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iN'l'RODUCTTON 



INTRODUCT ION 

The radical of an algebra is a very important 

concept. [t is delined by different aithors in 

d I [Icrent ways. The 'first definition wac given 

by N. Jacobson as follows: 

"The radical R of a ring iJ is the inter-

section of all maximal left ideals of 

R 

Later the rad ica I of a ring Ii that sa ti. si i cs 

the descending chain condition was defined to he 

the loin of the nilpntnnt right(left) denis of 

Ii. 

Other possibilities for defining a radical 

are af forded by an imoortant characterization of 

the radical R of an algebra U with a, finitc basis. 

The definition due to Penis, makes use of the 

notion of quasi regularity as follows: 

"The radical of a ring is the join of 

all quasi regular right ideals of the 

[ 1 

ii Ii. '1k- ;II ii It ild I'Hnip I I V 

For arbitrary rines" by N. Jacobson, he has 

considered the above definition of the radical 

by Perl is as the definition and proved the other 

d2finitions as theorems. 
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The aim of this thesis is to discuss the 

definition of radical by Penis, the properties 

of radical and some irirnortant results on radicals 

and semi simplicity from the above paper. 

The first chapter deals with an exhaustive 

discussion of the definition of radical by Penis. 

In the Second chapter several properties of 

the radical are discussed. The important theorems 

in connection with these are as follows: 

i) if IJ* U +(i ) whore (1) is isomorphic 

to the ring of integers, then R(J*),R(1J) 

ii.) if R is the radical of U, then U = U-R 

is semi-simple. 

i i i ) Any regular y1ng is semi-simple. 

i v ) If Ii is a ring that satisfies the descend- 

ing chain condition for right(ieft) 

idoal.s then the radical or 11 i 

n i ipotent 

v) If U is the ring of n x n matrices with 

elements in U, then R(U ) = R, R the 

radical of U. 

In t 1ri liii rd eluiptter, iiing the pro-)eirLICS  

of the radicals discussed in Chapter II, it is 

proved that the definitions of radical by Penis 

is the same as the definition of radical by N. 

Jacobson. 
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DEFINITIONS 

Definition: 1 Right qua8i inverse of z: 

An element z of an arbitrary ring U is right 

quasi regular if there exists an element z' in 

U such that z+z'+zz' = 0. The element z' satisfy-

ing this equation is called a right quasi inverse 

Definition: 2 Rightquasi regular_ring: 

An elemcnt z of a ring II is right quasi 

regular if the totality of elements { x+zx } U. 

Definition: 3 Radical 

The Radical of a ring is the join of all the 

quasi regular right ideals of the ring. 

Definition:4 Nilpotent element: 

A n I inn n Iz, ii I :i n I p ol nfl I 0 I ;r!i ''0 I ( I 

i ndcx ii, then z 11  = 0 but z - 0 

Definition: 5 Regular_element: 

u is regular if every element a of U has a 

relative inverse u such that aua = a. 
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Definition: 6 Descending chain condition: 

Tf N1 N2 2 .......is a descending sequence 

of submodules, then there exists an integer n such 

that N = N 
n n+l 

Definition: 7 Minimumcondition: 

In any non-vacuous collection { N } of 

submodules, there exists a nnimum submodule, that 

is i submodule that does not conti n nronerly any 

i () r i ii c' ( • i I 

Defiriition:8 Maximum condition: 

Any non-vacuous condition of submodules 

contains a maximum submodule (one not contained 

oronerly in any other module of the collection). 

Definition :9 Transfinite Powers: 

II is an a rrhi trarry r ing we define the 

translinite powers Ir by the condition, 

• ) - 

iii) If a  is the limit ordinal U is the join 

of all U with a < a. 
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Definition: 10 Algebra: 

An associated. ring A is called an a2ehra 

over F if A is a vector snace over F such that 

for all a, bA and a 

a (ab) = (a a)h a( ab). 

Definition: 11 Idempotent_element: 

An element e r, R is called an idempotent if 

- 

Definition: 12 Lattice: 

A I att ice (structure) is a partial ly ordered 

set in which any two elements have a least upper 

bound and a greatest lower bound. 

Definition: 13 Algebraic Algebra: 

An element 'a' of an algebra U is algebraic 

if it satisfies a non- .rival algebraic equation 

with coefficients in the underlying field 4 

An equivalent condition is that 'a enerntes a 

subalgebra A with afinite basis. 

flefinilion:14 I'rtnccndcnta1e1ement: 

As in the special case of a field an element 

which is not algebraic will be called transcendental 



Definition: 15 Normed ring: 

Suppose U is a normod ring, that is U is an 

algebra over the field of comniex nimbers and 

for each a in U there is defined a non-negative 

real norm 1 1 all such that 

i) hail > 0 if a 0 11011 = 0 

) Ha + b < la Ii +  

i ) a ne II = a if a e 4) 

I H ii Ii all ii h 

v) Ii has in identity and H i = 

vi ) 11 is comnictoly relative to the metric 

D(a,h) =  11  a - b  11 

Definition: 16 Semi-simple_ring: 

If the radical of the ring is zerc then the 

ring is called semi-simple. 

Definition: 17 7nrn'c MnximimPrinrinln: 

Let S he a non-cmnty inductively ordered set. 

Then there exists a maximal clement in S. 
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CHAPTER : I 

Let U be a ring with an identity and let z 

be an element of U such that l+z has a right 

invcrsc ii. We write u = l+z'. 

Then (1+z)(1+z') 1 

- l+z'+z+zz' = 1 

z + z' + zz' = 0 

Conversely if z is an element for which 

there exists an elements z' satisfying (1) then 

i.+z has the right inverse i+zt. This leads to 

the following definition. 

Or I in 1 I 1 nn of fyh t Quri c i In vi' r r C 1 7 

An element z of an arbitrary ring U is right 

quasi regular if there exists an element z in 

U such that z+z'+zz' 0. The element z I satis- 

fying this eqUation is cal led a right qnnsiinvcrse 

of Z. 

We have noted that if U has an identity then 

z is right quasi regular with 4ght quasi inverse 

z ' if and only if, 1+z has the right inverse 1+z 1 . 

Lemma: 1.1 

An element z of a ring U is right quasi-

regular if and only if the totality of elements 

{ X+7X  

P ron I ( fl ) 

I x is any c I C me 11  t t he t at at I tv xi ', x 

of elcmcnts{x+zx}where x ranges over •U is a right 

ideal. If z is right quasi-regular with right 

auasi inverse z' then z+z'+zz' = 0. 
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:* -z = z' + zz'Gjz+zx(Since z'6 U) 

that is -z{x + zx3 

z c + zx3 

zxx + zx and x€. [x + zx 

Then + zx = U 

(Since xEx+zx3 and zxeç'x+zx3  and the totality x+zxj 

of elements x+zx where x ranges over U is right 

i deal). 

(44) 

On the other rhand if x+zx = U then 

-z = 7,' + zz' forr suitable z' 

z+z'+zz' = 0 

z is right quasi regular. 

hence the 1 emma 

The definition of quasi regularity due to Bear 

is dci initioi[ I 

A right ideal 'iwill be called quasi-regular 

if all the chcmcnts of Tare rightt quasi. regular. 

Let and V be quasi-regular right ideal.s and let 

z 1e 'r1  and z24E '  

Lemma: 1.2 

+ 
'2 is quasi regular. 

Proof: 

let and he quasi regular riht ideals 

and I.e t. , we have to prroduce a r ight 

quasi invese to 7 + z2. 

By the definition there exists an element z1' 

such that z1  + z1  + z1z1' = 0. 

t h i s e 1 eme ut has a r i gli t q tia s I - 

1 11 \/ P F F I  c Ii t Ii a 
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z 2+z 2 z!.) + w' + (z 2 +z 2 z )w' = 0 .(2) 

(by the definition) 

llcncc consider 

(z1+z2) + (z1'+w'+zw') +(Z1 +Z2 )(Z..W t +Z1V W t ) 

*1. Z1+ Z 2+ Z I + Wt + ZW t  + Z 1Z + Z 1W' + Z 1Zw' + 

Z  2 Z 1,  + Z 
2 
W ,  + Z 2Z 1W' 

and collecting the terms as follows. 

= (z1 + z + z1 zj ) + [(z2+ z 2z ) + w' + (z2  

w' I + I (z 1  + z + z 1  z1' )w' 1 

= 0 + 0 + 0 

() 

( S in cc z I 7 4 7,

i  7 
= 0 and 

[ (z1 + z 2z) + W , + (z 2 + z 2 z) w' 1 0. 

by (2) ]. 

• . (z+ z2) + (z + w' + zw') + (z1+ z,) 

(z I + w' + zw') = 0. 

Thus Zj + w' - z 
11
w; is a right quasi inverse of 

z 1 + z2. 

Hence H 4 
1
12 IS quas i -regular. 

Theorem: 1.1 

Ii U is an arbitrary ring the join R or all 

the quasi-regular right ideals of U is a (right) 

qnnsi-rrcii1nr twn-cjclrcl ideal. 



Proof: 

Let R be the join of all the quasi-regular 

right i deals of U. Since the right i dCa1 

g('t)CIIt(l )y n elcntciit z Is the totality o 

elements zi + za where I is an integer and a U, 

it is clear that R is the totality of elements 

z such hat zi + za is right quasi-regular for all 

integral i and all a U. The above result shows 

that R is a right ideal. Let z R and bc U. Then 

zbe R, then there exists an element w' such that 

zh + w' + (zb)w' = 0 (by definition) 

Then (on;ic1(-.rr 

I) ( - h 7 -h w 7. ) 4 1)7. ( - h , - bw 7. ) 

= bz - bz - hw'z - bzbz - bzhw'z 

= -b (w' +zb+zhw')z 

= -b(0)z 

= 0 

(Since w' + zb + zbw' = 0). 

and so - (bz + bw'z) is a right quasi-inverse for 

bz. Similarly if i is an integar and ac U, 

(bz)i + (bz) a = b (zi + za) is right quasi-

regular. Hence hz R. 
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we havc proved that if U is a arbitrary ring 

the ioin R of all the quasi- regular right ideals 

of U is a (right) quasi-regular two-sided ideal. 

hence the theorem. 

Now we shall define the radical of a ring 

as follows. 

The radical of a ring is the join o: all the 

quasi-regular right ideals of the ring. 

WE know that R is the set of elements z such 

that zi + za is right quasi-regular for all. 

integers i and all a c U. If U is a ring with an 

identity the connection between quasi-regularity 

and regularity shows thnt R is the totality of 

elements z such that l+za has a right inverse for 

every aIJ. 

Wn define the loft quasi -regularity left 

quasi -inverse, quasi-regular left ideal and left 

radical R' in a manner analogous to the above. 

As for ordinary inverses we say that or element 

i.s quasi - regular if it is both right and left 

quasi-regular. 

Lemma: 1.3 

ii z is quas-reguiar any right(ieft) quasi-

inverse of z is a left(right) quasi-inverse of 

it and is uniquely determined and commutes with 

z. 
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To prove: z" = z' 

Consider z" = z" + 0 + z"(0) 

= z" + (z +z '+zz ' ) + z" (z +z '+zz ' ) 

- 7 -+ (77?t+7) + (z+z"+z"z)z' 

= z' +0+0. 

= z' (Since z + z" + z"z = 0). 

Th I provc's that any r i 1it quasi - i nvcisc ol a 

quasi -regular clement is also a Icit 

q ua S i - 1 fl verse. 

Since zz'zz' 0 z+z"+z"z = z+z'+z'z 

(Since z' = z") 

z+z'+:z' = z + z' + z'z 

- z z I = zez 

z' commutes with z. We call z' the quasi- 

inverse of z. 

'lence the lemma. 

Theorem: 1 .7. 

The radical of a ring U is the join of all 

the quasi -regular left ideal of if. 

Proof: 

Now let z c R. Then z has a right 

quasi-inverse z' = -z-zz'. Since R is an ideal 

z l e R. Hence z' has a right quasi-inverse. Since 

z is a left quasi-inverse of z' it follows by 
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lemma (1.3) that z' is quasi-regular and z is its 

quasi -inverse. Hence z is quasi-regular, since 

R is a left ideal R c the left radical R. Rv 

symmetry R c R. Therefore t h i s proves the 

radical ol a ring U is the join of all the quasi-

regular loFt ideals of U. 
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CJIAPTER : .11 

PROPERTIES_OF RADICALS: 

If U is an arbitrary ring, we knov,  that we 

can imbed U in a ring with an identity Ii such 

1111(1 ) fl , wh r c ( I ) , t )t in 

generated by 1, is isomorphic to the ring of 

integers[ I 

Theorem: 2.1 

Let U be an arbitrary ring and let U* be a 

ring with an identity containing U such that U 

I141). Then the radical R(U) = R(U*)OU. Tf in 

nddition 1111(1) 0 nncl (1) is isomorphic to the 

ring of integers then R(U) - R(U*). 

P t Oh I I 

First we assume that JJ* = ii+(i). ct R(U*) 

be the radical of U*. 

Claim: 1 

R((U*)flU = R(U) 

Let z be an element of R(IJ*) fl U. Since 

z C R(U*) the radical of u*, z has a quasi-nvcrse 

z ' in U* (by the definition of radical) 

that is z+z'+zz' = 0 

z-~ Z' = -z - zz' 

) 71 1. I(incc ZC U) 
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hence z has a quasi-regular inverse z  in 

U, that is z in quasi regular in U. 

that is zR(U). 

Therefore R(U*)flU C R (U)  

We know that U* = U+(l). Any right ideal 

ul I!  H' also a i'ighit Ideal of U*. 

Therefore R(U) C R(U*) 

R(U) C i(IJ*) nu . .(2) 

From (1) and (2) 

R(U*)flU = R(U) 

Claim: 2 

R(U) = R(U*) if ufl(i) = 0. 

We assume that 11(1 (1) = 0 and (1) i; icomor- 

ohic to tho ring or intner. Let 7 r R(U*), then 

the coset z of z*  in the difference ring U*_U is 

in the radical of the difference ring. 

But the radical of ring of integers is zero 

for let n X 0 und nER(i). II there exists r' (1), 

s iirli thi t 

n + n' + nfl' = U. 

=> ii a ' ( I +n ) = 0 

=> n '  = (1) a contracdictjon. 
1 +n 

Therefore R(l) = 0 
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That is RH) is (1 and hence * 0 and therefore 

z*€U. (By the definition of cosets). 

Hence U C R(U*) 
a 

Hence from the claim(1) 

R(U) = R(U*) flU. Weobtaired that R(U)=(U*). 

Hence the theorem. 

Theorem:_2.2 

If R is a radical of U, IJ= U-R is 

s emi -s imple. 

Proof: 

let z he an clement ci the radical of Ii, that 

is RH) where U = Ii - R, let z he an element in 

the cosct TR(ii). Then there exists an eiement 

z ' such that z+z ' +zz ' =11 r P. 

Since ii r P thäre exists ii' such that 

i + ii + iii = () 

Hence 0 = (z+z'+zz')+u+(z+z'+zz')u' 

= z+(z!+u t+z t ut) +z(z'+u'+z'u') 

z is a right quasi-regular. 

Now consider all such z elements in the 

cosets Z Of R(fl) that will form an ideal which 

is quasi - regular. 
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Hence z R and therefore z = 0. Hence R(tY)=O. 

Hence U = IJ - R is semi-simple (By the d"finition 

of semi-simple ring). 

Theorem: 2.3 

The radical of a ring contains every nil 

right (left) ideal of the ring. 

Proof: 

Assume that z is a nil potent element of 

index n of a ring of a ring U. Consider the 

element 

n -i 
z' = (-i)'z' 

i =1 

2 2 n-I. n-i 
+(-i) z 

ik -z+z 2 -z 3 + ........- +(-l) 

Claim: z '  is a quasi-inverse of z. 

Z+Z +7,Z Z+(_Z+Z2_Z3 + ..... +(-1 )
n-I n-i 

z ) 

n --i ii i 

-i z-z 4 +z-z-+z ....... -1) 
n-i n 7 - 

-i + 7.-7. 
4 
-4- .........4(- ) ri 7  n  

-1) z 
n-i n 

= (  

= 0 (Since z=O by the defini-

tion of nil potent elements 

of index n) 
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z' is a right quasi-inverse of z. 

Similary z' can be proved to be the left quasi- 

inverseof z. Hence the claim. 

Hence every nil right(left) ideal of he ring 

is contained in the radical of the ring. 

COROLLARY: 

h[ z is an element such that 11 U C R then z -- 

7 1 P. 

Prool: 

For if T is the right ideal ge'erated by 

z -i: C II U C P. , 
- z - 

Cosider = (T + R) - R 

It is nil potent in the semi-simple ring i u-R. 

By the definition semi-simplicity R(TJ) = (0). 

By theorem 2.3iC R(U) = 0. 

T C R 

Hence ZET C R 

z 

Hence the corollary. 
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This corollary imniles that z R H and only 

if za(az) is right(left) quasi-regular for all 

a in U. 

By theorem 2.3 we know that the nil potent 

elements are the elements of Radical. But the 

converse need not be true. The elements of the 

radical need not be nil potent. This can be seen 

by the examDle. 

U be the ring of P-adic integers. The radi- 

cal of this ring is the intersectionof  the iTiaximum 

right ideals of U. hence R = PU. PU 1ns no nil 

notont element. 

Theorem: 2.4 

If N is a subring of R and z N then for any 

poi.tivc integer h either h-i 
z N-) z 

h 
N or h 

z U. 

h-i 
Evidently z 

h-i 
 N z 

h 
 N. Sunnose that. '. N = 

h h h 
z N then z = z y forr some y In N. Jet y' be 

quisi-inversc of tq. Then by the definition of 

quasi-inverse we know that 

(-y) + + (-y)y' = 0 

h h 
By our assumption z = z y 
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h h 
z - zy = 0 .(l) 

that is z y = z hyy 

= 0  

(1) + (2) we get 

h h h h 
z - z y + z y' - z yy' = 0 
h h 

z + z (-y + y' + (-y)y') = 0 

h h 
z + z (0) = 0 (Since -y+y'+(-y)y'0) 

h 
=,) z = 0 

Hence the theorem. 

Theorem: 2.5 

Tf U is a ring with an identity whose lattice 

of right(left) ideals is completely reducible, 

then ii is semi-simple. 

Proof: 

Theorem 2.4 implies that the radical contains 

no idcmpotent clement o. It is know that if 

(I I i I ng with an identity whose i tticc oF 

right ideals is completely reducible ten. every 

right ideal T in U has the form eU, where e is 

an idempotent element in -r 1 1. Hence if Ii is 

a ring with an identity whose lattiee oF right 

(left) ideals Is conmietely reducible, then U Is 

semi-simple, because a semi-simple rings, radical 

is 0. 

Hence the theorem. 
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Theorem: 2.6 

Any regular ring is semi-simple. 

Proof: 

By the definition, "U is regular if every 

element a of U has a relative inverse u such that 

aua = all. 

Suppose that a c R, the radical the'i -ua has 

a quasi-inverse ' such that -un + q + (-u) 0 

..H) 

- a u a + a - a u a 4 = 0 

- n 4-  a a •- 0 (Since nun a) 

- - a - 0 

- a = 0 

a = 0 

R = 0 

Any regular ring is semi-simple. 

The Radical of of a Ring Satisfying the 1)escending 

Chain Condition: 

Theorem: 2.7 

II U I :; :1 rl n gr thn t n t I  Ii ec the dend I n 

I r n r r I It t I'' r i1 I , 

radical of U is nil potent. 

4 
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We suppose now that U is a ring :cr which 

the descending chain condition for rigiit(left) 

ideals holds. Let N be a two-Sid3d ideal 
46 

contained in R, the radical of U, and suppose that 

N 2  = N. Then N?~ 0 there exists a minimum right 

ideal < of U with the properties. 

j) T CN (ii) T  N ~ 0. 

Let b be an element of T . Such that bN ~ 0. 

The n 

(hN) N hN 2  

= bN 0(Since N 2  = N) 

and since bN C IiC , by the definition of ninimlity 

of Ti T C bN 

We have hn = T 

Since he T there exists an element y EN such that 

by = h. 

- by - h C) 

h(y-1) - 0. 

But y 1. SInce If y 1, it is dcmootenL 

y=l=1 2  and theorem 2.4 the radical cannot have 

non-zero idempotent element implies y cannot be 

in R and hence cannot be in N. 

Hence y b = 0. 
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Contrary to bN t 0. Thus N = 0. Now the 

positive integral power Rk  of R are two -sided 

i d ca I s a nd R D  R 2  

llcnce there is an such that R  

(Because of the minimality condition) 

Then N = 

=> N 2  = N.N = RO. R 

= R 20  

= RP N 

Hence N = RO = 0 

Ihis proves the thcorcrn. 

Note: 

Since any nil ideal is contained in the radi-

cal this proves that any nil ideal in a ring that 

satisfies the descending chain condition for right 

(left) ideals is nil potent. It is c'ear also 

that R coincides with the usual radical defined 

as the join of all nil potent ideals. 

Finitey Generated_Ideals Contained in R: 

Theorem: 2.8 

Ii N I iglit idetil with a finite basis 

contained in the radical R then either NR C N or 

N = 0. 
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Proof: 

Since N is a right Ideal, either NRc N or NR 

N. Acsimo thn't Nfl N. 

Let y1, y2  ............y be a basis f o r N. 

Ihen every element of N has the form E ya1  + 

where a 
I 
 c U and the j are integers. Since NRN 

every element of N also has the form Z y 
i 
zi, z in R. 

In particular y1  = Let z be the quasi- 

invr,rce nF 
'i t  - hn -7 

+ 1 ii - 0. 

Then consider 

Yl y1 + (-z+ Zj + (Z 1 )Zj) 

Since -z 1 + zj + (-z1)z 0). 

= (yl  - y1  z + (y1- y1z1) z 

= ( y7 1 -Y yz7) + 

y, ZZi)Zi  (Since put y 1  = yz 

= ( yz + yz1z) - ( y i z i zl + 

37 Y jZ jZ 1Zj) 

(Y2 .z 2 Z 2 Z) 

+ ........ z + yzz)j 
- (y1  z 1  

4 y1z1 ) (J'tit) y 1 Z. = y1) 
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= (y2z2+ y2z2z) + .. + (yz+ y zz) 

= y2 ( z2 + z2z ) + ...... . + y ( zz) 

lInrc y 1 ran h(,, r,lnminatocl from thc' hnci. 

Similarly every y can he eliminated and so N=O. 

Definition: 

If U is an. arbitrary ring we define the 

transfinite powers Ll  by the conditions. 

i) U ,  = U ii) U a+l = Ua u 

iii) If a is the limit ordinal TJ is the join 

of all 1115 with ç '  a. 

There exists a least ordinal p such that 

lip - 11 . We shall call p the index of IJ 

and we shall say that U is transfinite nil potent 

if Up = 0. 

Theorem: 2.9 

The radical of a ring that satisfies the 

ascending chain condition for right ideals is 

transfinite nil potent. 

Proof: 

t Ii a t Ii is a ri ng t: ha t. sa t I s I i us 

the ascending chain condition f o r right ideals. 

We recall that t h i s condition is equia1ent to 

the requi reinent that every ideal has a finite 

basis. 
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Let N =RP where p1S the index of the radical 

N of U. Then NR = N and so by theorem 2.8, N = 

= 0. 

The Radical of a Matrix Ring: 

If U is an arbitrary ring we denote as usual 

the ring ol n x n matrices with elements in U by 

If B is a subring (ideal) in U then Br  is a sub-

ring (ideal) in U. Let R be the radici of U. 

Then we wish to show that R is the rdica1. of 

U denoted hv R( U ) n n 

Lemma: 2.1 

7 
Any matrix z (z 1 ) of U in which z11 i right 

quasi-regular and the z1 = 0 for i > 1 is right 

q liasi rcoiiln r in II 
11 

Proof: 

Consider z 212 

i 

21n 1 :1 
i: 

0 0 ..... 0 

0 0 

211 s given to he a right quasi rcgui11r clement. 

Then by lemma 1.1 the ideal, (x 
+ zx = 0, i-Ience 

there exists z1  such that z1. +(z1.' + z11 
- 

z ' + z 
ii 11 

z .' 
ii = - z .1. 

11 

Consider z. . 
•1 J = . 1 >1 

* 
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let z' = z 1 ' z12 ' 

L 0 J 

Then we can trove z is the right qnasi 

inverse of z. 

that is, z + z' + zz' 

= Z 11 Z 12 .... Z in 
0 0 ....0 

+ 

0 

Z Z Z l  ... 

0 0 ... 0 

0 

+ Z 11 Z 12 .... Z in 
o 0 0 

o o 0 

1 Z r . Z r  12 in 
0 0 

0 0 

11+ ii + ziizh z12+z2+z11z...z1+z+z11z 

6 6 

= 0 0 ... 0 

00... 0 

00... 0 



z' is the right quasi inverse of z. 

Theorem: 2.10 

If U is an arbitrary ring and U is the ring 

of n x n matrices with elements in U, then the 

radical R(U) = Rn, R the radical of U. 

Proof: 

Now consider the totality T. of matrices 

with first row consisting of elements in R. and 

other row-, 0. Then T1  is a right ideal. Hence 

by the above lemma T C R(u). 

Similarly the totality T  of matrices with 

jth row consisting of elements of R and ether rows 

0 is contained in R(U). 

Since R = T ++ 

R C R(U) 

Conversely let y = (y1j) aR(Un). If 'a' J.s any 

e lement of Ii we denote the matrix that has a in the 

(i,j) position and 0 elsewhere by A1 . Let a and b 

be arbitrary and form the matrix D =E Akfl Y B 
k q 

Then D is the diagonal matrixi  aY
pq

b ..........aY.
pq

b} 

11(1 0 R( IJ). I I U' (d ) is a r i ght qws I inverse 

i(Icti I I Y t 111 5 •1II1I) 1 1 ('S I or 

I 
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arbitrary C in U and arbitrary integral i, dc-di 

is right quasi regular. Hence dE R. Since a and 

b are arbitrary the corollary to theorem 2.3, "If z 

is an element such that UU C R then z €R" sho;s 

that y 
 pq 
 E R and 

The Radical of an Algebra: 

Let U be an algebra of poissibly infinite 

order over a field . By an ideal in the algebra 

U we mean, of course, an ideal of the ring U that 

is invarient under the scalar multiplications. 

x x a , a in . If U has an identity, 

xa = (x) (la ) = (1a )(x) 

and so any ideal of the ring U is an ideal of the 

algebra U. 

Th ô n ho vr d I I ii I vu I I d wi t hou I c 1w ii ge 

I n r n ti u r 1 1 i F y a I geb ia U . Iii us the r ad I c a 1 R 

of U can be defined to be join of all the quasi- 

regular right ideals of U. R is also th. maximum 

quasi-regular left ideal of U. All of our 

theorems hold for algebras. 
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Theorem:2.11 

If U is an algebra over a field the elements 

of the radical R of U are either nil-potent or 

transcendental over 

Proof: 

An element 'a' of an algebra U is algebraic 

if it satisfies a non-trivial algebraic cquation 

with cocilicients in the underlying field . An 

equivalent condition is that 'a' genefates a sub- 

algebra. A with a unite basis. As in the 

special case of field, an element which is not 

aigehraic will he called transcendental. If 

every element of U is algebraic, thcn U is 

algebraic. If 'a' is an algebraic e i€ment and 

A is the suhalgebra generated by 'a' then there 

exists a positive integer h such that nhA ahA.  

Hence if 'a is in the radiccal, by theorem 2.4 

"i I N I a ciihrirq ni R nnd 7 r  N, t1in br any 

h-I I) h 
1 'itIi'r i'. 7 T'. or ' 

a' is nilpotent 

Hence the theorem. 

Theorem: 2.12 

The radical of an algebraic algebra U is the 

join of all nil right(left) ideals of U. 



Prool: 

If U is algebraic every z in R is nilnotent. 

Hence since R cocntains every nil ideal, we have 

that the radical of an. algebraic algebra U is the 

join of all nil right(left) ideals of U. 

Corollary: 

If U is commutative algebraic algebra, the 

radical of U is the totality of i t s iilnotent 

e lements. 

Proof: 

If U is commutative an element z ge'°rates 

a nil ideal if and only if it is nilpotent. 

Hence the corollary. 

The_Radical of a Normed Ring: 

We suppose now that U is a normed ring, that 

I Iia it a I h a u vu r I lie f Ic Id 01 C 01111) 1 CX 

numbers and for each a in U there is defined a 

non negative real norm hail 

such that 

Z9 
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I) ja>0 if 0 I 0 h= 0 . 

II aU = la II a if -a 

lab II hU. 

U has an identity and 1 1. 

U is completely relative to the wetric 

D(a,h) = 

Following Gelfand [ S  I we call an element 

of U a generalized nilpotent element if un 
n 

Iz II 
1/n 

= 0 I 5 .1. For commutative normed rings Geimands 

has defined the radical to be the toaity of 

etici;i 1icd lit il)otellt lenletIL. We shall show that 

this set coincides with the radical as defined 

here we shall obtain a similar characterization 

of the radical for non-commutative non-ned rings. 

Theorem: 2.13 

The d1cal of a normed ring U is the totality 

of elements such that (za)+ 0 f(az)' + 0 for 

every a in II. 

TI_ - - 

Since U has an identity R is the totality 

of elements z such that 1+za has an inverse for 

every a in U. Now supnose that z is an element 

such that (za)n+ 0 for every a. Then for any 

in 11 (z't)II < 1 for n sufficiently large. 
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fl ') fl 1 
I hu; I whore( . We choose t thnt 

a 

I a > . The series 1-z+z 2 _ is ultimately 

dominated by the convergent series l+ 5 4 

Hence 1-z+z 2  - ........ exists in U rind this 

elemennt is the inverse of 1+7.. 

that is, 

(l+z) (1-z+z 2  -z + ) 

= 1-z+z 2 -z 3 + ....... +Z-Z 2 +Z 3 + ........ 

= 1+0+0+ ..........1. 

Similarly we can show that if z' = za, then 1+z' 

has an inverse. hence z E R. 

Conversely supnose that z c  R then 1 has 

hn inverse (i+z (Y) -1 for every 01 in . Using 

h l t h t ( 1 
- 

I nn a na 1 y t I c 11;n( I ion 

of a , we may prove exactly as Gel land has done 

in Ow Ci)II1HhIit t I V c, thi t (z ) 01  

pirticii1ar z 0 and since R is an ideal (a) . 0 

Cor every a. 

Theorem: 2.14 

The radical ° a normed.ing is a gene!alized 

nil ideal that contains every gene rai zed n ii 

right (left) ideal of the ring. 
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Proof: 

We shal.l call an ideal a generalized nil 

ideal if all of its elements are generalized nil- 

potent elements. 

If zc.R, (z of 
)fl 

-. 0 then for n sufficiently 

1 arge. 

(z c )
n 

< 1 and 11 zh < 
n 

for s = 
-- 

Hence 0 1 II zll'' < . Since is arbitrary 

n 
liiii liz 

1/n 
Ii = 0. Ihus z is a generalized nil- 

potent element and R is a generalized nil icicnl.. 

Then if y E 
n 11  1/n 

0. Hence y n, 0. Since 
T 

is a. right ideal , y' = ya T and 
(y)fl 

0 by 

theorem 2.13, y ra. R arid so C R. Hence the 

theorem 

Let U be commntathve. Then ii z and .i r Ii. 

n nfl 
 11 ii (za) = liz a 

llzil iiaIl 

I iizll IlaIl' 
I ii 1/ti 

Hence (za)ll 
Z a 

and if z is a generalized nilpotent element then 

za is a generalized nilpotent element. Thus any 

generalized nilpotent element generates a genera-

lized nil ideal and N is the totality of generaliz-

ed nilnotent elements. 

r 
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otient ideals: 

We return to the consideration of an arbitrary 

ring U. The results that we obtain are also valid 

for algebras but we shall not state them 

explicitly for these. 

Let t he a right ideal in U. Then f a . U 

the right multiplication x xa determined by a 

induces an endomorphism a in the difference group 

M = u - T The mapiing a sends the coset x + T 

into xa - T• The totality of elements F is a sub- 

r I ni II I the r I rig of endomorIi lsrns of H, aid the 

correspondence a is a homomorphism between U 

and LI. The Kernal of this homoinorphiisui is a two- 

I dod 1(1 WI I T : Li wh 1 ch we sha 1 1 cal 1 t lie ti un i. i en t. 

of T relative to U. Evidently U( T :U) ç T , and 

if U has an identity, ( T: U) is the largest two 

sided ideal of U contained inT . By the fundamen- 

tal theorem on the homomorphisms IT U - (T : U) 

LetT be maximal, that is U'C and there is 

no right ideal T' such that UT'D'. 

Then M = U - ' is irreducible relative to 

U. As usual we call a ring of endomorphisms U 

i rccliic ible if the p,roiip H in which U acts is irrc- 

dticihle. Let II /11, have this pronerty. Then the 

totality B of elements z in H such t1ri3t ZU = 0 

is a subgroup of H invarient under U. Hence 

either B=0 or B=M. Since U / 0, B X H ard so B=. 
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It follows that if x is any element 4O of M then 

U ~ 0. Since xU is a subgroup invarient under U, 

xU = M. 

Theorem: 2.15 

Any irreducible ring of endomort,hisms is semi-

s imnie 

Proof: 

We can use the above facts. Let z ben element 

of the radical U and let x x 0 be arbitrary in M. 

if x ~0, (x)IJ = M. 

Hence there is an a in U such that xza  

the element - has a quasi-inverse ' 

11 C flC C 

x - x - (x Zn - xz' +(Zftz'j 

= x - x z a + (x - x z ' 

= 0. 

Thic rrntrnc1ictic,n hrw that x 0 mr all 

x . Thus = o and U is semi - simple. 

Corol lary: 

If T is a maximal right ideal ( T : U) 

contains the radical R of U. 
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If ( T U) = J there is nothing to nrove. 

Hence suppos that (T U) ~ . Then U = U- (T : U) 

is an irredncible ring of endornorphisms / 0. If 

z E R the coset = z + ( T : U) is in the radical 

of U - ( T Ii). Since U is semi-simple z=0. 

hence (T : IJ) and fC ( -r : hi). 

Hence the corollary. 



I 'I 



CUAPPTER: 3 

The radical as intersection of maximal right 

idea is: 

Lemma: 3.1 

If a is an element of U that is not right 

quasi-regular the right ide;il X I I X can be 
j 111 1) C(l ci i'ci iii fl 111 1 X I I F ii I i 

Proof: 

Let Ii be any ring that is not a radical ring. 
Then U contains an element a which is not right 
q Ufl i r 2111 fl r . I Io fl(• I he I gh I I (let 1 i a X (Inc s 

not contai.n a . Moreover iF is a right ideal t Ht 
contains a and contains the ideal Ix + ax? then 
'= U. By using Zorn's maximum principle derive 

the result. Hence the lemma. 

Theorem: 3.1 

If U is a ring that contains maximal right 
ideals and 71 ' is the intersect ion of the.;c maximal 
right ideals, then C R and hR c wr. 

Proof: 

The lemma 3.1 shows that any ring that is not 

a radical ring contains maximal right idea's. We 
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assume now that U is any ring that contains maximal 

right ideals. Consider the intersection of maxi- 

mal right ideals Tiof U. Let Then y is 

right quasi-regular. For otherwise x + yx can 

he imhcdded in the maximal ri.ht  ideal 7j'. Then 

y? and = U contarY to the maximality of 

Thus every element of ir is quasi-regular and since 

a right ideal,Ti'C R. On the other hand by 

the corollary to theorem 2.15, R c ('t: U). Hence 

IJRR C 11 ( : U) and UR C 17' . Hence the theorem. 

Corollary: 1 

If U is not a radical ring and is the inter- 
section of (lie maximal right: ideals ot U then 

ri—C C Rand URCffq'. 

Corollary: 2 

ii U is a ring with an Identity the radical 

of U is the intersection of the maximal right 

ideals of U. 

For UR = . Hence R CTVtas well asiC R. 

The lol lowng restii ts also are consequences of 

Theorem: 3.1 

Ii U is a ring that contains maxma] right 

i rica] s then i c a two c i(lcd ideal I . TI is known 

that any maximal ideal is closed[ 5 1. Hence R= 

tTtis closed. 
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Proof: 

If U is a semi-simple rig, 11't = 0. Supnose, 

in addition, that U satisfies the descending chain 

condition forr right ideals j = 1,2 ......n 

s u c h that 5 0. 

We may suppose that the set fnis  minimal in 

the sense that = t.' 0 for every i. 
ku 1 

Then = 0 and T.1 = Since 1C. is maximal it 

follows that U 
= j +' . Hence is isomorphic 

to the difference U-goup U - t aid is minimal. 

Using a simple lattice theoretic argument we can 

conclude thit U = 'r. ............. [ 1. 

Hence the theorem. 

Theorem: 3.3 

Let U be an arbitrary ring that cont2tin maxi- 

mal right ideals. Then the radical of U is the 

intersection lc(T:  U) where ranges over the maxi- 

mal right ideals of U. 

Proof: 

Suppose again that U is any ring that contains 

maximal right ideals. Then, by the corollary to 

the theorem 2.15, 
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R C iT ('? Li) for all maximal 

Conversely, let y £]1('C: U). Then Uy C1CR. 

Hence IJyU C R and this implies that y €. R. Hence 

the theorem. 

Corollary: 

Tf U is not a radical ring, R = r(T: U) where 

'tranges over the maximal right ideals. 

The results of this section hold also for left 

ideals. An interesting consequence of the second 

corollary to theorem 3.1 is that if II i a r i n p 

with an identity then the intersection of the maxi-

mal right ideals of U coincides with the intersec-

tion of the maximal left ideals of U. 

4 
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