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CHAPTER -1l
THE (m, N) POLICY FOR A REPAIRABLE BULK ARRIVAL
QUEUEING MODEL WITH SECOND MULTI-OPTIONAL
SERVICE FACILITY UNDER J-VACATION POLICY

INTRODUCTION

The optimal control of queueing system is to determine when and how
to change arrival or service rates to optimize some objective function. Most of
the time, this corresponds to determine queue levels, at which service should
start or stop. The optimal control of queues has been the subject of numerous
research papers and it has received considerable attention of many
investigators. The researchers working in this area have looked at the
problem from different angles and this has given rise to vast and rich
literature. Among many control policies, the N-policy introduced by Yadin and
Naor (1963) is designed to minimize server switchovers and to avoid
excessive frequent use of setups. Tadj and Choudhury (2005) have tried to

compile an exhaustive list of all the research on this topic.

The N-policy M*/G/1 queueing systems with or without server
vacations were studied by Lee and Srinivasan (1989) and Lee et al. (1994a,
1994b, 1995). The server set-up (also known as start-up or warm-up)
corresponds to the preparatory work of the server before starting a busy
period. Combination of N-policy and set-up in queueing system was first
considered by Baker (1973). Lee and Park (1997) and Lee et al. (1998)
considered M/G/1 and M*/G/1 queueing systems with early set-up under
(m, N)-policy in which the thresholds m and N are used respectively to control
the starting condition of a setup time and service time. Lee and Park
developed a procedure to find the optimal values of m and N that minimize a
linear average cost. They have shown that the double-threshold policy is more
beneficial than the single N-policy when the setup cost was excessively high

compared with the holding cost.
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Lee et al. (2003) have extended Lee and Park’s model to batch arrival
queueing system with or without server’s vacations. These authors analysed
the threshold policy for the queueing situations in which the server is assumed
to be reliable. However in many real world situations, the server is subject to
breakdowns. J.C.Ke (2004) investigated the (m, N) policy for an unreliable
server. These models assume that the server provides single service to the
customers and the decomposition property of vacation queues is used to
derive the queue length and Probability Generating Functions. Later, Julia
Rose Mary, K., (2011) and Jemila Parveen (2012) have analysed the double
threshold policy for batch arrival vacation queueing models in which the
service discipline involves more than one service. However these authors
treated the classical single and multiple vacation policies as two different

cases in their work.

The early works on vacation queues concentrated mainly on two
standard vacation policies (single and multiple vacation policies) introduced
by Levy and Yechalli (1975), framed under the exhaustive service discipline.
Presently most of the studies have been devoted to batch arrival vacation
models under different vacation policies because of their interdisciplinary

characters.

Zhang and Tian (2001), Ke and Chu (2006) have considered a
modified vacation policy also termed as J-vacation policy which provides
additional flexibility and allows to include the cases of multiple vacation and
single vacation in the same framework. This motivates us to analyze the
double threshold (m, N) policy for batch arrival queueing systems under

J-vacation policy along with different features in Chapters Il to V.

Chapter Il analyses a repairable M*/G/1 queueing system in which all
the customers demand the first essential service, whereas only some of them
demand second multi-optional services. Chapter Ill considers variant
behaviour of service interrupted customers during breakdown periods. In

these chapters the server operates J-vacation policy during idle period.
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Chapter IV deals with the batch arrival queueing system with second
optional service facility in which, the server after completing each service may
take i type of vacation with probability pi (i = i to M) or continue to serve the
next customer with complementary probability and, when the system

becomes empty the server may take a variant single optional vacation.

Chapter V investigates a reliable M*/G/1 queue in which the server
operates randomized J-vacation policy during idle period and takes optional
single vacations during busy period at service completion epochs. In addition to

this, the customers if unsatisfied with their services can demand re services.
The main objectives in Chapters Il to V are :

e To obtain the steady state results in terms of the probability generating
functions for the number of customers in the system corresponding to
different states of the system.

e Toillustrate the Stochastic decomposition property.

e To deduce some known results as special cases of the present work.

e To study the effects of various system parameters on performance
characteristics through numerical illustrations.

e To develop, a cost model in order to determine the optimal threshold

values of (m, N) that correspond to minimum cost.

2.1 MATHEMATICAL ANALYSIS OF THE SYSTEM
2.1.1 Model Description

In the present chapter, the author analyses the bi-level control ((m, N))

policy for an M*/G/1 queueing system with the following specifications.
Arrival Pattern

Customers arrive in batches in accordance with a time-homogeneous
Poisson process with random batch size X, group arrival rate A and probability
distribution gk = Pr (X =k), k=1, 2, 3, ... (i.e.,) the probability that a batch of k
units arrive in an infinitesimal interval (t, t+h) is A gk h + o(h). The customers

who arrive in batches join the system and form a single waiting line based on
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the order of the batches. The customers with in a batch are pre-ordered.
There is a single server who serves the customers one by one according to
the order in the queue during busy period. i.e., First Come First Served

(FCFS) queue discipline is followed.
Idle Period and Vacation Policy

A cycle starts whenever the system empties ; the server is deactivated,
and immediately leaves the system for vacation. The server operates a
bi-level threshold (m, N) policy and takes atmost J consecutive vacations.
According to the policy, the server is turned off and leaves the system for a
vacation of random length VI4, as soon as the system empties. After returning
from the vacation, if the server finds m or more customers waiting in the
queue then, the server will be immediately activated for setup operations.
Otherwise if the server finds less than m customers at the end of a vacation,
then the server leaves for another vacation VI,. The server thus repeats the
vacations until, either at least m customers accumulate in the system on
returning from a vacation or the number of consecutive vacations taken by the
server reaches J whichever occurs earlier. If the queue length is still less than
m by the end of the J" vacation, the server joins the system and stays idle in
the system until the queue length reaches atleast m to start the setup
operation. The period during which the server is idle in the system before
starting the setup work is called the buildup period. The repeated vacations VI;
(i =1 to J) are independently and identically distributed random variables with
generic representation VI. The vacation time (VI) and setup time (D) are

assumed to follow general distributions VI(x) and D(x) with finite moments.

At the end of the setup period, if the queue length is greater than or
equal to N, then the server begins to serve the customers one at a time
exhaustively. Otherwise, the server remains dormant in the system, waiting
for the queue length to reach atleast N, to start a service. Thus the idle period
of the server is the sum of vacation period, buildup period, setup period and
dormant period. And a busy period starts when the queue length reaches

atleast N at the termination of idle period.
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Busy Period

During busy period, the server provides single First Essential Service
(FES) S to all the arriving customers in the first phase and ‘multi-optional’
heterogeneous services S; (1 < i < C) in the second phase. As soon as the
FES is completed, with probability r; (1 <i < C), customers may either opt for a

certain second service from C (C > 1) kinds of services or else with probability

c
(1-r) (=) r ), may opt to leave the system. The single server follows the
i=1

customers in service, when they move from the first phase to second. The
service time random variables S and S; (i=1 to C) are assumed to be mutually
independent of each other having heterogeneous general law of distributions

with distribution functions S(x) and Sj(x), density functions s(x) and sj(x) and

Laplace-Stielties Transforms (LST) S*(0) and S;(0), i=1 to C respectively.
Breakdown Period

The server is subjected to breakdowns at any time while serving
customers. It is assumed that the server’s life time follows exponential
distribution with parameter ain the FES. In the second multi-optional service
(SOS), the service fails at an exponential rate a; (1 < i < C). Whenever the
breakdowns occur, the server is sent for repair immediately. The customer
just being served before server breaks down, waits for the server in the
service facility to complete the remaining service. The repair time distributions
R and Ri(1<i<C) of both service phases are arbitrarily distributed with
probability distribution functions R(y) and Ri(y) (1 <i < C), probability density
functions r(y) and riy) with finite moments E(R¥) and E(R¥), k = 1, 2
respectively. Immediately after the server is fixed, he returns to the system
and serves the customer who is waiting in the service facility to complete the

remaining service. It is assumed that the service time for a customer is

cumulative and after repair the server is as good as new.

The busy period and breakdown period constitute a completion

period and the idle period and completion period will determine a cycle.
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The customers continue to arrive and join the system independent of
the system states, following the compound Poisson process. Various
stochastic processes involved in the queueing system are assumed to

be independent of each other. The system is denoted by

M{h.ny / Gaaiicisi<c) / 1/ Breakdown / J-Vacation.

The steady-state system size equations under the steady-state
condition are derived by using supplementary variable technique. The PGF of
the system size is obtained in a closed form so that various performance

measures can be derived from it. The following notations are used to discuss

the model.
TABLE 2.0
Ns(t) | The system size at time t
A Group arrival rate
X Group size random variable

Ok Pr(X=k),k=1,2,3,...

()

g! i — fold convolution of {g,} with itself and g!*’ =5, ¢

. n71 .
gV = > g% g, where 5,1 is the Kroncker — Delta function
k=1

X(z) | Probability generating function of X.

The notations of Random Variables (RV), Cumulative Distribution
Functions (CDF), Probability Density Function (PDF), Laplace-Stieltjes

Transform (LST) and its k™ moments of the RV; are listed below :

. k" moments k =1, 2

RV | CDFF(x) | PDFf(x) | LST F*(0) EFY
Vacation time VI VI(x) vI(x) VI (0) E(VIY)
Setup time D D(x) d(x) D (0) E(D")
FES S S(x) s(x) S’ (0) E(S“)
Second Optional _ _ _ s K ,
Senvioes (505) S, Si(x) si(x) S () E(S*), 15i<C
Repair time in FES | R R(y) r(y) R™(0,) E(R")
Repair time in SOS | R; Ri(y) r(y) R (0,) E(R), 15isC
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where

F'(0) = T e ™ f(x)dx T e ™ d (F(x))
0 0

Let VI°(t), D°(t), S°(t), S (t), R°(t) and R?(t)denote the remaining times of the

random variables ; vacation time, setup time, FES time, SOS time, repair time
due to FES and repair time due to SOS respectively at time t with 1 <i < C.
Further the different states of the server are denoted by :

0, if the serverison vacation

1, the server is in buildup state

, the server isin setup state
the server isin dormant state

Yty = : :
the server is busy with FES

the server is busy with SOS

o OA WN

,  the serverisinrepair mode during FES

7,  the serverisinrepair mode during SOS

The supplementary variables are introduced in order to obtain a
bivariate Markov process {Ns(t), 5(t)}, where Ns(t) denotes the system size
random variable and &(t) =(VI°(t), 0, D°(t), 0,S°(t), S’ (t),R°(t), R’ (t) 1<i<C)
accordingas Y(t) =0, 1, 2, 3, 4, 5, 6, 7 respectively. Let Z(t) =j, (=1, 2, ..., J)
denote that the server is on | vacation at time t counting from the idle period

initiation point. Let,

Qlnj(x, t) dt = Pr{Ns(t)=n,x<VI°(t)<x+dt, Y(t)=0, Z(t)=j}, 1 <j <,
n>0

PI.(t) = Pr{Ns(t)=n,Y({)=1},0<n<m-1

SEn(x, t) dt = Pr{Ns(t)=n,x<D°(t)<x+dt Y({t)=2},n>m

Un(t) = Pr{Ns(t)=n, Y(t) =3}, m<n<N-1

P1n(x, t) dt = Pr{Ns(t)=n,x<8S°(t)<x+dt Y(t)=4},n>1

Péyn (x,t)dt = Pr{Ns(t)=n,x< S’(t)<x+dt, Y(t)=5},n>1,1<i<C

BRiA(X, Y, ) dt = Pr{Ns(t)=n, S(t)=x, y <R°(t) <y +dt, Y(t) = 6}, n > 1

BR) ,(x,y,t)dt

Pr{Ns(t)=n, S/(t)=x, y < RP(t)<y +dt, Y(t) =7},
n>1,1<i<C
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Then the interpretation of the probabilities at time t are given by :

The joint probability that at time t there are n customers in
the system and
QL (x, 1) dt the server is in jth vacation with the remaining vacation time n>0,
nAT of the server is between x and x + dt 1<j<J
SE The server is in setup state and the remaining setup time of n>
n(x, t) dt .
the server is between x and x + dt
= the server is busy with FES and the remaining service time n>1
1_n(X, t) dt I
ies between x and x + dt
. the server is busy and a customer being served is in the i" n>1,
Pé,n (x,t)dt (second optional service) channel with remaining service 1<i<C
time between x and x + dt
the remaining service time for the customer under FES is| x=0,n>1
BRin(x,y,t)dt |equal to x, and the server is being repaired with the
remaining repair time between y and y + dt
_ The remaining service time for the customer under i" (SOS)| x =0, n>1
BR, . (x,y,t)dt |channelis equal to x, and the server is being repaired with
' the remaining repair time between y and y + dt

PIn(t) (0 < n <m-1) denotes the probability that the server is in buildup state

and Un(t) (m < n <N-1) denotes the probability that the server is in dormant state.

Further QIoj(0,1), SEn(0,1), P14(0,t), P}, (0.,t), BRin(x,0,t) and

BRiz‘n(x, 0,1), i =1 to C denote the probability that there are n customers in the

system at the termination of vacation period, setup period and at the

termination of the corresponding service time and repair time respectively.

Assuming that at steady-state, probabilities are independent of time t, we have,

0 d 0 d
lim — QIni(x, t) = — QI,j(x) lim — SE,(x, t) = — SE,(x)
too §x dx too g§x dx
) 0 d , o d _, )
lim — Pqin(X, t)= — Pqa(x) lim —P, (x,t)=—P,, (x),i=1toC
t—>w 9x dx tow gx dx

0 0
lim — BRy (X, Y, t)=— BR{ (X, Y)
to>w gy oy

0 , 0 .
lim —BR, (x,y,t)=—BR, (X,y),i=1to C
to>w gy ' oy '

) 0
lim (— Pqin(x, t)

o
= —P2'n (x,t) =
to>w Ot ot

8
— SE.(x,1))=0
ot

0 0
lim (— QI (x, t) = — BRy(X, Y, t)
t ot

too o

o
= —BR,  (x,V,t))=0
ot '

lim Pl (t) =PI,
tow

lim U_(t) = U,

to>w

lim SE.(x, t) = SEx(X)

t>ow

lim Qlyy(x, t) = Ql,i(x)
t>w

lim Pyq(X, t) = Pyn(x)

tow

lim P, (xt) =P, (x)
t—> ’ ’

lim BRqq(X, Y, t) = BRya(X, y)

t—>ow

t|im BR,, (X, y,t) = BR}, (X, y),x>0,y>0
— ’ ’
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The steady-state equations are obtained for the queueing system, using the
supplementary variable technique and following the arguments of Alfa and
Srinivasa Rao (2000) and Lee et al. (1994a).

2.1.2 The Steady State System Size Equations
Vacation States

_ dx Qlo1(x) = — 2 Qlos(x) + P(0) VI(X)

d
— C ) C
where P(0) = (1-r)P14(0) + >  P;4(0), r= >
i=1 i=1
- ddX Qlp, j(x) = — A Qlp,j(x) + Qlo, j-1(0) VI(x), 2<j<d
CE

n
— Q%) = =2 Qlo(x) + 2 3 Qly ()G * (1= 817) Qln, 1-4(0) VI(X),
k=1
1<n<m-1, 1<j<J
where 6 is the Kronecker delta defined by 6mn =0, ifm=n; dmn=1,ifm=n

CE

n
X k=1

Buildup states

A PI, = QI 0)+(1=80n) A > PI, g O0<n<m-1
k=1

Setup states

n-m J
- diSEn(x) = —ASEnX)+(1=8mn)A D> SE(X)gk+ D QI,,;(0)dx
X j=1

k=1

n
+1 > P gk d(x), n>m

k=n-m+1
Dormant states

A Un = SEN0)+(1=8mm A > U,y G m<n<N-1
k=1
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Busy States
Busy with FES

d
~Ix Pin(X) = — (A +a)Pqn(x)+ (1=r)Pqn+1(0) s(x)
n—1 C )
+(1=81a) % 2 Proy ()Gt Y P 04(0) S(X) + BRusa(x, 0),
k=1 i=1
1<n<N-1
d n-1
o Pin(x) = —(+a)Pin(x) + (1 =r)P1nea(0) s(x) + & 3 Py (X) i
k=1
Cc n-m
+ 2 P2114(0)S(X)*BR1n(X,0)0+SEn(0)s(x)*1 > U, gks(X),
i=1 k=n—-N+1
n>N
Busy with i type service in SOS
d o i LS
T dx Pon () = —(h+a) Py (X)+1i P1a(0) Si(X) + (1 =81n) & 3 Pap i (X) 9k
k=1
+ BR} ,(x,0), n>1, 1<i<C

Breakdown states :

Breakdown during FES
0 n—1
- a—yBR1,n(x, y) = —ABRiun(X, y) +@Pina(X) r(y) + (1-81,0)A 2, BRy 44 (X, Y) i
k=1

n>1

Breakdown during i type of SOS (1 <i<C), (n>1)

0 . . . n—1 i
= 5y BRen ()= = ABRG 1 (X, y)*+ a1 Pay (1(y) + (1-51) 1.3, BRG ()9
k=1

The LST of the above equations are obtained by using the definition of
Laplace-Stieltjes transformation and its properties regarding derivatives. The
LST of the density functions are defined in previous table. The notations of the

LST of probability distribution functions are listed in the following Table.
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Probability distribution LST
QIn(x) " © e
QI (0) = [ e™ QI (x)dx
0
SEA6) SE;(0)
P1n(X) P, ()
P, (%) P, (6)

BR’l,n(Xs y)v BRlzn (X1 y)

BR;,(6,y), BR},(6,y)

BR;,(6,y), BR},(0,y)

BR;'(6,0,) = [ e""Y BR;,(0,y)dy
0

BR,'(6,0,) = | e Y BR}, (8,y)dy
0

Thus the LST of the equations w.r. to x are respectively given by,

0 QI ,(6)— Qlo1(0)

0 QI ;(6)— Qloj(0)
0 QI;,;(6)— Qly(0)
}\4 PIn

0 SE’(0)— SEx(0)

A Un

6 Pin(6)— P1n(0)

) QI (0)— P(0) VI*(6) (2.1)

A QIg;(0)— Qlo,j-1(0) VI*(6), 2<j<d (2.2

n
A QIL(0)- A QI (8)gk — (1-815) Qlnj-1(0) VI'(6),
k=1
1<n<m-1,1<j<J  (2.3)
n
L QL(0) =4 Y QL (0)genzm, 2<j<J  (24)
k=1

n
QIn,J(O) + (1 - 80,[‘1) 7\4 Z PIr‘I—k gk, 0 S n S m_1 (25)
k=1
" n-m «
7\4 SEn(e)_ (1 - Sm’n) }\4 Z SEn—k(e)gk
k=1

- i QI,;(0)D"(6) -4 Z Pl 9« D*(0),

=1 k=n-m-+1

n>m (2.6)

SEN0)+ (1= 8mm) % 3 Uy Gk M<n<N-1 (2.7)
k=1
(A +a) Py, (0)— (1-r) P1,+1(0) S7(6)
n—1 C .
—(1=381n) A Z% Prnk(0) gk — ;: P;,:1(0) S7(6)

- BR;,(6,0), 1<n<N-1 (2.8)




6 Pin(6)— P1n(0)

0 P2,(6)~ P2, (0)

- S BR:,n(ea y)

- BR,;(0,Y)
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(0 + ) Pip(0)= (1= 1) Praut(0) S°(0)
~1 3 Pl (08— 3 Pha(0)S°(0)- BRI, (0.0
~SEA0) ') z: UpigeS'(0) NN (29)
(1 + &) P, (0) 1 P1o(0) S (0)
— (1= 810) % Z P (8) gk = BR3,(6,0),
n>1, 1<i<C (2.10)

— A BR},(6,y)+a Py, (8)r(y)
n—1

+(1=81n) & Y. BRI (6, ) gk, n>1 (2.11)
k=1

— & BR3,(0,y)+ ai P, (0) ri(y)

Taking the LST w.r.to y, the equations (2.11) and (2.12) lead to

01 BR"1(6,6,) -

01 BR,: (0,0,) -

BRi,(0,0) = 1 BR};"(6,0,) —a Py, (6) R™(6;)

n—1
—(1-381n)AY BR}7,(6,0,)g n>1(2.13)
k=1

BR,(6,0) = A BR;;*1 (6,0,)—ai P, (8) R, (0,)

n-1 .
~(1-81n) A Y, BR,1(6,0,)gk, n>1(2.14)
k=1

2.1.3 Probability Generating Functions

Now to obtain the PGFs of the number of customers in the system

when the server is in different states, the following partial PGFs are defined.
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PIiz)= S PI 2" Uz)= T U 2"
' s
Qr’ (z,0)= %QI:J(O)Z” Qijz, 0) = % a1, (0)2", 1<j<J
SE’(2,0) = i SE!(0)Z" SE(z, 0) = ;ESEn(O)z”
P’ (z,0) = §1 P, (0)2" P.(z, 0) = §1 P, (0)2"
BR!"(z,6,0,) = %B;: (0,0,)2" BR! (z,6,0)= % BR}, (6,0)2"
P} (2,0) = X P} (0) P}(2.0) = P, (0)2"
BR,"(2,0,0,)= % BR,""1(6,0,) 2" BR."(2,0,0)= % BR, (0,0)2",1<i<C

Multiplying the transformed equations by suitable powers of z and
adding over n and using the identities listed in Appendix |, the partial PGFs

are obtained through some algebraic manipulations.

Equations (2.1) and (2.3) atj = 1 lead to,

(6 — wx(z)) QI (z,0)= Qli(z, 0) — P(0) VI*(6) (2.15)
where wx(z) = A (1 - X(z)) (2.15.1)
By evaluating QI4(z, 0) at 6 = wx(z), the generating functions of the system
size at vacation termination epoch and at arbitrary epoch, when the server is

on first vacation are given by
Qli(z,0) = P(0)VI*(wy(2)) (2.16)
S (VI (wy (2)) - VIT(0))

and QI;(z,6) = P(0) 0-w,(2) (2.17)
similarly equations (2.2), (2.3) and (2.4) lead to
Qlj(z, 0) = VI'(wx(2)) mf QI,; 1(0)2", 2<j<d  (2.18)
n=0

and  Qr(z0) = YW@NVEO) o 00 2<j<y (2.19)
=0

(6 -wx(2)) n
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Equations (2.18) and (2.19) respectively give the generating functions of the
system size at vacation termination epoch and at arbitrary epoch, when the
server is on j" vacation. The sum of the equations (2.16) and (2.18) over j = 1

to J yields

I
M(_

QI(z, 0) QI;(z,0) = VI'(wx(2))yv(2) (2.20)

FRRNIN
IN

-1 m-

where y,(z)

1
VR
I

Qr,;(0)z" +P(0)J (2.21)

n=0
Similarly the sum of the equations (2.17) and (2.19) gives,

vy 0y = V(W (2))-VI'(8))
= (6-wx(2))

Multiplying equation (2.6) by z" and summing over m to o, it is found that

yv(Z) (2.22)

(0 —wx(z)) SE*(2,0) = SE(z 0)- Y 2" i QI,;(0)D* ()

n=m =1
-2 Y z" 3 Pl g« D*(6) (2.23)
= k=n-m-+1

Adding equation (2.5) over n =0 to m — 1, we have,

m-1

—1 n
APIz) = Y QI,0)Z"+1 Y 2" Pl g (2.24)

n=0 n=1 k=1

3

Now, adding the equation (2.24) multiplied by by (-D*(0)), with the equation
(2.23), the PGF of the system size at setup termination epoch and arbitrary
epoch are obtained as,

SE(z,0) = D"(wx(2)) [(VI'(Wx(2))-1) y«(2) + P(0)- PI(z) wx(2)] and (2.25)

(D" (wx(2))-D"(8))

0w, (2)) [(VI" (Wx (2)) - 1)yu(2) + P(0)- PI(z) wx(2)]

(2.26)
If al, denotes the probability that n customers arrive during a vacation time
(VI) then

SE*(z,0) =

aln = [ Y et (1) gl d(VI(t)) and
0 k=0 k!
VI'(Wy(z)) = Y ol, 2" (Gross and Harris, 1985) (2.26.0)

n=0
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Substituting for VI*(w(z)), equations (2.16) and (2.18) respectively imply,

3 Ql,,(0)2"

n=0

P(0)Y al, 2" (2.26.1)

00 m-1 00
and Y QI,;(0)2" (2 Qr, ) [Z al, sz, 2<j<J (2.26.2)
n=0 i=0

k=0

The coefficients of z" on either sides of the equations (2.26.1) and (2.26.2)

give
Qlh4(0) = al, P(0), n>0 (2.27)
n
Qlh;0) = Z QI, ; 4(0) al, 2<j<J,0<n<m-1  (2.28)
Atn=0, QIo‘j(O) = alp QIO,J',1(O), 2<j<d
By recursion, it follows that Qlo;(0) = 5(0)(odo)j, 1<j<d (2.28.1)

Equation (2.28) recursively implies
QL,(0) = ol P(0), 2<j<J, 0<n<m-1 (2.28.2)
. n .
where the convolution product ol = > ol aly, 1<i<J,0<n<m-1
k=0
In particular, oI’ = (al,)

Now adding equations (2.27) and (2.28) overj=1to J, for 0 <n <m-1,

J J-1 n
> Q1,(0) = > QI ;(0)aly + P(0)al, (2.29)
=1

=1 k=0

-

N
N

— -1 -1
By letting 8o = P(0) + > QI;(0) and 8, = » QI,;(0), 1<n<m-1
= i

the equation (2.29) leads to
P(0)(1-al})

S = @ 0 atn=0 (2.30)
1-al,
n-1 J-1
and for 1<n<m-1, 3, +QlLy(0) = | > > QI ;(0)al, +al, &,
k=0 j=1

n-1 n
i.e., 8n = (x,In 80 + Z Sn—k (XIk - QIn‘J(O) = Z o Ik Sn—k_ QIn’J(O) (230.1)
k=0 k=0

For further simplification the Theorem 2.1 is used.
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Theorem : 2.1

n ol B
LetBo=1- aly and P, = Za'—B”_' — oI for 1 <n<m-1.
i=1 1—0(10

P(0)B,

Then On = )

0<n<m-1 (2.31)

Proof

Equation (2.30) shows that the equation (2.31) is true for n = 0. Using
equation (2.28.2) in equation (2.30.1),

n p—
(1-alp)dn = > al 8hk— ol P(0)
k=1

Thus by induction, substituting for &,

(1-alp) &y = E(O)Liﬁn—k—o‘lk—m#)} = P(0)x

k=1 1—OLIO
)
i.e., on = M 1<n<m-1
1-al,

Thus equation (2.21) leads to

n

m-1 —_ m-1
yv(z) = Z 8n z" = P(O) Z 1Bn Z
n=0 n=0

(2.31.1)
—al

To find the PGF of the number of customers in the system when the server is

in buildup period, the following result is used.

Theorem : 2.2
Let mp = Z Tok O Wo = aly and yn= > al¥ 1,0 <n<m-1.
k=0
Then PI(z) = P(O)w(z) where y(z [ )Z v, Z (2.31.2)
Proof

Equation (2.5) recursively implies,

n
2Pl = Y QL (0) Tk, 0<n<m-1
k=0
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Substituting for QI 4(0), from (2.28.2),

APL, = P(0) Y m,, oI = P(0)yn,0<n<m-1
k=0
Hence Plz) = P(0) y(2) (2.32)

Corollary : For (0 £n <m-1),

n-1 n-1 n-1
(i) Y Wi =y alPm (i) oI+ Y wig, = wn
i=0 i=0 i=0

Substituting for .« and using the definition of mp,

n—1 n n n-k ) n—1 W) n—k n—1 W)
2V gn—izzgk\lln—kzzgk(zali nnkijz 2ol D g ki = D aly o
i=0 k=1 k=1 i=0 k=0 i=1 k=0

n-1 n
Hence oI+ Y wigni = > ol moi = yn
i=0 k=0

Using equations (2.31.1) and (2.32), the equations (2.20), (2.22), (2.25) and
(2.26), respectively imply

Ql(z, 0) = VI'(wy(z)) B(z) P(0) (2.33)

Qrrze) = YEWxEN-VIO) 45 (2.33.1)
0-wy(z)

SE(z,0) = D"(wyx(2))[(VI"(wx(z2))—1) B(2) + 1 —y(z) wx(2)] P(0)(2.33.2)

_ (D(wx(2))-D7(6))

SE’(z,0) [(VI* (W (2)) - 1)B(2) + 1 = y(z) wx(2)]P(0)
(0-wx(z))
(2.33.3)
m-1 B z"
where B(z) = > =1 (2.34)
n=0 1—OLIO

The equations (2.13), (2.14) and (2.8) to (2.10), are used to calculate the
generating functions of the system size when the server is in breakdown
states and busy states, at termination epoch and at arbitrary epoch.
The equation (2.13) implies

(61— wx(z)), BR"'(2,6,0) = BR}(z,6,0)-a P"(z,6) R"(8,)  (2.35)

At (04 = wx(z)), BR3(z,6,0) = a P;(z,0)R"™ (wy(z)) (2.36)
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Substituting the value of BRj(z, 6,0) in equation (2.35),

aPy(z,0)(R™ (wx(z))-R™(6,))

BR;"(z6,0,) = (2.37)
1 1 (01— wx(2))
By similar argument, the following equations are obtained from (2.14),
BR(2,0,0) = a Py (z.0) R"(Wx(2) (2.38)
i Py (z,0) (R ~R"(0
BR,"(z,6,60,) = 2P @0® (Wy(z)-R 1)),1£i£C (2.39)

(01 —wx(2))
Equation (2.10) gives the generating functions of the system size when the
server is busy with i type of second optional services (SOS), at the service

completion epoch and at arbitrary epoch,

Multiplying the equation (2.10) by suitable powers of z" and adding
(0 - (ai + wx(2))) P;(2,0) = P(z,0)-ri S{(8)P1(z, 0) — BR3(z,6,0)
Using equation (2.38),

(6 - h,, (Wx(2))) Pz (2,0) = P3(z,0)-r S;(6)P1(z, 0)

where h, (wy(z)) = wx(z) + a (1 - R (Wx(2)))

AL 6 = h, (Wy(2))

P}(z,0) ri i (h, (Wx(2))) P1(z, 0) (2.40)
r Py(2,0) (S} (h,, (Wx(2)))-S;(0))
(0-h, (Wx(2)))

The generating function of the system size at service completion epoch and at

P}’ (z,0)

. 1<i<C (241)

arbitrary epoch, when the server is busy with FES are derived from

equation (2.9) :

C . *
(6  ha(wx(2))) P; (z,6) = P1(j°) 2= (1-0) §°(0)] - 3. Ph(2,0) >
it

+S°(0)P(0)— S°(0) 3 SE,(0)Z"

n=N

180 Y 2" ( nin Unx QKJ (2.42)

n=N k=n—N+1

where ha(wx(z)) = wx(z) +a (1 - R™ (wx(2)))
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With the definition of U(z), equation (2.7) implies,

N—1 N—1 n-m
A U(z) = > SE (0)Z"+Ar ) Z" (Z U, « ng (2.43)
n=m n=m+1 k=1
Adding equations (2.42) with equation (2.43) multiplied by (- S*(0)) and using
equation (2.40), it is found that
P(z,0 : S ax
B2 2 s @)1=+ 3 1Sy, (W (@)

i=1

(6 — ha(wx(2))) Py (z,6) =

~S"(0)(SE(z,0) — P(0) — U(z) wx(2))(2.44)
when 6 = ha(wx(z)),
28" (h, (W (2)))[SE(z,0) - P(0) - U(z) W ()]

P1(z, 0) = o 2) (2.45)

where  H'(wy(z)= S'(h,(wx(@) (1 — 1 + 3
-

i Si(h,, (Wx(2))))

(2.45.1)

Substituting for P4(z, 0) in equation (2.44),

2(S" (h, (W (2)) = S°(8)) (SE(z, 0) - P(0) ~ U(z) wx (2))
(6—h,(wWx(2))) (z-H (w(2))

Finally, the probability generating function of the system size, when the server

P/ (z,0) = (2.46)
is in dormant period is derived.

Equation (2.7) recursively gives,
n
AU, = > SE,(0) mnx, m <n < N-1 (2.47)

k=m

For further simplification, the following result is used.

Theorem : 2.3

() (VI'(wx@)- D@+ 1-v@ wi(@) = ¥ &, 2",

m-1 I m—1 n
where &, = a”‘—kﬁkﬂyk Jnk | @Nd Bz) = > Pz (2.48)
k=0 1 - (X'IO n=0 1- (XIO

(i) D (Wx(2) (VI (Wy(2) - 1))+ 1 - w2 wx(@)) = 3 2" 3 & hy,
(2.49)
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where hy denotes the probability that k customers arrive during the setup
period (D).

Proof

Substituting for VI*(w(z)), B(z), w(z), wx(z) from equations (2.26.0),
(2.48), (2.31.2) and (2.15.1),

(VI'(wx (2))=1)B(2) + 1 - y(z) wx(2)

m-1 B z" 0 m-1 B z" m-1 0
S [ S A
no 1—aly \nd0 no 1—aly n-0 k=1
- 1 _ ] Bn " + OLIo mz_1 Bn Zn + U Zn Zn: (X’II Bn—l
o 1-a 0 n=0 1_Odo n=1 i=1 1_Odo
0 m-1 B ol m-—1 m-1 n—1 0 m-1
+ Z 2" i n-i v, z" + Zz" Vi Oni + Z 2N Wi Onk
n=m i=0 1_Odo n=0 n=1 i=0 n=m k=0
m-1 m-1 n ) ) ) m-1 1
= (1—yo) = Y. B,z"+ > 2" [ZLBH'_“I#)]'F > 2" (Bk Bk + gn_kj
n=0 n=1 i 1-a I0 nem keo \ 1- OLIO
(Using corollary (ii) of Theorem 2.2 and the definition of 3)
0 m-1 ol
= Y2 where & = Y (SnkPeyy g )
n=m ko 1- 0LIo
Since D*(wy(z)) = Y hy z¥,
k=0
D™ (wx (2)) (( B(z) + 1 - w(z) wx(z)) = (Z hy Zk] 2 & ZiJ
k=0 i=m
[e’e] n
= Z Zn Z gi hn—|
This proves Theorem 2.3.
Thus for k > m, SE,(0) = the coefficient of z in SE(z, 0) implies,
SEx(0) = E(O) coefficient of z* in { (( B(z)
+ 1 —y(z2) wx(2))} (from equation (2.33.2)).
—_ k
(i,e.,) SEk(0) = P(0) > & h,_ follows from Theorem (2.3) — (ii)

i=m

Substituting for SE,(0) in equation (2.47) and rearranging the summation,
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A Un = P(O) Z E;r I(ZO hk Tnr—k
— N:1¢ Z; —
Thus U(z) = P(0) > ”k = P(0) #(2) (2.50)
where, ¢ = Zn: &, ni hy Ttn-rx (2.50.1)
r=m k=0
1) N-1
and ¢(z) = [X] Z o, 2"

Substituting for SE(z, 0) and U(z) from equations (2.33.2) and (2.50),
SE(z 0)-  -U(2) wx(2) = - P(0) Wx(2) Iim, n(2) (2.51)
where Imn(Z)

_(1-VI'(wx(2))) : (1-D (wx(2))) , 0 2"
w(2) B(z)D"(wx(z))+ " (2) +n§m .

+y(2z) D™ (wx(2))

(2.52)
Thus the equations (2.46) and (2.41) at 6 = 0 imply

2(S*(h, Wy (2)))=1) PO)Wx(2) I (2)
ha(Wx(2)) (z-H(wx(2)))

zr, 8™ (h, (Wy(2))) (1-S; (h,, (Wx(2)))) (_E(O)WX(Z)I(m,N)(Z))

ha (W (2)) (z-H(wy(2)))

1<i<C (2.54)
where H*(w(z)) is given by equation (2.45.1)

P1* (Z’ 0) =

(2.53)

Py (z,0) =

Hence the partial PGFs of the system size at arbitrary epoch for the model are

given by
Qo) = PQA-VIWx(2) g, (2.55.1)
3 Wy (2)
sezo) = oUW B2) + 1 w(2) wx(2)
Wy (2)
B (2.55.2)
N-1 —_
Uz) = % > 602" = P(0) 4@ (2.55.3)
PI(z) = P(0) y(z) (2.55.4)
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2(S*(h, Wx(2)))=1) PO)Wx(2)Tmu(2)

Pi(z,0) = (2.55.5)
ha (Wx(2)) (z—H (Wx(2)))

piz0) = 21S* (h, (Wx (2))(1-S; (h, (Wx(2))))

o h,, Wy (2))

1<i<C  (2.55.6)
aP;(z,0)(1-R" (Wx(2)))

W (2)

BR:"'(z,0,0) (2.55.7)

a, Py (2,0)(1-R" (wx(2)))

W (2)

BR,"(z,0,0) = , 1<i<C (2.55.8)
To derive the total PGF of the system size distribution, the following
generating functions are considered.

Puae(z) = Probability generating function of the system size when the

server is in idle (vacation + buildup + setup + dormant) state.

Pae(z) = QI'(z,0) +PI(z) + SE*(z,0) + U(z) = P(0) Lmn)(2) (2.56)

Pcomp(2) The PGF of the system size when server is busy or in

breakdown state

C ) )
= P/(z0) + BR;"(2,0,0)+ > (Py(z0) + BR,"(z,0,0))
i=1

_ ZP(0) 1 (2) (H* (Wx(2)) 1) (2.57)

(z-H(wx(2)))
Thus the total PGF of the system size distribution is given by

P(0)(z 1) H" (Wx (2)) In(2)
J = P e P om = - 2.58
Pim.ny(2) idie(Z) + Pcomp(2) Z-H (Wy(2)) (2.58)

E(O) can be calculated by using the normalizing condition

Pl (1) =1, and found to be = 1w (2.59)
, I(m,N)(’])

where py = AE(X) E(H), (2.59.1)

EH) = [E(S)(1+aER)+

=1

r E(Si) (1 +ai E(R))] (2.60)



m-—1 B 1 N-1 1 m-1
and Imny(1) = E(D) + E(VI) Y, —= [I] ZWH v @O0

01 OLO

(z) 20 (2)
1,i(1<i<C))/1/Breakdown | . N)(1)

_ (1=pp)Z-NH (wx(2))
where PM XG(1, ,(1<,<C))/1/Breakdown( ) a (Z—H*(WX(Z)))X ,

J —

and H'(wy(z)), Imn(z) are given by equations (2.45.1) and (2.52)

respectively. Equation (2.62) proves the decomposition property.

2.1.4 Decomposition Property
Theorem : 2.4

Under the steady-state condition py < 1, the PGF of the stationary
system size of the (m, N) — policy queueing model under consideration is the
product of the PGF of the system size of M* / G1, i 1 < < )/ 1/Breakdown queue
(without threshold policy and without vacation) and the PGF of the conditional

system size distribution during the server idle period.
2.1.5 Performance Measures

In this section, the steady-state system size probabilities and the mean

system size, when the system is in different states are calculated.
The Server in Idle State

Let Pvi, Pset, Pouia and Pgor denote the steady-state system size
probabilities and Ly, Lset, Lbuia @and Lgor denote the mean number of customers
waiting in the system, when the system is on vacation, in setup, buildup and
dormant states respectively. Then these measures can be calculated using
equations (2.55.1) to (2.55.4) and the results stated in Appendix 1-B.

Pu = lim QI'(z,0) = PO)EVI) Z (2.63)
n=0 —O(Io
_ |9 A _ 5 | AMEX)E(VIZ) ! B, T Ba
e {dz a (Z’O)L P(O){ 2 1ol %1 (xlo}

(2.63.1)



Pet = limSE'(z,0) = P(0O)E(D)

Lset = {i SE*(Z, 0)}
dz

z=1

_ P(O)XE(X){ (22) E(D)(E(VI)Z +m1"’”H

_ao n=0 7\4

Pouildup = Pl(z) = E(O)(%jm;:‘l/n
—_ m-—1
Lbuildup = {%PI(Z)} = P(O)(%J Z(:)n\lfn
z=1 n=
1) Nt
I:’dor = U(Z) P(O) [I) . d)n
Logor = {d—dZU(Z)}Z=1 = E(O)(%j E no,

Thus, the probability that the server is in idle state is given by
P Pyt + Pset + Pouid + Pdor

P(0) Ty = (1= pr)
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(2.64)

(2.64.1)

(2.65)

(2.65.1)

(2.66)

(2.66.1)

(2.67)

The mean number of customers accumulated in the system when the server

is idle is
. C)
Ly = Lvi + Lset + Lpuild + Ldor = (1 - pH)
mN (1)
where

, d
I(m,N)(1) = {E Limny (Z)}

z=1

xE(X)KE(\gz) E(VI)E(D ]m

=
=]

o
—
O

n=l

N-1 m-1
i +£lj Zn¢n+[l]2nwn and
O(IO A n=m A n=0

IimNy(1) is given by equation (2.61)

m-1
D2 -
n=0

(2.67.1)
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The probability that the server is busy with FES (Pres) and SOS(Psos)

and the expected number of customers in the system (Lres and Lsos) in the

corresponding states are calculated using the equations (2.55.5) and (2.55.6).

One can note that,

lim

d

~wy(2) _ AE(X)
=1z -H (wx(2))

1-py

where

E(H) =

~wx(2) _ AEX(X=1))+ (A E(X))’ E(H?)
dz\ z-H'(wx(2)) ),

2(1—PH)2

E(S?) (1 + a E(R))? + a E(S) E(R?)

+ 2E(S) (1 + a E(R)) i r E(S;)(1 + a E(Ry))

i=1

r. E(S,)a E(R?) and

Mo

+ 3R ES?)(1 +a ER)) +

i=1 i

1l
-

pH is given by the equation (2.59.1).

Thus,

Pres =

Lres =

Psos =

Probability that the server is busy in FES
Iim1 P/ (z,0) = A E(X)E(S)
Z—>
d
—P/(z,0
|:d 1 ( ):|z:1

z

LEX(X=1))+ (L E(X))® E(H?)
Pres +

E(S) +

AE(X)E(S) [ (1)

2(1-py) Lmpny (1)

. (VEX)° E(S*)(1+aE(R))
2

Probability that the server is busy in second multi-optional services

c c .
Iirq > Py(z,0) = > P;, where P, = L E(X) r E(S)
221 i

i=1

(2.68)



54

d & . c
Lsos = |:—Z Pé* (Z, 0)} = Z L'2, where

dz i5 721 i=1
L= pi s MEXXN) (2 EX)° E(H) £(S) + LEX)r E(S;) Himpy (1)

2(1-py) Ly (1)
2 E(SZ)
+ (A EX) i ((1+aE(R)) E(S) E(S) + ——(1 +a E(R))) (2.68.1)

Hence Pbusy = Pres+ Psos = A E(X) Esos = pPsos (2.68.2)
where Esops = E(S) + S r E(S;)

Lousy = Lres+ Lsos
The Server in Breakdown State

The probability that the server is in breakdown states (Pgr. and Pgg )
and the expected number of customers in the system (Lgg and Lgg, ) are

calculated by using the equations (2.55.7) and (2.55.8).
(i.e.)

(i.e.) Pgg, = Probability that the server is in breakdown state due to FES

= lim BR]"'(z,0,0) = A E(X)aE(S)E(R)

z>1
d gr:* A E(X)E(R?
dz z=1 2
Per, = Probability that the server is in breakdown state due to SOS
C
= lim Z BR'** (z,0,0) = > raxE(X)E(S)E(R)
z—1 =
9 (3 BR! 0,0
Ler, = |— 5" (2,0,
BR, dz (; 2 ( )j .
C _ _
= z a, (}\,E(X) (R?)Pé +E(Ri)|_|2]
i=1

where P, and L', are given by equations (2.68) and (2.68.1). Hence,

Por = Probability that the server is in breakdown state
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Per, * Par,

A E(X) (aE(S) E(R) + i a;  E(Si)E(R)) = per (2.69)

i=1

Lbr

Ler, * Ler,

Mean System Size

The expected system size LJ(m’N) of the model is given by

Ly (1)
L‘zm,N) = Li + Lousy + Lor = I(m,N)(1) +L (2.70)
(mN)
2 2
where L = py+ Q“E(X(X‘”)';((T)*“)E(X)) E(H) (2.70.1)
~PH

gives the mean system size of the second multi-optional service queueing

model with breakdown without vacation and without threshold policy.

2.1.6 Other System Characteristics

Definition : Busy Period

The busy period begins, when the system size becomes atleast N,
soon after the setup work (or) at the end of the dormant period, (i.e.) when the
server starts serving the customers and it ends, when the system next
becomes empty and the server leaves for a vacation.

Let E(cycle), E(Busy), E(Break), E(Completion), E(I) and E(Ws)
respectively denote the expected length of the cycle, busy period,
breakdown period, completion period, idle period and the mean waiting
time. Then the long run fraction of time when the server is in setup state
E(D)

Fovos) P(0) E(D).

implies Pget =

Therefore by using equations (2.59) and (2.63) to (2.69), we get

1 _ Ly (1)
P©O)  1-pu

0] E(Cycle) =
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Ps0s I (1)

(i)  E(Busy) = Pgusy E(Cycle) =
1-py
I 1
(i)  E(Break) = Py E(Cycle) = Pl ()
1-pn
. . I(mN)(’])
(iv)  E(Completion) = E(Busy) + E(Break) = py 1—
~PH
(v) E(I) = P E(Cycle) = Imn)(1)
LJ
. _ (m,N) . ,
vi E(w = Little’s formula
(vi)  E(ws) ME(X)( )

2.1.7 Queue Size Distribution at Departure Epoch

A departing customer will see n customers in the system just after the
departure if and only if there are (n+1) customers in the system just before the
departure (Lee et al., 1994a). Thus if =, denotes the probability that there

are n customers in the system at departure epoch, then

i = D[(=1)Prr(0)+ S Phy(0)] n 20
i1

where D is the normalizing constant.

Therefore the PGF n*(z) of {n’ ; n >0} is given by

a
+
—

N
~

1

3

=}

N
S5

I

%{(1—02 Pin(0)2" + 3

C
n=1 i=1

P;,n(O)z”}

D c
5 [(1 —NPi(z,0)+ 2, Pé(Z,O)}

i=1
Substituting for P4(z, 0) and Pj(z, 0) from equations (2.45) and (2.40) we

DP(#,N)(Z)WX(Z)

have n'(z) = 1
-z

, where Py, y,(2) is the PGF of the system
size of the present model at arbitrary point of time.

Evaluating D using the normalizing condition, D = ;
A E(X)

(1-X(@))

Thus TC+(Z) = m

P(Jm,N)(Z)

2.2 OPTIMAL MANAGEMENT POLICY
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In this section, the total expected cost function per unit time (Tc(m, N))
for the queue with bilevel threshold in which m and N are decision variables is
developed. To obtain the optimal values of m and N for which the total
expected cost function per unit time is minimum, the cost structure that have
been widely used in literature (Yadin and Naor, 1963), Lee and Park (1997)
and Ke (2003b) is employed. The notations used to calculate the total

average cost per unit time for the system are :

C, Startup cost per cycle
Chouild Cost per unit time for keeping the server idle (buildup)
Ch Holding cost per customer per unit time.
Ceet Server setup cost per unit time
Caor Server standby cost per unit time.
Chusy Cost per unit time for keeping the server on and in operation
Cwu Reward per unit time due to vacation
Cor Breakdown cost per unit time for a failed server
Tc(m, N) | Total average cost per unit time of the system
C,
Then, Te(m,N) = ———— +Cy |- (mN) + Couild Pouila + Cset Pset + Caor Pdor
E(Cycle)
+ Cor Por + Cousy Pousy — Cvi Pui (2.71)

Substituting the values of the performance measures, the equation can be

rewritten as

_ 1 N-1 C. N
Te(m, N) = A+ [A1 +z(m )+Cdor(1—PH)( ] On + == > N, ]
I(m,N)(’]) n=m A n=m
(2.72)
where A = Chousy Pousy + Cn L + Cpr Py
2
At = (1= pH) [Cy + Coo E(D) s
2 m-—1 m-1
2m) = Co{AEX)[(E L+ EVIEO) Y o+ E(D)(lj Vnl
no 1—alj A ) nso
+EV) S P +(j > v,
n=0 1- OLIO
m— m—1
+ (1 = pH) [Couild ( ] 2 vn —~CuE(VI) X i
0 no 1-al

and I,n(1), L are given in equations (2.61) and (2.70.1) respectively.
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A two-dimensional search over the non-negative integer space is
necessary to find the optimal control values (m*,N*) of (m, N) which minimize
Tc(m, N). Due to the mathematical complexity it is difficult to prove the
convexity or unimodality of the cost function Tc(m, N). Thus following the
concept of the dynamic optimization (due to Bellman (1957), J.C.Ke (2001,
2003b) and Lee and Park (1997)), we consider the procedure that makes it

possible to calculate the optimal thresholds (m*,N*).

Oy
Tc(m, k+1) — Tc(m, k) = H(m‘ K)s (m <k< N—1) (273)
A I(m,k+1)(1) I(m,k)('])

where ¢ is given by the equation (2.50.1).

KT (k—n
and H(m, k) = Ch[k dm + ( ) q)n] + Cdor dm (1 - pH) - (A1 + Z(m)) (274)
) m-1 B 1) m=1
with  dm = E(D)+ E(VI) > — +[—j 2 Vn
no 1- Odo A) oo

The equation (2.73) implies, for a given m, the sign of H(m, k) determines
whether Tc(m, k) increases or decreases with respect to k.
Let n be the first k for which H(m, k) > 0. Then
K o
H(m, n+1) = H(m, n) + Cp(dm + D’ %) > 0 implies
i=m
Tc(m, k) > Te(m, n) for k > n
That is, for a given m, the optimal value N*(m) of N is given by the first k for

which H(m, k) > 0 and that, once T¢(m, N(m)) increases with respect to N, it

keeps on increasing thereafter. Therefore for a given m, Tc(m, N(m)), is

conditionally unimodel and thereby N*(m) is conditionally optimal.

Thus N*(m) = min {k > 1/ H(m, k) > 0}, where H(m, k) is given by
equation (2.74). Therefore for each m, T¢ (m, N) has a relative minimum value
at (m, N*(m)). Thus the pair (m, N*(m)) gives the relative optimal policy for a
given m. Though it is difficult to prove mathematically that T¢(m, N) is convex

(or) unimodular, the computer experiments show that, the expected cost
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function is convex. Thus the optimal (m*,N*) can be obtained by using the

following algorithm.

Algorithm

Stepl : Set m = 1, Determine N*(m) from equation (2.74). Calculate
Tc(m, N*(m)). GOTO Step 2.

Step 2 : Calculate N*(m+1) and Tc(m+1, N*(m+1). GOTO Step 3

Step 3 : If Te(m+1, N*(m+1)) > Te(m, N*(m)), STOP

The optimal threshold is (m*,N*) = (m, N*(m)) and T¢(m, N*(m)) is
the required optimal value. Otherwise set m = n+1=and GOTO Step 2.

2.3 PARTICULAR CASES

In this section the PGF of the system size for various queueing models
are derived as special cases. In the first two cases ((i), (ii)), the PGF of the
system size for the unreliable second stage multi-optional M*/G/1 queueing
system for the classical single and multiple vacation policies are obtained

respectively.

(i) J =1 implies, i =0 V i>1 and B(z) = 1. This identification in (2.62)

gives the PGF of the system size for the single vacation queueing

model
* S
P(e) = L1 DH (W (2)) Lingy (2) 2.75)
z-H (Wy(z)) I3
(Jemila Parveen (2012)).
where 15, () = 1-VI'(wx(2)) D*(wx(2)), w(2) D" (W (2)) +
’ W (2)
(2.76)
08 = Y& S hmeand & = 3 v Gkt ol
r=m k=0 k=0
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n
(i) AsJ—ow, all’ >0and ypa=0,B,= > 'BrI"for1<n<m1W|th
i=1 _ao

yo = 0, B1 = 1. With this substitution, the PGF of the system size for the

multiple vacation queueing model is obtained from (2.62) :

(1-pyy) (2 = 1) H (Wx (2)) Ty (2)

Pmny(z) = (2.77)
o Z-H (Wx(@) 150
where 15, (z) = - WX gy pe (2 + 1D Wx(2)
* Wy (2) Wy (2)
(2.78)
(I)E = i i k To—r—k and gr = mz_1 LKBK
r=m k=0 k=0 1—0(,10

The I, v, (z) and If, \,(z) exactly coincide with the conditional PGFs
of the queue length under the condition that the system is idle, for the single
and multiple vacation bi level threshold models of Lee et al. (2003).

(i) By choosing r = 0 in equation (2.75), the PGF of the system size for the
single service Mfm‘N)/GM/SV/breakdown queueing model of J.C.Ke
(2004) is deduced.

(iv) Bytakinga=a; =0 Vv;andr =0 in cases (i) and (ii), the PGFs of the
system size for the single and multiple vacation models of Lee et al.

(2003) are obtained.

In addition if Pr(VI = 0) = 1, the result of non-vacation model of
Lee et al. (2003) can be obtained.

(v) The PGF of the system size for the (N, N) policy model
Mfm,N)/GM/breakdown/J Vacation can be obtained with m = N. In this
case ¢p =0 (M <n <N-1)and

(VW (@) b - (2 022 (W (@)

i Wi(2)

+y(2)D"(wx(2))

(vi) Itis also verified that, the results of
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(i) N-policy, single and multiple vacation models of Lee et al. (1995
and 1994b) can be deduced by setting r, a, a;, E(D) to 0 and

N = m in cases (i) and (ii) respectively.

(i) The result of the Lee and Park (1997) for the M/G/1 bi-level
threshold model can be derived with the substitution r, a;, a, g;

to O (for every iand j>2) with Pr(VI=0)=1and g = 1.

(i)  The results of the Markovian (m, N) policy model of Lee et al.

(1998) can be deduced by taking S*(0) = —2— D*(0) = —~
n+0 Y+6

in case (iv) and Pr(VI = 0) =1.

2.4 NUMERICAL ANALYSIS

In this section, some numerical examples are presented to indicate the
effects of various parameters namely (i) the batch arrival rate A, (ii) mean setup
time (E(D)), (iii) mean vacation time (E(VI)), (iv) the probability ri, with which
customers select one of the second optional services,

on the behaviour of mean system size (LJ(mN))and on the system size

probabilities of the model.

The optimal threshold values (m*,N*) of (m, N) and the minimum

average cost Tc(m™, N*) per unit time are also calculated using the procedure
given in section 2.2. The bilevel policy is compared with the corresponding
single threshold N-policy through the total expected cost per unit time. The
values of the parameters are chosen such that they satisfy the stability
condition py = A E(X) E(H) < 1. For the computation purpose, the distributions

assumed for different random variables are given by :

Randorrz%arlables Distribution F(Y) Mean E(Y) Second o'rztz\e(g)moments

b

FES (S) Two-stage hyper- I 1-b, 2 b, + 1-b,
exponential K, K, u2 u’
1 2
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0<bs;<1
i=1 | Erflang-3 type 1/ pzs 413 2,
SOS 1<i<C=3 |i=2 |Deterministic 17 pz 1/ u;z
i=3 | Exponential 1/ pag 2/ u,
Setup time (D) Erlang-3 type 1/y 4/34°
Vacation time (VI) | Gamma-3 type 3/n 12/7n°
PR . 2
(Rlspa|r time in FES Erlang-2 type 1/rp 3/2rp
- |i=1 |Exponential 1/ 2/ rp?
Repair time in - [i=5TGniform in [0, 1] 1/2 1/3
SOS (R) . — T 2
i=3 | Deterministic Ps 11/ rp;
_ Geometric (Geo(p4)) 1/1-p;4 E(XX(X=1))=2ps/ (1 —pq)°
Batch size (X) Binomial (B, 4, p1)) 4 [oF] 12 p12

The server’s life time in FES and SOS follow exponential distribution with
parameters a and a; (i = 1 to 3) respectively. In all the tables except Table 2.4,
the batch size distribution is assumed to follow geometric distribution

Geo (p1).

Table 2.1 gives the total expected cost values Tc(m, N) per unit time
with respect to m and N for two cases. The table values show that the

optimum values are given by

(i) m"=9, N*=13, Tc(m*, N*(m)) = 493.088, for J = 17, C, = 30 (Figure 2.1.a)
(i) m* =1, N*=7, Te(m*, N*(m)) = 950.674, for J = 1, C, = 100 (Figure
2.1.b). Figures 2.1.a and 2.1.b give the surface representations of T¢(m, N) for
different values of m and N. The graphical representation of Tc(m, N*(m)) for

the different values of m, corresponding to J = 17, C,, = 30 of Table 2.1 is

depicted in Figures 2.1.c.




Table 2.1 The Total Expected Cost Tc (m, N) for Different Values of m and N

(Cbuild: Cset: Cdor: Cbusy- ny CVI: Cbr)

(pll )\-1 Y, Ny &, a1, Az, as, rp; r I C)

(8, 1000, 60, 10, 10000, 8, 20)
(0.55,0.21,0.2,1,05,2,4.6,2.6,0.6, 3,7, 3)

py? "p3’?
(b1, pa, p2, o1, Moo, Hoz) = (0.5,1.5,35,5.2,3.7,4)
1 4 7 10 12 13 14 16 20 23
760.222 | 655.819 | 564.182 | 518.353 | 506.416 | 504.307 | 504.315 | 509.118 | 532.246 | 557.246
1 [Ti45.252 | 1003.431 984.316 | 1034.134 | 1064.210 | 1096.868 | 1168.160 | 1326.773 | 1454.540
631.245 | 557.028 | 515.302 | 504.136 | 502.256 | 502.348 | 507.286 | 530.485 | 555.468
2 998.980 | 952.252 | 984.720 | 1033.873 | 1063.716 | 1096.193 | 1167.231 | 1325.556 | 1453.188
] 605.446 | 549.342 | 512.254 | 501.914 | 500.222 | 500.429 | 505.478 | 528.707 | 553.650
994.769 | 955577 | 986.180 | 1034.293 | 1063.776 | 1095.975 | 1166.629 | 1324.541 | 1451.990
532.852 | 506.482 | 497.953 | 496.615 | 497.003 | 502.161 | 525274 | 550.054
> 969.189 | 993.565 | 1037.968 | 1066.162 | 1097.375 | 1166.702 | 1323.293 | 1450.216
516.000 | 501.549 | 495086 | 494.055 | 494.530 | 499.574 | 522.239 | 546.708
! 994.817 | 1009.913 | 1047.333 | 1073.003 | 1102.279 | 1169.043 | 1323.283 | 1449.398
497.959 | 493.856 493527 | 498136 | 519.857 | 543.815
? 1040.098 | 1066.122 | 1087.220 | 1112.877 | 1174.792 | 1324.796 | 1449.651
0 496.865 | 494.033 | 493391 | 493765 | 498.004 | 518.996 | 542.600
1061.887 | 1080.752 | 1098.547 | 1121.464 | 1179.582 | 1326.276 | 1450.229
[ | Cn=30forJ =17 [ | C,=100forJ =1

€9
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Figure 2.1.a. The expected cost function Tc(m, N) for different values of m and
N for C, =30,J = 17

Figure 2.1.b. The expected cost function T¢(m, N) for different values of m and
Nfor C,=100,J=1

{N‘w)DL

{1,7,850.674)
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Figure 2.1.c. Tc(m, N*(m)) Vs (m, N*(m))

506 (113)
504

502
500
498
496
494 (6,13)
492
490
488
486

(3,13)
(2748) (13,13)

(4,13) (11,13)

(7,13)  (9,13) (12,13)

Tc(m,N*(m))

(8.13) (10,13)

1 2 3 4 5 6 7 8 9 10 11 12 13
(m,N*(m))

Table 2.2 gives the optimal values as the standby cost C4or changes.
For the queueing system with (N, N)-policy, there is no standby period. Thus
the optimal values N* and T¢(N") of (N, N)-policy do not vary with Cgor. The
table values show that as Cqor increases, the optimal values of (m, N)-policy
approach the optimal values of (N, N)-policy. It is interesting to note that in
tables (2.2), (2.3), (2.3.a) and (2.10)), (m, N)-policy provides lower average
cost than the single threshold (N, N)-policy. Except the parametric values

mentioned in each table, the other values are referred from Table 2.1.

Table 2.2 Optimal Policy as Dormant Cost Changes (C, =30, J = 17)

Coor (M N*)| Te(m*,N") LJ(m*’N*) E(Cycle)|N* | Te (N*,N*) L‘](N*,N*) E(Cycle)
5 | (4 14) | 487.242 8510 | 66596 |11| 495710 | 8923 | 66.999
10 | (5,14) | 488.148 8558 | 66.908 |11| 495710 | 8923 | 66.999
20 | (6,14) | 489.681 8624 | 67329 |11| 495710 | 8923 | 66.999
100 | (10, 13) | 494.810 8.884 | 68.064 |11| 495710 | 8923 | 66.999
200 | (11,11) | 495.710 8923 | 66.999 [11| 495710 | 8923 | 66.999

Table 2.3 presents optimal values as the holding cost (Cy) increases.
The Table values show that as the holding cost increases, the system starts
setup operation and service earlier than in the case of lower holding cost. In
Table 2.3(a) it is shown that when the setup cost is high, the setup operation

and service are delayed.
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Table 2.3 Optimal Policy as Holding Cost Changes
(Cser = 500, 1 = 0.15, J = 17, Cyor = 100)

pd

Ch [m*N)| Tc(m® N¥) LJ(m*'N*) E(Cycle)| N* | To (N*,N¥) LJ(N*,N*) E(Cycle)

30 | (8,12) 470.684 8.523 64.873 473.040 8.942 66.510

60 (2,8) 688.995 6.257 45.281 705.935 7.246 49.993

100 1,7) 926.560 5.803 40.974 970.689 6.436 41.360

200 1,5) 1478.421 5.419 35.144 1556.164 5.709 32.580

e LY R e =

(

(
300 | (1,4 2019.438 5.332 32.708 2101.324 5.412 28.226
500 | (1,4) 3085.861 5.332 32.708 3183.750 5.412 28.226

Table 2.3 (a). Optimal Policy as Cs Changes (J = 17, C, = 500)

Cser | (m* N*)| Te(m*,N¥) LJ(m* N*) |ECyele)| N* | T (N",N") LJ(N* N*) |ECycle)

2000 | (11,15 563.048 9.573 74488 | 13| 565.210 9.781 74.721

3000 625.427 10.76 84.84 | 16 627.267 11.057 85.840

)

( )
4000 | (15,19) | 682.467 11.35 89.52 | 18 | 684.103 11.901 92.984
6000 | (19,23) | 785.078 13.010 | 103.804 | 21 786.411 13.160 | 103.382
7000 | ( ) | 832.789 13.458 | 106.258 | 23 | 833.394 13.910 | 110.153

The effects of the probability r with which the customers opt SOS

facility, on the mean system size and optimal cost values Tc(m*,N*) are

shown in Table 2.4. It is found from the table values that both LJ(m* N°) and

Tc (m*,N*) increase as r increases. The numerical values are obtained for
different batch size distributions namely (Geometric) Geo(p4) and (Binomial)
B(4, p1). The case r = 0 of the table corresponds to the single service
queueing model whereas ri = 1 corresponds to the model in which each

customer undergoes both types of services one after the other.
Table 2.4 Optimal Policy with respecttor

(p1, A\, @, a1, @z, @3, o, I, , T, J, Cp) = (0.5, 0.4, 0.3,0.2, 0.4, 0.6, 0.3, 0.6, 0.7, 17, 30)

P17 'Ps
(1, T2 T3) ro| m*,N%) | Te(m*,N) LJ(m*,N*)
oo | o G| mom
(0.05, 0.04,0.05) | 0.14 8 gg ;5;;32; 12;533
(05,02,01) | 08 8 ;; o0 ote | 4 86
(0.6,02,0.1) | 0.9 g g §;‘§§j§§§ ?2332
.00 | 10 —E BT Fuages [ 15018

u Geo (p1) u B(4, p1)




67

The Tables 2.5 and 2.6 show that the mean system size increases with

the breakdown rates a (aj) and decreases with the repair rates r, (r, ). Figure

2.5 illustrates the graphical representation of Table 2.5.

Table 2.5 Expected System Size as Repair Rate (rp) for Different Values of

Breakdown Rate (a) Changes (m =9, N=13,A=0.28,J = 17)

) o 0.3 0.4 05 0.6 0.7 0.8
0.1 9.406 9.002 8.798 8.677 8.596 8.540
0.2 11.262 10.078 9.540 9.237 9.045 8.912
0.3 14.553 11.639 10.518 9.936 9.583 9.348
0.4 21.957 14.106 11.865 10.831 10.242 9.865
05 53.767 18.573 13.837 12.016 11.065 10.487

Figure 2.5. Expected System Size Vs. Repairable rate (r,) for
Different Values of a
60
o 50
N
N
g 40
% —o—a 0.1
@ 30 —e—a 0.2
3
g 20 a 0.3
o —=o—a 0.4
0
0.3 04 0.5 0.6 0.7 0.8
Repair rate (rp)

Table 2.6 Expected System Size Vs Breakdown rate a; for Different values of Mo,

a=05r,=0.3, I‘p2=1/2,J=17,m=9,N=13
(o1 ps ) (0.2,0.4) | (0.25,0.45) | (0.3,0.5) | (0.35,0.55) | (0.4,0.6) | (0.5,0.7)

(a1, a2, a3)

(0.1, 0.2, 0.15) 51.479 48.719 46.959 45.731 44.821 43.556
(0.15, 0.25, 0.2) 60.364 55.026 51.835 49.700 48.166 46.099

(0.2, 0.3, 0.25) 73.222 63.370 57.948 54.501 52.109 48.993
(0.35,0.35,0.3) | 142.509 95.713 78.071 68.796 63.068 56.353
(0.45,0.4,0.35) | 484.365 155.273 105.801 85.835 75.035 63.618
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Table 2.7 presents the influence of different parameters on the system

size probabilities and mean system size.

Table 2.7 Various Performance Measures with Respect to ry, r,, 3, A and Two

Different Distributions of X

(P17, M, @, a1, 8z, @3, Ty, [ Ty J)=(0.75,0.2,1,05,0.4,02,0.6,06,0.4,07,17); (m, N) = (9, 13)

Case 1: (ry, rz, r3) = (0.05, 0.03, 0.04), Case 5: (1, rz, r3) = (0.05, 0.03, 0.04),
Case 2: (r1, r2, 13) = (0.5, 0.2, 0.1), Geo (0.75) Case 6 : (r1, 2, r3) = (0.5, 0.2, 0.1), B (2, 0.75)
Case 3 : (r1, rz, r3) = (0.05, 0.03, 0.04), Case 7 : (1, rp, r3) = (0.05, 0.03, 0.04),
Case 4 : (ry, r2, r3) = (0.1, 0.04, 0.1), Case 8 : (1, rz, r3) = (0.1, 0.04, 0.1),
J
P |:)busy Phbuild up Pset Pdor Pui L (m, N) A

Case 1 0.249 | 0.302 0.007 0.074 0.049 0.318 11.803 0.15

Case 2 0.309 | 0.391 0.004 0.050 0.033 0.213 16.431 0.15

Case 3 0.415 | 0.504 0.000 0.020 0.005 0.056 60.831 0.25

Case 4 0.437 | 0.531 0.000 0.008 0.002 0.022 151.570 0.25

Case 5 0.093 | 0.113 0.012 0.132 0.087 0.563 4.740 0.15

Case 6 0.116 | 0.147 0.010 0.122 0.081 0.524 4.873 0.15

Case 7 0.156 | 0.189 0.000 0.163 0.040 0.452 5.289 0.25

Case 8 0.164 | 0.199 0.000 0.158 0.039 0.439 5.354 0.25

It is noted from the table (2.7) that as A increases, the probability that

the server is busy (Puusy) and expected queue length (LJ(m,N))aIso increase.

Table 2.8 reveals that as the mean setup time increases, an early
setup is more beneficial than usual N-policy. This is because more customers
are expected to arrive during the setup time and dormant period is minimized.
It is observed from the Tables 2.8 and 2.9 that the system size decreases as
the mean setup time E(D) or mean vacation time E(VI) decreases. For
Tables 2.8 and 2.9, (ry, rz, r3) = (0.05, 0.03, 0.04).

Table 2.8. Optimal Policy as Mean Setup Time E(D) Changes with J =17

ED) =1 | (' ,N) | Te (M ,N) | Limeney | N° | Te (NN | Lo
18.182 (8, 20) 695.670 11.398 13 707.221 12.451
13.333 (9, 18) 635.175 10.492 13 643.306 11.225
10.000 (12,17) 591.165 10.424 13 595.241 10.369
6.667 (12, 15) 540.536 9.387 13 542.784 9.499
5.000 (12, 14) 513.083 8.853 13 514.527 9.058
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Table 2.9 Optimal Policy as Mean Vacation Time E(VI) Changes with J =17

* * * * J * * J
E(VI) = 3/m ,N7) | Te(m™,N) L(m*,N*) N’ Te(N",N") L(N*,N*)
60.000 1, 23) 760.95 21.078 3 773.645 21.403
30.000 1, 16) 573.230 12.034 7 589.501 12.860
6.897 9, 15) 520.934 8.714 12 524.326 9.120
6.000 9, 15) 519.287 8.654 12 522.162 9.011

Table 2.10 exhibits the

effect of starting cost per cycle (C,) on

Tc (m*,N*) and LJ(m* N) The values show that as (Cy) increases the optimum

cost and expected system size also increase.

Table 2.10 Optimal Policy as Cycle Cost Changes

(Cset = 500, 1 = 0.15, J = 17, Cgor = 100, Cp, = 200)

S | (m*.N*) | Tem™ N") LJ(m*’N*) E(Cycle) | N* | To (N*,N") L“EN*’N*) E(Cycle)
10000 | (1, 5) 1478.421 5419 | 35144 | 2 | 1556.161 5709 | 32.580
20000 | (1, 6) 1749.087 | 5579 | 37.924 | 3 | 1847.315 6.057 | 36.976
30000 | (1, 8) 1993402 | 6.082 | 44233 | 4 | 2097.858 6.436 | 41.360
40000 | (1,9) 2216193 | 6.406 | 47.650 | 5 | 2319.652 6.835 | 45703
60000 | (1,11) | 2614.881 7149 | 54811 | 7 | 2705349 7664 | 54222
80000 | (3,12) | 2964700 | 7.707 | 59549 | 9 | 3040.942 8514 | 62482
90000 | (3,13) | 3123716 | 8093 | 63.085 | 10| 3195998 8.942 | 66510

It is calculated that the length of the cycle for the

1-policy model

(m =N = 1) corresponding to the parametric values of Table 2.10 is 28.226

and this is less than that of (m, N)-policy as well as N-policy.




	Table 2
	CHAPTER I TO LIST OF PUBLICATIONS

