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Abstract. Contra continuous functions on generalized topological spaces
are introduced, and their characterizations and properties are investigated.

1. Introduction

The theory of generalized topological spaces, which was founded by
Csészar in recent years, is one of the most important developments of general
topology (see [1-6]). In [1], Csédszar introduced the concept of continuity on
GTS’s and gave characterizations and properties of this notion. W. K. Min
[7,8] introduced the concepts of weak continuity and almost continuity on
GTS’s, investigated properties of these notions and obtained relationships
among continuity, almost continuity and weak continuity on GTS’s. S. Bai
and Y. Zuo [11] introduced the concepts of g-a-irresolute functions.

The purpose of this paper is to investigate contra continuity on GTS’s.
We introduce the concept of contra continuity on GTS’s and give character-
izations and properties of this notion.

2. Preliminaries

We recall some basic concepts and results.

Let X be a nonempty set and let g be a family of subsets of X. ¢ is called
a generalized topology (briefly GT) on X if ) € g and G; € g for each i € [
# 0 implies U;c; Gi € g. We call the pair (X, g) a generalized topological
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space (briefly GTS). The elements of g are called g-open subset of X and
the complements are called g-closed subset of X.

Let (X, g) be a GTS. For A C X, the closure of A and the interior of A
in X are defined as the following;:

clg(A) = ({F: Fis g-closed in X and A C F},

int,(A) = U{V : Vis g-open in X and V' C A}.

In this paper, spaces always mean generalized topological spaces on
which no separation axiom is assumed. The family of all g-open subsets
of X and the family of all g-closed subsets of X are denoted by gO(X) and
gC(X), respectively. For x € X, the family of all g-open subsets containing
x and the family of all g-closed subsets containing = are denoted by gO (X, x)
and gC (X, z), respectively. We simply use cA and iA instead of cl;(A) and
int,(A), respectively. Sometimes, the generalized topology on X also is de-
noted by gx, i.e., gx = gO(X).

DEFINITION 2.1 [1]. A function f: (X, gx) — (Y, gy) is called (gx, gy )-
continuous, if f~1(V) € gO(X) for every V € gO(Y).

THEOREM 2.2 [1]. Let (X,gx) be a GTS and A C X. Then
(1) cA=X—i(X —A);

(2) iA=X — (X — A).

3. Contra continuity on GTS’s

DEFINITION 3.1. A function f: (X,gx)— (Y,gy) is called contra
(9x, gy )-continuous, if f~1(V) € gC(X) for each V € gO(Y).

EXAMPLE 3.2. Let X =Y ={a,b,¢,d}, gx =gy = {0,{a},{a,b},
{a,b,c}}. We define the function f: (X, gx) — (Y, gy) such that

f(a f(b):aa f(C):C, f(d>:d

) =
Since  [10) =0, 7 ({a}) = b}, f({ab)) = {a.b} and
f~t({a,b,c}) ={a,b,c} are g-open subsets of X, then f is (gx,gy)-
continuous.
Since {a,b} € gO(Y) and f~1({a,b}) = {a,b} ¢ gC(X), then f is not
contra (gx, gy )-continuous.
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EXAMPLE 3.3. Let X =Y = {a,b,¢,d}, gx = {0,{a,b,c¢}, X} and gy =
{0,{a},{a,b},{a,b,c},{a,c,d}}. We define the function f: (X,gx)—
(Y, gy) such that

fla) = f(b) = f(c) =d, [f(d)=c

Since f~X0) =0, f~1({a}) =0, f1({a,b}) =0, f*({a,b,c}) = {d}
and f~({a,c,d}) = X are g-closed subsets of X, then f is (gx, gy )-contra
(9x, gy )-continuous.

Since {a,b,c} € gO(Y) and f~1({a,b,c}) = {d} € gO(X), then f is not
(9x, gy )-continuous.

Then f is contra (gx, gy )-continuous. But f is not (gx, gy )-continuous.

From Examples 3.2 and 3.3, we have the following relations:

(9x, gy )-continuity — N ~ contra (gx, gy )-continuity.

DEFINITION 3.4. A function f: (X,gx)— (Y,gy) is called contra
(9x, gy )-continuous at some z € X, if for V € gC( Y, f(z)), there exists
U € gO(X,z) such that f(U) C V.

THEOREM 3.5. Let f: (X,g9x) — (Y,gy) be a function. Then the fol-
lowing are equivalent:

(1) f is contra (gx, gy )-continuous.

(2) f~YF) € gO(X) for any F € gC(Y).

(3) For each v € X and each V € gO(Y) with f(x) €V, there exists
U € gC(X) such that x ¢ U and f~4(V) C U.

(4) f zs contra (gX,gy) continuous at any r € X.

(5) fH(F) Cif T (F) for any F' € gO(Y).

(6) ef— (V) € f7(V) for any V € gO(Y).

(7) ef~1(iB) C f~ (ZB) forany BCY.

(8) f~Y(cB) Cif Y (eB) for any BCY.

PrROOF. (1) = (2). Let F € gC(Y). Then Y — F € gO(Y). By (1),
Y = F) =X — f7(F) € gO(X).

Thus f~1(F) € gO(X).
1) = (3). Let z € X and V € gO(Y) with f(z) € V. Then z & f~1(V).
By (1), f74(V) € gC(X). Put U = f~5V). Then f~}(V) C U and z ¢ U.
(3) = (1). Let V € gO(Y). Foreach z € f~1(Y — V), f(z) ¢ V. By (3),
there exists U, € gC(X) such that 2 ¢ U, and f~1(V) C U,. Then z €
X-U,CX—fYV)=f1Y —V). We have

U f{23c U &-)cfriy-v).

zef-1(Y=V) zef-1(Y=V)
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Thus f~'(Y = V) = Upes1v—v)(X = Uz) € gO(X). This implies f~'(V)
€ gC(X). Hence f is contra (gx, gy )-continuous.

(2) = (4). Let z € X and V € gC (Y, f(z)). By (2), f71(V) € gO(X).
Put U = f~1(V). We have U € gO(X,z) and f(U) C V.

(4) = (5). Let F € gC(Y). For each x € f~1(F), f(z) € F. By (4),
there exists U € gO(X,z) such that f(U) C F. Since z € U C f~1(F), we
have 2 € if~1(F). This implies f~Y(F) C if~'(F).

(5) = (6). Let V€ gO(Y). Then Y —V € gC(Y). By (5) and Theo-
rem 2.2,

Y =V)cif (Y = V) =i(X = f7H(V)) =X —cf (V).

Thus cf (V) c f~YV).
(6) = (7). Let BCY. Since iB € gO(Y), by (6), we have

cf~Y(iB) C f'(iB).

(7) = (8). Let BCY. By (7), cfL(i(Y
Theorem 2.2,

cfTHiY ~ B) = ef MY — eB) = (X — f}(eB)) = X —if (cB),

and f~1(i(Y — B)) = X — f~1(cB). Thus f~1(cB) Cif *(cB).
(8) = (1). Let B e gO(Y). Then Y — B € ¢gC(Y). By (8),
f

B)=f7'(Y = B)= [ (c(Y - B)) Cif!(e(Y - B))

=if Y (Y - B).

B)) c f7H(i(Y - B)). By

X —

By Theorem 2.2,

if (Y = B)=i(X - fU(B)) = X —cf\(B).

Then f~1(B) D cf~1(B). Thus f~(B) € gC(X). This shows that f is con-
tra (gx, gy )-continuous. O

DEFINITION 3.6. Let (X, gx) be a GTS and A C X. Then

(1) The set ({U € gx : A C U} is called the kernel of A in X. We denote
it by ker (A).

(2) The set cANc(X — A) is called the frontier of A in X. We denote it
by Fr (A).

ExAMPLE 3.7. Let X ={a,b,c,d} and gx = {0,{a},{a,c},{b,c},
{a,b,c}}. Let A={a,b}. Since {Uegx: AcU} ={{a,b,c}}, then
ker (A) = {a,b,c}. Since gC(X) = {{d},{a,d},{b,d},{b,c,d}, X}, then
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(FegO(X): ACF)={X}and {F e gO(X): X —AC F} = {{b,c,d},
X}. Then cA =X and ¢(X — A) = {b,c,d} N X = {b,c,d}. Thus

Fr(A)=cANnc(X — A) = {b,c,d}.

LEMMA 3.8. Let (X,g9x) be a GTS, A,BC X and x € X. Then the
following properties hold.

(1) A Cker(A).

(2) If A € gO(X), then A = ker (A).
(3) If A C B, then ker (A) C ker (B).
(4) x € ker (A) if and only if ANF # 0 for any F € gC(X, x).

PRrOOF. (1)-(2) Obvious.

(3) Suppose that ker (A) —ker(B) # 0. Pick z € ker (A) — ker (B).
x ¢ ker (B) implies B C U and x ¢ U for some U € gx. Since A C B, then
A C U. Note that x € ker (A), z € U, a contradiction. Thus ker (A) —ker (B)
= (. So ker (A) C ker (B).

(4) Let x € ker (A). Suppose that F € gC(X,z) and ANF =, then
ACX —F. Since X — F € gO(X), by (2) and (3),

ker (A) Cker (X — F) =X — F.

Then z € X — F. So x & F, a contradiction. Thus ANF # () for any
FegCX, x).

On the other hand, suppose that x & ker (A), then there exists U € gx
such that A C U and z € U. Since X —U € gC(X,z), then AN (X —U) # 0.
So A ¢ U, a contradiction. Thus = € ker (4). O

THEOREM 3.9. Let f: (X,gx) — (Y,gy) be a function. Then the fol-
lowing are equivalent.

(1) f is contra (gx, gy )-continuous;

(2) f(cA) Cker (f(A)) for any A C X;

(3) ef~1(B) C f~Y(ker (B)) for any BCY.

PROOF. (1) = (2). Let A C X. Suppose that f(cA) —ker (f(A)) # 0.
Pick y € f(cA) —ker (f(A)). By y & ker (f(A)), there exists F € gC(Y,y
such that f(A)NF =(. Then AN f~*(F) =0 and cAN f~}(F) = 0. This
implies that f(cA)NF =0 and y € f(cA). Thus f(cA) C ker (f(A)).

(2) = (3). Let BC Y. By (2),

fef~H(B)) Cker (f(f'(B))) C ker (B).
Thus c¢f1(B) C f~!(ker (B)).
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(3)=(1). Let BegO(Y). By (3), cf YB)C f1(ker(B)). By
Lemma 3.8, B =ker (B). Thus cf~*(B) C f~1(B). This implies f~!(B)
€gC(X). O

THEOREM 3.10. Let f: (X,gx) — (Y, gy) be a function. Put
P={zeX: fisnot(g9x,gy)-continuous at x},
then

P= U{Fr(ffl(B)) : BegC(Y, f(z)) and x € X }.

PROOF. Let zyp € P. Since f is not contra (gx,gy)-continuous at
zp, then there exists By € gC(Y, f(xg)) such that f(U) ¢ By for any
U € gO(X,x0). So U ¢ f~YBy) for any U € gO(X,x0). Thus UN (X —
f~Y(Bo)) #0 for any U € gO(X,z0). This implies zg € ¢(X — f~1(By)).
Note that f(xg) € Bo. Then z¢ € cf~1(By). Thus x € Fr (f~Y(Bo)).-
Hence

zo € | J{Fr (f7'(B)) : BegC(Y, f(x)) and z € X }.

On the other hand, let zo € U{Fr(f~*(B)): B € gC(Y,f(x)) and
T € X}. Then z¢ € X and zo € Fr (f~1(By)) for some By € gC (Y, f(z0))-
Since zg € ¢(X — f71(By)), then UN(X - f1(By)) #0 for any
U € gO(X,x0). Thus, there exists By € gC (Y, f(z0)) such that f(U) ¢ By
for any U € gO(X,zo). Hence f is not (gx, gy )-continuous at zg, that is
xg € P.

Therefore

P:U{Fr(f_l(B)) : BegC(Y,f(x)) andze X}. O

COROLLARY 3.11. A function f: (X,g9x) — (Y, gv) is (9x, gy )-continu-
ous at some x € X if and only if © & Fr (f~1(B)) for any B € gC(Y, f(x)).

COROLLARY 3.12. A function f: (X,g9x) — (Y, 9y) is (9x, gy )-continu-
ous if and only if

U{Fr(f'(B)) : BegC(Y, f(z) and x € X)} = 0.

4. Properties of contra continuity on GTS’s

By Theorem 3.5, we have the following
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THEOREM 4.1. Let f: (X,9x) — (Y,gv) and g: (Y,9v) — (Z,9z) be
two functions. Then the following properties hold:

(1) If f is contra (gx, gy )-continuous and g is (gy, gz)-continuous, then
the composition g o f is contra (gx, gz)-continuous.

(2) If f is (9x,9y)-continuous and g is contra (gy, gz)-continuous, then
the composition g o f is contra (gx, gz)-continuous.

DEFINITION 4.2. A function f: (X,gx) — (Y,gy) is called g-open, if
f(U) € gO(Y) for each U € gO(X).

THEOREM 4.3. If f: (X,g9x) — (Y,gy) is a surjective g-open function
and g: (Y,g9v) — (Z,97) is a function such that the composition go f :
(X,9x) — (Z,9z2) is contra (gx,gz)-continuous, then g is contra (gy,gz)-
continuous.

PROOF. Let F' € gC(Z). Since go f : X — Z is contra (gx, gz)-continu-
ous, then (go f)'(F) = f~' (g7 '(F)) € gO(X). Since f is surjective and
g-open, we have f(f_l(g_l(F))) =g Y(F) € gO(Y). Thus g is contra
(9v, gz)-continuous. [

LEMMA 4.4 [4]. Let {X4: a € A} be a family of GTS’s. Then the pro-
jection po : X — X4 is (9x,9x, )-continuous for any o € A, where X =

HaEA Xa.
By Theorem 4.1 and Lemma 4.4, we have the following

THEOREM 4.5. Let {Y, : o € A} be a family of GTS’s. If f: X —-Y
is contra (gx,gy)-continuous, then poo f: X — Y, is contra (gx,gy,)-
continuous for any o € A, where Y = [[,cp Yo and po : Y — Y, is the pro-
jection.

THEOREM 4.6. Let f: (X,gx) — (Y, gy) be a function and H € gC(X).
If f is contra (gx, gy )-continuous, then the restriction f|y : (H,gx|y) —
(Y, gy) is contra (gx|y, gy) -continuous.

PROOF. Let F € gO(Y). Since f is contra (gx,gy)-continuous, then
_ —1 _
f7UF) € gO(X). By HegCX), (flg) (F)=f1F)nH e gO(X).
Thus f| is contra (gx|y, gy )-continuous. [

LEMMA 4.7. Let (X,gx) and (Y, gy) be two GTS’s. If A € gC(X) and
B e gC(Y), then Ax Be gC(X xY).

PROOF. By hypothesis, cA = A, ¢B = B. By Proposition 2.3 in [4],
AxB=cAxcB=c(AxB). Hence Ax Be gC(X xY). O
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THEOREM 4.8. Let f: (X,g9x) — (Y,gy) be a function and let g:
(X,9x) = (X xY,gxxy) be the graph function of f, defined by g(x) =
(z, f(z)) for each x € X. If g is contra (gx,gxxy)-continuous, then f
is contra (gx, gy )-continuous.

ProOOF. Let V € gC(Y). By Lemma 4.7, X x V € gC(X xY). Since
g is contra (gx, gxxy )-continuous, by Theorem 3.5, ¢g71(X x V) € gO(X).
Note that g~ }(X x V) = f~}(V). By Theorem 3.5, f is contra (gx,gy)-
continuous. [

DEFINITION 4.9 [9,10]. Let (X, gx) be a GTS.

(1) X is called g-connected, if there are no nonempty disjoint g-open
subsets U, V of X such that UUV = X.

(2) X is called g-hyperconnected, if every nonempty g-open subset U
of X is g-dense (i.e., cU = X).

REMARK 4.10 [9]. (X,gx) is g-hyperconnected = (X, gx) is g-con-
nected.

The following Lemma 4.11 can be easily proved.

LEMMA 4.11. Let (X,gx) be a GTS. If U, V are nonempty disjoint
g-open subsets of X and UUV = X, then U,V € gC(X).

THEOREM 4.12. Contra continuous functions on GTS’s preserve g-con-
nectedness.

PRrROOF. Let f: (X,9x) — (Y, gy) be a contra (gx, gy )-continuous sur-
jection and let X be g-connected. Suppose that Y is not g-connected.
Then there are nonempty disjoint g-open subsets Vi, V5 of Y such that
ViuVe =Y. By Lemma 4.11, V;, V5 € gC(Y'). Since f is contra (gx, gy )-
continuous, then f=1(V1), f~1(Va) € gO(X). Note that f~1(V4) N f~1(Va)
#0and X = f~1(V1) U f~1(V2). Then X is not g-connected, contradiction.
Thus Y is g-connected. [

COROLLARY 4.13. Contra continuous images of g-hyperconnected spaces
are g-connected.

DEFINITION 4.14. Let f: (X,gx) — (Y, gy) be a function. The graph
G(f) = {(ac, f(z)) sz e X} of f is called contra-(gx, gy )-graph, if for each
(x,y) € X xY —G(f), there are A€ gO(X,x), B € gC(Y,y) such that
(Ax BYNnG(f) =0.

THEOREM 4.15. Let f: (X,gx) — (Y,gy) be a function and let G(f)
be the graph of f. Then the following are equivalent.

(1) G(f) is contra-(gx, gy )-graph.
(2) For each (z,y) € X xY — G(f), there are A€ gO(X,z) and B €
gC(Y,y) such that f(A)N B = 0.
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PRrROOF. The proof follows from the fact that (A x B) N G(f) = 0 if and
only if f(A)NB=0forany AC X and BCY. O

DEFINITION 4.16. Let (X, gx) be a GTS.

(1) X is called g-Urysohn, if for each pair of x1,x2 € X with x1 # x2,
there are U € gO(X,x1), V € gO(X, x2) such that ¢U NcV = .

(2) X is called g-T» [6,9], if for each pair of z1,29 € X with z; # z9,
there are U € gO(X,x1), V € gO(X,x2) such that UNV = (.

(3) X is called ¢g-T1 [6], if for each pair of z1,x2 € X with x; # w2, there
are U € gO(X,z1), V € gO(X,x2) such that zo € U and z1 ¢ V.

THEOREM 4.17. Let f: (X,9x) — (Y, gy) be contra (gx, gy)-continu-
ous. If Y is g-Urysohn, then G(f) is a contra-(gx, gy )-graph and closed in
X xY.

PrOOF. Let (z,y) € X xY —G(f). Then f(z)#y. Since Y is g-
Urysohn, then there are U € gO(Y, f(x)), V € gO(Y,y) such that cU NcV
= (). Note that cU € gC(Y, f(x)). Since f is contra (¢gx, gy )-continuous, by
Theorem 3.5, there are A € gO(X,x) such that f(A) C cU. Put B=cV.
Obviously, B € gC(Y,y) and f(A)N B =0. By Theorem 4.15, G(f) is a
contra-(gx, gy )-graph.

Note that f(z) €e U and cUNcV =0. Then f(x)¢cV. Thus x €
X — f7eV). So (z,y) € (X — f71(cV)) xV € gO(X) x gO(Y). We claim
that (X — f~1(cV) x V)N G(f) = 0. Otherwise, pick (a,b) € (X — f~1(cV)
x VYNG(f). (a,b) € G(f) implies b = f(a). (a,b) € X — f~1(cV) x V im-
plies f(a) & ¢V and b € V. Then f(a) € V C ¢V, a contradiction. Thus

(z,y) € (X — fHeV)) xVC X xY —G(f).

This implies X x Y —G(f) € gO(X xY). Hence G(f) is g-closed in X x Y.
g

THEOREM 4.18. Let f: (X,g9x) — (Y, gy) be a contra (9x, gy )-continu-
ous injection. If Y is g-Urysohn, then X is g-T5.

PROOF. Let z1,z9 € X with 21 # xo. Put y1 = f(x1), y2 = f(x2). Then
y1 # yo. Since Y is g-Urysohn, then there are V4 € gO(Y, y1), V2 € gO(Y, y2)
such that ¢V NcVy = 0.

Since f is contra (gx, gy )-continuous, then f=1(cV3), f~1(cVa) € gO(X).
Put U; = f_l(cvl), Uy = f_l(CVQ). Then x1 € Uy, 9 € Us and Uy NUy = 0.
Thus X is g-T». U

Finally, we give Theorem 4.19 in order to compare with the results in
Theorem 4.17 and Theorem 4.18.

THEOREM 4.19. Let f: (X,gx) — (Y, gy) be a contra (gx, gy )-continu-
ous injection. If G(f) is contra-(gx, gy )-graph, then X is g-T7.
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PROOF. Let z1,29 € X with 21 # x9. Since f is injective, then f(z1)
# f(z2). We have (1, f(x2)) € X xY — G(f). By Theorem 4.15, there are
U € gO(X,z1) and B € gC(Y, f(x2)) such that f(U)N B =10. Since f is
contra (gx, gy )-continuous, then f~1(B) € gO(X, x2).

Put f~Y(B)=V. 21 €U and f(U)NB =0 imply f(x1) ¢ B. Thus
z1 €V. f(U)N B = () implies UN f~Y(B) = 0. By f(z2) € B, z2 ¢ U. Thus
Xisg-Ty. O
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