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INTRODUCTION




INTRODUCT ION

The radical of an algebra is a very important
concept. [t is defined by different authors in
different ways. The first definition was given

by N. Jacobson as follows:

"The radical R of a ring U is the inter-

section of all maximal 1left ideals of

R'".

Later the radical of a ring U that satisfies
the descending chain condition was defined to be

the join of the nilpotent right(left) ideals of

u.

Other possibilities for defining & radical
arc alfforded by an imoortant characterization of
the radical R of an algebra U with a, finite basis.
T he definition due to Perlis, makes use of the

notion of quasi regularity as follows:

"The radical of a ring is the join of
all quasi regular right ideals of the

ring". CmJ

In b paper "The Radical and Semr Simplicity
for arbitrary rings" by N. Jacobson, he has
considered the above definition of the radical
by Perlis as the definition and proved the other

definitions as theorems.



The aim of this thesis is to discuss the
definition of radical by Perlis, the properties
of radical and some important results on Radicals

and semi simplicity from the above paper.

The first chapter deals with an exhaustive

discussion of the definition of radical by Perlis.

In the Second chapter several properties of
the radical are discussed. The important theorems
in connection with these are as follows:

i) If U*x = U +(1) where (1) is isomorphic
to the ring of integers, then R(U*)=R(U)

—

11 1f R is the radical of U, then U = U-R
is semi-simple.
iii) Any regular ying is semi-simple.

iv) If U is a ring that satisfies the descend-

ing chain condition for right(left)

ideals then the radical of u is
nilpotent.
V) If U is the ring of n x n matrices with

elements in U, then R(U ) = R , R the
rdadical of U. '

In the third chapter, using the provpertles
of the radicals discussed in Chapter II, it is
proved that the definitions of radical by Perlis
is the same as the definition of radical by N.

Jacobson.
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DEFINITIONS

Definition: 1 Right quast inverse of z:

An element z of an arbitrary ring U is right
quasi regular if there exists an element z' 1in
U such that z+z'+zz' = 0. The element z' satisfy-

ing this equation is called a right quasi inverse

ol

Definition: 2 Right quasi regular ring:

An element z of a ring U is right quasi

regular if the totality of elements {x+zx} = U.

Definition: 3 Radical

The Radical of a ring is the join of all the

quasi regular right ideals of the ring.

Definition:4 Nilpotent element:

An element 7 2 n is a nipotent elemont of

index n, then z" = 0 but " EO.

Definition: 5 Regular clement:

U is regular if every element a of U has a

relative inverse u such that aua = a.



Definition: 6 Descending chain condition:

If N] =5 N2 - SRR is a descending sequence
of submodules, then there exists an integer n such

that N = N i
n n+1l

Definition: 7 Minimum condition:

In any non-vacuous collection I N} of

submodules, there exists a minimum submodule, that

is a submodule that does not contain nronerly any

submodule of the collection.

Definition:8 Maximum condition:

Any non-vacuous condition of submodules
contains a maximum submodule (one not contained

pronerly in any other module of the collection).

Definition:9 Transfinite Powers:

If U is an arrhitrarry ring we define the

transfinite powers U¥ by the condition,

i) u' & U
1) TR BT
iii) If o is the limit ordinal U% is the join

of al11 u® with B < q.



Definition: 10  Algebra:

An associated ring A is called an algebra
over F if A is a vector svace over F such that

for all a, beA and a €F,
a (ab) = (a a)b = a( ab).

Definition: 11 Idempotent element:

An element e ¢ R is called an idempotent if

el = e,
Definition: 12 Lattice:

A lattice (structure) is a partially ordered
set in which any two elements have a least upper

bound and a greatest lower bound.

Definition: 13  Algebraic Algebra:

An element 'a' of an algebra U is algebraic
if it satisfies é non- f#rival algebraic equation
with coefficient§ in the underlying field ¢
An equivalént condition is that 'a' generates a

subalgebra A witha finite basis.

Delfinition: 14 Transcendentalelement :

As in the special case of a field an element

which is not algebraic will be called transcendental



Definition: 15 Normed ring:

Suppose U is a normed ring, that is 'l is an
algebra over the field of complex numbers and

for each a in U there is defined a non-negative

real norm ||a|| such that
i) lall >0 ifazo0 [o| =0
ii) la + bJl < flaf] + |Ib]
1) Jlax | o= flal o] if a6
iv) labfl < rajl Jiv]
v) U has an "identity and || 1| = 1.
vi) U is comnletely relative fo the metric
D(a,b) = || a - b |
Definition: 16 Semi-simple ring:

If the radical of the ring is zerc then the

ring is called semi-simple,
Definition: 17 Zorn's Maximum Princinle:

lLet S be a non-empnty inductively ordered set.

Then there exists a maximal element in S.
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CHAPTER : I

Let U be a ring with an identity and let z
be an element of U such that 1+z has a right
inverse u. We write u = 1l+z', |
Then (1+z)(1+z') =1
> l+z'4z+22' =1
S z +2' +z22' =0 - (D)

Conversely if z is an element for which
there exists an elements z' satisfying (1) then
1+z has the right invérse 1+z'. This leads to

the following definition.
Dalfinition of a Right QunqiﬁTnvor:nanmz:

An element z of an arbitrary ring U is right
quasi regular if there exists an element z' in
U such that z+z'+zz' = 0. The element z' satis-

fying this equation is called a right quasi~inverse

of z.

We have noted that if U has an identity then
z is right quasivfegular with vight qguasi inverse

z' if and only if, 1+z has the right inverse 1l+z'.

Lemma: 1.1

An element z of a ring U 1is right quasi-
regular if and only if the totality of elements
[ x+zx} =0l 21.

Proolf:(}]2)

If x is any element of U the tofulity X +7 X
of elements|x+zx}where x ranges over ‘U is a right
ideal. If z is right quasi-regular wjth right

auasi inverse z' then z+z'+2z' = 0.
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= -z = z2' + zz'g{f+zx3(8ince 2'¢ U)
that is -zef{x + zxj

> ze {x + zx3

=> zxe{x + z'x} and xe {x + zxj
Then % + ZX = U

(Since xe §x+zx3 and zxef{x+zx] and the totality {x+zxj
of elements x+zx where x ranges over U is right
ideal).

(<)
On the other rhand if x+zx = U then
-7 = 7' + 72' forr suitable z'.
> z+z2'+22"' = 0
> z is right quasi regular.

Hence the lemma.
The definition of quasi regularity due to Bear
is definition{ % ].

A right ideal @ will be called quasi-regular
if all the elements of Tare rightt quasi regular.
Let q and 7, be quasi-regular right ideals and let

e
z,¢ "t‘l and 2,8 G

Lemmé: 1.2

‘Tl +'(2 is quasi regular.

Proof:

let qﬂ and f; be quasi regular right ideals
and let zq& %}, ZZQ_”Z, we have to prroduce a right
quasi invese to z, '

+Zz.

By the definition there exists an element zl'

1 1 e
such that 2 + 29" ¥ z2¢" = 0.

Since =z 2,72, "'¢ T, this clement has ¢ i : asi-
Since z, 1 7,7 'e G this c¢lement has a right quasi

inverrse w' such that



n
(e

(zz+zzzi} + W' o+ (zz+zzz')w'

' L. (2)

(by the dzfinition)

Hence consider

+

(zy+ 2) + (z+w'+z/w') (zl+22)(zf*w'+sz')

+

Z.4+ Z,+ Z2) + W' + z2'w!
L 1* %2 1

' ' Ty !
1 zlzl+zlw + Z le +

1
Bgl] * 3R ¥ 2290
and collecting the terms as follows.
—_ 1 1 1 1
= (z1+ z{ + 2412 )+ [(zz+ 2,2 ) + w' o+ (z2
1 1 1 1
+ zzz{ ) w'| o+ [(z1+ z) o+ 2121)w ]
e 0+ 0+ 0
= 0.
(since 2+ 2] + z42) =0 and
1
[(zl+ 2,21) + W' + (z,+ 2

by (2) 1.

22{) w'] =0,

. (zl+ zz) + (zi + W' o+ ziw') + (zl+ zz)

(zi + W' o+ ziw') = 0.
Thus Zi + W' o+ zi w; is a right quasi inverse of
Zq+ Z,.
IlTence Tt T, is quasi-regular,

Thecorem: 1.1

If U is an arbitrary ring the join R of all
the quasi-regular right ideals of U is a (right)

quasi-reoular two-sided ideal.



Proof:

Let R be ‘the join of all the quasi-regular
right ideals of U, Sincec the right idecal
generated by an element 2z is the totality of
elements zi + za where i is an integer and a. U,
it is clear that R is the totality of elements
z such hat zi + za is right quasi-regular for all
integral i and all a e U. The above result shows
that R is a right ideal. Let ze R and be U. Then

zb e R, then there exists an element w' such that
zb + w' + (zb)w' = 0 (by definition)
Then considerr

bz 4+ (-hz-bBw'z) + hz (-hz-hw'?)
= bz - bz - bw'z - bzbz - bzbw'z

= -b (w' + zb + zbw')z

= -b(0)z

= 0

(Since w' + zb + zbw' = 0).

and so - (bz + bw'z) is a right quasi-inverse for

bz. Similarly if i is an integar and at u,

(bz)i + (bz) a = b (zi + za) is right quasi-

regular. Hence bz R.
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We have proved that if U is a arbitrary ring
the join R of all the quasi-regular right ideals
of U is a (right) quasi-regular two-sided ideal.

[Tence the theorem.

Now we shall define the radical of a ring

as follows.

The radical of a ring is the join o: all the

quasi-regular right ideals of the ring.

WE know that R is the set of elements z such
that zi + za is right quasi-regular for all
integers i and all a ¢ U. If U is a ring with an
identity the connection between quasi-regularity
and regularity shows that R is the totality of

elements z such that 1+za has a right inverse for

every a& U,

We define the 1left quasi-regularity icft
quasi-inversc, quasi-regular left ideal and left
radical R' in a manner analogous to the above.
As for ordinary inverses rwe say that anr element
is quasi-regular if it is both right and 1left

quasi-regular.

Lemma: 1.3

[z is quasi-regular any right(left) quasi-
inverse of z is a left(right) quasi-inverse of

it and is uniquely determined and commutes with

z .
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Consider z" = z" + 0 + z"(0)
= 2" + (z+z'+22') + 2" (z+z'+22"')
= 7' 4 (7,+7,"+7."'7_,) + (Z+Z"+Z"Z)Z'

= z' + 0 + 0.

z' (Since z + z" + z"z = 0).

This proves that any right quasi-inverse of a
quasi-regular element is also a left

quasi-inverse.

Since z+z'+zz' = 0 = z+z"+2"z = z+2'+2'2

(Since z' = 2")
> z+z'+22"' =z + z2' + 7'z
> 22" = z2'z

z' commutes with z. We call z' the quasi-

inverse of =z.
Hence the lemma.

Theorem: 1.2

The radical of a ring U is the join of all

the quasi-repgular left ideal of 1.

Proof:

Now let z € R. Then z has a right
quasi-inverse z' = -z-z22"'. Since R is an ideal
z'e R. Hence z' has a right quasi-inverse. Since

z is a left quasi-inverse of z' it follows by
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lemma (1.3) that z" is quasi-regular and z is its

quasi-inverse. Hence z is quasi-regular, since
R is a left ideal R ¢ the left radical R'. By
symmetry R' ¢ R, Therefore this proves the

radical of a ring U is the join of all the quasi-

regular left ideals of U.



CHAPTE:

2



CHAPTER : II

PROPERTIES OF RADICALS:

If U is an arbitrary ring, we know that we
can imbed U in a ring with an identity [i* such
that x — 1U+(1), Un(1) 0, where (1), the ring

generated by 1, 1is isomorphic to the ring of

integers[ | ].

Theorem: 2.1

Let U be an arbitrary ring and let U* be a
ring with an identity containing U such that U#*=
U+(1). Then the radical R(U) = R(U*)NU. If in
addition UQ(1) = 0 and (1) is isomorphic to the

ring of integers then R(U) = R(U%*).
Proofl :

First we assume that U* = U+(1). et R(U*)

be the radical of U%,
glaim: 1

R((U*)OU = R(U)
Let z be an element of R(U*) N U, Since
z € R(U*) the radical of U*, z has a quasi-inverse
z' in U* (by the definition of radical)
that is z+z'+zz' = 0
» z2' = -z & 22!

= 72" € U(Since z€ U)
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Hence z has a quasi-regular inverse z' in

U, that is z in quasi regular in U.

that is zg R (U).

Therefore R(U*)NU C R (U) s sbL)

We know that U* = U+(1). Any right ideal

ol U is also a right ideal of U*,

Therefore R(U) C R(U* )
> R(U) C R(U*)NU .. (2)
From (1) and (2)

R(U*)NOU R(U)

Claim: 2
R(U) = R(U*) if UN(1) = 0.

We assume that UM (1) = 0 and (1) is isomor-
nhic to the ring of integers. Tet 2% ¢ R(U*), then
the coset z* of z* in the difference ring U*-U is

in the radical of the difference ring.

But the radical of ring of integers is zero

for let n# 0 and neR(1). If there exists n' (1),

such that

n+n' + m' = 0.
= n +n' (l+n) =0
N Bl-5 =t 4 (1) a contracdictijon.
1+n

Therefore R(1) = 0
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That is R(1) is 0 and hence z* = 0 and therefore

z*€ U. (By the definition of cosets).

Hence U'Q R(U*)

Hence from the claim (1)

R(U) = R(U*) nU. Weoblained that R(U)=(U*).

Hence the theorem.

Theorem: 2.2

If R is a radical of U, U=

semi-simple.

Proof :

let 7z be an element of the radical of U, that

= - R, let z be an element in

R(U) where U = U
Then there exists

is
the cosct zR(U). an eiement

2' such that z+z'+2z' = u ¢ R.
Since u £ R there exists u' such that
u + u' + vu' = 0.
Hence 0 = (z+z'+zz')+u+(z+z'+zz"')u’
= z+(z'+u'+z'u') + z(z'+u'+z'u')
z is a right quasi-regular.
Now consider all such z elements 1in the
cosets 7 of R(U) that will form an ideal which

is quasi-regular.
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Hence :z R and therefore z = 0. Hence R(0)=0.
Hence G.= U - R is semi-éimple (By the definition

of semi-simple ring).

Theorem: 2.3

The radical of a ring contains every nil

right (left) ideal of the ring.
Proof:

Assume that z is a nil potent element of

index n of a ring of a ring U. Consider the
element
n-1 s
Z' - ('i)lzl
i=1
= (-1)2"’(-1)222"' ooooo ..n-"'(‘])n-lzn-l
8 242223, . uuuees .+(-1)n.1 n-1

Claim: z' is a quasi-inverse of z.

z+z'+22" = z+(-z+22-23+,.... +(_1)n—1zn—1
' ( | PIRE BN 4L‘l)n-1 "
- 2-2422-2%42 +...... F( ])n-lln-
" 7‘-74+ ........ +( )n-l s
- (_1)n‘1zn

= 0 (Since z"™=0 by the defini-

tion of nil potent elements

of index n)
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z' is a right quasi-inverse of z.
Similary z' can be proved to be the left quasi-

inverseof z. Hence the claim.

Hence every nil right(ieft) ideal of the ring

is contained in the radical of the ring.

COROLLARY:

If z is an element such that UZU CR then

N
=

I:’_ti{)n {:

For if T is the right ideal generated by

z, n G U U C R,
s Z i
Cosider T = (1t + R) - R

It is nil potent in the semi-simple ring u = u-R.

By the definition 'semi-simplicity R(U) = (0).
By theorem 2.3 71C R(U) = 0.

ST =0
> 1 C R
Hence zet C R
> Z e R

Hence the corollary.
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This corollary implies that z e R if and only
if za(az) 1is right(left) quasi-regular for all

a in U.

By theorem 2.3 we know that the nil potent
elements are the elements of Radical. But the
converse need not be true. The elemeﬂts of the
radical need not be nil potent. This can be seen

by the examole.

U be the ring of P-adic integers. The radi-

cal of this ring is the intersectionof the maximum
right idcals of U. Hence R = PIJ, PU hkas no nil

potent element,
Theorem: 2.4

If N is a subring of R and ze& N then for any

positive integer h cither zh’1N:>th or zh = 0.
Proof:

Evidently 1y > 2PN, Suppose that. 271N =
th then 2" = zhy forr some y in N. Let y' be
quasi-inverse of -, Then by the definition of

quasi-inverse we know that

(-y) +y'" + (-y)y' =0

; h h
By our assumption z = z y
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= N zby 2 0 (D)

that is z y' = z yy'

= zhy'-zhyy’ = 0 .(2)
(1) + (2) we get
R A e s A

> ey vy e Gy)y) =0

= PLI (0) = 0 (Since -y+y'+(-y)y'=0)

2 zh =0

Hence the theorem.

Iheorem: 2.5

Tf U is a ring with an identity whose lattice

of right(left) ideals is completely reducible,

then U is semi-simple.
Proof;

Theorem 2.4 implies that the radical contains

no idempotent element # 0. It is known that if
U is a ring with an identity whose iattice of
right ideals is completely reducible taen every

right ideal T 1in U has the form eU, where e is
an idempotent element in t [ ]. Hence if U is
a ring with an identity whose 1lattiee of right
(left) ideals is comnletely reducible, then U 1is
semi-simple, because a semi-simple rings radical

is 0.

Hence the theorem.
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Theorem: 2.6

Any regular ring is semi-simple.
Proof:

By the definition, "U.is regular if every
element a of U has a relative inverse u such that

aua = a'".

Suppose that a € R, the radical then -ua has

a quasi-inverse Y such that -ua +% +.(-ua) = 0
sl 1)

> - aua + a V- éua ¥ =0

5 - a4+ ad%- a9s= 0 (Since aua = a)

= - a 0

= - a =20

= a = 0

= R = 0

Any regular ring is semi-simple.

The Radical of of a Ring Satisfying the Descending

Ehain Condition:

Iheorem: 2.7

Tf U is a ring that satisfies the descending
chain condition for right(laft) ideala, thea the

radical of U is nil potent.
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Broof:

We supposc now that U is a ring #Zecr which
the descending chain condition for right(left)
ideals holds. Let N be a two-sided ideal

contained in R, the radical of U, and suppose that

N2 = N, Then N# 0 there exists a minimum right
ideal « of U with the properties.
i) T CN (ii) T N#£ 0.

Let b be an element of T . Such that bN # 0.
Then

(bN) N bN?2

bN 0(Since N2 = N)
and since bN C ¥ , by the definition of minimality

of T+, T C bN

We have bn = T

Since be T '‘there exists an clement y €N such that

by = b.

=> hy-h = 0

= b(y-1) = .

But y * 1. Since 1f y = 1, it is .dempotent

y=1=12 and theorem 2.4 the radical cannot have
non-zero idempotent element implies y cannot be
in R and hence cannot be in N.

Hence y #1. .'. b = 0.
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Contrary to bN # 0. Thus N = 0. Now the
positive integral power Rk of R are two-sided

ideals and R 5 R? Dsasssnns

: : D 0o+
llence there is ang such that RY .= R

(Because of the minimality condition)

Then N = R’
> N2 = NN = Ro. RP
= R 2P
= RP = N
lHence N = RP =0

This proves the thcorem.
Note:

Since 5ny nil ideal is contained in the radi-
cal this proves that any nil ideal in a ring that
satisfies the descending chain condition for right
(left) ideals is nil potent. It is clear also
that R coincides with the usual radical defined

as the join of all nil potent ideals.

Finitely Generated Ideals Contained in R:

Theorem: 2.8

It N is o right ideal with a finite basis
contained in the radical ,R then either NRC N or

N = 0.



Proof:

Since N

22

is a right ideal either NRc N or NR

= N, Assume that NR " N.

Let Y1s Yopeeeooeenenn. Yn be a basis for N.

Then every element of N has the form % yiad; * L Y.)

i’i

where a, e U and the ji are 1integers. Since NR=N

every element of N also has the form & YiZi» %4 in R.

1

In particular Y1 =2 y;2 Let z! be the quasi-

inverse of -7

Then consider

Y1 =

1

s R 1

then -7 + z; +(—zl)zi = 0.

Y+ (~zl+ zi + (-zl)zi)

(Since -z,+ z! + (-2

1 1 Jzt o= 0).

1771

(- yp 29+ Irg-vyz29) 24

(= Yizi- b yiziz]) + (2 YiZi-

2 yi

zizl)zi (Since put Yy = ) yizi)
(Zyjzy + 2 yyz329) - (Byzzi2q+
Byizi%12p)

' v 7 7 5 g1
[()'ZI YTy ) o+ (yz_]‘2 by Lzzl)

By 8§ b B +(h12n # Ynzrlzi)} 3 (lel

1) (Put? x
+ ylzlzl) (Put yiZs yl)
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(yp2,% ¥p2521) + wevene # (ypzp+ y 2129)
Y, (z2 + zzzi) oo v Y (zn+ 2,21

Hence y, can he eleminated from the hnsis,

Similarly every y, can be eliminated and so N=0.

Definition:

If U is an. arbitrary ring we define the

t ransfinite powers UT by the conditions.

i) U' = U ii) u %l 2oy

iii) If a is the limit ordinal U is the join

of all UB with B < a.

There exists a least ordinal p such that
uf - u P* 1. We shall call »p the index of U

and we shall say that U is transfinite nil potent

if 0° - o.

Theorem: 2.9

The radical of a ring that satisfies the
ascending chain condition for right ideals is

transfinite nil potent.

Proof:

Now suppposc that U is a ring that satislics
the ascending chain condition for right ideals.
We recall that this condition 1is equivalent to

the rcquirement that cvery ideal has a finite

basis.
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Let N =R° where ,is the index of the radical

N of U. Then NR = N and so by theorem 2.8, N =
RP = 0. | '

The Radical of a Matrix Ring:

If U is an arbitrary ring we denote as usual
the ring of n x n matrices Qith elements in U by
U, If B is a subring (ideal) in U then B is a sub-
ring (ideal) in U,- Let R be the radical of U.

Then we wish to show that Rn is the * radical of

U, denoted by R(Un).

Egﬂpa: 2.1

7 .
Any matrix z (Zij) of U, in which zyq is right

quasi-regular and the Ly = 0 for i 51 is right

quasi recgular in IH].

Proof:

Consider z =

Z 11 is given to be a right quasi regular element.
Then by lemma 1.1 the ideal, {x + znx} = 0. Hence

3 1
there exists 213 such that z.. +(z1i P 4+ z

11 ')=0

1i

= Z,.' + 2z

Consider =z..
LR A T |



let z°' =

Then we

inverse of z.

can vrove

that is, z + z'

=l %11
0
0
¥ 211
0
0
-
i T
= O O .
0 0
0 0

%12

0

0

|

+

0 i

+ zz2!

In

'
11%11

Z 1

Z

the

0

X
211

+2' 42

12 712

right

0 ‘o

VA '

2 U

25

quasi

O . . o
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z' is the right quasi inverse of z.

Theorem: 2.10

If U is an arbitrary ring and Un is the ring
of n x n matrices with elements in U, then the

radical R(Un) = Rn, R the radical of U.

Eroof:

Now consider the totality 1, of matrices
with first row consisting of eclements in R. and
other rows 0. Then T71 is a right ideal. Hence

by the above lemma T, C R(U,).

Similarly the totality Tj of matrices with
jth row consisting of elements of R and cther rows

0 is contained in R(Un).

Since R, = Tid Ty # cuveens#® 7

R, C R(U_)

Conversely let y = (yij)‘e.R(Un). If 'a' is any
e lement of U we denote the matrix that has a in the

(i,j) position and 0 elsewhere by A Let a and b

ij*
. . _ »
be arbitrary and form the matrix D ZkAkD Y qu.
Then D is the diagonal matrix{ a Diyors s & ook e a b
g LAY pebs -
and Be ROU ). 1f D' = (dgj) is a right quasi inversc

ol D it is easy to see that d' - d;‘ s norieht quasi

inverse ol nvplh. Fvidently this implics f(or
(
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arbitrary C in U and arbitrary integral i, dc+di

is right quasi regular. Hence d¢ R. Since a and

b are arbitrary the corollary to theorem 2:3; "1E 2
is an element such that UzU C R then z ¢R" shows

that € R and YER .
a qu -

The Radical of an Algebra:

Let U be an algebra of poissibly infinite
order over a field® . By an ideal in the algebra
U we mean, of course, an ideal of the ring U that
1s invarient wunder the scalar multiplications.

x »x a, a in ¢ . If U has an identity,

Xa = (x) (1a) = (1a)(x)
and so any ideal of the ring U is an ideal of the
algebra U.

The above discussion is valld without change
for oan arbitrary algebra U. Thus the radlcal R

of U can be defined to be join of all the quasi-
regular right ideals of U. R is also thz maximum
quasi-regular left ideal of U, A1l of our

theorems hold for algebras.
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Theorem: 2.11

If U is an algebra over a field the eiements
of the radical R of U are either nil-potent or

transcendental over ¢

Proof:

An element 'a' of an algebra U is algebraic
if it satisfies a non-trivial algebraic equation
with coefficients in the underlying field & . An
equivalent condition is that 'a' generates a sub-
algebra. A with a finite basis. ~ As in the
special case of field, an element which is not
algebraic will be <called transcendental. I1f
every element of U is algebraic, then U 1is
algebraic. If 'a' is an algebraic element and
A is the subalgebra generated by 'a' then there

h'lA = ahA.

exists a positive integer h such that a
Hence if 'a' is in the radiccal, by theorem 2.4
"if N is a subhringof R and z ¢ N, then for any
positive inteper h cither '/'.h‘IN th or zh VAR

'"a' is nilpotent

Hence the theorem.

Theorem: 2.12

The radical of an algebraic algebra U is the

join of all nil right(left) ideals of U.
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Proo[:

If U is algebraic every z in R is nilpotent.
Hence since R cocntains every nil ideal, we have
that the vadical of an algebraic algebra U is the

join of all nil right(left) ideals of U.

Corollary:

If U is commutative algebraic algebra, the
radical of U 1is the totality of its nilpotent

e lements.
Proof:

If U is commutative an element z generates

a nil ideal if and only if it is nilpotent.

Hence the corollary.

The Radical of a Normed king:

We suppose now that U is a normed ring, that
is U dis o oan alegcbra over the flield ¢ of complex
numbers and for each a in U there is defined a
non negative real norm | al|

such that
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i) Jlall >0 if a4 0 lofl = o.
ii) [[a+b] < Jla] + | b]
iii) || ax|| = la |l Ja] if -a ¢ ¢
iv) abll < [pll |Ib] .
V) U has an identity and |1 = 1.
vi) U is compnletely relative to the metric
D(a,b) = |la-b]|

Following Gelfand [ 5 ] we call an olement
. . . . oy,nyl/n

of U a generalized nilpotent element if lim J|z" ||
= 0 | s |]. For commutative normed rings Gelfands
has defined the radical to be the totality of
generalized nilpotent element. We shall show that
this set coincides with the radical as defined
here we shall obtain a similar characterization

of the radical for non-commutative normed rings.

Theorem: 2.13

The vadical of a normed ring U is the totality
of elements such that (za)™ 0 [(az)™ » 0 for

every a in U,

Proof:

Since U has an identity R is the cotality
of elements z such that 1+za has an inverse for
every a in U, Now supvoose that z is an element
such that (za)™s 0 for every a, Then for any

a in ¢ , H(zd)nﬂ <1 for n sufficiently 1large.
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Thus ”zn"f*n wheref = 1 . We choose o so that

|a
| « | >|. The series 1l-z+z?-....... is ultimately
dominated by the convergent series 1+B8 + BZ2+....
Hence 1-z+z? - ........ exists in U and this

elemennt is the inverse of 1+z.

that is,
(14z)(1-2+22-2%+, cvececss )
= l-z+22-23%+....... +Z2-22+234 . e e
= 14040+, .. .00 ="1
Similarly we can show that if z' = za, then 1l+z'

has an inverse. Illence z ¢ R.

Conversely suppose that z ¢ R then 1l+z£ has

: . -1
an inversce (l+z o)

for every g in . Using
the fact that (1+'/4(y)_1 is an  analytic function
of o , we may prove exactly as Gelfand has done
in the commutative case, that (z4)" s 0[ ¢ 1. 1n

. n g : 2t n
particular z » 0 and since R is an ideal (2a) 4+ 0

for every a.

Iheorem: 2.14

The radical e a normed xing is a generalized
nil ideal that contains every generalized nil

right (left) ideal of the ring.
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We shall call an ideal a generalized nil
ideal if all of its elements are generalized nil-

potent elements.

If zeR, (za )® > 0 then for n sufficiently

large.
n -h n .._1__-
|(za) || <1 and || z | <B forg=|a|
/
Hence 0 < | zn||1’n <@ . Since is arbitrary
Lim || 2" "1/n = 0. Thus z" is a generalized nil-

potent element and R is a generalized nil ideal.

Then if vy E"-'Hynﬂl/n > 0. Hence y'> 0. Since

T
is a right ideal, y' = yae 1t and (y')n» 0 by
t heorem 2.13, y & R and so C R. Hence the
theorem
Let U be commutative. Then if z and ae U,
n n_n,
|| (za)™ |l = Il z7a"||
n n
< Iz fha™||
/ n n
< IIznll1yaI|
1/n
< Izl | all

Hence || (za)™||

and if z 1is a generalized nilpotent element then
za is a generalized nilpotent element. Thus any
generalized nilpotent element generates a genera-
lized nil ideal and N is the totality of generaliz-

ed nilpotent elements.
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Quotient ideals:

We return to the consideration of an arbitrary
ring U. The results that we obtain are also valid
for algebras but we shall not state them

explicitly for these,

Let ® be a right ideal in U. Then if ée,U
the right multiplication x * xa determined by a

induces an endomorphism a in the difference group

M =U -T . The mapning a sends the coset x + T
into xa + T, The totality of elements a is a sub-
ring T of the ring of endomorphisms of M, and the

correspondence a , a is a homomorphism between U
and U. The Kernal of this homomorphism is a two-
sided ideal ™ :U which we shall call the dquoticent
of 1 relative to U. Evidently U( t :U) C tv , and
if U has an identity, (t: U) is the largest two
~sided ideal of U contained int . By the fundamen-

tal theorem on the homomorphisms U % U - (¢ : U)

Lett be maximal, that is U7 and there is

no right ideal t' such that UD%':’"::.

Then M = U - 2 1is irreducible relative to
U. As usual we call a ring of endomorphisms U
ireducible if the group M in which U acts is irrc-
ducible. lLet Tifll, have this provnerty. Then the
totality B of elements z in M such that ZU = 0
is a subgroup of M invarient under U. Hence

either B=0 or B=M. Since U 7 0, B#M and so B=(.
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It follows that if x is any element 0 of M then

U 2 0. Since xU is a subgroup invarient under U,

xi; = M.

Theorem: 2.15

Any irreducible ring of endomorphisms is semi-

s imple.

We can use the above facts. Let z beran element
of the radical U and let x x 0 be arbitrary in M.

If xz 20, (xz)U = M.

Hence there is an a in U such that xza = X.

the element -za has a quasi-inverse Z'.

;MHence
X = X -(xZa-xz" +x2az2")
= x-xza+(x-x7z3)z
= 0.

This contradiction show that xz = 0 for all

—

X . Thus zZ = o and U is semi-simple.
Corollary:
If is a maximal right ideal ( ¢ : U)

contains the radical R of U,
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If (T : U) = there is nothing to nrove.

Hence sunpose that (tr : U) #U. Then U< U-(r: U)

is an irreducible ring of endomorphisms 0. If
ze R the coset Z = z + (1 : U) is in the radical
of U - (1t =: U). Since U is semi-simple z=0.

Hence zg(t : U) and RC ‘( T: U).

Hence the corollary.
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CHAPPTER: 3

The radical as intersection of maximal right

ideals:

Lemma: 3.1

If a is an element of U that is not right
quasi-regular the right ideal {x + axg can be

imbedded in a maximal right idcal.
Proof :

Let U be any ring that is not a radical ring.
Then U contains an element a which is not right
quasi regnlar. llence the right ideal {x 1 :nxj does
not contain a . Moreover if is a right idecal that
contains a and contains the ideal fx + ax{ then
T= U, By ‘using Zorn's maximum principle derive

the result. Hence the lemma.
Theorem: 3.],

If U is a ring that contains maximal right
idecals and 7T is the interscction of these maximal

right ideals, then C R and UR C 7.
s

Proof:

The lemma 3.1 shows that any ring that is- not

a radical ring contains maximal right ideals. We
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assume now that U is any ring that contains maximal
right ideals. Consider the intersection of maxi -
mal right ideals WTof U. Let ygwT. Then y is
right ogquasi-regular. For otherwise {x + yx} can
be imbedded: in the maximal right ideal . Then
yeC and '® = U contary to the maximality of ¢

Thus every element of W7 is quasi-regular and since
TTis a right ideal, T C R. On the other hand by
the corollary to theorem 2.15, R C (T: U). Hence

URR C U (< : U) and UR gﬁ"c'_. Hence the thcorcm.

Corollary: 1

If U is not a radical ring and is the inter-
scction of the maximal right ldeals of U then
TTC R and UR Cy.

Corollary: 2

If U is a ring with an identity the radical
of U is the intersection of the maximal right

ideals of U.
For UR = . Ilence R CTTas well asWTC R.

The following results also are consequences of

Theorem: 3.1.

If U is a ring that contains maximal right
ideals then is a two sided ideal. Tt is known
that any maximal ideal is closed[ 5 ]. Hence R=

T®is closed.
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Proof:

If U is a semi-simple rig, TT= 0. Supnose,
in addition, that U satisfies the descending chain
condition forr right ideals 'g, j = 1,2 i

such that F’ti = [y

We may suppose that the set fggis minimal in

the sense that T, =T - +T! 3% 0 for every is
k4i K kD

Then T. NCY = 0 and T = T.. Since T, is maximal it

1 1 1

follows that U = Q{ +fq'. Hence‘tg is isomorphic
to the difference U-goup U - T add ' is  minimal.
Using a simple lattice theoretic argument we can
concliude that U = Ty " & sonenns 2! [6].

llence the theorem.
Thegrgm:_3.3

Let U be an arbitrary ring that contains maxi-
mal right ideals. Then the radical of U is the
intersection T (T: U) where ranges over the maxi-

mal right ideals of U.

Proof:

Suppose again that U is any ring that contains
maximal right ideals. Then; by the corollary to

the theorem 2.15,
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R C TW(T: u) for all maximal T .

Conversely let y € T(T: U). Then Uy CTTCR.
Hence UyU C R and this implies that Yy € R. Hence

the theorem.

Corollary:

I'f U is not a radical ring, R = T (T: U) where

U ranges over the maximal right ideals.

The results of this section hold also for left
ideals. An interesting consequence of the second
corollary to theorem 3.1 is that if U is a ring
with an identity then the intersection of the maxi-
mal right idecals of U coincides with the intersec-

tion of the maximal left ideals of U.
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