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CHAPTER 1
FUZZY SOFT SETS
Definition: 1.1

Let U be a non-empty set. A Fuzzy Set in U is a function with domain U

and values in the closed interval I = [0, 1].
Definition: 1.2

Let u, p e F(U). We define the following fuzzy sets.

1) u<p=ux)<p(x)vVxel.
2) Intersection of two Fuzzy Sets:
unpeFU) by (unp)x)=min{u(x), p(x)} VxeU .
3) Union of two Fuzzy Sets:
uv peFU) by (uv p)x)=max{u(x), p(x)} V xeU.
4) Complement of Fuzzy Set:
1 e F(U) by pf(x)=1-u(x)V xeU. u is called the complement of x and

is denoted as ' or (1—p).

Definition: 1.3

Let U be the initial universe set and let E be the set of parameters. A pair
(F, E) is called a Soft Set (over U) if and only if F is a mapping of E into the set of
all subsets of the set U.

In other words, the soft set is a parameterized family of subsets of the set U.

Every set F(¢),¢ € E, from this family may be considered as the set of ¢ - elements

of the soft set (F, E), or as the set of ¢ - approximate elements of the soft set.
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Example: 1.4

Let U = { c|, ¢y, ¢3, ¢4 } be the set of four cars under consideration and
E = { e, ( Costly ), e, ( Beautiful ), e; ( Fuel Efficient ), e, ( Luxurious ) } be the

set of parameters and A = { e}, 5, ¢35 } < E.

Then (F, A)= { F(e)) = { c1, ¢4 }, F(ea) = { c1, €2, ¢4 }, F(e5) = { c5 } } is the

soft set representing the ‘attractiveness of the car’ which Mr. X going to buy.
Definition: 1.5

Let U be the initial universe set, E be the set of parameters, A < E and
F(U) is the set of all fuzzy subsets of U. A pair (F, A) is called a Fuzzy Soft Set
over U where F:A— F(U) is a mapping from A into F(U).

Example: 1.6

Let U = { ¢y, ¢y, ¢c3, ¢4 } be the set of four cars under consideration and
E = { e; ( Costly ), e, ( Beautiful ), e; ( Fuel Efficient ), e, ( Luxurious ) } be the

set of parameters and A = { ey, 5, €5 } < E.

Then

(F, A)= { F(e;) = { ¢1/0.7, c5/0.1, c5/0.2, c4/0.6 } ,
F(e,) = { ¢1/0.8, ¢,/0.6, c53/0.1, c4/0.5 } ,

F(e;) = { C]/O.l, C2/0.2, C3/0.7, C4/0.3 } }
is the fuzzy soft set representing the ‘attractiveness of the car’ which Mr. X going
to buy.
Definition: 1.7

Let U be the universe and E a set of attributes. Then the pair (U, E) denotes
the collection of all fuzzy soft sets on U with attributes from E and is called Fuzzy

Soft Class.
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Definition: 1.8

For two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft class (U, E), we say
that (F, A) is a Fuzzy Soft Subset of (G, B), if

1) AcB,
2) Forall eeA, F(g)<G(¢)and is written as (F, A) S (G, B).
Example: 1.9

Let U = { ¢}, ¢y, ¢3, ¢4 } be the set of four cars under consideration and
E = { ¢; ( Costly ), e, ( Beautiful ), e; ( Fuel Efficient ), e; ( Luxurious ) } be the

set of parameters, A= { e, e, ¢e; } < EandB = { e, e;,€;5,e5 } < E.
Then
(F, A)={ F(e;) = { ¢1/0.7, /0.1, ¢5/0.2, c4/0.6 } ,

F(e,) = { ¢1/0.8, ¢,/0.6, c5/0.1, c4/0.5 } ,

F(es) = { ¢1/0.1, ¢,/0.2, ¢5/0.7, c4/0.3 } }

is the fuzzy soft set representing the ‘attractiveness of the car’ which Mr. X going

to buy and

(G, B) = { G(e)) = { ¢1/0.7, ¢,/0.2, c3/0.2, c4/0.7 } ,
G(ey) = { ¢1/0.9, ¢,/0.6, c5/0.5, c4/1 }
G(e3) = { ¢1/0.3, c/0.2, c5/0.8, ¢4/0.3 } ,
G(ey) = { ¢1/0.1, /0.2, c53/0.7, c4/0.3 } }

is the fuzzy soft set representing the ‘attractiveness of the car’ which Mr. Y going

to buy.

Here A < B, and for all e A, F(&)<G(¢).

Thus (F, A) & (G, B).
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Definition: 1.10

(F, A) is said to be a Fuzzy Soft Super Set of (G, B), if (G, B) is a fuzzy
soft subset of (F, A). We denote it by (F, A) 3 (G, B).
Definition: 1.11

A fuzzy soft set (F, A) over U is said to be Null Fuzzy Soft Set ( with
respect to the parameter set A ), denoted by ¢ if Ve e A, F(¢) is the null fuzzy

set ¢.
Definition: 1.12

A fuzzy soft set (F, A) over U is said to be Absolute Fuzzy Soft Set ( with
respect to the parameter set A ), denoted by A if Ve e A, F(e) is the absolute

fuzzy set U.
Definition: 1.13

The Complement of a Fuzzy Soft Set (F, A) is denoted by (F, A)¢ and is
defined by (F, A)C = (FC, A), where F°: A>F(U) is a mapping given by
FC(o)=(F(o)) forall cecA.
Definition: 1.14

If (F,A) and (G, B)be two fuzzy soft sets, then “(F, A) AND (G, B)” is a
fuzzy soft set denoted by (F, A)A(G,B)=(H,AxB) ,where H(a,f)=F(a)NG(f),
Va e Aand V3 € B, where n is the operation fuzzy intersection of two fuzzy sets.

Definition: 1.15

If (F,A) and (G,B)be two fuzzy soft sets, then “(F, A) OR (G, B)” is a
fuzzy soft set denoted by (F,A)v(G,B)=(0,AxB), where O(a, ) =F(a)VG(p),

Va e A and Vp € B, where U is the operation fuzzy union of two fuzzy sets.
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Definition: 1.16

Union of two Fuzzy Soft Sets (F, A) and (G, B) in a soft class (U, E) is a
Fuzzy soft set (H, C) where C=A U Band VeeC,

F(¢), if xeA-B
H(e) =1G(¢), if xeB-A
F(e)uG(e), if xeAnB

and is written as (F, A) ¥ (G, B)=(H, C).
Example: 1.17

Let U= { ¢y, ¢y, C3, ¢4 } be the set of four cars under consideration and
E = { ¢, ( Costly ), e, ( Beautiful ), e; ( Fuel Efficient ), e, ( Luxurious ) } be the
set of parameters, A= { e}, e, ¢; } < Eand B= { e, e, €5, €5 } < E. We consider

the fuzzy soft sets

(F, A) = { F(e;) = { ¢1/0.9, c,/0.1, ¢5/0.4, c4/0.6 } ,
F(ey) = { ¢i/1, ¢,/0, ¢5/0.9, ¢4/0.5 } ,
F(e3) = { ¢1/0.8, ¢,/0.2, c5/0.7, ¢4/0.6 } } and

(G, B)={ G(e;) = { ¢1/0.7, ¢,/0.2, ¢3/0.2, c4/0.7 } ,
G(ey) = { ¢1/0.9, ¢,/0.6, ¢5/0.5, c4/1 }
G(e;3) = { ¢1/0.3, ¢/0.2, c5/0.8, c4/0.3 } ,
G(eq) = { ¢1/0.1, ¢,/0.2, c3/0.7, ¢4/0.3 } }

Then (F, A) ¥ (G,B)=(H, C),

where C=A U B={e¢, e, €3, €5 } and

(H, C) = { H(e)) = { ¢1/0.9, ¢,/0.2, c5/0.4, c4/0.7 } ,

H(ez) = { Cl/l, 02/0.6, C3/0.9, C4/1 } 5
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H(es) = { ¢,/0.8, ¢,/0.2, ¢3/0.8, ¢4/0.6 } ,
H(es4) = { ¢1/0.1, ¢,/0.2, ¢3/0.7, ¢4/0.3 } }
Definition: 1.18

Intersection of two Fuzzy Soft Sets (F, A) and (G, B) in a soft class (U, E)
is a fuzzy soft set (H, C) where C = A n B and VeeC,H(g)=F(g)orG(e) (as
both are same fuzzy set) and is written as (F, A) X (G, B) = (H, C).

Generally F(g)or G(¢)may not be identical. Moreover, A N B must be

non-empty to avoid the degenerate case. Thus the revised Definition of 1.19 is as

follows.
Definition: 1.19

Let (F, A) and (G, B) be two fuzzy soft sets in a soft class (U, E) with
A N B=#¢. Then Intersection of two Fuzzy Soft Sets (F, A) and (G, B) in a

soft class (U, E) is a fuzzy soft set (H, C) where C = A ~ B and
VeeC,H(s)=F(e)nG(¢). We write (F, A) X (G, B)=(H, C).
Example: 1.20
For the two fuzzy soft sets (F, A) and (G, B) given in Example 1.17,

(F,A) A (G,B)=(H, C), where C=A n B={e}, e, e;}and
(H, C) = { H(e;) = { ¢1/0.7, ¢,/0.1, c3/0.2, c4/0.6 } ,

H(ey) = { ¢1/0.9, c,/0, ¢5/0.5, c4/0.5 } ,

H(es) = { ¢1/0.3, c,/0.2, ¢3/0.7, ¢4/0.3 } }
Definition: 1.21

Let (F, A) and (G, B) be two fuzzy soft sets over a common Universal set.

Then a Relation R of (F, A) on (G, B) may be defined as a mapping
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R:AxB— P(U?) such that for each ¢,€ A, ¢,eB and for all u,eF (¢,), u, €G(e;)
the relation R is characterized by the following membership function,

e (s )= pap ey ()% fge , (), Where u, € F () ,u, €G(e;).

Theorem: 1.22 Commutative Property

Let (F,,A) and (F,, A,) be two fuzzy soft sets in a soft class (U, E). Then

1) (F,A) A (Fy,A)=(F,,A) A (F,A)
2) (F,A)Y (FyA)=(F,,A) ¥ (F,A)
Proof:

1) Let (F,A) X (F,,A)=(H,,C,)
Where C,=A N A, and
VeeC,,H,(6)=F (¢)NF,(¢)

Again, let (F,,A)) A (F,A) =(H,,C))
Where C,=A, " A and
VeeC,,H,(e)=F,(e)NF(e)

Clearly C,=C, and H,=H, .

Thus (F, A) A (Fy, A,)=(Fy, A) A (F,A) -

2) Let (F,4) 7 (F,,A,) = (H,,C))
Where C,=A U A, and

Fi(f,‘), lngAi_A’l
VeeC,, H\(¢) =1 F,(e), if e€A - A
F(VE@), ifeeAnd,

Again, let (Fy, A,) ¥ (F,A) = (H,.C))
Where C,=A, U A and
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F,(¢), ifeeA —A
VeeC,, H,(¢) =4 F(¢), ifeeA A
F,(e)VF(e), if ee A,NA

Thus C,=C, and H,=H,
Hence (F,A) ¥ (Fy,4,)=(Fy. A,) ¥ (F, A) .

Theorem: 1.23 Associative Property

Let (F,A),(F,,A,) and (F;,A;)be three fuzzy soft sets in a soft class
(U, E). Then

D) (F,A) A((F,4) A (F,A)) = ((F,A) A (F,,A)) A (F;, A)

2) (F,A)V ((F,,A) YV (F,A)) =((F,A) Y (F,,A)) Y (F;, A)
Proof:

1) Let (F,,A,) R (F;,4A,) =(H,,C,))and (F,A)A(H,,C,)) =(H,,C,)

Where C,=A,n A, and VeeC,,H (e)=F,(¢§)NF,(¢)

AndC,=ANC =AN(4NnA),

VeeC,, Hy(e)=F () NH,(€)=F(&) "(F,(e) NFy(£))

Again, let (F,,A) X (F,,A,) = (H,,C,)and (H,,C,)X(F,,A,) = (H,,C,)

Where C,=A N A, and VeeC,,H,(e)=F(g)NF,(¢)

AndC,=C;n A;=(A N A) N A,

VeeC,,H,(g)=H,(e)NF(e)=(F(e)NF,(e))NF(¢&)
It is clear that C,=C,and H,=H,
Thus (F,A) X ((F,,4,) X (F;, A) = ((F, A) R (Fy, A)) A (FyL, A)

2) Let (F,,A,) Y (F;,A) = (H,,C,)and (F, A)V(H,,C)) = (H,,C,)
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Where C,=A,U A, and C, =AU C,=A U (A, U A)) (1)
Case (i)
When seA —C,=A —(A, UA,), H,(s)=F,(&) ()
Case (ii)

When eeC, - A = (A4, VA)-A,

Fz(g) if €A —A,
H,(2) = H,(¢) = { Fi(¢) if e A~ A, 3)
F(e)UF(s) ifech,nA

Case (iii)
When eeANC,=A N (AVUA), H,(s)=F(g)VH (¢)

Now, ANC, = AN(AUA)

AN (A4 —A)U(A; -A) V(A NA))

= (AN (4-4)) V(AN (4 -4)) U4 N (4NA))
When seA N (A, -4;), H,(s)=F,(e), by (3)
Thus H,(e) = F(6)UH,(¢) = F,(8) UF, (&) @)
When seA N (A, -4,), H,(e)="Fle), by(3)
Thus H,(¢) = F(£)UH,(¢) = F(¢)UF(&) (5)
When scA N (4 N4), H(e)=FUE(E), by ()
Thus H,(¢) = F(g)UH,(¢) = F(8) V(F,(e) VF(8)) (6)
Again, Let (F,,A) Y (F,,A,) = (H,,C;)and (H;,C;)V (Fy, A) = (H,,C,)

Where C;=A U A, and C,=C;U A;=(A U 4,) U A, @)
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Case (i)

When eeC, - A, = (A UA,)-A,,

F(¢) if €A -4,
H, () = Hy(e) = { Fy(&) if £€A - A 8)
F(s)UF(e) ifscAnA,
Case (ii)
When €A, —C,=A,—(A UA,) = (A, —A) N (A, —-A,), H,(e)=F,(&) )

Case (iii)
When eeC,nA,=(A U A)N A,
=((A-4) V(A4 -A) VU (ANA))N A

=((A-A4)NA) Y ((A4-A)NA) U ((ANA)NA)

H, () = Hy(e) UF;(&)

When <(A —A,)NA;, Hy(€)=F,(¢), by (8)

Thus H,(¢) = H,(s)UF(&)

ie. Hy(e) = F(e)UF,(e) (10)
When se(A, - A)NA;, Hy(€)=F,(&), by (8)

Thus H,(g) = H,(e) UFy(s)

ie. H,(¢) = F(e)UF(e) (11)
When (4N A)N4,, Hy(e)=F(e)UF(&), by (8)

Thus H,(¢) = H,(&) UF,(¢)

ie. H,(s) = (F(§)UF(e)) UF(e) (12)
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Now, when se A —(A, U A,) = (A —4,) N (4 —A,)
H,(¢)=F,(¢), by (2) and H,(£)=F,(¢), by (8)
When ge(4, UA,)-A = ((A,—A) U (A —A) U (AN A)) - A
= (A =4)-A4) U((4-A)-A) U (4N 4)) - 4)
When £e(A, —A;)-A,
H,(¢8)=F,(¢), by (3) and H,(g)=F,(¢), by (8)
{(A—A)=A=(A4 NAT)NAS = A, O (AS AT =4, N (A4 UA ) =4, —(A U A)
=(A4-4) N (A4 -4))
When se(A,—A,)-A,
H,(¢)=F,(¢), by (3) and H,(g)=F;(¢), by (9)
{ (A —A)~ A =(A NANAS = A, O (AT NAD)=A, N (4 U A=A —(A4 UA,)
=A,-C,}
When ¢ e (A4, N A)-A,
H,(£)=F,(€)UF;(e), by (3) and H,(e)=F,(e)UF,(e), by (11)
{(4 O A)=A=(4 N A)NAS =(4 0 AD) A =(A, - A) N4 }
When & e 4 (4, UA) = A N((4 —A)U(4 - A4)U(4 N A))
= (4 N(A — A)U(A N (4 - A4,))U(4 N (4 N A))
When & € A (4, - A)= 4 N (4 N AT) =(A NA)N AT =(4NA)-4

H,(£)=F,(e)UF,(¢), by (4) and H,(e)=F()UF,(e), by (8)
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When e A, N(A, —A)=A N(A NA )= A N(A NAS )= A, N (A - A4A,)
H,(£)=F,()UF,(¢), by (5) and H,(£)=F (£)UF,(e), by (10)
When €€ A N(4, N A,)
H,(£)=F(£)U(Fy(§)UF(¢)), by (6) and H,(£)=(F,(¢) UF,(¢))UF(e), by (12)
Thus (F,4) Y (FyA) 9 (Fyu A)) = (FLA) T (FpA)) T (Fy,Ay)
Theorem: 1.24 Idempotent Property
Let (F}, A)be the fuzzy soft set in a soft class (U, E). Then
D) (F,A)A(F,A)=(F,A)
2) (F,A)V(F,A)=(F,A)
Proof:

1) Let (F,A)A(F,A)=(H,C)
Where C=A NA =A and VeeC=A,
H(¢)=F(6)NF(¢) = F (&)
Thus (F,, A) A (F, 4) = (F.A)

2) Let (F,,A)%(F,A)=(H,C)
Where C=A UA =4 and VeeC=A,
H(e)=F(e)UF,(e) = F(&)

Thus (F}’AI)V(E’AI) =(F,A)
Theorem: 1.25 Absorption Property
Let (F},A)) and (F,,A,) be two fuzzy soft sets in a soft class (U, E). Then

1) (F,A)A((F,A)V (F,,A))=(F,A)
2) (FL,A)V((F,A)A(Fyp,4))=(F,A)
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Proof:
1) Let (F,,A)V(F,,A)=(H,,C) and (F,A)A(H,,C))=(H,,C,)

E(E)’ I'fSGAI—A,_,
Where C, = A UA, and VeeC,, H,(¢) =4 F,(&), ifeeA,—A

F(e)UF(s), ifscAnA,
Also C,=A NC, =4 and
VeeC,, Hy(¢)= F(§)nH,(¢)
Now if &€ A —4,, H,(¢) = F,(6) "F(e) = Fi(¢)
Andif e € A NA,,
H,(s) = F(§)nH,(¢) = F(6) N(F(6) UF,(¢)) = Fy (&)
Thus (F, A)A((F, A) (Fy, A4) = (F, A)
2) Let (F,,A)A(F,,A,)=(H,,C) and (F,A)V (H,,C)=(H,,C,)
Where C, = A N A, and
VeeC,, H(e)=F(e)NF,(¢)
Also C,=A UC, =4 and
VeeC,, H,(¢)=F(g)VH,(¢)
= F(e)U(F(e) NFy(e)) = F (&)
=Fi(e)
Thus (F, A)V((F,A)A(Fy,A)) = (F,A)

Theorem: 1.26 Distributive Property

Let (F,A) , (F,,A,) and (F;,A,) be three fuzzy soft sets in a soft class
(U, E). Then

D) (F,A)A((F,, A) YV (F3, Ay)) = ((F, A) A (F, A) YV ((F, A) AF, Ay)

2) (F, AV ((Fy, A) A (Fy, A)) = ((FL, AV (Fy, A4)) A(F, A) YV (F, A))
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Proof:
1) Let (F,A)A(F,,A,)=(H,,C,) and (F,,A)A(F,,A)=(H,,C,)

Where C, =4 NA,,C,=A NA,

Let (H,,C,)V(H,,C,)=(H,,C;)

where C; =C, UG, =(A NA)U(A NA) =AN(AUA)

Case (i)

When eeC,—-C, =(A NA)—(ANA)=A N4 -4,),

H,(e)=H, ()= F(s)NF,(¢)

Case (ii)

When £ eC, —C, =(A NA)—(A NA)=A N(A -A4,),

Hy(e) = Hy(¢) = F(e) N F;(8)

Case (iii)

When ¢ eC,NC, =(A NA,)N(A NA)=ANANA,,

H,(&)=H,(¢) UH,(¢)

=(F(e)NF,(g))VU(F(e)NF(8))
=F(e)N(F(e)VF(¢))

Let (F,,A,)V (F,,A)=(H,,C,) and (F,,A)A(H,,C,)=(H,,Cy)

Where C, = A, VA, ,

C,= A NC, = A N(AUA) =AN(A-A)U(A-4)U(4NA))
=(A N(A - A)) V(A N4 - 4,)) V(A N4 NA))
=C,

When s e A, — A, , H,(¢)=F,(s)

ceA—-A,, Hi(e)=F(¢)

ceANA, H(e)=F(e)VFE(e)
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Case (i)
VeeCs, When e A N(A, - 4;),
H(£)= F(e) N H, (&)
=F()NF,(¢) (Whene e A, — A, H,(¢) = F,(¢))
= H, (&)
Case (ii)
VeeCs, When e€ A N(A, - A4,),
H,(e)=F(s)NH,(¢)
=F(e)nF,(e) (Whenee A, - A,, H,(¢) =F;(¢))
= H,(¢)
Case (iii)
VeeC;, When e€ A N(A,NA4),
H,(e)=F(e)NH,(¢)
=F(e)N(Fy(e)UF(¢)) (Whens e A, N A, H,(8) = Fy(6) VF;(8))
= H,(¢)
It is clear from the above that
(F, A) A ((Fy, A) YV (Fy, A) = ((FL, A) A (Fy, A)) YV ((F, A) A (F5, Ay))

2) This can be proved in a similar way.
Theorem: 1.27

Let (F,,A)) and (F,,A,) be three fuzzy soft sets in a soft class (U, E).

D) (FL,A)A(F,A)S(F,A), (F,A)A(F,,4) S (F,A)
2) (F,A)S(F,A)V(FA), (F,,A)S(F,A)V(F,A)
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Proof:
1) Let (F,A)A(F,,A)=(H,C), where C=A NA,
And VeeC, H(e)=F(e)NF,(¢)
Now, C=A NA, c A and
VeeC=ANA H(e)=F(e)NF,(e)<F (&)
Thus (F,A)A(F,,A) S (F,A).
The other result can also be proved in a similar way.
2) Let (F,,A)V(F,,A,)=(H,C), where C=A UA,

F (&), if scA - A,
And VeeC,, H,(¢) =4 F,(¢), ifeeA,—A
F()UF(e), ifecAnA,

Now, A < C and

F (o), fech-4
F()UF(e), ifecAnA,

Thus Ve e A, H(e) < F,(¢)

VeeA, H(a)-—-{

Thus (F,4) E (F, 4) 7 (F,,4,).

The other result can also be proved in a similar way.
Theorem: 1.28
Let (F,,A) and (F,,A,) be three fuzzy soft sets in a soft class (U, E).
1) (F,A)E (FyA) = (FLA)R(Fy, A) = (FL A)
2) (F,A)C(F,,A)=>(F,A)V(F,,A)=(F,,A4A)
Proof:

1) Let (F,A)Z(F,,4,).
Then A c A, and Vee A, Fi(¢) < F,(¢)
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2)

Now, let (F,A)A(F,,A,)=(H,C).

Then C=A NA, =4 ,as A C A,

And VeeC=A, H(e)=F(e)NF,(¢)=F(¢) as Ve € A, F,(¢) < F,(¢)
Thus (F,A,) € (F,, A) = (F, A) X (Fy, A,) = (F, A)

Let (F},A) S (F,,A,).

Then A c A, and Vee A, F,(e) <F,(¢)

Now, let (F,,A)V (F,,A,)=(H,C).

Then C=A VA, =A4,,as A c A,

And VeeC=A,, H(e)=F(e)UF,(s)=F,(¢) as Ve € A, F(¢) < F,(¢)

Thus (FpA])§(F2aA2)3(FpA1)v(anAz)=(F2aA2)

Theorem: 1.29 De Morgan Inclusions

For fuzzy soft sets (F, A) and (G, B)in a fuzzy soft class (U, E), one has the

following:

)
2)

(F,A° X(G,B) [ (F,A)Y(G,B) I

[(F,A)R(G,B)]° E(F,A V(G,B)*

Proof:

1)

Let (F,A)v(G,B)=(H,C),
where C = AUB and

F(¢) ifeeA-B
VeeC, H(e)=4G(¢) ifeeB-A
F(s)uG(s) ife€ ANB

Thus [ (F,A)Vv(G,B) I =(H,C)¢
=(H®,C), where C=AUB and

=(H(#))
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2)

(F(a))c ifeec A-B
VeeC, H (&) =1 (G(s)) ifeeB-A
(F(6)UG(e))" ifecANB

FC(¢) ifeeA-B
=:{ G%¢) ifeesB-A
(F(e))" N(G(e))" ifecANB

Again, (F,A) A(G,B)¢ =(F°,A)A(G°,B)=(1,J), say, where J = AnB and
Veeld, I(e)=F (e)NG(¢)

We see that J = C and VeeJ, I(e)c H  (¢)

It follows immediately that [ (F,A)X(G,B) ¢ & (F,A) V(G,B)¢

Let (F,A)A(G,B)=(H,C),where C=ANB and VeeC, H(¢)=F(e)NG(¢)
Thus [ (F,A)A(G,B) I =(H,C)"

=(H®,C), where C=AUB and
VeeC, HS(g)=(F(e)nG(e))

=(F(8))" U(G(e))

= F°(£)UGE (&)

Again, (F,A) v (G,B) =(F°,A)v(G°,B)=(1,J), say, where J = AUB and

F€(¢) ifee A-B
Veel, I(e)=1{ G°(¢) ifeeB-A
(F(¢))  U(G(e))" ifecANB

We see that CcJ and VeeC, H (e)cI(e)

It follows that [ (F, A)X(G,B) I & (F,A° ¥ (G, B)°
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Theorem: 1.30 De Morgan Laws
For fuzzy soft sets (F, A) and (G, A)in a fuzzy soft class (U, E), one has the
following:
1) [(F,A)Vv(G,A) ] =(F,A)" A(G, A
2) [(F,AR(G,A) ] =(F,A)° I (G, A"
Proof:
1) Let (F,A)v(G,A)=(H,A), where Ve e A, H(g) = F(£) UG(s)
Thus ((F,A)v(G,A))" =(H,A)° =(HS, A),
Where Vs € A, HS(¢) =(H(s))
=(F(e)UG(e))
=(F(9))" n(G(e)
=F ()G (¢)
Again, (F, A)° A(G,A)° =(F,AA(G,A)=(I, A), say,
Where Ve e A, I(g) = F€(§) "G (¢)
Thus [ (F, A)v (G, A) I€ =(F, A° A(G, A
2) Let (F,A)A(G,A)=(H,A), where Ve e A, H(s) = F(£) NG(¢)
Thus ((F,A)A(G,A))" =(H,A)° =(HS, A),
Where Ve e A, H () =(H(¢))"
=(F(e)nG(e))
=(F(£))" U(G(e))
=F(&) UG (¢)

Again, (F,A) v(G,A) =(F°, AV (G, A)=(1,A), say,
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Where Ve e A, I(g)=F (e)UGS(¢)

Thus [ (F,A)A(G, A) I© =(F, A° v (G, A)F

Theorem: 1.31

For fuzzy soft sets (F,A) and (G, A)in a fuzzy soft class (U, E), one has the

following:

1) ((F,A)A(G,B)) =(F,AF v(G,B)*

2) ((F,A)V(G,B)) =(F,AF A(G,B)
Proof:
1) Let (F,A)A(G,B)=(H,AxB), where H(a,f)=F(a)nG(f), YacA and
V3 e B, where N is the operation ‘fuzzy intersection’ of two fuzzy sets.
Thus ((F,A)A(G,B))" =(H,AxB)" =(H®, AxB) where ¥(a, ) AxB,
H (. B)=(H(a. B))
=(F(@NG(B)
=(F(@))" v(G(B)
=F(a)VG“(P)
Let (F,A) v(G,B)° =(F¢,A)v(G,B)=(0,AxB),
where O(a, B)=F (a)UG (f), YVaeA and VBeB, where U is the
operation ‘fuzzy union’ of two fuzzy sets.
Thus ((F,A)A(G,B))” =(F,A) v(G,B)
2) Let (F,A)v(G,B)=(H,AxB), where H(a,f)=F(a)UG(f), VacA and

VB e B, where U is the operation ‘fuzzy union’ of two fuzzy sets.

Thus ((F,A)v(G,B))" =(H,AxB)" =(H®, Ax B) where ¥(a, )€ AxB,
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H(a,B)=(H(a,B))"
=(F(a)uG(B))
=(F(@)" N(G(B)
=F(@)NG(B)
Let (F,A)° A(G,B)" =(F¢,A)A(G°,B)=(0,AxB),
where O(a, f)=F“(@)NG(B), YVaecA and VpBeB, where n is the
operation ‘fuzzy intersection’ of two fuzzy sets.

Thus ((F,A)v(G,B))" =(F,A) A(G,B)°

Definition: 1.32

Let 3={(F,,A)/iel} be a family of fuzzy soft sets in a fuzzy soft class
(U, E). Then the Union of Fuzzy Soft Sets in 3 is a fuzzy soft set (H, C), where

F(e), ifeeh,

C=uUA and forall ¢ eC, H(¢e) =V A,(¢,A) where Ai(g,A,.)={ )
/ i o, ifegA

Example: 1.33

Let U = { ¢}, ¢y, C3, ¢4 } be the set of four cars under consideration and
E ={e; ( Costly ),e, ( Beautiful ),e; ( Fuel Efficient ),e4 ( Luxurious )} be the set of
parameters and A; = {e), €, €3} < E, A, = {e}, €4} < E, A3 = {e), €3, €3, €4} c E.

We consider three fuzzy soft sets (F,, 4,)), (F,,A,) and (F;,A,) as follows.
(F,A) ={ F(e,))={¢c1/0.7, c2/0.1, c5/0.2, c4/0.6 } ,
Fl(€2)= { C|/0.8, 02/0.6, C3/0.1, C4/0.5 } 3

F,(e3)= { C]/O.l, C2/0.2, C3/0.7, C4/O.3 } }
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(F,,A,) ={ F,(¢e,)= { /0.4, c,/0.6, c5/0.1, c4/0.6 } ,
F,(e,)= { ¢1/0.8, c,/0.1, c5/0.4, c4/0.5 } }
(F;,Ay) ={ F,(e,)= {¢1/0.2, /0.3, ¢3/0.5, c4/0 } ,
F,(e,)= {¢1/0.3, c»/0.9, c3/0.5, c4/0.5 } ,
F,(e;)= { ¢1/0.1, /0.2, ¢5/0.6, c4/0.3 } ,
F,(e,)={c1/0.8, c,/0.3, c5/0.5, c4/0.1 } }
Thus (F,, A)% (F,,A,) (F,, A,) = (H,C),
Where C=A UA, UA, ={e, e, e3¢} and
(H,C) = { H(e,)= { c1/0.7, c,/0.6, c5/0.5, c4/0.6 } ,
H(e,)= { ¢1/0.8, c,/0.9, c3/0.5, c4/0.5 } ,
H(e;)= { ¢1/0.1, c,/0.2, c3/0.7, c4/0.3 } ,
H(e,)= { ¢1/0.8, c,/0.3, c3/0.5, ¢4/0.5 } }
Definition: 1.34

Let 3={(F,,A)/iel} be a family of fuzzy soft sets in a fuzzy soft class

(U, E), with N A, # ¢. Then the Intersection of Fuzzy Soft Sets in 3 is a fuzzy

soft set (H, C), where C =nA, and forall e eC, H(g) = AF,(¢).

Example: 1.35

Let U = { ¢, ¢, C3, ¢4 } be the set of four cars under consideration and
E = { e, ( Costly ), e, ( Beautiful ), e; ( Fuel Efficient ), e4 ( Luxurious ) } be the
set of parameters and A;={e,, €, €3} cE, Ay={e,, s} cE, As={e|, €,, €3, &4} cE.

We consider three fuzzy soft sets (F,,4,), (F,,A,) and (F;, A,) as follows.
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(F,A) ={ F,(e,)={¢1/0.7, c2/0.1, ¢5/0.2, c4/0.6 } ,
F,(e,)= { /0.8, c/0.6, c3/0.1, c4/0.5 } ,
F,(e;)= { /0.1, ¢c»/0.2, ¢5/0.7, c4/0.3 } }
(F,,A,) = { F,(e;)= { ¢1/0.4, c5/0.6, c3/0.1, c4/0.6 } ,
F,(e,)= { ¢1/0.8, c/0.1, c3/0.4, c4/0.5 } }
(F,,Ay) ={ F;(e;)= {¢1/0.2, ¢,/0.3, ¢5/0.5, c4/0 } ,
F,(e,)= {¢/0.3, c/0.9, c3/0.5, c4/0.5 } ,
F,(e;)= { ¢1/0.1, c/0.2, c5/0.6, c4/0.3 } ,
F,(e,)= { ¢1/0.8, c,/0.3, c3/0.5, c4/0.1 } }
Thus (F,,A) A (F,,A,) A(F,;,A)=(H,C), where C=A NA,NA, ={e; }and
(H,C) ={ H(e,)={¢c1/0.2, cy/0.3, c5/0.1, cs/0 } }

Theorem: 1.36
Let 3={(F,,A)/iel} be a family of fuzzy soft sets in a fuzzy soft class

(U,E). Then Viel, (F,,A) EY(F,,A)

Proof:

Let (F,,A)=(H,C),where C=UA and VaeC,icl

i _[F@, ifac4
H(a)—\i/A,.(a,A,.) where Ai(a,A.)—{w, Fagd

Clearly A, cUA, ie. A cCand Vae A ,iel, F(a)SVvA(a,A)ie F(a)<H(a)

Thus Viel, (F,,A)EV(F,,A)
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Theorem: 1.37

Let 3={(F,,A)/iel} be a family of fuzzy soft sets in a fuzzy soft class
(U,E). Then Vicl, A(F,,A)E(F,,A)

Proof:

Suppose that, Z\(F,.,A,.)=(H,C),where C:rle,. and VaeC,iel
H(a)=nF(a)
Now, C:ri\A,. cA and VaeC,iel, H(a)=/l§17i(a)SE(a)

Thus H(a) < F,(a) Ya € C and hence the result follows.

Theorem: 1.38

Let 3={(F,,A)/iel} be a family of fuzzy soft sets in a fuzzy soft class
(U, E). Then one has the following

L R, A° =(%(F,4)°
2. (R(F,4) )=9(F,, 4°
Proof:
1. We have, /i\(E,A)C = /’_\(F,.C,A) = (H,A),say
Where V a € A, H(a):ri\F,.C(a) (13)
Again suppose that \?(F,. ,A) = (1, A).

Then (v (F,4) ) “=(1, A)° =(I°, 4), where I°@)=[@)]° =| VF(@) |

Va e A, we have I°() =[kiJFi(a)]C = NEf(@) (14)

From (13) and (14), we get the desired result.
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2. Wehave, V(F,,A)° = V(F‘,A) = (H,A),say
Where Vae A, H(a)=UE () (15)

Again suppose that A(F,,A) = (1, A).
Then (A(E,A))C — (I, A = (I, A), where
(@) =@ =| nE@ |

VaeA, we have I°(a) = [m«j.(a)}c = UFS(a) (16)

From (15) and (16), we get the desired result.
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