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INTRODUCTION

The main aim of this thesis is to discuss some interesting results on local connectedness

in topological spaces, bitopological spaces and fuzzy topological spaces.

Fundamental results on local connectedness in topological spaces are collected from
the well-known works of J.R. Munkres [15], N. Bourbaki [4], J.G. Hocking and G.S. Young
L7 Jand K.D. Joshi [8]. Some weaker forms of local connectedness are studied by. Groot and

McDowell [6] in 1967. Some of the interesting results given in this paper are discussed in

chapter 1.

Various authors have defined pairwise local connectedness in different ways. In this
thesis we have discussed the definitions given by Dasgupta and Lahri [5], Birsan [3] and
Lakshmi [11], which are referred to as DL- local connectedness, B-local connectedness and
L-local connectedness. The papers taken for discussion in this connection are the following :
(1) Dasgupta and Lahri, Local connectedness in bitopological spaces [S].

(2)  Mrsevic and Reilly , A note on local connectedness in bitopological spaces [14].

Regarding local connectedness in fuzzy topological spaces, the paper entitled
"connectedness and local connectedness in fuzzy topological spaces and Heyting-algebra -

valued sets" by Ajmal and Kohli [1], is taken for discussion .

In chapter 1 we have discussed some interesting properties of local connectedness in
topological spaces. In section 1.1, we have collected the preliminary definitions and results
needed for discussion. some of the important results discussed in sections 1.2 and 1.3 are as
follows :

(1) Every component of a locally connected space is open .
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(2) Every open subspace of a locally connected space is locally connected.
(3) A space X is locally connected if and only if for every open set U of X, each
component of U is open in X.

(4) The boundary of a component of an open subset U of a loca"ll‘y connected space is
contained in the boundary of U.

(5) In a locally connected space, quasicomponents and components coincide.

(6) A closed set S cuts (Definition 1.2.21) a connected locally connected regular space X
between points a and b if and only if S separates a from b.

(7) Quotient space of a locally connected space is locally connected.

(8) Product of a family of locally connected spaces in which all but a finite number of
components spaces is connected, is locally connected. Conversely, if the product of a family
of non empty topological spaces is locally connected, then each component space is locally

connected . Moreover all but a finite number of component spaces is connected.

Groot and McDowell [6] have studied the concepts of weakly locally connected,
quasilocally connected and padded spaces and obtained interesting properties connecting these

spaces and locally connected spaces. These results are discussed in section 1.4.

Relation between rimcompact and locally connected spaces is discussed in section 1.5.
In a connected space X, it is true that X is padded at x=X is locally connected at x. The
converse implication holds good in a continuum (i.e. a compact connected Hausdorff space)
and in a rimcompact connected Hausdorff space. Apart from the above mentioned property,
Groot and McDowell [6] have proved that in a continuum, the property " components

coincide with quasi components on every open subset " is equivalent to local connectedness.



Chapter 2 is devoted to the study of local connectedness in bitopological spaces. In
section 2.1 we have discussed in detail, the contributions of Dasgupta and Lahri [5] to the
study of pairwise local connectedness. They [5] have proved some basic properties of
pairwise local connectedness and established with the help of an exampl‘e‘ that there are spaces

which are locally connected with respect to the two topologies taken separately but the space

considered as a bitopological space, is not locally connected.

In section 2.2 we have made a comparative study of DL - local connectedness, B-local
connectedness and L-localconnectedness. Mrsevic and Reilly [14] have given examples to

show that these three definitions are independent.

In the last section of chapter 2, we have discussed the behaviour of DL-local
connectedness and B - local connectedness in the case of the particular bitopological space

(X,7,T%).

In chapter 3 we study the notion of local connectedness in fuzzy topological spaces.
Ajmal and Kohli [1] have introduced four notions of local connectedness in fuzzy topological
spaces, reffered to as C. - local connectedness (1=1,2,3,4). C, and C,- local connectedness

are proved to be "good extensions ". An example is given to show that C;- local

connectedness is not a "good extension". Some of the important results obtained are as

follows:
(D A fuzzy topological space X is C; - locally connected (i = 1,2,3,4) if and only if every
fuzzy open subspace of X is C;-locally connected.

(2) A fuzzy topological space X is C, - locally connected if and only if every C,

-component of every fuzzy open set in X is fuzzy open.
3



(3) If £: X—Y isafuzzy quotient map of a C, -locally connected space on to a fuzzy

topological space Y, then Y is C, -locally connected.

(4) If the fuzzy product tX, of a family of fuzzy topological spaces is C, - locally

connected then each coordinate space X, is C, locally connected.

The authors [1] have also introduced the notions of C,-quasicomponents and C,-quasi local

connectedness. The chapter is concluded by discussing some interesting results involving these

concepts.
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REVIEW OF LITERATURE

Many authors have contributed to the study of loally connected spaces since it
was introduced. Interesting articles have been published on various aspects of local
connectedness. Quasi component approach to the study of local connectedness has
been followed by Groot and Mc Dowell [6]. The works of Whyburn [24] ’a.nd
Kuratowski [10] provide a good information regarding hereditarily locally connected
meteric continua. Nishiura and Tymchatyn [17] have obtained some metric
characterisations of connected subsets of hereditarily locally connected metric
continua. Contributions have also been made to the study of campactifications of
locally connected spaces. We give here a brief survey of some of the articles
published on some of the aspects of locally connected spaces.

Local connectedness of extension spaces

[B.Banaschewski , 1956] [2] .

An extension E* of a topological space (i.e. a space containing E as a dense
subspace) determines a family of filters, there 33 (u) on E given by the traces U M E
of the neighbourhood U CE* of eachu €E * \E. The author has called there I ()
as trace filter and has obtained the following result:

"If E* is an extension of E each of whose trace filters is connected, then E* is

locally connected if and only if E is locally connected and each trace filter has a basis

consisting of connected opensets".

As an application of this result to the stone - cech compactification B E

(where E is a completely regular space having the property that there exist
denumerably open sets O; C E whose closures are mutually disjoint and have

a closed union) the author has proved that BE is not locally connected.

5



Compactification of hereditarily locally connected spaces.
[E.D. Tymchatyn, 1977] [23]

The author has obtained an interesting charactersation Lt.hat a continuum is
hereditarily locally connected if and only if every connected subset is locally
connected. He has also obtained some charactersations of connected spaces which
admit a hereditarily locally connected compactification.

Local connectedness in fuzzy setting.
[S.Saha, 1987] [20]

In this paper an analogue of the motion of local connectedness in the fuzzy
seting is introduced and investigated. A neccesary and sufficient condition for the
productivity of this notion is given.

B(X-{x}) for X not locally connected
[Smith , Michel] [21]

Let X be a metric continuum, x €X and Y =B(X-{x})\ X. The author
has proved that if Y is a continuum then Y is a decomposable continuum with one
component whenever X is not weakly locally connected at x. A sufficient condition

for Y to be indecomposable is given and it is shown that Y is never hereditarily

indecomposable.

A locally connected rim - countable continuum which is the continuous image

of no arc.
[J.Nikoiel, H.M.Tuncali, E.D. Tymchatyn, 1991] [16]

This paper sharpens our knowledge of which continua are images of ordered

continua. The authors consider the separable, non metric continuum Y B, which
arises when each point of a certain uncountable dense subset Bof the square I* is
"replaced” by a circle. A quotient space of Y g is the desired example.

6
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CHAPTER 1
LOCAL CONNECTEDNESS IN

TOPOLOGICAL SPACES

In this chapter we discuss some interesting properties of local connectedness in
topological spaces. Fundamental results on local connectedness are collected from the
well-known works of J.R. Munkres [15], N.Bourbaki [4], J.G. Hocking and G.S.
Young [7], and K.D. Joshi [8], Groot and McDowell [6] have introduced some weaker
forms of local connectedness, namely weakly local connectedness and quasilocal
connectedness.  Interesting results connecting these concepts with local connected
spaces and padded spaces are discussed here. Using the quasicomponent approach the
authors [6], have obtained simple proofs of the results on local connected spaces.
Moreover this approach has led to the interesting result that in a connected compact
Hausdorff space (i.e a continuum) the property "Components coincide with
quasicomponents on every open subset" is equivalent to local connectedness. First let
us give the preliminary definitions and results needed for discussion.

Section 1.1
Preliminary definitions and results

Definition 1.1.1
Let X be a topological space with topology T. IfY is a subset of X, the
collection T,= {Y M U/ UE T} is a topology on Y, called the subspace topology.

With this topology, Y is called a subspace of X ; its open sets consist of all

intersections of open sets of X with Y.



Definition 1.1.2

Let (X, 7) be a topological space. A neighbourhood of a point p in X is a set
containing p in its interior.
Notation

‘A denotes the closure of A ina topological space.

Definition 1.1.3

A subset A of a topological space is called Clopen if'it is both open and closed.
Definition 1.1.4

If ACX, the boundary of A denoted by Bd A is defined by,
Bd A=A N(X=A)
Definition 1.1.5

Let X and Y be topological spaces; let p: X —Y be a surjective map. The
map p is said to be a quotient map, provided a subset U of Y is openinY if and only

if p~'(U) is open in X.

Definition 1.1.6
If X isaspaceand Aisasetandifp: X > Aisa surjective map, then there

exists exactly one topology T on A relative to which p is a quotient map : it is called

the quotient topology induced by p.

Definition L1.7
Let X be a topological space, and let X* be a partition of X into disjoint

* . .
subsets whose unionis X. Let P: X—>X be the surjective map that carries each point



of X to the element of X" containing it. In the quotient topology induced by p, the

space X is called a quotient space of X.

Definition 1.1.8
Let {Xa},.s be a family of topological spaces. Let Sp denote the

collection. Sp = {mp-1 (UB)/UB isopenin Xp}, and let S denote the union of
these collections, S=Upes Sp. The topology generated by the subbasis S is called

the product topology on X = Tges Xo. In this topology Tues Xq is called a

Product space.

Definition 1.1.9

Let X be a topological space, A separation of X is a pair U, V of disjoint non
empty open subsets of X whose union is X. The space X is said to be Connected if
there does not exist a separation of X.

Properties of Connectedness 1.1.10
(1) Continuous image of a connected space is connected.
(i1) Product of connected spaées is connected.

(i)  The union of a collection of connected sets that have a point in common is

connected.
Definition 1.1.11
Given X, define an equivalence relation on X by setting x ~ ) if thereis a

connected subset of X containing both x and y. The equivalence classes are called the

components of X,



Properties of Components 1.1.12
(1) Components are maximal connected subsets.

(i1) Components are closed, pairwise disjoint and their union is X.

Definition 1.1.13 )
In a space X, define a relation on X by setting x ~, y if thereis no

separation X = A U B of X into disjoint open sets such that X € A and y €B. This

is an equivalence relation. The equivalence classes are called the quasicomponents of

X.
Theorem 1.1.14

The quasicomponent of X in X is the intersection of all the clopen subsets of X
containing X .

Proof
Consider the quasicomponent Q(x) of x. Let S be the intersection of all the

clopen sets containing X .

Take y €Q(x). Let A be a clopen set containing X. Then X ~, ¥

Claim
y €A.

Suppose ¥ € A then y € X—A, which is again a clopen set. Now X = AU (X—= A).
Hence there exists a separation of X such that x € A and y € X—A. Whichisa
contradiction, because X ~4 y.

Therefore y € A.

Therefore y belongs to all the clopen sets containing X .
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Hence y €8S.

Therefore Q(x)CS.

Conversely, take y €8S.

Suppose y & Q(x), then there is a separation X = AUB with x € A and y €B.
Since A and B are open sets, A is a clopen set containing X.

But y € A which is a contradiction.

Therefore y € Q(x)

Therefore Q(x) = S
Hence the result.

Theorem 1.1.15

Every component of X lies in a quasicomponent of X.

Proof
Let C be a component of X. Take x in C.

Consider the quasicomponent Q(x) of x. Take y € C

To prove y € Q(x)

suppose ) & Q(x)

Then there is a separation X = AUB with X €A and y €B.
Since Cis a connected set CC A or C C B.

If C < A then y € A which is a contradiction.

If Cc Bthenx €B which is a contradiction.

Therefore y € Q(x)

Therefore C < Q(x)



Theorem 1.1.16

(Quasi) Components are closed and pairwise disjvoint, and every
quasicomponent is a union of components.
Theorem 1.1.17

Every open quasicomponent is a component.

Proof
If Q is an open quasicomponent; then Q is clopen.

If Q=AU B, where A and B are clopen in Q, then as Q is clopen in X, A and
B are clopen in X.

Take x € Aand y €B.

sincex €Q, Q=Q (x), Also as y € Q =Q (x), X ~, y which is a contradiction as
Q=AUBwithx € Aand y €B.
Hence the resﬁlt.
Theorem 1.1.18

Components and quasicomponents coincide in a compact HausdorfY space.
Theorem 1.1.19

If X C Y, and Cy is a quasicomponent in X, there is a quasicomponent C,, in

Y such that Cy < Cy.

Theorem 1.1.20

If Q is a quasicomponent in the space X, and K a compact set in X disjoint
from Q, then there exists a clopen set S containing Q and disjoint from K; moreover Q
is a quasicomponent of X \ K.

12



Proof
GivenK N Q=¢

Take ke K thenk ¢ Q.
Therefore there exists a clopen set S, containing Q, with kg S,
Then ke X —S, which is an open set .
Therefore the collection {X=S,/keK} is an open cover of K and hence has a finite
subcover, say, {X— Sk‘ , X— Skz ,
Let S =I_f:\] S, Since S is clopen and each S D Q,WegetQc S.
Also SN K =¢
Hence the result.
Theorem 1.1.21

If' U is an open subset of the connected space X such that U\ U is compact and
non - empty, then every quasicomponent Q of U meets U\U.
Proof

Suppose there exists a quasicomponent Q of U, which does not intersect U \ U.
Then by theorem (1.1 .20), there exists a clopen set S containing Q with S~ (TJ\ U) =¢
This implies that SCX \ (U \ U).
Since U\ U # d,Sisa proper clopen subset of the connected space X, which is a

contradiction.

—
(OS]



Section 1.2
Local connectedness
Definition 1.2.1

A space X is said to be locally connected at X if for every neighbourhood U of
X, there is an open connected neighbourhood V of x contained in U. If X is locally
connected at each of'its points | it is said to be locally connected.
Remark 1.2.2

X is locally connected if there is a basis for X consisting of connected sets.
Remark 1.2.3

Local connectedness and connectedness of a space are not related to one
another. A space may possess one or both of these properties, or neither.
Example 1.2.4

Every discrete space is locally connected .
Example 1.2.5

Each interval and each ray in the real line is both connected and locally
connected.
Example 1.2.6

The subspace [—1,0) U (0,1] of R is not connected but it is locally connected
Example 12.7

A space which is connected but not locally connected.

Let X be the set BUA where B = {(x,0) € R?:0<x < 1} and

A={(x,y) eR:0<y<1,x=0 or x=,l,forsomen€N}.

14



It consists of infinitely many vertical segments of unit length, including a
segment on the y- axis and a horizontal segment along the X - axis.

Give X the relative topology induced by the usual topology on the plane. X is
then called a 'comb space'.

It is easy to show that X is connected, for each of the vertical segment is

connected and meets the horizontal segment B which is also connected.

However X is not locally connected.

For, let V be the open ball (in X, with usual metric) centered at (0,1/2) and with radius
1/4.

The components of V will be portions of the vertical segments.

They will all be open (in X) except the one along the y-axis, namely the component
{(0,y) € R*: ;11- <y< %}. This component is the only connected set containing (O, %)

and contained in V but it is not open .

Hence the space is not locally connected at (O,%).
Example 1.2.8

The set Q of rationals is neither connected nor locally connected.
Example - 1.2.9

A space which is locally connected at all points except at one point.

“Consider the graph of the function y = sin lr ,0 <x £ 1, together with the
origin in R?.
Consider any small circle C containing the origin.

Then C is open, but the only connected set containing the origin and lying

within C is the origin itself and this one-point set is not open.
15



Any other point in this space lies in arbitrarily small open arcs, which are
connected. Hence the space fails to be locally connected at only one point.
Example 1.2.10

The topologists sine curve

It is the graph of the function y = sin( i J ,0 <x < 1together with the interval

X
—1 <y <1 on the y-axis in R%
A small circle C, about a point p on the segment —] <y <1 defines an open set
containing p.
The only connected set lying within C and containing p is the segment on the interval
—1 <y <1 which lies within C.
But this segment is not open in R?.
Hence the topologist's sine curve fails to be locally connected at each point of the
interval =1 <y <1,
Properties of local connectedness 1.2.11
(1) Local connectedness is not a hereditary property.
(i1) Since every discrete space is locally connected and every topological space is
the continuous image of discrete space (with the same underlying set) we get that local
connectedness is not preserved under continuous functions.
(i) If X is alocally connected regular space then given a point X in X and an open
set U containing X, there exists an open connected set V such that x e VeV U
Theorem 1.2.12

Every component of a locally connected space is open.

16



Proof
Let C be a component of a locally connected space (X,T) and let x € C.

Since X is locally connected, each openset U containing X contains an open connected
set G containing the point x.

By definition of component, C is the largest connected set containing X.

Therefore x eG, < C.

Hence C is open.

Theorem 1.2.13

Every open subspace of a locally connected space is locally connected.

Proof
Let Y be an open subset of X.

Take y €Y and an open set Ue T, containingy.
Since Y is open in X, U is open in X.
As X is locally connected there exists an open connected set G such that

yeGcUcy.
Since GCY,GNY=G.

Therefore G is open in Y and also as Y is open in X, there is no separation for G in Y.
Therefore G is an open connected set in Y such that y eGcU.

Therefore Y is locally connected at y.

Theorem 1.2.14

A space X is locally connected if and only if for every open set U of X, each

component of U is open in X.

17



Proof
Suppose that X is locally connected.
Let U be an open set in X and let C be a component of U.
[f x is a point of C, choose a connected openset V of x such that V< U.
Since V is connected, it must lie entirely in the component C of U.
Therefore C is open in X.
Conversely, suppose that components of open sets in X are open.
Given a point X of X and a neighbourhood U of x, choose an open set V such that

xevVcu.
Let C be the component of V containing X, then C is connected.

Since C is open in X by assumption, we get that X is locally connected at x.

Theorem 1.2.15

Let U be an open subset of a locally connected space X, let V be a component

of U. Then the boundary of V (relative to X) is contained in the boundary of U,

Proof
Since V is a component of U it is closed in U
By theorem (1.2.14), V is also open in U.
As V is both open and closed in U, there is no boundary point of V relative to U ... (1)
Take x € V=V. Thenx € U.
To prove x ¢ U.
Suppose x € U.

Take any open setin U containing X. It would be of the form W U, with W open in

18



X. Since x is a boundary point of V, WAUNV# ¢ and WN UN(X=V)z .

Hence X is a boundary point of V relative to U.
This is a contradiction to (1)
Hence the result.
Theorem 1.2.16
If X is locally connected, then the quasicomponents of X are the same as the
components of X.

Definition 1.2.17
Let X be a topological space and S be a subset of X. S separates two subsets
A and B of X — Sifand only if there exists disjoint open sets U and V containing A

and B respectively such that ACU, BC'V and X—=S = U U V.

Theorem 1.2.18

If X is a connected locally connected space, and C is a component of an open
setin X such that X\ C is not empty, then C\C is not empty and separates C and X\C

in X .

Proof
If C\ C is empty, then C is closed.

By theorem 1.2.14, we get that C is open, so X\ C = X\ C is both open and closed.
Since X \C is not empty by hypothesis, we get that X is not connected.

Therefore C \ C cannot be empty.

Hence, as X \ (C \ C)=CuiX\ 6), we conclude that C \ C separates X.



Definition 1.2.19

Given two points a and b of a space X, a collection A, , A, ... An of sets is

a simple chain from a to b provided that A, (and only A, ) contains a, A, (and only
A,) contains b, and A; N A, is non empty if and only if i —j| <11i.e each link
intersects just the one before it and the one after it.

Theorem 1.2.20
If a and b are two points of a connected space X, and {Uq } is a collection of

open sets covering X, then there is a simple chain of elements of {Ug } fromato b.
Definition 1.2.21

A set S in a connected space X cuts X between two points a and b of X—S if S
intersects every closed connected subset that contains both a and b, clearly, if S
separates a and b, then S cuts X between a and b.

The converse implication holds for a closed set in a locally connected regular
space as is seen from the following theorem :

Theorem 1.2.22
A closed set S cuts a connected locally connected regular space X between
points a and b if and only if S separates a from b.
Proof
Suppose S cuts X between a and b.
Since S is closed the components of X—S are all open by theorem (1.2.14) .
Case (i)
a lies in a component U b does not lie in U.
In this case X—S = U U((X—S)—U) is a separation of a and b.

20



Case (ii)
a and b both lie in the same component U of X—S§.
Since X is locally connected and regular each point x of U lies in an open connected
set Uy whose closure lies in U ( by property 1.2.11, (3)).
Now the collection {U,/x e U} is an open covering of U.
Hence by theorem (1.2.20) there is a simple chain U ,U, U, ofsetsin {U,}
from a to b. The set UL, U, is then a closed connected subset of X—S that contains a
and b. Hence S could not cut X between aandb.
Therefore this case does not arise.
Hence the result.
As a consequence of the above theorem, we get the following corollary :
Corollary 1.2.23
If Xis a locally connected regular space, and if U is a connected open set in X,

then every pair of points of U lie in a closed connected subset C of X such that C is

contained in U.
Section 1.3
Quotient and product spaces

Theorem 1.3.1

Every quotient space of a locally connected space is locally connected.

Proof
Let X be a locally connected space and R an equivalence relation on X

Let ¢ : X— X /R be canonical mapping.

(8]



To prove X /R is locally connected it is enough if we prove the components of an open
set in X/R are open in X/R.
Let A be an open set of X/R and C a component of A.
Claim
¢»~'(C) is a union of components of ¢! (A).
Take x € ¢! (Q).
Let K be the component of x in ¢! (A).
Since ¢ is the quotient map, it is continuous and hence ¢(K) is connected.
Also ¢ (K) CA and §(x) € ¢(K).
Since C is a component of A containing ¢(x), we get H(K)cC.
which implies that K < ¢~ (C).
Therefore ¢! (C) is union of components of ¢! (A).
Hence the claim.
Since X is locally connected, and o' (A) is open in X, components of ¢! (A) are
open in X (by theorem 1.2.14).
Hence (b”] (C) is open in X being union of open sets.
Therefore C is open in X/R.
Therefore every component of A is open in X/R.

Therefore, by theorem (1.2.14), X / R is locally connected.



Theorem 1.3.2

(a) Let (X;)re/ be a family of locally connected spaces such that X, is
connected for all but a finite number of indices t €. Then ‘the product space

X = TEI X, 1s locally connected.
re

(b) Conversely, if the product of a family (X, ) of non empty topological

spaces is locally connected, then each X, is locally connected and X, is connected
for all but a finite number of indices.

Proof of (a)
Let J be the finite subset of I such that X, is not connected if and only if tE€ J.

Take X= (X;)/e7 in X.

Let W be a neighbourhood of X. Then there exists a basis element U = Tt]Ul
le

suchthatx e U c W.

Hence there exists a finite subset K of I such that U # X, ifand only ifte K.
If't ¢ JUK, define Vi X .

If t € JUK, then as X, is locally connected there exists an open connected set V,

such that Xy € \/t CUt‘

Therefore V= 71?1 V. will be a basis element containing X and also product of
te

connected spaces is connected .
We get V is connected.
Alsox=(x) eVcU

Therefore X is locally connected.

o
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Proof of (b)
Let a = (a ) be a point of X.
Since X is locally connected there exists a connected open set V containing a.
Letmw, : X — X, be the projection map.
Then Tt (V) = X, except for a finite number of indices.
Since T, is continuous and as continuous image of a connected set is connected,
we get X, is connected except for a finite number of indices.
To prove each X is locally connected.

Take a point a4 € Xy and an open set Vq in X containing a,.
Let a€ X be such that, o coordinate of ais a,. ie. To(a) =aqy

Let V= 7!1 Vt where V[ = Xl fort# o. ThenaeV.
e

Since X is locally connected there is an open connected set W such that ae W V.
Therefore Ty (a) € 7 W) < o (V)

€. 8y € My (W) Vg

Since W is connected and continuous image of a connected set is connected, we get
T (W) is connected.

More over 7y (W) is open as projection maps are open.

Therefore X, is locally connected.



Section 1.4

Relation among locally connected, weakly locally connected, quasilocally

connected and padded spaces.
Definition 1.4.1

X is weakly locally connected at x if every neighbourhood of x contains a
connected neighbourhood of x, equivalently for every neighbourhood U of X, the
component of X in U is a neighbourhood of x. In regular spaces, this is equivalent
to every neighbourhood of x contains a closed connected neighbourhood éf b
Definition 1.4.2

X is quasilocally connected at x if for every neighbourhood U of
X, the quasicomponent of x in U is a neighbourhood of x.
Definition 1.4.3

X is padded at x iffor every neighbourhood U of x there exist open sets
Wand Vsuchthatpe W We Ve U and V\W has only finitely many omponents.
Theorem 1.4.4

If X is locally connected at x, then X is weakly locally connected at x.

If X is weakly locally connected at X, then X is quasilocally connected at x.
Neither of these implications can be reversed.

Theorem 1.4.5

If the connected space X is padded at x, then X is locally connected at x.

Proof
Let U be a neighbourhood of x
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Since X is padded at x, there exist opensets W and V such that
xeWcWcVc U, and V\W has only finitely many components,
Since every component is contained in a quasicomponent, for eachi, 1 < i< n,

there is a quasicomponent Q, of V such that C, <Q.

Claim
Each ve V is in some Q.
Suppose not, i.e. v ¢ Q,,foreveryi=12......... .. n.
Then there exists a clopen set T; in Vsuchthatv ¢ T, and Q, CT,;.
Take V, = V-T; .
Then V; is clopenin V,v €V; and V, NQ, = ¢.
But lf:\] V. is openin V and closed in W .
Therefore it is clopen in X which is a contradiction as X is connected.
Therefore for every v €V, there exist Q, such that v €Q,; e VC t&:J! Q; .
Hence V = gjl Q, .

Since V has only finitely many quasicomponents and each of them is open, we get that
each of them is a component by theorem (1.1.17).
Therefore that V is a union of we get finitely many components. Then the component

of X in V is an open connected neighbourhood of x lying in U.

Hence the space X is locally connected. at x .
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Theorem 1.4.6

In a locally connected space, components and quasicomponents coincide in

every open subset.

Proof
Let X be a locally connected space and U an open set in X.

Let C be a component in U. Take x €C .

Since X is locally connected, there exist an open connected neighbourhood V of x

such that VCU.
Since C is closed and x € C, VNC # ¢.

As C is a component and V is connected with VAC# ¢, we get VCC .
Therefore C is open.
Therefore every component in U is open.
Thus every quasicomponent in U, being a union of components is open.
Hence by theorem 1.1.17 every quasicomponent is a component.
Theorem 1.4.7
The following conditions on a space X are equivalent.
(1) X 1s quasilocally connected.
(i)  Xis weakly locally connected .
(i)  Xis locally connected.
(iv)  (Quasi) components in every open subset of X are open.

Proof
First observe that the two assertions in four are equivalent by theorem

1.1.16 and theorem 1.1.17.
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Then, since a set is open if and only if it is a neighbourhood of each of its points,

(iv) is equivalent to (i), (ii) and (iii).

Corollary 1.4.8

A locally connected space is the topological union of its (quasi)components,

i.e., each (quasi)component is clopen.

The section is concluded by stating the following two important properties:

Theorem 1.4.9

A space X fails to be weakly locally connected at the point x if and only if
for some neighbourhood U of x, there is a collection of distinct components {C } in
U such that every neighbourhood of x meets infinitely many of the C .

Theorem 1.4.10
If X is a dense subspace of Y and X is locally connected at x € X , then Y is
locally connected at x .
Section 1.5
Rim compact and locally connected spaces.
Definition 1.5.1
X is rim - compact (Semi compact, or locally peripherally compact) at x

if every neighbourhood of X contains an open neighbourhood of x with compact

boundary.

Remark 1.5.2

Every rim-compact Hausdorff space is completely regular.
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Definition 1.5.3

A compact, connected Hausdorff space is called a continuum.

Theorem 1.5.4

If X is a continuum, or more generally a rim compact connected Hausdorff
space, the following are equivalent:
(1) X is locally connected
(i1) X 1s padded
(i)  Components and quasicomponents coincide on every open subset of X.

Proof

(i) = (1) follows from Theorem 1.4.5

(1) = (ii))follows from theorem 1.4.6
Now we have to prove, (i) =>(ii) and (iii) = (i)
(i) = (ii):

Assume X is locally connected.

Let X be a point and U an open set containing X .

Since X is rim compact and regular (by remark 1.5.2), there exists an open

neighbourhood W of X such that W < V and W\ W is compact.
Take wE W\ W.

Since {X} is closed, U —{X} will be open .

Alsow €U\ {x}

Since X is locally connected and regular there exist an open connected set U,
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such that U,, c U \ {x}cU.

Consider the collection {U,_ / we W\ W}

This is a covering of the compact set W\W. This has a finite sub collection, say,

.= — k
(Ui, Uy, Uw, } covering W/ W. Therefore W\ W o Uy, c U
=
From { U, , Uy, U., } we get a finite subcollection say,
U.,uU,.... U, of disjoint connected open sets.

LetO=C U ThenOc U Let V=W U Oand G=V\O

Then xeGc G Ve U and V\Gisa finite union of connected sets.

Hence X is padded at x .

(iii) = (i)

Suppose X is not locally connected. By theorem (1.4.7) there exists an open set U in
X such that some quasicomponent Q of U is not open.

i.e. there exist a point q € Q which is not an interior point of Q.

1.e. every neighbourhood of q contains points outside Q.

Since X is rim compact and regular, there exists an open neighbourhood U, of q
suchthat q € U, U; ¢ Uand U, \U; is compact.

Using again the fact that X is rim compact and regular, there exists an open
neighbourhood U, such that q U c Ul c U, —U> c U such that U, \ U, is
compact.

By theorem (1.1.21), we get every quasicomponent of q inU, meets U, \ U, and
quasicomponent of q in U, meets U,\ U,.

So by theorem (1.1.19) Q meets U, \ U, and U\ U,.
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Clearly any quasicomponent of U which meets U, meets these boundaries.
LetH=Q ~(U,\U)) .
Then H is compact, being a closed subset of the compact space U, \ U, .
Let U* = U\ H. Then U* is open.
Since X - (U;\ U)=UuX-U;)we get the component Cq of q in U* must be
wholly contained U,. Also CycQ
To prove
The quasicomponent Qq of q in U* meets U,\ U,.
Let S be any clopen set in U* containing Qq,
Since S is an open set containing q, S contains points outside Q. i.e. there exist a
point pe U\ Q withp €.
Let P be the quasicomponent of p in U, then P meets Uz\ U,
Since P #Q, and H —Q (also P and Q are disjoint) we get P and H are disjoint.
Hence P is also a quasicomponent p in U* = U\H.
Sincep €S, P < S (because S is a clopen set in U* containing p).
Since P meets U,\ U, , S also meets ﬁz\Uz.
By theorem (1.1.20), since C q<Un Cq does not intersect U, \ U,.
Therefore we get Qq meets U, \ Us.
Therefore C g Q "
Therefore we have constructed an open set U* on which components and
quasicomponents do not agree. This is a contradiction to our assumption.

Hence X is locally connected.



Theorem 1.5.5

Let X be a continuum, and let F be the set of all points of X at which X fails
to be locally connected. Then either F is empty or F contains a continuum consisting

of more than one point.

Proof
Let F be non-empty.
Therefore there exists a point p in F at which X is not locally conected.
Hence by theorem (1.4.7), X is not weakly locally connected at p.
By theorem (1.4.9), there is an open neighbourhood V of p, and a collection {Ca} of
components of V = H, none of which contain p, such that every neighbourhood of p
meets infinitely many of the C,, .
Then obviously H is not connected.
Also as X is connected, H is not clopen.
Therefore boundary B of H is nonempty.

Since components and quasicomponents coincide on the compact set H by theorem

(1.1.18), each C, meets B, by theorem (1.1.21)

Consider the compact set S =-£J(*Ca. Thenp €8S.

Let C, be the (quasi)component of p in S U B,

Since every clopen neighbourhood of p in S U B contains a connected C;, every such
clopen set meets the compact set B.

By theorem (1.1.20), the component C, meets B.



Hence C, is a continuum containing more than one point, which, inturn, contains a
sub continuum C containing p properly and lying in the interior of H {for example,
the component of pin U ~ S, where U'is an open neighbourhood of p whose closure
lies in the interior H).

By the definitions of S and C,. every neighbourhood of any point in C meets infinitely

many of the C, .

Hence by theorem (1.4.9), X is not weakly locally connected, and therefore not

locally connected at any point of C.

(U]
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CHAPTER - 2

LOCAL CONNECTEDNESS IN
BITOPOLOGICAL SPACES

This chapter is devoted to the study of local cqnnectedness in
bitopological spaces. Many authors have studied this concept and they have
given various definitions of pairwise local connectedness. In this chapter we
discuss the contributions of Dasgupta and Lahri [5], Birsan [3] and Lakshmi [11]
towards the study of pairwise local connectedness. First section deals with the
results due to Dasgupta and Lahri [5]. They have obtained some basic properties
and have established that there are spaces which are locally connected with
respect to the two topologies taken separately, but the space considered as a
bitopological space, is not locally connected.

In the second section we have made a comparative study of the three
notions of pairwise local connectedness and discussed examples to show that

they are independent notions.

In the third section we have discussed DL - local connectedness
and B-local connectedness of the special bitopological space (X, T, T ).
Section 2.1
Pairwise Local Connectedness By Dasgupta And Lahri [5]

In this section we discuss the contributions of Dasgupta and Lahri [5].

Definition 2.1.1
A set X on which are defined two (arbitrary) topologies # and V is called

a bitopogical space and denoted by (X, 1, V)
Definition 2.1.2

A Bitopological ~space (X, U, V) is called pairwise connected if

and only if X cannot be expressed as the union of two nonempty disjoint
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sets. A and B such that [AMC,(B)] U [Cy(A) M B]= ¢, where C,,and

Cy denote the closures with respect to the topologies # and v respectively. If X

can be so expressed then, A and B are said to separate X . Also in this case A

and B are called Separated Sets.

A Subset A of (X, u, V) is pairwise connected if the space (A, U, V)
IS pairwise connected.

According to pervin [1 9],Components are maximal connected subsets of

(X, u,v).

Defnition 2.1.3
Let (X,%,V) be a bitopological space and X € X. The Component

C (X) of X is the union of all pairwise connected subsets of X containing X .

Pervin [19] has shown that the union of any family of pairwise connected
sets having a non-empty intersection is a pairwise connected set. Hence we get
C(X) is pairwise connected.

Definition 2.1.4
A function f mapping a bitopological space (X, #,V) into a

bitopological space (X*, U*,v*) is said to be continuous if and only if the
induced mappings £, (X u)—> (X*, U*)and f, : (X, v)—> (X*, v¥*) of the
topological spaces are continuous.
Definition  2.1.5

A mapping f: (X, u, V) = (X*, U* V*)is said to be open if and only

if the induced mappings f:(X, U) —> (X*, u*)andf,: (X, v) = (x*, V*) of
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the topological spaces are open.

Definition 2.1.6

A bitopological space (X, U, V) is called pairwise locally connected at
a point x € X if for every pair of U - openset P and V-openset Q each
containing X, there exits a pairwise connected V-openset C and a pairwise
connected 2-openset D such that X € C — P and X eDcqQ.

(X, U, V) is called locally connected if and only if it is locally connected
at every point of X_. |

Remark 2.1.7

From the above definition it follows that a bitopological space is pairwise

locally connected if and only if the family of all pairwise connected V-opensets is

a base for the u- topology and family of all pairwise connected # - opensets
is a base for the V - topology.
Remark 2.1.8

Pairwise local connectedness for a bitopological space is not equivalent
to local connectedness of the two topologies as is shown by the following
example :

Example 2.1.9
Let (X, U, V) be a bitopological space where X = {a b, ¢},

=10, X, {2}, {a,b), {ac)} and v = (B, X, (b}, (a, b}, {b.o}}
Clearly X is locally connected with respect to both the topologies # and V',

Forthe 1 - open set {a} containing asthere is no V - open set containing a and



contained in {a}. Hence (X, U, V) is not pairwise locally connected at a.

As in the case of topological spaces, we get the following theorem for

bitopological spaces.
Theorem 2.1.10
In a bitopological space X, u,v),

(1) each component C (X) is a maximal pairwise connected set in X,

(i) the set of all distinct components of points of X form a partition of X_
(i) each C (X) satisfies the equation
CX)=Cy (C(X) M Cy (C(x))

(iv)  Continuous image of a pairwise connected set is pairwise connected.

The following theorem gives a characterisation of pairwise locally

connected spaces.
Theorem 2.1.11

A bitopological space (X, U, V) is pairwise locally connected if and only
if the components of # - opensets are V - opensets and the components of

V - opensets are U opensets.

Proof
Suppose that (X, 2, V) is pairwise locally connected.
Let GC Xbeu-open, Ca component of G and {Py, } be a basis of

consisting of pairwise connected V - opensets.
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Ify € C, theny € G and hence there exist Py withy €P, C G.

Since C is the component of y and Py is pairwise connected, we have
y €EPo C C. Thatis, CisV - open.
Similarly the components of V - open sets are U - opensets.

Conversely from the given condition we get that the family of all pairwise
connected V (respectively &4 ) - opensets is a base for the i (respectively V) -

topology and hence by remark 2.1.7 (X, U, V) is pairwise locally connected.
Theorem 2.1.12

Let (X,u,V) and (X*, u*, V*) be two bitopological spaces and
f (X u,v) > (X*, u*, V*) be a mapping which is continuous, open and
surjective. Then if X is pairwise locally connected X* is also pairwise locally
connected.
Proof

Let P be any 24* open subset of X* And C be any component of P.
As fis continuous, f! (P)is U - open in (X, u).
Let A be any component of f ! (P).
Since X is pairwise locally connected, by theorem (2.1.11), we get A is V - open.
Since continuous image of a pairwise connected space is pairwise connected, we
get f (A) is pairwise connected.
Since C is a component of P, either f(A)CT Corf(A)NC= (1)
Hence ™! (C) is the union of collection of components of £ (P) and so (C)is

V - open. 38



As f'is open and surjective, C = (£ (C))is V* - open.
Hence any component of #* - open set is a V* - open set.

Similarly we can prove that, any component of V* - openset is a % * - open set.

Hence by theorem (2.1.11) we get that X* is pairwise locally connected.

Theorem 2.1.13
A bitopological space (X, U, V) is pairwise locally connected if and only
if given any point X € X anda pair of U - openset P and V - openset Q each

containing X, there are V - openset C and ¥ - openset D each containing X, and

such that C is contained in a single component of P and D is contained in a single
component of Q.

Proof

Let X be pairwise locally connected, X € X.

Let P be a U - openset containing X. Let A be a component of P that
contains X. Since X is pairwise locally connected, there exists a pairwise
connected V - openset C such that X € C C P.

Since A is a maximal pairwise connected set containing X by theorem (2.1.10),

XeCCACP

Since components are disjoint sets, C is not contained in any other component of
P, similar proof holds, if we start with a V- openset Q containing X .
Conversely, assume the given condition. Take any point X € X and any U -

openset P containing X. By assumptip&, thereis a V - openset C containing X,
J



which is contained in a single component F of P.
Thenx e Cc Fc P.
Lety € F, theny € P.

Thus there is a v - openset O such that y € O and O is contained in a single

component of P.

Since components are disjoints set and y € F, the component containing O must

beF.

Thereforeye O C F.

Hence F is v - open.

For every x € X, for every u - openset P containing X, there is a pairwise
connected v - openset F such that x € F — P.

Similarly, we can prove that for every v - openset Q containing X, there is a
pairwise connected % - openset G such that x € G < Q.

Hence (X, u, v) is pairwise locally connected at x. Since X is arbitrary, (X, u, v)

is pairwise locally connected.

Section 2+2

Comparison of different notions of pairwise local connectedness.

In this section we discuss three definitions of pairwise local
connectedness due to Birsan [3], Dasgupta and Lahri [5] and Lakshmi [11].
Interesting examples are discussed to illustrate that all these three definitions - B
- Local connectedness, DL - Local connectedness and L - Local connectedness

are independent and a comparative study of these definitions is made here.
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Definition [Birsan, 3] 2.2.1

In a space (X, u, v), u is B - locally connected with respect to v if for
each point X € X and each u - openset U containing X, tﬁere 1s a pairwise
connected u -openset G such that x € G U. The space (X, u, V) is
B - pairwise locally connected if # is B - locally connected with respect to v

and v is B - locally connected with respect to u.

The concept of pairwise local connected as defined by Dasgupta and
Lahri [5] which we have discussed in section 2.1 is referred to as DL - local
connectedness.  Their notion can be split into its two constituent parts as

follows.

Definition 2.2.2

In a space (X, u, V), u is DL - locally connected with respect to v if for
each point x €X and each u openset U containing X, there is a pairwise
connected Vv  openset G such that x € G < U. The space (X, u, V) is
DL - pairwise locally connected if & is DL - locally connected with respect to

v and v is DL - locally connected with respect to u.

Definition 2.2.3

Lakshmi [11] has defined local connectedness for bitopological spaces in
terms of partially open sets.

In (X, u, V) the intersection UM V of a 1 openset U and a v - openset

V is called a partially openset. 41



The space (X, u,v) is L - locally connected if for every point x € X

and every partially openset U N V containing X, there is a pairwise connected

partially openset G M H such that x € G "H un V.

Remark 2.24
A direct comparision of definition 2.2 and 2.2.2 reveals that if x eUe u,
then the required pairwise connected set G such that x € G < U, is u open in

Birsan's definition, but v open in Dasgupta and Lahri's definition. This defference
determines the contrasting behaviour of the two notions of bitopological local
connectedness causing the DL - pairwise locally connected bitopological space

to collapse to the corresponding topological case.

Theorem 2.2.5

If'in a bitopological space (X, u, v) the topology u is DL - locally connected
with respect to v, thenu — v,
Proof

Follows easily from definition 2.1.3

Corollary 2.2.6
If (X, u,v) is DL - pairwise locally connected then u = v.
In view of the above arguments we conclude that (X, u,v) is DL - pairwise

locally connected = X is locally connected = X is B - pairwise locally

connected.
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Though DL - pairwise local connectedness causes a bitopological space
to collapse to the topological case there are many examples of proper
bitopological spaces in which only one topology is DL - locally connected with

respect to the other.

Example 2.2.7
Consider a bitopological space (X, u, V) where the topology u is

indiscrete and Vv is any topology on X. Then u is DL - and B - locally conected

with respect to v.

Example 2.2.8

If u is any topology on X and v is the discrete topology then % is DL -
locally connected with respect to v, while v is B - locally connected with respect
tou.
Example 2.2.9

The space (R, L,[R) of the real numbers with the left hand and the right
hand topologies is B - pairwise locally connected but neither L. is DL - locally

connected with respect to[R norR is DL - locally connected with respect to /..

Proof
Take any point X € X and an L - openset U containing X .
Since L has as basis {[ 2,0 )/ a € R}, there exists [a, ) € L

such that x €[a, o0 ) < U.

Since [a, ®) is L open and connected, we get L is B - locally connected with
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respect to R.

Similarly, it can be shown thatR is B locally connected with respect to /.. Now,
consider the /. - openset [x,00) containing X .

Suppose there is a IR - openset V such that x € V< [x, ©). Then V must
contain (—o0 | x].

Therefore x €(—w, x]c Vc [x, ). Thatis (-0, x] < [x, o), which is not
possible. Hence  is not DL - locally connected with respect tolR. Similarly it

can be shown that R is not DL - locally connected with respect to /..

Example 2.2.10
If X=R, u is the usual topology on R and v is the discrete topology on
R, then (X, u, v) the topology u is DL - locally connected with respect to v.

However v is not DL - locally connected with respect to u.

Proof
Since {x} is open and connected we get that u is DL - locally connected
with respect to v.
To prove
vV is not DL - locally connected with respect to u.
Let V={x} Then VisV - open
Takex eV = {x}
If there exist an % open connected set such that x eUcC V = {x}

Then U = {x}, but U is not u - open. ,,



Therefore v is not DL - locally connected with respect to u.
For a bitopological space (X, u, v), partially opensets form a basis for the
supremum topology # v v on X. The next two examples show that

(1) L - local connectedness is not equivalent to local connectedness of the
supremum topology.

(11) Local connectedness of the supremum topology and B local
connectedness are independent properties.

(i) L - local connectedness does not imply B - or DL - local
connectedness.

Example 2.2.11

Consider the real line (R, %) and let v be the countable complement

topology on the reals.
The space (R, % v V) is not locally connected, while the bitopological
space (R, u, v) is L - locally connected and B - pairwise locally connected. It

does not satisfy any DL - local connectedness property. The spaces (R, %) and

(R, v) are not locally connected.

Example 2,2.12.

Let 2 and v be the left and the right half - open interval topology on the

reals.
The supremum topology is discrete, thus the space (R, u v v) is locally
connected. Hence the space (R, u,Vv) is L - locally connected, but neither

topology is either B - or DL - locally cggnected with respect to the other.



Further more, the spaces (R, %) and (R, v) are not locally connected.
For example, that v is not B - locally connected with respect to u follows from
the fact that the sets [x,y) and [y, x + h) form a separation in (R, 2, V) of the

subset [x, X + h) €V, where x <y <x + h.

Analogous to the case of ordinary topological spaces we get the
following result for bitopological spaces regarding B - local connectedness and
DL - local connected ness.

Theorem [Birsan, 3] 2.2.13
In a space (X, u, v) the topology u is B locally connected with respect to

v if and only if the components of each # openset are u open.

Theorem 2.2.14

In a space (X, u,v) the topology u is DL - locally connected with

respect to v if and only if the components of each 1 openset are v open.

Theorem 2.2.14 is nothing else but theorem 2.1.11,

By modifying the proof of theorem 2.1.12, we can prove the following
result :

Theorem 2.2.15
Iff: (X, u,v) = (Y, S, T) is pairwise continuous and surjective, and
f: (X, v) = (Y, T) is open, then DL - local connectedness of # with respect to

v implies DL - local connectedness of S with respect to 7.
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By following the standard arguments it can be shown that product and
quotient theorems hold good for DL - local connectedness and B - local

connectedness.

Theorem (Product theorem) 2.2.16

In the product space (X, u, V) ofa family { X,u,v)ljel}uis
DL - locally connected (B - locally connected) with respect to v if and only if #,
is DL - locally connected (B - locally connected) with respect to Vv, for every

j € J and the spaces (X, uj, v;) are pairwise connected except finitely many of

them.
Theorem (Quotient theorem) (2.2.17)

Let (X, u, v) be a topological space and p an equivalence relation on X.
If 2 is DL - locally connected (B locally connected) with respect to v, then in the
quotient space (X/p, u/p, Vv/p) the topology u/p is DL - locally connected

(B - locally connected) with respectto v / p.

Remark 2.2.18
Consider the special case of a bitopological space (X, 1, V) where one

topology is finer than the other, say # < v holds.

In this case the supremum topology # v v on X is v, as well as the

family of all partially open sets.
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We conclude this section by stating the following relationship among the
three notions of local - connectedness

Theorem 2.2.19
Consider the space (X, u, v) the inclusion u C v holds, then (X, v) is
locally connected = (X, u,V) is L - locally connected <> visB - locally

connected with respect to # = u is DL - locally connected with respect to v.

Section 2.3

DL - local connectedness and B -local connectedness of the space (X, 7, 1%)
DL - local connectedness and B - local connectedness of the particular

bitopological space (X, T, T) is discussed in this section.

Definition 2.3.1.

Let (X, T) be a topological space. A subset B is called an ot~ set
if BC tint (t Cl (T int B)).

The family of all &0 - sets is denoted by T*.

Theorem [Njastad, 18] 2.3.2

o

T" is a topology on X larger than T.

Theorem [Mrsevic and Reilly, 12] 2.3.3.
Let (X, T) be a topological space (X, T) and let G = U \ N, where U € T

and N is nowhere dense. Then T%clG =T clG=1cl U= 7% cl U holds.
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Theorem [Mrsevic and Reilly, 13 ]2.3.4

(i) Let W be an « - set in the space (X, T). Then W is T® connected <> W
is pairwise connected <> W is T connected.

(1) Let W = U/N, where U €T and N is nowhere dense. Then W is T

connected (= T connected = pairwise connected) = U is T% connected (= 1

connected = pairwise connected).

Theorem [Mrsevic and Reilly, 13]2.3.5

(X, %) is locally connected <= 1t is B - locally connected with respect
to T = 7T is B-locally connected with respect to T* < (X, 1) is locally
connected.

The following two theorems give characterisations of the spaces (X, T) in
which the topology (1) T is DL - locally connected with respect to T and

(2) T is DL - locally connecteed with respect to T¢.

Theorem 2.3.6

(X, T,1*) is DL - pairwise locally connected <> 1% is DL - locally
connected with respect toT <>t =1* and (X, 1) (= (X, t)) is locally
connected.

Proof
Follows from theorem 2.2.5 and Corollary 2.2.6

Theorem 2.3.7

T is DL - locally connected with respect to T < (X, 1) is localy

connected.
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Remark 2.3.8

DL - local connectedness of T with respect to T is not equivalent to

local connectedness of the space (X, T*) as seen from the following example

Example 2.3.9

Let X be an infinite set, p, q € X and p # q.
Let T = {¢,X} U {Gc X\ {p,q}\X\Gis finite}. The space (X, T*) is an
infinite set with the cofinite topology and hence locally connected. But T* is not

DL - locally connected with respect to T since T # T .

Remark 2.3.10
DL - local connectedness of T with respect to T need not imply DL -

local connectedness T with respect to T as the following example illustrates :

Example 2.3.11

Let (X, T) be the unit interval 1=[0, 1] of the real line with the usual
topology. Then T is DL - locally connected with respect to T, but T¢ is not
DL - locally connected with respect to T. It is enough to consider the point O
and its T neighbourhood [0, 1] \ {%\n e[N}.

Thus DL - local connectedness of T with respect to T does not imply

DL - local connectedness of T* with respect to T.

The chapter is concluded by giving the following relations between the

notion of local connectedness of the spaces (X, T), (X, T ) and (X, T, T%).
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Theorem 2.3.12

(X, 1¥) is locally connected < (X, T, %) is L - locally connected <>

(03

T" is B - locally connceted with respect to T => 1 is DL - locally connected

with respect to T <> T is B - locally connected with respect to T & (X, 1)
is locally connected.
Proof

Follows from theorems 2.2.19, 2.3.7 and 2.3.5 and using the fact that

s s ol
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Chapter LI



CHAPTER - 3

LOCAL CONNECTEDNESS IN
FUZZY TOPOLOGICAL SPACES

In this chapter we study the concept of local connectedness in fuzzy
topological spaces. Ajmal and Kohli [1] have introduced four definitions of

C;- local connectedness (i = 1, 2, 3, 4) using the concept of C, -connectedness
(1 =1, 2,3, 4) is fuzzy topological spaces. The concepts C, - local
connectedness and C, - local connectedness are proved to be "good

extensions”" of local connectedness, while the concept C; - local
connectedness is not a "good extension" is established by means of an
example. They [1] have proved certain results analogous to the classical
situation. Moreover the authors [1] have obtained some interesting results on
C, - components and C, - quasi components. Before discussing these results,

let us give the preliminary definitions and results on fuzzy sets and fuzzy

connectedness which are needed for our study.

Section 3.1

Preliminary definitions and results

Definition 3.1.1
Let X be a non - empty set. A fuzzy set in X is a function I from X

into [0, 1]

Remark 3.1.2

Let X be any set and A< X. Then every subset A of X can be

=)



identified with the fuzzy set W X —> [0, 1] defined as
Wax)=1lifx €A
= 0 otherwise

Definition 3.1.3
For & € [0, 1], the constant fuzzy set O{ on X is defined as

oc(x) = O forevery x € X.

Definition 3.14
Let {2}, _, be a collection of fuzzy sets in X. Then
(1) (V) () = sup {ps(x)/n €J} forall x in X.

(i) (AU )(X) = Inf {1 (x)/ €J} forall x in X.

Definition 3.1.5

Two fuzzy sets M and ¥ are said to intersect ifuAny=0.

Definition 3.1.6

Let UL be a fuzzy set in X. Then the complement of U denoted by

L is defined to be fuzzy set 1 — w , where 1 is the constant fuzzy set

Il

ie., L€ (x) (1- ) (x)

Il

I'- (x)forall x in X.

Definition  3.1.7
If W and y are fuzzy sets in X, then U <Y means i (x) < Y (x)

forall x in X
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Definition  3.1.8
Letpu : X — [0, 1] be a fuzzy set in X. Then the support of u is

{X/u(x)>0} and is written shortly as supp L.

Definition  3.1.9

Let X and Y be any two non - empty sets. Let fbe a function from X
to Y and y be a fuzzy setinY. Then the inverse of ¥ under f written
as 17'(Y) is the fuzzy set in X defined by

1 (y) (x) = Y (f(x))forallx €X. For every fuzzy set 1 in X, the
image of 1 under f, written as f'(u) is the fuzzy set defined by

f(u) (y) = Sfulp i (2) if £ (y) is not empty.
ze/7(y)

= 0 otherwise.

Definition  3.1.10

A fuzzy pointx,, o e [0, 1] is a fuzzy set on X defined by
Xa(X) = o, xq(y) = 0 for all y #X. X iscalled the support of X and
QU is  referred to as the value of Xa. A fuzzy point x, € wiff
o< p(x).
Definition 3.1.11

A fuzzy topology on X is a family & of fuzzy sets on X such that
) all constant functions ot € §

i) d is closed for arbitrary union.
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1) J is closed for finite intersection.

The pair (X, 8) is called a fuzzy topological space (abbreviated as

fts). The members of & are called fuzzy open sets.

Definition 3.1.12

A fuzzy set W in X is said to be fuzzy closed if its complement
is fuzzy open.

Definition  3.1.13

Let (X, O) bea fuzzy topological space. Let LL be a fuzzy set on X.
Then closure of L and interior of |1 are defined respectively as follows :
du=A{y: v  €edandy>p

ntu=v{y: yedady< p}

Definiton 3.1.14
Let (X, 5) be a fts. A fuzzy set 1 is a neighbourhood of a fuzzy

point X iff there exists an open fuzzy set A such that Xo €A < L.

Theorem 3.1.15
A fuzzy set L inaftsX is a fuzzy open if and only if LLis a

neighbourhood of each of the fuzzy points contained in L.

Definition 3.1.16

Let (X, 0) be a fuzzy topological space . Suppose A < X and let
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d,= (WA L €0. Then (A, d,) s called a fuzzy subspace of the

fts X. In short, we shall denote (A,0,) by A. (Here L / A denotes the

restriction map).
Definition 3.1.17

A fuzzy subspace A is said to be a fuzzy open subspace ifits
characteristic function Lp,\ is fuzzy open in O
Notation 3.1.18

Let L be a fuzzy set in X and let A X. Then we denote /A by
L. In particular if |l is a fuzzy point X is X, then we denote the fuzzy
set Xq /A by X& . We remark that xg may not be a fuzzy point in A unless
X €A. On the contrary for each fuzzy point in A, there is a fuzzy point in X

with the same support and value .

Definition  3.1.19
Let (X, d)) and (Y, 52) be two fuzzy topological spaces. A mapping
fr(X,0,) > (Y,Sz ) is said to be fuzzy continuous if for every
Y €02,f'(y) €3,
Definition  3.1.20
Let (X, 81) and (Y, 02) be two fuzzy topological spaces.

A mapping f : (X, §, ) —> (Y, 52) is said to be fuzzy open if for every

Y €901, f(y) € 5,
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Definition  3.1.21
Let f: X —> Y be a surjective map. The map fis said to be a fuzzy

quotient map, provided a fuzzy set Y in Y is open iﬁ"f’l(y) is open in X.

Definition 3.1.22

If (X,0) isafis and Y a non empty set and if f: X —>Yisa
surjective map, then there exists exactly one fuzzy topology relative to which

f'is a quotient map, it is called the fuzzy quotient topology induced by f.

Definition 3.1.23
Let (Xa, 8a)aej be a family of fts, then the product fuzzy

topology on T X, is defined as the coarsest fuzzy topology making all

projections fuzzy continuous.

Fuzzy connectedness

Definition 3.1.24
Two fuzzy sets L and Min X are said to be
(1) non - overlapping if u < | — n,
*(2) Overlapping (quasi - coincident) if [(x) + n(x) > I for some X € X

Incase (2) W and M are said to overlap at x. It is clear that overlapping

fuzzy sets are always intersecting but not conversely.
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Definition 3.1.28
A fuzzy set Nis a fts X is said to be C, - connected (i=1,2,3,4)if
for proper fuzzy open sets Miand L7 in X the following hold

Cmswvu A <l-n= miAN=00ru,An =0

Cims v w, WAIKAN=0 = mAN=00ru;An =0

Cims v, mAp, < 1-n = W <l-nmoru, <1-n

Cins v, mAAN=0 = uy <1 -norpy <1 -1

Analogous to classical situation, the following results are true for
C,-connectedness and C, - connectedness.

Theorem : 3.1.26

1) Let {Ni};es be a family of C, - connected pairwise intersecting fuzzy sets

ina fts X. Then Vi isa C, - connected fuzzy set in X.

2) Let {Mi},c, bea family of pairwise overlapping C, - connected fuzzy sets

in a fts X. Then Vi is a C, - connected fuzzy set in X.

3) C, - connectedness is invariant under fuzzy continuity.

4) C, - Connectedness is preserved under fuzzy continuous surjections.

58



Section 3.2
Local Connectedness in fuzzy topological space.

Definition 3.2.1

A fts X is said to be C, - locally connected (i=1,2,3,4)ata fuzzy
point X in X if for every fuzzy open set M in X containing X o , there exists

a C, - connected fuzzy open set Nin Xsuch thatxq < 1 < L. The fis X
is said to be C, - locally connected (i=1,2,3,4) if it is C, - locally
connected at every fuzzy point in X.
Theorem 3.2.2

A fts X is C, - locally connected (i=1,2,3,4)ifand only if every
fuzzy open subspace of X is C, - locally connected.

Proof

Let A be a C fuzzy open subspace of the fts X .
Let X§ bea fuzzy point in A and let N9 bea fuzzy open set in A containing
X . Then ne = N/ A for some fuzzy open set Min X.
Clearly, the fuzzy point Xa in X is contained in n.
Since X is C,- locally connected and n A}OA is a fuzzy open set in X
containing X o there exists a C, - connected fuzzy open set L in X containing
Xo suchthat L < AW

Itis easy to see that x§ < pv < ne.
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Claim
e is C, - connected in A. For if not, then there exist fuzzy open sets
Hiand l2in X such that p? < p* v My, W' Aps Ape = 0,
T £1-pn? and [T f_ | T
Let L1 * = LA 4 and ps *= a2 Ay,
Then LL1* and 2% form C, - disconnection of L is X., since Hi1%* and -

H2* clearly overlap with L.

A similar proof holds good for i = 1,2, 0or3.
"Good extension"

Definition 3.2.3

For a topological space (X, 1), let OJ(T) denote the collection of all
lower semicontinuous functions from X into the closed unit interval [0, 1].
Then (1) is a fuzzy topology on X.
Definition 3.2.4

A property P, in (X, ©(7)) is called a good extension of a property P
in (X, T) provided (X, ®(7)) has Py iff (X, 1) has P.
Theorem 3.2.5

A topological space (X, T) is locally connected if and only if the fts

(X, (1)) is C, - locally connected.

Proof

Necessity : Let U be a fuzzy open set in ((T) containing the fuzzy
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point Xo. Now, X isin the support of L and support of W is openin T,

since Ll is a lower semi continuous function and supp i = w'(0, 1)

By local connectedness of (X, 1), thereis an open connected set U in X

containing x and contained in the support of [L. Now, \J/ , being the

characteristic function ofan open set in T, is lower semi - continuous, and so

Wi A W is a fuzzy open set in (7).

Claim

W, A HisaC,- connected fuzzy set containing X ¢

For, if not, then there exist lower semi - continuous functions L 1and lUp

Such that
CEW, ARSIV U, WA WwAG =0,
M Aocy #20#u Ao
[t is clear that supp G = U and Supp K and supp W are open sets in T.

Such that U < supp Jsupp Uz ,supp Ll .M supp Uy N U= ,
supp 1 N U# ¢ #, supp uy N U.
This implies U is not connected, a contradiction.

Sufficiency
Let X € X and let U be an open set in T containing x .
Then the characteristic function ¥, contains the fuzzy point x| .

Now since \J/, is fuzzy open in (O (T), there exits a C7 - connected fuzzy
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open set LL in () (T) containing the fuzzy point X | and contained in y/ v
Claim

Supp Wis an open connected set in T containing x and contained in U.

For, if not, then there exist open sets V and W in T such that

SUpp b &V UW, VAW supp u = ¢, VA supp

L# 0= W supp u

Itis clear that , and\y,, give a C, - disconnection of u in o(t) which
is a contradiction.

Hence the proof.

Theorem 3.2.6.

A topological space (X, T)is locally connected if and only if the fts
(X,0 (7)) is C, - locally connected.

Proof
The proof'is similar as that of them 3.2 5

The above two theorems show that C, and C, - local connectedness are good
extensions of the corresponding notions of local - connectedness.

However the following example shows that C, - local connectedness

is not a ''good extension".

Example 3.2.7
Let (X, 1) be the closed unit interval [0,1] equipped with the usual

topology. Let ¢ be any lower semi continuous function in X containing the
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fuzzy point X, wherex = o = 1/2 ands < 1/2.

Claim

Every fuzzy open set L contained in ¢ and containing the fuzzy point
X has a C; - disconnection.
Let €=1/4. Since W is lower semi continuous, there exists a & > 0 such

that lL(x) > 1/4. whenever 1/2 - 28< x < 1/2 + 28.

We define lower semi continuous functions wr and u,as follows.

1 <l _ ]
2+2(120)’1f0 =X S35 -9,

1 (x) 0 %_ﬁ(x+6—%),lff%—6<xszl,

: if31<x<l

: : |

2 f0<x<q,

and w(x) = ;_ 40(x— 3), If <x< zl +8,
%"2(1 =5 X —3-9), ’f +8<x<1

It is easily verified that u;and U2 form a C; - disconnection of . which
overlaps with ) and W) at x; and x; respectively , where x1 = 1/2 — § and

Xy = 172 + 8.



Section 3.3
C, - local connectedness
Definition 3.3.1

Let X beafts and let u be a fuzzy set in X. We introduce
an equivalence relation E w on the setB, of all fuzzy points
contained in p as follows:
For xq,ys in B, define XaE@ uyp if and only if there exists a
C,-connected fuzzy set ncontaining the fuzzy points x,, and yp and
contained in p.

Let E (2 ) (xo)denote the equivalence class containing x., .
We call the fuzzy set C 2.w¥a) = VE 1y(xy) the C, - component

of 1 containing the fuzzy point x,, .

Analogous to the classical situation we get the following

two theorems regarding C, - components:

Theorem  3.3.2
For each fuzzy point x, € B u, the component C 5 ) (x) is
the maximal C, - connected fuzzy set containing x, and contained

inu.
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Theorem 3.3.3

Every fuzzy set p in a fts X isthe disjoint union of its
C, - components.
Theorem 3.3.4

A fts X is C,- locally connected if and only if every

C, - component of every fuzzy open set in X is fuzzy open.

Proof

Suppose u is a fuzzy open setin X. Let C 2.w(xq) be a
C, - component of n containing the fuzzy point x, and let
vps Ca,w(xe) be any fuzzy point. Since X is C, - locally
connected, there exists a C, - connected fuzzy open set n
containing ygand contained in .
Now nA C @ y(xe) # 0.

So, by theorem 3.1.26(1), nvC i (xa) is a C, - connected
fuzzy set containing x, and contained in .

Therefore mis contained in Cg, (xo). Hence Cpo. Xz )is 8
neighbourhood of xo. Thus C,,(x4), being the neighbourhood of

each of the fuzzy points it contains, is a fuzzy open set by theorem

3.1.15.
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Conversely, let [t be a fuzzy open set in X containing a fuzzy point X,
Then Cq,)(xo)isaC, - connected fuzzy open set containing X and
contained in LL.
Quotients and products

Theorem 2,3.5

Let £: X—Y be afuzzy quotient map of a C, - locally connected
spaceonto a fts Y. Then Y is C, - locally connected.
Proof

Letyy be a fuzzy point inY and let L be a fuzzy open set in Y
containing . Let Ci21) (Vo) be the C5 - Component of [t containing y, .
By fuzzy continuity of £;f ~'(w)is fuzzy open in X.
Let xgbe a fuzzy point contained in {~! (C,wVa))
Since X is C,- locally connected, there is a C, - connected fuzzy open set &
containing X and contained in ! (1)
Now f(xp) <f(o) A (.C(ZT“)(V(L)
Since fis fuzzy continuous, f{o) is C, - connected.
Moreover, f(6) < [, and hence by theorem 3.1 .26(1),
(o) v Ca,w(Va ) is C, connected. Consequently, flc) <C . (Vo)
Therefore, & < {(Cp.n(Va)).

Hence ! (Ca.(Vo) is a nei hbourhood of each of its fuzzy points.
2,1 g
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Therefore by theorem 3.1.15 {~ (Ca.w(Va)) is fuzzy open. Since fis a fuzzy

quotient map, Cq (Vo) is a fuzzy open set in Y. Hence Y is C, - locally
connected.
Corollary 3.3.6

Let f: X — Y be a fuzzy continuous, fuzzy open (fuzzy closed) map

of a C, - locally connected space onto Y. Then Y is C, - locally connected.

Proof

Since every fuzzy continuous fuzzy open (fuzzy closed) surjection is
fuzzy quotient, the result follows by above theorem.
Theorem 3i3,7

If the fuzzy product m X, ofa family fts is C, - locally connected,
then each co - ordinate space X, is C, - locally connected.
Proof

Follows easily from the fact that projections are fuzzy open maps.

Section 3.4
C, - Quasi Local Connectedness
Let X be a fts and let |t be a fuzzy set in X, Let[B, denote the set of

all fuzzy points contained in K. In analogy with the definition of

C,-components, it may not be possible to define an equivalence relation on
By similar to E(y ) in case of C, - connectedness. It turns out that such a

relation may fail to be transitive. Transitivity breaks, since the union of two
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C, - connected intersecting fuzzy sets may not be C, - connected. The
following example clearly illustrates this phenomenon, where 6| and G5 are
intersecting C, - connected fuzzy sets whose union G is not C, - connected.

Example 3.4.1

Let X = [0, 1] and let the fuzzy sets K, N and G in X be defined as

follows :
Lo if0sxs<d
WE = Sfy<x<d
\ 0, /f'%<xsl,
5 if0<x<i
nx) = 7 0, 1f§<x£%,
%, 1f§<x£1, )
0, if 0<x<4,
o(x) =

Let O denote the fuzzy topology on X generated by taking the subbase

S consisting of L, 1, & and all the constant fuzzy sets in X. Then the fuzzy

sets 1 and G in X defined by

68



0, f0sx<i

| oo
Gi(x) = 3. I 3<x

INA

2
3

o iffcx<l,

(Vi )
and
0, f0<x<i
I NS
c2(x) = = I 3 <X,
I 2
3 f5<xgl

are maximal C, - connected fuzzy sets contained in the fuzzy open set 6. The

fuzzy set 6 = o v 0, is C, - disconnected and 6| v 5, # 0.
Further, if we define C, - components as maximal C, - connected fuzzy sets,
we do not get a characterisation of C, - local connectedness and similar to
theorem 3.3.4 as shown in the above example.
However the situation is corrected as follows -
Definition 3.4.2

Define an equivalence relation E*@uyonB iz, ), whereB (/2. )
denotes the set of all fuzzy points contained in |t whose value exceeds 172,
for a fuzzy set W >1/2. By i > 1/2, we mean that w(x) > 1/2 for every x

in X,

For fuzzy points xg, ypinBz, define Xal* (4 1y ¥B if and only if there
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exists a C, - connected fuzzy set 1 containing X, and yp and contained in L.
We point out that the transitivity of the relation E* 4 ) follows from

the fact that the union of two C,- connected overlapping fuzzy sets is

C,-connected by theorem 3.1.26(2)

Let E*@4,)(xy) denote the eqdivalence class containing the fuzzy
point Xo €B(1/2,) and let {1;} be the family of all C,-connected fuzzy sets
containing X, and contained in . We define a C, - quasi component of |t
as the union Vy; and denote it by C” (4,1 (Xo).

Theorem 3.4.3

A C,-quasi component C* (4, (Xy) is a C, - connected fuzzy set
contained in W and containing X such that VE* 4 ) (X)) € C * 4 (X0)
Theorem 3.4.4

A fuzzy set | > 1/2is a fts X is the non - overlapping union of its
C,-quasi - components.

Definition  3.4.5

A fts X is said to be C, - quasi - locally connected if for each fuzzy
open set L. > 1/2 and every fuzzy point X ( with ct>1/2) contained in W there
exists a C, - connected fuzzy open set Nin X such that x, < n<u
Remark 3.4.6

Every connected as well as every locally connected topological space

considered as a fts is always C, - quasi - locally connected.
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Theorem 3.4.7

Ifa fts X is C, - quasi locally connected, then the C,-quasi-component
C* 4 (Cuey) of each fuzzy open set W > 1/2 isaC, - connected
neighbourhood of every fuzzy point x4, 0 < o < p(x).
Proof

Let X be C,- quasi locally connected and let x4 be a fuzzy point in
C™ (4 (Xpe) where 0 < o < p(x)clearly xo < Xuta S 1.
By quasi - local - connectedness of X, there exists a C, connected fuzzy open
set M such that xyxy <M < p. Since nand C* @, (Xp(x))are overlapping
fuzzy sets, their union is C,-connected and consequently 1 <C* @ (X)),
Thus C™ (41) (X () is a neighbourhood of the fuzzy point X .
Corollary 3.4.8

If a fts X is C, - locally connected, then the C, - quasi - component
C” (4p) (K@) of each fuzzy openset p > 1/2isa neighbourhood of every
fuzzy point xo, 0 < ot < p(x).
Theorem 3.4.9

If a fts X is C, - quasi locally connected, then the C,-quasi component
C™ (@ (Xueo) of each fuzzy open set p > 1/2 is aC ,-connected
neighbourhood of the fuzzy set V E* | (x4).
Proof

Follows easily from the theorem 3.4.7 and theorem 3 .4.4
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Corollary 3.4.10
If a fts X is C, - locally connected, then the C, - quasi - component

C* @ (Xu(x)) of each fuzzy open set L > 1/2 is a connected neighbourhood

of the fuzzy set V E*,, (x,).
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SUMMARY AND CONCLUSION

In this thesis we have collected some of the important results regarding local
connectedness in topological spaces, bitopological spaces and fuzzy topological
spaces. |

The concepts connectedness and local connectedness are not related to
one another. A space may possess one or both of these properties or neither. There
are spaces which are locally connected at all points except at only one point.
Examples are given to illustrate these facts. Apart from these illustrations, some nice
properties and characterisations of local connected spaces are cited in chapter 1.

Groot and McDowell[6] have established that a systematic and simple
approach to the theory of locally connected spaces can be obtained by the use of
quasi components. Many interesting results on local connectedness using quasi
components are discussed. moreover, the quasi components approach has led to the
important result that in a connected Hausdorff space (i.e. in a continuum) the
property "components coincide with quasi components on every open subset" is
equivalent to local connectedness.

The three independent notions of pairwise local connectedness namely, DL -
local connectedness, B- local connectedness and L - local connectedness are
discussed in the second chapter. Though DL- Pairwise local connectedness causes a
bitopological space to collapse to the topological case, examples of proper

bitopological spaces are given in which only one topology is DL- locally connected



with respect to the other. Relation among the three notions are given in the
following two theorems:

(1 Ifin a space (X, U, V) the inclusion #C V holds, then ,
(X,V ) is locally connected .

= (X, U,V )is L-locally connected .

< V is B- locally connected with respect to u.

= U 1s DL- locally connected with respect to V.

(2) (X,T%)is locally connected

<~ XT,7T %) is L-locally connected

<> T%is B- locally connected with respect to T

= T is DL - locally connected with respect to T

<> T is B-locally connected with respect to T

< (X,1) is locally connected.

Ajmal and Kohli [1] notions of local connectedness of fuzzy topological
spaces referred to as C.-local connectedness. Concentration is made on C, - local
connnectedness and C,- local connectedness which are proved to be "good
extensions " of local connectedness.

Analogous to the classical situation , they [1] have defined C, - Components
by introducing an equivalence relation among fuzzy points. But a similar relation

when defined regarding C, - local connectedness does not satisfy the transitivity
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relation. Hence they [1] have modified the relation which had led to the
introductionof C, - quasi components using which thé class of C, - quasi locally
connected fuzzy topological spaces is defined and interesting results are obtained

The authors [1] have not settled the problem whether product of C,-locally
connected spaces is C, - locally connected. It would be worthy if one could find an

answer to the above problem and generalise the results on pairwise local

connectedness to the fuzzy situation.
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