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INTRODUCT ION

The object of this dissertation is to discuss
groups which are unions of their- proper sub groups.,
our main interest here is to conSﬂiér groups which
can be written as the union of three sub groups.
Groups which are finite union of their proper sub
groups and -some of their properties are aisolstudied

in the last chaptér.

In chapter i, we state definitions and some
known results of group éﬁeof§° We also disucsé
some special groups like klein four group, The'
Dithedpral group Dfm of order 4m defined by

a2m = b2=(ab)2=e, and the group of order 16 defined

by the genenéting relations a2= b2'= 02 = e,
. abe= bca r-tlc':a-.nl'). These examples'are used in the
next chapter to discuss the decomposition of a

group in to three sub groupsy

It is well known that, except the trivial case
a group cannot be expressed as the union of two
groups. In this chapter we sthdy groups which can

be written as a nontrivial union of three of its



sub groups. When G is expressed as G = AUBUC then
K = ANBNC is an invariant sulrgroup of G and ANB=ANC=
BNC=K, In such case, we say .?’A,B,C& is. a . |

decomposition of G, . ’ ’ ‘

A characterigation for a groub G expréssed‘as.
the union of three group (such groups lare called |
3 - groups ) is obtained in the fbllowing theorem
(2.2)s "“A-group G is the nontrivial union of three.
subgroups 1if andibnly if it is homomorphic to the .
'Klein four group”; It is.deduéed from this theore@
that a finite 3-group G has order 4 m.- On the other

hand it is proved by example th,ét'rtherv,e are groups

of order 4m which are not tha un rv’fbfs‘-xi:'hree subgri;ﬁs;‘;

We consider two decomposition %x,y,z,y and

{xl, Yl,Zl;} of a group G as the same 1f there:
existé.',isomorphisms P X =5 X , Y -> ¥,, and 2 - Zy.
It is shown by e'xampleé that 1) A 3 - gréoup can have
different decomposttion and 2)- mg"different 3 - groups |
can have the same decomposition. : Ne,xt‘ we discuss
the different types of decomposition of a 3 - 'grcup._ ,
If a 3-group is non-abelian then‘the"subgroups of

a decomposition €an be abelian (@) or non 'abeliaﬂ(n‘);.

This gives four pbssible types of’decomposiiions foxf
3 3 - group namely {@C@!,@!} 8F -{@,@,‘h} OI‘_{@;Y\,‘\S;;"or

{ anny.



The type{@,@,nﬁis ruled out trom tne tollowing

theorem "It G ——%%;B,C} and A and 3 are abelian

then © is also apelian", Tha existence gi the
remgining three types of decoapositic. are i1llustrated
py means of examples (2.7). The foilowing theorem
glives a characterization ftor a3 non abelian 3-graip

Lo have an abelian decomposition.

‘‘heorem ¢ A non apelion 3 - group G fas an palian

decomposition if anc only if tne centre of G is the
incersection of the tanrz2e subgroups. 1t is also 3nown
that, 1L G adimits a decomposi;ion{A,B,Cgof ty e

f@,n,n} then the centre 2 of 3 is contained in A,

Finally some properties of the group of inner
automorphisms of a 3-group are obtained in the tollowing

three theorems,

1) The group of ianner autonorphioms of a 3-group G =
{A, i, Cﬁis either itself a 3 - group or degenerate,

. ) R . _ ~ ) ~N ~

in th2 sense that it is one of I(A)I(3) or I (C)
where I(A) denotes the set oI inner automorohioms of

A

5 by elements of A,

2) A non - abelian 3 - group has an abelian
decomposition if and only if the c¢roup of inner

utomorphisms is the klein four ~roup.




3, The group of inner automorphisms of a 3 -group
is degenerate if and only if the centre contains

elements other than elements from K.

It is evident that a group G is non cyclic if and only if
it is expressible as a finite (or) infinite union

of the proper subgroups. But it is not so easy to

characterize groups which are finite union of their
proper subgroups, Q% - the additive group of
rational number is a non cyclic group which is

‘not a finite union of subgroups.

X

in chapter III we obtain a condition that gives
the minimum number of proper subgroups into which a
group can be decomposed, The following theorem

gives the condition,

" suppose the Kth root can be taken in the

group G for every positive integer. K less than
a certain n. Then G is not the irredundant union

of n (or fewer) of its subgroup$

It is shown by example that the above theorem
can not be strengthened (ie) the group G generated
by two elements x, y with relation xp_= yp =e satisfies
the criteria of the above theorem for the number p and
it can be expressz=d as ‘the union of p + 1 proper

subgroups But a partial converse of the above



theorem is obtained in the following way.

Let G be a tinite group of order N, p the
smallest prime number dividing N and suppose G is
the union of p + 1 proper subgroup s, then atlast

one of s, has index p. If moreover that sy is

normal then all the s;'s have index -p ard p2 divides N

1



CHAPTER I

Detinitions and preliminaries

Detinition I:

GROUP:

A non empty set of elemenﬁs‘G is said to form
a group if in G there is defined a ﬁinary operation
called the product and denoted by.such that
1) a, b e G ~“implies a,pbée G ( closed) |
2) a, b, c € G implies that a,(b,c) = (a,b) . c (associative)
3) There exists an element e¢G such that

e.a = a«e = a for all ae G

4) For every a€ G there aexists an element a-l € G

such that a . a -t .a=e
Notel _
A group is said to be abelian if tor every a,b€ G

a () b = b.a.

Definition 2:

Sub group:- 4 non empty subset H of a group G is said
to be a sub group of G if under the product in G, H.

itself forms a group.

Detinition 3:=-

Index of H 4n. G:~ It H is a sub group of G,

index of H in G is the number of distinct right

cosets (left cosets) of H in €



Note :2

~

In case G is a tinite group iG(H) = 6(G)
' - 6(H)

where -

6 (5) denotes the order of the group G(ie number of

elements in G).

LDetinition 4:

NORMAL SUB GROUP (Invariant subgroup) :=

A subgroup N of G is said to be a normal subgroup

of G if tor every g € G and n € N, gng-le N.

Note 3:

If v is a finite group and N is a normal subgroup

of G, then § (&) _ 6((G) i
N N

wheve G/N = The collection of right (lett) cosets

of N in ¥ is a group when ever N is a normal subéroup
-

of G.

Definition 53

Centre of a group G: The set of all elements of G
which commute with every element of G.

Z = the centre of G = fzéz/gz = zg N ge Gj

Definition 6:

By an automorphism of a group G, we shall mean

an isomorphism of G on to itself,

Yfor g€ G, Tg.; G —> G defined by Tg(x) = gxg.—l

..
B2

3
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for a3ll x€G is called inner automorphism of G denoted

py T(G)

jote 4:

Y

T (G) is isomorphic to the factor group G/Z.

Definition 7:

T (a) where A is subgroup of a group G is the set

oI inner automorphism of G detined bv elements of A,

I (3) is a sub group of yroup of automorphism
of G. T (A) is a subgroup of I(3) When A is a

gub group of G.

Detinition 3:

MOHOGENIC: A group G is said to be monogenic if it

is generated by a single element.,

Definition 9:

IRREDUNDENT UNIONS

A group G is said to be the irredundent unio of

1
its sub groups Hi’i = 1 ton if none of the H s is

contained in the union of all the others.
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Definition 10:

Homomorphic image:

A group G' is said to be the homomorphic image
)
of G if there exists an on to homomorphism @ : ¢ — &1 °

Note 6

LDECOMPOSITION OF A GRQUP:

If G is the union of its proper -«ub groups, we

say it is a decomposition of G.

Detinition 12:

3-grou9:

A group which allows a decomposition in to
three sub groups is called a 3-group.

Jotes:7

L X . and X A be the t

et% . Y, ZS i 1° yll 1.3 WO
decomposition of a group G. The two decomposttion
are said to be the same if there exists isomorphisms

—_— X . ,
b4 > 7 Yoy Yqo and 4—9‘ Z, .

Next we shall see some important examples of
groups which are used ia this work.

Some special Examples:

1.1: Klein 4 - group :~ (V)

A group with four elements{a, e, b, c}

with the relations a2=b2=c2=e, ab = ba=c,
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bc = ¢cb =3, ca = ac = b is said to be Klein 4 - group
and through out this thesis it is denoted by the symbol(V)
1.2: Cm-The cyclic group of order m

={a, az,a3 . . . am-l, am=e}

1.3: The vihedral group D2m
2 2 .
by a m=b = (ab)2= e,

of order 4m is defined

The elements of the dihedral group are

2 2m=-1 2m
= a' 3 e o e Q4 , 4 = e,
o, b2 = e
- 2 _
ab,(ab) = e and

ak b where X = 1 to 2m - 1

b ak whore k¥ = 1 to.2m - 1

B3ut (ab)2 = e =) (ab) (ap) = e
=) ba = alpl

(i.e) pa=a~! b

]
o)

similarly ab

bak - a—k b = aZm—kb

' ' - )
The COllection{ba%S is ejual to the collection{akbi ,
| 1€ Kedma 1K' am-

2m -

D2m =ia' az . e o azrn-l 14 el bl ak b/k=1 to zm-l }

. The elements of D are
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&

iy
7 -f&"
Pt

There are totally 4m elements,

1,4: The group of order 16 defined by the generating
relations a2 = b2 = c? = e, '

abc = bca = cab

using the above operations one can show that

(ab)2 =~(ba)2 = (ca)2= (ac)2= (bc)2=(cb)2

bca = cab : abc = cbas bac:

i

abc

cac; aba = cbc; aca = bcb

il

bab
(bc)3=cb: (ab)3=ba: (caf3=ac

(ab)4= e = (bé)4 and so on

.. The elements of this group are

{ e,a,b,c, ab, (ap)2, (ab)3,'bc, ca, 'cb,

ac, cbe, aca, abc, acb, bab B

Zsa-group of permutation on three elements is a gro up

" of order 6., The elements of 5. are of the forn

§ Y’Yl"f’gge ’ ‘-P,(PY', ‘P‘rlﬁ . and the operation is

given by the tollowing table,

R O I N AR T
y |yt ] e vﬁ]?‘fi p | oY
NS X
yrle Loy [yt oey Y ¢
; ,W~¢_ ? :
Ly ey
! o
b Py vt e iy Y
Loy eyt ¢ ey vt e ¥
| PP Y Py v e
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CHAPTER II

GROUPS WHICH ARE THE UNION OF THREE GROUPS:

In this section we consiaer groups which can
be written as the union of three subgroups. We

first dispose of the union of two subgroups.

THEOREM 2,13

Bxcept for trivial cases, a group can not be
the union of two subgroups.

PROOF:

Let G be a group, suppose there exists two
subgroups A and B such that AUB = G, then A = G (or)
B = G are the two trivial possilble cases (In such
cases one sub group is 2 sub set of another sub group).

Suppose we have the situation as in the figure
A 8

° A =a-k, B = B-K :

with Zﬁp and B # @, then we get a controdiction. ’ Let
%€A, DeB then Ebin implies Dea
and abeB implies'aes. Both of thch controdicts
the hypothesis, Hence 3%€¥AUB = G which controdicts
tus closure property o:i G.

Now we consider the 3 - group case sugpose A,B,C

thres gubgroups of G such that AUBUC=G tien we have

the following results,
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RESULT 2.1.

If AGB we are effectively dealing with two

subgroups of G and this is not gossible by tneorem 2.1.

G = AUBUC with ACB is not possible simiLarly BcC,
CC A etc, are not possible, Hence we have the cénfiguration
- ~
of the following tigure, where A = A-K, B = B-K and

~

C = C~K are non empty sets.

ReSULT 2,243

Proof:

~

: ~

Let £&€L, then tor any <CE€C we've
1 € ¢ implies Le¢ C:S-lé.d)
21 ¢ B impltic. C€B (L %eB)

~ ~ .—1 a)

c1 € A implies cea (L€
All of which controcicts the hypothesis.

~

since ¢ # @, we have L = @
similerly we can prove M=N=g

RESULT 2433

Lo~ o~ ~ .
mach of ‘A, B and ¢ contains its inverses
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PROOF :

Let 3eA then ’é"le A= A (“Aisa )group and
L=M=g

It 3 %€ then

-1
3= @3 hex ('K=a0BNC is :gain a gpoup)
whiich controdicts the hypothesis,

1

) - ~
Hence a "€ A

~ ~
similarly we can show that each of B andC contains

its inverses.

RESULT 2.4

~ ~ ~N ~ ~ ~ ~
Ir aeA and bey then a . p€c
- o~
PROOF: If not let 3. p€4Us then 3,b€AUB (or)

3. DEK.

~N o~ "“-1 PV ~ ~
IZ 2. bek (CA) <then (377) (a,p) = b€A = AUK

~ ~
out © is n2ither in A nor in K by hypothesis

2. b&K
If 3 .beA then 371 (3.B) = bea = AUK a Conkvodiction
~ - ~ nJA"" 'nl
a . bf-A.fo‘r a similur reason a~b¢B
~ ™ ~ ~ o o~ ™
theretore a¢ A, b€B implies. a bed
similzrly we have
~ ~ o~
2eA, ced implies ¢.3¢B
~ ~ ~Nog ~
b € B, TEC implies b.c€a

REMARKS -

~ ~ ~
Since each of A, B, C contains it's inverses

~
N
PN

. -~ o~ ~ - o -
we also have b,a = (3~1 ™1 1e € when ever he

~
pPEB and so on,

and
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RBSULT 2.5

~ ~ ~ ~ o~
I£ a, a1€A then a.a1€&<

PROOF: 3 , 3,€ A = AUK for 3, 3€A.
~ ~ ~ ~ ~ e~ ~
If a, aj€h then for pEeER 5 .bla. ag)ec (By result 2.4)
~ ~ ~ ~ P . ~ ~ ~ ~
put (b, a) € C and ale & imglies (b.a) aleB
~ o~ o
which controaicts the fact that BNC = @.

o~

a a1€ K

REMARK

Similarly we have
~ o~ ~ ~ -
b, by € B implies b ble(K and

~ ~ : ~

=, cl€d implies <, c, €K

ReSULT 2,6

K = ANBNC is an invariant subgroup of G
PROOF: clearly K = angNC 1is a Subgroug of G
Now to.prove that g R g'l.e K. for every ge G
and Rekx.
If 3€A and Re€K then k 3 €A = AUK
1f k § €K then R EK
Theretore R RA€ 'li, this together with '5'16‘3.
implies %_1 R3 ex (by result 2.5) |
Thus we have provea that
'Seg, Rek implies 3'1 R 2€ K
similarly we can show that
%e%, e implies 1% B ek and
2€Q, kek implies 37! R T€K
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al
C
=1

~ ~ .
Since, G=4&4UBU weé have K i1s an invariant
supgroup of G,

RESULT 2.7

L
z

"ék:Aror'éeA

PROUOK 3

e ey sty s

et ReK then

~ ‘nl

a, R€Ea ("A is a supgroup amd AWK = A),

Lf 2a R@K then (a k™! = a K a controdiction

- -~

i.e aKC A
conversely Let Ele A then 3'1 ale!K (by result 2.3 and 2.5)
this implies 3, ¢ 3.

et ~

i.e. AcaK

similarly we can show that

Ql o
Q: Wl

18

K =
using the above results we can

characterize a 3 - group (i.e group which can pe -

expressea as a non trivial union of Ehree group) in

the rollowing way. |

VHEOREM. 2,28

A Group G is the (nontrivial) union of three
supgroups if and only if 1t is homomorphic to the
klein tfour group.‘

PRUOF:

-~ o~

. ..
Let ¢ = AUBUC, and A, u,C as given above

then K = ANBAC is an invariant sub group of G

bv resuitt 2.6 one can prove that



,J
~ ~
_.9...:-.{«, A, B, C

3

G . - ~ ~
r‘or—u—{--:igx lgéG}:{gx | g2 U BUC UK}

If g€l then gk

1f g€ A then gk '
(By result 2.7)

il

N :
If ge B then gk

i
01 w PL R

It ge'é then gk

Hence We'veusg(___ = i ;s, g, E’, K} and it is a factor group
(3W) (BK) tor Aeh, DEB

~

R ~N
since A.,B

= (3.B) K
=CK = & ( 3.%e)
and similarly 'é.& = A, 85\ = E and A.K = A etc.

‘ ~2 ~ ~ ~ ~ ~ ~ P
Also A"=3K .3, K = (a; 3,) K (for 2, a,€a)
= K (ra,, a,€ K)
and simiiarly ﬁ‘)‘ = 3% = K

fience we have & is a k lein four group

and we denote it by the sympol V
we define a map # : G — G| (=V) such that
¥ (g) = gk, this gives an on to

homomorphism between G and the klein four group V.

CONVERSE :

Let p'G — V pe an onto

. :
homomorphism. Then we prove that G can be expressed

as 2 union of 3 proper subgroups.

-~ ~ .
Let K = Ket @ and A, B, C be the cosets of K in G.
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Y ~ ~
Detine A = AUK B = B U K and C = CUK

since .G . g iy isomorphic to V-the

Ker @& K

klein four group, -%—- has only 4 elements
~ ~ ~
%[K, A' B' C y

B =282 =k,

such that 32 =
~ N ~ - ’
A B = C etc with the identity element K
now we prove that A, 5, C defined above

are sup groups of G and AUBUC = G gives

the required decomposition of G,

CLOSURE AXIOM:

let a, aleA, then
. » AD =K)
a . ale!K i1f both a, aleA or K, ( .
~ ~ ~ ~
1f a€A «nd a €K then a. a€A (A K = 5&)
Thererore we have a, ale A tor every a,. ale A,
INVERSE 3

If a€ A then
~ - o~ _ ’
a€ A implies a ]ea € A and

acK implies a"te Kca

Tneretore A is a subgroup of G
similarly we can prove B, C are sub%roups of G.
REMAKK:1 Ii G is a finite group such that
it is the union of three non tri#iél subgroups then
order of (G) = 4m,
PROUF: By theorem 2.z % is isomorphic tovV with K = ansnC
is an invariant subgroup of G. : | . -

order of (ﬁ—-) = order of V = 4
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i.e., order of G

=4
oraer of K

L4
ilege Oruar of G = 4m where w is an integer

1

KEMARK 2:

But there are many subgroups of oraer 4m which

are not the union of three proper subgroups.

we now give two examples of group of oraer é4m

. but 3~groups

nwXAMPLE 2.1

any cyclic group can not pe exXpruessea as a union
of its pfoper sub groups. For if.G is cyclic with
generator a and G = .LterAi we have a ¢ A4y for
atleast on i and that & i = G - the whole group
Hence in particular a cyclic group (CE#Q of order
4m is not ' a- 3=group. |

EXAMPLE 2,2

Any locally cyclic group and hence of order 4m

is not a 3 - group. (By locally .cyclic and it is not

necessary cyclic as a whole group).

If G = AUBUC is the decomposition of three group
~ o~ : :
of a locally cyclic group G, then A, B, C are disjoint

subsets of G by result 2.1

for a€ A, béB we get a non cyclic subgroup
generated by and 2 and D i.e (a,,b> of G.
For if the above subgfoup is cyclic subgroup then

b = (3)™ for some positive integer m
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but 3%e K by repeated application of 2.5

i.e hk')GCK which is a contradiction.

We now list some examples of 3 - groups

EXAMPLE 2.3:

The Klein - four group V itself is a 3 - group
v = {e, a, b, c j a2 = b2 = c2 = e, '
ab=c¢, bc =a, ca=>b> 5

consider 02 ={a, hz = es

~

c, ={». b = e]

2 .
Cy = {C, ¢ = e?)the ecyclic groups of order 2

Then we £ind V = {C,, C,, C,{is the required

decomposition.

EXAMPLE 2.4:

There are 5 groups of order 8 they are
Cgqr c4xczg%c2xc2, D4 and
Q = the group of Quaternions except Cg, the other

groups are 3-groups.

1) Cg being a cycﬁc group it has no decomposition

2) Cy XC, = i(a,b) a is the generator of the cyclienx
group C4 and b is the
generator of 02 j . !

, _ 2 3 ‘

l.€, C4 X CZ = {(a,b)p (a-,b). (a Ib) . (eob)o

(a,é.), .(azc e'!)p (3303-.) . (e,.e')ﬁ
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' 1
where a4 = @ and b2 = @  are the identity

elements of C, and C, respectively

Then C4 '-'-i(a:b)"o (az,e'). (aBIb)o (e;e‘)’s

cy = {laen. (a%eh, (e, (ae")]

V=i(a2.b>, (a®,e'), (e,b), (e.e‘)g
give a decompositioh for c4 X C2
C4 xC, = {C4, Cypr  V 3 is a 3~group

where C4 -~ 1is the cyclic group of order 4 and V is
the klein gour group ,

3) C, x Cz.x C2 = fv, v, VB is a decomposition_
with C, {b, = e}

e, X ¢y X i(b, b, b) , (b,b.ei), (b, e ;b),

(e, b, b), 6"y &, D), (e, b, &), (bs &% &),

g § L o 0 ]
(e’, b, b), (¢ ,e",b), (eYDb,e), (boeloe.ﬂ)l

(eh,'e',ejﬁ
v={(, e, b, (e*,b,0), (b,be¥) (' e e}
V“t(b d, a )(8 ’ b; ) ’ (blble.)l (é'ce'oe.)s

vV = f(b,b,b). (b,b,e"'), (e',e‘,b)._(e'.e',e')ﬁ

4) D, - the dihedral group of order 8.
(Example 3 of section 1 ) has a decompositlon ic4,v,v-5

The group D4 is {a, a . a3, a4;e, b, ab, a b, a.b 3

with a,4=b2= (ab)'z =

Consider C4 =§~a, a2, a3,a4=e B
v =3a%p, a’p, e}

v ={ab, 2%, a’b, ey then D, e, v v)
’ 411 ’
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. L. 2
5) Q@ ={i, 3, X - i, = 3, - k1,-1 } with i%=

ij = ks jR=1, Xi = j and ij = -ji.

32 =

This group of quaternions Q has decomposition

2 3 4
C4" C4’ C4 where C4- 1,1i"= -1, 1"=i, 1 =1
. 3 .
Cy = 3. ¥ = -1, %= -3, 3% 1
C4= k, k2="'1' k3=-r'k4=1 -

NOTE: Two decompositions%x,y,z} and {Xl, Yl’ .213
of a group G are said to be the same if there exists

lsomorphisms x — xl, y — Yq and Z —-’;Zl.

REMARKS 3

kg = =1,

In the above examples one can prove that they are

the only decompositions for the corresponding groups.

EXAMPIE: 2,5¢

The Dihedral group D2m
a decomposition of three groups.

zm-{a’a' a e +« o QA

is an 1nvariant subgroup of D2

R pamR o R2kt | -k 2R

For a

-— ' -
1 baZk p~1 b

(akb) k (a b) -1 -4 (bkb k.

.k _2k S LU

- - ]
2_-2R _ o= 2k

i.e, xkx"le K for every XEDan' Rek
i.e. K is an invariant subgroup of G.

Therefore D2m
7 is a group.

(As in example 1.3) The subgroup ll(:{ 2,a4. e o @

of Order 4m for all m admits

2 3 2m-1 e, l:a,ak » R=1 to 2m—1~ﬁ'
14

2(m=1), }
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D2m

” =ixl(/ xGDZmS

If x=ak, 0< R «2m then a23& = (K and a2k+1g< = dK

If x=b then xK = bK

If x= akb l<Re2m-1 then XK = akbk = pa~Rx
=baK i’f-k.is odd
=bK if k is even.

but baK = abK a8 aba ‘b~ * = a’¢ K

Therefqre D2m

& =1 & & b, aKk] -
This is a klein four group, since K2 = K.K = &K,

abK = aK bK, bK.abK = babK = a K = aK, and

aK.abK = a’bK = ba K = bK. ( By the définition’of ¥ )
Therefore by theorem 2.2 D,, has a decomposition of
three groups AUBUC where A = KUaK = a, as,. . .azm_l,a2m=%=02m_

B = KUBK = Eaz) ad, L a2 %, ko= 2,4,.. .2m=2 ]

which is of the fomsx, xz, Y xk'b?]
where k'= 1 to m-1 and x=a’° is a dihedral group
Drh of order 2m |
C = KUabK F{az, T T G abakz’
' where R =2,4,... 2m.
=ia2, at. L L et ., 'ak'bH
where k'= 1,3,. . . 2m-1 +whch isof tha

X'eab'xckbs whene K= 1 ke moy
Xx=a~  1is a dihedral group D, of order 2m.

for) {3( ‘)( .

Therefore D2m = {sz. Drﬁ‘ Dm}



From the following examples we shall see that
a 3-group‘can‘have different decompositions
and two different 3-groups can have the same
decqmpositions.

EXAMPLES:2,63

Let C id o —e}and D = {a,az,a3, -e,b ab, a2b a b}”ﬂux
% Do = o, (d,a2>, (a,a), (d,e), (@P),

(a,ab), (d,a b), (4, ab), (e'a) (4,9, (e, 3),
(e,e), (e,D), (e,ab), (e,a %0), (e ab)3

c, X c 1(@ ., (e ,a%), @aY), (e ,a )F(e’,e) -
(d, a,). (@,a%), (d,e) )(e Q)} s rsomwphsc te -
c, X n

= {(d,a), (q, a)‘ §=(e*,ad), <d,a)3=(d,a3) | o

(doa)4( (e'oe)) (a,b), \(B'oab); (d,a b)p (ela b)} i
QOC’D‘}:%(doa)o (d a) (doa)3 (d)a) =(e.le)l=

@.2b), (et a?b),  (@,a%D), (et,b)}
Therefore we find that

= dacom osxhon' |
C, X D, {c xcz,D4,DQISO« P
NOW Consider B'= i@i,a ). (4, el,~ e',a’), (e',e), o
(@,b), (e*,a%0), (d,a%), (e',b) ]
and C'= i(d a®), (a.e), (e ,a %), (e*,e), (4,ab),
| (e',a” b)c (dla b), (e'lab)}
Then we see that C2 X D4 is also equal to
- ] . ]
ic‘i X Cp g'e C' |
where B' is isomorphic to C, X'C, X C, by .means
of the isomorphism & : B' : )CZ.X C2 x c, taking

(e'd'e) >(e e, e)o (d b)‘ > (e ’d(dd)e"d)' .. | ‘
(d, a’b)— (drdeet). (e af)— - o
@,a%) —3(d,d,d), (e',a’b)—> ld,e,e), |

(e',b)-——my(e,e,d) and (d,e) —~—3 (e,d,e)

Similarly C' is also isomorphic to C, X C, X C,

Therefore C, X D, has two different decompositions,
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)2 C, X Cp 4 Dy 4 Dy b 1g]Cy X Cor CXCX CpuCyX CpX c, |

In the next example we see that @& group of order 16

defined by the generating relations a2=b =C =e,

abc=bca=cab also has the decomposition‘(C4X C2, D4, D43

By examole:1.5 the above group of order 16 is
9iven by g'e,'a,b,c,ab, (ab)z, (ab)3, bc,ca,cb,ac,
cbc,aca, abc, acb, bab |
‘{ \ 2 - 3 4_ . |
= (ab) ¢ (é-b) ’ ‘ab) LA 4 (ab) T'e, a‘ Cbc'bab' b },
[".‘Fvvm

={bc, (ab)2(=(bc)2), cb(=(bc)3), e,c,b,aca,cbc}gxampklsj

C4X C2 = D='{(ca), (ab)2, (ac),e,cbc,acb,b,abc}

under the isomorphism £ : D ——m CuX C,

given by (ca)——7(g,e), (ab)2 _;(gz.e)o
(ac) > (g%se), e —= (e‘ e,
(abe) N (g,n), {(cbc) -é(g ,h)

(aCb) ~‘>(g3ln.)l b__"") (e 'h)'
The above groun of order 16 has decomposition

={C4% Cpr Dys DY
Next we shall sce different types of decomposttdon
0% a given 3—§roup'G If a 3-group 1is non abelion
then the subgrouns of a decompnositaion can be abelian (@)
or ncon apelion (M). This gives 4 00551ble types
of decomposition namely% @ @<§3 ; g@ @fn} ?@,“ ";
In, n,7’§ -However one can sce that the decomposition.

of type %@ @,h} is not vossible from the following

theorum.

THEURLIM: 2.3

If G has docomposition {A,B,C}where A and B are
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abelion then C 1s also abelion.

PRJU}"_:_

K= ANBNC € A
Therefoere K is abelion.
- .
Now to prove C=CUK is abelion it i1s en.ugh if
~ .
we prove that € is commutative and elements of
L~
C commute with elements of K.
~ ~ g
Let C1,02 be two elements of C
R . vy
By theorem 2.2,, since G is a 3-group AB=C
~ = ~
Therefore ClzaS with zéA, b EB

~

~ o~
But B=3K; B=bK implies azc'éﬂc."zk

~

re. 826 abR i.e. C.=8bF witnh Re K

2
Therefore &¢. = (36) (3B)R (since A and Bare abgelion
12 k ek
T and )
<3bR) (3DB)
~ o~
#3201

i.€. 8‘ 1§ commutatave.

-d
Next to prove the elements of € comuutes with

elements of K.

Let 8€C, Re x

TR= (3R wherc ach ,b €B
=R (3B) = RS ( KCA,Bare abelion)

Therefiore C is commutataiva,
types

NOTL: : C
HUT The remaining ‘l:\mreerf decompesition:

——————nn st

a1l exist. It is shown in th¢ following examples.

EXAMPIE:2,7

I. By example(2.4) 5, Q=§c4, o
form o —-————-——){@'@'@}

II. Next we shall give a decomposition of type

i@,o,?B-

4r C4) 1is of the



i.e. D {CG' s s }

D¢ =_{a, a2, a3, a4‘, aS, a6=e, b, a"b k=1 to 5}

2 4 5, _6 ' . '
C6 ={a, a’, a3, a ,a%’ a =e 3
83 =.$a2, a4, a6=e, b, azb, a4bg of the form

Tl - by=ba’= a~%b= a%b

[¥: ¥ yhte, pegyrba’= a7om 2,
o 2
P pat=a’y }
83 =?a“, a4, a6=e ab, a3b, a5b of the form
’

b ] 4 ‘
ikf’ \,).b' \')3=€ s ?lbo\r:QbGL:qsb, P‘l’ Géba = qsb}‘

= {Ce' S5 333 % {@, 'n,'n&
® rhe following decomposition of Sy XV is of
type {nr n ”}

s; = { v “MMH

- permutation gruup of order 6,

VvV = { e,a,b,c3 - the kiein four group.

Then S; XV = {(yv,e), (\Vaa')‘, (¥, b), (y.,c),
| (yh.e), (¥% @), php),  (vho),
(e',e), (c',a), (e', b), (e', C),
($.e), (P.a), (db), (P, c),

(Pfee), (Ppa), (Y ,b), (7y,c>,

wyte), (gpia).  (P¥o). <<P~rc}



Dg = {(\.)a,a)k , k= lto b, |
(2. (pa"(p.a) |, kelto BY

= { (V\’I,a), (y’%e), (et,a), (¥y.,e),
(vha), (e',e), (P.,a),
% o). (BY.a), (¢.e),
(ov.a)., (gy.e}

by = 1 CY.»% L k= 1tod,
(p.p), (y.2F (P & = 1to B

= { Cy.m, (yhe), (e', b),
(y,e),  (¥ip), (e,e),
(.}, (P¥le), (P¥.b),

(P e (pyhpd, Cpy.e).]

K
Dy =1 (y.e), @e), (.)¥(h,0) k=1t 5]
={(\"Ie)0 (\fzce): (e"c):(Y:e)":v(vz»'c):(Le‘_'ae)o
(B0, (b %,0), (40,0, (@), A0¥,0), By,

sy {5,265 {1073
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Note here K = i (\ﬁ,e),(\rz,e), (f,e), (¢Lr',e),
| (¢}?,e), (e',e)y of the decomposition

We summarize these results in the following: theorem

THEOREM: 2.4

Each decomposition of a 3-group is one of
the forms.{@,@,@g,g@,m,n} (or) {ﬂ»ﬂ"[;
We know that the centre of an abelian group G is
the whole group G itself. 1In the rext theorem we
see that 1f a non abelian group G has abelian
decomposition then the centre of G=K.

THEQREM: 2,5:

A non abelian 3-group G has an abelian

decomposition (ie) G —%ﬁ@,@,@}if and only if the

centre of G is K.

PROOF: Let G={A,B,CJand let Z be the centre of

G and K = ANBNC

Firstly we assume that A,B and C are abelian and

prove that K=Z,
Let ReK,R commutes with elements of A,Bamd C

as KeA, B,C are abelian f.kez
(ie) KS2Z

Next to prove ZCK

. ‘ ~ -
It there exists xgz auch that x¢k then xeA or B or C

Let x=a£€zng then

~ - < o
for each Ze(, = AB = (a, K)B=a, B -
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There exists DEB such that E¥Séﬁ
For each béB, 'é'b—.%'z%b = b(’ézﬁ)
= b& (B is abelian and 5;&2)

This implies elements of B commute with ele ments of C.
Also for each gég;ggk there exists some element
ke x such that §5§;k

For every L€B, 5b=§zkb=b(5;ﬁ)=bg
= Elements of A commute with elements of B.
Similarly we can show that elemeﬁt of A and C
commute., Hence it tollews that G is abelian
which is a controdiction -

" Hence Z=K .
conversely if 8=K then to prove that G ha8 abelian decomposi"-‘on
let 3ea= 3,k tor some tixed 'é"ex , then
3=5,h for some kéK

~  re
“.tor gca'EA we have 'gig.k

3'=3, k!
5.3' = (5,R)-G,RN= G,k ER)
~ o~
= a'‘a

ot
.7 . A is commutative, this together with K=2

implies A is abelian

similarly we can prove that B and C are abelian

In the next theorem we see that, when the decomposifion‘
of G is of type{@,"),“ then the centre of G is

contained in A,

THEOREM: 2.6:~

If G admits a decomposition{A,B,Cgof type {@,n,hﬁ

then the centre z of G is contained in A,
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PROOF:

~ ~

We prove ZEA by showing that B and Care
disjoint from 7Z.
Yl 3 o~ o .
Lac béEBOZ . For ezach b&B there exists
kéK such that b=bzk
L=k = (b_RR'=R'( DK ( Kis abvelian
~
and bzé Z)
y .
= kb
- '-‘ . .
, . B comawutes with elements of K
~ ~ ~ ~ .~ ~ T~ ]
het bl’ bzeB then b1= bzk' b2 = bzk
NN L\~ ~ i ~ ~
= . . N
bb, = b,k) (byk') = (b,k*) (b k)
= bz"bl
~ . .
—3B is commutative this togetherwith"é: is commutative with
R we have 8 is apelian which is a controdidion-.,

Similarly “nz + @ 1mplies C is abelian

Remark :1

*rom the examovle 2,7, We've seen. that
DG——){CG,, S;.554—> {@, 7 n{
In this example K ={a2,a4,e3
A = CG-K =i:'a,a3,a52] and
z=1{3a’, e}
zha # ¢
REMARK: 2
From theorems 2,5 and 2.6 we have If G has
a decompos‘ition[A,B,Cg of type {@, "‘)»*)}'
then the centre Z is either properly contained in'

~
K or atmost it al so contains elerents of A
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REZMARK:3

It is cl:ar that Z cannot contain: elements
~ ~ ~ :
of A and B and not C, since in that case ZNA and
ZPB give a nontrivial decomposition for the group

7 and this controdicts theorem 2.1
REMARK:4

There is a possibility that Z contains
~ ~N ~N
elements of A, B and C; in this case Z is
itself necessarily a 3=group with decomposition

z — i zha, z08, zne)

In the following three theorems, we study the
properties of the group of inner automorphisms

of a 3-group G,

~
Let I (A) be the set of inner automorphisms

-~
of G defined by elements of A, Then I (A) 1is a
subgroup of I (G)=-the group of inner automorphisms
of G,

. . 1 :
For,if ¢, ¢'€I (A), then ¢ (3) = aga ~ with aeaA
and ¢' (@)= a,-ga,—l with a,€A

-1 -1 -1
Now ¢. ¢' “(g) = a(a ~,g3)a

= (aa'-l)g(aa,-l)-l where aa:%gA

.

Coobs 0e T A

THEQOREM 2,7: The group of inner automorpbisms of

~

a 3-group G is either itself a 3-group>or - degenerate
. . 3 ol ~ ~ ~
in the sense that it is one of I(A), I(B)(or)I(c)

PROOF: G=AUBUC implies

~ ~ -
I(G)=I1(A) UI(B) U ICC)
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1f T(&) js nok o 3-9voup then we have

I (G) is either "T(a) (or) T(B) (or) T(c)

REMARK S

- we see from the tollowing examples that
the degeneracy does not necessarily preclude
I(G) from being 3=-group

EXAMPLE: 2,8

1) Q‘__;{c‘l, Cye c4} (Examples (2.4)(5))
This is of typei@,@u@j
L ZoE Q=K by theorem 2.5

Q 4

1R.I(Q) = =82 y
A v fo theorem 2.23

In this example T (04) =-{1dentity mapping,

the automorphism that takes j—> =j, Rk — _k }
But order o £(I(Q))= order(¥)=4 implies

I(G) is non degenerate and a 3-group

2) D6“—>&6 . S3'833 (£xample (2.7) (2) )

From remark (1) of theorem 2.6 Z of D6

3
iﬁ{h ,e} and
I(D6) = Dg
_— = g
2 3
I (D6) is dggeherate (proved in remark 1 &
theorem 2.,8)., As Sy= I (D6) is not a 3-group
(by the remark of theorem 2.2) we have

I (D6) is Degenerate but not a 3-group

3) C,xD, :{C4xC2'D4, D4‘5 Example (2,6)

I (szth) = V and CZXD4 is degenerate

by the remark of theorem 2.8
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I (C2XD4) is degenerate and 3~group.

THEOREM:2,3:- A non-abelian 3-group has an

abelian decomposition if and only i f the group Of
inney aukomorphisms is e Klein dour group.
PROOF:
If G __95@,®p@@ then by theorem 2.5 z of G=K
LI (G) = %i = % o vV (by theorem 2,2)

conversely if I(G) = V then -% = V. But @G being & 3-9roup

Gy - g
x> Z o K implies ZoK

,’. By the converse of theorem 2,5

& = ?@,@,@}

Finally we consider the reélation between the
3-group structure and degeneracy of I(G)., This is

given by the following theorem

THEOREM:2,9: The group of inner automorphism
of a 3-group is degenerate if'and only if the
centre contains elements other than elements trom K

PROQE:

Assume Z contains elements other than
k then they are from & or 8 or C.
It ANZ $ P let Sze-?'mz then ’
for every PeB = CA = c (gzk), there exists E&Gd
and'keK such that
B o= F.5,k = 5 ,=%3, (& Red and a, €Z)
Let i (g) be the inner automorphism of G defined
by g then we have
1 ® = 1@
Since 1.(B) (9)=Bg B™F = &(F g 8Ly 21
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~ ~ =1 -~
=cgec a
= i(2) (q)
~ o~ ~ o~
»+ I (B) = I(c) which implies
. ~/
15) = I (¢). O\nd [',-B; BUK,C:&UKJ
-~ ~ ~
(G) =1 (A) UI(B)UI(c)
~ Pt )
implies I(G) = I (A) (ov) (8
Conversely:- Assuming I (G) is
degenerate we prove that Z contains
elements other than k
h ~e
Let I (G)-= I(c)
then T (B) Qf ( e)
-~ -~
This implies cither i(b) € I(c) (or) I (K)
i.e. i(®=1(R) (or) i(2)

1f i(®) = i(kR) then

%g%-l = kgk-l for every qeG .
. . ie. K'bg = 3k'E  for avery geG
L€ b commutes with avery elements of G

k—l %EZ (or) rg = kz

- Z-—-k"1 g€k§=§

. zhB4 ¢

Similarly i (b) = 1(8) implies
B =76z with E"GE, Z€Z,

o=l T s

~
z =cC b€EC B = A
anz ¥ ¢
In a similar manrer we prove the results
for other cases also .
REMARK:1

Using this theorem onecan check the degeneracy of Dg
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with respect to the decomposition {CG' 83, S3§.
K of Dg = 'a2, a4, e?; ( Example 2,7-2)
E of D6 = ia3,e S
i.e, The centre of D¢ contains elements

from &. Therefore I(Ds)kdegenerate by the above theopem.

Remark: 2.

. .
From example 2.6 we have A of C,X D, contain (d,az)

which is in the centre of 02 X D4 = {04 X 02, D4, D43

I(C2 X D4)‘$§ degenerate with respect to the

decomposition {C4 X Cy, Dy, D4s.
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CHAPTER ITI

GROUP3 A3 U.JIONs O PROPER SUSBGROUPS:

A group G is s33id to be monogenic if it is generated
Dy 131 siagle element. In the tollowing theorem we obtain
3 characterization ftor groups which are tne unions of

their proper subgroups,

RESULT: 3,1

Any group G is expressible as a union of proper

subgroups if 3ad only if it is not monogenic.
PROOI:

Lf G is not monogeﬂic then it can be expressed as
tne union of its monogenic subgroups which by hynothesis
are 311 proper.conversely 1£f G =igfi and G is monogenic
then G = ( a) implies

aeei for some i and that Gi = G,
lext we shall see there are non monogenic groups which
cannot be expressible aé 3 tinite union of their proper

subgroups,

ZTXAAPLE: 3.1:

Let Q+ be the adaitive group of rational numbers

If 2 = HIUH2U « o e o UHn where each H; 1s a proper

‘ + . S .
sungroup of X, then we get a controdiction. Since .
there are only tinite number of H's, it can be assumed

+

~hat this union is irredundant i.e, none of the H's

is contained in the union of all the others,



40

Hence any one of these H's, for example H,

contains a rational number r = m/n which is in no otheriHi.

This implies for ail integers h,

r . ) . N

P is in nao Hi except in Hl.

(¥or otherwise hw% = r€Hi tor that i)

. r . 0o

but ——€Q " = UHi —) r/heH
i=1

1

raking h = some multiple of m say = dm

1 1 €.H
: : 2 = T — T S—— {
we have r/h = m . 3m na

n
1
This implies any multiple of —— and hence
1 - C¢/d &€ H where ¢, d are arbitrary integers
cn x —— = 1
nd

‘ + T +
i.e We have Q ¢H, of H, = o

. s . . +

Remark: This proof incidentally shows that WQ can never
e an 1rredundant union of even infinitely many of its
PLOPEr subgroups.

Jow we shall see the following theorem,

Theorem:3.2

Ir G is the irredundant union of the subgroups Hi’
then for each i>Hi contains the intetsection of 3ll the
remaining H's
PROOF ¢

Let 3 = UH; = Hi UH whare H=UHjJ

i
jen

since the union is irredunda.at, H; cannot be contained

in the union H of the remaining H's . i.e There exists



4'1 e

e

x€ Hi such that x is not in the remaining H's. Now
5 »mrove that H, 2 ths i tersaction of all the
; i |

remgining H's,

: o > p vyt '
Let y be an element contained in all the other 1{15 and
so in the intersection,

-

1t . xyetl theny xy € Hj for some j
V.o ® o= ny-lei-lj (as 'y€ Hj Ltor every j)
which is a controdiction.
"xy¢ H i.e. xyeHi
y = (x71) (xy)eHi
This comnletes the proof of the result.hNext we shall
see the condition which restricts the minimum number

of vroper subgroups into which a group can be decomposed

Betore deriving the c.ondl.tion we prove the tollowing

result,

RuSULT s 3,2

Let G be the irredundant union of subgroups
Ay (i =1,2 . . . W) and set
M=a,UAU . . . UAp . Thea if x is not in M,
we have xk is M ftor some k¥ =1,2 .., ., n=1_

Proof:

X § M implies x€A,

choose ye'A2 such that y is not in A.

1.
It x3y€ A2 for some j=1 to n-1, then
\<J=(x3y) y'lg Azg(M)as desired, _ ' 1
IL xJ‘j QAZ then we claim that either

A3 UAAU o o e o UAn has n-1 distinct elements
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2 n"l j"'m . 1
Xy, XY, « « « X "y (or) x €M for jem 1
nyc*r'Az for j#1 to n-1 ,together with yq‘_Al and

XeA n-1

1 , implies that Xy, xzy, . . o X _ yeA3UA4u.'. .UAH
I tney a&re not distinct let xjy = xmy for some j_)rz m= 1 to n-1
and j >m then x3™™ = ec M as desired. _

If they are distinct we find that xy, xzy, « e e xn—ly afe

n-1 in number belonging to 53,»UA4 UAS. o . UAn.

But this union contains n-2 members.

Therefore distinct xjy, xmy, must belong to the same A

where g=3 to n with j>m =1,2,....n-1,

Therefore xJ M= (xjy) (me)—lé Aqg M,

THEOREM: 3.1

Suppose that Kth roots can be taken in the group G

- for every positive integer k< n, then G is not the

irredundant union of n (or fewer) of its proper subgroups. .

PROOF:

If G is the irredundant union.of exactly n
n

subgroups then G = 1U1 Ai such that there exist x €A,
= - .

but xﬁ_M = KZUA3... Uhn

Clearly no root y of x belong to M.

(For ify = kth root of x M then yk= b = M)

_ . .y, th
Let y = The(fi~1)1 root of x which exists in G

by hypothesis. This y? M, by the result 3.2,'
, .

YkeM for some K'«n. (n-1)!

Therefore :. '_‘ l(k'\) Kkt
X = Y

( (n—-l) !
k' is an &nteger)
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1
i,e, ©* = y(n—l)’em

This centrodicts the ract that x ¢ M.

G cannot pe the irredundant union of ' n
of its proper subgroups.
Ir mgn is any integer, then trom the hypothesis
of the theorem G contains kth roots for kem dhﬂ>
and hence G cannot bg the irredundant union
of m of its proper subgroups.

REMARK

It G is'a ﬁinite group of order N, the hypothesis
of theorem 3 is equivalent to the requirement that
(n-i)! is prime to N(4). This gives us the tollowing
result immedi ately,

COROLLARY :

Let G be a finite group of order N, P

the smallest prime dividing N. Then @ is not the union
of p orlfewer of its proper subgroups. 8ince p is
tne smallest.prime number that divides N, no factor
of 1,2 . . . « p-1 can divide N

~7(P-1)! is prime to N
- By the above remark, G satisfies the hypothesis of
trne theorem (3.1) for p.
i.e R th roots of elements belong to G tor every R<p

G is not the union‘of p.or fewer of its proper subgroups.

REMARK:

The criterian of theorem (3.1) cainnot be strengthened,
ganevated by x and y

Let G be the abelian grouphwith relations

xP = yp=e. Then G is the union of (p+l) proper
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p-1

subgroups generated-by x,y,xy,x2y, e o o X Y

respectively,
G=¢X,y) such that xp=yp=e, implies that p is the

sinallest prime number that divides 6 ()= N.
for x“=e =) $ (x) = p divides N |
It q is a3 @rime numberg¢p and divides d.then there
exists an element g€G such that 6(g)=q (by cauchy's
theorem tor finite abelian groups)
out g=xmyn tor some integers m and n  implies

gp_ xmpynp=e (‘

=

G is abelian)
This implies q divides p which is a coatrodiction,
i.e. p is the smallest prime number that‘divides
6 (G). Thus G satistieg the hypothesis of theorem 3,3

But G=<x> U ySU Lxy> U<x2y) Ue o

e « .U 4xp-ly> Showg thal it Can be azgp?assed

as the union.0f p+l pyoper Subqroups . ’
A partial converse of fhe theorem 3,1 is the tollowing
theorem,

THEOREM: 3,2

Let G be 2 tinite group of order N, p is the smallest
prime number dividing N. Suppose that G is the union of
.exactly p+l proper subgroups Si’ then atleast one of the
5's 53y Sy nas index pv It moreover this s, is normal,

3

2 : .
then all the Si have index p and p divides N,
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PROOEF ¢ ptl
et 6 = U ¢
i=1

Index of S 6(8) divides w=6 (G)
6(51)

flence %%g%) cannot be less than p, since p

is the smallest integet that divides N

i.e. Index Si>/p ML

It none of the Si's has index ejual to p, then they
must all have iﬁdexes greater than p. (or) Index of
S. 7 (p+l) for every i

§(G , Y P
ng Z p+l implies 6(51)€

=) tor every ;

Gy < p(f:,l\S' implies
i 11

N =N
N <L é 6(31) < (p+1) 57
(i

e) 5<4N a controdiction

., Sj has the index p for some j

HJow we assume that this Sj is normal ﬁ,ch.
The tor i#j, s¢sj is a subgroup of G.
This subgroup Si Sj cannot be a prover
subgroup of G, tor in that case

S;US, Cgg

155 implies
p+1 p+l
G=
S ()s Us, )) u &
(5 k=1 OkU(S;s))

h#i j ‘ x#1i,]
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This implies G is the union of Sisj and (p-1).
of its proper subgroups which controdicts the corollary. .

Therefore Sisj = G for i#j

But Sj is normal

Therefore 6(G) = 6(Sisj) - 6(81) 6(8 ) /
‘ ) 6 (S ) for i#j

173

(or) 6 (G)
6(8 = €(s,) for i#j
6(s) J 1

p. 6 (szpsj) = 6(s))
Let 6(81) = N
i

then q;»p (since all the indexes arezp )

for i#j

Suppose q; >p for some i#j then

= 6(a) <6(s ) + iéi é(s ) - 6(; ns,)

-

<Y, = (o
P

i#] -— )
. qi Pqi
N N N
- +p(— = ) = N
P P pi

whlch is & controdiction. Therefore qy =P for every i#j
and €(s,s P o= 6y N

T m—

P P.P

N

= - shows that p2 divides N.

2
P
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