 6P;C(X) if and only if A = § P;CIA.
Proof. Obvious.
Example 2.4.13: Let X = {a,b,c,d},t = {X,0,{a}, {b},{a,b},{a,b,c},{a,b,d}. Then
§PC(X, 1) ={X,0,{c},{d}. {a,c},{a d},{b,c},{a b,c}{a b,d}{ac,d} {bcd}}. Take
A = {a} then §Pscl(A) ={a,c}n{a,d}n{a,b,c}n{a b, d}n{ac,d}={a} =Abut Ais
not § Pg-closed in X.
Theorem 2.4.14: For any subsets A and B of a space X. The following statements are true.

a) IntsA € §PgIntA < pIntA € A € pCIA € 6P;CIA c CI;A.

b) 6 PsIntA=X\ § P;CI(X\A) and § PsCIA= X\ § PsInt(X\A).

c) §P;CIA U §P;CIB < §PsCI(A U B)

d) §P;CI(A N B) € 6P;CIA N §PCIB.
Proof. Obvious.
The inclusions in (c), (d), cannot be replaced by equality in general, as it is shown in the
following two examples.
Example 2.4.15. Let X = {a, b, ¢, d} and © = {@, X, {a}, {b}.{a,b}, {ab,c}, {ab,d}};
A={a,b}, B={c} then §P;O(X) = {0, X, {d}, {a, b, c}}. Then §PsInt{a, b} U §PsInt{c} =
6PsInt{a, b, c}={a, b, c}. But &PsInt{a, b} U §PsInt{c}={a,b}ud. Therefore §PsInt(A U
B) # 6PsIntA U 6PgIntB.  Similarly, C ={a,c},D ={b,c} then 6P;Cl{CND}=
8P Cl{c} = {c}. But 6P Cl{a,c} N 6Ps Cl{b,c} = {a,c,d}n{b,c,d} = {c,d}.
~ 8P CI(C N D) # 8P;CL(C) N 6PsCL(D).
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Example 2.4.16: In Example 2.2.8. It is clear that A, B € §P;O(X). Therefore § PsIntA N
6PsIntB = A N B = {1/2}. But § PsInt (A N B) = § PsInt{1/2} = @. Therefore, § PsInt(ANB) #
SPgIntA N §PsIntB.

Proposition 2.4.17: For each A € SO(X), CIsA = § P;CIA.

Proof. Let x € § P;CIA, then there exists a § Ps-open set G containing x such that GN A =0
implies that IntC1G N ClIntA = @. Since A € SO(X), then A € ClIntA. So IntCIG N A = @.
Since IntCIG € RO(X) containing x. Then x & ClsA. Hence CIsA € §PsCIA. But §PsCIA <
ClsA in general. Therefore, ClsA= 6§ PsCIA.

Proposition 2.4.18: For each A € SO(X), ClIsA = CIA = § PsCIA = pCIA = aClA.

Proof. Let A € SO(X), then A € BO(X). By Theorem 1.1.19(b), CI;A = CIA and by Theorem
1.1.19(c), aClA = CIA. Since A € SO(X), then by Proposition 2.4.17, ClsA = § PsCIA and by
Theorem 1.1.19(a), CIA = pCIA. It follows that CIsA = CIA = § PsCIA = pClA= aCIA.
Proposition 2.4.19: For each A € PO(X), 6 P;CIA < CIA.

Proof. Suppose that A € PO(X), then A € BO(X), by Theorem 1.1.38, ClIntCIA = CIA. Since
A € PO(X), then A < IntCIA and hence § P;CIA < §P;ClIntCIA. Since IntCIA € RO(X) and

hence IntCIA€ SO(X). By Proposition 2.4.17, §Ps(Cl(Int(CL(A)))) = CI (Int(Cl(A))) =

CL(A). Therefore, we have 6§ P;CL(A) < CL(A).
Proposition 2.4.20: For each A € PO(X), 6 PsCIA < aCIA.
Proof. Follows from Theorem 1.1.19(c) and Proposition 2.4.17.
Proposition 2.4.21. For any subset A of a space X. Then A € SO(X) if and only if § P;CIA =
SPsClIntA.
Proof. Necessity. If A € SO(X), then by Theorem 1.1.40, CIA = ClIntA. Since IntA €
SO(X). Then by Proposition 2.4.18, we have § PsCIA = § PsClIntA.
Sufficiency. Let § P;CIA = § P;ClIntA, then A € §PsCIA = §P;ClIntA. Since IntA € SO(X).
Then by Proposition 2.4.18, we have § PsClIntA = ClIntA. Therefore, A < ClIntA. Hence A
€ SO(X).
Theorem 2.4.22. Let A and Y be subsets of a topological space (X, 1) such that A € Y € X.
Let 5§ P;CIlyA denotes the § Ps-closure of A in the subspace Y. Then:

a) Ifeither Y € RSO(X) or Y € 1, then § PsCIyA < §P;CIA.

b) If Y € RO(X), then §P;CIA = §P;CIVA
Proof. a) Let x € 6 PsCIA, then there exists a § Ps-open set G in X containing x such that G N
A=0.SinceAcY,thenGNYNA=0.PutU=GNY.Since G € §P;O(X) and either Y
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€ RSO(X) or Y € 1. Then by Corollary 2.3.5, we have U=G N'Y € §PsO(Y) and hence U N
A =@. Thus x & § PsCIyA. Therefore, § P;ClIyA € §PsCIA.

b) Let x € §PsCIvA, then there exists a § Ps-open set U in Y containing x such that U N A =
@. Since U € §P;0(Y) and Y € RO(X), so by Proposition 2.3.5, U € §P;0(X). Thus x ¢
6 PsCIA. Hence § PsCIA < §PClyA. Also, since either Y € RO(X) € RSO(X) or Y € RO(X)
C 1, then by (a), we have § PsCIvA € §PsCIA. Therefore, § PsCIA = § PsCIVA.

Proposition 2.4.23. Let (X,t) be a topological space and A,Y subsets of X suchthat A €Y <
XandY € RO(X). Then 6§ PsCIyA =6P;CIAN Y.

Proof. Follows directly from Theorem 2.4.22 (b).

From Proposition 2.4.23, we have the following result.
Corollary 2.4.24. If Y is regular open set in X, then § PcO(Y) = §P;O(X) N Y
2.5. 8P -closure and §Pg-interior

In this section, the notion of &§Ps-closure and & Ps-interior of a set is introduced and
some of its properties are studied.
Definition 2.5.1. The 8Pg -closure of A (briefly §PsCI(A))€ in a topological space (X, 7) is
defined to be the intersection of all § Ps-closed sets containing A.
Proposition 2.5.2. If a subset A of (X, 1) is 6Ps-closed in X then §PsCI(A) = A but not
conversely.
Proof. Let A be a §Ps -closed set in X. By Definition 2.5.1, §PsCl(A) =N {F € X|A <
F,F € §P;C(X,7)}. Since A is 6Ps-closed, the smallest set containing A is A and hence
SPscl(4) = A.
Example 253. Let X = {a,b,c,d},t = {X 0,{a},{b},{a,b},{a,b,c},{a,b,d}. Then
6P, C(X, 1) = {X, @,{c},{d},{a,c},{a,d},{b,c},{a,b,c},{a b,d},{a,c,d},{b,c, d}}. Take
A = {a} then §Pscl(A) = {a,c}n{a,d}n{a,b,c}n{a,b,d}n{a,c,d} ={a} =Abut Ais
not § Pg-closed in X.
Theorem 2.5.4. For a topological space X with subsets A and B, the following conditions are
valid:

a) SPsCL(P) = @ and 6P;CL(X) = X.

b) If A < B, then §P;CI(A) < 5PsCI(B).

c) A € 8PsCL(A).
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d) PsCL(A U B) = §PsCL(A) U 6PsCIL(B).
e) §PCL(A N B) € §PsCL(A) N 8PsCL(B).
f) PsCL(8PsCL(A)) = SPsCL(A).
g) For A € X,6PsCI(A) < Cls(A).

Proof. (a), (b), (c) and (f) follow from Definition 2.5.1

(d) Since ACAUB and B<S AUB, by (c) we have §PsCl(A) € §P;Cl(AU B) and
8PsCl(B) S 8PsCI(A U B). Hence 8P;Cl(A) U 8PsCL(B) S 8§PsCL(A U B).

(e) Since ANB<S A and ANnBC B, by (b) we have 6P;ClL(ANB) € §PsCL(A) and
6P;ClL(AN B) € 6PsCI(B). Hence 6PsCI(A N B) € §PsCL(A) N §PsCL(B).

(9) is obvious from Proposition-2.2.16.

The reverse inequality does not hold good as observed from the following Example.

Example 2.5.5. a) Let X = {a,b,c,d} and 7 = {X, 0,{a},{c},{a,b},{a,c},{a,b,c},{ac d}}
then 6 PsC(X, 1) = {X,9,{d}, {a,d},{b,d},{c,d},{a b,d},{a,cd}, {bcd}}. Let A={a}, B =
{b} and A N B =@ which implies §PsC1(A N B) = @,6P;Cl1(A) = {a,d} and §PsC1(B) =
{b,d}. Then &6PsCI(A) N SP;CI(B) = {d} but 6PsCI(AnB)=@. Hence SPsCI(A) N
0PsCl(B) & 6PsCL(AN B).

b) Also, by Theorem 2.4.14 (c), §PsCI(F U E) = X\ §PsInt(X\(F U E)) = X\ §PsInt(X\F N
X\E) where F = X\A and E = X\B. So § P,CI(F U E) = X\ § PsInt(X\F N X\E) = X\ § PgInt(A
N B). Since §PsInt(A N B) = §PgInt{1/2} = @. So §P;CI(F U E) = X\@ = X. But §P;CIF U
dPsCIE = § PsCI(X\A) U § P;CI(X\B), by Theorem 2.4.14(c), § PsCI(X\A) U § PsCI(X\B) = X\
dPsIntA U X\ §PIntB = X\( 6 PsIntA N §PsIntB). Since §PsIntA N §PsIntB = A N B =
{1/2}. Then § P,CIF U § P;CIE = X\( 6 PsIntA N §PsIntB) = X\(A N B) = X\{1/2}. Therefore,
dPsCIF U § PsCIE # 6 P;CI(F U E).

Remark 2.5.6. Theorem 2.5.4 reveals that §Ps-closure is a Closure operator as well as a

Kuratowski closure operator.

Definition 2.5.7. A point x € X is said to be §P- interior point of A if there exists a 6 Ps-
open set U containing x such that U < A. The set of all § Ps-interior points of A is said to be

& Ps-interior of A and is denoted by § Ps-IntA.

Theorem 2.5.8. For a topological space X with subsets A and B, the following conditions are

valid:
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a) 6PsInt(@) = @ and §PsInt(X) = X.
b) If A € B, then 6 PgInt(A) S 8PsInt(B).
c) 6PsInt(A) C A.
d) 6PsInt(A U B) 2 8PsInt(A) U 8PsInt(B).
e) §PsInt(A N B) = §PsInt(A) N §PsInt(B).
f) 6PsInt(SPs Int(A)) = §PsInt(A).
g) For A € X,6PsInt(A) € Ints(A).
Proof. Easy verification is omitted.

Remark 2.5.9. Reverse inequality of (e) in Theorem 2.5.8 need not be true as seen from the

following example.

Example 2.5.10. Let X = {a,b,c}and Tt = {X, @, {a},{c},{a, b}, {a, c},{a,b,c},{a,c, d}. Take
A={a,d}and B = {b,c}then AU B = X. We have,

SP0(X,t) = {X 0,{a},{b} {c},{a,b},{a,c},{bc} {a b,c}}. Now, 6 PsInt(A) =

{a}, 5PsInt(B) = {b,c} and 6PsInt(A U B) = X. Therefore 6 PsInt(A U B) 2 6PsInt(A) U
SPsInt(B).

Proposition 2.5.11: For any two subsets A and B of (X, 1), then, if B is any § Ps-open set
contained in A, then B < §PsInt(A).

Proof: Let B be any § Ps-open set such that B — A. Let x € B. Since B is a § P;-open set
contained in A, x is a § Ps-interior point of A. That is x € § PsInt(A). Hence B < § PsInt(A).
Remark 2.5.12. Theorem 2.5.8 reveals that § Ps-interior is a interior operator as well as a

Kuratowski interior operator.
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