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PREFACE TO THE SECOND EDITION

This second edition of Linear Integral Equations continues the emphasis
that the first edition placed on applications. Indeed, many more examples have
been added throughout the text. Significant new material has been added in
Chapters 6 and 8. For instance, in Chapter 8 we have included the solutions of
the Cauchy type integral equations on the real line. Also, there is a section on
integral equations with a logarithmic kemnel. The bibliography at the end of the
book has been exteded and brought up to date,

I wish to thank Professor B.K. Sachdeva who has checked the revised man-
uscript and has suggested many improvements. Last but not least, I am grateful
to the editor and staff of Birkhiduser for inviting me to prepare this new edition
and for their support in preparing it for publication.

Ram P. Kanwal



CHAPTER 1

Introduction

1.1. Definition

An integral equation is an equation in which an unknown function appears under
one or more integral signs Naturally, in such an equation there can occur other
terms as well. For example, fora < s < b; a <t € b, the equations

b
f(s) = f K(s,n)g(t)de , 1.1.1)
b
8(s) = f(s)+ f K(s.t)g(t)dr , 1.12)
b
¢ = [ K.olgwPar. (1.13)

where the function g(s) is the unknown function and all the other functions
are known, are integral equations. These functions may be complex-valued
functions of the real variables s and 1.

Integral equations occur naturally in many fields of mechanics and math-
ematical physics. They also arise as representation formulas for the solutions
of differential equations. Indeed, a differential equation can be replaced by an
integral equation that incorporates its boundary conditions. As such, each solu-
tion of the integral equation automatically satisfies these boundary conditions.
Integral equations also form one of the most useful tools in many branches of
pure analysis, such as functional analysis and stochastic processes.

One can also consider integral equations in which the unknown function is
dependent not only on one variable but on several variables. Such, for example,
is the equation

g(s) = f(s) +/ K(s, t)g(t)dt , s€Q, (1.1.8)
a

where s and t are n-dimensional vectors and §2 is a region of an n-dimensional
space. Similarly, one can also consider systems of integral equations with several
unknown functions.

An integra) equation is called linear if only linear operations are performed
in it upon the unknown function. Equations (1.1.1) and (1.1.2) are linear, while
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(1.1.3) is nonlinear. In fact, equations (1.1.1) and (1.1.2) can be written as
L{g)l= f®, (1.1.5)

where L is the appropriate integral operator. Then, for any constants ¢; and ¢z,
we have

L{c181(5) + c282(5)] = c1L[g1(s)] + c2L [g2(5)) - (1.1.6)
This is the general criterion for a lincar operator. In this book, we deal only with

linear integral equations.
The most general type of linear integral equation is of the form

h(s)8(s) = f(5) + A / K(s, Do)t | (1.1.7)

where the upper limit may be either variable or fixed. The functions f, &, and
K are known functions, whereas g is to be determined; A is a nonzero, real or
complex, parameter. The function K (s, t) is called the kernel. The following
special cases of Equation (1.1.7) are of main interest.

(i) FREDHOLM INTEGRAL EQUATIONS. In all Fredholm integral equations
the upper limit of integration b, say, is fixed.
(a) In the Fredholm integral equation of the first kind, k(s) = 0. Thus,

b
fs) + A/ K(s.t)g(t)d1 =0. (1.1.8)

(b) In the Fredholm integral equation of the second kind, A(s) = 1;

b
g(s) = f(s)+l/ K(s,g(t)de . (1.1.9)

(c) The homogeneous Fredholm integral equation of the second kind is a
special case of (b) above. In this case, f(5) = 0;

»
g(s) = Aj K(s,n)g(t)de . (1.1.10)

(i) VOLTERRA EQUATIONS. Volterra equations of the first, homogeneous,
and second kinds are defined precisely as above except that b = s is the variable
upper limit of integration.

Equation (1.1.7) itself is called the Carleman type integral equation. It is
also called the integral equation of the third kind.

(iii) SINGULAR INTEGRAL EQUATIONS. When one or both Limits of inte-
gration become infinite or when the kernel approaches infinity at one or more
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points within the range of integration, the integral equation is called singular.
For example, the integral equations

o0
8(s) = f(s5) + l/ exp(~is — thg()dr (1.1.11)

-0

and
f(s) =f [1/(s — £)°Jg(t)ds, O<ax<l (1.1.12)
0

are singular integral equations.

1.2. Regularity Conditions

We are mainly concerned with functions that are either continuous, integrable, or
square-integrable. In the subsequent analysis, the regularity conditions expected
of the functions involved are pointed out. The notion of Lebesgue-integration
is essential to the study of modern mathematical analysis. When an integral
sign is used, the Lebesgue integral is understood. Fortunately, if a function is
Riemann-integrable, it is also Lebesgue-integrable. There are functions that are
Lebesgue-integrable but not Riemann-integrable, but we do not encounter them
in this book. Incidentally, by a square integrable function g(¢), we mean that

b
f 1g(OPdt <00 . (1.2.1)
a
This is called an £;-function. The regularity conditions on the kernel K (s, 1) as

a function of two variables are similar. It is an C3-function if:
(a) for each set of valuesof s, f inthe squarea S s < b, a <r <),

fb /b IK(s,0)|%ds dt <00, (1.2.2)
a [
(b) foreach valucof sina < s < b,

fb K (s, 0)1%dt < 00, 1.23)
{c) foreach value of tina <t < b,

b
/ 1K (s, 1)|*ds < oo . (1.2.4)
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1.3. Special Kinds of Kernels

(i) SEPARABLE OR DEGENERATE KERNEL. A kemel K(s, 1) is called
separable or degenerate if it can be expressed as the sum of a finite number of
terms, each of which is the product of a function of s only and a function of ¢
only; that is,

K(s,) =) ails)bi(0) . (1.3.1)

=)

The functions a;(s) can be assumed to be linearly independent, otherwise the
number of terms in relation (1.3.1) can be reduced (by linear independence it is
meant that, if ¢)a; + €2a2 + -« + ¢,a, = 0. where ¢; are arbitrary constants,

thengy=c2=---=¢, =0).

(it) SYMMETRIC KERNEL. A complex-valued function K {s, t) is called sym-
metric (or Hermitian) if K(s,1) = K*(¢,s), where the asterisk denotes the
complex conjugate. For a real kernel, this coincides with definition K (s, ?) =
K(@,s).

1.4. Eigenvalues and Eigenfunctions
If we write the homogeneous Fredholm equation as

b
/ K(s,0)g()dt = ug(s), ”=1/x,

we have the classical eigenvalue or characteristic value problem; 4 is the cigen-
value and g(r) is the corresponding eigenfunction or characteristic function.
Since the linear integral equations are studied in the form (1.1.10), it is A and
not 1/& which is called the ¢igenvalue. )

1.5. Convolution Integral

_Many.intetcsting problems of mechanics and physics lead to an integral equation
in which the kernel K (s, ¢) is a function of the difference (s — 1) only:

K(is.t)=k(s-1¢), (1.5.1)

where k is a certain function of one variable. The integral equation

$
8(s) = f(s) + A/ k(s — 1)g(t)d:e , (15.2)
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and the corresponding Fredholm equation are called integral equations of the
convolution type.

The function defined by the integral

s 5
f kis ~t)g(t)dr = / k(t)g(s — 1)dt (1.5.3)
()} ()}

is called the convolution or the Faltung of the two functions k and g. The integrals
occurring in Equation (1.5.3) are called the convolution integrals.
The convolution defined by relation (1.5.3) is a special case of the standard

convolution

oo >+

k(s — )g(0)dt = [ k(0)g(s — t)dt . (1.5.9)

The integrals in Equation (1.5.3) are obtained from those in (1.5.4) by taking
k() =g(t) =0,fort <0andt > s.

1.6. The Inner or Scalar Product of Two Functions

The inner or scalar product (¢, ¥) of two complex L;-function ¢ and ¥ of a
real variable 5, a < s < b, is defined as

b
@.v)= f o)y (de . (1.6.1)

Two functions are called orthogonal if their inner product is zero, that is, ¢ and

¥ are orthogonal if (¢, ¥) = 0. The norm [|$]} of a function ¢(r) is given by
the relation

b 1/2 r'S 12
l¢ﬂ=[/ ¢(t)¢‘(r)dt] =[/ I¢(r)|’dt] . (1.6.2)

A function ¢ is called normalized if |i¢ll = 1. It is obvious that a nonnull
function (whose norm is not zero) can always be normalized by dividing it by
its norm.

We have a great deal more to say about these ideas in Chapter 7. For the
time being, we content ourselves with mentioning the Schwarz and Minkowski
inequalities,

10, ¥)1 < lioll vl (1.6.3)

and
o+ il < lolt + livlh, (1.6.4)
respectively.
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Two kemnels L (s, 1) and M (s, ¢) are called orthogonal if

b
f L(s,x)M(x,1)dx =0 (1.6.5)

and ,
/ M(s,x)L(x,t)dx =0, (1.6.6)

for every pair of points s and ¢ in the interval @ € s € b. When only one of
these conditions holds, these kernels are called semi-orthogonal.

1.7. Notation

For Fredholm integral equations, it is assumed here that the range of integration
is a to b, unless the contrary is explicitly stated. The quantities a and b are

omitted from the integral sign in the sequel.



CHAPTER 2

Integral Equations
With Separable Kemnels

2.1. Reduction to a System of Algebraic Equations

In Chapter 1, we have defined a degenerate or a separable kernel K (s, ¢) as

K(s,0) =) ai)bi@), 21.1)
i=1
where the functions a;(s), ..., a,(s) and the functions b, (1), .. ., b,(t) are lin-

carly independent. With such a kernel, the Fredholm integral equation of the
second kind,

£0) = f(s) +A _[ K(s,)g(0de @12
becomes
50 = f©+2 Y a6 [ bigoar @13)
fml

It emerges that the technique of solving this equation is essentially dependent
on the choice of the complex parameter A and on the definition of

6= / bi(t)g(r)dt . (2.1.4)
The quantities c; are constants, although hitherto unknown. Substituting Equa-

tion (2.1.4) in (2.1.3) gives

8s) = f(s) +1 Y ciai(s) (2.1.5)

=]

and the problem reduces to finding the quantities ¢;. To this end, we put the
value of g(s) as given by Equation (2.1.5) in (2.1.3) and get

Zﬂi(s)(ti - fb.'(l)[f(l) +X ic.a.(t)]dll =0, (2.1.6)

iml kw1l
But the functions a;(s) are linearly independent; therefore,

c;-fbi(!)[f(l)+1§c.a,(l)]dl=0, i=l.on. (@17
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Using the simplificd notation

/b. ) fyde = fi, /b.-(l)a.(t)dr =aj, (2.1.8)
where f; and a; are known constants, Equation (2.1.7) becomes
6 =AY auck = f. i=1..,n, (2.1.9)
Am]

that is, a system of n algebraic equations for the unknowns c;. The determinant
D(2) of this system is

1 = dayy -Ad; ‘e —Aa;,
—Aan 1~ Mn hen —Aay,
pm=| . . (2.1.10)
—Ada 1—Aa,2 ... 1—2Adu,

which is a polynomial in A of degree at most n. Moreover, it is not identically
zero, since, when A = 0, it reduces to unity.

For all values of A for which D(A) # 0, the algebraic system (2.1.9), and
thereby the integral equation (2.1.2), has a unique solution. These values of
A are called regular. On the other hand, for all values of A for which D(A)
becomes equal to zero, the algebraic system (2.1.9), and with it the integral
equation (2.1.2), either is insoluble or has an infinite number of solutions. Setting
& = 1/p in Equation (2.1.9), we have the eigenvalue problem of matrix theory.
The eigenvalues are given by the polynomial D(A) = 0. They are also the
eigenvalues of our integral equation. The corresponding method for solving the
Fredholm integral equations of the first kind is presented in Section 2.6.

2.2. Examples
Example 1. Solve the Fredholm integral equation of the second kind
1
gs) =s+A / (st + s2n)g(n)dr. 2.2.1)
o
The kernel K (s, 1) = st + s2¢ is separable and we can set
1 1
o= / g(t)de €= / tg(t)dr .
(] o0

Equation (2.2.1) becomes
8(s) = 5 + Aeys + Aeps?, 222
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which we substitute in (2.2.1) (o obtain the algebraic equations

11 1
1= =~ + =AM =Aicz,
1=3tatsia

= 1 + ! Acy + llc
=3 t3la+ia.
The solution of these equations is readily obtained as
€ = (60+1)/(280 — 1204 —2%), 3 = 80/(240— 1201 — A2)
From Equations (2.2.2) 2nd (2.2.4), we have the solution

g(s) = [(240 — 60A)s + 80As?]/(240 — 120% — 2%) .

Example 2. solve the integral equation

1
g8(s) = f(S)+l/ (s + )g()dt
0

and find the eigenvalues.
Here, a1(s) =5, a2(s) = 1, by {1} = 1, b,(s) = ¢,

1 1 1
d"=/‘d‘=—, 012=/dl=],
] 2 (]

', 1 ! 1
ay = tPdt = =, = tdt = -,
21 j‘; 3 ax /; 3

1 1
f,=j; f@yde, f2=/; ef()de .

(223)

. (22.9)

@25

(2.2.6)

Substituting these values in Equation (2.1.9), we have the algebraic system

1 1 1
a- il)cx k2= fy, —glcl +(1- El)cz = fi.

The determinant D(*} = 0 gives A2 4 124 — 12 = 0. Thus, the cigenvalues are

M=(=6+4Y3), A =(=6-47).

For these two values of A, the homogeneous equation has a nontrivial solution,
whereas the integral equation (2.2.6) is, in general, not soluble. When A differs

from these values, the solution of the preceding algebraic system is

o = [~12f; + A6 fi ~ 122X + 123 ~ 12),
= [-12f,+ A4S — 6 ))/ (A1 + 124 - 12).
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Using the relation (2.1.5), there results the solution

V6(h — 2)(s + 1) — 12Ast — 41
= . 2.2
gls) = f(s) + A/; T 12 f(ndt (227

The function I'(s, £; 3),
Fs.1; ) = [6(x - 2)(s + ) — 12t =AY (O +124-12),  (2.28)

is called the resolvent kernel. We have, therefore succeeded in inverting the
integral equation because the right-hand side of the preceding formula is a known
quantity.

Example 3. Invert the integral equation

2(s)= f(s) + X/z’(sinscost)g(t)dl . (2.2.9)
As in the previous examples, we set '
n
c= f (cost)g(t) dt
to obtain ’
8(s) = f(s) + Acsins. (2.2.10)

Multiply both sides of this equation by coss and integrate from O to 2rr. This
gives

P
c= f (cost) f(r)de . (2.2.11)
From Equations (2.2 o
rom -2.10) and (2.2.11), we have the required formula:
2
8 = f(s) + A/ (sinscost) f()dt . (22.12)
0
Example 4. Find the resolvent kernel for the integral equation
( 1
&)= fis) +2a f (st + s¥P)g(n)de . (2.2.13)
For this equation, -
a(s) =s. ax(s) = 5%, bi(t) =1, by(t) = P,
ay = 2 2

3' an=an=0, ax =z,

3
- ! 1
f"/:l'l(l)dt. fz=f 2 fyde.
-1
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Therefore, the corresponding algebraic system is

o (1 - ;;.) =fi, e (1 - g;.) =f. (22.14)

Substituting the values of c; and ¢ as obtained from Equation (2.2.14) in (2.1.5)
yields the solution

(S)~-f(.v)+)‘fl -—'5-'——+—’2—'2-— f)de (2.2.15)
ge= I T Uo7 ' *

Thus, the resolvent kernel is

st 52
Fis,; ) = 7— YO RETOVER (22.16)
We now give examples of homogeneous integral equations.
Example S. Solve the homogeneous Fredholm integral equation
gls) =2 ﬁ "o . @217
Define
c= jl eg(nde ,
so that Equation (2.2.17) becomes ’
g(s) = rce . (2.2.18)

Put this value of g(s) in Equation (2.2.17) and get

1
Ace* = Ae’/ red)dr = %Az ecle? - 1)
(]
or
A2 - A - 1)} =0.

ifc = 0orA =0, then we find that g = 0. Assume that neither ¢ = 0 nor
A = 0, then we have the eigenvalue

A=2/(*-1).

Only for this value of A does there exist a nontrivial solution of the integral
Equation (2.2.17). This solution is found from Equation (2.2.18) to be

g(s) = [2c/(e? = 1))e* . (2.2.19)

Thus, to the eigenvalue 2/(e? - 1) there corresponds the eigenfunction &*.
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Example 6. Find the eigenvalues and sigenfunctions of the homogeneous inte-
gral equation

2
gls) = 1[ {st + (1/st))g()dt . (2.2.20)
t
Comparing this with Equation (2.1.3) and (2.1.8), we have
a1(s) = s ax(s) = 1/s bi(t) =1 by(t) = 1/1 .
7

ap=3. ap=an=1, an=z.

The formula (2.1.9) then yields the following homogeneous equations
7 1
(1 - sl) €y ~ AC; = 0. -Ml + (l - 51) C2= 0. (22.21)

which have a nontrivial solution only if the determinant
1-1a
I |

vanishes. Therefore, the required eigenvalues are

D) = l > l = 1= (17/6)% + (1/6)A2,

A= %(17+ V265) ~ 16.6394;
2 @22)

The solution corresponding to X, is ¢3 = —2.2732¢,, and that corresponding
10 Az is ¢j = 0.4399¢;. The eigenfunctions of the given integral equation are
found by substituting in (2.1.5):

£1(5) ~ 16.639¢,[s ~ 2.2732(1/s)],

£2(5) = 0.3606¢,[s + 0.4399(1/5)]. @223

where ¢; and ¢; are two undetermined constants.

2.3. Fredholm Alternative

In the previous sections, we have found that, if the kernel is separabie, the
problem of solving an integral equation of the second kind reduces to that of
solving an algebraic system of equations. Unfortunately, integral equations
with degenerate kemels do not occur frequently in practice. But since they are
easily treated and, furthermore, the results derived for such equations lead to a
better understanding of integral equations of more general types, it is worthwhile
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studying them. Last, but not least, any reasonably well-behaved kernel can be
written as an infinite series of degenerate kernels.

When an integral equation canoot be solved in closed form, then recourse
has to be taken to approximate methods. But these approximate methods can
be applied with confidence only if the existence of the solution is assured in
advance. The Fredholm theorems explained in this chapter provide such an
assurance. The basic theorems of the general theory of integral equations, which
were first presented by Fredholm, correspond to the basic theorems of linear
algebraic systems. Fredholm’s classical theory is presented in Chapter 4 for
general kernels. Here, we deal with degenerate kemels and borrow the results
of linear algebra.

In Section 2.1, we found that the solution of the present problem rests on
the investigation of the determinant (2.1.10) of the coefficients of the algebraic

system (2.1.9). If D(X) # O, then that system has only one solution given by
Cramer’s rule

=D+ D:ifa+- -+ Dajf1)/DN), J=12,-,n, (231

where D, denotes the cofactor of the (A, i )th element of the determinant (2.1.10).
f:on_sequenlly, the integral equation (2.1.2) has the unique solution (2.1.5), which,
in view of (2.3.1), becomes

n

86) = f5) +23 2l P2ult Dk ) ay)

=

and the corresponding homogeneous equation

gi(s) = ).f K(s, n)g(t)dt (233)
has only the trivial sotution g(s) =0.
Substituting for f; from (2.1.8) in (2.3.2), we can write the solution g(s) a5

868) = f(s) + (A/DW))

x [ {Z{D,,b,(t) + D2jbr () + ... 4 D,.,-b.(t))a,(s)} f@)ar .

=1

= f(s) + [A/DQ)]

x/i:iDubl(f)a;(S)f(l)dt .

f=1 jel

(2.3.4)
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Now consider the determj of (n + 1)th order
Y a;(s) ax(3) ...  a,(s)
b)(‘) 1~ lan —Kﬂn e —AB1a
D@, t;a) = ~[b2(t)  —day 1—-2kan ... —kawm (. (2.35)
b, (1) —Aay ~A@yz ... 1~ Aap

By developing it by the elements of the first row and the corresponding minors
by the elements of the first column, we find that the expression in the brackets
in Equation (2.3.4) is D(s, t; A). With the definition

F(s,1; 2) = D(s,1; M)/ DV, {23.6)
Equation (2.3.4) takes the simple form

gl) = fH+1 / TGS, 65 D F(de . (237

The function I'(s, ¢; A) is the resolvent (or reciprocal) kernel we have already
encountered in Examples 2 and 4 in the previous section. In Chapter 4 we show
that the formula (2.3.6) has many important consequences. For the time being,
we content oursefves with the observation that the only possible singular points
of ['(s, £; A) in the A-plane are the roots of the equation D(A) = 0, that is, the
eigenvalues of the kernel K (s, 7).

The preceding discussion leads to the following basic Fredholm theorem.

Fredholm Theorem. The inhomogeneous Fredhoim integral equation (2.1.2)
with a separable kernel has one and only one solution, given by formula (2.3.7).
The resolvent kernel I'(s. ¢, ; A) coincides with the quotient (2.3.6) of two poly-
nomials.

If D(1) = 0, then the inhomogeneous equation (2.1.2) has no solution in
general, because an algebraic system with vanishing determinant can be solved
only for some particular values of the quantities f;. To discuss this case, we
write the algebraic system (2.1.9) as

d-rA)x=f, (239

where 1 is the unit (or identity) matrix of order n and A is the matrix (a;;). Now,
when D(R) = 0, we observe that for each nontrivial solution of the homogeneous
algebraic system

(I-32A)x=0 239
there corresponds a nontrivial solution (an eigenfunction) of the homogeneous
integral equation (2.3.3). Furthermore, if A coincides with a certain eigenvalue
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Ag for which the determinant D(Ao) = |I—ApA} hastherank p,1 € p < n, then
there arer = n— p linearly independent solutions of the algebraic system (2.3.9);
r is called the index of the cigenvalue A9. The same holds for the homogeneous
integral Equation (2.3.3). Let us denote these r linearly independent solutions as
£01{5), 802(5), - - - , Bor (8), 2nd let us also assume that they have been normalized.
Then, to each eigenvalue g of index r = n — p, there corresponds a solution
go(s) of the homogeneous integral equation (2.3.3) of the form

8o(s) = )_aegu(s).

k=1

where a; are arbitrary constants.

Let m be the multiplicity of the eigenvalue Ao, that is, D()) = O has m
equal roots Ag. Then, we infer from the theory of linear algebra that, by using
the elementary transformations on the determinant {1 — AA|, we shall have at
most m + 1 identical rows and this maximum is achieved only if A is symmetric.
This means that the rank p of D(Xo) is greater than or equal to n — m. Thus,

r=p—-p<a~(n-m)=m

and the equality holds only when a;; = a;;.

Thus we have proved the theorem of Fredholm that, if A = X¢ is a root of
multiplicity m 2 1 of the equation D(X) = 0, then the homogeneous integral
Equation (2.3.3) has r linearly independent solutions; r is the index of the
eigenvalue suchthat 1 €<r < m.

The numbers r and m are also called the geometric multiplicity and alge-
braic multiplicity of Ag, respectively. From the preceding result, it follows that
the algebraic multiplicity of an eigenvalue must be greater than or equal to its
geometric multiplicity.

To study the case when the inhomogencous Fredholm integral equation
(2.1.2) has solutions even when D(A) = 0, we need to define and study the
transpose of Equation (2.1.2). The integral equation

Y = f(s) +l/ K@, s)v(nde , (2.3.10)

where x denotes the complex conjugacy, and X is called the transpose (or adjoint)
of Equation (2.1.2). Observe that the relation between (2.1.2) and its transpose
{2.3.10) is symmetric, since (2.1.2) is the transpose of (2.3.10).

If the separable kemnel X (s, ¢) has the expansion (2.1.1), then the kernel
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K*(t, 5) of the transposed equation has the expansion

K, ) =) (ai()bils))*. @311

il
Procecding as in Section 2.1, we end up with the algebraic system
I=-2AT)e =1, (23.12)

where A*T stands for the transpose and conjugate of A and where ¢; and f; are
now defined by the relations

= /a,.‘(t)\p(r)dt, fi= fa;(l)f(r)dt. (2.3.13)

Clearly, the determinant of the algebraic system (2.3.12} is the function D*(A).
Thus, the eigenvalues of the transposed integral equation are the complex con-
jugates of those for the original equation (2.1.2). Accordingly, the transposed
equation (2.3.10) also possesses a unique solution whenever (2.1.2) does.

As regards the eigenvectors of the homogeneous system

a-xAT=0, 23.14)

we know from linear algebra that these are, in general, different from the cor-
responding cigenvectors of the system (2.3.9). The same applies to the eigen-
functions of the transposed integral equation. Since the index r of i is the
same in both these systems, the number of linearly independent eigenfunctions
is also r for the lransposed system. Let us denote them by ¥, Vo, -+, ¥
and let us assume that they have been normalized. Then, any solution yo(s) of
the transposed homogeneous integral equation

vis) = lf K*@. sy (0t (2.3.15)
corresponding to the eigenvalue Aq is of the form

Vols) = Y Bivals),

where 8; are arbitrary constants.

We prove in passing that eigenfunctions g(s) and y(s) comesponding to dis-
tinct cigenvalues X and A3, respectively, of the homogeneous integral equation
(2.3.3) and its transpose (2.3.15) are orthogonal. In fact, we have

g(s) =1 / K(s,1)g(t) de, Y(s) = Azfl(‘(t.s)\b(x)dr.
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Multiplying both sides of the first equation by A,y *(s) and those of the complex

conjugate of the second equation by X, g(s), integrating, and then subtracting
the resulling equations, we obtain

b
(A2 — l))/ g(s)y*(s)ds = 0.

But A # A3, and the result follows.

We are now ready to discuss the solution of the inhomogeneous Fredholm
integral equation (2.1.2) for the case D(A) = 0. In fact, we can prove that the
necessary and sufficient condition for this equation to have a solution for A = Ao,
aroot of D(A) = 0, is that f(s) be orthogonal to the r eigenfunctions Y of the
transposed Equation (2.3.15).

The necessary part of the proof follows from the fact that, if Equation (2.1.2)
for & = Ao admits a certain solution g(s), then

/ f($)yg(s)ds = / g8(S)¥q (s)ds
—lof \Il&(s)dsfl((s.t)g(t)dt
= f g(s)vs(s)ds

—Ao/g‘(t)dt/l('(s. )Yoi(s)ds =0,

because Ag and v are eigenvalues and corresponding eigenfunctions of the
transposed equation.

To prove the sufficiency of this condition, we again appeal to lincar algebra.
In fact, the corresponding condition of orthogonality for the linear-algebraic
system assures us that the inhomogeneous system (2.3.8) reduces toonly n — r
independent equations. This means that the rank of the matrix (I — AA) is exactly
P = n —r and, therefore, the system (2.3.8) or (2.1.9) is soluble. Substituting
this solution in (2.1.5), we have the solution to our integral equations.

Finally, the difference of any two solutions of (2.1.2) is a solution of the
homogeneous Equation (2.3.3). Hence, the most general solution of the inho-
mogeneous integral equation (2.1.2) has the form

8(s) = G(8) + a,80)(5) + a2802(8) + - - - + o, 8or (1), (2.3.16)

where G(s) is a suitable lincar combination of the functions ay(s), a3(s), :-- ,
an(s).

We have thus proved the theorem that, if A = g is a root of multiplicity
m 2 1ofthe equation D(3) = 0, then the inhomogeneous equation has a solution
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if and only if the given function f(5) is orthogonal to all the eigenfunctions of
the transposed eguation.
The results of this section can be collected to establish the following theorem.

Fredbolm Alternative Theorem. Either the integral equation

&) = f(5) +A f K (s, 0)g(0)dt 2317

with fixed X possesses one and only one solution g(s) for arbitrary L,-functions
f(s)and K (s, t), inparticular the solutiong = O for f = 0; or the homogeneous
equation

gls) =4 f K(s, 0)g(t)de (23.18)
possesses a finite number r of linearly independent solutions goi, i = 1,2,--- ,r.

In the first case, the transposed inhomogeneous equation

vs)= fls)+2 f K* (s, syy(0)de (23.19)

also possesses a unique solution. In the second case, the transposed homoge-
neous equation

¥(s) =2 [ K* (. )W ()dt @320)

also has r linearly independent solutions Yo, § = 1,2,--- ,r; the inhomoge-
neous integral equation (2.3.17) has a solution if and only if the given function
f(s) satisfies the r conditions

(f.%)=ff(s)w,;.(s)¢s=o. i=1,2-.-,r. (2321

in this case, the solution of Equation (2.3.17) is determined only up to an additive
linear combination 3 . c;g:.

The following examples illustrate the theorems of this section.

2.4. Examples
Example 1. Show that the integral equation

2%
&) = f(s) + (1/m) f {sin(s + £)]g(n)dt @240
0
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possesses no solution for f(s) = s, but that it possesses infinitely many solutions
when f(s) = 1.
For this equation,
K(s,t) =sinscost + cosssin¢,
ai(s) = sins, az(s) = coss, b, (1) = cost by(t) = sin¢.
Therefore,

20
ay =f sintcostdt =0 =an,
]

2
an=f cosltdt = » =ay,
(i
1 —An
—Am 1
The eigenvalues are X, = 1/x, A = —1/7 and Equation (2.4.1) contains

Ay = 1/n. Therefore, we have to examine the eigenfunctions of the transposed
equation (note that the kernel is symmetric)

D) = l

=1-=A%n%, (2.4.2)

g2(s) = (/) /z’ sin(s + £)g(¢)dt . (243)
The algebraic system corresponding ‘:o (2.4.3)is
¢ ~Aimecy =0, —Ancy +c2=0,
which gives
G =cC; for Ay =1/m; aq=—-c for Ay=-1/m.

Therefore, the eigenfunctions for Ay = 1/ follow from the relation (2.1.5) and
are given by

g(s) = c(sins + coss). 2.4.4)
Since
2
j; (ssins +scoss)ds = —-2n #£0,
and
2
/; (sins +coss)ds =0,
we have proved the result.

Example 2. Solve the integral equation

1
86 = f(s)+ A / (1 - 3st)g(o)ds . (24.5)
(]
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The algebraic system (2.1.9) for this equation is

1=+ %lcz = fi, —%lc, +(1+Ac2= fa, (2.4.6)
and R
1-2 A 1
= It _@-ah. 2.4.
b= _n 1+A| rOie @47

Therefore, the inhomogeneous Equation (2.4.5) will have a unique solution if
and only if A % £2. Then the homogeneous equalion

1
gis) =2 f (1 — 3s1)g(#)ds (24.8)
o

has only the trivial solution.
Let us now consider the case when A is equal to one of the eigenvalues and
examine the eigenfunctions of the transposed homogeneous equation
1
gls) =X / (1 - 3sn)g(t)de. (249)
0

For A = +2, the algebraic system (2.4.6) gives ¢; = 3cz. Then, (2.1.5) gives
the eigenfunction

8(s) =c(1—5s), (2.4.10)

where ¢ is an arbitrary constant. Similarly, for A = =2, the cormesponding
eigenfunction is

g(s) =c(1-3s). (2.4.11)
It follows from the preceding analysis that the integral equation

1
g(s) = f(s) +2/ (1~ 3s)g(t)dt
[}

will have a solution if f(s) satisfies the condition

1
fo (1 -35)f(s)ds =0.

2.5. An Approximate Method

The method o-f this chapter is useful in finding approximate solutions of certain
integral equations. We illustrate it by the following example:

1
88) =& -5 - / s(e* ~1g(t)dr. 251
(]
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Let us approximate the kernel by the sum of the first three terms in its Taylor
series:

K(s.0) =s( - 1) =5’ + %s’:’ + %s‘:’, (25.2)

that is, by a separable kernel. Then the integral equation takes the form

! 1 1
gis)=¢€ —s ~ f (s% + Es’t’ + gs‘t3)g(t)dt. (2.5.3)
0
Since the kernel is separable, we require the solution in the form

gs) =€ —s+ost + o8’ +aast. (2.54)

Following the method of this chapter, we find that the constants ¢, c3, c3 satisfy
the following algebraic system:

(5/4)cy + (1/5)c2 + (1/6)c3 = ~2/3,
(1/5)cy + (13/6)c2 + (1/T)e3 = (9/4) — e, (2.5.5)
(1/6)cy + (1/T)ez + (49/8)c3 = 2e — (29/5),

whose solution is
o = —0.5010, c; = —0.1671, ¢y = =0.0422. (2.5.6)
Substituting these values in Equation (2.5.4), we have the solution
g(s) = & — s ~ 0.5010s% — 0.1671s* - 0.0423s* . (2.5.7
Now the exact solution of the integral Equation (2.5.1) is

gs)=1. (2.5.8)

Using the approximate solution for s = 0, s = 0.5, and 5 = 1.0, the value of
g(s) from Equation (2.5.7) is

£(0)=1.0000,  g(0.5)=1.0000,  g(1) = 1.0080, (25.9)

which agrees with (2.5.8) rather closely.

In Chapter 7 (see Section 7.7), we prove that an arbitrary £;-kernel can be
approximated in norm by a separable kernel.
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2.6. Fredholm Integral Equation of the First Kind

Let us now study the equation

fs)= /K(S.t)g(r)dt. a<s,t<b, (2.6.1)

where the kernel is separable, and given by the refation (2.1.1). Thus

»n n
16y =Y o) [ gt = 3 Grgaitsr. (262
i=1 im)
This means that & necessary condition for Equation (2.6.1) to have as solution
is that f(s) be a linear combination of the functions {ai(s)). Accordingly, we
assume that .
f6) =Y aiai(s), (26.3)
im)
where a; are known [since f(s) is known). Comparing Equations (2.6.2) and
(2.6.3) we find that the problem of solving Equation (2.6.1) reduces to solving
n integral equations

b
a; =/ bi(glydr, i=1,...,n, (2.6.4)

for g(t).
Let us examine if we can find a solution g(t) of Equation (2.6.4) by express-
ing it as
A
g0y =" B, (265)
j=1
where B; are as yet unknown. Substitution in Equation (2.6.4) yields

n
@ =) Bibib), i=1....n, (2.6.6)
j=1

which is a system of algebraic equations for solving B;. Since the function by (t)
are assumed to be linearly independent, the matrix with components (b;, b;) is
a nonsingular matrix (it is indeed a symmetric matrix thai has strictly positive
eigenvalues). Accordingly, Equation (2.6.6) for B; has a solution (8, 82, -,
B»). However, there are an infinite number of solutions of the system (2.6.4)
because 1o the function g(¢) we can add a function A(t) which is orthogonal to
the set {b;(¢)}, and the Equation (2.6.4) is still satisfied and there exist infinity
of such functions.
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Let us now examine the transposed homogeneous equation

0= fK'(:.s)wu)dt. 2.6.7)

which becomes
bi(s)(¥.a;)) =0, i=1,...,n (2.6.8)
In view of the linear independence of {b;(s)}, it follows from Equation (2.6.8)
that
.a;) =0, i=1,...,n, (2.6.9)
and again there are an infinite number of such functions. But this, in view of
relation (2.6.3), implies that f is orthogonal to all the solutions of the transposed

homogeneous Equation (2.6.8). Note that by the same reasoning we can prove
that the homogeneous integral equation

0=/K(s. 1)g(t)dte, (2.6.10)

also has an infinite number of solutions. We have thus proved the following
theorem.

Theorem. A necessary and sufficient condition for the Fredholm integral equa-
tion (1) to have an Ly-solution is that the given function f(s) be of the form
(2.6.3) and that it be orthogonal to all the infinite number of solutions of the
transposed homogeneous integral equation (7).

Exercises
1. Consider the equation

1
gls) = f(s)+Af K(s, t)g(t)dt
0

and show that for the kernels given in Table I the function D(A) has the given
expression.

TABLE L
[Case | Kemnel D)
@) +1 1FA
(i) st 1-(A/3)
(i) |24+ |1-(2r/3) — (4r%/45)
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L

2. Solve the integral equation

2
8(s) = f(s) =2 f cos(s + £)g(e)dt
0
and find the condition that /(s) must satisfy in order that this equation will have
a solution when 2 is an cigenvalue. Obtain the general solution if f(s) = sins,

considering all possible cases.
3. Show that the integral equation

g(s) = Aj; (sin s sin 20)g(1)d¢

has no eigenvalues.
4. Solve the integral equation

g =1+ &*Dp)de,

considering separately all the exceptional cases.
S. In the integral equation

1
gls) =52+ fo (sinst)g(r)de ,

replace sin st by the first two terms of its power-series development

. (sr)?
sinsf = 5t — --3! +

and obtain an approximate solution.




CHAPTER 3

Method of Successive
Approximations

3.1. Iterative Scheme

Ordinary first-order differential equations can be solved by the well-known Pi-
card method of successive approximations. An iterative scheme based on the
same principle is also available for linear integral equations of the second kind:

8(s) = f(s)+ f K (s, t)g(r)de . (3.1.1)
In this chapter, we present this method. We assume the functions f(s) and
K (s, 1) to be Ly-functions as defined in Chapter 1.

As a zero-order approximation to the desired function g(s), the solution
8o(s),

8o(s) = f(s), 3.1.2)
is taken, This is substituted into the right side of Equation (3.1.1) to give the

first-order approximation
£1(s) = f(8) +Af K(s,go(t)dt . (3.13)

This function, when substituted into Equation (3.1.1), yields the second approx-
imation. This process is then repeated; the (n + 1)th approximation is obtained

by substituting the nth approximation in the right side of (3.1.1). There results
the recurrence relation

8ns1(s) = f(s) +l[K(s.:)g,.(r)dt . (3.1.9)

If ga(s) tends uniformly to a limit as n —» 00, then this limit is the required

solution. To study such a limit, let us examine the iterative procedure (3.1.4) in
detail. The first- and second-order approximations are

815) = f(s) +a [ K(s.t) f(1)dt (3.1.5)

and

8205) =f(s) + A f K{s, ) f(t)dt

(3.1.6)
+'\’fK(s. 1) U K(t,x)f(x)dx] de .

25
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This formula can be simplified by setting
Kas, ) = f K(s, x)K (x, t)dx G.17)
and by changing the order of integration. The result is
&0) = f(s) + f K(s, 1) f(t)dt + A2 j Ka(s, 1) f(t)dr . (3.18)

Similarly,

83(8) = f(s) + A f K(s, ) f(1)dt

(3.19)
+ x’f Kals, 0) f()dt +3° / Ki(s. ) f(tde ,
where
Ki(s. 1) = f K(s, x)Ka(x, )dx . (3.110)
By continuing this process, and denoting
Kns, 1) = f K (s, £)Km-1(x, 0)dx , @1y
we get the nth approximate solution of integral equation (3.1.1) as
8(5) = f(s) + 3 A" ] Kn(s, ) f@)d1 . G112)

m=l

We call the expression K, (s, ¢) the mth iterate, where K;(s,t) = K(s.0).
Passing to the limit as n — 0o, we obtain the so-called Neumann series

o0
g(s) = nl_i.r{_\c & (s) = f(s) + ZA"‘ / Knls, ) f)de . (3.1.13)

mal

It remains to determine the conditions under which this convergence is
achieved. For this purpose, we attend to the partial sum (3.1.12) and apply the
Schwartz inequality (1.6.3) to the general term of this sum. This gives

2
‘ / Knl(s, !)f(t)dt. < ( f 1K (s, :)lzd:) [ | f)R dr. (3.1.19)
Let D be the norm of f,
D? =/|f(t)|2dt , (3.1.19)
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and let C2 denote the upper bound of the integral

/fl(,,(s,t)l’dt.

Then, the inequality (3.1.14) becomes

2
U K,,(s,t)f(t)dl‘ <C: D (3.1.16)

The next step is to connect the estimate C2 with the estimate C 2. This is achieved
by applying the Schwarz inequality to the relation (3.1.11):

[Km(s, OF € f {Km=1(s, X)dx f IK (x, )%dx ,

which, when integrated with respect to ¢, yields

f (Ku(s,0)?dt < B*CY_, , 3.117
where
B*= f f 1K (x, )2dx dt . (3.1.18)
The inequality (3.1.17) sets up the recurrence relation
cl < B™ct. (3.1.19)
From Equations (3.1.16) and (3.1.19), we have the inequality

2
\ f Ku(s,t) f(:)dz| < Cipig¥m-?, (3.1.20)

Therefore, the. general term of the partial sum (3.1.12) has a magnitude less
than the quantity DC,|A|™ B™~!, and it follows that the infinite series (3.1.13)
converges faster than the geometric series with common ratio |AlB. Hence, if

B <1, (3.1.21)
the uniform convergence of this series is assured.

We now prove that, for given A, Equation (3.1.1) has a unique solution.
(S; ;lyplo)se the contrary, and let g,(s) and g:(s) be two solutions of Equation

&i(s) = f(S)+A[K(s.t)g,(¢)d, ,

82(s) = f(s) + l[ K(s,t)g2(t)dr .
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By subtracting these equations and setting g (s) — g2(s) = ¢(s), there results
the homogeneous integral equation

P(s) = 1/ K(s, )¢)de .

Apply the Schwarz inequality to this equation and get

B2 < AP f 1K (s, D2t [ () ,

or

(1 - A1*BY f j¢(s)iPds € 0. (3.1.22)

In view of the inequality (3.1.21) and the nature of the function ¢ (s) = g;(s) -
£2(5), we readily conclude that ¢(s) = 0, that is, 2,(s) = g(s).

What is the estimate of the error for neglecting terms after the nth term in
the Neumann series (3.1.13)? This is found by writing this series as ’

HOESIOED Bt f Km(s,2) f(0)dt + Rn(s) . (3.1.23)

m=)

Then, it follows from the preceding analysis that
IRal € DGAI'B /(1 ~ |AI1B) . (3.1.29)

Finally, we can evaluate the resolvent kernel as defined in the previous
chapter, in terms of the iterated kernels Kn (s, #). Indeed, by changing the order
of integration and summation in the Neumann series (3.1.13), we obtain

oC

28 = f(H+A f [Zl”‘"K,..(s.t)] f@tydr .

Comparing this with (2.3.7),

8(s) = f(s) +A / Fis. 1 M) fa)de (3.1.25)

we have
00
P60 =Y A" 'Knls. 1) (3.1.26)

m=)
From the previous discussion, we can infer (see Section 3.5) that the series
(3.1.26) is also convergent at least for {A|B < 1. Hence, the resolvent kernel is
an analytic function of X, regular at least inside the circle JA} < B~1.
From the uniqueness of the solution of (3.1.1), we can prove that the resol-
vent kemel I"(s, ¢; 1) is unique. In fact, let Equation (3.1.1) have, with ) = ko,
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two resolvent kernels Ty(s, 73 A) and [a(s, £; 44). [n view of the uniqueness of
the solution of (3.1.1), an arbitrary function f(s) satisfies the identity

f(s) + lo[h(:.l;lo)f(')df = f(s)+Aof Ca(s, 1; 2) f(0)de . (3.1.27)

Setting W(s, 3 Xo) = Iy (5, #; Ao} —Ta(s, 1; A), we have, from Equation (3.1.27),
f W(s, tiag) f(t)de =0,

for an arbitrary function f(r). Letustake f(2) = ¥*(s, r; A), with fixed s. This
implies thal

fl\l‘(s.t;).o)lzdz =0,

which means that W(s. ; Ap) = 0, ptaving the uniqueness of the resolvent kernel.
The preceding analysis can be summed up in the following basic theorem.

Theorem. 7o each Lj-kernel K (s, t), there corresponds a unique resotveni
kernel ['(s, t; A) which is an analytic function of X, regular at leas: inside the
circle || < B~', and represented by the power sertes (3.1.26). Furthermore,
if f{s) is also an L;-function, then the unique L3-solution of the Fredholm
equation (3.1.1) valid in the circle |\| < B, is given by the formula (3.1.25).

The method of successive approximations has many drawbacks. In addition
1o being a cumbersome process, the Neumann series, in general, cannot be
summed in closed form. Furthermore, a solution of the integral Equation (3.1.1)
may exist even if JA|B > 1, as evidenced in the previous chapter. In fact, we
saw that the resolvent kernel is a quotient of two polynomials of nth degree in
A, and therefore the only possible singular points of I"(s, #; 1) are the roots of
the denominator D(A) = 0. But, for (A}B > 1, the Neumann series does not

converge and as such does not provide the desired solution. 'We have more to
say about these ideas in the next chapter.

3.2. Examples

Example 1. Solve the integral equation

1
8(s) = f(s)+A /' el g(e)de . 3.2.1)
0
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Following the method of the previous section, we have

Kis, =",
1
Kas, t) =/ e dx =&,
0

Proceeding in this way, we find that all the iterated kemels coincide with K (s, f).
Using Equation (3.1.26), we obtain the resolvent kernel as

Fe. 6 =K(s, DA +A+A2+--)=7"/(1-2). (322

Although the series (1 4- A + A2+ ...) converges only for [A| < 1, the resolveny
kemel is, in fact, an analytic function of A, regular in the whole plane except ¢
the point A = 1, which is a simple pole of the kernel I'. The solution g(s) then
follows from (3.1.25):

1
8 = f() - [A/(r - 1)]/:, e f@)de . (3_2.3)
Example 2. Solve the Fredholm integral equation

1
g(s) =144 / (1 - 3s)g(0)de (3.2.4)
0

and evaluate the resolvent kernel.
Starting with go(s) = 1, we have

! 3
81(S)=1+1[) (1~3st)dt=1+k(1—-2-8) ,

1
3 3 1
=14+A -~ - =1+ =5 ]+
g2s) =1 /;(l 3sr)[l+l(1 2()](1! 1 A(l zs) le'

3 1 1 3)
=14Al1-2 -2 3 -
g(s) ( 25)+4A + —-A (1 25

)
1 1 3
+=A a3 1-Z5) 4.
16 16}' (1 2.s')+
or
g(s) = (1+1A2+_1_;‘4+ 1+A(1—33)] ‘ B2s
4" T16” T 2 +3)

The geometric series in Equation (3.2.4) is convergent provided |A] < 2. The,

gs) = [4 + 202 - /@ -1, (.26)
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and precisely the same remarks apply to the region of the validity of this solution
as given in Example 1.

To evaluate the resolvent kernel, we find the iterated kernels.
Ki(s,t) =1—3st,
1
k}
Ka(s, 1) = / (1 —3sx)(1 = 3xt)dx = 1~ 5(; +1) +3s¢t,
()
1 3
Ki(s, t) = f (1—3sx) [l - -z-(x +1)+ 3x1] dx
o

1 1
= z(l -~ 3s1) = zKl(S") '

Similarly,
1
Kus,t) = ZKz(S. 1)
and
' 1
Ku(s,0) = an-z(s. 0.
Hence,

(s, t;0) = Ky +AKy + A2K35+. ..
1 1 1
= 1+-A1+—).‘+...)K +A(1 L, t
( 47 16 ' e +T(,"‘+..-)K
=[(l+l)—-2).(s+t)—3(l—A)Jr]/(l‘l 2)
2 Zl ,

<2,
327

Example 3. Solve the integral equation

gE) =1+ / [sin(s + )]g(e)q,
0 L g
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Let us first evaluate the iterated kernels in this example:
Ky(s,t) = K(s,t) =sin(s + 1),

Kys, 1) = / [sin{s + ,é)} sin{x 4 t)dx
()
= -]in([sins sin? + cosscost] = %n cos(s —¢t) ,
1
Ki(s, 1) = %nf [sin(s + x)]}cos(x — t)dx
o

1 ]
= 5”] (sins cos x + sin x sins)
(}

x (cosx coss + sinx sint)dx
1 \? 1 )2
= (-Z-n) [sinscost + cosssint] = (En) sin(s +1) .
Proceeding in this manner, we obtain

1\
Ki(s,t) = (En) cos(s — 1),
1 4
Ks(s, t) = (-2-”) sin(s +1¢),

s
Kg(s, t) = (%ﬂ) cos(s — £) , ete.

Substituting these values in the formula (3.1.13) and integrating, there results
the solution

1 \? 1\
8(s) = 14 2X(coss) [l+(§n) 1’+(5n) At

1 2 1 4
+ 22 (sins) [l + (5") A4 (—x) AV ] .
2 (3.2.9)

or

8y =1+ [(21 coss + Alx sins)/ (1 - llzxz)] .
4 (3.2.10)

Since . ox
B*= / f sin(s + D)dsdr = on?
o Jo 2
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the interval of convergence of the series (3.2.9) lies between ~/2/m and V2/n.

Example 4. Prove that the mth iterated kernel K, (s, ¢) satisfies the following
relation:

Km(s,1) = / K. (s, x)Km_r (x, Ddx | (3.2.11)
where 7 is any positive integer less than m.

By successive applications of Equation (3.1.11), we have

Kn(s, 1) = f .- [ K(s,x1)K(x1,x3) -+ K(xpm_1,)dXpp_y -+ - dxy .
(3.2.12)
Thus, Ka(s, f) is an (m — 1)-fold integral. Similarly, K, (s, x) and Kpn_,(x, 1)
are (r — 1)- and (m — r — 1)-fold integrals. This means that
/ K, (s, XK (x, t)dx

is an (m — 1)-fold integral, and the result follows.

One can take the go(s) approximation different from f(s), as we demon-
strate by the following example.

Example S. Solve the inhomogeneous Fredholm integral equation of the second
kind,

1
g(s) = 25 + A / (s + gt . G213)
0

by the method of successive approximations to the third order.
For this equation, we take go(s) = 1. Then,

1
gn(S)=B+lf (S+l)d!=2:+l(s+%)-
o

1
8208) =25 + A[ (s +0)(2r + Af¢ + (1/2))dr
0
=25+ Als + 2/3)) + s + (7/12)],
1
£3(5) = 25 + A j; (5 + 002 + ALt + @/3)] + A2[t + /12)])de

=25+ Ms + (2/3)] + A2[(7/6)s + (2/3)) + X[(13/1D)s + (5/8)].
(3.2.14)
From Example 2 of Section 2.2, we find the exact solution to be
8(s) = [12(2 ~ A)s + 8A)/(12 — 124 =A%), (3.2.15)
and the comparison of Equations (3.2.14) and (3.2.15) is left to the reader.
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3.3. Volterra Integral Equation

The same ilerative scheme is applicable 10 the Volterra integral equation of the
second kind. [n fact, the formulas corresponding to Equations (3.1.13) and
(3.1.25) are, respectively,

X s
8ls) = f(s)+2}."’/ Kn(s,0)f(@)dt, (3.3.1)

me]

1
8(s) = f(s) +Af F(s. 6 X) f(de (33.2)
Q
where the iterated kernel K, (s, 1) satisfies the recurrence formula
2
Kn(s.1) = f K(s, x)Km-1(x, t)dx (3.33)
[

with K((s,¢) = K(s, 1), as before. The resolvent kernel I'(s, t; 1) is given by
the same formula as (3.1.26), and it is an entire function of A for any given (s, ¢)

(see Exercise 8).
We illustrate this concept by the following examples.

3.4. Examples

Example 1. Find the Neumann series for the solution of the integral equation

g =Q1+5+4A f (s — 1)g(t)de . (3.4.1)
0

From the formula (3.3.3), we have

Kis,D)=(s-0).

s a3

K2(5.1)=](s—x)(x-—t)dx=(s n .
t 3!

Kiy(s.0) = ‘(_sl)(x—-_t)’d‘=(s_—2_’_’
t 3! St

and so on. Thus,

2 3 . s

=1 S5 2fs s

£(s) +s+1(2!+3!)+; (4!+5!)+..., (342)

Ford=1,g0)=¢.
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Example 2. Solve the integral equation

g(s) = f(s)+2 / e 'g(t)de (34.3)
0

and evaluate the resolvent kernel.
For this case,

Kl(sv ') = é-l ’

Ky(s, 1) = / e*xedx = (s - et

s —t 2
Ki(s,t) =/ (x =) e dx = s 5 ) et
] .
KaGsity = S0 e
T S m =1 )
The resolvent kernel is
et Zm— A""gs-r:" = e()+1)(-v-l) t<s,
[(s,t54) = [ "=l ey ' (3.4.9)
0, t>s.
Hence, the solution is
$
g = fis) +A [ AN £y (3.4.5)
0
Example 3. Solve the Volterra equation
s
gs)y=1+ j stg(t)de . (3.4.6)
0

For this example, K, (s, t) = K (s,1) = st,
5
Ka(s, t) = / sxit dx = (s*t — st%)/3,
1]
Ki(s.t) = f [(sx)x*t — xt*)/3)dx = (st - 25%* + s¢7)/18,
1

t
Ka(s, 1) = / [Gx)x"t — 2x%* + x47)/18)dx
[
= (5% — 357" + 35%7 — 5107162,
and so on. Thus,
3 59 9 12

s 5 5
B =1+ 435+t s st ss it 4.7
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3.5. Some Resuits about the Resolvent Kernel

The series for the resolvent kernel [ (s, ; A),

]
Fis. ;) =Y A"'Kn(s,t) 3.5.1)

mwmi

can be proved to be absolutely and uniformly convergent for all values of s and
t in the circle |A) < 1/B. In addition to the assumptions of Section 3.1, we necd

the additional inequality
f IK (s, t)Pds < E?, E = const. 3.52)

Recall that this is one of the conditions for the kernel K to be an £;-kernel.
Applying the Schwarz inequality to the recurrence formula

Kn(s, 1) = fK -1(s, x)K (x, 1)dx (3.5.3)
yields
ka0 < ([ Kacsts,00Pax) [ 1Kex 0P
which, with the help of Equation (3.1.19), becomes
[Km(s,t)] € C,E B™! . 3.5.4)

Thus, the series (3.5.1) is dominated by the geometric series with the general
term C,E(A"~1B™-1), and that completes the proof.
Next, we prove that the resolvent kernel satisfies the integral equation

T(s,t; ) = K(s.t)+Afr(s.x;x)x(x.r)dx. (35.5)

This follows by replacing K (s, t) in the series (3.5.1) by the integral relation
(3.5.3). Then,

Pis,ti0) = Ki(s. )+ 3 am! / Km-1(s, ))K (x, )dx

m=2

o0
=K(s, )+ ZA"’" / Km(s, x)K (x, )dx

= K(s,1) +;.f [Zx"’"x,,(s,x)] K(x,1)dx ,

m=1
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and the integral Equation (3.5.5) follows immediately. The change of order of
integration and summation is legitimate in view of the uniform convergence of
the series involved.

By proceeding in a similar manner we can prove that

(s, t; A) = K(s,1) +A/K(s. x)l(x,t; A)dx. (3.5.6)

The two Equations (3.5.5) and (3.5.6) are called the Fredholm identities. From
the preceding analysis it follows that they are valid, at least, within the circle
JAlB < 1. Actually, they hold through the whole domain of the existence of the
resolvent kernel in the complex A-plane.

Another interesting result for the resolvent kemel is that it satisfies the
integro-differential equation

ar(s,1; 1) /92 =jl‘(s. x, A (x, 1, A)dx . 3.5.7)

In fact

o0 o0
f I, x MM(x, 6 )dx = f Y A Km(s,x) ) AT Kalx, t)dx
m=1 A=}
On account of the absolute and uniform convergence of the series (3.5.1), we
can multiply the series under the integral sign and integrate it term by term.
Therefore,

o0 [~<]
f P(s, x; MM (x, 1; Ndx = Z ZA"""'ZK,,.+,.(S, 0. (3.5.8)
mm)] Am]
Now, set m 4+n = p and change the order of summation; there results the relation
o0 ™ oc p—1
YN A K (s ) = Y Y APTK (s, 1)
m=] A=} p=2 n=1
o .
= Z(P ~ DAPT2K, (5, 1) = CANCAR)] .
aA
p=2
(359

Combining Equations (3.5.8) and (3.5.9), we have the result (3.5.7).
By a similar process we can obtain the integral equation

s, ) -0, Lp)y=0A— u)[ C(s, x; p)T(x, t; N)dx (3.5.10)

which is called the resolvent equation. Then Equation (3.5.7) can be derived
from (3.5.10) by dividing it by (A — u) and letting ¢« — A. Equation (3.5.10)
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can also be derived by the help of the Fredholm identities (3.5.5) and (3.5.6) (see
Exercise 9).
A Volterra integral equation of the second kind satisfies the identities

FET (s x MK (x,0dx

LK, x)T(x, 1, A)dx (33.11)

Cs, ;)= K(s,0) + 4
and are proved in a similar fashion [4).
In Section 1.6 we defined the orthogonal kernels L (s, ¢) and M (s, ). If we
let 'y and [, denote the resolvent kernels for L and M, so that we have

Fe(s, 1;8) = 3_ Ao, 0) = 3 A"Lyas(s.1), (35.12)
n=] n=(
and
Ta(s,6;3) =Y A"'My(s,0) = 3 AMais0, (3.5.13)
n=1 n=0

where L, and M, denote the iterated kernels. For the case that L and M are
orthogonal it follows that

/L(s.x)l‘(x.t; \dx =0, 3.5.1%

and
/M(s, x)le(x, t:0)dx =0 (3.5.15)

Furthermore, by applying the Fredholm identity (3.5.6) to the resolvent
kernels 'z and T,,, it follows that

Te(s.t;A) + T(s, 1, X) = L(s, t) + M(s,?)
+ l/[L(S,X)rt(x. ;2) + M(s, )l p(x,1; M)dx, (3.5.16)
which, in view of Equations (3.5.14) and (3.5.15), can be written as
Ce(s, ;X)) + Tm(s, 5 A) = L(s, t) + M(s,¢)
+2 f(l- (s, %) + M(s, ))[Ce(s, 8;2) + Cp(x, 6; W)}dx . (3.5.17)

This shows that the resolvent kernel of the sum L (s, r) + M (s, ¢) of two orthog-
onal kernels is the sum of their resolvent kernels, that is,

Peom(s,6:2) = Tels, ;1) + (s, £;2) . (35.18)
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Exercises

1. Soive the following Fredholm integral equations by the method of successive
approximations:

s)=¢ le+1+-1-[’ (t)dt
i) =€ =3¢v3 T3 ), &

117
g(s) = (sins) — -s + - / stg(t)dt .
a4

2. Consider the integral equation

1
gis)=1+ A/ stge)de .
(i

(a) Make use of the relation |A| < B! to show that the iterative procedure
is valid for A} < 3.

(b) Show that the iterative procedure leads formally to the solution
g8(5) =14+s[(A/2) + A%/6) + (A3/18) +---].
(c) Use the method of the previous chapter to obtain the exact solution

g(s) =1+ [3As/23 - 1], A#3.

3. Solve the integral equation

1
gs) =1+ f (s + Dg()dr .
1]

by the method of successive approximations and show that the estimate afforded
by the relation {A| < B! is conservative in this case.

4. Find the resolvent kernel associated with the following kernels: (i) |s — ¢},
in the interval (0, 1); (ii) exp(—Is — t]), in the interval (0, 1); (iii) cos(s + ¢),
in the interval (0, 27).

5. Solve the following Volterra integral equations by the method of this chapter:

gs) =1+ f (s = Ngl)de , G
[+]

g(s) =29+ 6s + f (6s — 61 + S)g(t)dr . (i)
]
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6. Find an approximate solution of the integral equation
£ ]

&(s) = (sinh 5) +f eg(tyde ,
°

by the method of iteration.

7. Obtain the radius of convergence of the Neumann series when the functions
f(s) and the kemnel K (s. f) are continuous in the interval (a, b).

8. Prove that the resolvent kernel for a Volterra integral equation of the second
kind is an entire function of A for any given (s, 1).

9. Derive the resolvent equation (3.5.10) by appealing to the Fredholm identities
(3.5.5) and (3.5.6).



CHAPTER 4

Classical Fredholm Theory

4.1. The Fredholm Method of Solution
In the previous chapter, we derived the solution of the Fredholm integral equation

gs) = f(s)+ A / K(s, t)g(t)dt (4.1.1)

as a uniformly convergent power series in the parameter A for |A| suitably small.
Fredholm gave the solution of Equation (4.1.1) in general form for all values of
the parameter A. His results are contained in three theorems that bear his name.
We have aiready studied them in Chapter 2 for the special case when the kernel
is separable. In this chapter, we study Equation (4.1.1) when the function f(s)
and the kernel K (s, ¢) are any integrable functions. Furthermore, the present
method enables us to get explicit formulas for the solution in terms of certain
determinants.

The method used by Fredholm consists of viewing the integral equation
(4.1.1) as the limiting case of a system of linear algebraic equations. This
theory applies to two- or higher-dimensional integrals, although we confine our
discussion to only one-dimensional integrals in the interval (a, b). Let us divide
the interval (a, b) into n equal parts,

5 =1t =a, S:=th=a+h, e Sa=ty,=a+(n—-1h,

where h = (b — a)/n. Thereby, we have the approximate formula

f K(s.0g(eydt ~ hy_ K(s.5))8(s)). (4.1.2)

j=1
Equation (4.1.1) then takes the form

8(s) = f(s) + Ak Y K(s.5)8(s)), (4.1.3)
j=t

which must hold for all values of s in the interval (a, b). In particular, this

equation is satisfied at the n points of division s;, i = 1, ..., n. This leads to the
system of equations

BG) = fS)+AhY K(sispgls).  i=1,...,n. (4.14)
j=1

41
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Writing i

f(si) = fi 8lsi) = gi. K(s;,s;) = Ky, (4.1.5)
Equation (4.1.4) yiclds an approximation for the integral equation (4.1.1) in
terms of the system of n linear equations

&—MY Kyg=f i=Ll...n, 4.1.6)
Jjm]
in n unknown quantities gy, ..., g». The values of g; obtained by solving this
slgebraic system are spproximate solutions of the integral equation (4.1.1) at
the points sy, 52....,5.. We can plot these solutions g; as ordinates and by
interpolation draw a curve g(s) which we may expect to be an approximation to
the actual solution. With the help of this algebraic system, we can also determine
spproximations for the eigenvalues of the kernel.
The resoivent determinant of the algebraic system (4.1.6) is

1-Ky  —=ARKyp ... —2hK),

~3hKy 1—AhKn ... —AhKa
: 417

D.(\) =
—AI;K,l =MKp2 ... 1—)hK,,
The approximate eigenvalues are obtained by setting this determinant equal to
zero. We illustrate it by the following example.
Example.
g(s)— A /: sin(s +1)g()dt = 0.
By taking n = 3, we have h = /3 and therefore

si=n=0, 5=t =n/3, Sy=ty=2/n/3,

and the values of Kj; are readily calculated to give

0 0866 0.866
0.866 0.866 0 ’
086 0 —0.866

The homogeneous system corresponding to Equation (4.1.6) will have a
nontrivial solution if the determinant

K} =

1 ~0.907a —0.907A
Da(A) = ’ ~0.907x% (1 —0.907A) 0 =0,
-0.9074 0 (1 +0.9073)
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or when 1 — 3(0.0907)2A2 = 0. The roots of this equation are A = *0.636S.
This gives a rather close agreement with the exact values {see Example 3, Section
3.2), which are +/2/m = 1£0.6366.

In general, the practical applications of this method are limited because one
has to take a rather large n to get a8 reasonable approximation.

4.2. Fredholm’s First Theorem

The solutions gy, £2. - - -, 8 Of the system of equations (4.1.6) ate obtained as
ratios of certain determinants, with the determinant D,()) given by Equation
(4.1.7) as the denominator provided it does not vanish. Let us expand the detes-
minant (4.1.7) in powers of the quantity (—)h). The constant term is obviously
cqual to unity. The term containing (—Ah) in the first power is the sum of al\
the determinants containing only one column —AhK,,, ¢ = 1,....n. Tak-
ing the contribution from all the columns v = 1,...,n, we find that \he tolal
contribution is ~Ah 3% i K,,.

The factor containing the factor (—Ah) to the second power is the sum of
all the determinants containing two columns with that factor. This results in the

determinants of the form

Ky, K
(-m’\ e "\ .
KQP KQQ

where (p, q) is an arbitrary pair of integers taken from the sequence \,...,n,
with p < q. In the same way, it follows that the term containing the factot
(—Ah)? is the sum of the determinants of the form

3 KPP KP‘I KP'
(=M) 1 Kgp Kgq Ko »
Kip Kiq Ker

where (p,q,r) is an arbitrary triplet of integers selected from the seque
L...,mwithp<g<r.
The remaining terms are obtained in a similat mannet. Therefore, w
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clude that the required expansion of D, (3) is

- (=2 K, K
Da(A) =1 =Ah) K, 4+ ——" .t "'l
) ; 2 ,.‘:‘x Kep Koq
(_)‘h)l L] KPP KN K’
31 9 qu KQ' +..
) p.qr=l Krp qu K"
Kop, Kpp, - Ko,
(—Ah)" i Kep Kppp - Kpy,
] : '
R b prpaml . (4.2.1)
KP.F: KP-PI ne KP-P-

where we now stipulate that the sums are taken over all permutations of pairs
(P, q), triplets (p,q,r), and so forth. This convention explains the reason
for dividing each term of the preceding series by the corresponding number of
permutations.

The analysis is simplified by introducing the following symbol for the de-
terminant formed by the values of the kernel at all points (s;, #;)

Kst) Knt) ... K(sita)
K(s3,¢ K(sz, ¢t oo K(s2,t8)
(20) Klon ) P ok (""2""””), (4.2.2)
: LITY - T
K(S,,,f]) K(J,,,fz) e K(snv‘n)

the so-called Fredholm determinant. We observe that, if any pair of arguments in
the upper or lower sequence is transposed, the value of the determinant changes
sign because the transposition of two arguments in the upper sequence corre-
sponds to the transposition of two rows of the determinant and the transposition
of two arguments in the lower sequence corresponds to the transposition of two
columns.

In this notation the series (4.2.1) takes the form

n - 2
Du()) =1 =M Y K(sp.5) + S__;_"'_)_ N (sp,sq)

Sp, S,
- .g=1 proq
p=l P (4.2.3)

(‘_Ah)3 - SprSq+ Sr
3 Zx(s,,s,,,s, T

pgr=l

If we now let n tend to infinity, then & will tend to zero, and each term of the
sum (4.2.3) tends to some single, double, triple integral, and so on. There results
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Fredholm'’s first series:

Az 51, 52
D)y =1~ f K(s,5)ds + — K dsyds,
2! 51,852

A 51,52, 83
El f// K (:n.sz.s;)ds‘dszds3 e @4.249)

Hilbert gave a rigorous proof of the fact that the sequence D,(A) — D(A) in
the limit, and the convergence of the series (4.2.4) for all values of X was proved
by Fredholm on the basis that the kernel X (s, ¢) is a bounded and integrable
function.! Thus, D(A) is an entire function of the complex variable A.

We are now ready to solve the Fredholm equation (4.1.1) and express the
solution in the form of a quotient of two power series in the parameter A, where
the Fredholm function D(A) is to be the divisor. In this connection, recall the
relations (2.3.6) and (2.3.7). Indeed, we seek solution of the form

g(s) = f(s) +lf C(s,t; ) f(t)de , (4.2.5)
and expect the resolvent kemnel " (s, #; A) to be the quotient
[(s,t; X)) = D(s,t; M)/ D)), (4.2.6)

where D(s, 1; A), still to be determined, is the sum of certain functional series.
Now, we have proved in Section 3.5 that the resolvent I'(s, ¢; &) itself sat-
isfies a Fredholm integral equation of the second kind (3.5.5):

T(s,t:4) = K(s5,)D(A) + A / K(s,x)D(x,t; A)dx . 4.2.7)
From Equations (4.2.6) and (4.2.7), it foliows that

D(s,t; X)) = K(s,t)D(A) + lfK(s,x)D(x.t; Adx . (4.2.8)
The form of the series (4.2.4) for D(X) suggests that we seek the solution of

Equation (4.2.8) in the form of a power series in the parameter A:

(=7?*

=
D(s,t; X)) = Co(s, 1) + Z

pui

Cpls, 1) . (4.2.9)

For this purpose, we write the numerical series (4.2.4) as

X (~A)P
D(A)=co+z( N

e (4.2.10)
p=

1For proof, see Lovitt {53].
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where ¢p = 1, and

51, 52.---,3p
=1 -.. 211
Cp / /K(s,.sz.....s,)ds‘ ds, . “4.2.11)

The next step is to substitute the series for D(s, 1; A) and D(A) from Equations
(4.2.9) and (4.2.10) in (4.2.8) and compare the cocfficients of cqual powers of
A. The following relations result.

Cols, 1) = K(s,1). (42.12)
Cp(s, 1) = cpK(s,1) — p/ K(s,x)Cp_1(x,t)dx ,
(4.2.133)
which, after successive substitutions, becomes
Co(5.0) = t(—l)"' L N
’ w0 (p—m) (4.2.13b)

Our contention is that we can write the function Cp (s, t) in terms of the Fredholm
determinant (4.2.2) in the following way:

CP(S,()='/----fK(s‘Il'xz'.“'xp)dx’“'de' (4'2.14)

t, Xy, X2, cersXp
In fact, for p = 1, the relation (4.2.13) becomes

Ci(s, 1) =1 K(s,1) — f K (s, x)Co(x, t)dx
= K(s,t)/K(x,x)dx —/K(s.x)K(x.t)dx

- / K (j i)dx. 4.215)

where we have used Equations (4.2.11) and (4.2.12).
To prove that Equation (4.2.14) holds for general p, we expand the deter-
minant under the integral sign in that relation, namely,

K(s,t) K,x) ... K(s,xp)

(S.Ix.---,xp)= K(xy,t) Kxy,xp) ... K(xi,xp)
'S T : !

K(xp.t) K(xpoxi) ... K(xp,xp)

with respect to the elements of the first row, transposing in turn the first column
one place to the right, integrating both sides, and using the definition of ¢, as in
Equation (4.2.11); the required result then follows by induction.
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From Equations (4.2.9), (4.2.12), and (4.2.14) we derive Fredholm’s second
series:

2, (=A)?P $ X1 os Xp
D(x.t; X)) = K(s,t) + ‘§ o /---/K(‘Jh“”x")dn dx, .
(4.2.16)
This series also converges for all values of the parameter A. It is interesting to
observe the similarity betwen the series (4.2.4) and (4.2.16).
Furthermote by comparing Equations (4.2.11) and (4.2.14) we find that

<y =/ Cp-1(s,5)ds . 4.217)

Relations (4.2.13) and (4.2.17) are recurrence relations which are useful in de-
termining the series (4.2.9) and (4.2.10) as illustrated in examples of the next
section.

Having found both terms of the quotient (4.2.6), we have established the
existence of a solution to the integral equation (4.1.1) for a bounded and inte-
grable kernel K (s, ¢), provided, of course, that D(1) # 0. Since both terms of
this quotient are entire functions of the parameter A, it follows that the resolvent
kernel I'(s, t; A) is a meromorphic function of A, that is, an analytic function
whose singularities may only be the poles, which in the present case are zeros
of the divisor D(3).

Next, we prove that the solution in the form obtained by Fredholm is unique
and is given by Equation (4.2.5). In this connection, we first observe that the
integral equation (4.2.7) satisfied by I'(s, t; A) is valid for all values of A for
which D(A) # 0. Indeed, (4.2.7) is known to hold for |A] < B~! from the
analysis of Chapter 3, and since both sides of this equation are now proved to
be meromorphic, the preceding contention follows. To prove the uniqueness of
the solution, et us suppose that g(s) is a solution of Equation (4.1.1) in the case
D(2) # 0. Multiply both sides of (4.1.1) by I"(s, ¢; ), integrate, and get

/F(S.X;l)g(x)dx =/F(s.x; A) f(x)dx

+A/ [/ (s, x; A)K (x, t)dx] g(t)de . (4.2.18)

Substituting from Equation (4.2.7) into the left-hand side of (4.2.18), this be-
comes

/K(S.!)g(t)dr =/F(s.x;l)f(x)dx. 4.2.19)
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which, when joined by (4.1.1), yields

&) = f(s)+ A f [(s. A f(0de, (4.2.20)

but this form is unique.
In particular, the solution of the homogeneous equation

8(s) = A/ K(s,t)g(t)de (4.2.21)

is identically zero.
The preceding analysis leads to the following theorem.

Fredholm’s First Theorem. The inhomogeneous Fredholm equation
8G) = f(s)+ A j K(s,t)g(t)de , (4.2.22)
where the functions f(s) and g(t) are integrable, has a unique solution
gls) = f(s) + A/ T(s, ;1) f()de, 4223
where the resolvent kernel I'(s, t; 1),

(s, 1, &) = D(s, £; 1)/ D(A), 8.2.28)

with D(A) # 0, is @ meromorphic function of the complex variable A, being the
ratio of two entire functions defined by the series

X (—r)P
D(s,l;l)=K(s.t)+Z( *') fn-fx(""“‘“""’)dx....dx,,
pai P I,I[,....X‘,
(4.2.25)

and

X (A1)
Dm:1+Z;‘T;)_]’...fx("*"“"r)d,,...dx,, (4.2.26)
= :

xl....,x,

both of which converge for all values of \. In particular, the solution of the
homogeneous equation

gs) =21 f K(s,0)g(t)de @220

is identically 2ero.
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4.3. Examples

Example 1. Evaluate the resolvent for the integral equation

1
g8y = f()+ /; (s +0gl)de . (43.1)

The solution to this example is obtained by writing

® 14
F(s.2;4) = [Z( A')’c,,(s,r)] / Z( Y s (43.2)
=0 P

where C, and ¢, are defined by the relations (4.2.11) and (4.2.13):

=1, Co(s,0) =K(s,t)=(s+1¢). (4.3.3)
cp = / Co_1(s,8)ds , 4.3.4)
1
Cp=c,K(s, 1) - p/ K(s, x)Cp_y(x,t)dx . (4.35)
0
Thus,
1
CL = / 25ds =1,
o

1
C|(s.t)=(s+t)—f s+ x)x+0dx = -;-(S-H)—sx—%,
(1]

! 1 1
= — el = -_—
cz-/o (s s 3)ds e
1 ! 1 1
Cz(s,t):—-(s+t)—2/(s+x) —(x+l)—xt——]dx=0.
6 o 2 3

Since Ca(x, t) vanishes, it follows from Equation (4.3.5) that the subsequent
coefficients C; and ¢ also vanish. Therefore,

(s+t)—[§(s+t)—sr-—§]).

Fis.ti4) = 1= A= G/12) , (43.6)

which agrees with result (2.2.8) found by a different method.

Example 2. Solve the integral equation

1
gs)=s+21 fo [st + (s0)}1g(0)dr . 4.3.7)
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In this case,
Co=1,  Cols 1) =st + (s)},
! 5
Cl=/(sz+s)ds=—.
o 6

)
Ci(s,0) = §[.sr +6ni)- / [sx + (sx) ]ixe + Gxeydjar

= lst + = (st)s - -(sl§ +rs§).

Cz—/ (~s +ls-——si)ds—l/75

Cas, 1) =

and, therefore, all the subsequent coefficients vanish. The value of the resolvent
kernel is

st + (b — (4t + )b — Bstd +shn

s, ;) = 438
1— 21 +(1/150)22 438
The solution g(s) then follows by using the relation (4.2.23),
150s + A(60,/5 — 75s) + 21A%s

8s) = X~ 125% + 150 (439)

Example 3. As our next example, let us solve the integral equation

n
gs) =142 / [sin(s + 1)]g(t)dt, (4.3.10)
0

which we have already solved in Section 3.2 by a Neumann series.
For the present kerel,

x
=1, Cols,t) = sin(s +¢), c1=/ sin2sds =0,
()
* 1
C:(S.t)=0-—/ sin(s + x) sin(x +t)dx=—in cos(s — 1),
(i}
cz——--‘/; iJI’COSOdS:-Eﬂ’z.

1 . *
Cy(s, t) = ~3 alsin(s +1) + 2[ % 7 sin(s + x)cos(x — t)dx =0
(i
Hence, the resolvent kernel is

sin(s + 1) + 372 cos(x — 1)
1-ia222

I, t;A) =
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and the solution is

2)(cos s) + A2x(sins)
1- %Jrzlz

which agrees with the solution (3.2.10).

gis) =1+

. (4.3.11)

Example 4. Show that D(s, f; A) satisfies, for real values of A, the integro-
differential equation

D(l)il—)-%;—;-ﬁ = D'(A)D(s,t; A} + f D(s,x; A)D(x, £; \)dx . (4.3.12)

The proof foilows by observing that, when A is not an eigenvalue, we have
from relation (4.2.24),

D(s,t; 1) = DQ(s, 13 A) . 43.13)

Thus,
oD(s, ;1) 9 ) , .
= D(x) i F(s,t; A) + D'(MT(s,1; 7).

When we multiply both sides of this equation by D(A) and use the formulas
(3.5.6), namely,

EL%L;;_AZ =fr(s»)‘;")r("-‘:)‘)d’r

and Equation (4.3.13) we obtain (4.3.12).

4.4. Fredholm’s Second Theorem

Fredholm’s first theorem does not hold when A is a root of the equation D(A) =

0. We have found in Chapter 2 that in that case, for a separable kemel, the
homogeneous equation

gls) = AfK(S. Ng)dt (4.4.1)

has nontrivial solutions. It might be expected that the same holds when the kernel
is an arbitrary integrable function and we then have a spectrum of eigenvalues
and corresponding cigenfunctions. The second theorem of Fredholm is devoted
to the study of this problem.

We first prove that every zero of D(A) is a pole of the resolvent kemnel
(4.2.24); the order of this pole is at most equal to the order of the zero of D()).
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In fact, differentiate the Fredholm's first series (4.2.26) and interchange the
indices of the variables of integration to get

D'(A) = —/ D(s,s; Ads . {4.4.2)

From this relation, it follows that, if Ag is a zero of order k of D(XA), then itisa
zero of order k — 1 of D’(A) and consequently Ao may be a zero of order at most
k —1 of the entire function D(s, t; A). Thus, Ag is the pole of the quotient (4.2.24)
of ordes a1 most k. In particular, if Ag is a simple zero of D(X), then D(Xo) = 0,
D'(Ag) # 0,and Aq is a simple pole of the resolvent kernel. Moreover, it follows
from Equation (4.4.2) that D(s, ¢; A) # 0. For this particular case, we observe
from Equation (4.1.8) that, if D(A) = 0 and D(s,1; A) # 0, then D(s.1; A},
as a function of s, is a solution of the homogeneous equation (4.4.1). So is
aD(s, t; »), where a is an arbitrary constant.

Let us now consider the general case when 1 is 2 zero of an arbitrary mul-
tiplicity m, that is, when

D{ig) =0, cees D (x) =0, D™ () #£0, (4.4.3)

where the superscript r stands for the derivative of order r, r = 1,...,m - 1.
For this case, the analysis is simplified if one defines a determinant known as
the Fredholm minor:

l)

51520004458
D,
oty ..., ty
0

- K(S],Sz....,s,.) +Z (*l)P

Hotzy ooy ln =1 p!

x/-../K(Sh--..Su'xlq~..,xp)dxldX2...dx" (4.4,4)

hy.oovlay X1, .00, %p

where {s;) and {4}, i = 1,2,...,n, are two variable sequences. Just as do
the Fredholm series (4.2.25) and (4.2.26), the series (4.4.4) also converges for
all values of A and consequently is an entire function of A. Furthermore, by
differentiating the series (4.2.26) n times and comparing it with the series (4.4.4),
there follows the relation

an(k) / / S1y .01 5n
(= .---ID

dir b "\ st ... 8,

From this selation, we conclude that, if Ay is a zero of multiplicity m of the

function D(L), then the following holds for the Fredholm minor of order m for

A) dsy---dsa . (4.4.5)
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that value of Aq:

D 51,52, -+ s Sm

"\tota .o tm

Of course, there might exist minors of order lower than m which also do not
identically vanish (compare the discussion in Section 2.3).

Let us find the relation among the minors that corresponds to the resolvent

formula (4.2.7). Expansion of the determinant under the integral sign in Equation
(4.4.9),

M)#O-

Kisi.0) K@) ... Kut) KGux) ... Kisixp)
K(s2.0) Kl ... K(snt) KGnx) ... Kisz,xp)
K(srn'l) K(sll"z) LR K(sﬂ'lﬂ) K(s"'xl) e K(su’xp)
Kxi.tn) KGit) ... K@xat) Knux) ... K(xi,xp)
K(xp, 1) K(xp,12) ... K(xpta) Klxpx) ... K(xp, 1'81.4.6)

by elements of the first row and integrating p times with respect to xj, X2, ..., Xp
for p 2 1, we have

Slreees Spi X1y - ey X
ffK 1 n ? )dx, -+ -dx,
Hyootsfna X1, - -0 0 Xp

=Y (=D K(s1.t0)

h=1
52y e sShenen SpeXlveeosX

xf.fK( Ok ’ we * P)dx,dx;...d.lp
LTI /S 1 / TS PP AT STRTRRY 1

+ i(—l)’”""

A=l

52, .n- Sas X3, K20 covn Kby vaes X
Xj"'[K(Jl.I‘)K( 20 0 as Xy, X2 v Xa P )
LTI T AT ST TYRTP ¢ W HPpN Xp
x dxy---dxp .

Note that the symbols for the determinant K on the right side of Equation (4.4.7)
do not contain the variables s; in the upper sequence and the variables # or x,
in the lower sequence. Furthermore, it follows by transposing the variable s in
the upper sequence to the first place by means of h + n — 2 transpositions that
all the componenis of the second sum on the right side are equal. Therefore, we
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can write Equation (4.4.7) as
/‘M/K(sl,....s..x,.....x,,)dxl“_dxp
l],...,l,...!].....xp

= Z(“ DP* K (51, ta)

s
x/---/K(Sz"“' Sac X1y .- 0 Xp )dx,...dx,
UTRURY /T Y Y DR S S PR /4
X552, c0nsSneXlyeueyXpoy
e ,,
p-/ (s’ x) [/ ‘l!'zu---v’nvxlv--~|xp—l
Cxdxy .. .dx,_l]dx . (44.8)

where we have omitted the subscripts & from x. Substituting Equation (4.4.8)
in (4.4.7), we find that the Fredholm minor satisfies the integral equation

S = y —1)h+? 8§24 .- +Sn
Dn(’],...,ln A)-Z( ) K(sl"h)D”-l(‘l )

r=1 veresfa=1s thtie In

X1y X2y 2o-43g
+A/K(:,,X)D,. (

hyt2,....tn

).) dx . (4.4.9)

Expansion by the elements of any other row leads to a similar identity, with x
placed at the corresponding place. If we expand the determinant (4.4.6) with
respect to the first column and proceed as shown, we get the integral equation

K PP 2 Al S‘,....Sh_],5h+|,...,s.)
= -— Wt I~
D.(’h“”" 4\) E (=1)"" K (sa, 1) D, 1(

et {2,... o Ia

+A/K(x.l|)D,.(s"t"' ":")dx (4.4.10)

2 82400, ln

and a similar result would follow if we were to expand by any other column. The
formulas (4.4.9) and (4.4.10) play the role of the Fredholm series of the previous
section.

Note that the relations (4.4.9) and (4.4.10) hold for all values of A. With the
help of (4.4.9), we can find the solution of the homogeneous equation (4.4.1)
for the special case when A = X¢ is an eigenvalue. To this end, let us sup-
pose that A = Xg is a zero of multiplicity m of the function D(1). Then, as
remarked earlier, the minor D,, does not identically vanish and even the minors
Dy, D,, ..., Dy-) may not identically vanish. Let D, be the first minor in the
sequence Dy, Dy, ..., Dy_y that does not vanish identically. The number r lies




4.4, Fredholm's Second Theorem L1

between 1 and m and is the index of the eigenvalue Ag as defined in Section
2.3. Moreover, this means that D,_, = 0. But then the integral equation (4.4.9)
implies that

sleZ‘---vsf

gl(s) = D, (‘

Ao (4.4.11)
Loeers &
is a solution of the homogeneous equation (4.4.1). Substituting s at different
points of the upper sequence in the minor D,, we obtain r nontrivial solutions
gi(s),i =1,...,r, of the homogeneous equation. These solutions are usually

written as
Lo)

) |

Observe that we have already established that the denominator is not zero.

The solutions &; as given by Equation (4.4.12) are lincarly independent for
the following zeason. In the preceding determinant (4.4.6), if we put two of the
arguments s; equal, this amounts to putting two rows equal, and consequently
the determinant vanishes. Thus, in (4.4.12), we see that ®,(s;) = 0 fori # k,
whereas ®(st) = 1. Now, if there exists a relation Y, C;$; = 0, we may put
s = s;, and it follows that C; = 0; and this proves the linear independence of
these solutions. This system of solutions &; is called the fundamental system
of the eigenfunctions of A9 and any linear combination of these functions gives
a solution of Equation (4.4.1),

Conversely, we can show that any solution of Equation (4.4.1) must be
a linear combination of ®,(s), ®,(s), ..., ®,(s). We need to define a kernel
H (s, t; ) which corresponds to the resolvent kernel I"(s, £; A) of the previous

section
M Sts-vesSr
Hyooin by

In Equation (4.4.10), take n to be equal to r, and add extra arguments s and

Sty eeesSials S Siglyeoey S
fyeoo [

®i(s) = i=1,2,....r. (44.12)

$1y 000381y SivSigl, - Sr
[ S TR y b

R I TR

H(Svl;"):-—.D’d" (l,ll‘...,l,

M) . (4.413)
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1 to obtain

58100055
D,
ALS 2 N 3

Stre-ay Sy
lo) = K(s,1)D, ( xo)
0Hoeeanly

(S.Sl.---,Sh-l,&u.---.sp

+ Y (1K 9D,

h=1 f1, 82, ¢4 t,

:

VSteeees S
+ 2o / K&x.0D,,, (’ Stoeedr Ao) dx . (4.4.18)

b N TP

In every minor D, in the preceding equation, we transpose the variable s from
the first place to the place between the variables sy—; and s,4; and divide both

sides by the constant
D 1y -0y Sr A # 0
! Heooih by 0

H(s,t; X)) — K(s,t) ~ Aof H(s, x; MK (x, t)dx

to obtain
, (4.4.15)
== K(sn0®h(s) .
h=1

If g(s) is any solution of (4.4.1), we multiply (4.4.15) by g(¢) and integrate with
respect to t and get

/g(t)H(s,t; Aydr — %‘S—)- - fg(x)l"(s,x; Adx
0
r (4.4.16)
8(sa)
= - Du(s),
2 ™

where we have used (4.4.1)in all terms but the first; we have also taken Xg f K(5y, 1)
g(t)dr = g(sp). Cancelling the equal terms, we have

86) =) g(sn)®als) - (427
h=1
This proves our assertion. Thus we have established the following result.

Fredholm’s Second Theorem. If Ag is a zero of multiplicity m of the function
D(}), then the homogeneous equation

8(s) =X f K(s,ng(t)de (4.4.18)
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possesses at least one, and at most m, linearly independent solutions

Sty ety Sigta-ney Sy

gils) = D, (:

lo) , i=1,...,r,; 1<r<m

TR y Iy

(4.4.19)
not identically zero. Any other solution of this equation is a linear combination
of these solutions.

4.5, Fredholm’s Third Theorem

In the analysis of Fredholm’s first theorem, it has been shown that the inhomo-
geneous equation

8(s) = f(s)+A/K(s,r)g(t)dr (4.5.1)

possesses a unique solution provided D(A) # 0. Fredholm’s second theorem is
concerned with the study of the homogeneous equation

gls) = A/ K(s, Dg(t)de ,

when D(X) = 0. In this section, we investigate the possibility of Equation
(4.5.1) having a solution when D(A) = 0. The analysis of this section is not
much different from the corresponding analysis for separable kernels as given in
Section 2.3. In fact, the only difference is that we now give an explicit formula
for the solution. Qualitatively, the discussion is the same.

Recall that the transpose (or adjoint) of Equation (4.5.1) is (under the same
assumption as in Section 2.3 except that we now take the kernel K (s, ) to be real

valued functions. The study of the case when it is a complex-valued function
forms Exercise 6)

b
¥is) = f(s) +A[ K@.syw@de, a<s<b. @4.5.2)

It is clear that Fredholm’s first series D()) as given by (4.1.26) is the same for
the transposed equation, whereas the second series is D(¢, s; A) as obtained from
(4.1.25) by interchanging the roles of s and ¢. This means that the kernels of
equation (4.5.1) and its transpose (4.5.2) have the same eigenvalues. Further-
more, the resolvent kernel for (4.5.2) is

I(r,s:2) = D(1, 5, 2)/ D)) (4.5.3)
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and, therefore, the solution of (4.5.2) is

Vis) = f(s) + A f (D@, 5: )/ DA f(0)dr (459

provided A is not an eigenvalue.

1t is also clear that not only has the transposed kernel the same eigenvalues
as the original kemel, but also the index r of each of the eigenvalues is the
same. Moreover, corresponding to Equation (4.4.12), the eigenfunctions of the

transposed equation for an eigenvalue for A are given as
D A
'(t,....,x;_,,l.l.-“..‘..t, °)
Yi(t) =

Ste s .S, !
D, Ao
eon o licn tistivyy oo n ly

where the values (s, ..., s,) and (41, . . . , £,) are so chosen that the denominator
does not vanish. Substituting r in different places in the lower sequence of this
formula, we obtain a linearly independent system of r eigenfunctions. Also
recall that each ®; is orthogonal to each ¥; with different eigenvalues.

If a solution g(s) of Equation (4.5.1) exists, then multiply (4.5.1) by each
member W (s) of the aforementioned system of functions and integrate 1o obtain

L I , S,

(4.5.5)

/[(s)%ds = fg(s)\ll.(s)ds —Af/ K(s,Dg()W,(s)ds de
(4.5.6)

= /g(s)ds[w.(s) —A/K(s,r)w,(:)dz] =0,

where the term in the bracket vanishes because W;(s) is an eigenfunction of the
transposed equation. From (4.5.6), we see that a necessary condition for (4.5.1)
to have a solution is that the inhomogeneous term f(s) be orthogonal to each
solution of the transposed homogeneous equation.

Conversely, we show that the condition (4.5.6) of orthogonality is sufficient
for the existence of a solution. Indeed, we present an explicit solution in that
case. With this purpose, we again appeal 10 the resolvent function H (s, ; 1) as
defined by (4.4.13) under the assumption that D, # 0 and that r is the index of
the eigenvalue Aq.

Our contention is that if the orthogonality condition is satisfied, then the
function

8o(s) = f(s) + Ao f H(s,t; A) f(2)dt (457
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is a solution. Indeed, substitute this value for g(s) in Equation (4.5.1}, obtaining
fis) + Aof H(s,t:A) f(dt = f(s} + Mg f K(s.1)

x[f) +Auf H(t. x; A) f (x)dx)dt

ot

If(‘)d‘{H(sv';l)—K(s.r)—lofK(s,x)H(x,r;k)dx]-:O. 4.5.8)

Now, just as we obtained Equation (4.4.15), we can obtain its “iranspose,”

H(s, 1,A) — K(s,2) — Aq[K(s.x)H(x. t; M)dx

, (4.5.9)
==Y K. .
=)
Substituting this in Equation (4.5.8) and using the orthogonality condition, we
have an identity, and thereby the assertion is proved.
The difference of any two solutions of Equation {4.5.1) is a solution of the
komogeneous equation. Hence, the most general solution of (4.5.1) is

g = fis) + hqf H{s, ;2 f(Dd1 + ZC,% (s). (4.5.10)

k=]

The preceding analysis leads to the following theorem.,

Fredholm’s Third Theorem. For an ink ous ti

(-3 k)

8(s) = f(s) +1ofK(S.I)g(f)dt @511

1o possess a solution in the case D(hg) = 0, it is necessary and sufficient
lfwl the given function f(s) be arthogonal to all the eigenfunciions V(s),
! = L2....r, of the transposed homogeneous equation corresponding 10
the eigenvalye Ao The general solution has the form

M)

5y 514820 - eS¢ 51,52y -1 5S¢
x(s)=f(s)+x°f[o,,,( 172 Ao)]/D,( 1
[N PO N fyoeuo 7

X () de + Y Caals) . (4.5.12)

L
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Exercises
1. Use the method of this chape, .
integral equations: Pterand find the resolvent kernels for the following

. }
@ g6 = f(s) + lf s — tjg(8)de,
(/]
.y 1
Gi) g6) = f(s) + A/ exp(—|is — thg(t)de ,
o
Hh gs) = [(s)+lf [cos(s + £)gle)ds .
0
2. Solve the following homogeneous equations
(@) gs) = ;] [sin(s + D]g(e)de ,
o

1
() )= 1/~ 1) [ 22¢g0ar,
°
by using the explicit formulas of this chapter.

3. Show by the present method that the resolvent kernel for the integral equation
(4.1.1) with kernel K (s, ¢) = 1 — 3sz, in the interval (0, 1), is

(s, 3 4) = [4/(4 = ADJ[1 4 A — ;A(s F0-30=Nst),  A#E2.

4. Show that not every one of the Fredholm’s minors as defined by (4.4.4) is
identically zero.
Hint: Use Equation (4.4.5).

5. Verify the formula (4.2.13b) and show that the corresponding identity for ¢,
is
&0
p'
= -N"—————c,-m | K ,8)ds .
Cp+1 ;( ) G- m)lcp f ma1(5,5)ds

6. Extend the analysis of Section 4.5 when the kemnel K(s,t) is a complex-
valued tunction of the real variables of s and ¢. Compare these results with the
analysis in Section 2.




CHAPTER §

Applications to Ordinary
Differential Equations

The theories of ordinary and partial differential equations are fruitful sources of
integral equations. In the quest for the representation formula for the solution
of a linear differential equation in such a manner so as to include the boundary
condition or initial conditions explicitly, one is always led to an integral equation.
Once a boundary value or an initial value problem has been formulated in terms
of an integral equation, it becomes possible to solve this problem easily. In this
chapter, we consider only ordinary differential equations. The next chapter is
devoted to partial differential equations.

§.1. Initial Value Problems

There is a fundamental relationship between Volterra integral equations and
ordinary differential equations with prescribed initial values. We begin our
discussion by studying the simple initial value problem

¥y’ + Als)y + B(s)y = F(s5), as<s<bh, (5.1.1)

y(@) = qo. y'@)=gq. (5.1.2)
where a prime implies differentiation with respect to s, and the functions A, B,

and F are defined and continuous in the closed intervala < s < b.
The result of integrating the differential equation (5.1.1) from a to s and
using the initial values (5.1.2) is
14
Y'(S) ~q1 = —AS)y(s) - / [B(s1) — A'(s)]y(s1Md51
5
+f F(s))dsy 4+ A(a)qo -
a
Similarly, a second integration yields

$ 3 33
y(s)—qo = — / A(s1)y(sy)ds, — j / [B(s1) — A’(s1)]y(s1)ds1ds;

s rn
+ / f Fidsds: +[A@go+qls —a) . (5.13)
a a

61
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With the help of the identity (see Appendix, Section A.1)

/ /” F(sy)ds\ds; = f’(s —0)F(t)ds, (5.1.4)

the two double integrals in Equation (5.1.3) can be converted to single integrals.
Hence the relation (5.1.3) takes the form

y(s) =qo +[A@)qo + g1 }(s ~ a) + [ (s = )F(t)dr

-/ {AW) + (s — )[B(t) — A'(O]}y(1)dr . (5.1.5)
Now, set
K(s,1) = —{(A(t) + (s ~ )[B(t) — A'()]} (5.1.6)
and
fs)= / (s —O)F(t)dt + [A@@)go +q1](s —a) + qo . 617

From relations (5.1.5) through (5.1.7), we have the Volterra integral equation of
the second kind:

y(s) = f(s) +f K(s, y(t)dr . (5.1.8)

Conversely, any solution g(s) of the integral equation (5.1.8) is, as can be
verified by two differentiations, a solution of the initial value problem (5.1.1)
and (5.1.2).

Note that the crucial step is the use of the identity (5.1.4). Since we have
proved the corresponding identity for an arbitrary integer n in the Appendix,
Section A.1, it follows that the preceding process of converting an initia} value
problem to a Volterra integral cquation is applicable to linear ordinary differential
equatjons of order n when there are n prescribed initial conditions. Analternative
approach is somewhat simpler for proving the aforementioned equivalence for
a general differential equation. Indeed, let us consider the lincar differential
equation of order n:

dny dn—ly dy
Zor AV T e+ A ()5 + Anls)y = F(8), (519
with the initial conditions
y@ =g, Y@=q, .., y"Y@)=guy, (5110
where the function A;,As,..., A, and F are defined and continuous in

a<s<b
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The reduction of the initial value problem (5.1.9) and (5.1.10) to the Volterra
integral equation is accomplished by introducing an unknown function g(s):
d"y/ds" = g(s) . (S.1.11)

From Equations (5.1.10) and (5.1.11), it follows that

dar l(y) s
P /g(l)dl+¢1n 1

dn- ‘2
dsn-l [ (s —0gW)dt + (5 — a)ga-1 + Gn-2.

(s _‘)n-Z G —a)" =2 (s _a)n—3n
f DT EO e+ T

+(S—0)Qz+q).

s - )n-l s — a)n-l (s - a)n-Z
y= f ) ——g(t)dt + Y Gn-1 + =2 Gn-2

+($ —a)q +qo .
(5.1.12)
Now, if we multiply relations (5.1.11) and (5.1.12) by 1, A,(s), Az(s), and so
on, and add, we find that the initial value problem defined by Equations (5.1.9)
and (5.1.10) is reduced to the Volterra integral equation of the second kind

gls) = f(s)+f K (s, g(t)de, (5.1.13)
where
K L 5.1.14
(s, f)——gfh(s)———l-)—!- (5.1.19)
and

[(5) = F(5) = qa_1A1(s) — [(s — a)gp~1 + Gn-2]A2(s)

~={ls —a)y" Y (n = )ga-1 + - + (5 — @)1 + G0))
x An(s) . (5.1.15)

Conversely, if we solve the integral equation (5.1.13) and substitute the
value obtained for g(s) in the last equation of the system (5.1.12), we derive the
(unique) solution of the initial value problem (5.1.9) and (5.1.10).
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5.2. Boundary Value Problems

Just as initial value problems in ordinary differential equations lead ta Volterra-
type integral equations, boundary value prablems in ordinary differential equa-
tions iead to Fredholm-type integra) equations. Let us illustrate this equivalence

by the probiem

y'(5) + A(s)y' + Bis)y = F(s), a<s<b, {5.21)

y(a) = yo. yoY=y1. (522)

When we integrate Equation (5.2.1) from a to 5 and use the boundary cop-

dition y(a) = yp, we get

Yi)=C+ [ F(s)ds ~ A(s)y(s) + A(adyo

+/ [A'(s) — B(s)]y(s)ds .

where C is a constant of integration.
A second integration similarly yields

() ~ yo =[C + A@)yol(s — a) + f / " F(s1)ds)ds:

- / Als)y(n)ds; + f ) / n(A'(sl) — B(s1)]y(s1)dsyds; .
. e Ja (523)

Using the identity (5.1.4), the relation (5.2.3) becomes

() = 30 ={C + Al@)yol(s —a) + [ (s = DF(M

-/ {A(1) — (s — D[A’(1) = By ()t .
. (5.2.4)

The constant C can be cvaluated by setting s = & in (5.2.4) and using the
second boundary condition y{b) = y,:

¥1 - yo ={C + Ayl (b — a) + /(b —OF @)t

flA(r) - (b~ ]A"() — BOy{L,
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or

C -+ M@ =(1/6 - (s ~ ) - [6-nfds
+ / (A(2) — (b — D[A'(t) = B(1)])y(t)d1} .
5.2.5)
From Equations (5.2.4) and (5.2.5), we have the relation

y(s) =y + [(s = 0)F(t)dt + f(s — a)/(b - a))
x [(»1 = yo) - f (b - )F()ds]
- [M(') = (s = 0)[A'(t) - BOlly()ds
+ [16 - /- aa6) - b - (a0 - BONy© .

(5.2.6)

Equation (5.2.6) can be written as the Fredholm integral equation

y(s) = f(s) + f K(s, Dy(t)dr, 527

provided we set
5
f(s) =yo +f (s = DF(r)dt

+[(s —a)/(& - a)){(» - yo) - f(b —)F(t)dt] 28)
(5.2.

and
{(s —a)/tb - )J{Ar) — (b~ [A'(") - B()},
K(s, t) = st (5.29)
' AN[(s —a)/(b—a)) - 1) — [A() - B®W)}
x{(t —a)b —s5)/(b-a)], s>t.

For the special case when A and B are constants, @ = 0, b = 1, and
¥(0) = y(1) = 0, the preceding kemel simplifies 10
Bs(l — 1) + As, s<t,

5.2.10
Bt(l1=s)+As~A, s>1. ( )

K(s.t)=[

Note that the kernel (5.2.10) is asymmetric and discontinuous at ¢ = s, unless
A = 0. We elaborate on this point in Section 5.5.
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5.3. Examples

Example 1. Reduce the initial value problem
Y)+ay(s)=F(s), 0xs, (531)

yO =1, y@©=o0, (532)

to a Volterra integral equation.

Comparing Equations (5.3.1) and (5.3.2) with the notation of Section 5.1,
we have A(s) = 0, B(s) = A. Therefore, the relations (5.1.6) through (5.1.8)
become

K(s,t) =Alt - 5),
fis)y=1 +/ (s —=0)F(t)dt,
0

and
yor =1+ [ 6 -0F@irei [« -oywar. (533)
0

Example 2. Reduce the boundary value problem
Y@ +AP(S)y =Q(s), a=<s<b, (5.3.49)
yay=0, y® =0, (5.3.9)

to a Fredholm integral equation.

Comparing Equations (5.3.4) and (5.3.5) with the notation of Section 5.2,
we have A = 0, B = AP(s), F(s) = Q(s), yo = 0, y1 = 0. Substitution of
these values in the relation (5.2.8) and (5.2.9) yields

s b
19 = [ -nQwdt = (6~ )/~ ] f (b-0QWdr  (536)

and
AP (O[(s — a)b—1)/(b~a)], s<t,

APt — a)(b - s)/(b - a)], s>t 537

K(s, 1) = [

which, when put in (5.2.7), gives the required integral equation. Note that the

kernel is continuous at § = ¢.
As a special case of the preceding example, let us take the boundary value

problem
y +iy=0, 0<ss<¢, (5.3.8)
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y@ =90, y()=0. (5.3.9)
Then, the relations (5.3.6) and (5.3.7) take the simple forms: f(s) = 0, and
(As/O){L -1) s<t,
(Aeje)(€ — ) s>t. (5.3.10)

Note that, although the kernels (5.3.7) and (5.3.10) are continuous at s = r,

their derivatives are not continuous. For example, the derivative of the kemel
(5:3.10) is

K(s, )= [

A1-@¢0], s<rt,
—At/L, s>t.
The value of the jump of this derivative at s = 1 is

{aK(s, 1) _ [BK(s.r)] -2
3  Jiwo 3 Jo

Similarly, the value of the jump of the derivative of the kernel (5.3.7)ats = ¢ is

[aK(s, :)] _ [BK(s.t)] — AP
ds 1+0 as -0

Example 3. Transverse oscillations of an homogeneous elastic bar. Consider
an homogeneous elastic bar with lincar mass density d. Its axis coincides with
the segment (0, £) of the s axis when the bar is in its state of rest. It is clamped
atthcend s = @, free at the end s = ¢, and is forced to perform simple harmoric
oscillations with petiod 2 /w. The problem, illustrated in Figure 5.1, is to
find the deflection y(s) that is parallel 1o the y axis and satisfies the system of
equations

aK(s,t)/d9s = [

y(s)

FiIGURE 5.1
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Tt Ky=0, K = T (5311
y(©) =y'©) =0, (53.12)
y"(l) = ym(t) =0, (5_313)

where E1 is the bending rigidity of the bar.
The differential equation (5.3.11) with the initial conditions (5.3.12) can be
reduced to the solution of a Volterra integral equation if we stipulate that

y'or=C., y'0=0C, (5.3.14)

and subsequently determine the constants C; and C3 with the help of (5.3.13).
Indeed, when we compare the initial value problem embodied in Equations
(5.3.11), (5.3.12), and (5.3.14) with the system (5.1.9) through (5.1.15), we
obtain the required integral equation

gs) =k ( £ Ca+ s C3) +k* / o gle)dr , (53.15)
2! 3 o 3!
where
g(s) = d*y/ds* . (5.3.16)
The solution y(s) of the differential equation (5.3.11) is
s 3 2
ys) = /:; & ;!') gdr + g Cs+ % G (53.17)

We leave it to the reader to apply the conditions (5.3.13), determine the constants
C; and Cj, and thereby complete the transformation of the system (5.3.11)
through (5.3.13) into an integral equation.

The kernel of the integral equation (5.3.15) is that of convolution type and
this equation can be readily solved by Laplace transform methods as explained
in Chapter 9 (see Exercise 11 at the end of that chapter).

5.4, Dirac Delta Function

In physical problems, one often encounters idealized concepts such as a unit
force acting at a point s = 5o only, or an impulsive force acting at time ¢ = &
only. These forces are described by the Dirac delta function 8(s — sg) ot §(t — o)
such that

0. x # o, (5.40)

§(x —xg) =
oo, X =Xg,
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where x stands for s in the case of a unit force and for ¢ in the case of an impulsive
force. Also,

”5 4 0 if xg isnotin (a,b), s
/; F=xdE =10, i e isin (@.b) . (54.2)

This function is supposed to have the sifting property

j §(x = x0)p(x)dx = ¢(xgp) (5.4.3)

for every continuous function ¢(x).

The Dirac delta function has been successfully used in the description of
concentrated forces in solid and fluid mechanics, point masses in the theory of
gravitational potential, point charges in electrostatics, impulsive forces in acous-
tics, and various similar phenomena in other branches of physics and mechanics.
In spite of the fact that scientists have used this function with success, the lan-
guage of classical mathematics is inadequate to justify such a function. It is
usually visualized as a limit of piecewise continuous functions f(x) such as

1
0. 0{X<Xo—i€,

fx)={ p, Jx — xo} € -l-e . (54.4)

N

1
0, xo+5e<x<t,

as ¢ — 0, or as a limit of a sequences of suitable functions such as

) lk, 0<lx| <1/k, (5.4.5)
fux) = 0, for all other x, o
where k =1,2,3,...,and
1 sinkx
- = , 5.4.6
fitr) = — — (5-4.6)

ask — oc.

Our aim in this and the next chapier is to determine integral representation
formulas for the solutions of linear ordinary and partial differential equations in
such a manner as to include the boundary conditions explicitly. To accomplish
this task, we have to solve differential equations whose inhomogeneous term is a
concentrated source. This is best done by introducing the theory of distributions.
We present here the rudiments of this theory as needed in the sequel.
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In Equation (5.4.3) we have made the delta function meaningful by averaging
it with the help of a smooth function ¢ (x). This introduces the concept of a test
function ¢ (x) which is defined as follows.

(1) %2 exists for all values of the integer k.

(2) ¢(x) has a compact support. This means that there exists an integer A
such that ¢(x) is zero in the regions x < —A and x > A and nonzero
in—A <x <A.

These two properties are symbolically written as ¢(x) € C; the superscript
stands for the infinite differentiability, and the subscript for the compact support.
This space of test functions ¢ (x) is denoted by D. The prototype example is

exp(— _‘_&:?) x| <a,

, x| > a.

(x) = { (5.4.7)

Note that the definition of D does not demand that all the test functions have the
same support. From the preceding definition we find that

(a) D is alinear space because if ¢, and ¢, are in D then so is ¢,y + c2¢»
for any numbers ¢; and c3.

(b) If ¢ € D then so is £%.

(c) Fora C*™ function f(x)anda¢(x) € D, fop € D.

(d) If ¢(x) and Y (x) are in D(x) then ¢(x)y (y) are in a two-dimensional
test function space D(x, y).

This information enables us to present the following four definitions:

(1) Asequence [¢m(x)},m = 1,2,..., for all ¢, € D, converges 10 ¢y if
the following two conditions are satisfied. (i) All the ¢, as well as ¢p vanish
outside a common interval; (ii) d*¢,/dx* — d*¢o/dx* over R as m — oo,
for all integers k. For the special case ¢o = 0, the sequence {¢n} is called a null
sequence.

(2) A linear functional t(x) on the space D is an operation by which we
assign to every test function ¢ (x) a real number (¢ (x), @ (x)) such that (¢, ¢, ¢+
c192) = ¢, (t. ) + c2(t, @) for arbitrary test functions ¢y (x) and ¢, (x).

(3) A lincar functional ¢(x) on D is called continuous if and only if the
sequence of numbers (¢, ¢) — (1, ¢) as m — 00, whenever the sequence {@u}
of test functions converges to a test function ¢.

(4) A continuous linear functional t (x) on the space D of test funclions is
called a distribution. Let us now give some important examples of distributions.
The set of distributions that are most useful are the ones generated by locally

if
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integrable functions f(x) which are such that [ f(x)dx exists for every bounded
interval in R. It generates a distribution through the relation

f.) =f fx) $(x)dx.

These distributions are called regular distributions. For instance, the Heaviside
function H (x)

H —lo‘ x<0 (5.4.8)
) = 1, x>0, o
defines the regular distribution
00
(H.¢)=/; P(x)dx . (5.4.9)

The distributions that are not regular are called singular distributions. For in-
stance, the Dirac delta function is not a locally integrable functions but generates
the distribution through the relation (5.4.3). The distributions are also called gen-
eralized functions. The space of all distributions on D is called the dual space of
Dandis denoted as T’. There are many more test function spaces and their duals
and the reader may consult Kanwal [44] where all the preceding concepts are
discussed in detail. Let us now study algebraic operations on distributions. Let
(1(x), ¢(x)) be a regular distribution generated by a locally integrable function
t(x). Then for x = (a y — b), we have

o
(tlay = b), o) = / t(ay — b)p(y)dy

=L (x>¢( “’)dx
lal Jooo

- |(r(x) ¢( +")) : (5.4.10)

The same is true for a singular distribution. Thus

Slay - b), 0(y)) = - |(6(x) ¢( +b)) . (5401

As a special case we find from Equation (5.4.11) that (§(—y), ¢(»)) = (6(x).
o(—x)) = ¢(0) = (8(y). #(y)). Thus, 8(x) is an even function. We dis-
cuss the analytic operations on distributions also by first appealing to a regular
distribution. Let 1 (x) be a differentiable function. Then

f ' (x)¢(x)dx = [t(x)da(x)]‘fw—f t(x)¢'(x)dx.
-0

-00
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Since ¢ (x) has a compact support, the first term on the right hand side vanishes.
Thus, we have

(' (x), 6(x)) = —(t(x), ¢’ (x)) . (5.4.12)
Continuing this process, we have
dte(x) ' d*¢(x)
(W-d’(x)) = (-1 (r(x). Ik ) . (5.4.13)
The same is true for the singular distributions. Let us illustrate it with a few

examples.
Recall the formulas (5.4.8) and (5.4.9) for the Heaviside function H(x).

According to formula (5.4.12), we have
(H'(x), ¢(x)) = =(H (x), ¢'(x))

= —j; ¢’ (x)dx = ¢(0) = (§(x), p(x)) .

Thus dH
- =80 (54.19)
Similarly, (§’(x), #(x)) = —(8(x), ¢'(x)), and in general
da"s
" (x), (x)) = (Tx(’—) ¢(x)) = (=1)"(5(x), ¢ (x))
d"¢

=(-1)"=—(0).
dx" (5.4.15)
Because the singular distributions do not have classical derivatives, we call the
derivatives such as (5.4.14) and (5.4.15) distributional derivatives.
Relation (5.4.15) is instrumental in deriving many interesting formulas. For
instance,

t(x)8™(x) = (- D" O (x) + (=" 'n "1 (0)5 (x)

5.4.16
+o 41008 (x), G419
because we can set
(1 (x)8" (x), ¢ (x)) = 3™ (x), (t(x)$(x)))
L] d"
= (-1) (5(1)- ;;(l(x).d’(x)))
and (5.4.16) follows immediately. As a special case we have
—1ym _al n—m)
xms(n)(x) = [ (-1 (ll—lll)!a =), nzm (5.4.17)
0 . n<m,
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Finally, we present the value of the distribution 8{ f (x)]. For this purpose let us
first assume that f (x) has a simple zero at x; such that f(x;) = Obut f'(x)) > 0
(the case f'(x,) < O is similar). Thus, f(x) increases monotonically in the
neighborhood of x; and we have H| f(x)] = H(x — x). Then it follows from
541 that H'[f(x)) = 8(x ~x)or [ f(x)] = | f'(x1)| 7 '8(x —~ x1). If f(x)
has n zeros, then we have

8(x — xp)
fx))= _—_— 5.4.18
el=% Tre G419
In the rest of this and the next chapter we deal with differential equations that
have a delta function as an inhomogeneous term. Accordingly, we introduce the
concepts that we need in handling those differential equations. For this purpose,
we first find the derivative of the signum function sgn x:

x>0,

1
sgn (x) = { (5.4.19)

-1, x<0.

Comparing it with the Heaviside function (5.4.8), we find that sgn x = 2H (x) —
1. Thus, (d/dx)(sgn x) = 25(x). Let us now consider the function |x| that
defines the functional

) o0 0
(lx}. #(x)) = f Ix1¢p (x)dx =/o x¢(x)dx —f x¢(x)dx .
o0

- -0

Thus,

d oo 0
(Elxl.cﬁ(x)) = (xl, ') = A x¢'(x)dx — f x¢/ (x)dx

= (sgn (x), ¢(x)),
so that (d/dx) (ix|) = sgn (x). Another differentiation yields
42 d
k= g5 en (x)) = 28(x),
or )
1d
-2- z;z- x| = 8(x) . (5.4.20)

A distribution E(x) is said to be the fundamental solution or the free space
Green’s function if it satisfies the relation L E (x) = §(x), where L is a differ-
ential operator. From relation (5.4.20) it follows that |x|/2 is the fundamental
solution of the differential operator d/dx?. The foregoing concepts help us de-
fine the distributional (generalized) derivatives of functions that do not have the
classical derivatives. Indeed, we have already come across three such functions,
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namely, H(x), sgn (x), and |x|. Accordingly, the derivatives of these functions
are the distributiona} desivatives. Let us observe the properties of the function
|x| and its classical derivative: (i) this function is continuous at X = 0, (ii) its
derivative has a jump discontinuity at x = 0 of magnitude 2. In the next sections
we shall discover these properties of many functions that arise in our analysis.

Let us now consider a function F(x) that has a jump discontinuity atx = §
of magnitude a but has the derivative F‘(x) in the intervals x < £ and x > ¢
but no classical derivative at x = ¢. However, we can find the distributional
derivative of this function by defining a new function f(x):

Jx)=F(x)-—aH(x -§). (54.21)

This new function is clearly continuous at x = ¢ and has the derivative that
coincides with F’'(x) on both sides of . When we differentiate both sides of
(5.4.21) we get
df DFx)
ax = Tdr
where we have put a bar over (d/dx)F(x) 1o signify that it is the distributional
(generalized) derivative of F. Thus

—-adx ~ &),

DFix) dF
= — 6 bt ’ &
P —+ [F] 8t ~£) (54.22)
where we have used the information that the jump [F] of F(x) atx = £ is equal

toa.

Formula {5.4.22) has an interesting application that is very beneficial for
our purpose. Indeed, let us consider the fundamental solution E(x, ¢), which
satisfies lhe differential equation

d d E(x;
= [p(x)—%] = —q)E(x: §) ~8(x — £) . (5.4.23)

which is called the Sturm-Liouville equation. When we compare Equations
(5.4.22) and (5.4.23) and observe that p(x) is continuous at x = &, we find that
the jump in the value of d E/dx atx = & is

dE 1
=1 -1 5.4.24)

Indeed, the function £ (x) behaves in the same way as }x|; it is continuous at
x = & andits classical derivative has a jump discontinuity of magnitude —1/ p(§}
atx =&,

The preceding analysis can be rcadily extended to higher dimensions. Let
us consider the three-dimensional Euclidean space R? where x = (x1, X2, %3)
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denotes a point. Let k be a three-tuple of nonnegative integers k = (ky, k2, k3).
Then we define the following quantities.

Ikl =k + k2 + k3, & = xPx3xl K= k1 kgt ky! (5.4.25)
D=2 '=123-n*=——ﬂ—-—.—.p"o‘zo" 5.4.26)

T ax J P ax:‘ax;'ax;’ 1T (54
S(x — &) = 8(x; — §1)8(xz — £2)8(x3 ~ &3) . (54.27)

The basic distribution 5(S) is a single layer of delta functions concentrated
on a surface S. The three-dimensional distributional derivative formula for a
function F{x) corresponding to Equation (5.4.22) is

aF(x) OF

ox,  ox +n [F}&(S), (5.4.28)
where n is the unit normal to the surface S and [F] is the jump of F across S.

Our next aim is to use formula (5.4.28) to solve a partial differential equation
which corresponds to Equation (5.4.20). For this purpose we start with the
function 1/r, r = (x? + x} + x2)"/2, and observe that it has a singularity at
r = 0 and that the function F(x) = H(x — €)/r, where H is the Heaviside
function, has the jump at the spherical surface of discontinuity S : r = €, of
magnitude 1/¢.

Accordingly, formula (5.4.28) yields

E) (H(r -€)

ax; r

) =-SHe-0+7 159, (5.4.29)
r €

where n; = T; = x;/r. To evaluate the limit of the second term on the right
side of Equation (5.4.29) we appeal to a three-dimensional test function ¢(x)
and find that the

tim [ #x)~7dS = lim - / ¢(Te’dw =0, (5.4.30)
«~0 0 € é—0¢€ Js
where S(1) is the unit sphere and w is the solid angle. Thus, '51 Q/r)= —x,/r’,
which is the same as the classical derivative. In order to compute the second
order distributional derivatives of 1/r, we apply formula (5.4.28) to the function
(3/3x;) (H(r — €)/r) and obtain
2

3 Hr-e)\ [ & 1 i ""'i)
ax;dx; ( r ) - (Bx,-axj (r)) Her-a+ T ( r3 8

- (i"T;‘J_’) He -0 - ZL5s5), (5:43)
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where &;; is the Kronecker delia which is 1 wheni = j and O when i # j.
We again appeal to a test function ¢(x) and find that

. X;Xj 4n
lim A —rT’ d(x)dx = 3 500,

«=0
so that relation (5.4.31) yields
=2
a 1 3x;x; — r2sy,
9x;9x; (;) IS _3— 3800)- (54.32)
Let us now set i = j and sum on j and get
=2 =2 =2
=21 3 3 E] 1
Vi -)={5+=+—])(-)=-4 . 4.
(r) (axf + ax3 + 3.\'3) (r) ™ 8(x) (54.33)

Thus, the fundamental solution of the Laplacian -7 is 1/4mrr . In the sequel
we drop the bar on the distributional derivatives.

5.5 Green’s Function Approach

We consider the initial and boundary value problems of Sections 5.1 and 5.2 in
a different context. Let L be the differential operator

d?
Lu(s) = [A(s)— + B(S)— +C(s)u(s), a<s<b, (5.5.1)

where A(s) is a continuously differentiable and positive function. lts adjoint
operator M is defined as

Mu(s) =— [A ()v(s)]

- T[B(s)u(s)] + C(s)v(s), a<s<b.
s (55.2)

1t follows by integration by parts that
/(uLu ~uMv)ds = [A(ve’ — uv') + uv(B - A . (55.3)

This is known as Green’s formula for the operator L.
It is traditionally proved in the theory of ordinary differential equations that
the differential equation

A()Y" + By +C(s)y = d(s), a<s<b, (5.5.9
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can be converted to the form

d dy
s [P(S) E] +4(s)y = F(s), (5.5.9)

which is ciearly self-adjoint. The function p(s) is continuously differentiable
and positive and ¢(s) and F (s) are continuous in a given interval (a, b). Green’s
formula (5.5.3) for this operator takes the simple form

/(vLu —uLv)ds = (p(s)(vu’ — uv))? . (5.5.6)

The homogeneous second-order equation

d ( dy
E p}; +qy=0, a<s<bh, (5.57)

has exactly two linearly independent solutions «(s) and v(s) which are twice
continuously differentiable in the interval @ < s < b. Any other solution of this
equation is a linear combination of u(s) and v(s), that s, y(s) = ¢,u(s) +cau(s),
where ¢, and ¢; are constants.

Initial value problems

Let us first consider the initial value problem

d dy
Z(pz;)+qy=l"(s). a<s, (5.5.8)
y(a)y=0, y'@)=0. (5.5.9

To formulate this problem into an integral equation, we consider the function

w(s) =u(s)/ v(t)F(2)dt —~ v(.r)f u(t)F(t)de, (5.5.10)

where u and v are solutions of the homogeneous equation (5.5.7) as previously
mentioned. The relation (5.5.10), when diffcrentiated, gives

w'(s) = u’(s)/ v()F(t)dt - u’(s)f u(t)F(e)de
+u(s;u(s)F(s) —~ u(s)u(s)F(s)
= u'(s) /’ v(t)F(¢e)dt —- v’(s)/ u(1)F(1)dt .
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Hence, w(a) = w'(a) =0, and

a dw d du s
7 [P(S)z] =7 [P(S) ;{;]j" v(t)F(t)dt
d dv
~ds [P(S) 'd—;]
X [ u()F()dt + p(s){u'(5)v(s) — V' (s)u(s))F(s)

= —q(s)w(s) + p(s)[u'(s)v(s) — v'(SHu(s)}F (s),
(5.5.11)

where we have used the fact that u(s) and v(s) satisfy Equation (5.5.7). In
addition [dropping the argument (s) for p, u, v},

d
L lpwy = vl = S (ot~ v+ pu'v’ = pu =0,
also because u and v satisfy (5.5.7). This means that

P (5)u(s) — v'(s)u(s)} = A, (5.5.12)

where A is a constant. The negative of the expression in the brackets in the
preceding relation is called the Wronskian W (u, v; 5) of the solutions u and v:

Wu, v; 5) = u(s)r’'(s) = v(su'(s) . (55.13)

From the relations (5.5.11) and (5.5.12), it follows that the function w as
given by (5.5.10) satisfies the system

d d
. (P;?) +qw=AF(). asxs, (5.5.14)
w(a) =0, w'@)=0. (5.5.15)

Dividing Equation (5.5.14) by the constant A and comparing it with (5.5.8), we
derive the required relation y(s) as

ys) = "’_‘:ﬂ = f‘ R(s,)F(t)dt , (5.5.16)

where w(s) is given by (5.5.10) so that

R(s, ) = (1/A)(u(s)v(6) — v(s)u(0)] . (5:517)
Note that R(s, 1) = —R(¢, 5).
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It is easily verified that, for a fixed value of ¢, the function R(s, t) is com-
pletely characterized as the solution of the initial value problem

d IR
Lr=2 [pm;;] +qEIR =565 —1),

(5.5.18)
IR _ 1
., PO
This function describes the influence on the value of y at s due to a concentrated
disturbance at ¢. It is called the influence function. The function G(s; 1),

R| =0,

s=t

G(s; 1) {0' st (5519
53 t) = 5.
R(s,t), s>, )

is called the causal Green's function.
Example. Consider the initial value problem

y' +y=F(s), 0<s<l, y(0) =y'(0) =0. (5.5.20)
The influence function R(s, ¢) is the solution of the system

d’R dR

S tR=%-n. R =0, - =1 (s

The required value of R, clearly, is R(s, ¢) = sin(s — t), and the integral repre-
sentation formula for the initial value problem (5.5.20) is

y(s) = [l sin(s — 1) F(t)d:t . (5.5.22)
o

When the values of y(a) and y'(a) are prescribed to be other than zero,
we simply add a suitable solution ¢yu + c2v of (5.5.7) to the integral equation
(5.5.16) and evaluate the constants ¢; and c; by the prescribed conditions. For
example,

y'+y=F(), yO)=1, y©O=-1 (5.5.23)
has the solution
: ]
y(s) = [ [sin(s — D)}F ()dt + ¢ (sins) + ca(coss) . (5.5.24)
0

With the help of the prescribed conditions, we find that¢; = —land ¢z = 1.
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Boundary value problems
Let us now consider the boundary value problems and start with the simplest
one,
d dy
— | p=Z = b, 5.5.25
ds(Pds)+qy F(s), asss< ( )
y(a@) =0, y(b)=0. (5.5.26)

In view of the solution (5.5.16) of the system (5.5.8) and (5.5.9) we attempi to
write its general solution as an integral equation of the form

y(s) = / R(s, ) F(1)dt + ciu(s) + cav(s), (55.2n

where u(s) and v(s) are the solutions of the homogeneous equation (5.5.7).
When we substitute the conditions (5.5.26) in (5.5.27), we obtain

cu(a) + cv(a) =0,

cu(db) + cau(b) = ~ / R, )F(t)dt,

which will determine a unique pair of constants ¢, and c; provided the following
holds for the determinant D,

D = u(@)v(b) — v(a)u(b) #0; (5.5.28)

which, for the time being, we assume to be true. Therefore,

a =[v(a)/D]/R(b, 1) F(1)det

] b
= [v(a)/D} f Rb, t)F(t)dr + [v(a)/ D) / R(b, t)F (t)d:,
N * (55.29)

= —[u(a)/D]fR(b,t)F(r)dr

s b
= —[u(a)/D)[ R(bt)F (t)dt — [u(a)/D]/ R(b, 1)F (t)ds .
‘ d (5.5.30)

Putting these values of ¢, and c; in the relation (5.5.27), we have the solution
y(s) as

y(s) =/ {R(s, ) + (1/D)v(@)u(s) ~ u(a)v(s)|R(b, N} F (1)d:

b
+f (1/D)[v(a)u(s) — u(a)v(s)|R(b, t)F(t)dt .
? (5.5.31)
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Using Equations (5.5.12) and (5.5.17) and doing some algebraic manipula-
tions, we find that

R(s. 1) + {{v{a)u(s) — u(a)v(s))/ D) R(b, 1)
= (1/AD)u(a)v(t) — v(a)u(t)}u(s)v(b) — v(s)u(b)] .

(5.5.32)
Finally, we define the function G(s; t):
(1/AD) u(s)v(@) — v(s)u@[u)v(b) - v()u(b)],
s<t,
Gl = (1/AD)u(r)v(a) — v(t)u(a)][u(s)v(b) — v(s)u(b)}, (5:5:33)
s>1.

Then the solution y(s) as given by Equation (5.5.31) takes the elegant form
yis) =~ f G(s; )F(1)dt . (5.5.349)

The function G(s; t) is called the Green's function. It is clearly symmetric:
G(s;t) =G(t;5) . (5.5.35)

Furthermore, it satisfies, for all 1, the following auxiliary problem

d
LG=Z[p(S)%E]+q(S)G=—6(s—l)- as<s<b,
s (5.5.36)

Gls-n = Glssb = 0' (5537)
G‘xtH-O - Gl:=¢—0 = 0 ] (5538)
aG aG 1
ey e = ——, (5.5.39)
CUN AR L ) P p@)
where by G L 40 WE mean the limit of G (s; 1) as s approaches ¢ from the right,

and there are similar meanings for the other expressions. Thus, the condition
(5.5.38) implies that the Green’s function is continuous at s = (. Similarly,
the condition (5.5.39) states that dG /ds has a jump discontinuity of magnitude
~{1/pt)) ats = t. The conditions (5.5.38) and (5.5.39) are cailed the matching
conditions. Recall that we derived these results in Section 5.4 by introducing
the concept of the distributional derivatives.

1t is instructive to note that the relation (5.5.39) is a consequence of the
relations (5.5.35) and (5.5.36). Indeed, the value of the jump in the derivative
of G(s; t) can be obtained by integrating (5.5.36) over small interval (£ — ¢, s)
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and by recalling that the indefinite integral of (s ~ ¢) is the Heaviside function

H(s — ). The result is

aG(s:t) Gt —€;5)
as as

When s traverses the source point £, then on the right side the Heaviside function

has a unit jump discontinuity. Since other terms are continuous functions of s,

it follows that 4G /ds has, at ¢, a jump discontinuity as given by (5.5.39).

~ H(s—1).

t 4
p(t) +/ q(x)G(x; 1)dx = p(t — ¢)
~¢

Example. Consider the boundary value problem
y” = F(s), y(0) = y(£) =0. (5.5.40)
Comparing this system with the relations (5.5.25), (5.5.26), and (5.5.36)
through (5.5.39), we readily cvaluate the Green's function:
s/ -1, s<it,
GGs:) = 5.5.41
0 {(z/e)(c—s), s>, (5:341)
which is the kernel (5.3.10) except for the factor A. The solution of (5.5.40)
now follows by substitating this value in Equation (5.5.34). Incidentally, by
introducing the notation

s, s<t,
Se = { or min(s,t),
r, s2t,
and
t, s,
5> = { or  max(s,fr),
s, s2t,
the relation (5.5.41) takes the compact form
G(s;t) = (1/8)[s (€ — 55)]. 0<s.2<¢L. (5.542)

It follows from the properties (5.5.36) through (5.5.39) of the Green’s func-
tion G(s; r) that 3G (s; a)/3t satisfies the system of equations

d d [3G(s;a) 3G (s; a)
d—s[P(S) ds, 2 ]+q(5) —ar =0, a<s<b,
0G(a; a) 1 3G (b, a)
—_—— =, —_—=0.
at pla) ot
(5.5.43)
Similarly, 3G (s; b)/3t satisfies the system
d {9G(s; b 3 b
di[pS'd_s' g )}+‘1(5)£§:——)=0. a<s<b,
d (5.5.44)

3G@b) _ o 3Gkib) _ 1

at 3t Ty
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Hence, the boundary value problem
(py) +qy=F, yl@)=a, yb)y=28, a<s=<b, (5545

has the solution

y{s) =—/G(s:t)F(t)d:

aG(s; AG(s; b
+ap(a) 25D _ gppy 202

(5.5.46)

as is easily verified.
Finally, we present the integral equation formulation for the boundary value
probiem with more general and inhomogeneous end conditions:
(py'Y +qy=F(s), a<s<b,
' Y'Y +qy =F(@s) , (5.5.47)
—uy@+vyl@=a,  —uy'(b)+wyb)=4.

When we proceed to solve this system in the same way as we did the system
(5.5.1) - (5.5.2), Green’s function for the present case can also be derived pro-
vided the determinant

D ={—pu'(a) + viu(@)][u2v'(b) + vy (b))
= [=m1?'(@) + viv(@)][p2u'(b) + vu(b)) £ 0.
Indeed, G (s; t) possesses the following properties:

d 3G
LG =+ [P(S)g] +9()G = ~8(s - 1) (5.5.482)
dG dG
'“‘E}'lm"'"‘clm:“zﬁ =b+v26|:=b=0'
: (5.5.48b)
Glimivo =Gl =0, (5.5.48¢)
i L - (5.5.48¢)
3 |ipso 85 lsmg PO’ -

and the condition of symmetry. With the help of the Green’s function, the
boundary value problem (5.5.47) has the unique solution

ys) = - j G(s; DFW)de + P‘(Li)aG(s;a) + Pui)-ﬁG(s; b), (5.5.49)
) 2

provided py and yu; do not vanish. If i, = 0, then the factor (1/14,)G (s; a)
is replaced by (1/v1)3G (s; a)/31. By the same token, if u; = 0, we replace
(1/u2)G(s; b) by ~(1/v2)3G(s; b)/at. In view of the relation D # 0, we
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cannot have both 1) and v, or both u; and v, equal to zero. When « and g are
zero, the relation (5.5.49) reduces to (5.5.34).
The Sturm-Liouville problem consists of solving a differential equation of
the form
(Y'Y +qy + rry = F(s), a<s<b, (5.5.50)
involving a parameter A and subject to a pair of homogeneous boundary condi-
tions

—my' (@) + viy(a) =0, —u2y'(b) + v2y(B) = 0. (5.5.51)

The values of A for which this problem has a nontrivial solution are called
the eigenvalues. The corresponding solutions are the eigenfunctions. In case
pla) = p(b), the boundary conditions (5.5.51) are replaced by the periodic
boundary conditions

y(a) = y(b), Y@ =y'®).

From formula (5.5.49), it follows that the solution of Equation (5.5.50) subject
to the conditions (5.5.51) is

y(s) = l/r(t)G(s; Dy(t)dt - /G(s;t)F(l)dl. (5.5.52)

which is a Fredholm integral equation of the second kind. In this equation
G(s; t)r(t) is not symmetric unless the function 7 is a constant. However, by
setting

r®1"ys) =Y.
under the assumption that r (s) is nonnegative over the interval (a, b), Equation
(5.5.52) takes the form

yS[r )2 =1 / G (s D[r ) r )3 (r ]2y (e)ds

F(@)
- | Ges: 1/2 12
/ & Dr Ol r ) [,(,)]l/zdt'
or
~ ~ ~ F(1)
Y(s)—AfG(S' ')Y(')d’_/cm ‘)[r(t)]‘/zd" ¢339

where G(s; t) = G(s; D){r()1/2[r (:)]/2 is a symmetric kernel.

The preceding discussion on boundary value problems is based on the as-
sumption that D = u{a)v(b) — v(@)u(b) does not vanish. If it vanishes, then
the homogeneous equations

cu(a) + cv(a) =0, ciu(b) + cav(b) =0.
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have a nontrivial solution (), ¢3), and the function w(s) = c,u(s) + cv(s)
satisfies the completely homoegeneous system
(pw'yY +qw=0, w@=wbd)=0. (5.5.54)

Therefore, if y is a solution of (5.5.25), (5.5.45), or (5.5.47), then so is y + cw(s)
for any constant c. This means these systems do not have a unique solution. This
is not all. There is an additional consistency condition that must be satisfied
for these systems to have a solution. Take, for example, the system (5.5.45).

Multiply the differential equation (5.5.45) by w and integrate from a to b and
get

/ w(s)F(s)ds = / w(s)(py') + qy)ds

= [wpy’ — w'pyls + f yl(pw') + qulds
= p(a)w'(a)a ~ p(b)w'(b)B . (5.5.55)

Therefore, if (5.5.45) is to have a solution, then the given function F(x) must
satisfy the consistency condition (5.5.55). For @ = B = 0, we get consistency
condition

/ w(s)F(s)ds =0, (5.5.56)

for the system (5.5.25). Thus, if D is zero, then we either have no solution or
many solutions; but never just one.

5.6. Examples

Example 1. Reduce the boundary value problem
Yy +iy=0, O0<s<1, (5.6.1)

y@ =0, YD +wyn=1, (5.6.2)
to a Fredholm integral equation.
From the properties (5.5.48a) and (5.5.48b), we must have
A(D)s, s<t,
A1 + v(1 - 5)], s>1.
The consequence of the symmetry of the Green’s function is

G ) = {

Ay =C[1+vl -1y, Ay =Ct,
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where C is a constant independent of £. The jump condition (5.5.48d) yields
Ct(-1») = C[l + vyl =)= -1
or
C=1/(14+w).

Thus, the Green'’s function is completely determined:

14+v(1 -0/ + s<t,

Gis;) = [ B/ +v) (5.6.3)

[l+vnQ-9)/Q+v) s>:.

The required integral equation is

Ly L+wnd =9 ]'
y(s) =i T+ A ty(t)de

s 1 s
+ A — 14 va(1 — 0)]y(t)dt + ——— .
1+vzj;[ va(1 — )]y(0) +H_v2

(5.6.4)
Example 2. Reduce the Bessel equation
d’y dy
2L b2+ (A2 -1y =0, 0ss<
P +sds+(s )y ss<1, (5.6.5)
with end conditions
y(0) =0, y(1)=0, (5.6.6)
1o a Fredholm integral equation.
The differential equation (5.6.5) can be written as
sy"Y + ((=1/s) + Asly =0. 56.7)

Comparing Equation (5.6.7) with (5.5.50), we obtain
ps)=s, q(s) = ~1/s, r(s)y=s, F(s)=0.

To find the Green’s function, we observe that the two linearly independent solu-
tions of the equation

d? d
22Y Y
S as ts s Y 0
are s and 1/s. Therefore, from Equations (5.5.36) through (5.5.39), it follows

that
/200 -1»), s<1,

(t/25)(1 ~ 5%, s>t.
Substituting this value of G in the relation (5.5.52), we get the required Fredholm
integral equation.

G(s;t) = (5.6.8)
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Example 3. Reduce the following boundary value problem to a Fredholm inte-
gral equation:
Y +isy=1, y(©0) =0, yl&) =1. (5.6.9)
The Green's function is the same as given by (5.5.41):
s/ -1), s<t,
GG 1) =
/8 —5), s>t.

The expression for the integral equation then follows from Equation (5.5.46):

(5.6.10)

] ¢
y(s) = —/ G(s; ndt + A[ G(s; y()dt - 3G (s; £)/ar . (5.6.11)
0 [\]

The function 3G (s; £)/3t satisfies the system of equations (5.5.44), which for
the present case become

d* [3G(s; ) 3G (0; &) 3G (¢ L)
—— = =0, = -1, (5.6.
ds? a o. 3 0 3t G612)

whose solution is
3G(s; &)/at = —s/t . (5.6.13)
Substituting Equations (5.6.10) and (5.6.13) in (5.6.11), we have

s [4
y(s) =(s/8) —/ (t/€)(€ — s)dt —/ (s/O(€ — 1)dt
[\] 5

¢
+ Af G(s; Dty(t)dt

(1

or
t
y(s) = (/202 - € + s8] + Aj G(s; Hiry()dt . (5.6.14)
0

Example 4. The differential equation

A2y 2 e

is derived from the Schrsdinger wave equation with a meson potential Vo‘%’.
Let us transform this equation and the boundary conditions

y(0) = y(c0) =0, (5.6.16)

into a Fredholm integral equation.
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This is a Sturm—Liouville problem and the result follows by appealing to
Equation (5.5.52) if we can evaluate the required Green’s function G (s; ). For
this purpose, we solve the differential equation

3G (s; 1)
3s?

subject to the boundary conditions (5.6.16). A set of two independent solutions
of this equation is (¢*', e~**). Since G(0; r) = 0 we have

—k2G(s;0) = 8(s ~ 1), (5.6.17)

G(s; 1) = A(t)sinh ks, s<t.

Similarly,
G(s;t) = B(t)e™, s>,

satisfies the condition G(0o; ¢) = 0.
The next step is to use the continuity of G(s; ¢) and the jump condition in
its derivative s = t. Thereby, we obtain the values of A(¢) and B(¢) as
Aty =+ e B(t) = + sinh kt

Tk Tk ’

Combining this information about G (s; t) we derive
1

Gis;y =+ sinh ks, 7% . (5.6.18)

Then Equation (5.5.52) yields the Fredholm integral equation

y) =W / G(s; 1) f;_-y(t)dl. (5.6.19)
1]

with G(s; t) defined as in (5.6.18).

5.7. Green’s Function for Nth Order Ordinary Differential
Equation

The boundary value problem consisting of a differential equation of order n
and prescribed end conditions can also be transformed to a Fredholm integral
equation in the manner of Section 5.5. For instance, take the boundary value
problem

d? d? d
o “"’4_.5 ] + 2 { p(s)ﬁl +q©)y —Ar()y = F(s),  (5:1.1)
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a < s < b, where 1 is a parameter and the boundary conditions are

xy")+ py' =0, or y prescribed,
Y .72

xy’=0, or y' prescribed ,
ata and b.
The Green’s function G (s; t) for the problem (5.7.1) and (5.7.2) is such that
it satisfies the differential equation
d’y

& 21 d dy
d—sj {X(S)F}+-d—s {P(S)E;l=5(s—l), a<s<b, (5.7.3)

together with the prescribed homogeneous boundary conditions. In addition, G,
3G /ds,and 392G /3s? are continuous at s = ¢. The value of the jump in the third
derivative of G is

3G

T 353
st 40 s

3G
3s3

1
= —, 5.7.4
s=3 -0 X(S) ( )

Finally, we have the property that G is symmetric.
In terms of the Green's function with the preceding five properties, the
boundary value problem (5.7.1) and (5.7.2) reduces to the integral equation

y(s) = A/G(s.t)y(t)dr —/G(s,t)F(t)dt . 5.7.5)

Example. Consider the boundary value problem

d'y
E;;+Ay=—f(s). 0O<s<l, (5.7.6)
Y0 =0=y'(0), y)y=0=yqQ). 6.7

The homogeneous equation
d'y/ds® =0,
has the four linearly independent solutions 1, s, s2, s3. Therefore, we take the
value of G(s; 1) to be

Ag(t) + Ar(D)s + A(t)s? + A3(1)s3, s<t,
By(t) + By(1)s + Ba(1)s? + B3(1)s?, s>t.
The boundary conditions at the end points give

Gisit) = [ (5.7.8)

Agt) =0, Ay =0, B; = —3B, - 28,, By=2By+ B .
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Thus, the rejation (5.7.8) becomes
A 2 3 1,
Gis:t) = 200)5° + Asle)s>, s <
(1 = $)*[Bo(t)(1 + 25) + By(1)s], s>t
The remaining constants are determined by applying the matching conditions at
5 = 1, which result in the simultaneous equations
A2+ 1Ay — (1 =32 + 2% By — 1(1 - 1)*B, =0,
2Ar+30A3 + 66(1 — 0)Bo — (1~ 4 + 341)B =0,
2A, + 6tA3 + 6(1 = 20)By +2(2 - 31)B, =0,
6As ~12Bo— 6B, =1,
whose solution is
1 1
Aty = ~51(1 - N2, A= - N} +1),
1 1
Bo(t) = 313. 8 = *5’2 .

Hence,
§ 57 - 0 Qst +5 - 3, s<t,
L -9t +1 - 35), s<t.
The required Fredholm integral equation then follows by substituting this value
in the relation (5.7.5).

G(s; 1) = (5.7.9)

5.8. Modified Green’s Function

We observed at the end of the Section 5.5 that, if the homogeneous equation
Ly = 0, where L is the self-adjoint operator as defined in Eequation (5.5.5), with
prescribed end conditions, has a nontrivial solution w(s), then the corresponding
inhomogeneous equation either has no solution or many solutions, depending
on the consistency condition. This means that the Green’s function, as defined
in Section 5.5, does not exist, because

5
/ 8(s — Dw(s)ds #0, a<t<b. (5.8.1)
a

A method of constructing the Green's function for this type of problem is
now presented. Such a function is called the modified Green’s function and
we denote it by Gy (s; t). We start by choosing a normalized solution of the
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completely homogeneous system so that f w?(s)ds = 1. The modified Green’s
function is to satisfy the following properties.
(a) Gy satisfies the differential equation

LGy(s;t) =6(s —t) — w(s)w(r) . (5.8.2)
This amounts to introducing an additional source density so that the consistency

condition is satisfied. Indeed,

I3
f [8¢s — 1) — w(s)w()jw(s)ds =0 .

() G y satisfies the prescribed homogeneous end conditions.
(c) Gy is continuous at s = ¢.
(d) Gy satisfies

G u Gy 1
—_ - — =——. 583
35 |40 s |,_o pl) ¢ )

Thus, the construction is similar to that for the ordinary Green’s function
except that the modified Green’s function is not uniquely determined; we can
add cw(s) to it without violating any of the preceding four properties. It is often
convenient to choose a particular modified Green’s function that is a symmetric
function of s and ¢. This is accomplished by defining two functions G (s; £1)
and G y (s, £2) that satisfy the equations

LGy(sity) = 8(s — t) — w(ty)w(s), a<s<b, (5.84)

LGu(s; ) = 8(s — ) — w(h)w(s), a<s<b, (5.8.5)
along with prescribed (same for both) homogeneous end conditions.
Multiply Equations (5.8.4) by G x(s; 2) and (5.8.5) by G (s; ty), subtract,
and integrate from a to b. Finally, use the Green’s formula (5.5.6) and get

Gultis 1) — Gaeltz: 1) + wity) / G(s: yw(s)ds

(5.8.6)
—w(tz)qu(J: n)w(s)ds =0.
Now, if we impose the condition:
(e) G u satisfies the property
qu(sz Huw(s)ds =0, (5.8.7)

then it follows from Equation (5.8.6) that Gy will be symmetric. Thereby, the
Green’s function is uniquely defined.
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Finally, we can reduce the inhomogencous equation
Ly = F(s) (5.8.8)

with prescribed homogeneous end conditions into an integral cquation when the
consistency condition [ F(s)w(s)ds = 0, is satisfied. Indeed, by following the
usual procedure, one gets

f(GuLy —~yLGy)ds = fGM(s: 1)F(s)ds — y(t)

+ [ y(S)ws)w(t)ds . (589

But the left side is zero because of the Green's formula (5.5.6) and the end
conditions. Thus, we are left with the relation

y(0) = f Gulsi YF(s)ds + Cuw(r), (5.8.10)

where C = [ y(s)w(s)ds, is a constant, although as yet undetermined. By
interchanging s and ¢ in Equation (5.8.10), we have

y(s) = /GM(I;S)F(I)dl+Cw(s). (5.8.11)

For a symmetric Green'’s function, the preceding result becomes

) = f Gaels: DF it + Cu(s) . (58.12)

When w(s) = 0, this reduces to the relation (5.5.34) [note that G in (5.5.34) is
negative of the G in (5.8.12)).

Examples
Example 1. Transform the boundary value problem

d?
- (2—5 + Ay) =F(), YO=y{)=0 0<s<t (5813)
into an integral equation. The self-adjoint operator —d?y/ds? = 0,0 < s < ¢,
with the end conditions y'(0) = y'(€) = 0 has the nontrivial solution y = const.
We take it to be 1/£1/2 because j;,‘ (1/¢)ds = 1. We therefore have to solve the
system

PG p(s; )

3Gu0:1) Gy 1)
3s? -

=0. (5814
as as 0. ( )

=8(s—t)-%.




5.8. Modified Green’s Function 93

The solution of the system (5.8.14) for s < ¢ that satisfies the end condition at
s = 0is A + (s°/2¢). Similarly, the solution that satisfies the end condition at
s=Lis B —s + (s%/2¢). Hence,

A+ (s2/28) s<ft,
B —s+ (s%20) s<t.

The condition of continuity at s = ¢ implies that B = A + 1, and the jump
condition on dG v /ds is automaticaily satisfied. Thus,

A+ (s2/20) s<t,
A+1—(s3/20) s<t.
The constant A is determined by the symmetry condition (5.8.7):

¢ 52 t 52
- )d A - — =
fo(A+2!) s+/‘ ( +1 s+2z)ds 0

Gu(s;t) = {

Gu(szt)=[

or

Thereby, the symmetric Green’s function is completely determined:

Gulsin =5+ = P+ {" Pet 5.8.15
S)=-+—= (s ") - .0,
M 37 2 s, s>t (53.15)
The expression for the integral equation follows from the formula (5.8.12),

[4 4 [4
y(s) = ~A f Gu(s; )y(t)de + f Gu(s;)F(s)ds + (1/8) f y(s)ds .
0 (] 0

(5.8.16)

Example 2. Transform the boundary value problem

d dy .
E{(l—sz)a-s—]+ly=0. y(=1),  y(1) finite (5.8.17)

into an integral equation.

The operator —(d/ds){(1 — s?)dy/ds] is a self-adjoint Legendre opera-
tor. The function w(s) = 1/,/2 satisfies this operator as well as the boundary
conditions. Hence, we have to solve the equation

d 2 Gy 1
s l(l—-' )?s——} = (s ‘)_5 . (5.8.18)
For s # t, we have
305{ 5
-— 2 — -
1-3) s 2+A



or

3GM _ 5 A
s  2(1-s?) + 1-s2
or
1
Gu =~ 7 logl(1 +5)(1 - 5]
1
+ -2-A log[(1 +5)/(1-5)]+B. (5.8.19)
Thus,
Gulsin) l A= Dlog(1 +35) - (A + Hlog(1 =)+ B, s<t,
55 =
" (3C-Dlog1+5)-(4C+ Dlogl =)+ D,  s>t.
(5.8.20)
Since Gy (s; t) has to be finite at ~1 and +1, we must take A = %, C = —%,
and the relation (5.8.20) reduces to
—llog(1 —s)+ B, s<t,
Guisinn=1{ * 5.8.2
usit) [-—%log(l-—s)-l-D. s>1¢. ( 1)
The continuity of G at s = ¢ implies that
1 1
B~D= -3 log(1 +¢) + 3 log(1 ~¢). (5.8.22)

The jump condition at s = ¢ is automatically satisfied. Finally, the symmetry of
Gy yields
1 I 1 1 1
0= / Gu(s,it)ds = [ [B—E log(1 —-s)]ds+[ [D -3 log(1 +s)] ds
-1 -1 r

or
B+ D =2(log2) -1 - %[Iog(l +0)+log(l = ). (58.23)
From Equations (5.8.22) and (5.8.23), we obtain the values of B and D as

1 1 1
B = (log2) =~ — = log(1+41), D = (log2)—=— l log(1—1) . (5.8.24)
2 2 2 2
Putting these values in Equation (5.8.21), we have

1 [%Iog[(l—-s)(l-‘-l)], s<t, (5825)

Gulsit) = -5~
m(sit) = (log2) 3 Liog[(1 + s)(1 - )], s>t.

The required integral equation now follows by using the formula (5.8.12).
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Exercises

Transform the following boundary value problems to integral equations:

Ly +y=0, y0)=0, Yy =1,

Ly +sy=1, yO)=y(1)=0.
Ly'+y=s, YO =y(1)=0.

4y +y=s. yO=1, y1=0.

5. y' 4+ (y/2)+As1? =9, y©) = y(1) =0.
6y —-y=f6), yO=yl)=0.

7

. Reduce the differential equation

¥ +{P(s)—nlly =0,

n 2 known positive constant, with the end conditions y(0) = 0, (y'/y) = —n at
s = $o, into a Fredholm integral equation.

8. Convert the initial value problem

y" +is?y =0, y'(©0) =0=y(@)
into a Volterra integral equation.

9. Find the boundary value problem that is equivalent to the integral equation
1
yis) = Af (1 —is —rDy()d: .
-1

10. (a) Show that the Green’s function for the Bessel operator of order n

Ly = (d/ds)(s dy/ds) — (n*/s)y

n#0Q
with the end conditions
y@ =y(1)=0
18 Gt = (1/2n)s" /17 (1 ~ 1%y, s<1,
o a72n)e" f5*(1 — s>, $>q.
(b) Use the result of part (2) to reduce the problem
Sy sy +0s =)y =0,  yO) =y(1)=0

to an integral equation.
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11. Reduce the boundary value problem

dz dz
= l(4+s)’;s—': — A4 +5)y =0,

y0) =0=y(1), Y =0=y"(1),
to a Fredholm integral equation.

12. Extend the theory of Section 5.8 to the case when the completely homoge-
neous system has two linearly independent solutions w, (s) and wa(s).

13. Find the modified Green’s function for the systems
Y—dy=0, yQ@=y1), y©O=yQ).
14. Transform the boundary value problem
Y+y=/®. yO0 =y@r)=0,
into an integral equation.

Hint: The self-adjoint operator —(y” ¥) = 0 has the nontrivial solution
(2/7)%sins and it satisfies the boundary conditions. Now proceed as in the
examples in Section 5.8. P




CHAPTER 6

Applications to
Partial Differential Equations

6.1. Introduction

The applications of integral equations are not restricted to ordinary differential
equations. In fact, the most important applications of integral equations arise
in finding the solutions of boundary vatue problems in the theory of partial
differential equations of the second order. The boundary value problems for
equations of elliptic type can be reduced to Fredholm integral equations, whereas
the study of parabolic and hyperbolic differential equations leads to Volterra
integral equations. We confine our attention to the linear partial differential
equations of the elliptic type, specifically, to the Laplace, Poisson, and Helmholtz
equations wherein lie the most interesting and important achievements of the
theory of integral equations.

Three types of boundary conditions arise in the study of elliptic partiat
differential equations. The first type is the Dirichlet condition. In this case,
we prescribe the value of the solution on the boundary. The second type is
the Neumann condition. In this case, we prescribe the normal derivative of the
solution on the boundary. When we prescribe the Dirichlet conditions on some
parts and the Neumann conditions on other parts of the boundary, we have a
mixed boundary value problem.

The divergence theorem and the two Green’s identities are used repeatedly
in this chapter. They are as follows:

Divergence theorem:

jdivAdV=/A-ndS; (6.1.1)
R s
Green’s first identity:

f uviy dv = —f(gradu - grad v)dV + fu?ids; (6.1.2)

R R s on
Green’s second identity:
f(uvzu - uVu)dV = f (ua—" - u?ﬁ) ds, 6.1.3)
R s 8n a'l

97
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where A is a continuously differentiable vector field and the functions u and v
have partial derivatives of the second order that are continuous in the bounded
region R; S is the boundary of R, and n stands for the unit normal outward lo
S. The surface § is a smooth (or regular) surface as defined by Kellog [52].
The differential operator V? is the Laplacian, which in Cartesian coordinates
Xy, X2, X3 has the form

vl 2 3 @

= e — s 6.1.4
s Pt taa 614

Any solution u of the equation V2« = 0 is called an harmonic function.

To keep the chapter to a manageable size, we confine ourselves mainly
to three-dimensional problems. The results can be readily extended to two-
dimensional problems once the technique is grasped. Boldface letters such as
x signify the triplet (x;, x, x3). The quantities R; and R, stand for the regions
interior and exterior to S, respectively. Furthermore, we do not follow the
common practice of writing d S, or dS; to signify that integration is with respect
to the variable x or §. We mercly write 4§ and it is clear from the context as to
what the variable of integration is.

As mentioned earlier, we are interested in giving the integral-equation for-
mulation mainly to the differential equations Viu = 0, the Laplace equation;
V2u = —d4mp, the Poisson equation; and (V? + k?)u = 0, the Helmholtz (or the
steady-state wave) equation. Here, p(£) is a given function of position and k is
a given number.

6.2. Integral Representation Formulas for the Solutions
of the Laplace and Poisson Equations

Our starting point is the fundamental solution (or free-space solution) E (x; §)
that satisfies

—V’E =5(x-§) 6.2.1)
and vanishes at infinity. This function can be interpreted as the electrostatic
potential at an arbitrary field point x due to a unit charge at the source point §.
Such a potentiai is given as

E(x;§) = 1/4nr = 1/4x|x - §£) . (62.2)

For the two-dimensional case, the corresponding formula is (1/2x) log(1/r) =
(1/27) log(1/Ix — €[), where x = (xy, x3) and § = (&1, &3).
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The fundamental solution can be used to obtain the solution of the Poisson
equation

~Viu=4np. 6.2.3)
Indeed, multiply Equation (6.2.1) by u(x), (6.2.3) by E(x, £), subtract, integrate
over the region R;, and use Green's second identity as well as the sifting property
of the delta function. The result is (after relabeling x and £)

P 1 3 (1 1 [1 8u
= [ =dV - — —|-}dS+ — | - —dS. 2.4
U0 Lr 4r s"an (r) s+47r,/_;r an S (6.24)
Suppose that from some previous considerations we know the values of p, u and
du/dn, which appear in the formula (6.2.4):

ulg=t, du/on|g=0, (6.2.5)

then this formula becomes

u(p):[ﬂdv_l/z(g)i(l)ds+-}—fg(—g)d5, (6:2.6)
RT 4n s an \r r

4n s

where P is the field point x and Q is a point £ on 5. The formulas (6.2.4)
and (6.2.6) lead to many interesting properties of the harmonic functions. For
details, the reader should refer to the appropriate texts [6},[52],{64). We merely
note the properties of the three integrals that occur on the right side of Equation
(6.2.6).

The Newtonian, single-layer, and double-layer potentials

The integral |, a(p/r)dV is called the volume potential or Newtonian poten-
tial with volume density p. Similarly, the integral f((a/r)dS is the simple
or single-layer potential with charge (or source) density o, and the integral
J5t(3/3m)(1/r)dS is the double-layer potential with dipole density T. These
integrals arise in all the fields of potential theory. However, we have used the
language of electrostatics, as it interprets them nicely. These potentials have the
following properties.
For the Newtonian potential y = f e (p/7)dV, we have the following.

1) Viu =0, for points P in R,.

(2) For points P within R;, the integral is improper but it converges and
admits two derivatives under the integral sign if the function p is sufficiently
smooth; the result is Viu = —4np(P).

The single-layer potential 4 = f,(5/7)dS has the following properties.
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(1) V3u = 0, outside S.

{2) The integral becomes improper at the surface S but converges uniformly
if S is regular. Moreover, this integral remains continuous as we pass through .

(3) Consider the derivative of u taken in the direction of a line normal to
the surface S in the outward direction from S. Then,

ou o cos(x — €, n)

-a—’: , = ZRO(P)+./_;0(Q)_—|X‘€'2 ds 6.2.7)
and

dul cos(x — &, m)

—’l- . = 271'0(}’) + _/_;a(Q)-———IX — EI’ dS. (6.28)

where P_ and P, signify that we approach § from R; and R,, respectively, and
where both x and £ are on S. From Equations (6.2.7) and (6.2.8), we obtain the
jump of the normal derivative of & across S:

1 [du
o= (57 P‘) . (6.2.9)

Similarly, the double-layer potential u = f5 z(3/3n)(1/r)dS, has the fol-
lowing properties.
(1) V24 = 0 outside S.

_ du
p. On

(2) The integral becomes improper at the surface but it converges if the
surface § is regular.

(3) The integral undergoes a discontinuity when passing through S such

that
cos(x — £, m)

a5 (6.2.10)

ul,, =2rt(P)+ / 1(Q)
* s

and
cos(x — £, m)
u =—2xtP+[r( ) —————
le. ) s ¢ Ix — £
in the notation of the relations (6.2.7) and (6.2.8). Hence, the jump of u across
Sis

ds (6.2.11)

v = (1/4m [ul,, ~ul, ] - (6:2.12)

(4) The normal derivative remains continuous as § is crossed. The reader
who is interested in the proof should look up the proof given by Stakgold {64].
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Interior and exterior Dirichlet problems

For the solution of a boundary value problem for an eiliptic equation, we cannot
prescribe u and du/dn arbitrarily on S. Therefore, Equation (6.2.6) does not
allow us to construct a solution for Equation {6.2.3) such that u shal} itself have
arbitrary values on § and also arbitrary values for its normal derivative there.
As such, there are two kinds of boundary value problems for elliptic equations.
For one kind, we have the value of the solution prescribed on S — the so-called
Dirichlet problem. For the second kind, the value of the normal derivative of the
solution is prescribed on § — the Neumann problem. We discuss the Dirichlet
problem first.

To fix the ideas, let us discuss the Dirichlet problem for the region exterior
1o the unit sphere. In order to get a unique solution, 1t is necessary to impose
some sort of boundary condition at infinity along with the boundary value on
the surface S of the sphere. Indeed, the functions u;(x) = 1 and uz2(x) = 1/r
are both harmonic in the region R, and assume the same value 1 on S. But if
we require that the solution vanishes at infinity, then u; is the required solution.
As a matter of fact, it is an important result in potentisl theory [52},(64] that,
when one solves the Dirichlet problem for the exterior of the unit sphere (by
expansions in spherical harmonics) such that the poteatial vanishes at infinity,
then one finds that the behavior of the solution is

ul =0 1 du
o r)’ ar
From these considerations and from the value of the fundamental solution, it is
traditionally proved that

=0 (3—) . (6.2.13)

r2

r—>00

lim (s 8_1: ~u a—E) ds =0 (6.2.14)
S

on the surface § of the sphere of radius r.

We can now define and analyze the exterior and interior Dirichlet problems
for ap arbitrary surface S as follows.

Definition. The exterior Dirchlet problem is the boundary value problem
Vi, =0, XER,; uls=f,
1 du 1 (6.2.15)
=0f- el _of(L
b oo (r) A o 0(’2) ’

where f(x) is a given continuous function on §.
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Definition. The interior Dirichlet problem is the boundary value probiem
Vi, =0, xeR, (6.2.169)

wlg=1. (6.2.16b)
Suppose that we are required lo find the solution of the interior Dirichiet

problem. We assume that such a solution « is the potential of a double Jayer
with density t (which is as yet unknown):

wi(x) = f I costx 8w —&0,s. (6.2.17)
s r

For u; 1o satisfy the boundary condition (6.2.16b) from within S, we appeal to

the relation (6.2.11) and get the Fredholm integral equation of the second kind

for t(P):

(P)==(1/27)f(P) +];K(P. Ne(D)S, (6.2.18)
where the kemnel K (P, Q) is

K(P, Q) = [cos(x — & m))/ 27 |x — & (6.2.19)

and P(= x) and Q(= £) are both on S. We solve the integral equation (6.2.18)
for , substitute this solution in (6.2.17), and obtain the required solution of the
boundary value problem (6.2.16).

In exactly the same way, the Dirichlet problem for an external domain
bounded internally by § can be reduced to the solution of a Fredholm integral
equation of the second kind.

We now present an integral-equation formulation of the exterior and interior
boundary value problems (6.2.15) and (6.2.16) in a composite medium when
f(x) is the same function in both these problems. Recall that the fundamenta!
solution E(x; €) satisfies the relation

-VE=5(x-¢), forail x and € . (62.20)

Multiply Equation (6.2.16)by £, (6.2.20) by «;, add, integrate, and apply Green's
second identity. This results in
ou; 85) { ui(§), EcRi,
E— —uy-—)ds = 6.2.21
fs( an ~ “on 0, EeR., (€22

where n is the outward normal to R; on §.
The corresponding result for the exterior region is obtained by multiplying
Equation (6.2.15) by E, (6.2.20) by u,, adding, integrating over the region

—
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bounded internally by S and externally by a sphere S,, and applying Green’s
second identity. The contribution from S, vanishes as r — ©0 in view of the
boundary condition at infinity, and we finally have

[ (-—E due _ u,E) ds = l 0. LR, (6.2.22)
s an an u.(€), §eR,,

where we have used the fact that the outward normal to R, on § is in the —n
direction.

The next step is to add Equations (6.2.21) and (6.2.22) and cbserve that both
u; and u, take the same value f as we approach the surface. Thus, we abtain

du; du, ui (&), £€R,
. 4T ds = 2.
fsmo(an an) Iu,(s). cer, OB
and £ € 5. Let us make use of the relations (6.2.2) and (6.2.9), and relabel x
and £; thereby, we end up with the relation
/ U(() ds:lui(x)' XER.'.
5 Ix_el u,(x), X € Rc-

that is, a single-layer potential with unknown charge density o. Finally, using
the boundary condition

(62.24)

“ils =“‘|S =f,
in (6.2.24), we obtain the Fredholm integral equation of the first kind

fx) = [ [o(©)/|x - £|1dS (6.2.25)
s
withbothxand £on S,

Interior and exterior Neumann problems

In this case we are required to find the solution of a Laplace or Poisson equation
when the normal derivative is prescribed on the boundary.

Defiaition. The exterior Neumnann problem is the boundary value problem

E
Vzu.=0. X€ER,, He

.=/ v|,=0. (6.2.26)

s

Definition. The interior Neurnann problem is the boundary value problem

a .
Vi, =0, xR,

= = (6227

s




104 6. Applications (0 Partial Differentia) Equations

For a Neumann problem, the prescribed function f(x) satisfies the consis-
tency condition

j;!(E)dS~—-0. £eS, (6.2.28)
which follows by integrating the identity
f (Viu;)dv =0
R

and using the divesgence theorem.

The exterior and interior Neumann problems can be reduced 1o integral
equations in a manner similar to the one explained for the corresponding Dirichlet
problem. Indeed, we scek a solution of the interior Neumann problem in the
form of the potential of a simple layer

wi = fs [(@)/r s, 6229

which is an harmonic function in R;. It will be a solution of Equation (6.2.27)
if the density o is so chosen that

du;
S o=rpy, Pes. (6230)
A lp
Appealing to the refation (6.2.8), we have
f(P) = ‘;i =2xo(P) + /a(Q)"—“—“—:—"l’ ds. (6231
n|p s r
Thus, o (P) is a solution of the Fredholm integral equation of the second kind
_1 _ cos{§ — x, m)
o) = 5 1P~ o) =B g5 (623

The solution of the exterior Neumann problem also leads to a similar imtegnl
equation, Furthermore, we can give the integral-equation formulation of the
problems (6.2.26) and (6.2.27) in a composite medium when f is the same
function in both these problems. Proceeding as we did for the corresponding
Dirichlet problem, we obtain a Fredholm integral equation of the first kind.
Instead of a singie-layer potential, we now get a double-layer potestial. The
details are left to the reader.

Open boundaries

In many physical problems the shape of the boundary is an open surface such as
a spherical cap (see Figure 6.3). In this case there is no interior boundary value
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problem. To solve such problems, let us call the two sides of S the positive and
negative sides and denote them by §* and $~. The normal to the surface points
away from the surface,

For solving the Dirichlet problem

V=0, xnotonS, u=f, xonS, ul =0, (6233)

we multiply Equation (6.2.33) by E and Equation (6.2.20) by 4, add, and integrate
over a region bounded externally by a large sphere S, and internally by §* and
S~. Then, by using the Green’s second identity, we obtain

du JE 3E  _du
= —_——u— —-E—|d
“® ./; (E an ~“%n ) s L (" on ° 8n) S

du 9E
— —u—]dS.
+/;-(Ean ua") S

The first integral on the right side of Equation (6.2.34) vanishes in view of relation
(6.2.14). Moreover, the functions E and 3E /3n have their singularitics at the
point £ in space, £ is not required to be on S, and, therefore, E and 3E /dn have
the same values on S* and S™. The function u also takes the same value f on
both sides of S. However, du/3n may have a different value on S* and S-.
Hence, Equation (6.2.34) leads (after we relabeled x and £) to

(6.2.34)

a(§)
= ds, 6.2.35
wo=[ . %o (6.2.35)
where the single layer density o (x) is defined as
1 {ou _ du
o(x) = an [5;(" ) - 5’-;(7( )} . (6.2.36)

Thus, if we can find o (x), we can evaluate u(x) at any field point n by a simple
integration.

The integral equation for o (x) is obtained by letting x tend to a pointon §
and using the boundary condition. Then

fo = /S o® 4s.  xéonS, (6.237)

ces- (x=€)
which agrees with Equation (6.2.25).

For the Neumann problem for an open surface we encounter some difficul-
ties. Indeed, the Neumann problem

3
V% =0, xnotonS, 5—:‘-;=f, xonS, ul_ =0, (6238)
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leads to the equation

u(x) = / t({)éf (x,.£)dS ., (6.2.39)
S*45- an

by following similar steps as used in deriving Equation (6.2.35). Here the double
layer density 1(m) is defined as

0 = o (M) - u(x) (6:2.40)

The difficulty arises when we try to take the limit of Equation (6.2.39) as x
tends to a point on S. The formulas (6.2.10) and (6.2.11) then yield

u(x*) = 100 + f EXS) (gyas, (6:241)
2 S+45- an
W) = 30 + f BEXS L gyas. (6:2.42)
2 s+es-  On

The subtraction of these two relations merely yields the definition of r(x),
whereas the addition gives

a—E-;-’iQ t(€)dS, (6.2.43)

u(xt)Y +u(x") = 2/
S*45-
which has an unknown quantity on the left side.
Let us now differentiate Equation (6.2.39) along the normal to S and get
du A 3E(x, &)
n

on  an Jsu,s-

t(€) ds. (6.2.44)

When x approaches a point on S, the left side approaches the boundary value of
(x) and we have

f(x) = lim

P E3 od 5;

3 f BE(X. E) r(()dS . £‘ X on s . (6.2‘45)

an

This equation is not an integral equation but can often be used to find r(£) as
explained in Example 3 of the next section.

6.3. Examples
Example 1. Electrostatic potential due to a thin circular disk. Let ustake S tobe

a circular disk of radius a on which the potential V is prescribed. Let us choose
cylindrical polar coordinates (p, ¢, z) such that the origin is on the center of the
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disk with the z axis normal 1o the plane of the disk. Thus, the disk occupies the
regionz = 0, 0 < p < a, for all p. There is no loss of generality in taking
the potential V on the disk as f(")(p) cos ny, where n is an arbitrary integer,
because we can use the Fourier superposition principle. The charge density o
will also then have the form o ™{p) cos ng. From Equation (6.2.25), we have

f™(p)cosnyp = /[0(5)/|x - £l}ds, (6.3.1)

disk
where x = (p, ¢,0) and £ = (2, ¢;, 0). Or
(= " do,dt
®)(p) cosng = f / to™ (1) (cos ngr)d gy '
™ (p)cosneg b Jo PTE = 2ptcoste — o] 632
But, by setting ¢; — ¢ = ¥, we find that

L cosnerdg, Z=¢  cosn(p + y)dy
j; (07 + 12 = 2ptcos(e - g2 /:, [p? + 12 = 20t cos y /2
_ f”'-’ (cos np)(cos ny)d ¥
T Je [P 412—2ptcos )2

° 2 b2 cosny dy
._(cosmp)[/:"*'_[) "'/b |p2+r2—2ptcos\lf]"2]

L cosny dy
= (msn¢)£ Z+ = 2ptcosy ]2’ (6.3.3)

where in the first integral we have put ¢’ = ¢ + 2x.
From Equations (6.3.2) and (6.3.3), there follows

a v Q)
W(p) = 10 (¢) cosny dp dt
o) fo fo T+ 2= 2ptcos Y72 ° (6.3.9)

Finally, we use in (6.3.4) the expansion formula

lpz 32 - 2ptcos¢]-1/z = ;j; 2- M)(msrnﬁ))],(pp)],(pg)dp,

(6.3.5)
where 3o is the Kronecker delta, J, is the Bessel function and apply the or-

thogonality property of the cosine functions. The result is the Fredholm integral
equation of the first kind

™ (p) = j; 10™ () Kolt, p)dt , (6.3.6)
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where the kemel Ko(f. p) is

Koz, p) = 2n fo Ja(pp)a(pt)dp . 6.3.7)

For an annular disk of inner radius b and outer radius a, the formula that
corresponds to Equation (6.3.6) is

f'(p) = '/; la"(l)Ko(f, p)dt . (638)

Example 2. Solve the integral equation (6.2.25) when S is a unit sphere and
f = sin 9 cos ¢; that is, solve the integral equation

P13 3 3 :
sin® cos¢ = f dey f GinoGueddy 4
o () Ix — &
Here, we use the expansion formula
1 - rloa Y22, )Y (01, 1)
= Nop—= L n . 6.3.10
[x — E‘ ,;o ¢ ’;+l MZ;,. Nm.n ( )

where Y (8, ¢) are the spherical harmonics and

2y "

No.n =f dgo/ (sin 9) Y7 (9, @}|°dV
0 [\

4  (n+ |m))!

=5 1 i—jm)! 6.3.11)
Furthermore, we set
[~ n
oL@ =) Y oma¥I(Pe) (6.3.12)
n=0 m=-a

and note thatsin ¥ cos ¢ = %[Yl‘(ﬂ. ©)+Y; (9, )). Putting Equations (6.3.10)
through (6.3.12) in (6.3.9) and using the orthogonality property of the spherical
harmonics, we obtain

11 =0_;; = 3/8n,

and o, » = 0 for all other m and n. Thus, from Equation (6.3.12), it follows that
a (P, ¢) = (3/4m)P}(cos ¥) cos o, (6.3.13)
where P} is an associated Legendre function of the first kind.

Example 3. Use the double layer potential and solve the Dirichlet problem for
the interior of the unit sphere.
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In terms of spherical polar coordinates (r, 9, ¢) we have the boundary value
probiem
V=0, u(l,3,¢)= (9. (6.3.14)
We assume the solution as the double layer potential
cos(x —- £, m)
s 4nix - &P
As the point £(r, 8, ¢) tends to a point on $, we use relation (6.2.10) as well as
the boundary condition and get

uir, 9, ¢) = 1(§)dS . (6.3.15)

- cos(x — £, m)
f0.0) = Zﬂr(ﬁ.w)+/st(€) e

As explained in Figure 6.1 we find that if we draw the normal o from 0 to
PQ, then

ds. (6.3.16)

FIGURE 6.1
¢ = 1= g 63.17)
et:}sx—ﬁ.n)_ooswp_—5Tx-t-£—I 3 . .3,

Thus when x is a point on the surface (i.e., 7 — 1), Wehavecos y = ~|x~£|/2,
and the integral equation (6.3.16) becomes

1
10,0 = <2nx(0.0) - [op—g s (63.18)

To solve this integral equation let us set

£(0.9) =i i: fma Yo (1 0), (6.3.19)

A=D mx-n
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(9, «»)—-;2 }: Ton Y7 (0,0) (63.20)

n=0 mwm—n
where

1

= } ]
fon= o [ don f 49, sind f(Br. pOY" (01, 01).
N [} 0

m.n

with a similar relation for T, /4. When we substitute relations (6.3.10),
(6.3.19) and (6.3.20) in (6.3.18) and use the orthogonality property of the spher-
ical harmonics we get

= L] o LJ +1
Z Z fm.n Y:'(‘,n ¢)="Z 2’:' tmuY @, ¥)
=0 m=-n a=0 m=-n
o 2n+1
Tmn = — a1 fmn
Hence,
o, )___l_i C it o). (6321
¢ an n+1°"" ¢ 321)

a=0 m=-n

The next step is to put the value of t (3, ¢) from Equation (6.3.21)in(6.3.15).
For this purpose we note from (6.3.17) that the kernel of the integral equation
(6.3.15) is

cos(x—§,m) 1 [ 1-r2 41 ]
anix— € x—&F " Ix-§&1J°

The expansion of 1/|x ~ &| is given by Equation (6.3.10), and the expansion of
the first term is

1 =2 Z & rYR(, @)Y (O, 1)
an . f . (63.22)
Ix ~ & ; ,;, N

Consequently, the integral equation (6.3.15) becomes

M+2 S
u(r, 9, ¢) = -f d«:,/ dv, sml’lZZnil Y Y rroorte.e

S3Pg:-

it P + 1

This relation is simplified when we use the orthogonality property of the spherical
harmonics and Equation (6.3.22). The result is

f 19, ltn).sz ;’ , depy ' 6323)

f-p MACI N

u(x) =
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which is called the Poisson's integrai formula. We derive it with the help of
Green’s function in the next section.

Example 4. Electrostatic potential problem for a spheroid.

(a) Prolate spheroid. Let S be the surface of a perfectly conducting prolate
spheroid that is maintained at an axially symmetrical potential. We choose
prolate sphecoidal coordinates (£, n, ¢) that are connected 10 the rectangular
Cartesian coordinates (x, y, z), with origin at the center of the spheroid, by the
relations

x =cf( - P)§* -~ D) cosg,

y =1 = )2 - VP 2sing, 6.3.24)

z=cékn,
where 2c = 2a e, is the interfocal distance and e is the eccentricity of the elliptic
section (see Figure 6.2). The surface of the spheroid is defined by £ = & = 1/e.
Accordingly, we have the boundary value problem:

£=§,

(0.0.ae) 0 (0.0, - ae)

FIGURE 6.2
Viulk. n. @) =0, inD, (6.3.25)
u(€o.n.0) = f(n), ons, (6.3.26)

where D is the region exterior to S. From the analysis of the previous section it
follows that the integral representation formula for u is
o (no. ¥o)

ug,n,9)= /s “an R das, (6.327)
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where R is the distance between the points (§o. no. vo) and (&, 7. @), and o (10, ¢p)
is the charge density at the point (£, no, ¢o) on § [we could have amalgamated

the factor 1/4n in o as in Equation (6.2.9)).
Applying the boundary condition (6.3.26), we obtain the Fredholm integral

equation of the first kind,

£ = /s Z%i';’ds. (63.28)

where both the points (&, 1o, ¥o) and (&, 7, ¢) lieon S.
We solve integral equation (6.3.28) for the following two important cases.
1. Capacity. f(n) = 1. In this case the charge density o satisfies the

integral equation

o (no, ¥o)
1= —ds. 6.3.
-/.; 4n R (63.29)
To solve this integral equation we use the expansion of 1/ R in prolate spheroidal
coordinates
i”iz"+lt‘(‘l)" (n ~ m)! P™(no) P™ n
R o 2t i | oM PT () PT € IQT )

(6.3.30)
where . and £, are defined in Section 5.5 and QR are the associated Legendre
functions of the second kind. In view of axial symmetry, the density o is
independent of the ¢-coordinate and we may write

1

O = —=——————a——
&3 —nd)inz

00
Y oPw. (6.331)
s=0

Also,
ds = e*{(&5 — V(2 - n2))2dnodey . (6332

When we substitute these values in Equation (6.3.29), set ¢, = &, = &, and
perform the ¢-integration, we derive

1 1 & = 21+ 1
-3 /_ l[):a,P,mo)] [Z c* P..(n)P,.(no)]

sm=0 ne=0

Pr(§0)Cnko)ae?(£2 — 1) 2dn, . 6333

This yields
1 1

og = —‘W = 1)1/2 m .

L
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and o, = Ofor s # 0. Accordingly, from Equation (6.3.32) we have the value
of the charge density as

1 1

o= . (6.3.34)
cf(2 — Do — D12 Qol(ko)
The value of the capacity C of the spheroid is
o c c
C = ——dS = =
./; e Ooko)  log{(&o + 1)/(6 — D} (63.35)
ae ae

= (coth-'6g) ~ (tanh-le)

The potential at a point in D follows by appealing to the representation
formula (6.3.27) by substituting the expansion of 1/R, the formula for 45 and
the value of o as given by Equation (6.3.34). The result is

u(§, m) = Qo(§)/Qoléo)
| {(E+1)]/ I(Eo+l)
= log log

¢€&-1n -1
-1
L (6.3.36)
coth—1§,

Spbere. When §op — 00, ¢ — 0, such that §ge — 1, the prolate spheroid
reduces to a sphere of radius a. Then from Equations (6.3.34), (6.3.35), and
(6.3.36), we find that

a=1 =1 (633
==, C=a, u=-. .3.37)

2. Polarization. Let the spheroid be placed in a uniform electric field £

that is parallel to the negative > axis, the axis of symmetry. Then

fn) = ~Eyckyn, até =& . (6.3.38)
Then integral equation (6.3.28) becomes
~E, _ a (no. $v)
ockon = f ] T s (63.39)
s

In this case we assume

1 )
= ']
o (0, $o) W ’Z-; "L; ais P{(n) coste, (6.3.40)
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and proceed as in the previous case. The solution of integral equation {63.39)

is
- —Eo &0 Pr(n0)

(&5 ~ )& — 1) Py(§0)Q1(8o)

The value of the potential ¥ now follows readily from formula (6.3.27) to be

(6:341)

_ _Eocko Piin ()
u(§, n) = o (6347
The polarization potential P is defined as
- 2= - [ 2
P= [’J |grad u|*du = l;uan ds . (6.3.43)
Since
B _ 14817
an c (&} -nd)V? 8"
we derive the value of P from Equations (6.3.42) and (6.3.43) as
4n TGN
=0 p2 32 p2 g2 X , ;
3 Eoc L&D 016 (6.3.44)

where we have used the relation Q1(€) = (€2 — DV2 Q)(¢) .
Sphere. The value of u and P for this special case follows from tbe pre.
ceding values by the limiting process as in Case 1. The result is

Ega® cos?® 8
U=, P=Ejd. (6.3.45)

b. Oblate spherold. The corresponding results for an oblate spheroid can
be derived from the foregoing analysis by making the substitutions § — it,
¢ — —ic. Indeed, the oblate spheroidal coordinates (£, 1, v) are defined as

x = [ +£H1 - 1) cose,
y=c +£)0 -0 sing,
z=ckn, (6.3.46)

1-e2\"?

The results for the two cases as previously considered are as follows.

1. Capacity. f(n) = 1. From (34) the value of this charge density follows
to be

1 1
€2+ DEE+n2 cot™iy’

(6347

1
0=~
[
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where we have used the relation Qo(i&) = —i cot~ &, Using this value in the
formula for the capacity C, we have

[+ ae

T m——— R ———e | .3.4
cot-1& sinle (6:3.48)
Similarly, the value of the potential u(§, n) at an outside point is
€m= 2t (6:349)
u '"_eot"Eo' 3.

Circular disk. When e — 1 (or & — 0), the oblate spheroid reduces
1o the circular disk of radius a. From Equation (6.3.46) it follows that p? =
(x? + y?) = a*(1 — n?). The Equations (6.3.47) through (6.3.49) yield in the
limit

2 2a 2, (a¥-2 2
o=@ ynE =5 wea=_o (p—zﬁ) :
(6.3.50)

2. Polarization, f(n) = —Eoc&on, at ¢ = &. By taking the limits as in
the first case, we derive the corresponding values for o, u, and P as

i Ep§o P1(no)

=~ . 6.3.51
QA + £2)'2(n? + £0)V2 P1(i £0) Qi £o) ( )
cEoto Pi(n) 01 %)
= 6.3.52
u@.m 216 &) (6.352)
L a2 22 @16 60
=-FORE O+ TS (6.3.53)

For a circular disk, all the quantities tend to zero.

Example 5. Flow of an ideal fluid pass a rigid spherical cap.
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it

FIGURE 6.3

A rigid spherical cap is placed in a plane-parallel flow of an ideal fluid. As
a resull, the flow pattern is disturbed. To study this problem we choose spherical
polar coordinates (, ¢, ) in such a way that the center of the cap is at the origin
and the uniform flow is along the negative z-axis . The cap is thus defined by
the equation; r = a,0 < % < o, 0 < ¢ < 27 (see Figure 6.3). If U denotes the
undisturbed speed of the fluid, then the correspanding potential u; is

u=-Uz=-Urcosd. (6.3549)
Let V be the potential due to the presence of the cap; then the tolal potential u is
u=u;+V. (6.3.55)

Consequently, we have the following boundary value problem.

viv =0, (6.3.56)
k1% i
Wi 2% L eoss, {6.35T
ar i, . ar i, ..

Vi, =0. (6.358)

The Neumann problem is a particular case of the system (6.2.38). As such.
we can follow the steps that led us to Equation (6.2.44) and obtain

aZ a 2n 32 1 P ,
= —_— ? . - n=rE
. 4:1./:; 44 g(d)sind; [arar, (D)] dddp. 7t
(6359

Ucosn?:ﬂ
dr
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where
L . x=(rv¢), E=rd,9, (6.3.60)
D x-¢
and
g3 = V. 3|, - — V. L)) I (6.3.61)
Now, an alternative way of writing the expansion formula (6.3.10) is
LI f:r: r;"=! Putcosy), (6.3.62)
D =7

where cos y = cos 9 cos #, + sin 9 sin #; cos(p — ¢1), while
re =min(r,ry). ry =max{(r.r) .

By differentiating Equation (6.3.62) twice we obtain

2 o0
[3raar (%)] = '% Y n(n+1)Pu(cosy) . (6.3.63)
1 r=ry=a

n=1

The result of substituting this value in Equation (6.3.59) and using the relation

2
f Pa(cosy)dgy = 2 Ph(cos ?)P,(cos ), (6.3.64)
0

-] o
Ucosd = _% ?;n(n + 1)P,(cos :9)/0 P(cos 91)g(8y) sin 8,d 9, .

(6.3.65)
In the next stage we use the formula P,(cos ¥) = j’;(sin P (cos ) in
(6.3.65), simplify, and get

1 o OC _
Ucosd = E[, Y ntn + DP; cos 3,)P, (cos 0)1 (9)dy,  (6.3.66)

where () = sin 9, 75:[8(81)). Now, multiply Equation (6.3.66) by sin 3,
integrate, and get

1 [°&
Usind = ;_/; Y n(a + 1P cos 9,)1 (9,) P (cos B)d o,

nal

which, with the help of the relation P} (cos #) = ~n(n+1) P! (cos 9), becomes

. 1 o 00
Usin® = -2 f,, 2 Pl(cos )P cos 91)1 (9,)d0,
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or
e[S p -1 6.3.6
Usind = - | D Pli(cos P L (cos 21 (9D, . (6367
LE Y

Finally, we use the formula

Ko, 8) = =23 P), (cos 1) P, (cos )
n=d

= ! /wj ")J( lan!—,-ldp
= cos/2cosBy2 J, CTA\PRNZ PR TR

and find that the boundary value problem (6.3.56) through (6.3.58) is equivalent
to the Fredholm integral equation of the first kind

(6.3.68)

Usind = — / * Kot )1 (9:)dD, . (63.69)
2a )y

6.4. Green’s Function Approach

The Green's function is an auxiliary function that plays the same crucial role in
the integral-equation formulation of partial differential equations as it plays in
the case of ordinary differential equations. This function depends on the form of
the differential equation, the boundary condition, and the region. For instance,
the Green's function G(x; £) for the Laplace equation in an open, bounded region
R in three-dimensional space with boundary S is the solution of the boundary
value problem

-VG =5(x - &), G|y =0, (6.4.1)

where x and £ are in R. In the language of electrostatics, the function G is the
electrostatic potential due to 2 unit charge at £ when the surface § is a grounded
metallic shell. As such, G is the sum of the potential of the unit source at £ in
free space and the potential due to the charge induced on S:

G &) = (1/4x1x - €) + v(x; §), (64.2)
where v is a harmonic function that satisfies the boundary value problem

Ve=0, xeR, u|g=-1/anix-¢. 64.3)
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Let us show that the Green's function is symmetric. When G(x, ) and
G (x; ) are the Green’s functions for the region R corresponding to the sources
at £ and 7, we have the relations

-Vexi §=3x-§. G|j=0, (6.4.4)

-VG(xn) =8(x-1n), G|;=0. 64.5)

The result of the routine steps of muitiplying Equations (6.4.4) by G (x; 1), (6.4.5)
by g(x: £), subtracting, integrating, and applying Green’s second identity is

f [G(x; 0% _ G, n)?f_(X:_Q] dS = G(&: -G £) . (64.6)
s an an

The symmetry of the Green's function follows by applying the boundary condi-
tions in Equation (6.4.6).

Note also that the fundamental solution E (x; &) is the free-space Green’s
function.

Solution of the Dirichlet problem

We are now ready to give an integral-equation formulation to the boundary value
probiem

-Viu(x) =dnp(x), xeR,  ulg=Ff, (6.4.7)

in terms of the Green’s function. For this purpose, multiply Equation (6.4.1) by
u and Equation (6.4.7) by G, subtract, integrate, use Green’s second identity,
and get

u(f) =4nfRG(x; &)p(x)[8G (x; e)/an]ds—]sf(x)[ac(x, £)/3n)dsS .

(6.4.8)
By interchanging x and £ and using the symmetry of the Green's function, we
find the representation formula

u(x) = ax fk Gx 0V - [19G O/0nlf©dS. (549
s
For the particular case p(¢) = 0, the formula (6.4.9) becomes

ue =~ [ 110Gk ©/anlds . (64.10)

When f = 10on 5, then the solution u of the Laplace equation is clearlyu = 1
for the interior Dirichlet problem. Thus, Equation (6.4.10) yields an inleresting
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relation

- / [3G(x: ©/3n)dS =1. xeR. (64.11)
s

Example. Poisson’s integral formula revisited. The Green’s function for the
Laplace equation, when the surface S is a sphere, can be found by various
methods. The easiest method is to express it as the source and image point
combination. Let the radius of the sphere be a (see Figure 6.4). For any point
P(= x) with radial distance a within the sphere, we have an inverse point
P’(= x’) on the same radial line at a radial distance B outside the sphere, such
that af = a*. If Q(= £) is any point on S, then the triangles OQ P and OQ P’
are easily seen to be similar. Therefore, r’/r = a/a, or

1~

FIGURE 6.4

1/r =ajar' . (6.4.12)

Examining the relations (6.4.1) and (6.4.2), we readily find the value of the
Green’s function to be

G(P.Q) = — (1 =< l) . (6.4.13)

4an\r ar
Having found the Green’s function, we can solve the interior Dirichlet problem
for the sphere:

Viu=0, r<a; u=f(0,¢) onr=a. (6.4.19)

To use the formula (6.4.10) we need the value of 3G /3n. This is obtained if we
observe from the figure that
ot =a®+r? - 2ar cos(x - &,0);

, 6.4.15)
ﬁ2=a2+r2-hr'oos(l'-£,n). ¢
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- (_l?L g 19
o an \ r? 3n+a-r'—2-51—)
1 (oos(x —&X) g cos(x - &, n))

4rx r? a r?
_ 1 fa?—a’-r? a B2-a-r? a? _ g2
ar 2ar3 a 2ar’3 T awart

(6.4.16)

where we have used the relations r’/r = a/a and af = a2.
Substituting Equation (6.4.16) in (6.4.10) we finally have

u(P) = a(a’ - a’) f y / B, ¢')sin 9)do'dy
B 4x o Jo (a*+a?—2aacos(x, €)1 (6.4.17)

which agrees with the formula (6.3.23) fora = 1.

Neumann problem

By defining the Green’s function G (x; £) by the boundary value problem
-VG(x &) =8(x~&,  3G/an|; =0, (6.4.18)

we can extend the preceding analysis to the Neumann problem, Indeed, the
integral equation that corresponds to (6.4.10) for the Neumann problem

-V =0, xeR, du/fon|; = f (6.4.19)

u(x) = fs G(x: ) f(€)dS . (6.4.20)

Of course, the function f must satisfy the consistency condition (6.2.28).
Finally, let us consider the interior and exterior Dirichlet problems for a
body S enclosed within a surface I:

Vi, =0, xe€Ri, wlg=Ff, (6.4.21)

Vi, =0, x€R., uelg=f,  ulg=0. (6.4.22)

The Green’s function G(x; £) satisfies the auxiliary problem (we absorb the
factor 4 in G):

-VG = 4n8(x~ &), G|y =0. (6.4.23)
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We now follow the same steps as we did in deriving the formula (6.2.25). Thus,
from the relations (6.4.21) through (6.4.23), we obtain

f(x) = / G(x; £)o(£)dS , (6.4.24)
R

which reduces to (6.2.25) for an unbounded medium.

Mixed boundary value problems

A mixed boundary value problem consists of giving one type of boundary value
on a part §; of S and a different type on the rest of S (say, S2). Example 1 of
the previous section is a mixed boundary value problem inasmuch as we have
prescribed the value u = v on the part of the surface z = 0,0 < p < a, whereas
the values for the surface z = 0, p > a are different. In addition 1o the methods
previously explained, we can also use the following technique for converting
such problems into an integral equation.
Consider the mixed boundary value problem

Vig =0, xeR, (6.4.25)
u= fi(x), X€ES, (6.4.26)
]

5% = f1(x), Xx€S;. (6.427)

The Green’s function approach will immediately present us with the solution if
we know either u on Sz or du/dn on §,. It so happens that it is necessary to look
for the missing values of du/9n rather than u as soon becomes clear.

Let ¢(x) denote the value of du/9n (hitherto unknown) on S;. Thus, in
terms of the Green’s function G (x, £) of the Neumann problem, we find from
Equation (6.4.20) that

u(x) = Fi(x) + / G(x, £)p(€)dS, (6.4.28)
5

where

Fix) = /s G(x, € H(6)dS, (6429

is a known quantity. When x approaches a point on S;, Equation (6.4.28) yields
the Fredholm integral equation

Hx) = Fi(x) + /; G(x, £)9(£)dS, (6.4.30)
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where both x and £ lic on S;.
Let us examine the same problem by setting u = ¥(x) on S,. Then from
Equation (6.4.10) we obtain

G (x,
u(x) = F(x) + fs —é—:-el'/l({)ds. (6.4.31)

where 3G
Fy(x) = — fs ——%Qfl(e)ds. (6.4.32)

is a known function. Letting x approach S will not help matters because this will
bring in the function ¢(x) on the left side of Equation (6.4.31) and we would not
have used the boundary condition (6.4.27). For using the boundary condition
we should differentiate both sides of Equation (6.4.31) along the normal to S
but then we do not get an integral equation. We encountered a similar situation
in Equation (6.2.44).

6.5. Examples

Example 1. Electrostatic potential problem of a conducting disk bounded by
two parallel planes. This problem is an extension of the problem considered in
Example 1 of Section 6.3. We follow that notation and assume that the parallel
planes are z = b and z = —c(b, ¢ > 0). The boundary value problem becomes

ViV(p,9,2) =0 in D, 6.5.1)
Vip.p.0) = [M(p)cosnp, 0<p<a, (6.5.2)
Vip.p.2) =0, z=b, = —c, (6.5.3)

where D is the region between the disk and the parallel planes.
The Green’s function G corresponding to this problem satisfies the auxiliary
system

—VIG(x: £) =4nd(x - &). G=0 on z=b, z=-c.
(6.5.4)

This function is found easily by the method of images. Indeed, for a positive
unit charge at the source point € = (1, ¢1, 2;), the image system consists of
positive unit charge at the points (see Figure 6.5)

€ =[ten2nb+c)+zn), n==£1%£2,.... (6.5.5)
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< [

e ? e ] e @ e
~dc~2b~¢, ~2-2Be2, -2c-2, t=-cO 1, z=b 2b-1, Doy, D+ 20y,
FIGURE 6.5

and negative unit charge at points
£ =[t.¢.2n(b+ ) - 2c - 1], n=0,%1,%2.... (6.5.6)

The value of the Green's function therefore is

-0 o0

1 ad 1 1 1
S0 = gt et N e e )

n=1 n n=-1 A=—00

The next step is to use the identity

[ ]
1/1x—- &l =j; Jo(pm Yexp(—plz — 2,1 ))dp,

(6.5.8)

where @ = [p? + t2 ~ 20t cos{yp — ¢1)]'/2. Then, the relation (6.5.7) takes the

form

oa o0
Gx; Q) =(1/Ix—&h + f Jolpw) [Z exp(—plz —2n(b + ¢) — z;)
0 1

-00

+ Zexp(-plz ~2nb+c) -2z
oy
oc

- Zexp(-plz ~2nb+c)+2c+ 2|
0

~00
- Zcxp(—-plz ~2nb+c)+2c+ le)] dp .
-1

(6.5.9)

After summing the geometric series that occur in relation (6.5.9) and slight

simplication, we obtain

1 oo
6O = =g+ [ dotpw)

X

e”*1P[sinh p(z ~ b)] — e~®~P[sinh p(z + )} d
P

sinh p(b +¢)

(6.5.10)
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Finally, the result of using the expansion of Jo(p@),

o
Jotpw) = 3 (2 - 8g)[cosr (v — e1)Wr(PO), (p1), (6.5.11)
r=0

in Equation (6.5.10) is

l o0

G §) = 0+ ) (2 —8){cosr (v )G (0, 1,2,2)), (65.12)
Ix-&l S

where

* g=Pe+m)sinh p(z — b)] — e=P®-21)(sinhy
Moot 2. ___/ 4 [sinh p nh p(z + ¢)]
#.t.2.21) o sinh p(b + ¢)
x J{pp)J, (pt)dp . (6.5.13)

To derive the integral equation, we multiply Equation (6.5.1) by G and
(6.5.4) by V, follow the routine procedure, and get

1 v 3G
V(p,¢,2) = — — —V—=
(0,0.2) = — s (G an n )ds. (6.5.14)

where §* and 5~ are the upper and lower parts of the disk, respectively. On
the surfaces S%, the value of the outward normal is ¥3/3z,, respectively. Using
this fact and the boundary conditions (6.5.2) in (6.5.14), we have

r'] 2
™ (p)cosny = / f o™ ()G (p, ty, 91,0, 0)(cos np,)dpdt
0 0

(6.5.15)
where o'W (t) cosngr = (1/47)(8V /321, — 3V /3z,.). Setting gy — ¢ = ¥,
and following the steps that led us from Equation (6.3.2) to (6.3.4), we obtain

a 2
gy — " d'f cosny dy
e j; to™ (1) A e —

+f 16”21 G (p,1,0,0))d1,
° (6.5.16)

where we have substituted the value of G as in (6.5.12). This equation can be

wrilten as o
frpy = j; 1a (K, (1, p)dr 65.17)

where

2= cosny dy .
K\, p) =/!: P2+ = 2pcosy |7 +2rG"Np,10,0) . (6.5.18)
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When b — 60, ¢ — 00, we recover the formula (6.3.4).
For an annular disk of inner radius b and outer radius a, the formula that
corresponds to Equation (6.5.17) is

™) = j; ) 1o ™)K, (¢, p)dt (6.5.19)

with the same kernel 8s in (6.5.18).

Example 2. Electr ic potential problem of an axially symmetric conductor
placed symmetrically inside a cylinder of radius b. We again take cylindrical
polar coordinates (p, ¢, z) with origin at the center of the conductor and z axis
along its axis of symmetry (which is also the axis of the cylinder). For simplicity,
we take V on the surface S of the conductor to be unity. Then, from the relation
(6.4.24), we have the Fredholm integral equation of the first kind

1= f G(x; §)o(§)dS, x{€S, (6.5.20)
§
which G satisfies the system
VG =4ns(x—& G=0 on p=b. (6521)

In terms of cylindrical polar coordinates, the differential equation for G becomes

13 aG 13 G 4an
- —f{p=— St = ——8(p - )§(Y¥)s(z - .
L (052 + i+ 5 =~ 8~ DBIBG = ). (6520
where ¢; — ¢ = . From the definition (6.4.2) of the Green’s function, we know
that
Gi(x;8) =G(x; &) — (1/I1x - & (6.5.23)

is finite in the limit as x — &. We can calculate the solution of Equation (6.5.22)
by taking the Fourier series expansion

o0
G(xX: & =) (2~ 80 )cosry)g(p,t,2,21), (65.24)

re)

where
2
g = (l/2n)f G(x; &)(cosry)dy .
()
Maultiply the differential equation (6.5.22) by (1/2n) cosr ¥ and integrale with
respect to ¥ from 0 to 2. The result is

19 ( ] (,)) rto . 8% 2
(o= - = 4 EE _Ssp -2z . (6525
g 78 +55 pS(p Naz-n). (
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Next, we take the Fourier transform of Equation (6.5.25) by setting

oo
T@") = @n)? f ¢Pgidz
-0
o0
g9 =) f e PTE")dp . (6.5.26)

The system (6.5.21) becomes

d? d
2 __T(e" T — 2 2+ 2 T (™
pdpz(sdep(g) @ p*+rHT (")
=—-i_—;_ei”'8(p-f)' T(g(')=0, p=b.
ik (6.5.27)
This boundary value problem can be easily solved by the method and notation
of Chapter 5 and the solution so obtained is then inverted to yield

o0
2" =Q/7) / PN =UK, (pps ), (Pp<)
-00
— [K,(pb)/ 1, (pO)Y, (po) ., (pt))dp, (6.5.28)

where /, and K, are modified Bessel functions. Finally, from Equations (6.5.24)
and (6.5.28), we find the value of G:
o0 o .
GO =(1/m) Y (@ = bo)easry) [ e
rnl -00

x (K, (pos ) (ppe) — (K (pb)/1,(pb))1; (pp)I, (pt))dp .
(6.5.29)

When b — 00, G = 1/{x — £, and we have from Equation (6.5.29),

Q0 o0
Vlx = £ = (1/m) 32 - do)(cosrv) / €POK, (pp, )1, (pp.)dp .
raf) o

(6.5.30)
Combining Equations (6.5.29) and (6.5.30), we have

o
G &) = (1/Ix— €D+ ) (2~ 8 )cosr¥)G " (p,1,2,2)), (6.5.31)
r=0
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where

ao
G"p.4.2.2y) = =(1/7) f_ we"""“"lr(pp)l.(pt)[l(,(pb)/l.(pb)ldp
oo
=-a/m [/o P, (o)1, (LK. (p)/ s (pb)ldp

o N
+ f e"’"”"l.<pml.(p:>lx.(pbw,(pbnap] .
e 6.5.32)

Changing p to —p in the second integral and observing that
L= =(-D'l@, Kp(~z) = (=1 K. (2),
andhence K, (~ pb)/ I, (— pb) = K,{(pb}/1,(pb), we have from Equation (6.5.32)

1, (pp)!, (p)K, (pb)

Q0
G .2, = ~(2, f [
»,6.2.21) 2/n) A T, (pb)

] cos{p(z — z;)dp .

(653

So far, we have not used the fact that the conductor is axially symmetric.

For an axially symmetric body, the Green’s function is independent of . That
leaves only one term in the series (6.5.31):

G(x: &) =(1/Ix— €D +GV(p,1,2,7) . (6534)

Equation (6.5.34) is of the form (6.5.23). Substituting (6.5.34) in (6.5.20), we
have the required integral equation. When b — 00, we recover Equation (6.3.4)
for f®(p) = 1.

6.6. The Helmheltz Equation

The discussion of the previous two sections can be easily extended to the case
of the Helmhoitz equation
(V2 +Au=0. (661

The free-space Green’s function or the fundamental solution E (x; §) is the so-
lution of the spherically symmetric differential equation

~V2E ~AE = §(x - £) (662

which vanishes at infinity. Such a solution in three dimensions is

E(X )= ——— = ——, (663)
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We have the following possibilities.

(i) When A is a complex number, then /A is selected to be that root of A
that has a positive imaginary part so that E vanishes exponentially at infinity.

(i) When X is real and positive, that is, A = k2, k real, the solution
explikix ~ §| &
ar|x - &  anr

is selected such that /A = k > 0. This represents an outgoing wave if we adjoin
the factor e~

Ex & = (6.6.4)

(ili) When X is real and negative, we again choose /X in Equation (6.6.3) to
be the square root of A that has a positive imaginary part for the same reason as
in (i). For the particular case A = —k?, where k is real and positive, the formula
(6.6.3) becomes

E(x; & =e*/4nr. (6.6.5)

The solutions that correspond to Equations (6.6.3), (6.6.4), and (6.6.5) in
two dimensions are

(/DHP(x - EVR),  (/DHPKkix—€)  (1/2m)KotkIx ~ €D,
respectively. Here, the functions Hé” and K are the Hankel and modified Bessel
functions, respectively.

The integral representation formula for the solution of the inhomogeneous
equation

(V2= k¥)u = —4np (6.6.6)

is obtained from the relations (6.6.2) and (6.6.6) by using Green’s identity and
is readily found to be

~kr —kr —kr
pe 1 3 (e | j‘e Ju
= aVv — — — | —}dSs + — ——dSs . (6.6.
u(x) /; r EY 4 S“an( r) ar Js r on §. (667

The interpretation of these integrals as volume, single-layer, and double-layer
potentials is the same as for the corresponding formulas in Section 6.2. The
properties of these potentials are also similar. For instance, the formulas that
correspond 1o Equations (6.2.7) and (6.2.8) are

u

on

3 ~kr
= F2n0(P) + /6(0)5— (f-—) ds, (6.6.8)
s n r

e~k
u = ‘/.;U(Q) (-—;—) ds . (6.6.9)

Py

where
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Similarly, the formulas that correspond to Equations (6.2.10) and (6.2.11) are

ul, =+2nt(P)+ r(Q)i(e-"/r)ds. (6.6.10)
Py (] a’l

where 3
u =[r(Q)-—-(e'*’/r)dS . (6.6.11)
s an

The rest of the notation is the same as in Section 6.2.

The integral representation of solutions of the exterior and interior Dirichlet
and Neumann problems is achieved in an analogous manner, as evident from
the examples of physical interest that are presented in the next section. We end
this section by mentioning the so-called Sommerfeld radiation condition. A
three-dimensional solution of the Helmholtz equation (V2 4+ k%)u = O is said to
satisfy the radiation condition if

limr (3—: - iku) =0, (6.6.12)

r — oc. Physically, this condition implies that there are no incoming waves
from infinity. In two dimensions, the corresponding condition is

3
lim /7 (% - iku) =0, (6.6.13)

as r — 00. The free-space Green's function satisfies the radiation condition.

6.7. Examples

Example 1. Acoustic diffraction of a plane wave by a perfectly soft disk. We
follow the coordinate system and notation of Example 1 in Section 6.3. Further-
more, we assume the time dependence of the form e~"** for the wave function
involved in the problem and omit this factor in the sequel. The time-independent
part of the velocity potential u is

u(p,¢,2) = ui(p.¢,2) +u(p, v, 2), (6.7.1)

where u; and u, denote the velocity potentials of the incident and diffracted
fields. All three functions occurring in Equation (6.7.1) satisfy the Heimholtz
equation. The boundary value problem is

(Vi4kdu, =0, 6.7.2)

ui(p,¢1,0) + us(p.9,0) =0, 0<pga, 6.73)
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uy and du,/3z are continuous across 2 = 0, a<p<o0o, (6.7.4)
and u, satisfies the radiation condition at infinity. The fundamental solution £
that satisfies the equation

~(V2+hDE =85(x—-8) (6.7.5)
as well as the radiation condition, is

Loy _ eXplikix — &I
E00 = " —a

_ expik{p? + 1% = 2pt[cos(p — p)] + (z — 2)?)2
T an{p? 42 = 2pt[cos(yp — 1)) + (z — ;)22

. (6.7.6)

Multiply Equation (6.7.2) by E, (6.7.5) by u,, substract, integrate, use
Green's second identity, and obtain

duy ok
uy(x) = js e (53’1— - u,-‘,;) ds, (6.7.7)

where S* and S~ are the upper and lower surfaces of the disk, respectively. On
5%, we have 3/3n = F3/3z, respectively. Thus, Equation (6.7.7) can be written

as
a 2x dug 3E ]
u(p, 0. 2) = —E — 4 uy—— tdegydt
s(p. ¥, 2) '/; ./; [ 7, ’321 im0 (2}
¢ 2 Ju 3E
+ E——u ——] tdeydt
jt; fo [ 3zy "8z, .0 &
a 2n
== [ [ tott.00, 0F], oo, 678
o Jo
where we have used the fact that u; = —u; on both sides of the disk and where
« 0) = duy duy
o, . = 3z r0s 3z £y m0- . (6.7.9)

When we apply the boundary condition (6.7.3) in (6.7.8), we get

1 o L2 1o (t, @1, 0)expik[p? + 12 — 2pt cos(p — 12
u(p.w.0) =‘_/ f 4 2 PIZ[P o 2t .

an Jo Jo [p? + 12 = 2pt cos(y — y))172

x dgydt (6.7.10)

Inview of the Fourier superposition principle, we can assume that y; (o, @, 2)
and a (p, @) are of the form u{™(p, z) cos ny and 20 ™ (p) cos ng, respectively.
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Then, proceeding as in the steps that led us from Equation (6.3.2) to (6.3.4), we
obtain from (6.7.10) the integral equation

w(p.0) = [ 1Ky, o)1, (6.1.11)
(i}

where the kemnel K, (¢, p) is

1 (% expik(p? + 12 — 2pcos )12
Kit.p) = 7= PR 172
2 Jo (p2 + 12 — 2pt cos )V
The integral equation (6.7.11) is the required Fredholm integral equation of the
first kind which embodies the solution of the boundary value problem (6.7.2)
through (6.7.4).
For an annular disk with inner radius b and outer radius a, the corresponding
integral equation is

cosny dy . (6.7.12)

u?")(p,O) =/ o™ Ky(t, p)dr . (6.7.13)
b

Example 2. Torsional oscillations of an elastic half-space. In terms of cylin-
drical polar coordinates, the axially symmetric boundary value problem

v 1av v 8ty wida?

- Sy 4 k=0, k2 = , 6.7.14

3p2+p3p p2+322+ Y " (6.7.14)
v=Qp, z=0, 0<p<t, (6.7.15)
wfaz=0 z=0, p>1, (6.7.16)

embodies the torsional oscillations of an homogeneous and isotropic haif-space
that occupies the region z 2 0. A disk of radius a is attached to it and is
forced to execute torsional oscillations with period 2 fw. All lengths are made
dimensionless with a as the standard length, so that the disk occupies the region
= 0,0 € p < 1. The quantities d and u are, respectively, the density and
shear moduius of the elastic material, whereas k is a dimensionless parameter.
It is easily verified from (6.7.14) that the function w(p. ¢, 2),

w(p,¢,2) = v(p,z)cos ¢, 6.7.17)
satisfies the Helmholtz equation
(VP+kHw =0. (6.7.18)

The Green’s function that corresponds to this boundary value problem satisfies
the auxiliary system

(V4G (X; &) = —4ns(x ~£) , (6.7.1%)
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G
az. 2,0

where, as before, x = (p, ¢, z) and € = (¢, @}, 21). Again the method of images
gives us the value of G

=0, (6.7.19b)

N -
g =TT L ZBT (6.7.20)

wherer = |x — €|, 7’ = [x— £'|, and £ is the image of £ in the plane z = 0, that
is, & = (¢, ¢1, ~21). Thus,

r = {p? + ¢} — 2pt[costp — p)] + (z — 2)})12,

r' = (ot + 1% = 2ptfcos(e — @) + (2 + 1)) 2. €721

The differential equations (6.7.14) and (6.7.19) present us with the integral
representation formula by the routine procedure. The required relation is

w = v(p, Z)cos g

! [ Gavcosw+vacoos ] das
=— -G — 3o Cosg .
4 )3 a0 3z; 8z, 1=0 61.22)

Applying the boundary conditions (6.7.15), (6.7.16), and (6.7.19b) in (6.7.22)
and using (6.7.20), we have
1 1
Qpcose =o— fo 240

- expik[p? + 12 — 2p cos(p - ;)12
o (P2 + 17— 2ptcosly — gpjiz - Ospidedt,

(6.7.23)
where
_ dv
@) = Y - . 6.7.29)

Set ¢; — ¢ = ¥, proceed as we did in the relationg (6.3.2) through (6.3.4),
and obtain

1
Qp = f BOKEGO 0<, (67.29)
o .
where

X 1 [ expik(p? + 13 — 2ptcos yyin
i p) = 2—,,/;, (T4 —2proosy)iA—~cosy dy . (6.7.26)
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Finally, we use the identities [66]

expik(p? + 12 = 2ptcos )2 % pJo[p(p? + 12 — 2p1 cos y)'1?)
P+ =2ptcosY)T | > dp

6.7.27)

where —i(k2 — pH)V?,

- k2p
"Elpr -y, P2k
and
Jolp(p? + 1% = 2pt cos ¥} 1) = Y (2 - da Ycosr¥)J, (po)J, (pt) (6.7.28)
=

in Equation (6.7.26), use the 6rthogonality property of cosine functions, and
derive

Kit, p) = fo @YV eIy (ptdp . (6729

When k — 0, we get the corresponding integral equation for the steady rotation
of the elastic half-space, and (6.7.29) becomes

K@, p) = /o Ji(pp)J (pt)dp . (6.7.30)

For the case of an annular disk with inner radius b and outer radius a, the
integral equation that corresponds to Equation (6.7.25) is of the form

Qp = / tp)K, (1, p)dt, b<p<a. (6.7.31)
b

Example 3. Steady Stokes flow in an unbounded medium. The Stokes flow
equations
Viq=Vp, V.q=0 (6.7.32)

govern the slow steady flow of incompressible viscous fluids. These equations
have been made dimensionless with the help of the free-stream velocity u anda
characteristic length a inherent in the problem. The quantities q and p stand for
the velocity vector and pressure, respectively.

(a) Translational motion. Let S be the surface of a solid B moving in the
fluid; then the boundary conditions are

q(x) =e;, X€eS, qx) =0 as x-—+ 00, (6.7.33)

where e, is the direction of motion of B, taken to be in the x) direction. The
boundary value problem (6.7.32) through (6.7.33) can be converted into a Fred-
holm integral equation of the first kind by defining the Green’s tensor T, (o
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Thix) and Green's vector p,; (or p, ), which satisfy the mathematical system
V2T, - Vpy = —I8(x - &), (6.7.34)

V.-Ti=0, T;—~0 asx— 00, (6.7.35)
where I = §;;, the Kronecker delta.

It follows by direct verification that the system (6.7.34) through (6.7.35) has
the representation formulas

Ti = (1/87){IV’¢ — grad grad ¢],  p1 = —(1/8m)grad V?¢, (6.7.36)

Vip = V2V = —8nsix — &) . 6.7.37)

The appropriate solution of the biharmonic equation (6.7.37)is¢ =r = |x—§|.
Thus,

T, = (1/8m)[IV?|x — £ — grad grad |x — £I], (6.7.38)

p1 = —(1/87)grad V¥|x — €| . (6.7.39)

The required integral equation formula now follows by taking the scalar

product of Equation (6.7.32) by T, and of (6.7.34) by q and using the usual steps

of subtracting and integrating. In the integral so obtained, there occur terms
T - Vp and q- V p and they can be processed by using the identities

V-(@p1) =4q-Vp;, V.pT) =T -Vp, (6.7.40)

where we have used the results V . q = V . T; = 0. The final result is

2 3
4 = _fs[(ﬁ - ,,..) Ty —q- ('a% - np,)]dS . (6741)

From Equation (6.7.34) and the divergence theorem, it follows that, if q is
constant on S, then Equation (6.7.41) reduces to

q(x) = — /f— TdS, (6.7.42)
s
where
= 33 - 6.7.43
T po- (6.7.43)

Finally, using the boundary condition (6.7.33),, we have the required integral
equation

€ =~ / r-T,dS. (6.7.44)
s

See Exercise 7 for further analysis.
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(b) Rotary motion. For the rotation of an axially symmetric body that is
rotating with uniform angular velocity 2 about its axis of symmetry, the pressure
is taken to be a constant and equations (6.7.32) become

viq =0, p = a constant . (6.7.453)

vV.q=0, (6.7.45h)

Let the z-axis of cylindrical polar coordinates (o, v, z) be the axis of symmetry.

Assuming that streamlines are circles lying in the plane perpendicular to Oz, then

q has non zero component v(p, 2) in the ¢ direction only and is independent of

w. The equation of continuity (6.7.45b) is thus automatically satisfied, and the
equation of motion (6.7.45a) becomes

2y 13v v v
—t—-—+—-==0, 7.
902 + ? 3p + 3 i (6.7.46)
which has been made dimensioniess with a as the typical length and Qa as the
typical velocity. The boundary conditions are

v=p on S, v=0, as(p®+2)"? > o0, 6.7.47)

where S is the surface of the body.
From Equation (6.7.46) it is easily verified that

Vu(p,2)cosp} = 0. {6.7.48)

Accordingly, we can use the analysis of Section 6.2. The integra) representation
formula follows from (6.2.24) to be
o(p',Z')cos¢’dS
VCOSYP 3= | ———memee 6.7.49
[s R(p.2,0.7) ( )
where R(p, z; p'. 2’} is the distance between the points (p, z) and (¢, 2'). Using
the boundary condition (47), we have the integral equation
o(p’,Z)cosg’dS
pCoSQ = / — 6.7.50
s R(p.z0.2) (6.7.50)
where both the points (p, 2) and (p', 2') lieon S.
Let us now present the solution of the preceding equation for some specific

cases.
1. Prolate Spheroid. In terms of prolate spheroidal coordinates as ex-

plained in Example 4 of Section 6.3, integral equation (6.7.50) becomes (where
we take g to be the standard length so that ¢ = e).

clE - (1 - 2 = f f ﬂ”i”";ﬁ'ﬁf, 6250
s
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at & = &. Substituting the expansions (6.3.3¢ 10 (6.3.32) for 1/R, & and
dS, we have from Equation (6.7.51), ) to(6.3.32) for 1/R, o (no),

00 "~ I
o )
A=m)' = —dn ) coso e PliEen, (6752

where
w60 =Rl 6)0n ) .

. T o
When we use the relation, P, (n) = —(1 — "I)I/ZPI’(")' we find from Equation

(6.7.52) that
or= QiGN osp  forn32.
Thus
o (&o. m0) = -——2——-1\_ 1 ;
2165 — )T g0y Py (no) . (6.7.53)

Substituting this value of the density in Equat;o,, (6.7.49) we derive the velocity
field v,

v=—cQe? - 2 ALnQIE) 6754
’ D& (6.7.54)

and the tangential stress component T on the surface S in the direction of ¢
increasing is

3 v
T= “'p'é;'(;) . (6.7.55)

Furthermore, we know from the analysis of Section 6.2 that the source density
o (&, no) on S is related to v as

d fv
4no(éo,0) = —P— (—) . (6.7.56)
an\p
Thus, T = —4x po. From the value of the stress component, the value of the

frictional torque N can be readily calculated. The result is

N=-8nu f plods, (6.7.57)
C

where C is the bounding curve of S in the meridian plane.
From Equations (6.7.54) and (6.7.55) we find that

v lomuc G-1

T3 ke (6.7.58)
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By taking the appropriate limits as explained in Example 3 of Section 63,
we derive the values of o, v, and N for a sphere of radius g as

o(9) = -4—3; P| (cos?), (6.7.59)
Qa’
u(r, 0. ¢) = = sin deosg, (6.7.60)
and
=-8rua’. (6.7.61)

2. Oblate Spheroid. By changing § — i &, and ¢ — ~ic, in the foregoing
analysis we can derive the values of @, v and N for an oblate spheroid. These
values are

- P]‘("O)
O i TG 6762
__cA+EHQ1G )P (n)
= Q}(i &) (6.7.63)
16 ncdi E2+1)
N=-
CIT) (6.7.64)

Circular disk. When & — 0, the oblate spheroid reduces to a thin circular
disk of radius c. Because

PO, ,=i. Q&= .’21 ,
we have from Equations (6.7.62) through (6.7.64),

a-m x , 32
o= ﬂzo . v=—;—P’l(n)Q}(I§)‘ N=-.3—“"J‘

Example 4. Steady Oseen flow. The dimensionless Oseen equations are
Ra3q/dx; = =Vp + Viq, V.q=0, (6.1.65)

g=e on S; q-—+0 as x— 00, (6.7.66)

where R = ua/v is the Reynolds number, v is the coefficient of kinematic
viscosity, and a and u are the same quantities as defined in the previous example.
The Green’s tensor T and Green'’s vector p for this problem satisfy the system

RIT/oxy = =Vp + VT + I5(x - &), 6.7.67
V. T=0, T-0 as X — 00. (6.7.68)
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The corresponding representation formulas are

T = (1/87)[IV?¢ — grad grad ¢], 6.7.69)
p = —(1/8m)grad [V2¢ — R3¢/3x,]. (6.7.70)
VYV — R3/3x))p = ~8nd(x ~€) . (6.7.71)
To solve Equation (6.7.51) for ¢, we first use the formula
V2(1/Ix — £)) = —4ns(x — §) 6.1.72)
in it and obtain

VIV - Rf3x1)¢ = 2V2(1/Ix - €)) . (6.1.73)

Thus, if ¢ satisfies
V9 — Ra¢/3x) =2/Ix — £l (6.7.74)

then Equation (6.7.71) is satisfied.
On the other hand, we can also write (6.7.71) as

(V2 - R8/8x)V?¢ = —8ms(x - &) . (6.7.75)
By setting
Vo= (6.7.76)
and using the identity
(V2 = g))fe-otn-tly] = e * [V — 203/am )y, 627
we can write Equation (6.7.55) as
(V2 = ot)fe~o " —H¥] = —8re~om-tI5(x — £) (6.7.78)

with o = 2R. Now observe that by the nature of the Dirac delta function, the
factor e~ "1~ influences the equation only atxy = &, where its value is unity.

Thus, Equation (6.7.78) yields
2 - -8 - oy -
Yix=Vip= Tx’fﬁ”"{ et [lx -5t sn]] . (67.79)
From Equations (6.7.74) and (67.79), we obtain
2 L (1 — exp l-l"' [l" -&- |—:—|(xx - E:)”) . (6.7.80)

o alx— &l

If we set

s = x— &l —@/lox = &), (6.7.81)
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lot ( o lols
== IX—EI———(XP'EI))="———.
alx =gl el B (65
Combining Equations (6.7.80) through (6.7.82) with
2 _ 3 B
axl as 3I|
we find that
defds = (1 — e ¥P)lols
or
fols 1
¢= (ll!ol)/0 [(Q—e)/t)dr. {6.7.89)

Thereby, the Green’s tensor T and Green’s vector p are determined.

The integral equation equivalent to the boundary value problem (6.7.65)
through (6.7.66) is now found precisely the way we found the integral relation
{6.7.41). Indeed, the present formula is

a(x) = —[S [T- (gg——pn) - (g -pn)-q—'R.('l‘-q)n;]dS.

{6.7.84)
where a) is the x; component of the outward normal. When we use the boundary
condition q = ¢, on §, Equation (6.7.67), and the divergence theorem, we obtain

¢ =~ / T.1dS, {6.7.85)
5

where f is defined by Equation (6.7.43).
We return to these concepts in Section 11.3.

Example 5. Mear conduction. The bouadary value problem

du

Il = (1] (6.7.86)

S

Vi~ k= -p(x), XeR,,

embodies the solution of the heat conduction problem of an infinite expanse of
matcrial containing a cavity § on which the temperature gradient is zero. Our
aim is to give the system (6.7.86) an integral-equation formulation. For this
purpose, we assume that « can be represented as the sum of a volume potential
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and a single-layer potential
dru(x) = /; PEE(X: §)dV + fa(e)ti(x; £)ds, (6.7.87)
s

where E(x; £) = [exp(—k|x — £)}/|x — &| and o is an unknown source density.
The next step is to take the normal derivative of both sides of Equation
(6.7.87), let x approach §, and use relation (6.6.8). The result is

0=f 2(6) ?-E—:‘—E) dv -27ra(x)+fa(€) EXE (6.7.88)
R, n s an

which is a Fredholm integral equation of the second kind in o (x).

The reader who is familiar with the theory of heat conduction is advised to
formulate the corresponding problem of the composite medium into a Fredholm
integral equation of the first kind.

Exercises

1. Show that when § is the surface of a unit sphere (a) the solution of the integral
equation

pzcosg = ]a(px.zl)lx — &7 cos ¢, dS
S

isg = (5/12) P} (cos 8); (b) the solution of the integral equation
(1/2)pz%cosp =(3/87r)/ Pl(cos8y)|x — €l cos gy, dS
s

+ f a(pr. z)ix — €7 cos 1dS
s
iso = (1/47)[(3/2) P} (cos8) + (7/15) P}(cos ).
In the preceding relations, (p, ¢, z) are cylindrical polar coordinates.
Hints: (i) Use the formula
o x? 1 R
Ix—-§&l=r, nzs:o (2—v-1-5 - 'z-m)x Py(cosy),
where
xX=r.jrs, ro = min(r, r), r, = max(r,ry),
cos y = cosf cos §; + sinf sin by cos(y — ¢y) .

and (r, ¢, 8) and (r;, ¢y, 8,) are the spherical polar coordinates of x and &,
respectively.
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(ii) On the surface of the unit sphere, p = sin@, z = cosé.

2. Show that the solutions of the integral equations

pcosy = fa(m.n)lx —&"  cosgdS
|

0 =/S a’(p, 21)Ix — €|} cos ¢1dS

1
+ §/a<p,.z,>1x-e|ooswlds.
S

where S is the surface of a thin circular disk of unit radius, are

o =2p/n*(1 - pH)"? and o' = p(2 ~ p2)/373(1 = pH)V2 .
3. Starting with the Cauchy integral formula for an analytic function

f@@) = (1/2xi) /; L6/ - D),

where C is the circumference )z| = a and z is in the interior of C, and using the
formula

0= (I/Zni)f[/(t)/t —z%))d:, 2* = a’fz,
c

which is a result of the Cauchy theorem because the image part 2* (of z) is
exterior to C, derive the Poisson integral formula in a plane:
at - p? ™ f(a, 6)d6

2 o at—2ap[cos(®@ —¢))+al’

ulp.p) =

4. Discuss the single-layer and double-layer potentials in two-dimensional
potential theory by starting with the formula

E(x; §) = (1/2x) log(1/|x — £

instead of (6.2.2). Use these results to prove that the solution of the interior
Dirichlet problem in two dimensions can be written as

win = [ [eorv)/ix - €llec@ae.
whete ¥ is the angle between (x — £) and m; and d¢ denotes the element of the
arc length along the curve C.

5. (a) Leta rigid obstacle be placed in a plane-parallel flow of an ideal fluid. The
velocity potential of the undisturbed flow is u; = x. The total velocity potential
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u = u; + u,, where u, is the secondary potential created by the presence of the
obstacle. Then the boundary value problem is

2 E— - —— — —
Vi =0, XE€R,; 8n—0' xes, "Iw"‘"
or
ou ou
2, - . s i -
Vu, =0, X€ER,; =T xes, “rlm‘o'

Reduce this boundary value problem to the Fredholm integral equation of the
second kind:

2u,-(x)=r(x)—2ft(£)m das, X€ES,
s an

where t(x) = u(x) is the double layer density.

(b) By following the analysis of Example 5 of Section 6.3, discuss the flow
of an ideal fluid past a prolate spheroid and an oblate spheroid. You shall find
the mathematical steps as given in Example 3(b) in Section 6.7 very helpful.

6. Praceeding as in Example 1 of Section 6.7, show that the following boundary
value problem,
(V2 +kHu, =0,
dus/0z = —0u;/dz onz=0, 0<p<a,
u, and du,/9z are continuous across z =0, a<p<00,

and u, satisfics the radiation condition, reduces to the integral equation

du; . a? expiltlx-—fl)
0= oo 5 (T ],.-,sod”‘d"

where o (1) = (l/47r)(u,]“_=o+ - u,L_o_). This boundary value problem em-
bodies the solution of the diffraction of a plane wave by a perfectly rigid, circular
thin disk.

7. (a) In Example 3 of Section 6.7 we have derived the integral equation (6.7.44)
for the translational motion of a body in Stokes flow. Solve this integral equation
for a prolate and an oblate spheroid as we have done for the rotary motion.

(b) Prove that the integral representation formula when the fluid is bounded
by a vessel S is

o= (@) 70 (F oo o
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Substituting the boundary condition q = €, on § gives the Fredholm integral
equation
e =~ / £.TdS.
s

Here, T satisfies the boundary value problem

VT ~grad p = I5(x - &), V.- T=0, T=0 on I.

8. The dimensionless equations of elastostatics are
(A+u)gyadt’+uvzu=0. ¢ =divu,

where u (u;. i = 1, 2, 3) is the displacement vector, and A and u are Lamé cop-
stants of the medium. The preceding equations have been made dimensionless
by introducing a characteristic geometric length a.

Consider the uniform tranlation of a light rigid body B with surface S, which
is embedded in an infinite homogeneous and isotropic medium. Prove that the
corresponding Green's tensor T and Green’s dilation vector 9, are given by the
formulas

Txi'=l—[l+3# 8ij A+p (X-'—Ei)(xj‘fj)]
TU B (A+2n Ix—€&1 T A+2u Ix — &3 '
,,,_____!__ﬁ_.[’*"fi]
" ar A42u | iIx—-€P)°

Also prove that the integral representation formula is

du
0(p)=—/; {[# £+(A+u)r’n]-’l‘

-u. [u ﬂ +(A+u)'0ln:” ds.
dn

Using the boundary conditions
u = (dg/a)e on S; u—=>0 a o0;

where dj is the magnitude of the transiation and e is the unit vector along the
transiation of B, show that the Fredholm integral equation that embodies the
solution of the preceding problem is

(do/a)e = —ff~ Tyds,
s

where
f=pu@u/dn) + (A +u)=9n.
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Extend the preceding results to a bounded medium.

9. Proceed as in Example 1 of Section 6.3 and Example 1 of Section 6.7 and
give the corresponding integral-equation formulation of these problems for a
spherical cap. The integral equation for the electrostatic problem is solved in
Section 10.5.

10. The Schrddinger equation
V2y(x) — 2m/R)V (x)¢ (x) + K2y (x) =0

with boundary condition that ¥ (x)exp(—iE¢/h) represents an incident plane
wave, with wave vector Ko, as well as the condition that we have an outgoing
wave as x — 00, describes the quantum mechanical theory of scattering by a
potential V' (x). Here, k? = k3 = 2mE /2, and other quantities have their usual
meaning.

Use the method of Section 6.6 and prove that we can transform this scattering
problem into the integral equation

m expik|x — &|
2nh? Ja Ix— €l
Find its solution by the method of successive approximations (the approximation
obtained in this way is called the Born approximation).

¥ (x) = (expiko - x) - VEW Y .



CHAPTER 7

Symmetric Kernels

7.1. Introduction

A kernel K (s, ) is symmetric (or complex symmetric or Hermitian) if
K(s,t) =K*(t,s), (7.11)

where the asterisk denotes the complex conjugate. In the case of a reat kernel,
the symmetry reduces to the equality

K(s,0) = K(t,5) . (112

We have seen in the previous two chapters that the integral equations with sym-
metric kernels are of frequent occurrence in the formulation of physically moti-
vated problems.

We claim that if a kernel is symmetric, then all its iterated kernels are slso
symmetric. Indeed,

Ka(s, 1) = / K@, x)K(x, t)dx = f K*'(t,x)K*(x,5)dx = K;(¢,9) .
Apgain, if K,(s, t) is symmetric, then the recursion relation gives
Kper(s, t) = / K(s,x)Kq(x, t)dx
= / K:(t, x)K*(x,s)dx = K ,,{,5) . 713)

The proof of our claim follows by induction. Note that the trace K(s, s) of
a symmetric kernel is always real because K(s,s) = K*(s,s). Similarly, the
traces of all iterates are also real.

Complex Hilbert space

We present here a brief review of the properties of the complex Hilbert spece
L;(a, b), which is needed in the sequel. This discussion is valid for real £;-space
as a special case. A linear space of infinite dimension with inner product (or
scalar product) (x, y) which is a complex number satisfying (a) the definiteness
axiom (x, x) > 0 forx # 0; (b) the linearity axiom (ax; + Bxz2, y) = a(x;, y)+
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B(x2,y), where o and B are arbitrary complex numbers; and (c) the axiom of
(Hermitian) symmetry (y, x) = (x, y)*; is calied a complex Hilbert space.

Let H be the set of complex-valued functions ¢ (1) defined in the interval
(a, b) such that

f [ ())2dt < 00 . (7.1.4)

Furthermore, let us define the inner product by the bilinear form (1.6.1):

@.¥) = ] SOV ()d1 . (7.1.5)

Then, H is a complex Hilbert space and is denoted asL;(a, b) (or £;). The norm
fi¢ll as defined by Equation (1.6.2):

/2
ol = ( f w)z’dr) (7.1.6)

is called the norm that generates the natural metric

d@.¥)=l¢—v¥ll=(@—v.¢~¥)2. 717

The Schwarz and Minkowskii inequalities as given by Equations (1.6.3) and
(1.6.4) are

e, ¥ < il v, (7.1.8)

¢+ vl <ol +1vll. (7.1.9)
Also recall the definition of an £,-kernel as given by Equations (1.2.2) through
(1.2.4).

Another concept that is fundamental in the theory of Hilbert spaces is the
concept of completeness. A metric space is called complete if every Cauchy
sequence of functions in this space is a convergent sequence. If a metric space
is not complete, then there is a simple way to add elements to this space to make
it complete. A Hilbert space is an inner-product linear space that is complete in
its natural metric. The completeness of L;-spaces plays an important role in the
theory of linear operators such as the Fredholm operator K,

Ko =/K(s. G(1)de . (7.1.10)

The operator adjoint to K is

Ky = fl('(r,s)w(r)dt. (.1.11)
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The operators (7.1.10) and (7.1.11) are connected by the interesting relationship -

(K¢, ¥) = (6. K"¥), , (7.1.12)

which is proved as follows.

(Ko, ¥) = f ¥ (s) [/ K(s.tw(t)d:] ds ‘ “

/c»(r)[/x(s O (s)ds | de

Js
= [+ [ [ k.o (')dl]ds
J

/¢(S)[ K ¢.s)yyder| ds
= (¢t K W) .

For a symmetric kernel, this result becomes

(Ko v) = (6. Ky), (1.1.13)

that is, a symmetric operator is self-adjoint. Naote that permutation of {actorsina
scalar product is equivalent to taking the complex conjugate; that is, (¢, K¢) =
(K¢, ¢)*. Combing this with Equation (7.1.13), we find that, for a symmetric -
kernel, the inner product (K ¢, $) is always real; the converse is also true and
forms Exercise 1 at the end of this chapter.

8 demugm

i M—— e . —.. . &

An orthonormal system of functions

Systems of asthogonal functions play an important role in the theory of intcg!ﬂ 1
equations and their applications. A finite or an infinite set {#»} is said 10 be an
orthogonal set if (¢, ¢;) = 0, i # j. If none of the elements of this set is azewo 1
vector, then it is said to be a proper orthogonal set. A set is orthonormal if !
0, i#j, 1
1, i=]. i j
The functions ¢ for which |[¢]] = 1 are said to be normalized. !
Given a finite or an infinite (denumerable) independent set of functions ;
(V1. ¥, ..., i, ... }, we can construct an orthonormal set {¢y, ¢2, ... . &4, .-}
by the well-known Gram—Schmidt procedure as follows. '
Let ¢, = ¥ /ll¥1ll. To obtain ¢, we define

|
1
wy(s) = PY2(s) — (V2. 1) « ‘ ' 3
1
|

@i, ;) =
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The function w; is clearly orthogonal to ¢y; thus, ¢, is obtained by setting
¢ = wa/Jlwz2|l. Continuing this process, we have

k-1
we(s) = Ya(s) = ) (Wi 806, b = wn/llwill.
i=]
We have, thereby, obtained an equally numerous set of orthonormal functions.
In case we are given a set of orthogonal functions, we can convert it into an
orthonormal set simply by dividing each function by its norm.

Starting from an arbitrary orthonormal system, it is possible to construct
the theory of Fourier series, analogous to the theory of trigonometric series.
Suppose we want to find the best approximation of an arbitrary function ¥ (x)
in terms of a linear combination of an orthonormal set (¢, #2,...,¢,). By
the best approximation, we mean that we choose the coefficients a;, as, ..., a,
such as to minimize f|y — Y I, ai¢:ll, or, what is equivalent, to minimize
v - Y., adill®.

Now, for any ay, ..., a,, we have

” 2 n L)

’vf -3 a.-¢,-l =P+ )10 0) —ail’ = Y Hw. 90 . (7.1.14)
=1 iex) i=1

It is obvious that the minimum is achieved by choosing a; = (¥, ¢;) = a; (say).

The numbers a; are called the Fourier coefficients of the function ¥ (s) relative

to the orthonormal system (¢; }. In that case, the relation (7.1.14) reduces to

L) 2 "
”wﬁ - Zam.l = flvii* - Z la:f? . (7.1.15)

im1 i=1
Because the left side is nonnegative, we have

3 la < i, (7.1.16)

iml
which, for the infinite set {¢;}, leads to the Bessel inequality

o0
3 lail? < h it (7.1.17)

i=1
Suppose we are given an infinite orthonormal system (¢;(s)} in £,, and
a sequence of constants {a;}; then the convergence of the series Y 32 |af} is
evidently a necessary condition for the existence of an £y-function f(s) whose
Fourier coefficients with respect to the system ¢; are a;. It so happens that
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this condition is also sufficient and the result is embodied in the Riesz-Fischer
theorem, which we state as follows without proof.

Riesz~Fischer Theorem. If {¢;(s))} is a given orthonormal system of functions
in L3 and {a;) is a given sequence of complex numbers such that the series
Y i1 laf| converges, then there exists a unique function f(s) for which a; are
the Fourier coefficients with respect 10 the orthonormal system {¢;} and to which
the Fourier series comverges in the mean, that is,

L]
ﬂf(s)—Zam,»H-—»O as n— 00.
i=]

If an orthonormal system of functions ¢; can be found in £;-space such
that every other element of this space can be represented linearly in terms of this
system, then it is called an orthonormal basis. The concepts of an orthonormal
basis and a complete system of orthonormal functions are equivalent. Indeed,
if any of the following criteria are met, the orthonormal set {¢;, ..., ¢4, ...} is
complete.

(a) For every function ¥ in £;,
V=Y (.86 =) aidi. (7.1.18)

() For every function ¥ in L,

iz =Y 1. e . (1.1.19)

i=1
This is called Parseval’s identity.

(c) The only function ¥ in £ for which all the Fourier coefficients vanish
is the trivial function (zero function).

(d) There exists no function ¥ in £; such that (Y, ¢, ... ¢, ...} isan
orthonormal set.

The equivalence of these different criteria can be easily proved.

One frequently encounters Fourier series of somewhat more general char-
acter. Let 7(¢) be a continuous, real, and nonnegative function in the interval
(@, b). We say that the set of functions (@i} is orthonormal with weight r(¢) if

j#k,

o,
]r(t):#;(r)c#.(t)dt = l 1 ik (1.1.20)
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The Fourier expansions in terms of such functions are treated by introducing a
new inner product

(¢.¥)= fr(r)nﬁ(t)w‘(r)dr (7.1.21)

with the corresponding norm

172
hell, = [ f r(t)¢(l)¢‘(r)dt] ) (7.1.22)

The space of functions for which ||¢|l, < oo isa Hilbert space and all the preced-
ing results hold. Some examples of the complete orthogonal and orthonormal
systems are listed in the following.

(3) The system ¢ (s) = (21r)~"/2¢i*s is orthonormal, where k is any integer
~00 < k < 00.
(b) The Legendre polynomials
1 d*(st-1)
2*n! ds" !
are orthogonal in the interval (—1, 1). Indeed,

Py(s)y =1, Pp(s) =

/‘P VPe(s)d [0' itk
OB =1 ey, =k

(c) Let oy , denote the positive zesos of the Bessel function J,(s), k = 1,2, ...;

n > =1, The system of functions J,(ay »$) is orthogonal with weight 7(s) = s
in the interval (0, 1):

(71.23)

o, J#k,

)
fo $Tn(@j ) n(apnS)ds = [ P

(7.1.29)

A Complete two-dimensional orthonormal set over the
rectanglea < s<begtgd

Let {¢i(s)]} be a complete orthonormal set over 2 < s < b, and let [y (1)}
be a complete orthonormal set over ¢ € ¢t £ d. Then, we claim that the
set @y (s)¥ (1), S (s)¥2(2), ..., P2(5)¥1 (1), ... is a complete two-dimensional
orthonormal set over the rectanglea <s < b,c <t < d.

The fact that the sequence of two-dimensional functions {¢;(s)¥, (1)} is an
orthonormal set follows readily by integrating over the rectangle. The complete-
ness is proved by showing that every continuous function F (s, f) with finite norm
IF )}, whose Fourier coefficients with respect to the set {¢; (s)¥; (¢)} are all zero
vanishes identically over the rectangle.



152 7. Symmetric Kernels

For detatls on the results and ideas of 1his entire section, the reader is referred
to [6].f64).

7.2. Fundamental Properties of Eigenvalues and
Eigenfunctions for Symmetric Kernels

We have discussed the eigenvalues and eigenfunctions for integral equations in
the previous chaptets. In Chapters 2 and 4, we found that the eigenvalues of an
integral equatior are the zeros of certain determinants. It may happen that no
such zeros exist, sa that the kernel has no cigenvalues. There are many kemels
for which there are no eigenvalues. Consider, for example, the homogeneous
equation (cf. Exercise 3, Chapter 2)

2] 2
gls) = k/ (sinscost)g(r)dt = A(sins)/ g(t)costdr . (7.2.1)
(i o

Its solution must clearly be of the form g(s) = Asins. Substituling this in
Equation (7.2.1) yieids

20
Asins = ).(sins)f A(sinfcost)dr =0 .
[

Thus, the kernel K{s,!) = sinscost (0 € s € 27,0 € ¢ € 2r) has no
eigenvalues. For a symmetric kernel that is nonnull (i.c., that is not identically
zero), the preceding phenomenon cannot occur. Indeed, a symmetric kernel
possesses at least one eigenvalue. The proof is briefly discussed in Section 7.8,

An eigenvalue is simple if there is only one corresponding eigenfunction,
otherwise the eigenvalues are degenerate. The spectrum of the kernel K is the
set of all its eigenvalues. In this terminology, the preceding assumption states
that the spectrum of a symmetric kernel is never empty.

The following are some imporstant properties of the symmetric integral equa-
tions

lfK(s.t)g(t)dl =f(s), or AKg=f: K(s,t) = K*(1,5).
(7.22)
1. The eigenvalues of a symmetric kernel are real. Let A and ¢(s) be an
eigenvalue and a corresponding eigenfunction of the kernel K (s, t). This means

#(5) — AK(s) =0 (123)
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Multiply Equation (7.2.3) by ¢*(s) and integrate with respect to s from a to b
and derive the relation

eGP — (Ko, ) =0
or
A= llo)F/(Ke. 9) - (7.24)

Because both the numerator and denominator are real, we have the required
result.

2. The cigenfunctions of a symmetric kernel, corresponding to different
eigenvalues, are orthogonal. If ¢ and ¢, are eigenfunctions corresponding,
respectively, to the eigenvalues A; and A, we have

¢l'—).1K¢1=0. %—lzK@:O (7.25)
Since A is real, the second equation in (5) may be written as ¢3 — A2 K*¢; = 0.
Then, by suitable multiplication and integration it follows that

Az [/ /d’;(s)K(s. ¢ (Ddt ds

-[/ ¢1(S)K'(S,l)¢{(t)d'ds]=(/\z—ln)(4>|-¢z)- (.26)

But K(s,1) = K*(1,s), and the left side vanishes identically, and because
Ay # A, the right side becomes (¢, ¢;) = 0.

3. The multiplicity of any nonzero eigenvalue is finite for every symmetric
kernel for which ff {K (s, 1)|%ds dt is finite. Letthe functions ¢12(s), #21.(s), - - -,
@nsr(s) . .. bethelinearly independent eigenfunctions that correspond to a nonzero
eigenvalue A, By the Gram—Schmidt procedure, we can find linear combinations
of these functions that form an orthonormal system {uy, J. Then, the correspond-
ing complex conjugate system {u}, } also forms an orthonormal system. Let

K(s,t) ~ Z“i“,“)(‘)-
i

ai = /K(s,:)uu(:)m = A" ui(s)

be the series associated with the kernel K (s, ¢) for a fixed s. Applying Bessel's
inequality to this series, we have

[k oz Fa-uaor,
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which, when integrated with respect to s, yields
f/ IK@s.0Pdsde > ) (7). (27
]

The right side of Equation (7.2.7) is m(x~1)2, where m is the multiplicity of A.
Because the left side is finite, it follows that m is finite.

4. The sequence of eigenfunctions of a symmetric kernel can be made
orthonormal. Suppose that, corresponding to a certain eigenvalue, there are m
linearly independent eigenfunctions. In view of the linearity of the integral oper-
ator, every linear combination of these functions is also an eigenfunction. Thus,
by the Gram-Schmidt procedure, we can get equally numerous eigenfunctions
which are orthonormal.

On the other hand, for different eigenvalues, the corresponding eigenfunc-
tions are orthogonal and can be readily normalized. Combining these two facts,
we have the required proof.

5. The eigenvalues of a symmetric £,-kernel form a finite or an infinite
sequence {A,} with no finite limit point. If we include cach eigenvalue in the
sequence a number of times equal to its multiplicity, then

00
pIe LR / f IK (s, 0)1*ds de . (7.2.8)
n=]

Let {us(s)} be the orthonormal eigenfunctions corresponding to different
(nonzero) eigenvalues A;. Then, proceeding as in the proof of Property 4 and
applying the Bessel inequality, we have

Z(Ai_l)z < f IK(s, 0)Pdsdt < oo .

Hence, if there exists an enumerable infinity of A;, then we must have
Yo A1 < oo, It follows that lim(1/4;) —» 0 and oo is the only limit
point of the eigenvalues.

6. The set of eigenvalues of the second iterated kernel coincide wilh the set
of squares of the eigenvalues of the given kernel.

Note that the symmeltry of the kernel shall not be assumed to prove this
result.

Let A be an eigenvalue of K with corresponding eigenfunction $(s), that
is (1 — AK)¢ = 0, where / is the identity operator. When we operate on both
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sides of this equation with the operator (/ + AK), we obtain (/ — A2K2)¢ = 0
or

$(s) - A2 f Kats, D)t =0, (729)

which proves that Alisan cigenvalue of the kernel K, (s, 1).
Conversely, let u = A2 be an eigenvalue of the kemnel K;(s, ¢), with d(s)
as the corresponding eigenfunction. Then, (/ — A2K?)¢ = O or

(I -AK)YI+AK)p =0. (7.2.10)

If A is an eigenvalue of K, then the preceding property is proved. If not, let us set
(I +AK)¢ = ¢'(s) in Equation(7.2.10) and obtain ( — AK)¢’(s) = 0. Because
we have assumed that A is not an eigenvalue of X, it follows that ¢’(s) = 0, or
equivalently (1 +AK)¢ = 0. Thus, —1 is an eigenvalue of the kemnel K and the
proof is complete.

We can extend the preceding result to the nth iterate. The set of eigenvalues
of the kernel K, (s, t) coincides with the set of nth powers of the eigenvalues of
the kerne! K (s, ?).

7. 1£ A, is the smallest eigenvalue of the kernel K, then
1/1h1§ = max[((K ¢, &)1/lll]
= max [I/ K(s,De()¢*(s)dtds

/||¢Il]
(7.2.11)

or equivalently,

1/1x| = max (K¢, o), el =1. (7.2.12)

This maximum value is attained when ¢ (s) is an eigenfunction of the symmetric
Ly-kernel cotresponding to the smallest eigenvalue. For proof, see Section 7.8.

7.3. Expansion in Eigenfunctions and Biflinear Form

We now discuss the results concerning the expansion of a symmetric kemnel
and of functions represented in a certain sense by the kernel, in terms of its
eigenfunctions and the eigenvalues. Recall that we meet a similar situation
when we deal with a Hermitian matrix. For instance, if A is a Hermitian matrix,
then there is a unitary matrix U such that U~'A U is diagonal. This means that,
by transforming to an orthonormal basis of the vector space consisting of the
eigenfunctions of A, the matrix representing the operator A becomes diagonal.
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Let K(s,t) be a nonnull symmetric kernel that has a finite or an infinite
number of cigenivalues (always real and nonzero). We order them in the sequence

AaA2e oo Rnenns (73.1)

in such a way that cach cigenvalue is repeated as many times as its multiplicity.
We further agree to denumerate these eigenvalues in the order that cortesponds
to their absalute values, that is,

VR PRI PP SRR QP T S ) ST I TR
Let
G1(5), P2(5)s ..., DalS) . .. (732
be the sequence of eigenfunctions corresponding to the eigenvalues given by the
sequence (7.3.1) and arranged in such a way that they are no longer repeated and
are linearly independent in each group corresponding to the same eigenvalue.
Thus, to each eigenvalue A, in (7.3.1) there corresponds just one eigenfunction

@ (s) in (7.3.2). According to Property 4 of the previous section, we assume
that they have been orthonormalized.

Now, we have assumed that a symmetric La-kernel has at least one eigen-

value, say, A;. Then ¢,(s) is the corresponding eigenfunction. It follows that
the “truncated” symmetric kernel

KP(s,0) = K(s.0) — [¢1()$] 1)/ A1)

is nonnull and it will also have at least one eigenvalue A; (we choose the smallest
if there are more) with correspoading normalized eigenfunction ¢;(s). The
function ¢;(s) # $2(s) even if X; = X, because

]Kmmnmmm=fxuﬁmmm

~ @f«b(l)ﬂ(f)d!
1

28 4
A Ay '
Similarly, the third truncated kernel

K(S)(S, )= K(Z)(S‘ 1) - d’Z(sid’z‘(')
2
2 Py
- Ky - 3 BOHO

kel *a
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gives the third eigenvalue X3 and eigenfunction ¢3(s). Continuing in this way,
we end up with two possibilities: either this process terminates after n steps,
that is, K"V (5, 1) = 0, and the kemel X (s, #) is 2 degencrate kernel,

K, t) = Z AQUA0] , (7.33)

k=1 A

of the process can be continued indefinitely and there are an infinite number of
cigenvalues and eigenfunctions.

Note that we have denoted the least eigenvalue and the corresponding eigen-
function of K™ (s, 1) as A, and ¢,, which are the nth eigenvalue and the nth
eigenfunction in the sequences (7.3.1) and (7.3.2). This is justified by Theorem
2 in the following.

We examine in the next section whether the bilinear form (7.3.3) is valid
for the case when the kernel K (s, ) has infinite eigenvalues and cigenfunctions.
The following two theorems, however, follow readily.

Theorem 1. Let the sequence (¢ (s)} be all the eigenfunctions of a symmetric
La-kernel K (s, 1), with {1+ } as the corresponding eigenvalues. Then, the series

ROl
2 AZ
converges and its sum is bounded by C3}, which is an upper bound of the integral

/ (K (s, 0)]3dt .

Proof. This result is an immediate consequence of Bessel’s inequality. Indeed,
the Fourier coefficients a, of the function K (s, t), with fixed s, with respect to
the orthonormal system {7 (s)} are

Gy = f K(s.0)pa(t)dt = ¢u(s)/ 2 .

Thus, applying Bessel’s inequality, we have

00 2
3 ';"LS)—' < f K (s, 0Pdt € C?. @

na=l
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Theorem 2. Let the sequence $,(s) be the eigenfunctions of a sy ic ketne|
K(s, 1), with {\,) as the cor ding eig l Then, the truncated kerne|

T Om(S)PL (1)

(n+1) - _ ” 73,
K™, 1) = K(s,0) ; _ (735)
has the eigenvalues Aqyy, Anyas - - ., to which correspond the eigenfunctions
ns1(5), Bn42(5). . ... Thekernel K"*")(s, 1) has no other eigenvalues or eigen.

functions.

Proof. (a) Observe that the integral equation

B(s) — 1 / K™ (s, np(0)dt =0 (136)
is equivalent to
¢(s)—A/K(s Nede +Ai¢"'(’)(¢ b)) =0. (237
: e ;

m=1
If, on the left side of this equation we set A = A; and ¢(5) = @;(s) j 2 n +1],
then, in view of the orthogonality condition, we have

Bj(5) = A f K (s, 0)¢;(dt =0 (138

This means that ¢; and A; for j 2 n 4 1 are the cigenfunctions and eigenvalues
of the kernel K ®"+1)(s, 1).

(b) Let X and ¢(s) be an eigenvalue and cigenfunction of the kernel
K®+V(s, ¢) so that

$m(s)
Am

$(s) - AKS() +1 Y @.9a) =0. (139)

m=1
Taking the scalar product of Equation (7.3.9) with ¢;(5), j < n, we obtain
(6. 4)) ~MKd.¢) + (/2)(®.¢;)) =0, (7.3.10)
where we have used the orthonormality of the ¢;. But (K¢, ¢;) = (¢. K¢;} =
3;'(4.9;). Hence, (7.3.10) becomes
@.0)+ A/ 8) — (9. 9))) = (4.9;)=0. (73.11)

Thereby, the last term in the left side of Equation (7.3.9) vanishes and we are
left with

¢(s) ~ lf K(s,.0)¢()dt =0, (13.12)
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which means that A and ¢(s) arc the eigenvalue and eigenfunction of the kernel
K(s.1) and that ¢ # @;, j < a. Indeed, ¢ is orthogonal to all ¢;, j < n,
and @(s) and A are necessarily contained in the sequences {¢;(s)} and {};],
k = n + 1, respectively.

In light of the two preceding theorems, we can easily conclude that, if the
symmetric kernet K hasonly a finite number of eigenvalues, then it is degencrate.
The proof follows by observing that K"+1(s, ¢) then has no eigenvalues and
hence it must be null. Therefore,

K=y 2a0 0

m=1

In Chapter 2, we found that every degenerate kernel has only a finite number
of eigenvalues. Combining thesc two results, we have the following theorem.

Theorem 3. A necessary and sufficient condition for a symmetric Ly-kernel to
be degenerate is that it have a finite number of eigenvalues.

7.4. Hilbert-Schmidt Theorem and Some
Immediate Consequences

The pivotal result in the theory of symmetric integral equations is embodied in
the following theorem.

Theorem L. Hilbert-Schmidt Theorem. If f(s) can be written in the form
fs)= f K(s, O)h(t)de , (7.4.1)
where K (s, t) is a symmetric Ly-kernel and h(1) is an Cy-function, then f(s)

can be expanded in ar absolutely and uniformly convergens Fourier series with
respect to the orthonormal system of eigenfunctions (7.3.2) of the kernel X :

[6Y=)_futals).  fa=(f.00).

The Fourier coefficients of the function f(s) are related to the Fourier coefficients
ha of the funciton h(s) by the relations

o =hafda, h, = (h. ¢). (742)
where A, are the eigenvalues (7.3.1) of the kernel K.
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Proof. The Fourier cocfficients of the function f(s) with respect to the or-
thonormal system {¢a(s)} are

o =(f,90) = (Kh,$n) = (h, Kén) = A7 (h, ¢,) = A7 h,,

where we have used the self-adjoint property of the operator as well as the
relation A, K ¢, = ¢,. Thus, the Fourier series for f(s) is

fis)~ zfmn(S) 2-——%(:) (14.3)

The remainder term for this series can be estimated as follows:

Z he 4’*(5) Z A2 Z: |4’::(S)|z

k=n+1 k=n+) k=n+1
n+p
2 i (s)
<Y R Z e (1.4.9)
k=n41 k=1 k

From the relation (7.3.4), we find that the preceding series is bounded. Also,
because h(s) is an £y-function, the series ¥ 5o, h,z‘ is convergent and the partial
sum Y ;17 | h? can be made arbitrarily small. Therefore, the series (7.4.3)
converges absolutely and uniformly.

It remains to be shown that the series (7.4.3) converges to f(s) in the mean.
To this end, let us denote its partial sum as

B
Yals) = 3 T 0mls) (14.5)

m=1

and estimate the value of || f (s) — ¥, (s)]|. Now,

() = ¥als) = Kh — Z )

u—l

=Kh - Z (h:\"")cp,,,(s) =KV, (14.6)

m=1

where K"+D s the truncated kemel as defined the previous section. From
Equation (7.4.6), we obtain

NF(5) = Ya(? = IK"DR|2 = (K®* DR, K*+Dh)

= (h, K"V K@+Dpy = (h, K;!H-l)h) . (24.7)

where we have used the self-adjointness of the kernel K +!) and also the relation
KtDg@) = gPD e we use Property 6 of Section 7.2 and Theorem 2

A
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of Section 7.3, we find that the least eigenvalue of the kernel K{"“) is equal to
A2, ,. Furthermore, according to Property 7 of Section 7.2, we have

1/A2,, = max[(h, K" Vh)/(h, )], (7.4.8)

where we have omitted the modulus sign from the scalar product (4, Ké"“)h),
as it is a positive quantity. Combining Equations (7.4.7) and (7.4.8), we have

1f(s) = Ynl? = (h, KVR) < (b B/A2,,

Since A,,; — 00, we find that || f(s) — ¥,(s)lf = Oasn — oo.
Finally, we use the relation

W —vl<If=dall +1l¥n— v, (74.9)

where ¥ is the limit of the series with partial sum ¥,, to prove that f = y.
The first term on the right side of (7.4.9) tends to zero, as previously proved. To
prove that the second term also tends to zero, we observe that, since the series
(7.4.3) converges uniformly, we have, for an arbitrarily small and positive ¢,

1Wa(s) — ¥ (s)| < &,

when n is sufficiently large. Hence, [¥a(s) — ¢ (sHl < e(b — a)'/? and the
result follows. ]

Remark. Note that we assumed neither the convergence of the Fourier series
for h(s) nor the completeness of the orthonormal system. We have merely used
the fact that h is an £,-function.

An immediate consequence of the Hilbert—-Schmidt thcorem is the bilinear
form of type (7.3.3). Indeed, by definition,

Ku(s, t) = fK(s.x)K._\(x.l)dx. m=23,..., (7.4.10)

which is of the form (7.4.1) with A(s) = Km_-1(s,1); ¢ fixed. The Fourier
coefficient a, (t) of K . (s, ¢) with respect to the system of eigenfunctions (¢ (s)}
of K(s.t)is

ay(t) = / Kuls, );(s)ds = A5 (1) .

It follows from the preceding theorem that all the iterated kernels K., (s, 1),
m 2 2, (for the case m = 1, see Exercise 10) of a symmetric £-kemel can be
represented by the absolutely and uniformly convergent series

Kn(s,0) = Y _ A ()05 (0) . (7.4.11)

k=)
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By setting s = ¢ in Equation (7.4.11) and integrating from a to b, we obtain
o0
ZA;"‘ = /Km(s'j)dj =An, (7.4.12)
k=

where A,, is the trace of the iterated kernel K.
Next, we apply the Riesz—Fischer theorem and find from Equation (7.4.12)
with m = 2 that the series
i dr(s)gg (D) (1.4.13)
k=1 A
converges in the mean to a symmetric L£;-kernel K (s, ¢), which, considered as
a Fredholm kernel, has precisely the sequence of numbers {A;} as eigenvalues.

Definite kernels and Mercer’s theorem

A symmetric £;-kernel K is said to be nonnegative-definite if (K¢,¢) 2 0
for every L,-function ¢; furthermore, K is positive-definite if, in addition,
(K¢, 9) = 0 implies ¢ is null. The definitions of nonpositive-definite and
negative-definite symmetric kernels follow in an obvious manner. A symmetric
kernel that does not fall into any of these four categories is called indefinite.

The following theorem is an immediate consequence of the Hilbert-Schmidt
theorem.

Theorem 2. A nonnull, symmetric Ly-kernel K is nonnegative if and only if all its
eigenvalues are positive; it is positive-definite if and only if the above condition
is satisfied and, in addition, some (and therefore every) full orthonormal system
of eigenfunctions of K is complete.

Proof. (a) From the Hilbert—-Schmidt theorem, we have

fO=K¢=)" (i’;—""l¢,(s) . (7.4.14)

The result of taking the inner product of Equation (7.4.14) with ¢ is

00 2
Ko, ¢) = Z '-Q'I"’L)'— . (7.4.15)
n=l Lol

Hence, if ali A, > 0, we have (K¢, ¢) > O for all ¢. In addition, if any A, is
negative, then (K ¢y, ¢2) = A;' < 0. Thereby, the first part of the theorem is
proved.
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(b) Let K be nonnegative-definite. From Equation (7.4.15), it follows that
(K¢, ¢) = 0if and only if (¢, ¢,) = 0 for all n. Therefore, K will be positive-
definite if and only if the vanishing of (¢, ¢,) for all n implies ¢ = 0. Using the
ctiterion (d) for the completeness of an orthonormal system as given in Section
7.1, we find that the second part of the the theorem is thereby proved. W]

The preceding theorem remains valid if the words positive and negative are
interchanged. Thus, a definite kernel has a complete set of eigenfunctions.

Finally, we state without proof the following result, which gives the precise
conditions for the bilinear form (7.3.3) to be extended to an infinite series.

Theorem 3. Mercer’s Theorem. If a nonnull, symmetric Lo-kernel K (s, t) is
quasi-definite (i.e., when all but a finite number of eigenvalues are of one sign)
and continuous, then the series

&
Y oA (74.16)
a=l
is convergent and
R XOrH0)
K(s,1) = .2; = (7417

the series being uniformly and absolutely convergent.

Note that the continuity of the kemel is an absolutely essential condition for
the theorem to be true.

Complete symmetric kernel

There is a very intetesting connection between the completeness of the system of
cigenfunctions of a kerne! and a certain orthogonal property of the kernel itself.
Indeed, for a symmetric kernel with infinitely many eigenvalues, the relations

b
f K(s,)y()de =0, a<s<b, (7.4.18)

and .
/ ¢y (t)dt =0, Jj=12,..., (7.4.19)

are equjvalent, Here y(¢) is an L»-function and {¢;} is the system of eigenfunc-
tions of the kernel X (s, r) which we take to be real for simplicity.
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o
Proof. (i) Suppose that Equation (7.4.18) holds. Then its multiplication by ¢;(s) /
and integration from a to b yields /

b b b 5
/ ¢,—(s)dsf K(s,l)y/z(t)dl=f w(l)dtf K(t, s)¢pj(s)ds

&
=27 f $i(s)W(s)ds =0,

which means that Equation (7.4.19) holds.

(ii) Now assume that (7.4.19) is satisfied for all the eigenfunctions of K (s, 1)
and consider the truncated kernel
a-1
K™, =K, =Y 27 ¢ .

=1

In view of relation (7.4.19) we have
b b
/ K(s.)¥(t)dt = f K™ (s, )y (t)de .
Therefore,

b
f K(S.l)!ll(f)dln = 1K™l < IKD) vl

But | K™} — 0asn — 00. This implies that

b
/ K(s,r)up(r)dtﬂ =0,

and relation (7.4.18) is satisfied. Q

Definition. A symmetric kernel is called complete if relation (7.4.18) with ¥ (1)
as an L;-function implies that ¥ (¢) = 0. It is also called closed.

Recall that if (7.4.19) holds, then the orthonormal system {¢; } is complete.
Combining these results we have the following theorem.

Theorem 4. A symmetric kernel K is complete if and only if the system of its
eigenfunctions is complete.

Remarks. 1. From this theorem and relation (7.4.18) we find that infinity is not
an eigenvalue of the kernel. Thus if infinity is not an eigenvalue of a symmetric
kernel, we have a complete set of eigenfunctions.
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In case infinity is an eigenvalue of the kernel, then the system is rendered
complete by adding to it the eigenfunctions of the eigenvalue infinity. This
situation is similar to the null space of a linear operator.

2. Theorem 2 concerning the completeness of eigenfunctions follows from
the preceding analysis because a definite kernel is always complete. Indeed, if

3
f K(s, )y (0de =0,

a

for a nonzero function ¥ (¢), then

b b
(Ky.y) = / / K(s,D¥(s)¥(t)dsdt =0,
a a

which contradicts the hypothesis of definiteness.

Combining Remarks 1 and 2, we find that the symmetric kernel is definite
if infinity is not an eigenvalue.

In Section 5.5 we converted the Sturm—Liouville problem into an integral
cquation. We now study it in the context of the present analysis.

Let the Sturm-Liouville differential operator be

d d
-4 {p(s)z;} +q) a<s<b, (7.4.20)

where p(s) and g(s) are continuous in the interva) [a, b] and in addition p(s)
has a continuous derivative in this interval. We discuss two kinds of equations,
that is,

Ly = f(s), a<s<b, (7.4.21)
and
Ly ~ir(s)y=0, a<s<b. (74.22)

The function r(s) is continuous and nonnegative in [a, b). Each of these equa-
tions is subject to the boundary conditions

a1y(a) +a2y'(@) =0, (7.4.23a)
Biy(b) + B2y'(b) = 0. (7.4.23b)

Let us assume that it is not possible to obtain a nonzero solution of the system
(7.4.22)and (7.4.23) for the case A = 0. This means that there is no eigenfunction
corresponding 10 the eigenvalue A = 0. Accordingly, we assume that a function
) satisfics the boundary condition (7.4.23a): a1¢,(a) + x20j(a) = 0, and
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another function ¢, satisfies the boundary conditions 812(b) + B,¢4(b) = 0.
This amounts to solving the following two initia) value problems.

L) =0, $1(a) = —az, ¢i(a) = a1, (7.4.24)

Lgd=0. ¢ab)=—pr. $b)=5. (7425
With the help of the two linearly independent solutions of the systems
(7.4.24) and (7.4.25) we write the solution of the inhomogeneous equation
(7.4.21) as
y(s) = Cy($)@1(s) + C2(s)(s) (7.4.26)
and use the method of variation of parameters. Accordingly, C(s) and C,(s)
are obtained from the relations

Ci(5)¢1(s) + C3(s)e2(s) =0, (7.4.272)
Ci()¢)(s) + Cy(s)#5(s) = f(s)/p(s) - (7.4.275)

We need one more relation for ¢, (s) and ¢ (s) to derive the solution of equation
(7.4.21). This follows from relation (5.5.12) to be

P, —014) =A. (14.28)

Because ¢; and ¢, can be determined up to a constant factor, we choose the
preceding expression to be

p($29; — h1opy) = ~1. (1.4.29)
From relations (7.4.27) and (7.4.29) we find that
Cis) = —-(5)f(s),  Ci) =i () f(s)

and therefore,
b
Ci(s) = f 626) f(E)E

Cats) = [ " o€ f&)dE

with convenient constants of integration. Substituting these values in Equation
{7.4.26) and using the notation of Section 5.5 we have

b
yGs) = / G(s; §) f(s)ds, (7.4.30)

where
i (E)2(s), E<s, (7.431)

G N = < ») =
WH =0l =) § e, E2s,
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which agrees with the analysis of Section 5.5. Recall that there we symmetrized

this kernel by sctting G(s. §) = G (s, 5)[r(x)]"z[r(y)]"2. For the proof of the
completeness of this kernel and the discussion of the case when A = 0 has a
non-zero eigenfunction, see Corduneanu {5].

7.5. Solution of a Symmetric Integral Equation

Let us use the Hilbert-Schmidt theorem to find an explicit solution of the in-
homogeneous Fredholm integral equation of the second kind

8= f(s) +1 f K (s, Dgltdt (1.5.1)

with a symmetric La-kemel. It is assumed that A is not an eigenvalue and
that all the cigenvalues and eigenfunctions of the kernel K (s, r) are known and
arranged as in (7.3.1) and (7.3.2), respectively. The first thing we observe is that

the function g(s) — f(s) has an integral representation of the form (7.4.1). As
such, we can use the Hilbert-Schmidt theorem and write

og
B = f(s) =) cuti(s), 152
k=1
where
Cr = f[s(s) - [())i(s)ds =z — fi (753
with
&= f () (s)ds fi= / f(s)}(s)ds . (7.5.4)

Furthermore, the relation (7.4.2) gives

€= Age/Ag . (7.5.5)
Because A is not an cigenvalue, from Equations (7.5.3) and (7.5.5) we have

a=0/C =i,  g=[u/Oe - M. (1.5.6)

Substituting the value of ¢, from Equation (7.5.6) into (7.5.2), we derive the

solution of the integral equation (7.5.1) in terms of an absolutely and uniformly
convergent serics:

g(s) = fy s~ _fi
=f®+rY v

T dls) asmn
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or
00
LAQIMO]
= —_— dt . 5.
8(s) f(s)+A?; oy fod (158
Thus, the resolvent kernel I' (s, 1; A) can be expressed by the series
00 -
de(s); (1)
F(s, ;1) = —_— 759
Gan=2 T7% (7-39)

from which it follows that, the singular points of the resolvent kernel I cor-
responding to a symmetric £,-kernel are simple poles and every pole is an
eigenvalue of the kernel.

The preceding discussion is based on the assumption that A is not an eigen-
value. If it is an eigenvalue, then it necessarily occurs in the sequence {1} and
perhaps is repeated several times. 1Let A = Ay = Am41 = <+ = Ane. For the
indices k, different from m, m + 1, ..., m’, the coefficients ¢; and g; in Equa-
tion (7.5.6) are well-defined. However, if & is equal 1o one of these numbers,
then f; = 0. This means that the integral equation (7.5.1) is soluble if and
only if the function f(s) is orthogonal to the eigenfunctions @p, Gms1.-- ., Ou.
When this condition is satisfied, the solution is given by formula (7.5.7), where
the coefficients with the indeterminate form 0/0 have to be taken as arbitrary
numbers.

Finally, we attempt to solve the Fredholm integral equation of the first kind

fGs) = f K (s, g(n)de, (7.5.10)

where the kernel K (s, ¢) is a symmetric £2-kernel. We again assume that the se-
quence of eigenvalues {A;} and corresponding eigenfunctions {¢y(s)] are known
and arranged as in Equations (7.3.1) and (7.3.2).

From relation (7.4.2), we have

Je = ge/ or =M. (7.5.11)

Because of the Riesz-Fischer theorem, there are only two possibilities: eithes
(a) the infinite series

i [} (15.12)

k=1
diverges and Equation (7.5.10) has no solution, or (b) the series (7.5.12) con-
verges and there is a unique £;-function g(s) which is the solution of Equation
(7.5.10). This solution can be evaluated by taking the limit in the mean

gs) = lim PR TP (1.5.13)
k=1

?
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7.6. Examples
Example 1. Solve the symmetric integral equation

1
g =(s+1+ f (st + s2eP)g(t)dr . (7.6.1)
-1

The eigenvaiues and eigenfunctions for this symmetric kernel can be found
by the method of Chapter 2 (see Example 4 in Section 2.2):

M= % $1(s) = (-;-\/6):.
(762)
Ay = 2 $2(s) = [(l/ﬁ) ﬁﬁ] s?
2= 3, = .
v, 1 2
=] G +2+1) i‘/é :d:=3J3.
- | (7.6.3)
f= / @+2a+1) (5./1—0) 4t = (8/15)V10.
-1
Thus,
_@3VE N1 (8/15)V10 (1 ) ) )
8(s) = G/2) -1 (ng)s+_(?/7)——l(§m s+ (s+1)
or
g(s) = (25/9)st + 65+ 1. (7.6.4)
Note that, in Equation (7.6.1), 4 = 1, which is not an eigenvalue.
Example 2. Solve the symmetric integral equation
1]
gs)=s+1+ % f (st + s%?)g(s)ds . (1.6.5)
-1

HeteA = A = %, so we shall have the indeterminate form 0/0 in one of the
coefficients. Fortunately, the function (s2 +- 1) is orthogonal to the eigenfunction
(% \/6) s, which corresponds to the eigeavalue % Following the procedure of
Section 7.5, we obtain

1
n=0. =] (ﬂ+1>(%~/m) = @SV, (166)
-1
Thus, the required solution is

3 _B/15)V10 (1 o

=2 SV 2 141
£(s) 3G =06 \2 lo)x +cs+s
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or
g(s)=532+CS+1y

where c is an arbitrary constant.
Example 3. Solve the symmetric integral equation
86) = £6) + 4 [ kWOgWHL .
If we write
f k(s)k(t)k(t)dt = ‘ f 110)4 dr] k(s),

we observe that
n=1/ f (k] dt
is an eigenvalue. The comresponding normalized eigenfunction is
112
$i(s) = k(s)/ ‘ f [ku)]’d:] .

The coefficient f) has the value

12
h= [ / [k(t)]zdt} f FOkde .

Thus, for A % iy, the solution is

g(s) = [Afi/ (1 = V)] (s) + f(s)

or

g(s) = (Ak(s) f [()k(s)ds / ll —A f [k(S)]’dSD + f(s).

On the other hand, if

A== l//[k(s)lzds,

(16.7)

(7.68)

(1.69)

(1.6.10)

(76.11)

(1.6.12)

then f(s) must be orthogonal to ¢, (s), and in that case the solution is

8(s) = f(s) + ck(s), ¢ an arbitary constant .

(1.6.13)

Example 4, Solve the symmetric Fredholm integral equation of the first kind

1
f K(s, Ng(0dt = f(s)
0

(1.6.14)
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where a
s(1-1),
K0 = o s<t, (76.19)
A=), s>y,
Recall that in Example 2 of Section 5.3 we proved that the boundary value
problem

dly
Es—,+ly=0. YO = y(1) =0 (7.6.16)

is equivalent 10 the homogeneous equation
1
gy =21 fo K(s.0gnde . (7617
The eigenvalues of system (7.6.16) are
M=rt =@, =0,
and the corresponding normalized eigenfunctions are

V2sinns, V2sin2ns, VZsin 3ns,

(76.18)
Therefore,
1
=2 / (sinkzt) f{)d1 ,
o (7.6.19)
and the integral equation (7.6.14) has a solution of class Lrifa
infinite series nd only if he
o0 Ll
Y=ty kD
k=1 k=1
converges.
Example S. Solve Poisson’s integral equation
—p?
£(0) = 1-p gla)da
2x Jo 1-2p{cos(? ~a)] + 57
0@ <2, O0<p i
Here, the symmetsic kemnel K (9, @) can be cxpanded to gy, (7~6.20)
K(@,a) = ((1 - p?)/2n){1 ~ 2p[cos(® ~ )] ,
oo L
= /20 +(1/m) 3_ o coslk(® ~ o)
k=t .

(62
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It is a matter of simple verification that, by using the expansion (7.6.21), one
2
gets J;” K3, e)da = 1,01

2
f K (9. @)2r) Vida = 2n)~V?
0

which means that A = 1, ¢y(s) = (27)~'/2. Similarly, using the formula

2
fK(ﬂ,a)msnada-_—p"c‘.’sna. n=123,...,
o sin sin

we have

Aoy =2y =p ¥ pu(s) = n "2 cosks ;
2 - (1.6.22)
Suls) = v~ Vsinks, k=1,23,....

We can now readily evaluate the coefficients f; in the series (7.5.12), and it
emerges that the integral equation has an £3-solution if and only if the infinite
series

where

2 2
a, = (1/:1)] f(®) cosndd?, b, = (l/:rr)[ f(®)sinnd 4o
¢ 0 (7.6.23)
converges.

7.7. Approximation of a General £;-Kernel (not Necessarily
Symmetric) by a Seperable Kernel

In Section 2.5, we approximated an analytic kemnel s(e* — 1) by a separable
kernel. In this section, we show that we can approximate every £,-kernel in
the mean by a separable kernel. The proof rests on the availablility of a two-
dimensional complete orthonormal set as discussed at the end of Section 7.1.

Let K(s, t) be an £;-kernel and let {¥;(s)} be an arbitrary, complete, or-
thonormal set over a < s € b. Then, the set {y; (s)w; (£)} is a complete
orthonormal set over the square @ < s,¢ € b. The Fourier expansion of the
kernel K (s, t) in this set is

Ks,0y=Y" KjwisW @), (.7.1)

ij=1
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where the K;; are the Fourier coefficients

K = f K(s, )W) (Dds dt . (1.7.2)

Parseval’s identity gives

00
/f IK(-‘~ ')lzds dt = Z |K"j|2 . (773)

fj=1
Now, if we define a separable kemnel k(s, ¢) as
ks, =Y Ky (),
ij=1

we find after a simple calculation that

00
f IK(s.0) —k(s, D dsde = Y IKil*. (7.7.4)

i f=n+1

But the sum in Equation (7.7.4) can be made as small as we desire by choosing a
sufficiently large n because the series (7.7.3) is convergent by hypothesis. This
proves our assertion.

7.8. The Operator Method in the Theory of Integral Equations

In this section, we show briefly how we can treat a Fredholm integral equation
from the standpoint of modern functional analysis. We have already analyzed the
properties of a function space in Section 7.1. We now note that the transformation
or operator K,

K¢ = f K(s,nNo(t)de, (7.8.1)
is linear inasmuch as
K1+ ¢2) =K1 + K¢y, K(ag) =aK¢ .

The operator K is called bounded if | K¢ll € Mgl for an Ly-kemel
K(s,1), an L;-function ¢, and a constant M. The norm | X || of K is defined as

IKH = Lub.(IKghlgh).

or
1K =LlubliKgll, lgll=1, (7.8.2)
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the two characterizations being equivalent. A transformation K is continuous L*d
in an Lz-space if, whenever {$,) is a sequence in the domain of K with limit i
¢, then K¢, = K¢. A transformation is continuous in the entire domain of K i
if it is continuous at every point therein. Fortunately, a linear transformation is
continuous if it is bounded and vice versa, and it is casy to show that the operator

K as defined previously is bounded. Indeed, by starting with the relation

¥ =Ko = f K(s, (0t ,
we have

2
e = f K(s.:)¢<z)d:‘ < [ K (s, O dt f 1o

or
W < 161 f K (s, 0)fdr .
Another integration yields

12
vl = iKel < ligll [/flK(s,:)Fd:dt] ,

which implies that

172
IIKKU |K(s.:)|zdsdt] , (183)

as desired.

A rather important concept in the theory of linear operators is the concept
of complete continuity. An operator is described as completely continuous if it
transforms any bounded set into a compact set (a set S of elements ¢ is called
compact if a subsequence having a limit can be extracted from a convergent
sequence of elements of S). Obviously, a completely continuous operator is
continuous (and hence bounded), but the converse is not true. Furthermore, any
bounded operator K whose range is finite-dimensional is completely continvous
because it transforms a bounded set in £,(a, b) into a bounded finite-dimensional
set which is necessarily compact. Many of the integral operators that arise in
applications are completely continuous. For instance, a separable kernel K (s.1),

Ks.0=) a0,

i=l

— cah i -
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where a;(s) and b; (¢) are Lz-functions is completely contiruous, as can be proved
as follows. Indeed, for each £,-function

Kg = f [Z a.-(s)b:(:)g(:)] dt =) cails),

i=] izt

that is, the range of X is a finite-dimensional subspace of £3(a, b). In addition,

IKgl = I): cai ) <Y lil ail

<Y tail / 1B (o) lg (et . (1.8.4)

i=1

Applying the Schwarz inequality in Equation (7.8.4), we have
Kgl < Mligll, (7.8.5)

where M = Y i, lla;ll IIb:]l. This means that K is a bounded operator with
finite-dimensional range and hence is completely continuous.

We can use this result to prove that an Lr-kemnel K (s, ) is completely
continuous. We need only the theorem that, if K can be approximated in norm
by a completely continuous operator, then A is completely continuous. If we
assume this theorem, then our contention is proved because an £;-kemnel can
always be approximated by separable kernels, as shown in the previous section.

Next, we prove the interesting result that the norms of X and of its adjoint
K* are equal. To this end, we appeal to the relation (7.1.12):

(Ko, ¥) = (8. K°Y), (7.8.6)
which holds for each pair of £;-functions @, ¥. Substituting y = K¢ and
applying the Schwarz inequality, we obtain

(Ko, Kd) = (¢, K*K¢) < 1)l 1K* Ko,

where we have used the fact that (K ¢, K @) is a nonnegative real number. Hence,

MK oI < KK*I Hol IK ol or IKel < IK*1 il -

This last incquality implies that K|l < {K°*|. The opposite inequality is
obtained by setting ¢ = K*y in Equation (7.8.6).

In Section 7.2, we stated the property that the reciprocal of the modulus
of the eigenvalue with the smallest modulus for a symmetric £;-kemel X is
equal to the maximum value of |(K ¢, ¢)( with {¢|l = 1. This property can be



176 7. Symmetric Kemels

proved as follows. Indeed, an upper bound for the reciprocal of the eigenivalues
is immediately avaifable because, for the eigenvalue problem AK¢ = ¢,

(Ko.9) = (/1)@ ¢) = /NN’
which implies
(1/A)1? = (Ko, 0) < IKoN lidl) < UK Ll . (187
From Equations (7.8.3) and (7.8.7), we derive an upper bound

1/2
/A € [ f / K(s, 0)%ds d:] . (7.8.8)

When the £,-kernel is also symmetric, we can use the following resuit from the
theory of operators: If X is a symmetric and completely continuous opetator, at
least one of the numbers || K} or ~|)K | is the reciprocal of an eigenvalue of X
and no other eigenvalue of K has smaller absolute value.

By recalling the definition of ||| and the fact that a symmetric £y-kemel
generates a completely continuous operator, we have proved Property 7 of Sec.
tion 7.2. In the process, we have aiso proved the existence of an eigenvalue.

Suppase we have found the first cigenvalue X, and corresponding eigen-
function ¢; in the sequences (7.3.1) and (7.3.2). To find the next cigenvalue 4,
and the corresponding eigenfunction ¢2, we shorten the kemel K by subtracting
the factor ¢,¢7 /Xy from it. Then, from Theorem 2 of Section 7.3, we find that
the kernel K = (K — (¢,¢])/1,] satisfies all the requirements of a symmetric
Ly-kernel. Following the preceding discussion, we find that at least one of the
numbers || K@} or =i K@ || is the reciprocal of k2. This process is continued
until aft the eigenvalues and eigenfunctions are derived. The only drawback in
this process is that, 1o find the (7 + 1)th eigenvalue, one has to find the first
eigenvalues. This situation is remedied by the so-calied maximum-minimum
principle, and this is not on our agenda. The reader is referred to Courant and
Hilbert {6} for this discussion.

7.9. Rayleigh-Ritz Method for Finding the Kirst Eigenvalue

Let us take a real, nonnegative, and symmetric £j-kernel K. We have found
that the smallest eigenvalue A; is characterized by the extremal (or variational)
principle

1/3y = max(K ¢, ¢), ¢l =1. (791
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The Rayleigh-Ritz method rests on selecting a special class of trial functions of
the form ¢ = 3 7_, @;¥i(s), where [¥;(x)} is a suitably chosen set of linearly
independent functions and {a;} are real numbers. The relation (7.9.1) implies
that, to obtain a close approximation for A}, we must maximize the function

(K¢, ¢) = (K [Za.-vf.-(s)] : me.-(s)) =) Kpwox, (192

i=] i=] ik

subject to

a z L)
“Z(a,w,)” =) amar=1, (7.9.3)

i=l ik=1
where

Kie = (K¥i, ) = (i, K¥a) 5 e =i, ) = (Y, ¥i), (7.94)

are known quantities. Thereby, we have transformed the extremal problem
(7.9.1) into an extremal problem in the advanced calculus of several variables
oy, ..., a,. We use the method of Lagrange multipliers and set

n
¢ = Z (K,-;,a;ak -0 C,"(!,'a‘) ' (795)
ik=1
where o is an undetermined coefficient. The extremal values of a; are determined
from the equations 3¢ /da; = 0;

n

L
Z K,,ak—aZc,-kak=0. i=1...,m. (7.9.6)
k=1 i=]
This linear and homogeneous system of equations in ay, ..., a, will have a
nontrivial solution if and only if the determinant
K||—UC“ K|1~O’C|2 Kl,,—-a'c],,
: =0. (7.9.7)
Knl —0Cq Kn? —0Cy2 ... Kmn = OCun
Also note that, by muttiplying Equation (7.9.6) by a; and summing on i, one
obtains 0 = (K¢, ¢).

The determinant (7.9.7), when expanded, yields an nth-degree polynomial
in o which can be shown to have n real, nonnegative, but not necessarily distinct,
roots. Let a; be the maximum of these roots. Then, from the previous discussion,
we infer that oy < 1/A;. This usually gives a good approximation to X;. When
we solve Equations (7.9.6) for the vector (a;, ..., a,) with o = o0y and evaluate
¢ = o], a;¥;, it emerges that ¢ is usually not a good approximation for ¢;.
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For the particular casc when the trial functions v; (x) are orthonormal in the
given interval, the computation is considerably simplified because then ¢;; = §;;.
The relations (7.9.6) and (7.9.7) take the simple forms

Z Koy —0a; =0, i=12,....n (7.9.8)
k=1
and
Kn~o Ky ... K
: =0, (1.99)
Km Kn2 Kan—o0

respectively. We illustrate this method by two examples.

Example 1. Find the first eigenvalue of the integral equation

1
g(s) — A[ K(s,t)g()dt =0, (7.9.10)
0
where '
K(s :)—{5’(2_')' sl (7.9.11)
Tl k-9, s>t, -

which can be shown to be a positive kernel. This integral equation can be proved
to be equivalent to a simple ordinary differential equation (see Example 2 in
Section 5.3. The exact value of the smallest eigenvalue is 4.115.)

To apply the Rayleigh-Ritz procedure, we take two trial functions:

Vals) = V2sinans, n=1,2, (79.12)
which are orthonormal in the interval (0, 1). Proceeding as above, we have
Kn=2/m*, Kp=Kn=-1/2xt, Kp=1/27%. (79.03)
The relation (7.9.9) gives for this special case
@Q/n) -0 -1/27% |
-1/2r?  (1/2n)-al|
The largest root of Equqation (7.9.14) is ¢ = 2.15/72. Thus, A ~ 712/2.15 =
4.59. By including more functions in the sequence (7.9.12), we can improve the
approximation progressively.

0. (1.9.19)

Example 2. Find an approximation for the smallest eigenvalue of the positive-
definite symmetric kernel

S, s<t,

K@, ) = l (1.9.15)

t, s>t,
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in the basic interval (0, 1).
To use the Rayleigh-Ritz method, we take two trial functions
i) =1, Ya(s) = (2s - 1), (7.9.16)

which are orthogonal but not orthonormal [they are Legendre poynomials Py(2s —
1), Pi(2s ~ 1)]. Thus,

C"=1. C|2=CZ|=0. sz=1/3, 79
Kn=13, Kn=Kn=1/12, Knp=130. %17

Substituting Equation (7.9.17) in (7.9.7) and evaluating the determinant, we have
a? ~ (13/30)0 + (1/80) = 0. The largest root is o1 = (1/60)[13 + (124)}?].
Thus, the smallest eigenvalue isA; = 1/0; ~ 2.4859, which compares favorably
with the exact value 2.4674.

Exercises

1. Show that, if (K¢, ¢) is real for all ¢, then K is a symmetric Fredholm
operator.

2. Determine the iterated kernels for the symmetric kernel

o0
K(s.t) = Z k~'sinknssinkme .
k=)

3. Show that the kernel K(5,1),0 < 5,7 < 1,
s(1=1), s<t

Ke.n= t(1—s), s>t

has the bilinear form

>, sinknssinkxt
Ks.n=2) T——u—.
X~ o

4. Use the result in Exercise 3 and show that

S. Consider the cigenvalue problem

1
86 = xf (1 ~Is — thg@)dr .
-1
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Differentiate under the integral sign to obtain the corresponding differnetial
equation and boundary conditions. Show that the kernel of this integral equation
is positive.

6.  Determine the eigenvalues and eigenfunctions of the symmetric kemet
K (s, t) = min(s, ¢) in the basic interval 0 € s, ¢t < 1.

7. Use the Hilbert-Schmidt theorem to solve the symmetric integral equations
as given in Examples 1 through 3 and 6 in Section 2.2.

8. Apply the Gram-Schmidt process to orthogonalize 1, s, 52, s? in the interval
—1 € s € 1. Use this result to find the eigenvalues and eigenfunctions of the
symmetric kernel K (s, 1) = 1 + st + s2e2 + s3>

9. Consider the kernel K (s, t) = log[1 — cos(s — )], 0 < s,t < 2n. Show
that (a) it is a symmetric £,-kernel; (b) the following holds:

K(s,t) = —=(log2) + 2log |1 — ei(s—r)l
o0

= —(log2) - 22

n=1

cosmscosnt i sinnssinns

'
n vy n

and (c) its eigenvalues are Ay = —1/(2nlog2), A, = —n/2n,n = 1,2,...,
with eigenfunctions ¢o(s) = C, Pa(s) = A cosns + B sinns, where A, B, and
C are constants.

10. Show that, under the hypothesis of Mercer’s theorem we have

o0

1
Z E =fK(s.s)ds=A,.

Thus, the formula (7.4.12) is valid form = 1.

11. By combining Sections 5.5 and 7.4, show that the eigenfunctions of any

self-adjoint differential system of the second order form a complete set.

12. Prove that, for a square-integrable function, the Fourier transform preserves

norms.




CHAPTER 8

Singular Integral Equations

8.1. The Abel Integral Equation

An integral equation is called singular if either the range of integration is infinite
or the kernel has singularities within the range of integration. Such equations
occur rather frequently in mathematical physics and possess very unusual prop-
erties. For instance, one of the simplest singular integral equations is the Abel
inlegral equation

f)= [‘[g(-')/(s — )", O<e<l, (8.1.1)
]

which arises in the following problem in mechanics. A material point moving
under the influence of gravity along a smooth curve in a vertical plane takes the
time f(s) 1o move from the vertical height s to a fixed point O on the curve. The
problem is to find the equation of that curve. Equation (8.1.1) with o = 1/2is
the integral-equation formulation of this problem.

The integral equation (8.1.1) is readily solved by multiplying both sides by
the factor ds/(u — 5)'* and integrating it with respect to s from 0 to u:

L o $
/‘ f(s)ds _ ]‘ ds /’ g(t)ds ) 81.2)
o =5y Jo w—5)"Jo (s-0

The double integration on the right side of Equation (8.1.2) is so written that
first it is to be integrated in the ¢ direction from 0 to s and then the resulting
single integral is to be integrated in the s direction from 0 to u. The region of
integration, therefore, is the triangle lying below the diagonal s = ¢. (See Figure
8.1.) We change the order of integration so that we first integrate froms =1 lo
s = u and afterwards in the ¢ direction from t = 0 to 1 = . Equation (8.1.2)
then becomes

L 4
/‘, Wi -[) g(t)dr[ P =l (8.1.3)

To evaluate the integral
“ ds
/, u—-s)No(s—n""'

18]
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(("RN]

N .

.0 v
FIGURE 8.1

one sets y = (u ~ 5)/(u — t), and obtains

o l
/ =50V =1)%s = f y* 1 - y) dy = n/sinan,
] 0

where we have used the value of the Eulerian beta function B(a,1 - &) =
7/ sinasr. Substituting this result in Equation (8.1.3), we have

sinax [“  f(s)ds _ f*
n [) (u —s)t-e _]:: gl

which, when differentiated with respect to u, and then changing u to ¢, gives the
required solution:

di
We cannot differentiate under the integral sign in the preceding formula

because that would create a divergent integral. But this can be remedied by first
integrating by parts:

H ]
g) = s'“:" d [ f f(s)(t—s)""ds] . (8.1.4)
0

o) = sinaw i [_ (t~s

)a ' 1 :
3 me+;Lu-nfuwﬁ

a

sinaxr d [ ¢~ 1 r o
=Sz [e-orroas).

Thereby, we have built up the power of (+ — s) inside the integral sign so that
we can now differentiate under the integral sign and get

sinam
b4

g(t) = [I(O)t"’" +f « —s)"“f’(s)ds] .
o
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The integral equation (8.1.1) is aspecial case of the singular integral equation
(see Sneddon {63])

Y M (0L 0 1
fe) = /[h(s) rO)F s ®.139)

where h(t) is a strictly monotonically increasing and differentiable function in
(a,b), and k’(r) 3 0 in this interval. To solve this, we consider the integral

S h'(u) f(u)du
. [h(s) = AW’
and substitute for f(x) from Equation (8.1.5). This gives

f‘ “ g(t)h' (u)dt du
a /. () — R(OI°[A(S) — h@u)~= "’

which, by change of the order of integration, becomes

f’mmf h'(u)du
, 8O | S ThOPTAG) — h@—

The inner integral is easily proved to be equal to the beta function B(a, 1 — a).
We have thus proved that

s 1 s

b (u) f(u)du - ’n / gydr,
o« [h(s) = h(w))}-* sinan J,

and by differentiating both sides of Equation (8.1.6), we obtain the solution

(8.1.6)

sinan d h (u)f(u)du
= . 8.1.
50 = 2L | G rar= @17
Similarly, the integral equation
b
fi) = g(0dt O<a<l1, (8.1.8)

ATTORYIO]
and a < s < b, with k(1) a monotonically increasing function, has the solution
sinaxr d [° W) f(u)du

n  dt ), [Au) - k@)

We close this section with the remark that a Fredholm integral equation with
a kernel of the type

2(t) = —

(8.1.9)

K(s,t) = H(s,t)/lt — s|®, O<a<l, (8.1.10)

where H(s,t) is a bounded function, can be transformed to a kemel that is
bounded. It is done by the method of iterated kernels. Indeed, it can be shown
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[54),[58].[65] that, if the singular kernel has the form as given by the relation
(8.1.10), then there always exists a positive integer pg, dependent on o, such that
for p > po, the iterated kernel K (s, t) is bounded. For this reason, the kernel
(10) is called weakly singular.

Note that, for this hypothesis, the condition @ < 1 is essential. For the
important case a = 1, the integral equation differs radically from the equations
considered in this section, Moreaver, we need the notion of the Cauchy principal
value for this case. But, before considering the case @ = 1, let us give some
examples for the case @ < 1.

8.2. Examples
Example 1. Solve the integral equation

! gWdi
5= j; m . (8.2.1)

Comparing this with integral equation (8.1.1), we find that f(s) = 5,a =
1/2. Substituting these values in (8.1.4), there results the solution:

1d ! s
g(t) = —;[j; -——(’__s)mds]

xd
= % % [—- ; (s+20)(t - s)‘”];
SR
Example 2. Solve the integral equation
fGs) = .’@%, 0<a<s<bgnm. (8.2.3)

Comparing Equations (8.1.5) and (8.2.3), we see that a = 1/2, and k(1) =
1 — cost, a strictly monotonically increasing function in (0, 7). Substituting
this value for h(u) in (8.1.7), we have the required solution

1 d[ ' (sinu) f (u)dy

)= — — —_
&) (cos u — cos¢)1/2

7 dt ] , a<t<b. (8.2.4)
Similarly, the integral equation

b
gt
f(S):j: m. 0€a<s<bsnm, (8.2.5)
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has the solution

1 d[ b (sinw) f(u)du

S0 =-" & (cost — cosu)I?

¥ dr ] . a<t<b. (8.2.6)

Example 3. Solve the integral equations
d
(@) f(s) —f (SZ(')‘;). . O<a<l; a<s<b, 8.2.7)
and
b
_[* gt
® fi= | @y

From Equations (8.1.5) and (8.2.7), we find that A(r) = ¢?, which is a strictly
monotonic function. The solution, therefore, follows from Equation (8.1.7),
2sinar d ' uf(u)du
dt A (,2 - “2)1—-
Similarly, the solution of the integral equation (8.2.8) is

. Q<a<l; a<s<b. (8.2.8)

&) =

., a<t<b. (8.29)

2sinar d f° uf(u)du
r dt ), - )i
The resuits (8.2.9) and (8.2.10) remain valid when a tends to 0 and b tends
to +00. Hence, the solution of the integral equation

gty =- , a<t<b. (8.2.10)

()= osaf-(:—_);iz’)—. . O<a<l, (8.2.11)
® i ’ du
gn = zs';"" % L. (,:f_(:)z)l_. : (82.12)
Similarly, the solution of the integral equation
fis)= ma%. O<a<l, (8.213)
s _ 2sinanx d uf(u)du
8O = ~ ("2 e 8.2.19)

Incidentally, we can integrate E.quanons (8.2.12) and (8.2.14) by parts as
we did for Equation (8.1.4) and then carry out the differentiation. For instance,
solution (8.2.12) becomes

2sinarx [

) = (u)du ]

2a-1 R At
F@ = + 'j = udy=e
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Example 4. Solve the integral equation

8 2 cos”M(p/20) 2
f@) = —_z'_[ pg(p)dp[ sin“ 9 déd . (8.2.15)
na Jjo (i

This integral equation ariscs in the study of granularity in photographic plates;
£ (@) denotes the granularity and g(p) denotes the autocorrefation.
When we set
2a=s, f(s/2) = h(s), cos? = x/s,
Equation (8.2.15) becomes

32 s
h(s) = —7f pg(p)dpf (s? —x)¥2%dx .
ns Jo »

An interchange of the order of integration reduces this integral equation to

h(s) = :—52‘ /o I(s2 ~xH)\2ax fo ’ pg(p)dp . (8.2.16)
With p? = u, x? = v and s? = 1, Equation (8.2.16) becomes
%r’h(ﬁ) =2 fo ' g% « —v)2dv, (8.217)
where
G(v) = fo ' g du. (8.2.18)

By differentiating both sides of integral equation (8.2.17) we obtain the Abel
integral equation

n d ¢

S iy o [ Gy dv 219

2 3 1R Ny e (82.19)
Conscquently, with the help of formula (8.1.7), we have

Gy = W dl

- 8.2.20
4 dv'’ ( )
where
! f” - d{ k(o1 2.21
om {t“h(eV9)} . (8.2.21)
The

next Step is to substitute the vatue G i 0) and
i i i (v) from (8.2.18) into (8.2.20) an
differentiate both sides of the lateer equation. The rcsu(l Lis

gy W 4

e L4 222
AT ar TR dv ®22)
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Finally, we put v = u? and ¢ = A? in (8.2.22), use (8.2.21), and derive the
required solution as

_ 1 4t 1 . A]
8(#)—mmj; md{l f(i) . (8.2.23)

Example S. In this example we show that we can solve a Fredholm integral
equation with logarithmic kernel:

Voo s+t
f log Py gt =xnf(s), (O<s<1), (8.2.24)
A =

by reducing it to an equation of the Abel type. For this purpose we first examine
the integral

y udu
l=./o (52 ~ u2)(12 — u))172° O<s<t<1.

When we write u = 5 sin 0, we have

2 ssin® dd o 2\
I= ]; (T—s? +scos?0)12 sinh (ﬂ'-—s_l)

S+1 1, s+!
@y = gleTy

= log

Similarly, for0 <t <s < 1,

' udu 1, s+t
j; (GT—uD@@ —uD)2 2 log —— .

-1
Thus,
min(s.t) udu S+t
[) (SE =) ~uDPrE 2 log —_ [Pyt R (8.2.25)

Substitution of this value in Equation (8.2.24) results in the rejatjon

1 min(s,t) udu
nf($)=2] 8(‘)[/ ((sz—l‘z)(lz'-uz\))l/z]d’

=2 3""" f s 8.2.26)
2 =) (? = u)pia (8.

du
+2 [ ()dt f u
8 ) ((_'2 - ,‘2)(,2 = "1),"2
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Changing the order of integration we find that

2 s udu T g()dt
n f(s)= b GZ—uDR [, @@ —u)it

S uS(u)du
= 2/0 (Sz__m ’ 8227
where
St = v g(t)de
u) = ] G (8.2.28)

Equations (8.2.27) and (8.2.28) are the integral equations of the type (8.2.7) and
(8.2.8). Their solutions are

2d ' uS(u)du

gl = “x @) w-mi (8.2.29)
and
_1d [ sfds _ f© f f')dy
S(u) = a du,/.: WiosHiA = g + y @iy’ (8.2.30)
From the form of the solution (8.2.30) we may write (8.2.29) as
2d f! uS(u)du 2 f(0)
g(t) = “xh | wioyn ;'(1 R’ (8.2.31)
where S (i) is
o I(y)dy
Si(w) =/; m . (8.232)

By substituting this value of S, (u) in Equation (8.2.31) and changing the order
of integration, it readily follows

t TA=sHfs)ds 2 [0
n

f=-= .
80 =-C TR |, sT-p2 td -

(82.33)

8.3. Cauchy Principal Value for Integrals

The theory of Riemann integration is based on the assumption that the range of
integration is finite and that the integrand is bounded. For the integration of an
unbounded function or an infinite range of integration, the concept of imptoper
integrals is introduced.

Consider a function f(s), defined in the interval @ < s < b, which is
unbounded in the neighborhood of a point ¢, 2 < ¢ < b but is integrable in each
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of the intervals (@, ¢ — €) and ¢ + 1, b) where & and 7 are arbitrary small positive
numbers. Then, the limit

b c—¢ b
f f(s)ds = lim [/ f(s)ds + f(s)ds] , (8.3.1)
a :’:g a c+n

if it exists, is called the improper integral of the function f(s) in the range (a, b).
Here, it is implied that £ and n tend to zero independently. But it may happen
that the limit (8.3.1) does not exist when £ and 7 tend to zero independently of
each other, but exists if £ and 7 are related. The classic example is the function
f(5) = 1/(s =€), a < ¢ < b; the limit (8.3.1) in this case is

¢ ds b ds b-c £
+ = log +log — .
a ¢ n

s—c S =cC c—a

If ¢ and 71 tend to zero independently of each other, then the quantity log(s/n)
will vary arbitrarily. However, if ¢ and 7 are related, then the preceding limit
exists. In the special case € = , this limit is

/" ds o b-c 832
, S~¢ g 832)

and is called the Cauchy principal value or Cauchy principal integral.

The same definition applies to a general function f (s). The Cauchy principal
value of a function f(s) that becomes infinite at an interior point x = c of the
range of integration (a, b) is the limit

lim ( / 4 /j) f(s)ds, (83.3)

0<e<min(c-a,b~-c).
Such a limit is usually denoted as P f"’ f(s)dsor f‘ b f(s)ds. We use the latter
symbol in the sequel.
A similar definition for the Cauchy principal value is given for integrals
with an infinite range of integration. For instance, the limit

oo 8
f fs)ds = lim / f(s)ds
- gzt
may not exist when A and B tend to infinity independently of each other, but the
limit exists when A = B. This limit,

where

A
lim f f(s)ds, (8.34)
A—oo J_ 4
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is called the Cauchy principal value. The limits (8.3.3) and (8.3.4) arc also called
singular integrals.

If a function f(s) satisfies certain regularity conditions, then the aforemen-
tioned singular integrals exist. One such concept of regularity is the Holdee
condition. A function f(s) is said to satisfy the Hélder condition if there exist

constants k and @, 0 < @ < 1, such that, for every pair of points sy, 57 lying in
the range a < s < b, we have

If (1) = f(s2)] < klsy — 521" . (83.5)

Such a function is also said to be Hélder continuous. The special case @ = 1 is
often called the Lipschitz condition.

It is not hard to prove that, if f(s) is Hélder continuous, then the singular
integral

/ Lf (@)t — s)}de (83.6)
exists. Indeed, the integral (8.3.6) can be split as
b b _
ﬂn[ @ [I0=1e),, 83.7)
a 1—S a t—s

The first integral has the principal value as proved by the relation (8.3.2). In the
second integral, the integrand is such that

@)= f(s)

<klt —s[*t.
t—3Ss

Therefore, this integral exists as an improper integral for @ < 1 and as a Riemann
integral for @ = 1. The function f)(s) defined by the singular integral (8.3.6),

fils) = [ O/ -t

has the following property, which we state without proof. 1f f(s) is Holder
continuous with exponent a, @ < 1, then f,(s) is also Hélder continuous in
every closed interval (2, b)), where a < a; < x < b; < b. When f(s) is
Holder continuous with a@ = 1, then f;(s) is Holder continuous with exponent
B, which is an arbitrary positive number less than unity.

The Holder condition can be extended to functions of mare than one vari-
able. For example, the kernel K (s, t) is Holder continuous with respect to both
variables if there exist constants k and @, 0 < a < 1, such that

1K (51, 1) — K(s2, 2)] < k{ls; — 551" + |ty — 12)°], 8.3.8)

]

¥
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where (51, 1) and (s3, 72) lie withia the range of definition.

The Cauchy principal value for contour integrals is also defined in a similar
fashion. A contour integral of a complex-valued function with a pole ¢ on the
contour strictly does not exist. However, it may have the Cauchy principal value
if this concept is extended for this case. For this purpose, let L be a closed or
open regular curve (i.e., it has continuous curvature at every point) (see Figure
8.2). Enclose the point ¢ by a small circle of radius & with center c. Let L,
denote the part of the contour outside this circle. If a complex-valued function
f(z), 2 = x + iy, is integrable along L,, however small the positive number ¢,

then the Jimit
jim / f(2)dz,
[ ed] L.

if it exists, is called the Cauchy principal value and is denoted as

/ f(z)dz or P f f(z)dz .
L L

We are interested in the contour Cauchy integrals,

j: Lf @)z - njdr, (83.9)

in the sequel. Tt is known in the theory of functions of a complex variable that,
if f(z) satisfies the Hélder condition

[£(20) = f@22)) < klzy — z,51°, (8.3.10)

where 2, 2; is any pair of points on L, and & and o are constants such that
0 < a < 1, then the integral (8.3.9) exists for all points z on the curve L,
except perhaps its end points, The function f,(z) defined by the integral (8.3.9)
is also Holder continuous, with similar properties as given for the case of the
corresponding real functions.

Le

FIGURE 8.2
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The definition (8.3.10) can be extended to complex-valued functions of
more than one variable as was done for the preceding real-valued functions.
Incidentally, the function f(r) occurring in the integral (8.3.9) is called the
density of the Cauchy integral.

8.4. The Cauchy-Type Integrals

The integral

_1 [sD
f@@)= 5l fL . _zdt, 841

where L is a regular curve, is called a Cauchy-type integral. We first study the
case when L is a closed contour. For the discussion of the integral equation
(8.4.1), we need a result from the theory of complex-valued functions, which we
state without proof.

Let g(r) be a Holder-continuous function of a point on a regular closed
contour L and let a point z tend, in an arbitrary manner, from inside or outside
the contour L, to the point ¢ an this contour; then the integral (8.4.1) tends to the
limit [3],[58]

1 1 [
ffo = 58() + 2—"—./ f—(_t)—‘dr (8.4.2)
I (t)———g(r)+— L f(_r)t (8.43)

respectively. The formulas (8.4.2) and (8.4.3) are known as Plemelj formulas.
It is interesting to compare them with the formulas (6.2.10) and (6.2.11). In-
cidentally, we follow the standard convention of counterclockwise traversal of
the closed contour L. This means that the first boundary value f*(¢) relates to
the value of the Cauchy integral inside the region bounded by L, whereas the

second boundary value f~(¢) relates to the value in the outside region.
Let

=1 [ s
&)= ) ——dr, (84.4)
g0 = — [ 889, (84.5)

i)y t—-t
be two singular integrals, where g and g, are Ho)der-continuous functions and L
isa closed contour. Can we compound these two integrals and obtain an iterated
integral connecting the functions g, and g? The answer is in the affirmative. To

N

- S
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prove this assertion, consider the Cauchy-type integrals

_1 g(r)
@)y = il -z St (8.4.6)
and
1 8:(r)
h@ = z'—i A ;—_—zdr . (84.7)

Using the Plemelj formula (8.4.2) and the integrals (8.4.6) and (8.4.7), we obfain
the limiting values

, L]

o= 5g(t)+% ] f(_r)ldv, (84.8)
l L]

1O =sa0+ ﬁ fL fl(_rzdz . (84.9)

Comparing the relations (8.4.4) and (8.4.8) on one hand and the relations (8.4.5)
and {8.4.9) on the other hand, we obtain

1
5@y =¥ - 8, (8.4.10)
1
g200) = fiH(n) - 38100 - 8.4.11)
Substituting Equation (B.4.10) in (8.4.7) yields
B N O i O DS WY )
h@= el _zdt oo fL : _zdt . (8.4.12)

The value of the first integral in Equation {8.4.12) is f(z) because its density
[*(x) is the limiting value of the function f(z), which is regutar inside L,
and therefore, we can use the Cauchy integra) formula. The second integral is
one-half of the integral in (8.4.6). Hence, fi(z) = } f(2), which implies that

1
ro=310. (8.4.13)
From Equations (8.4.10), (8.4.11), and (8.4.13), it follows that
=Llery -t - Lty =}
&l =5 /7 U770 - s8] = 280> (8.4.14)
Finally, from Equations (8.4.4), (8.4.5), and (8.4.14), we have the required iter-
ated integral:
1 ¢ dn f‘ g(r) 1
— e —dr = - g(t), 8.4.15
(ZM')’,/;I'I—'Lf—nt 380 B.4.13)
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the so-called Poincaré-Bertrand transformation formula.

It is interesting to note that, in the formula (8.4.15), it is not permissible to
change the order of integration. Indeed, if we change the order of integration,
then the left side of (8.4.15) gives

1 * * dry
_(Zﬂi)zfl, g(r)dtfl ——-—(t g — . (8.4.16)

But

/' dtl _ 1 [[‘ dtl _[' dt] ]_0
Lt~ -0 t—tl)y n-t Jnu-< ’

where we have used the Plemelj formula (8.4,2), which gives for the present case

/’ * dy / * dy .
= = Tl .
L n—! L Ty~1!
Thus, the relation (8.4.16) is equal to zero and not % g(r) as in (8.4.15).

For the solution of the Cauchy type integral equations on & real line as
presented in the next section we need certain algebraic identitics which we

present here [10).

Consider the integral
Yl —-s\* ds
-— 1. 8.4.1
! fo( s ) w-sGe-n' <o @417

and set u — s = vs in it. Then we have
! /oo uc-ldv
- 0 vt — (u—1) )
Next set
4. O<t<u.

u<t.
The result is

_/"("—s)" ds
0 s u—s)s-—1)
(

For the special case @ = 1, (8.4.18) reduces to

0, O<t<u

" ds
—./; \/siu-si(s-t)=l7l;+_7). w<t.

_{% ) M :7 = -0y cotar, 0<t<u,
= l t—u a~1 poo ge-l4 (= )
Aol IR %;—,ia%—.;fﬁ. u<’.(8418)

(84.19)
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Another interesting result that we need is

f ! du =1n JT=s+/T+1¢ (8.4.20
max(s.g) VU =S JuU ~1 -5~ V14t ! o )
which is proved as follows.
For s < ¢, the [eft side of Equation (8.4.20) is
! du /' ! du
= . 8.4.21
,[, Ju—=s Ju—t i U~ (s + Ou +st ¢ )

Using the formula

dx 1 b
— == — ] 24 b —_
[ 7t e (Ve mres vax s 77)
Equation (8.4.21) yields
! du _ 3 s+n\1
[TT—:—JFT—[I"( u —(S+l)u+sl+u—-——2- ]'
=|n[J(1—s)(1-:)+(1-¢)+("’)]—ln('"’

2 2
=In Ji-s+J1—¢
T A

which proves (8.4.20) for s < ¢. The same steps are needed for the case s > r.

8.5. Cauchy-Type Integral Equation on the Real Line

(i) Equation of the First Kind
Consider the singular integral equation

o]
j; g’(f_)‘i' =f(s), O<s<l, (85.1)

where the integral is understood in the principal value sense. The kernel

Ks-t)= L

t—s
is the Cauchy kernel and equations involving this kernel are known as the Cauchy
type singular integral equations. The limits of integrations in Equation (8.5.1)
can be taken to be any real numbers a and b instead of O and 1 because a simple
transliation and scale expansion reduces that general case to the case a = 0, and

)



196 8. Singular Integral Equations
& = 1, and vice versa as shown subsequently. Accordingly, we first conduct the
analysis for this special case.
To solve Equation (8.5.1) we proceed as follows. First, we multiply it by s
and get
Vag(nd
/ Bt _ sy, ®52)
o {—5
where
1
c= / gltyde .
o
Next, we multiply both sides of Equation (8.5.2) by ds//s(u — s) and integrate
with respect to s from O to u, so that we have
/‘ j’ lg(l)dl
Js(u —5) t~s
/ Vs f(s) ds +c /'
o Ju— ./u(u -5)
or
k “ ds “ 5 L)
— | tg@t)dt / = ds +cm, 5.
/; &®) h G- Jo Ja=s T ®53)
where we have used the value of the Beta function. Next, we use the identity
(8.4.19):
/... s { 0. O<t<u,
_—_— = _ 854
b JSU=8) -1 e, u<t, (854)
to get
v/t g()de 1 [ s f(s)ds
Jigwdr L [* 5 Js)s 855)
v vt —u nx Jo \/u -S
which is Abel’s integral equation. lis solution follows from the analysis of
Section 8.1 to be
1d cdu
s8U¢)=—— —
/58 w ds ,/u -5
_1d / f Vi F0-L
n? ds ,/u ~5 duf
or
¢ “ V1 f(de
§) = —._. - du} . (85.6
Vs g(s) Iy ”zds{/ rysar il Y ey u‘ (856)
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itis not the form (8.5.6) which is usually found in the literature. The standard

form can be obtained by changing the order of integration in (8.5.6) so that we
have

ﬁg(s)=——L-—7—{fff(t)dt/
Adics s J(T—s)T—T

+[ﬁf(:)drf W}

c

Vi f(nde f ]
nJl=s ”2 ds ‘f FIo max(s.) J(u—s)(u—l
Now we use the identity (8.4.20):

/’ du =In Vi—s+J/T=¢
max(s.f) V= 5)u—1) Vi-s+ /1=

1o find that
c VA0 f(de
= +
8) x/s(I=5) n2J/s(=y) ]o s—t ) 5.7

When we set

t'—a
t =

t—»b

and relabel appropriately, we find from Equations (8.5.1) and (8.5.7) that the
solution of the integral equation

*b o(r)dt

j g‘() = f(s), a<s<b, (8.5.8)

is
1
£() = 72 /G —a)b—s)
= —
X[/ —-(—%-Jf(t)dl+nc], a<s<b.
‘ 859

In particular, when a = —1, b = 1, it follows that the solution of the so-called
airfoil equation

Tig(x):y) = -/ 5(—5&1 =fly), lIyl<1, (8.5.10)
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is
J(l -~ y’ f®» c
d
8(x) = f—xff Y+J1-x2
Ry 11¢uq”0»]+ . k<1,
(85.11)

Solution (8.5.11) is valid when g(x) is unbounded at both ends. To find the
corresponding solution that is unbounded only at one end point we appeal to the

identities
l-yz_(l+x 1~y 1420
1-x2 \1-x/\1+y 1+x
_(l—x)(l+y)(l y—=x
14x/\1-~-y 1-x/"
Then the solution (8.5.11) can be written as

1(1+x\'"? it (1-y\"? f(y) ¢
g(”=§(1—x) /.l(1+y) y—x Y aoyne <!

(8.5.122)

(8.5.12b)

(8.5.13)
and
1—x 172 p1 14y 172 f(y) P
Bl = '(1+x) /.,(1-y) y—x Pt aoaa H<b
(8.5.14)

where ¢’ and ¢” are new constants. The corresponding solutions for the general
interval [a, b] can be easily derived from Equations (8.5.13) and (8.5.14).

Example. The solution of the integral equation

b
f gyde _ 1, a<s<b, (85.15)
« t—s

is

= 1 b Ji=ayp=0n

g(s)_an(s—a)(y_s)[ s —1 dr+nc] , a<s<b

or

86) = L < a<s<b. (8516

/s ~a)(b-ys) * /(s —a)(b—s)

&
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(#) Cauchy Type Integral Equation of the Second Kind
In this subsection our aim is to solve the inhomogeneous integral equation

t—s
For this purpose we first reduce it to a simple Volterra integral equation as follows.
First, we appeal to the identity (8.4.18)

1
g) = f)+A fo g@dr 8.5.17)

“ dt =2 O<s<u,
f e le(r—s) | Reeex (85.18)
o (- i u<s,
and then define the function ¢ (s, u) as
1
¢ (s, u) = m O<s<u, (85.19)
where a is chosen in such a way that
1
—mcotar = i- y (8.5.20)
then @ (s, u) is the solution of the equation
- "
- f eDti=pw, 0<s<u, ©521)
o -
whereas for s > u we have
“éuu), _ mescam
y s = T E i u<s. (8.5.22)
Next, we multiply Equation (8.5.17) by s and write it as
Veg()de
lfo f—(—-{' =58()—s f(s) +c, 85.23)
where .
c=1 /0 g()dr . (85.29)

Multiplying both sides of Equation (8.5.23) with ¢ (s, u) and integrating from 0
to u we have

“ Ve g(e)de v
A/; @(s, u)ds /; = j; @ (s, u){sgls) — sf(s) + c)ds,
which, by the change of the order of integration, becomes

“ Y ¢(s, u)ds ! “ @ (s, u)ds
-A t d —_— ,
fo g tj; —— J.]; (g([)d{j; 245, u)ds

s—1
=/‘; s g(s)@(s, u)ds—-j; s f($)P(s, u)ds +cf"¢(s.u)ds.
(]
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200
If we use Equations (8.5.21) and (8.5.22) and the value of the Beta function

f ¢(s,u)ds =mwcscan,
0

-
N

we obtain
1 1-a u
17°8(0) dt = —f sf(s)d(s,u)ds +cm cscan . (8.5.25)
()}

Ax csc o =i
This is an Abel type integral equation whose solution is '(d
[ ) 1 “ : .
1-a __sin“an i /‘ du j d ] ¢ sinan 5
M) = —a— o [ @ b sf(S)é(s,u)ds | + O g

or
202 1 pu
1-a _sin“ar 4 j IR TN 'S | gy s
A Tg(1) = b []: A u—0""mu-—s) s f(s)dsdu]
csinan
;('—_-‘7;, O<t<l. (8.526) ¢
1
Because cotar = —(Ar)~!, we have ,
sin An
Mmanr = ——————r,
VT + 322
and thus Equation (8.5.26) can be written as
lt"'l d 1 u
) = - — )"y - 5)0 gl
g 1572 @ [/: ./; W —=t)""u-s5)"""s f(s)dsdu]
<
+ , 0 1 85.2
n-a(1 — e+ 702 as @320
and can be easily put in the standard form
_ f(s) A /“ =0 f(n)dt
86) =~ Y Ut <59 Jp f—s
c
+ . O<s<1.
sia(1 — )21 + 0N b 852
Next we set
_t-a
T b-a’
and find from the above analysis that the solution of the integral equation
b
t)dt
g(s) = f(s) +A/ %(Ls- . a<s<b (8.5.29)
Ay
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g(s) =

S A /" (b~ 1)t ~a)'=* f(1)ds
P+ (1 4 222 (s ~a)!-2(b —5)* ], t—-s
[

+ -—-—-————-——-—-(: papsy TR a<s<b, (8.5.30)

where ¢ is an arbitrary constant.

The Carleman Integral Equation

By extending the concepts and analysis of this and the previous sections we can
solve the Carleman integral equation

' g(r)de

a(s)g(s) = £(s) +A/ sl <1. (8.5.31)

as well as various other related integral equations. The reader may consult the
reference [9] which contains all the details. It also contains the references to
the literature on the subject. We content ourselves with stating the solution of
Equation (8.5.31). Itis

__a®)fs)
80) =330 + ant

A eo) ! =¥ f(t)dt
(a(s) + A2m2)\12 ./-1 (@(1) + A2 - 5)

(8.5.32)
where

_1 e Ant
p(s) = ;—(— j‘.' 7 dr () = arclan(a(r)) .

8.6. Solution of the Cauchy-Type Singular Integral Equation
in a Complex Plane

(i) Closed Contour. The problem is 10 solve the integral equation of the
second kind

b Ll
ag(t)y = f(1) ~ ;’7[ f(f)' dt , tel 8.6.1)
LT

where a and b are given complex constants, g(t) is a Holder-continuous function,

and L is a regular contour. A fortunate aspect of this integral equation is that it
. — o ————
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.;":M
can be solved simultaneously for the cases @ # 0 and @ = 0, 50 that the solution -g‘;}
of the integral equation of the first kind follows as a limiting case. '\ﬂ
To solve (8.6.1), we write it in the operator form "ﬂ
Lg=ag®+ — j; 59 e = so. @62 o

and define an “adjoint™ operator

4
Mo =ad(t) — il dr . 8.6.3)
niJy T -1t
From Equations (8.6.2) and (8.6.3), it follows that .
L
t
MLg =a [ag(x) + ——/ 40 t]
b * g(r)dr

dty
—— {ag(r )+—
L

] Mf .
L a- TThn (8.6.4)

.
Using the Poincaré-Bertrand formula (8.4.15) and doing a slight simplification, p
Equation (8.6.4) becomes i
3
a b o
80) = =43 pyr2AlRe @ thmi ), T=1 — 4. (8.65)

where it is assumed that a® — b% # 0. Substituting (8.6.5) back in the integral  *
equation (8.6.1), it is found that the function g(t) indecd satisfies the original :
integra) equation.

The solution of the Cauchy-type inlegral equation of the first kind,

fy=— f (')‘dr . (8.6.6)
LT~
follows by setting a = 0 in (8.6.5):
g = bm A f (_t)l (8.6.7)
For b = 1, Equation (8.6.6) and (8.6.7) take the form
g(r)dt - 1 [ J(de
m[ po [, m.j: e = gl1), (8.6.8)

which displays the rccipmcity of these relations.

(i) Unclosed Contours and the Riemann—Hilbert Problem. The analysis of
Case (i) is based on the application of the Poincaré—Bertrand formula. When the
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contour L is not closed, this formula is not applicable and new methods have to
be devised to solve the integral equation (8.6.1). However, the Plemelj formulas
(8.4.2) and (8.4.3) are also valid for an arc when we define the plus and minus
directions as follows. Supplement the arc L with another arc L’ so as to form
a closed contour L + L’. Then, the interior and exterior of this closed contour
stand for the plus and minus directions. Thus, we have

"=+ ok [(20
ro=ss0+57 ) 74 (8.6.9)
0 =-Lems L [ 4D
) =—2 )+ 5— /L — dr, (86.10)
for an arc L. These formulas can also be written as
g = fr) - [, (8.6.11)
1[e® 4 fro+f 0. (8.6.12)

miJ, t—t
Now, suppose that a function w(¢) is prescribed on an arc L and that it
satisfies the Holder conditionon L. It is required to find a function W (z) analytic
for all points z on L such that it satisfies the boundary (or jump) condition

W) = W (1) = w(r), tel. (8.6.13)

The formula (8.6.11) obviously helps us in evaluating such a function W(z). The
problem posed in (8.6.13) is a special case of the so-called Riemann-Hilbert
problem which requires the determination of a function W(z) analytic for all
points z not lying on L such that, forton L,

WH) — ZOW™ (1) = w(r), (8.6.14)

where both w(t) and Z(¢) are given complex-valued functions.
It follows by substituting the formulas (8.6.11) and (8.6.12) in the integral
equation

ag(t) = F(s) — ’% / QAL (8.6.15)

L T—¢
that the solution of this integral equation is reduced to solving the Riemann—
Hiibert problem

(@+b)f*t)y-(@-b)f ()= F(). (86.16)

We content ourselves with merely writing down the solution of Equation (8.6.1).
For details on the Riemann—Hilbert problem the reader is referred elsewhere
{31.[10}.{54},{56)-
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Let L be a regular unclosed curve; then the solution of the singular integral
equation (8.6.1) is

a b t—a\”
g0 - f@ - (@? — b)ri (1 - ﬂ)

*fr—-a\” dt c
"fL (r—ﬁ) A r—r+<r—a>‘--(r-m~'(&6_m

where a and B are the beginning and end points of the contour L and the number
m is defined as

The quantity ¢ is an arbilrary constant and is suitably chosen so that g(1) is
bounded at o or at 8.

In particular, the solution of the integral equation of the first kind (we can
put b = 1 without any loss of generality),

l_ 8 4.
wt Jy T~

o= , (8.6.18)

is obtained from (8.6.17) by settinga = 0, b = 1. Then, m = 1/2 and

1 fe—a\"? (v —a\'? f(0) c
‘(')"F(r—ﬁ) f;(r—ﬁ) r—rd”[(v—u)u—m]m'
(8.6.19)

It is interesting to compare formulas (8.6.17) and (8.6.19) with the corre-
sponding results in the previous section.

8.7. Singular Integral Equations with a Logarithmic Keme)
We start with the integral equation

1
f In|s —tigo(t)dt =1, -l<s<l. 8.7.1)
-1

By setting s = cosa, ¢ = cos 8, Equation (8.7.1) becomes

j; Injcosa — cos B|G(B)dB =1, O<a<nm, 8.72)

-
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where G(B) = golcos B)sinB. Let us now expand G(B) as G(B8) =
Y2 » bacosnp and use the summation formula

In{cosa — cos B|

o0
=-m2-2)" °°s—"°'n°°s "B (8.7.3)
A=l
Then relation (8.7.2) becomes
" Q0
/ [_ n2 — 22 cos na cos nf
0 e n

X [Zb. oosmﬂ] dg=1,
m=0

from which it fo!lows, due to orthogonality of cosine functions, that

cos na
=1.

o0
—nbyln2 =) b,
L}
Thus, bp = —(1/(7In2)), b, = 0, n > 1, and we find that the solution of
equation (8.7.1) is
1 1
xIn2 /T2
In passing we observe that by substituting solution (8.7.4) in (8.7.1) we have
the useful identity

8o(t) = — (8.7.4)

1 in ls — I'
/:1 -2 dt = -nln2, -1<s<1. (8.7.5)
Next, we consider the integral equation

1
f Inls —t|g(t)ds = f(s), —1<s<l. (8.7.6)
I |

Differentiation with respect to s gives

1
f —g(—’)dy=f'(s), ~l1<s<1,
-1 51

whose solution follows from (8.5.11) to be
1 'r1-21"2 o)
g(s) = ;—,[l [1 _32] i _sdr
C

+ .
av1 = s

(8.7.7)
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where C = | _'l g(n)dt. To find the constant C, we multiply Equation (8.7.6) by
1/(1 — s2) and integrate it with respect to s from —1 to 1 and change the order

of integration. The result is
! ' Injs —1|
/_1 g(t)dt B —-———(1 — 52)ll2ds
1
_ f©)
= f_‘ a _52)1/2‘"’
which, in view of identity (8.7.5), becomes
1
_ [
(- in2)C = f_‘ a _52)1/2ds .
Thus .
1 f(s)
¢= mln2 ,/:‘ a —sz)mds'
which when substituted in (8.7.7) yields the solution
11 -\"?
s = [ (155) 25
1 10
—-— d
72In2(1 ~ §2)112 ,/:, -yt ®.78)
The integral equation f.b Inis —tig(t)dt = f(5),a<s<b
The integral equation
b
f Inls —tg()de = f(s), a<s<b, 8.7.9)
a
can be reduced, by a linear change of variables to the equation over the interval
(—1, 1) so that the preceding analysis can be applied. An alternative approach
is to differentiate Equation (8.7.9) with respect to s and obtain the Cauchy type
integral equation:
b
t)dt ,
f g—(-)—=f(5)- a<s<b, (8.7.10)
e 5 —1
whose solution follows from the analysis in Section 8.5 to be
1 P Te-90-01" f@©dr c
g8is)=— +———
x2 J, | (s —a)b—s) t—s  nf(s —a)b—s))2
(8.7.11)
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where .
c=[ g(n)de . 8.7.12)
.

To find the constant ¢ we multiply (8.7.9) by [(s — a)(b ~ 5)]~"/? and integrate
with respect to s from a to b; the result is

[ f Injs — tjg(t)dt = ___I—(QL
m;r;r; G-a)b-9)
of
s b el ] b f(s)ds
dt = —_— . (8.7.13
f. g(s)[ Vo-aG-9 ‘ o VG—a)b-1) ¢ )
But in view of the identity (8.7.5) we have
1 b-o - =
_hmls—e In( ) +Inje sldr:nln b—a
e So-a)b-9 1—1¢
(87.14)
Therefore, relation (8.7.12) becomes
—-a (s)ds
H .
()= [ s e

and it follows that if b — a 3 4 the solution of the integral equation (8.7.9) is

== / ¢ —a)b-1) f(t)yde
5 (s—a)b—5s) t—5 (8.7.16)
b f(dt

nzln ("—"—1) J(s-—a)(E—s) Je—ab-0

In the exceptional case when b — g = 4, the extra condition

b
% =0 (8.7.17)

isrequired for a solution to exist and the solution in such case is given by Equation
(8.7.11) where ¢ is an arbitrary constant.

For the special case b = —a, the integral equation (8.7.9) and its solution
(8.7.16) take the forms

b
f G —ngdr = f), sl <b, (8.7.18)

RN
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and
1 -2 fndt
80s) _;r—i_/_,, [ L
b
f)dr
+ 8.7.19
n2in(b/2)vb? — 52 .[-b Vb~ 2 ( )
respectively.

Let us now use the pair (8.7.18) and (8.7.19) to solve the integral equation
encountered in Example 5 of Section 8.2, in the form

b (st
fo In (;—ﬁ) gtydt = f(s), O<s<b. (8.7.20)

For this purpose we extend the function f(s)and g(s) tothe interval —b < s <0,
by setting

[(=8) = —f(s), g(—s) = —g(s) . (8.7.21)
Then Equation (8.7.20) becomes Equation (8.7.18) and the solution (8.7.19)
takes an interesting form. Indeed, we find that since f(s) is an odd function,
the second term in the right-hand side of Equation (8.7.19) is zero. We further
observe that the function f(r) has a jump discontinuity at ¢ = 0 of magnitude
2 f(0). Accordingly, we can apply the distributional derivative formula (5.4.21)
and get

‘%‘(—Q = f'(0) + 2 f(O)dr . (8.7.22)

When the value of f/(¢) from this formula is put in the first term of the right-hand
side of (8.7.19) we obtain the solution of the integral equation (8.7.20) as

2s (° 212 fD
g(s)=§‘/; dt

b —s? 1T 52
2b f(0)
- (8.7.23)

which agrees with the earlier solution when we take into account the difference
in the notation.

Integral equations with logarithmic kernels arise in the boundary value prob-
lems for two-dimensional configurations {22}-{24],{30]). One such equation is
solved in the following.

Example. In the theory of the scattering of acoustic, electromagnetic, and
earthquake waves by cylinders, infinite strips, and slits there arises the integral
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equation

1
f ’[(p +log2) +logls ~rllg(tde = f(s), 1sj<1,  (8.724)

which is easily inverted with the help of the foregoing analysis. Indeed, we can
write Equation (8.7.18) as

1
[ ogls st = rr+8. g5 <, (8725
-1

where

]
B =(p+log2) [ gt)dr . (8.7.26)
-1

Now we use the inversion formula (8.7.19) by substituting f(z) + B for f(r)
and obtain

Il_,Zl/z 4
o= [ (125)" L2

n2 J_y\1—-s2 t—s

! 'S
T *log2Q1 - sHI2 {/:1 a<ayz - ”Bl . (8727)

To find B, we substitute Equation (8.7.27) in (8.7.26). This yiclds

(p+log2) [IogZ] /' Fs)V1 =2 v f(s)ds
B=-—-2 B2 | 222 = lasYds, - | L2222
rp n - S =% -la/]-S!
(8.7.28)
When we substitute the value of B from (8.7.28) in (8.7.27) we have the required
solution as

1 _2\12 ¢ 1
=k [ (128)" L L[ " Siod
n2 J g \1~s t—s nilog2v1 -2 |/, VT4
p+log2 logZ/" 1 /" VT=122 f(yde
R Nt - Jral (et -t ds
11 -52 10

P 4 r—5

1
- _I___f:‘_)_“"]l, Is1<1. (8.7.29)

For more detailed analysis on the integral equations with a logarithmic kernel,
the reader may consult Estrada—Kanwal [11).

O
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8. Singular (ntegral Equations
Wv"
k
8.8. The Hilbert Kernel
A kemel of the form "
K (s, 1) = cot((¢ ~ 5)/2], )
where s and ¢ are real vasiables, is called the Hilbert kernel and is closely
connected with the Cauchy kernel. In fact, the integral equation
]
’>
Bl o
8(s) = f() =2 j F(s, O)feot{(t - s)/2]g(Nd¢, @88y ¥
(4 Pl
where f(s) and F (s, ¢) arc given continuous functions of period 2, is equivalent -1
to the Cauchy-type integral equation
861 = 1©) -2 [16€. O/ - Dlgrs, @83
L
where ¢ and t are complex variables and the contour L is the circumference of &
the unit disk with center at the point z = 0. To prove it we let £ and t denote the ’
points of the boundary L corresponding to the arguments s and ¢, respectively: g
c - eu , T = ei' .
so that
dt edt 1 {—s i
=i — = | zcot| —— | + = |de. 8.83
T-¢ e _es [2 (2) 2] (883)
Thercfore,

=2 rre i (8.8.4)

and Equation (8.8.1) takes the form (8.8.2).
The Hilbert kernel (8.8.1) is also related 1o the Poisson kernel in the integral
representation formula for an harmonic function U(r, s):

- d
oot(' s)d' 2t Tt r+ dr

ves= [ 1-r u(r)ds (885)
(r,s)_-z; o 1+4r2—2rcos(t ~s) ' o
inside the disk r < 1. The function u(t) = U(1, r) is the prescribed value of the
harmonic function on the circumference L of the disk. Set

z=re*, T=¢"

in the relation (8.8.5) and get

e, s)=lze'—l-_fu(x)t +e 51] . 8356)
2ni Jy

T—z 1
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Now, let V(r, s) be the function that is harmonic conjugate to U (7, s):

. 1 t+z dr
U('.3)+1V(f.5)=mﬁ"(’)r_z P (8.8.7)
such that V(r, 5) vanishes at the center of the disk:
Vir,s),e0=0. (8.8.8)

Thea, the function V (7, s) is uniquely defined.

Wike r — 1, so that z tends to a point { of the circumference L from
within the disk, we can apply the Plemelj formula (8.4.2) to the analytic function
(8.8.7). Therefore from Equations (8.8.7), (8.4.2), and (8.8.4), we obtain

1 t—s
v{s) = -EJI_ ./; u(t)cot (—-2—) dr, (8.89)

where v(s) = V(1,s) is the limiting value of the harmonic function on L.
The formula (8.8.9) thus connects the limiting values of the conjugate harmonic
functions U(r, s) and V (r, s) on the circumference.

We need the iterated formula formed by compounding the integrals with the
Hilbert kernel:

= 1 f. (2) cot s___t) dt (8.8.10)
81(s) = Jo g ( 2 , 8.
and
(s) = —l [. (1) cot (s-—' ) dr (8.8.11)
& 2 Jo & 2 :

HU(r,s), Uy(r, 5), and Us(r, 5) are the functions that are harmonic inside the
diskr < 1, and whose values on the circumference r = 1 are equal respectively
0 g(s), £1(s), and g;(s), then from Equation (8.8.9) it follows that U, (r. 5) is
an harmonic function conjugate to U (r, s) and U, (r, 5) is conjugate to Ur(r, 5).
The Cauchy-Ricmann equations then yield the relations

w U al
ar = or ! s s’
o
Usr,s) = =-U(r,s)+C, C = const . (8.8.12)

But the constant C can be determined from the condition (8.8.8):

2% v
C=U|,0=0/2m [ Utndt =2 [~ gwdr, 6313

LT o
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where we have used the mean-value property of the harmonic function. Thereby,
Equation (8.8.12) becomes

i
Ux(r,s) = ~-U(r,5) + (1/27) [o gln)de . (8.8.14)

Now, putr = 1 in the preceding equation, use the relations U (1, s) = g(s) and
U2(1, 5) = g1(s), and get

24
82(s) = —g(s) + (l/2n')f g()de . (8.8.15)
)

From Equations (8.8.10), (8.8.11), and (8.8.15), we finally obtain the required
iterated integral equation:

1 2 per o—s o {—a
(2-;)/; col(———z )do-/; g(t)cm(--———2 )dt

g (8.8.16)
= —g(s) + o fo g(tyds,

which is called the Hilbent formula.

8.9. Solution of the Hilbert-Type Singular Integral Equation
We can solve the integral equation of the second kind

o -
ag(s) = £s) - zi" jo 2(0) cot (‘_z-i) ar, (39.1)

where a and b are complex constants, in the same manner as we solved the
corresponding Cauchy-type integral equation (8.6.1). As in Section 8.6, we
define the operators L and M as

b [+ t—s
= —— —_ 8.9.2
LG =ag(s) + > /o g(l)col( 5 )dl, (892

b [+ -
Mé = ab(s) + - f Sty cot (‘——’) dr . (89.3)
Tt Jo
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Then,

b [ t—s)
MLg =a [ﬂs(S)+2—n— /; g(t)cot( 3 )dr]
b t(l—-.s' d 8.0
- 5‘{’ Col 2 ) 4 ( . .4)

+—b-f‘h ( !
x| ag) + o= | scr)cot( 5 )da = F(s),

where

P
F(s)=Mf=°f(’)'%j‘; f(t)cot(';s)dz.

Using the Hilbert formula (8.8.16) and simplifying, we obtain the integral equa-
tion

2%
(a® + b*)g(s) — (b*/2x) f g{)dt = F(s), (8.9.5)
[i]

which has the simple degenerate kernel K (s, ¢) = 1. To solve it we integrate
both sides from 0 to 2, set

2w
C= f g(nyde,
(]

and use the value of F(s) as previously given. The result is

a’C:a/u fls)ds — -b—fznd:/.h f(l)cot(‘—s)dl.
(] 2x Jo [} 2

The second integral on the right-hand side is

b > o t—s
-E;j; d!f(t)j; cot( 5 )ds

=—-9— = & . '_.g_(.:i) s 2‘"005____'—;—"_)5
23/0 fnde [o an(5h “t .. si..(-;s)"]

#¢ — 0. Then the term in the square brackets vanishes and we have

1 > 2x 1 2=
= _/ f(®)dr . and f g dt = _f f(ydr .
aJo o a Jo
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which. when integrated with respect to s from 0 to 2, gives

2x
f F($)ds =0. (8.9.12)
[+}

From the relation (8.9.10), it follows that Equation (8.9.12) holds for all values
of the function f(s). Therefore, the constant ¢ is an arbitrary constant and the
solution of the integra) equation (8.9.8) is

1 t—s
gls) = —5[) f(t)cot(—z-) dt +c. (8.9.13)

Finally, whea we substitute Equation (8.9.13) in (8.9.8), we find that the function
[(s) given by the relation (8.9.13) satisfies the original integral equation if and
only if

b1 g
/ f()ds =0. (89.14)
1]

Hence, the condition (8.9.14) is necessary and sufficient for the Hilbert-type
singular integral equation of the first kind to have a solution.

The second method is to use the results of Section 8.8, where we have
connected the Hilbert kernel with the Cauchy kemel. For this purpose, we write
g(¢") = g(t), and so on, and assume that g(¢) and f(¢) are periodic functions
with period 2. Further, we replace f (1) by f(#)/i. Then, the formulas (8.6.8)
with the help of the transformation (8.8.3) yield the reciprocal relations

if'h "’)d +sz' (0)de = f(s) 8.9.15)
In A g(t)cot(-—z—— [4 3 A b4 -.f(s (..

and

1 t—s i (>
-2;./; J(@) cot (—2——) dt + -2—”-',; f()de = —g(s) . (8.9.16)

With the help of this pair of equations, the solution of the integral equation (8.9.8)
can be easily deduced.

It follows from the pair (8.9.15) and (8.9.16) that, for periodic functions
f(t) and g(¢), if the condition j;)z" f@)dt = 0 is satisfied, then we also have
foz' g{t)dr = 0. We have more to say about the integral relations (8.9.15) and
(8.9.16) in the next chapter.

For more details on the subject matter of this chapter the reader may consult
the references {7}-[12).

AR
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8.10. Examples

Example 1. Prove that the integral equation

e—ia(w—ll)

f= / wf(w) dw (8.10.1)
o .

w—Vv
has the solution

172 o4 - 12 —ia(y~w)
wf(w) = - (_"’_) ]; (‘ . ") FOT——dv. (102)

a2 \l-w

The integral equation (8.10.1) arises in the discussion of various problems
of mathematical physics. The solution follows by comparing Equation (8.10.1)
with (8.6.18) and (8.10.2) with (8.6.19), and by settinga =0, f = 1.

Example 2. Solve the integral equation
= 1 t—s
Z(a. cosns + b, sinns) = — f g(#) cot (——) dr . (8.10.3)
1 27 Jo 2

Observe that the function f(s) = }_1"(a, cosns + b, sinns) is a periodic
function with period 2z. Moreover, the condition foz" f)dt = O is satisfied.
Therefore, from the reciprocal pair (8.9.15) and (8.9.16), it follows that

o2 [ oo
gls) = —i—i; j; [Z(“" cosat + b, sin m)] cot (‘%s) di

N=1

oC
= Z(a,. sinns — b, cosns) , (8.10.9)

n=]

where we have left the actual integration as an exercise for the reader.

Exercises

Solve the following integral equations.
' st
1. a+bs+cs?+ds®= /

| st —cosmA L<s<2,
where a, b, ¢, d are real constants.
2
(t)de
2. a+bs+cs? 43=f g
a+bs+cst +ds | (ooss —cosnyi’ l1<s<2,

3 ]
2 _ g(r)de
3. S—./; m, 2<s<4.
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Y _g(nde
a_ [P_8W
S as+bst = A —S-T)l/z .
6. Substitute the solution (8.6.5) in (8.6.1) and verify that this solution satisfies
the given integral equation.
7. Show that the solution of the Cauchy type integral equation

4 si= 2<s5<4,

]
E(—Q‘£=l—2¢:. 0<s<l1,
0 t—s
s 2
[+
8(5)=; 5(1--‘)+T(l:'T) .
where ¢ is an arbitrary constant.

8. Find the solution of the integral equation

2
3 1 [ t—s
8(s) = (sins) — I j; g(1) cot (—2—) de .
9. Solve the integral equation

51 /’ fgide [ —Hhe), 0<s<b,
o (s2 =12 fa(s), b<s<oo,
where b is a constant.
10. Prove that the solution of the integral equation

-22-29
)= 7"”“) f ) s Ly lo(yde, O<a<l,
0
s 2n—3 J
glt) = F‘(_l—_a; %fo wBetB (02 _ 2y~ f(u)du .

1. Prove that the solution of the integral equation

20
f(5) = l?:‘_(—) j“(rz I S S AT T (3T [ O<a<l,
a t )

24291 00
g(¢) = '1“(_:'53 2"7 j w2 - 03y f(u)du -
- !/
12. Solve the integral equation
j“’" gde | [, 0gs<a,
s (E=sHV2 " | —fi(s), 2<s<00.



1. Sabve the Coucty type mangral squanon of the wmoved bing

10)--4»%[ e

= 8 Sguie heaged Bputions

f-g

14  Soive i logrthmic iagrel eqguanion (K2 26) b IfNusest, |

x !
7



CHAPTER 9

Integral Transform Methods

9.1. Introduction

The integral transform methods are of great value in the treatment of integral
equations, especially the singular integral equations. Suppose that a relationship
of the form

g(s) = / Fis, x)K(x,ng(t)de dx (9.1.1)

is known to be valid and that this double integral can be evaluated as an iterated
integral. This means that the solution of the integral equation of the first kind,

fGs)= /' K(s, t)g(0)dt, 9.12)

£(s) = f P, 1) foyde ©.13)

Conversely, the relation (9.1.2) can be considered as the solution of the integral
equation (9.1.3). It is conventional to refer to one of these functions as the
transform of the second and to the second as an inverse transform of the first.

The most celebrated example of the double integral (9.1.1) is the Fourier
integral

8(s) = (1/2x) f f exe=ixg(t) dt dx 9.1.4)
~00 / —00
which results in the reciprocal relations
o0
f() = @n)"1? / e~ g(r)dt (9.1.5)
-0
and
oo .
8(s) = (2m)~'7 / e flyde . 9.1.6)
-0

The function f(s) is known as the Fourier transform T[g] of g(¢) and g(s) as the
inverse transform T ='[ f]of f(s), and vice versa. The function f (s) existsif g(1)
is absolutely integrable, and it is square-integrable if g(f) is square-integrable,
as can be readily verified using Bessel’s inequality. In the sequel, we assume
that the functions involved in the integral equations as well as their transforms

219
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satisfy the appropriate regularity conditions, so that the requised operations are
valid.
As a second example, consider the double integral
o on
&(s) = (2/n)f f (sinsx sinxt)g(t)dt dx . G1n
o Jo
This leads to the sine transform and its inverse,
oo
fis) = (2/n)'”f (sinst)g(t)dt 9.1.8)
o
and
oo
g(s) = (2/m)\? / (sinst) f(1)dt , (9.1.9)
0
respectively.
For case of notation, we also denote the transform of f as F and that of
g as G, and so on, for all the transforms. It is clear in the context as to what
transforms we are implying.
9.2. Fourier Transform
The Fourier transform T f],
oQ
Tif1= F&) = @0 [~ foear, ©21)
<]
is a linear transformation:
oc
Tlaf + bg) = n)~'7 f [af (1) + bg(s)]e~**"dt
=a(2r)™? / fOe™"de + b(2m)™2 / g(t)e™"dt
-0 -0
=aT[f]+bT(g]. 922

As such, we can use many properties of the linear operators. Furthermore,
in Chapter 7 (see Exercise 11), we found that under Fourier transformation a
square-integrable function preserves its norm. Hence, for such a function, we
have

ITI M =MFI =110 923)

Let us note some of the important properties of the Fourier transforms. They
can be found in every standard book on the subject (see, e.g., [62]) and, in fact,

- |
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can be proved very easily by the mere use of the preceding definitions. These
properties are:

@) T{ft —a)]=e"*T[f(D], (9.2.4)
where a is a constant.
¢ Tifa)] = A/laDT[f O }sassa - 9.25)
@iii) Tif®)=isTf(0)], (9.2.6)
where the prime denotes differentiation with respect to the argument. Similarly,
T4} = (' T (D)), 2.7
where by f*(t) we mean the kth derivative of f.
(iv) If
h(t) = f fodx 9.28)
then
Tlh@)] = (1/iT[f(0)]. (9.2.9)

From Equations (9.2.6) and (9.2.9), we see that the differentiation has the effect
of multiplying the transform by is, whereas integration has the effect of dividing
the transform by is.

(v) The convolution integral

00 o0
h(t) = (2x)"2 f fle — x)gx)dx = Qn)y~ 1 f glt — x) f(x)dx

-0

(9.2.10)
gives
Th)) =T[f)T[g], (9:2.11)
or
H(s) = F(s)G(s) . 92.12)

93. Laplace Transform

The Laplace transform L{ f] of a function f(s) is defined as

Lifl=F(p) = j; f(s)eP'ds . 9.3.1)
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The inverse L~'[F] is

y+ioo
L7 F] = f(s) = (1/2ni) f F(p)eP*dp . 0932
y—ioo
This transformation is also linear because

Llaf +bg]=al{f)+0bL[g].
for two constants @ and b.
The following are some of the basic properties of the Laplace transform.

(i) F(p-a)=L[e"f(s)), 933)

(ii) L[f(as)] = (I/Q)L[f(s)]p—vpll ’ (9‘3.4)

Giia)  L{Sf]1=pLLf] - [(O), (935)
® LM =L - P @ - @ = - 10,

(9.36)

(c) dF(p)/dp = -L[sf(s)), 937

where f* means the kth derivative with respect to the argument.
(iv) If

his) = f ’ fx)dx, (938)
0
then
L{k) = H(p) = (1/p)L[f]- 93.9)
(v) For the convolution integral
h(s) = j; ' fx)gls ~ x)dx = j; ' g(x) f(s = x)dx, (9.3.10)
we have
L{k)=L{f)L{gl. 9.3.11)
or
H(p) = F(p)G(p), (93.12)

which is the same as (9.2.12).
9.4. Applications to Volterra Integral Equations with
Convolution-Type Kernels

The basic information given here about the Fourier and Laplace transforms is
sufficient to demonstrate their application to the solution of integral equations.
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We apply only the Laplace transform in this section, although the Fourier trans-
form can also be applied just as effectively. Let us first consider the Volterra-type
integral equation of the first kind,

3
f@s) = ]; k(s — t)g(t)dr, (94.1)

where k(s — ) depends only on the difference (s — ¢). Applying the Laplace
transform to both sides of this equation, we obtain

F(p) = K(p)G(p)
or
G(p) = F(p)/K(p). (94.2)

The solution follows by inversion.
The present method is also applicable to the Volterra integral equation of
the second kind with a convolution-type kernel

gls) = f(s) + fo k(s —ng(t)de . 9.4.3)

On applying the Laplace transformation to both sides and using the convolution
formula, we have
G(p) = F(p) + K(p)G(p)

or
G(p) = F(p)/I1 - K(p)). 9.4.9)

and inversion yields the solution.

We can also find the resolvent kernel of the integral equation (9.4.3) by
integral transform methods. For this purpose, we first show that, if the original
kernel k(s, 1) is a difference kernel, then so is the resolvent kernel. Because the
resolvent kemel I'(s, ¢) is a sum of the iterated kemels, all that we have to prove
is that they all depend on the difference (s — ). Indeed,

] L o 4
ka(s. 1) = f k(s — xYk(x — t)dx = fo k(s —t —oYk(o)da., (9.4.5)
(4

where we have set ¢ = x — 1. This process can obviously be continued and our
assertion is proved. Hence, the solution of the integral equation (9.4.3) is

g(s) = f(s)+ / L(s—1)f()de . (9.4.6)
(1]

Application of the Laplace transform to both sides of Equation (9.4.6) gives
G(p) = F(p) + QUPIF(P), 94.7)



224 9. Integral Transform Methods
where
Q(p) =L([(s)]. (9.4.8)
From Equations (9.4.4) and (9.4.7), we have
F(p)/[1 - K(p)) = F(p)[1 + Q(P)], (949)
Q(p) = K(p)/[1 - K(p)]. (9.4.10)

By inversion, we recover I'(s — ).

We illustrate the preceding ideas with aumerous examples. Throughout
these examples, we have left the evaluation of the Laplace transform and its
inverse to the reader. There are numerous monographs that contain the required

formulas [3),{55],{62].

9.5. Examples

Example 1. Solve the Abel integral equation

f(s) =/ [g)/(s — 1) }dt, 0<a<l. (9.5.1)
0
This is a convolution integral and therefore

F(p) = K(p)G(p), 9.52)

where K (p) is the Laplace transform of k(s) = s™*:
Kpy=p*'rg-a. 9.53)

From Equations (9.5.2) and (9.5.3), it follows that
pI°F(p) P —
G(p) = = r F(p)
P) = e = T@ra e’ @r FE

=—2__(r@pFip). 954)

mescro
where we have used the relation ['(a)T'(1 — @) = 7 cscwa. Now if we use the
relation (9.3.12), (9.5.4) becomes

M L]
G(p) = 227 pL [/ s - t)"”f(r)dt] . (9.5.5)
n (]
By virtue of the property (9.3.5), we finally have
H : ]
g(s) = Snen 4 [e~otroa, 956)
r ds
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which agrees with the relation (8.1.4) obtained in the previous chapter by a
different method.

Example 2. Solve the integral equation

5= /s £'g(nde . 9.5.7)
Taking the Laplace transform :f both sides, we obtain
1/p* = K(P)G(p), (95.8)
where K (p) is the Laplace transform of k(s) = €*:
K(p) = fowe’e“"ds =1/(p-1). (9.5.9)

The result of combining Equations (9.5.7) through (9.5.9) is
G(p) = (p=1/p* = (1/p) ~ (/PY),
whose inverse is

g(s)=1~5. (9.5.10)

Example 3. Solve the integral equation
3
sins = / Jo(s — )g(t)dr . 9.5.11)
()

Here, the function k(s) = Jo(s), whose Laplace transform is known to be
1/(14p?)!72, Also, the Laplace transform of sin s is 1/(1+ p®). Therefore, when
we take the Laplace transform of Equation (9.5.11), there results the relation

G(p) = 1/(1 + p})'2,
which by inversion yields the solution
8(s) = Jo(s) . (9.5.12)

Incidentally, by substituting (9.5.12) back in (9.5.11), we get the interesting

result .
f Jo(s — )Jo(t)dr = sins . (9.5.13)
0

Exnmple 4. Recall that we solved the intcgra] equations of the type

fis)= / k(s* — gy , s>0, 9.5.14)
0
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in the previous chapter for some special cases of the kernel k(s2 — 42y, i
the help of the Laplace transform, we can solve Equation (9.5.14) for o gener
convolution kernel. For this purpose, the first step is to set al

1
s=u 1=t @) =307 @D i) = fony
(9.5.15)
Then, the integral equation (9.5.14) takes the form
hHhw) = fo k(u — o)gi(o)da, u>0. 95.16)
Taking the Laplace transform of both sides of Equation (9.5.16), we get
Gy(p) = F1(p)/K(p) = pF1(p)/ PK(p) . 95.17)
By defining
1/pK(p) = H(p), (9.5.18)
the relation (9.5.17) becomes
Gi(p) = pH(p)Fi(p) . (9.5.19)
Using the relations (9.3.5) and (9.3.12), we have
d L]
G](p)=L [——f h(u —a)f,(a)da] (9520)
du 0
or
d "
g1(u) = — [ h(u — o) filo)do , (95.21)
du 0

where h(s) stands for the inverse transform of the function 4 (p). Finally, from
Equations (9.5.15) and (9.5.21), we have the required solution

gls) = 2-‘1/ tf(Dh(s? — 1¥)dr . 9.5.22)
ds 0
Let us solve (9.5.14) for some special cases:
(a) k(1) =¢7°,0 < @ < 1. This means that we have to solve the integral
equation

fe)= fo [g()/(s* — H)*)dr . (9.5.23)

The solution follows from Equation (9.5.22) if we can evaluate the function A{s)
from the relation

H(p) =1/pK(p). (9.5.24)
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But
o0
K(p) =/ e Pdt =T ~-a)p™!.
(]
Therefore,
1 sinax
h =71 = a-1
)=1 [p‘l"(]—a)] S

and

g(s) =

2sinanm _d_/’ tf(0)dt (9.5.25)

n ds Jo (s2~t3)1-e’
which agrees with the relation (8.2.9).

®) k() = ¢~"2 cos(Br"/?), where B is a constant. In this case, K (p) =
n'2exp(—B%/4p). Therefore,

h(s) = L™ rn "2 p~V2exp(BPrap)] = n s Vicosh(BtY) . (95.26)
This means that the solution of the integral equation

5 cos[ﬂ(sl - ‘Z)I/Z]

f(s)= A Wg(t)dl , s>0, (9527
is
2 d [* cosh{B(s?—)'7?]
gs) = e A ——(;Tz)m—lf(l)dl . (9.5.28)

Note that the relations (9.5.27) and (9.5.28) remain valid for 0 < s < oo,
Example 5. Solve the inhomogeneous integral equation

5
gsy=1- j; (s —t)g(t)d: . (9.5.29)
Since
Ks)=s. K(@P)=1/p?, (9.5.30)
the application of the Laplace transform gives
G(P) = (1/p) ~ [G(p)/p?)
or
G(p) = P/(1 4+ p?} = L[coss] .

Hence, the solution is
8(s) = coss . (9.5.31)
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Example 6. Find the resolvent of the integral equation

: 3
8) = f(5) + f s - g . (95.32)
o
Here again k(s) = s, and we have K (p) = 1/p?. The formula (9.4.10)

gives Q(p) = 1/(p* — 1), whose inverse is ['(s) = }(¢* — e*). Therefore, the
value of the resolvent kernel is

Ps—1)= %(e’” —et*y,

and the solution of the integral equation (9.5.32) is

5 1}
£ = fs) + ¢’ ] e flydt — St f dfwdt. (9533
2 0 2 0

Example 7. Find the resolvent of the integral equation

g(s) = f(s) + /0 e-tgdr . (9.5.34)

Here, k(s) = ¢’, which gives K(p) = 1/(p — 1), and from the formula
(9.4.10), we have Q(p) = 1/(p = 2), ['(s) = €®. Hence, the resolvent kernel
is T(s — 1) = €®~%, and the solution of the integral equation (9.5.34) is

gG) = f(s)+ f ’ & f(nydt . (9.5.35)
[}

Example 8. Solve the integral equation

$
gls) = f(s) +2 / Jols - Ng(t)dt . (9.5.36)
[
The kernel k(s) = AJg(s), and therefore,

A A

A s Jy(o)
T(s) = (T-'T)ﬁ?_[, [sin(1 — AHV2)(s — a)—‘;— do

2
+ Meos{(1 = A1)y + (

A .
o el = 1Y)

9.537)
The value of the resolvent kernel follows by setting (s — ¢) for s and the solution
of the integral equation (9.5.35) is then readily obtained from the formula (9.4.6).
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Example 9. As a final example, solve the inhomogeneous Abel integral equa-
tion:

g = f(s)+ A [ [g()/(s-°}dt, O<a<l. (9.5.38)
1]

The kernel k(s) = As™ yields
K(p) =Ar(1 —a)p"?,

9.5.39
Q(p) = Al'(1 —a)p™ /(1 — AT(1 — a) p*~!) . (9:539)
The inverse of (9.5.39) is
_ 00 [Ar(l _a)sl—ﬂ]n
Fe) = ; SO —a] (9.5.40)

Hence, the solution of the integral equation (9.5.38) is

a 1 & [AF(1 = a)(s — 1)} )"
gs) = f(s) + fo Z:; P f(yds . (9.5.41)

9.6. Hilbert Transform

The finite Hilbert transform of a function g(g) is usually defincd as

1 [ sin 9
=— —————2(p)dy, 9.6.1
10 =7 [ st ©6.1)
with the inverse
1 [ sing 1 "
g(¥) = — f —————flp)de + = | glo)de . 96.2)
nJo cosg-—cost 7 Jo

Various other forms of the Hilbert transform pair can be deduced from
Equations (9.6.1) and (9.6.2). In this connection, we need the relation

'l .
cosnpdy - snfma i 9.63)
o COSY —cosa sina

which can be proved by induction since the cases n = Oand n = 1 are elementary
relations.

From Equations (9.6.1) and (9.6.2), it is apparent that f(—9) = ~ f(9),
g(—19) = g(¥). Now, set

H®)=~f@®), so that fi(—9) = - H1(¥), (9.6.9)
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: "
(1/m) /o glp)dde=C,  C=const, 065
5@ =g®)-C, so that gy (—8) =g($) -C. (9.6.6)

From the preceding relations, it follows that
n n n
(1/7')/; (@) = (l/n)[ g(8)dd ~ (1/7!)[ Cdd =0, (967
o [

and

1 sin § 1 sin 8
ﬂfo cmos¢—mog‘(”’d”=;_[, —-————-—cow_m,,lg(w)—c)dw

=-so-< [0 e de= o |
Writing 0 = 3(9 — @) + 1(? + ) in Equation (9.6.8), we get
£1®) = (1/2m) L " [cot S0+ w)] £1(0)o

+ (1/2m) /o il [eoz 20~ ¢)] f@de. (969

In the first integral, replace ¢ by —¢ and use the relation (9.6.6). Combine the
resulting integral with the second integral in (9.6.9). The result is

-
Ji9) = (1/2m)
-x
Similarly, by starting with Equation (9.6.2) and going thraugh the same
steps as before, we get the relation

[co« - «a)] f@¥dp. (96.10)

-
&) = (1/27) f [ool %(w - ")] Niw)de
1]

+(1/2m) f [cox o+ m] fie)dy .
0

(9.6.11)

After replacing ¢ by —g in the second integral and using the relation (9.6.4), we
obtain from (9.6.11)

si(¥) = (1/2n) [co! %(w - 0)] Nitp)de . (9.6.12)

The relations (9.6.10) and (9.6.12) constitute a second form of the finite
Hilbert transform pair.
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The third form of the Hilbert transform pair can be deduced from (9.6.9)
and (9.6.11). In fact, the relation (9.6.9) can be written as

L 1
fo =azzm [* 1+ 0 +0)| oo

" 1 n
+ (1/21r)[ [1 + cot 5(0 - w)] s1(@)de ~(1/n) | gi(e)de .
o (9.6.13)

The last integral vanishes because of (9.6.7), whereas the first integral can be
combined with the second by replacing ¢ by —¢ and using (9.6.6). The result is

fi(®) = (1/2n) [l + cot %(l’ - fp)] silp)de . (9.6.14)

Similarly, the relation (9.6.11) takes the form

o 1
(%) = (l/ZIr)/ [] +00t-2-(¢ - l?)] fito)de . (9.6.15)

The transform pair (9.6.14) and (9.6.15) is precisely the reciprocal pair
of Hilbert-type singular integral equations encountered in Section 8.9 of the
previous chapter except for a trivial adjustment of the symbols and the range of
integration.

A fourth form of the finite Hilbert ransform pair, which is nonangulat, is
obtained from the pair (9.6.1) and (9.6.2) by setting

[ fleos™ix)

FEcosd. ymemen POS G T Goan

. 9.6.16)
) = 80) _ gleos” x)
\ sind (1 —-xH)v?’
Then, Equation (9.6.1) becomes
f@) _1 f 1 8
== = d
sin 7 Jg cos® —cosg sing sy de
or ]
1 [ d.
=l [( L e
x"Jy x—y
the airfoil equation. Similarly, Equation (9.6.2) takes the form
1t 1=\ poy) c
= — - 1 M
q(x) n,’i,(l—x’) y—-xdy+(1_.xl)l/2’ l<x <

(9.6.18)
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where
1
c=am [ qtay
-1

has the character of an arbitrary constant. These results agree with those obtained
in Section 8.5.
The infinite Hilbert transform is defined as

f(s)= (lln)f (8 /(¢ = s)}dt . (9.6.19)
-0
Its inverse is
gls) = -ﬂ/ﬂf (f@)/¢ - s))dr . (9.6.20)
-0
From this pair, it readily follows that the solution of the integral equation
o0
/ Inls — ¢t g(tyde = f(s), 9.621)
-0
is
_1 [
s6)= 3 | i ©622)

9.7. Examples
Example 1. Solve the homogeneous integral equation
.l
f . (8(/(x — y)ldy =0. ©.7.0)
The solution follows from (9.6.18):
gix) =C/(1 = xH2 | 9.12)
Example 2. Solve the integral equation
sins = (1/n) / [g@)/ @t — s))de . 9.7.3)
-0
To solve this equation, let us consider the integral

f (e /(s — D)t = mi Z (residues of the poles on the ¢ axis)
—-00
= mi(coss + i sins) . 979
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Separating the real and imaginary parts, we obtain

1/n) f. [(cost)/(s — t)Jdt = —sins, 9.7.5)

(lln)f [(sine)/(s — )}dt = —coss . (9.7.6)
Comparing Equations (9.7.3) and (9.7.5), we have the solution

g(t) = cost . 9.7.7)

Example 3. Solve the integral equation

] ¢ —
/ g(#) cot —23 dt =-2A, a<s<b, 9.7.8)
o
where A is a known constant and
b
f gltde =0 (9.7.9)
.
To solve this equation we introduce the change of variables
t= l(b—a E+l(b+ ) s= l(b—a) LS 1 1
=3 ) 3(b+a). =3 n+§( +a), -1<§,n<1.
Then Equations (9.7.8) and (9.7.9) become
! b—at - 4
f g cot [ =2 §——")d§=--—i. “1<n<1, (9.7.10)
-1 2 2 b—a
and .
[ g)ds =0, (9.7.11)
-1

The additional change of variables

tan(b:a§)=au, mn(b:an)sav.

b-a
a = tan el ~l<u,v<l,

transforms the integral equation (9.7.10) into

3 d 1
a +a2u2)f i"—:iu'i +a’u[ $u)du = —A, (9.7.12)
-1 - -1
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where @
gu
o) = T+als?’ (9.7.13)
and Equation (9.7.11) becomes
1
/ Pu)du =0. (9.7.19)
-1
Thus, the integral equation (9.7.12) reduces to
! d A
1 [ ¢wdu el <1, (9.1.15)

G v—u4 m(l+a??)’
which is the form (9.6.17). The solution, which is singular at both ends, follows
from (9.6.18) to be

_A gy _Q-u)de
o) = ”2(1 ) -3 (1 4+ a2v?)(u — v)

A v(1 +a?)!”?
=—— , vl <1
Q1 +a2v2)(1 —_ l,2)1/2
and the condition (9.7.14) is satisfied automatically. The value of g(v) now
follows by appealing to relation (9.7.13).
The reader can easily verify that the solutions based on formulas (9.6.19)
and (9.6.20) fail to satisfy the end conditions.

Exercises

1. Show that the solution of the integral equation
lg(l)dl
f&)= 2f @ =R

1 d ' tf()de
86) = s ds (@2 — sz’

Find the solution for the following two special cases: (i) f(s) = 253/(1-sH)'72,

i) f(s) =s%.

2. Solve the integral equation

40
f(5)=5£ (‘T_—;i-)-l—/id"

p o)
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3. Solve the Abel integral equation of the second kind

=5 ety L [T 80
§ls)=s""e +~/’7 o (s =12

This integral equation arises in the theory of wave propagation over a flat surface.

dt .

4. If it is required that in the Hilbert transform pair (9.6.17) and (9.6.18) the
function g(—1) be finite, show that there must follow

1 ot dt
tydt = 1-)Y2p(0) — ,
[ awdi= [ a-mrepo S
and verify that in this case the solution ¢(s) becomes
V2 po 1 \M2 p
= L (LE2)7 [ (1) 22 4,
7 \l-s -1 \1+¢ s—1
Compare these results with the corresponding relations in Section 8.5.

$. With the help of the finite Hilbert transform, solve the equation

!
2= / sz;g(?z de, assuming that gty = —g(-1).
-t -

6. With the heip of the finite Hilbert transform, solve the equation
¢
as + b + o(log |t — s1) — aplogls] = / (g'(1)/(t — 5)}de
°
subject to the conditions
g0 =00, gW)=0,. 8O =g, 8O=g.
7. Use the formula
o0 1
/ "' cosst dt = l‘(a)lsl""cos(ian) . O<a<l,
()
and show that the integral equation
1
16 = [ tgos —eriar
(

has no morse than one solution.

8. Solve the integral equation

21 [ gnds
E a,8 = — —
r=0 nJo t=s
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where a, are given constants.

HMint: Make the substitutions

s = (£/2)(1 - cos B), t =21 ~-cosg) .
9. Use the method of Section 9.4 and find the resolvent for the integral equation
&(s) = f(s) + /o "5 - A)g(e)ds .
10. Solve the integral equation
8(s) = f(s) + ).fos Ji(s — t)g(t)dt .
11. Find the resolvent of the integral equation

s~ ™t
( (de,

8(s) = ’L.~___
f(S)+[o Ty g

and complete the solution of the Example 3 in Section 5.3.

12.  Use the infinite Hilbert transform pair and solve the integral equation

/(0 +5Y) = / [g()/(s — 1))dt .
-0



CHAPTER 10

Applications to Mixed
Boundary Value Problems

Mixed boundary value problems occur in physical sciences rather frequently and
various mathematical techniques have been used to solve them. In this chapter,
we present an integral-equation method applicable to most of these problems.

10.1. Two-Part Boundary Value Problems
An integral equation of the form

j; Ko(t, p)g(t)dt = f(p), O<p<a, (10.1.1)

where the function f(p) and the kernel Ko(r, p) are known and g(r) is to be
evaluated, embodies the solution of various mixed boundary value problems in
potential theory, clastostatics, steady heat conduction, the flow of perfect fluids,
and various other problems of equilibrium states. The boundaries involved are
those of solids such as circular disks, elliptic disks, spherical caps, and spheroidal
caps.

The integral equation (10.1.1) is a Fredholm integral equation of the first
kind and is therefore, in general, difficult to solve. However, it is possible to
reduce the solution of (10.1.1) to that of a pair of Volterra integral equations of
the first kind with rather simple kernels. This reduction is achieved for every
kernel Ko(t, p) that for all g(¢) satisfies the relation

a [
[, Kott. 800t <o) [ Katw, p)tha?
(1]

x / Kao(w, )g)hs(t)dt dw , O<p<a,
v (10.1.2)

where hy. b2, h3, and K are known functions. It is further assumed that the
kernel K is such that the Volterra integral equations

4
_/; Ka(t, p)g(t)dt = f(p), O<p<a, (10.1.3)

237
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and .
f Ka(p, 0)g()de = f(p), O<p<a (10.1.4)
»

possess explicit unique solutions for g in terms of f, for all arbitrary differen-
tiable functions f.

The task of solving Equation (10.1.1) is now readily accomplished if we
define two functions S(p) and C(p) such that

S(p) = hz(p)/ Ka(p, )g)h3(t)de , 0O<p<a, (10.1.5)
P

and
P
f(p) = h(p) fo K2(w, p)C(w)hy(w)dw , D<p<a. (10.16)

With the help of relations (10.1.2), (10.1.5), and (10.1.6), Equation (10.1.1) takes
the form

» P
hl(P)/; Ka(w, pYh2(w)S(w)dw =h1(P)/ Ka(w, p)C(w)ha(w)dw,
o

O<p<a,
(101.7)
or

S(p)=C(p), O<p<a. (10.1.8)
In view of the assumptions already made about the solutions of the Volterra
integral equations (10.1.3) and (10.1.4), we can solve Equation (10.1.6) for the
function C(p) and hence, from (10.1.8), S(p) is known. We can then invert the
integral equation (10.1.5) and obtain the required function g(f). We illustrate

the preceding analysis with the following example.

Example. Solve the integral equation

/ t¢(t)f J{(pp)1(ptYdpd: = Qp , O<p<a, (10.1.9)
0 0

where ¢(t) is the unknown function. This equation solves the problem of the
torsion of an isotropic and homogeneous elastic half-space due to a uniformly
rotating, rigid circular disk which is attached to its free face (see Section 6.7,
Example 2). The function J,(x) is the Bessel function. Comparing Equations
(10.1.1) and (10.1.9), we have

o0
g =160).  f(o)=%p. Koltp)= fo Jipe)h(pt)dp -
(10.1.10)
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The kernel Ko satisfies the relation (10.1.2) because, for all g(1), we can write

a L = -]
fo Kolt. p)g(0)dt = /; 8(0) f Ji(pe)h(pt)dp dt
0

/ ) £(0) f *2p [ g /' Ji2(pw)r2(pv)(wv)*2dv dw dp dt
0 o %ot Jo Jo (p? — w22 ~ u)i/2

_2_ R £t 8w — v)(wridvdwde
xo b ! g(')fo fo 02— WOV — )7

2 1, min(.¢) wdwdt

%o Jo ! gm/; (0?2 — whhV2(e2 — y2)1f2

2 f° w? 4t 1g(t)dt dw 0

mpdo P -wpj, @ _wpn ' " =P

(10.1.11)
where we have used the first Sonine integral:
2p\'? 1 f? L apppuwuw+ @D
J = — —

~(PP) (’r ) pr j; (o7 — w7 dw, (10.1.12)

and the relation

(-]
f PJu(pw)du(pv)dp = 5(w — v)/(wr)2, (10.1.13)

o

with & the Dirac delta function. We have further used the sifting property of this
function and changed the order of integration as explained in Figure 10.1.

‘ « o/
C(Q.ﬂu

'
=N (o0} =
o]
J
A
o
[] °
Y A v
’ b4
-
]
3
o w

FIGURE 10.1
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.

Comparing Equations (10.1.2) and (10.1.11), we obtain the values of the
functions h,, k2, h3, and K3 as

hi(p) = 2/mp, hip) =p, hy(p) = 1/p,
Ka(t, p) = (p? =112, (10.1.19)

Furthermore, the kemel K is simple enough to ensure the inversion of the
integral equations (10.1.3) and (10.1.4) (see Example 3 of Section 8.2). The
present method is therefore applicable. Indeed, we set

¢ @(t)de

2 f* wS(w)ydw

Qp = — —_—_— 10.1.16
i np Jo (p?—w?)if? ‘ )
and the integral equation (10.1.9) is identically satisfied.
Finally, we invert (10.1.16) and obtain
Qd [ Pdt
S(p) = — — — = 2Qp, 10.1.1
(») > 3 /0 PO 0 ( 7

and then (10.1.15) yields the value of the function ¢ (p) as

49 d [ udu 4Qp
ooy = - E-/; @I = p)2 " n(a® - p2)3’ (10118

10.2. Three-Part Boundary Value Problems

A three-part boundary value problem has an integral representation formula of
the form

/; Ko(t, p)g(t)dt = f(p). b<p<a, (10.2.1)

where b and a are two given numbers such as the inner and outer radii of an
annular disk or the bounding angles of an annular spherical cap. The function
J and the kemnel K are known, whereas g is to be determined. Let us set

(s

f@) =3 ap = file) + f2(p) (10.222)
r=—00
where
hHhip) = Zarp' , 0<p<a, (10.2.3)

r=0

3N
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and
-1
=3 ap, be<p<oo. (10.2.4)
re—00

In addition, we define two functions g,(p) and g,(p) such that

0, 0<p<b,
g1(p) + 82(p) = { 8(n), bgp<a, (10.2.5)
0, a<p<00.

From the relations {(10.2.2) through (10.2.5), it follows that the integral equation
(10.2.1) splits into two integral equations:
o9
fo Kolt, gt = fup), O<p<a, (1026)
and
-
j; Ko(t, p)g2()dt = f2(p), b<p<oo. (10.2.7)

Proceeding as in Section 2, we assume that the kernel Ko(t, o) is such that
for all g(z) it satisfies the relation

r
hi(o) fo Ka(w, 9)[hna(w)}?

o0
. x f Ka(w, l)g(l)hu(t)dt dw 0<p<oo,
f Kolt, p)g(6)dt = ¢ e
° hzl(p)f Ka(p, w)[hz(w)P?
F 4

x [ Ka(t, w)g()hp(t)dt dw 0<p<oo,
o (10.2.8)

where k(i = 1,2; j = 1,2,3), and the kernel X, arc known functions.
Moreover, the kernel K is such that the Volterra integral equations
14
f Kalt, p)g(t)dt = f(p), 0<p<o, (10.2.9)
0
and
o0
[ Kap.t)g(t)dt = f(p), 0<p<oo, (10.2.10)
P

possess unique solutions for g in terms of all arbitrary differentiable functions

f.
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From relation (10.2.6) and the first part of relation (10.2.8), we have

r3 o0
k(o) / Ka(w, P)l""("’“z/ Ka(w, 0)g1(Ohy3(0)dr dw = fi(p),
0 w

O<p<a.
(10.211)
Similarly, refation (10.2.7) and the second part of (10.2.8) give

hzn(ﬁ)/ Ki(p, W)[hzz(w)lz'/; Ka(t, wiga(Dhn(t)dt dw = f3(p),
)

b<p<oo.
(10.2.12)

The next step is to define unknown functions §,, $2, Ty, Tz, Cy, and C; such
that

o S
hiz(p) / Ka(o, D1 (Dhyy(0)dt = { 1), O<p<a.
) -Ti(p), a<p<oo,
, - (102.13)
haz(p) / K2t 0)g2(0hss(0)de = [ #0).  O0<p<b,
[ S:p). b<p<oo,
(102.14)

»
hn(P)fo Ka(w, p)C1(wha(w)dw = fi(p), 0<p<a, (10215

o
hzn(P)[ Ka(p, w)Ca{wihp(w)dw = fi(p), b<p<o.
P

(10.2.16)
These Volterra-type integral equations are similar to equations (10.2.9) and

(10.2.10), whose solutions are assumed to be known. From (10.2.11), (10.2.13),
and (10.2.15), we derive the equation

P
’ln(P)/; Ka(w, p)hy(w)S) (w)dw

o
= hll(p)/(; Ka(w, p)Cy(why2(w)dw , 0O<p<a,

(10.217)
or

Si(p) = Ci(p), O<p<a. (10.2.18)

Similarly, the result of combining Equations (10.2.12), (10.2.14), and (10.2.16)
is

5:00) =Ca(p), b<p<oo. (10.2.19)
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The functions Cy &nd C; can be evaluated in terms of the known functions f; and
f2 from Equations (10.2.15) and (10.2.16). Hence, S; and S; are known. That
leaves two unknown functions T; and T; still 1o be evaluated. For this purpose,
we appeal to relations (10.2.5) and (10.2.13). The result is

o0
ha(p) / Ka(p, 1)g2()hy3(0)dt = Ty(p), a<p<oo. (10.220)
»
Similarly, from Equations (10.2.5) and (10.2.14), we have
P
hzz(P)/ K3(t, p)g1(Dhys(0)dt = Ty(p), 0<p<b. (10221)
o
Now, invert Equation (10.2.14) to find the value of g;(r) in terms of T;
and §; and substitute this value of g,(¢) in (10.2.20). There results an integral
equation containing the unknown functions T; and T,. Likewise, the relations
(10.2.13) and (10.2.21) lead to a second integral equation for T; and 73. Both

these equations are Fredholm integral equations of the second kind, and can
therefore be solved by a straightforward iterative method.

Example. Solve the integral equation

a - )
[ 16(T) f Npo)hiptydpdt = Qp, b<p<a, (10222
b [1]

which embodies the solution of the torsion of an isotropic and homogenecous
elastic half-space due to 2 uniformly rotating annular disk with inner radius b
and outer radius a. Comparing it with Equations (10.2.1) and (10.2.5), we have

8(1) =1¢(1), 8il1) =14,(1), g2(t) = 1¢a(n), (10.2.23)
fP)=8p. filp)=Rp, 0<p<a; fr(p)=0, b<p<oo,
(10.2.24)
o
Katt. )= [ Bipo) (o0, (102.25)
where
0, 0gp<b,

M (p) + ¢2(p) = [ ¢(p). bgp<a, (10.2.26)

0| 2 < p<00.

In addition, the kemel Kg(t, p) satisfics the requirement (10.2.8) inasmuch as,
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for all g(r), we have

oo o0 o
[ Kote.prgarar = [o £ f I(pe)r(pdp

= / " e f f " D))y pv) () du dw dp di
npt (02 — w212 — y2yii2

=2 ,~) © 5(w - v)(wv)dvdwd!
g o (pF — WAA(E = yT)IfE

2 r" ® /"""(’ N widwdt
mho Bk p? ~ w212 — wh)ii2

_ 2 /’ w? /°° 1~'g(t)dt dw o
= e T p)i/2 SR N T <p <00,
pJo (p*—w?) w (2—wd) 102.27)

and
00 00 00
fo Kolt, p)g(t)dt = fo 8@) f Ji(pp)1(pt)dp dt

- f o) / 2ppt ® Iyp(pw)s(pv)dvdw dpdt
8 (W) (w2 — PV2(y? — 212

=__f . (,)f f 5w ~ vydvdwdt
5 (wu)(w? — pHI2(y2 — )12

2p [ 1g(t) w-idwdt
= 8¢ maxoy (W2 — POV (w2 — (D12
2p w=? f"’ tg(t)dt dw
= — . 0« p <00,
T 2 _ iz
n J, (wi—-pHit s (w?-1?) (102.28)

where we have used the formulas (10.1.12) and (10.1.13) and the relation
ZP 12 R o0 l.+"/z)(pw)w—ln—(1/2“
Julpp) = (;—) P j; ol — )7 dw .
Furthermore, we have changed the order of integration in the steps leading to
formulas (10.2.27) and (10.2.28) as explained in Figures 10.2 and 10.3. Hence,

hy(p)y=2/mp.  hp)=p,  hnlp)=1/p,
hu(p) = 2p/m, hn(p)y =1/p, hu(p)=»p. (10.2.29)
Ka(t, p) = (p% =172
Furthermore, the kernel K is such that the Volterra integral equations (10.2.9)

and (10.2.10) can be readily solved, and therefore the method of this section can
be applied.
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The system of integral equations that corresponds to the system (10.2.13)
through (10.2.21) is

© i (1)dt Si(p), O<p<a,
f @G-

(10.2.30)
-Ti(p). a<p<o00,
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2 g2, (0)dt [ ~Ta(p), O0<p<b, ,
—4 —_— = 1023 ¢
o (P2 ~19)'7 S2(p), b<p<oo, 1023y
2 f° wSi(w)dw
= —_—=Qp, 0 ' 1023
7o Jo wi-whyrF =p=a (10232
20 [ si(w)ydw
o [ _swdv o, b . 102,
2 [ g <p<oo (10233
©  da(t)de
m = Ty(p), a<p<o0, (10.2.34)
o [P et
= /o el e T(0), O<p<b. (10:2.35)
The integral equations (10.2.30) through (10.2.33) are readily inverted and the
results are (see Example 3 of Section 8.2 and Example 4 of Section 9.5)
2 d 2 Si1(w)du ® Ti(u)du
$iip)=-— ;1_;[ w2 "), Wz pl)lll] v {10236)
d b WTy(u)du * ulSy(u)du
o) = oot dp[ j; (p2 —ut)i2 ]; (0 —ul)m] + (10237)
Qd Pds
Sup) = 0 dpj; (pz PEN Y 2, (10.2.33)
S2p) =0. (1023

Substituting these values in Equations (10.2. 34) and (10.2.35), we get

tVdtdu
Tip = -—/ 27’2(")/ C = 2 i PNE(GT Z iy

- f" Wl FI(1/2,1:5/2; w2 p2yq,
P(ﬂ)‘/zr(5/2) 0 (p? - u) .
2 <p<oo,
and (10.2.40)
Typ) = 42 [* 2dt

np o (p? — ,z)m(az_,z)uz

f *® T(u)dude
(2 — ‘2)1/2 s (Wl ~12)2

= sn,,z,,a ( 3.5 4ap? )

——tpta

3In(p? T az)z F, 2 2 (Pl + a?)? (10.2,41)
* Ti@nFi(1/2, 1, 5/2; p2 futygy,

(’")1/2[‘(5/2) A u(u? = oy v O<pch.

\

A 3 % ow

¥
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In the preceding relations, 3 F; stands for the hypergeometric function and we
have used the following relations pertaining to this function:

® e 125-2 1S W
/p =) RGZ Z w1~ Ar(5/2)(p? - u?) 2k (5 b 27 ?) )
u<p,
f” Pdi _ m'2pIFi(1/2,1;5/2; p2/u?)
o (pF — VAU —2)32 — 2 (5/2)ulu? - p?) '

p<u,

/“ B dr _1 2(gp)> e 35 4a’p
b G- @ ) - 2TE2Dp +a) T\ T2 2 (o +ad)?
p<a.

Equations (10.2.40) and (10.2.41) are two simultaneous Fredholm integral
equations of the second kind and can be solved approximately by iteration when
we introduce the parameter A = b/a, such that A « 1. Indeed, the hyper-
geometric function ; F; occurring under the integral signs in these equations is
reducible to an elementary function:

1 5 x? y 3 y+x
zFl(i. IEF) e l[ny o? —x)log( x) . x<y.

(10.2.42)
Thereby Equations (10.2.40) and (10.2.41) take the simple forms
b ! 20 1 p+ Au)
=— ——— du .
re = 1+ [ o |20 - Sion (5551 ) |
l<p <00,
(10.2.43)
and
QA2 p2a 35 u+irp )
Talbe) = 3n(l + A2p)? 2 ( 2727 u—Ap)

u+ip
Apn/ T.(au)[ ;\2 3 Iog(u_)‘p)] du,

D<p<l. (10244)

We first attend to Equation (10.2.44) and observe that

2n

3.5 5\ _ o~ _X
2Fl(|,§.i,x)—|+3§2"+3

(10.2.45)
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With the help of this value, we readily obtain the first iteration for T as

2024
Tatbp) = s {A’p’ +E2 0(A°)} . {10.2.46)
3n 5
This value in turn helps us in solving (10.2.43) approximately
320ar3[ 1 2,5\, 62 .
=== oA — +00Y] . 2.4
Tie) = 220 [p, (1+3 )+ 55 +0C )] (10247)

In the preceding approximations, we have included only those terms that are
needed to evaluate the torque experienced by the annulus up to O(A%).

Finally, we substitute the values of S, 52, T1, and T; as given by the relations
(10.2.38), (10.2.39), (10.2.46), and (10.2.47) in (10.2.36) and (10.2.37), and get

aQ pla 16)° ah @
bi(p) = p ([1 Za)n + 4572 1+ 7 ) 20°
3a_. _,p P\ P Y
= SHl1-= -= 28 25
x[ psm a+( o +2(1 a2 +28p5
2\ W2 2 172
x| -15Zssint 2 _2(1 - £ +vo1-5
P a a’ at

pz -1/2
+8 (1 - F) ]] + ou“)) . (10.2.48)

o[ b b2\ NG
¢2(P)——3—n—2l2)~[-;sm 1;—(1—;) —2(1—?)

A e (150 . b 52\ b2\
+?ﬁ[(T)"“ ;“(‘“;f) ‘9("?)

bz =172
- 8(1 - ;5) ] +O(A’)l . (10.2.49)

Substituting these values in the relation ¢(p) = ¢1(p) + ¢2(p), we obtain the

desired solution of the integral equation (10.2.22).

10.3. Generalized Two-Part Boundary Value Problems

An integral equation of a more general type such as

]; 8K, (1, p)dt = f(p), Q<p<a, (10.3.1)

e

o~
o
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where the kernels Ky can be perturbed on the kernel K(r, p) of Section 10.1,
can also be solved by the present method. This necessitates the splitting of the
kernel Ky as

Ki(t, p) = Ko(t, p) + G(t, p) . (10.32)

where the kemel G (¢, p) is in some sense smaller than K. From Equations
(10.3.1) and (10.3.2), it follows that

L] a
[ Ko(t, p)g(t)dt = f(p) —f G(t, p)g(nde, O<p<a. (103.3)
0 0

The kernel Ko(t, p) satisfies the same requirements as those in Section 10.1.
From Equations (10.1.2) and (10.3.3), we have

p a
hn(p)f Kz(w.p)[hz(w)]2[ 2O () Ky (w, t)dt dw
0

w

=f(P)—f G(t, p)g(tyde O<p<a.
0 (10.3.4)

Now we attempt to put the right side of this equation in the form of the left side
as we did in Equation (10.1.7). This is done by defining two functions S(p) and
C(p) as in (10.1.5) and (10.1.6) and a new function L (v, w) such that
p ot
6.0 = [ [ Kaw, pyKatw, OhsuihaL o, w)dvdu.
0
(10.3.5)
Thus, the integral on the right side of Equation (10.3.4) takes the form

[ G(l,,a)g(t)dt:j0 2(Ohy(pYhs(t)
o
F 1
X'/‘; / Ka(w, p)Ka(v, Ok (why(v)L (v, w)dvdwdt
0
f 3 a
=hz(P)fo Ka(w, p)hz(w)/ L (v, w)hz(v)
()

x f Kz(v, 0)g()hs(t)dt dvdw | O0<p<a,
d (10.3.6)

where we have assumed that various orders of integration can be interchanged.
When we substitute (10.1.5), (10.1.6), and (10.3.6) in Equation (10.3.4), we get

4 r
h:(p)j; Kz(w.p)hz(W)S(w)dv=h,(p)/ Ka(w, p)C(w)hy(w)dw
0

(4 e
- hl(P)f K - 2(w, p)hz(w)[ L(v, w)S(v)dvdw, O<cp<a.
0 ° (103.7)



250 10. Mixed Boundary Value Problems 1‘)
{

From this equation, it follows that

S(p) =C(p) — ./o. L(v, p)S(v)dv, O<p<a, (10.3.8)

which is a Fredholm integral equation of the second kind and can be solved for
S{p). The required function g(¢) is then obtained by inverting (10.1.5).

Example. Solve the integral equation
L

[ w0 [Coneoneomupar =00, 0<p<a. ao39)

where

—itk* - pHinz, k2 p,
y= l (10.3.10)

2
(pz_kl)lﬂ’ P)k
As explained in Section 6.7, Example 2, this equation solves the problem of the
torsional oscillations of an isotropic and homogeneous elastic half-space duetoa
rigid circular disk, of radius a which is performing simple harmonic oscillations. :
Comparison of Equations (10.3.9) and (10.3.1) gives J

gy =19(n), fp)=Qp. (10311 =z

00
K, p) =]; {phr(pp)h(pt)/¥Mdp .

We split Ky as in Equation (10.3.2) with
00
Kott.p) = [ nomrnconap. (103.12)

“f(p
Gt p) = / (; - 1) Ji(pe) i (ptYde

0
2 1 r (wv)¥2
- n—prf fo (P2 — W) ~ w72

go 4
x [/o P (; - 1) Juz(pv)ll,z(pw)dp]dvdw . :
(103.13) N

By following the method of this section and borrowing the known results from
Section 10.1, we have
mP)=2/(rp), mo)=p,  h3(p)=1/p,
Ka(t, p) = (p? = B2, (103.14)
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L(u.w)~—=(vw)"z [o [ptp/y = Diip(pudhip(pwidp,  (10.3.15)

¢ ¢Wde
o (2 - ptyin2’
2 [? wC(w)dw

Qp = w2 o GIowhin (10.3.17)

S(p)=p {10.3.16)

and
sp) =€) - /; .L(v. p)S(vydv, O<p<a. (10.3.18)
Equation (10.3.17) is readily inverted as shown in relation (10.1.17):
C(p) =2%p . (10.3.19)

Therefore, Equation (10.3.18) becomes
a
S(p) = 28p - / L(v, p)S(v)dv, O<p<a. (10.3.20)
0

The infinite integral (10.3.15) can be converted to a finite integral (see Appendix
A2)
[ 4
i(vw)'? / [p%/(k* ~ PV IH{ ) (pv)dh p(pw)dp,
0

vZw,

Lv,w) = X

i)' [ (52167 = P9 Vo B prrdp,
[+]

w2v,

(10.3.21)
where H,‘,’; is a Hankel function of the first kind. This form of the kemnel is

useful for small values of k.

With this much information, we can solve the integral equation (10.3.20)
approximately for small values of ak, which happens to be a dimensionless
parameter. For this purpose, we write it as:

1
S(ap) = 2Qap — a/ L(av,ap)S(av)dv, O<p<l. (10322
0

An approximate value of the kernel aL(av, ap) is obtained from Equation
(10.3.21) by using the series expansions for the Hankel and Bessel functions.
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’:;“
The result is
Ve
dl
a’p  dia’py o Sia®
- -——(3 2 N T (AN
7+t 3 TRl Ry ed U + pv*) l

6
o 4 3.2 s
+—3 (Spv° + 10p°v* + p°)

dia’ s 3.3 s 8
5750 @Bpv’ + 10p°v" + 3p0°v) + O(@®) ,

vz2p,

+

al(av.ap) = a®v  did’py o

+ -—=@3 2u+u:’)—8ias( v+ p?
2 T T3 16°° asx PV Y
6
@ 4 3.3 s
+——384(5p v+ 10p°v° + 3p°v)

dia’ 5 3 s 8
+ 15757 GPY’ +10p v +3p%) + 0%,

p2v,

(10.3.23)
where a = ak. By applying the straightforward iteration method 1o (10.3.22),
we obtain an approximate value for S{ap) as

S(ap) = 2Qalci(a)p + c(@)p® + cs(a)p® + cr(@)p’ + O@®)], (10.3.24)

where

a?  di®  19a* S3ia’ 16 143 8051ia’
A== "% * ;2 * 5 ‘(ﬁﬁ*ﬁ)“"r—m
a2 o ia® 11e®  47id’
@ =1%56 " 25z ~ 2304 22007 '
at af ia’ 4%ia’ o
os(@) = 565 ~ 3830 ~ 16807 200 ' T = Foew -

Finally, we invert Equation (10.3.16) to get

o [ L L 0
mdpJ, @W—pH2T “mdp J,, Wl - (pFlad)pn

(10.3.25)
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From (10.3.24) and (10.3.25), we have

o Yp/a [ 211 _P_z) _ 4
qo(""n[l-(pz/al)]mll a[6+6(1 a? 9

.1_3__1(_11) 1 _p_’)’
ta [120 ol 72%) s\l 2
-5 (-5)] (5 + )

— 1395 T as 2

r 225 45 a 8im 1680 (103.26)

53 pz p2 2 pl 3
‘m(’ )+1680(_25)+E'0_0('Zf)

2’ 1093 13 p? 1 I s
'7[7350‘5“23(‘ ) el 'i) o

When a@ — 0, this reduces to equation (10.1.18).

10.4. Generalized Three-Part Boundary Value Problems
Finally, we consider the integral equation

fb Ky, p)g(t)de = f(p), b<p<a, (10.4.1)

which is the generalization of the integral equation (10.2.1) and the kernel X is
1o be perturbed on Ko of Section 10.2. Indeed, we split it as

Ky(t. p) = Kot p) + G (¢, p), (10.4.2)

and assume that G (1, p) is in some sensc smaller than Ko. With the help of the
relations (10.2.2) through (10.2.5) and (10.4.2), the integral equation (10.4.1)
becomes equivalent to the pair of equations

o0 - -]
f Ko(t, p)gr()dt = f,(p) —/ G(t, p)g(t)de O<p<a,
° ¢ (104.3)
f Ko(t, p)g2()dt = fr(p) — f Gt p)g2(t)dr , b<p<oo.
[4] 0

(104.49)
Furthermore, the choice of the kerne! K is such that the requirements embodied
in the relations (10.2.8) through (10.2.10) are satisfied.
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4
Now we extend the analysis of Section 10.3 and define two new kernels ’ '
Li(v, w) and L2(v, w) such that \L }
o pt '
mn@h® [ [ Katw. 0K, Dhiztuwihiae) |
)
x Ly(v, wydvdw ,
G(t, p)= o0 poo (10.4.5) ‘J
) [~ [ Kato, Kt bzt
P t
X La(v, w)dvdw , )

where the hs and the kernel K are the same functions as occur in (10.2.8). Thus,
the integrals on the right side of the relations (10.4.3) and (10.4.4) take the forms

o0 o0
/ G, P)gl(f)d'=/o g1(Hhn(pYr3(8)
[}
p pt
Xj; /o Ka(w, p)Ka(v, ) 12(w)ha(v)
x Ly(v, wydvdw, dt ,
» o0
= o) [ Katw, o) [~ Lytv, wihaw
o

o0
!'/ K2(v, g1 (O (0)dt dvdw ,

O<p<a,
(10.4.6)

and

j‘; G (1, p)g2At)dt =/ 82(Ohn(p)hn (1)

(]
» Pt
x [ [ Kato wrKat, ohaatrhaatoy
x La(v, w)dvdw, dt ,
=h21(P)/ Kz(P.w)hzz(w)f La(v, w)hz(v)
P) o

xfo Ka(t, v)g2(0)hn(t)dt dvdw,

b<p<oo,

(104.7)

where we have assumed that various orders of integration may be interchanged.
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From Equations (10.4.3) and (10.4.6) and the first part of (10.2.8), we derive
the relation

3 ©
hn(P)_/; Kz(w.P)[kxz(w)IZ/ Ka(w, )g1(t)hy3()dt dw

w

P [+
= fi(p) = hus(p) fo Ka(w, p)hna(w) f L1(v, whhiz(v)
Q

oo
X f Ka(v. g1 (Ohp(hdt dvdw , 0O<p<a.
v (10.4.8)

Similarly, from Equations (10.4.4) and (10.4.7) and the second part of (10.2.8),
we have

o0 w
hzx(p)/ Kai(p, W)[’lzz(w)]zfo Ky(t, wyga(hy(t)dt dw
? o [ -]
= f2(p) — hu(p) f Ka(p, w)hz(w) /0 L (v, whz(v)
r

v
X / Ka(t, v)g2()hn(t)dt dvdw , b<p<oo.
0 (104.9)

The next step is to use in Equations (10.4.8) and (10.4.9) the functions S,
$3, Ty, T, Cy, and C; as defined by the relations (10.2.13) through (10.2.16)
and follow the arguments of Section 10.2. The functions C, and C; are known
in terms of fi and f;, and the four unknown functions Sy, S3, 7}, and T; satisfy
the following two simultaneous Fredholm integral equations of the second kind:

a a0
Si(0) + f Li(v. p)Si(0)dv = Cy(p) + f Ly(v, 9)Ty (v)dv,
[ a

O<p<a,
(10.4.10)

] ]
Sz(P)+/ I-z(v.p)Sz(ll)dv=Cz(p)+fo Li(v, p)T3(v)dv,

becp<oo.
(10.4.11)

The two Fredholm integral equations that are the results of Equations (10.2.20)
and (10.2.21) when the values of g, and g; are substituted in terms of S, T, $3,
and 7, are the additional two equations that augment (10.4.10) and (10.4.11).
Thereby, the system has become a determinate one and can be solved by iteration
as in the previous sections.
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Example. Solve the integral equation

/:, w(:)f [phr(po)i(pt)/ypdt =Qp.,  b<p<a, (104.12)
0

where y is defined in (10.3.10). This equation governs the problem of torsional
oscillations of an elastic half-space due to a rigid annular disk. The functions
8 f. Ki. Ko, and G are the same as defined in (10.3.11) through (10.3.13).
Similarly, the relations (10.2.27) and (10.2.28) remain valid in the present case,
whereas the kernel G (1, p) becomes

GU.p) =j; (5 - 1) Ji(pp)r(pt)dp
2 /P f (wv)>?
mot Jo Jo (02 — w122 - w)112
x [ f p(-s - 1) J:,z(pv)lm(pw)dp] dvdw, (104.13)
0

2pt m/‘” (wv)~12
n J, A (wz —- p2)|/2(v2 - ’2)112

X [/ P (5 - 1) .l,,z(pv).h,z(pw)dp] dvdw ,
(

which corresponds to Equation (10.4.5). Thus, the functions h;; and the kernel
K are the same as defined by the relations (10.2.29), and the kernels Ly and L,
are

og
Li(v, w) = (wv)'? f [ptp/y = DMpalpo)hin(pw)dp ,  (104.14)
0

o0
La(v, w) = (wp)'/? f [p(ply - DWspa(pv)sp(pwidp.  (104.15)
0

Note that L, (v, w) coincides with L (v, w) as given by (10.3.15).
The four Fredholm integral equations of the second kind for the unknown
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functions $1, S2, Ty, and T; emerge as

Tip) =ta(p) + — L
' T I G
b 2 . .2 fal
x/ u Tz(u)zr,(n/f. 1.52/2,-4 [P p <o,
b Pt —u (10.4.16)
2
Tap) =t1(p) + ———P
2(0) =81 (p) TG/
oo . .
"f Ty Fy(1/2.1:5/2: . P
A uu? — p?) (10.4.17)

a {- ]
Sl(P)"‘j; Ll(v,p)Sl(u)dv=2§2p+f (v, p)Ty(v)dv,

0<p<a,
(10.4.18)
L] b
S2(p) +/; La(v, p)S2(v)dv = / La(v, p)h(v)dv ,
0
b<p<oo,
(10.4.19)
where
2 f* 2 d [° S\,(u)dud:
t.(p)=—;/‘; P -V dt J, @E-)7 O<eo<b.
(10.4.20)
20 % 1 d ' uSy(u)dudt
Lip) = — P =) Z'/; _uphur+ <P =<X.
(104.21)

We solve Equations (10.4.16) through (10.4.19) approximately by iteration
when the parameters ka and b/a are small. In view of the relations (10.2.42),
we can write Equation (10.4.16) in the form

1! 2Xp 1 p+Au
Ti(ap) = £2(ap) + ;/; Ta(bu) [m - log (p — M)]du .
{(10.4.22)

where A = b/a. Similarly, Equation (10.4.17) becomes

1 * 2up u+dp
Ta(bp) = &1 (bp) + o /: Ty(au) [uz v R log (" Y ]du .
O<p<l.
(104.23)
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Let us observe that the parameters that occur in this problem are
a =ak, B = bk, A =bfa=pla, (10.4.28)
and the discussion in the sequel is based on the assumption that @ = O(}), and

as such, 8 = ad = O(a?).
We start with Equation (10.4.18) and write it as

1
Sl(ap)+a/ Li(av,ap)Si(av)dv
0

oc
= ZQap+af L(av, ap)Ti(av)dv, O0<p<tl.
° {10.4.25)

This is solved by setting
Si(ap) = X1(ap) + Wi(ap). (10.4.26)

such that
1
X\{ap) = 2Qap —a/ Li(av,ap)X (av)dv, 0<p<1, (10427
[}
and
o0
Witae) = [ Litav.ap)Ti(avidv
1

1
—af Li(av, ap)Wi(av)du, D<p<ti.
o (10.4.28)

The integral equation (10.4.27) is precisely equation (10.3.22) since the kernels
L and L, are identical. Therefore, X1(ap) is given by the expression on the right
side of (10.3.24).

Similarly, the integral equation (10.4.19) can be written as

) 1
Sa2(bp) + b/ La(bv, bp)S;(bv)dv = b/ La(bv, bp)Th(bv)dv,
1 (1

l1<p<oo,
(104.29)

whose kernel can also be reduced to the following suitable form (see Appendix
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A2).

k
i) j; (P12 = Py pp) HS (purdp

v2p,
Li(v, p) = N (10.4.30)
i(pv)'? /o (P16 = p)\2)spa(pu) Hipo)dp,

p2Uu.

Using the expansions for Bessel and Hankel functions, we readily derive the
approximate formula

o?A2[(p?/6v) + O ()], v

a®A?{(v}/6p) + O(a?)], P2
The functions occurring in the system of Equations (10.4.16) through (10.4.31)

are to be calculated in the order Xy, £;, Ty, S, €2, Ti, Wy, 1. Having found X,

we can proceed to evaluate the other functions of this sequence. The required
results, obtained by one iteration, are

bLy(bv, bp) = [ : ’ (10.431)

8Q 212 2 in3 22
t(bp) = -;L- [(1 - %- - 4;—“) + 2"5)‘ + O(a‘)] .
* " (10.4.32)
Tbp) = 4,(bp) + O@”), O0<p<1, (10.4.33)
4 2,4
Sa(bp) = 4aa’a’f1 +0@d| ., l<p<oo, (10.4.34)
45 p
Q. 215
taapy = 201 L o@h] . 1<p<oo, (10.4.35)
asnz | p
32Qa)’ [o? | 1} o 2.\ 1 6;.1) ) ]
= = (1-=+5 —(=)+o0 .
Ti(ap) ) [4p+p3(l 3+7A)+p5(7 + O()
l<p<o0,
(10.4.36)
8Qaa?r’
Wylap) = -TSJIT(p + 0(&)] ' 0<p<l, (10,4.37)
215
Sitap) = Xu(ap) + 228X X L 0@h),  0<p<1.
asx (10.4.38)

In the preceding approximation, we have included only those terms that are
needed to evaluate the value of the torque experienced by the annular disk to
O(a®).
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The values of g; and g; are obtained by inverting Equations (10.2.13) and
(10.2.14) with 8y, S2. Th, and T as given by the preceding formulas. Then, the
value of the function g follows from (10.2.5) and that of ¢ (p) from the relation
$(0) = p7'g(p).

Finally, let us note that the method explained in the previous sections requires
the following modifications when applied to problems that relate to spherical caps
and annular spherical caps (or spherical rings): changeatoa,btc 8, pt0 9, 00
to n, and replace Equations (10.2.2) by

o 1’ r
f(8) = Z a, (lan E) = fi(8) + f,(8) . (10.4.39)

r=—00

where

f,(t?):Za,(tang) , 0 <e,
r=0 2

-1

A9 = Za,(lan%) . Bsd<n.

r=—

(10.4.40)

(10.4.41)

Here, ¥ is the polar angle and « and B are the bounding angles of the annular
cap.

10.5. Further Examples

Example 1. In Section 6.3, we found that the integral equation

flp) = ]; 8(0)Ko(t, p)di ; O<p<a, (10.5.1)
where

Kot p) = 2 / In(pp)a(pt)dp (105.2)
()

embodies the electrostatic potential problem due to a circular disk of radius o
charged to a prescribed potential f(p) cos ng. Following the analysis of Section
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10.1, we get, for all g(r),

L ] - 00
/; Ko('.ﬂ)s(l)dl=21r/ g(t)/ Ju(pp)Ja(pt)dp dt

—27:/ ) f
& TGy

f [ Jn-172(pw)Jq-12(pv)(wv)*V2dv dwdp dt
(pz - wZ)IIZ(,Z — v2)lﬂ

_ 4 —n 15w — v)(wv)'dvdwdt
- -/ ¢ g(t)f _/; (0% — w2 _ )i

min(p.1) w?dwdt
== / 17"g(0) f 5
w12 = iy
_ / “ "'g(r)dtdw 0
= 2_ 23172 2 _ /2 <p<a,
P Jo (p w?) w (@ w?) (10.53)

where we have used the relations (10.1.12) and (10.1.13).
Comparing Equations (10.5.3) and (10.1.2), we obtain the values of the
functions Ay, k3, h3, and K, as

hi(p) =4/p", ha(p) = p*, hy(p) =

Ka(t, p) = (p* — 3~ (105.4)

Moreover, this form of the kernel K; ensures the inversion of the integral equa-
tions (10.1.3) and (10.1.4). The method of Section 10.1 is therefore applicable
in this case. Indeed, we have

a ~n d

S(p)=p"/p(—:,—_g:,)—),i,;, 0O<p<a, (105.5)
4 ’ w'S(w)d

fp) = > ) '(1:2—_(—":2—)-1“/}—2'. O<p<a. (10.5.6)

Inverting Equation (10.5.6), we get

_ p" d P l"“f(l)dt
S(p) = . ;’;/; IR’ (10.5.7)

which gives the value of the function S in terms of the known function f.
Substituting this value of S in (10.5.5) and inverting it, we recover the value of
the unknown function g:

2" d [° w'T"S(w)dw

g0 =-— 3| o - (10.5.8)
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i

For the special case when the disk is kept at a unit potential, f(p) = 1, /
n = 0. Equations (10.5.7) and (10.5.8) take the simple forms p

¥
S(p)=—1——d—fp-——£’—'——-—=—l— (105.9) 'JE
2n dp Jo (P2 —1tH2  2x - }
and
1 4 f° wdw t
=) woon = waoma 050
{10.5.10)

Incidentally, we can evaluate the capacity C of the disk without finding the
value of the unknown function g. Indeed, the formula for capacity is

C =27rf glt)dr .
()

Substituting in it the value of g(t) obtained from Equation (10.5.8) after putting
n =0, we get

C= 4/' S(w)dw = 2a/x . (105.11)
1]

Example 2. The equation

1 =/ 18(t) Ky (2. p)dt, 0<p<a, (10.5.12)
[}

where =
Ku(t, p) == [o (pJotpp)Jotpt) /¥ dp. (105.13)

is the integral-equation formulation of the problem of acoustic diffraction of an
axially symmetric plane wave by a perfectly soft circular disk of radius a (see
Section 6.7, Example 1).
To solve Equation (10.5.12), we split the kernel K as
Ky(t, p) = Kol1, p) + G (1, p),

where ”
Kolt, p) = [o Jo(pe)opt)dp (105.14)

o0
Gt p) = f [(p/¥) - 1ot pp) ol ptrdp - (10.5.15)
0

Thereafter, the analysis is similar to the one given for the integral equation
(10.3.9) of the example treated in Section 10.3.
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Example 3. Some boundary value problems relating te a spherical cap.

Electrostatic potential problem due to a spherical cap. A spherical polar
system (r, #, ¢) is chosen so that the cap is defined byr = 4,0 € ¢ < a,
0 € ¢ € 2 (see Figure 10.4). We consider the axially symmetric case when
the potential on the cap is given by f(#). Thus the boundary value problem is

FIGURE 10.4

ViV, 0,¢)=0 in D, (10.5.16)
V@ de)=f#), 0<d<a; 0O<pg2n; (10.5.17)

where D is the region exterior 10 the cap. By following the method of Chapter 6
(see Exercise 9 of that chapter), we find that the integral representation formula
for Equation (10.5.16) is

¢ ¥l
Vi, 0.9)) = a’f / (o)/R]sintdepdr, (10.5.18)
o Jo
where o (£) is the charge density at the point (3. ¢, ) on the cap and
R = (r’+a?—2ar cos y)"'2, cosy = cos? cos{+(sin 9 sins) cos(w—ey) -
Applying the boundary condition (10.5.17), we obtain the Fredholm integral
equation of the first kind
[ = a’f (sint)o (1) Ko(t, ?)dt, 0<d <a, (10.5.19)
o

where - d
(4]
Ko(t,0) = j; m . (10.5.20)
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The next step is to expand the integral in Equation (10.5.20) in terms of the
spherical harmonics Y,* (9, p):

1 1 & (r—mDIYR @, Y (1, ¢1)
247 — 2a%cosy)'? ~ a § ,Z_:" o+ im)! Y
(105.21)
From Equations (10.5.20) and (10.5.21), it follows that
2,' 20
Kolt, 9y = = 2 P, , :
olt,9) = = ”‘;0 Py(cos 9) Py(cos ) (105.22)
where P, is the Legendre polynomial. We can put{10.5.22) back into the integra)
form if we use the Mehler~Dirichlet integral
V2 ? cosf(n + Dwldw
Pa =— —2r
sty =35 | S (10.5.23)
and the result
icos(n-&-l)wcos(n-i»l) —xG( 0
2 3 3 u-—2 w-—v), <w, V<.
(10.5.24)
The kernel Ko(t, 9) as given by Equation (10.5.22) then becomes
2 5w — v)dvdw
Ko(1,9) = =
ot ?) : j; /; (03w — cos D)2 (cos v — cos )72 ° (10.5.25)
The relation that corresponds to (10.1.2) for the present case is
@ 2 7o min(0.1)
f Kolt, 9)g()dt = —f g(t)f dwdr
A a Jo ) {cos w — cos #)1/2(cos w - cost)}/2
=2 / ’ 1 " eWdrdw
ajp (cosw—cosHV2 f (cosw —cos()i2’
0<d<a. (10.5.26)
Hence,
hy(8) = 2/a, ha(P) = hy(9) = 1,
Ka(t, 9) = (cost — cos 3)~1/2 | (105.27)
Similarly, the relations that correspond to Equations (10.1.5) and (10.1.6) are
* a®o(t)sintde
S = —_—
(%) s (cosD — cosny* (10.5.28)

- e
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and
foy=2 [0 _Stwdw
aJo (cosw —cos)l/2
The integral equations (10.5.28) and (10.5.29) are simple Volterza integral
equations and can be easily inverted. In fact, the inversion of (10.5.29) is readily
achieved from Example 2 of Section 8.2, and we have

_a 1_ Y f(8)sinddo
Stw) = 2 dw_/; (cos ® — cos w)¥/? ’

Similarly, the solution of Equation (10.5.28) is

(10.5.29)

(10.5.30)

1 d [* S(w)sinwdw

a(t) =~ —
® walsint dr J, (cost — cosw)/?

(10.5.31)

and the integral equation (10.5.19) is completely solved.
As pointed out in Example 1, one need not determine the charge density
a(t) explicitly to find the capacity of the solid. Using the formula

C =2na? f (sin)o ()de (10.5.32)
1]

and relation (10.5.31), it follows that

o 1 d (" S(w)sinwdwdt
=2r 1/ —_—— ) — —————
¢ a o ( mzz) dt J, (cost —cosw)!/?

o s 3 a
= / S0w)sinw dw s’""“’:"; = 2J5f S(w) cos (2 ) duw .
o (1—cosw)!/ J 2 (10.5.33)
For the special case when the cap is kept at a unit potential, thatis, f(9) = 1,
relation (10.5.30) simplifies to

a d v sind dé a w
—_ — = — -} 10.5.34
2 dw[o (cos ¥ — cos w)}/? ,/2:rcos(2) ( )

From Equations (10.5.33) and (10.5.34), we have the value of the capacity as

S(w) =

C = (a/n)(a + sina) . (10.5.35)
From this formula we obtain the capacity of various other configurations:
Hemispherical bowl. For this case we seta = /2 and get C = a( % + 7).
Sphere. The value for this case follows by setting & = x so that C = a.

Thin circular disk of radius c. When we seta — 0, @ — 00, such that
aa — ¢, we recover formula (10.5.11).
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Polarization potential. The foregoing analysis is also applicable to the
polarization potential problem of a spherial cap. Let a perfectly conducting
spherical cap of radius a and bounding angle & be placed in a uniform electric
ficld E which is parallel to the negative z-axis. Then f(2) in Equation (10.5.17)
has the value

f(3)= ~Ealcos? +¢), (10.5.36)

where ¢ is a constant. Substitution of this value of f(&) is Equation (10.5.30)
yields

w of -~F
Sw) = a _d_f sind{ a{cos? + ¢)}do
o (cos & — cos w)l/2
= aE 53w+ccosw
=~ co! 3 3 (10.5.37)

Consequently, from Equation (10.5.31) we obtain the value of the charge density
as

o) = ———e 2t [* a*E (c0s 3 + ¢ cos §)sinwdw
w a?sin6, ddy Jy, (cos 0, — cas w)) 2

E _‘ 1+cose '
=57 )% | \Cos 9 — cosa (€+3cosy)

1+ cosa w2
(m) (Bcos ¥ —1—cosa+c)} .

The edge condition requires that for 9, = a, the charge density should be finite.
As a result, we find from (10.5.38) that

(10.5.38)

=1-2cosa. (10.5.39)
Thus

E 1+¢ n
a(%) =~—- o [cot“‘ l(——tﬁ?—) (1 - 2cosa +3cosdy)

cos ¥y — cosa

2
+3{(l+oosa) (cos B —l—cosa)} ] . (10.5.40)

The energy measure in this problem is the polarization potential P which is

defined as
P= ffflgradVlz dxdydz,
R
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where R is the domain exterior to the cap. With the help of Green’s Theorem,
this result can be written as

P= V——dS+/V—dS
S

=4na’/ / Vo () sin 9, d9, dg,
0 0

a
= —Sn'ZEaJ/ cos 8, o (9,) sin %, d0, .
4]

(10.5.41)
Finally, from Equations (10.5.40) and (10.5.41) we have
i in2a  sin3a
—aE24? sina _ sin2a _ 54
P=4E%a [a+ 3 3 5 (10.5.42)

The far-field behavior of the electrostatic potential follows from relation
(10.5.18) which can be written as

Vir,9) = hazz _“/ 0 (1) P,(cos 9) P, (cos B) sin 9V, .

n=l
Thus
V(r) = {era f a(:?,)smﬂ,do,} ! +0 ( 12) .
0 r

The substitution of the value of o () from Equation (10.5.38) in this result
gives the required far-field behavior:

2 .
vin=2E [a(l —2cosa) + 2sina — s'“z"] i (10.5.43)
nr 2
Flow of an ideal fluid past a rigid spherical cap.
In Example 5, Section 6.3, we found that
l a
Usind = > [ Koy, 0) (9,)dD, , (10.5.44)
o

where the kermel Ko(9,, #) is defined by the relation (6.3.69), is the integrai
equation formulation of the problem of the flow of an ideal fluid past a spherical
cap. We are now in the position to solve this integral equation with the help
of the method as given in Section 10.1. For this purpose, we use the relations
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(10.1.12) and (10.1.13) and write (10.5.44) as

Usind = o 1949, ” 2P
2a [y cos(9/2)cos(91/2) Jo 7 tan(d/2)1an(B,/2)
tan9/2 J,,z(pw)wyzdw jllﬂ? Jip(pv)v¥idy
/o (an?0/2— w2 J;  (an?9/2 - vy
1 f° I(l’,)cot cm—‘l
=% o cos(0/2)cos(01/2)

min(tan 0/2.tan 9, /2)

EN (10.5.45)

w? dw

X (tan?(3/2) — w2 (tan?(8,/2) — wip2’

The next step is to set

w=tan£. dw=%seczw

dy,
5 v
and change the order of integration. Then (10.5.45) becomes

19 [ S wn(¥/d)
Usind = ;—-ool 7/, m dy, (10.5.46)

where 100 o
_ 1@ cotty,
S(y) =tan — f sy —cos o) dv, (10.547)

Integral equation (10.5.46) can be readily inverted to yield
¥ d ¥ 4sin’u/2 cosu/2

=alU
Stwy=aUcot 5 2 dw o (sin® ¥/2 ~ sin’ 14/2)”z
.Y v
=4~/§nUsm-2- cos 5 - (10.5.48)

Simitary, when we put Equation (10.5.48) in (10.5.47) and invert we get

4 d j’" S(u)sinu cot(u/2)
)

1
1(%)) = —~tan = 3 @5, Jy, (o501 = cosa) 2

du
(10.5.492)

2aU _,¢ 2cos"1—6005°cos7!l
= SIn® =
2 (cos? % — cos? & )]
+tScoszglsin”(mm/2 —3rco2 2
2 005!’1/2
(10.5.4%)

However, we can get the quantities of physical interest without having to evaluate
I(8,) explicitly as we show in the following.




10.5. Further Examples 269

Virtual mass. The virtual mass M is defined as
M= /(w)2 dxdydz,
R

where R is the domain exterior to the cap. By Green’s theorem we can write
this formula as

Vv av
= V— + Ve,
M 8"4, /_ an_

where S, and S_. are the posmve and negative sides of the cap as explained in
Section 6.2. Proceeding as in the previous example, we can write this formula
as

a p2x
M= —-anf [ g(!’”Siﬂ!’; cos %y dgy d9,
0 Jo

a
=rna? Uf sindy 1(h) dd,, (10.5.50)
()
where we have used the notation as explained in the Example 5, Section 6.3.
Now, from Equation (10.5.49a) we have

1 /“' . 2 0; e S(u)sinucot ¥
- 2sin® — —_—2
o, (cos®¥, — cosu)l/2

/‘ sin 0 / S(u)smuoot" _S@sinucot;
i
! o, (cost — cosu)’/2 udd

—-[ S(u)sinucot—du/ ——sm’lio‘—_
mJo 2 Jo (cosdy - cosu)'/?

o
/; 1(9y) sin 8,d 9, dudd,

= _{_'2'/ S(u)sinu co:‘i sin 5du.
n 0 2 2

When we put the value of S{(u) as given by (10.5.48) in this relation and simplify,
we obtain

“ . 2 sina  sin 3a
/‘; 1(9;)sind, ddy = s U [a + =" % ] (10.5.51)
Finally, from Equations (10.5.50) and (10.5.51) we have
a3 sin 2 sin 3o
M =2a"U [a+ T " % ] . (10.5.52)

From the formula (10.5.52) we can get the virtual mass of various limiting cascs.
(i) Hemispherical bowl. Pula = % in(10.5.52)and get M = a2 U(n + %).
(ii) Sphere. Puta = 7 in(10.5.52)and get M = 2n a3 U
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(iii) This circular disk of radius c Leta — 0,a — oo such that aa ~» ¢,
Then Equation (10.5.52) gives M = § 2 U.

The far-field behavior. For evaluating the far-field behavior, we appeal to the
analysis of Example 5 of Section 6.3 and find that

aZ a 20 . 3 1
V‘""“‘ZZL /; g(d))sin®d, [3_'—1 (5) | dmdor. qossy

Also - .
I (1 na*
[ (5)], . L eeom.
Substituting this value in Equation (10.5.53) and simplifying, we have

Vi, d)=—-— Zf £2(8,) sin 01 P,.(oos 3)P,(cos B,)d ¥, .
= (10.5.54)
a?

a . ]
= ——2;3 cos 0/; g(8) sindy cos9,d% + O (r_f)
2 @
:? cos "/ I1(8,)sin 0, d9,

- a*lU cosﬂ[a+5ina sin 2 sin Sa]
= —_— .
2 2 2 6 (10.555)

Exercises

Extend the analysis of Example 1 in Section 10.5 to the following two
exercises:

1. The disk is bounded by a grounded cylindrical vessel of radius b such that
a/b « 1. The disk and the cylinder have a common axis.

2. The disk is placed symmetrically between two grounded parallel plates
z = +bsuch thata/b « 1.

3. Instead of the whole disk, consider the case of an annular disk and extend the
analysis of Example 1 of Section 10.5 accordingly. Do the same to the problems
in Exercises 1 and 2.

Solve the problems of acoustic diffraction of an axially symmetric plane
wave for the configurations in Exercises 4 through 7.

4. A perfectly rigid circular disk.

AN
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5. Perfectly soft and perfectly rigid annular disks.
6. Perfectly soft and rigid spherical caps.
7. Perfectly soft and rigid annular caps.

8. Solve Exercises 1 and 2 when the solid is a spherical cap instead of the
circular disk.

For details on mixed boundary value problems, the reader is referred else-
where {191-{28],{48}-{50].



CHAPTER 11

Integral Equation
Perturbation Methods

11.1. Basic Procedure

In the previous chapter, we solved the Fredholm integral equations of the first
kind by converting them to Volterra integral equations and to Fredholm integral
equations of the second kind. One of the reasons for the simplicity of that
formulation was that we had only one variable of intcgration. We need 1o
develop methods that solve the integral equations relating to boundaries such
as a cylinder or a sphere. In this chapter, we shall deal with three-dimensional
problems and present approximate techniques for solving the Fredholm integral
equations of the first kind

f(P)=/K(P. 0)8(Q)dS , Pes, (11.1.1)
5

with P = x and Q = £. The analysis for the corresponding plane problems is
simpler once the method is grasped.

In the previous chapter we noticed that certain perturbation parameters arise
naturally in physical problems. Let & be such a parameter occurring in the integral
equation (11.1.1). Then, we expand all three functions K, f, and g as power
series in ¢:

K=Ky+eKi+eKo+---, (11.12)
f=foteh+etfrt+---, (11.13)
g=gotegi+eig+ . (11.1.4)

Inserting these values in Equation (11.1.1) and equating cqual powers of ¢, we
end up in solving the integral equations

fSKugodS = fo. (11.1.5)

fKogde = fi —fx,gods. (11.1.6)
s s

_/;Kogzds =/ —/K.glds —szgodS, @11.1.7)
s s

and so on.

m

FoooTem e
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For the preceding technique to be useful, the following conditions must
be satisfied: (i) Ko(P, Q) is the dominant part of K (P, () as in the previous
chapter; (ii) the integral equation (11.1.5) can be solved; and (iii) the func-
tions go. g1, - - - are such that the integrals occurring the right side of Equations
(11.1.6), (11.1.7), and so on, are easily evaluated.

Fortunately, in this method, it is only the integral equation (11.1.5) that
needs to be solved because the other integral equations in the sequence have the
same kernel.

In certain cases, an approximation of order € can be obtained rather easily.
Suppose that the function K, occurring in the expansion (11.1.2) is a constant
A (say), then Equation (11.1.1) can be written as

fP)+ef = f Ko(P, Q)g(Q)dS + O(e%), (11.1.8)
S

where
£ =-4 [ s,
s

is a constant, although as yet unknown. Then, to order &, Equation (11.1.8) is
similar to the integral equation (11.1.5), whose solution is assumed known, and
therefore can be solved. The quantity f’ can then be evaluated from different
considerations. The occurrence of a constant A can be demonstrated by the
kernel

expig|x — €| _ expier 1 tie+ 0.
Ix — &l r r

Here, Ko(P, Q) = 1/rand A = .

In the special case when the kernel K is only of the form Ko + A, the
analysis is further simplified. Indeed, suppose that the solution G(P) of the
integral equation

K(P, Q)=

/Ko(P- Q)G(Q)dS =1, PeSs, (11.1.9)
5

is known and we are required to solve the equation

[S (A + Ko(P, Q)12(Q)dS =1. (11.1.10)

We can write Equation (11.1.10) in the form

fKo(P. 0)8(Q)dS =1 —A/s(Q)ds. (11.1.11)
3 s
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Although the value of the integral on the right side of (11 .1.11) is so far unknown,
it is nevertheless a constant, as pointed out earlier. We can therefore divide both
sides of Equation (11.1.11) by the constant factor on the right side and obtain

/Ko(P' o) lg(Q)/ [1 -A /SS(Q)dS]} ds=1. (11112
s

Comparing Equation (11.1.12) with (11.1.9), where the value of G(Q) is known,
we have

8(Q) = [l —A j;g(Q)dS]G(Q) . (11.1.13)

Integration of this expression over the surface § and a slight rearrangement yields

/g(Q)dS = U G(Q)dS] / [1 +A f G(Q)ds] . (11.1.14)
s s kY

Subsequently, the substitution of (11.1.14) in (11.1.13) yields the solution g(P)
of the integral equation (11.1.10):

¢(Py = G(P)/ [1 +4 j moms] . (11.115)
S

This result can be extended to the case when, instead of the constant A in
Equation (11.1.10), we have a separable kerel with finite terms. Suppose again

that we know the solution of the integral equations
/;Ko(l’. D)Go(Q)dS = f(P), Pes, (11.1.16)

and

/sxo(P. OGH(QMS = ¥i(P); PeS, i=1,.

Lon; (10107

then we can solve the integral equation
n
/s [Ko(P. D+ Zﬂ(Q)%(”] 8(Q)dS = f(P), (11.1.18)
i=}
where the ¢;(Q) are known. To accomplish this, we write Equation (11.1.18) as

/sK“P' DRQMS = f(P) -3 Ciwi(P).  Pes, (10L119)

=1
where

Ci= j $:(Q)e(Q)dS
5
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are constants, as yet unknown. The rest of the steps are a simple repetition of
the ones used to solve the integral equation (11.1.10).

We now apply these ideas to various disciplines of mathematical physics
and engineering. In the sequel, we let G(x; £) be the generic notation for the
Green's function as in Chapters 5 and 6. In view of the expansion (11.1.2) for
the kernel K, we write Go(x; £) for E(x; £), the free space Green’s function.

11.2. Applications to Electrostatics

As a first illustration, we turn to boundary value problems in electrostatics. Let
there be two conductors with surfaces ) and §;; Sy is completely contained in S,
and is kept at a unit potential, whereas the potential on $; is zero. If a denotes a
characteristic length of S, and b denotes the minimum distance between a point
of Sy and a point of 53, then we have the perturbation parameter ¢ = a/b, which
we assume to be much smaller than unity.

In Section 6.4, we presented an integral representation formula for the elec-
trostatic potential in the region D between $, and S;:

f(P) = [s G(P, Q)0 (Q)dS, a121)

in terms of the Green’s function G (P, Q) and the charge density o. Applying
the boundary condition on §;, Equation (11.2.1) becomes

1= / G(P, Q)o(Q)dS, PeS. (11.22)
S

Following the method outlined in the previous section, we write G(P, Q) as
the sum of the free-space Green's function Go(P, () and the perturbation term
G(P, Q) in (11.2.2) and get

l=f Go(P, Q)a(Q)dS+j; G(P, Q)o(Q)dS, PeS . (11.23)
5) 1]

If the conductor Sz were absent, we would have only the first integral on the right
side of Equation (11.2.3). Thus, the second integral represents the effect of the
conductor S; on the potential of S;. According to the hypothesis of the previous
section, we assume that we can solve the integral equation (11.2.3) when the
second integral is not present.

Note that we can always introduce a constant A and write G; = A + G2,
where G2 = O(Aeg). For instance, one possible value of A is the value of
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G (P, Q) for an arbitrary pair of points P and Q on S;. Hence, the relation
(11.2.3) can be written as

1= /; Go(P, Q)0 (Q)dS+A j; o(QdS+ f GoP, Qo (Q)dS . (11.24)
tH sl

Now define a new charge density o’

a'(P) = a(P)/ [l - Af a(Q)dS} , (11.2.5)
S',

from which it follows that

/S|odS= Us'o'ds]/[HA/s a'dS} . (11.2.6)

Also, Equation (11.2.4) can be written in terms of the density o' as

1= /s GolP. )" (@)dS + fs GiP. Q) (QMS.  (127)

From the preceding arguments, we conclude that the second integral on the right
side of Equation (11.2.7) is O(¢?) times the first one. If we neglect the terms of
this order, then o’ is the electrostatic charge density on $; when it is raised 10 a
unit potential in free space. Equation (11.2.6) therefore gives the capacity C of
the condenser formed by S5; and S: in terms of the free-space capacity Co of §y;
that is,

C/Co=(1+ACo)™! + O(e)), (11.28)
or
C/Co=1-ACo+ 0(e%). (11.2.9)

If A is interpreted as the value of G (P, Q) for any pair of points P, Q on Sy, then
the result (11.2.9) is precisely the capacity that would have been obtained had
we used the perturbation procedure (11.2.2) through (11.2.4). The advantage of
Equation (11.2.8) for determining the electrostatic capacity lies in the fact thatin
many situations it is possible to show that, by a suitable choice of A, the formula
(11.2.8) is valid for much higher order in &.

Example. We elucidate this discussion by the example of a sphere of radius
a placed with its center on the axis of an infinite cylinder of radius b. Recal!
that we gave an integrai-equation formulation of a general axially symmetric
problem of this nature in Example 2 of Section 6.5. In terms of cylindrical polar
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coordinates (p, ¢, ), we found that

o0
Gi(p, 0.2 p1, 01, 21) = (2= 80)GY (0, z; )1, 21) cosr (0 — 1) ,
r=0

(11.2.10)
where

) _
G, =~

2 © Iy I, T
_/0 (po), (pp1)K, (pb) cosp(z—21)dp,  (11.2.11)

T I,(pb)
and the points P and Q are (p, ¢, 2) and (py, ¢y, 2,), respectively. In view of
the axial symmetry, we need only the term G'@ in the preceding formula.

The next step is to find the constant A in the relation (11.2.4). For this
purpose, we first set

z=acos?, p=asin?d, (11.2.12)

where 1 is the angle between Oz and O P, where O is the origin. Then (11.2.11)
becomes

G(‘m __ ;z;Re /;eo Io{pa sin 9)Io(pa sin 9;) Ko(pb) gipetemt -ty

Io(pb
o(pb) (11.2.13)

where the “Re” means that we take the real part of the expression. Secondly, we
use the formula

00

lo(pasin9)e*=* ="
a=0

(ipa sin 9)"

Po(cos V), (11.2.19)
n!

where P, are the Legendre polynomials. From Equations(11.2.13)and (11.2.14),
it follows that

oo & in®)* ( ind )n.
GOP, Q) == ',z;Re f 3 (- 222 fpasinty
0

a0 n! m!
x Kob) o (o5 8) P (cos 91)dp (11.2.15)
(0 ad (e sin9)" (e sin 0;)"
= —;25 Re /o (-1)"(!')"*'—"!—— P,.(cost?)-————;!——
X Pn(cos 0|)u"'+"@—) du (11.2.16)

To(u)

= — %Re [g 5"A.P,,(co$0)] [?-:o £"A, P,(cos 01)] ,
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where « = pb and ¢ = a/b (the dimensionless parameter of the problem).
Furthermore, the constants A, are given by the formula

o
ApA, = (2/7r)‘/; (=D @)™ " [Ko(w)/ To())du . 11217

It follows from Equation (11.2.17) that, when (m + n) is odd, A, A, is an
imaginary quantity.

The required constant A is now available from Equations (11.2.16) and
(11.2.17:

A = —(1/b)A] = —(2/nb) j; m[Ko(")/lo(ll)]du . (11.2.18)
Substituting this value of A in (11.2.8), we have
C/Co = [1 ~ 2/nb)Col ()], (11.2.19)
where
12m) =(2m +1) /; w[uZ'"Ko(u)/lo(u)]du. (11.2.20)

for which numerical tables are available [14).

By careful examination, it can be shown (see Exercise 1) that the preceding
value of the capacity is correct to order 5.

11.3. Low-Reynolds-Number Hydrodynamics

Two kinds of linearized equations govern the fiow of an incompressible viscous
fluid: Stokes and Oseen equations.

Steady Stokes flow

We have studied these equations in Example 3 of Section 6.7. Recall that, for a
free space, the boundary value problem is

Viq=grad p, divgq=0; (11.3.1)

q=ep, an  §; @10 at  00; (113.2)

where this system has been made dimensionless with the help of the uniform
speed U of the solid and with its characteristic length a; here, ¢; is the unit
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vector along the xy axis. The integral-equation formula for this boundary value
problem was fourd in terms of Green's tensor Ty and Green's vector p; to be

e, =- | f-T1dS, Pes, (11.3.3)
)
whete
f = (3g/3n) — pn, (11.3.4)
Ty = (1/87)(AV?*|x — &) — grad grad |x — &), (1135)
p1 = —(1/8m)grad V¥|x — € . (11.3.6)

The corresponding formula for the resistance Fo, (the subscript signifies
that we have an infinite mass of fluid) on the body B is found by observing that
the stress tensor has the value Ip + [Vq + (Vqg)*], where (Vq)' stands for the
transpose of Vq. Using Equation (11.3.4), we have

Foo = | fdS. (11.3.7)
S
This force can be related to the so-called resistance tensor P, which is defined
to be such thal the force exerted on a body with uniform velocity u is $ - 0.
Thus, Fp, = Fce = —Py - U, where e is the unit vectar in the direction of u.
The solutions for various boundary value problems for steady Stokes flow in
an unbounded medium are known. As such, the solution of the integral equation
(11.3.3) can be found for these problems. Hence, the tensor Ty corresponds to
the kernet K¢ of Section 11.1, In the following, we show how the correction
term may be obtained for more complicated cases by using the ideas of Section
11.1. We begin with the boundary effects when the fluid is bounded by a surface
AYR

Bouudary effects om Stokes flow

The presence of the boundary S2 necessitates the introduction of a new tensor
T and a corresponding vector p (see Exercise 7 of Chapter 6). These quantites
satisfy the equations

VT -gradp=15(x—€ V. T=0 T=0 on S;. (11.3.8)

When S; tends to infinity, T and p reduce to T; and p; as given previously.
According to the present scheme we write T = T + Tz and p = p, + p, where
T, and p; satisfy the hamogeneous part of the system (11.3.8).



280 11. Integral Equation Perturbation Methods

The integral equation that is equivalent to the present problem is
e=—] - TdS = —/ (T, +TdS . (11.39)
S M

Along with P and Q let us take the origin also on §;. Furthermore, let £ again
be the parameter that gives the ratio of a, the standard geometric length of the
solid B, to the minimum distance between a point of S and a point of S;. Then,
by Taylor’s theorem, we get

Tr=Ty+r [grad To),_¢_o+ - [grad’Tal, g0+ 0%, (11.3.10)

where ’1‘2’ = T2(0, 0) and the superscript zero on the grad implies differentiation
with respect to the components of £&. Taking only the first-order terms of the
relation (11.3.10) in (11.3.9), there results the equation

eg+F T) =~ [ TS, (11.3.11)
M

where F is defined by relation (11.3.7) without the subscript 60 in that relation;
that is, F is the resistance experienced by B in the bounded medium. The integral
equation (11.3.11) has the same kernel as that of (11.3.3) and, as such, it can be
considered to give the velocity field in an unbounded fluid when B is moving
with uniform velocity e; + F - T‘z’ If we now utilize the concept of the resistance
tensor P as previously defined, we derive the force formula F:

F=-(,+F - T ¥ - {11.3.12)
This equation can be solved to give
=—e [P +TI'. (11.3.13)

Fortunately, replacing F by Fo, introduces error of order &2, and thus, to order
¢, the formula (11.3.12) becomes

F=—(ey+Fo -T9)  Po - (11.3.19)

The principal axes of the resistance of B are defined so that, when B moves
parallel to one of them in an infinite mass of fluid, the force is in the direction

of motion. They are the unit eigenvectors of the resistance tensor $,. Let us
denote them by iy, I, and §; such that

Poo = Pooihi) + Pooziziz + Poesisis . (11.3.15)
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Let us decompose 'l‘z’ into components with these eigenvectors as the basis.
Furthermore, let us set e, = §;. Substituting these expressions in the relation
(11.3.12), we derive

F/Foo = 1/(1 - Fx), (11.3.16)

where A is independent of the form of S,.

Longitudinal oscillations of solids in Stokes flow

This analysis can be used to obtain an approximate value of the velocity field
generated and the resistance experienced by a solid of an arbitrary shape which
is executing slow longitudinal vibrations in an unbounded viscous fluid. Let us
assume that the body oscillates about some mean position with velocity Ue/“e,
and q and p have the same time dependence. Then, the dimensionless Stokes
equations for the steady-state vibrations are

-Vp+V3q-iMq=0, divg=0, (11.3.17)

where M2 = a%w/v is the rotational Reynolds number and v is the coefficient
of kinematic viscosity.

The integral representation formulas are the same as for the steady Stokes
flow, and T and p now satisfy the equations

—-Vp+ VT - iM*T =15(x - §), divT =0, (11.3.18)

and T — O as x — oo. These equations are satisfied when T and p are given
by the formulas

T=1V¥¢ -gradgrad¢, p=—grad(VZ—iM})¢, (11.3.19)

(V2 - iM)Vip =58(x-§), (11.3.20)
_ 1 —exp{—[(1 +)M//2]Ix - €1}
¢ = A M = €] . (11.3.21)
Thus,
T=T; - [ +i)/6xV2IMI + O(M?), (11.3.22)

where T is given by Equation (11.3.5).

The next step is to substitute the boundary value q = e, in the integral
representation formula for the system (11.3.17) and observe that, in view of
Equation (11.3.18) and Green’s theorem we have

j’ (?I - ,,.,) ds = -iM? [ Tav, (11.3.23)
S; an R
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where R; is the interior of 5;. The result is the Fredholm integral equation of the
first kind for evaluating f:

&~ [(1+i)/6nV2IMF = - | T,-1dS+O0M?), PeS . (11329)
5

Following the previous analysis, we have the formula
F=- (&) —[(1+)/67V2IM(Pw - &)} + O(MY).  (113.25)

For a body moving parallel to one of its axes of resistance (which we can
take as the x, axis of our coordinate system), Equation (11.3.25) takes the simple
form

F= —Foll +[(1 4+i)/6mVZIMFxle; . (11.3.26)

For example, for a sphere, Fo = 6muaU in physical units, where a is the radius
of the sphere and u is the shear viscosity of the fluid. The formula (11.3.26)
then gives (in physical units)

F = —6ruaU[l + (M/V2)(1 +i)]e, + OM?). (113.27)

Steady rotary Stokes flow

For the rotation of axially symmetric bodies, the pressure is taken to be constant
and the steady Stokes equations become

Vig=0, divq=0, p=const. (11.3.28)

Let the z axis of cylindrical polar coordinates (p, ¢, z) be the axis of symme-
try of these bodies. Assuming that the streamlines are circles lying in planes
perpendicular to Oz, then q has a nonzero component v(p, 2} in the ¢ direc-
tion only and is independent of ¢. The equation of continuity is thus satisfied
automatically, and the equation of motion (11.3.28) becomes (6.7.46), i.c.,

3% + 1 v + v v
2 ppdp 32 p?
which has been made dimensionless with Qa as the typical velocity. Here, Q is

the uniform angular velocity of the body and a is its characteristic length. The
boundary conditions are

=0, (113.29)

v=p on §; v=20 on S;. (11.3.30)
From Equation (11.3.29), it is casily verified that the function

w(p, ¢.2) = v(p,2)cosp (11.3.31)
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is harmonic and can, therefore, be represented in terms of a source density
o (Q) cos g, spread over §,, where £ = (01, ¢, ) are the coordinates of Q and
o(Q) is independent of ¢,. Thus, we can use the integral representation formula
(6.4.24) for the harmonic function and get

w(p, 9, 2) = / G(P, @)a(Q) cos gydS.. (11332)
$

where P is an arbitrary point in the region between S, and S;. On applying the
boundary condition (11.3.30),, we obtain

p= f 1GNP, Q)o(Q)ds , PeS, (11.3.33)
(o

where x =!G (P, Q) is the coefficient of cos(¢ — ¢, ) in the Fourier expansion
of G(P, Q) and ds denotes the element of the arc length measured along the
curve C which is the bounding curve of S; in the meridian plane.

Recall the decomposition

G(P,Q)=(1/Ix-§N +Gu(P, Q).

where G (P, Q) is finite in the limit as Q — P. We can, similarly, decompose
the Fourier component GV into the sum

Y =6 +6\",
where G arises from the Fourier expansion of 1/|x — £| and G\" arises from

the expansion of Gy. Therefore, we can write Equation (11.3.33) as

o= f 711G ds + f aGVa ds . (11.3.34)
(o o

Again let b represent the minimum distance between a point of $) and a point of
S2, and we have the small perturbation parameter € = a/b. The second integral
on the right side of Equation (11.3.34) is at least of order ¢ of the first integral.
For geometric configurations for which

G = ppi(A + Gy), (11.3.35)

where A is a constant and G; is of order A¢, Equation (11.3.34) becomes

o= f G ds + Ap/ pla ds + pf PiGiods . (11.3.36)
c [« [«
or

p= f pGYa’ ds +p/ piGya’ ds, (11.3.37)
c (o
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where
o'=a/(1-A / plo ds) . (11.3.38)
[

Consequently, we have the same situation as in the section on edectrostatics; that
is, o’ represents, with an error which is at most of order €2, an appropriate source
density for the body rotating in an infinite mass of fluid.

The tangential siress component v on the surface S; in the direction of ¢
increasing is

r= pp-a— (E) , (11.3.39)
on \ p

where 3/dn denotes differentiation along the normal drawn outward to §;. Fur-
thermore, we know from the analysis of Chapter 6 that the source density o(Q)
on §; is related to v by

]
4no(Q) = —p — (3) i {11.3.40)
an \ p
Thus, r = —4xua. From this value of the siress component, the value of the

frictional torque N can now be readily calculated to be

N = —81r2;1] plo ds . (11.3.41)
C

The relation between this torque N and the torque Ny in an unbounded fluid
may be cblained by integrating both sides of the relation (11.3.38) around the
meridian section C of the axially symmetric body:

N = Nl + (A/Bru)Ne]™! . (11.342)

with an error of order £2. By a suitable choice of A, the formula (11.3.42) can be
shown to be valid in many cases 1o a much higher order in £. Equation (11.3.42)
can be illustrated with many interesting configurations. For example, the case
of a sphere which is symmetrically placed in an infinite cylindtical shell can
be studied as in the analysis of Section 11.2. Formula (11.3.42) then gives (see
Exercise 5)

N/Ng = [14 (Noo/8muS2a*)H1) (11.3.43)
where H; is given by the integral

1k
H, = 3 St focxu ——-—Kl(x) dx .
T (2k)! Jo 5Li(x)
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Rotary oscillations in Stokes flow

The equations governing the steady-state rotary oscillations (with circular fre-
quency w) of axially symmetric solids in an incompressible viscous fluid are

(V1—~iM})q=0, V.q=0, (11.3.44)

which are obtained from Equation (11.3.17) by setting o = const. As for
the preceding steady rotational case, the only nonzero component of q is the
¢ component v, and the differential equations (11.3.44) reduce to solving the
equation

v 13 v 3w o,

5it5 3, 51t Ae=0. (11.3.45)
where B2 = iM2. We present the analysis for |8 < 1. The boundary values are

v=p on & v=0 on S (11.3.46)

where, as before, §; is the surface of the oscillating body and S; is the bounding
surface.

By writing w = v cos ¢, Equations (11.3.45) and (11.3.46) reduce to the
following boundary value problem.

Vi -ghw=0, (11.3.47)

w = pcosey on S w=0 on S;. (11.3.48)
The Green’s function G(x; £) appropriate to this boundary value problem is

(V2 -G (x: &) = —4ns(x - &), G| =0. (11.3.49)
Thus,
Gx: O = W +6ix: O, (11.350)

where Gy(x; £) is finite in the limit as € — x. The integral representation
formula for w(x) follows from Section 6.6:

w = [ alonamesp)COds, s, xeR,

S (11.3.51)
where R is the region between Sy and S, and o (py, z)) is given by formula
(11.3.40). When we apply the boundary condition (11.3.48)1, we obtain the
required Fredholm integral equation

pcow:/ o(p1. 2;)(cos )G (x; £)dS , (11.3.52)
5
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with x and € on S;. Now, if G:”(p. 2, ;1. 1) is the coefficient of cos(¢ — ¢y)

in the Fourier expansion of G;(bx; £), then the integration over ¢, reduces the

preceding integral to

exp— Bix—¢l ,
Ix — &

+rr(cosw)/ o (o1, 21)G\(p. 2, pr. 21 )prds
C

pcosy =/; a(py, zy)(cos ) s

(11.353)
in the notation of Equation (11.3.33).
The next step is to expand o as the perturbation series
o= }: B" 0a (11.354)

in Equation (11.3.53). Moreover, by direct expansion of the Green’s function, it
can be shown that G '," = O(e?), where ¢ is the ratio of the characteristic length
of the vibrating body to the distance of its center from the ncarest point of $;. It
is assumed that g = B/¢ = O(1).

Now, equate equal powers of B on both sides of Equation (11.3.53) and get
(after omitting terms that trivially vanish)

pcosy = f oo{p1, 21)Ix — {l‘l cos¢pdS , (11.3.55)
5

0= / oo, 2))Ix - £ cospydS (11.3.56)
5

0 =f o1(p1, 21)Ix — €]7? cos 1 dS
5

1
+ 3 / 90(p1, 21)Ix — €l cos 1 dS , (11357
S

0= fs a3(pr. 21X ~ € cos g dS
1
+ ijal(m.ll)lx—ﬂcosw ds
1
- g[ a0(p1. 21X — €2 cos ¢ dS
A

+ m(cos ¢) / o0(py, 21)H (p, z; py, 7)) prds .
¢ (11.3.58)
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and so on, where
GMp.zip1.21) = B2 H(p. 22 ;1. 21) + O(BY) . (11.3.59)

It follows from Equations (11.3.55) through (11.3.58) that the source densities
0o. 0y, 02, 03, and so on are determined by solving potential problems in free
space of the form encountered in Chapter 6.

The velocity field and the frictional torque can be readily calculated. Indeed,
for the evaluation of the torque N, we use the formula (11.3.39) and obtain

o fv 3 [vu
- 28 (VY o 39 (¥Yas. 13,
N u/;p n (p)ds eruj;p e (p)ds (11.3.60)

From the relations (11.3.40), (11.3.54), and (11.3.60), it follows that
N = -81%u / 0200 + Boy + B2os + Blay)ds + O(B*) . (11.3.61)
C

Since potential problems of the type given in Equations (11.3.55) through (11.3.58)
can be solved for various configurations such as a sphere, a spheroid, a lens, and
a thin circular disk, we can solve our problem for all these geometric shapes. As
an example, we consider the case of a thin circular disk vibrating about its axis
in a viscous fluid which is contained in an infinite circular cylinder. The axes of
the disk and the cylinder coincide. The Green's function for an infinite cylinder
—00 < z < 00,0 € p < b can be found by following the steps of Example 2,
Section 6.5. The result is

exp-fBlIx-§ 2&
—aoa 1 L2 dolcosn(e -~ )

a=0
< j‘ Ka(pb)
8

Gx; 6 =

——r 2_ g2 -
Tn(pb) 1a(pp) L (pps){cos((p® — B*)(z - 1y)]}

d
x (7’2—’1—;;75 . (11.3.62)

from which G'"for the disk p < 1,0 < ¢ < 2n, z = O may be readily obtained:

®  Kity) ydy

—_— 7 s
L(y) (y2 - g3)i72 +0(%), (11.3.63)

1
G, p)) = - ——E’pmf
1 2,., A

or
H(p,.p1) = ~(1/27¢°)p;A(g) . (11.3.64)
Here, A(q) stands for the infinite integral in Equation (11.3.63).
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The integral equations (11.3.55) through (11.3.58) can be solved by the

method of Sections 6.4 and 6.5 (see also Exercise 2 of Chapter 6). The solutions
are

_ 2p -0 __p2-0YH
T ri(1-ppinn’ a1 =1, 9= 330 — g2y’
4 2 1 P
=—|~-= 4 — —_—3Ta 0g .
=33 [ 3t anA(q)] a=pha- p<l1

Substituting these values in Equation (11.3.61), we obtain the value of the torque,
which in physical units is

op
(11.3.65)

__32 s 1o 45,45 ot P
N= 3[490 [1+§ﬁ “9"ﬂ +3’?5 A@@)|e” + 0B, ¢%).
(11.3.66)

Oseen flow — translational motion

The slow motion past a solid as studied by Oseen is governed by the dimension-
less equations (see Example 4, Section 6.7)

Rq/dx = —grad p+ V3q, divg=0, (11367

qg=e on §; gq=0 on §;. (11.3.68)

The Fredholm integral equation of the first kind that is equivalent to the boundary
value problem (11.3.67) through (11.3.68) as given by (6.7.85) is

e = —/T-fds. {11.3.69)
s

where the Green’s tensor T and the Green’s vector p are now defined as

T = (1/87)[1V%¢ — ,
(1/87)[1V°¢ gzrad grad ¢] (11370
p = —(1/8r)grad (V'¢p — Ra¢/axy) .
lois
¢ = (1/lo)) / [(1 - e=")/e)dt. (137
[}

and
s=x =&+ (R/IRD(y — &) .
By using the series
1-e” 1~ L 2 e,
t 21 3
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we expand ¢ in Equation (11.3.71) in terms of the Reynolds number. The relation
(11.3.70), then becomes

T=Ti+0®R), (11.3.72)
where T} is given by Equation (11.3.5). The rest of the analysis is similar to the

one given in the previous subsection and is left as an exercise for the reader (see
Exercise 9).

Oseen flow — rotary motion

By using the present technique, the solutions of the Oseen equations can be
presented also for the steady rotations of axially symmetric solids. As in the
corresponding Stokes flow case, we take p = const. Then, the Oseen equations
take the simple form

R(3q/9x;) - Viq =0, divqg=0. (11.3.73)

Again, in view of the symmetry, only the ¢ component V of q is nonzero and in
cylindrical polar coordinates (with z = x,) the boundary value problem becomes
¥V 1av v vy v
b m S 42— =0, 11.3.74
ap? + p dp p? + 3z2 2 3z ( )
where ¢ = Ua/2v = R /2. The boundary conditions on V are
V=p on S;; V=0 on §;. (11.3.75)

The substitution of V = e“*v(p, z) reduces this boundary value problem to the
following one,
v 1w v ¥ |,
— -t - =0, 11.3.76
3p’+98p 22t " ( )
Lz

v = pe on S v=0 on ;. 11.3.77)

Equation (11.3.76) is the same as (11.3.45) with B replaced by c. However,
the boundary conditions (11.3.77) and (11.3.46) are different. By repeating
the algebraic steps (11.3.47) through (11.3.53), we end up with the Fredholm
integral equation

et cosp = j o (p1. 21)(cos gy)[(exp — clx — E1)/Ix — EIJdS
5

+n(cosv)/ o(p1, 210G (0. 7 o1, 21)prds
4 (11.3.78)
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for the evaluation of o (p, z) defined by the relation (11.3.40). Although the
only difference between the integral equations (11.3.53) and (11.3.78) is in the
expression on their left side, it leads to a much more difficult analysis for the
present problem. To solve Equation (11.3.78), we again take the expansion
o =Y, c"o, asin (11.3.54) and also expand pe cosy in power series of
. By comparing the equal powers of ¢ in (11.3.78), we obtain the following
integral equations of potential theory:

pCOSY = / oo(p1, 21)Ix — €17 cos g, dS , (11.3.79)
5

pzcos¢=j; oo(pr, 21)1x — €17 cos ¢, S, (11.3.80)

1 -
Epzzcosw =/ o2(p1. 21)Ix — €17 cos 1 dS
L

1
+ 2 / oo(p1, 211X — | cos cos ydS ,
S (11381

1
gpz’ cosp = / o3(p1, 21)Ix — €|} cos 1 dS

)

1
+ 3 f o1{py, 21)1x — €| cos cos ¢y dS
5
1
- —f oo(py, 21)Ix — €| cos ¢1dS
6 Js,

+ n(cos ¢) / ooler. 21)H (0, 2; pr, 1) prds
< (11.3.8)

where H(p, z; p, z;) is defined by relation (11.3.59).

For a thin circular disk z = 0, p < 1, the system of equations (11.3.79)
through (11.3.82) is the same as the system (11.3.55) through (11.3.58). Thus,
the solution for the steady rotation problem for the disk in Oseen flow is the same
as the corresponding solution for the steady-state vibrations in Stokes flow. For

example, the value of the torque N in the present case can be deduced from the
formula (11.3.66):

32 o d a4, } 4.5
N——S-uﬂa l+?—§;+'3—;2-8 A@} + 0% ¢), (11383

where 2 is the uniform angular velocity of the solid.
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For other configurations, one has to solve the integral equations (11.3.79)
through (11.3.82) with a nonzero left side. We illustrate this by considering the
rotation of a sphere of radius a. In this case, it is convenient to take spherical
polar coordinates (r, #, @). The value of the Green’s function G(x; £) is the
same as (11.3.62) with B replaced by c. The corresponding values of G and
H(¥, 8,) are

W L I P = Ki(y)y'dy
Gl (2, 0) = —58 (sin & sin l’])/; W + O(ES).
(11.3.84)
and
H@® %) =~ ! 3(sinﬂsin th)A(g) . (11.3.85)
2ngq

The source densities og, 01, 02, and o3 are determined from Equations
(11.3.79) through (11.3.82) by the method of Chapter 6 (see Example 2, Section
6.3, and Exercise 1 of Chapter 6). The result is

o0 = (3/4n)P(cosB), &y = (5/12n)P](cos ¥),
02 = (1/47)[(3/2) P} (cos ) + (7/15) P} (cos )] , (11.3.86)
03 = ~(3/47)P| (cos 9)[(1/3) + (1/27¢*) + (1/22 ¢V A(9)],
0 < & < m. Substituting these values in the torque formula (11.3.61), we obtain
(in physical units)
4(.2 3

1
N=-8ruQa |1+ — -5 4 — & 6% 38
T [+15 3+2”8A(q) + O0(c%, ¢) (11.3.87)

11.4. Elasticity

The Navier~Cauchy equations of elasticity are very similar to the equations of
Stokes flow and, as such, can be solved rather effectively by this technique. To
demonstrate this we first discuss the displacement ficld in elastostatics.

Elastostatics
The dimensionless equations of elastostatics are
A+ p)grad @ + uViu =0, # =diva, (11.4.1)

where u is the displacement vector and A and u are the Lamé constants of the
medium. The preceding equations have been made dimensionless by a suitable
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characteristic length a inherent in the problem. We want to find the displacement
field generated by the light rigid obstacle B with boundary S; which is embedded
in an unbounded elastic medium and is given a uniform translation do(dp/a in
dimensionless units). Thus, the boundary conditions are

u = (do/a)e on $; u— 0 at oo. (114.2)

The Fredholm integral equation that is equivalent to the boundary value
problem (11.4.1) and (11.4.2) is (see Exercise 8, Chapter 6)

(do/a)e = —f f-T;dS. (11.4.3)
S
The Green’s tensor T, and the dilation vector 9, are defined as
T = 1 [A+3u 8ij A4pu (X.—Ei)(xi-éj)]
Nj = g — — P *
8 |A+2u x—& A+2u Ix — &l (11.4.4)
PSS . . (114.5)
am A+ 2u Ix- &P
whereas f is
f=pu(da/n)+ A+ pu)dn. (11.4.6)
Since the traction field t is defined as
L= ).!9'1; + unj(u,-‘j - Mj',') . (114.7)

where by u; ; we mean du; /dx;, we note that the formula for the force F acting
on the body B is

F = fds . (11.4.8)
S

As in the cases discussed earlier, formula (11.4.3) is the starting point for
obtaining the corrections due to the boundary effects as well as the dynamic
effects. We assume that the solution of the integral equation (11.4.3) is known.

Boundary effects

Let the elastic medium be bounded by the surface S;. Within S;, we define the
fundamental tensor T and the dilation vector 9 in the same way as Tj and ;.
The integral equation corresponding to (11.4.3) is

(do/a)e = —f f-TdsS. (1149)
M
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Set T = T, +T2, whre T, is given by (11.4.4), and T,, which gives the boundary
effects, is regular in the region under consideration.

We now introduce the concept of the traction tensor, which is analogous to
the resistance tensor defined in Section 11.3, and denote it by P, for an infinite
elastic medium. It has the property that the total static force F, exerted on
a body that has been given a uniform displacement v within an infinite elastic
medium has the value —(dp/a)P; - v. For the case of the bounded medium
the corresponding traction tensor is ¥, and the corresponding static force F is
equivalent to ~(dp/a)P - v. The resi of the analysis is the same as given for the
boundary effects on Stokes flow.

Elastodynamics

Here, we derive the dynamical displacement field in an infinite elastic medium
in which is embedded a light rigid body. This body is depressed by an amount
de = dpe’*e by an exciting force of the same frequency. The dimensionless
steady-state equations of elastodynamics that govern such a motion are

[(A+ p)/ulgrad & + Vu + m*u =0, (11.4.10)

where the number m? = pgw?a®/u, and py is the density of the medium. Two
other numbers also appear in this analysis. They are

M? = ppw?a? /(A + 2u), t=M/m, M =0(m).

The integral representation formula for Equation (11.4.10) is easily found
to be

u(P)=— [ (f-T—u-[udT/dn)+(h+w)dW))dS,  (114.11)
5

where f is defined by Equation (11.4.6). The Green'’s tensor T and the dilation
vector 3 are given by the formula

T= gl; [l(v2 + MY — ::2‘; grad grad ¢] : (11.4.12)
9=divT, (11.4.13)

where ¢ satisfies the differential equation
(V4 m2) (V2 + M¥)p = 8n8(x~§) . (11.4.14)

An appropriate solution of Equation (11.4.14) is

2 [exp—iulx—el _ exp"'ml"‘ﬂ] (11.4.15)
mi— M2 Ix— &l Ix — &l '

¢ =
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For M « 1, Equation (11.4.13) becomes
T="T - (/121)(r> + D)mI + O(m?) , (11.4.16)

where T, is given by (11.4.4).

Since there are two wave velocities involved in this problem, they should
satisfy the radiation condition at infinity, whereas the boundary condition on §,
is that u = (dg/a)e. When we substitute this value in Equation (11.4.11) and
follow the corresponding analysis for the unsteady Stokes flow in the previous
section, we obtain the force formula as

4 .
F=d,- [;‘Ze - 757«3 +2)m (?Qm : e)] +O(md). (11417
For axially symmetric solids, Equation (11.4.17) takes the simple form
a Fi
F=~Fx [1 % -1-;:;(:3 + 2)m] e+ O(m?). (11.4.18)

The value of the traction tensor P, can be given for various shapes. For
example, for an ellipsoid with semiaxes a;, a3, and a3 in the directions of the
unit vectors ey, e;, and ej, respectively, we have (in physical units)

3
ee;

&, = 16 , 11.4.19

o ““g((l —t%)a%a; + (1+ 12)B (11.4.19)

where

Q,._j“_'“__ ,3_]”_‘1*_
Tl @+nan’ “hoaAn’

A0 = (@ + 2) @2 + M) @} + 1) .

Rotation, torsion, and rotary oscillation problems in elasticity

The rotation of axially symmetric inclusions and cavities in an elastic medium are
governed by precisely the same partial differential equations as are the rotation
problems of Stokes flow as studied in the previous section. We just have to
reinterpret some of the symbols. For example, u now stands for the modulus of
rigidity and € is the constant angle of rotation.

The low frequency torsional oscillations of rigid inclusions in a bounded and
isotropic elastic medium can be studied by the analysis of the previous section
on rotary oscillations in Stokes flow. Indeed, denote the density of the elastic
medium by py, and interpret 8 as

B’ = —pwlal/u . (11.4.20)
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Crack problems in elasticity

Let us now consider the problem of an axially symmetric crack with surface
§, inside an elastic medium bounded by an infinite circulsr cylindes of radius
b. The axis of symmetry of the crack and the cylinder coincide. It is further
assumed that the cylinder is maintained under torsion by a torque applied about
the axis of symmetry and that Sy separates the material and hence there is no
stress $1. The mathematical formulation of this problem is similar to the
rotation problem of the steady Stokes flow. As in the previous section, we take
cylindrical polar coordinates (p, g, 2) with the z axis coincident with the axis of
symmetry of Sy. Then, the displacement field has a nonzero component v(p, z)
in the @ direction only. Similarly, the nonvanishing components of the stresses
are
O = u‘;—'z’ y Ope=p (% - %) ) (11.4.21)
The equation of equilibrium is
2 2
g;,'i+-:;-:-3—£;+g?"=o. (11422)

3 fv I 3 (u) x
I~ ——— 3| - = e—
o ap (p) =" o p 3p

the relations (11.4.21) and (11.4.22) become

Setting

u 3 # 3
Tm TGy T T 5 (11.423)

and
Pn 3 ¥ _,
T "o 02
Let £, a coustant, denote the angle of twist per unit length for a cylinder without
a crack and Mt the applied torque be Jxutd?. Thes, by setting

(11.4.24)

1
X1 = x + -itp. ., xmplw, (11.4.25)

Equation (11.4.24) becomes

Py Loy ¥ 4 11.4.26
Wi tm oA (11429
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Note that x vanishes on the cylinder and is equal to —{vp* on S;. Thus, we
have the boundary value problem

Vi(Ycos2¢)=0 in R, (11.4.27)

1
V¥ cos2y = _thz cos 2¢ on &, (11.4.28)
Yeos2p =0 on §;, (11.4.29)

where R is the region between S, and §,, and §; stands for the surafce of the
cylinder.

Following the method explained in Sections 6.4, 6.5, and 11.2, we can
readily give an inlegral-equation formulation to this boundary value problem.
The result is

1
il ~—f[G‘2’(p.z o1 21) + 221G (p. 2 oy, 20)]o(p1, 21D ds
(11.4.30)

and n"G‘z’ is the coefficient of cos2(¢ — 1) in the Fourier expansion of
the free-space Green’s function [cf. (6.4.30)] and G, @ is defined by Equation
(11.2.11) with r = 2, The curve C is the bounding curve of Sy in the meridian
plane, ds denotes the element of the arc length measured along C, and both
{p.z) and (py, 2y) lieon C.

The next step is to introduce a small parameter £ in the problem and also
ta find the conslant A occurring in the relation (11.1.10). Let a denote the
maximum distance between two points of C and let aa < b; then, £ = a/b.
The constant A is found by substituting the expansion for the modified Bessel
function /; in the expression for Gm. Then, it follows that

where
oy
an |_

Eﬁ

1
a(m.zl)— ( on

G = p? p}(A + G3lp. i pr. 1)), (11.431)
where
2r+l /'OO 2 Kz(v)
=TS = v dv, 114.32
A 64b5 Ba B e ) ( )

and G is of order A¢? (see Exercise 14).
Thereafter, the analysis is similar to the onc given in Section 11.2. In fact,
from Equation {11.4.30), we have

—%rp2 = f GPa'pids + p /G;a pids , (11.4.33)
¢
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where
‘=ofl + (4A/r)/ pla ds)™t. (11.4.34)
c
The relation (11.4.34), in turn, gives
f plo ds = f plo[1 - (4A/1) f pla'ds)™\ds . (11.4.35)
(o C C

As in the case of the electrostatic problem of Section 11.2, ¢’ =~ o0, where op
arises in the integral equation

1
..er2= f GPaoprds (11.4.36)
c

for the same crack problem in an infinite medium. Then, it follows from Equation
(11.4.35) that

[ pla ds :f ploo[l — (4A/t)/ plopds)ds , (11.437)
c c c

that is, the solution for a crack in a cylinder may be found approximately from
the corresponding solution in an infinite medium.

Finally, we evaluate E, the loss of potential energy due to a crack in an
infinite cylinder, in terms of Eg, the loss of the corresponding quantity due to a
crack in an infinite medium. The value of E is defined by the formula

E = (4n/u) / plal, +al)dv . (11.4.38)
R

Using the relations (11.4.23) and (11.4.25), and after a slight manipulation, the
relation (11.4.38) becomes

E= -47(2;”/ p’o ds
c

o~ —47!2;”/ p’ao[] - (4A/t)/ pfaods]"ds .
< ¢ (11.4.39)
or

E = Eo[l + (AEp/ut*n¥))! . (11.4.40)
The analysis for the case of a crack embedded in a thick plate is similar
(see Exercise 15). The corresponding problems when the cylinder and the plate
are subjected to tension and shear can also be solved on the preceding lines (see

Exercise 16).

Example. A penny shaped crack embedded inside an elastic solid of cylindrical
shape. In order 1o use formula (11.4.40) we first have to solve the corresponding
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problem in an infinite elastic solid. Consequently, our boundary value probiem
consists of Eequations (11.4.27) through (11.4.29) except that S, is now at in-
finity. The integrai representation formula for this problem is readily found to
be

o (20 to(t) cos2¢'dy'dt
' = \ 11441
Wip,2)cos2¢ ,’; ,/; 224 p2 412 - 2ptcos(p — ¢') ( )
where o (¢) is the density function as defined in (11.4.30). When we apply the

boundary condition (11.4.28) to (11.4.41) and do some algebraic manipulation
we get

—;-rp2=f t a(t)Kolt, p)dt (11.4.42)
o
where .
cos2y dy
= . 14.
Kot = [ B (11.4.43)

This kernel is the same as that encountered in integral equation (6.3.4) with
n = 2. Proceeding as in that section we find that

Ko(t, p) = 2n j J2pp)J2(pt)dp . (11.4.44)
0

The next step is to use formulas (10.1.12) and (10.1.13), and change the
order of integration as explained in Section 10.1. Thereby, Equation (11.4.42)
is reduced to

2 [ 4 4 a0 ,-)
L w 1='g(t)ds dw
_£ _ . .4.
4 4/0 (p? - w2 -/o' (12 — wi)if? (11.445)
Thus, in the notation of Section 10.1, we should set
© ~lo(t)de
Ste) = /0 =i (11.4.46)

in Equation (11.4.45) and get

2 Pyt
0 w*S(w)dw
—_—— =4 ——— 4.4
4 j; (p? — w?)'f2 (11.447
Integral equation (11.4.47) can be casily inverted to yield
4rp?
S(p) = —=£_ . (11.4.48)
3n

From (11.4.46) and (11.4.48) we than obtain

8rp?

o(p) = T3at@i gyt
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The shear stress g, over the crack is given by the relation

ol =% (%)
oyl = pz 3z =0

__d [0 ig(eyde
=¥h ), -
dprp?
= Foem—a— , 11.4.49
¢3n(a2 - phi2 ¢ )
where the + and — signs hold for points on the z = 0+ and z = 0— faces of
the crack, respectively. The value of the strain encrgy £q is obtained from the
formula

Eo= —4nut f o (p)dp
0

64 s 25617
= — - . 4.
45#“1 (1 315”2) (11.4.50)

As a result, the value of E for a penny-shaped crack embedded in a cylinder of
radius b follows by subslituting the value of A and £4 from Equations (11.4.32)
and (11.4.50) in (31.4.40). Thus,

~ S
5=“P'E§]
~ csﬂ‘
=Fy [1 + -l—g-;] . (114.51)

11.5, Theory of Scattering

Finally, we use the method of this chapter to study the theory of scattering.
Indeed, the method was first introduced for solving problems of this very theory.
When we introduce a bounded obstacle B with surface § in 2 source-free region
of the incident field i, then this field is disturbed. The total field is = w; + u,,
where u; is the diffracted or scattered field, defined only in the exterior region R,
of S. Following the procedure of Section 6.6 and that of Example 1 of Section
6.7, we find tha, for a perfectly soft body, we have the following boundary value
problem:

Vi, + kPu, =0, XER,, 11.5.1)

u, = ~uy on S. (1152)
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and u, satisfies the Sommerfeld radiation condition. The integral-equation rep-
resentation formula for this problem, by the method and notation of Chapter 6,
is
Ug(X) = — / o(OE(x; £)dS , (11.5.3)
s

where o (x) = du(x)/9n is the single-layer density. When x approaches a point
on S, we have, in the limit,

u;i(x) = fa(()E(x; £)ds , x,£eS, (11.54)
s

which is a Fredholm integral equation of the first kind of evaluating the function
a(x).

For a perfectly rigid obstacle, we have the Neumann boundary value problem
consisting of the differential equation (11.5.1) and the boundary condition

duy/dn = —du,;/dn on S. (11.5.5)

The integral representation formula that embodies Equations (11.5.1)and (11.5.5)
is

uy(x) = fu(E)[aE(x; £)/an)dS , X€R,. (11.5.6)

When x approaches a point on S, we use the relation (6.6.10) and obtain

U, (X) = %u(x) + / w(&[IE (x; £)/an)dS , x,£eS (11.5.7)
s

or
uix) =t(x) — 2 f 1(&)[IE(x; £)/an)dS . x.£eS§, (11.5.8)
s

where t(X) = u(x) is the double-layer density. It reduces to the integral equation
of potential theory as given in Exercise 5 at the end of Chapter 6 when k = 0.

Example. Let us solve the problem of the diffraction of a plane wave by a
soft sphere. It is convenient to take spherical polar coordinates (r, 9, ¢). Thus,
x=P=(,9¢),6=0Q =(a,d,¢)and|x-& =R.

In this case (see Figure 11.1)

. 2k2
u(P) = e™*%® =1 4 gk cos® — 9—-2— cos? 9

adkdcos’®  a*k‘costd
—i oK) .
i A + 7 + O”)

(11.5.9)
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L ]
°(r.ﬂ.p)
O(c.l'.gl
-
FIGURE 11.1
i 1 ik kR iR KR
Q)= e = — 4 L T Y OUY. (115.
A0 4nR 4nR 4r  8n 24n +967r @y (115.10)

0(Q) = ao{Q)+ka1(Q)+k202(Q)+k%05(Q) +k*ae(Q)+ OG*) . (11.5.11)

Substituting Equations (11.5.9) through (11.5.11) in (11.5.4) and equating equal
powers of k, we have

4R '
. _ [ @ io(Q)
ldmst’——-/s—mds-"./s—rr das , (1!513)

2 .
- Zoosto =/%’-—-‘Q)4s+/ “’;‘Q) ds - R"s"(o) ds,
s 4t R s 4m s 115.14)

_ [ oo(@®)
1_j;~—ds (11.5.12)

ia*> a3(0) ioz(Q)
el = | 2= —x1ds
& o8 @ /; ey ds+./s s d

Roy(Q) iR%a0(Q)
- il A\ 24 - P24 11.5.
[ =2 as f @) as. (11.5.15)

a*cost » a(Q) ioy(Q)
N _,/5—47rR ds+/s——-4ﬂ ds

_/Rt’s(Q) ds_fik’m(o) s
s 4n 24

Rloo(Q)
298 11.5.1
+fs ~== 45 . (11.5.16)

and so on. The integral equations (11.5.12) through (11.5.16) are of the same
form as (11.3.79) through (11.3.82) and are & ﬁw:cing
< N N ~

ar
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Legendre polynomials. The solutions are

1 1 5
Go=~, 0 =—i(1—3°05"1)-02=ﬂ(§—-Coszl’l) .

2
1 4 7
o3 = ia® (-6- - gcoso - goos’ 0) . (115.17)
41 2 3
=a*{-— = cos? Zcos*D ) .
o4 a( 630+cosa9+21cost9+8cos )
Consequently,
g(Q)=0()

= (1/a)[1 + ic(3cos B — 1) + &2 (% - %oosz 0,)
4

7
+ie3(%—§cosv—gcos3ﬁ)

+e‘(—£3-16 +cos® + %oos’v9+ g;oos‘!’) +0(%),
(11.5.18)

where £ = ak and we assume that ¢ < 1.

The quantities of physical interest in the theory of scattering are the far-
field amplitude and the scattering cross-section, which we now evaluate for the
present example. Since the scattered wave is an outgoing wave and satisfies the
radiation condition, we expect its far-field behavior to be given by

us(r, 8, ¢) = A, @)t /r . (11.5.19)

Now, for large r,

R =|x - € = (r* + a® = 2ar cos y)'/?
=r(1+ @/r®) — Qa/r)cosy]/? > (r —acosy),

(115.20)
where
cosy = cos ? cos ¥y + sin D sin #; cos(P — &) .
Hence, from Equation (11.5.3), we have
uy(r, 9, 9) = A(D)e'* /1, (11.5.21)

where

n rx
A(®) = —(a*/4n) / / €Y g (9,) sin ,d0dg, (115.22)
0 JO
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is the required far-field amplitude. The next step is to usc the expansions of the
terms inside the integral sign of Equation (11.5.22), integrate, and obtain

A(®) = —a [1-is+£z(cosd—§)

ied 7 3 1, ] (11.5.23)
+T+e (a—d—gcos6+acos 0)+0(e )].
The value of the scattering cross section is given by the formula
SCS.=2n /' IA(9)?sin ¥ d9 = 4na® [x - ‘—; + % + 0% .
° (11.5.24)

For the solution of the Fredholm integral equation of the second kind

8P = f(P)+ f K(P, Q)ds,
s

there is an interesting technique based on the Taylor series. We have presented
the solutions for various boundary value problems in composite media [36}-
[40),[45]. Subsequently, we explained this technique for the one-dimensional
case [51] which has been extended to Volterra Integral equations (59].

Exercises

1. Show that formula (11.2.19) for the capacity is correct 1o order 5.

2. Instead of spherical coordinates (11.2.12), take oblate-spheroidal coordinates
z=aek,  p=ae[(l -1 +£H)]'2,

and solve the electrostatic potential problem for the case of an oblate spheroid
placed symmetrically inside a grounded infinite cylinder of radius b. Show that
the capacity C of this condenser is

__ae [l— 2¢ce
e

sin nsin”'e
1 12 2 -1
x [1(0) + 3(")2—(9—)' + 2—2;(“)‘1(4)]} + 0%,

where the quantities I (2m) are defined by (11.2.20).

Hint: Use the expansion

lo(po)e™ = 3~ Bu(p)P,(5) P, (iL) »
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where the P, are Legendre polynomials.

3, Following a procedure similar to that in Exercise 2, solve the corresponding
electrostatic potential problem for a prolate spheroid.

4. Solve Exercises 2 and 3 when the spheroids are placed between two grounded
parallel plates.

S. Derive formula (11.3.43).

6. Substitute the values of the densities o9, 0y, 02, and 04 as given by (11.3.65)
in (11.3.51) and obtain the velocity field.

7. By using formula (11.3.61), obtain the frictional torque experienced by a
sphere of radius a that is oscillating in a viscous fluid.

8. Do the same as in Exercise 7 for a spheroid and a disk.

9, Calculate the O(R) term in formula (11.3.72) explicitly and use this
expression to deduce an approximate formula for the drag experienced by a
solid in Oseen flow. Illustrate this formula for the case of a sphere.

10.  Use the values of the charge densities as given by formulas (11.3.86)
and evaluate the velocity field set up in Oseen flow when a sphere is rotating
uniformly and is placed symmetrically inside a circular cylinder.

11. Find the torque experienced by a sphere that is rotating uniformly in
Oseen flow and is bounded by a pair of parallel walls z = +c. Evaluate also the
velocity field.

12. Extend the analysis of the steady Oseen flow in the text to the case of the
steady-state vibrations of axially symmetric solids in Oseen flow.

13.  Use the analysis of Section 11.4 and discuss the problem of a spherical
inclusion in an elastic half-space.

14. Derive the integral equation (11.4.30). Prove that the quantity G occurring
in the relation (11.4.31) is of order A%, Also prove that o’ occurring in the
relation (11.4.33) is such that o’ = go[1 + O(c7)).

15. Proceed as in Equations (11.4.26) to (11.4.31) and prove that for an axially
symmetric crack embedded in a thick elastic plate of radius 2b, the value of the
constant A is

45n
= " 102452 *)-
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where {(s) is the Riemann zeta function. llustrate your analysis for the case of
2 penny-shaped crack that is embedded symmetrically in the plate,

Hint: Use the expansion of Green’s function as explained in Example 1 of
Section 6.5.

16. Discuss the crack problems of Section 11.4 and the previous example when
the solids are kept under

(i) tension applied normal to the crack,

(ii) shear applied parallel to the crack.
17.  Start with the integral equation (11.5.8) and solve the problem of diffraction
of a plane wave by a perfectly rigid sphere.
18. Solve the problem of diffraction of a plane wave by a perfectly soft and by
a rigid circular disk. Also solve the dual problem of diffraction by an aperture.

19. Use the approximation

! H"*kR) = -—l-(q +logR) + KR (@—-1+logR)+ loslk(O(t‘)) .
40 27 8 2

where g = y + log }k — }i(y is Euler’s constant), and solve the problem of
diffraction of a planc wave by a soft and by a rigid circular cylinder.

Solutions of various two and three dimensional scattering problems by the
technique of this chapter are presented in {29}-{35),{42],[43].



Appendix

A.1.1 To prove the identity

] 3n 33 52
f / f / F(s1)dsdsz - - ds,_ydsa
- a e a

=[1/(n - l)!]j”(s -0 F(t)de,

(A1)
we begin with the formula
B(s)
2 [ rsund= " LED ar s f15, 860 52 - 5, a0 98
5 Jaw
(A 1 2)

for differentiation of an integral involving a parameter. Let us apply this formula
for the differentiation of the function /,(s) defined by the relation

In(s) = f ’(s - 0" F(0)de, (A13)
a
where n is a positive integer and a is a constant. For this purpose, set
fe.=(-0""F@
in Equation (A.1.2). The result is
dl,/ds = (n = 1) /’(s = 2F(Odt + [(s = " F(D)ims
=(n- l)l:_l , n>1. (A.1.4)
For n = 1, we have directly from (A.1.3)
dl/ds = F(s) . (A.15)
From the recurrence relation (A.1.4), we obtain

dlyfdst =(n=1Dn=2)-(n=Kls, n>k, (AL

306
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which for k = n — 1 becomes
A" fds" = (n = DU (s) (A1)
Differentiating Equation (A.1.7) and using (A.1.5) results in the equation
d"l,/ds" = (n ~ 1)!F(s) . (A.1.8)

Furthermore, from the relations (A.1.3), (A.1.6), and (A.1.7) it follows that I, (s)
and its first 7 — 1 derivatives all vanish when s = a. Hence, Equations (A.1.5)
and (A.1.8) yield

Ii(s) = / F(s1)ds;,

$ 5 52
hs) = [ h(sz)ds; = f f F(s1)ds\dsz, (A.1.9)
L o e

3 ¢ 3 ¥,
I (s)=(n - l)![ f . f f: F(s1)dsydsz---ds,_\ds, .
a Je . . (A.1.10)

Combining Equations (A.1.3) and (A.1.10), we have the required identity (A.1.1).

A.2. It can be easily proved by the complex integration method that

* 2
i./; Zk’z_-gpm”ﬁ”Wv)J.(pp)ap .
) vzp,
-/; P (5 - l) Julpv)u(ppXdp = k p?
: /; Wy /uPH (poMp .
p2v,

(A.1.11)
where —iGk? = Py,

k2p,
[ TN P2k

’

(A1.12)
andv, p > 0.
Suppose that v > p and let the complex plane be s = o + it. Integrating

{(s3/(s? = kH'2) = s H P (sv)du(sp)

around a contour C, in the upper right-hand quadrant passing over the branch
point s = k, as shown in Figure A.1, we get

f; ([53/(s ~ E)V2] — SYHP (su) ] u(sp)ds = 0,
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s=iR

s=i8 h o /‘-!v\ _

0 s=8 T s=R

smk—-¢ smk Swkee
FIGure A.1

because there are no singularities within this contour. If we let §, £ — 0, and
R — 00, the contributions from the corresponding arcs tend to zero. Henee,

x o2 o % o?
[, (i =) 2o msntomrte + [ (S o)

x H(ov)J,(op)do

0 2
-T
+‘f (—r—m - i') H"(itv)du(itp)de = 0.

o \i(t% + k) (AL13)

Similarly, integrating
([s2/(s? = k') - s} HP (sv)d, (sp)

around a contour C; in the lower right-hand quadrant and passing under the
branch point s = k gives

k a? @ = o?
[ (Ga=amm -7) e enao [ (eZmm )

x H“‘z’ (ov)Ju(op)da

o 2
—i ———— @ —i _
lL(i(r2+az)+‘t) H N (~itu), (~itp)dr =0, ALY

~N

o
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Now using the relation H{P (it v)J . (itp) = —HD(~i Tv)J, (~itp) and adding
Equations (A.1.13) and (A.1.14), we obtain, for v > p,

o0 GZ
4/A (m —-a) J“(OU)JM(Up)dO'

& k 2
=/; oJ,(ov)),(op)do —'/; (T;_L,;T)U—zYﬂ(av)Ju(ap)da.
(A.1.15)

where Y,, is the Bessel function of the second kind. It follows from Equations
(A.1.12) and (A.1.15) tha the left-hand side of (A.1.11) is
® (P
[ P (— - 1) Ju(pv)Ju(pp)dp
0 14
& lpz
= /; (m - P) Ju(pv)J, (pp)dp
oo pz
+ /: (m - p) Ju(pv)u(pp)dp
) k P2
=i /; m[-’u(l’”) +iY, (pv)Vu(pp)dp

& 2
: P
= /o ot enuperp. vz,

which proves the first part of formula (A.1.11). The second part follows in a
similar fashion.
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Bessel operator, 95

Bessel's inequality, 149, 153, 157

Beta function, 182, 183, 196

Biharmonic equation, 135

Bilinear form, 155, 157, 161, 163,
179

Born approximation, 145

Boundary effects, 279, 292

Boundary value problem, 64, 66,
76, 80, 82,83 f

Branchpoint, 308

Capacity
of circular disk, 115, 265
of condenser, 276
of conductor, 276
of a hemispherical bowl, 265

of an oblate spheroid, 115
of a prolate spheroid, 113
of a sphere, 135, 265
of a spherical cap, 265
Cauchy principal value, 184,
188-191, 195
Cauchy-Riemann equations, 211
Cauchy sequence, 147
Cauchy type integral, 192-193
Cauchy type integral equations
on a real line, 195
on a closed contour, 201
on an unclosed contour, 202
Cauchy’s integral formula, 142,
179
Cauchy’s integral theorem, 142
Charge density, 103-105, 107 f
Compact set, 174
Compact support, 70
Complete continuity, 174-176
Complete symmetrical kernel,
163, 164
Completeness, 147, 165
Consistency condition, 85, 90-92,
104, 121
Contour integral, 191
Convergence in mean, 149, 160
Convolution integral, 4, 5, 222-224
Crack problem, 295

Degenerate (separable) kernel, 4,
7, 8,12, 13,213
Difference kernel, 4
Dilation vector, 144, 291-293
Dimensionless parameter, see
perturbation parameter,

3i4
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Dirac delta function, 68, 69,
71-76 fI
sifting property of, 69, 99, 239
Dirichlet condition, 97
Dirichlet problem, 101, 102, 119,
130, 142
Displacement vector, 144, 201
Distribution, 70-73
Distributional derivative, 72
Divergence theorem, 97

Eigenfunction, 4 ff
Eigenvalue, 4, 54 ff
index of, 4, 54 ff
multiplicity of, 15, 54, 56, 154
Elastic bar, 67
bending rigidity of, 67
transverse oscillations of, 67
Elastic half-space
torsion, 238, 243
torsional oscillations, 132, 250,
256
Elastic medium
cavity in, 294
crack in, 295
inclusions in, 292-295
Lamé’s constants of, 291
Elasticity, 291, 294, 295
Elastodynamics, 293
Elastostatics, 291
Electrostatic potential, 98, 111,
123, 263, 275, 304
of annular disk, 126
of axially symmetric conduc-
tor, 126
of circular disk, 106, 123
of spherical cap, 263
Entire function, 34, 40, 48
Exciting force, 293
Extremal principle, 176

Faltung, 5
Far-field amplitude, 267, 270, 302

Flow of an ideal fluid
past an oblate spheroid, 143
past a prolate spheroid, 143
past a spherical cap, 115, 267
Fourier expansion, 126, 149, 150,
154-161, 172, 283
Fourier integral, 219
Fourier series,
see Fourier expansion,
Fourier transform, 127, 219, 220,
223
Fredholm alternative, 12, 18
Fredholm identities, 37, 40
Fredholm integral equation, 2
Fredholm theory, 41
Fredholm’s determinant, 44, 46
Fredholm’s minor, 52, 53, 60
Fredholm's series, 45, 47, 48
Fredholm's theorems, 14, 18, 43,
48, 51, 56, 57, 59
Functional,
continuous, 70
linear, 70
Functional analysis, 173
Fundamental solution, 73, 98, 99,
128

Generalized function, 71
Geometric series, 27, 30, 36, 124
Gram-Schmidt procedure, 148,
153, 154, 180
Green's formula, 76, 92
Green’s function, 76, 81-83, 88-90,
92, 93, 95, 118 ff
causal, 79
free space, see Fundamental
solution
Green's identities, 97
Green's tensor, 134, 136, 140,
144, 279, 288, 292, 293
Green's vector, 128, 134, 140,
279, 288
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Hankel function, 251, 259
Harmonic function, 96, 99, 104,
211, 283
Heat conduction, 149
Heaviside function, 71~73, 75, 82
Helmholtz equation, 97, 98, 128,
130, 132
Hermitian matrix, 155
Hilbert formula, 212-214
Hilbert kernel, 210, 215
Hilbert-Schmidt thcorem, 159,
161. 162, 167, 180
Hilbert space, 146, 147, 151
Hilbert transform
finite, 229-231, 235
infinite, 232
Hilbert type integral equation,
212, 214, 215, 231
Hélder condition, 190, 191
Hélder continuous, 190, 192
Hypergeometric function, 247

Index of cigenvalue, 15
Influence function, 79
Initial value problem. 61, 66,
72-75 ff

Inner product, 5, 167
Integable function, 3
Integral equation, 1

Carleman type, 5, 201

of first kind, 2

Fredholm, 2

homogeneous, 2

linear, 1

of second kind, 2

singular, 2, 181

of third kind, 2

Volterra, 2
Integral representation formula,

61, 79, 98, 119, 275

Integral transform methods, 219
Integrodifferential equation, 37

Iterated kernels, 26, 28, 30, 34,
146, 223
Iterative scheme, 26

Kernel
Carleman type, 5, 201
complex-symmetric, 146
complete symmetric kernel,
163, 164
degenerate, 4, 7 ff
Hermititan, 146
Hilbert, 210, 215
iterated, 26, 28, 30, 34, 148,
223
logarithmic, 187, 204, 208, 209
negative definite, 162, 163
nonnegative definite, 162, 163
nonpositive definite, 162, 163
positive definite, 162, 163, 178
resolvent, 10, 11 fI
separable, see degenerate
symmetric, 146 ff
truncated, 156, 158, 160, 164
Kinematic viscosity, 138
Kronccker delta, 107

L,-function, 3, 25, 29, 150, 160 ff

Lq-kernel, 3, 25,29, 147 ff

L,-space, 147, 149, 150 ff

Lagrange multipliers, 177

Laplace equation, 97, 98, 103 ff

Laplace transform, 68, 221-223 ff

Laplacian, 76, 98

Lebesgue integral, 3

Legendre function, 108, 112-115,
117 fi

Legendre operator, 93

Legendre polynomial, 153, 264,
302

Linear independence, 4

Linear operator, 2, 220

Lipschitz condition, 190
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Low-Reynolds number
hydrodynamics, 278

Maximum-minimum principle,
176
Mehler-Dirichlet integral, 264
Mercer's theorem, 162, 163
Meson potential, 87
Method of images, 120, 123, 133
Metric
natural, 147
space, 147
Minkowski inequality, 5, 147
Mixcd boundary value problem,
97, 122, 237
Modified Bessel function, 127,
296

Navier-Cauchy equations, 291

Neumann condition, 97

Neumann problem, 101, 104, 111,
138, 300

Neumann series, 26, 28, 29 ff

Norm, 5, 147

Open boundaries, 104
Operator

adjoint, 76, 202

Bessel, 95

bounded, 173-175

completely continuous, 174-176

Fredholm, 147

Legendre, 93

linear, 2, 220

method, 173

self-adjoint, 76, 92 ff
Ordinary differential equation, 61
Orthogonal functions, 5, 148
Orthogonal kernels, 6
Orthonormal functions, 148 ff
Oseen flow

rotary motion in, 289, 304

steady, 238

steady-state vibrations in, 304
translational motion in, 288

Parseval’s identity, 150, 173
Partial differential equation, 97
elliptic, 97
hyperbolic, 97
parabolic, 97
Penny shaped crack, 297, 305
Perturbation methods, 272
Perturbation parameter, 132, 247
257, 258, 278, 283
Picard’s method, 25
Plemelj formulas, 192, 195, 203,
211
Poincaré-Bertrand formula, 193,
204
Poisson’s equation, 97, 99, 103
Poisson’s integral formula, 111,
120, 142
Polarization potential
of a circular disk, 115
of an oblate spheroid, 115
of a prolate spheroid, 114
of a sphere, 114
of spherical cap, 267
Pole, 191, 232
Potential layer
double, 99, 100, 102, 106, 108,
143, 300
single (simple), 99, 103, 104,
129, 140
volume, 99, 129, 140
Pressure, 137
Principal axes of resistance, 280

Radiation condition, 130, 294,
302

Rayleigh~Ritz method, 176-179

Regular curve, 191

Regularity conditions, 3
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Representation formula,
see Integral representation for-
mula
Residue, 232
Resistance tensor, 279, 280
Resolvent kernel, 10, 11 ff
Reynolds number, 138, 288, 289
Riemann Hilbert problem, 203
Riemann integral, 3
Riesz-Fischer theorem, 150, 162,
168

Scalar product, 5
Scattering cross section, 303
Schrodinger equation, 87, 144
Schwarz inequality, 5, 27, 28, 36,
7 £
Separable kernel, sec degenerate
kernel
Shear modulus, 132
Shear viscosity, 282
Sine transform, 220
Singular integral equation, 2,
181 ff
weakly, 184
Sonine integral, 239
Source density, 284, 287, 291
Spherical harmonics, 108 ff
Square integrable function, 3
Stokes flow
boundary effects in, 279
longitudiaal oscillations in,
281
rotary motion in, 135--138, 282
rotary oscillations in, 285
steady, 134, 278
translational motion in, 134
Sturm-Liouville problem, 74, 84

Tangential stress, 284
Taylor’s theorem, 280

Test functions, 70
Three-part boundary value prob-
lem, 240
generalized, 253
Torque, 139, 248, 284, 287, 288,
290, 304
Trace of kernel, 146, 162
Traction field, 292
Traction tensar, 293, 294
Transpose, 15-18, 57-59
Trial function, 117
Two-part boundary value prob-
lem, 237
generalized, 248

Variational principle, 176
Velocity potential, 130
Velocity vector, 134
Virtual mass, 269
of a circular disk, 270
of a hemispherical bowl, 269
of a spherical cap, 269
of a sphere, 269
Volterra integral equation, 2 ff

Weakly singular kernel, 184
Wronskian, 78
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