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INTRODUCTION


The concept of fuzzy sets was introduced by Zadeh [33] in 1965, as a new way to represent vagueness in everyday life. Subsequently, it was developed extensively by many authors and used in various fields. Using the concept of fuzzy sets, Chang [6] introduced the notion of fuzzy topological spaces in 1968. To overcome certain drawbacks in Chang’s definition, Lowen [16] gave a modified definition of fuzzy topological spaces in 1976. Since then various notions in ordinary topological spaces have been generalized to fuzzy situation.


Fixed point theory is one of the most famous mathematical theories with applications in several branches of science, especially in chaos theory, game theory, theory of differential equations, etc.,


Extensions of the Banach contraction principle to multivalued mappings in a complete metric space were initiated independently by Markin [17] and Nadler [18]. In recent years, several results on fixed points of contractive-type multivalued mappings have been proved. Almost all these results have been generalized to fuzzy situation by various authors.


In 1975, Weiss [32] studied fixed point theorems for fuzzy sets, which is a fuzzy analogue of the Schauder-Tychonoff fixed point theorem. In 1981, Heilpern [11] first introduced the concept of fuzzy mappings and proved a fixed point theorem for fuzzy contraction mappings which is a fuzzy analogue of the fixed point theorem for multivalued mappings of Nadler [18]. Since then various authors have contributed to the study of fixed point theory for various types of fuzzy mappings. Especially, Bose and Sahani [4], Bose and Mukherjee [3], Iseki [12], Park and Jeong [19], Estruch and Vidal [9], Gregori and Pastor [10], Sahin, Karayilan and Telci [23] have discussed fixed points for fuzzy mappings satisfying certain conditions.


In this dissertation we have concentrated our study on fixed point theorems for fuzzy mappings and the following articles are chosen for discussion :

1. S.Heilpern, Fuzzy mappings and fixed point theorem [11].

2. J.Y.Park and J.U.Jeong, Fixed point theorems for fuzzy mappings [19].

3. P.Vijayaraju and M.Marudai, Fixed point theorems for fuzzy mappings [29].

4. P.Vijayaraju and R.Mohanraj, Fixed point theorems for sequence of fuzzy mappings [30].

5. D.Turkoglu and B.E.Rhoades, A fixed fuzzy point for fuzzy mapping in complete metric spaces [28].

6. S.Sedghi, N.Shobe and I.Altun, A fixed fuzzy point for fuzzy mappings in complete metric spaces [24].

7. I.Sahin, H.Karayilan and M.Telci, Common fixed point theorems for fuzzy mappings in quasi-pseudo-metric spaces [23].

8. H.K.Pathak and P.Singh, Common fixed point theorems for fuzzy mappings in quasi-pseudo metric spaces [20].

In chapters I, II, III, IV and V we discuss fixed point theorems for fuzzy mappings in metric spaces whereas in chapters VI and VII we consider fuzzy mappings in quasi-pseudo metric spaces.

In chapter I we discuss the concept of fuzzy mappings introduced by Heilpern [11]. A fuzzy mapping is actually a mapping from an arbitrary set to one subfamily of fuzzy sets in a metric linear space X. Each element of this family is interpreted as an approximate quantity. Also, the notions of p(, the (‑space, D(, the (-distance and D the distance between two approximate quantities are introduced and some interesting properties of these concepts are studied. A fixed point theorem for fuzzy mappings is obtained. This theorem is the fuzzy analogue of Nadler’s [18] fixed point theorem for multivalued mappings.

In chapter II we discuss fixed point theorems for fuzzy mappings satisfying contractive-type conditions and a rational inequality in complete fuzzy metric spaces. The results are due to Park and Jeong [19].

In chapter III we study the contributions of Vijayaraju and Marudai [29]. The authors [29] have proved a generalization of Bose and Mukherjee’s [3] fixed point theorem for contractive type fuzzy mappings. Moreover, a fixed point theorem for nonexpansive fuzzy mapping on a compact starshaped subset of a normed linear space is also obtained which is a generalization of the result of Bose and Sahani [4].

In chapter IV we discuss some fixed point theorems for sequence of fuzzy mappings which are fuzzy extensions of Iseki [12], Park and Jeong [19]. The results are due to Vijayaraju and Mohanraj [30].

In chapter V we concentrate our study on fixed fuzzy points for fuzzy mappings due to (i) Turkoglu and Rhoades [28] and 
(ii) Sedghi, Shobe and Altun [24]. In the earlier chapters, we have obtained actually, fixed points for fuzzy mappings. That is, points x which satisfy the condition that {x} ( F(x) where F is a fuzzy mapping. But in this chapter we obtain fixed fuzzy points for fuzzy mappings i.e., fuzzy points x( satisfying the condition that x( ( F(x) (i.e., the fixed degree of x is atleast (). Estruch and Vidal [9] have proved a fixed point theorem under the condition D((F(x), F(y)) ( q d(x, y) for x, y ( X. Here, the authors [28] have obtained a fixed fuzzy point for fuzzy mappings satisfying the condition D((F(x), F(y)) ( K(M(x, y)) where M(x, y) is a maximum function (refer Theorem 5.6). Some interesting examples are discussed. One of these examples does not satisfy the conditions of Heilpern’s theorem but satisfies the conditions of the main theorem which illustrates that the theorem by the authors [28] give a better condition for a fuzzy mapping to have a fixed fuzzy point. Sedghi, Shobe and Altun [24] have generalised the result (Theorem 5.6) of Turkoglu and Rhoades [28] wherein M(x, y) is defined using a family ( of functions from [0, ()5 ( [0, () satisfying certain conditions and have obtained the result due to Turkoglu and Rhoades [28] as a particular case.

In chapter VI we discuss the results due to Sahin, Karayilan and Telci [23] on fixed point theorems for fuzzy mappings in quasi-pseudo-metric spaces. They [23] have established some common fixed point theorems for pairs of fuzzy mappings in left K-sequentially complete quasi-pseudo-metric spaces and right K-sequentially complete quasi-pseudo-metric spaces, respectively. Some well known theorems of Heilpern [11], Gregori and Pastor [10] and Park and Jeong [19] are special cases of the main results proved here.

In chapter VII we discuss some results on fixed point theorems for contractive type fuzzy mappings (where the contractive condition is given using a certain family ( of functions) in complete quasi-pseudo-metric spaces. The results are due to Pathak and Singh [20]. These results extend and generalize the results (Theorems 6.13 and 6.14) of Sahin, Karayilan and Telci [23].
REVIEW OF LITERATURE


Zadeh [33] introduced the concept of fuzzy sets in 1965. This idea was used by Chang [6] in 1968 to define fuzzy topological spaces. In 1976, Lowen [16] modified Chang’s definition of fuzzy topological spaces. Since then various notions in topological spaces have been generalised to fuzzy situation. In particular, extensions of Banach contraction principle to multivalued mappings in a complete metric space have been generalised to fuzzy situation by various authors.


In 1981, Heilpern [11] introduced the concept of fuzzy mappings and proved a fixed point theorem for fuzzy contraction mappings which is a fuzzy  analogue of the fixed point theorem for multivalued mappings of Nadler [18]. Since then various authors have contributed to the study of fixed point theorems for fuzzy mappings and obtained results which are generalizations of Heilpern’s result. In this chapter we have collected articles on fixed point theorems for fuzzy mappings from the available literature. It is not exhaustive.

Fuzzy mappings and fixed point theorem

[Heilpern, 1981] [11]

In this article, the author has introduced the concept of a fuzzy mapping and a notion of distance between such quantities and has given some properties of it. He has proved a fixed point theorem for fuzzy mappings which is a generalization of the fixed point theorem for point-to-set maps arising from the set-representation of fuzzy sets.

Fixed point theorems for fuzzy mappings

​[Shih-Sen, 1984] [25]

This article presents some new fixed point theorems for fuzzy mappings which generalize and improve some of the well known results.

Fixed point theorems for fuzzy mappings (II)

[Shi-Sheng, 1986] [26]


In this article some new fixed point theorems for fuzzy mappings are discussed. The results given in this article improve and extend some well known results.

Some fixed point theorems for fuzzy mappings

[Som and Mukherjee, 1989] [27]

In this article, the authors have extended the concept of weakly dissipative multi-valued map for a fuzzy mapping and derived a fixed point theorem for such a mapping. They have also generalized a result of Heilpern [11] on fuzzy contraction mappings for a fuzzy nonexpansive mapping. Further, they have extended a result on fixed points of a multivalued mapping for a fuzzy mapping on a metric space and finally obtained a fixed point theorem for a generalized nonexpansive fuzzy mapping which extends a result of Bose and Sahani [4].

Fixed points for nonexpansive fuzzy mappings in locally convex spaces

[Lee, 1995] [14]

In this article, it is shown that a nonexpansive fuzzy mapping defined on a subset of a locally convex topological vector space has a fixed point, and as its consequence fixed point theorems for nonexpansive compact-valued mappings are obtained.

Fixed point theorems for fuzzy mappings 

[Park and Jeong, 1997] [19]

The authors have proved the fixed point theorems for fuzzy mappings satisfying contractive-type conditions and a rational inequality in complete metric spaces.

A common mapping fixed point theorem for a pair of fuzzy mappings

[Lee, Lee, Cho and Kim, 1998] [15]

In this article, a common fixed point theorem for a pair of fuzzy mappings is obtained which is a generalization of the results of Bose and Sahani [4].

Fixed point theorems for fuzzy mappings in complete metric spaces

[Amemiya and Takahashi, 2002] [2]

The authors have studied the mathematical properties of fuzzy mappings on a metric space and also proved some crucial theorems relating fixed points of fuzzy mappings on complete metric spaces. First, a theorem using the concept of w-distance is proved. Next, two theorems for fuzzy mappings, which are connected with fixed point theorems for set-valued maps are proved. Then the authors have observed that their theorems can be used to obtain almost all results proved so far concerning fixed points of fuzzy mappings or set-valued maps on compete metric spaces and therefore, their results imply the existence of fixed points of various contractive types of fuzzy mappings or set-valued maps on complete metric spaces.

Fixed point theorems for fuzzy mappings

[Vijayaraju and Marudai, 2003] [29]

In this article, some results on fixed point theorems for contractive type fuzzy mappings and nonexpansive fuzzy mappings are obtained which are extensions of the results of Bose and Mukherjee [3] and that of Bose and Sahani [4].

Fuzzy fixed point theorems for fuzzy mappings 

[Wang, 2003] [31]

The author has introduced the concept of fuzzy fixed points of fuzzy mappings which is the generalization of the concept of fixed points of fuzzy mappings, and the concept of fuzzy (-almost convex mappings which is the generalization of the concept of (-almost convex mappings (classic ordinary point-to-point mappings). They have also introduced the concepts of two new kinds of fuzzy contraction and nonexpansive mappings and obtained some results about fuzzy fixed points of fuzzy (-almost convex mappings and fuzzy fixed point theorems of fuzzy contraction mappings that generalize some corresponding results that have been obtained by other authors.

Fixed point theorems for sequence of fuzzy mappings

[Vijayaraju and Mohanraj, 2004], [30]

In this article, the authors have proved some fixed point theorems for sequence of fuzzy mappings which are fuzzy extensions of the results obtained by Iseki [12] and Park and Jeong [19].

A note on fixed point theorem for fuzzy mappings

[Chakrabarty and Nanda, 2005] [5]

This article explores Heilpern’s [11] notions of fuzzy mappings and the fixed point theorem for fuzzy mappings. The authors have generalised the result of Heilpern [11] and obtained some interesting characterizations.
Fixed point theorems for fuzzy mappings 

[Cho, 2005] [7]

In this article, some common fixed point theorems for fuzzy mappings in complete metric linear spaces are obtained.

Common fixed points for fuzzy mappings using generalised altering distances

[Choudhury and Dutta, 2005] [8]


The authors have proved a common fixed point theorem for two fuzzy mappings defined on metric spaces. These mappings are assumed to satisfy certain contractive inequality involving functions which are generalizations of altering distance functions. They have also noted that this fuzzy fixed point result is derivable from a multivalued fixed point result.

Common fixed point theorems for fuzzy mappings in quasi-pseudo-metric spaces

[Sahin, Karayilan and Telci, 2005] [23]

The authors have discussed some common fixed point theorems for pairs of fuzzy mappings in left K-sequentially complete quasi-pseudo-metric spaces and right K-sequentially complete quasi-pseudo-metric spaces, respectively and obtained some well-known theorems are special cases of their results.

A fixed fuzzy point for fuzzy mapping in complete metric spaces

[Turkoglu and Rhoades, 2005] [28]

In this article, a fixed fuzzy point theorem for fuzzy mappings over a complete metric space is proved.

Common fixed point theorems for fuzzy mappings in metric space under (-contraction condition

[Abu-Donia, 2007] [1]

The author has discussed some common fixed point theorems for fuzzy mappings in metric space under (-contraction condition. Their investigations are related to the fuzzy form of Hausdorff metric which is a basic tool for computing Hausdorff dimensions.

Common fixed point theorems for fuzzy mappings 

[Kamran, 2008] [13]

The author Abu-Donia studied the Hausdorff metric between fuzzy subsets via its correspondence between the two classical sets and established two common fixed point theorems for two fuzzy mappings which are useful in geometric problems arising in high energy physics. However, the proofs of his main results are incorrect. In this article the author has presented correct proofs of these results.

Common fixed point theorems for fuzzy mappings in quasi-pseudo-metric space

[Pathak and Singh, 2008] [20]

In this article, some results on fixed point theorems for contractive type fuzzy mappings are obtained in fuzzy quasi-pseudo-metric space which extend and generalize the result of Sahin, Karayilan and Telci [23].

Supremum metric on the space of fuzzy sets and common fixed point theorems for fuzzy mappings

[Qiu and Shu, 2008] [21]

In this article, the authors have generalized a classical result about the space of bounded closed sets with the Hausdorff metric, and established the completeness of CB(X) with respect to the completeness of the metric space X, where CB(X) is the class of fuzzy sets with nonempty bounded closed (‑cut sets, equipped with the supremum metric  d “( which takes the supremum on the Hausdorff distances between the corresponding (-cut sets. In addition, some fixed point theorems for fuzzy mappings are proved and two examples are given to illustrated the validity of the main results in fixed point theory.

A fixed fuzzy point for fuzzy mappings in complete metric spaces

[Sedghi, Shobe and Altun, 2008] [24]

In this article, the authors have proved a fixed point theorem for fuzzy mappings over a complete metric space.


In this dissertation we have discussed the contributions of Heilpern [11], Park and Jeong [19], Vijayaraju and Marudai [29], Vijayaraju and Mohanraj [30], Turkoglu and Rhoades [28], Sedghi, Shobe and Altun [24], Sahin, Karayilan and Telci [23] and Pathak and Singh [20].
CHAPTER – I 

FUZZY MAPPINGS AND FIXED POINT THEOREM 
– HEILPERN
In this chapter we discuss the concept of fuzzy mappings introduced by Heilpern [11]. It is actually a mapping from an arbitrary set to a subfamily of fuzzy sets in a metric linear space. Each element of this family is interpreted as an approximate quantity. We have also discussed the notions of (-space, (-distance and distance between such quantities. Some interesting properties of these concepts are studied in detail. A fixed point theorem for fuzzy mappings is obtained as a generalisation of the fixed point theorem for point-to-set maps. First let us give the preliminary definitions and results needed for discussion.

Preliminary definitions and results

Fuzzy mappings 
Definition  :  1.1

A fuzzy set in X is a function with domain X and values in [0, 1].

Definition  :  1.2

If A is a fuzzy set and x ( X, the function-value A(x) is called the grade of membership of x in A. The collection of all fuzzy sets in X is denoted by F(X).
Definition  :  1.3

Let A ( F(X) and ( ( [0, 1]. The (-level set or (-cut of A, denoted by A(, is defined by


A(   =   {x : A(x) ( (}
     if ( ( (0, 1],


A0   =   
[image: image2.wmf]}
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is the closure of the set (non fuzzy) B.


For x ( X we denote by {x} the characteristic function of the ordinary subset {x} of X.


Now we distinguish from the collection F(X) a subcollection of approximate quantities, denoted by W(X).

Definition  :  1.4

A fuzzy set A of X is an approximate quantity iff its (-level set is a compact convex subset (nonfuzzy) of X for each ( ( [0, 1] and 
[image: image4.wmf]X
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A(x) = 1. When A ( W(X) and A(x0) = 1 for some x0 ( X, we will identify A with an approximation of x0.

Definition  :  1.5

Let (X, d) be a metric space and let CB(X) denote the set of all nonempty closed and bounded subsets of X. The Hausdorff metric for nonempty closed and bounded subsets A, B, C of X is defined by


H(A, B)   =  max 
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where d(x, C)    =  
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d(x, y).

Definition  :  1.6

Let A, B ( W(X), ( ( [0, 1]. Define


p((A, B)
=
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=
H(A(, B()

where H is the Hausdorff distance.


p(A, B)
=
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The function p( is called a (-space, D( a (-distance and D a distance between A and B.


It is easy to see that p( is a non-decreasing function of (.


We shall also define an order on the family W(X), which characterizes accuracy of a given quantity.

Definition  :  1.7

Let A, B ( W(X). An approximate quantity A is more accurate than B, denoted by A ( B, iff A(x) ( B(x), for each x ( X.


It is easy to see that the relation ‘(’ is a partial order determined on the family W(X).


Now we introduce a notion of fuzzy mapping i.e., a mapping with values in the family of approximate quantities.

Definition  :  1.8

Let X be an arbitrary set and Y any metric linear space. F is called a fuzzy mapping iff F is a mapping from the set into W(Y), i.e., F(x) ( W(Y) for each x ( X.


A fuzzy mapping F is a fuzzy set on X x Y with membership function F(x, y). The function-value F(x, y) is the grade of membership of y in F(x).


Let A ( F(X), B ( F(Y). The fuzzy set F(A) in F(Y) is defined by


​F(A) (y)   =   
[image: image12.wmf]X
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Î

(F(x, y) ( A(y)),  y ( Y

and the fuzzy set F(1(B) in F(X) is defined by 

F(1(B) (x)   =   
[image: image13.wmf]Y
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(F(x, y) ( B(y)),  x ( X.

Definition  :  1.9

We say that x is a fixed point of the mapping F : X ( (X, if {x} ( F(x).

Properties of (-space and (-distance
Lemma  :  1.10

Let x ( X, A ( W(X) and {x} be a fuzzy set with membership function equal to the characteristic function of the set {x}. If {x} ( A, then p((x, A) = 0 for each ( ( [0, 1].

Proof  :

Assume {x} ( A


Then ({x} ( A


( ({x}(x) ( A(x)


( 1 ( A(x)


( A(x) = 1  since A(x) ( 1


( A(x) = 1 ( (   ( ( ( [0, 1]


( x ( A( for each ( ( [0, 1]

By definition, p((x, A)  =  
[image: image14.wmf] 
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Hence p((x, A) = 0 for every ( ( [0, 1].

Lemma  :  1.11

p((x, A) ( d(x, y) + p((y, A) for any x, y ( X.

Proof  :

p((x, A)  =  
[image: image16.wmf]a
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   =   d(x, y) + p((y, A).

Lemma  :  1.12

If {x0} ( A, then p((x0, B) ( D((A, B) for each B ( W(X).

Proof  :

By definition, p((x0, B)  =  
[image: image19.wmf]a

Î

B

 

 

y

inf

d(x0, y)  


Since {x0} ( A, as in Lemma 1.10 we can show that x0 ( A( for every ( ( [0, 1].
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Main result

Theorem  :  1.13

Let X be a complete metric linear space and F be a fuzzy mapping from X to W(X) satisfying the following condition : 

There exists q ( (0, 1) such that


D(F(x), F(y)) ( qd(x, y) for each x, y ( X.

Then there exists x( ( X such that {x(} ( F(x().

Proof  :

Let x0 ( X and {x1} ( F(x0). Then there exists x2 ( X such that {x2} ( F(x1) and d(x2, x1) ( D1(F(x1), F(x0)).


Continuing in this way, we produce a sequence (xn) in X such that {xn} ( F(xn(1) and d(xn, xn+1) ( D1(F(xn(1), F(xn)) for each n ( N.

Claim  :

(xn) is a Cauchy sequence.


d(xk+1, xk)  (  D1(F(xk), F(xk(1))

   

       (  D(F(xk), F(xk(1))


                  ( qd(xk, xk(1) whenever q ( (0, 1)


         (1.1)

( d(xk+m, xk)  (  d(xk+m, xk+m(1) + d(xk+m(1, xk+m(2) + ( + d(xk+1, xk)
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=    qk [1 + q + q2 + ( + qm–1 ] d(x1, x0)
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( (xn) is a Cauchy sequence.


Since X is a complete space, the sequence (xn) converges.

Let 
[image: image32.wmf]¥
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n

Lim

 xn = x(.


p0(x(, F(x())
(   d(x(, xn) + p0(xn, F(x())
by Lemma 1.11




(   d(x(, xn) + D0(F(xn(1), F(x())   by Lemma 1.12




     


since {xn} ( F(xn(1)




(   d(x(, xn) + D(F(xn(1), F(x())




(   d(x(, xn) + qd(xn(1, x()



Since xn ( x(, d(x(, xn) converges to 0 as n ( (.


Hence p0(x(, F(x()) = 0.


Thus by Lemma 1.10 we conclude that {x(} ( F(x().

CHAPTER – II 

FIXED POINT THEOREMS FOR FUZZY MAPPINGS 
– PARK AND JEONG

In this chapter we discuss fixed point theorems for fuzzy mappings satisfying contractive-type conditions and a rational inequality in complete metric spaces. The results are due to Park and Jeong [19].

Main results

Theorem  :  2.1

Let X be a complete metric space and let F1 and F2 be fuzzy mappings from X into W(X). If there exists a constant (, 0 ( ( < 1, such that for each x, y ( X,

D(F1(x), F2(y)) ( ( max {d(x, y), p(x, F1(x)), p(y, F2(y)), (p(x, F2(y)) 

                          + p(y, F1(x))) / 2},

then there exists z ( X such that {z} ( F1(z) and {z} ( F2(z).

Proof  :

Let x0 ( X and {x1} ( F1(x0). Then there exists x2 ( X such that {x2} ( F2(x1) and d(x1, x2) ( D1(F1(x0), F2(x1)). Again we can find x3 ( X such that {x3} ( F1(x2) and d(x2, x3) ( D1(F2(x1), F1(x2)). Now

d(x1, x2)   (  D1(F1(x0), F2(x1))


     (  D(F1(x0), F2(x1)) since D(A, B)  =  
[image: image33.wmf]a

sup

D((A, B)


     <  ( max {d(x0, x1), p(x0, F1(x0)), p(x1, F2(x1)), (p(x0, F2(x1)) 

                   + p(x1, F1(x0))) / 2}

Since p(A, B)  =  d(A1, B1),

p(x0, F1(x0))
=
d(x0, F1(x0)1)


=
inf {d(x0, y) / y ( (F1(x0))1}

Since x1 ( F1(x0) we get,

p(x0, F1(x0))
(
d(x0, x1)

Similarly p(x1, F2(x1))
(
d(x1​, x2).


p(x0, F2(x1)) + p(x1, F1(x0))
(
d(x0, x2) + d(x1, x1)





=
d(x0, x2)

· d(x0, x1) + d(x1, x2)

( d(x1, x2)
(
( max {d(x0, x1), d(x0, x1), d(x1, x2), (d(x0, x1) + d(x1, x2)) / 2}



(
( max {d(x0, x1), d(x1, x2), (d(x0, x1) + d(x1, x2)) / 2}

If d(x1, x2) > d(x0, x1) then d(x1, x2) < ( d(x1, x2) 







 < d(x1, x2) as ( < 1,

 a contradiction.


Thus, d(x1, x2) ( ( d(x0, x1).


Again d(x2, x3) ( ( d(x1, x2).


By induction, we produce a sequence (xn) of points of X such that for k ( 0,


{x2k+1} ( F1(x2k), {x2k+2} ( F2(x2k+1) and 


d(xn, xn+1)   (
( d(xn(1, xn​)




     (   (n d(x0, x1)

Furthermore, for m > n,

d(xn, xm)
(
d(xn, xn+1) + d(xn+1, xn+2) + ( + d(xm(1, xm)



(
{(n + (n+1 + ( + (m(1} d(x0, x1)


It follows that (xn) is a Cauchy sequence in X. Since X is complete, there exists z ( X such that 
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xn = z.


Next, we show that {z} ( Fi(z), i = 1, 2.

Now,  p0(z, F2(z)) ( d(z, x2n+1) + p0(x2n+1, F2(z)) by Lemma 1.11. 

Then by Lemma 1.12,

p0(z, F2(z))
(
d(z, x2n+1) + D0(x2n+1, F2(z))



(
d(z, x2n+1) + D(F1(x2n), F2(z))



         (2.1)

But,

D(F1(x2n), F2(z))   <   ( max {d(x2n, z), p(x2n, F1(x2n)),





p(z, F2(z)), (p(x2n, F2(z)) + p(z, F1(x2n))) / 2}

Since p(x2n, F1(x2n)) ( d(x2n, x2n+1),

p(z, F2(z))
 (
p0(z, F2(z)) ( d(z, x2n+1) + D(F1(x2n), F2(z))

p(x2n, F2(z))
 (
p0(x2n, F2(z)) ( d(x2n, x2n+1) + D(F1(x2n), F2(z)).

D(F1(x2n), F2(z))   (
( max {d(x2n, z), d(x2n, x2n+1),





d(z, x2n+1) + D(F1(x2n), F2(z)),





(d(x2n​, x2n+1) + D(F1(x2n), F2(z)) + d(z, x2n+1)) / 2}        (2.2)

Now there are several cases  :

Case I  :

If the max in (2.2) is d(x2n, z), then the inequality (2.1) becomes,


p0(z, F2(z))  (
d(z, x2n+1) + ( d(x2n, z)





( 0 as n ( ( (since 
[image: image35.wmf]¥
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lim

xn = z)

Case II  :

If the max in (2.2) is d(x2n, x2n+1), then the inequality (2.1) becomes,


p0(z, F2(z))  (
d(z, x2n+1) + ( d(x2n, x2n+1)





( 0 as n ( ( 

Case III  :

If the max in (2.2) is d(z, x2n+1) + D(F1(x2n), F2(z)), then by (2.2),


D(F1(x2n), F2(z))
<   ( {d(z, x2n+1) + D(F1(x2n), F2(z))}

Hence, D(F1(x2n), F2(z)) < 
[image: image36.wmf]b
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1

 d(z, x2n+1).

From (2.1) we get,


p0(z, F2(z))  (  d(z, x2n+1) + 
[image: image37.wmf]b
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b

1

 d(z, x2n+1)





( 0 as n ( (.

Case IV  :

If the max. in (2.2) is (d(x2n, x2n+1) + D(F1(x2n), F2(z)) + d(z, x2n+1)) / 2,

then by (2.2),


D(F1(x2n), F2(z))   <  ( {(d(x2n, x2n+1) + D(F1(x2n), F2(z)) + d(z, x2n+1)) / 2}

Hence, D(F1(x2n), F2(z))
  <   
[image: image38.wmf]b
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 (d(x2n, x2n+1) + d(z, x2n+1)).

From (2.1), we have,

p0(z, F2(z)) 
(  
d(z, x2n+1) + 
[image: image39.wmf]b
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 (d(x2n, x2n+1) + d(z, x2n+1))



=
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 d(z, x2n+1) + 
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Hence, by Lemma 1.10, it follows that {z} ( F2(z). Similarly it can be shown that {z} ( F1(z).

Theorem  :  2.2

Let X be a complete metric space and let F1 and F2 be fuzzy mappings from X into W(X) satisfying


D(F1(x), F2(y))
(
k [p(x, F1(x)) p(y, F2(y))]1/2
for all x, y ( X and 0 < k < 1. Then there exists z ( X such that {z} ( F1(z) and {z} ( F2(z).

Proof  :

Let x0 ( X and {x1} ( F1(x0).

Choose x2 ( X such that {x2} ( F2(x1) and

d(x1, x2)
(

[image: image42.wmf](

)

k

1

 D1(F1(x0​), F2​(x1)). 

Then,

d(x1, x2)
(

[image: image43.wmf]k
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 D1(F1(x0), F2(x1))



(
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 D(F1(x0), F2(x1))



(
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 [p(x0​, F1(x0)) p(x1, F2(x1))]1/2


(

[image: image46.wmf]k

 [d(x0, x1) d(x1, x2)]1/2
(or) d(x1, x2) (
k d(x0, x1).


Similarly, we can find x3 ( X such that 


{x3} ( F1(x2) and d(x2, x3) ( 
[image: image47.wmf](

)

k

1

 D1(F2(x1), F1(x2)).

Again d(x2, x3)
(   
[image: image48.wmf]k

 [d(x1, x2) d(x2, x3)]1/2 

(or) 
d(x2, x3)
(    k d(x1, x2).


In general,


d(xn+1, xn+2)  (   k d(xn, xn+1) for n = 0, 1, 2, (, 

where {x2n(1} ( F1(x2n(2), {x2n} ( F2(x2n(1)

are such that d(x2n(1, x2n) ( 
[image: image49.wmf](

)

k

1

 D1(F1(x2n(2), F2(x2n(1)) and consequently we obtain,


d(xn, xn+1)   (   kn d(x0, x1).


Since 0 < k < 1, (xn) is a Cauchy sequence in X. By the completeness of X, the sequence (xn) converges to z in X. Then by Lemma 1.11 and 1.12,

p0(z, F1(z))
(
d(z, x2n) + p0(x2n, F1(z))



(
d(z, x2n) + D0(F2(x2n(1), F1(z))



(
d(z, x2n) + D(F2(x2n(1), F1(z))



         (2.3)

But,

D(F2(x2n(1), F1(z))   (
k [p(x2n(1, F2(x2n(1)) p(z, F1(z))]1/2



      ( k [d(x2n(1, x2n) p(z, F1(z))]1/2
From (2.3) we get,

p0(z, F1(z))
(
d(z, x2n) + k [d(x2n(1, x2n) p(z, F1(z))]1/2
When n ( (, we have p0(z, F1(z)) ( 0, which gives {z} ( F1(z).


Similarly, we can show that {z} ( F2(z).

Theorem  :  2.3

Let X be a complete metric space and let F1 and F​2 be fuzzy mappings from X into W(X) satisfying the following condition :


For any x, y in X,


( (F1(x), F2(y))
(  k [p(x, F1(x)) p(y, F2(y))]1/2,

where 0 < k < 1. Then there exists z ( X such that {z} ( F1(z) and {z} ( F2(z).

Proof  :

Let x​0 ( X and {x1} ( F1(x0). Then there exists x2 ( X such that {x2} ( F2(x1) and d(x1, x2) (  (1(F1(x0), F2(x​1)).

Again we can find x3 ( X such that {x3} ( F1(x2) and 


d(x2, x3) (  (1(F2(x1), F1(x2)).

Continuing in this manner we produce a sequence (xn) in X such that


{x2n+1} ( F1(x2n), {x2n+2} ( F2(x2n+1) and


d(x2n+1, x2n+2)
(
(1(F1(x2n), F2(x2n+1)),


d(x2n+2, x2n+3)
(
(1(F2(x2n+1), F1(x2n+2)), 

for n = 0, 1, 2, (
Now 
        d(x1, x2)
(  
(1(F1(x0), F2(x1))





(
( (F1(x0), F2(x1))





(
k [p(x0, F1(x0)) p(x1, F2(x1))]1/2




(   k [d(x0, x1) d(x1, x2)]1/2,

i.e.
        d(x1, x2)
(
k2 d(x0, x1).

Again d(x2, x3) ( k [d(x1, x2) d(x2, x3)]1/2,

i.e.
        d(x2, x3)
(
k2 d(x1​, x2).

Furthermore, we have,


d(x2n+1, x2n+2)
(
k2(2n+1) d(x0, x1),


d(x2n+2, x2n+3)
(
k2(2n+1) d(x1, x2).

Let M  =  max {d(x0, x1), d(x1, x2)}.

For any m > n,


d(xm, xn)
   (  
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   (  
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d(xn, xn+1)




   (   
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This shows that (xn) is a Cauchy sequence and hence converges to z in X.

Now by Lemma 1.11,


p0(z, F2(z))
(
d(z, x2n+1) + p0(x2n+1, F2(z))





(
d(z, x2n+1) + (0(F1(x2n), F2(z))





(
d(z, x2n+1) + ((F1 (x2n), F2(z))





(
d(z, x2n+1) + k [p(x2n, F1(x2n)) p(z, F2(z))]1/2




(
d(z, x2n+1) + k [d(x2n, x2n+1)) p(z, F2(z))]1/2




( 0 as n ( (
Hence by Lemma 1.10, it follows that {z} ( F2(z). Similarly {z} ( F1(z).

Theorem  :  2.4

Let X be a complete metric space and let F1 and F2 be fuzzy mappings from X to W(X) such that


D(F1(x), F2(y))
(

[image: image53.wmf] y)
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for all x ( y, (, ( > 0 and ( + ( < 1. Then there exists z ( X such that {z} ( F1(z) and {z} ( F2(z).

Proof  :

Let x0 ( X and {x1} ( F1(x0). Then there exists x2 ( X such that {x2} ( F2(x1) and d(x1, x2) ( D1(F1(x0), F2(x1)).


Again we can find x3 ( X such that 



{x3} ( F1(x2) and d(x2, x3) ( D1(F2(x1), F1(x2)).

Now,


d(x1, x2)
(
D1(F1(x0), F2(x1))




(
D(F1(x0), F2(x1))





(
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=
( d(x1, x2) + ( d(x0, x1).

i.e.
d(x1, x2)
(
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 d(x0, x1).


By induction, we produce a sequence (xn) of points of X such that for k ( 0,


{x2k+1} ( F1(x2k​), {x2k+2} ( F2(x2k+1) and


d(xn, xn+1)
(
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Put q  =  
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It follows that (xn) is a Cauchy sequence and hence converges to z in X.

Consider,


p0(z, F​2(z))
(
d(z, x2n+1) + p0(x2n+1, F2(z))





(
d(z, x2n+1) + D0(x2n+1, F2(z))





(
d(z, x2n+1) + D(F1(x2n), F2(z))





(
d(z, x2n+1) + 
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Hence by Lemma 1.10, it follows that {z} ( F2(z). Similarly, {z} ( F1(z).
CHAPTER – III 

FIXED POINT THEOREMS FOR FUZZY MAPPINGS

 – VIJAYARAJU AND MARUDAI

In this chapter we discuss some results on fixed point theorems for fuzzy mappings. The results are due to Vijayaraju and Marudai [29]. They [29] have generalized the result of Bose and Mukherjee [3] for contractive type fuzzy mappings. A fixed point theorem for nonexpansive fuzzy mappings on a compact star shaped subset of a normed linear space is also obtained which is a generalization of the result of Bose and Sahani [4].

Preliminary definitions and results
Definition  :  3.1

Let X and Y be nonempty sets. A multivalued mapping T from X to Y, denoted by T : X ( 2Y, is defined to be a function that assigns to each element of X, a nonempty subset of Y.

Definition  :  3.2

Fixed points of the multivalued mapping T : X ( 2X will be the points x ( X such that x ( T(x).

Notation  :  3.3

Let X be a metric space and let CB(X) denote the set of all nonempty closed and bounded subsets of X and C(X) denote the set of all nonempty compact subsets of X.


Let W C(X) denote the set of all fuzzy sets on X such that each of its (‑cut is a nonempty closed bounded subset of X.

Definition  :  3.4

A multivalued mapping T : X ( CB(X) is called a contraction mapping if there exists q ( (0, 1) such that


H(T(x), T(y)) (  q d(x, y) for all x, y ( X, 

where H is the Hausdorff metric on CB(X).

Definition  :  3.5

Let X be a metric linear space. Let W(X) denote the set of all fuzzy sets on X such that each of its (-cut is a nonempty compact convex subset of X. A fuzzy mapping F : X ( W(X) is called a fuzzy contraction mapping if there exists q ( (0, 1) such that


D(Fx, Fy)  ( q d(x, y) for each x, y ( X,

where D(A, B)  =  
[image: image63.wmf]a
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Theorem  : 3.6

Let {A(() : 0 < ( ( 1} be a collection of nonempty subsets of a nonempty set X such that

i.
0 < ( ( ( ( 1 ( A(() ( A((),

ii.
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 = A((), where k(() ( N is such that ( ( 1/k(() > 0.


Then there exists a unique fuzzy set A on X such that for each ( ( (0, 1] the (-cut A( = A(().

Main results

In this section we generalize the result of the Bose and Mukherjee [3] for contractive type fuzzy mappings in complete metric spaces. We also generalize Bose and Sahani’s [4] fixed point theorem for nonexpansive fuzzy mappings in the setting of normed linear spaces.

Theorem  :  3.7

Let (X, d) be a complete metric space and let F1, F2 be fuzzy mappings from X to F(X) satisfying the following conditions :

(a)
for each x ( X, there exists ((x) ( (0,1] such that 
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(b)
H(
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        + a3 d(x, 
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where a1, a2, a3, a4, a5 are nonnegative real numbers and 
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< 1 and either a1 = a2 or a3 = a4. Then there exists z ( X such that
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Proof  :

Let x0 ( X. For this x0, by condition (a), there exists (1 ( (0, 1] such that 
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and hence q ( (0, 1) if a3 = a4 or a1 = a2 and a3 ( a4.


Using condition (b) in equation (3.1) we obtain,
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  Corollary  :  3.8

Let (X, d) be a complete metric space and let F be a fuzzy mapping form X to F(X) satisfying the following conditions :

(a)
for each x, y ( X, there exists ((x), ((y) ( (0, 1] such that F(x)((x), F(y)((y) are nonempty closed bounded subsets of X and

(b)
H(F(x)((x), F(y)((y)) ( q d(x, y) for some q ( [0, 1).


Then there exists z ( X such that



z ( F(z)((z).

Proof  :

The proof of this corollary follows from the above theorem by putting F1 = F2 and a1= a2 = a3 = a4 = 0 and q = a5.


The preceding theorem subsumes the following result due to Bose and Mukherjee [3].

Corollary  :  3.9

Let X be a complete metric space and let T1, T2 : X ( CB(X) be two multivalued mappings satisfying the following condition that for each x, y ( X,


H(T1(x), T2(y))
(
a1 d(x, T1(x)) + a2 d(y, T2(y)) + a3 d(y, T1(x)) 






+ a4 d (x, T2(y)) + a5 d(x, y)

where  a1, a2, a3, a4, a5 are nonnegative real numbers and 
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< 1 and either a1 = a2 or a3 = a4. Then there exists an element x ( X such that x ( T1(x) and x ( T2(x).

Proof  :

For i = 1, 2,  let  the  fuzzy mappings Fi : X ( CB(X) be defined as Fi(x) = 
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where (A​ is the characteristic function on any subset A of X. Using the facts Fi ((x)  = Ti(x) for any ((x) ( (0, 1], it is evident that F1 and F2 satisfy the condition of Theorem 3.7.

Definition  :  3.10


A subset K of a Banach space X is said to be star-shaped if there exists a point v ( K such that tv + (1 – t) x ( K for all x ( K and 0 < t < 1. The point v is called the star centre of K.

Lemma  :  3.11

Let K be a nonempty compact star-shaped subset of a normed linear space X. Let F : K ( F(K) be a fuzzy mapping such that for each x ( K, there exists ((x) ( (0, 1] such that F(x)((x) is a nonempty closed bounded subset of K. Then for fixed n, there exists a unique fuzzy set say Fn(x) on K such that


Fn(x)((x)   =   (1 – tn) q + tn F(x)(,
where  q is the star centre of K and {tn} is a sequence in (0, 1) such that tn(1 as n ( (.

Proof  :

For fixed n, consider the family {(1 – tn) q + tn F(x)(  : for each ( ( (0, 1]} of compact subsets of K. We shall show that 

i.
(1 – tn) q + tn F(x)(   (   (1 – tn) q + tn F(x)( if 0 < ( ( ( ( 1 and 

ii.
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 q + tn F(x)((((1/i)) =  (1 – tn) q + tn F(x)(,

where k is a positive integer such that ((
 ( (1/k)) > 0.

i.
Let 0 < ( ( ( ( 1.


Since F(x) is a fuzzy set, it follows that F(x)( ( F(x)( and hence


(1 – tn) q + tn F(x)( ( (1 – tn) q + tn F(x)(
ii.
Let  a ( 
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 q + tn F(x)((((1/i)).
Then we have a ( (1 – tn) q + tn F(x)((((1/i)) for each i ( k.


Therefore a = (1 – tn) q + tn zi for some zi ( F(x)((((1/i)) . 

Since (( ( (1/i)) ( ( ( 
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Since (zi) is a sequence in the compact set F(x)((((1/k)), there exists a subsequence 
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Therefore z ( F(x)(.


Hence a = (1 – tn) q + tn z ( (1 – tn) q + tn F(x)(.

Thus, 
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 q + tn F(x)((((1/i))  ( (1 – tn) q + tn F(x)(                              (3.4)

Conversely, let b ( (1 – tn) q + tn F(x)( 

Then b =  (1 – tn) q + tn z for some z ( F(x)(
Therefore by condition (i),


b  = (1 – tn) q + tn z for some z ( 
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Hence b = (1 – tn) q + tn z, where z ( F(x)((((1/i)) for all i ( k. Thus


(1 – tn) q + tn F(x)( ( 
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 q + tn F(x)((((1/i))                              (3.5)

Thus from equations (3.4) and (3.5), condition (ii) holds.


Therefore for fixed n, by Theorem 3.6, there exists a unique fuzzy set say Fn(x) on K such that Fn(x)((x) = (1 – tn) q + tn F(x)(.

Theorem  :  3.12

Let K be a nonempty compact star-shaped subset of a normed linear space X : Let F : K ( F(K) be a fuzzy mapping satisfying the following conditions :

(a)
for each x ( K, there exists ((x) ( (0, 1] such that F(x)((x) is a nonempty closed bounded subset of K.

(b)
H(F(x)((x), F(y)​((y)) ( || x – y || for all x, y ( K.


Then there exists an element z ( K such that z ( F(z)((z).

Proof  :
By Lemma 3.11, there exists a unique fuzzy set say Fn(x) on K such that


Fn(x)((x)  =  (1 – tn) q + tn F(x)(.

Also H(Fn(x)((x), Fn(y)((y))  =  tn H(F(x)((x), F(y)((y))  




          (  tn || x – y ||.


Hence by corollary 3.8, there exists xn ( K such that xn ( 
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Hence z ( F(z)((z).


The following result due to Bose and Sahani [4] is a special case of Theorem 3.12.

Corollary  :  3.13

Let K be a nonempty compact start-shaped subset of a Banach space X. Let T : K ( C(K) be a multivalued mapping which satisfies the following condition :


H(T(x), T(y))  (  || x – y || for all x, y ( K

Then T has a fixed point in K.

Proof  :

Let the fuzzy mapping F : X ( CB(X) be defined as F(x) = (T(x), where (A  is  the  characteristic  function  on  any  subset A of X. Using the facts 
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 = T(x) for any ((x) ( (0, 1], it is evident that F satisfies the condition of Theorem 3.12.
CHAPTER – IV 

FIXED POINT THEOREMS FOR SEQUENCE OF 
FUZZY MAPPINGS 

–   VIJAYARAJU AND MOHANRAJ

In this chapter we discuss some fixed point theorems for sequence of fuzzy mappings which are fuzzy extensions of the results obtained by Iseki [12], Park and Jeong [19].

Main results

The following theorem extends Theorem 3.1 of chapter III to a sequence of fuzzy mappings.

Theorem  :  4.1

Let (X, d) be a complete metric space and let 
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 be a sequence of fuzzy mappings from X to F(X) such that any two mappings Fi and Fj satisfy the following conditions :

(i)
for each x ( X, there exists ((x) ( (0, 1] such that Fi(x)((x) and Fj(x)((x) are nonempty closed bounded subsets of X.

(ii)
H(Fi(x)((x), Fj(y)((y)) ( a1 d(x, Fi(x)((x)) + a2 d(y, Fj(y)((y)) + a3 d(x, Fj(y)((y))                                   + a4 d(y, Fi(x)((x)) + a5 d(x, y).

where a1, a2, a3, a4, a5 are nonnegative real numbers such that 
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    and   a3   =   a4.   Then   there   exists  z ( X   such   that  z ( 
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Proof  :

Let x0 ( X. Then by condition (i), there exists (1 = ((x0) ( (0, 1] such that 
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Hence (1 – a2 – a3) d(x2, x3) ( (a1 + a3 + a5) d(x1, x2) + k2.
Therefore,


d(x2, x3)
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Continuing  this  process,  there   exists   xn+1   in   X   such   that   xn+1 ( 
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Since k < 1, kn ( 0 as n ( (.


Hence (xn) is a Cauchy sequence in X. Since (X, d) is complete z ( X such that xn ( z as n ( (.

​Consider,


d(z, Fi(z)((z))
(
d(z, xn) + d(xn, Fi(z)((z))





(
d(z, xn) + H
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+ a2 d(xn(1, 
[image: image191.wmf])

)

x

(

F

)

x

(

1

n

n

1

n

-

a

-

+ a3 d(z, 
[image: image192.wmf])

)

x

(

F

)

x

(

1

n

n

1

n

-

a

-







+ a4 d(xn(1, Fi(z)((z)) + a5 d(z, xn(1)





(
d(z, xn) + a1 d(z, Fi(z)((z)) + a2 d(xn(1, xn) 






+ a3 d(z, xn) + a4 d(xn(1, z) + a4 d(z, Fi(z)((z)) 






+ a5 d(z, xn(1)


d(z, Fi(z)((z)) – a1 d(z, Fi(z)((z)) ( d(z, xn) + a2 d(xn(1, xn) + 




 ( a4 d(z, Fi(z)((z))     a3 d(z, xn) + (a4 + a5) d(xn(1, z)


(1 – a1 – a4) d(z, Fi(z)((z))
(
(1 + a3) d(z, xn) + a2 d(xn(1, xn) 








+ (a4 + a5) d(xn(1, z)


Letting n ( (, we get (1 – a1 – a4) d(z, Fi(z)((z)) ( 0.


Hence z ( Fi(z)((z).

Therefore, z ( 
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Theorem  :  4.2

Let (X, d) be a complete metric space and let 
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 be a sequence of fuzzy mappings from X to F(X) such that any two mappings Fi and Fj satisfy the condition (i) of Theorem 4.1 and 


H(Fi(x)((x), Fj(y)((y)
)
(
pd(x, y) + q [d (x, Fi(x)((x)) + d(y, Fj(y)((y))] +








r [d(x, Fj(y)((y)) + d(y, Fi(x)((x))]

where p, q, r are nonnegative real numbers such that p + 2q + 2r < 1. Then there exists z ( X such that z ( 
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Proof  :

The proof of this theorem is true by taking a1 = a2 = q, a3 = a4 = r and a5 = p in Theorem 4.1.

Theorem  :  4.3

Let (X, d) be a complete metric space and let 
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Proof  :

Let x0 ( X. Then by condition (i) of Theorem 4.1 there exists (1 = ((x0) ( (0, 1] such that 
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For this x1, there exists (2 = ((x1) ( (0, 1] such that 
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are nonempty closed bounded subsets of X, there exists x2 ( 
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Hence (1 – a1) d(x1, x2) ( a2 d(x0, x1) + k

Therefore,
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For this x2, there exists (3 = ((x2) ( (0, 1] such that 
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Hence (1 – a1) d(x2, x3) ( a2 d(x1, x2) + k2.
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Continuing this process there exists xn+1 in X such that 


xn+1 (
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Since k < 1, it follows that (xn) is a Cauchy sequence in X. Then, there exists z ( X such that xn ( z as n ( (.


Now, we have,
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Letting n ( (, we get (1 – a1) d(z, Fi(z)​((z)) ( 0.


Hence z ( Fi(z)​((z).

Therefore, z ( 
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In the above Theorems 4.1, 4.2 and 4.3 by taking a1 = a2 = a3 = a4 = 0 and a5 = k in Theorem 4.1, q = r = 0 and p = k in Theorem 4.2 and a1 = 0 and a2 = k in Theorem 4.3 the following result can be deduced.

Corollary  :  4.4


Let (X, d) be a complete metric space and let 
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CHAPTER – V

A FIXED FUZZY POINT FOR FUZZY MAPPINGS IN COMPLETE METRIC SPACES 

– TURKOGLU AND RHOADES &              SEDGHI, SHOBE AND ALTUN
In this chapter we discuss a fixed fuzzy point theorem for fuzzy mappings in complete metric spaces due to (i) Turkoglu and Rhoades [28] and (ii) Sedghi, Shobe and Altun [24]. They [28] have defined a fixed fuzzy point of the fuzzy mapping F over X to be the fuzzy point x( which satisfies the condition x( ( F(x). Estruch and Vidal [9] have proved a fixed point theorem under the condition D((F(x), F(y)) ( q d(x, y) for x, y ( X. Here, the authors have obtained a fixed fuzzy point for fuzzy mappings satisfying the condition D((F(x), F(y)) ( K(M(x, y)) where M(x, y) is a maximum function (refer Theorem 5.6). Some interesting examples are discussed. One of these examples does not satisfy the conditions of Heilpern’s theorem but satisfies the conditions of the main theorem which illustrates that the theorem by the authors [28] give a better condition for a fuzzy mapping to have a fixed fuzzy point. Sedghi, Shobe and Altun [24] have generalized the result (Theorem 5.6) of Turkoglu and Rhoades [28] wherein M(x, y) is defined using a family ( of functions from [0, ()5 ( [0, () satisfying certain conditions and have obtained the result due to Turkoglu and Rhoades [28] as a particular case.
Preliminary definitions and results
Definition  :  5.1

For ( ( (0, 1] the fuzzy point x( of X is the fuzzy set of X given by x((x) = ( and x((y) = 0 if y ( x.

Definition  :  5.2

Let X be a metric space and ( ( [0, 1]. Consider the following family W((X) :


W((X)   =   {A ( (X  :  A( is nonempty, compact and convex}.


Similar to Lemmas 1.10 and 1.12 we get the following results for fuzzy points x( ( A.

Lemma  :  5.3


Let x ( X and A ( W(X). Then x(( ( A if p((x, A)  = 0.

Lemma  :  5.4

If x( ( A, then p((x, B) ( D((A, B) for each A, B ( W(X).  
Definition  :  5.5

Let x(​ be a fuzzy point of X. We will say that x( is a fixed fuzzy point of the fuzzy mapping F over X if x( ( F(x) i.e., F(x) (x) ( ( (i.e., the fixed degree of x is atleast (). In particular, if {x} ( F(x) we say that x is a fixed point of F, where {x} denotes the characteristic function of the ordinary subset {x} of X.

Main results

Theorem  :  5.6 [Turksoglu and Rhoades] [28]


Let ( ( (0, 1] and (X, d) be a complete metric space. Let F be a continuous fuzzy mapping from X into W((X) satisfying the following condition :


There exists K : [0, () ( [0, (), K(0) = 0, K(t) < t for all t ( (0, () and K is non-decreasing such that


D((F(x), F(y)) ( K(M(x, y))



     

         (5.1)

for all x, y ( X, where


M(x, y)  =  max {d(x, y), p((x, F(x)), p((y, F(y)), p((x, F(y)), p((y, F(x))}


Then there exists x ( X such that x( is a fixed fuzzy point of F if and only if there exists x0, x1 ( X such that x1 ( (F(x0))( with 
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(d(x0, x1)) < (. In particular, if ( = 1, then x is a fixed point of F.

Proof  :

Assume there exists x ( X such that x( is a fixed fuzzy point of F. Then by definition x( ( F(x).


Take x0  =  x1  = x


Since x( ( F(x), F(x) (x) ( (

( F(x0) (x​1)  =  F(x) (x) ( (

( x1 ( F(x0)(
Consider 
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(0)


=
K(0) + K2(0) + (
Since K(0)  =  0, K2(0)  =  K(K(0)) =  0, K3(0)  =  0 (

( 
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Conversely, let x0 ( X and suppose that there exists x1 ( (F(x0))( such that 
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(d(x0, x1)) < (. Since (F(x1))( is a nonempty compact subset of X, then there exists x2 ( (F(x1))( such that


d(x1, x2)  =  p((x1, F(x1))

Since x1 ( F(x0)(, (x1)( ( F(x0)

By Lemma 5.4 taking x = x1, A = F(x0), B = F(x1), we get,


p((x1, F(x1)) ( D((F(x0), F(x1))


( d(x1, x2) ( D((F(x0), F(x1))


By induction we construct a sequence (xn) in X such that xn ( (F(xn(1))( and d(xn, xn+1) ( D((F(xn), F(xn(1))


Noting that K is nondecreasing and using inequality (5.1), we have,


d(xn, xn+1) ( D((F(xn), F(xn(1))



( K(M(xn, xn(1))



= K(max {d(xn(1, xn), p((xn(1, F(xn(1​)), p((xn, F(xn)), 



    p((xn(1, F(xn)), p((xn, F(xn(1))})



= K(max {d(xn(1, xn), d(xn(1, xn), d(xn, xn+1), p(( xn(1​, F(xn​)),                                p((xn, F(xn(1))})

By Lemma 5.3, p(( xn(1​, F(xn​)) = 0

( d(xn, xn+1) ( K(max {d(xn(1, xn), d(xn, xn+1)})



         (5.2)


Suppose d(xn, xn+1) > d(xn(1, xn) for some n. Then from (5.2) and K(t) < t for all t ( (0, (), we have, 

d(xn, xn+1) ( K(d(xn, xn+1)) < d(xn, xn+1)

which is a contradiction. Therefore, we have,


max (d(xn(1, xn), d(xn, xn+1)) = d(xn(1, xn)


Hence d(xn, xn+1) ( K(d(xn(1, xn))                                                       (5.3)

and  D((F(xn), F(xn(1)) ( K(d(xn, xn(1))



                    (5.4)


(by Lemma 5.4 and using the fact K(t) < t)

Using (5.3) repeatedly we get,


d(xn, xn+1) ( K(d(xn(1, xn))



( K(K(d(xn(2, xn(1)))



= K2 d(xn(2, xn(1)



  ((


  ((


( Kn d(x0, x1)

Hence we obtain


d(xn, xn+m) ( d(xn, xn+1) + ( + d(xn+m(1, xn+m)




( Kn(d(x0, x1)) + ( + Kn+m(1 (d(x0, x1))



= 
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(d(x0, x1)).


Since 
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(d(x0, x1)) < (, it follows that there exists r such that d(xn, xn+m) < r. Therefore the sequence (xn) is a Cauchy sequence in X. Suppose (xn) converges to x ( X,


p((x, F(x))
(
d(x, xn) + p((xn, F(x)) by Lemma 1.11




(
d(x, xn) + D((F(xn(1), F(x)) by Lemma 5.4




(
d(x, xn) + K(d(x​n(1, x)) by (5.4)

( Letting n ( (, we get p((x, F(x)) ( 0. 

Consequently, p((x, F(x)) = 0 and by Lemma 5.3 x( ( F(x).

( x( is a fixed fuzzy point of F.

Remark  :  5.7

K needs only be defined on the range d. If one replaces the metric with an equivalent metric with d(x, y) < 1, then clearly Theorem 5.6 holds for K : [0, 1) ( [0, (). To apply Theorem 5.6, one needs a nondecreasing function K and x in X with 
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The following examples satisfy these conditions and therefore illustrate the generality of Theorem 5.6. Let (X, d) be a complete metric space.

Example  :  5.8

Suppose 0< q < 1. Let K(t) = qt for t ( 0. Then 

D((F(x), F(y)) ( K(M(x, y)) = qM(x, y) and Kn(p((x, F(x))) = qn p((x, F(x)) for  any x in X. It is known that there exists x ( X such that x( ( F(x).

Remark  :  5.9

Consider Theorem 1.13 which states that “A fixed point of the fuzzy mapping F : X ( W(X) exists whenever D(F(x), F(y)) ( qd(x, y) for each x, y ( X, being q ( (0, 1)”.


Now in Example 5.8, it is clear that the condition D(F(x), F(y)) ( qd(x, y) can be weakened to D1(F(x), F(y)) ( qd(x, y).

Example  :  5.10

Suppose that F satisfies D((F(x), F(y)) ( ((M(x, y)) d(x, y) for all x, y in X, where ( : [0, () ( [0, 1) and ( is nondecreasing. Then K(t) = t ((t) is nondecreasing and K : [0, () ( [0, () and 


D((F(x), F(y)) ( ((M(x, y)) d(x, y)




    ( ((M(x, y)) M(x, y)




    = K(M(x, y))

Also 


K2(t)
=
K(K(t))



=
K(t ((t))



=
(t ((t)) ((t)



=
t(((t))2

K3(t)
=
K(K2(t))



=
K(t(((t))2)



=
(t(((t))2) ((t)



=
t(((t))3
In general we have,


Kn(t)
=
t[((t)]n
Since ((t) < 1 and 
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Example  :  5.11

Consider K(M(x, y)) = M(x, y) ((M(x, y)) for all x, y in X, where ( : [0, () ( [0, (), ((t) ( t for t ( 1. If t < 1, it follows that Kn(t) ( t[((t)]n. If K is nondecreasing, then Theorem 5.6 can be applied.

Example  :  5.12

K(M(x, y)) = M(x, y) ( (M(x, y)) for all x, y in X where ( : [0, () ( [0, (), ((qM(x, y)) ( q ((M(x, y)) for q ( (0, 1). If ((t) < 1, then Kn(t) ( K(t) [((t)]n for all n ( 2.

Example  :  5.13

Assume that K is nondecreasing, K is convex on [0, 1) and K(M(x, y)) < M(x, y) for all x, y in X. If t < 1, K(t) < t for all 0 < t < 1, then K(t) = qt for some 0 < q < 1. It can be shown that Kn(t) ( qnt for all n and 
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Example  :  5.14

Let X = [0, 1] and let d : X x X ( R+ be the Euclidean metric. Let ( ( (0, 1/2 ) and suppose F : X ( (X be defined by
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and for z ( (0, 1)
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Then F(0)1  =  F(z)1  =  F(1)1  =  {0}, F(0)(  =  F(z)(  =  F(1)(  =  [0, 1/2] and 
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  =  [0, 1], 
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Consequently, 

D1(F(x), F(y))
  =  H(F(x)1, F(y)1)  =  0, 
( x, y ( X,

D((F(x), F(y))  =  H(F(x)(, F(y)()  =  0, 
( x, y ( X,
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( x, y ( {0, 1} and ( x, y ( (0, 1)

Take x ( {0, 1} and y ( (0, 1)
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   =  H([0, 1], [0, 1/2])
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Let ( : [0, () ( [0, (), ((t) = 
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Let K(t) = 
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If t ( 1, it follows that Kn(t) ( t[((t)]n = 
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Therefore D((F(x), F(y)) = 0 ( K(d(x, y)) for each x, y ( X.


By theorem 5.6, there exists a fixed fuzzy point (a fixed point) of the fuzzy mapping F. We can see by the definition of F that 0 is a fixed point.


Nevertheless, Heilpern’s theorem is not useful in this example because 
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Theorem  :  5.15 [Sedghi, Shobe and Altun] [24]

Let ( ( (0, 1] and (X, d) be a complete metric space. Let F and G be two fuzzy mappings from X into W((X) satisfying the following condition :


There exists K : [0, () ( [0, (), K(0) = 0, K(t) < t for all t ((0, () and K is nondecreasing such that for every x ( X, (F(x))(, (G(x))( are closed, bounded and nonempty subsets of X.

Moreover,


D((F(x), G(y))  (  K(M(x, y)), 




         (5.5)

for all x, y ( X, where


M(x, y)  =  ((d(x, y), p((x, F(x)), p((y, G(y)), p((x, G(y)), p((y, F(x))) (5.6)

where  ( : [0, (()5 ( [0, (), is continuous, increasing in each co-ordinate variable and ((t, t, t, at, bt) ( t for every t ( [0, (), where a + b = 2. Then there exists x ( X, such that x( is common fixed fuzzy point of F, G if and only if there exists x0, x1 ( X such that x1 ( (F(x0))( with 
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(d(x0, x1)) < (. In particular, if ( = 1, then x is a common fixed point of F, G.

Proof  :

If there exists x ( X such that x( is a common fixed fuzzy point of F and G, then x( ( F(x) also x( ( G(x) and d(x, x) = 0,


0  =  K(0)  =  K2(0)  =  (  =  Kn(0)  =  ( and
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(d(x, x))  =  0.


Let x0 ( X.


Since (F(x0))( is a nonempty subset of X, there exists x1 ( (F(x0))(. Also, since (G(x1))( is nonempty subset of X, there exists x2 ( (G(x1))(  such that


d(x1, x2)
=  
p((x1, G(x1)) ( D((F(x0), G(x1))    by Lemma 5.4       (5.7)






            (  K(M(x0, x1))           by (5.5)

where


M(x0, x1)
=  
((d(x0, x1), p((x0, F(x0)), p((x1, G(x1)), p((x0, G(x1)), 





p((x1, F(x0)))




(
((d(x0, x1), d(x0, x1), d(x1, x2), d(x0, x2), d(x1, x1))




(
((d(x0, x1), d(x0, x1), d(x1, x2), d(x0, x1) + d(x1, x2), 0).

We prove that d(x1, x2) ( d(x​0, x1).


If d(x1, x2) > d(x​0, x1), by the above inequality we have,


M(x0, x1)
(
((d(x1, x2), d(x1, x2), d(x1, x2), d(x1, x2) + d(x1, x2), 0)




(
d(x1, x2)

Hence


d(x​1, x2)
(
K(d(x1, x2)) < d(x1, x2) (since K(t) < ( t) 
         (5.8)

which is contradiction.

Therefore, we get,


d(x1, x2)
(
d(x0, x1).

Thus by the above inequality we have


d(x1, x2)
(
K(d(x0, x1)).


By induction we construct a sequence (xn) in X such that x2n+1 ( (F(x2n))(, x2n+2 ( (G(x2n+1))( and 


d(x2n+1, x2n+2)
(
D(​(F(x2n), G(x2n+1)) ( K(M(x2n, x2n+1))
         (5.9)

where 


M(x2n, x2n+1)
=
((d(x2n, x2n+1), p((x2n, F(x2n​)),






p((x2n+1, G(x2n+1)), p((x2n, G(x2n+1)), 
p((x2n+1, F(x2n​)))





(
((d(x2n, x2n+1), d(x2n, x2n+1), d(x2n+1, x2n+2),






d(x2n, x2n+2), d(x2n+1, x2n+1))





(
((d(x2n, x2n+1), d(x2n, x2n+1), d(x2n+1, x2n+2),






d(x2n, x2n+1) + d(x2n+1, x2n+2), 0)

We prove that


d(x2n+1, x2n+2)
(
d(x2n, x2n+1), for every n ( N.


Suppose d(x2n+1, x2n+2) > d(x2n, x2n+1) for some n ( N. Then from above inequality and K(t) < t for all t ( (0, (), we have


d(x2n+1, x2n+2)
(
K(d(x2n+1, x2n+2)) < d(x2n+1, x2n+2)

       (5.10)

which is a contradiction.

Therefore, we have


d(x2n+1, x2n+2)
(
K(d(x2n, x2n+1))




       (5.11)

Similarly, we get,


d(x2n, x2n+1)

(
K(d(x2n(1, x2n))




       (5.12)

Thus,


d(x2n+1, x2n+1)
(
K(d(x2n, x2n+1))






(
K2(d(x2n(1, x2n))
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(
K2n+1(d(x0, x1)).

Similarly, d(x2n, x2n+1) (
K2nd(x0, x1)


Since 
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(d(x0, x1)) < (, hence it is convergent. That is for every ( > 0, there exists n0 such that for every n, m ( n0 we have 
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Hence we  obtain


d(xn, xn+m)
(
d(xn, xn+1) + ( + d(xn+m(1, xn+m)




(
Kn(d(x0, x1)) + ( + Kn+m(1(d(x0, x1))




=
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Therefore the sequence (xn) is a Cauchy sequence in X. Since X is complete, (xn)  converges to a point x ( X.


Suppose that p((x, G(x)) > 0.

Then we have


p((x, G(x))
(
d(x, x2n+1) + p((x2n+1, G(x)) 
by Lemma 1.11




(
d(x, x2n+1) + D((F(x​2n), G(x))  
by lemma 5.4




(
d(x, x2n+1) + K(M(x2n, x)),

where


M(x2n, x)
=
((d(x2n, x), p((x​2n, F(x2n)), p((x, G(x)),





p((x​2n, G(x)), p((x​, F(x2n)))




(
((d(x2n, x), d(x2n, x2n+1), p((x, G(x)),





p((x2n, G(x)), d(x, x2n+1)).

On taking n ( (, we get,
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Lim

 M(x2n, x)
(
((0, 0, p((x, G(x)), p((x, G(x)), 0)





(
((p((x, G(x)), p((x, G(x)), p((x, G(x)),






p((x, G(x)), p((x, G(x))).





(
p((x, G(x)).

Hence we have,


p((x, G(x))
(
0 + K(p((x, G(x))) < p((x, G(x))


       (5.13)

which is contradiction.


Consequently, p((x, G(x)) = 0 and by lemma 5.3 x( ( G(x).


Similarly, suppose that p((x, F(x)) > 0, then we have


p((x, F(x))
(
d(x, x2n+2) + p((x2n+2, F(x))




(
d(x, x2n+2) + D((F(x),  G(x2n+1))




(
d(x, x2n+2) + K(M(x2n+1, x)),

where


M(x2n+1, x)
=
M(x, x2n+1)




=
((d(x, x2n+1), p​((x, F(x)), p((x2n+1, G(x2n+1)), 





p((x, G(x2n+1)), p((x2n+1, F(x)))




(
((d(x, x2n+1), p((x, F(x)), d(x2n+1, x2n+2),





d(x, x2n+2), p((x2n+1, F(x)).

On taking n ( (, we get,
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Lim

 M(x2n+1, x)
(
((0, p((x, F(x)), 0, 0, p((x, F(x)))





(
((p((x, F(x)), p((x, F(x)), p((x, F(x)),






p((x, F(x)), p((x, F(x)))





(
p((x, F(x)).

We have


p((x, F(x))
(
K(p((x, F(x))) < p((x, F(x))


       (5.14)

which is contradiction.


Consequently, p((x, F(x)) = 0 and by lemma 5.3 x( ( F(x).

Remark  :  5.16

If we give F = G and ((t1, (, t5) = max {t1, (, t5} in Theorem 5.15, we have Theorem 5.6. 


 
CHAPTER – VI

COMMON FIXED POINT THEOREMS FOR FUZZY MAPPINGS IN COMPLETE QUASI-PSEUDO-METRIC SPACES

– SAHIN, KARAYILAN AND TELCI

In this chapter we discuss some common fixed point theorems for pairs of fuzzy mappings in left K-sequentially complete quasi-pseudo-metric spaces and right K-sequentially complete quasi-pseudo-metric spaces, respectively. As particular cases of the main results proved here, we obtain the well known theorems of Park and Jeong [19] (Theorem 2.1 and Theorem 2.2 of chapter II) and Heilpern [11] (Theorem 1.13 of chapter I).

Preliminary definitions and results

Definition  :  6.1

A quasi-pseudo-metric on a nonempty set X is a nonnegative real valued function d on X x X such that for all x, y, z ( X :

(i) d(x, x)  =  0 and 

(ii) d(x, y) ( d(x, z) + d(z, y)

A pair (X, d) is called a quasi-pseudo-metric space, if d is a quasi-pseudo metric on X.

Each quasi-pseudo-metric d on X induces a topology ((d) which has as a base the family of all d-balls B((x), where B((x) = {y ( X : d(x, y) < (}.

If d is a quasi-pseudo-metric on X, then the function d(1, defined on X x X by d(1(x, y) = d(y, x) is also a quasi-pseudo-metric on X. By d ( d(1 and d ( d(1 we denote min {d, d(1} and max {d, d(1}, respectively.

Definition  :  6.2

Let d be a quasi-pseudo-metric on X. A sequence 
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)

N

 

 

n

n

x

Î

 in X is said to be

(i) left K-Cauchy [22], if for each ( > 0 there is a k ( N such that d(xn, x​m) < ( for all n, m ( N with m ( n ( k.

(ii) right K-Cauchy [22], if for each ( > 0 there is a k ( N such that d(xn, xm) < ( for all n, m ( N with n ( m ( k.

Definition  :  6.3

A quasi-pseudo-metric space (X, d) is said to be left (right) K‑sequentially complete [22], if each left (right) K-Cauchy sequence in (X, d) converges to some point in X (with respect to the topology ((d)).

Definition  :  6.4

Let (X, d) be a quasi-pseudo-metric space. The families W((X) and W((X) of fuzzy sets on (X, d) are defined by

W((X)
=  {A ( (X  :  A1 is nonempty d-closed and d(1-compact}

W((X)
=  {A ( (X  :  A1 is nonempty d-closed and d-compact}


In Definition 1.4 it is defined the family W(X) of fuzzy sets on metric linear space (X, d) as follows :


A  ( W(X) iff A( is compact and convex in X for each ( ( [0, 1] and 
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  A(x) = 1.


If (X, d) is a metric linear space, then we have

W(X)  ( W((X)  =  W((X)  =  {A ( (X  :  A1 is nonempty and d-compact } ( (X.


The following four lemmas were proved by Gregori and Pastor [10].

Lemma  :  6.5

Let (X, d) be a quasi-pseudo-metric space and let x ( X and A ( W((X). Then {x} ( A if and only if p1(x, A) = 0.

Lemma  :  6.6

Let (X, d) be a quasi-pseudo-metric space and let A ( W((X). Then p((x, A) ( d(x, y) + p((y, A) for any x, y ( X and ( ( [0, 1].

Lemma  :  6.7

Let (X, d) be a quasi-pseudo-metric space and let {x0} ( A. Then p((x0, B) ( D((A, B) for each A, B ( W((X) and ( ( [0, 1].

Lemma  :  6.8

Suppose K ( ( is compact in the quasi-pseudo-metric space (X, d(1). If z ( X, then there exists k0 ( K such that d(z, K) = d(z, k0).

Lemma  :  6.9

Let (X, d) be a quasi-pseudo-metric space and let x ( X and A ( W((X). Then {x} ( A if and only if p1(A, x) = 0.

Lemma  :  6.10

Let (X, d) be a quasi-pseudo-metric space and let A ( W((X). Then p((A, x) ( p((A, y) + d(y, x) for any x, y ( X and ( ( [0, 1].

Lemma  :  6.11

Let (X, d) be a quasi-pseudo-metric space and let {x0} ( A. Then p((B, x0) ( D((B, A) for each A, B ( W((X) and ( ( [0, 1].


The above lemmas 6.9, 6.10 and 6.11 were proved by Heilpern [11] for the family W(X) in a metric space. These results are discussed in Lemmas 1.10, 1.11 and 1.12 of chapter I.

Lemma  :  6.12

Suppose K ( ( is compact in the quasi-pseudo-metric space (X, d). If z ( X, then there exists k0 ( K such that d(K, z)  =  d(K0, z).

Main Results
Theorem  :  6.13


Let (X, d) be a left K-sequentially complete quasi-pseudo-metric space and let F1 and F2 be fuzzy mappings from X to W((X) satisfying the inequality,


[1 + r(d ( d(1) (x, y)] D(F1(x), F2(y)) (

( r max{p(x, F1(x)) p(y, F2(y)), p(x, F2(y)) p(y, F1(x))} 


+ h max{(d ( d(1) (x, y), p(x, F1(x)), p(y, F2(y)), 
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 [p(x, F2(y)) 

+ p(y, F1(x))]} 


                                                    (6.1)

for each x, y ( X, where r ( 0 and 0 < h < 1. Then there exists x( ( X such that {x(} ( F1(x() and {x(} ( F2(x().

Proof  :

Suppose x0 is an arbitrary point in X. Choose x1 such that {x1} ( F1(x0). Since (F2(x1))1 is d(1-compact, it follows from Lemma 6.8, there exists x2 ( (F2(x1))1 such that


d(x1, x2)  =  d(x1, (F2(x1))1)


By definition of the Hausdorff distance H, we get 

H(x1, (F2(x1))1) = max{d(x1, (F2(x1))1), 
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 d(b, x1)}

( d(x1, x2)  =  d(x1, (F2(x1))1) ( H(x1, (F2(x1))1) ( D(F1 (x0), F2(x1))               (6.2)

Similarly we can find x​3 ( X such that {x3} ( F1(x2) and 

d(x2, x3) ( D(F2(x1), F1(x2))
Continuing in this way, we can obtain a sequence 
[image: image285.wmf](

)

N

 

 

n

n

x

Î

  in X such that

{x2n+1} ( F1(x2n),  {x2n+2} ( F2(x2n+1), d(x2n+1, x2n+2) ( D(F1(x2n), F2(x2n+1)) and d(x2n+2, x2n+3) ( D(F2(x2n+1), F1(x2n+2)) for n = 0, 1, 2 (

Now using inequalities (6.1) and (6.2) we have,

[1 + r d(x0, x1)] d(x1, x2) ( [1 + r (d ( d(1) (x0, x1)] D(F1(x0), F2(x1))

( r max{p(x0, F1(x0)) p(x1, F2(x1)), p(x0, F2(x1)) p(x1, F1(x0))} 

+ h max{(d ( d(1) (x0, x1), p(x0, F1(x0)), p(x1, F2(x1)), 
[image: image286.wmf]2

1

 [p(x0, F2(x1)) 

+ p(x1, F1(x0))]}

Since x1 ( (F1(x0))1, F1(x0) (x1) = 1 > ( for every ( ( [0, 1] 

( x1 ( (F1(x0))( for every ( ( [0, 1] 

Since p((x0, F1(x0))  =  inf{d(x0, y) : y ( (F1 (x0))(},

We get p((x0, F1(x0))  ( d(x0, x1) for every ( ( [0, 1] 

( p(x0, F1(x​0))   =  sup{p( (x​0, F1(x0)) : ( ( [0, 1]}



     ( d(x0, x1)

Similarly since x2 ( (F2(x1))1, we have


p(x1, F2(x1))  (  d(x1, x2)


p(x0, F2(x1))  (  d(x0, x2)



          (  d(x0, x1) + d(x1, x2)

By Lemma 6.5,


p1(x1, F1(x0)) = 0 since x1 ( (F1(x0))1 (i.e. {x1} ( F1(x0)).

Since p(A, B) = p1(A, B) we get p(x1, F1(x0)) = 0.

Thus we have,

[1 + r d(x0, x1)] d(x1, x2) ( r max{d(x0, x1) d(x1, x2), d(x0, x2). 0}

+ h max{(d ( d(1) (x0, x1), d(x0, x1), d(x1, x2), 
[image: image287.wmf]2
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 [d(x0, x2) + 0]}

( r d(x0, x1) d(x1, x2) + h max{d(x0, x1), d(x1, x2), 
[image: image288.wmf]2
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 [d(x0, x1) + d(x1, x2)]}

and it follows that

d(x1, x2) ( h max{d(x0, x1), d(x1, x2), 
[image: image289.wmf]2

1

 [d(x0, x1) + d(x1, x2)]}

Suppose if the maximum is d(x1, x2) then d(x1, x2) ( h d(x1, x2) < d(x1, x2), since h < 1.


This is a contradiction.


Hence maximum is d(x0, x1).


( d(x1, x2) ( h d(x0, x1).

Similarly,


d(x2, x3) ( h d(x1, x2) ( h2 d(x0, x1)

and in general,

d(xn, xn+1) ( hn  d(x0, x1) for all n ( N.

For n < m, we have

d(xn, xm)  (  d(xn, xn+1) + d(xn+1, xn+2) + ( + d(xm(1, xm)

    =  (hn + hn+1 + ( + hm(1) d(x0, x1)

               =  hn(1 + h + h2 +  ( + hm(n(1) d(x0, x1)

               ( hn (1 + h + h2 + () d(x0, x1)

               =  
[image: image290.wmf]h
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 d(x0, x1)

               ( 0 as n ( (, since h < 1.

( 
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 is a left K-Cauchy sequence in the left K-sequentially complete quasi-pseudo-metric space  (X,  d)  and  so  there  exists  x( ( X such that 
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lim

 xn = x(.


Now by Lemma 6.6, we have


p1(x(, F2(x())  (  d(x(, x2n+1) + p1(x2n+1, F2(x()) for all n ( N. 

Since {x2n+1} ( F1(x2n), we get


p1(x(, F2(x())  (  d(x(, x2n+1) + D1(F1(x2n), F2(x()) by Lemma 6.7





(
d(x(, x2n+1) + D(F1(x2n), F2(x()) by definition of D





(
d(x(, x2n+1) + 
[image: image293.wmf])
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[r max{p(x2n, F1(x2n)) p(x(, F2(x()), p(x2n, F2(x()) 






p(x(, F1(x2n))} + h max {(d ( d(1) (x2n, x(), p(x2n, F1(x2n)),






 p(x(, F2(x()), 
[image: image294.wmf]2

1

 [p(x2n, F2(x()) + p(x(, F1(x2n))]}]

Since


(d ( d(1) (x2n, x()  (  d(1(x2n, x()  =  d(x(, x2n) and


(d (  d(1) (x2n, x()  ( d(1(x2n, x()  =  d(x(, x2n),

we have,


p1(x(, F2(x())
(
d(x(, x2n+1) + 
[image: image295.wmf])
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[r max{p(x2n, F1(x2n)) p(x(, F2(x()), p(x2n, F2(x()) 






p(x(, F1(x2n))} + h max{d(x(, x2n), p(x2n, F1(x2n)),






 p(x(, F2(x()), 
[image: image296.wmf]2

1

 [p(x2n, F2(x()) + p(x(, F1(x2n))]}]      (6.3)

Since p(A, B)  =  d(A1, B1) we get


p(x2n, F1(x2n))
 = d(x2n, F1(x2n)1)





 = inf{d(x2n​, y) / y ( (F1(x2n))1}

Since {x2n+1} ( F1(x2n), x2n+1 ( (F1(x2n))1

( p(x2n, F1(x2n))
 ( d(x2n, x2n+1)


                              (6.4)

Similarly p(x(, F1(x2n))  (  d(x(, x2n+1) 




         (6.5)

Consider


p(x2n, F2(x())
=
p1(x2n, F2(x())





=
d(x2n, x2n+1) + p1(x2n+1, F2(x()) by lemma 6.6





(
d(x2n, x2n+1) + D1(F1(x2n), F2(x()) by lemma 6.7





(
d(x2n, x2n+1) + D(F1(x2n), F2(x())                              (6.6)

Using (6.4), (6.5) and (6.6) in (6.3) we get,

p1(x(, F2(x())
(
d(x(, x2n+1) + 
[image: image297.wmf])

 x

,

x

(

 

d

 

r

1

1

2n

*

+








[r max{d(x2n, x2n+1) p(x(, F2(x()), 






[d(x2n, x2n+1) + D(F1(x2n), F2(x())] d(x(, x2n+1)}






+ h max{d(x(, x2n), d(x2n, x2n+1), d(x(, x2n+1)







+ D(F1( x2n), F2(x()),
[image: image298.wmf]2

1

 [d(x2n, x2n+1)+ D(F1(x2n), F2(x())






+ d(x(, x2n+1)]}

it follows that, 

p1(x(, F2(x())
(
d(x(, x2n+1) + 
[image: image299.wmf])
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[r max{d(x2n, x2n+1) p(x(, F2(x()), 






[d(x2n, x2n+1) + D(F1(x2n), F2(x())] d(x(, x2n+1)}






+ h max{d(x(, x2n), d(x2n, x2n+1), 






d(x(, x2n+1) + D(F1( x2n), F2(x())} 

         (6.7)

Since 
[image: image300.wmf]2
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 [d(x2n, x2n+1) + D(F1(x2n), F2(x()) + d(x(, x2n+1)] is less than or equal to d(x2n, x2n+1) or d(x(, x2n+1) + D(F1(x2n), F2(x()).

Now let,


mn  =  max{d(x2n, x2n+1) p(x(, F2(x()),[d(x2n, x2n+1) + D(F1( x2n), F2(x())] 


           d(x(, x2n+1)}

and     Mn  =  max{d(x(, x2n), d(x2n, x2n+1), d(x(, x2n+1) + D(F1(x2n), F2(x())}

Then from inequality (6.7) we have,

p1(x(, F2(x())
(
d(x(, x2n+1) + 
[image: image301.wmf])
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         (6.8)


Now we have to consider, for each n ( N, the following four cases :

Case  : 1


If mn = d(x2n, x2n+1) p(x(, F2(x()) and Mn is equal to either d(x(, x2n) or d(x2n, x2n+1), then since d(x(, x2n) and d(x2n, x2n+1) converge to 0 as n ( (, we obtain that mn​ ( 0 and Mn ( 0. Also d(x(, x2n+1) converge to 0. Hence from (6.8), we obtain p1(x(, F2(x()) = 0.

Case  :  2

If mn = d(x2n, x2n+1) p(x(, F2(x()) and Mn = d(x(, x2n+1) + D(F1(x2n), F2(x()), then by inequality (6.1) we have, Mn ( d(x(, x2n+1) + 
[image: image302.wmf])
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 and it follows that


Mn 
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Since d(x(, x2n), d(x(, x2n+1) and mn converge to 0 as n ( (, we obtain that Mn ( 0. Thus from (6.8), we have p1(x(, F2(x()) = 0.

Case  :  3

If mn = [d(x2n, x2n+1) + D(F1(x2n), F2(x())] d(x(, x2n+1) and Mn is equal to either 
d(x(, x2n) or d(x2n, x2n+1) then by inequality (6.1), we have 


mn ( 
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 d(x(, x2n+1) 

and it follows that


mn 
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        d(x(, x2n+1)


Since d(x(, x2n), d(x(, x2n+1), d(x2n, x2n+1) and Mn converge to 0 as n ( (, we obtain that mn ( 0. Thus from (6.8), we have p1(x(, F2(x()) = 0.

Case  :  4

If mn = [d(x2n, x2n+1) + D(F1(x2n), F2(x())] d(x(, x2n+1) and Mn = d(x(, x2n+1) + D(F1(x2n), F2(x()), then by inequality (6.1), we have

D(F1(x2n), F2(x())  ( 

[image: image308.wmf])
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[r [d(x2n, x2n+1) + D(F1(x2n), F2(x())] d(x(, x2n+1) 





+ h [d(x(, x2n+1) + D(F1(x2n), F2(x())]]

and it follows that

D(F1(x2n), F2(x())   
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Since d(x(, x2n), d(x(, x2n+1) and  d(x2n, x2n+1) converge to 0 as n ( ( and 0 < 1 – h < 1, we obtain that D(F1(x2n), F2(x())  ( 0. Hence mn and Mn converge to 0 as n ( (. Thus from (6.8), we have  p1(x(, F2(x()) = 0.


It now follows from cases 1 to 4 and Lemma 6.5 that {x(} ( F2(x().


Similarly, it can be shown that {x(} ( F1(x().


When (X, d) is a right K-sequentially complete quasi-pseudo-metric space, using Lemmas 6.9, 6.10, 6.11 and 6.12 we get the following result :

Theorem  :  6.14

Let (X, d) be a right K-sequentially complete quasi-pseudo-metric space and let F1 and F2 be fuzzy mappings from X to W((X) satisfying the inequality

 [1 + r(d ( d(1) (x, y)] D(F1(x), F2(y)) 






(
r max{p(F1(x), x) p(F2(y), (y), p(F2(y), x) p(F1(x), y)} 







+ h max{(d ( d(1) (x, y), p(F1(x), x), p(F2(y), y),






 

[image: image312.wmf]2

1

 [p(F2(y), x) + p(F1(x), y)]}

for each x, y ( X where r ( 0 and 0 < h < 1. Then there exists x( ( X such that {x(} ( F1​(x() and {x(} ( F2​(x().

Proof  :

The proof of this theorem is similar to the proof of Theorem 6.13.

Corollary  :  6.15

Let (X, d) be a left K-sequentially complete quasi-pseudo-metric space and let F1 and F2 be fuzzy mappings from X to W((X) satisfying the inequality

 
D(F1(x), F2(y)) ( h [p(x, F1(x)) p(y, (F2(y))]1/2, 

for  each  x,  y  (  X,  where  0  <  h < 1. Then there exists x( ( X such that {x(} ( F1​(x() and {x(} ( F2​(x().

Proof  :

We know that, 
[image: image313.wmf]ab

 ( 
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1

(a + b)


Taking a = p(x, F1(x)) and b = p(y, F2(y))

We get,

[p(x, F1(x)) p(y, F2(y))]1/2
( 

[image: image315.wmf]2
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 [p(x, F1(x)) + p(y, F2(y))] 





       
( 
max{(d ( d(1) (x, y), p(x, F1(x)), p(y, F2(y)),





      


[image: image316.wmf]2
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 [p(x, F2(y)) + p(y, F1(x))]}                            (6.9)

Given, 

D(F1(x), F2(y))
(
h [p(x, F1(x)) p(y, (F2(y))]1/2 



  ( 
h max{(d ( d(1) (x, y), p(x, F1(x)), p(y, F2(y)),


  

[image: image317.wmf]2

1

 [p(x, F2(y)) + p(y, F1(x))]}                                      (from (6.9))                              


( Condition (6.1) in Theorem 6.13 is satisfied for r = 0. Therefore By the conclusion of Theorem 6.13, we get that there exists x( ( X such that {x(} ( F1(x() and {x(} ( F2(x().


Similarly, we have the following corollary from Theorem 6.14.

Corollary  :  6.16

Let (X, d) be a right K-sequentially complete quasi-pseudo-metric space and let F1 and F2 be fuzzy mappings from X to W((X) satisfying the inequality


D(F1(x), F2(y)) ( h [p(F1(x), x) p(F2(y), y)]1/2 

for  each  x,  y  (  X,  where  0  <   h  <  1.  Then there exists x( ( X such that {x(} ( F1​(x() and {x(} ( F2​{x(}.

Corollary  :  6.17

Let (X, d) be a complete metric space and let F1 and F2 be fuzzy mappings from X to W((X) satisfying the inequality

[1 + r d(x, y)] D(F1(x), F2(y)) 






(
r max{p(x, F1(x)) p(y, F2(y)), p(x, F2(y)) p(y, F1(x))} 







+ h max{d(x, y), p(x, F1(x)), p(y, F2(y)),




         


[image: image318.wmf]2
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 [p(x, F2(y)) + p(y, F1(x))]}                              (6.10)

for each x, y ( X where r ( 0 and 0 < h < 1. Then there exists x( ( X such that {x(} ( F1​(x() and {x(} ( F2​(x().

Proof  :

Since d is a metric on x, we get d = d(1 


( d ( d(1 = d and d ( d(1 = d


Hence condition 6.10 is same as condition 6.1 of Theorem 6.13.


Hence by Theorem 6.13, there exists x( ( X such that {x(} ( F1​(x() and {x(} ( F2​(x().

Remark  :  6.18

If we put r = 0 in inequality (6.10), we can see that Theorem 2.1 of chapter II is a special case of corollary 6.17. Also Theorem 2.2 of chapter II can be obtained from corollary 6.17.

Remark  :  6.19


Similarly, if we put r = 0 in inequality (6.10), we can obtain Theorem 1.13 of chapter I from corollary 6.17.
CHAPTER – VII 

COMMON FIXED POINT THEOREMS FOR FUZZY MAPPINGS IN COMPLETE QUASI-PSEUDO-METRIC SPACES USING 
A FAMILY ( OF FUNCTIONS 

                                                                  – PATHAK AND SINGH
In this chapter we discuss some results on common fixed point theorems for pairs of contractive type fuzzy mappings in left K-sequentially complete quasi-pseudo-metric spaces and right K-sequentially complete quasi-pseudo-metric spaces, respectively. Here the fuzzy contraction condition is given by using the members of a family ( of functions from [0, () ( [0, () satisfying certain conditions. Theorem 6.13 and Theorem 6.14 of chapter VI are obtained as consequences of the main results.

Preliminary definitions and results

Here we define a family ( of functions satisfying certain conditions and discuss some interesting results which are needed for our discussion.

Definition  :  7.1

Let ( be the collection of all functions ( : [0, () ( [0, () which are upper semi-continuous from the right, non decreasing and satisfy 


[image: image319.wmf]+
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Lemma  :  7.2

If {xn} be a sequence of non negative real numbers and xn+1 ( ((xn) ( n ( N then 
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 xn = 0.

Lemma :  7.3

If (i ( ( and i ( ( where ( is a finite indexing set, then there exists some ( ( ( such that 


max {(i(t)  :  i ( (} ( ((t), ( t > 0


Now we will prove the following lemmas which help us to establish our results :


Let (X, d) be a left K-sequentially complete quasi-pseudo-metric space and let F1 and F2 be fuzzy mappings from X ( W((X) satisfying the condition


[1 + r(d ( d(1) (x, y)] D(F1(x), F2(y)) 

(
r max {p(x, F1(x)) p(y, F2(y)), p(x, F2(y)). p(y, F1(x))}



+ max {(1((d ( d(1) (x, y)), (2(p(x, F1(x))), (3(p(y, F2(y))), 



(4 
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                    (7.1)

where r ( 0 and (i ( ( for i = 1, 2, 3, 4.

Lemma  :  7.4

If we denote dn = d(xn, xn+1) then 
[image: image322.wmf]¥
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 dn = 0.

Proof  :

Take x2n ( F1(x2n(1) and x2n+1 ( F2(x2n). Then similar to condition (6.2) in Theorem 6.13 of chapter VI we get d(x2n, x2n+1) ( D(F1(x2n(1), F2(x2n)).


[1 + r(d ( d(1) (x2n(1, x2n)] d(x2n, x2n+1)


(
[1 + r (d ( d(1) (x2n(1, x2n)] D(F1(x2n(1), F2(x2n))


(
r max {p(x2n(1, F1(x2n(1)) p(x2n, F2(x2n)), p(x2n(1, F2(X2n)) 



p(x​2n, F1(x2n(1))}  + max {(1((d ( d(1) (x2n(1, x2n)), (2(p(x2n(1, F1(x2n(1))), 


(3(p(x2n, F2(x2n))), (4 
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by taking x = x2n(1 and y = x2n in (7.1)

Since p(A, B)  =  d(A1, B1) we get

p(x2n(1, F1(x2n(1))  =  d(x2n(1, F1(x2n(1)1)



       =
inf {d(x2n(1, y) / y ( (F1(x2n(1))1}

Since x2n ( F1(x​2n(1), we get


p(x2n(1, F1(x2n(1))  (
d(x2n(1
, x2n)




         (7.2) 

Similarly p(x2n, F2(x2n))   (
 d(x2n,  x2n+1)



                    (7.3)


    p(x2n(1, F2(x2n)) (  d(x2n(1, x2n+1​)








[1 + r(d ( d(1) (x2n(1, x2n)] d(x2n, x2n+1)


( 
r max {d(x2n(1, x2n) . d(x2n, x2n+1), d(x2n(1, x2n+1). d(x​2n, x2n)} 


+ max {(1((d ( d(1) (x2n(1, x2n)), (2(d(x2n(1, x2n)), (3(d(x2n, x2n+1)), 


(4
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Since (d ( d(1) (x2n(1, x2n) ( d(x2n(1, x2n)


(d ( d(1) (x2n(1, x2n) ( d(x2n(1, x2n)

i.e., 

[1 + r d(x2n(1, x2n)] d(x2n, x2n+1) ( r max {d(x2n(1, x2n). d(x2n, x2n+1), 0}


+ max {(1(d(x2n(1, x2n)), (2(d(x2n(1, x2n)), (3(d(x2n, x2n+1)), 

(4
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(i.e.)

[1 + r d(x2n(1, x2n)] d(x2n, x2n+1) ( r (d(x2n(1, x2n). d(x2n, x2n+1))


+ max {(1(d(x2n(1, x2n)), (2(d(x2n(1, x2n)), (3(d(x2n, x2n+1)), 

(4
[image: image326.wmf]ú

û

ù

ê

ë

é

+

-

2

)

 

x

 

,

x

(

d

1

n

2

1

n

2

}

(i.e.)


d(x2n, x2n+1) ( max {(1(d(x2n(1, x2n)), (2(d(x2n(1, x2n)), (3(d(x2n, x2n+1)), 

 (4
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d(x2n, x2n+1) ( max {(1(d(x2n(1, x2n)), (2(d(x2n(1, x2n)), (3(d(x2n, x2n+1)), 

  (4
[image: image328.wmf]ú

û

ù

ê

ë

é

+

+

-

2

)

 x

,

x

(

d

)

x

 

,

x

(

d

1

2n

n

2

n

2

1

n

2

}

If d(x2n(1, x2n) < d(x2n, x2n+1) then we have 

d(x2n, x2n+1) ( max {(1(d(x2n, x2n+1)), (2(d(x2n, x2n+1)), (3(d(x2n, x2n+1)),

 


(4(d(x2n, x2n+1))}

By Lemma 7.3, there exists ( ( ( such that max {(1(t), (2(t), (3(t), (4(t)} ( ((t) ( t > 0.

( d(x2n, x2n+1)  ( ((d(x2n, x2n+1)) < d(x2n, x2n+1)                                             (7.4) 

which is a contradiction.

If d(x2n, x2n+1)  < d(x2n(1, x2n) then we have

d(x2n, x2n+1) ( max {(1(d(x2n(1, x2n)), (2(d(x2n(1, x2n)), (3(d(x2n(1, x2n)),                          (4(d(x2n(1, x2n))}.

( d(x2n, x2n+1)  ( ((d(x2n(1, x2n)) < d(x2n(1, x2n)                                             (7.5) 


Again take x2n+1 ( F1(x2n) and x2n+2 ( F2(x2n+1). 

Since d(x​2n+1, x2n+2) ( D(F1(x2n), F2(x2n+1)), we get,


[1 + r(d ( d(1) (x2n, x2n+1)] d(x2n+1, x2n+2) 

( 
[1 + r(d ( d(1) (x2n, x2n+1)] D(F1(x2n), F2(x2n+1))

( 
r max {p(x2n, F1(x2n)). p(x2n+1, F2(x2n+1)), p(x2n, F2(x2n+1)),


p(x2n+1, F1(x2n))} + max {(1((d ( d(1) (x2n, x2n+1)), (2(p(x2n, F1(x2n)),


(3(p(x2n+1, F2(x2n+1)), (4 
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by taking x = x2n and y = x2n+1 in (7.1)

Since (by using conditions (7.2) and (7.3)),


p(x2n, F1(x2n)) ( d(x2n, x2n+1),


p(x2n+1, F2(x2n+1)) ( d(x2n+1, x2n+2), p(x2n+1, F1(x2n)) < d(x2n+1, x2n+1),


p(x2n, F2(x2n+1)) ( d(x2n, x2n+2) we get,


[1 + r(d ( d(1) (x2n, x2n+1)] d(x2n+1, x2n+2) 

  
(
r max {d(x2n, x2n+1). d(x2n+1, x2n+2), d(x2n, x2n+2). d(x2n+1, x2n+1)}



+ max {(1((d ( d(1) (x2n, x2n+1)), (2(d(x2n, x2n+1)),



(3(d(x2n+1, x2n+2)), (4 
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Since (d ( d(1) (x2n, x2n+1) ( d(x2n, x2n+1) and 

           (d ( d(1) (x2n, x2n+1) ( d(x2n, x2n+1) we get,


[1 + r d(x2n, x2n+1)] d(x2n+1, x2n+2) 

  
(
r max {d(x2n, x2n+1). d(x2n+1, x2n+2), d(x2n, x2n+2). d(x2n+1, x2n+1)}



+ max {(1(d(x2n, x2n+1)), (2(d(x2n, x2n+1)),



(3(d(x2n+1, x2n+2)), (4 
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​i.e.


[1 + r d(x2n, x2n+1)] d(x2n+1, x2n+2) 

  
( 
r max {d(x2n, x2n+1). d(x2n+1, x2n+2), 0}



+ max {(1(d(x2n, x2n+1)), (2(d(x2n, x2n+1)), (3(d(x2n+1, x2n+2)),



(4 
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( 
r {d(x2n, x2n+1). d(x2n+1, x2n+2)} 


+ max {(1(d(x2n, x2n+1)), (2(d(x2n, x2n+1)), (3(d(x2n+1, x2n+2)),



(4 
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i.e.  
d(x2n+1, x2n+2) ( max {(1(d(x2n, x2n+1)), (2(d(x2n, x2n+1)), (3(d(x2n+1, x2n+2)),




   (4 
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If d(x2n, x2n+1) < d(x2n+1, x2n+2), then we have 

d(x2n+1, x2n+2) ( max {(1(d(x2n+1, x2n+2)), (2(d(x2n+1, x2n+2)), 

   (3(d(x2n+1, x2n+2)), (4(d(x2n+1, x2n+2))}

By Lemma 7.3, there exists ( ( ( such that 

max {(1(t), (2(t), (3(t), (4(t)} ( ((t), ( t > 0 

( d(x2n+1, x2n+2) ( ((d(x2n+1, x2n+2)) < d(x2n+1, x2n+2)                           (7.6)

which is a contradiction.

If d(x2n+1, x2n+2) < d(x2n, x2n+1), then we have 

d(x2n+1, x2n+2) ( max {(1(d(x2n, x2n+1)), (2(d(x2n, x2n+1)), (3(d(x2n, x2n+1)),                                       (4(d(x2n, x2n+1))}

d(x2n+1, x2n+2) ( ((d(x2n, x2n+1)) < d(x2n, x2n+1)                                     (7.7)


Hence for all n ( N, dn+1 < ((dn) < dn. So {dn} is a sequence of non negative real numbers and dn+1 ( ((dn).


Thus by lemma 7.2, we get,
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 dn = 0.

Lemma  :  7.5

The sequence {xn} in X satisfying the condition (7.1) is a Cauchy sequence.

Proof  :

Let the sequence {xn} be not Cauchy and m be the least integer exceeding n such that


d(xm(1, xn) ( ( and d(xm, xn) > (




         (7.8)

then 


( < d(xm, xn) ( d(xm, xm(1) + d(xm(1, xn) ( d(xm, xm(1) + (

Taking limit as n ( (, we get
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 d(xm, xn) = (
                                                                          (7.9)


Also d(xn, xm(1)  (  d(xn, xm) + d(xm, xm(1)


and d(xn+1, xm(1) ( d(xn+1, xn) + d(xn, xm(1)




     ( d(xn+1, xn) + d(xn, xm) + d(xm, xm(1)


Taking limit
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 d(xn, xm(1)  =  ( and 
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d(xn+1, xm(1)  =  (                               (7.10)

Now using (7.1) and d(xn, xm(1) ( D(F1(xn(1), F2(xm(2)) we have,


[1 + r(d ( d(1) (xn(1, xm(2)] d(xn, xm(1) 

( [1 + r(d ( d(1) (xn(1, xm(2)] D(F1(xn(1), F2(xm(2)) 

( r max {p(xn(1, F1(xn(1)). p(xm(2, F2(xm(2)), p(xn(1, F2(xm(2)).

p(xm(2, F1(xn(1))} + max {(1((d ( d(1) (xn(1, xm(2)), (2(p(xn(1, F1(xn(1)),

(3(p(xm(2, F2(xm(2)), (4 
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Since d ( d(1 (xn(1, xm(2) ( d(xn(1, xm(2) and 

           d ( d(1 (xn(1, xm(2) ( d(xn(1, xm(2) and


p(xn(1, F1(xn(1)) ( d(xn(1, xn), p(xm(2, F2(xm(2)) ( d(xm(2, xm(1), 


p(xn(1, F2(xm(2)) ( d(xn(1,  xm(1), p(xm(2, F1(x2n(1)) ( d(xm(2, xn)

We get,


[1 + r(d(xn(1, xm(2))] d(xn, xm(1) 

( 
r max {d(xn(1, xn). d(xm(2, xm(1), d(xn(1, xm(1). d(xm(2, xn)} 


+ max {(1(d(xn(1, xm(2)), (2(d(xn(1, xn)),


(3(d(xm(2, xm(1)), (4 
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Taking limit as n ( ( and by (7.9) and (7.10) we get, 


( ( max 
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 ( max {(1((),(2((),(3((),(4(()}

By Lemma 7.3 there exists ( ( ( such that


max {(1((),(2((),(3((),(4(()} (  ((()


( ( ((() < ( which is a contradiction.


Hence {xn} is a Cauchy sequence.

Main results  
Theorem  :  7.6

Suppose (X, d) is a left K-sequentially complete quasi-pseudo-metric space and let F1 and F2 be fuzzy mappings from X ( W((X) satisfying the condition (7.1) then there exists z ( X such that {z} ( F1(z) and {z} ( F2(z).

Proof  :

Since X is complete and by lemma 7.4 any sequence {xn} in X is Cauchy so it tends to a limit, say z. Now we prove that this z is, indeed, the fixed point of F1 and F2.

For this take


p(z, F2(z)) + r d(xn(1, z) D(F1(xn(1), F2(z))


( 
d(z, xn) + p(xn, F​2(z)) + rd(xn(1, z) D(F1(xn(1), F2(z)) (by Lemma 6.6)


( 
d(z, xn) + D(F1(xn(1), F2(z)) + rd(xn(1, z) D(F1(xn(1), F2(z))  

(by Lemma 6.7)


( 
d(z, xn) + [1 + rd(xn(1, z)] D(F1(xn(1), F2(z)) 


( 
d(z, xn) + [1 + r(d ( d(1) (xn(1, z)] D(F1(xn(1), F2(z))


( 
d(z, xn) + r max {p(xn(1, F1(xn(1). P(z, F2(z)),



p(xn(1, F2(z)). p(z, F1(xn(1))} + max {(1(d(xn(1, z)), (2(p(xn(1, F1(xn(1))), 


(3(p(z, F2(z))), (4 
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Since p(xn(1, F1(xn(1)) ( d(xn(1, xn),


p(xn(1, F2(z)) ( d(xn(1, F2(z)),


p(z, F1(xn(1)) ( d(z, xn)


p(z, F2(z)) + r d(xn(1, z) D(F1(xn(1), F2(z))


(
d(z, xn) + r max {d(xn(1, xn). p(z, F2(z)), d(xn(1, F2(z)). d(z, xn)}



+ max {(1(d(xn(1, z)), (2(d(xn(1, xn)), 


(3(p(z, F2(z))), (4 
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Taking limit as n ( ( we get,
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p(z, F2(z)) ( max 
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By Lemma 7.3, there exists ( ( ( such that


p(z, F2(z)) ( ( (p(z, F2(z))) < p(z, F2(z))

Hence
 {z} ( F2(z).

Similarly it can be shown that {z} ( F1(z). Thus {z} ( F1(z) 
[image: image348.wmf]I

F2(z).

Theorem  :  7.7

Suppose (X, d) be a right K-sequentially complete quasi-pseudo-metric space and let F1 and F2 be fuzzy mappings from X ( W(X) satisfying the condition (7.1) then there exists z ( X such that {z} ( F1(z) and {z} ( F2(z).

Proof  :

The proof of this theorem is similar to the proof of Theorem 7.6.


If we define ((t) = ht ( 0 < h < 1 in Theorem 7.6 and Theorem 7.7 we get Theorem 6.13 and Theorem  6.14, respectively, of chapter VI.

SUMMARY AND CONCLUSION

In this dissertation we have concentrated our study on fixed point theorems for fuzzy mappings in complete metric spaces and in complete quasi-pseudo-metric spaces.


In chapter I we have discussed Heilpern’s [11] contribution. Heilpern [11] was the first one to introduce the concept of fuzzy mappings and he [11] has proved a fixed point theorem for fuzzy contraction mappings in complete metric spaces which is a fuzzy analogue of the fixed point theorem for multivalued mappings of Nadler [18]. These results are discussed in chapter I.


In chapter II we have discussed the existence of common fixed points of fuzzy mappings satisfying contractive-type conditions and a rational inequality in compete metric spaces. The results are due to Park and Jeong [19].


In chapter III we have discussed some results on fixed point theorems for contractive type fuzzy mappings and for nonexpansive fuzzy mappings which are extensions of the results of Bose and Mukherjee [3] and Bose and Sahani [4]. A generalization of Bose and Mukherjee’s [3] fixed point theorem for contractive type fuzzy mapping is obtained by Vijayaraju and Marudai [29]. They [29] have also proved fixed point theorem for nonexpansive fuzzy mapping on a compact starshaped subset of a normed linear space, which is a generalization of the result of Bose and Sahani [4]. 


In chapter IV we have discussed the contributions of Vijayaraju and Mohanraj [30]. They [30] have proved some fixed point theorems for sequence of fuzzy mappings which are fuzzy extensions of the results obtained by Iseki [12] and Park and Jeong [19].


In chapter V we have discussed the results due to Turkoglu and Rhoades [28] and have proved a fixed fuzzy point for fuzzy mappings which is a generalization of the fixed point theorem given by Estruch and Vidal [9]. Sedghi, Shobe and Altun [24] generalized the results of Turkoglu and Rhoades [28] using a family ( of functions from [0, ()5 ( [0, () satisfying certain conditions.


Some generalized common fixed point theorems due to Sahin, Karayilan and Telci [23] involving pair of fuzzy mappings in left K-sequentially complete quasi-pseudo-metric spaces and right K-sequentially complete quasi-pseudo-metric spaces are discussed in chapter VI.


Pathak and Singh [20] have proved some results on fixed point theorem for contractive type fuzzy mappings in complete quasi-pseudo-metric spaces which are generalizations of the results of Sahin, Karayilan and Telci [23]. These results are discussed in chapter VII.
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