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NTRDDUCTID N 

The main aim of this thesis is to discuss some interesting results on local connectedness 

in topological spaces, bitopological spaces and fuzzy topological spaces. 

Fundamental results on ai ccnnectedness in topological spaces are collected from 

the well-known works of J.R. Munkres [15], N. Bourbaki [41, J.G. Hocking and G.S. Young 

{7 ] and K.D. Josni [8]. Some weaker forms of local connectedness are studied by Groot and 

McDowell [6] in 1967. Some of the interesting results given in this paper are discussed in 

chapter 1. 

Various authors have defined pairwise local connectedness in different ways. in this 

thesis we have discussed the definitions given by Dasgupta and Lahri [5], Birsan [3] and 

Lakshmi [11], which are referred to as DL- locai connected ncss, B-local connectedness and 

L-local connectedness. The papers taken for discussion in this ccnneation are the following: 

Dasgupta and Lai, Local connectedness in bitopological spaces [5]. 

Mrsevic and ReHy , A note on local connectedness in bitopological spaces [14]. 

Regarding local connectedness in fuzzy topological spaces, the paper entitled 

"connectedness and local connectedness in fuzzy topological spaces and Heyting-algebra - 

valued sets" by Ajmai and Kohli [1], is taken for discussion. 

In chapter 1 we have discussed some interesting properties of local connectedness in 

topological spaces. In section 1. 1, we have collected the preliminary definitions and results 

needed For discussion, some of the important results discussed in sections 1.2 and 1.3 are as 

follows 

(I) Every component of a locally connected space is open. 



(2) Every open subspace of a locally connected space is locally connected. 

(  3) ) A space X is locally connected if and only if for every open set U of X, each 

component of U is open in X. 

The boundary of a component of an open subset U of a locally connected space is 

contained in the boundary of U. 

In a locally connected space, quasicomponents and components coincide. 

A closed set S cuts (Definition 1.2.21) a connected locally connected regular space X 

between points a and b if and only ifS separates a from b. 

Quotient space of a locally connected space is locally connected. 

Product of a family of locally connected spaces in which all but a finite number of 

components spaces is connected, is locally connected. Conversely, if the product of a family 

of non empty topological spaces is locally connected, then each component space is locally 

connected . Moreover all but a finite number of component spaces is connected. 

Groot and McDowell [6] have studied the concepts of weakly locally connected, 

quasilocally connected and padded spaces and obtained interesting properties connecting these 

spaces and locally connected spaces. These results are discussed in section 1.4. 

Relation between rimcompact and locally connected spaces is discussed in section 1.5. 

In a connected space X, it is true that X is padded at xX is locally connected at x. The 

converse implication holds good in a continuum (i.e. a compact connected Hausdorif space) 

and in a rimcompact connected Hausdorif space. Apart from the above mentioned property, 

Groot and McDowell [6] have proved that in a continuum, the property " components 

coincide with quasi components on every open subset "is equivalent to local connectedness. 



Chapter 2 is devoted to the study of local connectedness in bitopological spaces. In 

section 2.1 we have discussed in detail, the contributions of Dasgupta and Lahri [5] to the 

study of pairwise local connectedness. They [5] have proved some basic properties of 

pairwise local connectedness and established with the help of an example that there are spaces 

which are locally connected with respect to the two topologies taken separately but the space 

considered as a bitopological space, is not locally connected. 

In section 2.2 we have made a comparative study of DL - local connectedness, B-local 

connectedness and L-localconnectedness. Mrsevic and Reilly [14] have given examples to 

show that these three definitions are independent. 

In the last section of chapter 2, we have discussed the behaviour of DL-local 

connectedness and B - local connectedness in the case of the particular bitopological space 

(X,t, t) 

In chapter 3 we study the notion of local connectedness in fuzzy topological spaces. 

Ajmal and Kohli [1] have introduced four notions of local connectedness in fuzzy topological 

spaces, reffered to as C1  - local connectedness ( i = 1,2,3,4), C2  and C4- local connectedness 

are proved to be "good extensions ". An example is given to show that C3- local 

connectedness is not a "good extension". Some of the important results obtained are as 

fbI lows' 

A fuzzy topological space Xis C1  - locally connected (i = 1,2,3,4) if and only if every 

fuzzy open subspace of X is Ci-locally connected. 

A fuzzy topological space X is C2  - locally connected if and only if every C2  

-component of every fuzzy open set in X is fuzzy open. 



If f : X -) Y is a fuzzy quotient map of a C2  -locally connected space on to a fuzzy 

topological space Y, then Y is C2  -locally connected. 

If the fuzzy product itXa  of a family of fuzzy topological spaces is C2  - locally 

connected then each coordinate space X111  is C2  locally connected. 

The authors [I ] have also introduced the notions of C4-quasicomponents and C4-quasi local 

connectedness. The chapter is concluded by discussing some interesting results involving these 

concepts. 

10 
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REVIEW OF LITERATURE 

Many authors have contnbuted to the study ofoally connected spaces since it 

was introduced. interesting articles have been pubshed on various aspects of local 

connectedness. Quasi component approach to the study of local connectedness has 

been followed by Groot and Mc Dowell [6]. The works of Whyburn [24] and 

Kuratowski [10] provide a good inhcrmatcn regarding hereditarily Iocafly connected 

meteric continua. Nishiura and Tyrnchatyn [17] have obtained some metric 

characterisations of connected subsets of hereditarily locally connected metric 

continua. Contributions have also been made to the study of campactifications of 

locally conneoei spaces. We dive here a brief survey of some of the artcies 

published on some of the aspects of locally connected spaces. 

Local connectrApess of extension spaces 

[B.Banaschewski, 1956] [21 

An extension E*  of a topological space (i.e. a space containing E as a dense 

subspace) determines a family of filters, there 3 (u) on E given by the traces U fl E 

of the neighbourhood U E*  of each u E E * \E. The author has called there 3(u 

as trace filter and has obtained the following result: 

IfE* is an ex'ension of E each of whose trace filters is connected, then E*  is 

locally connected if and only if E is locally connected and each trace fllter has a basis 

consisting of conrected opensets. 

As an application of this result to the stone - cech compactification BE 

(where E is a completely regular space having the property that there exist 

denumerably open sets E whose closures are mutually disjoint and have 

a closed union) the author has proved that 13E is not locally connected. 

5 



Compactification of hereditarily locally connected spaces. 

[ED. Tymchatyn, 1977] [23] 

The author has obtained an interesting charactersation that a continuum is 

hereditarily locally connected if and only if every connected subset is locally 

connected. He has also obtained some charactersations of connected spaces which 

admit a hereditarily locally connected compactification. 

Local connected ness in fuzzy setting. 

[S.Saha, 1987] [20] 

In this paper an analogue of the motion of local connectedness in the fuzzy 

seting is introduced and investigated. A neccesary and sufficient condition for the 

productivity of this notion is given. 

13 (X-{x)) for X not locally connected 

[Smith , Michel] [21] 

Let X be a metric continuum, x E X and Y =j3(X-x)) \ X. The author 

has proved that if Y is a continuum then Y is a decomposable continuum with one 

component whenever X is not weakly locally connected at X. A sufficient condition 

for Y to be indecomposable is given and it is shown that Y is never hereditarily 

indecomposable. 

A locally connected rim - countable continuum which is the continuous image 

of no arc. 

[J.Nikoiel, H.M.Tuncali, E.D.Tymchatyn, 19911 [16] 

This paper sharpens our knowledge of which continua are images of ordered 

continua. The authors consider the separable, non metric continuum Yp, which 

arises when each point of a certain uncountable dense subset 13of the square j2  is 

"replaced" by a circle. A quotient space ofYp is the desired example. 
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CHAPTER 1 

LOCAL CONNECTEDNESS IN 

TOPOLOGICAL SPACES 

In this chapter we discuss some interesting properties of local connectedness in 

topological spaces. Fundamental results on local connectedness are collected from the 

well-known works of J.R. Munkres [15], N.Bourbaki [4], J.G. Hocking and G.S. 

Young [7], and K.D. Joshi [8], Groot and McDowell [6] have introduced some weaker 

forms of local connectedness, namely weakly local connectedness and quasilocal 

connectedness. Interesting results connecting these concepts with local connected 

spaces and padded spaces are discussed here. Using the quasicomponent approach the 

authors [6], have obtained simple proofs of the results on local connected spaces. 

Moreover this approach has led to the interesting result that in a connected compact 

Hausdorif space (i.e a continuum) the property "Components coincide with 

quasicomponents on every open subset" is equivalent to local connectedness. First let 

us give the preliminary definitions and results needed for discussion. 

Section 1.1 

Preliminary definitions and results 

Definition 1.1.1 

Let X be a topological space with topology 'r. If Y is a subset of X, the 

collection t1= {Y fl U / UE T} is a topology on Y, called the subspace topology. 

With this topology, Y is called a subspace of X ; its open sets consist of all 

intersections of open sets of X with Y. 

VA 



Definition 1.1.2 

Let (X, t) be a topological space. A neighbourhood of a point p in X is a set 

containing p in its interior. 

Notation 

denotes the closure of A in a topological space. 

Definition 1.1.3 

A subset A of a topological space is called Clopen if it is both open and closed. 

Definition 1.1.4 

If AcX, the boundary of A denoted by Bd A is defined by, 

Bd A = n(X—A) 

Definition 1.1.5 

Let X and Y be topological spaces; let p : X —Y be a surjective map. The 

map p is said to be a quotient map, provided a subset U of Y is open in Y if and only 

if p'(U) is open in X. 

Definition 1.1.6 

If X is a space and A is a set and if p: X - A is a surjective map, then there 

exists exactly one topology r on A relative to which p is a quotient map it is called 

the quotient topology induced by p. 

Definition 1.1.7 
Let X be a topological space, and let X be a partition of X into disjoint 

subsets whose union is X. Let P X—X be the surjective map that carries each point 

RN 



of X to the element of X containing it. In the quotient topology induced by p, the 

space X is called a quotient space of X. 

Definition 1.1.8 

Let {X(x} aE.J  be a family of topological spaces. Let S [j denote the 

collection. S, = (U i ) I U p  is open in X}, and let S denote the union of 

these collections, S = UI3EJ S. The topology generated by the subbasis S is called 

the product topology on X = ltEj Xa . In this topology )t(XE,J Xa  is called a 

Product space. 

Definition 1.1.9 

Let X be a topological space, A separation of X is a pair U, V of disjoint non 

empty open subsets of X whose union is X. The space X is said to be Connected if 

there does not exist a separation of X. 

Properties of Connectedness 1.1.10 

Continuous image of a connected space is connected. 

Product of connected spaces is connected. 

The union of a collection of connected sets that have a point in common is 

connected. 

Definition 1.1.11 

Given X, define an equivalence relation on X by setting x -y  if there is a 

connected subset of X containing both x and y. The equivalence classes are called the 

components of X. 

9 



Properties of Components 1.1.12 

Components are maximal connected subsets. 

Components are closed, pairwise disjoint and their union is X. 

Definition 1.1.13 
In a space X, define a relation on X by setting x 

-, 
y if there is no 

separation X = A U B of X into disjoint open sets such that x EE A and)) E B. This 

is an equivalence relation. The equivalence classes are called the quasicornponents of 

X. 

Theorem 1.1.14 

The quasicomponent of x in X is the intersection of all the clopen subsets of'X 

containing X. 

Proof 

Consider the quasicomponent Q(x) of x. Let S be the intersection of all the 

clopen sets containing x. 

Take y Q(x). Let A be a clopen set containing X. Then X 

Claim 

V EA. 

Suppose y 0 A then y E X—A, which is again a clopen set. Now X = AU (X— A). 

Hence there exists a separation of X such that x EA andy E X—A. Which is a 

contradiction, because X 
q Y. 

Thereforey (E A. 

Therefore y belongs to all the clopen sets containing X. 



Hence y E S. 

Therefore Q(x) S. 

Conversely, take y E S. 

Suppose y Q(x), then there is a separation X = ALJB with X E A andy E B. 

Since A and B are open sets, A is a clopen set containing X. 

But y 0 A which is a contradiction. 

Therefore y E Q(x) 

Therefore Q(x) = S 

Hence the result. 

Theorem 1.1.15 

Every component of X lies in a quasicomponent of X. 

Proof 

Let C be a component of X. Take x in C. 

Consider the quasicomponent Q() of x. Take y E C 

To prove y E Q(x) 

suppose y  1Z Q(x) 

Then there is a separation X = ALJB with x E A and y  E B. 

Since C is a connected set C c A or C c B. 

If C c A then y E A which is a contradiction. 

If C c B then x E B which is a contradiction. 

Therefore V E Q(x) 

Therefore C c Q(x) 



Theorem 1.1.16 

(Quasi) Components are closed and pairwise disjoint, and every 

quasicomponent is a union of components 

Theorem 1.1.17 

Every open quasicomponent is a component. 

Proof 
If Q is an open quasicomponent; then Q is clopen. 

If Q = A U B, where A and B are clopen in Q, then as Q is clopen in X, A and 

B are clopen in X. 

Takex EA and y EB. 

since X E Q, Q = Q (x), Also as y cQ =Q  (x), x -'i, y which is a contradiction as 

QAUBwithx EA and y EB. 

Hence the result. 

Theorem 1.1.18 

Components and quasicomponents coincide in a compact Hausdorif space. 

Theorem 1.1.19 

If X c Y, and C is a quasicomponent in X, there is a quasicomponent C, in 

Y such that C c C. 

Theorem 1.1.20 

If Q is a quasicomponent in the space X, and K a compact set in X disjoint 

from Q, then there exists a clopen set S containing Q and disjoint from K; moreover Q 

is a quasicomponent of X \ K. 

12 



Proof 

Given K (Th Q = 

Take kEKthenk 0 Q. 

Therefore there exists a clopen set Sk  containing Q, with kO Sk  

Then kEX —Sk  which is an open set 

Therefore the collection X— Sk  / k E K } is an open cover of K and hence has a finite 

subcover, say, {X—Sk , X—S, ..................X-Skfl  } - 

ti 

Let S r=, 
5k, Since S is clopen and each S Q, We get Q S. 

Also S fl K = 

Hence the result. 

Theorem 1.1.21 

If U is an open subset of the connected space X such thatiJ\ U is compact and 

non - empty, then every quasicomponent Q of U meets U \ U. 

Proof 

Suppose there exists a quasicomponent Q of U, which does not intersect U\ U. 

Then by theorem (1.1.20), there exists a clopen set S containing Q with Sr-) (U \ U) 4 
This implies that ScX \ (U\ U). 

Since U \ U ~ 4, S is a proper clopen subset of the connected space X, which is a 

contradiction. 

I .. 



Section 1.2 

Local connectedness 

Definition 1.2.1 

A space X is said to be locally connected at x if for every neighbourhood U of 

x, there is an open connected neighbourhood V ofx contained in U. lfX is locally 

connected at each of its points, it is said to be locally connected. 

Remark 1.2.2 

X is locally connected if there is a basis for X consisting of connected sets. 

Remark 1.2.3 

Local connectedness and connectedness of a space are not related to one 

another. A space may possess one or both of these properties, or neither. 

Example 1.2.4 

Every discrete space is locally connected 

Example 1.2.5 

Each interval and each ray in the real line is both connected and locally 

connected. 

Example 1.2.6 

The subspace [-1,0) U (0,1] of R is not connected but it is locally connected 

Example 1.2.7 

A space which is connected but not locally connected. 

Let X be the set BUA where B = {(x,0) E R2  : O :!~x ~ I } and 

A={(X,y)eR2 : 0~y~1, x=O or x=  for somenE N) .  

14 



It consists of infinitely many vertical segments of unit length, including a 

segment on the y- axis and a horizontal segment along the x- axis. 

Give X the relative topology induced by the usual topology on the plane. X is 

then called a 'comb space'. 

It is easy to show that X is connected, for each of the vertical segment is 

connected and meets the horizontal segment B which is also connected. 

However X is not locally connected. 

For, let V be the open ball (in X, with usual metric) centered at (0,1/2) and with radius 

1/4 

The components of V will be portions of the vertical segments. 

They will all be open (in X) except the one along the y-axis, namely the component 

{(O,y) E R2 : <y < }. This component is the only connected set containing (0, -) 

and contained in V but it is not open. 

Hence the space is not locally connected at (04). 

Example 1.2.8 

The set Q of rationals is neither connected nor locally connected. 

Example 1.2.9 

A space which is locally connected at all points except at one point. 

Consider the graph of the function y = sin - , 0 <x :!~ I ,together with the 

origin in R2. 

Consider any small circle C containing the origin. 

Then C is open, but the only connected set containing the origin and lying 

within C is the origin itself and this one-point set is not open. 

15 



Any other point in this space lies in arbitrarily small open arcs, which are 

connected. Hence the space fails to be locally connected at only one point. 

Example 1.2.10 

The topologist's sine curve 

It is the graph of the function) 
- ) , 0 <x :!~ I together with the interval 

—1 :::~ y :!~ I on the y-axis in R2. 

A small circle C, about a point p on the segment —1 :!~y !!~ 1 defines an open set 

containing p. 

The only connected set lying within C and containing p is the segment on the interval 

- :!~y:!~ 1 which lies within C. 

But this segment is not open in R2. 

Hence the topologist's sine curve fails to be locally connected at each point of the 

interval y < 1. 

Properties of local connectedness 1.2.11 

Local connectedness is not a hereditary property. 

Since every discrete space is locally connected and every topological space is 

the continuous image of discrete space (with the same underlying set) we get that local 

connectedness is not preserved under continuous functions. 

If X is a locally connected regular space then given a point x in X and an open 

set U containing x, there exists an open connected set V such that x E VcVcU. 

Theorem 1.2.12 

Every component of a locally connected space is open. 

OR 



Proof 

Let C be a component of a locally connected space (X,t) and let x EC. 

Since X is locally connected, each openset U containing x contains an open connected 

set G. containing the point X. 

By definition of component, C is the largest connected set containing X. 

Thereforex EG c C. 

Hence C is open. 

Theorem 1.2.13 

Every open subspace of a locally connected space is locally connected. 

Proof 
Let Y be an open subset of X. 

Take y e Y and an open set Ue r containing y. 

Since Y is open in X, U is open in X. 

As X is locally connected there exists an open connected set G such that 

yEGCUCY. 

Since GY,G flY G. 

Therefore G is open in Y and also as Y is open in X, there is no separation for G in Y. 

Therefore G is an open connected set in Y such that y E GcU. 

Therefore Y is locally connected at y. 

Theorem 1.2.14 

A space X is locally connected if and only if for every open set U of X, each 

component of U is open in X. 

17 



Proof 

Suppose that X is locally connected. 

Let U be an open set in X and let C be a component of U 

If x is a point of C, choose a connected openset V ofx such that V c U. 

Since V is connected, it must lie entirely in the component C of U. 

Therefore C is open in X. 

Conversely, suppose that components of open sets in X are open. 

Given a point x of X and a neighbourhood U of x, choose an open set V such that 

XE Vc U. 

Let C be the component of V containing x, then C is connected. 

Since C is open in X by assumption, we get that X is locally connected at X. 

Theorem 1.2.15 

Let U be an open subset of a locally connected space X, let V be a component 

of U. Then the boundary of V (relative to X) is contained in the boundary of U. 

Proof 

Since V is a component of U it is closed in U. 

By theorem (1.2.14), V is also open in U. 

As V is both open and closed in U, there is no boundary point of V relative to U .....(1) 

Takex EV—V. Thenx EU. 

Toprovex 0 U. 

Supposex EU. 

Take any open set in U containing .v. It would be of the form WnU, with W open in 

LE 



X. Since x is a boundary point of V, WnUflV# 4) and WnUn(X—V) 4). 

Hence x is a boundary point of V relative to U. 

This is a contradiction to (1) 

Hence the result. 

Theorem 1.2.16 

If X is locally connected, then the quasicomponents of X are the same as the 

components of X. 

Definition 1.2.17 

Let X be a topological space and S be a subset of X. S separates two subsets 

A and B of X - S if and only if there exists disjoint open sets U and V containing A 

and B respectively such that AU, Bc:V and X—S = U U V. 

Theorem 1.2.18 

if X is a connected locally connected space, and C is a component of an open 

set in X such that X \ C is not empty, then C\C is not empty and separates C and X'\C 

inX. 

Proof 
IfC\ C is empty, then C is closed. 

By theorem 1.2.14, we get that C is open. so  X \ = X \ C is both open and closed. 

Since X \Cis not empty by hypothesis, we get that X is not connected. 

Therefore C \ C cannot be empty. 

Hence, as X \ (C \ C) = C U(X \ C), we conclude that C \ C separates X. 
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Definition 1.2.19 

Given two points a and b of a space X, a collection A , A2 . An of sets is 

a simple chain from a to b provided that A1  (and only A1  ) contains a, A1  (and only 

A11 ) contains b, and A1  fl A is non empty if and only if I' -.11 :!~1 i.e each liiik 

intersects just the one before it and the one after it. 

Theorem 1.2.20 

If a and b are two points of a connected space X, and {U<  } is a collection of 

open sets covering X, then there is a simple chain of elements of {U } from a to b. 

Definition 1.2.2 1 

A set S in a connected space X cuts X between two points a and b of X—S ifS 

intersects every closed connected subset that contains both a and b, clearly, ifS 

separates a and b, then S cuts X between a and b. 

The converse implication holds for a closed set in a locally connected regular 

space as is seen from the following theorem 

Theorem 1.2.22 

A closed set S cuts a connected locally connected regular space X between 

points a and b if and only if S separates a from b. 

Proof 

Suppose S cuts X between a and b. 

Since S is closed the components of X—S are all open by theorem (1.2.14). 

Case (1) 

a lies in a component U b does not lie in U. 

In this case X—S = U U((X—S)—U) is a separation of a and b. 
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Case (ii) 

a and b both lie in the same component U of X—S. 

Since X is locally connected and regular each point x of U lies in an open connected 

set Ux  whose closure lies in U ( by property 1.2.11, (3)). 

Now the collection (U/x EU) is an open covering of U. 

Hence by theorem (1.2.20) there is a simple chain U1  ,U2  ...........U 1  of sets in {U} 

from a to b.The set U U, is then a closed connected subset of X—S that contains a 

and b. Hence S could not cut X between a and b. 

Therefore this case does not arise. 

Hence the result. 

As a consequence of the above theorem, we get the following corollary 

Corollary 1.2.23 

If X is a locally connected regular space, and if U is a connected open set in X, 

then every pair of points of U lie in a closed connected subset C of X such that C is 
contained in U. 

Section 1.3 

Quotient and product spaces 

Theorem 1.3.1 

Every quotient space of a locally connected space is locally connected. 

Proof 

Let X be a locally connected space and R an equivalence relation on X. 

Let : X—X / R be canonical mapping. 
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To prove X /R is locally connected it is enough if we prove the components of an open 

set in X/R are open in X/R. 

Let A be an open set of X/R and C a component of A. 

CIa irn 

(C) is a union of components of4 (A). 

Takex E 

Let K be the component of x in jr' (A) 

Since 4 is the quotient map, it is continuous and hence 4(K) is connected. 

Also 4 (K) cA and 1(x) E 

Since C is a component of A containim.t (x), we get (K)cC. 

which implies that K c 'j  (C). 

Therefore 4r (C) is union of components of (A). 

Hence the claim. 

Since X is locally connected, and ji (A) is open in X, components of j  (A) are 

open in X (by theorem 1.2. 14). 

Hence ' (C) is open in X being union of open sets. 

Therefore C is open in X/R. 

Therefore every component of A is open in X/R. 

Therefore, by theorem (1.2.14), X / R is locally connected. 
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Theorem 1.3.2 

Let (X1  )(EJ  be a family of locally connected spaces such that X  is 

connected for all but a finite number of indices t E I. Then the product space 

X = It X is locally connected. 
tel 

(b) Conversely, if the product of a family (X ) of non empty topological 

spaces is locally connected, then each X1  is locally connected and X is connected 

for all but a finite number of indices. 

Proof of (a) 

Let J be the finite subset of I such that X is not connected if and only if t E J. 

Take X (X,),j in X. 

Let W be a neighbourhood of X. Then there exists a basis element U = It IJ 
tEl 

such thatx EU c W. 

Hence there exists a finite subset K of I such that U # X if and only iftE K. 

IftkJK,defineV 

If t E J U K, then as X is locally connected there exists an open connected set Vt  

such that X 
t 
 E V1  cU1 . 

Therefore V = It Vt  will be a basis element containing X and also product of tel 

connected spaces is connected 

We get V is connected. 

Alsox=(x1) eVcU 

Therefore X is locally connected. 
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Proof of (b) 

Let a = (a1 ) be a point of X. 

Since X is locally connected there exists a connected open set V containing a. 

Let 7t1  : X —*X be the projection map. 

Then 71  (V) = X except for a finite number of indices. 

Since It1  is continuous and as continuous image of a connected set is connected, 

we get X1  is connected except for a finite number of indices. 

To prove each Xa  is locally connected. 

Take a point aa EXa  and an open set Va  in Xa containing a. 

Let a X be such that, af1' coordinate ofa is a(Z. i.e. ma(a) aa 

Let V = it V where V = X fort # a. Then ae V. tEl 

Since X is locally connected there is an open connected set W such that aEE WcV. 

Therefore ira (a) E it (W) c lta (V) 

i.e. aa  E 7t( (W) C V(j  

Since W is connected and continuous image of a connected set is connected, we get 

it (X (W) is connected. 

More over ita (W) is open as projection maps are open. 

Therefore X is locally connected. 
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Section 1.4 

Relation among locally connected, weakly locally connected, quasilocally 

connected and padded spaces. 

Definition 1.4.1 

X is weakly locally connected at x if every neighbourhood of x contains a 

connected neighbourhood of x, equivalently for every neighbourhood U of x, the 

component of x in U is a neighbourhood of X. In regular spaces, this is equivalent 

to every neighbourhood of x contains a closed connected neighbourhood of x 

Definition 1.4.2 

X is quasilocally connected at x if for every neighbourhood U of 

X, the quasicomponent of x in U is a neighbourhood of x. 

Definition 1.4.3 

X is padded at x if for every neighbourhood U of x, there exist open sets 

W and V such that p E W c W c V c U and V\W has only finitely many omponents. 

Theorem 1.4.4 

If X is locally connected at x, then X is weakly locally connected at X. 

If X is weakly locally connected at x, then X is quasilocally connected at X. 

Neither of these implications can be reversed. 

Theorem 1.4.5 

If the connected space X is padded at x, then Xis locally connected at x. 

Proof 

Let U be a neighbourhood of x. 
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Since X is padded at x, there exist opensets W and V such that 

X E W c: W c V c U, and V\W has only finitely many components, 

say, C 1  , C2  ...........C 

Since every component is contained in a quasicomponent, for each i, i il, 

there is a quasicomponent Q1  of V such that C1  cQ1  

Claim 

Each v V is in some Q.. 

Suppose not, i.e. v EQ1 , for every i = 1,2.................n. 

Then there exists a clopen set Ti  in V such that v E T1  and Q1  cT1  

Take V1  = V—T1  

Then V. is clopen in V, v c- V,  and V1  flQ1  = 

But V1  is open in V and closed in W 

Therefore it is clopen in X which is a contradiction as X is connected. 

Therefore for every v € V, there exist Q j  such that v E Q i  i.e. V C L.' Q1  

Hence V 
= 

Q 

Since V has only finitely many quasicomponents and each of them is open, we get that 

each of them is a component by theorem (1.1. 7). 

Therefore that V is a union of we get finitely many components. Then the component 

of x in V is an open connected neighbourhood of x lying in U. 

Hence the space X is locally connected. at x. 
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Theorem 1.4.6 

In a locally connected space, components and quasicomponents coincide in 

every open subset. 

Proof 

Let X be a locally connected space and U an open set in X. 

Let C be a component in U. Take x E C 

Since X i s locally connected, there exist an open connected neighbourhood V of x 

such that VcU. 

Since C is closed and x C, VnC # 4. 

As C is a component and V is connected with VnC# , we get VcC 

Therefore C is open. 

Therefore every component in U is open. 

Thus every quasicomponent in U, being a union of components is open. 

Hence by theorem 1.1.17 every quasicomponent is a component. 

Theorem 1.4.7 

The following conditions on a space X are equivalent. 

(I) X is quasilocally connected. 

X is weakly locally connected 

X is locally connected. 

(Quasi) components in every open subset of X are open. 

Proof 
First observe that the two assertions in four are equivalent by theorem 

1.1.16 and theorem l.1.17. 
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Then, since a set is open if and only if it is a neighbourhood of each of its points, 

(iv) is equivalent to (i), (ii) and (iii). 

Corollary 1.4.8 

A locally connected space is the topological union of its (quasi)components, 

i.e., each (quasi)component is clopen. 

The section is concluded by stating the following two important properties: 

Theorem 1.4.9 

A space X fails to be weakly locally connected at the point X if and only if 

for some neighbourhood U of x, there is a collection of distinct components {C If  in 

U such that every neighbourhood of x meets infinitely many of the C(X. 

Theorem 1.4.10 

If X is a dense subspace of Y and X is locally connected at x E X, then Y is 

locally connected at x. 

Section 1.5 

Rim compact and locally connected spaces. 

Definition 1.5.1 

X is rim - compact (Semi compact, or locally peripherally compact) at X 

if every neighbourhood of x contains an open neighbourhood of X with compact 

boundary. 

Remark 1.5.2 

Every rim-compact Hausdorif space is completely regular. 
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Definition 1.5.3 

A compact, connected Hausdorif space is called a continuum. 

Theorem 1.5.4 

If X is a continuum, or more generally a rim compact connected Flausdoiff 

space, the following are equivalent: 

X is locally connected 

X is padded 

Components and quasicomponents coincide on every open subset of X. 

Proof 

(ii) (i) follows from Theorem 1 .4.5 

(i) =t> (iii)follows from theorem 1.4.6 

Now we have to prove, (i) (ii) and (iii) (i) 

(I) (i i): 

Assume X is locally connected. 

Let X be a point and U an open set containing X. 

Since X is rim compact and regular (by remark 1.5.2), there exists an open 

neighbourhood W of X such that W c V and W \ W is compact. 

Take w(E W\W. 

Since {X) is closed, U - {X) will be open 

Alsow EU\X} 

Since X is locally connected and regular there exist an open connected set  UW  
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such that U % . (-- U \ {x}cU. 

Consider the collection {U/ wEW\ W}. 

This is a covering of the compact set W\W. This has a finite sub collection, say, 

{UW, U 2  ................  U covering W / W. Therefore W\ W c U,c U. 

From f U., U,..................U%l , } we get a finite subcollection say, 

U1  , U2  .......U, of disjoint connected open sets. 

LetOU. ThenOCU. LetV=WOandG=V\. 

Then r c= G c G c: V c: U and V \G is a finite union of connected sets. 

Hence X is padded at x. 

(iii) => (i): 

Suppose X is not locally connected. By theorem (1 .4.7) there exists an open set U in 

X such that some quasicomponent Q of U is not open. 

i.e. there exist a point q € Q which is not an interior point of Q. 

i.e. every neighbourhood of q contains points outside Q. 

Since X is rim compact and regular, there exists an open neighbourhood U2  of q 

such that q E U2  c U2  C U and U2  \ U2 is compact. 

Using again the fact that X is rim compact and regular, there exists an open 

neighbourhood U1  such that q E U1  c U1  C U2  U2 C U such that U 1  \ U1  is 

compact. 

By theorem (1.1.21), we get every quasicomponent of q in U 1  meets UJ 1 \ U1  and 

quasicomponent of q in92 meetsU2\ U2 . 

So bytheorem (1.1.19) Q meetsU1 \U1  andU2 \ U2. 
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Clearly any quasicomponent of U which meets U1  meets these boundaries. 

Let H = Q n( \ U1 ) 

Then H is compact, being a closed subset of the compact space Ut \ U1  

Let U U \ H. Then U*  is open. 

Since X - (U1\ U1  ) = U1  _ (X - Ui) we get the component Cq  ofq in U must be 

wholly contained U1 . Also Cq  c:Q. 

To prove 

The quasicomponent Qq  of q in U" meets U2\ U2 . 

Let S be any clopen set in U*  containing Q 1. 

Since S is an open set containing q, S contains points outside Q. i.e. there exist a 

point pEU1 \Qwithp ES. 

Let P be the quasicomponent of p in U, then P meets U2 \ U2. 

Since P #Q, and H c:Q (also P and Q are disjoint) we get P and H are disjoint. 

Hence P is also a quasicomponent p in U"' = U\H. 

Since p E S, P S (because S is a clopen set in U"' containing p). 

Since P meetsU2 \ U, , S also meets U2 \U,. 

By theorem (1 .1 .20), since Cq  CU,, C 1  does not intersect [.12 \ 1.12. 

Therefore we get Qq  meets U2 \ U,- 

Therefore C 1  Qq  

Therefore we have constructed an open set U"' on which components and 

quasicomponents do not agree. This is a contradiction to our assumption. 

Hence X is locally connected. 



Theorem 1.5.5 

Let X be a continuum, and let F be the set of all points of X at which X fails 

to be locally connected. Then either F is empty or F contains a continuum consisting 

of more than one point. 

Proof 

Let F be non-empty. 

Therefore there exists a point p in F at which X is not locally conected. 

Hence by theorem (1.4.7), X is not weakly locally connected at p. 

By theorem (1.4.9), there is an open neighbourhood V of p, and a collection {C } of 

components of V = H, none of which contain p, such that every neighbourhood of p 

meets infinitely many of the Ca. 

Then obviously H is not connected. 

Also as X is connected, H is not clopen. 

Therefore boundary B of H is nonempty. 

Since components and quasicomponents coincide on the compact set H by theorem 

(1. 1. 18), each Ca meets B, by theorem (1. 1.2 1) 

Consider the compact set S = U C(x. Then p E S. 
CK 

Let C, be the (quasi)component of p in S u B. 

Since every clopen neighbourhood of p in S u B contains a connected C1 , every such 

clopen set meets the compact set B. 

By theorem (1.1.20), the component C meets B. 



Hence C, is a continuum containing more than one point, which, inturn, contains a 

sub continuum C containing p properly and lying in the interior of H {for example, 

the component of p mU n S, where U is an open neighbourhood of p whose closure 

lies in the interior H). 

By the definitions of S and C, every neighbourhood of any point in C meets infinitely 

many of the C r1 . 

Hence by theorem (1.4.9), X is not weakly locally connected, and therefore not 

locally connected at any point of C. 

fin 
33 



Qf1hapta It 



CHAPTER - 2 

LOCAL CONNECTEDNESS IN 
BITOPOLOGICAL SPACES 

This chapter is devoted to the study of local connectedness in 

bitopological spaces. Many authors have studied this concept and they have 

given various definitions of pairwise local connectedness. In this chapter we 

discuss the contributions of Dasgupta and Lahri [5], Birsan [3] and Lakshmi [II] 

towards the study of pairwise local connectedness. First section deals with the 

results due to Dasgupta and Lahri [5]. They have obtained some basic properties 

and have established that there are spaces which are locally connected with 

respect to the two topologies taken separately, but the space considered as a 

bitopological space, is not locally connected. 

In the second section we have made a comparative study of the three 

notions of pairwise local connectedness and discussed examples to show that 

they are independent notions. 

In the third section we have discussed DL - local connectedness 

and B-local connectedness of the special bitopological space (X, t, t ). 
Section 2.1 

Pairwise Local Connectedness By Dasgupta And Lahri 151 

In this section we discuss the contributions of Dasgupta and Lahri [5]. 

Definition 2.1.1 

A set X on which are defined two (arbitrary) topologies U and V is called 

a bitopogical space and denoted by (X, U, V ) 

Definition 2.1.2 

A Bitopological space (X, U, V ) is called pairwise connected if 

and only if X cannot be expressed as the union of two nonempty disjoint 
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sets A and B such that [A (ThC11 (B)] U [C(A) (Th B]= , where C,1  and 

C v  denote the closures with respect to the topologies U and V respectively. If X 

can be so expressed then, A and B are said to separate X . Also in this case A 
and B are called Separated Sets. 

A Subset A of (X, U, v) is pairwise connected if the space (A, U 4 , v 1 ) 

is pairwise connected. 

According to pervin [1 9],Components are maximal connected subsets of 

(X, U, v) 

Defnition 2.1.3 
Let (X, U, V) be a bitopological space and X E X. The Component 

C (X) of X is the union of all pairwise connected subsets of X containing X. 

Pervin [19] has shown that the union of any family of pairwise connected 

sets having a non-empty intersection is a pairwise connected set. Hence we get 

C(X) is pairwise connected. 

Definition 2.1.4 

A function f mapping a bitopological space (X, U, V) into a 

bitopological space (X*,  U,  V*)  is said to be continuous if and only if the 

induced mappings f (X, U) —* (X*,  U*) and f2  (X, V) —) (X*, V*) of the 

topological spaces are continuous. 

Definition 2.1.5 

A mapping f: (X, U, V) —* (X*,  U,  V*)  is said to be open if and only 

if the induced mappings f1:(X, U) —* (X*, U*) and f,: (X, V) _(X*,  V*) of 
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the topological spaces are open. 

Definition 2.1.6 

A bitopological space (X, U, V) is called pairwise locally connected at 

a point x e X if for every pair of U - openset P and v-openset Q each 

containing X, there exits a pairwise connected V-openset C and a pairwise 

connected U-openset D such that X E C c P and X E D c Q. 

(X, U, V) is called locally connected if and only if it is locally connected 

at every point of X. 

Remark 2.1.7 

From the above definition it follows that a bitopological space is pairwise 

locally connected if and only if the family of all pairwise connected V-opensets is 

a base for the U -  topology and family of all pairwise connected U - opensets 

is a base for the V - topology. 

Remark 2.1.8 

Pairwise local connectedness for a bitopological space is not equivalent 

to local connectedness of the two topologies as is shown by the following 

example: 

Example 2.1.9 

Let (X, U, V) be a bitopological space where X = {a, b, c}, 

U = {, X, {a}, {a, b}, {a,c}} and V = {, X, {b}, {a, b}, {b,c . 

Clearly X is locally connected with respect to both the topologies U and V. 

For the U - open set tal containing a,3 ere is no V - open set containing a and 



contained in {a}. Hence (X, U, V) is not pairwise locally connected at a. 

As in the case of topological spaces, we get the following theorem for 

bitopological spaces. 

Theorem 2.1.10 

In a bitopological space (X, U, V), 

each component C (X) is a maximal pairwise connected set in X. 

the set of all distinct components of points of X form a partition of X. 

each C (X) satisfies the equation 

C (X) = C 7  (C (X)) (Th C V  (C (x)) 

Continuous image of a pairwise connected set is pairwise connected. 

The following theorem gives a characterisation of pairwise locally 

connected spaces. 

Theorem 2.1.11 

A bitopological space (X, U, V) is pairwise locally connected if and only 

if the components of U - opensets are V - opensets and the components of 

V - opensets are U opensets. 

Proof 

Suppose that (X, U, V) is pairwise locally connected. 

Let G C X be U - open, C a component of G and tPa  } be a basis of U 

consisting of pairwise connected V - opensets. 



If y E C, then y E G and hence there exist Pa with y E P G. 

Since C is the component of y and Pa  is pairwise connected, we have 

y E Pa c: C. That is, C is V - open. 

Similarly the components of V - open sets are U - opensets. 

Conversely from the given condition we get that the family of all pairwise 

connected V (respectively U ) - opensets is a base for the U (respectively V) - 

topology and hence by remark 2.1.7 (X, U, V) is pairwise locally connected. 

Theorem 2.1.12 

Let (X, U, V) and (X*, V*) be two bitopological spaces and 

f (X, U, V) —) (X*,  U',  V*)  be a mapping which is continuous, open and 

surjective. Then if X is pairwise locally connected X*  is also pairwise locally 

connected. 

Proof 

Let P be any U open subset of X*.  And C be any component of P. 

As f is continuous, f_ I  (P) is U - open in (X, U). 

Let A be any component of f 1  (P). 

Since X is pairwise locally connected, by theorem (2.1. 11), we get A is V -  open. 

Since continuous image of a pairwise connected space is pairwise connected, we 

get f(A) is pairwise connected. 

Since C is a component of P, either f(A) C C or f(A) fl C = 

Hence f1  (C) is the union of collection of components of f (P) and so f (C) is 
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As f is open and surjective, C = f(F 1  (C) ) is VK 
- open. 

Hence any component of U - open set is a V - open set. 

Similarly we can prove that, any component of V - openset is a - open set. 

Hence by theorem (2.1 .11) we get that X*  is pairwise locally connected. 

Theorem 2.1.13 

A bitopological space (X, U, V) is pairwise locally connected if and only 

if given any point X E X and a pair of U - openset P and V - openset Q each 

containing X, there are V - openset C and U - openset D each containing X, and 

such that C is contained in a single component of P and D is contained in a single 

component of Q. 

Proof 

Let X be pairwise locally connected, X E X. 

Let P be a U - openset containing X. Let A be a component of P that 

contains X. Since X is pairwise locally connected, there exists a pairwise 

connected V - openset C such that X E C c P. 

Since A is a maximal pairwise connected set containing X by theorem (2.1 10), 

XE C C A P. 

Since components are disjoint sets, C is not contained in any other component of 

P, similar proof holds, if we start with a V -  openset Q containing X. 

Conversely, assume the given condition. Take any point X E X and any U - 

openset P containing X. By assumptipi, there is a V - openset C containing X, 



which is contained in a single component F of P. 

Then x E C F P. 

Let y E F , then y E P. 

Thus there is a v - openset 0 such that y E 0 and 0 is contained in a single 

component of P. 

Since components are disjoints set and y E F, the component containing 0 must 

be F. 

Therefore y E Oc: F. 

Hence F is V - open. 

For every x E X, for every u - openset P containing x, there is a pairwise 

connected V - openset F such that x E F c P. 

Similarly, we can prove that for every V - openset Q containing x, there is a 

pairwise connected U - openset G such that x E G c Q. 

Hence (X, U, v) is pairwise locally connected at x. Since x is arbitrary, (X, U, v) 

is pairwise locally connected. 

Section 2 2 

Comparison of different notions of pairwise local connectedness. 

In this section we discuss three definitions of pairwise local 

connectedness due to Birsan [3], Dasgupta and Lahri [5] and Lakshmi [11]. 

Interesting examples are discussed to illustrate that all these three definitions - B 

- Local connectedness, DL - Local connectedness and L - Local connectedness 

are independent and a comparative study of these definitions is made here. 
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Definition [Birsan, 3] 2.2.1 

In a space (X, U, v), U is B - locally connected with respect to V if for 

each point x EE X and each U - openset U containing x, there is a pairwise 

connected U - openset G such that x E G c U. The space (X, U, v) is 

B - pairwise locally connected if U is B - locally connected with respect to V 

and V is B - locally connected with respect to U. 

The concept of pairwise local connected as defined by Dasgupta and 

Lahri [5] which we have discussed in section 2.1 is referred to as DL - local 

connectedness. Their notion can be split into its two constituent parts as 

follows. 

Definition 2.2.2 

In a space (X, U, v), U is DL - locally connected with respect to V if for 

each point x E X and each U openset U containing x, there is a pairwise 

connected V openset G such that x E G U. The space (X, U, v) is 

DL - pairwise locally connected if U is DL - locally connected with respect to 

V and V is DL - locally connected with respect to U. 

Definition 2.2.3 

Lakshmi [11] has defined local connectedness for bitopological spaces in 

terms of partially open sets. 

In (X, U, v) the intersection U fl V of a U openset U and a V - openset 

V is called a partially openset. 
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The space (X, U, v) is L - locally connected if for every point x E X 

and every partially openset U n V containing x, there is a pairwise connected 

partially openset G fl H such that x E G flH C U fl V. 

Remark 2.2.4 

A direct comparision of definition 2.2. 1 and 2.2.2 reveals that if x E Ue U, 

then the required pairwise connected set G such that x EE G C U, is U open in 

Birsans definition, but v open in Dasgupta and Lahri's definition.This defference 

determines the contrasting behaviour of the two notions of bitopological local 

connectedness causing the DL - pairwise locally connected bitopological space 

to collapse to the corresponding topological case. 

Theorem 2.2.5 

If in a bitopological space (X, u, i') the topology u is DL - locally connected 

with respect to v, then U c V. 

Proof 

Follows easily from definition 2. 1.3 

Corollary 2.2.6 

lf(X, U, v) is DL - pairwise locally connected then U = V. 

In view of the above arguments we conclude that (X, U, v) is DL - pairwise 

locally connected => X is locally connected ' X is B - pairwise locally 

connected. 
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Though DL - pairwise local connectedness causes a bitopological space 

to collapse to the topological case there are many examples of proper 

bitopological spaces in which only one topology is DL - locally connected with 

respect to the other. 

Example 2.2.7 

Consider a bitopological space (X, U, v) where the topology U is 

indiscrete and V is any topology on X. Then U is DL - and B - locally conected 

with respect to V. 

Example 2.2.8 

If U is any topology on X and v is the discrete topology then U is DL - 

locally connected with respect to v, while V is B - locally connected with respect 

to U. 

Example 2.2.9 

The space (R, L, LR) of the real numbers with the left hand and the right 

hand topologies is B - pairwise locally connected but neither L is DL - locally 

connected with respect toiR noriR is DL - locally connected with respect to L. 

Proof 

Take any point x E X and an L - openset U containing X. 

Since L has as basis {[ a,  ) / a E R}, there exists [a, x) E L 

such that x E [a, cc ) c U. 

Since [a, cc) is L open and connected, we get L is B - locally connected with 
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respect to R. 

Similarly, it can be shown thatiR is B locally connected with respect to L. Now, 

consider the L - openset [x, oo ) containing X. 

Suppose there is a ER - openset V such that x e V c [x, Then V must 

contain (-Cl::) , X]. 

Therefore x E (—o, x]c V c [x, ). That is (—co, xj c [x, co), which is not 

possible. Hence L is not DL - locally connected with respect to R. Similarly it 

can be shown that ER is not DL - locally connected with respect to L. 

Example 2.2.10 

If X = R, U is the usual topology on R and V is the discrete topology on 

R, then (X, u, v) the topology u is DL - locally connected with respect to V. 

However V is not DL - locally connected with respect to U. 

Proof 

Since {x } is open and connected we get that U is DL - locally connected 

with respect to V. 

To prove 
V is not DL - locally connected with respect to U. 

Let V = {x. Then V isv - open 

Takex EV = {x} 

If there exist ann open connected set such that x EU C V = {x) 

Then U = {x), but U is not U - open. 
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Therefore V is not DL - locally connected with respect to U. 

For a bitopological space (X, u, v), partially opensets form a basis for the 

supremum topology U V V on X. The next two examples show that 

L - local connectedness is not equivalent to local connectedness of the 

supremum topology. 

Local connectedness of the supremum topology and B local 

connectedness are independent properties. 

L - local connectedness does not imply B - or DL - local 

connectedness. 

Example 2.2.11 

Consider the real line (R, u) and let V be the countable complement 

topology on the reals. 

The space (R, it v v) is not locally connected, while the bitopological 

space (R, U, v) is L - locally connected and B - pairwise locally connected. It 

does not satisfy any DL - local connectedness property. The spaces (R. U) and 

(R, v) are not locally connected. 

Example 2.2.12. 

Let U and V be the left and the right half- open interval topology on the 

reals. 

The supremum topology is discrete, thus the space (R, U V v) is locally 

connected. Hence the space (R, U, v) is L - locally connected, but neither 

topology is either B - or DL - locally c2inected with respect to the other. 



Further more, the spaces (R, U) and (R, v) are not locally connected. 

For example, that V is not B - locally connected with respect to U follows from 

the fact that the sets [x, y) and [y, x + h) form a separation in (R, it, v) of the 

subset [x, x + h) EE v, where x <y <x ± ft 

Analogous to the case of ordinary topological spaces we get the 

following result for bitopological spaces regarding B - local connectedness and 

DL - local connected ness. 

Theorem [Birsan, 31 2.2.13 

In a space (X, U, v) the topology U is B locally connected with respect to 

v if and only if the components of each U openset are U open. 

Theorem 2.2.14 

In a space (X, U, v) the topology U is DL - locally connected with 

respect to V if and only if the components of each U openset are V open. 

Theorem 2.2.14 is nothing else but theorem 21.11, 

By modifying the proof of theorem 2.1.12, we can prove the following 

result 

Theorem 2.2.15 

1ff: (X, U, v) -3 (Y, S. T) is pairwise continuous and surjective, and 

f: (X, v) —* (Y, T) is open, then DL - local connectedness of U with respect to 

V implies DL - local connectedness of S with respect to T. 
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By following the standard arguments it can be shown that product and 

quotient theorems hold good for DL - local connectedness and B - local 

connectedness. 

Theorem (Product theorem) 2.2.16 

In the product space (X, u, v) of a family { (X, U, v) /j E J }, U is 

DL - locally connected (B - locally connected) with respect to V if and only if  Il
i  

is DL - locally connected (B - locally connected) with respect to vi  for every 

j E J and the spaces () i, U, v) are pairwise connected except finitely many of 

them. 

Theorem (Quotient theorem) (2.2.17) 

Let (X, U, v) be a topological space and p an equivalence relation on X. 

If U is DL - locally connected (B locally connected) with respect to v, then in the 

quotient space (X/p, U/p, vip) the topology U/p is DL - locally connected 

(B - locally connected) with respect to V / p. 

Remark 2.2.18 

Consider the special case of a bitopological space (X, z, v) where one 

topology is finer than the other, say U v holds. 

In this case the supremum topology U v V on X is V, as well as the 

family of all partially open sets. 

47 



We conclude this section by stating the following relationship among the 

three notions of local - connectedness 

Theorem 2.2.19 

Consider the space (X, u, v) the inclusion u V holds, then (X, v) is 

locally connected = (X, u, v) is L - locally connected <-4> V is B - locally 

connected with respect to U U is DL - locally connected with respect to V. 

Section 2.3 

DL - local connectedness and B -local connectedness of the space (X, I , ta) 

DL - local connectedness and B - local connectedness of the particular 

bitopological space (X, t , .ra) is discussed in this section. 

Definition 2.3.1. 

Let (X, t) be a topological space. A subset B is called an a- set 

ifB c r mt (t Cl (t mt B)). 

The family of all a - sets is denoted by .ra 

Theorem [Njastad, 18 12.3.2 

.ra is a topology on X larger than T. 

Theorem [Mrsevic and Reilly, 121 2.3.3. 

Let (X, t) be a topological space (X, t) and let G = U \ N, where U E I 

and N is nowhere dense. Then T'cl G = t ci G = t Cl U = 1a ci U holds. 



Theorem [Mrsevic and Reilly, 13 12.3.4 

Let W be an a - set in the space (X, r). Then W is Ta  connected W 

is pairwise connected W is t connected. 

Let W = U / N, where U E t and N is nowhere dense. Then W is Ta 

connected (= 'r connected = pairwise connected) => U is ta  connected ( = 

connected = pairwise connected). 

Theorem [Mrsevic and Reilly, 13 1 2.3.5 

(X, TU)  is locally connected t is B - locally connected with respect 

to T T is B - locally connected with respect to .ra < (X, t) is locally 

connected. 

The following two theorems give characterisations of the spaces (X, t) in 

which the topology (1) ta  is DL - locally connected with respect to t and 

(2) t is DL - locally connecteed with respect to Ta. 

Theorem 2.3.6 

(X, t, Ta) is DL - pairwise locally connected . ta is DL - locally 

connected with respect to T 't = T(X and (X, t) ( = (X, Ta))  is locally 

connected. 

Proof 

Follows from theorem 2.2.5 and Corollary 2.2.6 

Theorem 2.3.7 

T is DL - locally connected with respect to Ta (X, t) is localy 

connected. 



Remark 2.3.8 

DL - local connectedness of tU  with respect to t is not equivalent to 

local connectedness of the space (X, T(') as seen from the following example 

Example 2.3.9 

Let X be an infinite set, p, q E X and p # q. 

Let t = {,X} u { G c X\ {p,q} \X\Gisflnite}. Thespace (X, ta)isan  

infinite set with the cofinite topology and hence locally connected. But Ta  is not 

DL - locally connected with respect to t since t # ta 

Remark 2.3.10 

DL - local connectedness of t with respect to Ta  need not imply DL - 

local connectedness ra  with respect to t as the following example illustrates 

Example 2.3.11 

Let (X, 't) be the unit interval I = [0, 1] of the real line with the usual 

topology. Then t is DL - locally connected with respect to Ta,  but Ta  is not 

DL - locally connected with respect to T. It is enough to consider the point 0 

and its Ta  neighbourhood [0, I \ \n E11 LN}. 

Thus DL - local connectedness of t with respect to Ta  does not imply 

DL - local connectedness of Ta  with respect to T. 

The chapter is concluded by giving the following relations between the 

notion of local connectedness of the spaces (X, t), (X, TU ) and (X, r, Ta). 
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Theorem 2.3.12 

(X, Ta)  is locally connected (X, t, Ta)  is L - locally connected 

.ta is B - locally connceted with respect to T 'r is DL - locally connected 

with respect to Ta < t is B - locally connected with respect to Ta (X, r) 

is locally connected. 

Proof 

Follows from theorems 2.2.19, 2.3.7 and 2.3.5 and using the fact that 

t C 1a 
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CHAPTER - 3 

LOCAL CONNECTEDNESS IN 

FUZZY TOPOLOGICAL SPACES 

In this chapter we study the concept of local connectedness in fuzzy 

topological spaces. Ajmal and Kohli [1] have introduced four definitions of 

C- local connectedness (i = , 2, 3, 4) using the concept of C -connectedness 

(i = , 2, 3, 4) is fuzzy topological spaces. The concepts C2  - local 

connectedness and C4  - local connectedness are proved to be "good 

extensions" of local connectedness, while the concept C3  - local 

connectedness is not a "good extension" is established by means of an 

example. They [1] have proved certain results analogous to the classical 

situation. Moreover the authors [1] have obtained some interesting results on 

C, - components and C4  - quasi components. Before discussing these results, 

let us give the preliminary definitions and results on fuzzy sets and fuzzy 

connectedness which are needed for our study. 

Section 3.1 

Preliminary definitions and results 

Definition 3.1.1 

Let X be a non - empty set. A fuzzy set in X is a function JJ. from X 

into [0, 1] 

Remark 3.1.2 

Let X be any set and A c X. Then every subset A of X can be 
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identified with the fuzzy set JA:  X - 10, IJ defined as 

I4JA(X) =  I ifx EA 

= 0 otherwise 

Definition 3.1.3 
For a E [0, 1], the constant fuzzy set a on X is defined as 

a (x) = a for every x E X. 

Definition 3.1.4 

Let {.tj A  be a collection of fuzzy sets in X. Then 

(i ) (v) (x) sup {t(x)/2 EJ} for all x in X. 

(ii) (At)x) inf jix)/. EJ} for all x in X. 

Definition 3.1.5 

Two fuzzy sets J.I and y are said to intersect ift A ( 0. 
Definition 3.1.6 

Let J. be a fuzzy set in X. Then the complement of denoted by 

is defined to be fuzzy set I - p. , where I is the constant fuzzy set 

ie.,(x) = (1-9)(x) 

= 1-p.(x) for all xinX. 

Definition 3.1.7 

If p. and y  are fuzzy sets in X, then p. :!~ y means p. (x) :!~ y  (x) 

for all x in X. 
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Definition 3.1.8 

Let jt :X - [0, I] be a fuzzy set in X. Then the support of t is 

{x / t (x) > 0 1  and is written shortly as supp . 

Definition 3.1.9 

Let X and Y be any two non - empty sets. Let f be a function from X 

to Y and 7  be a fuzzy set in Y. Then the inverse of Y under f written 

as 1 (y) is the fuzzy set in X defined by 

f' (y) (x) 
= y (f(x) ) for all x EX. For every fuzzy set i in X, the 

image of t under f, written as f(t) is the fuzzy set defined by 

f(t) (y) = Sup p (z) if 1' (y) is not empty. 
z Ef'(v) 

0 otherwise. 

Definition 3.1.10 

A fuzzy point x, a E [0, 1] is a fuzzy set on X defined by 

x(x) = a, xa(y) = 0 for all y # x. x is called the support of Xa and 

a is referred to as the value of X. A fuzzy point X(x E pt ifl 

a :!~ ix). 

Definition 3.1.11 

A fuzzy topology on X is a family 6 of fuzzy sets on X such that 

all constant functions (x E 6 

6 is closed for arbitrary union. 
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iii) S is closed for finite intersection. 

The pair (X, 6) is called a fuzzy topological space (abbreviated as 

us). The members of 6 are called fuzzy open sets. 

Definition 3.1.12 

A fuzzy set 11 in X is said to be fuzzy closed if its complement 

is fuzzy open. 

Definition 3.1.13 

Let (X, 6) be a fuzzy topological space. Let J.t be a fuzzy set on X. 

Then closure of kt and interior of ji are defined respectively as follows 

cl g =A {y : yC ES and y } 

mt t = v {y : y E ö andy :!~ .t} 

Definiton 3.1.14 

Let (X, 6) be a fis. A fuzzy set jt is a neighbourhood of a fuzzy 

point Xa  if there exists an open fuzzy set X such that X E ~ p.. 

Theorem 3.1.15 

A fuzzy set p. inaftsX is a fuzzy open if and only if p. is a 

neighbourhood of each of the fuzzy points contained in p.. 

Definition 3.1.16 

Let (X, 6) be a fuzzy topological space . Suppose A c X and let 
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ö= {.t/A : t E 6. Then (A, 5) is called a fuzzy subspace of the 

fis X. In short, we shall denote (A, 6) by A. (Here J.I / A denotes the 

restriction map). 

Definition 3.1.17 

A fuzzy subspace A is said to be a fuzzy open subspace if its 

characteristic function '+'A  is fuzzy open in 6. 

Notation 3.1.18 

Lett be a fuzzy set in X and letAc: X. Thenwedenote JJ../A by 

a 
In particular if Lt is a fuzzy point X x  is X, then we denote the fuzzy 

set X / A by X. We remark that xf may not be a fuzzy point in A unless 

x E A. On the contrary for each fuzzy point in A, there is a fuzzy point in X 

with the same support and value a. 

Definition 3.1.19 

Let (X, 6 ) and (Y, 62)  be two fuzzy topological spaces. A mapping 

1'. (X, 6) -* (Y,62) is said to be fuzzy continuous if for every 

E 62, f (y) E 

Definition 3.1.20 

Let (X, 6 1 ) and (Y, 62)  be two fuzzy topological spaces. 

A mapping f : (X, 6 1 ) -> (Y, 6 2 ) is said to be fuzzy open if for every 

ye 6,f(y) e 62. 
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Definition 3.1.21 

Let f X —3 Y be a surjective map. The map f is said to be a fuzzy 

quotient map, provided a fuzzy set y in Y is open ifff(7) is open in X. 

Definition 3.1.22 

If (X, 6) is a fts and Y a non empty set and if f: X —+Y is a 

surjective map, then there exists exactly one fuzzy topology relative to which 

f is a quotient map, it is called the fuzzy quotient topology induced by £ 

Definition 3.1.23 

Let (Xa, S(x)csJ be a family of fis, then the product fuzzy 

topology on it Xa is defined as the coarsest fuzzy topology making all 

projections fuzzy continuous. 

Fuzzy connectedness 

Definition 3.1.24 

Two fuzzy sets Jt and r in X are said to be 

(I) non - overlapping ift :~ I 
- 
 71, 

(2) Overlapping (quasi - coincident) if j.tx) + i(x) > I for some X E X. 

In case (2) t and q are said to overlap at X. It is clear that overlapping 

fuzzy sets are always intersecting but not conversely. 
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Definition 3.1.25 

A fuzzy set fl is a fis X is said to be C1  - connected (I = I, 2, 3, 4) if 

for proper fuzzy open sets Lt i  and t2 in X the following hold 

C : 11 !~ ?.t1 v 92, 4A92  :!~ 1—r = Aii=0or.i2A =0 

C,. i < 9 1 V  92,g1A2A = 0 t 1 Ai1 = 0or 2 A = 0 

C: 1 V 1A2 !~ 1 — fl i !~ I —  Tj  or 2 1 — fl 

C4: q :5 Al v 42, itiAi.i2A= 0 = < I —ror.t 2  :5 I — fl 

Analogous to classical situation, the following results are true for 

C.,-connectedness and C4  - connectedness. 

Theorem : 3.1.26 

Let {fli}/EJ  be a family of C2 - connected pairwise intersecting fuzzy sets 

in a fis X. Then Vw  is a C-, - connected fuzzy set in X. 

Let {111)11  be a family of pairwise overlapping C4  - connected fuzzy sets 

in a fis X. Then V 1  is a C4  - connected fuzzy set in X. 

C-, - connectedness is invariant under fuzzy continuity. 

C4  - Connectedness is preserved under fuzzy continuous surjections. 
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Section 3.2 

Local Connectedness in fuzzy topological space. 

Definition 3.2.1 

A fts X is said to be C - locally connected (i = I, 2, 3, 4) at a fuzzy 

point Xa  in X if for every fuzzy open set J. in X containing Xa, there exists 

a C - connected fuzzy open set 11 in X such that Xa :!~ fl ~ . The fts X 

is said to be C - locally connected (i = 1, 2,3,4) if it is C. - locally 

connected at every fuzzy point in X. 

Theorem 3.2.2 

A fts X is C - locally connected (i = 1, 2, 3, 4) if and only if every 

fuzzy open subspace of X is C - locally connected. 

Proof 

Let A be a C fuzzy open subspace of the fts X.. 

Let X0 be a fuzzy point in A and let 'fl" be a fuzzy open set in A containing 
a a Xa . Then fl = 11/A for some fuzzy open set fin X. 

Clearly, the fuzzy point Xa in X is contained in 1. 

Since X is C4  - locally connected and fl is a fuzzy open set in X 

containing Xa there exists a C4  - connected fuzzy open set J. in X containing 

Xa such that :!~ 11 A 

It is easy to see that X < 
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Claim 

ja is C4  - connected in A. For if not, then there exist fuzzy open sets 

__ ci a ci LI  and p2inXsuchthatf v t, 
, 

41  A = 0, 

ci 

and I — ii" 

Let J...tj * = !tlAkv4 and p. 2 *= P12Aj;.i. 

Then * and 12* form C. - disconnection of)J. is X., since p I * and 

12* clearly overlap with 

A similar proof holds good for i 1, 2, or 3. 

"Good extension" 

Definition 3.2.3 

For a topological space (X, t), let W(C) denote the collection of all 

lower seniicontinuous functions from X into the closed unit interval [0, 1]. 

Then w(t) is a fuzzy topology on X. 

Definition 3.2.4 

A property Pin (X, w(r)) is called a good extension of a property P 

in (X, r) provided (X, w(t)) has P1  if (X, t) has P. 

Theorem 3.2.5 

A topological space (X, t) is locally connected if and only if the fis 

(X, (o(r)) is C2 - locally connected. 

Proof 

Necessity : Let j.t be a fuzzy open set in (w(t) containing the fuzzy 
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point Xa. Now, x is in the support of J.1 and support of .L is open in I, 

since JJ. is a lower semi continuous function and supp 11  

By local connectedness of (X, t), there is an open connected set U in X 

containing x and contained in the support of Now, 41( , being the 

characteristic function of'an open set in t, is lower semi - continuous, and so 

A 11 is a fuzzy open set in w(t). 

Claim 

A t is a C, - connected fuzzy set containing Xa 

For, if not, then there exist lower semi - continuous functions ..t i  and  112 

Such that 

A 11i V112, 111 A 

Jti A a2 # 0 # 112 A (Y 

It is clear that supp a = U and supp j..tj and supp 112  are open sets in T. 

Such that U c supp Pti  Usupp  112  ,supp ,fl supp 112  fl U = (f), 

supp 11'  (Th U # 4i #, supp 112  fl U. 

This implies U is not connected, a contradiction. 

Sufficiency 

Let x E X and let U be an open set in T containing X. 

Then the characteristic function 'P U contains the fuzzy point x. 

Now since '41u is fuzzy open in 0(t), there exits a C2 - connected fuzzy 
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open set J.t in CO (t) containing the fuzzy point X i and contained in 'J 

Claim 

Supp Jtis an open connected set in T containing x and contained in U. 

For, if not, then there exist open sets V and W in T such that 

supp t c: V U W, V n W n supp t = , V n supp 

#4#.Wnsuppt 

It is clear that 'qi1, andji 1, give a C2  - disconnection oft in w(T) which 

is a contradiction. 

Hence the proof. 

Theorem 3.2.6. 

A topological space (X, t) is locally connected if and only if the fis 

(X,w(t)) is C4  - locally connected. 

Proof 
The proof is similar as that of them 3.2.5 

The above two theorems show that C., and C4  - local connectedness are good 

extensions of the corresponding notions of local - connectedness. 

However the following example shows that C3  - local connectedness 

is not a "good extension". 

Example 3.2.7 

Let (X, t) be the closed unit interval [0,1] equipped with the usual 

topology. Let o be any lower semi continuous function in X containing the 
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fuzzy pointx wherex = a = 1/2 and cy< 1/2. 

(Ti aim 

Every fuzzy open set .i. contained in and containing the fuzzy point 

xhas a C1  - disconnection. 

Let c = 1/4. Since t is lower semi continuous, there exists a S > 0 such 

that .i(x)> 1/4. whenever 1/2 - 28< x < 1/2 + 26. 

We define lower semi continuous functions ij and jt 2 as follows. 

+ 7(7)X i0 x —8, 

= ' . 46 2 , 

i/f~x<l 

21 ff0 <x < 

and t2(X) = + — i-), if- <x :!~ + 3, 

7(12) (x 2 8), if+8<  x 1 

It is easily verified that and 92 form a C3  - disconnection oft which 

overlaps with Li and ..I.2 at x1  and x2  respectively , where x i  = 1/2 — S and 

X2 = 1/2 + 8. 
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Section 3.3 

C2  - local connectedness 

Definition 3.3.1 

Let X be a fts and let t be a fuzzy set in X. We introduce 

an equivalence relation E(2, on the setB,, of all fuzzy points 

contained in ji as follows: 

For xa, yp in lB define xcxE(2,p)YO  if and only if there exists a 

C2-connected fuzzy set qcontaInIng the fuzzy points xa and yf3  and 

contained in t. 

Let E (2,Lt) xa)denote the equivalence class containing xa 

We call the fuzzy set C (2,t)Xa) = VE(2, jj) Xa) the C2  - component 

of t containing the fuzzy point x. 

Analogous to the classical situation we get the following 

two theorems regarding C-, - components: 

Theorem 3.3.2 

For each fuzzy point Xcy. E B, the component C (2 1 )X) Is 

the maximal C2 - connected fuzzy set containing x and contained 

in t. 
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Theorem 3.3.3 

Every fuzzy set p. in a us X is the disjoint union of its 

C-, - components. 

Theorem 3.3.4 

A fis X is C2  - locally connected if and only if every 

C. - component of every fuzzy open set in X is fuzzy open. 

Proof 

Suppose p. is a fuzzy open set in X. Let C (2,)(xa) be a 

C2  - component of p. containing the fuzzy point xa and let 

y C2,Xa) be any fuzzy point. Since X is C2 - locally 

connected, there exists a C2  - connected fuzzy open set 

containing yp and contained in p.. 

Now flA C (2,J)(X()#0. 

So, by theorem 3.1.26(1), 11VC(2Xa) is a C2  - connected 

fuzzy set containing and contained in p.. 

Therefore is contained in C(2,)(x).  Hence  C(2,jXa)S  a 

neighbourhood of xa. Thus C(2,)x),  being the neighbourhood of 

each of the fuzzy points it contains, is a fuzzy open set by theorem 

3.1.15. 
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Conversely, let p. be a fuzzy open set in X containing a fuzzy point X(X 

Then C(2(X(,,)IS a C, - connected fuzzy open set containing Xa and 

contained in lt. 

Quotients and products 

Theorem 3.3.5 

Let £ : X — Y be a fuzzy quotient map of a C, - locally connected 

space onto a fts Y. Then Y is C, - locally connected. 

Proof 

Let y be a fuzzy point in Y and let p. be a fuzzy open set in Y 

containing Ya.  Let  C(2,) (y) be the C2 - Component of p. containing 

By fuzzy continuity of f,f (p.)is fuzzy open in X. 

Let xbe a fuzzy point contained in f 1 (C(2,!.)y)) 

Since X is C2- locally connected, there is a C, - connected fuzzy open set  CY 

containingx 0 and contained in f'(p.). 

Now f(x 3 ) :!~f(y) A 

Since f is fuzzy continuous, f(c) is C2  - connected. 

Moreover, f(c) :!~ p., and hence by theorem 3.1.26(1), 

f() v C(2,L)(y) is C2  connected. Consequently, f(o) :!~C(2, j.i)( a) 

Therefore, a :!~ f 1 (C(2, )(y)). 

Hence f 1  (C(2)(ya) is a neighbourhood of each of its fuzzy points. 



Therefore by theorem 3.1.15 f (C(2, t) (y( )) is fuzzy open. Since f is a fuzzy 

quotient map, C(2L)(y(X)  is a fuzzy open set in Y hence Y is C, - locally 

connected. 

Corollary 3.3.6 

Let f: X - Y be a fuzzy continuous, fuzzy open (fuzzy closed) map 

of a C2  - locally connected space onto Y. Then Y is C, - locally connected. 

Proof 

Since every fuzzy continuous fuzzy open (fuzzy closed) surjection is 

fuzzy quotient, the result follows by above theorem. 

Theorem 3.3.7 

If the fuzzy product m X of a family fis is C2  - locally connected, 

then each co - ordinate space Xa  is C2  - locally connected. 

Proof 

Follows easily from the fact that projections are fuzzy open maps. 

Section 3.4 

C4  - Quasi Local Connectedness 

Let X be a fts and let .t be a fuzzy set in X. Let lB1. denote the set of 

all fuzzy points contained in .t.  In analogy with the definition of 

C,-components, it may not be possible to define an equivalence relation on 

similar to E(2,)  in case of C4  - connectedness. It turns out that such a 

relation may fail to be transitive. Transitivity breaks, since the union of two 
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C4  - connected intersecting fuzzy sets may not be C4  - connected. The 

following example clearly illustrates this phenomenon, where a 1  and a2 are 

intersecting C4  - connected fuzzy sets whose union a is not C4  - connected. 

Example 3.4.1 

Let X = [0, 1] and let the fuzzy sets u, il and a in X be defined as 

follows 

., /fO<x<, 

t(x) 
= 

, it.. < x < 

0, t1<x<1, 

6' ifOx~, 

(x) = 0, if<x<, 

., if<x<I, 

0, ifO<x<, 
a(x) = 

.,  

Let 6 denote the fuzzy topology on X generated by taking the subbase 

S consisting oft, r, a and all the constant fuzzy sets in X. Then the fuzzy 

sets a I and a2 in X defined by 



0, if0<x~, 

i (x) = 4-, if 

., if<xl, 

and 

0, /f0<x<, 

c52(X)= , if<x< 
2 

6 , 

, if<x<!. 

are maximal C4  - connected fuzzy sets contained in the fuzzy open set The 

fuzzy set cY = EYI V  cY2 is C4  - disconnected and a I  V cY2 # 0. 

Further, if we define C4  - components as maximal C4  - connected fuzzy sets, 

we do not get a characterisation of C4  - local connectedness and similar to 

theorem 3.3.4 as shown in the above example. 

However the situation is corrected as follows 

Definition 3.4.2 

Define an equivalence relation E* (4,L) on 
, 

where IB(I/2, ) 

denotes the set of all fuzzy points contained in jt whose value exceeds 1/2, 

for a fuzzy set p. > 1/2. By p. > 1/2, we mean that p.(x) > 1/2 for every x 

in X. 

For fuzzy points x, y in(J/2,t) define X(j*(4.t) y3 if and only if there 
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exists a C4  - connected fuzzy set flcontaining x and y Ij and contained in 

We point out that the transitivity of the relation E* (4, Lt)  follows from 

the fact that the union of two C4- connected overlapping fuzzy sets is 

C4-connected by theorem 3.1.26(2) 

Let E*(4)(x(x) denote the equivalence class containing the fuzzy 

point X(x EEB(1/2,) and let (i  i } be the family of all C4-connected fuzzy sets 

containing Xa and contained in .t. We define a C4  - quasi component of U 

as the union V qi and denote it by C* (x1). 

Theorem 3.4.3 

A C4  - quasi component C* (x) is a C4  - connected fuzzy set 

contained in ..t and containing x such that VE* (I (X ( ) :!~ C 
* 

(4,1) (x a) 

Theorem 3.4.4 

A fuzzy set j..t > 1/2 is a fts X is the non - overlapping union of its 

C.1-quasi - components. 

Definition 3.4.5 

A fis X is said to be C4  - quasi - locally connected if for each fuzzy 

open set Ji > 1/2 and every fuzzy point Xa( with (X>1/2) contained in t there 

exists a C4  - connected fuzzy open set fin X such that X ( x 11 J.L. 

Remark 3.4.6 

Every connected as well as every locally connected topological space 

considered as a fis is always C4  - quasi - locally connected. 
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Theorem 3.4.7 

If a fts X is C4  - quasi locally connected, then the C4-quasi-component 

C (441) of each fuzzy open set t > I / 2 is a C4  - connected 

neighbourhood of every fuzzy point xa , 0 < a ::-~:; .t(x). 

Proof 

Let X be C4  - quasi locally connected and let x be a fuzzy point in 

C (4t)  (x ) ) where 0 < a :!~ tx)cIear!y x :!~ x :!~ t. 

By quasi - local - connectedness of X, there exists a C4  connected fuzzy open 

set fl such that X(x) :!~ i j.t. Since il and C* (4,i) x ))are overlapping 

fuzzy sets, their union is C4-connected and consequently i !~C (4,) (x (x)). 

Thus C (4,)(x(X))  is a neighbourhood of the fuzzy point x. 

Corollary 3.4.8 

If a fts X is C4  - locally connected, then the C4  - quasi - component 

C (4) (x ()) of each fuzzy open set t> 1/2 is a neighbourhood of every 

fuzzy point Xa , 0 < (X :5 i.t(x) 

Theorem 3.4.9 

If a fts X is C4  - quasi locally connected, then the C4-quasi component 

C (441) (x L(x) ) of each fuzzy open set Ji > I / 2 is a C4-connected 

neighbourhood of the fuzzy set V E* 1(x). 

Proof 

Follows easily from the theorem 3.4.7 and theorem 3.4.4 

/ 
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Corollary 3.4.10 

If a fis X is C4  - locally connected, then the C4  - quasi - component 

C (4,JJ)  (x ()) of each fuzzy open set j..t > 1/2 is a connected neighbourhood 

of the fuzzy set V E* p  (x). 
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SUMMARY AND CONCLUSION 

In this thesis we have collected some of the important results regarding local 

connectedness in topological spaces, bitopological spaces and fuzzy topological 

spaces. 

The concepts connectedness and local connectedness are not related to 

one another. A space may possess one or both of these properties or neither. There 

are spaces which are locally connected at all points except at only one point. 

Examples are given to illustrate these facts. Apart from these illustrations, some nice 

properties and characterisations of local connected saces are cited in chapter 1. 

Groot and McDowell[6] have estabIised that a systematic and simple 

approach to the theory of locally connected spaces can be obtained by the use of 

quasi components. Many interesting results on local connectedness using quasi 

components are discussed. moreover, the quasi components approach has led to the 

important result that in a connected Hau3dcrff space (i.e. in a continuum) the 

property "components coincide with quasi components on every open subset" is 

equivalent to local connectedness. 

The three independent noions of pairwise local connectedness namely, DL - 

local connectedness, B- local connectedness and L - local connectedness are 

discussed in the second chapter. Though DL- Pairwise local connectedness causes a 

bitopological space to collapse to the topological case, examples of proper 

bitopological spaces are given in which only one topology is DL- locally connected 
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with respect to the other. Relation among the three notions are given in the 

following two theorems: 

( I ) If in a space (X, U, V) the inclusion uc: V holds, then 

(X,V ) is locally connected 

(X, U, V ) is L-locally connected 

V is B- locally connected with respect to U. 

:: U is DL- locally connected with respect to V. 

(2) (X,Ta ) is locally connected 

(X,T, ta  i ) s L-locally connected 

.c Ta is B- locally connected with respect to T 

T is DL - locally connected with respect to Ta 

> t is B-locally connected with respect to Ta 

(X,t) is locally connected. 

Ajmal and Kohli [1] notions of local connectedness of fuzzy topological 

spaces referred to as C1-local connectedness. Concentration is made on C4  - local 

connnectedness and C4- local connectedness which are proved to be "good 

extensions of local connectedness. 

Analogous to the classical situation , they [I] have defined C2  - Components 

by introducing an equivalence relation among fuzzy points. But a similar relation 

when defined regarding C4  - local connectedness does not satisfy the transitivity 
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relation. Hence they [] have modified the relation which had led to the 

introductionof C4  - quasi components using which the class of C4  - quasi locally 

connected fuzzy topological spaces is defined and interesting results are obtained 

The authors [I] have not settled the problem whether product of C1-locally 

connected spaces is C3  - locally connected. It would be worthy if one could find an 

answer to the above problem and generalise the results on pairwise local 

connectedness to the fuzzy situation. 
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