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CHAPTER VIII
FUZZY SP- IRRESOLUTE FUNCTIONS

Definition: 8.1

A fuzzy set a of an fts X is called fuzzy pre-open if a < int(cl a).
Definition: 8.2

A fuzzy set a of an fts X is called fuzzy pre-closed if @ >cl (int @).
Definition: 8.3

The intersection of all fuzzy pre-closed sets containing «a is called the pre-closure
of a and is denoted by pcl (a). The pre-interior of a, denoted by pint (@) is defined by
the union of all fuzzy pre-open sets contained in a.
Definition: 8.4

A fuzzy set a of an fts X is called fuzzy strongly pre-open if a < int (pcl @).
Definition: 8.5

A fuzzy set a of an fts X is called fuzzy strongly pre-closed if a > cl (pint a).
Notation: 8.6

The family of all fuzzy strongly pre-open (fuzzy strongly pre-closed) sets of an

fts (X,7) will be denoted by FSPO(7) (FSPC(7)).
Definition: 8.7

A mapping f : (X,7;) — (Y, 1) from an fts (X,7;) into an fts (Y,z;) is called

fuzzy SP-irresolute continucus if f ~1(8)€ FSPO(t,), for each f EFSPO(1,).
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Example: 8.8
Let X = {a, b,c} and a, 8, y be fuzzy sets of X defined as follows:

a@=03 , ad)=02 , a{c)=07:

B(@)=08 , B®=08 , B(c)=04;

y(@=08 , y®=07 , y()=0.6
Weputz, ={0,a,B,aA B,aV B,1},

ty={0,a,1)

and f=id : (X,71) — (Y,73) .Then f is fuzzy SP-irresolute continuous.
Theorem: 8.9

Let f: (X,7;) — (Y,7,) be a mapping from an fts (X,7;) into an fts (Y,7,). Then
the following statements are equivalent:
(i) f is fuzzy SP-irresolute continuous;
(i) f~* (B) € FSPC (t,), for each B € FSPC (13);
(iii) f(spcl @) < spcl f(a), for each fuzzy set a of X;
(iv) spel £71(B) < £~ (spcl B), for each fuzzy set B of Y ;
(v) £~ (spint B) < spint f 1 (B), for each fuzzy set f of Y .
Proof:
(i)=(ii)

It follows from the definitions.

(i)=(iii) :

Let a be a fuzzy set of X. Then spcl f (@) € FSPC (7).
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According to the assumption, f ~(spcl f (a)) € FSPC (t,).
Hence, spcl @ < spcl f~1 f (a) < spel f~(spcl f (a))
= f!(spel f ().

Thus, f (spcl a) < spcl f ().
(i) =(iv):

Let 8 be a fuzzy set of Y. According to the assumption,
f(spcl £~ (B)) < spel £ f 71 (B) < spel B.
Thus, spel f~4(B) < f1 f (spel f71(B)) < f 7" (spel B).
(iv)=(v):

It follows from the definitions.
W)=(i):

Let g € FSPO (7,). Then 8§ = spint 8. From (v) we obtain
f1(B) = f~(spint B) < spint f7H(B) < fI(B).
Thus, f~%(B)=spint ().
Hence, f is a fuzzy SP-irresolute continuous mapping.
Theorem: 8.10

Let f : (X,7;) — (Y,73) be a bijective mapping from an fts (X,7,) into an fts
(Y,73). The mapping f is fuzzy SP-irresolute continuous iff spint f (@) < f (spint ), for
each fuzzy set a of X.

Proof:
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Let f be fuzzy SP-irresolute continuous. Then f~* (spint f (a)) € FSPO (t,), for
any fuzzy set a of X. Since f is injective, from Theorem 8.9 we obtain that ,
£ (spint f(a)) < spint f~1(f(a)) = spint @.Again, since f is surjective , we have
spint f(a) = f( f~* (spint f(a)) < f(spint a).

Conversely, let f € FSPO (t;). Then spint 8 = . Since f is surjective, from the
assumption we obtain that , f(spint £~ (8)) = spint f f = (8) = spint B = B.
This implies that f~1(f(spint £~ (B))) = f~1 (B). Since f is injective, we have spint
f7H(B)= fH(spint f71(B)) = 7 (B). Thus, spint f~1(B)= f~* (B).
Hence, f is fuzzy SP-irresolute continuous.
Definition: 8.11

Let a be a fuzzy set of an fts X.
(1)The union of all fuzzy strongly pre-open sets contained in @ is called a fuzzy strong
pre-interior of a, denoted by spint a.
(2)The intersection of all fuzzy strongly pre-closed sets containing « is called a fuzzy
strong pre-closure of @, denoted by spcl a.
Theorem: 8.12

Let f: (X,7;) — (Y,73) be a mapping from an fts (X,7;) intoan fts (Y,7;). Then
the following statements are equivalent:
(i) f is fuzzy SP-irresolute continuous;
(i) cl (pint f~Y(B)) < f~(spcl B), for each fuzzy set B of Y ;

(iii) f~(spint B) < int (pcl f~(B)), for each fuzzy set f of Y ;
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(iv) f (cl (pint a)) < spcl f(a), for each fuzzy set a of X.
Proof:
(i)=(i):
Let B be a fuzzy set of Y. According to the assumption f~(spcl B)€ FSPC (1,)).
Hence, f~(spcl B )= cl (pint f~Y(spcl B)) = cl (pint f~1(B)).
(ih)=(ii) :
It follows from the definitions.
(ii)=(iv):
Let a be a fuzzy set of X. Let us put B = f(a), then @ < f~! (B). According to the
assumption, (int (pcl a%)) © < (int (pel f~1(B%))) € < (£ (spintB°)) .
Thus, cl (pinta) < cl (pint f~1(B)) < f(spcl B).
Hence, f (cl(pint @)) < f f~1 (spcl B) < spcl B = spcl f(a).
(iv)=():
Let B € FSPC (7,). According to the assumption,
f(cl(pint f71(B))) < spcl f £~ (B) < spcl B =p.
Then cl(pint f~'(8)) < f~* fcl(pint f~(B)) < f~'(B). Thus f~Y(B) < FSPC (1y),
hence f is fuzzy SP-irresolute continuous.
Theorem: 8.13
Let f: (X,7,) — (Y,75) be a mapping from an fts (X,z,) into
an fts (Y,z,). If f is SP-irresolute continuous, then f~1 (B8) < spint f~(int (pcl B)),

for each B € FSPO (7,).
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Proof:
Let B € FSPO (t,). Then, £~ (B) < f~* (int(pcl B)). Since £~ (B) € FSPO (1),
we have f~1(B) < spint f~1 (int(pcl B)).
Theorem: 8.14
Let f : (X,7;) — (Y,7;) be a mapping from an fts (X,7,) into an fts (Y,z,). Then
the following statements are equivalent:
(1) f is fuzzy SP-irresolute continuous;
(i1) for any fuzzy point x, of X and any B € FSPO (7,) containing f (x,), there exists
a € FSPO (t,) containing x, such thata < f~1(B);
(iii) for any fuzzy point x, of X and any S € FSPO (t,) containing f (x,),there exists
a € FSPO (t,) containing x, such that f (a) < .
Proof :
(i) =) (iD):
Let f be fuzzy SP-irresolute continuous. Let x, be a fuzzy point of X and let
B € FSPO (t,) containing f (x,).
Then x, € f~1 (B) =spint f~1(p).
The result follows for a@ = spint 1 (B).
(ii) =) (iii):
It follows from the relation f (&) < f (f~1 (B)) < B.

(iii) =) (i):
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Let B € FSPO (7;) and let x,, be a fuzzy point of X such that x, € f~! (8). Then
f (x4) € B. According to the assumption, there exists @ € FSPO (t,) containing x, such
that f (@) < B. Then x, € a < fI(f (@)) < f! (a) and x, € a = spint a <
spint f ~X(B). Since x, is an arbitrary fuzzy point and f~! (B) is the union of all fuzzy
points which belong in f~1 (B), it follows that f ™ (8) < spint f~! (B). Hence, f is
fuzzy SP-irresolute continuous.
Theorem: 8.15

Let f : (X,74) — (Y,73) be a bijective mapping from an fts (X,7,) into an fts
(Y,73). The mapping f is fuzzy SP-irresolute continuous if and only if for any fuzzy point
x, of X and any B € FSPO (1) containing f(x,), pcl f~! (B) is a fuzzy neighbourhood
of 2.
Proof:

Let f be fuzzy SP-irresolute continuous. Let x, be a fuzzy point of X and
B € FSPO (t,) containing f (x,).Then x, € f~1 (B) < int (pcl £~ (B)) < pcl f~1 (B).
Hence pcl f~1 (B) is a fuzzy neighbourhood of x, .

Conversely, let f € FSPO (t,) and let x, € ™1 (B).
According to the assumption, pcl £~ (B) is a fuzzy neighbourhood of x,.
Thus, x, € int(pcl f~1(B)).
Hence, f~1(B) <int (pcl f~1(B)),

i.e. fis fuzzy SP-irresolute continuous.
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Definition: 8.16
Let f: (X,71) — (Y,7;) be a mapping from an fts (X,r,) intoan fts (Y,7,). The
mapping f is called fuzzy weakly continuous if f~* (8) < int f~! (cl B), for each
BET.
Lemma: 8.17
Let abeafuzzysetofan ftsX.
1) If a is fuzzy strongly pre-open, then pcl a = spcl a =cl a.
2) If ais fuzzy strongly pre-closed, then pint a = spint a = int a.
Lemma: 8.18
Let a be a fuzzy set of an fts X . Then
1) spint (cl @) =int (cl (a)) ;
2) spcl (int a) = cl (int (o).
Theorem: 8.19
Every fuzzy SP-irresolute continuous mapping is a fuzzy weakly continuous
mapping.
Proof:
Let f : (X,r;) — (Y,7;) be fuzzy SP-irresolute continuous and f € FO (t;). Then,
from Lemma 8.17, Lemma 8.18 and Theorem 8.9 it follows that
£ (B) = spint f7 (B) < spint(cl f1 (B)) =int (cl £~ (B)) = int(spel £~ (B)) <

int 71 (spcl B) < int f~1 (cl B). Hence, f is fuzzy weakly continuous.
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Definition: 8.20
Let f: (X,7;) — (Y,73) be a mapping from an fts (X,7;) into an fts (Y, 7,) . The
mapping f is called SP-irresolute open (closed) if f (@) € FSPO () (f (@) € FSPC (1,)),
for each a € FSPO (1,) (a € FSPC (1,)).
Example: 8.21
Let (X,71) and (X,7;) be the fts's from Example 8.8. Then the mapping
f=id: (X,13) — (X,74) is fuzzy SP-irresolute open (closed) .
Theorem: 8.22
Let f: (X,7;) — (Y,r3) be a mapping from an fts (X,7;) into an fts (Y,7,). Then
the following statements are equivalent:
(1) f is fuzzy SP-irresolute open;
(i1) f(spint @) < spint f (@), for each fuzzy set a of X;
(iii) spint f~1 (B) < f~1 (spint B), for each fuzzy set B of Y ;
(iv) f~(spcl B) < spcl f~1(PB), for each fuzzy set f of Y .
Proof:
() =) (ii):
Let a be a fuzzy set of X.
Then f (spint a) = spint f (spint @) < spint f (a).
(ii) =) (iii):
Let B be a fuzzy set of Y. According to the assumption,

f (spint f~1(B)) < spintf f~1(B) < spint B.
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Hence spint f~1 (B) < f~ f (spint( f~1 (B))) < f~(spint B).
(iii) =) (iv):
It follows from the definitions.
@iv) =) (i):
Let a € FSPO (7,). Then a = spint a. According to the assumption,
a =spinta < pint f~ f (@) = (spcl f7 (f(a)9))° < fY(spel f (@))€ =
f ~Y(spint f(a)), hence f(a) < f f~(spint f (a)) < spint f ().
Thus f (@) = spint f (), 1.e. f is fuzzy SP-irresolute open.
Theorem: 8.23
Let f : (X,77) — (Y,7,) be a mapping from an fts (X,7,) into an fts (Y,7,). The
mapping f is fuzzy SP-irresolute closed if and only if spcl f (@) < f (spcl a), for each
fuzzy set a of X.
Proof:
Let f be fuzzy SP-irresolute closed and let a be any fuzzy set of X. Then
f (spcl @) € FSPC (7,). From f (a) < f (spcl a) it follows that spcl f(a) < f(spcl a).
Conversely, let a € FSPC (14). From f (a) = f(spcl a) = spcl f (a), we obtain
spcl f (@) = f (a), hence f is fuzzy SP-irresolute closed.
Theorem: 8.24
Let f: (X,7;) — (Y,72) be a mapping from an fts (X,7,) into an fts (Y,7,).
1) The mapping f is fuzzy SP-irresolute open if and only if f (spint &) <int (pcl f (a)),

for each fuzzy set a of X.
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2) The mapping f is fuzzy SP-irresolute closed if and only if cl (pint f (@)) < f(spcl ),
for each fuzzy set a of X.
Proof:
(1). Let a be a fuzzy set of X. Then f(spint a) € FSPO (t;), hence
f(spint @) < int(pcl f(spint @)) < int (pcl f(a)).
Conversely, let @ € FSPO (7,), From f(a) = f(spint a) < int (pcl f(a)) it follows
that f(a) € FSPO (t,), hence f is fuzzy SP-irresolute open.
(2) can be proved in a similar manner.
Theorem: 8.25
Let f: (X,74) — (Y,7,) be a mapping from an fts (X,7;) into an fts (Y,7,). Then
the following statements hold:
1) If f (int(pcl @)) < int (pcl f(a)), for each @ € FSPO (t,), then f is fuzzy SP-irresolute
open;
2) If f (cl(pint @)) = cl (pint f(a)), for each a € FSPC (7,), then f is fuzzy SP-irresolute
closed.
Proof:
(1). Let @ € FSPO (7,). Then a < int (pcl @). According to the assumption,
f (@) < f (int(pcl @)) < int (pcl f(a)), hence f(a) € FSPO (1,).
i.e. f is SP-irresolute open.

(2) can be proved in a similar manner.
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Theorem: 8.26
Let f : X — Y be a bijective mapping from an fts X into an fts Y. Then the
following statements hold:
1) f is fuzzy SP-irresolute open if and only if it is fuzzy SP-irresolute closed;
2) f is fuzzy SP-irresolute open (closed) if and only if f~1 is fuzzy SP-irresolute
continuous.
Proof:
1) follows from the definitions.
2) follows from the relation (f ") "!(a) = f(a), for each fuzzy set a of X.
Corollary: 8.27
Let f : X —Y be a bijective mapping from an fts X into an fts Y . Then the
following statements are equivalent:
(i) f is fuzzy SP-irresolute closed;
(ii) f(spint @) < spint f(a), for each fuzzy set a of X;
(iii) spint £ ~1(B) < f~(spint B), for each fuzzy set S of Y ;
(iv) f~(spcl B) < spcl f1(B), for each fuzzy set f of Y .
Theorem: 8.28
Let f : (X,7;) — (Y,7,) be a mapping from an fts (X,7,) into an fts (Y,7,).
The mapping f is fuzzy SP-irresolute open if and only if for each fuzzy set f of Y and

each a € FSPC (1;), f~Y(B) < a, there exists y € FSPC (7,) such that § < y and

Fh)se
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Proof :
Let 8 be a fuzzy set of Y and let @ € FSPC (t,) such that f 7! (8) < a.Then a® >
f7HBC), hence f (a®) < f f~1(B°) < B. Since a € FSPO (t,), we obtain that
f (@) € FSPO (1), hence f (a€) < spint €. Thus a® < f~ 1 f(a®) < f~! (spint B°). It
follows that @ > f~* (spint )¢ = f~* (spcl B). The result follows for y = spcl f.
Conversely, let A € FSPO (7;). We claim that f (1) € FSPO (7,). From
A< f71f(A) it follows that A € = f~1 f(1)€, where A° €FSPC (t,). Hence there is
B € FSPC (1) such that 8 > f(A)€and f~* (B) < A°. Since B =f (1), it follows that
B = spel £ ()€ or € < (spcl f(A)€)€ = spint f(1). From f~! (8) < A° we obtain
fFEBY = AorBE=Ff1(BS) = f (). Since f (1) < B¢ < spint f (1), we have
f (4) = spint f (1).Thus, f(1) € FSPO (7,), hence f is fuzzy SP-irresolute open.
Corollary: 8.29
Let f: (X,r1) — (Y,7;) be a mapping from an fts (X,7,) into an fts (Y,7,).
If f is fuzzy SP-irresolute open then:
1) £~ (cl(pint B)) < spcl f~1 (B), for each fuzzy set B of Y ;
2) f~1 (c1 B) < spel f~1(B), for each B € FPO (7).
Proof:
1) Let B be a fuzzy set of Y. Then spcl f~1 (8) € FSPC (1,).
From Theorem 8.17 it follows that there exists y € FSPC (7,) such that 8 < y and f ~1(y)
< spel f71(B). Thus f~(cl (pint B)) < f~*(cl(pint ¥)) < £~ (¥) < spcl 71 (B).

2) It follows immediately from 1).
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Theorem: 8.30

Let f: (X,7;) — (Y,73) be a mapping from an fts (X,7;) into an fts (Y,7,). The
mapping f is fuzzy SP-irresolute closed if and only if for each fuzzy set § of Y and each
a € FSPO (1;), f~! (B) < a, there exists ¥y € FSPO () such that # < y and ! (y)
= i
Proof:

Let B be a fuzzy set of Y and let @ € FSPO (t;) such that f~! (8) < a. Then
f (a) € FSPC (t,). We puty = f(a)¢. Then y € FSPO (7,), f <y and
ffM=fTE@))<ff@<a

Conversely, let @ € FSPC (t,). Then a¢ € FSPO (t;) and a® = f~! (f (@)°).
According to the assumption there exists y € FSPO (t,) such that f(a)¢ < y and
f~1(y) < a. Hence, f (a) = y¢ € FSPC (t,).
Theorem: 8.31

Let f : X — Y be a mapping from an fts X into an fts Y .The mapping f is fuzzy
SP-irresolute closed and fuzzy SP-irresolute continuous if and only if
f (spcl @) = spcl f(a), for each fuzzy set a of X.
Proof:

It follows from Theorem 8.9 and Theorem 8.23.
Theorem: 8.32

Let f: X — Y be a mapping from an fts X into an fts Y. The mapping f is fuzzy

SP-irresolute open and fuzzy SP-irresolute continuous if and only if
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E*(spcl B) =spcl f~1(B), for each fuzzy set B of Y.
roof:
It follows from Theorem 8.9 and Theorem 8.22.
‘Theorem 8.33:
Let f: X —Y be a mapping from an fts X into an fts Y .The mapping f is fuzzy
SP-irresolute open and fuzzy SP-irresolute continuous if and only if
£~ (spint B) = spint f ~1(B), for each fuzzy set B of Y.
Proof:

It follows from Theorem 8.9 and Theorem 8.22.
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