APPLICATION OF FUZZY SETS THEORY TO DESIGN SINGLE SAMPLING ATTRIBUTE PLAN
BY

A. SHOBANA

(04MP31)

A DISSERTATION SUBMITTED TO THE AVINASHILINGAM INSTITUTE FOR HOME SCIENCE AND HIGHER EDUCATION FOR WOMEN - DEEMED UNIVERSITY, COIMBATORE – 641 043 

IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE DEGREE OF 

MASTER OF PHILOSOPHY IN MATHEMATICS

AUGUST  2005

[image: image1.wmf] 

n

k

 p

 (1 

-

 p)

k

=

0

c

k

n

-

k

å

æ

è

ç

ö

ø

÷



[image: image63.wmf]<


ACKNOWLEDGEMENT


First and foremost, the investigator is extremely thankful to the Lord Almighty for his grace and blessings showered on her.


The investigator is grateful to PADMASHREE COLONEL Dr.(Tmt.) RAJAMMAL P. DEVADAS, M.A., M.Sc., Ph.D. (Ohio State), D.Sc. (Madras), Hon. D.H.L. (Oregon State), Hon. D.H.L. (Ohio State), Hon.D.Sc. (C.Azad Agricultural University, Kanpur), Hon. D.Sc. (University of Ulster, Northern Ireland), former Chancellor, Avinashilingam Institute for Home Science and Higher Education for Women (Deemed University), Coimbatore.


The author expresses her sincere thanks to Dr.(Thiru) K.KULANDAIVEL, M.A., M.A. (Ohio State), Ph.D. (Madras), Chancellor, Avinashilingam Institute for Home Science and Higher Education for Women (Deemed University), Coimbatore, for giving facilities to carryout the study.


The author extends her thanks to Dr.(Tmt.)  SAROJA  PRABHAKARAN,  M.A., Dip. Ed. (Madras), Ph.D. (Mother Teresa), Vice Chancellor, Avinashilingam Institute for Home Science and Higher Education for Women (Deemed University), Coimbatore, for the encouragement extended by her during the investigation.


The author extends her deep sense of gratitude to Dr.(Tmt.)GOWRI  RAMAKRISHNAN, M.Sc. (Madras), M.Phil., Ph.D. (Avinashilingam), Registrar and Dr.(Tmt.) S.SIVAKAMASUNDARI, M.Sc. (Annamalai), M.Phil., Ph.D. (Madras), Dean, Faculty of Science, Avinashilingam Institute for Home Science and Higher Education for Women (Deemed University), Coimbatore, for facilitating the conduct of the study.


The author records her deep sense of gratitude and indebtedness to Dr.(Tmt.)N.SUNDARA, M.Sc., Dip. Ed., M.Phil. (Madras), Ph.D. (Bharathiar), Professor and Head of the Department of Mathematics, Avinashilingam Institute for Home Science and Higher Education for Women (Deemed University), Coimbatore, for her excellent advice and valuable guidance extended throughout the study. 


The author is deeply indebted to her thesis advisor Dr.(Tmt.)A.R.SUDAMANI RAMASWAMY, M.Sc. (Madras), M.Phil. (Bharathiar), Ph.D. (Bharathiar), Reader, Department of Mathematics, Avinashilingam Institute for Home Science and Higher Education for Women (Deemed University), Coimbatore, for her constant benevolent help, invaluable advice and illuminating guidance. She gratefully acknowledges her persistent efforts and affectionate endeavours.


The author wishes to extend her heartful thanks to her Loving Parents, Beloved Husband, Sisters, Friends and all other well‑wishers for their divine favour to complete the work successfully.


I would like to extend my thanks to FAST FORWARD, No. 55, IInd Floor, Bharathi Park Road, Coimbatore, who had helped me in doing my project in time. 

CONTENTS


TITLE
PAGE NO.

CHAPTER  I

CHAPTER  II

CHAPTER  III

CHAPTER  IV
INTRODUCTION

REVIEW OF LITERATURE

FUNDAMENTAL DEFINITIONS

DETERMINATION OF SINGLE SAMPLING  ATTRIBUTE PLANS BASED ON MEMBERSHIP FUNCTION 

A DESIGN FOR SINGLE SAMPLING ATTRIBUTE PLAN BASED ON FUZZY SETS THEORY 

A CLASS OF SINGLE SAMPLING PLANS BASED ON FUZZY OPTIMISATION

SUMMARY AND CONCLUSION

BIBLIOGRAPHY
1

11

14

21

37

50

59

INTRODUCTION


Acceptance sampling is a statistical method which enables us to make the decision of either accepting or rejecting a shipment of items for the lot. In most situations, 100% inspection of all items is neither desirable nor economically feasible.


Some advantages of acceptance sampling plan are  :

· It is more economical as against 100% inspection in terms of inspection costs.

· It is usually more accurate than 100% inspection, since it allows less opportunity for inspection fatigue, which can be responsible for mistakes.

· Less product damage occurs since it requires less handling of the product.

· Rejecting the entire lot on the basis of simple sample testing can motivate the suppliers of the product to improve their quality control standards and procedures.

· It is the only approach in situations where quality is tested by destroying the item. 

Inspection for acceptance purposes is carried out at many stages in manufacturing. There may be inspection of incoming materials and parts, process inspection at various points in the manufacturing operations, final inspection by a manufacturer of his own product, and ultimately inspection of the finished product by one or more purchasers.

Much of this acceptance inspection is necessarily on a sampling basis. All the acceptance tests that are destructive of the item tested must inevitably be done by sampling. In many other situations, sampling inspection is used because the cost of 100% inspection is prohibited.

The major areas of acceptance sampling according to Dodge [10] are :

· Lot‑by‑lot sampling by the method of attributes in which each unit in a sample is inspected on a go‑not‑go basis for one or more characteristics. 

· Lot‑by‑lot sampling by the method of variables in which each unit in a sample is measured for a single characteristic, such as weight or strength. 

· Continuous sampling of a flow of units by the method of attributes.

· Special purpose plans including chain sampling, skip‑lot sampling, small sampling plans, etc. 

SAMPLING PLAN


When a sample taken from a lot is inspected, the inspected items are classified as either good or defective. A defective item is one which does not meet the specified requirements. A good lot is one which has a low proportion of defective units in it and this low proportion is defined by our decision rule.


A sampling plan prescribes the sample size and the criteria for accepting, rejecting or taking another sample to be used in inspecting a lot.

OPERATING CHARACTERISTIC (OC) CURVE


Every sampling plan is associated with an operating characteristic curve, familiarly known as OC curve of the plan. This curve, when referred to two axes, the axis of p‑proportion non conforming of the material offered for inspection and the axis of Pa(p) – probability of acceptance of a lot or process, is the locus of (p, pa(p)). The OC curve gives the practical performance of a sampling plan. 

DESIGNING SAMPLING PLANS


In designing a sampling plan one has to accomplish a number of different purposes. According to Hamaker [19], the important ones are  :

1) to strike a proper balance between the consumer’s requirements, the producer’s capabilities, inspector’s capacity. 

2) to separate bad lots from good.

3) simplicity of procedures and administration

4) economy in number of observations

5) to reduce the risk of wrong decisions with increasing lot size

6) to use accumulated sample data as a valuable source of information.

7) To exert pressure on the producer or supplier when the quality of lots received is unreliable or not up to standard and

8) To reduce sampling when the quality is reliable and satisfactory. 

According to Peach [24], the following are some of the major types of designing the plans, which are classified according to types of protection :

1. The plan is specified by requiring the OC curve to pass through (or nearly through) two fixed points.

2. The plan is specified by fixing one point only, through which the OC curve is required to pass and setting up one or more conditions, not explicitly in terms of the OC curve.

3. The plan is specified by imposing upon the OC curve of two or more independent conditions none of which explicitly involves the OC curve. 

SINGLE SAMPLING PLAN


Sampling inspection in which the decision to accept or not to accept a lot is based on the inspection of a single sample. It involves three elements, namely the lot size (N), the sample size (n) and the acceptance number (c).


The operating procedure for a single sampling plan by attributes is as follows : 


Select a random sample of size  n  from a lot and count the number of nonconforming units d. If there are c or less nonconforming units then the lot is accepted ; otherwise the lot is rejected. The OC function for an attributive single sampling plan is Pa(p) = P(d ( c).


For example, let  N = 1000, n = 100, c = 3. If the sample of 100 units from a lot of 1000 units contains more than 3 defectives in it then the entire lot is rejected, otherwise the lot is accepted. 

FUZZY SETS THEORY


The theory of fuzzy sets is basically, a theory of grade concepts – a theory, in which everything is a matter of degree or put it figuratively, everything has elasticity.


In two decades since its inception, the theory has matured into a wide‑ranging collection of concepts and techniques for dealing with complex phenomena which do not lend themselves to analysis by classical methods based on probability theory and bivalent logic.


Since its inception 20 years ago the theory of fuzzy sets has advanced in a variety of ways and in many disciplines. Applications of this theory can be found, for example, in artificial intelligence, computer science, control engineering, decision theory, operations research and pattern recognition. Theoretical advances have been made in many directions.


Fuzzy set theory has had an unexpected growth. It was further developed theoretically and it was applied to new areas.


The first publications in fuzzy set theory by Zadeh (1965) show the intention to generalise the classical notion of a set and a proposition to accommodate fuzziness. 

The notion of a fuzzy set provides a convenient point of departure for the construction of a conceptual framework which parallels in many respects the framework used in the case of ordinary sets, but is more general than the latter and, potentially may prove to have a much wider scope of applicability, particularly in the fields of pattern classification and information processing. Essentially, such a framework provides a natural way of dealing with problems in which the source of imprecision is the absence of sharply defined criteria of class membership rather than the presence of random variables. 

A fuzzy set is a set with a smooth boundary. Fuzzy set theory generalises classical set theory to allow partial membership. The best way to introduce fuzzy sets is to start with a limitation of classical sets. A set in classical set theory always has a sharp boundary because membership in a set is a black and white concept. 


Fuzzy set theory directly addresses this limitation by allowing membership in a set to be a matter of degree. A fuzzy set defined by a function that maps objects in a domain of concern to the membership value in the set. Such a function is called the membership function and is usually denoted by the Greek symbol  (. The membership function of a fuzzy set  A  is denoted by  (​A  and the membership value of  x  in  A  is denoted as  (A(x).


A membership function can be designed in three ways :

(i) Interview those who familiar with the underlying concept of later adjust it based on a tuning strategy.

(ii) Construct it automatically from data

(iii) Learn it based on feedback from the system performance.

The membership function is obviously the crucial component of a fuzzy set. It is therefore not surprising that operations with fuzzy sets are defined via their membership functions.

This thesis is devoted to the study of single sampling attributed plans based on fuzzy sets theory and fuzzy optimisation. 

In Chapter I, Section I deals with fundamental definitions related to acceptance sampling procedures and Section II deals with fundamental definitions in fuzzy set theory.

In Chapter II, the determination of single sampling attribute plans based on membership functions by Ohta and Ichihashi [23] have been studied. Single – sampling – attribute plans which make the producer’s risk less than or equal to  (  and the consumer’s risk less than or equal to  (  are called exact sampling plans. 

A design procedure for relaxing the conditions on the risks by the membership functions used in fuzzy methodologies have been analysed. The proposed procedure is general because it includes sampling plans based on minimax criterion and exact sampling plans in the special cases.

In Chapter III, a design for single – sampling – attribute plan based on fuzzy sets theory by Akihiro Kanagawa and Hiroshi Ohta [1] have been reviewed.

In this chapter, a new design procedure for single sampling attribute plan based on fuzzy sets theory have been studied by means of formulating the problem as a fuzzy mathematical programming. The defects of the fuzzy design proposed by Ohta and Ichihashi [23] were improved as follows : 

(1) The inconsistency concerned with the membership functions was removed that if the actual producer’s and consumer’s risks become smaller, then the grades of satisfaction of the producer and consumer become worse.

(2) The minimization of sample size was explicitly considered in design procedure.

In Chapter IV, a class of single sampling plans based on fuzzy optimisation by Chakraborty, T.K. [9] have been analysed. In this chapter, a solution procedure, under Poisson conditions, for the above non‑symmetrical fuzzy mathematical programming model involving minimisation of a crisp objective function with fuzzy solution space developed was analysed. Numerical examples were also explained. 

REVIEW OF LITERATURE


Our knowledge, our attitudes and our actions are based to a  very large extent on samples.


Acceptance sampling is the methodology, which deals with the procedures for taking decision to accept or reject the manufactured products based on the inspection of samples.


Among the various paradigmatic changes in science and mathematics in the 20th century, such change concerns with the concept of uncertainty. The fuzzy set provides us with an intuitively pleasing method of representing one form of uncertainty. The concept of fuzzy sets was introduced by Zadeh, L.A.  [27] in 1965.


The study of single sampling attribute plans based on membership functions has attracted the attention of many famous mathematicians – Hald, Stephens, Jaech, Chakraborthy, T.K. etc.


In this review of literature a briefly survey of some articles published by some mathematicians are given.


Hald [16] gave a survey of exact and approximate solutions to the problem of determining a single sampling plan (n, c) so that P(p1) ( 1 - (, P(p2) ( ( and c is as small as possible, where  P(p) denotes the operation characteristic p1 < p2 and 1 - ( > (. Solutions corresponding to Poisson, binomial and hypergeometric operating characteristics are discussed and compared. Both exact and approximate formulas are given and the accuracy of the approximations was evaluated. 


A new approximation which is at the same time simpler and more accurate than the previous ones has also been presented by Hald [17].


Stephens [25] provided a closed form solution for the problem of determining a single sampling plan (n, c) so that P(p1) ( 1 - (, P(p2) ( ( and c is as small as possible using a normal approximation to the binomial distribution developed by Borges [4].


Jaech [20] indicated how Stephen’s approach might be extended to provide integral solutions using an iterative calculation procedure.


Chakraborty, T.K. [9] gave a survey in the problem of designing single sampling inspection plan when acceptable and rejectable quality levels were assumed as fuzzy variables in the fuzzy environment with fuzzy parameters the possibility that a fair of sample size and acceptance number is feasible is determined. The decision maker can find a compromise plan from the set of feasible plans.


Vidhya, R., Hebbar, H.V. and Raju, C. [26]  discussed the approximations involved in the Dodge Romig single sampling tables under Lot Quality protection.


Problems in the design of sampling inspection plans have been studied for a long time as an important subject in quality control. A direct approach for designing single sampling plan, under attributes inspection, based on Dodge – Romig principles using a computer program under the Poisson model is proposed. The precision obtainable over the existing tables is explained with examples. 
CHAPTER  -  I

FUNDAMENTAL DEFINITIONS

SECTION  1  :

DEFINITION  1.1.1  :  Acceptance Sampling Plan

​
A specific plan that states the sample size or sizes to be used and the associated acceptance and non‑acceptance criteria.

OPERATING CHARACTERISTIC CURVE (OC CURVE)

DEFINITION  1.1.2  :  Type A OC-Curve


(For isolated or unique lots or a lot from an isolated sequence). A  curve showing for a given sampling plan, the probability of accepting a lot as a function of the lot quality.

DEFINITION  1.1.3  :  Type B OC-Curve


(For continuous stream of lots). A curve showing for a given sampling plan, the probability of accepting a lot as a function of the process average.

DEFINITION  1.1.4  :  Probability of Acceptance


The probability that a lot will be accepted under a given sampling plan.

DEFINITION  1.1.5  :  Probability of Rejection


The probability that a lot will not be accepted under a given sampling plan.

DEFINITION  1.1.6  :  Acceptance Quality Level


The maximum percentage or proportion of variant units in a lot or batch that for the purposes of acceptance sampling can be considered satisfactory as a process average. 

DEFINITION  1.1.7  :  Lot Tolerance Percent Defective


Lot tolerance percent defective is defined as a maximum percentage of defective item in a lot beyond which the lot should be rejected. 

DEFINITION  1.1.8  :  Consumer’s Risk


For a given sampling plan, the probability of acceptance of a lot the quality of which has designated numerical value representing a level which it is seldom desired to accept. 

DEFINITION  1.1.9  :  Limiting Quality Level


The percentage or proportion of variant units in a batch or lot for which, the purpose of acceptance sampling the consumer wishes the probability of acceptance to be restricted to a specified low value. 

DEFINITION  1.1.10  :  Producer’s Risk


For a given sampling plan, the probability of not accepting a lot the quality of which has designated numerical value representing a level which it is generally desired to accept.

DEFINITION  1.1.11  :  Average Sample Number


The average number of sample units per lot for making decisions (acceptance or non‑acceptance).

DEFINITION  1.1.12  :  Average Outgoing Quality


The expected quality of outgoing product following the use of an acceptance sampling plan for a given value of incoming product quality. 

DEFINITION  1.1.13  :  Average Outgoing Quality Limit


For a given acceptance sampling plan, the maximum average outgoing quality over all possible levels of incoming quality. 

DEFINITION  1.1.14  :  Average total Inspection


The expected number of items inspected per lot to arrive at a decision in an acceptance – rectification sampling inspection plan calling for 100% inspection of the rejected lots is called average amount of total inspection.

GLOSSARY OF SYMBOLS

N
-
Lot size

n
-
Sample size

p
-
Lot or process quality

Pa(p)
-
Probability of acceptance for given  p

p1
-
Acceptable quality level

p2
-
Limiting quality level 

(
-
Producer’s risk

(
-
Consumer’s risk

c
-
Acceptance number (for single sampling plans)

d
-
Number of defectives in the sample

AQL
-
Acceptance quality level 

LTPD
-
Lot tolerance per cent defective

LQL
-
Limiting quality level

ASN
-
Average sample number

AOQ
-
Average outgoing quality

AOQL
-
Average outgoing quality limit

ATI
-
Average total inspection

SECTION  2


In fuzzy set theory, normal sets are called crisp sets, in order to distinguish them from fuzzy sets.


Let  C  be a crisp set defined on the universe  U, then for any element u of U, either  u ( c  or u ( c. In fuzzy set theory this property is generalized, therefore in a fuzzy set  F,  it is not necessary that either  u  ( F or u ( F.


In fuzzy set theory, the characteristic function is generalized to a membership function that assigns to every u ( U a value from the unit interval [0, 1] instead from the two‑element set { 0, 1 }. The set that is defined on the basis of such an extended membership function is called a fuzzy set. 

DEFINITION  1.2.1


Let  X  be a set and  (  be the unit interval [0, 1]. A fuzzy set in X is an element of set  (X of all functions from  X  to  (.

DEFINITION  1.2.2


The  membership  function   (F  of  a  fuzzy  set   F   is  a  function   (F : U ( [0, 1]. So, every element  u  from  U  has a membership degree (F (u) ( [0, 1]. F is completely determined by the set of triples  F = {(u, (F (u)) / u ( U }.

DEFINITION  1.2.3


For any set of real numbers  R  that is bounded below, a real number  S  is called the infimum of  R iff :

(a) S is a lower bound of R.

(b) No number greater than S is a lower bound.

DEFINITION  1.2.4


Given a fuzzy set  A  defined on  X  and any number  ( ( [ 0, 1 ], the (‑cut, (A is the crisp sets 


(A
=
{ x / A(x) ( ( }

(ie.) the (‑cut of a fuzzy set  A  is the crisp set  (A  that contains all the elements of the universal set  X  whose membership grades in  A  are greater than or equal to the specified value of (.

GLOSSARY OF SYMBOLS


R
-
Set of real numbers


(
-
belongs to


(
-
does not belong to


(A
-
The membership function of a fuzzy set A


(B
-
The membership function of a fuzzy set B


(A
-
(‑cut of fuzzy set A


inf
-
Infimum


[a, b]
-
Closed interval of real numbers between a and b


(a, b]
-
Interval of real numbers open in a and closed in b.


[a, b)
-
interval of real number closed in a and open in b.


~
-
approximate relation
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-
fuzzified version of  ( sign and means approximately                

less than or equal to or essentially smaller than or           

closely around stated value.


(X
-
Set of all functions from  X  to  (.


(
-
Equivalence relation

CHAPTER  -  II

DETERMINATION OF SINGLE – SAMPLING – ATTRIBUTE PLANS BASED ON MEMBERSHIP FUNCTIONS


In this chapter “Determination of single sampling attribute plans based on membership functions” by Hiroshi Ohta and Hidemtomo Ichihashi [23] have been reviewed.


Single sampling attribute plans which make the producer’s risk less than or equal to (ie., ( () and the consumer’s risk less than or equal to (i.e., ( () are called exact sampling plans. In using exact sampling plans, however, cases often arise in which large sample size is needlessly sought. A minimax criterion which relaxes the conditions on the risks for reducing the sample size was introduced by Fujino and Okuno [13].


This paper presents a design procedure for relaxing the conditions on the risks by the membership functions used in fuzzy methodologies. The proposed procedure is general because it includes sampling plans based on the minimax criterion and exact sampling plans in the special cases.


It is the usual practice, when selecting a single-attribute acceptance sampling plan, to fix the operating characteristics (OC) curve in accordance with the desired discrimination. The OC curve is fixed by suitably chosen parameters such as two points on it, usually (p1, 1 - (), (p​2, (), where  p1  =  fraction defective corresponding to an acceptable quality level ; p2  =  fraction defective corresponding to an unsatisfactory quality level (p2 > p1) ; ( = producer’s risk ; (  =  consumer’s risk. The example, as formulated by Hald [16], may be stated as follows :

EXAMPLE 2.1


The problem of finding (n, c) so that P(p1) ( 1 - (, P(p2) ( ( and c is minimized (where 1 - ( > (, n = sample size, c = acceptance number ; P(p) = probability of accepting a lot with fraction  p  defective) is redefined by Fujino and Okuno [13], for the purpose of reduction of sample size as follows :

EXAMPLE  2.2


Find (n, c) so that 



Max { | 1 – P(p1) - ( | / (, | P(p2) - ( | / ( } is minimized. 


In Example 2.2, the conditions on P(.) in Example 2.1 must not necessarily be held, because the case in which the large sample size is needlessly sought often arises in Example 2.1. The sample size can be reduced as desired by relaxing the conditions on P(.), that is, the conditions on the producer’s and consumer’s risks. Hence the trade‑off between the reduction of sample size and the relaxation of the conditions on P(.) becomes a serious problem.


Fujino and Okuno [13] adopted the minimax criterion as an objective standard for relaxing the conditions on P(.).


In this paper a design procedure for relaxing the conditions on P(.) by the membership functions used in fuzzy methodologies is proposed. Basic concepts in fuzzy methodologies were initiated by Zadeh [27]. The use of fuzzy methodologies is an efficient way of accounting for vagueness. The proposed procedure is general because it includes sampling plans based on minimax criterion and exact sampling plans in the special cases. 

Determination of Exact Sampling Plans


Assume that the distribution of lot quality is binomial. It is widely noted that for p ( 0.10 the poisson distribution gives suitable approximation to the binomial distribution. However, Bolshev et al. [3] have evolved the following parameter ( (n, c, p) of the poisson distribution, which gives a fairly good approximation to the binomial distribution not only for small p but also for comparatively large p, for example  p ( 0.30.
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where
 ( (n, c, p)  =  (n – c / 2 ) . 2p / (2 – p)



       (2.2)

In equation (2.2)  ( (n, c, p)  can be decomposed into 


( (n, c, p)
=
g (n, c) h (p)




       (2.3)
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g (n, c)
=
n – c / 2

(2.4)


h(p)

=
2p / (2 – p)


Using the relation between the Poisson and  (2‑distribution the conditions on the risks given in Example 2.1, that is, 
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P(p2)  (  (
are approximately equivalent to 
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2( (n, c, p2)  =  2 g(n, c) h (p2)  (  
[image: image4.wmf]c

b

2

 (2 (c+1))

where  
[image: image5.wmf]c

n

g

2

 (

)

 denotes the upper  (  quantile of the (2  distribution  with  (  degrees of freedom. 

Introducing the auxillary functions
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r  =  h (p2) / h (p1)  =  p2 (2 – p1) / p1 (2 – p2)

(2.7)

R (c ; (, ()  =  
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From equation (2.6) we have  r  (  R (c ; ( , ()

                 (2.8)


If the risks  (  and  (  are given, R (c ; (, () is monotonically decreasing in c, then the acceptance number  c  is decided as the smallest integer satisfying equation (2.8). Solving equation (2.6) with respect to the sample size  n  by use of equation (2.4), we find
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For the acceptance number  c  decided by equation (2.8) all integers satisfying equation (2.9) will give sample plans satisfying the exact conditions on risks given by equation (2.5). If the n‑interval obtained from equation (2.9), however, has no integer, the value of  c  must be increased one by one. 

Relaxation of conditions on risks by membership functions
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Instead of the conditions given by equation (2.5), we consider the conditions

P(p1)  ~  1 - (
(2.10)


P(p2)  ~  (
that is 
(* (n, c)  
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  1 – P(p1)  ~  ( 

(2.11)

(* (n, c)  
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  P(p2)   ~   (
where the symbol  ~   stands for approximate relation.

To simplify the treatment, it is reasonable to make use of three values  (l, (, (u​ ((l < ( < (u​) for the producer’s risk. The value  ( would mean the most appropriate and values  (l and  (u​  would determine the limits of toleration. From this point of view it seems natural to accept a membership function  (A​ ((* (n, c))  shown in Figure 2.1(a) for the fuzzy subset  A  of the set of producer’s risk  :

[image: image70.wmf]n

u

b
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Similarly, for the fuzzy subset  B  of the set of consumer’s risk we will accept a membership function  (B ((* (n, c)) shown in figure 2.1(b).


(B ((* (n, c))
=
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Figure  2.1.  Membership functions


By using the membership functions (A​ ((*(n, c)) and (B ((* (n,  c)), we redefine Example 2.1 as follows :

EXAMPLE  2.3


Find (n, c) so that min { (A​ ((* (n, c)), (B ((* (n, c)) } is maximized.


In a special case of  (l = (l = 0, (u = 2( and  (u = 2(  the membership function  (A​ ((* (n, c)) and (B ((* (n, c)) are reduced to

(A​ ((* (n, c)) 
=
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and

(B ((* (n, c))
=
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respectively. From equations (2.14) and (2.15), we have
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where the symbol  (  shows an equivalent relation. In the special case of  (l = (l = 0, (u = 2(  and  (u = 2( Example 2.3 can be reduced to Example 2.2 as defined by Fujino and Okuno [13].


Furthermore, from the shapes of  (A ((*(n, c)) and  (B ((*(n, c)) shown in Figure 2.1(a) and 2.1(b), it is easily known that Example 2.3 can asymptotically reduced to Example 2.1 formulated by Hald  [16] when  (l ( - (, (u ( (, (l ( - (, (u = (. Example 2.3 redefined by using the membership functions  (A ((* (n, c)) and  (B ((*(n, c)) includes Examples 2.1 and 2.2 in special cases.

Algorithm for determination of sampling plans based on membership functions


Consider the existence conditions of integers  n  and  c  which satisfy


1 - (L ( P(p1) ( 1 - (H

(2.17)


     (L​ ( P(p2) ( (H
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(L ( (*(n, c) ( (H

The conditions are easily derived from the procedure for determination of (n, c) in Example 2.1 as follows :


R (c ; (L, (L) ( r ( R (c ; (H, (H)




     (2.19)

and
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A flow chart to determine (n, c) in Example (2.3) by using equations (2.19) and (2.20) is shown in Figure 2.2.
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Figure 2.2, a flow chart for determination of sampling plans based on membership functions.


In Figure 2.2, lk stands for the value of membership function at the kth iteration and its initial value is 0.5. If we can obtain a sampling plan (n, c) which satisfies


(A​ ((*(n, c)) ( lk


(B ((*(n, c)) ( lk​

then increase the value of  lk  and otherwise decrease the value of  lk. After iterating the process ten times, the sampling plan (n, c) which gives the maximum value of lk is optimal. However, in the case where the sample size n has an interval, we decide the lower bound of interval as the optimal sample size.


Furthermore, the unpractical cases in which the acceptance number  c  is  greater than 10 are omitted. The reason why we adopted the figure of ten iterations is that the value of lk converges to the order of (1/2)10 ~ 10-3 by using the method of bisection after iterating the process ten times. 
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Table  2.2

Actual Producer’s Risk  (((n, c) and Consumer’s Risk (((n, c)
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Example  :  2.4


Table 2.1 shows the sampling plans designed by the procedure described in the previous section where  (l = 0%, ( = 5%, (u = 10%, (l  = 8%, ( = 10% and (u = 20%. In Table 2.1, stands for the unpractical case in which the acceptance number  c  is greater than 10.


Table  2.2  shows the values of actual producer’s risk  (* (n, c) and consumer’s risk  (* (n, c) of the proposed sampling plans (n, c) given in Table  2.1. From Table 2.2, the actual producer’s risk has the maximum value 9.51% when p1 = 1.60%, p2 = 3.15% and the minimum value 0.60% when p1 = 0.10%, p2 = 31.50% and the actual consumer’s risk  (* (n, c) has the maximum value 18.97%, when p1 = 1.60%, p2  =  3.15% and the minimum value 8.59%, when p1 = 0.125%, p2  =  20.00%. From the above fact, it is confirmed that the actual producer’s risk  (* (n, c) and consumer’s risk  (* (n, c) satisfy the following conditions on the risks.


(l = 0%  ( (* (n, c) ( 10%  = (u
(l = 8%  ( (* (n, c) ( 20%  = (u
Since the probability of accepting a lot P(.) is monotonically decreasing in n for a fixed c, as  (* (n, c) increases  n  decreases, but as  (* (n, c) increases  n  increases. Then, the value of  (l​ = 8% in the conditions on the risks precludes decreasing  (* (n, c) in order to reduce the sample size n. However, the reduction of sample size by relaxing the condition on (* (n, c) can only be achieved in the cases where the acceptance number  c  is smaller than that in Example  2.1

CHAPTER  -  III

A DESIGN FOR SINGLE SAMPLING ATTRIBUTE PLAN 

BASED ON FUZZY SETS THEORY


In this chapter, “A de​sign for single sampling attribute plan based on fuzzy set theory” by Akihiro Kanagawa and Hiroshi Ohta [1] have been analysed.


​In this chapter, a new design procedure for the single sampling attribute plan based on fuzzy sets theory is presented by means of formulating the problem as a fuzzy mathematical programming.

EXAMPLE  :  3.1


Find (n, c) so that  P(p1) ( 1 - ( and P(p2) ( ( and for which  n  is minimized.









                 (3.1)


Assume that the distribution of lot quality is binomial and P(p) can be expressed by using some function  ( (n, c, p) as follows :


P(p)
=
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       (3.2)

where
( (n, c, p)  =  g(n, c) h (p)



                 (3.3)


Then by using the relation between the Poisson and  (2 – distributions, the conditions are equivalent to


2( (n, c, p1)   =   2 g (n, c) h (p1​)   (   
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2( (n, c, p2)   =   2 g (n, c) h (p2​)   (   
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where  
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 denotes the upper quantile of the  (2 – distribution with  (  degrees of freedom. Introducing the auxiliary functions


r  =  h(p2) / h (p1)






     (3.5a)


R (c ; (, ()  =  
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and  the real numbers  n(, n( which satisfy


2 ( (n(, c, p1)   =   2 g (n(, c) h (p1)   =   
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2 ( (n(, c, p2)   =   2 g (n(, c) h (p2)   =   
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From (3.4) we have  r ( R (c ; (, ()



       (3.7)

If the risks  ( and  (  are given, R (c ; (, () is monotonically decreasing in c, the acceptance number c is determined as the smallest integer satisfying equation (3.7). Furthermore, we have

n(  (  n(







       (3.8)

For the acceptance number c decided by equation (3.7) any integers belonging to interval [ n(, n( ] give sample sizes satisfying equation (3.1).

If the interval [ n(, n( ], however has no integer, the value of  c  must be increased to the smallest integer for which [ n(, n( ] contains an integer. For practical design,  ( (n, c, p) cannot be exactly decomposed as equation (3.3). However, the Bolshev approximation is available for equation (3.3).

g(n, c)  =  
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Fuzzy Design


By Chapter  II, Example  3.1 has been redefined as follows by using the membership functions  (A ((* (n, c)) and  (B ((* (n, c)).

EXAMPLE  :  3.2


Find (n, c) so that min { (A ((*), (B ((*) } is maximized.


The fuzzy design formulated by Ohta and Ichihashi [23] is deficient because their design does not explicitly take account of minimizing the sample size  n.  Furthermore, the grades of membership functions  (A ((*)  and (B ((*) given in Figure 2.1 are both monotonically decreasing as  (* and (* decrease when  (* < ( and (* < (. This fact is inconsistent in that if the actual risks (* and (* become smaller, then the grades of satisfaction of the producer and consumer become worse. Then we propose the following formulation  : 
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where the symbol    and    stand for fuzzy inequalities. The membership functions (A​ ((*) and  (B ((*) in this case are shown in Figure 3.1. The membership function  (n (n) which represents the grade of satisfaction for the sample size must monotonically decrease as n  increases as shown in Figure  3.2.


(a)


(b)

Fig.  3.1  Membership function  (A  and  (B by (3.10)


Fig.  3.2  Membership Function  (n which represents the grade of satisfaction for the sample size n


The fuzzy formulation in (3.10) can be written as the following fuzzy mathematical programming problem  :

EXAMPLE  :  3.3


Find (n, c) so that  min { (A ((*),  (B ((*), (n (n) } is maximized.


The membership functions in Figure 3.1 are as follows :


(A ((*)

=
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(B ((*)

=

[image: image32.wmf]1

(

*

 

 

),

 

-

 

*

 

-

 

(

 

 

*

 

 

0

(

 

 

*)

u

u

u

u

b

b

b

b

b

b

b

b

b

b

b

£

£

£

£

ì

í

ï

ï

î

ï

ï

)



This can also be rewritten by using the definition of (2.11) as


(A ((*)

=
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(B ((*)
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where
   P(p)

=
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Figure  3.3 shows the graphs of the membership functions  (A ((*) and (B ((*) with respect to the sample size  n.  In Figure 3.3, 
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Fig.  3.3  Membership functions  (A and  (B  with respect to the sample size  n

Let  Cu be the minimum integer which satisfies  r ( R (Cu, (, (). If  the membership functions  (A  and  (B  were decided as in Figure 3.1, that is, in Figure 3.3,   we find that the acceptance number  c  in Example 3.3 is less than or equal to Cu. Because when  c  is greater than or equal to Cu, we have  r ( R (c ; (, (), then the membership function  (A and  (B  are shown as in Figure 3.3(a).

Accordingly,  n  which maximizes min { (A, (B, (n } depends on only the intersection of  (A and  (​n  as shown in Figures 3.4(a) and 3.4(b). The grade of max min { (A, (B, (n } decreases with  c, because  (n  is monotonically decreasing. So  c  is found to be less than or equal to Cu. Now, let the sample size  n  expand to a real number. Setting  n*  ( R, which satisfies

(B​ ((* (n*, c))  =  (n (n),

it is obvious that when  c  is equal to Cu, n* belongs to interval [
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Fig.
3.4
Transition of min {{(A, (B, (n} with respect to the                     

acceptance number  c. (The region with hatched lines               

represents the searching area for the solution  n)

If n*  is found, the integer solution  n  is either  [ n* ] or [n*] + 1. When  c  is less than  Cu, the relation  (3.8) is changed to  n( ( n(. From Figures  3.4(c) and 3.4(d), in the case where c is less than Cu, the point of max min {(A, (B, (n} is either the intersection of  (A and  (B  or the intersection of  (B​ and  (n. In both cases, the integer solution  n  will be found by means of searching in the integer interval  
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Thus, by means of searching in the integer interval 
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in any case where  c  is  less than or equal to Cu, the integer solution  n  which maximizes  min { (A, (B, (n } will be found. Finally, sample size  n  is selected as


ni
=
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and acceptance number  c  is selected as  Cu – i.

Table  3.1

c
:
Grade of fuzzy product set with respect to n on each c

Cu
:

Cu-1
:

Cu-2
:

.

.

.


(0 (n0) = max min { (B​, (n } in 
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(1 (n1) = max min { (A, (B,(n } in 
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(2 (n2) = max min { (A, (B,(n } in 
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​Example  :  3.4

We set up the membership functions  (A  and  (B  as follows :

( = 5% ; (u = 8% ; ( = 10%  ;  (u = 20%

For the membership function (n(n), we will accept the following function :

(n(n)
=
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where  L  is the tolerance limit of the sample size so that  n  should be smaller than  L. It is better to select  L  to be less than N / 10 for use of the binomial distribution.  m  is the shape parameter of the membership function, and  m  is selected so that  0 < m ( 1.

Solving Procedure


L  =  300 ;  m  =  0.5  ;  p1  =  0.02,  p2  =  0.09


r
=
h(p2) / h(p1)



=
[ 2p2 / (2 – p2)] / [2p1 / (2 – p1)]



=
4.665

So that  Cu 
=
 4


Then, the grade of fuzzy union set with respect to  n  on each  c  is as shown in Table 3.2. After all, we have
c = 3 ; n = 66 ((* = 0.04338, (*  =  0.1441) as the solution of Example  2.3.

Table  - 3.2

c :
Grade of fuzzy product with respect to n on each c

4

4-1

4-2

4-3
Max min {(B, (n​} in [73, 89] = (n (79)  =  0.4846

Max min {(A, (B, (n​} in [60, 73] = (n (66)  =  0.5310

Max min {(A, (B, (n​} in [46, 58] = (n (48)  =  0.1853

Fuzzy product set does not exist.

​


On the other hand, the solution of Example  3.2  by Ohta and Ichihashi [23] is  c  =  3  ;  n  =  71 ((*  =  0.05416, (*  =  0.1083) where   (l  =  2%  ;  (  =  5%  ;  (u  =  8%  ;  (l  =  0%  ;  (  =  10%  ;  (u  = 20%. For reference, the traditional solution of problem 2.1 is c  =  4 ;  n  =  87 ((*  =  0.03070, (*  =  0.09884).


A design procedure for the single sampling attribute plan based on fuzzy sets theory has been successfully presented. In this chapter the defects of the fuzzy design procedure proposed by Ohta and Ichihashi [23] were improved as follows :

(1) The inconsistency concerned with the membership function was removed that if the actual producer’s and consumer’s risk become smaller, then the grades of satisfaction of the producer and consumer become worse.

(2) The minimization of the sample size was explicitly considered in design procedure. 

CHAPTER  -  IV

A CLASS OF SINGLE SAMPLING PLANS BASED 

ON FUZZY OPTIMIZATION


In this chapter, “A class of single sampling plans based on fuzzy optimization” by T.K.Chakraborty [9] have been analysed.

EXAMPLE  :  4.1


Find  n  and  c  satisfying the following criteria  :

Minimize
( (p1, n, c) 
=
n + (N – n) (1 – P(p1))

       (4.1)

Subject to
P (p2, n, c)
(
(  and



       (4.2)



n, c  (  0, integer,





       (4.3)

where  ( (p1, n, c) is the average total inspection.


The above optimisation problem is a non‑linear integer programming problem. The problem is non‑symmetrical since the objective function (4.1) is crisp and the constraint (4.2) is a fuzzy set.


P2 ( 0.1, p1 / p2 ( 0.5 and  n / N ( 0.1  such that Poisson distribution will provide sufficiently accurate approximation for P(p1) (P(p2)) for which binomial (hyper geometric) distribution is involved. So 

P(p) = G (c, np)  =  
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EXAMPLE  :  4.2


Find non‑fuzzy non‑negative integer pair (n, c) which minimizes


( (p1, n, c)  =  n + (N – n) (1 – G (c, np1)),


       (4.4)

subject to
G(c, np2)     (,





       (4.5)



n, c  (  0 integer





       (4.6)


The symbol    refers to fuzzified version of  ( sign and means approximately less than or equal to or essentially smaller than or closely around stated value.

Membership Functions


Let  R  be a fuzzy feasible region, S(R) support of R and R1 (‑level cut of R for  ( = 1. The membership function of objective function (4.4) given solution space  R  is defined as


(( (n, c)
=

[image: image50.wmf]1         

          

   ,

if  

 (p

n,

c) 

 

inf 

Inf 

-

 (p

n,

c)

Inf 

 

-

 

inf 

if 

inf 

 

<

 

 (p

n,

c)

          

 

<

 

inf 

,

0         

          

   ,

if 

inf

 

 

 

 (p

n,

c)

1

S(R)

R

1

R

S(R)

S(R)

1

R

R

1

1

1

1

1

I

I

I

I

I

I

I

I

I

I

I

,

,

,

,

,

£

£

ì

í

ï

ï

ï

î

ï

ï

ï

ü

ý

ï

ï

ï

þ

ï

ï

ï

       (4.7)


Assuming that the decision maker specifies the upper tolerance limit of  ( as (​u, define the fuzzy set corresponding to fuzzy constraint (4.5) by the membership function

(1
=
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       (4.8)


Symmetry is achieved between the objective function (4.4) and the constraint (4.5) and hence we obtain
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(4.9)

subject to
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(  (  P(p2, n, c)  (  (u




     (4.11)



0  (  (  (  1,






     (4.12)



n, c  (  0, integer





     (4.13)


The above example can be rewritten in an equivalent optimisation problem as follows.

EXAMPLE  :  4.3


Find  n, c, (  which maximises  (, subject to 


(
(
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     (4.14)


(
(
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and the inequalities (4.10) through (4.13).


Let
(1   (   
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The above example can be redefined ​as follows :

EXAMPLE  :  4.4


Find n, c, (  which maximises  (1 subject to 


( ((1 - (0) + ( (p1, n, c)  (  (1




     (4.16)


( ((u - () + P (p2, n, c)  (  (u




     (4.17)


(0  (  ( (p1, n, c)  (  (1





     (4.18)

and the inequalities (4.11), (4.12) and (4.13). 


This is a non‑fuzzy mixed integer non‑linear programming problem. Noting that the values of  (1 and (0 can be found by solving two non‑fuzzy optimization problems, the above example can be solved by standard methods.

Solution Procedure


The values of  (0 and  (1  can be obtained by solving the following two non‑linear integer programming problems respectively, viz.,


Min ( (p1, n, c)  =  n + (N – n) (1 – G(c, np1))


     (4.19)

Subject to  
G (c, np2)  (  (,




     (4.20)



n, c  (  0,  integer




     (4.21)

and
Min (1 (p1, n, c)  =  n + (N – n) (1 – G(c, np1))

     (4.22)

Subject to
(  (   G (c, np2)  (  (u,



     (4.23)



n, c  (  0,  integer




     (4.24)

For a given c, ( (p, n, c) is an increasing function of  n,  since for a fixed  c,  G(c, np) is a decreasing function of  n.  Thus for a fixed  c,  the minimum  (1 (p, n, c) will be for the minimum feasible  n.  Clearly the optimum  n  for the problem (4.19) through (4.21) for a given  c  is the smallest  n  satisfying G (c, np2)  (  (. Similarly the optimum  n  for the problem (4.22) through (4.24) for a given  c  is the smallest  n  satisfying  G(c, np2) ( (u.

Let np = m and m(​ (c) be the  (‑fractile of the Poisson  OC, G(c, m). The minimum  n  satisfying  G (c, np)  (  ( is given by 


n(c)   =  [ m((c) / I ]

where  for a real number  y,  [ y ]  is the smallest integer  (  y.


For each  c,  we can find  n(c) and from the nature of  ( (p1, n, c), the optimum solution for the problems (4.19) through (4.21) as well as (4.22) through (4.24) can be obtained by direct search method.


Let the optimal solution for the problem (4.19) through (4.21) be (n0, c0) with  ( (p1, n(, c()opt = (1 and that for the problem (4,22) through (4.24) be (n0,  c0) with  ( (p1, n0, c0)opt  =  (0. 


Finally we consider the problem (4.16) through (4.18) together with (4.11) through (4.13). The solution procedure is similar with the difference that the set of feasible n’s for a given c, is an interval instead of a singleton. For an arbitrary c, say c0, we obtain the set of feasible n’s satisfying (4.11) by using Table of m((c). For each  n  of the set, we calculate  ( = (1 for (4.16) and  ( = (2 for (4.17) and obtain the minimum  (  of the two, i.e.,  (  =  min { (1, (2 }. Then  n which gives maximum of minimum  (’s is the optimum  n  for this  c = c0. The procedure is repeated for c’s near {c0, c(} and single sample plan giving highest value of  (  is the optimum single sampling plan (n*, c*). 

The search can be curtailed by noting, say  (0 be the maximum  (  corresponding to c0 and updating inequalities (4.16), (4.17) and (4.12).

i.e., 
( (p1, n, c)  (  (0 - (0 ((1 - (0)  =  ((0



     (4.26)


P(p2, n, c)  (  (u - (0 (( - (u)  =  ((u



     (4.27)


(0  (  (  (  1







     (4.28)


This will result in only a small number of feasible c’s. Also the cardinality of the set of feasible n’s for each feasible  c  will be very small.

Example  :  4.5


Consider  N  =  2000,  p1  =  0.02,  p2  =  0.10,  (  =  0.10. In addition, let  (u  =  0.15. The problem is to find the optimum LTPD SSP (n*, c*).

Solution


Solving the optimisation problems, we obtain (n(, c() = (93, 5) with  (1 = 115.93 and (n0, c0) = (85, 5) with (0 = 100.32. For c0 = 5, we obtain the set of feasible sample size n’s satisfying [4.11] as [n1, n2] = [85, 92] and obtain the optimum  n  for this c = c0 as n = 89 with  (0 = 0.517 by constructing Table  4.1.  Using  (0 = 0.517, we find from (4.26), (4.27) and (4.28)  ( (p1, n, c) ( 107.86, P  (p2,  n, c)  (  0.124 and 0.517  (  (  (  1.

For  c= 4, sample size n’s satisfying (4.11) is [n1, n2] = [73, 79].

Fro  c = 4, the set of n’s satisfying (4.11) and (4.27) is [77, 79].

However, for c = 4, the set of n’s satisfying (4.11), (4.26) and (4.27) is empty. Similarly for c = 6, the set of sample size n’s satisfying (4.11) is [98, 105] ; satisfying (4.11) and (4.27) is [101, 105]. However, for c = 6, the set of feasible sample size is empty. Clearly, the optimum LTPD SSP is n* = 89, c* = 5 with (* (p1, n*, c*)  =  107.86 with  (*  =  0.517 and P (p2, n*, c*)  = 0.1219.

In this example, we take an additional risk of 2% for a lot being rejected against a saving of 7% inspection effort per lot.

TABLE  1.  OPTIMAL SAMPLE SIZE FOR c0 = 5

n
P(p2)
((p1)
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92
0.1496
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0.1219

0.1157
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1.000

0.641

0.517

0.0391

0.133
0.008
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0.685

0.918
0.008

0.432

0.517

0.391

0.133

EXAMPLE  :  4.6


Consider  N = 5000, p1 = 0.02, p2 = 0.10,  ( = 0.10. Let  (u = 0.15.

Solution


Here (n(, c()   =   (118, 7) with  (1 = 132.75 and


         (n0, c0)   =   (98, 6)  with (0 = 117.96.

TABLE  4.2  OPTIMUM SAMPLE SIZE FOR DIFFERENT  c

c
n
P(p2)
((p1)
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7
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0.456
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From Table 4.2, the optimum LTPD SSP is n* = 101, c* = 6, (* = 124.41 and  (* = 0.520. 


In this model, the decision maker specifies an interval [ (, (u ] for the risk that may be taken for allowing the lot to be marketed with a view to reducing the amount of inspection per lot. The non‑symmetric fuzzy model is able to scale the objective function with the constraint so that a compromise solution is obtained and thereby reduces the amount of inspection in comparison with the non‑fuzzy model. 


The model can be easily extended to the case when the decision maker can specify the weight or cost per unit risk per lot and that for reduced inspection per unit per lot. 

SUMMARY AND CONCLUSION


This thesis is devoted the study of single sampling attribute plans based on fuzzy sets theory and fuzzy optimisation. 

In the first chapter, Section I deals with fundamental definitions related to acceptance sampling procedures and Section II deals with fundamental definitions in fuzzy set theory.


In chapter  II, the determination of single sampling attribute plans based on membership functions are studied. A design procedure for relaxing the conditions on the risks by the membership functions used in fuzzy methodologies are studied in this chapter. 


A design for single sampling attribute plan based on fuzzy sets theory are studied in Chapter III. In this chapter, a single sampling attribute plan which meets key points on an OC curve in order to provide protection on a lot‑by‑lot basis are briefly examined.


A class of single sampling plans based on fuzzy optimisation are studied in Chapter IV. The problem of determining single sampling lot tolerance percent defective inspection plans is considered under the fuzzy environment of satisfying the consumer’s risk closely. A solution procedure, under Poisson conditions, for the above non‑symmetrical fuzzy mathematical programming model involving minimisation of a crisp objective function with fuzzy solution space is developed. 


A design procedure for single sampling attribute plans based on the membership functions used in fuzzy methodologies are presented. The proposed design procedure is not the method alternative to probabilistic methods. The significance of the thesis lies in getting rid of the inbalance between both risks and the case in which a large sample size is required.


The significant tools in the quality control area will be developed by the further development of fuzzy methodologies. 
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