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INTRODUCTION

The object of this dissertation is to discuss 
groups which are unions of their proper sub groups. 
Our main interest here is to consider groups which 
can be written as the union of three sub groups. 
Groups which are finite union of their proper sub 
groups and'-some of their properties are also studied 
in the last chapter.

In chapter I, we state definitions and some
known results of .group theory* We also disucss
some special groups lifre klein four group. The
Dihedral group of order 4m defined by
a^m =* b^=(ab)^=e, and the group of order 16 defined

2 2 2by the generating relations a = b = c = e,
ibc3 bca ** cab. These examples are used in the 

next chapter to discuss the decomposition of a 
group in to three sub groups*

It is well known that, except the trivial case 
a group cannot be expressed as the union of two 
groups. In this chapter we study groups which can 
be written as a nontrivial union of three of its



sub groups. When G is expressed as G = AllBUC then 
K =s AOBOC is an invariant subgroup of G and AflB=Anc=* 
Bf\C=K. In such case, we say ^ A/B,G is a 
decomposition of G. !

A characterization for a group G expressed as
■ t

the union of three group (such groups lare called 
3 - groups ) is obtained in the following theorem 
(2.2)j "A'-group G is the nontrivial union of three

j

subgroups if and only if it is homomorphic to the 
Klein four group". It is deduced from this theorem 
that a finite 3-group G has order 4 m. On the other 
hand it is proved by example that there are groups 
of order 4m which are not the unijon of three subgropisv

We consider two decomposition

| X-̂ , Y i'Zi ] °f a group G as the same if there
exist* isomorphism : X —  ̂ X^ , Y — ^ Y^, and Z - »  Zf. 
It is shown by examples that 1) A 3 - grdup can have 
different decomposition and 2) Two different 3 - groups 
can have the same decomposition. Next we discuss 
the different types of decomposition of a 3 - group.
If a 3-group is non-abelian then the subgroups of 
a decomposition Qan be abelian (#) or non abelia^(n):. 
This gives four possible types of decompositions for 
a 3 - fcrroup namely ©Jr or

\ X, Y, Z/J and

<1,0, n
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The type^lgy), n̂j is ruled out from the f ollow ing
theorem "It G — a ad A and 3 are abelian
then G is also abelian". The existence or the

»

re>na ininy three types of decompos it i o a r e  illustrated 
by means of examples (2.7). The following theorem 
gives a characterization for a non abelian 3-group 

to have an abelian decomposition.

'theorem : A non abelion 3 - group G las an abelian 

decomposition if ana only if the centre of G is the 
intersection of the three subgroups. It is also shown 

that, if G admits a decomposition^, 3,C^.of ty oe 
fsb n, n^ then the centre Z of G is contained in A.

finally some properties of the group of inner 
automorphisms of a 3-group are obtained in the following 
three theorems.

1) The group of inner automorphioms of a 3-group G =
|A, b, is either itself 3 3 - group or degenerate,

'sJ <n /in the sense that it is one of or I (C)
where 1(A) denotes the set of inner automorphioms of 
G by elements of A.

2) A non - abelian 3 - group has an abelian 
decomposition if and only if the group of inner 
automorphisms is the klein tour group.
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3. The group of inner automorphisms of a 3 -group 
is degenerate if and only if the centre contains 
elements other than elements from K.

It is evident that a group G is non cyclic i'f and -only if 
it is expressible as a finite (or) infinite union 
of the proper subgroups. But it is not so easy to

characterize groups which are finite union of their 
proper subgroups. Q+ - the additive group of 
rational number is a non cyclic group which is 
not a finite union of subgroups.

in chapter III we obtain a condition that gives 
the minimum number of proper subgroups into which a 
group can be decomposed. The following theorem 
gives the condition.

t h" suppose the K root can be taken in the 
group G for every pos itive integer- K less than 
a certain n. Then G is not the irredundant union 
of n (or fewer-) of its subgroup#

It is shewn by example that the above theorem 
can not be strengthened (ie) the group G generated 
by two elements x, y with relation x*5 = y^5 =e satisfies 
the criteria of the above theorem for the number p and 
it can be expressed as the union of p + 1 proper 
subgroups But a partial converse of the above
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theorem is obtained in the following way.

Let G be a finite group of order N, p the
smallest prime number dividing N and suppose G is
the union of p + 1 proper subgroup s^* then atlast
one of s, has index p. If moreover that s. is i i

2normal then all the s^'s have indest-p and p divides N



CHAPTER I

Definitions and preliminaries 

Definition I :

GROUP:

A non empty set of elements G is said to form 
a group if in G there is defined a binary operation 
called the product and denoted by.such that
1) a, b £ G implies a#b£ G ( closed)
2) a, b, c £ G implies that a, (b,c)‘ =* (a#k>) . c (associative)
3) There exists an element e £ G  such that

e.a = a-e = a for all a 6 G

4) For every afeG there exists an element a-1 € G
, .. . -1 -1 such that a .  a = a , a = e

Motel
A group is said to be abelian if tor every a,b£ G 
a . b = b.a.

Definition 2:

Sub group:- A non empty subset H of a group G is said 
to be a sub group of G if under the product in G, H, 
itself forms a group.

Definition 3;-

Index of H ift- G:- It H is a sub group of G, 
index of H in G is the number of distinct right
cosets (left cosets) of H in G.



Note :2

In case G is a tinite group i^(H)

6 (G) denotes the order of the group G(i$ number of 

elements in G).

Definition 4 :

NORMAL SUB GROUP (invariant subgroup)

A subgroup N of G is said to be a normal subgroup 
of G if for every g G G and n € N# gng ^£ N.

Note 3 :
If ^ is a finite group and N is a normal subgroup 

of then 6 (g  ̂ _
T O T  “

where G/N » The collection of right (left) cosets
of N in g is a group when ever N is a normal subgroup*
of G.

Definition 5:

Centre of a group G ; The set of all elements of G 
which commute with every element of G.

Z * * the centre of G 3 ^ z€Z,/gz = zg V  g 6 G J

Definition 6 :

By an automorphism of a group G, we shall mean 

an isomorphism of G on to itself.

*or g e G, Tg J G — -> G defined by Tg (x ) gxg _1

3 6(G)—---- where
6(H)
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for all x£G is called inner automorphism of G denoted 

by 1(G) 
tote 4 ;

I (g ) is isomorphic to the factor group G/Z.
Definition 7 :
I (A) where A is subgroup of a group G is the set 
of inner automorphism of G defined by elements of A. 
dote 5:-

I (G) is a sub group of group of automorphism
_  rOof G. I (A) is a subgroup of 1 (G). When A is a 

aub group of G.

Definition 3 :

MON0GBWIC; A group G is said to be monogenic if it 
is generated by a single element.

Definition 9 ;

IRREDUNDENT UNION: .
A group G is said to be the irredundent union of

Iits sub groups H^,i = 1 to n if none of the H s is 
contained in the union of all the others.
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Definition 10:
Homomorphic image:

A group G' is said to be the homomorphic image 
of G if there exists 3n on to homomorphism 0 : G —  Gi
Note 6 :

DECOMPOSITION OF A GROUP:

If G is the union of its proper sub groups, we 
say it is a decomposition of G.
Definition 12:

3-group:

A group which allows a decomposition in to 
three sub groups is called a 3-group.
Note:7

Let^X, Y, Z ^ and £ y^, be the tv©
decomposition of a group G. The two decomposition 
are said to be the same i f there exists isomorphisms 
x -- y y , and Z — > Z

Next we shall see some important examples c£ 
groups which are used in this work.
Some special Examples:

1.1: Klein 4 - group :- (V)
A group with four elements^a, e, b, c3

2 2 2with the relations a =b =c -6 , ab = ba=c,
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be = cb = a, ca = ac = b is said to be Klein 4 - group 
and through out this thesis it is denoted by the symbol(V) 
1.2: C -The cyclic group of order m

r 2. 6 m- 1  m 7= 13, a , a . . .  a , a —eg
1.3: The dihedral group of order 4m is defined--- ^ 2m

2m 2 .2. „oy a =b = (ab) = e,
The elements of the dihedral group are

= a. a 2m-l 2m a , a = e,
b, b =r e 

2abj(ab) = e and
ka b where k = 1 to 2m - 1

b a' whore k = 1 to-2m - 1
But (ab)^ = e =£) (ab) (ao) = e

V , -1 , -1— > ba = a b
(i.e) ba=a_1 p

k -kba = a

- 1  - 1similarly ab = b a 
= ba'1

2m-k, = a b
The collectionTba^H is equal to the collection^ao] .I J___  1 J»CKsam-t

. The elements of D 0 are2rn
D 2m {  2 2m-1 . k .= 1a,a . . .  a , e, b, a b/k= 1 to 2m-l



There are totally 4m elements.

1.4 : The group of .order 16 defined by the generating
relations 2 , 2 2 a = b = c, = e, •

abc = be a = cab
using the above operations one can show that
(ab) 2 = (ba) 2 = (ca)^= (ac)-2= (bc)^=(cb) 2

abc = be a = cab : abc = eba5? bac;
bab = cac; aba = ebe; aca = beb
(be ) 3:=cb; 3 3 (ab) =ba; (ca) =ac
(ab) 4= e =! (be) 4 and so on
The elements of this group are

^ , . 2 e,a,b,c, ab, fab) , (ab) 3, be, ca,•cb,
ac, ebe, aca, abc, acb, bab

3 -group of permutation on three elements is a group 
of order 6. The elements of 3^ are of the form

{ H'.r 'ft-E , f , f r ,  p r 1 ] and the operation is 
gi^en by the following table.

•

1------- K

r
oLr e f fr f r A

¥ / e ¥ n 4 t fr

v e r fr fr* f
h---------

1 e1 r *r e
t fr fr*

; f f r ? e T

H fr f fr r* & ! ¥

fr4 f .! fr . . 1 r. x_i
r A

----- 4.
e
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CHAPTER II

GROUPS WHICH ARE THE UNION OF THREE GROUPS:

In this section we consider groups which can 
be written as the union of three subgroups. We 
first dispose of the union of two subgroups.

THEOREM 2.1: * 3

Except for trivial cases, a group can not be 
the union of'two subgroups.
PROOF:

•net G be a group, suppose there exists two 
subgroups A and 3 such that AUB = G, then A = G (or)
3 = G are the two trivial possible cases (In such 
cases one sub group is a sub set of another sub grpup).

Suppose we have the situation as in the figure

A = A-K, B = B-k

with Aj*JZ> ana B p 0, then we get a controdiction. * Let 
ae A, beB then ab:A implies be A

W  / -Jand ab&B implies aeB. Both of which controcicts 
the hypothesis. Hence a b 4 AUB = G which controcicts 
the closure property of G.

Now we consider the 3 - group case suppose A,B,C 

are three subgroups of G such that AUBUC=G t.ien we have 
the following results.
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1

RESULT 2.1.

If AQB we are effectively dealing with two 
subgroups of G and this is not possible by tneorem 2.1.

G = AUBUC with A<c B is not possible similarly BQC,

C C A  etc. are not possible. Hence we have the configuration
r'Jof che following figure, where A = A-K, B = B-K and

i*»yC = C-k are non empty sets.

RESULT 2.2.;

L = M =N = 0

Proof:
Let X £ L, than for any c £ d we’ve
cl £ d implies Jl € C (v c"1'̂ C)
cl £ B implie s C€ B (vJT^ B)
cl G A implies c e A (v f t *

All of which controaicts the hypothesis.
r->since C ^ 0, we have L = 0 

similarly we can prove M=N=0

^ r*f rJ
■ Each of A, B and c contains its inverses

RESULT 2.3:
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PROOF:

Let aeA then a~'eA = .-vulK (VAisa group and
L=M=0)

It a "W K then 
-I

a = (a l) £IK ( IK = A 0 B OC is again a group) 
which controdicts the hypothesis.

rJ- 1 rJHence a £ A
is l r J

similarly we can show that each of B andC! contains 
its inverses..

RESULT 2.4:

It a £ A and b t B then a . o £ c

PROOF: If not let a • d £ AUB then a,b<cAU3 (or)
a.oeiK.

If a b£k (Cfi) then (a-1) (a#b) = b € A - AUK
i- j

out b is neither in A nor in K by hypothesis 
. a • b^CK

If a ■ b £ A  then a" 1 (a-b) = b£A = AUK corvt'A^'0" 

;.a . b^-A.fdr a similar reason a-b^B
*** r* J r-t f j  r - J  ^therefore a £ A, b ^ B  implies, a bCC 

similarly we have
rOa € A/ r a*c £ d implies t .a e B
r-Jb £

rJ ^ rJB, c G d  implies b • c €-A
kBmARK; ■

r J  r~l

Since each of A , b , G contains it's inverses 
we also have b, a = (a b ) C when ever A and

b^B and so on.



RESULT 2.5

rJ rJ r"* t-JIf a, a ^ A  then a.a^eK 

PROOF: a , a^e A  = AU(K for a? a.j£A.
If a, aieA then for b € B  , b(a, ai) £ C  (By result 2.4)

*"* «-*# r O  r-» ^  ^ ^but lb. a) e c and a^€ A implies (b a) a^ £ B 
which controcticts the fact that BflC = 0.

t-J rJ.* . a â  £ (K

REMARK;

Similarly we have
rJ f* ** ~J ,Jb/ b^ 6 B implies b b^gttC and
rJ 'R ■ rJ r*c, C implies c, € (K

RESULT 2.6:

(K = AiD b O c is an invariant subgroup of G 
PROOF: clearly (K = AflBOC is a' Subgroup gf G

Wow to-prove that g R g” .̂£ (K. tor every g£ G
and R 6 K.

If a£ A and R 6 K  then k a G A = AUK 
If k a £{K then a £JC

Therefore R at A/ this together with a € A  

implies a""1 R a £• IK (by result 2.5)
Thus we have proved that

a^A, R £ K  implies a” k a £ (K
similarly we can show that

Re (K implies b~^ R b €(K and



rJ H HSince, G = & U B U C U K  we have QC is an invariant 
subgroup of G.
RESULT 2.7

/J rJ rJaK = A tor a£ A  ,

18

PRuOF:

tet k<= 5C then
a, k€&  A  is a subgroup and AUK = A) . 
if a 5C then (a JOk” 1 = a 5K a'controdiction
i.e a (K C  A

conversely let a^G A then a-1 a ^ K  (by result 2. 

this implies a^S-aK 

i.e. A  Qa#C
r*J . rJsimilarly we can show that b Qc « B and
c gc = <i

using the aoove results we can 
characterize a 3 - group (i.e group which can oe 
expressed as a non trivial union of three group) in 
the to1lowing way.
THEOREM 2.2:;

A  Group G is the (nontrivial) union of three 
subgroups if and only if it is homomorphic to the 
kiein tour group.
PROOF;

c s l ^Let G = AUbUC, and a , a,.c as given above 
then k = AOBOo is an invariant sub group of G 
by result 2.6 one can prove that

and 2.5)
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Q ( r~J rJ <d -)VJ
IK- =

A/ B, C

for —  HK  1gx i g e e ]  ** { g* g€ A  U r* J

BVC U £K

if g € K
r-J

then gk = IK
if g £ A

*N|
then gk = A

if g £ b then gk = B
r■*

it g c d then gk = c

IBy result 2.7)

Hence We've G—  - £ b , c , k } and it is a factor group 

since A.B = (aK) (bK) tor a€A, b£B 
= (a.B) 1C
= H K « S' ( a.oeS)

and similarly B.C = A, C-A  = B and A.K = A  etc.

Also A 2=a< K , a2 K = (s^ a2) K  (for a2 £ A )

= K lva1# a2£ (K)
and similarly B2 = c2 = JC

Hence we have G is a k lein four group
Ia

and we denote it by the symbol "V 
we define a map 0 : G —  g J&C (=V) such that

0 (g) = gk. this gives an on to 
homomorphism between G and the klein four group V.

CONVERSE s

bet 0 G —  V be an ontoa
homomorphism. Then we prove that G can be expressed 
as a union of 3 proper subgroups.
b®t K  = Kefc 0 and A, B, C be the cosets of IK in G.
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Det ine A '■ AU(K B = B U K  and C » &UK

since - q la isomorphic to V-the
Ker 0 IK

Gklein four group, -jjp- has only 4 elements

{K, A, B, C 5
2 ^2 '-‘2such that A  = B = C = OK,

A  B =‘ (3 etc with the" identity element K  
now we prove that A, e, C defined above 
are sun groups of G and AUBUC *» G gives 
the required decomposition of G.

CLOSURE AXIOM:

Let a, a^A, then
a . a ^ K  if both a, a ^ A  or K, 1 • '

if a £ A  and a^£K then a. a^<=A (-.'A K = A) 
thererore we have a. a^ £ A  tor every a,. a^£ A.
INVERSE:

If a £ A then
, — 1 <*a £ A  implies a g A  Q  A  and

_ ia€K implies a £ K C a

Therefore A is a subgroup of G 
similarly we can prove B, C are subgroups of G.
REMARK:1 If G is a finite group such that
it is the union of three non trivial subgroups then
order of (G) - 4m.

pPROOF: ay theorem 2.2 — is isomorphic to V with IK = AHaDC
is an invariant subgroup of G. ’

order of ‘IT' " order of V = 4
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i.e. order of G 
oraer of (K

i.e. oraer of G * 4m where m is an integer 

kEMAk K 2 :

But there are many subgroups of oraer 4m which 
are not rhe union of three proper subgroups.

we now give two examples of group of oraer 4m 
but 3-groups

EXAMPLE 2.1

Any cyclic group can not oe' expresseu as a union 
of its proper sub groups. For if G is cyclic with 
generator a and G = ,U M  we have a £ Ai for 

atleast on i and that A  ^ = G - the whole group 
Hence in particular a cyclic group ) of order
4m is not a- 3-grpup.
EXAMPLE 2.2

Any locally cyclic group and hence of order 4m 
is not a 3 - group. (By locally ycyclio and it is not

necessary cyclic as a whole group)•

If G = AUBUC is the decomposition of three group
r/ *** pJof a locally cyclic group G, then A, B, C are disjoint 

subsets of G by result 2.1

for a^A, b£B we get a non cyclic subgroup 
generated by and a and b i.e <a,.b/of G.
For if the above subgroup is cyclic subgroup then 
b = (a) for some positive integer m



but am £ K  by repeated application of 2.5 
i.e "bfeCK which is a contradiction.

We now list some examples of 3 - groups 
EXAMPLE 2.3:

The Klein - four group V itself is a 3 - group
r | 2 2 2V = ye, a# b, c I a = b = c = e ,

• ab = c, be - a, ca » b

consider C2 = ̂a, a2 = e^

C2 =[b, b2 = e J

C2 ~ { C/ c ” e 1] cyclic, groups of order 2

Then we find v = | C2/ C2, C2^ is the required 
decomposition.

EXAMPLE 2.4:

There are 5 groups of order 8 they are 
Cg, c 4x c 2,c£c 2x c 2, D4 and

Q = the group of Quaternions except CQ, the other 
groups are 3-groups .

1) Cg

2) C4

being a cyclic, group it has no decomposition
x c. (a,b) a is the generator of the cyclic 

group C4 and b is the 
generator of C2 l '

i.e. C4 x c2 [(a,b), (a2/b), (a3,b) , (e.b),
(a, e *), (a2, e'), (a3,e‘) , (e,e ')



4 2 1where a = e and b = e' are the identity 

elements of C4 and C2 respectively

Then C4 = ̂ (a,b), (a2,e’), (a3,b), (e,e*)^

C4 = |(a,e?>, (a2,e‘), (a3,e')# (e#e')J

V=j(a2,b), (a2,e‘), (e,b), (e,e')^

give a decomposition for C4 x C2

C4 x C2 = | C4, C4, v j i s a  3-group

where C4 - is the cyclic group of order 4 and V is 
the klein gour group
3 )

C 2  X  C 2
x  C 2 a  [  V v . V ]  i s  a  d e c o m p o s i t i o n

w i t h

C 2  "

f b , b 2  = e ' 1
r

c 2  x c 2  x  c

2
b ,  b , b ) t  ( b / b / S *  )  t  ( b ,  e  / b )  f

( e '  , b ,  b )  , ( e \

f

e  , b ) (e , b ,  e l )  /  ( b ,  e e '  ) ,
( a b ,  b ) , ( a 1 1 , e * '  ,  b ) 9 ( e " V b ,  e * - ) ,  ( i > , e t

( e 1 ' , e  e  ' )

V = f ( b ,  e ’ ,  b )  , (e\ b , b ) ,  ( b / b , e * )  (  s ' ,  e ' ,  e ’ )  )

9  *

V  = 1
( b ,  d , e ; )  ( a . ' , b , e * ) ( b / b / e 1 ) ,  ( e ' , 8 , , e l )  j

v - f
~ ( b , b ,  b ) ,  ( b , b , e  ' ) 9 ( e S e ' / b ) ,  ( e  ' ,  e  ' ,  e ' ) ^ 1

4) D4 - the dihedral group of order 8.
(Example 3 of section 1 ) has a decomposition ^C4,V,y

c 2 3 4 2 3 iThe group D4 is ra, a , a , a ^e, b, ab, a b, a b j
with a4=b2= (ab).2 = e

Consider C4 = ̂ a, a2, a3,a4=e"Jj
V = |a2,b, a2b, e }
V =[ab, a2, a3b, e }  then D 4 v , v)



5) Q = j i, j, k, - i, - j, - k, 1, -1 J with i2= j2 = k £ .«
ij = k; jk = i, ki = j and ij = -ji.
This group of quaternions Q has decomposition

2 3 4c4 ' C4 ^4 where C4« i,i = -1, i=i, i =1
c4 = j/ J2 = -1, j3= -j, j4= 1
C4= k, k2=-l, k3=-r,k4=l .

NOTE: Two decompositions ̂ x, y, z and { X^, Z ^
of a group G are said to be the same if there exists 
isomorphisms x —  ̂X^, y — ^ y^, and Z — i>Z^.
REMARKS:

In the above examples one can prove that they are 
the only decompositions for the corresponding groups,-

v

EXAMPLE: 2.5:
The Dihedral group D2m of Order 4m for all m admits 

a decomposition of three groups.
2 _3 _2m-l e,b,ak b fe=l to 2nv-l̂ iD 0 = f a, a7 a~ . . . a“‘“ ", ~ ~  ~ ~ * Jfciu * C 2 4 2 (ttwI)(As in example 1.3) The subgroup Ks= j a ,a . . . a^v e

is an invariant subgroup of D
For ak ka~fe

2m,
k 2fc* a -k 2k* ̂= a a a = a ‘<=K

(a

L2k' ^-1 

<akb)
bkb-1 = ba2*' b-1 = b2a"2k = a-2k‘€ K

^b) k (akb) "*1 = a^Cbkb"1) a“k
-2k* -k -2k* i.= a a a = a 6 K

i.e. xkx”16 K  for every x€D2m, k£liC

i.e. K is an invariant subgroup of G.

Therefore D2m
— =r—  is a group.
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2m
(K = l = *  /  x 6 °2m }

If x=a, 0^te^.2m then = (K and a2R+l^ = dK
If x=b then xJC 83 bK
If x= a^b 1< then xK = a^bK = ba“^K

=baK if -k is odd 
=bK if k is even.

but baK = abK as aba~1b”1 = a2£ (K
Therefore D 2m

— ^  = j K, aK, bK, afc(K ]
2This is a klein four group, since K  « K.K = (K, 

abK = aK bK, bK.afcK = babK «* a_1(K = aK, and
aK.abK = a bK = ba-2K  = bK. ( By the definitions of K  )
Therefore by theorem 2.2 D 2m has a decomposition of

2three groups AUBUC where A = KUaK = j^a^,. . . a210”1, a2m=^=C

= KUbK * |a2, a4, . . . a2m~2,e,b,a*b, k = 2,4,....2m-2^
| x, x2, . . . xm® e, b, x^ b

2m

which is of the form
where k' = 1 to m-1 and x=a is a dihedral group
D of order 2m m

C = KUabK - [a2, a4, . . . 2m-2 2m . k3a , a 35 e, aba J

, 2 4= <a , a ,
f

where
2m-2

k = 2,4,... 2m. 
k'e, a

. 4 l where k'= 1,3,. . . 2m-l * (AiteV> is °f t**
wK*wl K- = i t« ivi_(x=a is a dihedral group Dm of order 2m.

T h e re fo re  | C2m, Dm< Dm j
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From the following examples we shall see that 
a 3-group can have different decompositions 
and two different 3-groups can have the same 
decompositions.
EXAMPLES_:2._6

Let C 2= £d,d2=e3arwl d 4 = £a,a2,a3, a4=e,b, ab, a2b, a'^b^.’Tfcan 
^ 2X d4 =|(d#a), (d#a2), (d, a (d,e), (#fk) /
(d,ab), (d, a2b ) , (d, a3b), (e,a), (e',1), (e',1),
(e, e), (e,b), (e,ab), (e,a2b), (e/a3b)j|
C2 X C4 = (e'/a2), (d,a3), (e‘,a4)f=(e*, e>
(d, a2), (d,a3), (d *e) ^  \$ isomorphic to '

C4 X V
D4 = |(d,a), (d,^f £=(e *,a2)), (d,a) 3= (d,a3) ,

(d,a) ̂ ( e * , ej), (d,b), -(fiSab), (d,a2b), (e;a^b)*jr 
af>c) D 4=  ̂(d, a) , (d,a)2, (d,a)3, (d) a) 4,=(e‘ ,e) , ,

(d,ab), (e',a2b), (d,a3b), (ei,b)^
Therefore we find that

C 2 X D4 = ^ C 4 X C 2, D4, D, » decomposition •
Consider B*=^(d,a2), (d, e l , (e •, a2), (e* , e) ,

(d,b), (e‘,a2b), (d,a2b), (e',b)J 
and C'= ^(d,a2), (d,e), (e',a2), (e‘,e), (d,ab),

(e',a3b), (d,a3b), (e',ab)^
Then we see that C 2 X D4 is also equal to

K x c *. b '' c '}
where B' is isomorphic to C2 X C 2 X C2 by means
of the isomorphism 0 : B'___ X C2
(e .#e) ___ (e,e, e) , (d,b)— -— > (e* ,d,d),

NOW

->^2 " ^  X C 2 takirjg

(d, a b) • 
(d,a2) —

"> 2 __y (d,d,e'), (e*, a ) ,■
-^(d,d,d) , (e',a2fc> )-

(d,e',d),

> (d, e, e),
(e,d,e)(e',b)---- -̂v(e/e/d) and (d,e) —

Similarly C* is also isomorphic to C2 X C2 X C2

Therefore C2 v n has tw0 different decompositions,
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C4 X C 2 ' °4 ' °4  ̂ and \ C4 X C2' C 2XC2X C2,C;2? G 2X G'2 J
In the next example we see that a group of order 16

2 2 2defined by the generating relations a =b =c =e, 
abc=bca=cab also has the decomposition^ C^X C0, j

By example: 1.5 the above group of orde^r 16 is
'iVen 2 3by | e, a,b,c,ab, (ab) , (ab) , bc, ca, cb, ac , 

cbc,aca, abc, acb, bab ^
D. =-((ab) /, (4b)2, Xab)?, (ab) 47=e, a,pbe,biab, b1 w r. fyvmC 2 2 3 ^D. =lbc, (ab) l=(b c)P, cb(=(bc)P, e^c^b/aca^cbcpitw^e

C4X C 2 - D={ (ca), (ab) 2 /- ) , (ac>
under the isomorphism 0 : D

given by (ca) -- }{g, e) , (ab) * 2 *_
— » C4X C 2
->(g2f e) ,

(ac) —
(abc)
(<*Cb)

-> (e‘ , e) ,
2 \^ (g/h)# (ebe)— 1--- >(g , h)

-}(g , h), fa­ te* , h)
The above group of order 16 has decomposition 

= -fC4X C 2‘ D4" M
Next we shall see different types of decompositi on 

of a given 3-group G. If a 3-group is non abelion 
then the subgroups of a decomposition can be abelian (@) 
or non abelion (TV). This gives 4 possible types 
of decomposition namely^
3* / >T i ̂ ^  -However one can see that the decomposition 
of type is not possible from the following
theorem.

THEuRei-1: 2.3 :

If G has decomposition [a ,B,c} where A and B are

%
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abelion then C is also abelion.
PROOF:

K= AnBAC c A
Therefore 1C is abelion.

Now to prove C=CUIK is abelion it is enough if 
we prove that C is commutative and elements of 

C commute with elements Or IK.
Let C^,C2 be two elements, of C 
By theorem 2.2^ since G is a 3-group AB“C 
Therefore with a£A, b € B

But A=aK; B=t>0? implies C2GaOc.^k 
i.e. C2€- abk i.e. C2=abJ? with tee K
Therefore (a£>)l?

=libl?) (aB)
r J  r J  

=C2C 1

(Since, and Bare ntxfelion 
and k € K)

i.e. C is commutative.
Next to prove the elements of C commutes.with 
elements of Ik.
Let c£ (?, &£ (K

cte= (ab)te where afeA ,*b € B
=te (aB) = tec ( K C & (Bare abelion)

Therefore C is commutative.
NOTE : types

The remaining three of decomposition
A

ail exist. It is shown in the following examples. 
EXAMPLE:2.7
I. By example(2.4) 5/ Q=|c4, C^,  ̂ is of the
form G ------
II. Next we shall give a decomposition of type

v ̂  3



: # ■
'-•.X
m .

ie• °6 ={°6' S3' 'S3 )

©

Dg = ^ a, a^, a~, a4/, aD/ a°=e, b, aKb
^ f 2 3 4 5/ 6 2Cg a, a , a , a , ao' a =e j

, 2 4 6 2 4 ?S3 =ia , a , a =e, b, a b, a b 5 of the form
| *f > y4> p = ̂ >y= b a ^  a“"b= a4b,

ba4=a2b J

t 2 4 6 3 5 2Sg =|a , a , e:« ab, a b, a b j of the form
j y,-4 yJ-.e _ Ay =(»fe, 4 =a6b , f/- ab«-i= »3b J

'• D6 = 1 C6 ' S3 ' S 3^ ------* V "  i
The following decomposition of X V is of 

type { * ) > 17 f
s3 = { 't, fJ- yJ-a ’• ?, fy,

\- permutation group of order 6.

k=l to 5)

V = | e,a,b,cj the Klein four group.
V n  S 3 X V = [(y,e), ( y , b), ( f  ,c),

( y ^ e ) ,  (y\ a), (y^b), (ya#c)/
(e‘,e), (e1, a), (e1, b), (e1, C),

( if ,e), ( f ,  a), <^,b), (^, c),
((bf. e), (^<f,a), b),
(fifte), (tyU), (^b), (?/c)}
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D 6 = { (^/a)k , k= Ito 6,
( /a), ( y , a)1̂ ( <j>, a) , (k=lto

c X= ^ / a) , ( f , e ) ,  (e',a),
( y*1, a) , (e ' , e) , ( f  , a) ,■» '

e) / <^,a), (f,e.),
<̂ y*,a) , (<̂ y ,e)J

D6 = f ( f  /b)0̂ , (k= 1 to i ,

( <j>, b) , ( y /b)k ( j> ,b) Ck = Ito 5

= | ( Y ,b), ( y t e ) ,  ( e', b),
( Y , e) # { y^ b ) , ( e',e),
( f , b )  , (<py% ), < fY»,b),

( f  , e) , (cpy^b), ( p y ,e).^j

°6 = f (0'e)' < ^ e) ^ ( ^ c ) K= 1 to 5 }
(^2,e), (e ,c), (y,e), d 2,c), (e • 

(0»e) / (<|> 2, &) , (♦H'#c ) # (<t>*s), <X0H^#c), ..(0y,
s3xV “ > { D 6^Dg#D ^  _ ^ T )  ,»)# 0 ]
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Note here IK =* | (y, e), ( y 2, e), (^,e), (0t̂ , e),
2 i(0y , e), (e',e) ) of the decomposition

We summarize these results in the following!; theorem 
THEOREM:2.4

Each decomposition of a 3-group is one of 
the forms j @ #d>,<f>̂ # m,n} (or)
We know that the centre of an abelian group G is 
the whole group G itself. In the next theorem we 
see that if a non abelian group G has abelian 
decomposition then the centre of G=»K.
THEOREM: 2.5:

A non abelian 3-group G has an abelian 
decomposition (ie) G — if and only if the 
centre of G is K.
PROOF: Let G=^A# ^and let Z be the centre of 
G and K = AflBDC
Firstly we assume that A,B and C are abelian and 
prove that K=Z.
Let k<z!Kf k. commutes with elements of A,Band C 
as K£a , B,C are abelian jfez 

(ie) KPZ 
Next to prove ZCK

t+ JIt there exists xgz auch that x̂ fic then xeA or B or C
Let x=a„£zOA then z
for each =» A *B = (a, 80B=a. B -w z z



There exists bfeB such that C=a bz
For each b6B. db=a bb = b("a £)z z^ rS= be (%-B is abelian and az<£Z)

This implies elements of B commute with ele ments of C.
Also for each a£A=a there exists some elementz
ke K such that a^a* &z

For every b6B, ab=a* lKb=b(a 1? )  =baz z
__s Elements of A commute with elements of B.
Similarly we can show that element of A and C 
commute. Hence it follows that G is abelian 
which is a controdiction •

' Hence Z=K .
conversely if 2=K then to prove that G hPvS abelian ciecomjaos

w  w ^  <>/
le t  a6A= a l̂k tor some f ixed a ^  A > then

a=afk for some fe€K
. f o r  a ,a '6A Wt nave a=a|R

a l»3',b»
a.a* - (affe)-(af fe ’ )3 (a, fe ‘) (ar fe)

W r*
-  a 1 a

A is commutative, this together with K=Z 
implies A is abelian
similarly we can prove that B and C are abelian 
In the next theorem we see that, when the decomposition 
of G is of type | @/|r)/'Jtheu the centre of G is 
contained in A.
THEOREM: 2.6:-

If G admits a decomposition ̂ A,B, c jof type £@,*7 /0 ^
then the centre z of G is contained in A
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PROOFS

Wg prove ZCA by showing that B and C are
disjoint from Z,

b £ BDZ . For each b^B there exists z
1&X such that b=b kz
— > b k ’ = (b .k)k'=k'.,( b k) ( Ik is a belian

= fe-b
13 commutes with elements o f  IK

and b €• %) 
z

£*et b ^ b^CB then b^ = b2 =

b lb 2 = ((b2k) (b^k’) = (bzk<) (bzk)
= b 2b l

is commutative this together w ithg: is commutative 
k we have B is abelian which is a controdicfcsiorrw.

Similarly ̂ Z  ^ 0 implies C is abelian 
Remark :1

From the example 2,7, W e ’ve seen that 

D6~*fC 6" S3'SjH  i9 ' 11 ^c 2 4 •»In this example K = f a , a , e H  
C 3A = Cg -K =* , a , a  ̂ and

Z= [33,e}
zflA / <j)
REMARK:2

From theorems 2,5 and 2.6 we have If G has 
a decomposit ionjhA, B,C^ of type >) > V) jT 
then the centre Z is either properly contained in

rJ[K or atmost it also contains elerre nts of A
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REMARK:3

It is cl ?ar that Z cannot contain: elements
rJ r-l IVof A and B and not C, since in that case ZOA and 

Zf)B give a nontrivial decomposition for the group

REMARK:4

There is a possibility that Z contains
rsl 'nI *4elements of. A, B and C; in this case Z is 

itself necessarily a 3-group with decomposition

In the following three theorems, we study the 
properties of the group of inner automorphisms 
of a 3-group G.

Let I (A) be the set of inner automorphisms 
of G defined by elements of A. Then I (A) is a 
subgroup of I (G)-the group of inner automorphisms 
of G.
For, if ({), (A), then (f> (9) = ago." with a£A
and ' (g) = a, .ga(”  ̂with af£A

— 1 —1 —1Mow ({). cj>' (g) = a ( a ( , ga^Ja

THEOREM 2.7: The group of inner automorphisms of 
a 3-group G is either itself a 3-group or degenerate
in the sense that it is one of 1(A), 1(B)(or)1(c)
PROOF: G=AUBUC implies

Z and this controdicts theorem 2.1

*. <|> f i (A)
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T-P ICG,) /s not a 3-9*0up tW> Uva
I (G) is either l(A) (or) 1(E) (or) 1(c) 

REMARK:

we see from the tollowing examples that 
the degeneracy does not necessarily preclude 
1(G) from being 3-group 
EXAMPLE: 2.8:
1 ) c 4 ' c4} (Examples (2.4) (5))
This is of type|@>,t§vi> }
• ■ Z of Q = (k by theorem 2.5

■«.I(Q) - _ =2 = y ^By theorem 2.2 }

In this example I (c^) = | identity mapping
the automorphism that takes j— > -j, k — ^ 
But order of |l(0))= order(V^34 implies
1(G) is non degenerate and a 3-group

2) D6- > £ 6 , S3,S3 3 (Example (2.7) (2) )
From remark (1) of theorem 2.6 Z of D̂ .6

3i&jfc ,ej and

U V  * D6

I (Dg) is degenerate (proved in remark 1 cf 
theorem 2.8). As S = I (D) is not a 3-groupJ o
(by the remark of theorem 2.2) w« have 

I (D^) is Degenerate but not a 3-group 
3) C 2xD 4 ='|C4 x C 2 D 4' d 4 1!| Example (2.6)

I <c2*o4 ) = V and C 2xl>4 is degenerate 
by the remark of theorem 2.8
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. . I (C^xD^) is degenerate and 3-group.

THEOREM:2 , 8 A non-abelian 3-group has an 
abelian decomposition if and only i f the group 0/
inrv«.Y automorphism# 15 fch«. kloin four group.
PROOF:

Q ^ then by theorem 2.5 z  of G=<K
( I (G) = ^  ^ cf v (by theorem 2.2)
conversely if 1(G) = V then 2 ■= v. 6ut £, being 3-9Toup

r / r —uisV. - of k  implies z*K 
, \ By the converse of theorem 2.5 

G
Finally we consider the relation between the
3-group structure and degeneracy of 1(G). This is
given by the following theorem
THEOREM:2.9: The group of inner automorphism
of a 3-group is degenerate i f and only if the
centre contains elements other than elements from K ■
PROOF:

Assume Z contains elements other than 
k then they are from % or S or “c .

14- AhZ. f 0 let. a^-AflZ chen
for every b£B = CA = C (a^k), there exists c^rC  

and ke-(K such that
b - £1#azk = (C|k)az= caz ('.*c,free!  ̂^ 0

Let i (g) be the inner automorphism of G defined 
by g then we have 

i (b) = i(c) >
Since i(b)(g)=bg b”1 - c(a g1T^-> c”1z z
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r* —x. / ~ f= c g c (•. a €: z)z
= i(c) (g)

f  r J  / V  r s / ^, • I (B) = 1(c) which implies 
I (B) = i (c) . and -  8 U K  » ^  ^  UK,_J
I (G) = *1 (A) U?(B)Ul(c)
implies 1(G) = I (a ) l0"’1') l(B)
Conversely:- Assuming I (G) is 
degenerate we prove that Z contains 
elements other than (k 

Let I (G). = 7(c) 
then I (B) C X  ( c)

rJ r*This implies either i(b)£l(c) (or) I (K) 
i.e. i(b)=i(fe) (or) i(c)
If i(b) = i(k) then
bgb”"̂  = fegfe”'*' for every q€G

«-varu 9 eGi
b commutes with every elements of G 

fc 1 bCtS (or) b = fez
t _1 *4 . r*>z = k b € R B  = B 

ZflB^ (j)
Similarly i (b) = i(c) implies

‘b s'cz with c ££, zGZ.
^—3. ^ *■»* ̂  ^z = c b£C B = A

AHZ 4 (J)
In a similar manner we prove the results 

for other cases also .
REmRK:l

Using this theorem onacan check the degeneracy of Dg
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with respect to the decomposition ■

K of Dg = £a^, a4/ e^ ( Example 2.7-2)
of D, [a3,e ]

i.e. The centre of Dg contains elements
r J  *from A. Therefore I(Dg)isdegenerate by the above theorem. 

Remark: 2.
r» 2From example 2.6 we have A  of C2X contain (d,a ) 

which is in the centre of C2 X D4 = £c4 X C2/ D4, D4 ^

I(C2 X D4) is degenerate with respect to the 
decomposition ^C4 X C 2, D4# D4 ĵ
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CHAPTER III

GROUPS Ad U.IIOUG OP PROPER SUBGROUPS: .

A group G is said, to be monogenic if it is generated 
by a single element. In the hollowing theorem we obtain 

a cnaracterization tor groups which are the unions of 
their proper subgroups.

RESULT: 3,1

Any group G is expressible as a union of proper 
subgroups if ansi only if it is not monogenic.

PROOF:

xf G is nott monogenic then it can be expressed as
the union of its monogenic subgroups which by hypothesis
are all proper.conversely if G = UGi and G is monogeniclex
then G = ^ a > implies

a for some i and that G ? G,

■Jext we shall see there are non monogenic groups which 
cannot be expressible as a finite union of their proper 
subgroups.

EXAMPLE: 3.1:

Let Q+ be the additive group of rational numbers
If t*" = H..UHUJ . . . . UH where each Hi is a proper1 2  n * 1 *

*J *subgroup of Q , then we get a controdiction. Since • 

there are only finite number of H's, it can be assumed 
that this union is irredundant i.e. none of the H's 

is contained in the union of all the others.



Hence any one of these H's, for example Hg j

contains a rational number r = m/n whic-h is in no other! H 
This implies for ail integers h, 
rr—  is in no H. except m  H-. ;h 1 1 1

XT(For otherwise = r£Hi for that i)

but Q + = 3 Hi ---) r/h € H x
i=l

Taking h = some multiple of m say = dm
we have r/h ~ to .

n
H.

dm nd

Tills implies any multiole of — —  and hencex ■ nd
1 c/d 6 H* where c, d are arbitrary integersC *} X - "* J.nd

-J- - fi.e We have Q C H ^  or . = 0
Remark: This proof incidentally shows that U+ can never

be an irredundant union of even infinitely many of its 
proper suogroups.

Wow we shall see the following theorem.

Theorem:3.2

it 3 is the irredundant union of the subgroups
then for each i>H. contains the intefcsection of all the'f l
remaining H's •
PROOF :

Let 3 = UH; 3 H • U H where H-UHJ
Jesr ° 1 U 'j£H

since the union is irredundant, H; cannot be contained
v

in the union H of the remaining H's . i.e There exists
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f

|

l

x£Hi such that x is not in the remaining H 1 s. JVow 
tj nrovs that H. 3  the i vcersection of a 1-1 trie

i
remaining H's.

Let y be an element contained in all the other H1/* and
so in the intersection.
if - xy£H they* xy£Hj for some j 

_1, . x = xyy e h j (as *yG Hj tor every j) 
which is a controdiction.

• *xy^ H i.e. xyg Hi ■ 
y = (x ) (xy)6Hi

This completes the proof of the result.ttext we shall 
see the condition which restricts the minimum number J

can be decomposed, 
the following

subgroups

in M,
n-1

A3 UA U . . . .  UAn has n-1 distinct elements

of proper subgroups into which a group 
Before deriving the condition we prove 
result.

Let G be the irredundant union of 
A^ (i = 1,2 . . . ¥>>2) and -set
M=A2UA2U . . . UAn . Then if x is not

kwe have x is M for some k = 1,2 . . .
Proof;

x M implies  x€Aj •
choose y€A2 such that y i s  not in A^. 

If x-*y€  A2 f o r  some j = l  to  n-1, then 

x-* = (x-*y) y " ^ ^  A2c(M')as des ired .

If x̂ *j ̂  A2 then we claim that either
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xy, x2y, . . . xn"1y (or) x-*“m £.M for j > m  
x ^ y ^ A 2 f°r to n-1 together with y<^.A^and

^ U*"l1  ̂ implies that xy, x y, . . . x y^A^UA^ij. . . UAn

If tney are not distinct let. x-*y = xmy for some j m= 1 to n-1
and j > m  then x^”m = e £ M  as desired.

2 n—1If they are distinct we find that xy, x y, . . . xn~ y are
n-1 in number belonging to UA4 UA^. . . UAn *
But this union contains n-2 members.
Therefore distinct x^y, xmy must belong to the same A^

where q=3 to n with j > m  =1,2, . .. .n-1.
Therefore x^“’rn= (x^y) (xmy)’’1̂  A^ Q  M,

THEOREM:3.1

Suppose that roots can be taken in the group G
for every positive integer k-d. n, then G is not the
irredundant union of n (or fewer) of its proper subgroups.
PROOF:

If G is the irredundant union.of exactly n 
n

subgroups then G = .U A. such that there exist X£A,i=l i
but X  M =  A 2UA3... UAn

Clearly no root y of x belong to M.
(For if y = k ^  root of x e-M then y^= x & u ' )

L e t y = The(rt-l) i t*1  ̂ , . , . ^ _root of x which exists m  G
by hypothesis. This y ^  M, by the result 3.2, 
k 'y G M  for some K'<_n. (n-1)!

Therefore ■ / n  \ fc* (X- (yk'0
(n-1) l

k' is an & nteger)
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i.e x  = y (n-1)

This centrodicts one tact that x ̂  M.

, G cannot oe the irredundant union of- n 
of its proper subgroups.
It m<n is any integer, then trom the hypothesis 

of the theorem G contains k roots for k<m also 
and hence G cannot b(e the irredundant union 

of m of its proper subgroups.
REMARK:

If G is a finite group of order N, the hypothesis 
of theorem 3 is equivalent to the requirement that 
(n-i)] is prime to n m ). This gives us the following 
result immedi ately.
COROLLARY:

Let G be a .finite group of order N, j9 

the smallest prime dividing N. Then <3 is not the union 
of p or fewer of its proper subgroups. Since p is 
the smallest prime number that divides itf, no factor 
of 1,2 . . .  . p-1 can divide N 
• - (p-1)! is prime to N

- . B,y the above remark, G satisfies the hypothesis of
the theorem (3.1) for p.

"t hi.e k roots of elements belong to G for every k<p
G is not the union of p or fewer of its proper subgroups. 

REMARK:
The criterian of theorem (3.1) cannot be strengthened.

ganaratoB by x  axvl y
Let G be the abelian grouo with relationsJ A

= y^=e. Then G is the union of (p+1) proper



subgroups generated-by x,y,xy,x* 2y/ . . . 

respectively.

G~^x,y} such that xP=y^=e, implies that p is the 
smallest prime number ttoat divides 6 (§)= N. ,
for xP=e =£) 6 (x) = p divides N .

If q is a prime number<p and divides M.then there 
exists an element g^G such that 6(g) =*q (by cauchy's
theorem tor finite abelian groups)

m aout g=x'y tor some integers m and n implies
p mp np - ^ ,.g = x y =e ( G is abelian)

This implies q divides p which is a controdiction,
i.e. p is the smallest prime number that divides
6 (G). Thus G satisfies the hypothesis of theorem 3.3

2But G=<x> U <fy > U <fxy> U <x y> U. . .

. . . u y > that" it Can be. azptasseA

as the unioin of p+1 proper Subgroups .
A partial converse of the theorem 3.1 is the following 
theorem.
THEOREM: 3.2

Let G be a finite group of order p is the smallest
prime number dividing M. Suppose that G is the union of
.exactly ptl proper subgroups S^, then atleast one of the
S's say s. has index pv It moreover this s, is normal/J j

2then all the Si have index p and p divides N.
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PROOF :
Let G =

Index of

p+1
U Si
i=l

= 6(9)
<(>(si)

divides d=£ (G)

Henee 6 (G) cannot toe less than p, 6(si)
is the smallest integet that divides

since
N

i.e. Index p Vt
It none of the S^Vs has index equal to p, 
must all have indexes greater than p. (or) 
S (p+1) for every i

P

then they 
Index of

l ^ ^ p + 1  implies 6 ( d i ) < ^ - tor every i

Gi c U  S i  i*l
implies

N <  %  ^(Si) ^  (p+l)£^ 3 N
(i.e) a controdiction

, S. has the index p for some 1 
3

Gow we assume that this S . is normal fn Gi .
3

The tor î tj# sjsj is a subgroup o£- G. 
This subgroup cannot be a proper
subgroup of G, tor in that case
S.l

G=

u s . c _ .. .j —  S.S. implies l j
P+1 ,

k=" ( s q u s ^ s . ,
P+1U

k=l
M i, j

uts^j)
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This implies G is the union of and (p-
of its proper subgroups which controdicts 
Therefore S j_S j = G for i^j

But Sj is normal
Therefore 6(G) = 6 (S^j) = 6 (Si} ^ (SJ}

6, ( S ±S j )

(or) 6(G)
6 (Sj)

^(S±S ) = 6(S±) for

Let 6 ( S± ) = N
p . 6 (s^Sj) = 6(si) 

for i^j

then q.j^p (since all the indexes are^p 
Suppose q ^ > p  for some i^j then 

n = 6(g ) ^;6(Sj) + 6'(s±) -

P (■
N N

q± pq±

N N N
<*  -  +  p  < —  -  ) = N

. • . P P  p i

which is a controdiction. Therefore =
and ^(S^Sj) = 6(S±) N

~7T p -p

n  ,
= — shows that p“

P2

W-,

1) • ' 
the corollary. ,

for

>

p for evegry iĵ j 

divides N.
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