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CHAPTER 1
PRELIMINARIES ON FUZZY SETS AND

INTUITIONISTIC FUZZY SETS

In this chapter we dissuss preliminaries on fuzzy sets, fuzzy topological spaces,
intuitionistic fuzzy sets and intuitionistic fuzzy topological spaces.

In section one of chapter 1, preliminary definitions on fuzzy sets, fuzzy topological
spaces, closure and interior operators and the image and pre image of fuzzy sets that
are needed for our study are collected.

In section two of chapter 1, the basic concept of intuitionistic fuzzy sets, basic
properties of inclusion and complementation and some relations defined over the set
of intuitionistic fuzzy sets are studied.

In section three of chapter 1, the concept of intuitionistic fuzzy topological spaces,

the properties of image and pre image of intuitionistic fuzzy sets are discussed.

SECTION: 1.1
PRELIMINARIES ON FUZZY SETS AND FUZZY TOPOLOGY

Definition: 1.1.1

Let X be a non-empty set and I be the unit interval [0,1]. A Fuzzy set in X is a

function with domain X and values in 7, that is an element of I¥.

By 0% and I'Y, we denote respectively the constant fuzzy set on X taking the value

0 and 1.

Definition: 1.1.2

Let A, B € I’X. We define the following fuzzy sets,
(i)A include B (i.e B C A) by B(z) < A(z) for every 2 € X.
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(ii))AN B € IX by (AN B)(z) = min {A(z), B(z)} for every z € X.
(iii)AU B € I by (AU B)(z) = max {A(z), B(x)} for every z € X.
(iv)A' € IX by A'(z) = 1 — A(z) for every z € X.
Let A be an indening set and {Ay(z)/\ € A} be a family of fuzzy sets in X. Then
their Union and Intersection are defined as follows:
(UAx)(z) =U{Ax(2)/A € A}
(NAN(2) = N{Ax(2)/A € A}

Note: 1.1.3

The ordinary subset of X can be considered as fuzzy sets by identifying them with
their characteristic functions.
Ordinary subsets are refered to as Crisp sets when they are considered as fuzzy

sets. Ordinary topological space is referred to as Crisp topological space.

If A C X and if we consider A as a fuzzy set then we mean
1, ifzeA
== { 0, ifzgA
Definition: 1.1.4

Let f be a function from X to Y. Let B be a fuzzy set in Y. Then inverse image of B
or preimage of Bwritten as f~1(B) is a fuzzy set in X defined by f~1(B)(z) = B(f(z))

for all € X. Conversly, let A be a fuzzy set in Y defined by

f(A)y) =

SUp,c -1y A(2), if f7'(y)is non-empty, where f~'(y) = {z : f(z) =y}
0, otherwise

for all y € Y.

14



Properties: 1.1.5
Let f be a function from X to Y. Then
(a) f~YB') = {f~Y(B)} for any fuzzy set B in Y.
(b) f(A) D {f(A)} for any fuzzy set A in X.
(c) By C By = f~Y(B;) C f~}(B2) where By and B, are fuzzy sets in Y.
(d) Ay C Ay = f(A;) C f(A2) where Ay and A, are fuzzy sets in X.
(e) B> f{f'(B)} for any fuzzy set B in Y.
(f) Ac f~1{f(A)} for any set A in X.

(g) Let f be a function from X to Y and g be a function from Y to Z. Then
(go f) H{c} = f1{g97(c)} for any fuzzy set C in Z, where (g o f) is the

composition of g and f.

(h) If f is onto then f(f~1(A)) = A.

Definition: 1.1.6(Chang [8])

A fuzzy topology on a set X is a family T of fuzzy sets in X satisfying the following
axioms.
(i) @, X eT
(ii) A,BeT = ANBeT
(iii) A; € T for each ¢ € A then |J; A; € T.
The pair (X,T) is referred to as a Fuzzy topological space. A fuzzy topological

space is denoted by fts in short.

Definition: 1.1.7

If (X,T) is a fuzzy topological space, members of T are called open fuzzy sets. A

fuzzy set is called a closed fuzzy setiff A" € T.
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Definition: 1.1.8

Let (X,T) be a fts. Then the cloﬁser and interior of a fuzzy set A € I are defined
respectively as
A=N{B/BD> A,B €T}
A°=U{B/BC A,BeT}

It is easily seen that A is the smallest closed fuzzy set larger than A and that A°

is the largest open fuzzy set smaller than A.

Definition: 1.1.9

Let (X,T), (Y,T’) be a two fts’s. A mapping f: (X,T)— (Y,T’) is fuzzy

continuous iff for each open fuzzy set V in T’ the inverse image f~'(V) is open in T.

Definition: 1.1.10

Let (X,T), (Y,T’) be two fts’s. A mapping f: (X,T)— (Y, T’) is called fuzzy open

iff for each open fuzzy set V in T the image f(V) is open in T’.

Definition: 1.1.11

Given two fuzzy topologies T1,T> on the same set X, we say T is finer than T
(and that T is coarser than T7) if the identity mapping of (X, T1) into (X, T3) is fuzzy

continuous.
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SECTION: 1.2
INTUITIONISTIC FUZZY SETS

Definition: 1.2.1

Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS for short) A is an

object having the form
A= {< g ps(z), vale) > 2 € X}

where the functions g4 : X — I and v4 : X — I denote the degree of membership
(namely pa(x)) and the degree of nonmembership (namely v4(z)) of each element

x € X to the set A, respectively, and 0 < pa(x) + va(x) < 1 for each z € X.

Definition: 1.2.2

Let X be a non-empty set, and the I[FSs A and B be in the form
A={<z,us(z),va(z) > € X}, B={<zpp(x),vg(x) >z € X}. Then
) A C Biff pa(z) < pp(x) and va(x) > vp(z)for all x € X.
yA=Biff AC Band B C A.

(a

(b

(c) A={< z,vs(x), pa(z) > 2z € X}

(d) OA = {< z,pa(x),1 — pa(z) >z € X}
(e) VA = {< z,1 —va(x),va(z) >z € X}
(9) ANB = {< &, pa(z) A pp(x), va(z) V vp(z) >: v € X}

(h) AUB = {< z, ua

(i) A+ B={<z,pa pa(z).up(z), va(z).vp(T) >: 7 € X}

o
(J) A.B = {< &, pa(x).up(x), va(x) + va(z) — va(z).vp(z) >: 2 € X}

() V pp(x), va(z) Avg(z) >z € X}
(x) + pp(z

Proposition: 1.2.3

(a)The operations () and U are commutative, associative, distributive to the left

and to the right among themselves, idempotent and satisfy the law of DeMorgan.
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(b)The operations + and . are commutative, associative and satisfy a law, similar
to the DeMorgan law.

(c)The operations + and . are distributative to the left and to the right with

respect to the operations N and | .

Proposition: 1.2.4
For every IFS A:

(a) DA = VA4,
(b)) VA = 0A4;
(¢ DA C ACV4
(d) 00A = 0OA4;
(e) OVA = VA4;
(f) VoA = OA4;

(9) VVA = VA.

Proposition: 1.2.5
For every two IFSs A and B:

(a) O(AUB) = DAl JOB;

(b) V(AlUB) = VA|JVB.

Proposition: 1.2.6
For every two IFSs A and B:

(a) O(A(B) = OA()OB;
(b)) V(A(\B) = VA[VB;



(¢)O(A+B) = DA+0OB;
(d) V(A+B) = VA4 VB,
(¢) O(A.B) = OA.OB;

(f) V(A.B) = VAVB.

Definition: 1.2.7

Let X be a non-empty fixed set. Then,
A Co B iff (VzeX) (na(z) < ps(2));
A Cy B iff (VzeX) (va(z) > vp(z)).

Proposition: 1.2.8
For every two IFSs A and B:

(a)A Ccp Biff 0A C OB;

(b)A cy Bifft VA C VB.

Definition: 1.2.9

Let X be a non-empty fixed set. Then,
A| B iff (VzeX) (Ila(z) < Ip(z)).

Proposition: 1.2.10
For every two IFSs A and B:

(a)if A Co Band A Cy Bift A C B;
(b)if A Co Band A C| Bthen A C B;

(c)if A Cy Band B C| Athen A C B.
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Definition: 1.2.11

Let A be a given IFS. We determine for its the four numbers

K = max pa(2), L= min vs(z),
ko= min pa(z), I = max va(z)

and the sets

C(4) = {<=zK,L>zeX},

I(A) = {<zkl>2z€X}.

will be called closure and interior where 0 < K+ L <land0<k+1<1.

Proposition: 1.2.12

For every two IFSs A and B:
(a) C(A) and I(A) are IFSs;
(b) I(4) c A C C(4);
(c) C(AUB) = C(A)UC(B);
(d) C(C(4)) = C(A);
(e) C(0) =0, where 0 = {< z,0,1 >: reX}.

Proposition: 1.2.13

For every IFS A:

(a) 0A C C(A);
(b) I
(e) I(

—~

A) C V4

=
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Definition: 1.2.14

Let X; and X, be two universums and let A = {< x1, pa(21), va(z1) >: 21 € X4}
and B = {< 3, pa(x2), va(z2) >: 2 € X2} be two IFSs. The cartesian product of
these two IFSs are
A X B = {<<zy,x2 >, pa(®1).up(22), va(x1).ve(22) >: 71 € X1,72 € Xa}.

Because 0 < pa(z1)-pup(x2) + va(®).ve(z2) < pa(zr) + va(zy) < 1, it follows that

A x B is an IFS, but now with universum X; x Xj.

Proposition: 1.2.15
For every three universums X, X, X3 and four IFSs A,B (over X;), C (over X3),
D(over X3).
(a) AxlG = Oxd4
(B {AxO}xD = Ax(Cx D)
() (AUB)xC = (AxC)|J(BxC)
(@) (ANB)xC = (AxC)(\(BxC);
(e) (A+B)xC Cc (AxC)+(BxC);

(Y (AB)xC D (AxC)(BxO().

Proposition: 1.2.16
For every two universums X, Xo and two [FSs A B over them:
(a)D(Ax B) ¢ ODOAxO0OB,
(b)V(Ax B) D VAxVB,;
(c)C(Ax B) Cc C(A)xC(B);

(d)I(Ax B) D> I(A)xI(B).
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SECTION: 1.3

Corollary: 1.3.1

Let A = {<z,pa(x),va(z) >: 2z € X};
= {<z,up(z),vs(z) >: z € X};

= {< z,uc(x),ve(x) > z € X},

O Q W

= {< z,up(x),vp(x) > x € X} are IFSs in X. Then

(@)ACBandCCD = AUCCBUDand ANC C BND,

(MWACBand ACC = ACBNC,

(C)ACCand BCC = AUBCC,

(dJACBand BCC = ACC,

e)AUB = AN

=AU
= BUA,

~~

B,
B

Definition: 1.3.2

=1
I

{<3,01>»2eX} and

—1
I

{<z,1,0>z € X}.

Definition: 1.3.3

(a)If B={<y,pp(y),vp(y) >y € Y} isan IFS in Y, then the preimage of B
under f, denoted by f~!(B), is the IFS in X defined by

£4(B) = {< 2, (up)(@), S (ve)(a) >tz € X

(b)If A = {< @, Aa(z),V4(z) >: x € X} isan IFS in X, then the image of A under
f, denoted by f(A), is the IFS in Y defined by

fA) ={<u, fOa)W),(1 - f(1-P4))(y) >y €Y}
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where

W) = { SUD,cr1p Male) I f7H(w) #0

A otherwise.

(1 f1—-9a)(y) = {infzef—wy)ﬁA(ﬂf) if f1(y) #0

1, otherwise.

Corollary: 1.3.4

Let A,A;(: € J) be IFSsin X, B, Bj(j € K)IFSsin Y and f : X — Y a function.
Then
(@)A1 € A2 = f(A1) C f(A),
(0)B1C B2 = f(B1) € f(Ba),
(c)A C f7Y(f(A)) [if fis injective, then A = f~1(f(4))],
(d)f(f~YB)) C B [if f is surjective, then f(f~!(B)) = B,
(e f U B)) =Uf1(By),
(HFHNBy) =NFH(By),
(9)f(UA) =Uf(4),
(R)f(NA:) SN f(A), [if fis injective, then f(NA;) =N f(A:)],
i1 =1,
(7)f~(0) =0,
(k)f(1) =1, if f is surjective,
()f(0) =

0,
(m)f(A) C f(A), iffis surjective
J=

(n)f~(B) = f1(B).

Definition: 1.3.5

An intuitionistic fuzzy topology (IFT for short) on a nonempty set X is a family

7 of IFSs in X satisfying the following axioms:
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(T) 0,1 e,
(Ty) G1NGq € T for any G1,Gy € 7,
(T3) UG; € 7 for any arbitary family {G;:i € J} C 1.
In this case the pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS
for short) and any IF'S in 7 is known as an intuitionistic fuzzy open sets (IFOS for

short) in X.

Proposition: 1.3.6

Let (X, 7) be an IFTS on X. Then, we can also construct several IFTS on X in

the following way:

(a)To’l = {[]GIGGT},
(b)TO’Q = {<>G:G€T}

Remark: 1.3.7

Let (X, 7) be an IFTS.

(a) 1 = {uc : G € 7} is a fuzzy topological space on X in Chang’s sense.

(b) 7y = {ve : G € 7} is a family of all fuzzy closed sets of the fuzzy topological space
7 ={1—vs:G € 7} on X in Chang’s sense.

(c) Since 0 < pg(z)+ve(z) < 1foreachz € X and each G € 7, we obtain pug < 1-vg.

(d) Using (a) and (b) we may conclude that (X, 71, 7) is a bifuzzy topological space.

Definition: 1.3.8
Let (X, 1), (X, 1) be two IFTS on 2. Then 7y is said to be contained in 7 (in
symbols, 7, C 73) if G € 7 for each G € ;. In this case, we also say that 7, is coarser

than 7.
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Proposition: 1.3.9

Let{r; : ¢ € j} be a family of IFTS on X. Then N; is an IFT on X. Furthermore,

N 7; is the coarsest IFT on X containing all 7/s.

Definition: 1.3.10

An intuitionistic fuzzy topological space in the sense of Lowen is a pair (X, 7)
where (X, 7) is an IFTS and each IFS in the form C,s5 = {<z,0,08 > 2z € X},

where «, 8 € I are arbitary and o + 8 < 1, belongs to 7.

Definition: 1.3.11

The complement A of an IFOS A in an IFTS (X, 7) is called an intuitionistic
fuzzy closed set (IFCS for short) in X.

Definition: 1.3.12

Let (X,7) be an IFTS and A =< =z, 4,4 > be an IFS in X. Then the fuzzy

interior and fuzzy closure of A are defined by

cd(A) = (J{K:KisanIFCSin X and AC K},

int(A) = |J{G:GisanIFOSin X and G C A}.

Proposition: 1.3.13

For any IFS A in (X, 7)
(a) c(A) =int(A),
(b) int(A) = cl(A).
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Proposition: 1.3.14

Let (X, 7) be an IFTS and A,B be IFSs in X. Then the following properties hold:
(a) int(A) C A,
(') A C cl(4),
(b) ACB = int(A) Cint(B),
YAC B = c(A) Cd(B),
(¢) int(int(A)) = int(A),
(¢) cl(cl(A)) = cl(A),
(d) int(AN B) = int(A) Nint(B),
(d) c(AUB) = Cl( )Ucl(B),
(e) int(1) =1,
(

e') cl(0) = 0.
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