Chapter 6

Weaker Forms of 8§ Ps-continuity

6.1 Introduction

Continuity and multi-functions are basic topics in several branches of mathematics
such as in general topology, set valued analysis. Several different forms of continuous multi-
functions have been introduced and studied over the years. Many authors have researched and
studied several stronger and weaker forms of continuous functions and multi-functions. The
aim of this chapter is to give a new weaker form of some types of continuity including almost
& Ps-continuity and weakly & Ps-continuity. In this chapter, almost dPs-continuity and weakly
& Ps-continuity is introduced and studied. Also, the notion of almost & Ps-continuous functions
and weakly ¢&Pg-continuousfunctions is introduced and characterizations and some

relationships are investigated and obtained.
6.2 Almost 8P¢-Continuous Functions

Definition 6.2.1: A function f: (X,t) = (Y, 0) is called almost 8 Ps-continuous function at
a point x € X if for each open set V of Y containing f(x), there exists a § Ps-open set U of X
containing x such that f(U) < Int(8C1(V)). If f is almost §Ps-continuous at every point of X,
then it is called almost & Ps-continuous.
Note 6.2.2. For an open set §CI(V) = CI(V) [Proposition 1.3.18(b)]. Hence in the
definition f(U) € IntCL(V).
Theorem 6.2.3: The following results supervene from their definitions directly:

a) Every 6 Pg-continuous functions is almost § Pg-continuous.

b) Every almost Ps-continuous function is almost § Ps-continuous.

Proof: (a) Let f:(X,t) = (Y,0) be §Ps-continuous. Then for x € X and V € ¢ containing
f (x) there exists a § Ps-open set U in X containing x suchthat f(U) €V ——» (1)
ThenV < CL(V). Since Visopen,V = IntV < Int CI(V) — (2

«~ From (1) & (2) V € Int CL(V)

Hence from Note 6.2.2, f is almost § Pg-continuous function.

(b) Every almost Pg-continuous function is almost & Ps-continuous function

Let f:(X,t) — (Y,0) be almost Ps-continuous function. Then for x€X and V €o
containing f (x) there exists a § Pg-open set U in X containing x such that f(U) < IntCI(V).

Since every Ps-open set is 8 Ps-open, from Note 6.2.2, f is almost § Pg-continuous.
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Proposition 6.2.4: If a function f: (X,t) = (Y,0) is é-continuous, then f is almost &Ps-
continuous.

Proof. From Proposition 1.3.9, Every -continuous is almost 6 Ps-continuous. From Theorem
6.2.3(b) every almost §Pg-continuous functions is almost § Pg-continuous. Therefore, every
&-continuous function is almost & Pg-continuous functions.
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The following examples substantiate the converse of Theorem 6.2.3(a) is generally not
true.
Example 6.2.5. Let X = {a, b, c} with the two topologies 7 = {X, 8, {a}, {b}, {a, b}, {a, c}}
and o = {X, 0,{a}, {a, b}}; then the §P;0(X) = {X, @, {b},{c}, {a, c}, {b, c}} with respect to 7.
Let f:(X,7) = (X, 0) be the identity function, for a € V = {a} or {a, b}, then there exists
U = {a,c}such that f(U) = {a,c} = Int(Cl({a, c}) = X. Then f is almost § Ps-continuous,
but it is not § Ps-continuous, because f(U) = {a,c} € V = {a} or {a, b}.

The following example substantiate the Theorem 6.2.3(b) is not true in general.

Example 6.2.6. Let X = {a, b, c, d} with the two topologies
T ={X,0,{a},{a,b},{a,b,c},{a,b,d}and 6 = {X, 0,{a},{c,d},{a,cd}}. Let f:(X,T) —>
(X, 0) be defined by f(a) = f(b) =b,f(c) =cand f(d) =d. Then for a and b,
f(a) = f(b) =b € X and Int CI(V) = X. Therefore, there exists §P;0(X) = X € a and
dP;0(X) ={b} S bsuchthat f(U) =X € Xandf(U) = {b} < X, for
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f(c) € {c,d},{a,c,d} =V and but there exists f(c) = U such that f(U) = {c} < {c,d} and
X. Hence f is almost § Ps-continuous but not almost Pg-continuous.

The following example shows that almost § Ps-continuous but not §-continuous.
Example 6.2.7. Let X = {a, b, ¢, d} with the two topologies T = {X, @, {a},{b },{a,b }} and
o ={X,0,{a},{a b}, {a,b,c} {a b,d}}; Let f:(X,7) = (X,0) be identity functions for
b € X and V = {b} € o there exists U = {a, b} containing b which is § Ps-open in X such that
fU) ={a,b} S Int 5CI(V) = Int(X) = X. Here f is almost 6 Ps-continuous but not §-
continuous. Since f(Int CL(U)) = f(Int(Cl{a,b}) = f(X) =Y € Int CI(V) =
Int CL({b}) = Int{b,c,d} = Q.

Remark 6.2.8: The following theorem gives the characterizations to almost & Ps-continuous
functions.
Theorem 6.2.9. For a function f: (X,7) = (Y, o), the following statements are equivalent:
a) f isalmost §Pg-continuous.
b) For each x € X and each §-open set V of Y containing f(x) there exists a § Ps-open
set U in X containing x such that f(U) < sCIV.
c) For each x € X and each regular open set V of Y containing f(x), there exists a
dPs-open set U in X containing x such that f(U) € V.
d) For each x € X and each open set V of Y containing f(x), there exists a § Ps-open
set U in X containing x such that f(U) € V.

Proof. (a) = (b). Let x € X and let V be any open set of Y containing f (x). By (a), there
exists a § Pg-open set U of X containing x such that £ (U) € sCIL(V).

(b) = (c). Let x € X and let V be any regular open set of Y containing f (x). Then V is an
open set of Y containing f (x). By (b), there exists a § Ps-open set U in X containing x such
that £(U) < sCL(V). Since V is regular open and hence is an open set. Therefore, by Lemma
1.3.10, f(U) < Int CL(V). Since V isregular open, f(U) € V.

(c) = (d). Let x € X and let V be any 6-open set of Y containing f(x). Then for each
f(x) €V, there exists an open set G containing f(x) such that G < Int CL(G) < V. Since
Int CI(G) is a regular open set of Y containing f (x), by (c), there exists a § Pg-open set U in
X containing x such that f(U) < Int CI(G) € V.

(d) = (a). Let x € X and let V be any open set of Y containing f(x). Then Int CI(V) is
open set of Y containing f (x). By (d), there exists a § Ps-open set U in X containing x such
that f(U) < Int CL(V). Therefore, f is almost § Ps-continuous.
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Theorem 6.2.10. For a function f: (X,t) = (Y, 0), the following statements are equivalent:
a) f is almost § Pg-continuous.
b) f~1(Int CI(V)) is §Ps-open in X, for each opensetV inY.
c) fY(ClInt(F)) is 6Ps-closed set in X, for each closed set F in Y.
d) fI(F) isa&Ps-closed set in X, for each regular closed set F of Y.
e) f~1(V)isa &Ps-open setin X, for each regular open set V of Y.

Proof. (a) = (b). Let V be any open set in Y. We have to show that f~1(Int CL(V)) is a 6 Ps-
open set in X. Let x € f~1(Int CL(V) and Int CL(V) is a regular open set in Y. Since f is
almost & Ps-continuous, by Theorem 6.2.9, there exists a § Pg-open set U of X containing x
such that f(U) € Int CL(V), which implies that x € U € f~(Int CL(V)). Therefore,
f~Y(Int CL(V) is a 6 Pg-open set in X.

(b) = (c). Let F be any closed set of Y. Then Y\ F is an open set of Y. By (b),

f~t(Int CL(Y\F)) is a §Ps-open set in X and £~ (Int CL(Y\F) = f~(Int(Y\F)) =

f Y Y\ClLInt(F)) = X\fY(ClLInt(F)) is a §Ps-open set in X and hence f~1(Cl Int(F))
isa 6Pg-closed setin X .

(c) = (d). Let F be any regular closed set of Y . Then F is a closed set of Y . By (c),
f~Y(ClInt(F)) is a 6Ps-closed set in X. Since F is a regular closed set, then
f~Y(ClInt(F)) = f~1(F). Therefore, f~1(F) is a § Ps -closed set in X.

(d) = (e). Let V be any regular open set of Y. Then Y\V is a regular closed set of

Y and by (d), we have f~1(Y\V) = X\f~1(V) is a §Ps-closed set in X and hence f~1(V) is
6 Ps-open in X.

(e) = (a). Let x € X and let VV be any regular open set of Y containing f(x). Then x €
f~Y(V). By (e), we have f~1(V) is a §Ps -open set in X. Therefore, we obtain f(f~1(V)) €
V. Hence by Theorem 6.2.9, f is almost & Ps-continuous.

The following result can be proved easily from the above Proposition.

Proposition 6.2.11. If f is almost § P -continuous then f~1(F) is a § Ps-closed set for each
clopen set F.

Proof: Let f:(X,7) = (Y,0) be almost §Ps-continuous and F be a clopen set. By (c) of
Theorem 6.2.10, f~1(Cl Int(F)) is §Ps-closed. Since every clopen set is open, int(F) = F
and since F is closed we get Cl Int(F) = CI(F) = F.

~ f7Y(F)isa 6Ps-closed in X.
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Theorem 6.2.12. For a function f: (X,t) = (Y, 0), the following statements are equivalent:
a) fisalmost § Ps-continuous.
b) f(6PsCI(A)) < Clsf(A), foreach A c X.
c) 6PClLf~Y(B) € f~Cls(B), foreachB c'Y.
d) f~(F) is §Ps-closed in X, for each &-closed set F of Y.
e) fY(V) is §Ps-open setin X, each §-open set V of Y.
f) f~l(IntsB) < §P;f1(B), foreachB Y.

Proof. (a) = (b). Let A be a subset of X. Since Clsf (A) is §-closed set in Y, so 6Cl f(A) =N
{F,/a € Aand F, € RC(Y)}.
Now, f(A) € 6 CL f(A) =n {F,}
ACfHSCLEA) = FH0 {FD =0 (FHED) > (1)
Then A € f~YF,}Va € A
f(A) € F,,a € A, Then by Theorem 6.2.10(d) and by (1) f~1(F,) is § Ps-closed in X, since
E, is regular closed and N,ea(f 71 (F,)) is 8 Ps-closed. > (2)
Hence f~1(8 CL(f(A))) is 6 Pg-closed. — 3
Now, A € f~1(6 Cl f(4))
§Pg CL(A) € §Ps CL(f (8 CL£(A)))
8P Cl(A) € f~1(8 CL f(A)) from (3)
=~ f(6Ps Cl(A) S 6 CLf(A)
(b)= (c). Let B be any subset of Y. Then f'(B) is a subset of X. By (b), we have
f(8PCLF~Y(B)) < Cls(f(f~1(B)) = Cls(B). Hence §PsCL(f~1(B) < f~*(Cls(B)).
(c)= (d). Let F be any 6-closed setof Y. Then F = § CI(F) —— > (1)
Then by (c), §P; CLf~Y(F) € f~X(6 CLF) = f~1(F) from (1) and hence f~1(F) is §Ps-
closed in X.
(d)= (e). Let V be any 6-open set of Y. Then Y \ V is 6-closed set of Y and by (d), we have
f 1Y \WW) = X\ f (V) is § Pg-closed set in X. Hence f (V) is § P -open set in X.
(e)= (f). For each subset B of Y. We have § Int(B) € B. Then
f1(8 Int(B)) € f1(B) > (1)
By (e), since & Int (B) is 6-open, we get f~1(8 Int B) is 6§ Pg-open.
Then (1) = 8P Int(f (8 Int (B)) € 8P Int(f~*(B))
= f~1(8 Int(B)) € 6Ps Int(f~1(B))

()= (a). Let x € X and V be any regular open set of Y containing X. Hence V is &-open.
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W SInt(V) =V > (1)
Moreover, by (), f~1(6 Int(V)) € 6PsInt(f~1(V)) —* (2)

From (1) & (2), f~1(V) € 8Ps Intf~1(V)

~ f7Y(V) is a §Ps-open set in X which contains x and we know f(f~1(V)) € V. Hence by

Theorem 6.2.9 (c) we get f is almost § Pg-continuous.
Theorem 6.2.13. For a function f: (X,t) = (Y, 0), the following statements are equivalent:
a) fisalmost §Ps-continuous.
b) 8PsCLf~1(V) € f~1(CLV), for each B-opensetV of Y.
¢) f~l(IntF) € 8§PsInt f~1(F), for each B-closed set F of .
d) f~(Int F) € §PsInt f~1(F), for each semi-closed set F of Y.
e) 6PCLf~1(V) < f~1(CLV), for each semi-open setV of Y.
Proof. (a) = (b). Let V be any B-open set of Y. It follows from Lemma 1.3.11 that CI(V) is
regular closed set in Y. Since f is almost &Ps-continuous, by Theorem 6.2.10(d),
f1(CL(V)) is 6Ps-closed set in X. Therefore, we obtain
fHCUV) = SPsfTHCL(V) — @
Now V € CL(V) = f1(V) c f~1(CL(V)) = §PsCI(f~1(V)) € §PCL(f1CU(V)) =
frcl(v) [ From (1)]
Hence §P;CL(f~1(V)) € f1(CL(V)).
(b)= (c). Let F be any B-closed set of Y. Then Y\F is B-open set of Y and by (b), we have
SP;CLfY(Y\F) € f~Y(CI(Y\F)) and &P,CL(X\f *(F)) € f~1(Y\Int F) and hence,
X\6PsInt f~1(F) € X\f~(Int F). Therefore, f~1(Int F) S 6PsIntf 1 (F).
(c)= (d). Obvious since every semi-closed set is B-closed.
(d)= (e). Let V be any semi-open set of Y. Then Y \ V is semi-closed set in Y and by (d),
we have f~1(Int(Y\V)) € §PsInt f~1(Y\V) and f~1(Y\CLV) € §PsInt(X\f~1(V)) and
hence, X\f~1(CLV) € X\S8PsCL f~1(V). Therefore, §P;CL f~1(V) € f~1(CLV).

(e)= (a). Let F be any regular closed set of Y. Then F is a semi-open set of Y. By (e), we
have §PsCL f~1(F) € f~X(ClLF) = f~Y(F) [Since every regular closed set is closed]. This
shows that f~1(F) is a § Ps -closed set in X. Therefore, by Theorem 6.2.10(d), f is almost

6 Pg-continuous.

Corollary 6.2.14. For a function f: (X, t) = (Y, 0), the following statements are equivalent:
a) fisalmost 6 Pg-continuous.
b) SPsCL(f~1(V)) € f~1(aCl(V)), for each B-open setV of Y.
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c) SPCL(f~1(V)) € f~1(Cls(V)), for each B-open set V of Y.
d) 6PCL(f~1(V)) € f~1(8PsCL(V)), for each semi-open set V of Y.
e) SPCL(f~Y(V)) € f~Y(pCL(V)), for each semi-open setV of Y.

Proof. (a) = (b). Follows from Proposition 6.2.13 and Theorem 1.1.19(c)

(b)= (c). Follows from the fact that aCL(V) < ClsV.
(c)= (d) and (d) = (e). Follows from Proposition 6.2.13 and Lemma 2.4.17.
(e) = (f). Follows from Proposition 6.2.13 and Lemma 2.4.17.

The following result also can be concluded directly.

Corollary 6.2.15. For a function f: (X, ) — (Y, o), the following statements are equivalent:
a) fisalmost §Pg-continuous.

b)f (alntF) S 6PsInt f~1(F), for each p-closed set F of Y.

c)f *(IntsF) € 8PsInt £~1(F), for each B-closed set F of Y.

d)f 1(§PsIntF) € §PgInt f~1(F), for each semi-closed set F of Y.
e)f 1(p IntF) € 6PsInt f~1(F), for each semi-closed set F of Y.

Proposition 6.2.16. A function f: (X, t) = (Y, 0) is almost § Ps-continuous if and only if
f (V) € 8PgInt f *(IntCl V) for each preopen set VV of Y.
Proof. Necessity. Let V be any preopen set of Y. Then V < IntCl V and IntCl V is a regular
open set in Y. Since f is almost §Ps-continuous, by Theorem 6.2.10(e), f *(IntCl V) is §P;-
open set in X and hence we obtain that f (V) S f *(IntCl V) = § PgIntf ~*(IntCl V).
Sufficiency. Let V be any regular open set of Y. Then V is a preopen set of Y. By hypothesis,
we have f~1(V) € §PsIntf~*(Int CI(V)) = §PsInt f~*(V). Therefore, f~1(V) is &Ps-
open set in X and hence by Theorem 6.2.10(e), f is almost & Ps-continuous.

We obtain the following corollary.

Corollary 6.2.17. The following statements are equivalent for a function f: (X,7) — (Y, 0):
a) fisalmost & Ps-continuous.

b) f (V)< 8PlInt f 1(sClIV) for each preopen set V of Y. [Theorem 1.3.17]
c) 8P,CIf Y(ClIntF) < f *(F) for each preclosed set F of Y.
d) 6P,Clf Y(sIntF)< f (F) for each preclosed set F of Y .

Corollary 6.2.18. For a function f: (X, t) = (Y, g), the following statements are equivalent:
a) fisalmost §Ps-continuous.
b) For each neighborhood V of f(x), x € 8P Int f }(sCI V).
c) For each neighborhood V of f (x), x € 8PsInt f *(IntCI V).
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Proof. Follows from Proposition 6.2.16 and Corollary 6.2.17.
Proposition 6.2.19. Let f: (X,t) = (Y, 0) be an almost & Ps-continuous function and let V
be any open subset of Y. If x € P;CI f (V) \ f }(V), then f (x) € §P;CI V.
Proof. Let x € X be such that x € §P;CI f (V) \ f "}(V) and suppose f(x) & 8PsCL(V).
Then there exists a § Ps-open set H containing f (X) suchthat HN'V=@. ThenCIHN V =0
implies IntCI H NV =@ and IntCl H is a regular open set. Since f is almost § Ps-continuous,
by Theorem 6.2.9(c), there exists a § Ps-open set U in X containing x such that f (U) SIntCl
H. Therefore, f (U) N 'V = @. However, since x € §P;CL(f~1(V)), U N f1(V) = @
for every § Ps-open set U in X containing X, so that f(U) NV # @. We have a contradiction.
It follows that f(x) € §PsCL(V).
Theorem 6.2.20. If a function f: (X, 1) = (Y, 0) is almost precontinuous. Then the following
statements are equivalent:
a) fisalmost §Ps-continuous.
b) Foreach x € X and each open set V of Y containing f (x), there exists a semi-closed
set F in X containing x such that f (F) < Int CI V.
c) Foreach x € X and each open set V of Y containing f (x), there exists a semi-closed
set F in X containing x such that f (F) € sCIV.
d) For each x € X and each regular open set V of Y containing f (x), there exists a
semi-closed set F in X containing x such that f (F) € V.
e) For each x € X and each 6-open set VV of Y containing f (x), there exists a semi-
closed set F in X containing x such that f (F) € V.
Proof. (a) = (b). Let x € X and let V be any open set of Y containing f (x). By (a), there
exists a § Ps-open set U of X containing x such that f (U) < Int CI V. Since U is § Ps-open
set, so for each x € U there exists a semi-closed set F in X such that x € F € U. Therefore, we
have f(F) S IntsCIV.
(b)= (c). Obvious as IntClL(V) < sCL(V).
()= (d). Let x € X and let V be any regular open set of Y containing f (xX). Then V is an
open set of Y containing f (x). By (c), there exists a semi-closed set F in X containing x such
that f (F) € sCIl V. Since V is regular open and hence is preopen. Therefore, by Lemma
1.3.12,
f (F) < IntCl V. Since V is regular open, then f (F) € V.
(d)= (e). Let x € X and let V be any &-open set of Y containing f (x). Then for each f (x) €
V, there exists an open set G containing f (x) such that G < IntCIG < V. Since IntCIG is a

regular open set of Y containing f (x), by (d), there exists a semi-closed set F in X containing

A New Class of Open Sets using 3-Preopen Sets 130



x such that f (F) < IntCIG <V. This completes the proof.

(e)= (a). Let V be any §-open set of Y. We have to show that f (V) is a §Ps-open set in X.
Since f is almost precontinuous, by Lemma 1.3.13(c), f “*(V) is a preopen set in X. Since
every preopen set is 6-preopen we get f~1(V) is §-preopen. Let x € f *(V), then f (x) € V.
By (e), there exists a semi-closed set F of X containing x such that f (F) € V. Which implies
that x € F € f (V). Therefore, f (V) is § Pg-open set in X. Hence by Theorem 6.2.12(e), f is
almost & Pg-continuous.

Proposition 6.2.21. A function f: (X, 1) = (Y, 0) is almost § Ps-continuous if and only if
f:(X,t) = (Y, 0) is § Ps-continuous.

Proof. Necessity. Let H € oy, then H is a regular open set in (Y, ¢). Since f:(X,7) = (Y,0)
is almost §Ps-continuous, by Theorem 6.2.10(e), f *(H) is 6Ps-open set in X. Therefore,
f:(X, 1) = (Y, 0) is § Ps-continuous.

Sufficiency. Let G be any regular open set in (Y, o). Then G € o;. Since f: (X, 1) = (Y, 05)
is 8 Pg-continuous, by Definition 5.2.1, f }(G) is § Pg-open set in X. Therefore, by Theorem
6.2.10(e), f: (X, 1) = (Y, 0) is almost § Pg-continuous.

Proposition 6.2.22. Let X be a locally indiscrete space. Then the function f: (X,7) —= (Y, 0)
is almost § Pg -continuous if and only if f: (X, 1) — (Y, 05) is continuous.

Proof. Necessity. Let H € g, then H is a regular open set in (Y, o). Since f: (X, 1) = (Y, 0)
is almost §Ps-continuous, by Theorem 6.2.10(e), f *(H) is 8Ps -open set in X. Since X is
locally indiscrete space, by Proposition 2.2.31, f "(H) is open set in X. Therefore, f: (X, 1) -
(Y, a,) is continuous.

Sufficiency. Let G be any regular open set in (Y, ). Then G € os. Since f:(X,t) = (Y, 0)
is continuous, so f “*(G) is open set in X. Since X is locally indiscrete space, by Proposition
2.2.31, f }(G) is 8Ps-open set in X. Therefore, by Theorem 6.2.10(e), f:(X,7) = (Y,0) is
almost & Ps-continuous.

Corollary 6.2.23. If f:(X,7) = (Y, 0)is almost §Ps-continuous function if and only if f is

almost continuous where X is locally indiscrete space.

6.2.1 Properties and Comparisons
In this section, we give some properties of almost &Ps-continuous functions and
compared it with other types of continuous functions.
Proposition 6.2.1.1. Let f: (X,7) = (Y,0) be an almost &Ps-continuous function. If A is
either open or regular semi-open subset of X, then f|A : A — Y is almost § Ps-continuous in

the subspace A.
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Proof. Let V be any regular open set of Y. Since f is almost § Pg-continuous, by Theorem
6.2.10(e), f "*(V) is §Ps-open set in X. Since A is either open or regular semi-open subset of
X. By Lemma 2.3.5, (f |[A(V) = f }(V)N A is a §Pg-open subset of A. This shows that f
|A:A — Y is almost § Pg-continuous.
Corollary 6.2.1.2. Let f: (X,7) = (Y,0) be almost § Pg-continuous function. If A is regular
open subset of X, then f|A: A — Y is almost § Pg-continuous in the subspace A.
Proof. Follows from Proposition 6.2.1.1, as every regular open set is regular semi-open
Proposition 6.2.1.3. A function f: (X,t) = (Y, 0) is almost § Ps-continuous, if for each x €
X, there exists a regular open set A of X containing x such that f |A: A — Y is almost §Ps-
continuous.
Proof. Let x € X, then by hypothesis, there exists a regular open set A containing x such that
f |A: A — Y is almost §Ps-continuous. Let V be any open set of Y containing f (x), there
exists a § Pg-open set U in A containing x such that (f |A) (U) € Int §CI V. Since A is regular
open, by Lemma 1.3.14, U is § Ps-open set in X and hence f (U) € Int §CI V. This shows that
f is almost § Pg-continuous.
Corollary 6.2.1.4. Let {U,:y € A} be a regular open cover of a topological space X. A
function f:(X,7) = (Y, 0) is almost § Ps-continuous if and only if f |U, : U, — Y is almost
6 Ps-continuous for each y EA.
Proof. This is an immediate consequence of Corollary 6.2.1.2 and Proposition 6.2.1.3.
Proposition 6.2.1.5. If X =R U S, where R and S are regular open sets and f: (X, 1) = (Y, 0)
is a function such that both f |R and f |S are almost & Ps-continuous, then f is almost & Ps-
continuous.
Proof. Let V be any regular open set of Y. Then f (V) = (F|[R) }(V ) U (|S) (V). Since f
IR and f |S are almost §Ps-continuous, by Theorem 6.2.10(e), (f [R) (V) and (f|S) (V) are
6 Ps-open sets in R and S, respectively. Since R and S are regular open sets in X, then by
Proposition 2.3.2, (f |R) (V) and (f|S) (V) are § Ps-open sets in X . Since a union of two
8Ps-open sets is §Pg-open, hence f (V) is a §Ps-open set in X. Therefore, by Theorem
6.2.10(e), f is almost § Ps-continuous.

In general, if X = U{K, : y € A}, where each K, is a regular open set and f: (X, t) -
(Y, 0) is a function such that f |K, is almost & Ps-continuous for each vy, then f is almost §Ps-
continuous.
Proposition 6.2.1.6. Let f:(X,t) = (Y,0) be almost §Ps-continuous and let A be either
open or regular semi- open subset of X such that f (A) is dense in Y. Then f|A: A — f(A) is

almost & Ps-continuous.
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Proof. Let O be a regular open subset of f(A). Then by Lemma 1.3.14. O = f (A) N IntC1 O.
Thus, (f |A)1(0) = ( f |A)*( f(A)NIntCl O) = ( f]A) X f (A)N( £ |A) (IntCl O) = AN(f
IA) 1(IntCl 0)= AN f *(IntCI O) = AN f *(0). Since f is almost §Ps-continuous, by
Theorem 6.2.10(b), f *(0)=f “*(IntCI O) is §Ps-open in X. Since A is either an open or a
regular semi-open subset of X. Then by Corollary 2.3.7, (f |A) }(O) is 8Ps-open set in the
subspace A. Therefore, by Theorem 6.2.10(e), f|A: A —f (A) is almost § Ps-continuous.

The following is the pasting lemma for almost 8 Pg-continuity

Lemma 6.2.1.7. Let X = R; U R,, where R; and R; are regular open sets in X. Letf: Ry — Y
and g : R, — Y be almost § Pg-continuous. If f (X) = g (x) for each x € R N R,. Thenh : Ry U
R, — Y such that h(x) = f (x) for x € Ry and h(x) = g (x) for x € Ry is almost § Ps-continuous.
Proof. Let O be a regular open set of Y. Now h™*(0) = f }(O) u g }(0). Since f and g are
almost & Ps-continuous, by Theorem 6.2.10(e), f *(O) and g “*(O) are §P;-open set in R; and
R, respectively. But R; and R, are both regular open sets in X. Then by Proposition 2.3.2,

f (0) and g *(O) are §Ps-open sets in X. Since union of two §Pg-open sets is §Ps-open, so
h™(0) is a § Pg-open set in X. Hence by Theorem 6.2.10(e), h is almost & Pg-continuous.
Proposition 6.2.1.8. Let f:(X,t) = (Y,0) be almost &Pg-continuous surjection and A be
either §-open or regular semi-open subset of X. If f is an open function, then the function g :
A — T (A), defined by g (x) = f (x) for each x € A, is almost § Ps-continuous.

Proof. Suppose that H = f (A). Let x € A and V be any open set in H containing g(x). Since
HisopeninY and V isopenin H,so V isopenin Y. Since f is almost & Ps-continuous, hence
there exists a §Ps-open set U in X containing x such that f(U) < Int(6CL(V)). Taking
W = U N A, since A is either open or regular semi-open subset of X, by Proposition 2.3.5, W
is a §Pg-open set in A containing x and g(W) € IntyCly(V) N H = Inty Cly (V). Then
gW) < IntyCly (V). This shows that g is almost & Ps-continuous.

Proposition 6.2.1.9. Let f: (X,t) = (Y,0) Y be almost &Ps-continuous. If Y is a preopen
subset of Z, then f: (X, 1) = (Z,n) is almost § Pg-continuous.

Proof. Let V be any regular open set of Z. Since Y is preopen, by Lemma 1.3.15, VN Y is a
regular open set in Y. Since f: X — Y is almost § Pg-continuous, by Theorem 6.2.10(e),

f Y(VNY)isa&Ps-open setin X. But f (x) € Y for each x € X. Thus f (V) =f (VN Y)is
a 6Ps-open set of X. Therefore, by Theorem 6.2.10(e), f:(X,t) = (Z,n) is almost §Ps-

continuous.

A New Class of Open Sets using 3-Preopen Sets 133



Proposition 6.2.1.10. Let f: (X,t) = (Y,0) and g:(Y,0) = (Z,n) be functions. Then the
composition function g o f: (X, t) = (Z,n) is almost 6§ P -continuous if f and g satisfy one of
the following conditions:

a) fis §Ps -continuous and g is almost continuous.

b) fisalmost § Ps -continuous and g isd-continuous.

c) fiscontinuous and open and g is almost & Ps-continuous.

d) f isalmost § Ps-continuous and g is RC-continuous.
Proof. (a). Let W be any regular open subset of Z. Since g is almost continuous, (f ° g)
(W) is open subset of Y. Since f is §Ps-continuous, by Definition 5.2.1, (g o f) (W) = f
g "{(W)) is 8Ps-open subset in X. Therefore, by Theorem 6.2.10(e), g o f is almost §Ps-
continuous.
(b). Let W be any 8-open subset of Z. Since g is 8-continuous, (f o g) (W) is 8-open subset
of Y. Since f is almost § P-continuous, by Theorem 6.2.12(e), (g o f ) *(W ) = f (g "}(W))
is 8 Ps-open subset in X . Therefore, by Theorem 6.2.12(e), g o f is almost § Ps-continuous.
(c). Let W be any regular open subset of Z. Since g is almost §Ps-continuous, by Theorem
6.2.10(e), g (W) is &Pg-open subset of Y. Since f is continuous and open, by Proposition
5.2.9, f (g H(W)) = (g o f) (W) is a §Ps-open set in X. Hence by Theorem 6.2.10(e), g o f
is almost & Pg- continuous.
d) Let W be any open subset of Z. Since g is RC-continuous, g~*(W) is regular closed
subset of Y. Since f is almost § Pg-continuous, then (g o f)~*(W) = (g~ (W)) is 6 Ps-

closed subset in X. Therefore, g o f is contra § Ps-continuous.

Proposition 6.2.1.11. If f: (X, t) — (Y, 0) is almost § Ps-continuous and g: (Y,o) = (Z,n) is
super continuous functions. Then the composition function g e f:(X,7) = (Z,n) is 6Ps-
continuous.

Proof. Let W be any open subset of Z. Since g is super continuous, then g (W) is 5-open
subset of Y. Since f is almost & Pg-continuous, by Theorem 6.2.12(e), (gof) *(W) = f (

g (W)) is § Pg-open subset in X. Therefore, by Definition 5.2.1, g o f is 8 Ps-continuous.
Proposition 6.2.1.12. If f:(X,t) —» (Y,0) is an almost §Pg-continuous function and Y is
semi-regular. Then f is § Pg-continuous.

Proof. Let x € X and let V be any open set of Y containing f (x). By the semi-regularity of
Y, there exists a regular open set G of Y such that f (x) € G < V. Since f is almost §Ps-
continuous, by Theorem 6.2.9, there exists a § Ps-open set U of X containing x such that f (U)

C G c V. Therefore, f is § Ps-continuous.
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Corollary 6.2.1.13. Let f: (X,t) = (Y,0) be a function and X is locally indiscrete space.
Then f is almost 6 Ps-continuous if and only if f is almost continuous.

Proof. Follows from the definition and Proposition 2.2.31. By Theorem 6.2.9(c), for all x € X
and regular open VV of Y such that f(x) € V, there exists a § Ps-open set U continue x such
that f(U) < V. But Since, §P;0(t) = t in a locally indiscrete space, the set U becomes open.
Hence by Theorem 1.3.16, f becomes almost continuous.

Corollary 6.2.1.14. If X is a locally indiscrete space and Y is semi-regular space, then the

following statements are equivalent for a function f: (X,7) = (Y, 0):

a) fis §Ps-continuous.
b) fisalmost &Ps-continuous.
c) fisalmostcontinuous.
d) fiscontinuous.
Proof. (a) = (b) True for any space by Theorem 6.2.3(a).
(b) = (c¢) By Corollary 6.2.1.13.
(¢) = (d) By Lemma 1.3.13(b)
(d) = (a) In alocally indiscrete space, § PsO(t) = 1, by Proposition 2.2.31.
Corollary 6.2.1.15. Let f:(X,7) = (Y,0) be a function and X is s-regular space. If f is
almost continuous, then f is almost & Ps-continuous.
Proof. By a result, for all x € X and regular open V of Y such that f(x) € V there exists an
open set U containing x such that f(U) < V. But by Proposition 2.2.35, T € § PsO(1).
~ U is §Ps-open in (X, 7). Hence f is almost § Pg-continuous
Corollary 6.2.1.16. Let f: (X,t) = (Y, 0) be a function and X is semi-T; space. Then f is
almost & Ps-continuous if and only if f is almost §-precontinuous.
Proof. In a semi- T; space, 6PsO(t) = 6PO(t), by Proposition 2.2.23. Hence from
definitions of almost §-pre-continuous and almost § Ps-pre continuous the proof follows.
Corollary 6.2.1.17. If X is a semi-Ty space and Y is semi-regular space, then the following
statements are equivalent for a function f: (X,t) = (Y, 0) :
a) fis §Pg-continuous.
b) fisalmost § Ps-continuous.
c) fisalmost §-precontinuous.
d) fisprecontinuous.
Proof. (a) = (b) True for any space by 6.2.2(a)
(b) = (c) By Corollary 6.2.1.13.
(c¢) = (d) By Lemma 1.3.13(c).
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(d) = (a) In alocally indiscrete space, § PsO(t) = 1, by Proposition 2.2.31.

Proposition 6.2.1.18. If Y is a hyperconnected space, then every function f: (X,t) = (Y, 0)
is almost & Pg-continuous.

Proof. Let x € X and V be any open set of Y containing f (x). Since Y is a hyperconnected
space, then CI V =Y and hence IntCl V =Y. Therefore, we have f (U) € IntCl V
C IntSCL(V), for any § Pg-open set U in X. This shows that f is almost & Ps-continuous.
Proposition 6.2.1.19. If a function f:(X,t) = (Y, o) is almost §Pg-continuous and semi-
open, then f (§ P;CIV) € §Ps;ClI f (V) for each open set V of X.

Proof. Let V be any open set of X. Since f is semi-open, then f (V) is semi-open set in Y.
Since f is almost 6 Pg-continuous, then by Corollary 6.2.14(d), we obtain that

SP;CL(f~1(V)) € f1(8P;CL(f(V)) which implies that £ (§P;CL(V)) € SPsCL(f (V)
Corollary 6.2.1.20. If a function f: (X,t) = (Y, 0) is almost § Ps-continuous and semi-open,
then § PsInt f (F)< f (8 PsInt F) for each closed set F of X.

Proposition 6.2.1.21. If a function f:(X,7) — (Y, o) is irresolute and preopen. Then f is
almost 8 Ps-continuous if and only if §P;Cl f (V) = f (6 P,Cl V) for each semi-open set V
of Y.

Proof. Necessity. Let V be any semi-open set of Y. Since f is almost §Ps-continuous, by
Corollary 6.2.14(d), §PsCl f (V) € f 1(6PsCl V). Since V is semi-open set of Y, by
Proposition 2.4.18, §P;Cl V = Cl V which implies that f *(6§P;Cl V) < f }(Cl V). Since V
is semi-open set of Y and f is preopen, by Theorem 1.3.17, we have f *(§PsCl V) < f *(ClI
V) € Cl f (V) and hence f (§P;Cl V) € CI f }(V). Since V is semi-open set of Y and f is
irresolute, so f (V) is semi- open set in X. Then by Proposition 2.4.18, we obtain that

f 1(8PsCIV) S §PCL(f~1(V). Therefore, we have §PCLF~1(V) = f~1(8PsCL(V)).
Sufficiency. Follows from Proposition 6.2.14.

From the above Proposition and Proposition 2.4.18, we obtain the following results:
Corollary 6.2.1.22. If a function f: (X,t) = (Y, o) is almost § Pg-continuous, irresolute and
preopen, then §PsIntf~1(F) = f~1(8PsIntF) for each semi-closed set F of Y.

Corollary 6.2.1.23. If a function f: (X,t) = (Y, o) is almost § Pg-continuous, irresolute and
preopen, then CLf~1(V) = f~1(CL(V)) for each semi-open set V of Y.

Definition 6.2.1.24: A function f: (X, t) = (Y, 0) is said to be § Pg-preopen if for every

6 Ps-open subset U of X, f(U) is preopen.

Proposition 6.2.1.25: If f: (X,7) — (Y, o) is §Ps-preopen and contra & Pg-continuous, then f

is almost & Pg-continuous.
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Proof: Let x € X and let V be an open subset of Y containing f(x). Then by Theorem
5.5.9(c) there exists a § Ps-open subset U of X for which x € U and f(U) < CL(V). Since f is

& Ps-preopen, f(U) is preopen, which proves f is almost § Ps-continuous.

Corollary 6.2.1.26: If f: (X, 1) — (Y, 0) has the property that images of semi-closed sets are

preopen and f is contra § Pg-continuous, then f is almost § Pg-continuous.

Proof: The proof follows from Proposition 6.2.1.25 and the fact that every § Ps-open set is

union of semi-closed sets.

6.3 WEAKLY 6Ps- CONTINUOUS FUNCTIONS
In this section, we introduce the concept of weakly § Pg-continuous functions by

using 6Ps- open sets. We give some characterizations of weakly &Ps-continuous functions
with several relations between this function and other types of continuous functions and
spaces.
Definition 6.3.1. A function f: (X,t) — (Y, 0) is called weakly 8 Pg-continuous if for each
x € X and each open set V of Y containing f (x), there exists a § Ps-open set U of X
containing x such that f(U) € §CI(V).[By Lemma 1.1.42]. Hence, in the above
definition we can have f(U) < CI(V).
Lemma 6.3.2. The following results supervene from their definitions directly:

a) Every almost § Ps-continuous functions is weakly § Pg-continuous.

b) Every weakly § Ps-continuous function is weakly &-pre-continuous.

c) Every weakly Ps-continuous function is weakly & Pg-continuous.
Proof: a) Let f: (X, 1) = (Y, o) be almost § Ps-continuous. Let x € X and each open set V of
Y containing f(x). Since f is almost & Ps-continuous, there exists a § Ps-open set U of X
contained in x such that f(U) < Int CL(V)
We know that Int CI(V) < CI(V)
Hence f(U) < CL(V)
b) Let f: (X,1) = (Y, o) be weakly § Ps-continuous. Let x € X and V be an open setinY
containing x. Since f is weakly & Ps-continuous, there exists a § Ps-open set V contained in
f(x) such that f(U) € V. Since every § Ps-open set is §P-open set f is weakly &-
precontinuous.

c) Follows from the fact that every Ps-open set is § Ps-open set.

Therefore, from the above Proposition we have:
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§-continuous ————p almost §Pg-continuous —— - weakly §Pg-continuous

7 |

almost Pg-continuous ——p  weakly Ps-continuous ——-weakly §-precontinuous

Ll

almost a-continuous —almost precontinuous ——p weakly precontinuous «——— weakly a- continuous

l

almost continuous almost §-precontinuous

Figure 6.3
In the sequel, we shall show that none of the implications that concerning weakly
& Ps- continuity in Diagram 6.3.1 is reversible.

Example 6.3.3. Let X = {a, b, c,d} with two topologies 7 = {X, @, {a}, {b,c},{a, b, c}} and
o=1{X,0,{a},{a,b}}.Let f(a)=d,f(b)=b=f(d) and f(c)=c. Let x=a and
V = {a} € o then there exists U = {a},§Ps-open in X such that f(U) = {d} € Cl(V) =
{a,d} and for a€f{ab,clea f(U)cCl(V)=X, for be{bc}{ab,c};fU)Cc
{b,c,d} = CL(V).Therefore, f is weakly &Ps-continuous, but f(U) = {d} &€ Int Cl(V) =
Int{({a,d}) = {a}.-- f is not almost § Ps-continuous Functions.

Example 6.3.4: Let X = {a, b, ¢, d} with the two topologies

T ={X,0,{a,b},{a,b,c},{a,b,d}and o = {X, @, {a},{c},{a, b} {a,c},{a,b,c},{a, c,d}}. Let
f:(X,7) = (X,0) be defined by f(a) =f(b) =f(c) =cand f(d) =d, there exists
dP;0(X, 1) = {c} S x such that f(U) € IntCI(V). but there exists no Ps0 (X, t) in t, such
that f(U) € IntCL(V). Hence f is weakly & Ps-continuous but not weakly Pg-continuous.
Example 6.3.5. Let X = {a,b,c,d}, v = {X,0,{c},{a, b},{a, b, c}} and

o =1{X,0,{a},{b,c},{a b,c}} Let f: (X,7) = (X, o) be the identity function. Then f is not

weakly & Ps-continuous. Since for a € X such that V = {a} € f(a) in Y but there exists no
& Ps-open set U in 7 such that f(U) € CI(V) = {a, d}. But f is weakly §-precontinuous.

Remark 6.3.6. We notice that a function f:(X,t) = (Y, 0) is weakly §Ps-continuous if
either X is discrete or Y is indiscrete.

Proof: Case-(i) X is discrete

Proof: When X is discrete, (ie.,) T = P(X). Hence for every x € X, {x} isa § Ps-open in X.
Therefore, the § Ps-open set U = {x} containing x such that f(U) = f({x}) = f(x) eV &
CL(V). Thus f is weakly § Ps-continuous

Case —(ii) Y is indiscrete

Proof: When Y is indiscrete, o = {Y, 0} then §Ps0(0) = {Y,0}. AnyopensetVingisY.
and CL(V) =Y. Henceforany U, f(U) € Y = CI(V)

A New Class of Open Sets using 3-Preopen Sets 138



~ f is weakly & Pg-continuous.

Proposition 6.3.7. If a function f: (X, t) = (Y, 0) is weakly 6 Ps-continuous, then for each x
€ X and each 6-openset V of Y containing f (x), there exists a § Ps- U in X containing x such
that f(U) S V.

Proof. Let x € X and let V be any 8-open set of Y containing f (x). Then for each f (x) € V,
there exists an open set G containing f (x) such that G € CI(G) € V. Since f is weakly §P-
continuous, there exists a § Ps-open set U of X containing x such that f(U) < ClL(G) € V.
This completes the proof.

Corollary 6.3.8. If a function f: (X, 1) — (Y, 0) is weakly § Ps-continuous, then for each x €
X and each 6- open set V of Y containing f (x), there exists a semi-closed set F in X
containing x such that f(F) € V.

Proof. Let x € X and let V be any 6-open set of Y containing f (x). Since f is weakly & Ps-
continuous, then by Proposition 6.3.7, there exists a § Ps-open set U in X containing x such
that

f(U) € V.Since U is a §Ps-open set in X, then for each x € U, there exists a semi-closed set
F of X such that x € F < U.Therefore, we obtain f(F) € f(U) € V. Hence f(F) € V.
Proposition 6.3.9. Let f: (X,7) — (Y, o) be a function. If for each x € X and each regular
closed set R of Y containing f(x), there exists a § Ps-open set U in X containing X such that
f(U) < R, then f is weakly & Ps-continuous.

Proof. Let x € X and let V be any open set of Y containing f (x). Then put R = CI(V) which
is a regular closed set of Y containing f (x). By hypothesis, there exists a § Ps-open set U in X
containing x such that f(U) € R = CL(V). Hence f is weakly § Pg-continuous.

Proposition 6.3.10. If a function f:(X,7) = (Y,0) is weakly §Ps-continuous, then the
inverse image of each 8- open set of Y is a § Ps-open set in X.

Proof. Let V be any 6-open set in Y. We have to show that f~1(V) is a §Pg-open set in X.
Let x € f~1(V) Then f(x) € V. Since f is weakly §Ps- continuous, then by Proposition
6.3.7, there exists a § Pg-open set U of X containing x such that f(U) € V, which implies
that x € U € f~1(V). Therefore, f~1(V) is a §Ps-open set in X.

Corollary 6.3.11. If a function f: (X,t) — (Y, 0) is weakly § Ps-continuous, then the
inverse image of each 0-closed set of Y is a § Ps-closed set in X.

Proposition 6.3.12. Let f: (X,7) — (Y, 0) be a function. If f~1(CI(V)) is a §Ps-open set in

X for each open set VinY, then f is weakly § Ps-continuous.
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Proof. Let x € X and let V be any open set of Y containing f (x). Then x € f~1(V) €
f~Y(CL(V)). By hypothesis, we have f~1(CI(V)) is a §Ps-open set in X containing X.
Therefore, we obtain £ (f~*(Cl(V))) € CLV).
Hence f is weakly & Pg-continuous.
Corollary 6.3.13. Let f: (X,7) - (Y,0) be a function. If  f~1(Int(F)) is a §Ps-closed
set in X for each closed set F in Y, then f is weakly & Ps-continuous.
Proposition 6.3.14. Let f: (X,7) = (Y, o) be a function. If the inverse image of each regular
closed set of Y is a § Ps-open set in X, then f is weakly § Ps-continuous.
Proof. Let V be any open set of Y. Then CI(V) is a regular closed set in Y. By hypothesis,
we have f~1(CL(V)) is a §Pg-open set in X. Therefore, by Proposition 6.3.12, f is weakly
& Ps-continuous.
Corollary 6.3.15. Let f: (X,t) = (Y, 0) be a function. If the inverse image of each regular
open set of Y is a § Ps-closed set in X, then f is weakly & Ps- continuous.
Proposition 6.3.16. If a function f: (X, t) = (Y, o) is weakly § Ps-continuous, then for each
x € X and each open set V of Y containing f (x), there exists a semi-closed set F in X
containing x such that f(F) < CI(V).
Proof. Let x € X and let V be any open set of Y containing f (x). Since f is weakly &P;s-
continuous, then there exists a §Ps-open set U of X containing x such that f(U) € CI(V).
Since U is 6 Pg-open set, then for each x € U, there exists a semi-closed set F of X such that
x € F < U.Therefore, we have f(F) < CL(V).

The following result is a characterization of weakly & Pg-continuous functions:
Theorem 6.3.17. For a function f:(X,t) = (Y, 0), thefollowing statements are equivalent:

a) f is weakly & Ps-continuous.

b) SPsClf ~1(IntCl(B)) € f~1(CI(B)) foreach B € Y

¢) f1(Int(B)) € §PsIntf~(Cl(Int(B))) foreach B € Y

d) f~Y(Int(CLV)) € 8PsIntf~1(CLV) for each open setV of Y

e) f~1(V) € §PsInt(f ~1(CL(V))) for each regular open set VV of Y.

f) 8Ps(CL(f~1(Int(F)))) € f~*(F), for each regular closed set F of Y.

g) 8P (Cl (f‘l(lnt(F)))) c FY(Cl(Int(F))), for each closed set F of Y.

h) §Ps(CL(f~1(V))) € f1(CL(V)), for each open set V of Y.
i) f~1(Int(F)) € §Ps(Int(f~1(F))), for each closed set F of Y.
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Proof. (a) = (b) Let B be any subset of Y. Assume that x & f~1(CIL(B)). Then f(x) ¢
Cl(B) and there exists an open set V containing f(x)such that V. n B = @, hence CL(V) N
Int(Cl(B)) = @. By(a), there exists a § Ps-open set U of X containingx such that f(U) <
cl(V). Therefore, we have f(U) n Int(CL(B)) = @ which implies that

Un f~1(Int(ClL(B))) = @ and hence x & §Ps(CL(f~1(Int(Cl(B))))). Therefore, we obtain
SPs(CL(f~t(Unt(CL(B))) € F~H(CU(B)).

(b) = (c). Let B be any subset of Y. Then apply (b) to Y\B we obtain §PsClf~*(IntCI(Y\
B)) < f1(CI(Y\B)) = 8PsClf ~Y(Int(Y\IntB)) € f~1(Y\IntB) = &PsClf~1(Y\

ClintB) € f~1(Y\IntB) = §PsClf~1(Y\Clint(B)) < X\f~*(IntB) =
X\8PsInt(f~*(ClintB)) € X\f~'(IntB) = f~*(IntB) S §PsIntf ~*(ClintB). Therefore, we
obtain f~1(IntB) € §PsIntf ~1(ClIntB).

(c) = (d). Let V be any open set of Y. Then apply (c) to cL(V) we obtain f *(IntCIV)

8 PsIntf “}(ClINtCIV) = §PsIntf "*(CIV). Therefore, we obtain f (IntCIV) € §PsIntf *(CIV).
(d) = (e) Let V be any regular open set of Y. Then V is an open set of Y. By (d), we have

f (V) = f 1(IntCIV) € §PsIntf (CIV)). Therefore, we obtain f (V) € §PsIntf (CIV).

(e) = (f). Let F be any regular closed set of Y. Then Y\F is a regular open set of Y. By (e),
we have f1(Y\F) € §PgIntf Y(CI(Y\F)) = X\f }(F) € §PsIntf *(Y\IntF) = X\ Y(F) ¢
SPsInt(X\F (IntF)) = X\ f1(F) € X\ § P;CIf *(IntF) = §P;CIf *(IntF) =f *(F). Hence

§PsCIf *(IntF) < f(F).

(f) = (g).Let F be any closed set of Y. Then ClIntF is a regular closed set of Y. By (f) we
have 8 PCIf *(IntClIntF) = § P;Clf *(IntF) <f *(ClIntF). Therefore, we obtain § PsCIf *(IntF)
c f}(ClIntF).

(9) = (h). Let V be any open set of Y. Then by (g) we have §P;CIf (V) <

SP;CIf Y(IntCIV) <f }(ClIntCIV) = f(CIV). Therefore, §P;CIf (V) < f1(CIV).

(h) = (i). Let F be any closed set of Y. Then Y\F is an open set of Y. By (h), we have
SPsCIFH(Y\F) € FH(CI(Y\F)) = §PsCI(X\f(F)) < f 1 (Y\IntF) = X\ §PsIntf '(F) ©

X\ H(IntF) = (IntF) < §PsIntf(F). Therefore, f(IntF) €& PsIntf(F).

(i) = (a). Let x be any point of X and let V be any open set in Y containing f (x). Then x €
(V) and CIV is a closed set in Y. By (i), we have x € f *(V) cf }(IntCIV) € §PgIntf *(CIV).
Put U = §PgIntf }(CIV). Then we obtain x € U € §P;O(X) and f (U) € CIV. Therefore, f is

weakly & Ps-continuous.
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Proposition 6.3.18. If a function f:(X,7) — (Y,0) is continuous, then f is weakly &P;-

continuous.
Proof. Let V be any open set of Y. Since f is continuous, then f (V) is an open set and
henceit is a semi-open set. By Proposition 2.4.18, we have §P,CIf }(V) = CIf }(V). Also,
since f is continuous, then CIf *(V) € f*(CIV). Therefore, we obtain that §P;CIf (V) <
f1(CIV) and hence by Theorem 6.3.17(h), f is weakly & Ps-continuous.

Another characterization theorem of weakly § Pg-continuous functions is the following:
Theorem 6.3.19. For a function f:(X,7) — (Y, 0), thefollowing statements are equivalent:

a) f is weakly 6 Ps-continuous.

b) f(6PsCI(A)) < CLlf (A), for each subset A of X.

c) Intef (A) < f (6 PsIntA), for each subset A of X.

d)f }(IntyB) < §PgIntf *(B), for each subset B ofY.

e) 8P;CIf }(B) < f }(ClyB), for each subset B of Y.
Proof. (a) = (b). Let A be a subset of X. Suppose that f(§P;CIA) & Clgf(A). Then there
exists y € f(§PsCIA) such that y & Clyf(A), then there exists an open set G in Y containing y
such that CIG n f(A) = @. If f~1(y) = @, then there is nothing to prove. Suppose that x be
any arbitrary point of f(y), so f(x) € G. Since G is an open set in Y, by (a), there exists a
& Ps-open set H in X containing x such that f(H) € CIG. Therefore, wehave f(H) n f(A) = @.
Then y & 6PsCI(f(A)) = x & §PsCL(A). Hence y & §PsClL(A) which is a contradiction.
Therefore, we have f(6PsCIA) < Clgf(A).
(b) = (c). Let A be any subset of X. Then apply (b) to X\A we obtain f(§ P;CI(X\A)) <
Clf(X\A) = f(X\ §P;IntA) < Cly(Y\ f(A)) = Y\ f(§PsIntA) € Y\Intef(A) = Intef(A) <
f(6 PsIntA). Therefore, we obtain that Intsf(A) Sf(5PgIntA).
(c) = (d). Let B be a subset of Y. Then f }(B) is a subset of X. By (c), we have Intf(f '(B))
C (5 PsIntf (B)). Then IntdB < f(§PsIntf *(B)) and hence f *(IntyB) S §PgIntf ~*(B).
(d) = (e). Let B be any subset of Y. Then apply (d) to Y\B we obtain f ~*(Inty(Y\B)) S
§PsInt f 1(Y\B) = f }(Y\Cl4B) € §PsInt(X\f 1(B)) = X\f (ClyB) < X\ §P;Clf *(B) =
SPCIf 1(B) c f }(ClyB). Therefore, we obtain § ,CIf *(B) < f '(ClyB).
(e) = (a). Let V be any open set of Y. By (e), we have §PCIf (V) € f }(ClyV). By
Proposition 2.4.18, we have §P;CLf ~1(V) € f~1(CL(V)).

Therefore, by Theorem 6.3.17(h), f is weakly § Ps-continuous.
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Proposition 6.3.20. A function f:(X,7) — (Y,0) is weakly §Ps-continuous if and only if
SP;Clf ~1(IntCly(B)) < f~1(Cly(B)) for each subset B of Y.

Proof. Necessity. Let B be any subset of Y. Assume that x ¢ f *(Cl¢B). Then f (x) ¢ CloB
and hence there exists an open set H containing f (x) such that B n CIH = @. This implies that
CleB nH =0 and so H € Y\CI,B and hence CIH < CI(Y\CIyB). Since f is weakly §Ps-
continuous, there exists a §Ps-open set U of X containing x such that f (U) € CIH <
CI(Y\ClyB) = Y\IntCl¢B. This implies that f (U) N IntClsB = @ and hence U ~ f *(IntClyB) =
@. Then x ¢ §P;CIf *(IntClyB). Therefore, §P;CIf *(IntCloB) < f '(ClB).

Sufficiency. Let V be any open set of Y. Then by hypothesis and Proposition 1.3.18, we have
SPsCIf 1(IntCIV)=8 P,CIf (IntCleV)<S f *(CloV) = f }(CIV). Therefore,
SP;CL(f~t(IntClL(V) € f~1(CL(V)). Hence by Theorem 6.3.17(b), f is weakly & Ps-
continuous.

From Proposition 6.3.20, we obtain that:
Corollary 6.3.21. A function f: (X, 1) = (Y, o) is weakly § Ps-continuous if and only if
f1(Inte(B)) € §Ps(Int(f~1(Cl(Inty(B))) for each subset B of Y.
Proposition 6.3.22. A function f:(X,7) = (Y, 0)is weakly §Ps-continuous if and only if
f~Y(V) € §Ps(Int(f~1(CL(V)))) for each open set V of Y.
Proof. Necessity. Let f be weakly §Pg-continuous and let \VV be any open set of Y. Then
V € Int(CL(V)). Therefore, by Theorem 6.3.17(b), f~1(V) < f~t(Int(CL(V)) S
§PsInt(f~*(CL(V))). Hence f~1(V) € §Ps(Int(f ~1(CL(V)).
Sufficiency. Let V be any regular open set of Y. Then V is an open set of Y. By hypothesis,
we have f~1(V) € 6Psf~1(CL(V)). Therefore, by Theorem 6.3.17(c), f is weakly &Ps-
continuous.

From Proposition 6.3.22, we obtain that:
Corollary 6.3.23. A function f:(X,7) - (Y,0) is weakly §Ps-continuous if and only if
SP;CL(f~t(Int(F))) € f~1(F) for each closed set F of Y.
Proposition 6.3.24. A function f:(X,t) = (Y,0) is weakly &Ps-continuous if and only if
SPsCL(f~1(V)) € f~2(8Ps(CL(V))) for each open set V of Y.
Proof. Necessity. Let VV be any open set of Y. Since f is weakly §Pg-continuous, then by
Theorem 6.3.17(h), we have §PsCL(f~*(V)) € f~1(6Ps(CL(V))) . Since V is an open set

and hence V is a semi-open set. Therefore, by Proposition 2.4.18, we obtain

§Ps(CL(fT*N)) € f(8Ps(CLON)).
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Sufficiency. Let F be any closed set of Y. Then Int(F) is an open set in Y. By hypothesis, we
have 6P (Cl (f_l(lnt(F)))) < f7Y(8Ps(Cl(Int(F))). Since Int(F) is a semi-open set,

then by Proposition 2.4.18, 8Ps(CL(f~*(Int(F)))) € f~(Cl(Int(F))). Therefore, by
Theorem 6.3.17(Q), f is weakly & Pg-continuous.

From Proposition 6.3.24, we obtain that:

Corollary 6.3.25. A function f: (X, t) = (Y, 0) is weakly & Ps-continuous if and only if

f Y(§PsIntF) < §PgIntf ~*(F) for each closed set F of Y.

Proposition 6.3.26. If a function f:(X,t) = (Y,0) is weakly &Ps-continuous, then
f:(X,t) = (Y,0p) is § Ps-continuous.

Proof. Let H € oy, then H is 0-open set in (Y,c). Since f: (X,7) = (Y,0) is weakly &P;-
continuous, then by Proposition 6.3.10, f "(H) is a §P-open set in X. Therefore, f: (X,7) -
(Y,0g) is 6 Pg-continuous.

Proposition 6.3.27. Let X be a locally indiscrete space. Then the function f: (X,t) = (Y, 0)
is weakly & Ps-continuous if and only if f: (X, 7) — (Y, gp) is continuous.

Proof. Let H € oy, then H is 6-open set in (Y,c). Since f: (X,7) = (Y, 0)is weakly &P;s-
continuous, then by Proposition 6.3.10, f *(H) is a §Ps-open set in X. Since X is a locally
indiscrete space, then by Proposition 2.2.31, f *(H) is open set in X. Therefore, f: (X, 1) =
(Y, gp) is continuous.

Proposition 6.3.28. Let f: (X,t) = (Y, 0) be a function. Let B be any basis for 7y in Y. If fis
weakly §Ps-continuous, then for each B € B, f }(B) is a § Pg-open set of X.

Proof. Suppose that f is weakly § Pg-continuous. Since each B € B is a 0-open subset of Y,

therefore, by Proposition 6.3.10, f (B) is a §Ps-open subset of X.

Proposition 6.3.29: If a function f: (X, 1) = (Y, o) is contra § Ps-continuous, then £ is
weakly & Ps-continuous.

Proof: Let V be any regular open set of Y. Then V is open. Since f is contra & Ps-continuous.
Then f~1(V) is § Pg-closed set of X. Therefore, by Proposition 6.3.14, f is weakly & Ps-
continuous.

Example 6.3.30: Let X = {a, b, ¢} with the two topologies T = {X, @, {a}, {c},{a, c}} and

o ={X,0,{a},{a, b}}then 5P;0(X, 1) = {X,®,{a},{c},{a,c}}. Let f: (X,7) - (X, 0) be the
identity function. Then f is weakly & Ps-continuous, but it is not contra § Ps-continuous, since
{b, c} is aclosed set of (X, o) but {b, c} is not § Ps-open in (X, 7).
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6.3.1 PROPERTIES AND COMPARISONS

In this section, we give some properties of weakly &Pg-continuous functions and we
compare them with other types of continuous functions.
Proposition 6.3.1.1. Let f:(X,7) = (Y,0) be weakly §Ps-continuous function. If A is a
regular semi-open subset of X, then the restriction f|A: A = Y is weakly §Ps-continuous in
the subspace A.
Proof. Let x € A and V be an open set of Y containing f(x). Since f is weakly &Ps-
continuous, there exists a § Ps-open set U of X containing x such that f(U) < CIV. Since A is
a regular semi-open subset of X, by Proposition 2.3.5, A n U is a §Ps-open subset of A
containing x and (flA)(A N U) = f(A n U) € f(U) < CIV. This show that f|A is weakly & P-
continuous.
Corollary 6.3.1.2. Let f:(X,t) = (Y,0) be a weakly §Ps-continuous function. If A is a
regular open subset of X, then the restriction flA:A—Y is weakly §Ps-continuous in the
subspace A.
Proof. Since every regular open set is regular semi-open, this is an immediate consequence of
Proposition 6.3.1.1.
Proposition 6.3.1.3. Let f: (X,t) = (Y,0) be a function. If for each x e X, there exists a
regular open set A of X containing x such that the restriction fJA:A—Y is weakly &Ps-
continuous, then f is weakly § Pg-continuous.
Proof. Let x € X, then by hypothesis, there exists a regular open set A containing x such that
flA:A—Y is weakly § Ps-continuous. Let V be any open set of Y containing f(x), there exists
a 6 Ps-open set U in A containing x such that (flA)(U) < CIV. Since A is regular open set, by
Proposition 2.3.2, U is § Pg-open set in X and hence f(U) < CIV. This shows that f is weakly
& Pscontinuous.
As an immediate consequence of Corollary 6.3.1.2 and Proposition 6.3.1.3, we obtain that:
Corollary 6.3.1.4. Let {Ua : o € A} be a regular open cover of a topological space X. A
function f:(X,7) = (Y, 0)is weakly §Ps-continuous if and only if the restriction flU, :U,
—Y is weakly § Pscontinuous for each a € A.
Remark 6.3.1.5. If f: (X,t) = (Y, 0) is a weakly §Pscontinuous function and A, B are any

subsets of X. Then the restriction f|A:A—f(A) need not be weakly § Ps-continuous in general.
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Moreover, f[(A U B): AUB—f(A U B) is not always weakly &Ps-continuous even if
flA:A—f(A), f|B:B—f(B) and f are all weakly & Ps-continuous.
Proposition 6.3.1.6. If X = R U S, where R and S are regular open sets and f:X—>Y is a
function such that both flR and f|S are weakly &§Pg-continuous, then f is weakly &Ps-
continuous.
Proof. Let x € X and V be an open set of Y containing f (x). Since f|R and f|S are weakly
& Ps-continuous, there exist § Ps-open sets U of R and W of S with x € U and x € W, such
that (flR)(U) < CIV and (f|S)(W) < CIV. Then f(U u W) = (flR)(U) U (f|S)(W) < CIV. Since
R and S are regular open sets in X, then by Proposition 2.3.2, U and W are §Ps-open sets in
X. Since union of two &Ps-open sets is §Pg-open, then U U W is a §Pg-open set of X
containing X. Therefore, f is weakly & Ps-continuous.

In general, if X = U{K, : a € A}, where each K, is a regular open set and f: (X, 7) -
(Y,0) is a function such that the restriction f|[K, is weakly § Ps-continuous for each a, then f
is weakly & Ps-continuous.
Proposition 6.3.1.7. Let X = R; U Ry, where R; and R, are regular open sets in X. Let
f:R1—>Y and g:R,—>Y be weakly §Ps-continuous. If f(x) = g(x) for each x € Ry n Ry, then
h:R; U R,—>Y such that

f(x) if xER,and x € R,
h(x) =1 g(x) if x € Ryand x € R,
flx) =gx) if xER NR,

is weakly & Ps-continuous.

Proof. Let x € X and V be an open set of Y containing h (x). Then x € R; U R, and V is an
open set of Y containing f (x) and g (x). Since fis weakly §Pg-continuous, there exists a
8 Ps-open set U of X containing x such that f (U) € CIV. Then f(CIV) is a §Ps-open set of
R, containing x. But Ry is a regular open set in X, then by Proposition 2.3.2, f }(CIV) is a
8 Ps-open set of X containing x. Similarly, f *(CIV) is a §Ps-open set in R, and hence, a & P;-
open set in X. Since union of two §Ps-open sets is § Ps-open. Therefore, h™}(CIV) = f }(CIV)
U g }(CIV) is a §Pg-open set in X and it is clear that h (h"}(CIV)) € CIV. Hence h is weakly
& Ps-continuous.

Proposition 6.3.1.8. Let f: (X,1) = (Y,0) be weakly §Pg-continuous surjection and A be a
regular semi-open subset of X. If f is an open function, then the function g: A = f(A),

defined by g (x) = f (x) for each x € A, is weakly § Pg- continuous.
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Proof. Putting H = f (A). Let x € A and V be any open set in H containing g (x). Since
His open in Y and V is open in H, then V is open in Y. Since f is weakly & Ps-continuous,
there exists a § Ps-open set U in X containing x such that f (U) €CIV. Taking W = U n A,
since A is either open or a regular semi-open subset of X, then by Proposition 2.3.5, W is a
& Ps-open set in A containingx and g (N) € ClyV n H = ClgV. Then g (W) € ClyV. This
shows that g is weakly & Ps- continuous.
Proposition 6.3.1.9. Let f: (X, 1) = (Y, o) be a weakly § Ps-continuous function and for each
x € X. If Y is any subset of Z containing f (x), then f:(X,t) = (Z,n) is weakly §Ps-
continuous.
Proof. Let x € X and V be any open set of Z containing f (x). Then V N Y is open in Y
containing f (x). Since f: (X,7) = (Y, o) is weakly §Ps- continuous, there exists a § Ps-open
set U of X containing x such that f(U) € CI(V n Y) and hence f (U) < CIV.
Therefore, f: (X,7) = (Z,n) is weakly & Ps-continuous.
We shall obtain some conditions for which the composition of two functions is

weakly & Ps- continuous.
Theorem 6.3.1.10. Let f:(X,t) = (Y,0) and g:(Y,0) = (Z,n) be functions. Then the
composition function g o f: (X, 1) = (Z,n) is weakly § Ps-continuous if f and g satisfy one of
the following conditions:

a) fis §Pg-continuous and g is weakly continuous.

b) fis weakly §Pg-continuous and g is almoststrongly 8-continuous.

c) fisweakly &Ps-continuous and g is 8-continuous.

d) fisweakly §Pg-continuous and g is continuous.

e) fis continuous and open and g is weakly &Ps-continuous.
Proof. a) Let x € X and W be an open set of Z containing g(f(x)). Since g is weakly
continuous, there exists an open set V of Y containing f (x) such that g(V) < CI(W)(i.e.,)
f(x) €V c g 1 (CL(W)). Hence g~1(CI(W)) is open in Y containing f (x). Since f is
weakly & Ps-continuous, there exists a § Ps-open set U of X containing x such that f(U) €
gt (CL(W)), from Definition 5.2.1. Therefore, we obtain (g o f)(U) = g(f (U)) € CIW.
Hence g o f is weakly & Ps-continuous.
b) Let W be any regular open subset of Z. Since g is almost strongly 8-continuous, g (W)
is 8-open subset of Y. Since f is weakly 6 Ps-continuous, then by Proposition 6.3.10, (g ©
£)H(wW) = £(g™(W)) is a §Ps-open subset in X. Therefore, g o f is almost §Ps-continuous,
[by Theorem 6.2.10(e) and hence it is weakly & Ps-continuous, by Lemma 6.3.2(a).
c) Letx € X, and W be an open set of Z containing g(f(x)). Since g is 8-continuous, there
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exists an open set V of Y containing f (x) such that g(CI(V)) € CL(W). Since f is weakly
& Pg- continuous, there exists a § Ps-open set U of X containing x such that f(U) € CI(V).
Hence g(f(U)) < g(ClL(V)) < CI(W). Therefore, g o f is weakly & Ps-continuous.
d) Let x € X and W be an open set of Z containing g(f(x)). Since g is continuous, g (W)
is an open set of Y containing f (x). Since f is weakly & Pg-continuous, there exists a § Ps-open
set U of X containing x such that f (U) € Clg *(W). Also, since g is continuous, then we have
f (U) € g (CIW). This implies that g(f (U)) S CIW. Therefore, go f is weakly &P-
continuous.
e) Let x € X and W be an open set of Z containing g(f(x)). Since g is weakly 6Ps-
continuous, there exists a § Ps-open set U of Y containing f (x) such that g(U) < CL(W). Itis
clearthat g *(CIW) is a 8 Ps-open set of Y containing f (x). Since f is continuous and open,
then by Proposition 5.2.9, (g™ (CIW)) = f~1(g~*(Cl(W)) = (g o /) H(CL(W)) is a §Ps-
open set in X containing x and clearly (g o f)(( g ° f) *(CL(W))) € CI(W). Hence f is
weakly § Ps-continuous.
Proposition 6.3.1.11. If f:(X,t) = (Y,0) is a weakly §Pg-continuous function and Y is
almost regular, then f is almost § Pg-continuous.
Proof. Let x € X and let V be any open set of Y containing f (x). By the almost regularity of
Y, there exists a regular open set G of Y such that f(x) € G < CIG < IntCIV. Since f is
weakly §Pg-continuous, there exists a § Ps-open set U of X containing x such that f (U) <
CIG < IntCIV. Therefore, f is almost § Ps- continuous, from Definition 6.2.1.
Proposition 6.3.1.12. If f: (X,7) = (Y, 0) is a weakly § Ps- continuous function and Y is an
extremally disconnected space, then f is almost § Pg- continuous.
Proof. Let x € X and let V be any open set of Y containing f (x). Since f is weakly &Ps-
continuous,there exists a § Ps-open set U of X containing x such that f(U) < CL(V). Since Y
is extremally disconnected From Definition 1.1.6, CI(V) is open, (i.e.,) CL(V) = Int(ClL(V)),
then f(U) < Int(CL(V)). Therefore, f is almost § Ps-continuous.
Corollary 6.3.1.13. A function f: (X,7) = (Y, 0)is almost & Ps-continuous if and only if f is
weakly 6 Ps-continuous and it satisfies one of the following properties:

a) Y is almost regular.

b) Y is extremally disconnected.
Proof. The proof follows from Proposition 6.3.2(a). The converse is proved in Proposition
6.3.1.11 and Proposition 6.3.1.12.
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Corollary 6.3.1.14. Let f: (X,t) = (Y, 0) be a function and X is a locally indiscrete space.
Then f is weakly & Ps-continuous if and only if f is weakly continuous.
Proof. Follows from Proposition 2.2.31.
Corollary 6.3.1.15. If X is a locally indiscrete space and Y is either almost regular or an
extremally disconnected space, the following statements are equivalent for a function
f:(X,t) > (Y,0):
a) f is almost & Ps-continuous.
b) f is weakly & Ps-continuous.
c) f is weakly continuous.
d) f is almost continuous.
Proof. (a) = (b) Follows from Proposition 6.3.2
(b) = (¢) Follows from Corollary 6.3.1.14
(c) = (d) Follows from Corollary 6.3.1.12
(d) = (a) Since X is locally indiscrete, § PsO(X) = 7. Hence almost continuous
function is a almost & Ps-continuous function, from Proposition 6.2.23.
Corollary 6.3.1.16. If Y is a regular space, the following statements are equivalent for a
function f: (X,7) = (Y, 0):
a) f is 6 Ps-continuous.
b) f is almost § Ps-continuous.
c) f is weakly & Pg-continuous.
Proof. Follows from Proposition 6.3.1.11 and Proposition 6.2.1.12 and the fact that every
regular space is almost regular and semi-regular space.
Corollary 6.3.1.17. If X is a locally indiscrete space and Y is a regular space, the following
statements are equivalent for a function f: (X,7) — (Y, 0):
a) f is § Pg-continuous.
b) f is almost & Ps-continuous.
c) f is weakly & Ps-continuous.
d) f is weakly continuous.
e) f is almost continuous.
f) f is continuous.
Proof. Follows from Corollary 6.3.1.15, Corollary 6.3.1.16 and Theorem 1.3.19 and the

fact that every regular space is almost regular and semi-regular space.
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Proposition 6.3.1.18. Let f: (X,7) — (Y, o) be a function and X is a semi-T, space. Then f is
weakly & Ps- continuous if and only if f is weakly §-precontinuous.
Proof. Follows from Proposition 2.2.23.
Corollary 6.3.1.19. If X is a semi-T; space and Y is either almost regular or an extremally
disconnected space, the following statements are equivalent for a function f: (X,7) = (Y, o)
a) f is almost & Ps-continuous.
b) f is weakly & Ps-continuous.
c) f is weakly §-precontinuous.
d) f is almost §-precontinuous.
Proof. Follows from Corollary 6.3.1.13, Proposition 6.3.1.18 and Proposition 6.2.23.
Corollary 6.3.1.20. If X is a semi-T; space and Y is a regular space, the following statements

are equivalent for a function f: (X, t) = (Y, 0):

a) f Is 6 Pg-continuous.

b) f is almost § Pg-continuous.

c) f is weakly & Pg-continuous.

d) f is weakly §-precontinuous.

e) f is almost §-precontinuous.

f) f is §-precontinuous.
Proof. Follows from Corollary 6.3.1.16, Corollary 6.3.1.19 and Theorem 1.3.20 and the
fact that every regular space is almost regular and semi-regular space.
Proposition 6.3.1.21. If f:(X,7) = (Y, 0) is a semi-continuous function. Then f is weakly
continuous if and only if f is weakly & Pg-continuous.
Proof. Necessity. Let VV be any open set of Y. Since f is weakly continuous, by Theorem
1.3.21, CIf }(V) € fX(CIV). Since f is semi-continuous, then f (V) is a semi-open set in X.
Hence by Proposition 2.4.18, 8PsCIf }(V) = CIf }(V). Therefore, we obtain §P;CIf }(V) <
f 1(CIV). Thus, by Theorem 6.3.17(h), f is weakly §Ps- continuous.
Sufficiency. Let V be any open set in Y. Since f is weakly §Pg-continuous, by Theorem
6.3.17(h), § P,CIf }(V) < f }(CIV). Since f is semi- continuous, then f (V) is semi-open set of
X. Hence by Proposition 2.4.18, we have §P;CIf }(V)= CIf }(V). Therefore, we obtain
CIf (V) c f }(CIV). Thus, by Theorem 1.3.21, f is weakly continuous.
Corollary 6.3.1.22. A function f: (X,t) — (Y, 0) is weakly §Ps-continuous if and only if f

is weakly continuous if it satisfies one of the following properties:
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a) X is locally indiscrete space.

b) f is semi-continuous.
Proof. Follows from Corollary 6.3.1.14 and Proposition 6.3.1.21.
Proposition 6.3.1.23. If f:(X,7) = (Y,0) is weakly 6s-continuous and weakly &-
precontinuous, then f is weakly § Pg-continuous.
Proof. Let x € X and let VV be any open set of Y containing f (x). Since f is weakly 8s-
continuous and weakly §-pre-continuous, then there exists a 8-semi-open and a §-preopen set
U of X containing xsuch that f(U) < CIV, respectively. Hence by Lemma 2.2.45, U is a § Ps-
open set of X containing x such that f (U) < CIV. Therefore, f is weakly § Ps- continuous.
Proposition 6.3.1.24. Let f:(X,t) = (Y,0) be a function and X be an extremally
disconnected space. If f is weakly @s-continuous, then f is weakly & Ps- continuous.
Proof. Follows from Lemma 2.2.46.
Proposition 6.3.1.25. If f:(X,t) = (Y,o0) is weakly &-precontinuous and either S-
continuous or a 8- irresolute function, then f is weakly & Ps- continuous.
Proof. Let x € X and V be any open set of Y containing f (x). Since f is weakly &-
precontinuous, there exists a §-preopen set U of Y containing f (x) such that f (U) < CIV.
Then f(CIV) is a &-preopen set of Y containing x. Since CIV is a regular closed set of Y
and f is either S- continuous or 8-irresolute, then f 1(CIV) is the union of regular closed sets
of X and hence isthe union of semi-closed sets of X. By Lemma 2.2.2, f (CIV) is a 6P;-
open set of X containing x and clearly f (f *(CIV)) € CIV. Hence f is weakly §Ps-continuous.
Corollary 6.3.1.26. Let f: (X, 1) = (Y, 0) be either S- continuous or a 8-irresolute function.
Then f is weakly § Ps-continuous if and only if f is weakly §-precontinuous.
Proposition 6.3.1.27. If a function f: (X,7) — (Y,0) is weakly §Pg-continuous and open,
then
f (6P;CIV) < §PsCIf(V) for each open set V of X.
Proof. Let V be any open set of X. Since f is open, then f (V) is an open set in Y. Since f is
weakly &Pg-continuous, then by Proposition 6.3.24, we obtain that §P;CIf '(f (V)) <
(8 PsCIf (V)) which implies that f(§ PsCIV) € §PsCIf (V).

Corollary 6.3.1.28. If a function f: (X,t) — (Y, 0) is weakly § Ps-continuous and open, then
SPsIntf (F) € f(6PsInt(F)) for each closed set F of X.

Proposition 6.3.1.29. If a function f: (X,7) — (Y, o) is semi-continuous and almost open,
then f is weakly 8Ps- continuous if and only if § P;CIf *(V) = f (6 PsCIV)for each open set VV
of Y.
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Proof. Necessity. Let VV be any open set of Y. Since f is weakly §Pg-continuous, then by
Proposition 6.3.24, §P;CIf (V) < f1(§P;CIV). Since V is open, hence it is semi-open. Then
by Proposition 2.4.18, §P;CL(V) = CL(V) which implies that §P;CL(V) < CL(V) and hence
f1(8PsCIV) < f}(CIV). Since V is an open set of Y and f is almost open, then by Theorem
1.3.22, f{(CIV) <€ CIf }(V). Therefore, we have f*(§P;CIV) c f(CIV) € CIf*(V) and
hence f1(§PsCIV) € CIf }(V). Since V is an open set of Y and f is semi-continuous, then
f (V) is a semi-open set in X. Then by Proposition 2.4.18 we obtain that f }(§P,CIV) <
8PsCIf *(V).Therefore, we have § PsCIf *(V) = f {(§P;CIV).

Sufficiency. Follows from Proposition 6.3.24.

Corollary 6.3.1.30. If a function f: (X, 1) = (Y, 0) is weakly & Ps-continuous, semi-
continuous and almost open, then §PgIntf *(F) = f*(§PsIntF) for each closed set F of Y.
Proof. Follows from Proposition 6.3.1.29.

Corollary 6.3.1.31. If a function f:(X,7) = (Y,0) is weakly §Ps-continuous, semi-
continuous and almost open, then CIf *(V) = f *(CIV) for each open set VV of Y.

Proof. Follows from Proposition 6.3.1.29 and Proposition 2.4.18.

Corollary 6.3.1.32. Let f:(X,7) = (Y, o) be an almost open function. If f is weakly &Ps-
continuous and semi- continuous, then f is almost continuous and hence f is weakly
continuous.

Proof. Follows from Proposition 6.3.1.31 and Theorem 1.3.23.
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