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to the editor and staff o f Birkh2user for inviting me to prepare this new edition 
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CHAPTER 1

Introduction

1.1. Definition

An integral equation is an equation in which an unknown function appears under 
one or more integral signs Naturally, in such an equation there can occur other 
terms as well. For example, for a <  s  <  b\ a $  f <  f>, the equations

b
K (s , t ) g ( t ) d t  . (1.1.1)

8(s)  =  /<5) +  j f  K(s ,  t ) g ( t ) d t . (1.1.2)

g(s) =  £  K( s , t ) l g ( t ) ) 2d i . (1.1.3)

where the function g(s)  is the unknown function and all the other functions 
are known, are integral equations. These functions may be complex-valued 
functions of the real variables s and r.

Integral equations occur naturally in many fields of mechanics and math­
ematical physics. They also arise as representation formulas for the solutions 
of differential equations. Indeed, a differential equation can be replaced by an 
integral equation that incorporates its boundary conditions. As such, each solu­
tion of the integral equation automatically satisfies these boundary conditions. 
Integral equations also form one of the most useful tools in many branches of 
pure analysis, such as functional analysis and stochastic processes.

One can also consider integral equations in which the unknown function is 
dependent not only on one variable but on several variables. Such, for example, 
is the equation

g(s) -  /(») +  f  *(» , t)g ( t)d t, s € O , (1.1.4)
J  n

where s and t are n-dimensional vectors and (2 is a region of an n-dimensional 
space. Similarly, one can also consider systems of integral equations with several 
unknown functions.

An integral equation is called linear if only linear operations are performed 
in it upon the unknown function. Equations (1.1.1) and (1.1.2) are linear, while

I



2 1. Introduction

(1.1.3) is nonlinear. In fact, equations (1.1.1) and (1.1.2) can be written as

= / < * ) .  (U .5 )

where L  is the appropriate integral operator. Then, for any constants C] and C2, 
we have

f.[c i* i(i)  +  c2g2(s)] =  c ,/ ,[g ,( j) ]  +  c2i | g 2( s ) l . (1.1.6)

This is the general criterion for a linear operator. In this book, we deal only with 
linear integral equations.

The most general type of linear integral equation is of the form

h(s)g(s) = f ( s )  + ). j ' K ( s , t ) g ( t ) d t  , (1.1.7)

where the upper limit may be either variable or fixed. The functions / ,  h,  and 
K  are known functions, whereas g  is to be determined; k  is a nonzero, real or 
complex, parameter. The function K  (s, t)  is called the kernel. The following 
special cases of Equation (1.1.7) are of main interest.

(i) FREDHOLM INTEGRAL EQUATIONS. In all Fredholm integral equations 
the upper limit of integration b, say, is fixed.

(a) In the Fredholm integral equation of the first kind, h (s) =  0. Thus,

K (s . t ) g ( t ) d t  =  0 . (1.1.8)

(b) In the Fredholm integral equation o f the second kind, A(s) =  1;

g(s) / ( s )  +  L j K ( s ,  t )g( t )dt (1.1.9)

(c) The homogeneous Fredholm integral equation of the second kind is a 
special case of (b) above. In this case, / ( j )  =  0;

g(s) = k j K ( s , l ) g ( t ) d t (1.1.10)

(ii) VOLTERRA EQUATIONS. Volterra equations of the first, homogeneous, 
and second kinds are defined precisely as above except that b =  s  is the variable 
upper limit of integration.

Equation (1.1.7) itself is called the Carleman type integral equation. It is 
also called the integral equation o f the third kind.

(iii) SINGULAR INTEGRAL EQUATIONS. When one or both limits o f inte­
gration become infinite or when the kernel approaches infinity at one or more



1.2. Regularity Conditions

points within the range of integration, the integral equation is called singular. 
For example, the integral equations

g(s)  =  f ( 5) + k  exp(—|s -  t\)g(t)dt  (1.1.11)
J - 00

and

f ( s )  =  f (1/(5 -  t)‘ ]g(t)dtt 0 < O < 1
Jo

are singular integral equations.

12. Regularity Conditions

(1.1.12)

We are mainly concerned with functions that are either continuous, integrable, or 
square-integrable. In the subsequent analysis, the regularity conditions expected 
of the functions involved are pointed out. The notion of Lebesgue-integration 
is essential to the study of modem mathematical analysis. When an integral 
sign is used, the Lebesgue integral is understood. Fortunately, if a function is 
Riemann-integrable, it is also Lebesgue-integrable. There are functions that are 
Lebesgue-integrable but not Riemann-integrable, but we do not encounter them 
in this book. Incidentally, by a square integrable function g(t), we mean that

jf lg(0l2dt ( 1.2.1)

This is called an £ 2*funcl*°n- The regularity conditions on the kernel K(s, t ) as 
a function of two variables are similar. It is an /^-function if:
(a) for each set of values of s, t in the square a g .s  ^ b ,  a ^  t ^  b,

rb rb
J  J  \K(s,t) \2ds dt  < o o ,

(b) for each value of s in a < s < b,

Cb
j  \K(s ,t) \2dt < oo ,

(1.2.2)

(1.2.3)

(c) for each value of t in a < f ^  b,
rb[ |K(s, r)| ds < oo .

3

(1.2.4)
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U .  Special Kinds of Kernels

(i) SEPARABLE OR DEGENERATE KERNEL. A kernel K ( s , t )  is called 
separable or degenerate if it can be expressed as the sum of a finite number of 
terms, each of which is the product o f a function o f s  only and a function o f i 
only; that is, ft

*(s,0  = X>(*)M O. (1.3.1)
i - i

The functions a, (s) can be assumed to be linearly independent, otherwise the 
number o f terms in relation (1.3.1) can be reduced (by linear independence it is
meant that, if c \a \ +  C2fl2 d----- +  c„an =  0. where c, are arbitrary constants,
then Ci =  C2 =  • • =  c„ =  0).

(ii) SYMMETRIC KERNEL. A complex-valued function K (s, r) is called sym­
metric (or Hermitian) if K ( s , l ) =  K* ( t , s ) ,  where the asterisk denotes the 
complex conjugate. For a real kernel, this coincides with definition K (s, t ) =  
K U ,s ) .

1.4. Eigenvalues and Eigenfunctions

If we write the homogeneous Fredholm equation as

j  K (s , t ) g { t )d t  =  ( ig{s) ,  n  =  1/X ,

we have the classical eigenvalue or characteristic value problem; n  is the eigen­
value and g (t)  is the corresponding eigenfunction or characteristic function. 
Since the linear integral equations are studied in the form (1.1.10), it is X and 
not 1/X which is called the eigenvalue.

1.5. Convolution Integral

Many interesting problems o f mechanics and physics lead to an integral equation 
in which the kernel K (s, t)  is a function o f the difference (s — t )  only:

K ( s . t )  =  k ( s - t )  . (1.5.1)

where k  is a certain function o f one variable. The integral equation

g(s)  =  / ( * )  +  X £ '  k(s  -  t ) g( t ) d t  , (1.5.2)
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and the corresponding Fredholm equation are called integral equations of the 
convolution type.

The function defined by the integral

f  k(s  -  t )g( t )dt  =  f k( t )g(s  -  t )dt  
Jo Jo

(1.5.3)

is called the convolution or the Faltung of the two functions k  and g. The integrals 
occurring in Equation (1.5.3) are called the convolution integrals.

The convolution defined by relation (1.5.3) is a special case o f the standard 
convolution

r k(s -  t )g( i )dt
- L

k( l )g(s  -  t )dt  . (1.5.4)

The integrals in Equation (1.5.3) are obtained from those in (1.5.4) by taking 
k(t) =  g(t)  =  0, for t < 0  and t > s.

1.6. The Inner or Scalar Product of Two Functions

The inner or scalar product (* , V' )  o f two complex £ 2*function <f> and iff of a 
real variable s, a <  s  <  b, is defined as

( * . * )  =  j f  <P( O f {t)dt (1.6.1)

TWo functions are called orthogonal if their inner product is zero, that is, </> and 
V' are orthogonal if (4>, Vr) =  0. The norm |ld>|| o f a function <PU) is given by 
the relation

Id-11 = [jfV w (t)< ftj = |j f  ld-(OI2<ffJ • (1.6.2)

A function <p >s called normalized if ||d>|| =  1. It is obvious that a nonnull 
function (whose norm is not zero) can always be normalized by dividing it by 
its norm.

We have a great deal more to say about these ideas in Chapter 7. For the 
time being, we content ourselves with mentioning the Schwarz and Minkowski 
inequalities,

l ( * . * ) l < l * I M - l l  (1-6.3)
and

II* +  *11 £  11*11 +  11*11 . (1.6.4)
respectively.
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TWo kernels U s,  I) and are called orthogonal If

J  L (s, x)M(x , t)dx =  0 (1.6.5)

and rb
1 M(s, x)L(x, t)dx =  0  , (1.6.6)

for every pair o f  points s and t in the interval a <  s  <  b. When only one of
these conditions holds, these kernels are called semi-orthogonal.

1.7. Notation

For Fredholm integral equations, it is assumed here that the range o f integration 
is a to b, unless the contrary is explicitly stated. The quantities a and b  are 
omitted from the integral sign in the sequel.



CHAPTER2

Integral Equations 
With Separable Kernels

2.1. Reduction to a System o f Algebraic Equations

In Chapter 1, we have defined a degenerate or a separable kernel K (s , l)  as

=  i ) .  (2.1.1)
ml

where the functions a i( j) ........a„(i) and the functions bj(t), are lin­
early independent. With such a kernel, the Fredholm integral equation of the 
second kind,

g(s) =  f ( s )  + x j  K(s, t)g(t)dt (2.1.2)

becomes

g(s) =  f ( s )  + X £ a , ( j )  f  bdt)g(t)dt . (2.1.3)
1-1 *

It emerges that the technique of solving this equation is essentially dependent 
on the choice of the complex parameter X and on the definition of

c, ~  j  biU)g(Odt. (2.1.4)

The quantities c,- are constants, although hitherto unknown. Substituting Equa­
tion (2.1.4) in (2.1.3) gives

g(s) =  f ( s )  + xJ2c ia ,(s ) (2.1.5)

and the problem reduces to finding the quantities c<. To this end, we put the 
value of g(s) as given by Equation (2.1.5) in (2.1.3) and get

m t  *
£ a j( s ) (c ,  -  f  *. (»>[/(() +  X ] T c ta»(0]d/| =  0 . (216)
i-1 J *-l

But the functkms a* (5) are linearly independent; therefore,

Ci -  (  M r)[ /(0  +  A .£cja ,(0 ]d»  =  0 , i =  1....... n .  (2.1.7)
J km l

7



2. Separable Kernels

Using (he simplified notation

/  b,U)f( t )di  =  f i . /  t>iU)ak(t)dt -  aik , (2.1.8)

where /< and u,* are known constants, Equation (2.1.7) becomes

a  -  x £ o lkck =s f ,  i =  I ........ rr, (2.1.9)
* - i

that is, a system of n algebraic equations for the unknowns c,. The determinant 
/7(A) of this system is

D(  A) =

1 -  Aan 
—Aa2]

—Aa12 
1 -  kaj2 — A02n

A<J„i 1 Afl«2 ■ ■ • 1 Aflrni

(2.1.10)

which is a polynomial in A of degree at most n. Moreover, it is not identically 
zero, since, when A =  0, il reduces to unity.

For all values of A for which D ( A) ^  0, the algebraic system (2.1.9), and 
thereby the integral equation (2.1.2), has a unique solution. These values of 
A are called regular. On the other hand, for all values of A for which D(X) 
becomes equal to zero, the algebraic system (2.1.9), and with it the integral 
equation (2.1.2), either is insoluble or has an infinite number of solutions. Setting 
A =  l / ( i  in Equation (2.1.9), we have the eigenvalue problem of matrix theory. 
The eigenvalues are given by the polynomial D(X)  =  0. They are also the 
eigenvalues of our integral equation. The corresponding method for solving the 
Fredholm integral equations of the first kind is presented in Section 2.6.

2.2. Examples

Example 1. Solve the Fredholm integral equation o f the second kind

g(s)  =  s  +  A f  (st2 +  s2t)g(t)dt .  (2.2.1)
Jo

The kernel K (j, t) =  s t2 + s 2t is separable and we can set

ci =  f t 2g(t )dt  , c2 =  f t g ( t ) d t .
Jo Jo

Equation (2.2.1) becomes

g (s ) =  s + XciS +  Ac2s 2 , (2.2.2)
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which we substitute in (2.2.1) to obtain the algebraic equations

Ci =  -  +  -Xc, +  -Xc2

C2 =  -  +  -Xc, +  -Xc2
(2.2.3)

The solution of these equations is readily obtained as 

Cj as (60 +  X)/(240 -  120X -  X2) , c2 -  80/(240 -  120X -  X2) . (2.2.4)

From Equations (2.2.2) and (2.2.4), we have the solution

g(s) =  [(240 -  60X)s +  80Xs21/(240 -  120X -  X2) . (2.2.5)

Example 2. solve the integral equation

£(s) =  f ( s )  + k [  ( s +  t)g(t)dt  
Jo

and find the eigenvalues.
Here, fli(j) =  s , a 2(s) =  l , b, ( t )  =  1, b2(t) -  t.

(2.2.6)

o n  = f t d t  = l a n  = f dt  =  1 ,

02l =

Jo 2

/ >  =  l
o22 =

Jo

h  = f  f O ) d t  , /2 = f t f ( t ) d t  .
Jo Jo

Substituting these values in Equation (2.1.9), we have the algebraic system

(1 -  ix )c , -  Xc2 =  / ,  , - i x c ,  +  (1 -  ^X)c2 =  / 2 .

The determinant Z)(X) =  0 gives X2 +  12X -  12 =  0. Thus, the eigenvalues are

X, «  ( - 6  +  4>/3), X2 =  ( - 6  -  4>/3).

For these two values of X, the homogeneous equation has a nontrivial solution, 
whereas the integral equation (2.2.6) is, in general, not soluble. When X differs 
from these values, the solution of the preceding algebraic system is

ci =  [ -1 2 /, +  X(6/, -  l2 /2)]/(X2 +  12X -  12). 

c2 *  [ - 1 2 /2 +  X(4/, -  6 /2)]/(X2 +  12X -  12).
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Using the relation (2.1.5), there results the solution

t 1 6(X -  2)(s +  O -  12Xsf -  4X n - ) i \
8 <s> =  / ( s )  +  X jf ----------X» +  1» T i 2  m d t  ■ ( J

The function Tfs, t, X),

T(s. r; X) =  [6(X -  2)(s + 1) -  12Xs/ -  4X)/(X2 +  12X -  12), (2.2.8)

is called the resolvent kernel. We have, therefore succeeded in inverting the 
integral equation because the right-hand side of the preceding formula is a known
quantity.

Example 3. Invert the integral equation

g(s) =  /<s) +  X (sinscosO g(»)d f. 
Jo

(2.2.9)

As in the previous examples, we set

c • f (cost)gU)dt

to obtain
g(s) =  f  (s) +  Xc sin s . (2-2.10)

Multiply both sides of this equation by coss and integrate from 0 to 2rr. This 
gives

c =  f ( c o s r ) /( r ) t / t . (2.2.11)
Jo

From Equations (2.2.10) and (2.2.11), we have the required formula:

Jrln
(sins cos f ) / ( r ) t / f . (2.2.12)

o

Example 4. Find the resolvent kernel for the integral equation

SU )  =  /(* )  +  x J (sr + s 1t 1)g{t)dt . (2.2.13)

For this equation,

< > i(s)= s. ®2(s) =  s1 , *>,(») =  «.

11 "  3 ’ fl12 =  021 =  0 , 

f ' ^  f ( O d i  , /2 =  f  ? f ( t ) d t .

bi(t) =  .
2

fl22 =  3 .
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Therefore, the corresponding algebraic system is

c , ( l - ! * )  =  / , ,  « , ( i - | a)  =  / , .  (2-2.14)

Substituting the values of C| and cz as obtained from Equation (2.2.14) in (2.1.5) 
yields the solution

|x )  <i -  §>•)j
f u ) d t .« (* )=  /(a ) +  A 

Thus, the resolvent kernel is

st s2r2
(S' t ’ ) "  1 -  (2A/3) +  1 -  (2X/5) '

We now give examples of homogeneous integral equations. 

Example 5. Solve the homogeneous Fredholm integral equation

g(s) =  X f e’e’giOdt . 
Jo

Define

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)

c =  f  S g i O d t ,
Jo

so that Equation (2.2.17) becomes

g(s) =  Xce* .

Put this value of g(s) in Equation (2.2.17) and get

1
Ace* =  Ae* /  e*[Ace')dr =  -A2 e*c(e2 -  1 

Jo 2

Ac(2-A(e2 -  1)) = 0 .
If c = 0 or A =  0, then we find that g =  0. Assume that neither c =  0 nor 
A = 0, then we have the eigenvalue

A =  2/(e2 — 1).

Only for this value of A does there exist a nontrivial solution of the integral 
Equation (2.2.17). This solution is found from Equation (2.2.18) to be

g(s) =  [2c/(e2 -  l)]e* . (2.2.19)

Thus, to the eigenvalue 2/(e2 — 1) there corresponds the eigenfunction c*.
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Example 6. Find the eigenvalues and eigenfunctions of the homogeneous inte- 
graj equation

g(j) = x j { s l  + a/3i)]g(t)dt . (2.2.20)

Comparing this with Equation (2.1.3) and (2.1.8), we have

at(s) =  s  a j(j) =  1 Is
7 ,

<J|| =  -  . «12 =  OJl =  1

M O  =  * W<) =  1 /|-
1

flJJ =  2
The formula (2.1.9) then yields the following homogeneous equations

( l  -  j a )  c, -  Ac2 =  0 , -A c i +  ( l  -  i  a)  c2 =  0 , (2.2.21)

which have a nontrivial solution only if the determinant

*>(*)«
1 - \ X

-X
- X

1 - X
= 1 -  (17/6)2. +  (1/6)A2,

(2.2.22)

vanishes. Therefore, the required eigenvalues are

A, =  i(1 7  +  V265) ~  16.6394;

Aj =  i(1 7  -  s/265) =: 0.3606.

The solution corresponding to A, is Cj — —2.2732ci, and that corresponding 
to A2 is c'i — 0.4399c',. The eigenfunctions of the given integral equation are 
found by substituting in (2.1.5);

g,(s) ~  16.639c,(s -  2 .2732(l/s)J, 
g2(s) =: 0.3606c', [r +  0.4399(1/*)]. 

where c, and cj are two undetermined constants.

(2.2.23)

2 3 .  Fredholm Alternative

In the previous sections, we have found that, if the kernel is separable, the 
problem of solving an integral equation of the second kind reduces to that of 
solving an algebraic system of equations. Unfortunately, integral equations 
with degenerate kernels do not occur frequently in practice. But since they are 
easily treated and, furthermore, the results derived for such equations lead to a 
better understanding of integral equations of more general types, it is worthwhile
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studying them. Last, but not least, any reasonably well-behaved kernel can be 
written as an infinite series of degenerate kernels.

When an integral equation cannot be solved in closed form, then recourse 
has to be taken to approximate methods. But these approximate methods can 
be applied with confidence only if the existence of the solution is assured in 
advance. The Fredholm theorems explained in this chapter provide such an 
assurance. The basic theorems of the general theory of integral equations, which 
were first presented by Fredholm, correspond to the basic theorems of linear 
algebraic systems. Fredholm's classical theory is presented in Chapter 4 for 
general kernels. Here, we deal with degenerate kernels and borrow the results 
of linear algebra.

In Section 2.1, we found that the solution of the present problem rests on 
the investigation of the determinant (2.1.10) of the coefficients of the algebraic 
system (2.1.9). If D(X) ^  0, then that system has only one solution given by 
Cramer’s rule

ci — (Dii f i  +  Dij fz  4-------1- D„j f„)/D(X ) , j  =  1 ,2 , ■ • • , i t , (2.3.1)

where />*,• denotes the cofactor of the (h , i) th  element of the determinant (2.1.10). 
Consequently, the integral equation (2.1.2) has the unique solution (2.1.5), which 
in view of (2.3.1), becomes ’

S W  -  f ( s )  +  -----------------5 ^ 5 ------------ a, (s) , (2.3.2)

and the corresponding homogeneous equation

g(s) = x j  K ( s , t)g(t)dt  (2.3.3)

has only the trivial solution g(s) =  0.
Substituting for /) from (2.1.8) in (2.3.2), we can write the solution g(i)  as

SU) =  / ( s )  +  [X/D(X)1

* /  +  + ■ ■ ■ +  IX .jb .fO fyU ) J / ( I )  d t .

=  / ( s )  +  [X/2>(X)]

* /  ^ 2 ^ 0 , /b,(t)aJ(s)f( .i )d i  .

(2-3.4)
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Now consider the determinant of {n +  1 )th order
0 a.(s) 02(a) ■ • M O

6.(0 1 -X on —Xn.2 . ■ — Xfli,
D ( s , t \ X )  =  - 6j(0 -Xa2) 1 -  Xan  . • — XaiK

6,(0 — Xa„ i — Xa„ 2 . ■ 1 ~ X a „

(2.3.7)

(2.3.5)

By developing it by the elements of the first row and the corresponding minors 
by the elements of the first column, we find that the expression in the brackets 
in Equation (2.3.4) is D(s, t; X). With the definition

T (s, l;X) = D(s, l ;X)/D(X),  (2.3.6)

Equation (2.3.4) takes the simple form

g(s) =  / ( s )  + x j  H s , t; X )/(t)dr .

The function T(s, t\ X) is the resolvent (or reciprocal) kernel we have already 
encountered in Examples 2 and 4 in the previous section. In Chapter 4 we show 
that the formula (2.3.6) has many important consequences. For the time being, 
we content ourselves with the observation that the only possible singular points 
of T(s, (; X) in the X-plane are the roots of the equation D(X) =  0, that is, the 
eigenvalues of the kernel K  (r, I).

The preceding discussion leads to the following basic Fredholm theorem.

Fredholm Theorem. The inhomogeneous Fredholm integral equation (2.1.2) 
with a separable kernel has one and only one solution, given by formula (23.7). 
The resolvent kernel T(s, / , ;  X) coincides with the quotient (2.3.6) of two poly­
nomials.

If D(X) — 0, then the inhomogeneous equation (2.1.2) has no solution in 
general, because an algebraic system with vanishing determinant can be solved 
only for some particular values of the quantities /). To discuss this case, we 
write the algebraic system (2.1.9) as

(I -  XA)c =  f , (2-3.8)

where 1 is the unit (or identity) matrix of order n and A is the matrix (o,; ). Now, 
when D (X) =  0, we observe that for each nontrivial solution of the homogeneous 
algebraic system

(I -  AA)c =  0 (2.3.9)

there corresponds a nontrivial solution (an eigenfunction) of the homogeneous 
integral equation (2.3.3). Furthermore, if X coincides with a certain eigenvalue
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Ao for which the determinant D(Ao) =  )I—AoA| has the rank p, 1 $  p  ^  n, then 
therearer =  n —/> linearly independent solutions of the algebraic system (2.3.9); 
r is called the index of the eigenvalue Ho- The same holds for the homogeneous 
integral Equation (2.3.3). Let us denote these r linearly independent solutions as 
got (s), gmCs), • • ■ , go (s), and let us also assume that they have been normalized. 
Then, to each eigenvalue Ao of index r =  n — p,  there corresponds a solution 
go(s) of the homogeneous integral equation (2.3.3) of the form

r
goto) =

*=i

where a* are arbitrary constants.
Let m be the multiplicity of the eigenvalue Ao, that is, D(k) — 0 has m 

equal roots Ao. Then, we infer from the theory of linear algebra that, by using 
the elementary transformations on the determinant |1 — AA|, we shall have at 
most m + 1  identical rows and this maximum is achieved only if A is symmetric. 
This means that the rank p  of D(Ao) is greater than or equal to n — m. Thus,

r = n — p ^ n  — ( n - m )  = m

and the equality holds only when atJ =  ati.
Thus we have proved the theorem of Fredholm that, if A =  Ao is a root of 

multiplicity m >  1 of the equation D(A) =  0, then the homogeneous integral 
Equation (2.3.3) has r  linearly independent solutions; r is the index of the 
eigenvalue such that 1 $  r ^  m.

The numbers r and m are also called the geometric multiplicity and alge­
braic multiplicity of A0, respectively. From the preceding result, it follows that 
the algebraic multiplicity of an eigenvalue must be greater than or equal to its 
geometric multiplicity.

To study the case when the inhomogeneous Fredholm integral equation 
(2.1.2) has solutions even when D(A) =  0, we need to define and study the 
transpose of Equation (2.1.2). The integral equation

V'U) =  /(* ) +  A J K*(», s)iK»)d/ , (2.3.10)

where * denotes the complex conjugacy, and A is called the transpose (or adjoint) 
of Equation (2.1.2). Observe that the relation between (2.1.2) and its transpose 
(2.3.10) is symmetric, since (2.1.2) is the transpose of (2.3.10).

If the separable kernel K (s , t ) has the expansion (2.1.1), then the kernel
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K m(t, s) of the transposed equation has the expansion

*•<*.*) » £ > i(O M a ))* . (2J3.11)
.=i

Proceeding as in Section 2.1, we end up with the algebraic system

(I — AA*r )c =  f , (2.3.12)

where A*r stands for the transpose and conjugate of A and where C/ and f, are 
now defined by the relations

c, =  f  ar(t)>Ht)dt. fi =  J a * ( t ) f{ t )d t . (2.3.13)

Clearly, the determinant of the algebraic system (2.3.12) is the function £>*(*). 
Thus, the eigenvalues of the transposed integral equation are the complex con­
jugates of those for the original equation (2.1.2). Accordingly, the transposed 
equation (2.3.10) also possesses a unique solution whenever (2.1.2) does.

As regards the eigenvectors of the homogeneous system

(1 — A.AT)c s= 0 , (2.3.14)

we know from linear algebra that these are, in general, different from the cor­
responding eigenvectors of the system (2.3.9). The same applies to the eigen­
functions of the transposed integral equation. Since the index r of Ao is the 
same in both these systems, the number of linearly independent eigenfunctions 
is also r for the transposed system. Let us denote them by - V'tn. • • ■ , ,
and let us assume that they have been normalized. Then, any solution ^o($) of 
the transposed homogeneous integral equation

V^(J) =  X f  K ‘ (lt s ) n t ) d t  (2.3.15)

corresponding to the eigenvalue Xq is of the form

vMs) =

where f t  are arbitrary constants.
We prove in passing that eigenfunctions g(s)  and \}r (r) corresponding to dis­

tinct eigenvalues Aj and X2, respectively, of the homogeneous integral equation
(2.3.3) and its transpose (2.3.15) are orthogonal. In fact, we have

g(s) = A, j K (s t 1)8(0 d t , ${s)  = k2j K \t , s )1 r (0 d t .
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Multiplying both sides of the first equation by A ^ 'f a )  and those of the complex 
conjugate of the second equation by A.ig(s), integrating, and then subtracting 
the resulting equations, we obtain

But X] A.j, and the result follows.
We are now ready to discuss the solution of the inhomogeneous Fredholm 

integral equation (2.1.2) for the case D(A.) =  0. In fact, we can prove that the 
necessary and sufficient condition for this equation to have a solution for A. =  A-o, 
a root of D(X) =  0, is that / (s) be orthogonal to the r eigenfunctions V'ot of the 
transposed Equation (2.3.15).

The necessary part of the proof follows from the fact that, if Equation (2.1.2) 
for U l o  admits a certain solution g(s),  then

because X0 and Vto are eigenvalues and corresponding eigenfunctions of the 
transposed equation.

To prove the sufficiency of this condition, we again appeal to linear algebra. 
In fact, the corresponding condition of orthogonality for the linear-algebraic 
system assures us that the inhomogeneous system (2.3.8) reduces to only n -  r 
independent equations. This means that the rank of the matrix (I — AA) is exactly 
p  =  n -  r  and, therefore, the system (2.3.8) or (2.1.9) is soluble. Substituting 
this solution in (2.1.5), we have the solution to our integral equations.

Finally, the difference of any two solutions of (2.1.2) is a solution of the 
homogeneous Equation (2.3.3). Hence, the most general solution of the inho­
mogeneous integral equation (2.1.2) has the form

g(s) =  G(S) +  aigoi(^) +  aztfoCs) +  - ■ ■ +  arSor(J). (2.3.16)

where G(r) is a suitable linear combination of the functions a |( j ) ,  ai(s),  • • ■ ,

We have thus proved the theorem that, if A. =  Ao is a root o f multiplicity
m  >  1 of the equation D { \ )  =  0, then the inhomogeneous equation has a solution

=  j  g { s ) ^ { s )d s
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if and only if the given function /(jr) is orthogonal to all the eigenfunctions of 
the transposed equation.

The results of this section can be collected to establish the following theorem.

Fredholm Alternative Theorem. Either the integral equation

g(s) =  f ( s )  + x j  K(s, t)g(t)dt (2.3.17)

with fixed X possesses one and only one solution g(s) for arbitrary Ci-functions 
f(s)andK(s,l),inparticularthesolutiong = 0 for f  =  0; or the homogeneous 
equation

g(s) = x j  K(s, t)g(t)dt  (2.3.18)

possesses a finite number r o f  linearly independent solutions goi, f =  1 ,2 ,— , r. 

In the hist case, the transposed inhomogeneous equation

*(s)  =  f ( s )  + x j  K '( t ,  s)xj/(t)dt (2.3.19)

also possesses a unique solution. In the second case, the transposed homoge­
neous equation

iHs) = x j  K ’ {t, s)i>U)dt (2.3.20)

also has r linearly independent solutions tfia, , < =  1 ,2 ,--- , r; the inhomoge­
neous integral equation (2.3.17) has a solution if and only if the given function 
/ (s) satisfies the r conditions

( / .  * a )  =  j  /(s)tf£(s)<fs =  0 , i =  1,2, ■ -• , r . (2.3.21)

In this case, the solution of Equation (23.17) is determined only up to an additive 
linear combination c,ga .

The following examples illustrate the theorems of this section.

2.4. Examples

Example 1. Show that the integral equation

/•J*
=  / ( s )  +  ( l /rr)  / (sin(s +  0]ff(0<fr (2.4.1)

Jo
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possesses no solution for /  (s) =  s, but that it possesses infinitely many solutions 
when /( s )  =  1.

For this equation,
K(s , r) =  sins cost +  cos s sin r , 
a2(r) =  cosf, bi(t) =  cosr f>2(f) =  s in r .oi(j) =  s in s , 

Therefore,

f 2*an  — / stnfcosrdl =  0 =  a-a ,
Jo
( Uai2= I i 

Jo

D(X) =

s2 tdt — n = «2t.

1 — Air
I —iw  1 (2.4.2)

The eigenvalues are A.] =  1/ tt, A2 =  — 1/jr and Equation (2.4.1) contains 
A] =  1/n.  Therefore, we have to examine the eigenfunctions of the transposed 
equation (note that the kernel is symmetric)

(2-4.3)g(s) =  (1/rr) f sin(s +  t)g( t)dt .
Jo

The algebraic system corresponding to (2.4.3) is

C] — Attc2 =  0 , — A rrc)+c2 =  0,

which gives

C) =  c2 for Aj =  1 /rr; Ci =  — c2 for A2 =  —1/jr .

Therefore, the eigenfunctions for Aj =  1/jr follow from the relation (2.1.5) and 
are given by

Since
g(s) =  c(sins +  coss). (2.4.4)

f
and

(f sins +  scos5)ds =  - 2 n  £  0 ,

Z2*/ (sins +  cos s)ds =  0 , 
Jo

we have proved the result.

Example 2. Solve the integral equation

g(s) =  / ( f )  +  A -  3sl)g(t)dt. 
Jo

(2.4.5)
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The algebraic system (2.1.9) for this equation is

(1 -  X)ci +  -A.CJ =  / , , - i* c i  +  (1 +  X)c2 «  h  . (2.4.6)

and
(2.4.7). tH -—

Therefore, the inhomogeneous Equation (2.4.S) will have a unique solution if 
and only if X ^  ±2. Then the homogeneous equation

g(s) = x f a  -
Jo

3st)g(t)dl (2.4.8)

has only the trivial solution.
Let us now consider the case when X is equal to one of the eigenvalues and 

examine the eigenfunctions of the transposed homogeneous equation

g(s) =  X f  (1 -  3sl)g(t)dl. 
Jo

(2.4.9)

For X =  +2, the algebraic system (2.4.6) gives ci =  3c2- Then, (2.13) gives 
the eigenfunction

g(s) =  c ( l - s ) ,  (2.4.10)

where c is an arbitrary constant. Similarly, for X =  —2, the corresponding 
eigenfunction is

g(s) =  c ( l - 3 s ) .  (2.4.11)

It follows from the preceding analysis that the integral equation

g(s) =  / ( s )  + 2  f  (1 - 3 sr)g(/)dr 
Jo

will have a solution if /  (s) satisfies the condition 
rl

(1 - 3 s ) / ( s ) d s  =  0.L

2.5. An Approximate M ethod

The method of this chapter is useful in finding approximate solutions of certain 
integral equations. We illustrate it by the following example:

g(s) = e * - s -  f  s(<r” -  l)g ( r )dt .  (25.1)
Jo



2.5. An Approximate Method 21

Let us approximate the kernel by the sum of the first three terms in its Taylor 
series:

K (s, r) =  s(e "  -  1) =  s 2t +  i j V  +  i s V , (2.5.2)
2 6

(hat is, by a separable kernel. Then the integral equation takes the form

r i i i
g(S) ~  e* ~  s ~  J0 '  +  2 i3 ' 2 +  g * 4' 3)g(r)d» • (2 -53)

Since the kernel is separable, we require the solution in the form

g(s) =  e* ~ s  + c ts 2 +  c2s 3 +  C3J4. (2.5.4)

Following the method of this chapter, we find that the constants C], c2, C3 satisfy 
the following algebraic system:

(5/4)c, +  (1/5)c2 +  (1 /6 )0  =  - 2 /3 .  
(1 /5 )0  +  (13/6)c2 +  ( l /7 )o  =  (9 /4 )- e ,  

( l /6 )o  +  (1 /7 )0  +  (49/8)o =  2e — (29/5),
(2-5.5)

whose solution is

O =  -0 .5 0 1 0 , O  =  -0 .1 6 7 1 , o  =  -0 .0 4 2 2 . (2.5.6)

Substituting these values in Equation (2.5.4), we have the solution

g(s) =  e* -  s  -  0.5010s2 -  0.1671s3 -  0.0423s4 . (2.5.7)

Now the exact solution of the integral Equation (2.5.1) is

g(s )  -  1 . (2.5.8)

Using the approximate solution for s  =  0, s  =  0.5, and s =  1.0. the value of 
g(s) from Equation (2.5.7) is

g(0) =  1.0000, g(0.5) =  1.0000, g ( l )  =  1.0080, (2.5.9)

which agrees with (2.5.8) rather closely.
In Chapter 7 (see Section 7.7), we prove that an arbitrary £ 2.kernel can be 

approximated in norm by a separable kernel.
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2.6. Fredholm  Integral E quation  o f  the F irst K ind

Let us now study the equation

/(* ) =  j  K(.s,t)g(t)dt,  a < s , t s b ,  (2 .6 .1)

where the kernel is separable, and given by the relation (2.1.1). Thus
J* f  m

f ( s )  =  £ > ( * )  bi(t)g(i)dt =  £ > , , * ^ ( 5 ) .  (2 .6.2)
i-i J i- i

This means that a necessary condition for Equation (2.6.1) to have as solution 
is that /( s )  be a linear combination of the functions fa,U)l- Accordingly, we 
assume that m

/<*) *  X > * w .  t2-6*3)
»»*

where at are known [since / (s) is known). Comparing Equations (2.6.2) and
(2.6.3) we find that the problem of solving Equation (2.6.1) reduces to solving 
n integral equations

<rf = j  b,(t)g(l)dt, i =  1.........n, (26.4)

for g{t).
Let us examine if we can find a solution g(/) of Equation (2.6.4) by express­

ing it as
H

S ( 0  =  £ f t f > , ( 0 . (2.55)
/*!

where fij are as yet unknown. Substitution in Equation (2.6.4) yields

pi
a, =  Y '  pjjb,,  bj), /' =  1 .........n, (26.6)

l- i

which is a system of algebraic equations for solving f t .  Since the function h)(>) 
are assumed to be linearly independent, the matrix with components (6, . bj) is 
a nonsingular matrix (it is indeed a symmetric matrix that has strictly positive 
eigenvalues). Accordingly, Equation (2.6.6) for has a solution (f t, f t ,  , 
ft,). However, there are an infinite number of solutions of the system (26.4) 
because to the function g(t) we can add a function h(t)  which is orthogonal to 
the set (6, (0), and the Equation (2.6.4) is still satisfied and there exist infinity 
of such functions.
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Lei us now examine the transposed homogeneous equation 

0 = /  K ' ( t , s ) f { t ) d t , (2.6.7)

which becomes
h ,*(j)(lM i) =  0 , i =  1 .........n. (2 .6 .8)

In view of the linear independence of (6 , (s)}, it follows from Equation (2.6.8) 
that

(t/r, a,) = 0, =  n, (2.6.9)

and again there are an infinite number of such functions. But this, in view of 
relation (2.6.3), implies that /  is orthogonal to all the solutions of the transposed 
homogeneous Equation (2.6.8). Note that by the same reasoning we can prove 
that the homogeneous integral equation

0  =  J  K (s,/)g (/)d r, (2 .6 .10)

also has an infinite number of solutions. We have thus proved the following 
theorem.

Theorem. A necessary and sufficient condition for the Fredholm integral equa­
tion ( 1 ) to have an Ci-solution is that the given function f ( s )  be o f  the form
(2.6.3) and that it be orthogonal to all the infinite number o f solutions o f the 
transposed homogeneous integral equation (7).

Exercises

1. Consider the equation

g(s) =  / ( s )  +  X f  KU, t )g( t )d t  
Jo

and show that for the kernels given in Table I the function D(X) has the given 
expression.

TABLE I.

Case Kernel D(X)
(i) ± 1 l T h
(*>) St 1 -  (X/3)
(Hi) s 2 +  r2 1 -  (2X/3) -  (4X2/45)
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2. Solve the integral equation

*(•») =  f ( s ) “ A. I cos(r +  r)g(r)<fr 
Jo

and find the condition that / ( a )  must satisfy in order that this equation will have 
a solution when A is an eigenvalue. Obtain the general solution if f  (j ) =  sins, 
considering all possible cases.
3. Show that the integral equation

g{s) =  A f  (sinssin2r)g(/)dr 
Jo

has no eigenvalues.
4. Solve the integral equation

g(s) =  1 +  A j  ei*>u' ,)g(r)</r,

considering separately ail the exceptional cases.
5. In the integral equation

g(f) = s * +  f  {sin s t )g ( t ) d t .
Jo

replace sin i f  by the first two terms of its power-series development

. (s i)3sin sf — s t -------— j___
3! ^

and obtain an approximate solution.

'iitffik  - —



CHAPTER3

Method of Successive 
Approximations

3.1. Iterative Scheme

Ordinary first-order differential equations can be solved by the well-known Pi­
card method of successive approximations. An iterative scheme based on the 
same principle is also available for linear integral equations of the second kind:

g (s) =  f ( s ) 4- Af  K(s , t ) g( t ) dt  . (3.1.1)

In this chapter, we present this method. We assume the functions f ( s )  and 
K  (s, t) to be ^ -fu n c tio n s  as defined in Chapter 1.

As a zero-order approximation to the desired function g(s),  the solution 
«oO).

«o(*) =  f { s ) , (3.1.2)

is taken. This is substituted into the right side o f Equation (3.1.1) to give the 
first-order approximation

8 i(s )  =  / ( s) + k j  K (s, t )g0(l)dt  . (3.1.3)

This function, when substituted into Equation (3.1.1), yields the second approx­
imation. This process is then repeated; the (n +  l) th  approximation is obtained 
by substituting the nth approximation in the right side of (3.1.1). There results 
the recurrence relation

g .+,(s )  =  f ( s ) + x j  K( s ,  t)g„(t)dt . (3.1.4)

l f g ,( s )  tends uniformly to a limit as n -*■ oo, then this limit is the required 
solution. To study such a limit, let us examine the iterative procedure (3.1.4) in 
detail. The first- and second-order approximations are

and

X i(s )=  / (s) +  A J K(s ,  t)  f ( t ) d t

8 2(1 ) = / ( s )  +  A j  K{s,

+  x* j  KU.0  ^  K(r,x)/(jt)d*j d t .

(3.1.5)

(3 .1 .6 )

25
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This formula can be simplified by setting

K j ( s ,  t )  =  j  K (s , x )K (x , t ) d x  

and by changing (he order of integration. The result is

&(•*) =  / ( s )  +  X j  K (s , t ) f ( l ) d t  + 2? J K t ( s , t ) f ( t ) d t

Similarly,

g j ( * W ( s )  +  X j  K i s , t ) f i i ) d i

+  *■* f  K i ( s , t ) f ( i ) d t + l ?  j  K j i x , t ) f ( t ) d t  ,

where

(3.1.7)

(3.1.8)

(3-1.9)

(3.1.10)

(3.1.11)

K3(s ,r)  =  J K ( s , x ) K i ( x , t ) d x  .

By continuing this process, and denoting

K * (s ,l)  =  J K { s , x ) K m- i ( x , t ) d x  , 

we get the nth approximate solution of integral equation (3.1.1) as

*,(*) =  f i x )  +  J 2 x m j  K m(s, t ) f i t ) d t  . (3.1.12)
1*3.1 J

We call the expression Km(x, t ) the with iterate, where Ki(s ,  i )  =  X(s,t). 
Passing to the limit as rt -» oo, we obtain the so-called Neumann series

OO f
gix) =  Hm  ̂ £»(*) =  f ix )  +  I K m{s, i ) f i t ) d t  . (3.1.13)

It remains to determine the conditions under which this convergence is 
achieved. For this purpose, we attend to the partial sum (3.1.12) and apply the 
Schwartz inequality (1.6.3) to the general term of this sum. This gives

j f  * „ ( s , / ) / « ) * | ?  ^I ]Km(s . t ) \2d t ^  j  \ f i l ) ) 2dt .  (3.1.14)

Let D be the norm of / ,

/

i

D 2 =  f  } f i t ) \ 2d t , (3.1.15)
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and let C 2 denote the upper bound o f the integral

K m(s , t ) \ 2 d t .  

Then, the inequality (3.1.14) becomes
//■

1/ < C i D 2 . (3.1.16)

The next step is to  connect the estim ate C 2 with the estimate C \ . This is achieved 
by applying the Schw arz inequality to the relation (3.1.11):

|X „ ,(s .O I2 <  f  \Km- i ( s , x ) \ 2d x  j  \ K ( x , t ) \ 2d x ,

which, w hen integrated w ith respect to t ,  yields

f  \Km(s, t ) \2d t  sg B 2C 2m_ x ,

where

B2 = j  j  \ K ( x , t ) \ 2d x  d i  .

The inequality (3.1.17) sets up the recurrence relation

C 2m <  B 2m~2C \ .

From Equations (3.1.16) and (3.1.19), w e have the inequality 

Km(s,  O A O d rl ^  C 2D 2B 2” - 2 .

(3.1.17)

(3.1.18)

(3.1.19)

1/ (3.1.20)

Therefore, the general term o f the partial sum (3.1.12) has a magnitude less 
than the quantity and it follows that the infinite series (3.1.13)
converges faster than the geometric series with common ratio |X |/f. Hence, if

|X|fl < 1 , (3.1.21)

the uniform convergence o f this series is assured.
We now prove that, for given k.  Equation (3.1.1) has a unique solution. 

Suppose the contrary, and let g ,(s )  and g 2 (s) be two solutions o f Equation 
(3.1.1).

8 t ( i )  =  / ( s )  +  X J  K ( s ,  t ) g \U)dl  ,

* i(5 ) =  / ( s )  +  X J  K( s ,  t ) g2(t)dt  .
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By subtracting these equations and setting g i(s) — gi(s)  =  <p(s), there results 
the homogeneous integral equation

^ (s )  =  X J K(s,l)<PU)dt .

Apply the Schwarz inequality to this equation and get

i* (s)i2 <  \k \> j  \K( s , t ) \ 2dt  f  m ) \ 2d t ,

( l - I X l ’ fl2) J  |0 (s ) |2ds t£ 0 . (3.1.22)

In view of the inequality ( 3 .1 .2 1 ) and the nature of the function 4>(s) =  g t (s) -  
g2(s), we readily conclude that ^ ( s )  s* 0 , that is, =  g2 (s).

What is the estimate of the error for neglecting terms after the nth term in 
the Neumann series (3.1.13)? This is found by writing this series as

g(s) =  / ( s )  + J2r  f  Km( s , D f ( t ) d t  +  Rn(s) . (3.1.23)

Then, it follows from the preceding analysis that

|« , |  <  D C ,|X |-+ ,B V (1  ~  |X |B) • (3124)

Finally, we can evaluate the resolvent kernel as defined in the previous 
chapter, in terms of the iterated kernels K m(s, r) . Indeed, by changing the order 
o f integration and summation in the Neumann series (3.1.13), we obtain

g(s)  =  f ( s )  +  k  j  ^ X * _ lK . ( s , f ) j  f ( t ) d t  .

Comparing this with (2.3.7),

g(s) =  f (s ) +  k j  r(s, r; k ) f ( t ) d t ,

we have

r ( s , f ,X )  =  ^ X " - ' / ( „ ( s , 0 .

(3.1.25)

(3.1.26)
Ms)

From the previous discussion, we can infer (see Section 3.5) that the series 
(3.1.26) is also convergent at least for |A|fl <  1. Hence, the resolvent kernel is 
an analytic function of X, regular at least inside the circle |X| <  B ~ l .

From the uniqueness o f the solution o f  (3.1.1), we can prove that the resol­
vent kernel r ( j ,  t; X) is unique. In fact, let Equation (3.1.1) have, with A =  X>,

or
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two resolvent kernels T i(s , t \  A.) and r2(s, r; A^). [„ view o f the uniqueness o f 
the solution o f  (3.1.1), an arbitrary function /  ( j )  satisfies the identity

f ( s )  +  A0 J  r , ( s ,  / ;  k 0) f U ) d t  =  f ( s ) +  Aq j  r 2 (s, t\ Ao) f ( t ) d t . (3.1.27)

Setting ♦ ( s ,  t; Ao) =  T ifs , f; Ao)—T2 (s, 1 ; Ao), we have, from Equation(3.1.27),

4»(s, t; A0) / ( t ) d r  =  0  ,/
for an arbitrary function f ( t ) .  Let us take / ( / )  =  \p*(s, r; A), with fixed s. This 
implies that

|4»(s ,t; Ao)|2d /  s O  ,/
which means that 4>(s, t; Ao) *  0, proving the uniquenessof the resolvent kernel.

The preceding analysis can be sum med up in the following basic theorem.

T heorem . To each C i-kernel K  (s, t), there corresponds a unique resolvent 
kernel T (s, f; A) which is an analytic function o f  A, regular at least inside the 
circle |Aj <  B -1, and represented by the pow er series (3.1.26). Furthermore, 
i f  f  (s) is also an C2-function, then the unique C j-solution o f  the Fredholm  
equation (3.1.1) valid in the circle |A| <  B ~ ’, is given by the form ula  (3.1.25)l

The method o f successive approximations has many drawbacks. In addition 
to being a cumbersome process, the Neumann series, in general, cannot be 
summed in closed form. Furthermore, a solution o f the integral Equation (3.1.1) 
may exist even if |A|B >  1, as evidenced in the previous chapter. In fact, we 
saw that the resolvent kernel is a quotient o f two polynomials o f  nth degree in 
A, and therefore the only possible singular points of T(s, / ;  A) are the roots of 
the denominator D (A) =  0. But, for |A1B >  1, the Neumann series does not 
converge and as such does not provide the desired solution. We have more to 
say about these ideas in the next chapter.

3.2. Examples

Exam ple 1. Solve the integral equation

g (s ) ss f ( s )  ■+■ A. J e, ~'g( t )dt  . (3 .2 .1 )
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Following the method of the previous section, we have

K ,(s ,i)  = « * "  ,

K 2(s, t)  =  f  t ’ - ' f - d x  =  e*~‘ .

Proceeding in this way, we find that all the iterated kernels coincide with K  (s, I). 
Using Equation (3.1.26), we obtain the resolvent kernel as

T(s, r; X) =  K(s,  r ) ( l  +  X +  X2 +  • • •) =  -  *) - (3.2.2)

Although the series (1 +  X +  X2 H-----) converges only for |X| < 1, the resolvent
kernel is, in fact, an analytic function o f X, regular in the whole plane except at 
the point X =  1, which is a simple pole of the kernel T . The solution g ( j)  ^  
follows from (3.1.25):

The geometric series in Equation (3.2.4) is convergent provided |X| <  2 . Then,

(3-2.3)

Example 2. Solve the Fredholm integral equation

(3-2.4)

and evaluate the resolvent kernel. 
Starting with g0(s) =  1, we have

or

(3.2.5)

g (s) s  [4 +  2X(2 -  3s)  ]/<* -  *2) . (3.2.6)
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and precisely the same remarks apply to the region of the validity of this solution 
as given in Example 1.

To evaluate the resolvent kernel, we find the iterated kernels.

K ,(s,r) =  l - 3 «  , 

K2( s , t ) =  / " ( 1 - 3 m )(1[ '  3. 0  =  /  (1 -  3sjc)(1 -  3xl)dx =  1 -  - ( s  +  f) +  
Jo 2

Ky(s, t) =  j f  (1 -  3sx) [̂ 1 -  j ( x  +  r) +  3-rrj dx

3st ,

=  i ( l - 3 s / )  =  ^A :,(s,f).4 4

Similarly,

and

Hence,

= -* 2 (5 ,/)
4

KAs . t )  = - K . - 2 (s , t ) .

r(5. /; X) = * 1  + X* 2  + X^*3 + .. .

( ' + s1’ * * ■•■)*' *’■ ( ' + i 1’+->.•+...) *

r  3 ■ ] / ( * » .  w «
+  X )-  -X(a + 0 - 3 ( 1  - X ) s t

2 .
(3.2.7)

Example 3. Solve the integral equation

g(s) =  l +  i  j f  [sin(s +  t)]g(l)dl

” *)
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Let us first evaluate the iterated kernels in this example: 

K}( s , i )  =  K (s, t)  =  sin(s +  0  ,

ATzfs, l)  = f  [sin(s +  x )] sin(x +  t ) dx  
Jo

=  -  jr ([sins sin r +  cos s  cos I ] =  i j r  cos(s — f) , 
2  2

1  /*
— - n  I [sin(s +  x )]cos(x  — t ) dx  

2 Jo
I f '  . .

=  - 3 i  I (sins co sx  +  sin x  s in s)
2 Jo

x  (cosx co s/ +  sin x  sin t ) dx  

=  ^ i j r ^  [ s in s c o s r + c o s s s in / J  =  sii

Proceeding in this manner, we obtain

sin(s + 1) .

K« ( * . 0

Ks(s
= ( r ) ' cos(s — /)  , 

sin(s +  0  ,

cos(s — i )  , etc.

Substituting these values in the formula (3.1.13) and integrating, there results 
the solution

g (s) =  1 +  2 A (coss) £ l  +  * 2 +  Q 7r)  +

+ A « n , ) [ l  + ( l , ) V + ( > , ) 4l* + . . . j .  ^

Since

g(s )  =  1  +  | ( 2 A coss +  A2jt s in s ) /  f l  — -A 2jr2^ l  .
L \  *  / 1  (3 .2 . 1 0 )

B 2 =  f  f  sin2(s +  1  ) d s d t  =  ~ n 2 ,Jo Jo 2

or
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the interval of convergence of the series (3.2.9) lies between — \/2 /rr and \ f 2 /n .

Example 4. Prove that the mth iterated kernel Km (s, t) satisfies the following 
relation:

Km(s,t) = j  Kr(s , x)Km- r(x, t)dx , (3.2.11)

where r is any positive integer less than m.
By successive applications of Equation (3.1.11), we have

/CK(s.O  =  f  • •  f  K ( s , x l)K(x l , x 2) -  ■ K(xm- U t)dxm̂  - ■ d x t .
(3.2.12)

Thus, Km(s , i ) is an (m — l)-fold integral. Similarly, K,(s , x)  and K„-r(x, t ) 
are (r — 1)- and (m -  r — l)-fold integrals. This means that

j  K, (s , x )Km- r(x, t )dx

is an (m — l)-fold integral, and the result follows.
One can take the g0(s) approximation different from / (s), as we demon­

strate by the following example.

Example 5. Solve the inhomogeneous Fredholm integral equation of the second 
kind,

g{s) = 2s + k  f  (s + t )g( t )dt ,  (3.2.13)
Jo

by the method of successive approximations to the third order.
For this equation, we take g0(x) — 1. Then,

1gt(s) = 2s + k I (j +  t)di  =  2s +  i ( s  +  - ) ,Jo 2

g2(s) = 2s + k [  (s+ r)(2 r +  A.[r+(l/2)])</r Jo
=  2s + k[s + (2/3)] +  k2[s + (7/12)],

g3(s) =  2s + k (  (S + t){2t + A[r +  (2/3)] +  A.J[r +  (7/12)))dt Jo
=  2s +  k[s +  (2/3)] +  X2[(7/6)j  +  (2/3)] +  X3[(13/12)s +  (5/8)].

(3.2.14)

From Example 2 of Section 2.2, we find the exact solution to be

£(i) =  [12(2 -  X)j +  8k]/(12 -  12A -  k2) , (3.2.15)

and the comparison of Equations (3.2.14) and (3.2.1S) is left to the reader.
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33. Volterra Integral Equation

The same iterative scheme is applicable to the Volterra integral equation o f the 
second kind. In fact, the formulas corresponding to Equations (3.1.13) and 
(3.1.25) are, respectively,

00 f t
* ( * ) - +  Km( s , t ) f U ) d t  ,

* 0
(3.3.1)

(3.3.2)g(s) =  f ( s )  + k j '  r(s,t\k)f(t)di , 

where the iterated kernel K m{s, () satisfies the recurrence formula

K m(s , t )  =  J  K ( s , x ) K m- i ( x , t ) d x

with A 'i(r, t) = K(s,  /), as before. The resolvent kernel T (s, r; A) is given by 
the same formula as (3.1.26), and it is an entire function o f A for any given (5 , l) 
(see Exercise 8).

We illustrate this concept by the following examples.

(3-3.3)

3.4. Examples

Example 1. Find the Neumann series for the solution o f the integral equation

S(s) =  ( 1 +  s) -+- A f  (s -  t )g( t )d t  . (3.4.1)
Jo

From the formula (3.3.3), we have 

fC,(s, r) =  ( s _ / ) ,

and so on. Thus,

*W “  1 + 1 + * (I? + 5?) + (jT + 0  + '' • • <3 4-2>
For A =  l ,g ( r )  =  t? .
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Exam ple 2. Solve the integral equation

g(s)  = f ( s ) +  X f e?~'g{t)dt 
Jo

and evaluate the resolvent kernel.
For this case,

Ki (s ,  t)  =  j  e* xe* ' d x  =  (s — r ) ^ " '  ,

K iU ,  0  =  f  (x -  O S - ' S - d x  =
J  i 2!

rs _  / y - i
*«,(*, 0  =  ------- .(m -  1 )!

The resolvent kernel is
gU+l>(j-i) _ ,  ^  s

t >  s .

(3.4.3)

r ( s , / ; k ) = r  Z - " ,= 1

Hence, the solution is

S (i)  =  f ( s )  + k  [ S e*+l*’- ,' f « ) d t .
Jo

Example 3. Solve the Volterra equation

g(s)  =  1 +  f  s tg( t )dt  .
Jo

For this example, K i(s , l)  =  K (s, I) =  st ,

K 2CS,0  =  £  s x 2t d x  =  ( j4f -  sf4) /3  ,

K jtr . r) =  J  [(sx )(x4r -  x r4)/3Jdx =  ( j7r -  2 s V  + s r 7)/18  ,

K«(j , r) =  j  [( jx )(x 7r -  2 x4/ 4 +  x r7)/18]tfx

=  (s10r -  3 s V  +  3s V  -  s r ,0)/162 , 

and so on. Thus,

(3.4.4)

(3.4.5)

(3.4.6)

g(s)  =  1 +  — +
3 2 - 5  2 - 5 - 8  2 -5  8 -1 1

(3.4.7)
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3.5 . Som e R esu lts ab ou t th e  R eso lv en t K ernel

The series for the resolvent kernel r($ , /; X),

r ( i . r ; X ) = .^ A " - ' / C w( s . r ) . (3.5.1)

can be proved to be absolutely and uniformly convergent for all values of s and 
i in the circle |X| < l / B .  In addition to the assumptions of Section 3.1, we need 
the additional inequality

J \K(s , t ) \2ds  < E 2 , E  = const. (3.5.2)

Recall that this is one of the conditions for the kernel K  to be an £ 2-kemel. 
Applying the Schwarz inequality to the recurrence formula

Km(s, l)  = J K „ . i ( s , x ) K ( x , t ) d x (3.5.3)

yields

\Kmls . i ) \2 < z ( J  \Km- , ( s , x ) \ 2dx ' j  j \ K ( x , t ) \ 2dx  

which, with the help of Equation (3.1.19), becomes 

I / f „ ( s , r ) K C , £ B — 1 . (3.5.4)

Thus, the series (3.5.1) is dominated by the geometric series with the general 
term C 1£(X", - 1 fi'"~1), and that completes the proof.

Next, we prove that the resolvent kernel satisfies the integral equation

T(s, r; X) =  AT(j, r) +  X J  T (s .x ; k )K(x ,  t ) d x  . (3 .5 .5 )

This follows by replacing Km (s, /) in the series (3.5.1) by the integral relation
(3.5.3). Then,

OO *
T(s,r;X ) =  /f i(5 ,r )  +  J ^ X " " 1 /  K m. l ( s , x ) K ( x , t ) d x

2
OO *

=  KTs.O +  X ^ X " - 1 K m(s , x )K (x ,  t )dx  
1**1 ’

=  /C(s, f) +  X y >^ £ x — !'K„(s, x) K(x ,  t )dx  ,
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and the integral Equation (3.5.S) follows immediately. The change o f order o f 
integration and summation is legitimate in view o f the uniform convergence of 
the series involved.

By proceeding in a similar manner we can prove that

T (s ,/ ;A )  =  K ( s , t )  +  k f KU■x ) f ( x ,  t\ k )dx . (3.5.6)

The two Equations (3.5.5) and (3.5.6) are called the Fredholm identities. From 
the preceding analysis it follows that they are valid, at least, within the circle 
|A|B <  1. Actually, they hold through the w hole domain o f the existence o f the 
resolvent kernel in the complex A-plane.

Another interesting result for the resolvent kernel is that it satisfies the 
integro-differential equation

3T (s, r; A)/3A =  j  T(s, x \  A )r(x , r; k ) d x  . (3.5.7)

In fact

/ f  00 oo
P (s ,x; A )r(x , r; A)«/x =  /  ^ / k m~ lK m( s , x ) ^ i k n~ iK n( x , t ) d x  .

J  * = 1  n=i

On account o f  the absolute and uniform convergence o f  the series (3.5.1), we 
can multiply the series under the integral sign and integrate it term by term. 

Therefore,
OO 00

r ( s ,x ;  A)r ( x ,  r, k ) dx  =  J2 H  A"+" -2/ : n+B(s, r) . (3.5.8)
Dial Hal

Now, set m + n  =  p  and change the order o f summation; there results the relation

/ '

5 3  5 3  km+i,~2K„+„ (s, t)  =  £ ;  £  k p~2K p(s, t )
pm2 * s l«1 Rb I

=  £ >  -  W - 2K p (s , t )  =
p=2

a r (s .r ;  A)
dk

(3.5.9)
Combining Equations (3.5.8) and (3.5.9), we have the result (3.5.7). 

By a similar process we can obtain the integral equation

T(s, r; A) -  r ( i ,  /;  p )  =  ( k - p ) J(A — p )  I T (s. x; p ) r ( x ,  t; k )dx  , (3.5.10)

which is called the resolvent equation. Then Equation (3.5.7) can be derived 
from (3.S.10) by dividing it by (A — p )  and letting p  —► A. Equation (3.5.10)
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can also be derived by the help of the Fredholm identities (3.5.5) and (3.5.6) (see 
Exercise 9).

A Volterra integral equation of the second kind satisfies the identities

, f ’ r(s,x-,k)K(x,t)dx  .
H s , r;X) =  K (s , / ) + *  •''

1 j t K ( s , x ) r ( x ,  t; k ) dx  ,
(3J .11 )

and are proved in a similar fashion [4).
In Section 1.6 we defined the orthogonal kernels L ( s , t )  and A f(s ,i) . If we 

let f f and f m denote the resolvent kernels for L  and M , so that we have

r , ( s .  r; X) =  ] T  A/’- 'Z .a d , /)  =  W , +1 (s t /) , (3.5.12)

and
00 o o

r „ ( s ,  r; X) =  £  k ' ~ ' M K(s, i )  =  £  X"A/,+1 (s , t ), (3.5.13)
f»=| ftmO

where L„ and M„ denote the iterated kernels. For the case that L  and M  are 
orthogonal it follows that

flal

J H s , x ) r { x , r , k ) d x  = 0  , (3.5.14)

and j  Af(s, j r ) r t ( x ,  f;  k ) d x  =  0  . (3.5.15)

Furthermore, by applying the Fredholm identity (3.5.6) to the resolvent 
kernels f t  and f m, it follows that

r< (s, r; X) +  r „ ( s ,  r; X) =  L(s ,  t )  +  M ( s ,  t )

+  X jlHs,x)rt(x,t;k)+M(s>x)rm{x,r,k)dx, (3.5.16) 

which, in view o f Equations (3.5.14) and (3.5.15), can be w ritten as 

r< (s ,f ;  X) +  r m(s ,r ;  X) =  L ( s ,r )  +  M(s,  t)

+  X J [ L ( s , x )  +  M(s,x))[rt(s,r,k) + rm(x,c,k)]dx. (3.5.17)

This shows that the resolvent kernel o f the sum L  (s, t ) +  M ( s ,  / )  o f two orthog­
onal kernels is the sum of their resolvent kernels, that is,

r <+„C s,f;X ) =  r 4( j , f ;X )  + r * ( j , r ; X ) . (3 J . 18 )
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Exercises

1. Solve the following Fredholm integral equations by the method o f  successive 
approximations:

S(i) ■ , ' - 5 ‘  + 5 + 5 j (  *<'>*•

1  1  t * n
g (s ) =  (s in s) -  - s  +  -  I s t g( t ) d t  . 

4 4  Jo

2. Consider the integral equation

g(s )  =  1 +  X f  s tg ( t)d t  .

(a) Make use o f the relation |X| <  B ~ x to show that the iterative procedure 
is valid for |X| <  3.

(b) Show that the iterative procedure leads formally to the solution

g(s )  =  1 +  s[(X /2) +  (X2 / 6 ) +  (X3/1 8 ) +  • • • ] •

(c) Use the method o f  the previous chapter to obtain the exact solution

g(s )  =  1 +  [3Xs/2(3 -  X )], X f t  3 .

3. Solve the integral equation

g (s) =  1 -t- X f  (s +  t ) g( t ) d t  ,

by the method of successive approximations and show that the estimate afforded 
by the relation jX| <  B ~ l is conservative in this case.

4. Find the resolvent kernel associated with the following kernels: (i) |s — 11, 
in the interval (0 , 1 ); (ii) exp(—|s — f|) , in the interval (0 , 1 ); (iii) cos(s +  r), 
in the interval (0 , 2 rr).

5. Solve the following Volterra integral equations by the method o f this chapter:

g (s) =  1 + f { S  -  t )g( i )dt  ,
Jo ( 0

g (s) =  29 +  6s + f \ 6 s - 6 t  +  S)g( t )dt  . 
Jo (»)
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6 > Find an approximate solution of the integral equation

g (s ) =  (sinh s) +  f  e ' - ’g { t ) d t  ,
Jo

by the method of iteration.

7. Obtain the radius o f convergence o f the Neumann series when the functions 
/ ( s )  and the kernel K(s ,  () are continuous in the interval (a , b).

8 . Prove that the resolvent kernel for a Voltena integral equation o f the second 
kind is an entire function o f A for any given (j , /) .

9. Derive the resolvent equation (3.5.10) by appealing to the Fredholm identities
(3.5.5) and (3.5.6).
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Classical Fredholm Theory

4.1. The Fredholm Method of Solution

In the previous chapter, we derived the solution of the Fredholm integral equation

g(s) =  / ( s )  +  X J  K ( s ,  t )g( t )dt  (4.1.1)

as a uniformly convergent power series in the parameter X for |X| suitably small. 
Fredholm gave the solution of Equation (4.1.1) in general form for all values of 
the parameter X. His results are contained in three theorems that bear his name. 
We have already studied them in Chapter 2 for the special case when the kernel 
is separable. In this chapter, we study Equation (4.1.1) when the function f ( s )  
and the kernel K ( s , t )  are any integrable functions. Furthermore, the present 
method enables us to get explicit formulas for the solution in terms of certain 
determinants.

The method used by Fredholm consists of viewing the integral equation
(4.1.1) as the limiting case of a system o f linear algebraic equations. This 
theory applies to two- or higher-dimensional integrals, although we confine our 
discussion to only one-dimensional integrals in the interval (a, b). Let us divide 
the interval (a, b) into n equal parts,

s , = t t = a ,  s2 = t 2 =  a + h .................. s„ =  r„ =  a +  (n -  l ) h ,

where h =  (b — a ) /n .  Thereby, we have the approximate formula

/ K(s ,  t )g( t )dt  ^  h y ^  K(s ,  Sj )g(s , ) . 

Equation (4.1.1) then takes the form

(4.1.2)

g(s)  ~  / ( s )  +  XA , (4.1.3)
y-t

which must hold for all values of s  in the interval (a , b ). In particular, this 
equation is satisfied at the n points of division s ,, i =  1 , . . . .  n. This leads to the 
system of equations

n
g(S') -  /(S i) +  X A ^X (S j,S ;)g (S y). 1 = 1 , . . . , / ! .  (4.1.4)

y«i

41
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Writing
= g (* ) =  g,. * ( 4 .4 )  « # t u , (4.1.5)

Equation (4.1.4) yields an approximation for the integral equation (4.1.1) in 
terms of the system of n linear equations

gi - k k J 2 Kugi =  ft,
jm 1

1 ssr 1 , (4.1.6)

in n unknown quantities g j , . . . ,  g*. The values of gi obtained by solving this 
algebraic system are approximate solutions of the integral equation (4.1.1) at
the points S|,S2....... s„. We can plot these solutions gj as ordinates and by
interpolation draw a curve g(s)  which we may expect to be an approximation to 
the actual solution. With the help of this algebraic system, we can also determine 
approximations for the eigenvalues of the kernel.

The resolvent determinant of the algebraic system (4.1.6) is

1 — XhK\i —XhK\2 . . .  — XhfC\n
- k h K 2i l - i / t *22 . . .  - X h Kv i

D„(k) =

—khK„i —khKn2 1 - k h K .

(4-1.7)

The approximate eigenvalues are obtained by setting this determinant equal to 
zero. We illustrate it by the following example.

Example.

g(s) — k  f  sin(s + 1)g(t)dt = 0 .
Jo

By taking n =  3, we have h = rr/3  and therefore

5, =  ri =  0, 5 2 = t2 -  rr/3, j 3 =  f3 =  2 / ; r / 3 ,

and the values of Ki) are readily calculated to give

(*,y) =
0 0.866

0.866 0.866
0.866 0

0.866
0

- 0.866

The homogeneous system corresponding to Equation (4.1.6) will have a 
nontrivial solution if the determinant

1 -0.907A
Dn(k) =

—0.907A. 
-0.907A (1 -  0.907A.) 0
—0.907A 0 (1 +  0.907A)

=  0
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or w hen 1 — 3(0 .0907)2X2 =  0 . T he too ts o f th is  equation  a te  X =  ± 0 .6 3 6 S . 
T his gives a rather c lose agreem ent w ith  the exact va lues (see  E xam ple 3 ,  S ection  
3.2), w hich are  ±  J 2 f i t  -  ± 0 .6 3 6 6 .

In general, the p ractical app lica tions o f  th is  m ethod  a re  lim ited  b e c a u se  one  
has to  take a ra ther large n to  get a reasonab le  app rox im ation .

4.2. Fredholm’s First Theorem

The solutions gi, g i , . .  •, g* of the system of equations (4A .6) ate obtained as 
ratios of certain determinants, with the determinant D*(X) given by Equation 
(4.1.7) as the denominator provided it does not vanish, ljet us expand the deter­
minant (4.1.7) in powers of the quantity (—Xh). The constant term is obviously 
equal to unity. The term containing (—Xh) in the first power is the sum of a\\ 
the determinants containing only one column — XhK^v, fx =  , ,n.  Tak­
ing the contribution from all the columns v  =t 1 , . . . ,  n, w e find that the tota\ 
contribution is — kh  K wv-

The factor containing the factor (—Xh) to the second power is the sum of 
all the determinants containing two columns with that factor. This results in the 
determinants of the form

where (pTq ) is an arbitrary pair of integers taken from the sequence . ,n, 
with p  < q> In the same way, it follows that the term containing the factor 
(-M ) 3 is die sum of the determinants of the form

where {p%qtr) is an arbitrary triplet of integers seltcttd from (he se<\wi 
1 , . . . , i i , w i t h p <q  < r.

The remaining terms are obtained in a stmftai matmet. Therefore,w
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elude that the required expansion of D„(k)  is

H
D A A) - I  +

+
(~*ft) 3 

3! p.q.r-1

(~ kh )
2 !

2 «

- Ep.qml

Kpp
Kqp

Kpq
Kqq

Kpp Kpq Kpr
K qp Kqr +  . . .
Krp K rq K „

^PtPi ^ P iP i • - KpiP.{ -k h r
n\

n

E ^PiP i ^P2P1 ■ • ^P iP .

Pi.Pi....P.-1
^P.P i ^P -P i ' • ^ P .A

(4.2.1)

where we now stipulate that the sums are taken over all permutations o f pairs 
( p , q ) ,  triplets ( p , q , r ) ,  and so forth. This convention explains the reason 
for dividing each term of the preceding series by the corresponding number of 
permutations.

The analysis is simplified by introducing the following symbol for the de­
terminant formed by the values o f the kernel at all points ($, , tj)

K (5U h )  K ( s u t2)
K(s2, t i )  K(s2, t2) K (s 2, t„) 

K  (Jin O

=  K
( s \ , J j , 

\  ' l . ' 2. :?)• (4-22)

the so-called Fredholm determinant. We observe that, if any pair o f arguments in 
the upper or tower sequence is transposed, the value o f the determinant changes 
sign because the transposition o f two arguments in the upper sequence corre­
sponds to the transposition o f two rows of the determinant and the transposition 
o f two arguments in the lower sequence corresponds to the transposition of two 
columns.

In this notation the series (4.2.1) takes the form

(4.2.3)

If we now let n tend to infinity, then h  will tend to zero, and each term o f the 
sum (4.2.3) tends to some single, double, triple integral, and soon . There results
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Fredholm 's first series:

D (k )  = 1  -  X j  K ( s , s ) d s  + —  J j K ^ ' Ŝ d s i d s 2

(4Z4>
Hilbert gave a rigorous proof o f the fact that the sequence D„(X) -*• D{k)  in 
the limit, and the convergence o f the series (4.2.4) for all values o f X was proved 
by Fredholm on the basis that the kernel K (s, t)  is a bounded and integrable 
function.' Thus, D(X) is an entire function o f the complex variable X.

We are now ready to solve the Fredholm equation (4.1.1) and express the 
solution in the form o f a quotient o f two power series in the param eter X, where 
the Fredholm function D ( k ) is to be the divisor. In this connection, recall the 
relations (2.3.6) and (2.3.7). Indeed, we seek solution of the form

where D {s ,r ,  X), still to be determined, is the sum of certain functional series. 
Now, we have proved in Section 3.5 that the resolvent r(s, / ;  X) itself sat-

(4.2.5)

and expect the resolvent kernel T (s, / ;  X) to be the quotient 

T (s, r; X) =  D (s , r; X)/D(X) , (4.2.6)

isfies a Fredholm integral equation of the second kind (3.5.5):

r ( s , l : k ) ~  K ( s , t ) D ( k )  +  k  J  K ( s , x ) D ( x , t \ k ) d x  . (4.2.7)

From Equations (4.2.6) and (4.2.7), it follows that

Z )(s,f;X ) =  K(s,f)£>(X) +  X J  K ( s , x ) D ( x , r , k ) d x  . (4.2.8)

The form o f the series (4.2.4) for D(X) suggests that we seek the solution of 
Equation (4.2.8) in the form of a power series in the parameter X:

For this purpose, we write the numerical series (4.2.4) as

(4.2.9)

(4.2.10)

1 For proof, see Lovitt 153].
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where Co =  1 , and

W  / * Q X . z ’O * '1-'-*’’ - (42n)
The next step is to substitute the series for D(s ,  t\ A) and £>(A) from Equations
(4.2.9) and (4.2.10) in (4.2.8) and compare the coefficients o f equal powers of 
A. The following relations result.

C0(s . t )  =  K ( s , l ) ,  (4.2.12)

Cp(s, I) =  cpK( s ,  i )  -  p  f  K i s , x ) C p - i(x , t ) d x  ,
J  (4.2.13a)

which, after successive substitutions, becomes

C p (s , t ) — /  \ ~ 1 ) ■ " ~ C p -m K m+\{S, t )  .
(P - mV- (4.2.13b)

Our contention is that we can write the function Cp{s, t)  in terms o f  the Fredholm 
determinant (4.2.2) in the following way:

c , ( J , „ = /  ■ ■ • / < ■ ; ; ; « : : :  ■ (4-2 1 4 )

In fact, for p  =  1, the relation (4.2.13) becom es

C t (s, t )  =  c , K ( s .  r) -  j  K (s , x )C 0(x , t)d x

= K ( s , l ) j  K ( x , x ) d x  — j  K ( s , x ) K ( x , t ) d x

= / * C  ' ) " •  (4'2is)
where we have used Equations (4.2.11) and (4.2.12).

To prove that Equation (4.2.14) holds for general p ,  we expand the deter­
minant under the integral sign in that relation, namely,

K  (s, / ) K ( s , x i )  . ■ K ( s , x p )

K ( s . x u . ’M  =
K ( x u t) A T(xi,xi) . ■ K ( x u x p )

• >Xp)
K ( x p , t ) K ( x p , x i )  . ■ K ( X p , x p)

with respect to the elem ents o f the first row, transposing in turn the first column 
one place to the right, integrating both sides, and using the definition o f cp as in 
Equation (4.2.11); the required result then follow s by induction.
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From Equations (4.2.9), (4.2.12), and (4.2.14) we derive Fredholm ’s second

This series also converges for all values o f the param eter X. It is interesting to 
observe the similarity betwen the series (4.2.4) and (4.2.16).

Relations (4.2.13) and (4.2.17) are recurrence relations which are useful in de­
termining the series (4.2.9) and (4.2.10) as illustrated in examples o f the next 
section.

Having found both terms o f  the quotient (4.2.6), we have established the 
existence of a solution to the integral equation (4.1.1) for a bounded and inte- 
grable kernel K  (s, I ), provided, o f course, that D(X) £  0. Since both terms of 
this quotient are entire functions o f the parameter X, it follows that the resolvent 
kernel P ( s , /;  X) is a meromorphic function of X, that is, an analytic function 
whose singularities may only be the poles, which in the present case are zeros 
of the divisor D(X).

Next, we prove that the solution in the form obtained by Fredholm is unique 
and is given by Equation (4.2.S). In this connection, we first observe that the 
integral equation (4.2.7) satisfied by T(s, t \ X) is valid for all values of X for 
which £>(X) #  0. Indeed, (4.2.7) is known to hold for |X| <  B ~ l from the 
analysis of Chapter 3, and since both sides of this equation are now proved to 
be meromorphic, the preceding contention follows. To prove the uniqueness of 
the solution, let us suppose that g{s)  is a solution of Equation (4.1.1) in the case 
£>(X) /  0. Multiply both sides of (4.1.1) by P (s, /; X), integrate, and get

Substituting from Equation (4.2.7) into the left-hand side o f (4.2.18), this be­
comes

senes:

(4.2.16)

Furthermore by comparing Equations (4.2.11) and (4.2.14) w e find that

cp = j  Cp- i ( s , s ) d s  . (4.2.17)

(4.2.18)

J K(s,  t )g(t)dt  =  J r ( s , x \ X ) f ( x ) d x  , (4.2.19)
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which, when joined by (4.1.1), yields

g(s) =  / ( I )  + k j  r(s. I; k) f ( t ) d t , (4.2.20)

but this form is unique.
In particular, the solution of the homogeneous equation

g(s) = k j  K (s, t)g(t)dt (4.2.21)

is identically zero.
The preceding analysis leads to the following theorem.

Fredholm’s First Theorem. The inhomogeneous Fredholm equation

S(I) =  f ( s )  + k  J  K(s, t )g(t )dl , (4.2.22)

where the functions f ( s ) and g(t) are integrable, has a unique solution

g(S) =  f ( s ) + k f  T(s, r, k ) f ( t ) d t , (4.2.23)

where the resolvent kernel T(j, t\ A),

r(s , t\ A) =  D(s,  t; k)/D (k) , (4.2.24)

with D(k)  ^  0[ isa meromorphic function o f the complex variable K being the 
ratio of two entire functions defined by the series

and

• • • dxp, 

(4.2.25)

■ ••dxp , (4.2.26)

both o f which converge for all values o f k. In particular, the solution of the 
homogeneous equation

g(s) = X j  K(s, t )g(t )dt (4.2.27)

is identically zero.
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4J . Examples

E xam ple 1. Evaluate the resolvent for the integral equation

g (s ) =  / ( s )  +  X f  (s +  t ) g( t ) d t  .
Jo

The solution to this example is obtained by writing

( ~ k ) »
'■p <

where C p and cp are defined by the relations (4.2.11) and (4.2.13): 

c0 =  l ,  C0(s , i )  =  K ( s ,  / )  =  (s + / )  • 

cp =  J Cp_1( s , s ) d s ,

Thus,

Cp =  cpK ( s , l )  -  p  (  K { s , x ) C p - \ ( x , t ) d x  .
Jo

(4.3.1)

(4.3.2)

(4.3.3)

(4.3.4)

(4.3.5)

2 j  ds  =  1 ,

C ,(s . t)  =  (s +  f) -  J  (s +  x )(x  +  t ) d x  =  - ( s  + 1 ) -  sr -  -
- r <

« -  ^ - 1) =- i  ■
C2 ( s ,f )  =  - g ( s  +  r) — 2 j f  (s +  x )  ^ ( x  + f )  - x i  -  = 0  .

Since C 2 ( x , f ) vanishes, it follows from Equation (4.3.5) that the subsequent 
coefficients C* and c* also vanish. Therefore,

(j  +  t ) - [ $ ( s  +  / ) - s f -  $]X
1 -  X -  (X2 /12) (4.3.6)r ( s ,  r; X) =

which agrees with result (2 .2 .8 ) found by a different method.

Exam ple 2. Solve the integral equation

g(s) =  s +  X J  [st +  ( s f ) i ] g ( r ) d r . (4.3.7)



50 4. Classical Fredholm Theory

In this case,

co *  I, Co(s, f) =  si +  (s» )l,

Jr 1 5
' (s2 +  s)ds  =  -  ,
0 o

C i(s, t) =  +  (J f) j]  _  J [sx +  (ix )$][xr +  ( x t ) i ]d t

=  r s r  +  r(x /)^  -  ~ ( i r i  +  i s b .

c - r ( k + r - r ' ) ^ = , / 7 5 ’
Ci(s,  0  =  o ,

and, therefore, all the subsequent coefficients vanish. The value o f the resolvent 
kernel is

r ( j ,  /; A) =  St +  <*'>* ~  ~  fo * *  +
’ ’ 1 -  f  A. +  (1/150) A.2 '

The solution g(s)  then follows by using the relation (4.2.23),

,  ,  150s +  A(60V4 -  75s) +  2 U 2s

g(S) = ---------- A2 -1 2 5 X T T 5 0 ---------- ‘

Exam ple 3. As our next example, let us solve the integral equation

g(s)  =  1 + X f  [sin(s +  0 ] g ( / ) d f ,
Jo

which we have already solved in Section 3.2 by a Neumann series. 
For the present kernel.

(4.3.8)

(4.3.9)

(43.10)

co — 1 . Co(s, t) =  sin(s + 1) , Ci =  f  sin 2s  ds =  0  .
Jo

f * j
C ite . 0  =  0 -  / sin(s +  x )s in (x  + t ) d x  =  - -  jr c o s ( s - r ) ,

Jo 2
r* i  j

C2 =  — /  -  rr cos 0  ds  =  — jt2 ,
Jo 2  2
1 /•* i

C 2(s, t ) =  — -  j r 2 sin(s + 1) +  2 I  -  n  sin(s +  x )c o s (x  — r)dx  =  0.
4 Jo J-

Hence, the resolvent kernel is

H s . i; A) =  f j ^  +  '> +  ^ c o s ( x - Q
1  -  J r r2A2
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and the solution is

g(s)  =  1  +
2A(coss) +  A2jT(sins) 

1  -  i^ A *
(4.3.11)

which agrees with the solution (3.2.10).

Exam ple 4. Show that D(s , t ;  A) satisfies, for real values of A, the integro- 
differential equation

The proof follows by observing that, when A is not an eigenvalue, we have 
from relation (4.2.24),

When we multiply both sides of this equation by D ( A) and use the formulas 
(3.5.6), namely,

and Equation (4.3.13) we obtain (4.3.12).

4.4. Fredholm’s Second Theorem

Fredholm’s first theorem does not hold when A is a root of the equation D(k)  =  
0. We have found in Chapter 2 that in that case, for a separable kernel, the 
homogeneous equation

has nontrivial solutions. It might be expected that the same holds when the kernel 
is an arbitrary integrable function and we then have a spectrum of eigenvalues 
and corresponding eigenfunctions. The second theorem of Fredholm is devoted 
to the study of this problem.

We first prove that every zero of D(A) is a pole of the resolvent kernel 
(4.2.24); the order of this pole is at most equal to the order of the zero of D(A).

Z)(s, r; A) =  D(A)T(s, /; A ). (4.3.13)

Thus,
3£>(s, r; A) 

3A

g(s)  =  AJ K(s . t ) g ( t ) d t (4.4.1)
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In fact, differentiate the Fredholm’s first series 
indices of the variables o f integration to get

(4.2.26) and interchange the

Z)'(A) =  -  j  D(s ,  s; k)ds  . (4.4.2)

From this relation, it follows that, if Ag is a zero of order k  o f D(k) ,  then it is a 
zero of order k — 1 of D ’(A.) and consequently Ao may be a zero o f order at most 
4 — 1 of the entire function D (s, /; A). Thus, Ao is the pole of the quotient (4.2.24) 
o f order at most k. In particular, if Ao is a simple zero o f £>(A), then D(A<>) =  0, 
£>'(Ao) #  0, and Ao is a simple pole o f the resolvent kernel. Moreover, it follows 
from Equation (4.4.2) that D(s,  t; A) #  0. For this particular case, we observe 
from Equation (4.1.8) that, if A) =  0 and D(s,  r; A) ^  0, then D(s.  t; A), 
as a function of 5 , is a solution o f the homogeneous equation (4.4.1). So is 
aD(s ,  f ; A), where a  is an arbitrary constant.

Let us now consider the general case when A is a zero o f an arbitrary mul­
tiplicity m,  that is, when

£>(Ao) =  0 ..................  £><r,(A0) =  0 , D (" > (A o )^ 0 , (4.4.3)

where the superscript r  stands for the derivative o f order r, r ~  1 , . . . ,  m — 1 . 
For this case, the analysis is simplified if one defines a determinant known as 
the Fredholm minor:

(4.4.4)

where (s, ) and {/,•}, i =  1 ,2 .........n , are two variable sequences. Just as do
the Fredholm series (4.2.25) and (4.2.26), the series (4.4.4) also converges for 
all values of A and consequently is an entire function o f A. Furthermore, by 
differentiating the series (4.2.26) n times and comparing it with the series (4.4.4), 
there follows the relation

d"D(A)
dA"

,s , ,

■)ds\ ■ - ■ d sK (4.4.5)

From this relation, we conclude that, if Ao is a zero o f multiplicity m  of the 
function D(A), then the following holds for the Fredholm minor o f order m  for
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that value o f A.o:

( ^1.-52.........-Sml \

...... p j * °
O f course, there might exist minors o f order lower than m  w hich also do not 
identically vanish (com pare the discussion in Section 2.3).

Let us find the relation am ong the m inors that corresponds to the resolvent 
formula (4.2.7). Expansion o f the determ inant under the integral sign in Equation
(44 .4 ),

/ ( ( s i ,  f|) K ( s t . t 2) . . K ( s u t » ) / r ( s i , x i )  . . . K { S i , x p )

K ( S 2 , h ) K ( s 2 t t2) . ■ K ( s 2, t n) K ( S 2, X  j )  . . . K ( s 2, x p )

K ( S n , t , ) * ( W z )  • ■ K { s n , t n) * i)  • • • ^  f o i» Xp)
K ( x i , t , ) K { x u t2) . • * ( * , . ! „ ) . . . K ( x u x p)

K ( X P, t i ) K ( x p , t 2) . • K ( x p , t„) K { x p , x { )  . . . K ( X p , x p)
(4

by elem ents o f the first row and integrating p  tim es with respect to jci, * 2 , . . . ,  x p 
for p  ^  1 , we have

x

H

=1

[  [ k ( 52.......* ........ .......
J J  \f |*  ■ • • i ^A-I» • • •» ^ l i  • ■ • • X p/

' f j t - 1 )*+"-*
A« 1

[  . . (  K (Sl. x k) K (  St ........  ..........X*............)
J J V i........ t ,_ i . r a.X |, . . .  ........ xp }

(4.4.7)

A« 1  

X

X dx \  - • • dXp .

Note that the symbols for the determinant K  on the right side o f Equation (4.4.7) 
do not contain the variables Si in the upper sequence and the variables tk or ** 
in the lower sequence. Furthermore, it follows by transposing the variable sk in 
the upper sequence to the first place by means o f h +  n — 2  transpositions that 
all the components o f the second sum on the right side are equal. Therefore, we
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can write Equation (4.4.7) as

= E ( - I)*+ ,/r (s '- '* )hm 1

x I -  f  K( S2"" '  5",Jtl.........V t .J  J  V i . - . . . r * - i . r a + i ......... J t , ................ * , /  r

. x  d x \ . . .  d xp- i  j t f x , (4.4.8)

where we have omitted the subscripts h from x .  Substituting Equation (4.4.8) 
in (4.4.7), we find that the Fredholm minor satisfies the integral equation

Expansion by the elements o f any other row leads to a similar identity, with x 
placed at the corresponding place. If we expand the determinant (4.4.6) with 
respect to the first column and proceed as shown, we get the integral equation

.t 'h )  -  ( ’ v. .......: J )

+ k j  K ( x , t t )DHQ ' ^ '  ' Ŝ d x  (4.4.10)

and a similar result would follow if we were to expand by any other column. The 
formulas (4.4.9) and (4.4.10) play the role o f the Fredholm series o f the previous 
section.

Note that the relations (4.4.9) and (4.4.10) hold for all values o f X. With the 
help o f (4.4.9), we can find the solution o f the homogeneous equation (4.4.1) 
for the special case when A. =  Ao is an eigenvalue. To this end, let us sup­
pose that A. =  Ho is a zero o f  multiplicity m  o f  the function £>(A.). Then, as 
remarked earlier, the minor D m does not identically vanish and even the minors 
D \ , D z , . . . ,  £>m_i may not identically vanish. Let D,  be the first minor in the 
sequence D\ ,D z , - - ->  D m- \  that does not vanish identically. The number r  lies
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between 1 and m  and is the index o f  the eigenvalue Xo as defined in Section
2.3. Moreover, this means that D , - \  =  0. But then the integral equation (4.4.9) 
im plies that

is a solution o f the hom ogeneous equation (4.4.1). Substituting s at different 
points o f the upper sequence in the minor D rt we obtain r  nontrivial solutions
g ,(s ), i =  1.........r ,  o f  the hom ogeneous equation. These solutions are usually
written as

Observe that w e have already established that the denom inator is not zero.

The solutions <J>, as given by Equation (4.4.12) are linearly independent for 
the following reason. In the preceding determ inant (4.4.6), if we put two o f the 
arguments s, equal, this am ounts to putting two row s equal, and consequently 
the determinant vanishes. Thus, in (4.4.12), w e see that <J>*(s,) =  0  for i ^  k , 
whereas =  1. Now, if there exists a relation C*4>* s  0, we may put
s =  Si, and it follows that Cj  =  0; and this proves the linear independence o f 
these solutions. This system  o f  solutions <t>,- is called the fundam ental system 
o f the eigenfunctions o f Xo and any linear com bination of these functions gives 
a solution o f Equation (4.4.1).

Conversely, we can show that any solution o f  Equation (4.4.1) must be 
a linear combination of <t>i(s), 4>2(s), • - •, 4>,(s). We need to define a kernel 
H (s, f; X) which corresponds to the resolvent kernel T (s, /;  X) o f the previous 
section

(4.4.11)

(4.4.13)

In Equation (4.4.10), take n to be equal to r ,  and add extra arguments s  and
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/  to obtain

/ * .* ! ........Jr | \  ( s u . . . , s r\ \
^ ' ( r . r , ........ », ........

^(-l/K ^W *'5’............... Hxo)
t i  \ ‘ ! . ' : . • • •  »r| /

+ X0J  K (x ,  t )Dr+) ^  * .....* |  X̂ j </Jt . (4.4.14)

In every minor D,  in the preceding equation, we transpose the variable s  from 
the first place to the place between the variables s*-i and j*+i and divide both 
sides by the constant

H(s,  r; X) -  K ( s , t ) ~ X 0 j  H ( s , x ,  X )K {x , t ) dx

to obtain

=  - £ K ( s*,0<I>*(j )
4=1

(4.4.15)

If g (s) is any solution of (4.4.1), we multiply (4.4.15) by g(r) and integrate with 
respect to t and get

J g ( t )H ( s , f ,  X)dt - iQ -  j  g ( x ) r ( s , x ; X ) d x

E'  &(**).». / X
- r — < * > * ( 5 ) .

4 . 1  * 0

(4.4.16)

where we have used(4.4.1)in all termsbut the first; we have also taken Ao f  X(s*,r) 
gU)dt  =  g(Sk). Cancelling the equal terms, we have

g(s) =  £ * * ) * ( , )  • (4.4.17)
*=i

This proves our assertion. Thus we have established the following result.

Fredholm ’s Second Theorem . I f  Xo is a zero o f  multiplicity m  o f  die function 
D(X), then the homogeneous equation

g(s)  =  X 0 J K(s,  t)g(t)dt (4.4.18)



4.5. Fredholm’s Third Theorem 57

possesses at least one, and at m ost m, linearly independent solutions

(  + i .......... sr l \

* i(s) =  D ' ( r , ...................... .. I*0) ’ , =  1.........r’ ; 1 <  r < m

(4.4.19)
not identically zero. A ny other solution o f  this equation is a linear combination 
o f  these solutions.

4.5. Fredholm’s Third Theorem

In the analysis o f Fredholm ’s first theorem, it has been shown that the inhomo­
geneous equation

g (s) =  f (s)  +  K( s , t)g(t)dt  (4.5.1)

possesses a unique solution provided D(k)  0. Fredholm’s second theorem is 
concerned with the study of the homogeneous equation

g (s) =  X I  K(s, t )g( t )dt ,

when D(X) =  0. In this section, we investigate the possibility o f Equation
(4.5.1) having a solution when £>(X) =  0. The analysis o f this section is not 
much different from the corresponding analysis for separable kernels as given in 
Section 2.3. In fact, the only difference is that we now give an explicit formula 
for the solution. Qualitatively, the discussion is the same.

Recall that the transpose (or adjoint) of Equation (4.5.1) is (under the same 
assumption as in Section 2.3 except that we now take the kernel K (s, () to be real 
valued functions. The study of the case when it is a complex-valued function 
forms Exercise 6)

V^(s) = / ( s )  +  x jT  K { t , s W ( t ) d t a < s <  b . (4.5.2)

It is clear that Fredholm 's first series D(X)  as given by (4.1.26) is the same for 
the transposed equation, whereas the second series is D{t,  j ;  X) as obtained from 
(4.1.25) by interchanging the roles o f s  and r. This means that the kernels of 
equation (4.5.1) and its transpose (4.5.2) have the same eigenvalues. Further­
more, the resolvent kernel for (4.5.2) is

r ( f . s; X) =  D i t ,  s,  X)/D(X) (4.5.3)T fr .s ; X) =  D ( t , s \  X)/D(X) (4-5.3)
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and, therefore, the solution of (4.5.2) is

H s )  =  / ( i )  + k j  [D(t, s; k ) / D { k ) ) f { t ) d t , (4.5.4)

provided k is not an eigenvalue.
It is also clear that not only has the transposed kernel the same eigenvalues 

as the original kernel, but also the index r of each of the eigenvalues is the 
same. Moreover, corresponding to Equation (4.4.12), the eigenfunctions o f the 
transposed equation for an eigenvalue for Ao are given as

* i ( 0  =

d A S........ I A<A
\  <1.........<i-|, /, f i+ l. • • • . tr I J

Dr( * Lo 'j 
\  <1........... h - l , » i , ' .  + l ,  • • • . * r |  J

(4.5.5)

where the values ( s i , . . .  , s r) and (/t ........ /,)  are so chosen that the denominator
does not vanish. Substituting r  in different places in the lower sequence of this 
formula, we obtain a linearly independent system of r  eigenfunctions. Also 
recall that each <t>, is orthogonal to each with different eigenvalues.

If a solution g(s)  o f Equation (4.5.1) exists, then multiply (4.5.1) by each 
member <1'* (s) o f the aforementioned system of functions and integrate to obtain

j  f ( s ) * kds = j  g ( s ) * t (s)ds  -  k J j  K (s ,/)g (r)+ * (s )d sd r  

=  j  g(s)ds['l'*(s) — A. J K ( s , t ) * k(t)dt] = 0 ,
(4.5.6)

where the term in the bracket vanishes because »I»*(s) is an eigenfunction of the 
transposed equation. From (4.5.6), we see that a necessary condition for (4.5.1) 
to have a solution is that the inhomogeneous term f ( s )  be orthogonal to each 
solution of the transposed homogeneous equation.

Conversely, we show that the condition (4.5.6) of orthogonality is sufficient 
for the existence of a solution. Indeed, we present an explicit solution in that 
case. With this purpose, we again appeal to the resolvent function H(s,  t; k)  as 
defined by (4.4.13) under the assumption that D,  #  0 and that r  is the index of 
the eigenvalue k0.

Our contention is that if the orthogonality condition is satisfied, then the 
function

*>W  =  f ( s )  + ko M (s , t  \ k ) f ( t ) d t (4.5.7)
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is a solution. Indeed, substitute this value for g(s) in Equation (4.5.1), obtaining 

f ( s ) + k0 1  / /(s , t, k)f (t)dt  =  f(s)  + kc I  K(s, t)

x [ / ( 0 + *o J H {t ,x \k ) f{x )d x]d t  

or

j  f ( t )d t [H (s ,r ,k )~  K ( s , t ) - k 0 j  K {s,x)H {x ,r ,k )dx )  = 0 . (4.5.8) 

Now, just as we obtained Equation (4.4.15), we can obtain its “transpose,” 

H ( s , f , X ) ~ K ( s , t ) - X o  J K (s ,x )H (x ,r ,k )d x

r (4.5.9)

Substituting this in Equation (4.5.8) and using the orthogonality condition, we 
have an identity, and thereby the assertion is proved.

The difference of any two solutions of Equation (4.5.1) is a solution of the 
homogeneous equation. Hence, the most genera) solution of (4.5.1) is

(4.5.10)

(4.5.11)

g(s) =  f ( 5) +  ko f  H (s , t ; k ) f ( t )d t  + ] P c * < M s ) .
J A*1

The preceding analysis leads to the following theorem.

Fredholm’s Third Theorem. For an inhomogeneous equation

g(s) =  / ( s ) + * o  j  K(s.t)g{t)dt

to possess a solution in the case D(ko) = 0, it is necessary and sufficient 
that the given function f (s )  be orthogonal to all the eigenfunctions 4>*(s),
1 =  *’2........r, of the transposed homogeneous equation corresponding to
the eigenvalue V  The general solution has the form

x f { t )d t  +  j^C *d> A(s) . (4.5.12)
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Exercises

1. Use the method of this chapter and find the resolvent kernels for the following 
integral equations:

|s -  t |g ( /)d r ,(0 *(s) =  /(s )  + x f ' \
Jo

(" )  * (i) =  f ( 3) +  x f  exp(-|s  -  tl)g(t)df ,
Jo

. ri*
0 ” ) $($) =  f ( S) +  x I [cos(s 4- .

Jo

2. Solve the following homogeneous equations

(0  g<s) =  I  /  [sinfs +  t ) ]g « )d t ,
2 J o

(ii) g(s) =  [ l /fe 1 -  1)] f 2e V g (f ) d t ,Jo
by using the explicit formulas of this chapter.

3. Show by the present method that the resolvent kernel for the integral equation 
(4.1.1) with kernel K(s,  f) =  1 — 3s t t in the interval (0 ,1), is

I 'd ,  t ; X) =  [4/(4 -  X2)][l +  X -  |X (s  +  0  -  3(1 -  X)«), X *  ±2 .

4. Show that not every one of the Fredholm’s minors as defined by (4.4.4) is 
identically zero.

Hint: Use Equation (4.4.5).

5. Verify the formula (4.2.13b) and show that the corresponding identity for cp

cP+. =  £ ( - l ) " Km+I(s,s)ds .
(P -  <")l

6. Extend the analysis of Section 4.5 when the kernel K(s, t) is a complex­
valued function of the real variables of s and t. Compare these results with the 
analysis in Section 2.

is



CHAPTER 5

Applications to Ordinary 
Differential Equations

The theories of ordinary and partial differential equations are fruitful sources of 
integral equations. In the quest for the representation formula for the solution 
of a linear diSerential equation in such a manner so as to include the boundary 
condition or initial conditions explicitly, one is always led to an integral equation. 
Once a boundary value or an initial value problem has been formulated in terms 
of an integral equation, it becomes possible to solve this problem easily. In this 
chapter, we consider only ordinary differential equations. The next chapter is 
devoted to partial differential equations.

5.1. Initial Value Problems

There is a fundamental relationship between Volterra integral equations and 
ordinary differential equations with prescribed initial values. We begin our 
discussion by studying the simple initial value problem

y"  +  A ( s ) y '+ B (s)y  =  F (s) ,  a < s < b , (5.1.1)

y(a)  =  q0 . y ‘(a) =  q t , (5.1.2)

where a prime implies differentiation with respect to s, and the functions A, B, 
and F  are defined and continuous in the closed interval a ^  s ^  b.

The result of integrating the differential equation (5.1.1) from a to s and 
using the initial values (5.1.2) is

/ ( i )  -  <Ji =  -A (s )y (s )  -  J (B (i|)  -  A'(si)]y($i)<<Ji 

+  J  F(si)ds,  + A(a)q0 .

Similarly, a second integration yields

y(s)  - q 0 = -  J A(Si)y(s\)ds\  -  f f  (f l( ji)  -  A'(s,)]y(.sl)dsidsz♦rr F (j |)d 5 |d s2 +  [A(a)?o +  fli)<s~<0 . (5.1.3)

61
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With the help of the identity (see Appendix, Section A .l)

a : F(si)dsidsi = j  (s -  l )F ( t )d t , (514)

the two double integrals in Equation (3.1.3) can be converted to single integrals. 
Hence the relation (5.1.3) takes the form

y(s) =<?o +  lMa)q0 + ?i)(s -  a) + j  (s -  t)F(i)dl

-  f  (A(t) +  (s -  t)[B(t) -  A ’{t)]}y(t)dt .

Now, set

and

K(s,  r) =  —(A(t) +  (s -  t) lB(t)  -  A'(/))}

(5.1.5)

(5.1.6)

/ ( i )  =  £  (s -  t )F(t)dt  +  [A(a)qo +  qt}(s -  a) + qo ■ (5.1.7)

From relations (5.1.5) through (5.1.7), we have the Volterra integral equation of 
the second kind:

y(s) =  / ( s )  + J K(s,  t ) y ( t ) d t . (5.1.8)

Conversely, any solution g(s) of the integral equation (5.1.8) is, as can be 
verified by two differentiations, a solution of the initial value problem (5.1.1) 
and (5.1.2).

Note that the crucial step is the use of the identity (5.1.4). Since we have 
proved the corresponding identity for an arbitrary integer n in the Appendix, 
Section A .l, it follows that the preceding process of converting an initial value 
problem to a Volterra integral equation is applicable to linear ordinary differential 
equations of order it when there are n prescribed initial conditions. An alternative 
approach is somewhat simpler for proving the aforementioned equivalence for 
a general differential equation. Indeed, let us consider the linear differential 
equation of order n:

d"y d"- 'y
T 7 + At i s)  7 T T  ds" ds" 1

with the initial conditions

y(a) =  qo . y'(a) =  q , ,

dv
■ +  A » - ,( j ) -p  +  A„(s)y =  F(s ) , (5.1.9)

ds

y (',_1)(fl) =  , (5.1.10)

w here the function A \ , A i ......... A ,  and F  are defined and continuous in
a  <  s  <  b .
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The reduction of the initial value problem (5.1.9) and (5.1.10) to the Volten-a 
integral equation is accomplished by introducing an unknown function #(;);

d 'y /d s "  =  g ( s ) .

From Equations (5.1.10) and (5.1.11), it follows that 

d - ' ( y )

(5.1.11)

ds‘ 
d " -J

g(t )dt  +  <7„_,,

£  =  f  U -  t )g( t )dt  +t)g(t )dt  +  (j  -  a)q„-1 +  q„-i ,

dy  [ ' (s — 1 )"~2 ( s - o ) " - 2 , ( s - a ) - 3
ds Jm (n -  2)! * +  (n -  2)! q"~' +  (n -  3)! 9" ' :

U _- a ) - 2

("
+  • ■ • +  (s — a)qi +  qi ,

( s - a ) " * 1y = L +
+  • • • +  (s — a)qi + q0 .

(ft -  3)!

(s — a)"~2 
(ft -  2)! <r*-2

(5.1.12)
Now, if we multiply relations (5.1.11) and (5.1.12) by 1, A i(s), A2(s), and so 
on, and add, we find that the initial value problem defined by Equations (5.1.9) 
and (5.1.10) is reduced to the Volterra integral equation of the second kind

S(J) =  f ( s )  +  j  K(s,  0 g U )d t , (5.1.13)

where

and

(5.1.14)

f ( i )  =  F (s )  -  rfo -tA ^ s ) -  ((s -  a )q „ . i +  <?„-2]A2(s)

--------- ([(j _  a ) " - '/ ( n _  l)!]q„_, -̂-----+  (s -  a)q\ + <?o)l
x  A .( j)  . (5.1.15)

Conversely, if we solve the integral equation (5.1.13) and substitute the 
value obtained for g(s) in the last equation of the system (5.1.12), we derive the 
(unique) solution of the initial value problem (5.1.9) and (5.1.10).
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5 J .  B oundary Value Problem s

Just as initial value problems in ordinary differential equations lead to Volterra- 
type integral equations, boundary value problems in ordinary differential equa­
tions lead to Fredholm-type integral equations. Let us illustrate this equivalence 
by the problem

y"(s) +  A ( s ) y ’ +  B (s )y  =  F ( s ) , a < s  < b . (5.2.1)

y(a) as yo , y(b) =  y x . (5.2.2)

When we integrate Equation (5.2.1) from a to s  and use the boundary con­
dition y(a) =  yg, we get

y'(s) = C +  J F(s)ds -  A(s)y(s) +  A(a)y0

+ j  [a '(s) -  fi(s)]y(5)^.

where C is a constant of integration.
A second integration similarly yields

y(s) -  y 0 = [C  +  A(a)y0)(s -  a ) +  

- f A (5i)y(s,)ds,

a : F ( S i ) d S id s2

-  ff(5j)Jy(s,)dsids2[A
(5.2 3)

Using the identity (5.1.4), the relation (5.2.3) becomes

y(j) -  yo ~{C  + A(a)y0](j - a )  +  J  (J -  t)F(t)dt  

-  J  (A(r) -  (5 -  r)(A'(r) -  B ( 0 } ) y « ) d t
(5.2.4)

The constant C can be evaluated by setting s os b  in (5.2.4) and using the 
second boundary condition y ( b ) =  y , ;

yt -  yo = (C  +  A (a ) y 0){b -  a)  +  J ( b  -  t ) F U ) d t

j M (0  -  (b  -  t ) \ A ’( t)  -  B ( t ) ] ) y ( t ) d t ,
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C +  A(a)yo = [1 /(6  -  a)]{(y, - y o ) ~ f ( b -  t ) f ( t )d t

+ f IAO) -  (6 -  OlA'U) -  B(/))}y(»d/)  ■
3 (5.2.5)

From Equations (5.2.4) and (5.2.5), we have the relation

y(a) =yo +  j  (* -  t )F(t)dt + [(s -  a )/(6 -  a))

x [(yi ~ y o ) ~  J (6 -  r)F(r)dr]

-  U ( 0  -  <* -  »)[*'(») -  B(/)]|y(»)</r

+  A (s  -  a )/(6  -  a)](.4(r) -  (6 -  r)[^ '(r) -  B (r)])y (t)d r.
3 (5.2.6)

Equation (5.2.6) can be written as the Fredholm integral equation

y(s) = f ( s )  + j  K ( s , t ) y ( t )d t , (5.2.7)

provided we set

/(s) =yo + ^  (a - t) f ( r )d r

+  [(s -  a )/(6 -  o)][(yi -  yo) -  J (6 -  O F W d 'l
(5.2.8)

and

*(».») =

[(s -  a )/(6  -  a)]M (r) -  (6 -  ()[* '« )  -  B (r)]),
s < t ,

A(r)([(s -  a )/(6  -  a)] -  1) -  [A'(r) -  B(r)] 
x[(r -  a )(6 -  s)/(6  -  a ) ] , s > t .

For the special case when A and B are constants, a =  0, 6 
y(0) =  y (l) =  0, the preceding kernel simplifies to

f fls( 1 — l) +  As  , 5 < t ,
K(s , t )  = *

{ f l r ( l - i )  +  i t a - i 4 ,  s > l .

(5.2.9) 

. 1, and 

(5.2.10)

Note that the kernel (5.2.10) is asymmetric and discontinuous at t = s,  unless 
A a  0. We elaborate on this point in Section 5 J .
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Example 1. Reduce the initial value problem

y"(s) +  Xy(s) =  F(s) , 0 < s , (5.3.1)

o II o II o (5.3.2)
to a Volterra integral equation.

Comparing Equations (53.1) and (5.3.2) with the notation of Section 5.1, 
we have A(s) =  0, B(s) =  X. Therefore, the relations (5.1.6) through (5.1.8) 
become

'
1II*

1ft
+II

and f>s f i
y(s) = 1 + 1  (* -  t)F(t)dt + X I (t -  s)y(i)dt . 

Jo Jo
(5.3.3)

Example 2. Reduce the boundary value problem

y"(s) + XP(s)y =  Q(s) , a  < s < b , (5.3.4)

y(a) = 0 , y(b) =  0, (5.3.5)

to a Fredholm integral equation.
Comparing Equations (5.3.4) and (5.3.5) with the notation of Section 5.2, 

we have A =  0, B =  XP(s), F(s) =  Q(s), >o =  0, yi =  0. Substitution of 
these values in the relation (5.2.8) and (5.2.9) yields

f (s) = j\s -  t)Q(t)dt  -  [(s -  a )/(b  -  a)] j f  (b -  r)G (/)di (5.3.6)

and

J X/*(4)[(-s -  a)(b -  0/(fc -  a ) ] , s  < t ,
* (J' 0  =  j X/>(l)[(» ~  o)(b -  *)/«> -  a ) ] , s > r ,

(5.3.7)

which, when put in (5.2.7), gives the required integral equation. Note that the 
kernel is continuous at s — t.

As a special case of the preceding example, let us take the boundary value 
problem

/ ’ +  Xy =  0 ,  0 <  s <  £ , (5.3.8)y" + ky  =  0 , 0 < s < £, (5.3.8)
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y(0) =  0 ,  y { l ) =  0 . (5.3.9)

Then, ihe relations (5.3.6) and (5.3.7) take the simple forms: f { S) — o, and

|< X s / f ) ( f - r )  s < t t

* > < •  (S-3 " >)

Note that, although the kernels (5.3.7) and (5.3.10) are continuous at s  — t, 
their derivatives are not continuous. For example, the derivative of the kernel
(5.3.10) is

A [1- ( / * ) ] ,  s < t ,

—x t / e  , s > t .

The value of the jum p of this derivative at s  =  / is

ra/qj.o l _ f a * (*.01 =
L J i+ o  L ds J ,_0

Similarly, the value of the jum p of the derivative of the kernel (5.3.7) at s  =  r is

l!

d K ( s , t ) / d s  =

_ r i ^ iJt+O L  9s J r - 0

Exam ple 3. Transverse oscillations o f  an homogeneous elastic bar. Consider 
an homogeneous elastic bar with linear mass density d . Its axis coincides with 
the segment (0, t )  of the s axis when the bar is in its state o f rest. It is clamped 
at the end s  =  0, free at the end s  =  t ,  and is forced to perform simple harmonic 
oscillations with period 2 n /ta . The problem, illustrated in Figure 5.1, is to 
find the deflection y (s ) that is parallel to the y  axis and satisfies the system o f 
equations

F igure 5.1
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d*y * a itP'd 
- J L - k * y  = Q, (5.3.11)

y(0) =  / ( 0) =  0 , (5.3.12)

<■» II II O (5.3.13)

where E l  is the bending rigidity of the bar.
The differential equation (5.3.11) with the initial conditions (5.3.12) can be 

reduced lo the solution of a Volterra integral equation if we stipulate that

/ '( 0 )  =  C2. /" (0 )  =  C3 , (5.3.14)

and subsequently determine the constants Ci and C3 with the help of (5.3.13). 
Indeed, when we compare the initial value problem embodied in Equations 
(5.3.11), (5.3.12), and (5.3.14) with the system (5.1.9) through (5.1.15), we
obtain the required integral equation

(5.3.15)

where
g(s) =  d*y/ds4 . (5.3.16)

The solution y(s) of the differential equation (5.3.11) is

f s (s — t ) 3 s3 s2 

y{S) = Jo 3! S ( ')rf' + 3 ! C> + 2 ! C>- (5.3.17)

We leave it to the reader to apply the conditions (5.3.13), determine the constants 
Ci and Cs, and thereby complete the transformation of the system (5.3.11) 
through (S.3.13) into an integral equation.

The kernel of the integral equation (5.3.15) is that of convolution type and 
this equation can be readily solved by Laplace transform methods as explained 
in Chapter 9 (see Exercise 11 at the end of that chapter).

5.4. D irac D elta F unction

In physical problems, one often encounters idealized concepts such as a unit 
force acting at a point s =  So only, or an impulsive force acting at time t = <o 
only. These forces are described by the Dirac delta function 4(s -  so) or 4(r -  «o) 
such that

6 (x — x0) =  I ° ' X ^  X° ’ (5.4.1)
l o o , x  =  x0 ,
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where x  stands for s in the case o f a unit force and for t in the case of an impulsive 
force. Also,

J  S(x - x 0)dx  =  |
[ 0  if xo is not in (a, b) ,  

5(* -  x 0)dx  =  { . . . . .
1 if jr0 is >n (a < o) .

(5.4.2)

This function is supposed to have the sifting property

$(* - x 0)<f>(x)dx 4>(x 0) (5.4.3)

for every continuous function 4>(x).
The Dirac delta function has been successfully used in the description of 

concentrated forces in solid and fluid mechanics, point masses in the theory of 
gravitational potential, point charges in electrostatics, impulsive forces in acous­
tics, and various sim ilar phenomena in other branches o f physics and mechanics. 
In spite o f the fact that scientists have used this function with success, the lan­
guage o f classical mathematics is inadequate to justify such a function. It is 
usually visualized as a limit o f piecewise continuous functions f ( x )  such as

0 , 0 x  < x0 — y  ,

/(* >  « P . \x ~  *ol <  . (5.4.4)

0 ,
1 ,

X o+  - (  < x  < l .

as « -*• 0, or as a limit of a sequences of suitable functions such as

/* (* ) = U:
0 <  |x | <  1 /* ,  

for all other x ,
(5.4.5)

where k  =  1 , 2 , 3 , . . . ,  and

/*(*) =
1 sin k x  
It X ’

(5.4.6)

a s t  —» oc.
Our aim in this and the next chapter is to determine integral representation 

formulas for the solutions of linear ordinary and partial differential equations in 
such a manner as to include the boundary conditions explicitly. To accomplish 
this task, we have to solve differential equations whose inhomogeneous term is a 
concentrated source. This is best done by introducing the theory of distributions. 
We present here the rudiments o f this theory as needed in the sequel.
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In Equation (5.4.3) we have made the delta function meaningful by averaging 
it with the help o f a sm ooth function <p(x). T his introduces the concept of a test 
function 4>(x ) which is defined as follows.

(1) exists for all values o f the integer k.
(2) <p{x) has a com pact support. T his m eans that there exists an integer A 

such that 4>(x) is zero in the regions x  < —A  and x  > A  and nonzero 
in —A  < x  < A.

These two properties are sym bolically w ritten as tj>(x) €  Cg0; the superscript 
stands for the infinite differentiability, and the subscript for the compact support. 
T his space o f test functions ^ ( x )  is denoted by P .  The prototype example is

l 0 ,
(5.4.7)

1*1 <  a ,

|x | >  a.

N ote that the definition o f  P  does not dem and that all the test functions have the 
sam e support. From  the preceding definition we find that

(a) P  is a linear space because if f a  and f a  are in 77 then so  is Cjfa +  c2fa  
for any num bers C] and C2 -

(b) If e  P  then so is .
(c) For a C 00 function /  (x ) and a <p(x) €  P ,  fd> e  P .
(d) If <t>(x) and \j /(x) are in P ( x )  then <f>(x)ir(y) are in a two-dimensional 

test function space P ( x ,  y ) .

T his inform ation enables us to present the follow ing four definitions:

(1) A  sequence (^>„(x)}, m  =  1 ,2 ......... for all <f>m €  P ,  converges to fa  if
the follow ing tw o conditions are satisfied, ( i)  A ll the 4>m as w ell as fa  vanish 
outside a com m on interval; (ii) d k4>m/ d x k —*■ d kf a / d x k over R  as m -*  oo, 
for all in tegers k.  For the special case f a  =  0,  the  sequence {<pm} is called a null 
sequence.

(2) A  linear functional r (x )  on the space P  is an operation by which we 
assign to every test function <p(x) a real num ber (r (x ) , <p(x)) such that (r, c, fa -h 
Ci f a )  =  C)(/, ^ i )  +  c2( t , f a )  for arbitrary test functions ^ i (x )  and f a ( x ) .

(3) A  linear functional r (x )  on P  is called  continuous if and only if the 
sequence o f  num bers (r, <pm) —*■ (r, <p) as m  —*■ oo , w henever the sequence {^*| 
o f  test functions converges to a test function <t>.

(4) A  continuous linear fu n c tio n a l t  (x ) on  the space P  o f  test functions is 
called  a d istribution . Let u s now give som e im portant exam ples o f  distributions. 
T he set o f  d istributions that are m ost useful are the ones generated by locally
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in teg ra te  functions f i x )  which are such that /  f  ( x )d x  exists for every bounded 
interval in R. It generates a distribution through the relation

( / ..<*>)= rJ-0
f i x )  <(>(x)dx.

These distributions are called regular distributions. For instance, the Heaviside 
function H i x )

H i x )  =  j 0, x <  0,

1, x >  0,
(5.4.8)

defines the regular distribution

f % i x ) d x .
Jo

(5.4.9)

The distributions that are not regular are called singular distributions. For in­
stance, the Dirac delta function is not a locally integrable functions but generates 
the distribution through the relation (5.4.3). The distributions are also called gen­
eralized functions. The space of all distributions on P  is called the dual space of 
P  and is denoted as V .  There are many more test function spaces and their duals 
and the reader may consult Kanwai [44] where all the preceding concepts are 
discussed in detail. Let us now study algebraic operations on distributions. Let 
(r(x), <t>ix)) be a regular distribution generated by a locally integrable function 
t i x) .  Then for x  =  (a y  — b), we have

/ 00
t i a y  -  b)4>iy)dy

•OO

The same is true for a singular distribution. Thus

( i(a y  -  b), <f>iy)) =  ^4 (x), <p ^  •

As a special case we find from Equation (5.4.11) that (4 ( -y ) ,  4>iy)) =  05(x), 
4>i—x))  =  0 (0 ) =  (4(y), 0 (y )) . Thus, i( x )  is an even function. We dis­

cuss the analytic operations on distributions also by first appealing to a regular 
distribution. Let »(x) be a differentiable function. Then

[  t ' i x ) M x ) d x  =  [ r W d K * ) ] ^  -  f ° °  r(x )0 '(x )d x .
J-eo  y_oo

(5.4.10)

(5.4.11)
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Since 0 (x ) has a compact support, the first term on the right hand side vanishes. 
Thus, we have

(r '(x ), *<x)) =  - ( / ( * ) ,  * '(* ))  • (5-4.12)

Continuing this process, we have

The same is true for the singular distributions. Let us illustrate it with a few 
examples.

Recall the formulas (5.4.8) and (5.4.9) for the Heaviside function H(x) .  
According to formula (5.4.12), we have

( / / '( x ) ,0 (x ) )  =  - ( / / ( x ) ,0 '( x ) )

4>'(x)dx=<K 0) =  (* (x ) ,tf (x ) ) .

Thus
d H
dx

=  5(x) . (5.4.14)

Similarly, (£ '(x), 4>(x)) =  -(<5(x), <t>'(x)), and in general

( i ' - V L ^ x ) )  =  ( " £ > . , « )  =  ( - l ) " ( i ( x ) .0 '" > ( x ) )

d nd>
= (- i r ^ (0)-

(5.4.15)

Because the singular distributions do not have classical derivatives, we call the 
derivatives such as (5.4.14) and (5.4.15) distributional derivatives.

Relation (5.4.15) is instrumental in deriving many interesting formulas. For 
instance,

r ( x ) i (")(x) =  ( - l)" f< " , (0)«(x) +  (—l) " -1 n r"_ I(0 ) i '(x )

H------- 1- r(0)6l"*(x),

because we can set

( / (x )5 " (x ) ,0 (x ))  =  ( ^ ( x ) .  (r(x )^ (x )))

(5.4.16)

=  <-!>" ( * ( x ) .  £ ; 0 ( x ) , 4 > ( x ) ) j

and (5.4.16) follows immediately. As a special case we have

x " '« < » > (x )= (( " 1)" ^ 5<" ' ’,>(X)’ n - m 
1 0  » n <  m .

(5.4.17)
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Finally, we present the value o f the distribution 6 ( / (x ) ] .  For this purpose let us 
first assume that /  (x) has a simple zero at xj such that f ( x \ )  =  Obut / ' ( x  i)  >  0 
(the case f ' ( x \ )  <  0  is similar). Thus, / ( x )  increases monotonicaily in the 
neighborhood o f Xj and we have H [ f { x ) ]  =  H ( x  — x j) . Then it follows from
(5.4.14) that H ' \ f ( x ) )  =  i( x  -  x ,)  or i [ / ( x ) ]  =  ( / '( x O r 'f i f x  -  x ,) . If / ( x )  
has n zeros, then we have

£(* - * » )

v w | - £  ./■*
(5.4.18)

In the rest of this and the next chapter we deal with differential equations that 
have a delta function as an inhomogeneous term. Accordingly, we introduce the 
concepts that we need in handling those differential equations. For this purpose, 
we first find the derivative o f the signum function sgn x:

f 1 , x  >  0 ,
sgn (x) =  1 (5.4.19)

l —1 , x  <  0 .

Comparing it with the Heaviside function (5.4.8), we find that sgn x  =  2 H (x )  —
1. Thus, ( d/dx) (sgn  x )  =  2&(x). Let us now consider the function |x | that 
defines the functional

/ OC pOQ y»0
\x\ tp(x)dx =  I x<p(x)dx -  /  x<p(x)dx . 

oo JO J -oo
Thus,

( ^ 1 * 1 . 0 U ) )  =  ( |x |, 4>'(x)) =  j f  x<t>’(x )d x  -  J x<t>'(x)dx

=  (sgn ( x ) ,0 ( x ) ) ,

so that (.d/dx)  ( |x |)  =  sgn (x). Another differentiation yields

~ 2  lx l =  j “ <s8n ~  ’

or

\  |x | =  H x ) . (5.4.20)

A distribution £ (x )  is said to be the fundamental solution or the free space 
Green’s function if it satisfies the relation L E (x )  =  3(x), where L  is a differ­
ential operator. From relation (5.4.20) it follows that |x |/2  is the fundamental 
solution of the differential operator d 2/ d x 2. The foregoing concepts help us de­
fine the distributional (generalized) derivatives o f functions that do not have the 
classical derivatives. Indeed, we have already come across three such functions,



74 5. Applications to Ordinary Differentia} Equations

namely, H (a), sgn (jr), and |jt|. Accordingly, the derivatives o f these functions 
are the distributional derivatives. Let us observe the properties of the function 
|jr| and its classical derivative: (i) this function is continuous at x  =  0, (ii) its 
derivative has a jum p discontinuity at x  =  Oof magnitude 2. In the next sections 
we shall discover these properties of many functions that arise in our analysis.

Let us now consider a function F (x ) that has a jum p discontinuity at x  =  £ 
of magnitude a but has the derivative F ' ( x ) in the intervals jc <  £ and x  >  £ 
but no classical derivative at x  =  However, we can find the distributional 
derivative of this function by defining a new function / (x):

f ( x )  =  F ix )  - a H i x - S ) .  (5.4.21)

This new function is clearly continuous at jc  =  £ and has the derivative that 
coincides with F ' ix )  on both sides of When we differentiate both sides of
(5.4.21) we get __

df_ _  D F j x ) 
dx  dx

where we have put a bar over ( d / d x ) F i x )  to signify that it is the distributional 
(generalized) derivative o f F . Thus

d x  dx
(5.4.22)

where we have used the information that the jum p [F ] o f  F i x )  at j c  =  £ is equal 
to n .

Formula (5.4.22) has an interesting application that is very beneficial for 
our purpose. Indeed, let us consider the fundamental solution E ( x ,  £ ), which 
satisfies the differential equation

die k ( j )  ~d x  \ =  -«<*>*<*• $> - S{x -  &  • t5 -4-23*

which is called the Sturm -Liouville equation. When we compare Equations
(5.4.22) and (5.4.23) and observe that p i x )  is continuous at j c  =  £ , we find that 
the jum p in the value of d  E  / d x  at jc =  £ is

r i £ i  , _ j _ .
l d *  i x *  P ( t )

Indeed, the function £ (x )  behaves in the same way as |jc|; it is continuous at 
x  =  t; and its classical derivative has a jum p discontinuity o f  m agnitude—l/p (£ )  
at j c  — £•

The preceding analysis can be readily extended to higher dimensions. Let 
us consider the three-dimensional Euclidean space R 3 where x =  ( J t i ,  -*2i x))

(5*4.24)
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denotes a point. Let k  be a three-tuple of nonnegative integers k  =  (Hi, *2 , ki) .  
Then w e define the following quantities.

|k | =  * , +  *2 +  *3 , x* =  . k! =  * ,! *2! * jt (5.4.25)

d ojkf
D.  =  - — , j  =  1 ,2 .3 ;  D‘ =  — j— -— -  =  d {‘Z)*2D*3 . (5.4.26)

1 ax j  '  3xf>3xJ23x3‘3 1 2 3 v
«(x -  *) =  5(x , -  ? i)5 (xz -  fc)S(x3 -  fc) • (5-4.27)

The basic distribution i(S )  is a single layer o f delta functions concentrated 
on a surface 5. The three-dimensional distributional derivative formula for a 
function F (x ) corresponding to Equation (5.4.22) is

3 F (x )
dxj

3 F
— + n [ F ] 3 ( S ) , (5.4.28)

where n is the unit normal to the surface 5  and [F ] is the jum p o f F  across 5 .
Our next aim is to  use formula (5.4.28) to solve a partial differential equation 

which corresponds to Equation (5.4.20). For this purpose we start with the 
function 1 / r ,  r  =  ( x f  +  x |  +  x 3) I/z, and observe that it has a singularity at 
r =  0  and that the function F (x )  =  H ( x  — e ) / r ,  where H  is the Heaviside 
function, has the jum p at the spherical surface o f discontinuity S  : r  =  e, o f 
magnitude l / e .

Accordingly, formula (5.4.28) yields

J _  /  H ( r  — f ) \  

3 x ; l  r )
— t )  +T j  - 5 ( S ) ,

r 3 ‘ e
(5.4.29)

where n,  =  r; =  X j / r .  To evaluate the limit o f the second term on the right 
side of Equation (5.4.29) we appeal to a three-dimensional test function <p(x) 
and find that the

lim f  4>(x)-7dS — lim -  /  # (x )T t2dco =  0 , (5.4.30)
(  t - a c  Js

where S ( l)  is the unit sphere and o) is the solid angle. Thus, D j ( \ / r )  =  — x y /r3, 
which is the same as the classical derivative. In order to compute the second 
order distributional derivatives o f 1 Jr ,  we apply formula (5.4.28) to the function 
(3/3xy) ( H( r  — « ) / r )  and obtain

32
Bx.Bxj ( ^ M H (r  -  «> +  

H(r  -  f )  -

5(5)

(5.4.31)
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where 4,7 is the Kronecker delta which is 1 when i =  j and 0 when » ^  j. 
We again appeal to a test function <p(x) and find that

«-»o Js r* 3
so that relation (5.4.31) yields

d2 = 3*-*r -  r 26;/ _  4rr
9 x ,ax y V r J r s 3

Let us now set i =  j  and sum on j  and get 
7-2

H l r l r S K O - - 4jt 6(x)

(5.4.32)

(5.4.33)

Thus, the fundamental solution of the Laplacian —V2 is l / 4 j r r . In the sequel 
we drop the bar on Ihe distributional derivatives.

5.5 Green’s Function Approach

We consider Ihe initial and boundary value problems of Sections 5.1 and 5.2 in 
a different context. Let L be the differential operator

d 2 dLu(s) =  ( / t ( j ) —-=• +  B ( s ) —  + C ( s ) ] « ( s ) ,  a  < s < b .  (5.5.1) dsi as
where /t(s )  is a continuously differentiable and positive function. Its adjoint 
operator M  is defined as

M v( s )  = — [^ (s)u (s )]

— — (fl(s)u(s)] +  C(s)u(s), a < s < b .
ds

It follows by integration by parts that

(vLu — u M v ) d s  =  [A(vu'  — u v )  ■+■ u v (B  — <4')]*/•

(5.5.2)

(5-5.3)

This is known as G reen’s formula for the operator L.
It is traditionally proved in the theory of ordinary differential equations that 

the differential equation

A(s ) y"  + B(s)y '  + C ( s ) y  =  <J>(s), a <  s <  b , (5.5.4)
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can be converted to the form 

d
f s [ Pi5)  =  (5-5.5)

which is clearly self-adjoint. The function p(s )  is continuously differentiable 
and positive and q(s )  and F(s )  are continuous in a given interval (a, b).  G reen’s 
formula (5.S.3) for this operator takes the simple form

j ( vLu  — u L v ) d s  =  [p (s)(u u ' -  uti')]J .

The homogeneous second-order equation

d  (  d y \  n
=  « < * < » .

(5.5.6)

(5.5.7)

has exactly two linearly independent solutions « (s) and u(s) which are twice 
continuously differentiable in the interval a < s < b. Any other solution of this 
equation is a linear combination o f u (s) and d(j ), that is, y(s )  = C iu( s )+c2v(s ) t 
where ci and C2 are constants.

Initial value problem s

Let us first consider the initial value problem

~ ( p dAi s  y  i s )
+  q y  =  F i $) ,  a <  s , (5.5.8)

y (a ) =  0 , y ' (a)  =  0 . (5 .5 .9 )

To formulate this problem into an integral equation, we consider the function

u>(s) =  «(s) J '  v{ t )F( i )d i  -  vis)  j  u ( i ) F ( i ) d t , (5.5.10)

where u and v are solutions o f the homogeneous equation (5.S.7) as previously 
mentioned. The relation (5.5.10), when differentiated, gives

w '(r) =  i/ '( j ) j  v ( l )F i t ) d t  - i / ( s )  j f  u{t)F{t )dt  

+ u (s)u (s)F (.s) — u(s )v (s )F (s)

=  u '(s ) j '  v ( t )F{ t )d t  -  v '(s) £  u ( t )F 0 )d t  .
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Hence, w(a)  =  w'{a) — 0, and

f s [ P{S)^ ] =Ts[PiS)dI ] f .  V(' )F{,)dl

~ T S [P(S) Ts ]

x  j  u(t )F(t )dt  +  p (s)[u '(s)u(s) -  u '(j)u (5)]/r (i)

=  -q (s )w (s )  +  p(s)[u '(5 )u(i) -  t> '( j)u ( j) ]F (i) ,
(5.5.11)

where we have used the fact that u(s) and v(s)  satisfy Equation (5.5.7). In 
addition [dropping the argument (5 ) for p , u,  v],

d  d d
—  (p(u 'u  — u'u)} =  — (pu ')u  — —  (pii')u  +  p u V  — p v 'u ' =  0 ,  
ds ds d s

also because u and i> satisfy (5.5.7). This means that

p (s)[u '(j)u (s) -  u '(s)u(s)) =  A  , (5.5.12)

where A is a constant. The negative of the expression in the brackets in the 
preceding relation is called the Wronskian W(u,  it; s) o f the solutions u and v:

IV(u, it; j )  =  u (s)u '(s) — tt(s)u '(r) . (5-5.13)

From the relations (5.5.11) and (5.5.12), it follows that the function ut as 
given by (5.5.10) satisfies the system

d (  d w \
T s { p d 7 ) + q w  =  A F ( s ) ’

a <  s , (5.5.14)

ut(n) =  0 ,  1it'(a) =  0 . (5.5.15)

Dividing Equation (5.5.14) by the constant A  and comparing it with (5.5.8), we 
derive the required relation y ( s ) as

y(s)  =  ! ^ l = f  R (S, t ) F { t )d t ,
A  J t

where ut(j) is given by (5.5.10) so that

R ( s , t )  =  (l/y4)(«(s)v(r) -  tt(s)«(r)l 

Note that R(s,  f) =  - R { t , s ) .

(5.5.16)

(5.5.17)
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It is easily verified that, for a fixed value o f  t ,  the function R(s,  t ) is com­
pletely characterized as the solution o f  the initial value problem

d  T 9 * 1
t  *  =  —  I I +  <?(*)* =  9(s -  0 ,

(5.5.18)

a *
a s

i

P ( 0
This function describes the influence on the value o f y  at s  due to  a concentrated 
disturbance at t.  It is called the influence function. The function G(s;  r).

G ( s ; / )  =  j 0 .

* (* ,< ) .

is called the causal G reen 's function.

j  <  / ,

s  >  r ,
(5.5.19)

Example. Consider the initial value problem

y" +  y as F ( s ) , 0  <  s  <  1 , y(0) =  y '(0 ) — 0 .

The influence function * ( s ,  I ) is the solution o f the system

^ 7  +  *  =  « ( s - r ) . *u=°. d R
ds

=  1 .

(5.5.20)

(5.5.21)

The required value o f R,  clearly, is R(s ,  I) =  sin(s — r), and the integral repre­
sentation formula for the initial value problem (5.5.20) is

y (s) =  f  sin(s -  t ) F ( t )d t  . 
Jo

(5.5.22)

When the values o f y (o ) and y '(a )  are prescribed to be other than zero, 
we simply add a suitable solution ciu +  c2v o f (5.5.7) to the integral equation
(5.5.16) and evaluate the constants cj and c2 by the prescribed conditions. For 
example,

/ ' +  y  =  F (s )  . y(0) =  1 , y '(0 ) =  — 1 (5.5.23)

has the solution

y(s) =  f  (sin(s -  r ))F (r)d r +  C|(sinj) +  c2(coss ) . (5.5.24)
Jo

With the help of the prescribed conditions, we find that ci =  -1  and c2 =  1.
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Boundary value problems

Let us now consider the boundary value problems and start with the simplest 
one,

7s  )  +  =  F ^ ^  S ^  b ' (5-5-25)
y(a) =  0 , y(b)  =  0 . (5.5.26)

In view of the solulion (5.5.16) of the system (5.5.8) and (5.5.9) we attempt to 
write its general solution as an integral equation of the form

y(s) =  j  R{s, t )F(t)dt  +  cj«(s) +  C2v (s ) , (5.5.27)

where u(s) and v(s) are the solutions of the homogeneous equation (55.7). 
When we substitute the conditions (5.5.26) in (5.5.27), we obtain

C]U(o) + C2v(a) =  0 ,

ciu(b) + d v (b ) - I R(b, t ) F « ) d t ,

which will determine a unique pair of constants Cj and C2 provided the following 
holds for the determinant D,

D = u(a)v[b) — v(a)u(b) #  0 ;  (55.28)

which, for the lime being, we assume to be true. Therefore,

Ci =  [v(a)/D\ j  R(b, l )F(l)d t

=  [u (a )//)] jf  R(b, t )F«)dt  + lv(a) /D]f '  R(b , t )F( t )dt .

c2 = - lu {a ) /D ]  J R(b, l )F(l)d t

(55.29)

= - l u ( a ) / D ) f  R ( b t ) F V ) d t - l u ( o ) /D ]  {  R (b , t )F ( t )d t  .
•'* (5.5.30)

Putting these values of C] and C2 in the relation (5.5.27), we have the solution 
y(s)  as

yU)  =  j f  \R (s , l )  + a /D )[v (a )u (s)  -  u (a)v(s))R(b ,t))F(t)d t  

+ f  (\/D)[v(a)u(s)  -  u(a)v(s)]R(b .t)F(t)d l  .
(5 .5 .31)
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G ( s , l )  =

Using Equations (5.5,12) and (5.5.17) and doing some algebraic manipula­
tions, we find that

R(s,  t ) +  {[u(n)u(s) -  u(fl)u(s)]/Z)} R(b,  t)

=  ( l /A D )(u (a )v ( /)  — u (a)« (r)][u (s)u (b ) — u(s)u(£>)] .
(5.5.32)

Finally, we define the function G (s; f ):

( l /A D ) [u ( s ) v (a )  — v(s)u(a)][u( t )v(b ) -  v( t )u(b ) ] , 

s  <  l ,
15 5.331

( l /A D )[u ( /)u (a )  — u (/)u (a )][u (s )u (b ) -  u(s)u(f>)), ' ’

s  > I .

Then the solution _y(s) as given by Equation (5.5.31) takes the elegant form

y ( s )  =  ~  f  G (s; t )F ( t ) d t  . (5.5.34)

The function G (s; r) is called the G reen’s function. It is clearly symmetric:

G (s; /)  =  G (r; s ) . (5.5.35)

Furthermore, it satisfies, for all r, the following auxiliary problem 

. 3G"
L G  =  J~s [ P(S^ ^ ]  +  ~  - i ( S  _  '

a <  s < b .

C U  =  G U = 0 .

- G U _ o  =  0 .li«r+0
3G I
a$

3G
as f-0

1

p ( ')

(5.5.36)

(5.5.37)

(5.5.38)

(5.5.39)

where by G |j _J+0 we mean the limit of G (s; r) as s  approaches t from the right, 
and there are similar meanings for the other expressions. Thus, the condition 
(5.5.38) implies that the Green’s function is continuous at s =  I. Similarly, 
the condition (5.5.39) slates that d G / d s  has a jump discontinuity of magnitude 
- ( l / p ( t ) ) a t s  =  t. The conditions (5.5.38) and (5.5.39) are called the matching 
conditions. Recall that we derived these results in Section 5.4 by introducing 
the concept of the distributional derivatives.

It is instructive to note that the relation (5.5.39) is a consequence of the 
relations (5.5.35) and (5.5.36). Indeed, the value of the jump in the derivative 
of G (s; /)  can be obtained by integrating (5.5.36) over small interval (/ -  f , s)

1+0
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and by recalling that the indefinite integral of 4(s — r) is the Heaviside function 
His  — r). The result is

P(‘) +  f  q(x)G (x; t )dx  =  p i t  - t ) 9CW  - J - l  -  His  -  0  .
OS J(~-4 0 5

When s  traverses the source point r, then on the right side the Heaviside function 
has a unit jump discontinuity. Since other terms are continuous functions of s, 
it follows that d G /ds  has, at / , a jump discontinuity as given by (5.5.39).

Example. Consider the boundary value problem

y"  =  F i s ) , y(O) =  y (f)  =  0 . (5.5.40)

Comparing this system with the relations (5.5.25), (5.5.26), and (5.5.36) 
through (5.5.39), we readily evaluate the Green’s function:

( s / f ) ( / - r ) ,  .
(5.5.41)G (s ;r) =

s < t ,
i t / l ) U  - s ) ,  s >  f , 

which is the kernel (5.3.10) except for the factor A.. The solution of (5.5.40) 
now follows by substituting this value in Equation (5.5.34). Incidentally, by 
introducing the notation

and

J»

5 * s  <  r ,

l , r  ^  t ,

t , s  $  r ,

s , s  >  / ,

or min(s, t ) ,

or max(s, r ) ,

the relation (5.5.41) takes the compact form

G (s ;f)  =  ( l / 0 [ s < ( / - 4 > ) ] .  O ^ s . t H l .

It follows from the properties (5.5.36) through (5.5.39) o f the Green’s func­
tion G (s; t) that 3G (s; a) /d t  satisfies the system of equations

(5.5.42)

d  f  ,  d  [ 3G (j ; a) ] 1 , % 3 G (s ;a )  „

3 G (a ;a )  
31

1

p(o)

a)

3G (b; a)

a < s < b .

31
=  0 .

Similarly, 3G (f; b) /dt  satisfies the system 

d f  d  |3 G ( j ; 6 ) H  . . dG(s; b)d T d  | 3G (s; 6) ]1  , „ 3G (s; b) „
a < s  < b ,

3 G(a;b)  
dr

=  0 3Gib; b) 
31

1
p(b)

(5.5.43)

(5.5.44)
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Hence, the boundary value problem

(py'Y + q y  =  F  . y(a) =  cr, y(b) = fi ,  a < s < b ,  (5.5.45) 

has the solution

y(s) = -  J  G(s; t )F(t)dt

. _ 3 G ( s ; fl) .  ,^ 9 G (s - ,b )
+ <*P(a) ---- r ------- Pp(.b)-----------  ,

3‘ 3‘ (5.5.46)

as is easily verified.
Finally, we present the integral equation formulation for the boundary value 

problem with more general and inhomogeneous end conditions:

(py‘)' + q y  =  F(s ) , a < s  < b ,
- t uy ' ( a )  +  Vjy(a) =  o , ~Piy' (b)  +  \>iy(b) = & .

(5.5.47)

When we proceed to solve this system in the same way as we did the system
(5.5.1) -  (5.5.2), Green’s function for the present case can also be derived pro­
vided the determinant

D  = f -* i,u '(a )  +  viu(a)][ix2v'(fc) +  vjutb)]
-  (-/a ,u '(a ) +  v,u(fl)][#i2u'(6) +  i>2U(6)J #  0 .

Indeed, G (j; t ) possesses the following properties:

d f  9G")
LG  = — I g j  I +  q(s)G =  -« ( s  -  r) (5.5.48a)

d G I . dG
_ ft, _ L  +  viC 1_  =  ^ - +  =  0 ,

1 (5.5.48b)

(5.5.48c)

, (5.5.48d)
j-w-0 P v )

and the condition of symmetry. With the help of the Green’s function, the 
boundary value problem (5.5.47) has the unique solution

dG 
3 s

C U +0 ~  ^ W -O  ~  ®'
_ ! £

r̂ .n 3s

y(s) - / G(s; l )FU)dt  +  — « C ( j ; h ) +  ^ ^ /3 G (s ;  b) ,  (5.5.49)
Mi iii

provided /x, and m  do not vanish. If *t, =  0, then the factor (1/ m i)G(s ; a) 
is replaced by (l/v i)3G (s; a)/3 r. By the same token, if jij =  0. we replace 
U/M2>G(s ; b) by —(l/v j)3G (s; b)/3r. In view of the relation D ^  0, we
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cannot have both Mi and v, or both M2 and i>2 equal to zero. When a and 0 are 
zero, the relation (5.5.49) reduces to (5.5.34).

The Sturm-Liouville problem consists of solving a differential equation of 
the form

(py')' + qy  +  Ary =  F(s ) , o < j < f > ,  (5.5.50)
involving a parameter X and subject to a pair of homogeneous boundary condi­
tions

+  i>iy(a) =  0 , - m y ' ( b )  + v2y(b) = 0 .  (5.5.51)

The values of X for which this problem has a nontrivial solution are called 
the eigenvalues. The corresponding solutions are the eigenfunctions, in case 
p(a) =  p(b), the boundary conditions (5.5.51) are replaced by the periodic 
boundary conditions

y(a) =  y(b ) , y '(o) =  y'(b) .

From formula (5.5.49), it follows that the solution of Equation (5.5.50) subject 
to the conditions (5.5.51) is

y(s) = x j  r( l )G(s ; f ) y«)d t  -  j  G(s; t )F{ l )d t , (5.5.52)

which is a Fredholm integral equation of the second kind. In this equation 
G(s; f)r(r) is not symmetric unless the function r is a constant. However, by 
setting

[r(s)]1/Jy(s) =  y ( i ) ,

under the assumption that r(s) is nonnegative over the interval (a, b), Equation 
(5.5.52) takes the form

>,(s)[r(*)],/2 = *  j  G (i; t) tf (s )] ,/J[ r (0 ] ,/2[r(r)],/2y(f)dr

- f  G ( « 0 l r ( . ) ] l 'V ( 0 ] 1* j ^ _ * .

or

T(s) =  X /  G(s; t)Y(t)dt  -  f  G(s; t ) , F<<* d r , (5.533)
J J  ( f (0 ] ,/2

where G(s; t) =  G(s; t)[r(s)]1/2(r(t)]I/J js a symmetric kernel.
The preceding discussion on boundary value problems is based on the as­

sumption that D =  u(a)v(b) -  v(a)u(b) does not vanish. If it vanishes, then 
the homogeneous equations

c,u(o) +  c2u(fl) =  0 , c,u(b) + civ(b) =  0 .
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have a nontrivial solution (ct . c2), and the function u>(s) =  c tu(s)  +  c2u(s) 
satisfies the completely homoegeneous system

( pw ' ) ’ +  qu> ss 0 ,  u>(a) =  w(b) =  0  . (5.5.54)

Therefore, if y  is a solution o f (5.5.25), (5.5.45), or (5.5.47), then so is y + cw(s)  
for any constant c. This means these systems do not have a unique solution. This 
is not all. There is an additional consistency condition that must be satisfied 
for these systems to have a solution. Take, for example, the system (5.5.45). 
Multiply the differential equation (5.5.45) by u> and integrate from a to 6 and 
get

j  u>(s)F(s)ds =  j  «>(s)[(py')’ +  qy]ds

= I «"py' - w'py]* + J  y[{pu>')' + gw]ds
-  p (a)w' (a)a  -  p (b )w ’(b)P . (5.5.55)

Therefore, if (5.5.45) is to have a solution, then the given function F(x )  must 
satisfy the consistency condition (5.5.55). For or =  p  =  0, we get consistency 
condition J w{.s)F(s)ds = 0 ,  (5.5.56)

for the system (5.5.25). Thus, if D  is zero, then we either have no solution or 
many solutions; but never just one.

5.6. Examples

Example 1. Reduce the boundary value problem

y" +  i.y =  0 ,  0 <  s <  1,

y(0) =  0 ,  y '( l )  +  V2>>(1) =  1,

to a Fredholm integral equation.
From the properties (5.5.48a) and (5.5.48b), we must have

I 4 , (

c u ; , ) - L (

l(0*  . s  < t ,
+  v j(l — s ) ] , s > t . 

The consequence of the symmetry of the Green’s function is

A i = C [ 1  +V2(1 A t = C t,

(5.6.1)

(5.6.2)
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where C is a constant independent of r. The jump condition (5.5.48d) yields

C f( - U 2 ) - C [ l+ U 2 ( l- / ) ]  =  - l

or
C =  1 /(1+U2).

Thus, the Green's function is completely determined:

„ .  , ( [1 +  «2 (1 ~  »)> /(l +  V2> s e t ,
0(5;  t) — \

l [1 +  V2( l -  5)]r/(l +  V2) s > t .
The required integral equation is 

1  +  Vi(l — s)
y(s) =X

■+* X

■ U 2 d -j)  r
1 +  V2 Jo

r h l > +  ^ (1  -  t)]y(t)dt +
1 +  vt

Example 2. Reduce the Bessel equation

s2 ^ + s ^  +  (Xs2 - 1)y =  ° .  ds2 ds

(5.63)

(5.6.4)

(5-6.5)

(5.6.6)

(5.6.7)

0  < s  < 1 ,
a s

with end conditions
y(0) =  0 , y (l)  =  0 , 

to a Fredholm integral equation.
The differential equation (5.6.5) can be written as

(s / ) '  +  l ( - lA )+ X s]y  =  0 .

Comparing Equation (5.6.7) with (5.5.50), we obtain

p(s) = s , q(s) = — 1 / s .  r(s) =  s ,  F (s) =  0  .

To find the Green’s function, we observe that the two linearly independent solu­
tions of the equation

,  d 2y  dy
s dT2 + s T s ~ y  = 0

ate s and 1 /s . Therefore, from Equations (5.5.36) through (5.5.39), it follows
that _

I ( j / 2 /) ( l - t 2) ,  s e t ,
G(s; t) =  { ,  (5.6.8)

I ( r /2 j ) ( l - r J) ,  s > t . v '
Substituting this value of G in the relation (5.5.52), we get the required Fredholm 
integral equation.
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Example 3. Reduce the following boundary value problem to a Fredholm inte­
gral equation:

y" + JUy =  1, y(0) =  0 , y (f) =  1 . (5.6.9)

The Green’s function is the same as given by (5.5.41):

I ( s / f ) « - r ) ,  s < f ,
G(s; t)  =  { .  (5.6.10)

l - s ) ,  s > I .

The expression for the integral equation then follows from Equation (5.5.46):

y(s) =  -  f G{s\ l)dt + k  (  G(s; t) tyU)dt -  3G(s; f) /3 l . (5.6.11)
Jo Jo

The function 3G(s; t ) /d l  satisfies the system of equations (5.5.44), which for 
the present case become

£ _  |  SG(s; () 
ds2 [ 3(

=  0 ,
3G(0; f)

=  0 ,
3G (f; t)

_ 3r "  3r
whose solution is

3G(s; () /3 t  =  - s / l  .

Substituting Equations (5.6.10) and (5.6.13) in (5.6.11), we have

=  - l .  (5.6.12) 

(5.6.13)

y(s) = ( s /f )  -  f -  s)dt
Jo

+  >. f G(s;t)ty(t)dt  
Jo

-i:( S / I W  -  t ) d l

y(s) =  {s/2t)[2 -  l 1 + St] + X f G(s; t)ty{t)dt
Jo

Example 4. The differential equation 

<fJy

(5.6.14)

(5.6.15)

is derived from the Schrodinger wave equation with a meson potential 
Let us transform this equation and the boundary conditions

y(0 ) =  y(oo) =  0 , 

into a Fredholm integral equation.

(5.6.16)
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This is a Sturm-Liouville problem and the result follows by appealing to 
Equation (5.5.52) if we can evaluate the required Green’s function G (s ; (). For 
this purpose, we solve the differential equation

32G (i; 0  
3s2

- * 2G (s ;t)  =  i ( s - / ) . (5.6.17)

subject to the boundary conditions (5.6.16). A set of two independent solutions 
of this equation is (e4*, e~ts). Since G(0; () =  0  we have

G (s; /)  =  A(r)sinh ks  , s < t ■

Similarly,
G(j ; /) =  B(t)e~ks , s > t ,  

satisfies (he condition G(oo; t) — 0.
The next step is to use the continuity of G (s; /)  and the jump condition in 

its derivative s = t. Thereby, we obtain the values of A (t)  and B(t)  as

M t ) = z e-  k
B(t)  =  r  sinh k i  . 

k

Combining this information about G(s; t)  we derive

G (s; t)  =  7  sinh ts<  e~l1’ . 
k

Then Equation (5.5.52) yields the Fredholm integral equation

y(s )  =  Vo r  G (s; o  e—  y « ) d t ,
Jo 1

with G(s; t)  defined as in (5.6.18).

(5.6.18)

(5.6.19)

5.7. Green’s Function for jVth Order Ordinary Differential 
Equation

The boundary value problem consisting of a differential equation o f order n 
and prescribed end conditions can also be transformed to a Fredholm integral 
equation in the manner o f Section 5.5. For instance, take the boundary value 
problem

£  b ' S )+ i  {**>£ | +«<*»’ - »'<■>' - rts}-
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a < J < 6 ,  where X is a parameter and the boundary conditions are

(jty")  +  py '  =  0 ,  or y  prescribed,

xy"  =  0 , or y'  prescribed ,
(5.7.2)

at a and b.
The Green’s function G (s; r) for the problem (5.7.1) and (5.7.2) is such that 

it satisfies the differential equation

i b  S K K H - > ' a < s < b ,  (5.7.3)

together with the prescribed homogeneous boundary conditions. In addition, G, 
3G/3s,  and 32G /3 s2 are continuous at s =  r. The value of the jump in the third 
derivative of G is

33G
3s3

33G
3s3

1
x(s)

(5.7.4)

Finally, we have the property that G is symmetric.
In terms of the Green’s function with the preceding five properties, the 

boundary value problem (5.7.1) and (5.7.2) reduces to the integral equation

y(s) =  X J G (s , t )y ( t )d t  -  J G{s ,t)F(t)d t  . (5.7.5)

Example. Consider the boundary value problem 

d*y
+  Xy =  -  f ( s ) ,  0 < s  < 1,

y ( l)  =  0 =  / ( ! ) .

(5.7.6)

(5.7.7)

d s 4

y(0) =  0 =  y '(0 ) ,

The homogeneous equation

d * y / d s 4 =  0 ,

has the four linearly independent solutions 1, s, s2, s3. Therefore, we take the 
value of G(s; I) to be

j Ao(r> +  A i(r)j  +  ^ ( O s 2 +  i4j(r)s3 , s < l ,
i flo(t) 4- Bi (r)s +  Bi(i)s2 +  Bj(r)s3 , s > t .

The boundary conditions at the end points give

Ao(r) =  0 , A ,(r) =  0 , Bi  =  —3B0 — 2 8 , ,  Bj =  280 +  B,

(5.7.8)
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Thus, the relation (5.7.8) becomes

G ( s ; r ) = P 2(,* l +  '4 j(' ) j5 ' * * U
[ ( l - j ) J[B0(0 ( l  +  2s) +  B ,(r) s ] , s > t .

The remaining constants are determined by applying the matching conditions at 
s =  t, which result in the simultaneous equations

t2A 2 +  t3A i  -  (1 -  3/2 +  2t3)B0 - 1 <1 -  t ) l Bi =  0 ,

2t A 2 -F 3t 2A } +  6r(l -  t )B 0 -  ( 1  -  4/ +  3r2)Bi =  0 ,

2A2 +  6 M j +  6(1 -  2t)B0 +  2(2 -  3r)fl, =  0 ,

6Aj -  12fl0 -  6 fl, =  1 ,

whose solution is

^ 2 (0  =  - ^ ( l - t ) 2

Bod) =  1,3

A3(f) =  g ( l  

1

t )2(2t -i-1),

Hence,

G(s-,t) =
{ s 2( \  -  t )2(2st + s -  3 t ) , 

l  r2( l  -  s)2(2si + 1 -  3 s ) ,

s < r , 

s <  t .
(5.7.9)

The required Fredholm integral equation then follows by substituting this value 
in the relation (5.7.5).

5.8. Modified Green’s Function

We observed at the end o f the Section 5.5 that, if the homogeneous equation 
L y  =  0, where L  is the self-adjoint operator as defined in Eequation (5.5.5), with 
prescribed end conditions, has a nontrivial solution w(s) ,  then the corresponding 
inhomogeneous equation either has no solution or many solutions, depending 
on the consistency condition. This means that the Green’s function, as defined 
in Section 5.5, does not exist, because

i:4(s — t)w (s )d s  0 , a <  I <  b . (5.8.1)

A method o f constructing the Green’s function for this type of problem is 
now presented. Such a function is called the modified Green’s function and 
we denote it by (7m (s ; t) . We start by choosing a normalized solution of the
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completely homogeneous system so that /  w 2(s)ds  =  1. The modified Green’s 
function is to satisfy the following properties.

(a) G m satisfies the differential equation

LGu(s-, t)  =  S(s — t)  — u)(j ) u»(/) . (5.8.2)

This amounts to introducing an additional source density so that the consistency 
condition is satisfied. Indeed, 

ri>
[4(s — /)  — ut(s)u)(/))iu(j)ds =  0 .i:

(b) G m satisfies the prescribed homogeneous end conditions.
(c) G m is continuous at s  =  I.
(d) C m satisfies

3s 1+0

&Gm

3 s
1

P(t)
(5.8.3)

Thus, the construction is similar to that for the ordinary Green’s function 
except that the modified Green’s function is not uniquely determined; we can 
add cw(s)  to it without violating any of the preceding four properties. It is often 
convenient to choose a particular modified Green’s function that is a symmetric 
function of s  and t .  This is accomplished by defining two functions G m ( s \ fj) 
and G m (s ; h )  that satisfy the equations

L G m (s \ ti) =  S(s — ti) -  u t(ft)u)(s), a < s < b , (5.8.4)

L G u (s ;  tj) =  S(s — 12) — u>(ti)w(s) , a < s < b , (5.8.5)

along with prescribed (same for both) homogeneous end conditions.
Multiply Equations (5.8.4) by C v (s ;  t2) and (5.8.5) by G m (s ; /j), subtract, 

and integrate from a to b. Finally, use the Green’s formula (5.5.6) and get

G n (t\ \  l2) — Gsf(l2', /)) +  ui(fj) I G m (s ; t2)w(s)ds
3 (5.8.6)

- w ( t 2) I G h (s \ ii)w (s)ds =  0 .

Now, if we impose the condition:
(e) G m satisfies the property

J GMis; t)w (s)ds  =  0 ,  (5.8.7)

then it follows from Equation (5.8.6) that G m will be symmetric. Thereby, the 
Green’s function is uniquely defined.
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Finally, we can reduce (he inhomogeneous equation

Ly =  F(s) (5.8.8)

with prescribed homogeneous end conditions into an integral equation when the 
consistency condition /  F(s)w(s)ds =  0, is satisfied. Indeed, by following the 
usual procedure, one gets

J (G„Ly -  yL G u )ds «  j  G *(s; r)F(s)ds -  y(t)

+ J y(s)w{s)w(t)ds . (5.8.9)

But the left side is zero because of the Green’s formula (5.5.6) and the end 
conditions. Thus, we are left with the relation

y(r) =  J G „(s-,t)F (s)ds+Cw(t) ,  (5.8.10)

where C = f  y(s)w(s)ds, is a constant, although as yet undetermined. By 
interchanging s and t in Equation (5.8.10), we have

y(s) =  J G m0 \s )F (t)d t  + Cto(s) . (5.8.11)

For a symmetric Green’s function, the preceding result becomes

y(s) =  j  G «(s; t)F(i)dt + C tu (s). (5.8.12)

When ui(s) — 0, this reduces to the relation (5.5.34) [note that G  in (5.5.34) is 
negative of the G u  in (5.8.12)).

E xam ples

Example 1. Transform the boundary value problem

~ ( j n t + k y )  = F {sh  y 'l0) =  y ( t )  =  0 <5-8-13)

into an integral equation. The self-adjoint operator - d2y /d s 7 =  0 ,0  ^  s < l, 
with the end conditions y'(0) =  y ’(t) =  0 has the nontrivial solution y  =  const. 
We take it to be 1 1/2 because fg ( \ / t ) d s  =  1. We therefore have to solve the
system

32C «r(j;0
ds2 ds ds

«* 0 .  (5.8,14)



5.8. Modified Green's Function 93

The solution of the system (5.8.14) for s < t that satisfies the end condition at 
s — 0 is A +  (s2/ 21). Similarly, the solution that satisfies the end condition at 
s = l i s  B — s + (s2/2 l ) .  Hence,

A  +  (s2/ l t ) s < l ,

B  — s  +  (s2/ 2 l )  s < t .

The condition of continuity at s  =  t implies that B  =  A + t, and the jump 
condition on d G ^ / d s  is automatically satisfied. Thus,

s  < t ,  

s  <  / .

The constant A  is determined by the symmetry condition (5.8.7):

G « ( j ; t )  =

A +  (s2/ 21)
G u (s \  t)  =  {

1 A + 1 — (s2/ U )

or
1 ( l 1 t 2 \

A ’ l { l A 2 - ' c) -
Thereby, the symmetric Green’s function is completely determined:

s < t ,

s  , s > t .

The expression for the integral equation follows from the formula (5.8.12),

t  1 ,  ,  I f ,
f) =  -  +  — (f +  f ) — (5.8.15)

y (j)  =  - *  f  G „ ( s - , t ) y « ) d t +  f  G w(s; 
Jo Jo

G M{s\ t )F (s )d s  +  (! /< ) I y (s)ds
1 '

(5.8.16)

Example 2. Transform the boundary value problem 

d
ds ds

+  *y =  0 , y (—1), y ( l )  finite (5.8.17)

into an integral equation.
The operator —(d/ds)[(  1 — s 2)dy/ds]  is a self-adjoint Legendre opera­

tor. The function w(s) = satisfies this operator as well as the boundary 
conditions. Hence, we have to solve the equation

(s8i8>

,  d G u  5

( 1 ' jJ) l f =  2 +  *

For i  #  f, we have
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8Gm _  s 
9i “ 2(1 - 4 2)

A
1 - 4 *

Thus,

<?*» =  - -  Io g [(l +  s ) ( I  -  i ) l  
4

+  l o g i n + j ) / a - s ) j + B

(1^ -  j)log (l + 4 ) -  (i/1 +  i ) l 0g(l - 4 )  +  B ,
+ j)  — ( jC  +  j )  log(l — s) + D ,

(5.8.19)

4 < l ,

4 >  I .
(5.8.20)

Since G «(s; t) has to be finite at - 1  and +1, we must take A =  j ,  C =  — j, 
and the relation (5.8.20) reduces to

Gu(s\ t) =
- i lo g ( l  - s )  + B ,
- j l o g d  - s )  +  £). 

The continuity of G u  at s =  / implies that

4 <  t , 

4 > r .

B ~ D  =  log(l +  0  +  i  log(l -  l ) .

(5.8.21)

(5.8.22)

The jump condition at 4 =  / is automatically satisfied. Finally, the symmetry of 
Gu  yields

0 = j  G u ( s . \ t ) d s  = j  [ f i - i | o g d - 4 ) j d 4  +  jT £f> — i lo g ( l  +  4 ) j ds

B + D = 2(log2) -  1 -  - [ lo g d  +  r) +  log(l -  r ) ] . (5.8.23)

From Equations (5.8.22) and (5.8.23), we obtain the values of B and D  as

B =  ( l o g 2 ) - ^ - i  lo g d + f ) , D =  (log2)—i - i l o g ( l - 0  • (5-8.24)

Putting these values in Equation (5.8.21), we have

G u (s \ i )  =  (log2) -  -  -
1 f i |0 g [ ( l - 4 ) ( l + / ) j , 4 < t ,

\  log[(l + 4) (1  - / ) ] .  4 >  r .

The required integral equation now follows by using the formula (5.8.12).

(5.8.25)

or

or

or



5.8. Modified Green’s Function 95

Exercises

Transform the following boundary value problems to integral equations:

» • / '+ > ’ =  0 ,  y(0) =  0 ,  y '( l )  =  l .

2. y" +  sy  =  1 . y(0) =  y ( l )  =  0 .

3. y" +  y =  s , y '(0) =  y '( l )  =  0 .

4. y" + y =  s . y (0) =  \ , y '( i )  =  o .

5. y " + ( y '/2 s )  +  Xs1 /z= 0 ,  y(0) =  y ( l ) = 0 .

6. y" -  y  =  f ( s )  , y(0) =  y (l)  =  0 .

7. Reduce the differential equation

y" +  l/»(s) — i,2ly = 0 ,

ij a known positive constant, with the end conditions y(0) =  0, (y ' /y )  — —>1 at 
s =  so. into a Fredholm integral equation.

8. Convert the initial value problem

y ” +  ^s2y =  o , y '(0) =  o =  y (0)

into a Valletta integral equation.

9. Find the boundary value problem that is equivalent to the integral equation

i =  A. J  (1 -  |s -  ly(s): ■ f|)y(«)dr.

10. (a) Show that the Green’s function for the Bessel operator of order n

Ly  =  (d /ds)(s  d y /d s )  -  (nJ/ s ) y , n ^  0 

with the end conditions
y(0) =  y ( l)  =  0

“  _  j ( l / 2 n ) s - / r " U - t 2" ) .
G(S; I) =  |  ( j / 2 j | j _  ,2.)

(b) Use the result of part (a) to reduce the problem

sI y “ +  sy '  +  (*-*2 -  " 2)>' =  0 • y(0) =  y ( i)  =  o

to an integral equation.

s < i , 
s > i .
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11. Reduce the boundary value problem

£ _
ds2 j (4 +  s >3§ ) - ^ (4 +  ^  =  ° .

y ( 0 )  =  0  =  y ( l )  , y " ( 0 )  =  0  =  y " ' ( l ) .

to a Fredholm integral equation.

12. Extend the theory of Section 5.8 to the case when the completely homoge­
neous system has two linearly independent solutions uii(s) and w2(s).

13. Find the modified Green's function for the systems

y" -  Xy =  0 .  y(0 ) =  y ( l ) ,  y ' ( 0 )  =  y ' ( i )  .

14. Transform the boundary value problem

y" +  y =  / ( s ) .  y(0) =  y(rr) =  0 ,

into an integral equation.

“ In  •71,6 S! ‘f' adj0i« V T  +  »  -  0  has the nontrivial solution 
(Z /r r l '/ ism s  and .t sat.sfies the boundary conditions. Now proceed as in the 
examples in Section 5.8.



CHAPTER 6

Applications to 
Partial Differential Equations

6.1. Introduction

The applications of integral equations are not restricted to ordinary differential 
equations. In fact, the most important applications of integral equations arise

differentia] equations of the second order. The boundary value problems for 
equations of elliptic type can be reduced to Fredholm integral equations, whereas 
the study of parabolic and hyperbolic differential equations leads to Volterra 
integral equations. We confine our attention to the linear partial differential 
equations of the elliptic type, specifically, to the Laplace, Poisson, and Helmholtz 
equations wherein lie the most interesting and important achievements o f the 
theory of integral equations.

Three types of boundary conditions arise in the study of elliptic partial 
differentia) equations. The first type is the Dirichlet condition. In this case, 
we prescribe the value of the solution on the boundary. The second type is 
the Neumann condition. In this case, we prescribe the normal derivative of the 
solution on the boundary. When we prescribe the Dirichlet conditions on some 
parts and the Neumann conditions on other parts of the boundary, we have a 
mixed boundary value problem.

The divergence theorem and the two Green’s identities are used repeatedly 
in this chapter. They are as follows:

Divergence theorem:

in finding the solutions o f boundary value problems in the theory o f partial

(6 .1.1)

Green’s first identity:

(6 .1.2)

Green’s second identity:

(6.1.3)

97
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where A is a continuously differentiable vector field and the functions u and u 
have partial derivatives of the second order that are continuous in the bounded 
region R\ S  is the boundary of R, and n stands for the unit normal outward to
S. The surface 5 is a smooth (or regular) surface as defined by Kellog [52]. 
The differential operator V2 is the Laplacian, which in Cartesian coordinates 
X\,X2 , x j has the form

V2
d2 d 1 32

a ^  + a ^  +  a*» ‘
(6.1.4)

Any solution u o f the equation V2« =  0 is called an harmonic function.
To keep the chapter to a manageable size, we confine ourselves mainly 

to three-dimensional problems. The results can be readily extended to two­
dimensional problems once the technique is grasped. Boldface letters such as 
x  signify the triplet ( j c j  , * 2,  X i ) .  The quantities ff, and R ,  stand for the regions 
interior and exterior to 5 , respectively. Furthermore, we do not follow the 
common practice of writing d S ,  or d S ( to signify that integration is with respect 
to the variable x or £. We merely write d S  and it is d ea r from the context as to 
what the variable o f integration is.

As mentioned earlier, we are interested in giving the integral-equation for­
mulation mainly to the differential equations V 2« =  0, the Laplace equation; 
V2u =  - 4 * p, the Poisson equation; and (V 2 +  *2)u =  0, the Helmholtz (or the 
steady-state wave) equation. Here, p ( f ) is a given function of position and k is 
a given number.

62.  Integral Representation Formulas for tbe Solutions 
of the Laplace and Poisson Equations

Our starting point is the fundamental solution (or free-space solution) £(x;£) 
that satisfies

- V 2£  =  5(x -  O  (6.2.1)

and vanishes at infinity. This function can be interpreted as the electrostatic 
potential at an arbitrary field point x due to a unit charge at the source point £ 
Such a potential is given as

£ (* ; 0  =  l/4jrr =  1/4jt|x -  £| . (6.12)

For the two-dimensional case, the corresponding formula is (1 /2 * )  lo g ( l/r )  = 
(1 /2 * ) lo g ( l/ |x  -  £ |), where x =  (jr ,,x 2) and £ =  ( | , , £ 2).
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The fundamental solution can be used to obtain the solution o f the Poisson 
equation

- V 2u =  4trp . (6.2.3)

Indeed, multiply Equation (6.2.1) by u(x) ,  (6.2.3) by £ (* , {), subtract, integrate 
over the region A,, and use Green’s second identity as well as the sifting property 
of the delta function. The result is (after relabeling x and £)

u(x) =  f £ J V - - L  f u j L ( l \ d S + - l -  f  -  ^ d S  . (6.2.4)
J r  r  4k  J s  3n \ r  /  4n  J s  r  3 n

Suppose that from some previous considerations we know the values of p, u and 
du /dn , which appear in the formula (6.2.4):

. =  r , 3u/3n\s  =  a , (6.2.5)

then this formula becomes

- J . T d v ~ z J , , < 0 > (6'2'6)

where P  is the field point x and Q is a point (  on 5 . The formulas (6.2.4) 
and (6.2.6) lead to many interesting properties of the harmonic functions. For 
details, the reader should refer to the appropriate texts [6],[52],[64]. We merely 
note the properties o f the three integrals that occur on the right side o f Equation 
(6 .2 .6).

The Newtonian, single-layer, and double-layer potentials

The integral f R( p / r ) d V  is called the volume potential or Newtonian poten­
tial with volume density p. Similarly, the integral f s (a / r )d S  is the simple 
or single-layer potential with charge (or source) density <r, and the integral 
f s r ( 3 /3 n ) ( l / r )d S  is the double-layer potential with dipole density r .  These 
integrals arise in all the fields o f potential theory. However, we have used the 
language of electrostatics, as it interprets them nicely. These potentials have the 
following properties.

For the Newtonian potential u = JK( p / r ) d V , we have the following.

(1) V2u =  0, for points P  in Rt .

(2) For points P  within Ri% the integral is improper but it converges and 
admits two derivatives under the integral sign if the function p  is sufficiently 
smooth; the result is V2u =  —4np(P ).

The single-layer potential u — f s(a / r )d 5  has the following properties.
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(1) V 2u =  0, outside S.

(2) The integral becomes improper at the surface 5  but converges uniformly 
if 5  is regular. Moreover, this integral remains continuous as we pass through S.

(3) Consider the derivative o f u taken in the direction of a line normal to 
the surface 5  in the outward direction from 5 . Then,

where and P+ signify that we approach 5  from R, and R „  respectively, and 
where both x and (  are on S.  From Equations (6.2.7) and (6.2.8), we obtain the 
jum p of the normal derivative o f u  across S:

Similarly, the double-layer potential u =  f s r ( d / d n ) ( l / r ) d S ,  has the fol­
lowing properties.

(1) VJu =  0 outside S.

(2) The integral becomes improper at the surface but it converges if the 
surface 5  is regular.

(3) The integral undergoes a discontinuity when passing through S  such 
that

(6.2.7)

and

(6.2.8)

(6.2.9)

(6.2.10)

and

in the notation o f  the relations (6.2.7) and (6.2.8). Hence, the jum p of u across
S  is

f  =  (1 /4 jt) — u |/»_] • (6.2.12)(6.2.12)

(4) The normal derivative remains continuous as 5  is crossed. The reader 
who is interested in the proof should look up the proof given by Stakgold (64).
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Interior and exterior Diricblet problems

For the solution o f a boundary value problem for an elliptic equation, we cannot 
prescribe u and d u /d n  arbitrarily on 5 . Therefore, Equation (6.2.6) does not 
allow us to construct a solution for Equation (6.2.3) such that u shall itself have 
arbitrary values on 5  and also arbitrary values for its normal derivative there. 
As such, there are two kinds o f boundary value problems for elliptic equations. 
For one kind, we have the value o f the solution prescribed on 5  —  the so-called 
Dirichlet problem. For the second kind, the value of the normal derivative o f the 
solution is prescribed on S  —  the Neumann problem. We discuss the Dirichlet 
problem first.

To fix the ideas, let us discuss the Dirichlet problem for the region exterior 
to the unit sphere. In order to get a unique solution, it is necessary to impose 
some sort o f boundary condition at infinity along with the boundary value on 
the surface S o f the sphere. Indeed, the functions u i(x ) =  1 and U2 (x) =  1 /r  
are both harmonic in the region R e and assume the same value 1 on S. But if 
we require that the solution vanishes at infinity, then uz is the required solution. 
As a matter o f fact, it is an important result in potential theory [52],[64] that, 
when one solves the Dirichlet problem for the exterior of the unit sphere (by 
expansions in spherical harmonics) such that the potential vanishes at infinity, 
then one finds that the behavior o f the solution is

(6.2.13)

From these considerations and from the value o f the fundamental solution, it is 
traditionally proved that

3 £ \
u —  ) d S  =  0 

d r )
(6.2.14)

on the surface 5  of the sphere of radius r .
We can now define and analyze the exterior and interior Dirichlet problems 

for an arbitrary surface 5  as follows.

Definition. The exterior Dirchlet problem is the boundary value problem

V 2u« =  0 ,  x € « # ; u t \s =  f .

where /  (x) is a given continuous function on 5.

(6.2.15)
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Definition. The interior Dirichlet problem is the boundary value problem

V 2«i =  0 ,  x e r t / ,  (6.2.16a)

«.-|s =  /  ■ (6.2.16b)

Suppose that we are required to find the solution of the interior Dirichlet 
problem. We assume that such a solution u is the potential of a double layer 
with density r  (which is as yet unknown):

r(Q co s(x  -  £, n) 

is  r 2
u,(x)

- l
-dS . (6.2.17)

For Ui to satisfy the boundary condition (6.2.16b) from within S,  we appeal to 
the relation (6.2.11) and get the Fredholm integral equation of the second kind 
for r(P):

r(/>) =  - ( l / 2 * ) / ( / » )  +  K ( P , Q ) r ( Q ) d S , (6.2.18)

where the kernel K {P, Q ) is

K (P ,  (?) =  [cos(x -  £. n )]/2 rr |x  -  £ |2 (6.2.19)

and P (=  x) and Q (=  £) are both on S. We solve the integral equation (6.2.18) 
for r ,  substitute this solution in (6.2.17), and obtain the required solution of the 
boundary value problem (6.2.16).

In exactly the same way, the Dirichlet problem for an external domain 
bounded internally by S  can be reduced to the solution o f a Fredholm integral 
equation of the second kind.

We now present an integral-equation formulation o f the exterior and interior 
boundary value problems (6.2.15) and (6.2.16) in a composite medium when 
/ ( x )  is the same function in both these problems. Recall that the fundamental 
solution £ (x ; ( )  satisfies the relation

- V J£  =  i ( x  -  ( ) ,  for all x and (6.2.20)

Multiply Equation (6.2.16) by E ,  (6.2.20) by u j, add, integrate, and apply Green’s 
second identity. This results in

/ , ( * £ — £ ) —  I."
« , ( 0 ,

(6.2.21)

where n is the outward normal to on 5.
The corresponding result for the exterior region is obtained by multiplying 

Equation (6.2.15) by £ ,  (6.2.20) by ue, adding, integrating over the region
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/ ( . A
J s \  3n dn /  | „ e( 0 ,

(6.2.22)

bounded internally by 5  and externally by a sphere Sr, and applying Green's 
second identity. The contribution from Sr vanishes as r  —» oo in view o f the 
boundary condition at infinity, and we finally have

where we have used the fact that the outward normal to R t on 5  is in the — n 
direction.

The next step is to add Equations (6.2.21) and (6.2.22) and observe that both 
u, and ue take the same value /  as we approach the surface. Thus, we obtain

i  e r ,■,

and £ e  5 . Let us make use o f the relations (6.2.2) and (6.2.9), and relabel x 
and ( ;  thereby, we end up with the relation

/■ J « .(* ) . * * R ' >

(6.2.23)

(6.2.24)
[ u ,(x ) , X € Re ,

that is, a single-layer potential with unknown charge density o . Finally, using 
the boundary condition

u»ls =  Mels =  f  ’
in (6.2.24), we obtain the Fredholm integral equation of the first kind

f { x )  = j [ a { i ) ( \ x - i \ ] d S , (6.2.25)

with both x and £ on 5.

Interior and exterior Neumann problems

In this case we are required to find the solution of a Laplace or Poisson equation 
when the normal derivative is prescribed on the boundary.

Definition. The exterior Neumann problem is the boundary value problem

1 9u,
V2« « = 0 ,  x € Re , =  f =  0 . (6.2.26)

Definition. The interior Neumann problem is the boundary value problem

du,
X € * i ,

3n - / • (6.2.27)
s
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For a Neumann problem, the prescribed function f i x )  satisfies the consis­
tency condition

Lf (Q d S  = 0 , e e S , (6.2.28)

which follows by integrating the identity

/ .
W 2u,)dV  =  0

and using the divergence theorem.
The exterior and interior Neumann problems can be reduced to integral 

equations in a manner similar to the one explained for the corresponding Dirichlet 
problem. Indeed, we seek a solution of the interior Neumann problem in the 
form of the potential of a simple layer

m =  j l< H Q )/r]dS , (6.2.29)

which is an harmonic function in It will be a solution of Equation (6X27) 
if the density a  is so chosen that

dn = H P ) ,  P e S .

Appealing to the relation (6.2.8), we have

p.
- 2 z * i P > + [ o l Q ) t? « $ r ' ' U> 4S.

Js r*

(6X30)

(6X31)

Thus, a(P)  is a solution of the Fredholm integral equation of the second kind

° (P ) °(Q )
cos(( — x, n)

d S . (6X32)
j s  2rrr2

The solution of the exterior Neumann problem also leads to a similar integral 
equation. Furthermore, we can give the integral-equation formulation of the 
problems (6.2.26) and (6.2.27) in a composite medium when /  is the same 
function in both these problems. Proceeding as we did for the corresponding 
Dirichlet problem, we obtain a Fredholm integral equation of the first kind. 
Instead of a single-layer potential, we now get a double-layer potential. The 
details are left to the reader.

Open boundaries

In many physical problems the shape of the boundary is an open surface such as 
a spherical cap (see Figure 6.3). In this case there is no interior boundary value
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problem. To solve such problems, let us call the two sides of 5  the positive and

away from the surface.
For solving the Dirichlet problem

V2u =  0 ,  x n o t o n S ,  « =  / ,  x o n 5 ,  u | oo= 0 ,  (6.2.33)

we multiply Equation (6.2.33) by E  and Equation (6.2.20) by u , add, and integrate 
over a region bounded externally by a large sphere 5r and internally by 5*  and 
S~.  Then, by using the G reen’s second identity, we obtain

The first integral on the right side o f  Equation (6.2.34) vanishes in view o f relation
(6.2.14). Moreover, the functions E  and d E /d n  have their singularities at the 
point £  in space, £ is not required to be on S ,  and, therefore, E  and d E /d n  have 
the same values on 5*  and S~ .  The function u also takes the same value /  on 
both sides of S.  However, d u /d n  may have a different value on S+ and S~.  
Hence, Equation (6.2.34) leads (after we relabeled x and £) to

Thus, if we can find o (x ), we can evaluate u(x) at any field point n by a simple 
integration.

The integral equation for <r(x) is obtained by letting x tend to a point on 5 
and using the boundary condition. Then

which agrees with Equation (6.2.25).
For the Neumann problem for an open surface we encounter some difficul­

ties. Indeed, the Neumann problem

negative sides and denote them by S + and S~ .  The normal to the surface points

(6.2.34)

(6.2.35)

where the single layer density cr(x) is defined as

(6.2.36)

x, £ on S  , (6.2.37)

V 2u =  0 , x  n o t  o n  S , —  =  /  , x on S , 
an

“ loo =  0 ,  (6 .2 .38)
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leads to the equation

u(x)
■ I,

a e
t « ) r -  (x , ( )d S ,  

s*+s- °n
(6.2.39)

by following similar steps as used in deriving Equation (6.2.35). Here the double 
layer density r(n) is defined as

I(X) =  4 ^  (“ (X+) "  u(X_)) '
(6.2.40)

The difficulty arises when we try to take the limit o f Equation (6.2.39) as t  
tends to a point on S. The formulas (6.2.10) and (6.2.11) then yield

u(x+) =  J r (x )  + f  3^ X’ -  r ( O d S . (6.2.41)
2 Js*+s~ 3"

“ ( * ' ) =  - ^ t ( * ) +  f
2  J S ' + S

+s- 3"

3 £ ( x ,Q  
dn

t i t ) d S . (6.2.42)

The subtraction of these two relations merely yields the definition of r(x), 
whereas the addition gives

u(x+) +  u(x ) =  2 f  dEi*'P (
Js*+s- 3n

(6.2.43)
♦+s- 3n

which has an unknown quantity on the left side.
Let us now differentiate Equation (6.2.39) along the normal to 5  and get

3u _  r  3 E (x .Q  
3 n an Js*+s  3 " r ( 0  d S  . (6.2.44)

When x approaches a point on S, the left side approaches the boundary value of 
(x) and we have

/ ( x ) =  lim f  3^ X' r (£)dS . x o n 5 .  (6.2.45)
«-*i+ dn J 3n

This equation is not an integral equation but can often be used to find r(()  as 
explained in Example 3 of the next section.

6 J .  E xam p les

E xam ple  1. E l e c t r o s t a t i c  p o t e n t i a l  d u e  t o  a  t h i n  c i r c u l a r  d i s k .  L et u s take S to be
a circular disk o f  radius a  on w hich  the po tential V  is p rescribed. Let us choose
cylindrical polar coordinates (p , y>, z )  such that the orig in  is  on the center o f  the
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disk with the r  axis normal to the plane of the disk. Thus, the disk occupies the 
region 2 =  0, 0  <  p ^  u, for all <p. There is no loss of generality in taking 
the potential V  on the disk as f <my(p) cos nip, where n  is an arbitrary integer, 
because we can use the Fourier superposition principle. The charge density a 
will also then have the form o M (p)  cos nip. From Equation (6.2.25), we have

/ <",(p) cosny> =  y V ( £ ) / | x - £ | ) d S ,  (6.3.1)

where x =  (p, y>,0) and { =  (I, <Pi,0). Or

/<*>(p)cosn»> =  f  r
Jo Jo [p2 + r2 -  2pt cos(y> — Vi)]1/2

But, by setting Vi — <P =  'I', we find that

(6.3.2)

r cos n<p\d<px
(p2 + 12 — 2pt cos (<p — <P\)]yri 

2* ~r (cosntp)(cosni/r)d\lr
- f .

cos n(tp +  Vr)<̂ Vr 
[p2 + 12 — 2pi cos

[p2 +  r2 — 2pr cos Vr]1/2
1*0 /*2jt

f 2* cos n^dijr
= (COS n̂ p) ^  (p2+ ,2 _ 2 p ,co s^ ] ' /2  ’

where in the first integral we have put ijr’ =  tfr +  2 n .
From Equations (6.3.2) and (6.3.3), there follows

r** r(7<',)(r) cosn\jr d\j/ dt
= / 7

(6.3.3)

(6.3.4)[p2 +  f2 — 2pt cos V']1/2 

Finally, we use in (6.3.4) the expansion formula

Ip 2 +  »2 -  2 p r c o s ^ r 1/2 =  5 3  /  (2 -  &o)i.<x>srilt))Jr(p p) j '(p t )d p ,
r-C J0

(6.3.5)
where Jo is the Kronecker delta, J , is the Bessel function and apply the or­
thogonality property of the cosine functions. The result is the Fredholm integral 
equation of the first kind

/ <n>(p )=  f  fo (" '( r)/ f0(r,p )d r, 
JO (6.3.6)
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where the kernel KoU. P) is

KoU, P) =  2jt f  Jn{pp)Jn(p t)d p  . (6.3.7)
Jo

For an annular disk of inner radius b and outer radius a, the formula that 
corresponds to Equation (6.3.6) is

= jf „•<»)**. p* i . (6.3.8)

Exam ple 2. Solve the integral equation (6.2.2S) when S is a unit sphere and 
/  =  sin t> cos <p\ that is, solve the integral equation

& cos <p = [ difi I 
J o  Jo

Here, we use the expansion formula

11=0 r > m=~i

(sin (i? i)a (t? i, y t ) d  t>i

l « - € l

I* -  Cl N mj,

where Y " ( d, <p) are the spherical harmonics and

i-Zir

(6.3.9)

(6.3.10)

p dJt pit
N m„ =  \  d<p (sin d ) \Y ” (d,<p)\2d d  

Jo Jo
4 Jr (n +  |m |)!

2n +  l (n — |/n|)! (6.3.11)

Furthermore, we set

<*(*,.¥>,) =  £  J 2  (6.3.12)
nsO n=-/»

and note that sin d  cos <p =  jfy ,1̂ .  t p l + y f ’fd, tp)\ Putting Equations (6.3.10) 
through (6.3.12) in (6.3.9) and using the orthogonality property of the spherical 
harmonics, we obtain

<*1.1 =  <7-i . i =  3 / 8 jt ,

and am „ =  0 for all other m and n. Thus, from Equation (6.3.12), it follows that

<r(d, tp) =  (3 /4 jr ) />I1(co sd )co sv ), 

where /*,' is an associated Legendre function of the first kind.

(6.3.13)

Exam ple 3. Use the double layer potential and solve the Dirichlet problem for
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In terns of spherical polar coordinates (r, d, tp) we have the boundary value 
problem

V2u =  0 , n (l, d, ip) =  / ( d ,  <p) . (6.3.14)

We assume the solution as the double layer potential

toin

(6.3.15)

As the point P{r, d, ip) tends to a point on S, we use relation (6.2.10) as well as 
the boundary condition and get

cos(x -  £, n) dS. (6.3.16)

As explained in Figure 6.1 we find that if we draw the normal n from 0 to 
PQt then

1 - r 2 1
cos(x — ^ . n) =  cosir =  ~ 2 x̂ _ Y \  '  ‘ (6.3.17)

Thus when x is a point on the surface (i.e., r -*• 1).we have cos yr =s 
and the integral equation (6.3.16) becomes

—t* — €1/2,

m  V) =  -2 rrr(d , ip) -  *S  ‘ (6.3.18)

To solve this integral equation let us set

/(0.<e) =  £  £  / -  « (6.3.19)
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where

£  £  x„ . „ y ” (0,¥>), (6.3.20)
11*0 tftm—n

f m . n - r r — f d <̂  f  <fi?i sintfi f t f i . V i W f W u V i ) '
Nm.ii Jo Jo

with a similar relation for Tmm/ 4 n .  When we substitute relations (6.3.10),
(6.3.19) and (6.3.20) in (6.3.18) and use the orthogonality property of the spher­
ical harmonics we get

£  £  / . . . w * >  =  - £  £
MeO m=-n

2n + \
n +  1

n -H  
2n +  1

fm,n •

X m j r f& .v )

Hence,

1 00 n n ■+■ 1
« * •  £  £  i ^ T T  u - w v )  • (63-21)HsO

The next step is to put the value of r  (tf, <p) from Equation (6.3.21) in (6.3.15). 
For this purpose we note from (6.3.17) that the kernel of the integral equation
(6.3.15) is

cos(x -  £, n) _  1 I" 1 -  r 1 1 ~|
4 t r | x - £ p  “  8n  LI* — Cl3 l * - £ l j  

The expansion of l / | x  — £| is given by Equation (6.3.10), and the expansion of 
the first term is

=  4* ± ±  . (6.3.22)
' X  n s O  m s - i i  N m , n

Consequently, the integral equation (6.3.15) becomes

U(r,d,<p) =  i  f d<pi f dOi s i n i > i £ 2" ^ 2 £  £  y"(i7,((>)y.""(d|,*>,2 JO Jo ~o + 1 TZamZl*
£ o « t r P + 1

This relation is simplified when we use the orthogonality property of the spherical 
harmonics and Equation (6.3.22). The result is

1 — rJ Z"2* f  /(i?1,tp,)sini>, dy>i 
«(*) =  —:----  d<p, --------;------To-------  .

4?r /„ /o I* ~  £ 3
(6.3.23)

or
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which is called the Poisson’s integral formula. We derive it with the help of 
Green’s function in the next section.

Example 4. Electrostatic potential problem for a spheroid.

(a) Prolate spheroid. Let 5  be the surface of a perfectly conducting prolate 
spheroid that is maintained at an axially symmetrical potential. We choose 
prolate spheroidal coordinates (£, r), <p) that are connected to the rectangular 
Cartesian coordinates ( j c ,  y ,  z), with origin at the center of the spheroid, by the 
relations

where 2c = 2a e, is the interfocal distance and e is the eccentricity of the elliptic 
section (see Figure 6.2). The surface of the spheroid is defined by £ =  fo ~  1 /e . 
Accordingly, we have the boundary value problem:

where D is the region exterior to 5. From the analysis of the previous section it 
follows that the integral representation formula for u is

x = c [ ( l - » j 2) ( ^ - l ) ] ,/2cosv>, 

y  — c[(l “  »?2) ( |2 -  1)],/2 sin <p, 
z = c $ r i ,

(6.3.24)

z

F ig u r e  6 .2

V2u ( f , r), <p) *  0 ,  in D ,  

M($o. n ,v )  =* /(>?), on S ,

(6.3.25)

(6.3.26)

(6.3.27)
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where R is the distance between the points (to. bo. <IPo) and ( f . b. (P)> and °(bo. Vo) 
is the charge density at the point (to. bo. Vo) on 5  [we could have amalgamated 
the factor l/4 rr in a  as in Equation (6.2.9)].

Applying the boundary condition (6.3.26), we obtain the Fredholm integral 
equation of the first kind.

/ ( b ) - jC
o(bo. Vo) d S , (6.3.28)

Js 4rr R

where both the points (to, bo. Vo) and ( t ,  b. V)  )'e on S.
We solve integral equation (6.3.28) for the following two important cases. 
1, Capacity, / ( b )  =  1. In this case the charge density cr satisfies the 

integral equation
, V o )_  (  o(bo.<flp 

“ A  4rr R
d S  . (6.3.29)

To solve this integral equation we use the expansion of \ / R  in prolate spheroidal 
coordinates

1 2n +  1 y -  , , , m [>  -  "OH
R S  c  S  "  L ( n  +  m ) !  J '

(n -  m)!'.
— 7 : cosm (y>-Vo) P „ " (b o )C « < )G ;(( .)

flsO LV -r "*)* J
(6330)

where t<  and t>  are defined in Section 5.5 and Q” are the associated Legendre 
functions of the second kind, in view of axial symmetry, the density a is 
independent o f the ^-coordinate and we may write

° - 7s r ^ Z a’PAr,o)-
Also,

d S  — e2((§o l)(£o -  no)]>/Zdnod<Po ■

(6.3.31)

(6.332)

When we substitute these values in Equation (6.3.29), set =  £0, and
perform the ^-integration, we derive

1 r\ f  <*>

= 2 L [ ^ PAno\ E 2ji +  1
Pn(l))Pn(<0O)

/ >i.(fo)G»(£o)a2c2( f 2 — l ) ,/2«fbo - (6.3-33)

This yields

Po =
c«o2 ~  1)>« Oo(lo) '

c

1
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and trj =  Ofor s ^  0. Accordingly, from Equation (6.3.32) we have the value 
of the charge density as

c[($0 -  !)(&  _  ’Io)]l/2 0o(?o) 

The value of the capacity C of the spheroid is

-LS 4jt
dS  =

Go(fo) logKfo +  l ) /« o  -  1)) 
ae ae

(6.3.34)

(6.3.35)

(coth“ 'fo) (tanh~*e)

The potential at a point in D  follows by appealing to the representation 
formula (6.3.27) by substituting the expansion of 1/R,  the formula for dS  and 
the value of a  as given by Equation (6.3.34). The result is

«(*.»!) =  <2o(l)/Go(fo)

coth~'£

coth-’lo
(6.3.36)

Sphere. When fo —► oo, e -» 0, such that foe —► 1, the prolate spheroid 
reduces to a sphere of radius a. Then from Equations (6.3.34), (6.3.35), and 
(6.3.36), we And that

1a =  —, C =  a , (6.3.37)

2. Polarization. Let the spheroid be placed in a uniform electric field E 
that is parallel to the negative z axis, the axis of symmetry. Then

/ ( n ) -----£ocfo ij ,

Then integral equation (6.3.28) becomes

at t  =  fo •

_ £ocforj — J J a (do, <M 
4t  R

d S  .

(6.3.38)

(6.3.39)

In this case we assume

o(bo. <fio) — Ti E  £  *» P‘ in) QOS,<fi' (6340>

1 1

c

u =
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and proceed as in the previous case. The solution of integral equation (63.39)

___________ - £ o  to Pi (no)_________
_  (to2 -  '»?>1'2(fo “  D 1'2 £i(to)G .(fo) ' 1 !)

The value of the potential u now follows readily from formula (6.3.27) to be

E o c t o P m Q m
=  - Gi(to) 

The polarization potential P  is defined as

' =  / o lgrad„|2dU =  - ^ u g d S .

(6 3 .4 2 )

(6.3.43)

Since
3 u  _  1 (to  -  1 )l/2 d u  

9n ~  c ( |*  -  r,2) ^  35 1
we derive the value of P from Equations (6.3.42) and (6.3.43) as

p  r 2 r 3 1-2 ( t i  , , l / 2P--jE o‘ ?o«o 1) fll(fc). (6.3.44)

where we have used the relation O '( t )  =  ( t 2 — l ) l/2 Q [(t ) .
Sphere. The value of u and P  for this special case follows front the pre­

ceding values by the limiting process as in Case 1. The result is

£ofl3 cosd
7* ' (6.3.45)

b. Oblate spheroid. The corresponding results for an oblate spheroid cai 
be derived from the foregoing analysis by making the substitutions t  -* it, 
c —* —ic. Indeed, the oblate spheroidal coordinates (5, rj, f )  are defined as

x =  c[(l +  t 2)(l -  ij2)],/2 cos I f , 

y  =  c[(l +  t 2) 0  -  h2)]1/2 sinyt,
2  =  c t 9 .  (6.3.46)

. ' /2/  I — fr~ '

- ( ¥ )

to be

The results for the two cases as previously considered are as follows.

1. Capacity, /(r;) =  1. From (34) the value of this charge density follows

11 1

c t(to2 +  !>(*0 + 12))1/2 c o r ‘ ’
(6-3.47)
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where we have used the relation QoO'lo) — —i cot-1 £o. Using this value in the 
formula for the capacity C, we have

C =
cot-1 |o  sin"1 e 

Similarly, the value of the potential «(ft, 17) at an outside point is

(6.3.48)

«(£, 7) =
cot"1 ( 
cot"1 £0 '

(6.3.49)

Circular disk. When e -*■ 1 (or ft) -*  0), the oblate spheroid reduces 
to the circular disk of radius a. From Equation (6.3.46) it follows that p 2 =  
(x2 +  y2) =  o2(l  -  rj2). The Equations (6.3.47) through (6.3.49) yield in the 
limit

„  2a 2 _ , / 02 -  22\ 1/2C = —  , u(p,z) = - C O t  1 I ■■■;  
jr n  \ p ‘ + z 2;irfa1 — p2)1/2

(6.3.50)
2. Polarization, / ( ij) =  - E 0c£on,  at 5 =  ft). By taking the limits as in 

the first case, we derive the corresponding values for a ,  u, and P  as

i Eo ft) P1 (ho)
' (1 +  SlYHril +  ft>)1/2f>i(* ft>)Go(< to) '

(6.3.51)

“ (I. 7) =  -
cEofePi (7)gi ( i? )  

Qi(> ft>)
(6.3.52)

« * « « ( ! g g g .

For a circular disk, all the quantities tend to zero.

(6.3.53)

ae

Example 5. Flow o f  an ideal fluid past a rigid spherical cap.
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A rigid spherical cap is placed in a plane-parallel flow of an ideal fluid. As 
a result, the flow pattern is disturbed. To study this problem we choose spherical 
polar coordinates (r, t>, <p) in such a way that the center of the cap is at the origin 
and the uniform flow is along the negative z-axis . The cap is thus defined by 
the equation; r  =  a, 0  < i> <  a , 0 < <p < 2 n  (see Figure 6.3). If U denotes the 
undisturbed speed of the fluid, then the corresponding potential u, is

u ,, «  - U  z  =  - U  r cos & . (6.3.54)

Let V be the potential due to the presence of the cap; then the total potential u is 

« =  Ui +  V  . (6.3.55)

Consequently, we have the following boundary value problem.

V2V =  0,

av
Hr

duj
dr U cost?,

(63.56)

(63.57) 

(63-58)V' L = « -
The Neumann problem is a particular case o f the system (6.2.38). As such, 

we can follow the steps that led us to Equation (6.2.44) and obtain

dUjU cos i? =  —  
dr
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where

and

1
l * - £ l

x  =  (r, d, <p), £ =  ft, d], (Pi , (6.3.60)

(6.3.61)

(6.3.62)

g (» t ) =  V(r)t * , ) ! „ _ .  -  V'(rl , t>i)|„=0.  .

Now, an alternative way of writing the expansion formula (6.3.10) is

— =  2 3 ,’< r >'~1 ^>»<cos>')'
°  Ho

where cos y  =  cos d cos t?i +  sin d sin di cos((P — y>i), while 

r< =  min(r, r i ) , r> =  max(r. r\) .

By differentiating Equation (6.3.62) twice we obtain

[ - & ,  -  - h  f > * »'■<” >" • <“ “ >
The result of substituting this value in Equation (6.3.59) and using the relation 

f 2* Pn (cos y)df»  =  2ir />„ (cos d ) P„ (cos d, ) ,  (6.3.64)
Jo 

is
1 0° ftt

Uco&& ---------T "'n (n  4- l)P ,(co s^ ) /  Pn( c o s i ? ! ) g ( i ? , ) s i n .
20 r=T *

(6.3.65)
In the next stage we use the formula P„ (cos d ) =  ^ (s in  d P~1 (cos i?)) in 

(6.3.65), simplify, and get

1 t"  00
l /c o sd  =  —  f  Y ^n(n +  l ) / ’„ - '(co sd i)/',(co sd )/(d i)< /d i, (6.3.66)

20 jo

where / (d,) =  sin d i j^ (g(d , ) ) .  Now, multiply Equation (6.3.66) by sind, 
integrate, and get

U sind =  -  /  J 2 n (n  + 1 )/>„-’(cos d ,) /(d ,) /> - | (cos d)</d>,
° Jo irT ’ "

which, with the help of the relation/>„* (cos d) =  - n ( n + l ) p - ‘(cos d), becomes 
1 /** 00

U sin d =  -  -  £ > „ '  <«* (cos <>i)f (*i )dd ,,
“  V 0 f l « l
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1 f 0
Usin&  =  - -  '% 2PZ+y(<xx»)P^(cos0i )l{& l)d{h  .

“ Jo d*0

Finally, we use the formula

00

*<,(*,. d )  m  - 2  £  Pj+1(COS tf,)P~+\<COS<>l)
n«0

(6.3.67)

(6.3.68)

and find that the boundary value problem (6.336) through (6.3.58) is equivalent 
to the Fredholm integral equation of the first kind

i /•<»
U sint> =  —  /  K0(* i. W * i)< * * i  • (6.3.69)

2o Jo

or

6.4. G reen’s F unction  A pproach

The Green’s function is an auxiliary function that plays the same crucial role in 
the integral-equation formulation of partial differential equations as it plays in 
the case of ordinary differentia] equations. This function depends on the form of 
the differential equation, the boundary condition, and the region. For instance, 
the Green’s function G(x; © for the Laplace equation in an open, bounded region 
R in three-dimensional space with boundary 5 is the solution of the boundary 
value problem

- V 2G -  S(x -  Q , G |s s  0 . (6.4.1)

where x and (  are in R. In the language of electrostatics, the function G is the 
electrostatic potential due to a unit charge at (  when the surface 5 is a grounded 
metallic shell. As such, G is the sum of the potential of the unit source at £ in 
free space and the potential due to the charge induced on 5:

G(x; © =  (1 /4 * |x -  $|) +  v(x; © , (6.4.2)

where v is a harmonic function that satisfies the boundary value problem

V 2u =  0 .  x 6  R  , v \ s =  — l /4 r r |x  -  ©  . (6.4.3)
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Let us show that the Green’s function is symmetric. When G(x, ©  and 
G(x; V) are the Green’s functions for the region R  corresponding to the sources 
at (  and t), we have the relations

-  V2G(x; ©  =  S(x -  ©  , G |s =  0 . (6.4.4)

-  V2G(x; rj) =  3(x -  tj) , G |s = 0 .  (6.4.5)

The result of the routine steps of multiplying Equations (6.4.4) by G (x; rj), (6.4.5) 
by g(x; © , subtracting, integrating, and applying Green’s second identity is

jf | g (x; -  G(x; 1/ ) - ° ^ ] d S  =  G(© t,) -G (r ,; © . (6.4.6)

The symmetry of the Green’s function follows by applying the boundary condi­
tions in Equation (6.4.6).

Note also that the fundamental solution £ (x ; © is the free-space Green’s 
function.

Solution of the Dirichlet problem

We are now ready to give an integral-equation formulation to the boundary value 
problem

—V2u(x) =  4rrp(x), x 6 R , u\s = f , (6.4.7)

in terms of the Green’s function. For this purpose, multiply Equation (6.4.1) by 
u and Equation (6.4.7) by G, subtract, integrate, use Green’s second identity, 
and get

“<© =  4*  ^  G(x; ©p(x)[3G(x; © /3n] dS -  j  /(x)[3G (x, ©/3/t]d.S .

" 5 (6.4.8)
By interchanging x and £ and using the symmetry of the Green's function, we 
find the representation formula

“ (*) =  4* C(x; ©?(©<* V -  j [3G(x; © /3 n ]/(© d S  . (6.4.9)

For the particular case p ( ( ) a O ,  the formula (6.4.9) becomes

“ (x) ~ ~  fs  /<€)laG(X; £)l'dn\dS  ■ (6.4.10)

When /  =  1 on 5 , then the solution u  o f  the Laplace equation is clearly u  =  1
for the interior D irichlet problem . Thus, Equation (6.4.10) yields an interesting
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relation

f3G<x; 0 / d n \ d S  a  1 . x 6 R  . (6.4.11)

Example. Poisson’s integral formula revisited. The Green’s function for the 
Laplace equation, when the surface 5  is a sphere, can be found by various 
methods. The easiest method is to express it as the source and image point 
combination. Let the radius o f the sphere be a  (see Figure 6.4). For any point 
P (— x) with radial distance a  within the sphere, we have an inverse point 
P '{== x') on the same radial line at a radial distance P  outside the sphere, such 
that aff  ~  a2. If Q (— ( )  is any point on 5 , then the triangles O Q P  and O Q P '  
are easily seen to be similar. Therefore, r ' / r  =  a / a ,  or

Having found the Green’s function, w e can solve the interior Dirichlet problem 
for the sphere:

V2« = 0 ,  r  <  a ; u =  on r — a . (6.4.14)

To use the formula (6.4.10) we need the value o f 3 G /3 n . This is obtained if we 
observe from the figure that

Figure 6.4

1 / r  =s a f a r '  . (6.4.12)

Examining the relations (6.4.1) and (6.4.2), w e readily find the value of the 
Green’s function to be

(6.4.13)

a 2 =  a2 +  r 2 — 2a r  cos(x — £ , n ) ; 

p 2 =  a 2 +  r '2 — 2 n r ' cos(x ' — £, n ) .
(6.4.15)
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Thus,

1 1f 1 Sr a 1 d r ' \
4 7T \ r2 dn a r'2 an /

_  1 |(cos(x -  © x) a cos(x' -  f '.n)
4n or r'2

_  1 |fa2-a2- r2 a P2 — a 2 —
r '2l4rr 1l  2nr3 a 2ar'3

where we have used the relations r ' / r  — a / a  and afi — a 2. 
Substituting Equation (6.4.16) in (6.4.10) we finally have

u (P )  =
a (a 2 — a 2) 

4jt / ' /
** / ( 0 \  <p')(sin &')dp'd<p'

(a 2 +  a 2 — 2a a  cos(x, ©3/1

(6.4.16)

(6.4.17)

which agrees with the formula (6.3.23) for or =  1.

Neumann problem

By defining the G reen’s function G (x; ©  by the boundary value problem

- v2G(x; ©  =  s(x -  © , a c / a « | 5 =  o . (6.4.18)

we can extend the preceding analysis to the Neumann problem. Indeed, the 
integral equation that corresponds to (6.4.10) for the Neumann problem

—V 2u =  0 ,  x e  f t ,  d u /d n \s =  f  

«(*) =  jT<7(x; © / (©«fS .

(6.4.19)

(6.4.20)

Of course, the function /  must satisfy the consistency condition (6.2.28).
Finally, let us consider the interior and exterior Dirichlet problems for a 

body S enclosed within a surface £ :

V2n, = 0 , * € f t f . “.|s =  / . (6.4.21)

V2u« = 0 , x e  Re, (6.4.22)

The Green’s function G (x; ©  satisfies the auxiliary problem (we absorb the 
factor 4rr in G):

2 2

IS

—V 2G =  4jt4(x — ©  , C | j . = 0 . (6.4.23)
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We now follow the same steps as we did in deriving the formula (6.2.25). Thus, 
from the relations (6.4.21) through (6.4.23), we obtain

/(x ) =  £ G (x ;0 < T ( t )d S ,  

which reduces to (6.2.25) for an unbounded medium.

(6.4.24)

Mixed boundary value problems

A mixed boundary value problem consists of giving one type of boundary value 
on a part 5i of 5 and a different type on the rest of S (say, Si). Example 1 of 
the previous section is a mixed boundary value problem inasmuch as we have 
prescribed the value u — v on the part of the surface z =  0 ,0 < p < a, whereas 
the values for (he surface 2  =  0, p > a are different. In addition to the methods 
previously explained, we can also use the following technique for converting 
such problems into an integral equation.

Consider the mixed boundary value problem

VJu =  0 , x € R , (6.4.25)

« =  /] (* ) . x € 5 j , (6.4.26)
du

X  €  S2 . (6.4.27)

The Green’s function approach will immediately present us with the solution if 
we know either u on Si  or Bu/Bn on S \ . It so happens that it is necessary to look 
for the missing values of Bu/Bn rather than u as soon becomes clear.

Let 4>(x) denote the value of du/Bn (hitherto unknown) on Si. Thus, in 
terms of the Green’s function G(x, O  of the Neumann problem, we find from 
Equation (6.4.20) that

«<*) =  F, (x) +  f  G(x, 04> (i)dS , (6.4.28)
Js,

where

F ,(x )=  f G ( x , O h ( O d S ,  (6.4.29)
Js2

is a known quantity. When x approaches a point on Sj, Equation (6.4.28) yields 
the Fredholm integral equation

/i(x ) =  f , ( x ) +  f G{x,Z)<Ht)dS,  (6.4.30)
J s ,
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where both x and £ lie on S i .
Let us examine the same problem by setting u 

Equation (6.4.10) we obtain
=  <A(x) on S2 . Then from

«(X) =  F2(x ) +  J'' — ^ — * ( Z ) d S , (6.4.31)

where

F2(x) =  ~  Js A ( O d S , (6.4.32)

is a known function. Letting x approach S  w ill not help matters because this will 
bring in the function </> (x) on the left side o f Equation (6.4.31) and we would not 
have used the boundary condition (6.4.27). For using the boundary condition 
we should differentiate both sides of Equation (6.4.31) along the normal to S 2 
but then we do not get an integral equation. We encountered a similar situation 
in Equation (6.2.44).

6.5. Examples

Example 1. Electrostatic potential problem o f  a conducting disk bounded by 
two parallel planes. This problem is an extension of the problem considered in 
Example 1 of Section 6.3. We follow that notation and assume that the parallel 
planes are 2  =  b  and z  =  —c(f>, c >  0). The boundary value problem becomes

V 2V (p , <p, z)  =  0  in D ,  (6.5.1)

V(p,<p,0) =  f {H)(p) c o sm p , 0  < p ^ f l ,  (6.5.2)

V (p,y> ,2 ) =  0 , z =  b .  z =  —c ,  (6.5.3)

where D  is the region between the disk and the parallel planes.
The Green’s function G corresponding to this problem satisfies the auxiliary 

system

- V zG (x ;£ ) = 4 jt<S(x - £ ) .  G = 0  on z = b ,  z =  - c .
(6.5.4)

This function is found easily by the method of images. Indeed, for a positive 
unit charge at the source point £  — (t, vm.Z i ), the image system consists o f 
positive unit charge at the points (see Figure 6.5)

&  =  [t.V>i,2n(b +  c) +  z i), *  =  ±  1 ,± 2 ......... (6.5.5)
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-4 c -2 t> -i, -2 c-2 6  ♦ r  - 2 c - 1 , c - - c O  i,  c -»  2 » - i,  2 » * 2 c* l, * » » 2 c -i,

F igure 6.5

and negative unit charge at points

=  {r,<p1,2 f l ( 5 - t - c ) - 2 c - 2 i ] ,  n =  0, ±1, ± 2 ......... (6.5.6)

The value of the Green’s function therefore is

- sV S f V  £  n V - t  i dc i  • «“ >
The next step is to use the identity

V I* - Z \ — [  V o ( p n r ) e x p ( -p |z - 2 i |) tfp , 
Jo

(6.5.8)

where m  = [p2 + t2 — 2p t  cos(<p — <?\ )] '/2. Then, the relation (6.5.7) takes the 
form

G(x; O  = ( l / |x  — (I) +  f  J0(.pm)
Jo

-0 0

+  ' £ e x p ( - p \ z - 2 n ( b  + c) - z , | )
-1
00

-  £ e x p ( - p | z  -  2n(b + c) +  2c +  z i|)

£ e x p ( - p | z  - 2 n(b  +  c) -  z | |)

0
—oo

-  £  e x p ( -p |z  — 2n(6 +  c) +  2c -I- Z] |) d p  . (6.5.9)

After summing the geometric series that occur in relation (6.5.9) and slight 
simplication, we obtain

C (x ;«  =  j 7 Z j \ + l
e-^^ -tP js in h  p (z  -  b)] -  g-t»-«i>P[s inh p ( z  +  c)]

sinh p (b  +  c)
d p  . (6.5.10)
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Finally, the result of using the expansion of Jo(pzzr),
00

J0{pm)  =  -  «o)[cosr((p -  <p\)\Jr(pp)J,(pt), (6.5.11)
rs=0

in Equation (6.5.10) is

1 00
C(x; ^  =  TTTTi +  5 2 (2 _  *o-)[c o s r ^  “  <P\)Gir)( p ,  t , 2 , 2 ,) ,  (6.5.12)

|X rasQ
where

G{r\ p , i , z , z t) = rJ 0 1 e~fle+;i)[sinh p(z  -  b)] -  e~',<t- 2i)(sinh p(z +  c)] 
sinh p(b  ■+• c)

x J,(pp)J ,(p t)dp  . (6.5.13)

To derive the integral equation, we multiply Equation (6.5.1) by G and 
(65.4) by V , follow the routine procedure, and get

If f dV dG\
v ^ - z ) - ^ L A G ^ - v ^ ) ds' (6-5u)

where S* and J '  are the upper and lower parts of the disk, respectively. On 
the surfaces S±, the value of the outward normal is T d/3z,, respectively. Using 
this fact and the boundary conditions (6.5.2) in (6.5.14), we have

f M (p)cosn<p = f  f  t a {m)(t)G(p, iip,Vi.O,0)(cosnVl)d<p,di,
Jo Jo

(6.5.15)
where p w,(/)cos#i<ai =  (1/4jt)(3V /32 |+ -  3V/32|_). Setting spi — v> =  Vr. 
and following the steps that led us from Equation (6.3.2) to (6.3.4), we obtain

, » < « . / •  / * i f = £ 4 t -
Jo Jo 1̂

+  f  t<r<">(f)[2jrC(", (p .r ,0 ,0 ) ] d r ,
Jo (6.5.16)

where we have substituted the value of G as in (6.5.12). This equation can be
written as _a

f ( p ) =  ra '" , (t)/Ci(<.p)dr, (6.5.17)Jo
where

r2* cosn\tr d\j/ , v
*.< '■ '> =  /„ [pz + l 2 _ 2 p l^ y n + ^ \ P, l0 ,0 ) . (6.5.18)
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When b -*  oo, c -» oo, we recover Ihe formula (6.3.4).
For an annular disk of inner radius b and outer radius a, the formula that 

corresponds to Equation (63.17) is

f<”\p) =  J^ t o (,,H l)K i(t,p)d l (6.5.19)

with the same kernel as in (6.5.18).

Example 2. Electrostatic potential problem o f  an axially symmetric conductor 
placed symmetrically inside a cylinder o f  radius b. We again take cylindrical 
polar coordinates {p, ip, z) with origin at the center of the conductor and z axis 
along its axis of symmetry (which is also the axis of the cylinder). For simplicity, 
we take V on the surface 5  of the conductor to be unity. Then, from the relation 
(6.4.24), we have the Fredholm integral equation of the first kind

=  J  G ( x \ i ) o ( Q d S , (6.5.20)

which G satisfies the system

- V 2C =  4 * 5 ( x - { )  G =  0 on p  =  b .  (6.5.21)

I n terms of  cylindrical polar coordinates, the differential equation for G becomes 

1 3 (  3 G \  1 32G 32G 4*
- p T p \ p ^ r ^ w + ^ = - z,) • ( t5 j2 )

where <pj—<p = <lf. From the definition (6.4.2) of the Green’s function, we know 
that

G ,(x ; O  =  G(x; 0  -  ( l / |x  -  * |) (6.5.23)

is finite in the limit as* —> ( .  We can calculate the solution of Equation (6.5.22) 
by taking the Fourier series expansion

G(x\ ( )  =  J ^ ( 2  -  io rX co sriJr)^* '^ , t,  z, Zl) , (6.5.24)

where

'Lg <n =  (1 /2*) G(x; £)(cosr f M  .

Multiply the differential equation (6.5.22) by (1/2n ) c o s r f  and integrate with 
respect to f  from 0 to 2* . The result is

\ k  (pTPgi,)) - +1 ? = - zi) • (6125)
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Next, we take the Fourier transform of Equation (6.5.25) by setting

=  (2 r r r1' 2 ^  e*’g ^ d z  ;J-00
g('> = (2rr)-1/2 f e~ip‘T(g(r))dp .

J -00

The system (6.5.21) becomes

(6.S.26)

P2^ T ( g « r>) +  P ^ T ( g < r)) -  (p2p 2 +  r 2)7 V '> )

V2
‘p -A

e ^ '^ p  - 1), r ( g (,) =  0 , p =  b .
(6.5.27)

This boundary value problem can be easily solved by the method and notation 
of Chapter 5 and the solution so obtained is then inverted to yield

g {r} =  (1 /jt) J ™  e",,’| - I)(K ,(pp ,)/,(pp< )

-  [K,(pb)/IApb)]lripp)IApt))dp,  (6.5.28)

where l,  and K, are modified Bessel functions. Finally, from Equations (6.5.24) 
and (6.5.28), we find the value of G :

G(x; ( )  =(1/71)22(2  -  JorKcosrV') f e"*'1- 1'
rMI •/ —00

x (AC,(pp,)/r (pp<) -  [K,(pb)/l,(pb)]lr(pp)lr(pt)\dp .
(6.5.29)

When 6 -* oo, G = l / |x  — £|, and we have from Equation (6.5.29),

1/1* -  €1 =  (1 /*) y > 2  -  ao-KcosrV') f e"’(' 1- , ,K ,(pp>)/,(p p<)</p .
r-0 / “

(6.5.30)
Combining Equations (6.5.29) and (6.5.30), we have

G(x; 0  =  ( l / |x  -  €1) +  £ ( 2  -  io.)(cosrV.)C(,)(P, I. z, z , ) , (6.5.31)
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where
/ oo

e~,p{t~, ')lr{pp)lr(Pt)[Kr{pb)/l'(pb))dp
■00

= ' (1/7r) [ i  e~iPU~*') Upp) Ir  (pt)[Kr (pb)/Ir (pb)]dP

+  f  eiPir~r,)(r(PP)lr(pt)[Kr(pb)/It (Pb))dp\ .
J~eo ■* (6.5.32)

Changing p  to — p  in the second integral and observing that

I A - z )  = ( l)r/r(z), K r( - z )  -  i - l Y K A z ) .

and hence Kr {~pb)/Ir (~pb)  =  Kr (p b ) / l ,  (pb), we have from Equation (6.5.32)

C " V ,  , „ >  =  - « * >  j f "  [ * a g > y w ]  .

'  (6-5.33)
So far, we have not used the fact that the conductor is axially symmetric. 

For an axially symmetric body, the Green's function is independent of <p. That 
leaves only one term in the series (6.5.31):

< 7 ( x ;  0  =  ( l / | x  -  € | )  +  G ( 0V z i > (6.534)

Equation (6.5.34) is of the form (6.5.23). Substituting (6.5.34) in (6.5.20), we 
have the required integral equation. When b —► oo, we recover Equation (63.4) 
for /< «V ) =  1.

6.6. The Helmholtz Equation

The discussion of the previous two sections can be easily extended to the case 
of the Helmholtz equation

(V2 4- k)u =  0 . (6 6.1)

The free-space Green’s function or the fundamental solution £ (x; () is the so­
lution of the spherically symmetric differential equation

- V 2£  -  XF. =  5(x -  4) (6.6-2)

which vanishes at infinity. Such a solution in three dimensions is

exp(ilx-C lV X ) t ' 1*
E i o  = 4rr(x -  0

=  5 _ _  . ( 6 .6 3 )
4rr r
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We have the following possibilities.

(i) When A. is a complex number, then is selected to be that root o f A 
that has a positive imaginary part so (hat E  vanishes exponentially at infinity.

(ii) When A is real and positive, that is, A =  k 2, k  real, the solution

exp(/* |x  -  £ | _  e‘kr 
4rr r

£(x;0 = (6.6.4)
4tt|x - £ |

is selected such that */k  =  k  > 0. This represents an outgoing wave if we adjoin 
the factor e~‘kl.

(iii) When A is real and negative, we again choose ■/!. in Equation (6.6.3) to 
be the square root o f A that has a positive imaginary part for the same reason as 
in (i). For the particular case A =  — k 1, where k  is real and positive, the formula
(6.6.3) becomes

£ (x ; £) =  e~kr/ 4 n r  . (6.6.5)

The solutions that correspond to Equations (6.6.3), (6.6.4), and (6.6.5) in 
two dimensions are

( f ^ H ^ d x - d V A ) ,  (i/4)W g1)(A|x -  £ |) ( l /2 t r )K 0(* |x  -  * | ) .

respectively. Here, the functions / / q1* and Kq are the Hankel and modified Bessel 
functions, respectively.

The integral representation formula for the solution o f the inhomogeneous 
equation

(V 2 — k 2)u  =  —4tr p  (6.6.6)

is obtained from the relations (6.6.2) and (6.6.6) by using Green’s identity and 
is readily found to be

U( x ) =  f  E f l l d V - —  I  u ~  W  +  j -  [  — T d S ‘ (6 6 7)J r  r  4n  J s  dn \ r  /  4 n  r  dn

The interpretation of these integrals as volume, single-layer, and double-layer 
potentials is the same as for the corresponding formulas in Section 6.2. The 
properties o f these potentials are also similar. For instance, the formulas that 
correspond to Equations (6.2.7) and (6.2.8) are

3u l
3n

where

= ^ 2 n a ( P )  + (6.6.8)

u =  J o ( Q ) ^ ~ —  ̂ j d S  . (6.6.9)
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Similarly, the formulas that correspond to Equations (6.2. 10) and (6.2.11) are

m|a  = ± 2 rrT (P )  +  j f  T (C )^ (e -* 7 '-)< * S . (6.6.10)

where

“ ~  f s X^ J n ^ e~k *r d̂ S  ' (6.6.11)

The rest of the notation is the same as in Section 6.2.
The integral representation of solutions of the exterior and interior Dirichlet 

and Neumann problems is achieved in an analogous manner, as evident from 
the examples of physical interest that are presented in the next section. We end 
this section by mentioning the so-called Sommerfeld radiation condition. A 
three-dimensional solution of the Helmholtz equation (V2 +  k2)u =  0  is said to 
satisfy the radiation condition if

lim r — i k u ^ =  0 ,  (6.6.12)

r -* oc. Physically, this condition implies that there are no incoming waves 
from infinity. In two dimensions, the corresponding condition is

lim -Jr -  iku^j =  0 , (6.6.13)

as r —► oo. The free-space Green’s function satisfies the radiation condition.

6.7. Examples

Exam ple 1. Acoustic diffraction o f  a plane wave by a perfectly soft disk. We 
follow the coordinate system and notation of Example 1 in Section 6.3. Further­
more, we assume the time dependence o f  the form e-1" '  for the wave function 
involved in the problem and omit this factor in the sequel. The time-independent 
part of the velocity potential u is

u(p, tp, z) =  Uj{p, z) -I- u ,{p ,  <p, z ) , (6.7.1)

where Uj and u,  denote the velocity potentials o f the incident and diffracted 
fields. All three functions occurring in Equation (6.7.1) satisfy the Helmholtz 
equation. The boundary value problem is

(V 2 -f k 2)us — 0 , (6.7.2)

Ui(p,<Pi,0) +  uAp.<P.0) = 0 ,  (6.73)
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«j and dus/d z  are continuous across z =  0 ,  a < p < o o , (6.7.4)

and it, satisfies the radiation condition at infinity. The fundamental solution E  
that satisfies the equation

- ( V 2 +  k2)E  =  i(x  -  © 

as well as the radiation condition, is 

exp(t'*|x -  ©)

(6.7.5)

£ (* ;©  = 4 jt|x - ( |
expik{p2 + t2-  2pt[co&(<p -  <p{)] +  (z -  z i)2)l/2 

4rr [p2 + l2 — 2pr[cos(y> — <p,)] +  (z -  Zi)2),/2 '
(6.7.6)

Multiply Equation (6.7.2) by £ ,  (6.7.5) by u„  substract, integrate, use 
Green's second identity, and obtain

[  /  3 u, 3 E \
“• w  "  ( £  ̂  —  t o ) " -  i6-7-7)

where 5 + and 5~ are the upper and lower surfaces of the disk, respectively. On 
5*. we have 3/3n =  :f3 /3z, respectively. Thus, Equation (6.7.7) can be written 
as

f  f 2* T r- 3“l 3 £ l  ,

=  -  /  /  /<t(»,«>i ,0 )E | ^d ip id t ,  (6.7.8)
* /o  ./O

where we have used the fact that u, =  —u, on both sides of the disk and where

( 3ut  I 3it, I \
-t 'H  )9z lr,=o+ 32  l x , - 0 - /

(6.7.9)

When we apply the boundary condition (6.7.3) in (6.7.8), we get

__1_ f* r 2’  rg ( t ,  » i ,  0)expik[p2 +  r2 -  2pt cos(y -  y,)1'/7 
U‘ P' <f' An J0 J0 [p 2 +  <2 _  2pf cos(y> -  y>,)]i/2 '

x  (6.7.10)

In view of the Fourier superposition principle, we can assume that U j ( p  <p z )
and a (p ,< p )  are o f the form  uJ'V p , z )  co s  nip and 2 o M (p)cosn<p,  respectively.
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Then, proceeding as in the steps that led us from Equation (6.3.2) to (6.3.4), we 
obtain from (6.7.10) the integral equation

«;” (/>,0 ) =  f  t o ln)( t )K i ( t , p ) d t , (6.7.11)
Jo

where the kernel K\ (/, p) is

1  f 2* expikfp2 + t2 — 2 p c o sd f) ,/2
J i tU .p )  — —  I — 7 -5 ------ ;— =----------7 7 ^ 5 — cosnV' di> . (6.7.12)2n J0 (p2 +  r2 -  2pt  cos tA)1/2 Y Y ;

The integral equation (6.7.11) is the required Fredholm integral equation of the
first kind which embodies the solution o f the boundary value problem (6.7.2)
through (6.7.4).

For an annular disk with inner radius b and outer radius a, the corresponding 
integral equation is

«!")(P ,0 ) =   ̂j °  i a M K xU .p )d t  . (6.7.13)

Example 2. Torsional oscillations o f  an elastic half-space. In terms of cylin­
drical polar coordinates, the axially symmetric boundary value problem

d2V 1 
dp2 + p

dv
9p

u 32v 2 2 a>2d a 2
k  s s -------- ,

M
(6.7.14)

v =  U p , z =  0 , 0 < p ^ l , (6.7.15)

dv/dz =  0  2 =  0 , f> >  1 , (6.7.16)

embodies the torsional oscillations of an homogeneous and isotropic half-space 
that occupies the region z  ^  0. A disk o f radius a is attached to it and is 
forced to execute torsional oscillations with period 2n/a>. All lengths are made 
dimensionless with a as the standard length, so that the disk occupies the region 
z =  0, 0 ^  p  <  1. The quantities d  and p. are, respectively, the density and 
shear modulus o f the elastic material, whereas A is a dimensionless parameter.

It is easily verified from (6.7.14) that the function w (p , <p, z),

w(p,<p,z) =  v ( p , z )  cosy, (6.7.17)
satisfies the Helmholtz equation

(V 2 +  k2)w  =  0  . (6.7.18)

The Green’s function that corresponds to this boundary value problem satisfies 
the auxiliary system

(V2 +  *2)G(x; ©  =  —An61% -  ©  , (6.7.19a)

/
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3G
3z, =  0, (6.7.19b)

where, as before, x =  (p, y>, z) and { =  (/, <p>, Z]). Again the method of images 
gives us the value of <7

. „  expitr expj'Jkr'
g(x; O  = (6.7.20)

where r =  |x -  £|.r ' =  I* — £ l, and £  is the image of £ in the plane z =  0, that 
is, £  = (r, <pi, -z i) .  Thus,

r =  (p2 +  r2 -  2pr[cos(y> -  y>i)] +  (z -  Z])2}1/2 , 

r' =  {p2 + 12 -  2pr[cos(y> -  <i>i)] +  U +  zi)2)1/2 .
(6.7.21)

The differential equations (6.7.14) and (6.7.19) present us with the integral 
representation formula by the routine procedure. The required relation is

w =  v(p,z) cosy>
1 f  f  1

(6.7.22)

Applying the boundary conditions (6.7.15), (6.7.16), and (6.7.19b) in (6.7.22) 
and using (6.7.20), we have

1 / '
fipcos<p =  —  ^

f  ** expiA[p2 +  r 2 -  2pcos(y  -  y ^ i/z 
X JB [ p 2 +  r 2 -  2 p r  cos(y> -  i ^ ) ] i 7 2  cosyi|dy>i</r,

where
3u I

lz,«0

(6.7.23)

(6.7.24)

Set *>, -  v> =  proceed as we did in the relations (6.3.2) through (6.3.4), 
and obtain

= 0 < p < i ,  (6.7 2 5 )
where

1C,(l
I f 2* expik^p1 + t 2 ~  2pt  cos frji/a  

* ^  / 0 (p2 +  /2 -  2pf cos d-fi . (6.7.26)
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Finally, we use the identities [66]

expik (p2 + t2 — 2pt cos VQ1/2 _  f 00 pJo[p(p2 +  t2 -  2pt  c o s ^ ) , / l ] 
(p2 + t 2 -2 p tc o s i / / ) ' r t  J0 y

where

Y

and

dp.
(6.7.27)

- I

—i(k 2 — p 2) l , i  , k ^ p

(P2 -  k 2) ' /2 , p ^ k

Jo[p{p2 + t 2 ~ 2 p t c o s ^ ) i/2] = ^ ( 2 -  S o r H c o s r W ' i p r i J ^ p , )  (6.7.28)
r*«0

in Equation (6.7.26), use the orthogonality property of cosine functions, and 
derive

K i ( t , p ) =  I ( p f Y ) J d p p ) J \ ( p t ) d p  . (6.7.29)
Jo

When k -*  0, we get the corresponding integral equation for the steady rotation 
o f the elastic half-space, and (6.7.29) becomes

* i U . P ) =  f  J \ ( p p )J i (p t ) d p  , 
Jo

(6.7.30)

For the case o f an annular disk with inner radius b and outer radius a, the 
integral equation that corresponds to Equation (6.7.25) is o f  the form

Qp -t: t<t>(t)K\{t, p )d t , b <  p  <  a . (6.7J1)

Exam ple 3. Steady Stokes flow in an unbounded medium. The Stokes flow 
equations

V2q  =  V p ,  V • q  =  0 (6.7.32)

govern the slow steady flow of incompressible viscous fluids. These equations 
have been made dimensionless with the help o f the free-stream velocity u and a 
characteristic length a inherent in the problem. The quantities q  and p  stand for 
the velocity vector and pressure, respectively.

(a) T ranslational m otion. Let S  be the surface o f a solid B  moving in the 
fluid; then the boundary conditions are

q(x) =  e i , x € S , q(x) = 0  as x —► o o , (6.7.33)

where e] is the direction o f motion of B ,  taken to be in the x i direction. The 
boundary value problem (6.7.32) through (6.7.33) can be converted into a Fred­
holm integral equation o f the first kind by defining the Green’s tensor Ti (or
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Tut) and Green's vector pi (or p ty), which satisfy the mathematical system

V2T, -  Vp, =  —Ii(x  -  0  , (6.7.34)

V T i = 0 ,  Ti -+ 0 a s x - * o o ,  (6.7.35)

where I =  i j;, the Kronecker delta.
It follows by direct verification that the system (6.7.34) through (6.7.35) has 

the representation formulas

T] =  (l/8 jr)[IV 2d> — grad grad 0 ] , pi =  —(l/8ir)grad V20 , (6.7.36)

V40  =  V2V20  =  - 8 jtS(x -  i ) . (6.7.37)

The appropriate solution of the biharmonic equation (6.7.37) is 0  = r  = |x —£|. 
Thus,

T, =  (l/87r)[IV2|x -  ( |  -  grad grad |x -  41], (6.7.38)

p, =  -(l/8 rr)g rad  V2|x -  *| . (6.7.39)

The required integral equation formula now follows by taking the scalar 
product of Equation (6.7.32) by Ti and of (6.7.34) by q and using the usual steps 
of subtracting and integrating. In the integral so obtained, there occur terms 
T ■ Vp and q - Vp and they can be processed by using the identities

V (qpi) =  q V p r. V (pT,) =  T] • V p , (6.7.40)

where we have used the results V • q =  V ■ T] = 0 .  The final result is

q(x)=-  / ,  [ ( £  - pB) ■Ti - q • ( i t  - npi) ] ■ (6-7-41)
From Equation (6.7.34) and the divergence theorem, it follows that, if q is 
constant on 5, then Equation (6.7.41) reduces to

q(x) =  - ^ f T . r f S , (6.7.42)

where

t = T n ~ pa (6.7.43)

Finally, using the boundary condition (6.7.33)], we have the required integral 
equation

(6.7.44)e, =  -  j  t  T ,d S .

See Exercise 7 for further analysis.
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(b) Rotary motion. For ihe rotation of an axially symmetric body that is 
Totaling with uniform angular velocity Q about its axis of symmetry, the pressure 
is taken to be a constant and equations (6.7.32) become

V2q =  0 , p  =  a constant. (6.7.45a)

V q =  0 , (6.7.45b)
Let the 2 -axis of cylindrical polar coordinates (p, tp, z) be the axis of symmetry. 
Assuming that streamlines are circles lying in the plane perpendicular to Oz, then 
q has non zero component v(p , z) in the ip direction only and is independent of 
tp. The equation of continuity (6.7.45b) is thus automatically satisfied, and the 
equation of motion (6.7.45a) becomes

d2V 1 dv 32d 
+  -  —  + - - 5 = ° . (6.7.46)

oo.

dp2 p dp dz7 p L
which has been made dimensionless with a as the typical length and Qa as the 
typical velocity. The boundary conditions are

v = p  on S , v =  0 ,  as (p2 +  z2)1/2

where 5 is the surface of the body.
From Equation (6.7.46) it is easily verified that

V 2{v(p, z) cos<p\ =  0 .

Accordingly, we can use the analysis of Section 6.2. The integral representation 
formula follows from (6.2.24) to be

o(p',z')cos<p'dS

(6.7.47)

(6.7.48)

, r , j ;
where R(p ,z;  p \  z ') is the distance between the points (p, z)  and {p \  z'). Using 
the boundary condition (47), we have the integral equation

a{p', z') cosip'dS
p  cos (6.7.50)

R(p,  z; p ’, z') 
where both the points (p, z) and (p \  z') lie on S.

Let us now present the solution of the preceding equation for some specific 
cases.

1. Prolate Spheroid. In terms of prolate spheroidal coordinates as ex­
plained in Example 4 of Section 6.3, integral equation (6.7.50) becomes (where 
we take a to be the standard length so that c =  e).

o(r?o) cos <podS
cU£02 -  1)0 -  I 2))1'2 =  f f R

(6.7.51)
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at * =  I d. Substituting the expansions (6 .3 .3 0 ) to (6.3.32) for 1 /R ,  <r(„0), and 
dS,  we have from Equation (6.7.51),

(1 -  tj2)>/2 =  - 4 n  co s< p p i ,  . i ( t  ,
fa ,  (n +  l)T P U l K G o)<7- (6.7.52)

where

vn ($0) =  .

When we use the relation, =  - ( 1  -  r,2y/2p ;(  ) we find from Equation 
(6.7.52) that

Thus

£71 =  (27TV,1( |o) ) ' 1 ,

o(£o. no) =

0 , for n >  2 .

• (6-7-53)

Substituting this value of the density in Equation (6.7.49) we derive the velocity 
field v ,

u =  - c n « 02 -  l ) 1*  (6.7J 4 )

and the tangential stress component t on the surface S  in the direction of <p 
increasing is

9 v
(6.7.55)

Furthermore, we know from the analysis of Section 6.2 that the source density 
«r(£o, do) on 5  is related to v as

4 r r a ( |0,qo) =  - P ^  ( j )  - (6.7.56)

Thus, x — —4rr f t a . From the value of the stress component, the value o f the 
frictional torque N  can be readily calculated. The result is

N  =  —8 rrJ/x J ^ p * o  d s ,

where C is the bounding curve o f 5  in the meridian plane. 
From Equations (6.7.54) and (6.7.55) we find that

N  =
\ 6 n f i c 1 (£p ~  I)

3 vj(£0)

(6.7.57)

(6.7.58)
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By taking the appropriate limits as explained in Example 3 of Section 6.3, 
we derive the values of a ,  v, and N  for a sphere of radius a as

and

a ( 9 )  =  — -— /*,' ( c o s d ) ,  
4 jt

Cla3 .
v(r, &. <p) — —=- sin d  cos q>,r*

N  =  — 8k  h  a3 .

(6.739)

(6.7.60)

(6.7.61)

2. O blate  Spheroid. By changing £ -*  I f , and c  -*  —ic , in the foregoing 
analysis we can derive the values o f  o ,  v and AT for an oblate spheroid. These 
values are

P /O jo)
-------------------J ---------------- (6.7.62)

2rr t ( ^  +  r)o)l/2ul ( | 0) '

N  =  -

(2 i( i |o )

16rr n  c3i +  1)

(6.733)

(6.7.64)

C ircu la r disk. When £0 
disk of radius c. Because

3 W tto)

0, the oblate spheroid reduces to a thin circular

P i d 5 ) U  =  «‘ . G l ( i « ) |{=0 =  J

we have from Equations (6.7.62) through (6.7.64),

a  =  l iZ J ? o )
7T2 V = -------$ ) .7T

E xam ple 4. Steady Oseen flow. The dim ensionless Oseen equations are

R d q /d x i  =  - V p  +  V2q ,  V q  =  0 .  (6.735)

q  =  C| on S ;  q  —► 0 as x —► o o , (6.7.66)

where 72 =  u a / v  is the Reynolds number, v  is the coefficient of kinematic 
viscosity, and a and u are the same quantities as defined in the previous example. 
The G reen’s tensor T  and G reen’s vector p  for this problem satisfy the system

72.3T/3X, =  - V p  +  V2T  +  I i (x  -  G , (6.737)

V • T  =  0 ,  T  0 as x -*• o o . (6.7.68)
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The corresponding representation formulas are

T  =  (1/8jt)[IVV -  grad grad <t>\, (6.7.69)

p =  —(l/8rr)grad [V20  -  R3«p/3x,]. (6.7.70)
V2(V2 -  TlB/3x,)4> =  -8nS(x  ~  ()  . (6.7.71)

To solve Equation (6.7.S1) for 0, we first use the formula 

V2(l / |x  -  £|) =  -4rrA(x -  £) (6.7.72)

in it and obtain

V2(V2 -  Kd/dx,)* -  2V2(1/|X -  €1) . (6.7.73)

Thus, if #  satisfies
V2* -  7M*/dJr, =  2/|x — £ | . (6.7.74)

then Equation (6.7.71) is satisfied.
On the other hand, we can also write (6.7.71) as

(V2 -  TC3/3jci)V20 =  - 8 jtS(x -  ()  . (6.7.75)

By setting
V2d> =  * (6.7.76)

and using the identity

(V2 -  <,2)(e - '< ''-6 '^ l  =  ( . - “ '- ^ [ V 2 -  2o3/3x,)yr, (6.7.77)

we can write Equation (6.7.55) as

(V2 -  ff2)(e- ' l*l-{,,t('] =  -8 ir f -“(' ,_f,)i(x -  () (6.7.78)

with cr =  m .  Now observe that by the nature of the Dirac delta function, the 
factor influences the equation only a tx , =  t i ,  where its value is unity.
Thus, Equation (6.7.78) yields

vr (x. o  =  V V  =  1 -  ?r)] } . (6.7.79)

From Equations (6.7.74) and (6-7.79), we obtain

■(6T80)
5

If we set
_  I* — £1 — (<T/|o|H*l - $ i ) . (6.7.81)
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we have

ds
dxi

(*i — £>)
I*-Cl

a
M

(*l -  gl)
I* -C l

\o\
a

|a |5

"I* “ Cl

Combining Equations (6.7.80) through (6.7.82) with

we And that

d<f>
3xi

d<t> ds 
ds dXi

d<p/ds = (1 - e - * * ) / \ o \ s

(6.7.82)

[k b
4> — (1/ICTI) /  l O ~ e - ' ) / t \ d t  

Jo
(6.7.83)

Thereby, the Green’s tensor T  and Green’s vector p  are determined.
The integral equation equivalent to the boundary value problem (6.7.65) 

through (6.7.66) is now found precisely the way we found the integral relation 
(6.7.41). Indeed, the present formula is

q(») =  - 1  [T ' ( S  -  -  ( £  -  <“ )  ' "  "  R<T " H " ’
(6.7.84)

where n i is the x\ component of the outward normal. When we use the boundary 
condition q =  ei on 5, Equation (6.7.67), and the divergence theorem, we obtain

or

J  T  f d S , (6.7.85)

where f is defined by Equation (6.7.43).
We return to these concepts in Section 11.3.

Example 5. Heat conduction. The boundary value problem

V 2u — k2u — —p (x ),
du

X € /? -  3n
=  0 (6.7.86)

embodies the solution of the heat conduction problem of an infinite expanse of 
material containing a cavity 5 on which the temperature gradient is zero. Our 
aim is to give the system (6.7.86) an integraNcquation formulation. For this 
purpose, we assume that u can be represented as the sum of a volume potential

j

i

i

J
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and a single-layer potential

4 jt u ( » ) =  f  p (S ) E ( x \Q d V  + f  cr(Z)E(x;i)dS ,  (6.7.87)
JR, J S

where £(x; £) =  [exp(—k|x — £ |)] /|x  — £| and a  is an unknown source density.
The next step is to take the norma) derivative of both sides of Equation 

(6.7.87), let x approach S , and use relation (6.6.8). The result is

0 =  f  p(©
JR, dn Js 3n

(6.7.88)

which is a Fredholm integral equation of the second kind in o(x).
The reader who is familiar with the theory of heat conduction is advised to 

formulate the corresponding problem of the composite medium into a Fredholm 
integral equation of the first kind.

Exercises

1. Show that when S  is the surface of a unit sphere (a) the solution of the integral 
equation

pz  cos <p =  L < r(P i.* i) |x -€ l 'cos<0, dS  

iso  =  (S /1 2 )f>2l (cos^)t (b) the solution of the integral equation

( l /2 ) p z J c o s^  = (3 /8 rr)  f  P ^ fco sP JIx  -  £| cosipi, </S

+  J  o (p ,, z i ) lx  — £|-1 cosy>,dS

iso  =  (l/47r)[(3/2)/V (cos0) +  (7 /15)£5I(cos0)].
In the preceding relations, (p, ip, z) are cylindrical polar coordinates.

Hints: (i) Use the formula

'X ~ = " 2^ )  * V”(CM V) ’
where

x  =  r < / r ,  , r< =  min(r, rt ) , r ,  =  max(r, r t) , 
cosy  =  cos6 cos8\ +  sin6 sin0) cos(v> — »>]).

and (r. <p, 9 )  and ( r i , < p \ , 6 { )  are the spherical polar coordinates o f  x and £,
respectively.
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(ii) On the surface of the unit sphere, p  =  sin 6 t z  — cosB.

2. Show that the solutions o f the integral equations

and

p  cos <p — ^ c r (P i,Z i) |x  -  € |“ ‘ cos <ptd S  

0 =  j f  o '( p , , z j) |x  -  cos <p\dS

\Lct(p i , Z])|x -  £| c o s ip \d S ,

where S is the surface o f a thin circular disk of unit radius, are

a  =  2 p /x 2( l -  p 2) l/2 and o '  =  p (2  -  p 2) / 3 x 2( l  -  p 2) i/2

3. Starting with the Cauchy integral formula for an analytic function 

f(z) =  (1/2*1) J j f iD /U - z ) ] d t ,

where C  is the circumference |z| =  a and z is in the interior of C , and using the 
formula

0 «  (1 /2x7) jf ( /< i) / f  -  z * ) ]d t , z* =  a2f z ,

which is a result of the Cauchy theorem because the image part z* (of z) is 
exterior to C , derive the Poisson integral formula in a plane:

a 2 ~ P 2 C2* f ( a ,0 )d &
2jt / 0 a 2 — 2dp(cos(d — #>)) +  a2

4. Discuss the single-layer and double-layer potentials in two-dimensional 
potential theory by starting with the formula

£ < x ; 0  =  ( l / 2 * ) l o g ( l / l x - £ | )

instead o f (6.2.2). Use these results to prove that the solution o f the interior 
Dirichlet problem in two dimensions can be w ritten as

w(x) =  J  [(cos VO/|x -  €1 ]r (Q < K .

where ifr is the angle between (x — O  and o; and d l  denotes the element of the 
arc length along the curve C.

5. (a) Let a rigid obstacle be placed in a plane-parallel flow o f an ideal fluid. The 
velocity potential o f the undisturbed flow is u, =  x .  T he total velocity potential
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u =  «f +  Uj, where u,  is the secondary potential created by the presence of the
obstacle. Then the boundary value problem is

V2« = 0 , * 6 * , ; x e S ,  u ^ - t i , ,

or

V 2us =  0 , x €  R e ;
3u, 3uj 
3 n 3 n '

* € S , =  0

Reduce this boundary value problem to the Fredholm integral equation of the 
second kind:

2«j(x) =  r(x ) — 2 /" r ( f ) — ^  d S , x e S ,
Js dn

where r(x ) =  u(x) is the double layer density.

(b) By following the analysis of Example S of Section 6.3, discuss the flow 
of an ideal fluid past a prolate spheroid and an oblate spheroid. You shall find 
the mathematical steps as given in Example 3(b) in Section 6.7 very helpful.

6. Proceeding as in Example 1 of Section 6.7, show that the following boundary 
value problem,

(V2 +  k 2)u,  = 0 ,

3 u ,/3 z  — —dui/d z  on :  =  0 , 0  <  p ^  o ,

u , and 9us/d z  are continuous across z =  0 , a < p < oc , 

and u,  satisfies the radiation condition, reduces to the integral equation

3k, 
3 z (/>,*>, 0)

expikjx  -  (I

I x - € l )] d ip id t ,

where a(i)  =  (1 /4 rr)(u ,| ^  — u J |I_0_)- This boundary value problem em­
bodies the solution of the diffraction of a plane wave by a perfectly rigid, circular 
thin disk.

7. (a) In Example 3 of Section 6.7 we have derived the integral equation (6.7.44) 
for the translational motion of a body in Stokes flow. Solve this integral equation 
for a prolate and an oblate spheroid as we have done for the rotary motion.

(b) Prove that the integral representation formula when the fluid is bounded 
by a vessel S  is

q{x) =  - L [ ( r n - pn)  T - q ( ^ - np) ] d s ■
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Substituting the boundary condition q =  ei on S  gives the Fredholm integral 
equation

ej =  -  J  t - T d S  .

Here, T  satisfies the boundary value problem

VzT - g r a d p  =  I«(x -  $  > V T  =  0 , T  =  0 on L .

8. The dimensionless equations of eiastostatics are

(k +  jx)grad t? +  m^ 2** =  0 , & =  div u ,

where u («,. i =  1,2, 3) is the displacement vector, and k  and /u. are Lam6 con­
stants of the medium. The preceding equations have been made dimensionless 
by introducing a characteristic geometric length a.

Consider the uniform tranlation of a light rigid body B with surface S, which 
is embedded in an infinite homogeneous and isotropic medium. Prove that the 
corresponding Green’s tensor T ] and Green’s dilation vector 0 |  are given by the 
formulas

3 ^  Sjj ^  k  +  fi (Xi -  -  $j)'
8 n '

th i  =

2ix |x — <| k + 2n

[£ $ ]■
l x - 0 3 >]•

4rr k  +  2(jl

Also prove that the integral representation formula is

u(/>) =  +  ^ D]

“ t  dn
+  (X -+■ I } dS]|

Using the boundary conditions

u =  (do/fl)« on S ; u —*■ 0 at oo ;

where do is the magnitude of the translation and e is the unit vector along 
translation of B, show that the Fredholm integral equation that embodies 
solution of the preceding problem is

(d0/ f l ) e =  -  j f f -  T}d S ,

where
f  =  n(dM/dn) + (k  ■+■ n )  =  d n  .
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Extend the preceding results to a bounded medium.

9. Proceed as in Example 1 of Section 6.3 and Example 1 of Section 6.7 and 
give the corresponding integral-equation formulation of these problems for a 
spherical cap. The integral equation for the electrostatic problem is solved in 
Section 10.5.

10. The Schrtidinger equation

V V (x) -  (2m/hJ)V(xW(x) +  *V (x) =  0

with boundary condition that yr(x)exp(—iE t /h )  represents an incident plane 
wave, with wave vector ko, as well as the condition that we have an outgoing 
wave as x -» oo, describes the quantum mechanical theory of scattering by a 
potential V (x). Here, k2 = =  2mE/h2, and other quantities have their usual
meaning.

Use the method of Section 6.6 and prove that we can transform this scattering 
problem into the integral equation

Find its solution by the method of successive approximations (the approximation 
obtained in this way is called the Bom approximation).



CHAPTER 7

Symmetric Kernels

7.1. Introduction

A kernel K (s,t )  is symmetric (or complex symmetric or Hermitian) if

K (s , t )  =  K * (r,j) , (7.1.1)

where the asterisk denotes the complex conjugate. In the case of a real kernel, 
the symmetry reduces to the equality

X (s,r) =  K (f,s) . (7.1.2)

We have seen in the previous two chapters that the integral equations with sym­
metric kernels are of frequent occurrence in the formulation of physically moti­
vated problems.

We claim that if a kernel is symmetric, then all its iterated kernels are also 
symmetric. Indeed,

X2(s ,t) =  J K (s ,x )K (x , t )d x  = J K*{t,x)K*Oc,s)dx = K U t . s ) .

Again, if K„(s, t ) is symmetric, then the recursion relation gives 

K„+i(s ,r) =  f  K (s ,x ) K „(x, t)dx

=  f  O .  x ) K ’ (x, s)dx  =  * ; +1(r, s ) . (7.1 j )

The proof of our claim follows by induction. Note that the trace K(s,s) of 
a symmetric kernel is always real because K (s, s ) =  K*(s, s). Similarly, the 
traces of all iterates are also real.

Complex Hilbert space

We present here a brief review of the properties of the complex Hilbert space 
C2(a,b), which is needed in the sequel. This discussion is valid for teal £ 2-space 
as a special case. A linear space of infinite dimension with inner product (or 
scalar product) (x , y)  which is a complex number satisfying (a) the definiteness 
axiom (x ,x) > Oforx yt 0;(b) the linearity axiom (a x j+ ^ x j .y )  = a (x j,y )+

i«



7.1. Introduction 147

0{x2, >)■ where a  and 0  are arbitrary complex numbers; and (c) the axiom of 
(Hermitian) symmetry (y, x)  =  (x , y ) ’ \ is called a complex Hilbert space.

Let H  be the set o f complex-valued functions 0 (f)  defined in the interval 
(a, b) such that

|0 ( f ) |2df < oo ./ ' (7.1.4)

Furthermore, let us define the inner product by the bilinear form (1.6.1):

= J  . (7.1.5)

Then, H  is a complex Hilbert space and is denoted as£ 2(a, b) (or C2). The norm 
1101) as defined by Equation (1.6.2):

110II =  { J  I0(OI20<)

is called the norm that generates the natural metric

1/2
(7.1.6)

d (0 , 0r) =  ||0  -  0r|| =  (0 -  0  -  0 ) " 2 . (7.1.7)

The Schwarz and Minkowskii inequalities as given by Equations (1.6.3) and
(1.6.4) are

i ( 0 ,0 ) l  <  11011 11011, (7.1-8)

10 +  0 !  11011 +  II011 • (7.1.9)

Also recall the definition of an £ 2-kerneI as given by Equations (1.2.2) through
(1.2.4) .

Another concept that is fundamental in the theory of Hilbert spaces is the 
concept of completeness. A metric space is called complete if every Cauchy 
sequence of functions in this space is a convergent sequence. If a metric space 
is not complete, then there is a simple way to add elements to this space to make 
it complete. A Hilbert space is an inner-product linear space that is complete in 
its natural metric. The completeness of £ 2-spaces plays an important role in the 
theory of linear operators such as the Fredholm operator K,

A 0 =  y  K(s,  r)0 (/)d r . (7.1.10)

The operator adjoint to K  is

/C >  =  j  A*(r,s)Vr(0dt ■ (7.1.11)
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/

The operators (7.1.10) and (7-1.11) are connected by the interesting relationship

which is proved as follows.

(K 4> ^) = j + ' ( s ) ^ j  K{s,t)<Ht)dt

- s
= f

4>U)

<Hs)

f
[J

K ( s , W ( s ) d s

K (t,  s)\lf*(t)dt

m / , s ) ^ ( l ) d f

= (<f>, Km\(f) .
For a symmetric kernel, this result becomes

(K<p, i -) =  ( * , * * ) .

ds

dt

ds

ds

(7.1.12)

(7.1.13)

that is, a symmetric operator is self-adjoint. Note that permutation of factors in a 
scalar product is equivalent to taking the complex conjugate; that is, {<p, K $) = 

<t>)*. Combing this with Equation (7.1.13), we find that, for a symmetric 
kernel, the inner product (K4>,4>) is always real; the converse is also true and 
forms Exercise 1 at the end of this chapter.

An ortfaoDormal system of functions

Systems of orthogonal functions play an important role in the theory of integral 
equations and their applications. A finite or an infinite set [fa j is said to be an 
orthogonal set if (d>,, 4 > j )  —  0, i /  If none of the elements of this set is a zero 
vector, then it is said to be a proper orthogonal set. A set is orthonormal if

1 0 ,  i ^  j  ,
< * ,* / ) *  . . .

( 1, i ~  j  .
The functions 4> for which ||^ || =  1 are said to be normalized.

Given a finite or an infinite (denumerable) independent set of functions 
1 . .  -, •}, we can construct an orthonormal set . . . .  )

by the well-known Gram-Schmidt procedure as follows.
Let 33 v^i/llv^i II• To obtain <fc, we define

>"2(5) =  to ( r )  -  (^2. 0 i)0 i •
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The function toj is clearly orthogonal to 0 j ;  thus, 0 2  is obtained by setting
02 =  u)2/||u>2 ll- Continuing this process, we have

k-l
«"*(*) =  0 *(s) -  £ ( 0 *. 0 .) 0 ; . 0 * =  «"*/ll«"*ll •

;=» i

We have, thereby, obtained an equally numerous set o f orthonormal functions. 
In case we are given a set o f orthogonal functions, we can convert it into an 
orthonormal set simply by dividing each function by its norm.

Starting from an arbitrary orthonormal system, it is possible to construct 
the theory o f Fourier series, analogous to the theory of trigonometric series. 
Suppose we want to find the best approximation of an arbitrary function 0 (x )  
in terms of a linear combination o f an orthonormal set (0 i, 0 2 , - • •, 0»). By 
the best approximation, we mean that we choose the coefficients a j ,  <*2 , . . . .  nr. 
such as to minimize | | 0  — or,0 , | |,  or, what is equivalent, to minimize

a »0 «H2-
Now, for any a » , . . . ,  a* , we have

0 - £ o r i0 1[ =  II0II2 +  £  |( 0 .0 r )  -  I2 -  £  1 (0 .0 ,) l2 • (7.1.14) 
i - i  H i - i  i - i

It is obvious that the minimum is achieved by choosing a ( =  ( 0 ,0 ,  ) =  a, (say). 
The numbers a, are called the Fourier coefficients o f the function 0 ( s )  relative 
to the orthonormal system (0.}. In that case, the relation (7.1.14) reduces to

" | 2 ■
0 -  ] T > 0 ,  |  = | | 0 | | z - £ > , | 2 . (7.1.15)

i-l U i-1

Because the left side is nonnegative, we have

*
£ l « ,-|2 II0II2 , (7.1.16)
isl

which, for the infinite set leads to the Bessel inequality

X > , l 2 <  II0II2 • (7.1.17)
r- i

Suppose we are given an infinite orthonormal system |0 ,(s ))  in £ 2, and 
a sequence of constants (a ;); then the convergence of the series |a , |  is
evidently a necessary condition for the existence of an £ 2-funotion f ( s )  whose 
Fourier coefficients with respect to the system 0< are a , .  It so happens that
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this condition is also sufficient and the result is embodied in the Riesz-Fischer 
theorem, which we state as follows without proof.

Riesz-Fischer Theorem. I f  (0,(s)} is a given orthonormal system of functions 
in Ci and (a,) is a given sequence o f complex numbers such that the series 

la »l converges, then there exists a unique function f  (s) for which at are 
the Fourier coefficients with respect to the orthonormal system (0 ,} and to which 
the Fourier series converges in the mean, that is,

|  / ( s )  -  <^0 , j  -► 0  as n - r o o .

If an orthonormal system of functions 0 ; can be found in ^ 2-space such 
that every other element of this space can be represented linearly in terms of this 
system, then it is called an orthonormal basis. The concepts of an orthonormal 
basis and a complete system of orthonormal functions are equivalent. Indeed, 
if any of the following criteria are met, the orthonormal set (0 ) , . . . ,  0 * ,.. .  | is 
complete.

(a) For every function 0  in Ci,

0  =  ■ (7.1.18)
i i

(b) For every function 0  in Ci,

,|0 „’ =  f > . < f c > l 2 - (7.1.19)
i=l

This is called ParsevaVs identity.

(c) The only function 0  in Ci for which all the Fourier coefficients vanish 
is the trivial function (zero function).

(d) There exists no function 0  in Ci such that ( 0 , 0 ] , . . . ,  04, . . .  ( is an 
orthonormal set.

The equivalence of these different criteria can be easily proved.
One frequently encounters Fourier series of somewhat more general char­

acter. Let r(t)  be a continuous, real, and nonnegative function in the interval 
(a, b). We say that the set of functions (0i) is orthonormal with weight r(t) if

f  I®* y #  i ,
f  r(f)0 y (O 0 ;(O d f =  (  j  j = k  (7.1.20)
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The Fourier expansions in terms of such functions are treated by introducing a 
new inner product

( * ,  *) =  j  (7.1.21)

with the corresponding norm

lid'll, = jJ  r(f)* (r)d*(i)d /j '  . (7.1.22)

The space of functions for which ||^  ||, < oo is a Hilbert space and all the preced­
ing results hold. Some examples of the complete orthogonal and orthonormal 
systems are listed in the following.

(a) The system & (s) =  (2w)_,/Je‘t* is orthonormal, where k is any integer
-oo  < k < oo.

(b) The Legendre polynomials

=  1 , />„(*) =
1 </’ (sJ -  1 )”

2"rt! ds" 
are orthogonal in the interval ( -1 ,1 ) .  Indeed,

<■' I 0 ,
Pj(s)PkU)ds =

n =  1 , 2 , . . .

(7.1.23)j  / * •
-i l 2 / ( 2* + 1 ) ,  /  =  * .

(c) Let or*,, denote the positive zeros of the Bessel function i„(s), * =  1 ,2 , . . . ;  
n > -1 . The system of functions JA<*k.xS) is orthogonal with weight r(s) =  s 
in the interval (0 , 1 ):

f 0 , ; # * .
J  s J A a l „ s ) J , ( a t . , s ) d s  =  |

; = * .
(7.1.24)

A Complete two-dimensional orthonormal set over the 
rectangle a ^ s ^ b ,  c ^  t  < d

Let (0i(s)) be a complete orthonormal set over a <  s < b, and let (y,,(r)| 
be a complete orthonormal set over c ^  t < d. Then, we claim that the 
set 4>i(r)V'i(r), ♦ tfsllM O . • ■ •. d^COlMO. • • • is a complete two-dimensional 
orthonormal set over the rectangle a < s < b ,c  ^  ^  d.

The fact that the sequence of two-dimensional functions {d>,(s)d'/(»)) is an 
orthonormal set follows readily by integrating over the rectangle. The complete­
ness is proved by showing that every continuous functionF(s, r) with finite norm 
||FJ, whose Fourier coefficients with respect to the set {d>j(s)t*>(r)| are all zero 
vanishes identically over the rectangle.
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For details on the results and ideas of this entire section, the reader is referred 
to [6],[64].

7.2. Fundamental Properties of Eigenvalues and 
Eigenfunctions for Sym m etric K ernels

We have discussed the eigenvalues and eigenfunctions for integral equations in 
the previous chapters. In Chapters 2 and 4, we found that the eigenvalues of an 
integral equation are the zeros of certain determinants. It may happen that no 
such zeros exist, so that the kernel has no eigenvalues. There are many kernels 
for which there are no eigenvalues. Consider, for example, the homogeneous 
equation (cf. Exercise 3, Chapter 2)

g(a) =  X j  (sin scos t)g(t)dt =  X(sins) j  g(t )costdt  . (7.2.1)

Its solution must clearly be of the form g(s) =  A sins. Substituting this in 
Equation (7.2.1) yields

A sins rins =  X(sins) /
Jo

A(sin t cos t)d t =  0 .

Thus, the kernel K(s, t )  -  s in sco sr (0 ^  s <  2jt, 0 <  /  <  2n) has no 
eigenvalues. For a symmetric kernel that is nonnull (i.e., that is not identically 
zero), the preceding phenomenon cannot occur. Indeed, a symmetric kernel 
possesses at least one eigenvalue. The proof is briefly discussed in Section 7.8,

An eigenvalue is simple if there is only one corresponding eigenfunction, 
otherwise the eigenvalues are degenerate. The spectrum of the kernel K  is the 
set of all its eigenvalues. In this terminology, the preceding assumption states 
that the spectrum of a symmetric kernel is never empty.

The following are some important properties of the symmetric integral equa-

X J K ( s , t )g( t )d t  =  f ( s ) , or X K g  — / ; K(s, t )  = K'{t , s) .
( 1.22)

1. The eigenvalues of a symmetric kernel are real. Let X and j ( s )  be an 
eigenvalue and a corresponding eigenfunction of the kernel K (s, t ). This means

no ns

<(>(s) -  kK<t>(s) =  0 . (7.2.3)
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Multiply Equation (7.2.3) by <p'(s) and integrate with respect to s from a to b 
and derive the relation

Because both the numerator and denominator are real, we have the required 
result.

2. The eigenfunctions of a symmetric kernel, corresponding to different 
eigenvalues, are orthogonal. If fa and fa  are eigenfunctions corresponding, 
respectively, to the eigenvalues A.] and kz,  we have

Since kz is real, the second equation in (5) may be written as<£j — kzK'<f>l =  0. 
Then, by suitable multiplication and integration it follows that

But K( s, t )  = K ’(t , s) ,  and the left side vanishes identically, and because 
5* k2, the right side becomes (fa,  fa)  =  0.

3. The multiplicity of any nonzero eigenvalue is finite for every symmetric 
kernel for which J f  |/C(s, r)| id s d l  is finite. Let the functions 0 u (r), fax(s),  
fa i (s ) . . .  be the linearly independent eigenfunctions that correspond to a nonzero 
eigenvalue k. By the Gram-Schmidt procedure, we can find linear combinations 
of these functions that form an orthonormal system {uaz I- Then, the correspond­
ing complex conjugate system (uJjJ also forms an orthonormal system. Let

!ld>(s)||2-M K * ,0 )  =  O

or

* =  ll<M*)ll2/ (K * ,* ) . (7.2.4)

4>\ — X]K<P\ =  0 , (^2 — — 0 . (7.2.5)

KU, l) ~  ^ 2 a iU\ ( t ) .

o, =  J K(s,  t)ua (t)dt = X~'ua (s)

be the series associated with the kernel K (s, r) for a fixed r. Applying Bessel's 
inequality to this series, we have

f \K(s , t ) \2dt  »  £ a - 1)2iin (f) |2 , 
J ii

,2 ,
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which, when integrated with respect to s, yields

JJ ms,t)\2dsdt > £ > - v . (7.2.7)

The right side of Equation (7.2.7) is wi(A-1)2. where m is the multiplicity of A.. 
Because the left side is finite, it follows that m is finite.

4. The sequence of eigenfunctions of a symmetric kernel can be made 
orthonormal. Suppose that, corresponding to a certain eigenvalue, there are m 
linearly independent eigenfunctions. In view of the linearity of the integral oper­
ator, every linear combination of these functions is also an eigenfunction. Thus, 
by the Gram-Schmidt procedure, we can get equally numerous eigenfunctions 
which are orthonormal.

On the other hand, for different eigenvalues, the corresponding eigenfunc­
tions are orthogonal and can be readily normalized. Combining these two facts, 
we have the required proof.

5. The eigenvalues of a symmetric ^ -k e rn e l form a finite or an infinite 
sequence {A„} with no finite limit point, if we include each eigenvalue in the 
sequence a number of times equal to its multiplicity, then

Let {u*00} be the orthonormal eigenfunctions corresponding to different 
(nonzero) eigenvalues Af. Then, proceeding as in the proof of Property 4 and 
applying the Bessel inequality, we have

Hence, if there exists an enumerable infinity of X,, then we must have 
i(A~ 1) 2 < oo. It follows that lim(l/A,) -> 0 and oo is the only limit 

point of the eigenvalues.

6 . The set of eigenvalues of the second iterated kernel coincide with the set 
of squares of the eigenvalues of the given kernel.

Note that the symmetry of the kernel shall not be assumed to prove this 
result.

Let A be an eigenvalue of K  with corresponding eigenfunction f ( s ) ,  that
is (/ — XK)<p =  0, where /  is the identity operator. When we operate on both

(7.2.8)
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sides of this equation with the operator ( /  +  k K) ,  we obtain ( /  — k 2K 2)<f> =  0

0(s) - * 7
K2(s,i)<t>{t)dt =  0 , (7.2.9)

which proves that k 2 is an eigenvalue of the kernel K 2(s, t ).
Conversely, let n  =  k 2 be an eigenvalue of the kernel K 2(s, r), with 4>(s) 

as the corresponding eigenfunction. Then, ( /  — k 2K 2)if> =  0 or

( /  -  k K ) ( I  +  kK)<(> =  0 . (7.2.10)

If k is an eigenvalue of K , then the preceding property is proved. If not, let us set 
(/ +kK)<p =  in Equation(7.2.10)and obtain ( /  —kK)tp'(s) =  0. Because 
we have assumed that k  is not an eigenvalue of K ,  it follows that <p'(s) = 0, or 
equivalently (1 + k t f ) 0  =  0. Thus, —k  is an eigenvalue of the kernel K  and the 
proof is complete.

We can extend the preceding result to the nth iterate. The set of eigenvalues 
of the kernel K„(s , t )  coincides with the set o f nth powers of the eigenvalues of 
the kernel K( s , t ) .

7. If A.) is the smallest eigenvalue of the kernel K,  then 

l / | l . , |  =  m ax [ |( /C 0 ,0 ) |/ ||0 ||]

— max [I// AT(s,r)0 (r)0 *(s)<ft<fs /  II0 II

or equivalently,

l/|X j| =  m ax|(K 0 . 0 ) |,  11011 =  1 .

(7.2.11)

(7.2.12)

This maximum value is attained when <p(s) is an eigenfunction of the symmetric 
^ 2-kernel corresponding to the smallest eigenvalue. For proof, see Section 7.8.

or

73. Expansion in Eigenfunctions and Bilinear Form

We now discuss the results concerning the expansion of a symmetric kernel 
and of functions represented in a certain sense by the kernel, in terms of its 
eigenfunctions and the eigenvalues. Recall that we meet a similar situation 
when we deal with a Hermitian matrix. For instance, if A  is a Hermitian matrix, 
then there is a unitary matrix V  such that V ~ ' A U  is diagonal. This means that, 
by transforming to an orthonormal basis of the vector space consisting of the 
eigenfunctions of A,  the matrix representing the operator A  becomes diagonal.
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Let K(s,  r) be a nonnull symmetric kernel that has a finite or an infinite 
number of eigenvalues (always real and nonzero). We order them in the sequence

in such a way that each eigenvalue is repeated as many times as its multiplicity. 
We further agree to denumerate these eigenvalues in the order that corresponds 
to their absolute values, that is,

be the sequence of eigenfunctions corresponding to the eigenvalues given by the 
sequence (7.3.1) and arranged in such a way that they are no longer repeated and 
are linearly independent in each group corresponding to the same eigenvalue 
Thus, to each eigenvalue A* in (7.3.1) there corresponds just one eigenfunction 
4n(s) in (7.3.2). According to Property 4 of the previous section, we assume 
that they have been orthonormalized.

Now, we have assumed that a symmetric £ 2-kemel has at least one eigen­
value, say, Aj. Then <p](s) is the corresponding eigenfunction. It follows that 
the “truncated” symmetric kernel

is nonnull and it will also have at least one eigenvalue A2 (we choose the smallest 
if there are more) with corresponding normalized eigenfunction <fo(r). The 
function 0 i(s )  yt fo (s) even if A] =  A2, because

.........A „,. . . (7.3.1)

0 <  |A,[ sj |Aj| «  «  |A„| <  |A„+1| $  . . .  .

Let
♦i(*).0 2 (*)....... M s ) , ■■■ (7.3.2)

K' 2Hs , 0  =  K ( j . l )  -  [* i(s )^ ( l) /A 1]

»iU) = 0 .

Similarly, the third truncated kernel

/ f (3>(s, r) =  K a>{s, 1 ) - <Ms)d>;( O
*■ 2

X*
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gives the third eigenvalue X3 and eigenfunction Continuing in this way,
we end up with two possibilities: either this process terminates after n steps, 
that is, / )  *  0, and the kernel K  (s, r) is a degenerate kernel,

(7.3.3)
!

or the process can be continued indefinitely and there are an infinite number of 
eigenvalues and eigenfunctions.

Note that we have denoted the least eigenvalue and the corresponding eigen* 
function of AC*"'(5 , /)  as A„ and <t>H, which are the nth eigenvalue and the nth 
eigenfunction in the sequences (7.3.1) and (7.3.2). This is justified by Theorem 
2  in the following.

We examine in the next section whether the bilinear form (7.3.3) is valid 
for the case when the kernel K (s, t)  has infinite eigenvalues and eigenfunctions. 
The following two theorems, however, follow readily.

Theorem 1. Let the sequence be all the eigenfunctions o f  a symmetric
Ci-kernel K (s, t ), with {A.*} as the corresponding eigenvalues. Then, the series

^  |<Ms)|2
flsl "

converges and its sum is bounded b y C \, which is an upper bound o f the integral

\K (s, t){2 d t ./ '

Proof. This result is an immediate consequence o f Bessel’s inequality. Indeed, 
the Fourier coefficients aH of the function K (s , r), with fixed s . with respect to 
the orthonormal system (0 *(s)} are

a ,  =  J K (s , t )$ m( t)d t  =  <p„(s)/\„ .

Thus, applying Bessel’s inequality, we have

l0 «Cs)l2 ^  i .*i2 j . ^  r 'i
(4)

□



Theorem 2. Let the sequence #„(s) be the eigenfunctions o f  a symmetric kernel 
K (s, t), with {X„ j as the corresponding eigenvalues. Then, the truncated kernel

K in+n(s, t ) =  K (s , f) -  ] P  (7 .3.5)
wit Xm

has the eigenvalues X„+j, Xn+2....... to which correspond the eigenfunctions
<Pn+\ Cs), fiit+iis)....... The kernel K ln+]){s, t) has no other eigenvalues or eigen­
functions.
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Proof, (a) Observe that the integral equation

0(5) K '"+'Hs, t)<HOdt =  0 (7.3.6)

is equivalent to

< H s ) - k (  K (s, t)<pu)dt + k J 2  ^ = ^ ( 0 ,  *-> =  0  • 
’ mZ1

(7.3.7)

If, on the left side of this equation we set X =  X; and <f>(s) =  <£; (s) j  > it +1, 
then, in view of the orthogonality condition, we have

4> j(s)~kj f  K (5,t)<pj(t)dt = 0  . (7.3.8)

This means (hat 0; and X; for / > n +  1 are the eigenfunctions and eigenvalues 
of the kernel /).

(b) Let X and <p(s) be an eigenvalue and eigenfunction of the kernel
/C<n+I)(s, r) so that

0(5) -  XK<H5) +  X £  ( 0 .0 „) =  0 .
ms 1

(7.3.9)

Taking the scalar product of Equation (7.3.9) with <pj CO* j  <  n, we obtain

(0 , 0y) -  X (K 0,4 ) +  (X/X; )(d>, ^ )  =  0 , (7.3.10)

where we have used the orthonormality of the <pj- But (Ktp, <pj) 
X"1̂ .  Hence, (7.3.10) becomes

=  (0. *0j) =

(*. 0>) +  (X/X; ){(0, *,-) -  (*, ^ ) |  =  (0 , 0y) =  0 . (7-3.11)

Thereby, the last term in the left side of Equation (7.3.9) vanishes and we are
left with

0(5) -  A K(s,/)0(O0< = 0 , (7.3.12)
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which means that X and d>(s) are the eigenvalue and eigenfunction of the kernel 
K(s, l) and that yt fy,  j  $  n. Indeed, <p is orthogonal to all ty,  j  $  n, 
and 4>(s) and X are necessarily contained in the sequences (^t(s)} and (X*), 
k >  n +  1, respectively.

In light of the two preceding theorems, we can easily conclude that, if the 
symmetric kernel K  has only a finite number of eigenvalues, then it is degenerate. 
The proof follows by observing that K ("+1)(j , f) then has no eigenvalues and 
hence it must be null. Therefore,

In Chapter 2, we found that every degenerate kernel has only a finite number 
of eigenvalues. Combining these two results, we have the following theorem.

Theorem 3. A necessary and sufficient condition for a symmetric Li-kernel to 
be degenerate is that it have a finite number o f eigenvalues.

7.4. H ilb e rt-S ch m id t T heorem  and  Som e 
Im m ed ia te  C onsequences

The pivotal result in the theory of symmetric integral equations is embodied in 
the following theorem.

Theorem I. Hilbert-Schmidt Theorem. I f  f  (s) can be written in the form

where K ( s , t ) is a symmetric C2-kernel and h(l) is an exjunction, then f ( s )  
can be expanded in an absolutely and uniformly convergent Fourier series with 
respect to the orthonormal system o f eigenfunctions (7.3.2) of the kernel K:

The Fourier coefficients ofthe function f ( s )  are related to the Fourier coefficients 
hn of the funciton h(s) by the relations

K (s,o  =  y ;  b W r Ol
__1

□

(7.4.1)

00

/ ( s )  =  £ / „ * „ ( * ) .  f n « < / . * , ) .

f n = h „ / k mt hn =(h,4>n). (7-4.2)
where X. are the eigenvalues (7.3.1) of the kernel K.
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Proof. The Fourier coefficients of the function / ( s )  with respect to the or­
thonormal system {<&,(s)) are

fn =  ( f . M  =  =  (h, K M  =  K ' i h . M  =  K 'h *  .

where we have used the self-adjoint property of the operator as well as the 
relation k„K<f>„ -  </>*. Thus, the Fourier series for f ( s )  is

f ( s )  ~  .
» = 1 n=l

The remainder term for this series can be estimated as follows:

2 «i+p n + p  . .  l2

< E *i E ^
*«=n+l lr=n+l *■* 
n+p

(7.4.3)

*«=/.+! A*

+ l *=1
(7.4.4)

From the relation (7.3.4), we find that the preceding series is bounded. Also, 
because h(s)  is an /^-function, the series h* is convergent and the partial 
sum YlktZ+i h \  can ^  made arbitrarily small. Therefore, the series (7.4.3) 
converges absolutely and uniformly.

It remains to be shown that the series (7.4.3) converges to / ( $ )  in the mean. 
To this end, let us denote its partial sum as

(s) (7.4.5)
«1 = 1

and estimate the value o f || / (s) — t/<„(s)||. Now,

■Js.

f ( s )  -  M s )  =  K h  - £ r ^ U )
l* = 1  ™

=  K h - ' £  =  K * * n h , (7.4.6)

00

where / f <"+1) is the truncated kernel as defined the previous section. From 
Equation (7.4.6), we obtain

II/(J) -  tM*)ll2 = ||K'"+1)h||2 = (X<"+1)/t, K ("+1)h)
=  (ft, *<"+»*;<"+»>,) =  (h , K ^ h ) , (7A 7)

where we have used the self-adjointness o f the kernel K ("+1) and also the relation 
fc(n+i) fciK+i) _  ^ * +,> if  wc use property 6  o f  Section 7.2 and Theorem 2
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of Section 7.3, we find that the least eigenvalue o f  the kernel K ^ +i) is equal to

A«+r Furthermore, according to Property 7 of Section 7.2, we have 

1M*+I =  m ax[(A,tf<"+,)A)/(A ,A )], (7.4.8)

where we have omitted the modulus sign from the scalar product (h , ’h),
as it is a positive quantity. Combining Equations (7.4.7) and (7.4.8), we have

II f ( s )  =  vM J)ll2 =  (A. K ? + l)h) «  (A, A)/A2+ 1  .

Since A.,+] -*  oo, we find that R f ( s )  -  iM *)ll -*■ 0 as n -*• oo.
Finally, we use the relation

(7.4.9)

where $  is the limit o f the series with partial sum ir„, to prove that /  =  \(r. 
The first term on the right side of (7.4.9) tends to zero, as previously proved. To 
prove that the second term also tends to zero, we observe that, since the series
(7.4.3) converges uniformly, we have, for an arbitrarily small and positive e,

ItM s) -  V'(-s)! <

when n is sufficiently large. Hence, ||Vr*(5) — V'COII <  e(A — u ) 1/2  and the 
result follows. □

Remark. Note that we assumed neither the convergence of the Fourier series 
for h(s) nor the completeness of the orthonormal system. We have merely used 
the fact that h is an /^-function.

An immediate consequence of the Hilbert-Schmidt theorem is the bilinear 
form of type (7.3.3). Indeed, by definition,

K m{s, t )  = j K U , x ) K m- i ( x , i ) d x , m =  2, 3, (7.4.10)

which is of the form (7.4.1) with A(s) =  r); t fixed. The Fourier
coefficient a* (t) of K„ (s, () with respect to the system of eigenfunctions (</>*($)} 
of K(s , t )  is

<MO =  f  KmU, t)<t>;{s)ds =  A. ; " < ( / ) .

It follows from the preceding theorem that all the iterated kernels Km(s, f), 
m ^  2, (for the case m =  1, see Exercise 10) of a symmetric ^ 2-kemel can be 
represented by the absolutely and uniformly convergent series

=  ^ A 4- ”'d >4( r ) 0 ; ( r ) (7 .4 .11)
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By settings =  t in Equation (7.4.11) and integrating from a to b, we obtain

=  /  Kn (s, s)ds =  A m , (7.4.12)
*-=l '

where A„ is the trace of the iterated kernel Km.
Next, we apply the Riesz-Fischer theorem and find from Equation (7.4.12) 

with m =  2  that the series

£  M W  (7.4.13)

converges in the mean to a symmetric ^-kernel K (s, r), which, considered as 
a Fredholm kernel, has precisely the sequence of numbers {X*) as eigenvalues.

/

t
t

Definite kernels and Mercer’s theorem

A symmetric £ 2-kemel K  is said to be nonnegative-definite if (K 0 ,0 )  >  0 
for every £ 2-function 0 ; furthermore, K  is positive-definite if, in addition, 
{K<t>,4>) =  0 implies 0  is null. The definitions of nonpositive-definite and 
negative-definite symmetric kernels follow in an obvious manner. A symmetric 
kernel that does not fall into any of these four categories is called indefinite.

The following theorem is an immediate consequence of the Hilbert-Schmidt 
theorem.

Theorem 2. A nonnull, symmetric Ci-kem el K  is nonnegative i f  and only if  all its 
eigenvalues are positive; it is positive-definite i f  and only i f  the above condition 
is satisfied and, in addition, some (and therefore every) fu ll orthonormal system 
o f eigenfunctions o f K  is complete.

Proof, (a) From the Hilbert-Schmidt theorem, we have

f ( s )  =  K 0  <. f )  ^ ^ 0 n(s) . (7.4.14)

The result of taking the inner product of Equation (7.4.14) with ^  is

(AT0,0) =  £  ! < * £ > ! ! .  (7.4.15)

Hence, if all A., >  0, we have ( K 0 ,0 )  >  0 for all 0 . In addition, if any A, is 
negative, then (K 0„, <t>„) =  A" 1 <  0. Thereby, the first part of the theorem is 
proved.
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(b) Let K  be nonnegative-definite. From Equation (7.4.15), it follows that 
(K(p, fa) =  0  if and only if  (4>, fa )  =  0  for all n. Therefore, K  will be positive- 
definite if and only if the vanishing o f (<p, fa )  for all n implies <p s  0. Using the 
criterion (d) for the completeness o f an orthonormal system as given in Section 
7.1, we find that the second part o f the the theorem is thereby proved. □

The preceding theorem remains valid if the words positive and negative are 
interchanged. Thus, a definite kernel has a complete set of eigenfunctions.

Finally, we state without proof the following result, which gives the precise 
conditions for the bilinear form (7.3.3) to be extended to an infinite series.

Theorem 3. M ercer’s T heorem . I f  a nonnull, symmetric Cz-kernel K  (s, t)  is 
quasi-definite (Le., when all but a finite number o f  eigenvalues are o f one sign) 
and continuous, then the series

E ^ 1
11*1

is convergent and

J C C .Q ,

the series being uniformly and absolutely convergent.

(7.4.16)

(7.4.17)

Note that the continuity of the kernel is an absolutely essential condition for 
the theorem to be true.

Complete sym m etric kernel

There is a very interesting connection between the completeness of the system of 
eigenfunctions o f a kernel and a certain orthogonal property of the kernel itself. 
Indeed, for a symmetric kernel with infinitely many eigenvalues, the relations

and

1' K(s , t ) fa{ l )d t  =  0 . a < s < b . (7.4.18)

f b
[ fa (.t)ir(t)d t = 0 , j  =  1 , 2 ......... (7.4.19)

are equivalent. Here fai t )  >* an /^-function and [faj} is the system of eigenfunc­
tions of the kernel K  (s,  t )  which we take to be real for simplicity.
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Proof, (i) Suppose that Equation (7.4.18) holds. Then its multiplication by ^ (s )  
and integration from a to b yields

J <t>j(s)ds J K(s,  t)ir(t)dt  =  j  1/(t)dt j  K{t,s)4>i(s)ds

=  * 7 '  J Ms)V(s)ds =  0 ,

which means that Equation (7.4.19) holds.

(ii) Now assume that (7.4.19) is satisfied for all the eigenfunctions of K  (s, t) 
and consider the truncated kernel

(1-1
AT^Cr,/) =  K ( s , l )  -  £ * 7 ( * ) $ ( < « )  •

;=i

In view of relation (7.4.19) we have 

rb

Therefore,

j  K(s,t)\/>{t)dt =  jT K M U , t ) r n O d t .

K ( s , t m i ) d t \  =  ||K ("V ll <  I K W I 11011 .j jf* # C (s ,f )0 ( f )d r |

But ||K <", || -*• 0 as n -*  oo. This implies that

K ( s , t ) * ( t ) d t j  = 0 ,  

and relation (7.4.18) is satisfied. □

Definition. A symmetric kernel is called complete if relation (7.4.18) with 0(f) 
as an /^ 'function  implies that 0 ( f )  — 0. It is also called closed.

Recall that if (7.4.19) holds, then the orthonormal system 10/) is complete. 
Combining these results we have the following theorem.

Theorem  4. A symmetric kernel K  is complete i f  and only i f  the system o f its 
eigenfunctions is complete.

b

Remarks. 1. From this theorem and relation (7.4.18) we find that infinity is not 
an eigenvalue of the kernel. Thus if infinity is not an eigenvalue of a symmetric 
kernel, we have a complete set o f eigenfunctions.



7.4. H ilbcrt-Schm idt Theorem 165

In case infinity is an eigenvalue o f the kernel, then the system is rendered 
complete by adding to it the eigenfunctions of the eigenvalue infinity. This 
situation is similar to the null space of a linear operator.

2. Theorem 2 concerning the completeness o f eigenfunctions follows from 
the preceding analysis because a definite kernel is always complete. Indeed, if

r K(s, t ) i j r( t )dt  = 0 ,

for a nonzero function ^ ( 0 , then

r f>
(A> ■ » - n

K  (s, t) if{s )ilt(t)d s  d t =  0 ,

which contradicts the hypothesis o f definiteness.
Combining Remarks 1 and 2, we find that the symmetric kernel is definite 

if infinity is not an eigenvalue.
In Section 5.5 we converted the Sturm-Liouville problem into an integral 

equation. We now study it in the context of the present analysis.
Let the Sturm-Liouville differential operator be

L =  -  |  J +  <?(■*) a < s  < b ,  (7.4.20)

where p{s) and q(s)  are continuous in the interval (a, 6 ] and in addition p(s)  
has a continuous derivative in this interval. We discuss two kinds of equations, 
that is,

L y  = f ( s ) ,  a < s < b ,  (7.4.21)

and
Ly  — Ar (s)y =  0 ,  a  < s < b . (7.4.22)

The function r(s)  is continuous and nonnegative in [a, b]. Each of these equa­
tions is subject to the boundary conditions

o i y(a)  +  a i y ( a )  =  0 , (7.4.23a)

fii y(b)  +  fr y 'ib )  =  0 . (7.4.23b)

Let us assume that it is not possible to obtain a nonzero solution o f the system
(7.4.22) and (7.4.23) for the case X =  0. This means that there is no eigenfunction 
corresponding to the eigenvalue X =  0. Accordingly, we assume that a function 
0i satisfies the boundary condition (7.4.23a): a i0 i(o )  +  <*2 0 J(a) =  0, and
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another function fa satisfies the boundary conditions Pifa(b)  +  02̂ ( 6) =  q 
This amounts to solving the follow ing two initial value problems.

U f a )  =  0 .  fa (a) =  - o 2 , <t>\(a) =  o i , (7.4.24)

L{fa)  =  0 ,  fa(b)  =  - 0 2 .  <t>'2(b) =  0 i • (7.4.25)

With the help o f  the two linearly independent solutions o f  the systems 
(7.4.24) and (7.4.25) we write the solution o f  the inhom ogeneous equation 
(7 .4 .21) as

y (s )  =  C ,( s )^ i ( s )  +  C2(s)fa(s)  (7.4.26)

and use the method o f  variation o f  parameters. Accordingly, C |( j )  and C2(s) 
are obtained from the relations

C ;(s )* ,( s )  +  C'2(s)fa(s)  =  0 ,  (7.4.27a)

C ',(s )^ (s )  +  C ’2(s)fa(s)  =  f ( s ) / p ( s ) . (7.4.27b)

We need one more relation for fa (s) and fa(s)  to derive the solution o f  equation 
(7.4.21). This follow s from relation (5 3 .1 2 )  to be

p(fafa -  fafa)  =  A . (7.4.28)

Because fa and fa can be determined up to a constant factor, w e choose the 
preceding expression to be

p(fa<t>[ ~  fafa)  =  - 1  • (7.4.29)

From relations (7.4.27) and (7 .4 .29) w e  find that

C ;(s) =  - < f c ( s ) / ( s ) .  C'2(s) =  fa(s)f(.s)

and therefore,

C ,(s )  =  j f  0 2 « ) / ( S ) < f f .

C2(s) =  jf f a (£ ) /(* )< /£ ,

with convenient constants o f  integration. Substituting these values in Equation 
(7.4.26) and using the notation o f  Section 5.5 w e have

y ( j )  =  jT  G ( s ; $ ) f ( s ) d s , (7.4.30)

where

f a(%) fai s ) . I  — s  •
C ( s ; ^ )  =  0 (s<)0 2 (s> ) =

fa(s)fa($),
(7.4.31)
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which agrees with the analysis of Section 5.5. Recall that there we symmetrized

this kernel by setting G (s, £) =  G(s, 5 )[r(z)],/2[r(y)], /I . For the proof of the 
completeness of this kernel and the discussion of the case when X =  0 has a 
non-zero eigenfunction, see Corduneanu [5J.

7.5. Solution o f  a  Sym m etric Integral Equation

Let us use the Hilbert-Schmidt theorem to find an explicit solution of the in­
homogeneous Fredholm integral equation of the second kind

*(s> =  fU )  +  X J  K (s, t)g(i)dt  (7.5.1)

with a symmetric /^-kernel. It is assumed that X is not an eigenvalue and 
that all the eigenvalues and eigenfunctions of the kernel K(s,  t) are known and 
ananged as in (7.3.1) and (7.3.2), respectively. The first thing we observe is that 
the function g (j) — f { s )  has an integral representation of the form (7.4.1). As 
such, we can use the Hilbert-Schmidt theorem and write

00

g(s) -  f { s )  =  ]p c* < M s),
*=i

where

c* =  j l*(s) -  f ( s ) W ( s ) d s  = g t -  f t

with

gt = f g(s)4>Hs)ds, A  =  f f(s)<t>;(s)ds

Furthermore, the relation (7.4.2) gives

ct  =  Xgj/X* . (7.5.5)

Because X is not an eigenvalue, from Equations (7.5.3) and (7.5.5) we have

ct =  [X/(X* -  X»A , gk =  [x*/(X* -  X))/, . (7.5.6)

Substituting the value of c( from Equation (7.5.6) into (7.5.2), we derive the 
solution of the integral equation (7.5.1) in terms of an absolutely and uniformly 
convergent series:

*W=/W + xf; ~ ~  4* IS) (7.5.7)
m  x* ~ X

(7-5.2)

(7.5.3)

(7-5.4)
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S (s) =  / ( 5 )  +  X
^  [  <t>k(s)4>'k (t)

(7.5.8)
(A* -  X)

Thus, the resolvent kernel T(s, r; X) can be expressed by the series

r < s . t ; X )  =  f ;  T T ^ T T  (1 -5 -, )
k=i {kk -  k)

from which it follows that, the singular points of the resolvent kernel T cor­
responding to a symmetric ^ 2-kemel are simple poles and every pole is an 
eigenvalue of the kernel.

The preceding discussion is based on the assumption that X is not an eigen­
value. If it is an eigenvalue, then it necessarily occurs in the sequence (X*) and 
perhaps is repeated several times. Let X =  Xm =  Xm+i =  - • ■ =  Xm<. For the 
indices k, different from m , m 4 - 1 , . . . ,  m ', the coefficients c* and g* in Equa­
tion (7.5.6) are well-defined. However, if k  is equal to one of these numbers, 
then f t  =  0. This means that the integral equation (7.5.1) is soluble if and
only if the function f ( s )  is orthogonal to the eigenfunctions ....... ......... 4>m-
When this condition is satisfied, the solution is given by formula (7.5.7), where 
the coefficients with the indeterminate form 0 / 0  have to be taken as arbitrary 
numbers.

Finally, we attempt to solve the Fredholm integral equation of the first kind

f ( s ) -I K ( s , t ) g ( t ) d t , (7.5.10)

where the kernel K  (s, t ) is a symmetric ^ 2 -kem el. We again assume that the se­
quence of eigenvalues {X*} and corresponding eigenfunctions { ^ ( s ) ]  are known 
and arranged as in Equations (7.3.1) and (7.3.2).

From relation (7.4.2), we have

A =  ° r  gk =  ^k f k  • (7.5.11)

Because of the Riesz-Fischer theorem, there are only tw o possibilities: either 
(a) the infinite series

CO
aE / w (7.5.12)

*=i
diverges and Equation (7.5.10) has no solution, or (b) the series (7.5.12) con­
verges and there is a  unique £ 2-function g( s)  w hich is the solution of Equation 
(7.5-10). This solution can be evaluated by taking the lim it in the mean

g ( s ) =  Um •
*cl

or

(7.5.13)
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7.6. Examples

Example 1 . Solve Ihe symmetric integral equation

g (s)  =  (s +  l ) 2 +  J' 1st +  s 2t 2)g (t)d t . (7.6.1)

The eigenvalues and eigenfunctions for this symmetric kernel can be found 
by the method of Chapter 2 (see Example 4 in Section 2.2):

(7.6.2)

(7.6.3)

11
ro

i w <h(s) =  ( i V S ) , .

0 2(s) =  [ ( l /s /2 )V io ] s 2 .

f t  =  ^ ( r 2 +  2r +  i)

/ j -  J (t2 + 2i + l) r2dr =  (8/15)710

Thus,

or
g(s) =  (25/9)s2 +  6s +  1 . (7.6.4)

Note that, in Equation (7.6.1), A =  1, which is not an eigenvalue.

Example 2. Solve the symmetric integral equation 

3 r ‘
g(s) =  s2 +  1 +  -  j  (sf +  s2t2)g(s)<ts . (7.6.5)

Here A =  Aj »  | ,  so we shall have the indeterminate form 0/0 in one of the 
coefficients. Fortunately, the function (s2 4* 1) is orthogonal to the eigenfunction 
^ 4/ 6  ̂s, which corresponds to the eigenvalue Following the procedure of 
Section 7.5, we obtain

/ , =  0 , h  = f < ' 2 +  1)  =  (8/ 15) 7 1 0 . (7.6.6)

Thus, the required solution is

g W - l  + + 1* 2 (5/2) -  (3/2) \ 2  J
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(7.6.7)

(7.6.8)

g(s)  =  5 s1 + cs +  1 , 

where c is an arbitrary constant.

Example 3. Solve the symmetric integral equation

g(s) =  / ( j )  +  A. I  k(s)k(t)g(t)dt .

If we write

J k(s)k(t)k(t)dt =  |  J [ * ( 0 ] 2 dt  |  i(s) ,

we observe that

X, =  1 / j  [*<r))J dt

is an eigenvalue. The corresponding normalized eigenfunction is

* ,( s )  =  * ( s ) / | J l* ( 0 ] 2</f] •

The coefficient f\  has the value

h  =  j y W ) ] 2d / |  ^  f f i t ) k ( t )d t .

Thus, for A ^  Aj, the solution is

*(s) = [A/i/(A1-A)Wi(s) + /<*)

S(s) =  (x*(s) J  fU )k ( s )d s /  | l  -  kj[*(s)]2dr +  f ( s )  . (7.6.12)

On the other hand, if

X =  X, =  1 /  j  [Ms)]2d s ,

then / (r) must be orthogonal to 0 i(s), and in that case the solution is

g{s) =  f ( s )  +  ck(s) , c an arbitary constant . (7.6.13)

Example 4. Solve the symmetric Fredholm integral equation of the first kind

f  K(s , t )gU)dt  =  f ( s )  (7.6.14)
Jo

/

/

*

(7.6.9)

(7.6.10)

(7.6.11)

or
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I .
X (»,«) = J (7.6.15)

where
s ( l - 0 . s < r ,
( 1  ~ *)! . S > ( .

Recall that in Example 2 of Section 5.3 we proved that the boundary value 
problem

d2y
j si + X y ~ 0 ' >(0) =  y(l) =  0 

is equivalent to the homogeneous equation

g(s) = X . f  K(s, i)gO)di  .
70

The eigenvalues of system (7.6.16) are

X, = r r 2 , X2 =  (2rr)2, Xj =  (3^)2, 

and the corresponding normalized eigenfunctions are

(7.6.16)

(7.6.17)

V5 shirrs , >/2sin27rs, \/2 sin 3jts ,
(7.6.18)

Therefore,

f k = V2 [  (sink7rt)f(t)dt,
(2.6.19)Jo

and the integral equation (7.6.14) has a solution of class C2 if an(j 
infinite series °"ly if the

£ / r a « * 4f y / * 2>km1
converges.

Example 5. Solve Poisson's integral equation

=  1 ~ pZ f U gif*)da
2rr J0 1 -  2p[cos(d -  or)] .

Here, the symmetric kernel K (i), a) can be expanded to gjVe ^-6.20)

X (d ,a )  =  [(1 - /> 2)/2rr](l — 2p[cos(i> -  <r)l . ,
„  +  P 2 | ~ >

=  (l/2rr) +  (l/rr) £  p* cos[*(0 _

' <7«.2l)
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It is a matter of simple verification that, by using the expansion (7.6.21), one 
gets K  (d, a)da  =  1 , or

f U K(d, o )(2 ^ ) - ' /I<for =  ,
Jo

which means that k0 =  1 , <ft>(s) =  (2tt)_1/2. Similarly, using the formula
c 2jt

L COS
Kid'Ct)** na da pn . n i? , o sin sin

n =  1 ,2 ,3 ........

we have

*2t - i  =  =  p~k ; 02*_i(s) =  n ~ l/2 co s ts  ;

&*(s) =  rr" ,/2sinks , * =  1 ,2 ,3 .........

We can now readily evaluate the coefficients /* in the series (7.5.12), and it 
emerges that the integral equation has an rCj-solution if and only if the infinite

(7.6.22)

series
a2 + b2“a > '■'*

where
r 2 »  i*Z*

a„ =  ( 1 /rr) /  / ( d )  cosrtddd  , =  ( 1 /r r )  /  / ( d )  sinnd dd
JO Jo

(7.6.23)
converges.

7.7. Approximation of a General £2-Kernel (not Necessarily 
Symmetric) by a Seperable Kernel

In Section 2.5, we approximated an analytic kernel s(e*' — 1 ) by a separable 
kernel. In this section, we show that we can approximate every £ 2-kemet in 
the mean by a separable kernel. The proof rests on the availablility of a two­
dimensional complete orthonormal set as discussed at the end of Section 7.1.

Let K(s,  t ) be an £ 2 -kernel and let W d s ) }  be an arbitrary, complete, or­
thonormal set over a <  s ^  b. Then, the set (t* i(s )^ * (r)) is a complete 
orthonormal set over the square a $  s, / $5 b. The Fourier expansion of the 
kernel K (s, () in this set is

K ( s , t ) =  J 2  ) * ; « ) .
i.j-1

(7.7.1)
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where the Kjt are the Fourier coefficients

Ktj =  JJK ( s , t W ( s W i ( t ) d s d t  . (7.7.2)

Parseval’s identity gives

r  ,/)|2d sd r =  2 ^
I. / - 1

Now, if we define a separable kernel k{s, r) as

[ f  \K(s , i ) \2d sd t  = £  \Ktj \2 . (7.7.3)

*(*■»)= £  K ^ A s W J i t ) ,

we find after a simple calculation that

f f  \K(s. t) -  k(s, t)  |2 d i  dt = j r  \Ki j f  . (7.7.4)

But the sum in Equation (7.7.4) can be made as small as we desire by choosing a 
sufficiently large n because the series (7.7.3) is convergent by hypothesis. This 
proves our assertion.

7.8. The Operator Method in the Theory of Integral Equations

In this section, we show briefly how we can treat a Fredholm integral equation 
from the standpoint of modem functional analysis. We have already analyzed the 
properties of a function space in Section 7.1. We now note that the transformation 
or operator K ,

K<t> = J K(s,l)<t>(t)dt, (7.8.1)

is linear inasmuch as

/C(d>i +<h) =  +K<h.  K(a(p) = aK4>-

The operator K  is called bounded if ||K4>|I ^  Af||</>|| for an ^-kernel 
K (5 , l ), an £ 2-function 4>, and a constant M.  The norm j|/f || of K  is defined as

| |K || = / . u  .8.(11**1111*11).

or
IIK8 =  /.u .b .||K g ||, Hgl| =  l .  (7.8.2)
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the two characterizations being equivalent. A transformation K is continuous 
in an ^ 2-space if, whenever {0 n} is a sequence in the domain of K with limit 
4>, then K4>, -* K<p. A transformation is continuous in the entire domain of K 
if it is continuous at every point therein. Fortunately, a linear transformation is 
continuous if it is bounded and vice versa, and it is easy to show that the operator 
K  as defined previously is bounded. Indeed, by starting with the relation

* ( 0  =  * *  =  J K ( s , i m » d t ,

we have

l * W I * - | /  *<*,0 *<0 * |  «  f  \K(s, t)\2 dt I  w>(r)|1</t

or

m s ) \ 2 ^ m 2 f  \K ( s , o \ 2d t .

Another integration yields

1 * 1  =  11* * 11 <  11*11 y I  \K(s , l ) \2ds r f / p  , 

which implies that

I * 11 IKCs.OI2* * ]  n , (7.8.3)

as desired.
A rather important concept in the theory of linear operators is the concept 

of complete continuity. An operator is described as completely continuous if it 
transforms any bounded set into a compact set (a set 5  of elements * is called 
compact if a subsequence having a limit can be extracted from a convergent 
sequence of elements of 5). Obviously, a completely continuous operator is 
continuous (and hence bounded), but the converse is not true. Furthermore, any 
bounded operator K  whose range is finite-dimensional is completely continuous 
because it transforms a bounded set in b) into a bounded finite-dimensional
set which is necessarily compact. Many of the integral operators that arise in 
applications are completely continuous. For instance, a separable kernel K

ft

* ( 5 . 0  =  £  « i ( 5 ) f » i ( 0 ,
i « t

I
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where a, (s) and b, (/) are ̂ 'fu n c t io n s  is completely continuous, as can be proved 
as follows. Indeed, for each £ 2-fiinction

K g  *  f  I fl |(s)6 i(r)g (0  dt  =  c(fl,(s ) ,
 ̂ | j» i J  *=*i

that is, the range o f K  is a finite-dimensional subspace o f £ 2 (a, b). In addition,

||̂ || =  I^ c , a , ( S) U ^ | c l |||a,||
II <=1 I <*)

/ i M O I I g f O l * .  (7-8.4)
i - i  *

Applying the Schwarz inequality in Equation (7.8.4), we have

r a  $  M iigii, (7.8.5)

where M  =  ||c ,|| ||b ,||. This means that A  is a bounded operator with
finite-dimensional range and hence is completely continuous.

We can use this result to prove that an £ 2 -kemel K(s ,  () is completely 
continuous. We need only the theorem that, if K  can be approximated in norm 
by a completely continuous operator, then A  is completely continuous. If we 
assume this theorem, then our contention is proved because an £ 2-kemel can 
always be approximated by separable kernels, as shown in the previous section.

Next, we prove the interesting result that the norms of K  and o f its adjoint 
K '  are equal. To this end, we appeal to the relation (7.1.12):

( * * , * )  =  ( * ,* * * ) , (7.8.6)

which holds for each pair o f £ 2-functions 0 , * .  Substituting *  = Kip and 
applying the Schwarz inequality, we obtain

(A  * , K4>) =  (* . K*K4>) 11*11 BIT* * * l l .

where we have used the fact that (A * , K  * ) is a nonnegative real number. Hence, 

l|K*llJ «  HK*|| 11*11 11**11 or | |* * | |  sj ||* * || ||* || .

This last inequality implies that ||A || <  ||A ’ ||. The opposite inequality is 
obtained by setting $  =  in Equation (7.8.6).

In Section 7.2, we stated the property that the reciprocal of the modulus 
of the eigenvalue with the smallest modulus for a symmetric £ 2-kemel K  is 
equal to the maximum value of | ( * 0 ,0 ) |  with ||* || =  1 . This property can be
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proved as follows. Indeed, an upper bound for the reciprocal of tbe eigenvalues 
is immediately available because, for the eigenvalue problem =  0 ,

(Kd>, 0 ) =  ( 1  /A )(0 ,0 ) =  (1 M )l|0l|2 .

which implies

<1/A)I!0II2 =  (K 0 , 0 ) $  ||K 0l| 1101) <  \\K\\ H0 1)2 . (7.8.7)

From Equations (7.8.3) and (7.8.7), we derive an upper bound

H A K  [ f f  K{S ' t)2<ISdt]  1 ' (7 8,8)
When the is also symmetric, we can use the following result from the
theory of operators. If K  is a symmetric and completely continuous operator, at 
least one of the numbers \\K\\ or -||/C  || is the reciprocal of an eigenvalue of K 
and no other eigenvalue of K  has smaller absolute value.

By recalling the definition of |]/f || and the fact that a symmetric £ 2-kemel 
generates a completely continuous operator, we have proved Property 7 of Sec­
tion 7.2. In the process, we have also proved the existence of an eigenvalue.

Suppose we have found the first eigenvalue Xj and corresponding eigen­
function 0] in the sequences (7.3.1) and (7.3.2). To find the next eigenvalue X2 

and the corresponding eigenfunction 0 2 , we shorten the kernel K  by subtracting 
the factor 0i0*/Xi from it. Then, from Theorem 2 of Section 7 3 , we find that 
the kernel K U) =  [K -  (0i0j*)/A.i] satisfies alt the requirements of a symmetric 
£ 2-kernel. Following the preceding discussion, we find that at least one of the 
numbers |)K(2>|| or -j |/C (2)H is the reciprocal of X2. This process is continued 
until alt the eigenvalues and eigenfunctions are derived. The only drawback in 
this process is that, to find the (n 4- l)th eigenvalue, one has to find the first n 
eigenvalues. This situation is remedied by the so-called maximum-minimum 
principle, and this is not on our agenda. The reader is referred to Courant and 
Hilbert {6} for this discussion.

7.9. Rayleigh-Ritz Method for Finding the First Eigenvalue

Let us take a real, nonnegative, and symmetric £ 2~kemel K . We have found 
that the smallest eigenvalue Aj is characterized by the extremal (or variational) 
principle

1 /A, = m a x (K 0 ,0 ) .  ||0 || =  1 .  (7.9.1)
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The Rayleigh-Ritz method rests on selecting a special class of trial functions of 
the form <f> =  or, V'i(-s), where (tM *)) is a suitably chosen set o f linearly 
independent functions and {or, } are real numbers. The relation (7.9.1) implies 
that, to obtain a close approximation for X], we must maximize the function

CK<(>,

subject to

( " w ” n \  n
K  , ^ T o i ^ s ) )  =

. 1=1 J  1=1 /  u

K ika iak , (7.9.2)

=  J !  =  1 . (7.9.3)
i.i=

where

Kik = ( K ^ , i r k) = ^ i , K M ‘, cik =  M  =  (t/r*, t/r.) , (7.9.4)

are known quantities. Thereby, we have transformed the extremal problem 
(7.9.1) into an extremal problem in the advanced calculus of several variables 
or..........a„. We use the method of Lagrange multipliers and set

<*> =  (K ,ka ,a k -  a  cika ,a k) ,
i.*=]

(7.9.5)

where a  is an undetermined coefficient. The extremal values of a,- are determined 
from the equations d<t>/da, =  0 ;

£  Kik<*h -  o  cika k =  0 , / -  1.........n . (7.9.6)
k=\

This linear and homogeneous system of equations in orj, . . . ,  or„ will have a 
nontrivial solution if and only if the determinant

Kii -  ffcu  K \i -  a c  12 

— oc„i -  <zc.2

K \n — <rci„

=  0 . (7.9.7)

Also note that, by multiplying Equation (7.9.6) by or,■ and summing on i, one 
obtains a  =  (K4>, 4>)-

The determinant (7.9.7), when expanded, yields an nth-degree polynomial 
in a  which can be shown to have n real, nonnegative, but not necessarily distinct, 
roots. Let <7j be the maximum of these roots. Then, from the previous discussion, 
we infer that O) <  1/Xj. This usually gives a good approximation to X,. When 
we solve Equations (7.9.6) for the vector (orj, . . . ,  or.) with a  =  oj and evaluate 
4> — ctj^r, , it emerges that </> is usually not a good approximation for
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For the particular case when the trial functions Vo (x) are orthonormal in the 
given interval, the computation is considerably simplified because then Cij =  5, .̂ 
The relations (7.9.6) and (7.9.7) take the simple forms

and

t /fat** — 0  otj =  0 , i  -  1 ,2

* n  — <7 *12 . . . * 1.

* .  1 *■2 K , „ - o

=  0 .

(7.9.8)

(7.9.9)

respectively. We illustrate this method by two examples.

Example 1. Find the first eigenvalue of the integral equation

g ( s ) - * /  K (s,t)g (t)d t = 0 ,
Jo

(7.9.10)

where
I H 2 - '  * ( s .O =  I , (7.9.11)

j i (2  — /)• s < t ,
■ s) , s > t ,

which can be shown to be a positive kernel. This integral equation can be proved 
to be equivalent to a simple ordinary differential equation (see Example 2 in 
Section S.3. The exact value of the smallest eigenvalue is 4.1 IS.)

To apply the Rayleigh-Ritz procedure, we take two trial functions:

Vr„(j) =  s /2 s in n jrs , n =  l , 2 ,  (7.9.12)

which are orthonormal in the interval (0,1). Proceeding as above, we have

K u =  2 /rr2 , *12 =  *2t =  — 1 /2 jt2 , *22 =  1/2jt2 . (7.9.13)

The relation (7.9.9) gives for this special case

(2 / jt2) — a  - 1 / 2 jt2 

— 1 / 2 jt2 ( l / 2 rr2) — a

The largest root of Equqation (7.9.14) is cr =  2.15/jr2. Thus, A.i ~  rr2/2 .15 = 
4.S9. By including more functions in the sequence (7.9.12), we can improve the 
approximation progressively.

Example 2. Find an approximation for the smallest eigenvalue of the positive- 
definite symmetric kernel

=  0 . (7.9.14)

*-i

K (J , 0  =
s . 
r ,

s < t , 

s >  t ,
(7.9.15)



in the basic interval (0,1).
To use the Rayleigh-Ritz method, we take two trial functions

* i(s) =  1, lM*) =  (2s -  1), (7.9.16)

which are orthogonal but not orthonormal [they are Legendre poynomials Po(2s— 
l ) , / ’, ( 2 r -  1)]. Thus,

cn =  1. C12 =  Cn =  0 . C22 =  1/3,
Kn =  1/3, K,2 =  Kj, =  1/12. K22 =  1/30 . <7'9'17)

Substituting Equation (7.9.17) in (7.9.7) and evaluating the determinant, we have 
a1 -  (13/30)o +  (1/80) =  0. The largest root is O] =  (1/60)[13 +  (124)1/J[. 
Thus, the smallest eigenvalue is Xi =  l /o i ~  2.4859, which compares favorably 
with the exact value 2.4674.
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Exercises

1. Show that, if (Kip, <j>) is real for all <p, then *  is a symmetric Fredholm 
operator.

2. Determine the iterated kernels for the symmetric kernel
00

K ($, 0  =  k ~ l s in k n s s in k n t  .
km}

3. Show that the kernel K(st t), 0 < s, t ^  1,

5 ( 1 - 0 ,  
f ( l  - 5 ) ,

has the bilinear form

K(s, t )  =
5 < t 
S > t

*(s ,r) = 2 ^
sin kns sinknt

(ibO5

4. Use the result in Exercise 3 and show that

5. Consider the eigenvalue problem

g (s )  =  x  J (1 -  |s -  r|)g(r)dr .
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Differentiate under the integral sign to obtain the corresponding diffemelial 
equation and boundary conditions. Show that the kernel of this integral equation 
is positive.

6 . Determine the eigenvalues and eigenfunctions of the symmetric kernel 
K  (s , t) =  min(s, t)  in the basic interval 0  ^  s. t  <  1.

7. Use the Hilbert-Schmidt theorem to solve the symmetric integral equations 
as given in Examples 1 through 3 and 6  in Section 2.2.

8 . Apply the Gram-Schmidt process to orthogonalize 1, s, s2, s 3 in the interval 
— 1 SJ s < 1. Use this result to find the eigenvalues and eigenfunctions of the 
symmetric kernel K (s, t) — 1 +  st +  s2 t2 +  s V .

9. Consider the kernel K (s, f) =  log(l -  cos(s — /)], 0 <  s, r <  2rr. Show 
that (a) it is a symmetric ^-kernel; (b) the following holds:

and (c) its eigenvalues are Xo =  — l / ( 2 rr log 2 ), X„ — —n /2 rr, n =  1 , 2 , . . . ,  
with eigenfunctions <t>o{s) — C , =  A cos ns +  B  sin ns, where A, B, and 
C  are constants.

10. Show that, under the hypothesis of Mercer’s theorem we have

Thus, the formula (7.4.12) is valid for m =  1.

11. By combining Sections S.S and 7.4, show that the eigenfunctions of any 
self-adjoint differential system of the second order form a complete set.

12. Prove that, for a square-integrable function, the Fourier transform preserves

K(s,  t ) =  - ( lo g 2 ) +  2 1 o g |l  -  e‘<5- ' , |
00 00

norms.



CHAPTERS

Singular Integral Equations

8.1. The A bel Integral E quation

An integral equation is called singular if either the range of integration is infinite 
or the kernel has singularities within the range of integration. Such equations 
occur rather frequently in mathematical physics and possess very unusual prop* 
erties. For instance, one of the simplest singular integral equations is the Abel 
integral equation

/(* ) =  J  (g(0 / (s  -  , 0  < a < 1 (8.1.1)

which arises in the following problem in mechanics. A material point moving 
under the influence of gravity along a smooth curve in a vertical plane takes the 
time /  (s) to move from the vertical height s to a fixed point 0 on the curve. The 
problem is to find the equation of that curve. Equation (8.1.1) with o s= 1/2 is 
the integral-equation formulation of this problem.

The integral equation (8.1.1) is readily solved by multiplying both sides by 
the factor ds f iu  -  s ) l a and integrating it with respect to s from 0 to u :

r  f ^ ds _ r  ds r  «<*** a i t i
/„ (« -* )> -“ Jo ( (.S - t r  '

The double integration on the right side of Equation (8.1.2) is so written that 
first it is to be integrated in the t direction from 0 to s  and then the resulting 
single integral is to be integrated in the s direction from 0 to u. The region of 
integration, therefore, is the triangle lying below the diagonal s =  r. (See Figure 
8.1.) We change the order of integration so that we first integrate from s = t to 
5 =  u and afterwards in the t direction from t =  0 to / =  u. Equation (8.1.2) 
then becomes

To evaluate the integral

r  ds_______
J, ( u - s ) ' - ( s - t ) "  1

181
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F ig u r e  8 .1

one sets y  =  (« — s) / (u  — t), and obtains

J (u -  t) Qds  =  j  y  *(1 -  y )“*dy =  rr /s ism a7r,

where we have used the value of the Eulerian beta function B(a,  1 — a) =  
n /  sinorrr. Substituting this result in Equation (8.1.3), we have

S f ' f m . f w * .
n  J0 ( u - s ) 1' "  Jo

which, when differentiated with respect to u, and then changing u to t, gives the 
required solution:

, , sin a  Jr d f /*' „ . 1
g(/) =  ——  ~  f ( s ) ( t - s y - ' d s j  . (8.1.4)

We cannot differentiate under the integral sign in the preceding formula 
because that would create a divergent integral. But this can be remedied by first 
integrating by parts:

g ( 0  =
d r (t -  s)* r i r

- s i — r L H o + = / . <" I , v H
sin an- d [  ta ,  1 f  1

= —  3?Lv/<m + :JL

/

Thereby, we have built up the power of (/ -  s )  inside the integral sign so that 
we can now differentiate under the integral sign and get

, v sinarr f  , /■• , 1
* ( ')  =  -  j^ /(0 )r“" ‘ +  J  (r - s ) * _ I / '( s )d s  j  .
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The integral equation (8.1.1) is a special case of the singular integral equation 
(see Sneddon [63])

f ( s , giQdt
J .  [*(*) — * (/)]"  ’

0 < a  <  1, (8 .1 J )

where h( t ) is a strictly monotonically increasing and differentiable function in 
(a, b ), and 6 '(r) #  0  in this interval. To solve this, we consider the integral

l
1 h'(u)f{u)du

(6(4) - 6 ( h)]1-  ’ 

and substitute for / ( « )  from Equation (8.1.5). This gives

g{t)h' (u)dt  du

j f j fJa [6 0 0  -  A(r)]-[A(s) -  * ( « ) * -  ’ 

which, by change of the order o f integration, becomes 

^  [ s h'(u)du
J .  1  [6(«0 -  6 (0]«[6(4) -  * (« ) ]> -  '

The inner integral is easily proved to be equal to the beta function B{a,  1 — a).  
We have thus proved that

f  J< (_u )J{u)d u _  = r  )d t (8, 6)
J .  [6 (4 ) - 6 (u ) ] '- “ sin a ir  J .  6

and by differentiating both sides of Equation (8.1.6), we obtain the solution

sin a ir  d  f ‘ h ' ( u ) f ( u )du  
g ( 0  _ _ _  ^  _  / , ( „ ) ] ! -  '

Similarly, the integral equation

(8.1.7)

/ ( s )
- r

gV)d i
0  <  a  <  1 , (8. 1.8)

[ 6 ( 0 - 6 ( 4 ) ) “  ’

and a < s < b, with 6 (0  a monotonically increasing function, has the solution 

sina7r d  f b h \ u ) f ( u ) d u
8(0

_  sina7r d
n dt J,

(8.1.9)
\h(u) -  h (0]>-“

We close this section with the remark that a Fredholm integral equation with 
a kernel of the type

/C ( 4 ,0  =  H ( s , t ) / \ t - s \ a 0  <  a  < 1, (8.1.10)

where H (4 , r) is a bounded function, can be transformed to a kernel that is 
bounded. It is done by the method of iterated kernels. Indeed, it can be shown
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[54],[58],[65] that, if the singular kernel has the form as given by the relation 
(8.1.10), then there always exists a positive integer p o ,  dependent on a , such that 
for p  >  p o ,  the iterated kernel K p (s ,  t )  is bounded. For this reason, the kernel 
(10) is called weakly singular.

Note that, for this hypothesis, the condition « < 1 is essential. For the 
important case o =  1, the integral equation differs radically from the equations 
considered in this section. Moreover, we need the notion of the Cauchy principal 
value for this case. But, before considering the case a = 1, let us give some 
examples for the case a  < 1.

/

✓
/ '  * 

9*
/

ill)

8.2. Examples

Example l. Solve the integral equation

f  j J LJo (s-g i O d t
r)i/2 * (8.2.1)

Comparing this with integral equation (8.1.1), we find that /( s )  =  s,cr 
1/2. Substituting these values in (8.1.4), there results the solution:

Example 2. Solve the integral equation 

g(t)dt
/<*> - i : O ^ a c s c b ^ i r .

(8.2.2)

(8.2.3)(cosr -  coss),/2 ’

Comparing Equations (8.1.5) and (8.2.3), we see that a  =  1/2, and h(t) = 
1 -  cos/, a strictly monotonically increasing function in (0, it ) .  Substituting 
this value for /i(u) in (8.1.7), we have the required solution

gO) = i  ± \  f  (sin u ) f (u )d u 1
*  dt  [Ja (COSU - C O S / ) 1/ 2 ]  ’

Similarly, the integral equation

a < t < b

f ( s )
j: (cos $ — COS/)V2 ’ 0 < f l  < s <  b ^  ir

&

(8.2.4)

(8.2.5)
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has the solution

, 1 d  f  [ b (sin u) f ( u ) d u  1
glD  =  ~ ~  T,  /  7-----------------7w2 • a < t < b . (8.2.6)Jr dt  [_/, (cos/ — cosh) ,/2J  v

nple 3. Solve the integral equations

(a) / t o  =  f  - f— ./« (s2 -  r2)"
0 <  a <  1 ; a c  s < b ,

and

t o  / t o - r
glOdt 0 <  a  < 1 ; a < s < b .

(8.2.7)

(8.2.8)
(r2 -  s2)“ *

From Equations (8.1.5) and (8.2.7), we find that A(r) =  t2, which is a strictly 
monotonic function. The solution, therefore, follows from Equation (8.1.7),

u f  (u)du. 2sinorr d  f  u f (
git) =  --------- — /

Jr t f r / ,  (r2 - m2)1-
a < t < b .

Similarly, the solution of the integral equation (8.2.8) is 

fb uf(u)du„ 2sinorjr </
a < t < b .

(8.2.9)

(8.2.10)
(u7 -  t 7)>-

The results (8.2.9) and (8.2.10) remain valid when a tends to 0 and b tends 
to + 00. Hence, the solution of the integral equation

g ( t )dl 
. |2)»

is
« * - r  i 0 .

0 < a < 1

g (0  =  :
2 sin ait  dd  I" u f (u )du

x  57 Jo (r2 - n2)1-* '

( 8.2. 11)

( 8 .2. 12)

Similarly, the solution of the integral equation 

*(t)dr
/ t o - f (,2 _  j2)« ’

2 sin a n  d  f 9
*0 ) ‘ ~  — r - T , ! .

0 < a  < 1

uf(u)du

(8.2.13)

(8.2.14)
( „ 2  _  / 2 ) l - «  '

Incidentally, we can integrate Equations (8.2.12) and (8.2.14) by parts as 
we did for Equation (8.1.4) and then carry out the differentiation. For instance, 
solution (8.2.12) becomes

2sin a rr f ^  , f '  f ' (u)du  1
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Example 4. Solve the integral equation

8 r 2* f*
/ (« )  = ----r /  pg(P)dP Ina1 Jo Jo

'(<>/2»>
sin2d dO . (8.2.15)

This integral equation arises in the study of granularity in photographic plates; 
/(a )  denotes the granularity and g{p) denotes the autocorrelation.

When we set

2« = s ,  /(s /2 ) =  A(s), cosi? =  x / s ,

Equation (8.2.15) becomes

h(s) ~  p df> f  ~  x2)l,2dz ■

An interchange of the order of integration reduces this integral equation to

(s2 -  x2)'n dx [  pg(p)dp  . (8.2.16)Jo Jo
With p1 = u, x 2 = v and s2 =  f, Equation (8.2.16) becomes

v 2h{'/i) = z i  § S (,- U),/2‘,U- (8.2.17)

where

G(u) =  f g(ul/2)du. Jo (8.2.18)

By differentiating both sides of integral equation (8.2.17) we obtain the Abel 
integral equation

U l '2*(',/J>} = /'Jo
C(u) dv
(v)‘/2 (t -  U)ia  

Consequently, with the help of formula (8.1.7), we have

G(„) =  d±

where
dv ’

(8.2.19)

(8.2.20) 

(8.2.21)
r » j

Jo (u - 1yn  d l‘2 * •
The next step is to substitute the value G(v) from (8.2.18) into (8.2.20) and

differentiate both sides of . '  'UI ine latter equation. The result is

g(„l/2) =  («)l/2 «£/ 1 d l
4 dv2 +  8(u)1/2 dv

(8.2.22)
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Finally, we put u =  n 2 and t = X2 in (8.2.22), use (8.2.21), and derive the 
required solution as

'8“ >

Example S. In this example we show that we can solve a Fredholm integral 
equation with logarithmic kernel:

t l s  +  l
/  *°8 i----- 7, 8 ( 0 *  =  * /(* ) .Jo Is — <1

(0 < s < 1), (8.2.24)

by reducing it to an equation of the Abel type. For this purpose we first examine 
the integral

u d u

r

j 0 (r2 -  s2 +  j 2cos2 d )1/J

Jo |(s2 -  u2)(/2 -  u2)) '/2 ’ 

When we write u =  s sin d , we have

Kl2 s s in d d i)

0 < s < t < 1 .

f  .2 v l/2
=  sinh“ G r r 7 i )

Similarly, for 0 <  I <  s <  1,

/ :
u d u

* +  » 1 . s + t
=  108 (75^)172  =  2 108 7 3 7 -

« W  +  f((s2 — u2)(r2 — u2))1/2 2 ~ 8 r = 7

Thus,

u d u
=  i> °8 :,  +  '

Atamt.t)
Jo « s 2 -  u2)(r2 -  U2)) '/2 2 jTTTj

Substitution of this value in Equation (8.2.24) results in the relation

(8.2.25)

n f { s )  =  2 j o g M [ J o {(ji -  u 2) 0 2 -T^jiTjldr
r* r' u d u= 2j0 *(0<"ja «s2 -  u2)(r2 -  «2j}v5

+2I, s(,)dtL

(8.2.26)
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Changing the order of integration we find that

, ,  , ,  udu [ '  S W  
* /(S) /o U2 ~  «2) '/2 / .  U2- - 2)'12

u S ( u ) d u

where

 ̂ f ’ u S ( u ) du  
=  2 /o  ( s2 - * 2) 1' 2 •

_  f 1 8 ( 0 d t

S(U) ~  l  (‘2 ~  u2)1'2 ‘

(8.2.27)

(8.2.28)

Equations (8.2.27) and (8.2.28) are the integral equations of the type (8.2.7) and 
(8.2.8). Their solutions are

2 d  f 1 u S(u)du
*<') = - r  - A  v.:r- L a  ■ (»■*»>(u2 -  ,2)1/2

and

i d r  s f w *  / c o ) , r  r w y
-  u d u  Jo <u2 -  s2)1'2 "  U + Jo (u2 -  y2)2'2 ’u du Jo (u2 -  s2)1/2 u Jo 

From the form of the solution (8.2.30) we may write (8.2.29) as

2 d { '  u S\(u)du 2 /(0)2 d [

where Si(u) is

2
«(0  = ----

•S.(«)= [
Jo

Si< 
iws

7T (1 — t 2) l /2 S2 -  t 2

(u2 — t2)1/2 jr ,(1 — ,2)1/2 ’

f ( y )d y

/
7

(8.2.31)

(8.2.32)

1 (1 - s 2)'/2f ' (s)ds 2 /(0 )
rr / ( l - t 2)1'2

(u2 -  y2)'/2 •
By substituting this value of S, (u) in Equation (8.2.31) and changing the older 
of integration, it readily follows

'-IK

. (8.233)

V

8.3. Cauchy Principal Value for Integrals

The theory of Riemann integration is based on the assumption that the range of 
integration is finite and that the integrand is bounded. For the integration of an 
unbounded function or an infinite range of integration, the concept of imptoper 
integrals is introduced.

Consider a function f (s) ,  defined in the interval a ^  s $  6, which is 
unbounded in the neighborhood of a point c,a < c < b but is integrable in each
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of the intervals (a, c — e) and c + 17, b) where s and q are arbitrary small positive 
numbers. Then, the limit

if it exists, is called the improper integral of the function / ( i )  in the range (a, b). 
Here, it is implied that e and r) tend to zero independently. But it may happen 
that the limit (8.3.1) does not exist when e and rj tend to zero independently of 
each other, but exists if e and n are related. The classic example is the function 
f (s)  = l / (s  — c), a < c < b; the limit (8.3.1) in this case is

If e and r/ tend to zero independently of each other, then the quantity log(g/q) 
will vary arbitrarily. However, if e and rj are related, then the preceding limit 
exists. In the special case f  =  q, this limit is

and is called the Cauchy principal value or Cauchy principal integral.
The same definition applies to a general function /  (s). The Cauchy principal 

value of a function f ( s )  that becomes infinite at an interior point jr =  c of the 
range of integration (a, b) is the limit

Such a limit is usually denoted as P  f b / ( s)ds  or f " b f (s)ds .  We use the latter 
symbol in the sequel.

A similar definition for the Cauchy principal value is given for integrals 
with an infinite range of integration. For instance, the limit

may not exist when A  and B  tend to infinity independently of each other, but the 
limit exists when A = B. This limit.

f { s )d s +  f ( s)ds  I , (8.3.1)
c+n

(8.3.2)

(8.3.3)

where
0  < e ^  min(c -  a ,b  — c ) .

lim f  f ( s )  d s , (8.3.4)
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is called the Cauchy principal value. The limits (8 .33) and (8.3.4) axe also called 
singular integrals.

If a function f ( s )  satisfies certain regularity conditions, then the aforemen­
tioned singular integrals exist. One such concept o f regularity is the Holder 
condition. A function / ( s )  is said to satisfy the Holder condition if there exist 
constants k  and or, 0  < a  <  1, such that, for every pair of points Sj, s j  lying in 
the range a ^  s $  b, we have

l / ( s i ) -  f ( s2) 1 <fc|s, - S 2P (8.3.5)

Such a function is also said to be Holder continuous. The special case a — 1 is 
often called the Lipschitz condition.

It is not hard to prove that, if /  (s) is Holder continuous, then the singular 
integral

r
[ / ( r ) ( r  - s ) ] d t  

exists. Indeed, the integral (8.3.6) can be split as

rfc m  -  / ( « )f ( s )
r  d t  r

1  — s + L t - s
d t .

(8.3.6)

(8.3.7)

The first integral has the principal value as proved by the relation (8.3.2). In the 
second integral, the integrand is such that

f i t )  ~  / ( * )
r — s

< * | r  - s p

Therefore, this integral exists as an improper integral for a  <  1 and as a Riemann 
integral for a  =  1. The function /]  (s) defined by the singular integral (8.3.6),

fdS) = i
has the following property, w hich we state w ithout proof. If  / ( s )  is Holder 
continuous with exponent a,  a  <  1, then / i ( s )  is also Holder continuous in 
every closed interval ( f lj .b i) , where a  <  a , ^  jr <  <  b. W hen / ( s )  is
Holder continuous with a  =  1, then /] ( s )  is H older continuous with exponent 
P, which is an arbitrary positive num ber less than unity.

The H6lder condition can be extended to functions o f more than one vari­
able. For example, the kernel K  (s , r)  is Holder continuous w ith respect to both 
variables if there exist constants k  and « ,  0  <  a  <  1, such that

|X (5 ],fl)  -  *(S2.<2)I <  * [ |il - * 2 l“ +  I»1 “  *21"]. (8.3.8)
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where ( j j , / t ) and (S2 , t i )  lie within the range o f  definition.
The Cauchy principal value for contour integrals is also defined in a similar 

fashion. A contour integral o f a complex-valued function with a pole c  on the 
contour strictly does not exist. However, it may have the Cauchy principal value 
if this concept is extended for this case. For this purpose, let L  be a closed or 
open regular curve (i.e., it has continuous curvature at every point) (see Figure 
8.2). Enclose the point c  by a sm all circle o f radius e with center c. Let Lt 
denote the part o f  the contour outside this circle. If a complex-valued function 
f{z), z =  x +  iy , is integrable along Lt, however small the positive number e, 
then the limit

iim f  f { z ) d z ,

if it exists, is called the Cauchy principal value and is denoted as

f L H z)dz OT ' L  f(z)dz .

We are interested in the contour Cauchy integrals,

l / (T ) / ( r  - z ) ] d r .
b

(8.3.9)

in the sequel. It is known in the theory o f functions of a complex variable that, 
if f ( z )  satisfies the H older condition

l/(* i)  - / ( * 2)| < * | r , - z 2|a , (8.3.10)

where z u z i  is any pair o f points on L ,  and k  and a  are constants such that 
0 <  a  $  1, then the integral (8.3.9) exists for all points z  on the curve L,  
except perhaps its end points. The function / j ( z )  defined by the integral (8.3.9) 
is also Holder continuous, w ith sim ilar properties as given for the case o f the 
corresponding real functions.

F i g u r e  8 .2
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The definition (8.3.10) can be extended to complex-valued functions of 
more than one variable as was done for the preceding real-valued functions. 
Incidentally, the function / ( r )  occurring in the integral (8.3.9) is called the 
density of the Cauchy integral.

8.4. The Cauchy-'fype Integrals

The integral

/ « =  _ L  f il li
2ni JL x -  zd x , (8.4.1)

where L is a regular curve, is called a Cauchy-type integral. We first study the 
case when L  is a closed contour. For the discussion o f the integral equation 
(8.4.1), we need a result from the theory o f complex-valued functions, which we 
state without proof.

Let g ( r )  be a Holder-continuous function of a point on a regular closed 
contour L and let a point z tend, in an arbitrary manner, from inside or outside 
the contour L,  to the point t on this contour; then the integral (8.4.1) tends to the 
limit [3],(58]

r « )  =  \ g u

r « )  =  - \ g '

respectively. The formulas (8.4.2) and (8.4.3) are known as Plemelj formulas. 
It is interesting to compare them with the formulas (6.2.10) and (6.2.11). In­
cidentally, we follow the standard convention o f counterclockwise traversal of 
the closed contour L.  This means that the first boundary value / + (f) relates to 
the value of the Cauchy integral inside the region bounded by L , whereas the 
second boundary value f~{t )  relates to the value in the outside region.

Let

g i ( 0  =  ;

±  r2*1 J i  T - t
(8.4.2)

■ ±  f  —2jci }L r  -  /
(8.4.3)

(8.4.4)
fL T - t

f ‘ l(TV
h  t - t

(8.4.5)
2 n i

be two singular integrals, where g  and g i are Holder-continuous functions and L 
is a closed contour. Can we compound these two integrals and obtain an iterated 
integral connecting the functions g 2 and g? The answer is in the affirmative. To
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prove th is a sse rt io n , c o n s id e r  the C au ch y -ty p e  in teg ra ls

/ « * / £ « *
2 * 1  J i  T -  Z

and

A W  =  (  £ « * .
2 n i  J i  z  -  z

(8 .4 .6 )

(8 .4 .7 )

U sing the P le m e lj fo rm u la  (8 .4 .2 )  an d  the in teg ra ls  (8 .4 .6 )  an d  (8 .4 .7 ) ,  w e obtain  
the lim itin g v a lu e s

r * u . (8 .4 .8 )
k  T - t

r
k  * - t

(8 .4 .9 )/+< 0  =  (') +

C om p arin g  the re la tio n s ( 8 .4 .4 )  an d  (8 .4 .8 )  o n  o n e  hand and  the re la tio n s (8 .4 .5 )  

and (8 .4 .9 )  on the o th er h and , w e  o b ta in

*i(0 = / +( 0 - - * ( ' ) ,

* 2 (0 « / ,+( 0 - |* i ( 0 .

(8 .4 .1 0 )

(8 .4 .1 1 )

(8 .4 .1 2 )

Sub stitu tin g E q u atio n  (6 .4 .1 0 )  in ( 8 .4 .7 )  y ie ld s

2 * i  Jl x ~  z  4 jt i i t t - t  

The va lu e o f  the first in tegra l in  E q u a tio n  (8 .4 .1 2 )  is  /  (z )  b e c a u se  it s  density  

/ + ( r )  is the lim it in g  v a lu e  o f  the fu n ctio n  / ( z ) ,  w h ich  is  regu lar in sid e  L ,  
and therefore, w e can  u se  the C a u c h y  in tegra l fo rm u la . T h e  se c o n d  in tegral is  

one-half o f  the in tegra l in (8 .4 .6 ) .  H en ce , / t ( z )  s= 1 / ( z ) ,  w hich im p lie s  that

/,+(o = \ r « )  •

From  E q u atio n s (8 .4 .1 0 ) ,  (8 .4 .1 1 ) ,  an d  (8 .4 .1 3 ) ,  it fo llo w s that 

*2(0 =■ j / +( 0 - 5 l / +( 0 - 5 * ( 0 ] - J * ( 0 -

(8 .4 .1 3 )

(8 .4 .1 4 )

Finally, from  E q u a tio n s  (8 .4 .4 ) ,  (8 .4 .5 ) ,  and (8 .4 .1 4 ) ,  w e h ave the requ ired  iter­

ated in tegral:

, r j r c o  i
(2 r r i ) J  Jl x\~< J l  T ~  Ti 4

(8 .4 .1 5 )
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the so-called Poincard-Bertrand transformation formula.
It is interesting to note that, in the formula (8.4.IS), it is not permissible to 

change the order of integration. Indeed, if we change the order of integration, 
then the left side of (8.4.15) gives

(2*»)
f  ' g ( T ) d r  f  ------

r*)2 J l J l (t -

d x ,
T l)(T l -  0

(8.4.16)

But

r ___ i t  _ r  j i l .1 .0 ,
J l (T ~  rj)(T! - r) r - t L J i  t i - l  A  *1 -  t J

where we have used the Plemelj formula (8.4.2), which gives for the present case

r  * l _ „ .
A  t | - <  J l * i -  *

Thus, the relation (8.4.16) is equal to zero and not j  g ( l ) as in (8.4.15).
For the solution of the Cauchy type integral equations on a real line as 

presented in the next section we need certain algebraic identities which we 
present here [10].

Consider the integral

d s
(u -  s ) (s  -  0  ’ 

and set u — s  =  vs in it. Then we have

va~ ,d v

0  <  a  <  1 . (8.4.17)

- / vt  — (u — t )

Next set

The result is

tv
u - t  *

ru
r -n  ’

0 <  t  < u .  

u < t .

1 / « -u  \g ~ 1 r°° (•’
7 \ i )  Jo t+ i ~  p  

For the special case a  =  ±, (8.4.18) reduces to

_ r _______* .  = i
y0 >/s(u -  s ) (s  -  / )  \

0 <  t <  u ,  

u < t .

0 , 0  <  t < u 

u < t .

y

/ ;

(8.4.18)

(8.4.19)
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Another interesting result that we need is

J v  u “  s  v tr ~  I y V l  — s •— V I + 1 /

which is proved as follows.
For s < t, the left side of Equation (8.4.20) is

(8.4.20)

J ,  -Ju  -~s J u  ~  t J ,  J u i
du

s/u1 — (s -+• t)u +  st

Using the formula

f  dX ---= -4= In (■Jax2 + bx + c  + y /ax  +
J iJax2 + bx + c  V“ \  y /a j

Equation (8.4.21) yields

/ ’ = [ln +  i ) .  +  «  +  i« -  ~  ) \

(8.4.21)

=  ln 

=  In

V ( l - J ) ( l - « >  +  (1 -  «) +  ( ^ ) ]  -  In ( — )  

v i  -  •* +  v i  - 1
/ n r ; -  v m _

which proves (8.4.20) for s < t. The same steps are needed for the case s > r.

8.5. Cauchy-Type Integral Equation on the Real Line

(I) Equation of the First Kind
Consider the singular integral equation

gU)dt

Joi : =  / t o , 0 < s < 1,
r — s

where the integral is understood in the principal value sense. The kernel

1

(8.5.1)

K ( s - r )  =
t — s

is the Cauchy kernel and equations involving this kernel are known as the Cauchy 
type singular integral equations. The limits of integrations in Equation (8.5.1) 
can be taken to be any real numbers a and b instead of 0 and 1 because a simple 
translation and scale expansion reduces that general case to the case a =  0, and
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6 = 1 ,  and vice versa as shown subsequently. Accordingly, we first conduct the J 
analysis for this special case.

To solve Equation (8.5.1) we proceed as follows. First, we multiply it by s 
and get

where

f '  t g ( t ) d t---- - = S / ( s ) + C ,
Jo t ~  s

c =  [  g(t)dt .
Jo

(8.5.2)

Next, we multiply both sides of Equation (8.5.2) by ds/y/s(,u — s) and integrate 
with respect to s  from 0 to u, so that we have

r 1 f '  l  g U ) d t
d s

Jo y / s ( u  - s) .!o l - Sr v A /( s> r dsJo y / u - S Jo y / u ( U  ~  S )

r ds - f V* /(s) ,1i<o

- S )  Jo y / U - S
ds + cn  , (8.5.3)

where we have used the value of the Beta function. Next, we use the identity 
(8.4.19):

l
ds

0 y/s(u - S) (S -  f)
0 ,

-n
/ 1 (l — u)

o < / < u ,
U <  I ,

to get

l
1 V i  g(t)dt  _  c +  1  r  V* f (s)ds  

~  X Jo

(8.5.4)

(8.5.5)y/t — U X Jo yju — S
which is Abel’s integral equation. Its solution follows from the analysis of 
Section 8.1 to be

V F g( i) =  - i l31 dS Jt y/U ~ S
1 .X2 ds I/, y/u - S Jo y/U -  t J

or

, C 1 d I f' du [“ yft f(t)dt 1y/s g(s) =  — . -----j  — / / — —=-=- du} . (8.5.6)
7 r V l  —s x 1 ds [ J ,  y ju  — s Jo yju — l  )

196
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It is not the form (8.S.6) which is usually found in the literature. The standard 
form can be obtained by changing the order of integration in (8.5.6) so that we 
have

vs*<*)= — j =  -  \  t  i r ̂  f  du
n V l  -  s 7fl ds  U o  ] ,  V (« ~ s ) ( u  -  t)

+ f  V7 f ( t )dt  f  . du J 
J, Jt V(“ -s)(u - ») I

-  ‘ - 1 1 1 I
JT ^  ^  l*'0 imM(j.f) -y/(if — 5)(w —  / ) j

Now we use the identity (8.4.20): 

dur
Jmax(s,i) S)(« ~  0

=  In

V (« -  *)(« ■

y r = 7 + y n r 7

to find that

^  _  c ^  1 f 1
JTy/s{l -  S) +  7T2y/S(l - s )  Jo

V r( l  -  r) f ( t ) d t  
s - 1

(8J5.7)

When we set

t = r' - a  
t - b

and relabel appropriately, we find from Equations (8.5.1) and (8.5.7) that the 
solution of the integral equation

r a < s < b , (8.5.8)

£(*) =
1

7T V ( *  ~  « ) ( t  -  *)
•* y u  - q ) ( f  -  f>)

s — rLf f ( t ) d t  +  n c]• a < s < b .
(8.5.9)

In particular, when a =  —1, b =  1, it follows that the solution of the so-called 
airfoil equation

T l g ( * ) : y )  =  ~  ~ ~  =  / O ’) .  l y l < l . (8 .5 .10)

IS
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/r

2  r 1
g(x) =  w r ^ f  L

____i
jt>/T

'■ V ( i - y 2) / (y ) dy  +  •
rV i - x 2 } - \  x  -  y  '  ' V I - x 2

— J ^ r p r l ’/r r ? 5 /“ ' l  + 7 r a ’ 1,1 < l -
(8.5.11)

Solution (8.5.11) is valid when g(x) is unbounded at both ends. To find the 
corresponding solution that is unbounded only at one end point we appeal to the 
identities

r 3 - (H ! )  (& ) ( • ♦ * £ )

Then the solution (8.5.11) can be written as

.v i  / ^ y / *  / ( y )

■y>
g(x) i  f \  + x \ i n  /•> n - y \ m  /Cv) , , <

=  n r r i j  l _ X — y ) x 2)  V 2

(8.5.12a)

(8.5.12b)

|x| < 1 

(8.5.13)
and

x \ i + x /  J - i \ i - y J  y - x  ( l - xX2)V2

Example. The solution of the integral equation

r ** g(Odt
L

J t

,V2 r t / l  +  v \>/2 .
|x| < 1,

(8.5.14)
where c ' and c" are new constants. The corresponding solutions for the general 
interval [a, 6] can be easily derived from Equations (8.5.13) and (8.5.14).

t — s =  1 , a < s  < b ,

is

g(s) ■■ 

or
ttV ( s - a ) ( b - s )  [ /

V(» -  a)(b -  t)
s  — t

(85.15)

o < s < 6

*(»> -  . +
i t , / ( s  - a ) ( b - s )  rrV (s - a ) ( b  — s)  '

dt  +  trcj ,

a <■ s < b . (8.5.16)
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(ii) Cauchy type Integral Equation of the Second Kind
in this subsection our aim is to solve the inhomogeneous integral equation

Jo 1 -  s
(8.5.17)

For this purpose we first reduce it to a simple Volterra integral equation as follows. 
First, we appeal to the identity (8.4.18)

0 < s < u .f  dt = { rfSpk1
Jo ( u - r ) - > r * ( r - s ) 1 ,

and then define the function 4>{s, u) as
u < s,

u) =  ------- -t——  , 0 < s <  u ,(u -  r ) '- “i«
where a  is chosen in such a way that

1—n  cot or t  =  — ,
X

then 0(s, u) is the solution of the equation

/■*“ S l t .u )
- X /  --------dl = u ) , 0 < s < u ,

Jo t - s
whereas for s > u we have

f ' “ 4(1, “) Ji _  it a
Jo l - s  (s - 1(j — u)1_”s* ’

Neat, we multiply Equation (8.5.17) by s and write it as

L/  - ^ — ^ g W - s / W  +  c,
Jo I — s

where

= x / ’g(t)dt .

(8.5.18)

(8.5.19)

(8.5.20)

(8.5.21)

(8.5.22)

(8.5.23)

(8.5.24)

Multiplying both sides of Equation (8.S.23) with <fi(s, u) and integrating bom 0 
to u we have

f “ t g(t)dl
X <Hs.u)ds I —----— =  <t>(s,u)(sg(s) - s f ( s )  + c)Js,

JO Jo 1 ■“ * ^0
which, by the change of the order of integration, becomes

=  f a s g(s)*(,.  U )d s -  j f  s /<s)*(s, u)ds + c jT ^ (J , u)ds .
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If we use Equations (8.S.21) and (8.S.22) and the value of the Beta function

J' 0 ( s ,  u )d s  =  7r CSC a n  ,
o

we obtain

l '~aK(t) ( “Air esc a ir I ---------— dt  =  -  /  sf(s)4> (s ,u )ds+cn  esc a n  . (8.5.25)
Ju V — ») Jo

Tiis is an Abel type integral equation whose solution is

. „ sin2a ir  d  f  t l du  f “ , , ,  x , " |  c sin air

(8.5.26)
c sin air

rr(/ -  r)« ’

Because cot a ir  =  — (Air)-1 , we have

0 < r  < 1 .

Air
V f+ X 2ir2

and thus Equation (8.5.26) can be written as

*(0 " 7 Jt [ I ' l o  (“ ’ 'r ‘(u" fis)dsdu]

r '-» ( l - r ) « v / l  -i-ir2A2 

and can be easily put in the standard form

X

0 <  a  < 1 (8.5.27)

g(s) =  _ ^  +
1 +  ir2A2 (1 +  ir2A2)s1_<,( l  

c
+

1_______ /
’- a - * ) *  ; 0

1 0  - r y r 1- " /(!)</!

Next we set

j ' - » ( l  - s ^ V T + l P X 1

t' - a
t =

t —s

0 < s < 1 .
(8.5.28)

b — a '
and find from the above analysis that the solution of the integral equation

g(s) =  /(s) +  X f k g(t)dt  
Ja > ~ s  '

or

a < s <  b (8.5.29)
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. =  /(*> , ____________i ___________  f '
I +  n 2A2 (1 +  ff!X*)(s - a ) 1 J„

( b - i ) ‘ (t - a ) ' - f ( t ) d t

(r ~o)'~*(b -  s)° ' 

where c is an arbitrary constant.

a < i  < b , (8.5.30)

The Carlem an In teg ra l Equation

By extending the concepts and analysis of this and the previous sections we can 
solve the Carleman integral equation

a(*)gCs) =  f U )  +  A.
f '  g(Qdt

J - 1  t -  s
|s | < I , (8.5.31)

as well as various other related integral equations. The reader may consult the 
reference [9] which contains all the details. It also contains the references to 
the literature on the subject. We content ourselves with stating the solution of 
Equation (8.5.31). It is

, , a ( s ) f ( s )
gU)  = - r , - ■ ,- y  i a 2(s) +  X2jr2

X e*w -*>«>fU ) d t

where

(a2(s) 4-X: n J) | /J J _ | (a2(f) + A 2n-2) ' / 2(r -  s)

1 f 1 i?(r) /  Xn \
y ? ( r ) = - l  --------- d t  9(1) — arctan I ——  I .

tr J - i  0  — s)  \ a ( i ) J

(8.5.32)

8.6. Solution of the Cauchy-Type Singular Integral Equation 
in a Complex Plane

(i) Closed Contour. The problem is to solve the integral equation of the 
second kind

b ( '  six )
a g (0  =  f i t ) -----r /  ------ - dx  , t € Lni J L x -  i

(8.6. 1)

where a and b are given complex constants. g(x)  is a Httlder-continuous function, 
and L is a regular contour. A fortunate aspect of this integral equation is that it

s

t -  s

e
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can be solved simultaneously for the cases a 0 and a =  0, so that the solution 
of the integral equation of the first kind follows as a limiting case.

To solve (8.6.1), we write it in the operator form

b r  j e ( r )
Lg = ag m  + - ] L =

and define an “adjoint” operator

M<t> =  a<p{t) -  A  /  d r  .
x t  JL r -  (

From Equations (8.6.2) and (8.6.3), it follows that

(8 .6 .2)

(8.6.3)

Using the Poincard-Bertrand formula (8.4.15) and doing a slight simplification, 
Equation (8.6.4) becomes

b
g( 0  = r f U )  -

* Jl r -  t
(8.6.5)

$
y

a2 — b2 (a2 — b?)ni

where it is assumed that a2 — b2 ^  0. Substituting (8.6.5) back in the integral 
equation (8.6.1), it is found that the function g(t)  indeed satisfies the original 
integral equation.

The solution of the Cauchy-type integral equation of the first kind,

/ ( / )  =  A f  l l ! L dr  , (g.6.6)
x i  J L r — t

follows by setting a =  0 in (8.6.5):

For b =  1, Equation (8.6.6) and (8.6.7) take the form

=  (8.68)x i  JL r — t m  J l r — t

which displays the reciprocity of these relations.

(ii) Unclosed Contours and the Riemann-Hilbert Problem. The analysis of
Case (i) is based on the application of the Poincar6-Bertrand formula. When the
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contour L is not closed, this formula is not applicable and new methods have to 
be devised to solve the integral equation (8.6.1). However, the Plemelj formulas 
(8.4.2) and (8.4.3) are also valid for an arc when we define the plus and minus 
directions as follows. Supplement the arc L  with another arc L '  so as to form 
a closed contour L  +  L' .  Then, the interior and exterior of this closed contour 
stand for the plus and minus directions. Thus, we have

/ + ( r) ‘ (r ) +  - L f ^ d r ,  
2 2zn JL t  -  i

(8.6.9)

2 I x i  J i  x — t
(8.6.10)

These formulas can also be written as

8 ( 0  =  f +(t) (8.6.11)

±  f i l l !  dt  = f +{t) +  r  ( 0 . (8.6.12)

Now, suppose that a function ui(r) is prescribed on an arc L and that it 
satisfies the Holder condition on L.  It is required to find a function W (z) analytic 
for all points z on L such that it satisfies the boundary (or jump) condition

iv +( r ) _ i v - ( r )  =  u t(r), r e f . (8.6.13)

Theform ula(8.6.11)obviouslyhelpsusinevaluatingsuchafunction W(z).  The 
problem posed in (8.6.13) is a special case of the so-called Riemann-Hilbert 
problem which requires the determination of a function W(z)  analytic for all 
points z not lying on L  such that, for r on L,

W+(r) — Z( t )W ~( t )  =  u>(r), (8.6.14)

where both w (t) and Z (r) are given complex-valued functions.
It follows by substituting the formulas (8.6.11) and (8.6.12) in the integral 

equation
b f m g(r )

egO)  =  F ( 0  -  —  —  d r , (8.6.15)
wt Jl r - i

that the solution o f this integral equation is reduced to solving the Riemann- 
Hilbert problem

(a + b ) f +(t) -  (a -  b ) f ~ ( t )  =  F ( t ) . (8.6.16)

We content ourselves with merely writing down the solution of Equation (8.6.1). 
For details on the Riemann-Hilbert problem the reader is referred elsewhere
(3].[10],154),(56|.
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Let L be a regular unclosed curve; then the solution of the singular integral 
equation (8.6.1) is

- a ) ’— (1 - 0 ) "  ’
(8.6.17)

where a and 0 are the beginning and end points of the contour L and the number 
m is defined as

1 . a + b
m =  — ■ log ----- - .

2n i  a —b
The quantity c is an arbitrary constant and is suitably chosen so that g(i) is 
bounded at a or at 0.

In particular, the solution of the integral equation of the first kind (we can 
put b =  1 without any loss of generality),

m = ± r n i i d r ,
m  JL z - t (8.6.18)

is obtained from (8.6.17) by setting a — 0, b =  1. Then, wi =  1/2 and

*() J l \ r - f i )  r - t  +  [(r -  o)(f -  0)]i/2 ‘
(8.6.19)

It is interesting to compare formulas (8.6.17) and (8.6.19) with the corre­
sponding results in the previous section.

y

8.7. Singular Integral Equations with a Logarithmic Kernel

We start with the integral equation

J ̂ l n \ s - t \ g 0(t)dt = 1, - l < s < l .  (8.7.i)

By settings =  cos a , t = cos0, Equation (8.7.1) becomes

J  In |co sa  -  c o s 0 | =  1,  0 < a < n , (8.7 .2)
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where GiP) ~  go(cos/))sin/S. Let us now expand G(p)  as G(P) =  
I^alo fen cosnfi and use the summation formula

In | coso — cos/5|

cosnorcosn/9

Then relation (8.7.2) becomes

=  —ln2 —2 £ (8.7.3)

l ' h - 2S cos not cos rtfl

I cosmfi dp  =  1,
Lm-e J

from which it follows, due to orthogonality of cosine functions, that

“  cos no
—jr fro In 2 =  y ^ trfr . =  1 .

Thus, fro =  —(I / ( jt In 2)), b„ =  0, n > 1, and we find that the solution of 
equation (8.7.1) is

*o(0 -------- ----  - = L =  . (8.7.4)
rr In 2 ^ /l -  I2

In passing we observe that by substituting solution (8.7.4) in (8.7.1) we have 
the useful identity

f1 ln |s  —r|
—1 < s < 1 .

—1 < s < 1

/  ln |s  —r| ^  ^
/ . , a r ^ j i T s * —

Next, we consider the integral equation

j  In |s — t\g(t)dt  =  / ( j ) ,

Differentiation with respect to s  gives

f  — dy  =  f ' U ) , - 1 < s < 1 ,
J - \  s ~  1

whose solution follows from (8.3.11) to be

1 /*' [1  - t 2~\m  f ' ( i )  J
=  i ~ dt

(8.7.5)

(8.7.6)

it<J\ — s1
(8.7.7)

n
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where C =  g(t)dt. To find the constant C, we multiply Equation (8.7.6) by 
1^(1 -  s2) and integrate it with respect to s from —1 to 1 and change the order 
of integration. The result is

;_i u  -  s2)1/2

which, in view of identity (8.7.5), becomes

/(* )

Thus

C _____ L -  r  n s )  1,
( l - s2)i/2a s ’

which when substituted in (8.7.7) yields the solution

• " - h a w ?
i

ds

n 2 In 2(1 — s2),/2 C < r r k » dl-

The integral equation / ;  In Is -  »!«(»)<*» =  / ( s )  , a < s  < b  

The integral equation

r b

In |s — r|g(f)dr =  / ( s ) , a < s < b .r (8.7.9)

can be reduced, by a linear change of variables to the equation over the interval 
(—1,1) so that the preceding analysis can be applied. An alternative approach 
is to differentiate Equation (8.7.9) with respect to s and obtain the Cauchy type 
integral equation:

i f
g(i)di  
s — t ~  / '( * ) •  a < s < b . (8.7.10)

whose solution follows from the analysis in Section 8.5 to be 

£(s) =  _ L  [ b [ f t - M - O V 71
n 2 Ja L ( s - a ) ( 6 - s ) J * — s jr[(s -  o)(b -  *)]»* ’

(8.7.11)
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where

■ =  J gU)dt . (8.7.12)

To find the constant c we multiply (8.7.9) by [(r — a)(b -  r)]~l/2 and integrate 
with respect to s from a to b; the result is

[  f .
f(s)ds

■J(s -  a)(b -  s) ’

f(s)ds
y/(s -  a)(b 

But in view of the identity (8.7.5) we have

l n | j - r |  ^ f l In (*=*) + In | t - s

V ( J - a ) ( b - s )
(8.7.13)

J, V(s -  «)(b -  s) / - i v T - r *

Therefore, relation (8.7.12) becomes

dr =  rr In ( ^ - ^ )  • 

(8.7.14)

- m - i :
fU)ds

-. -------,------ , (8.7.15)•Js — a)(b -  s)

ud it follows that if 6 — a ^  4 the solution of the integral equation (8.7.9) is

f( ' )dt

. . J f  * / ( f - a ) ( b - t )  f ' (t)dt
* 2 / .  v ( * - a ) ( b - * )  » - s

+ __________ 1 f ” ,______
rr2 In (4=*) VCs -  a)(b -  s) V (' -  a)(b -  I) 

In the exceptional case when b -  a =  4, the extra condition 

f (s)ds

(8.7.16)

s : -•*/(* -  a)(b -  s)
=  0 (8.7.17)

■* required for a solution to exist and the solution in such case is given by Equation 
(8.7.11) where c is an arbitrary constant.

For the special case 6 =  —a, the integral equation (8.7.9) and its solution
(8.7.16) take the forms

J "  ln (r -  0 g U ) d t  =  / ( r ) , |r | < b . (8.7.18)



208 8. S ingular Integral Equations

and

8iS) ~  n 2 j _ 6 V b2 ~  s2 » - *

+
n 2 \n(b/2)y/S* r x L

(8.7.19)

respectively.
Let us now use the pair (8.7.18) and (8.7.19) to solve the integral equation 

encountered in Example 5 o f  Section 8.2, in the form

0 <  s <  b . (8.7.20)

For this purpose we extend the function / ( s )  and g (s ) to the interval—6 <  s < 0, 
by setting

/ ( - * )  »  - / < * ) ,  * (-* >  =  - g ( s )  ■ (8.7.21)

Then Equation (8.7.20) becom es Equation (8.7.18) and the solution (8.7.19) 
takes an interesting form. Indeed, we find that since / (s) is an odd function, 
the second term in the right-hand side of Equation (8.7.19) is zero. We further 
observe that the function / ( r )  has a jum p discontinuity at r =  0 of magnitude 
2 / ( 0 ) .  Accordingly, we can apply the distributional derivative formula (5.4.21) 
and get

5 / ( 0
dt

=  f ( l )  + 2 f ( 0 ) d t . (8.7.22)

When the value o f / ' ( ( )  from this formula is put in the first term of the right-hand 
side of (8.7.19) we obtain the solution o f the integral equation (8.7.20) as

2s f k lb2 -  f2

8 { s ) ~ * 2 Jo y)b2- s 2
f i t )  

V fi  — s
dt

2 b  m
_________ (8.7.23)

J t ^ y / b i 2 -  S 2

which agrees with the earlier solution when we take into account the difference 
in the notation.

Integral equations with logarithmic kernels arise in the boundary value prob­
lems for two-dimensional configurations [22]-[24],[30]. One such equation is 
solved in the following.

Exam ple. In the theory of the scattering o f acoustic, electromagnetic, and 
earthquake waves by cylinders, infinite strips, and slits there arises the integral
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equation

^  l(P +  l°g2) +  l0g | s - r | ] s (r)rff -  / (J) |S| < 1 ,  (8.7.24)

which is easily inverted with the help of the foregoing analysis. Indeed, we can 
write Equation (8.7.18) as

j  logli -  l\g(t)dl  =  f ( s )  +  B , |i |  < 1 , (8.7.25)

where

B  =  (p  +  log 2) J  g ( t ) d l . (8.7.26)

Now we use the inversion formula (8.7.19) by substituting f ( t )  + B for / ( r )  
and obtain

1 f' (\  - f 2\ ,/J / '(0  .
— s dt

1 /(Orff ~ n  Brr2 log2(1 -  r 2)1/2 l (1 _  r2)'/2 

To find B, we substitute Equation (8.7.27) in (8.7.26). This yields

(8.7.27)

B (P + '°gO  p l j  J | ‘ | ' / ' ( O v T ^ j J j j J i  _  jT> /M *f{s)ds
•Jl — 

(8.7.28)
When we substitute the value of B from (8.7.28) in (8.7.27) we have the required 
solution as

rr2 i _ i \ 1 - $ 2/  » - *  ;r2 log2>/l - r J l / - i  >/l - 12

_ p + log2 I"log2 rl 1 f' > /T ^ 7 /« )< «  ^
P rr /_ ! V l -  sJ J -i  f -  r  *

w < 1 -

for mote detailed analysis on the integral equations with a logarithmic kernel, 
the reader may consult Estrada-Kanwal [11].
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8.8. The Hilbert Kernel

A kernel of the form
K(s, t )  =  cot[(f -  s)/21,

where s and t are real variables, is called the Hilbert kernel and is closely 
connected with the Cauchy kernel. In fact, the integral equation

g(s) =  f { s ) -  X J  F(s, r)lcot[<r -  s)/2])g{t)dt , (8.8.1)

where f ( s )  and F(s, t) are given continuous functions of period 2n,  is equivalent 
to the Cauchy-type integral equation

g « )  =  /(* )  -  X r ) / ( r  -  <)]*(r )d r  , (8.8.2)

where f  and t are complex variables and the contour L is the circumference of 
the unit disk with center at the point z =  0. To prove it we let £ and r denote the 
points of the boundary L corresponding to the arguments s  and r, respectively:

< = e' T = e " ,

so that

Therefore,

dr e“dt f l  / I - s \  i l
r - f  [ 2  \  2 /  2J

f  t — s \  2dr  dr  t  +  ( d r
V 2 J  t - C  T T - f  r

U(r,. , ) . ± f _______!
2rr Jo 1 +  r 2 —

1 — r 2

(8.8.3)

(8.8.4)

and Equation (8.8.1) takes the form (8.8.2).
The Hilbert kernel (8.8.1) is also related to the Poisson kernel in the integral 

representation formula for an harmonic function L/(r, s):

u (r)d r, (8.8.5)

z  =  reis r = e "

in the relation (8.8.5) and get

V{r. *> =  R t ( 2^7 ^  7 1  •

2r  cos(r — s)

inside the disk r < 1. The function u(r) =  t / ( l ,  r) is the prescribed value of the 
harmonic function on the circumference L of the disk. Set

(8.8.6)
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New, let V(r, 5 ) be the function that is harmonic conjugate to U(r, s ):

U (r, s) + »V(r, s ) =  f  « ( 0 —  , (8.8.7)
2jti J i  r  — z t v '

such that V(rt s) vanishes at the center of the disk: 

V(r, s ) |r=o =  0 . (8.8.8)

Then, the function V(r, s)  is uniquely defined.
When r -*■ 1, so that z  tends to a point { of the circumference L from 

within the disk, we can apply the Plemelj formula (8.4.2) to the analytic function
(8.8.7). Therefore from Equations (8.8.7), (8.4.2), and (8.8.4), we obtain

v(s) =  j f  «(r)cot ( “Y " )  dt  > (8-8.9)

where v(s) = V (l,5) is the limiting value of the harmonic function on L .  

The formula (8.8.9) thus connects the limiting values of the conjugate harmonic 
functions t/(r, s) and V (r, s ) on the circumference.

We need the iterated formula formed by compounding the integrals with the 
Hilbert kernel:

r*2*
g 1 (S) =  -£■ Jo g (0  cot ( “ 2” )  d t * (8.8 .10 )

and

8 2OO =  ^  Jq g \ ( 0  cot ( “ y " )  dt  ■ (8.8 .1 1 )

If U(r,s)t U\(r, s), and Uj(r, s) are the functions that are harmonic inside the 
diskr < 1, and whose values on the circumference r =  1 are equal respectively 
to£(5), gi(s), and &(*), then from Equation (8.8.9) it follows that f/j(r.s) is 
an harmonic function conjugate to U (r, s) and Ui(r, s) is conjugate to V\ (r, s). 
The Cauchy-Riemann equations then yield the relations

dU_
dr

9Uj
9r

dU
ds

3U2
ds

U2(r, s) as —V (r, s) +  C , C =  const. (8.8.12)

But the constant C can be determined from the condition (8.8.8):
<*2jr

C  *  r-0  =  ( l /2 r r )  J  f / ( l ,  t ) d t  *  ( l /2 r r )  J g ( t ) d t , (8.8.13)

or
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where we have used the mean-value property of the harmonic function. Thereby, 
Equation (8.8.12) becomes

U2(r, s) =  -U(r,  s) + (1/2*) g(t)dt .r (8.8.14)

Now, put r =  1 in the preceding equation, use the relations 1/(1, s) =  g(s) and 
=  £z(s), and get

Sz(s) = -g (s ) + (1/2*) / g(t)d t .r (8.8.15)

From Equations (8.8.10), (8.8.11), and (8.8.15), we finally obtain the required 
iterated integral equation:

( i )  So “'(V W o (8.8.16)

which is called the Hilbert formula.

8.9. Solution of the Hilbert-Type Singular Integral Equation

We can solve the integral equation of the second kind

a g ( s )  =  / ( f )  ~  h  J0 g i f )  «>t d t , (8.9.1)

where a and b are complex constants, in the same manner as we solved the 
corresponding Cauchy-type integral equation (8.6.1). As in Section 8.6, we 
define the operators L and M  as

LG =  ag(s) +  —  J g(t) cot • (8.9.2)

h i  (8-9-3)Mtfi =  a^ (s ) +  ;
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Tien,

MLg =a jdg(s) + ^  « (0 cot * j

~ h [  “ ( S r ) *

* [“*"> l  *<»>««

(8.9.4)

where

F{s) =  M f  =  fl/(s ) — —  J  f ( t )  cot ( L ^ d t  .

Using the Hilbert formula (8-8.16) and simplifying, we obtain the integral equa­
tion r 7*

(«J +  b2)g(s) -  (62/2 jt) gU)dl  =  F ( j ) , (8.9.S)Jo
which has the simple degenerate kernel K(s,  t) =  1. To solve it we integrate 
both sides from 0 to 2^, set

C  =  f  g ( t ) d t , J o
and use the value of F(s)  as previously given. The result is

*2C =  -  f  f ( s ) d s  - ± f \ s J ‘  m  M  ( L z f )  rf, . 

The second integral on the right-hand side is

[rsuMsuH
*** -* 0. Then the term in the square brackets vanishes and we have

C = ~ f  f U ) d t  . and f  g ( t ) d t = * - [  f { t ) d t  . 
“ Jo Jo  a Jo
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which, when integrated w ith respect to s from  0  to 2 jt, gives

-2n

i: F ( s ) d s  =  0 (8.9.12)

From the relation (8.9.10), it follow s that Equation (8.9.12) holds for all values 
of the function f ( s ) .  Therefore, the constant c is an arbitrary constant and the 
solution of the integral equation (8 .9 .8) is

g( s)  =  “ 2 ^ 1  f ( ° 001 ( ^ )  d t + C ' (8 '9 1 3 )

Finally, when we substitute Equation (8.9.13) in (8.9.8), w e find that the function 
/(s) given by the relation (8.9.13) satisfies the original integral equation if  and 
only if

»2jt
f ( s ) d s  =  0 .  (8.9.14)r

Hence, the condition (8 .9 .14) is necessary and sufficient for the H ilbert-type 
singular integral equation o f the first kind to have a solution.

The second method is to use the results o f Section 8.8, w here w e have 
connected the Hilbert kernel w ith the Cauchy kernel. For this purpose, we write 
g(e") =  g(t),  and so on, and assum e that g ( l )  and / ( / )  are periodic functions 
with period 2n.  Further, we replace / ( r )  by / ( r ) / i .  Then, the form ulas (8.6.8) 
with the help o f the transform ation (8 .8 .3) yield the reciprocal relations

and

With the help of this pair o f equations, the solution o f  the integral equation (8.9.8) 
can be easily deduced.

It follows from the pair (8.9.1S) and (8.9.16) that, for periodic functions 
/(f) and g(t),  if the condition / ( f )  d t  =  0  is satisfied, then we also have 
Jo* §(t)dt  =  0. We have more to say about the integral relations (8.9.15) and
(8.9.16) in the next chapter.

For more details on the subject matter o f this chapter the reader may consult 
the references

. infos i
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8.10. E xam ples

Example 1. Prove that the integral equation

r * ‘ e -ia[w-v)
f ( v )  =  /  u>/(ui)----- d w

Jo w — v
(8.10.1)

has the solution

1 /  to V '  r  ( \ - v \  '
ui/(ui) = ---- j  (  ------) / ( ------ ) f  («)----------- dv (810-2)w2 \ l  — u i /  J o  \ v J  v — w

The integral equation (8.10.1) arises in the discussion of various problems 
of mathematical physics. The solution follows by comparing Equation (8.10.1) 
with (8.6.18) and (8.10.2) with (8.6.19), and by setting a  =  0, P =  1.

Example 2. Solve the integral equation

«  1 ft  — $ \
y > .  cos ns +  bn sin ns) =  —  J  g(t)  cot J  dt  . (8.10.3)

Observe that the function / (s) =  (a , cos ns +  bn sin ns) is a periodic
function with period 2n.  Moreover, the condition f ( t ) d t  =  0  is satisfied. 
Therefore, from the reciprocal pair (8.9.15) and (8.9.16), it follows that

g(s) =  cosnf +  s» n " o j  cot dt

OO
=  y~' (a„ sin ns -  b„ cos ns) , (8.10.4)

ns]

where we have left the actual integration as an exercise for the reader.

Exercises

Solve the following integral equations.

i .  a + b s + c s * + d s > =  r — ^ ______
J 1 (cost -  COSS)>/2 ’ 

where a , b , c , d  are real constants.

2. a + bs +  cs2 +  d s 3 ■jf
g{t)dt

(cos 5 — COS 1)1/2 ’

f s g( t )di
h  (s2 - t 2) i / J ’

2 <  s <  4 .

1 < s < 2 ,

1 < s < 2 ,
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4- s' = l  • 2<i<4-
5. as + bs2 - f - *

Jo ( * -
go)

,)> /2
i. Substitute the solution (8.6.S) in (8.6.1) and verify that this solution satisfies 
the given integral equation.
7. Show that the solution of the Cauchy type integral equation

0 < s < 1,
Jo

is
g(s) =  - v^ T T 7 j  +  ^ = ! .

where c is an arbitrary constant.
S. Find the solution of the integral equation

g(s) =  (sins) -  - j -  jf g(t) cot d f .

9. Solve the integral equation 

.I  t ’ t2g(t)dt
S Jo (s2 - t 2) l/1 { / i ( f ) ,  b < j < o o ,

where b is a constant.
18. Prove that the solution of the integral equation

f(s) =  — /  r ^ ' f j 2 -  t2)*~'g(t)dt , 0 < 0  < 1,
r(ct) jo

is

*(0 =  =7;----- r ~r f  *a,+2*+,(rz -  m2)~* /(«)<*« •
r ( l  -  a) a / jo

11. Prove that the solution of the integral equation

is

12.

7 c2i| /*<»
/ «  -  ?T T  /  0* “  . 0 < o < 1,T(a) J,

#2ar+2f7-1 J fCO
g{t) = ------------- — / i r 2*+,(u2 -/*>“*/(«)*■< •

T(1 -  a) dt Jf
Solve the integral equation

/■" g(t)dr _  | /iW  • 0 $ r < a .
J ,  ( l 2  - s 1 ) 1! 2  ~  t - / j ( s ) .  a < s < 00 .



\



C H A PT ER ?CHAPTER 9

Integral Transform Methods

9.1. Introduction

The integral transform methods are of great value in the treatment of integral 
equations, especially the singular integral equations. Suppose that a relationship 
of the form

g(s) =  Jf r ( s , x )K (x , t ) g { t )d tdx  (9.1.1)

is known to be valid and that this double integral can be evaluated as an iterated 
integral. This means that the solution of the integral equation of the first kind,

f ( s )  =  J  fC(s, t)g(t)dt ,  

g(s) = j  r ( s , f ) f { t ) d t .

(9.1.2)

(9.1.3)

Conversely, the relation (9.1.2) can be considered as the solution of the integral 
equation (9.1.3). It is conventional to refer to one of these functions as the 
transform of the second and to the second as an inverse transform of the first.

The most celebrated example of the double integral (9.1.1) is the Fourier 
integral

l*oo roc
g(s) =  (1 /2*)

J - 00 J-oo
e,!* e~'x' g(t) dt d x . (9.1.4)

which results in the reciprocal relations

/ ( s )  =  w " 2 J1*00
e~iug(jt)dt

-oo
(9.1.5)

and

g(s) =  (2n)~'n  j eist f ( t ) d t  .
-00

(9.1.6)

The function f ( s )  is known as the Fourier transform T [g]ofg(/) and g(s) as the 
inverse transform 7 ' [ / ]  of f ( s ) ,  and vice versa. The function / ( s )  exists if g(t) 
is absolutely integrable, and it is square-integrable if g(l) is square-integrable, 
as can be readily verified using Bessel’s inequality. In the sequel, we assume 
that the functions involved in the integral equations as well as their transforms

is
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satisfy the appropriate regularity conditions, so that the required operations are 
valid.

As a second example, consider the double integral
roc rOC

g(s) =  (2/?r) I I (sin s i  s'mxt)g(l)dt dx .
Jo Jo

This leads to the sine transform and its inverse,

f ( s )  =  {2/n)]f2 [  (sinsr)g(f)<fr 
Jo

(9.1.7)

(9.1.8)

and

g(s) =  ( 2 /n )v l  f  (sin ,
JO

(9.1.9)

respectively.
For ease of notation, we also denote the transform of /  as F and that of 

g as C, and so on, for all the transforms. It is clear in the context as to what 
transforms we are implying.

9.2. Fourier Transform

The Fourier transform T[f],
T[f) =  F(s)  «  (2* r 1/2 r  /(/)* -" '<* / , 

7 00
(9.2.1)

is a linear transformation:

t-l/2n a f  +  bg\  =  (2* r 1/2 /  [ « / ( 0  +  bg(t )]e- is'dt  
7 —00

=  a ( 2 * r 1 /2 /  f { t )e~is,d t  + h (2 jr )_1/2 f  gU)e~iudi 
7 -0 0  7 -00

=  fl7-[/] +  (> r[g]. (9-2.2)

As such, we can use many properties of the linear operators. Furthermore, 
in Chapter 7 (see Exercise 11), we found that under Fourier transformation a 
square-integrable function preserves its norm. Hence, for such a function, we 
have

Itn /J I I  =  l|F || =  1 |/ | | .  (9.2.3)

Let us note some of the important propertiesof the Fourier transforms. They
can be found in every standard book on the subject (see, e.g., (62]) and, in fact,

a
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can be proved very easily by the mere use of the preceding definitions. These 
properties are:

(t) r [ / ( / - a ) ]  =  e - '« r [ / ( / ) ] ,

where a is a constant.

(9.2.4)

(if) n / ( a / ) ]  =  ( l / l f l i m / C O l ^ .  . (9.2.5)
(Hi) Tl f ' ( i )]  =  i s T l f ( t ) ] . (9.2.6)

where the prime denotes differentiation with respect to the argument. Similarly,

r [ / * ( r ) ]  =  ( is ) * r [ / ( r ) } ,

where by /*(») we mean the Jtth derivative of / .
(iv) If f

h(t)  =  J ^  f (x )d x ,
then

r (h (0 ]  =  (l/is)7 "[/(t)] . (9.2.9)

From Equations (9.2.6) and (9.2.9), we see that the differentiation has the effect 
of multiplying the transform by is, whereas integration has the effect of dividing 
the transform by is.

(v) The convolution integral

(9.2.7)

(9.2.8)

h(i) = (2nym f f i t  - x ) g ( x ) d x  =  (2rr)~l/2 f  g ( l  - x ) f ( x ) d x  J—oo j— 00 _

gives
T[h(t)] = T\f}T[g],  

H(s)  =  F(s)G(s) .

(9.2.10)

(9.2.11)

(9.2.12)

93. Laplace Transform

The Laplace transform L [ f \  of a function f ( s )  is defined as 

H f )  = F(p) = Jo f(s)e-<"ds. (9.3.1)

or
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T h e  in verse  is

r r+i°o
L ~ ' \ F ]  =  f ( s )  =  ( l / 2 r r i )  /  F ( p ) e psd p  ■ (9 .3 .2)

J y —iO0

T h is  tran sfo rm atio n  is  a ls o  lin e ar  b e c a u s e

L [ a f  +  bg]  =  a H f ]  +  b H g ] ,  

fo r  tw o  c o n sta n ts  a  an d  b.
T h e  fo llo w in g  a re  so m e  o f  th e b a s ic  p r o p e r t ie s  o f  th e  L a p la c e  transform .

( i)  F ( p - fl)  =  Z .[«‘ * / ( * ) ] .  (9 .3 .3)

( i i )  H f i a s ) )  =  U / a ) H f ( s ) ] ^ p/. , (9 .3 .4 )

( i i ia )  H f ]  =  p L [ f ] -  f V 0 ) ,  (9 .3  5)

a>) / . [ / ‘ i =  p * n n  -  p*-1 m  -  p*-2f ( 0 ) --------- /* -'(o ) ,
(9 .3 .6 )

( c )  d F ( p ) / d p  =  - L [ s f ( s ) ] ,

w h ere  f *  m e a n s  th e Jfcth d e r iv a tiv e  w ith  r e sp e c t  to  th e  a rg u m e n t.

(>v) If j

*(*) = f  f ( * ) d x ,Jo
then

L [ / t ]  =  H ( p )  =  ( l / p ) L [ / J .

( v )  F o r  th e c o n v o lu tio n  in teg ra l

(9 .3 .7 )

(9 .3 .8 )

(9 .3 .9 )

h(s)= f f(x)g(s-X)dx = [ g(x)f(s-x)dx, Jo Jo
w e  h ave

L { h ]  =  L [ f ] L [ g ] ,

H ( p )  =  F ( p ) G i p ) ,

(9 .3 .1 0 )

(9 .3 .1 1 )

(9 .3 .1 2 )

w h ic h  i s  th e  s a m e  a s  ( 9 .2 .1 2 ) .

9.4. Applications to  Volterra Integral E quations with  
Convolution-Type Kernels

T h e  b a s ic  in fo r m a tio n  g iv e n  h e re  a b o u t  th e  F o u r ie r  a n d  L a p la c e  tra n sfo rm s is 

su f f ic ie n t  to  d e m o n st r a te  th e ir  a p p l ic a t io n  to  th e  s o lu t io n  o f  in te g ra l eq u ation s.
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We apply only the Laplace transform in this section, although the Fourier trans­
form can also be applied just as effectively. Let us first consider the Vblterra-type 
integral equation of the first kind,

/ ( s )  =  k(s -  t )g(‘) d t , (9.4.1)

where k(s — t)  depends only on the difference (s — t). Applying the Laplace 
transform to both sides o f this equation, we obtain

F{p)  =  K ip )G (p )

G(p )  =  F ( p ) / K ( p )  . (9-4.2)

The solution follows by inversion.
The present method is also applicable to the Volterra integral equation of 

the second kind with a convolution-type kernel

g(s)  =  / ( s )  +  f  k ( s -  t )g(t)dt  . (9.4.3)
Jo

On applying the Laplace transformation to both sides and using the convolution 
formula, we have

G(p)  =  F(p )  + K{p)G(p)  

or
G ( p ) =  F ( p ) / l  1 -  K i p ) ] , (9.4.4)

and inversion yields the solution.
We can also find the resolvent kernel of the integral equation (9.4.3) by 

integral transform methods. For this purpose, we first show that, if the original 
kernel k(s,  t)  is a difference kernel, then so is the resolvent kernel. Because the 
resolvent kernel T (s, () is a sum of the iterated kernels, all that we have to prove 
is that they all depend on the difference (s — (). Indeed,

k2(s , l )  =  J  k(s ~ x ) k { x - t ) d x ~  k(s - 1 -  a ) k (a )da  , (9.4.5)

where we have set <r =  x  — t . This process can obviously be continued and our 
assertion is proved. Hence, the solution of the integral equation (9.4.3) is

gU)  =  f ( s )  +  j  re s  -  t ) f ( t ) d t  . (9.4.6)

Application of the Laplace transform to both sides of Equation (9.4.6) gives

G(p)  — F(p )  +  & {p)F(p ) , (9.4.7)

or
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where
« ( p )  = M r ( s ) ] .  (9.4.8)

From Equations (9.4.4) and (9.4.7), we have

F (p )/[1  -  K(p) ]  =  F (p )[  1 +  U ( P ) \ , (9.4.9)

Q(p)  =  K (p ) / [  1 -  K ( p ) ] .  (9.4.10)

By inversion, we recover T(s — /).
We illustrate the preceding ideas with numerous examples. Throughout 

these examples, we have left the evaluation of the Laplace transform and its 
inverse to the reader. There are numerous monographs that contain the required 
formulas [3],[55],[62].

9.5. Examples

Exam ple 1. Solve the Abel integral equation

/ ( s )  =  f  [ « ( 0 / ( *  -  ,  0  <  a  <  1
Jo

This is a convolution integral and therefore

F (p )  =  K (p )G (p ) ,

where K ( p ) is the Laplace transform of k(s)  — s~":

/C (p) =  p - I r ( l - o r ) .

From Equations (9.5.2) and (9.5.3), it follows that

C (p )  =  i
-.1—<rF(P)
r(i-a) r(«)r<i-«) (r(«)p-F(p)l

p -|r(or)p-"F(p)},

(9.5.1)

(9.5.2) 

(9.53)

_____  _______ (9.5.4)
rr cscrror'

where we have used the relation r ( o ) r ( l  — a )  =  w c sc rra . Now if we use the 
relation (9.3.12), (9.5.4) becomes

G (p ) «  ! — p L

By virtue of the property (9.3.5), w e finally have

g(s)  =  -J- f \ s  -  t)a~ ' f ( t ) d t
n  ds  Jo

jf(s - 0 ""1/(»*&] • (9-55)

(9.5.6)
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which agrees with 
different method.

the relation (8.1.4) obtained in the previous chapter by a

Example 2. Solve the integral equation

s =  /  t ?~ 'g ( t ) d t .
Jo

Taking the Laplace transform of both sides, we obtain 

1 / p 2 = K (p ) G ( p ) ,  

where K (p)  is the Laplace transform of k(s)  =  e*:

K { p ) =  f  f ?e- ipds  =  1 l i p  -  1) - 
Jo

The result o f combining Equations (9.5.7) through (9.5.9) is

C (p )  = (p  -  \ ) / p 2 = ( \ / p )  -  U / P 1) ,

whose inverse is
g(s)  =  1 - s  .

(9.5.7)

(9.5.8)

(9.5.9)

(9.5.10)

Example 3. Solve the integral equation

sins =  f  Jo(s -  t)g(t)dt  . (9.5.11)
Jo

Here, the function k ( s ) — Jo(s), whose Laplace transform is known to be 
l / ( l + p 2) I/2. Also, the Laplace transform of sin i  is l / ( l + p 2). Therefore, when 
we take the Laplace transform of Equation (9.5.11), there results the relation

G(p)  =  1/(1 + p 2)>/2,

which by inversion yields the solution

gis)  =  Jo(s) . (9.5.12)

Incidentally, by substituting (9.5.12) back in (9.5.11), we get the interesting 
result

f  Ja(s -  t )J0(l)dt =  sins . (9.5.13)
Jo

Exam ple 4. Recall that we solved the integral equations of the type

f ( s )  =  j f  k ( s 2 ~  t 2)g(t)dt , s > 0 , (9.5.14)
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in the previous chapter for some special cases of the kernel k(s2 — /2y y,. 
the help of the Laplace transform, we can solve Equation (9.5.14) for a genet 
convolution kernel. For this purpose, the first step is to set

: =  u '/V ‘ =  o ' *  . . / l (u )  =

(9-5.15)
Then, the integral equation (9.5.14) takes the form

/)(«) = f  k(u -  o)gx(a)do , Jo “ > 0  (9-S.16)

Taking the Laplace transform of both sides of Equation (9.5.16), we get

Giip) = FdpVKip) = pFiipy/pKip) . (9-5.17)

By defining MpK(p) = Hip). (9S.18)
the relation (9.5.17) becomes

Gtip) =  pHip)F,ip) . (9-5.19)

Using the relations (9.3.5) and (9.3.12), we have

C 1(p) = L ^ ^ ^  h(u -  t r ) / i ( o )d o j (9.5.20)

or

g\ («) = — / hiu - a) f\ia)da , du Jo (9.5.21)

where his)  stands for the inverse transform of the function Hip ) .  Finally, from 
Equations (9.5.15) and (9.5.21), we have the required solution

g(s) =  2 ^ -  f  t f « ) h { s z - t 2)dt . (9.5.22)
as Jo

Let us solve (9.5.14) for some special cases:

(a) k(t)  =  t~°,  0 <  a  <  1. This means that we have to solve the integral 
equation

f i s )  = [ ‘ [giD/ is1 -  t 2)a] d i . (9.5.23)Jo
The solution follows from Equation (9.5.22) if we can evaluate the function h(s) 
from the relation

H{p)  =  1 / p K i p ) . (9.5.24)
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But

Therefore,

and

K(p)  =  / ° ° d t  =  T(1 -  a )p —1 .
Jo

=  f-1  r  1 1 _  si t tan - .- i
[p *r(l —a) J n

h(i)

(9.5.25), , 2 sin a n  d [ ’ l f {
,< 4 )------- —  T , l

which agrees with the relation (8.2.9).

(b) *(r) =  r_,/2 cos(0r1/2), where p  is a constant. In this case, K (p) — 
tr1/2exp(—/?2/4p). Therefore,

h(s) =  £ ~1 (jt" ,/2p “1/2exp(02/4p)] =  n - ' j - ' /2cosh(/Jr,/2) . (9-5.26)

This means that the solution of the integral equation 

' cos[/9(s2 -  r2) ,/2Jr  i
/<*) = Jo (SJ _  ,2)1/2

2 </ /•* cosh[ff(j2 -  r2)l/2]

(9.5.27)

2 </ f  cosh[0(s2 -  r2)1/2l ,  
g (l)  *  *  T s L  ~  (s2 -  t1 ) '/2 ,f ( t) d ‘ ■ (9 5 2«)

Note that the relations (9.5.27) and (9.5.28) remain valid for 0 < s  < oo.

Example 5. Solve the inhomogeneous integral equation

g(s) =  1 -  f  (i -  t)g(t)dt . (9.5.29)
Jo

Since
*(s) =  *. K(P) = l / p 2 , (9.5.30)

the application of the I^place transform gives

G(p)  =  (1/p) -  [G (p)/p2] 

or
G(P) *  P /( l +  p 2) =  £[cosj) .

Hence, the solution is
g ( s )  =  coss . (9.5.31)
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/

Example 6. Find the resolvent of the integral equation

g(s) =  /( s )  +  f \ s  -  t)g(t)dt . (9.5.32)
Jo

Here again k(s) — s, and we have K(p)  =  1 /p2- The formula (9.4.10) 
gives I2(p) = 1 K p 1 — 1), whose invetse is T(s) = j te ’ — e~’). Therefore, the 
value of the resolvent kernel is

r ( s - f )  =  i(e3"-e-,+').
and the solution of the integral equation (9.5.32) is

g(s) = f ( s ) +  f  e -  -  i e "  f ’ e1 fU)dt  . (9.5.33)
* J o 2 Jq

•d

Example 7. Find the resolvent of the integral equation

g(s) =  f ( s )  +  es~'g(t)dt . (9.5.34)

Here, k(s) =  e*. which gives K(p)  =  l / ( p  -  1), and from the formula
(9.4.10), we have f2(p) =  1 ) ( p  -  2), T(s) =  e* . Hence, the resolvent kernel 
is T(s — r) =  e2’-2',  and the solution of the integral equation (9.5.34) is

g(s) =  / ( s )  +  f  e2*-2* f { t )dt  . (9.5.35)
J  o

Example 8. Solve the integral equation

s i s)  =  f ( s )  +  X f  M s  -  t ) g ( t ) d t . (9.5.36)
Jo

The kernel k(s) =  XJ0(s), and therefore,

K(p)  =  < r+  p i y n  • =  (1 +  pi)Ml  _  X •

r <*) =  y2y / i  j f  (sin( 1 -  X2)1/2](s -  o ) J-— ^  do

+  Mcos[(l -  *J)1/2*]} +  —  A sinl(l  -  X2)l/2s ] .
u  ~  A } (9.5.37)

The value of the resolvent kernel follows by setting ( i  — t ) for s and the solution 
of the integral equation (9.5.35) is then readily obtained from the formula (9.4.6).



9.6. Hilbert Transform 229

Example 9. As a final example, solve the inhomogeneous Abel integral equa­
tion:

S (s) =  / ( s )  +  X f  [gU)/{s -  f ) ']< // ,  0  <  a  <  1 .
Jo

The kernel k{s)  =  Xs~a yields

K(p) =: x r ( . l - a ) p — 1 ,

«(/>) =  i r ( l  - a ) p a~ l / [ l  — AT(1 - a ) p a - * J . 

The inverse of (9.5.39) is

\ M * n i - a ) s i - r

w  S  > n . u - « ) i  '

Hence, the solution o f the integral equation (9.5.38) is

- a — ,1

(9.5.38)

(9.5.39)

(9.5.40)

9.6. Hilbert Transform

The finite Hilbert transform o f a function g(<p) is usually defined as

sin t>
/( * > - ' - S 'x  Jo cost) — cos<p giv)d<P.

with the inverse

gV>)

(9.6.1)

— — (  ------— ^ — t  f ( v ) d < P + — [  g{<P)d<p . (9.6.:
x  J 0 c o s ^ i — c o s  v  it  Jo

2)
cos ip — cos r '  — •

Various other forms o f the Hilbert transform pair can be deduced from 
Equations (9.6.1) and (9.6.2). In this connection, we need the relation

s: cosmpdtp  sin nor
S  It, . (9.6.3)Jo cos <fi — cos or sin a

which can be proved by induction since the cases n = 0 a n d / t  =  1 are elementary 
relations.

From Equations (9.6.1) and (9.6.2), it is apparent that / ( —0 ) — —/(&) ,  
g ( —&) = g ( i>). Now, set

/ , ( 0 )  =  - / ( * ) ,  so that / , ( - < »  =  - / i W , (9.6.4)
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( 1 / * )  J g{<p)d<e =  C , C  =  c o n s t , (9 .6 .5)

S i ( 0 )  =  g ( d )  -  C  , so  that g ] ( - 6 )  =  g ( f l )  -  C  . (9.6.6)

F ro m  the p rece d in g  re la tio n s, it fo llo w s  that

g t(t> )r ftf  =  ( l / t i )  J g (i>  ( 1 / t r )  j f  C d t > = 0 ,  (9 .6 .7)

/

and

± r
tt Jo

s in  i)

c o s <p -  c o s t )
gt(<p)d<p - i f

*  J o

s i n d
[gfyO-CJdy.

=  - / ( » ) - - / "  -----— ----r  <fy> = / ,(0 ) .n / 0 cosv -cost) (96g)

W ritin g  d  =  J ( t>  -  +  i ( d  +  ^ )  in E q u a tio n  (9 .6 .8 ) ,  w e  get

/ i ( d )  =  ( 1 / 2 j t ) J  ^ c o t i ( i ) +  tp ) jg i( (P )r f(P

+  ( l / 2 t r )  J J^cot i ( t ?  -  y ) j  g i ( ^ ) d v  • (9 .6 .9 )

In the fir s t in teg ra l, re p la c e  tp b y  —<p an d  u se  th e  re la tio n  ( 9 .6 .6 ) .  C o m b in e the 

re su lt in g  in teg ra l w ith  the se c o n d  in teg ra l in  (9 .6 .9 ) .  T h e  re su lt  i s

/ t ( d )  =  ( l / 2 r r )  J j^ c o t ^ f i?  -  t p ) jg i ( t o ) d v > . (9 .6 .1 0 )

S im ila r ly , b y  s ta r t in g  w ith  E q u a tio n  ( 9 .6 .2 )  a n d  g o in g  th ro u gh  the sam e 

s t e p s  a s  b e fo re , w e  g e t  the re la tio n

g i ( i > )  =  ( l / 2 t r )  J | c o t  ~( ip  -  d ) j  fi(<p)d<p

+  ( 1 / 2 n )  [  j c o t \l<p +  d ) I  / i ( * t ) < f » > .
J o  L 2  J  (9 .6 .1 1 )

A f te r  r e p la c in g  <p b y  —<p in th e s e c o n d  in te g ra l a n d  u s in g  th e  re la tio n  (9 .6 .4 ) ,  we 

o b ta in  fro m  (9 .6 .1 1 )

g i ( t ) )  =  ( l / 2 r r )  j  ^ c o t  i(v> — d ) j  f\ ( v ) d < p  . (9 .6 .1 2 )

T h e  re la t io n s  ( 9 .6 .1 0 )  a n d  ( 9 .6 .1 2 )  c o n s t itu te  a  s e c o n d  fo rm  o f  the finite 

H ilb e rt  tra n s fo rm  pa ir .
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T h e  th ir d  fo r m  o f  th e  H ilb e r t  t r a n s fo r m  p a i r  c a n  b e  d e d u c e d  f r o m  ( 9 ,6 .9 )  

a n d  ( 9 .6 .1 1 ) .  In  f a c t ,  th e  r e la t io n  ( 9 .6 . 9 )  c a n  b e  w r it te n  a s

T h e  la s t  in te g r a l  v a n i s h e s  b e c a u s e  o f  ( 9 .6 . 7 ) ,  w h e r e a s  th e  f ir s t  in te g r a l  c a n  b e  

c o m b in e d  w ith  th e  s e c o n d  b y  r e p la c i n g  v  b y  —<p a n d  u s in g  ( 9 .6 .6 ) .  T h e  r e su lt  i s

/ i ( d )  =  ( l / 2 r r )  J  J \  +  c o t  ^ ( 0  -  y>)j gi(<p)d<p . ( 9 .6 .1 4 )

S im ila r ly ,  th e  r e la t io n  ( 9 .6 . 1 1 )  t a k e s  th e  fo r m

g i ( 8 )  =  ( l / 2 n )  j  £ l + c o t i ( y >  -  0)j fx(<p)d<p . ( 9 .6 .1 5 )

T h e  t r a n s f o r m  p a i r  ( 9 .6 . 1 4 )  a n d  ( 9 .6 . 1 5 )  i s  p r e c i s e ly  th e  r e c ip r o c a l  p a i r  

o f  H ilb e r t - ty p e  s i n g u la r  in te g r a l  e q u a t io n s  e n c o u n te r e d  in S e c t io n  8 .9  o f  the 

p r e v io u s  c h a p te r  e x c e p t  f o r  a  t r iv ia l  a d ju s tm e n t  o f  th e  s y m b o l s  a n d  th e  r a n g e  o f  

in te g r a t io n .

A  fo u r th  fo r m  o f  th e  f in ite  H i lb e r t  t r a n s fo r m  p a i r ,  w h ic h  i s  n o n a n g u la r ,  i s  

o b ta in e d  fr o m  th e  p a i r  ( 9 .6 .1 )  a n d  ( 9 .6 . 2 )  b y  s e t t in g

x  =  c o s  d  , y  —  c o s  <p ,

,  \ 8^<?(*) -  ——T 
s i n  d

T h e n ,  E q u a t io n  ( 9 .6 . 1 )  b e c o m e s

p ( x )  =
/ ( 0 )  _  / ( c o s ~ ' x )  

s in  0  (1  — x 2) 1/2

g ( c o s ~ » x )  

(1 - x 2)«/i

( 9 .6 .1 6 )

/ ( 0 )  =  J, r '
s in  0  n  Jo

1_____________  8(<P)
c o s  0  — c o s y ;  s in  <p

s in  <p dip

1 f  9 C y ) d y  .  ,p(x) = — I ---------------. - 1  <  x  <  1 ,if J - x  x-y
th e  a i r f o i l  e q u a t io n .  S im i la r ly ,  E q u a t io n  ( 9 .6 .2 )  t a k e s  th e  fo r m  

— V2\ '^ 2 Dfvt Q, , i  r ‘ ( ' - y 2\  po o  ,  ,
7 ^ d y + < r : x 2)l/2  *

( 9 .6 .1 7 )

— 1 <  x  <  1 ,  

( 9 .6 .1 8 )
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w h ere

C  =  ( 1 / J T )  I  q { y ) d y

h a s  th e  c h a r a c te r  o f  a n  a rb itra ry  c o n s ta n t .  T h e s e  r e s u lt s  a g r e e  w ith  th o se  o b tained  

in  S e c t io n  8 .5 .

T h e  in fin ite  H ilb e r t  t r a n s fo r m  i s  d e f in e d  a s

f ( s )  =  ( l / r r )  (  [ g ( r ) / ( r  -  S) ] d t  .
J-Oo

(9 .6 .1 9 )

I ts  in v e rse  i s

g ( s )  =  —( 1 / r r )  (  [ / ( t ) / ( r  -  s ) ] d f  . (9 .6 .2 0 )
J  —OO

F r o m  th is  p a ir ,  it  r e a d i ly  f o l l o w s  th a t  th e  s o lu t io n  o f  th e  in te g r a l  e q u a t io n

f  In | s  -  11 g ( i ) d t  =  f ( s ) , (9 .6 .2 1 )
J -0 0

1 / ' ( f )
g ( s )  =  — 2 d r  . 

n 1 J -oo  I -  s

9.7. E x am p les

E x a m p l e  1 . S o l v e  th e  h o m o g e n e o u s  in te g r a l  e q u a t io n

J [ g ( y ) / ( *  -  y ) \ d y  =  0  .

T h e  s o lu t io n  f o l l o w s  f r o m  ( 9 .6 . 1 8 ) :

g ( x )  =  C / (  1 -  x z ) ' n  .

(9 .6 .2 2 )

(9 .7 .1 )

(9 .7 .2 )

(9 .7 .3 )

E x a m p l e  2 .  S o l v e  th e  in te g r a l  e q u a t io n

s i n s  =  ( l / i r )  (  [ g ( 0 / ( f  -  s ) ] d f  .
J—OO

T o  s o l v e  t h i s  e q u a t io n ,  le t  u s  c o n s id e r  th e  in te g r a l

I  [ e ' ' / ( s  — r ) ] d r  =  n i  2 _ ]  ( r e s i d u e s  o f  th e  p o l e s  o n  th e  r a x i s )
J-OO

=  j r / ( c o s s  +  i s i n s )  . (9 .7 .4 )
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Separating the real and imaginary parts, we obtain

(1 /jt) f  [(cos r ) / ( r - r ) ] d r  = - s in s ,
J — 00

(1/jr) f  [(sin r ) /( j  -  r)]dr =  - c o s s  .
J-OO

Comparing Equations (9.7.3) and (9.7.5), we have the solution 

g(t) =  cost .

(9.7.5)

(9.7.6)

(9.7.7)

a < s < 6 , (9.7.8)

(9.7.9)

Example 3. Solve the integral equation

r» t -  s  , „
J  g(t) cot — dr =  -2A  ,

where A is a known constant and

J  gU)dt  =  0 .

To solve this equation we introduce the change of variables 

r = - ( b —a ) |+ - ( b + o ) , s =  - ( b —a)i} .f l(b + a ) , — 1 < £, ij < 1 .

Then Equations (9.7.8) and (9.7.9) become 

f b - a  |  -  tp
= - 1 < K 1 .  (9-7. 10)

a n d

f  «(?)<*$ = 0 .

The additional change of variables

( b - a  \  ( b - a  \
tan I —-— ( I  = o « ,  tan I —-— ij J *  « u ,

( 9 .7 .1 1 )

a =  tan -b - a
—1 < u, v < 1,

transforms the integral equation (9.7.10) into

( l + o r 2u2) /  f ( u)du + a l u [  — (9.7.12)
J - i u — v 7 - i
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/

where
<P(u) - g(u )

1 +  a 2u2
and Equation (9.7.11) becomes

<f>(u)du =  0 .

(9.7.13)

(9.7.14) J,

Thus, the integral equation (9.7.12) reduces to

I  [ '  *  , |u | < 1 , (9.7.15)
rr y_j v — u jt( 1 + o zuz)

which is the form (9.6.17). The solution, which is singular at both ends, follows 
from (9.6.18) to be

A 2 1  n  f x (1 — u3)1/2du
<Hv) =  • (1 -  v2)~1/2 I ■ Y i Ti-------- i

n 2 (1 +  o zuz)(u — u)

A v ( l + a 2) ' /2
7T ( l + a 2u2) ( l  - V 2) ' / 2 ’ W

and the condition (9.7.14) is satisfied automatically. The value of g(u) now 
follows by appealing to relation (9.7.13).

The reader can easily verify that the solutions based on formulas (9.6.19) 
and (9.6.20) fail to satisfy the end conditions.

Exercises

1. Show that the solution of the integral equation

tg( t )d t
f ( s ) =  2

J ,  « 2 -

*(*)
^  1 d  [ '  t f {

n s  d s  Js ( l2 —

S 2 ) W

t f ( t ) d t
s 2)I/2 *

Find the solution for the following two special cases: (j) / (s) =  2sJ / ( l  - s 2) ,/2; 
(ii) f ( s )  =  s2 .

2. Solve the integral equation

/ ( s )  =  s j f « '( 0
(r2 -  s 2)»/2

d t .

IS
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3. Solve the Abel integral equation of the second kind

8(0g(s) +  4=  r
V "  JO

d t  .
yfn Jo ( *  -  0 1/2

This integral equation arises in the theory o f wave propagation over a flat surface.

4. If it is required that in the Hilbert transform pair (9.6.17) and (9.6.18) the 
function q ( —1) be finite, show that there must follow

1 ^ 7  •

and verify that in this case the solution q(s)  becomes

Compare these results with the corresponding relations in Section 8.5.

5. With the help of the finite Hilbert transform, solve the equation

s2 = f  d t , assuming that g(r) = - g ( - t )  .
J - t  s 2 -  •2

6. With the help o f the finite Hilbert transform, solve the equation

as + b +  err (log |< -  j | )  — <ro log |s | =  f  (g '(0 /(*  -  s)]dt
Jo

subject to the conditions

g'(0) =  o0 , g'{l) — a t . 8(0) =  g o . 8 ( 0  =  gt ■

7. Use the formula

J  r“_I cosst  dt  =  r(a)|r|"“ cos ^ a,r^ • 

and show that the integral equation

/ ( * ) =  f l l g ( t ) / \ s - t \ ° V ‘
Jo

has no more than one solution.

8. Solve the integral equation

0 <  o  <  1,

i > 5 ' = - [  
”  Jo
1 r  g(Qdt  

<o t - st —s
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where a, arc given constants.

Hint: Make the substitutions

s =  ( t j 2)(1 -  cost?) , t =  ( f /2 ) ( l  -  costf) .

9. Use the method of Section 9.4 and find the resolvent for the integral equation

g(s)  =  f ( s ) +  f  (s2 -  t3)g0 ) d t  .
Jo

10. Solve the integral equation

*(*) =  / ( s )  +  ^  [  J d s  -  t )g( t )dt  .
Jo

11. Find the resolvent of the integral equation

and complete the solution of the Example 3 in Section 5.3.

12. Use the infinite Hilbert transform pair and solve the integral equation

V ( l + s 2) =  f  [g ( r ) / ( j  -  t ) )dt  .
J - 00



CHAPTER 10

Applications to Mixed 
Boundary Value Problems

Mixed boundary value problems occur in physical sciences rather frequently and 
various mathematical techniques have been used to solve them. In this chapter, 
we present an integral-equation method applicable to most o f these problems.

10.1. Two-Part Boundary Value Problems

An integral equation o f the form

where the function f ( p )  and the kernel Ko(t,  p)  are known and g ( t ) is to be 
evaluated, embodies the solution o f various mixed boundary value problems in 
potential theory, elastostatics, steady heat conduction, the flow of perfect fluids, 
and various other problems of equilibrium states. The boundaries involved are 
those of solids such as circular disks, elliptic disks, spherical caps, and spheroidal 
caps.

The integral equation (10.1.1) is a Fredholm integral equation of the first 
kind and is therefore, in general, difficult to solve. However, it is possible to 
reduce the solution of (10.1.1) to that of a pair of Volterra integral equations of 
the first kind with rather simple kernels. This reduction is achieved for every 
kernel Ko(t,  p)  that for all g ( /)  satisfies the relation

where hi ,  h-i, h 3, and K i  are known functions. It is further assumed that the 
kernel K 2 is such that the Volterra integral equations

0  <  p  <  a , ( 1 0 . 1 .1 )

Koit ,  p)g( t )dt  = /ij(  K2 (u>, p)[/i2(u>)]2
p

x / K.2{w,t)g(t)h-i( t )dt  d w , 0 < p < a ,
Jw (10.1.2)

0 <  p  < a , (10.1.3)

2.17
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a n d

f  K2(p, i)gU)dt =  / ( p ) , 0 < p < a
Jo

(1 0 .1 .4 )

p o s s e s s  e x p lic i t  u n iq u e  s o lu t io n s  fo r  g  in  t e r m s  o f  / ,  fo r  a ll  a rb itra ry  d iffe ren ­

t ia b le  fu n c t io n s  / .

T h e  ta s k  o f  s o lv in g  E q u a t io n  ( 1 0 .1 .1 )  i s  n o w  r e a d i ly  a c c o m p l is h e d  i f  w e 

d e fin e  tw o  fu n c t io n s  S ( p )  a n d  C ( p )  su c h  th a t

S(p) =  h2(p) J K2(p, t)g(t)h2( t )dt , 0 < p < a , (10.1.5)

and

f ( p ) = h \ ( p ) (  K2(w,p)C(w)h2{w)dw , 
Jo

0 < p < a . (10.1.6)

With the help of relations (10.1.2), (10.1.5), and (10.1.6), Equation (10.1.1) takes 
the form

Jti(p) J  K2(w, p)h2(w)S(w)dw — h t{p) j  K2(w, p)C(w)h2(w)dw,

0 < p < a ,
(10.1.7)

S(p) =  C (p ) , 0 < p < a . (10.1.8)

In view of the assumptions already made about the solutions of the Volterra 
integral equations (10.1.3) and (10.1.4), we can solve Equation (10.1.6) for the 
function C(p) and hence, from (10.1.8), S(p)  is known. We can then invert the 
integral equation (10.1.5) and obtain the required function g(l). We illustrate 
the preceding analysis with the following example.

o r

Example. Solve the integral equation

f  r0(t) f J\(pp)Jl (pt )dpdt  =  Up , 0 < p < a , (10.1.9)
Jo Jo

where <f>(i) is the unknown function. This equation solves the problem of the 
torsion of an isotropic and homogeneous elastic half-space due to a uniformly 
rotating, rigid circular disk which is attached to its free face (see Section 6.7, 
Example 2). The function J\(x)  is the Bessel function. Comparing Equations 
(10.1.1) and (10.1.9), we have

g(i) = , / ( p )  =  S2p, K0U , p ) = f  J i (pp)Jx{pt)dp .
Jo

( 10.1. 10)
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The kernel K0 satisfies the relation (10.1.2) because, for all g(r), we can write

f  K 0(t .p )g U )d t  =  f  g « )  f  J x{p p )M p t )d p d t  
Jo Jo Jo

=  f '  g(t)  / ,00^ £ .  f P f ’ J i/2(Pw )J y 2 (,pv)(wv)3/2d v d w d p d t
JO JO npt Jo Jo (P2 — IC2) 1̂ * 2 — u2)V2

___2_ f a , f p /"  i5(w — u)(ujv)diK /w dr
*rp /o  ^  /o  Jo (P 2 — u>2) ,/2 ( / 2 _  v2) '/2

»min(p,<) w2dwdt
L  1 g{t) fo  (P2 -  U/2)V2(r2 _  ,*,2)1/2

___2_ u>2 r a t~ lg ( t ) d td w
~  *P Jo (P 2 -  tu2) 1' 2 J w

jrp
2

{t2 - w i ) \ n  • 

where we have used the first Sonine integral:

0 < p  <  a ,

•(pp>

and the relation

»-0/2)(P“')tu"+0/2)
(p2 — u;2)1/2

-  dw

(10.1.11)

( 10.1.12)

[  p J ti{pw)Jll(pv)dp = S { w ~ v ) / { w v ) 112 , (10 .1 .13)
Jo

with S the Dirac delta function. We have further used the sifting property of this 
function and changed the order of integration as explained in Figure 10.1.

F ig u r e  10 .1
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Comparing Equations (10.1.2) and (10.1.11), we obtain the values of the 
functions hi,  hj ,  hj,  and Ki  as

h i(p ) =  2 /?rp , hi(p)  =  p ,  h}(p) =  l / p ,

K 1{ t , p)  = (p1 - t 1y u2 . (10.1.14)

Furthermore, the kernel AT 2 is simple enough to ensure the inversion of the 
integral equations (10.1.3) and (10.1.4) (see Example 3 of Section 8.2). The 
present method is therefore applicable. Indeed, we set

r  ♦<***»
<P) P l « 2 - P 2) ' / 2 '

_ 2 f p w S(w )dw  
P ~ W J 0  (,P2 -  U>2)'/2 ’

and the integral equation (10.1.9) is identically satisfied. 
Finally, we invert (10.1.16) and obtain

S ( P )
S2 d  [ »  t U l

~  P  dp J0 ( p2 - t 2) P>

and then (10.1.15) yields the value of the function <f>(p) as

4S2 d f a u d u  4ftp
4 > ( P )  = -------z r  In  dp  J„ (u2 — p 2) ' /2 n ( a 2 — p 2y /2

(10.1.15)

(10.1.16)

(10.1.17)

(10.1.18)

10.2. Three-Part Boundary Value Problems

A three-part boundary value problem has an integral representation formula of 
the form

1; Ko(». p )gU)d t  -  / ( p ) , b  <  p  < a , ( 10.2.1)

where b and a are two given numbers such as the inner and outer radii of an 
annular disk or the bounding angles o f  an annular spherical cap. The function 
/  and the kernel K q are known, whereas g  is to be determined. Let us set

w

f i P ) =  5 Z  a’ P' ~  / i ( P )  +  M p ) •

where

f l (P )  =  ]T ]« rP ' .
r=0

(10.2.2)

0 <  p  <  a , (10.2.3)
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and

f l ip)  =  a,f>’ ' b < p < oo . (10.2.4)

In addition, we define two functions gi(p) and g2ip) such that

10 , 0 <  p < b,
g(P) . b ^ p ^ a ,  (10.2.5)

0 , a < p  < oo .

From the relations (10.2.2) through (10.2.5), it follows that the integral equation 
(10.2.1) splits into two integral equations:

f  Ka(*. p)g\(t)dl  =  f i ( p ) ,  0 < p  < a ,
Jo

and

f Ko(f, P)giU)dt =  f i i p ) , f> < p < oo .

( 10.2.6)

(10.2.7)

Proceeding as in Section 2, we assume that the kernel Koit, p) is such that 
for all g(t) it satisfies the relation

f  Ko«, p)gU)dt  =  
Jo

hwip) f  K2iw,  p)[*i2(w)J2 
Jo

x j  K2(ui, t )g(t)hu(t)dt dw 
Jo

bulp)  I K2ip,w)[hniw)]2
Jfi

x  f  K2it ,w)gi()hu i t )dtdw  
Jo

0 < p < oo,

0 < p  < oo,
( 10.2.8)

where *</(* =  1,2; j  =  1 ,2,3), and the kernel K2 are known functions. 
Moreover, the kernel K2 is such that the Volterta integral equations

J K2U, p)g(t)dt =  f ( p)  , 0 < p < o o ,

and

/ 'JP
KliP, l)gU)dt =  f i p) . 0 < p < oo.

(10.2.9)

(10.2.10)

possess unique solutions for g in terms of all arbitrary differentiable functions 
/-
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F ro m  re la tio n  (1 0 .2 .6 )  a n d  th e  fir s t p a r t  o f  r e la tio n  (1 0 .2 .8 ) ,  w e  have 

f
*ll(/>) /  K2<>".P)lhl2(u’)lZ / K2(u>.t)gl(t)/l„(t)dldw= f ,(p), /

Jo Jw s,,
0 < p < a . 1-

( 10.2.11)

S im ila r ly ,  re la tio n  (1 0 .2 .7 )  a n d  th e s e c o n d  p a r t  o f  (10.2.8) g iv e

[OO fU*
*2t iP) J  K2(P,v){>i22(w)]2 J" K2{t, w)g2U)ha (t)dl dw = hip) . I f

b < p < oo .
(10.2.12)

that
The next step is to define unknown functions Si, S2, T,, T2,C\.  and C2 such

S,(p),
(p),

* 12ip) f  Ki(P< Ost(»)*ij(/)<fr =  { 1 ̂  
Jp l —7)

* 22 ( p )  ( P K 2(t,  p ) g i U ) h a ( t ) d t  =
Jo

-T i i p ) , 
S l ip ) ,

0 < p < a ,
a < p < oo,

(10.2.13)
0 < p < 6.
b < p < oo,

(10.2.14)

*n(p) /  ^(tP* P)Ci(tp)*i2(ui)rfui s= / , ( p ) , 0 < p < a ,  (10.2.15)
JO ‘

,oo
* 2 i ( p )  /  K l i p *  ^ ) C 2( w ) h 22 i w ) d w  =  f l i p ) , b < p  < oo . a

* (10.2.16) -
These Volterra-type integral equations are similar to equations (10.2.9) and * 
(10.2.10), whose solutions are assumed to be known. From (10.2.11), (10.113), 
and (10.2.15), we derive the equation

* n ( p )  f  ^ z i w .  P ) h t 2( w ) S J( w ) d w  '
Jo

=  * i i ( p ) /  K 2( w ,  p ) C j ( w ) h i } ( u i ) d w ,  0  < p < a ,

° (10.2.17)
or

■Si(p) =  C t(p ), 0 < p < a  . (10.2.18)

Similarly, the result of combining Equations (10.2.12), (10.2.14), and (10.2.16)
IS

Slip) =  C2(p) , 6  <  p  <  o o  . (10.2.19)
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The functions C i and C i  can be evaluated in terms of the known functions f \  and 
f 2 from Equations (10.2.15) and (10.2.16). Hence, Sj  and S2 are known. That 
leaves two unknown functions 7) and T2 still to be evaluated. For this purpose, 
we appeal to relations (10.2.5) and (10.2.13). The result is

h n i p )  f K 2(p,  t ) g i ( t ) h n ( t )d t  =  T i ( p ) , 
J p

a <  p  < 0 0  . (10.2.20)

Similarly, from Equations (10.2.5) and (10.2.14), we have

hxt iP)  f P K i U .  P )g iU)h23i l ) d l  =  T2(p ) ,  0  <  p  < b  . (10.2.21)
Jo

Now, invert Equation (10.2.14) to find the value of g2(t)  in terms o f T2 
and S2 and substitute this value o f g 2(t) in (10.2.20). There results an integral 
equation containing the unknown functions Tj and T2. Likewise, the relations
(10.2.13) and (10.2.21) lead to a second integral equation for 7) and T2. Both 
these equations are Fredholm  integral equations o f the second kind, and can 
therefore be solved by a straightforward iterative method.

Exam ple. Solve the integral equation

f  , ^ T '>fo M p p ) M p t ) d p d l  =  Q p ,  b < p  < a , (10.2.22)

which embodies the solution o f the torsion o f an isotropic and homogeneous 
elastic half-space due to a uniformly rotating annular disk with inner radius b 
and outer radius a.  Comparing it with Equations (10.2.1) and (10.2.5), we have

g ( / )  =  l ^ ( i ) ,  g i ( i )  =  , *2(0 = ' & ( ' ) , (10.2.23)

f ( p )  =  Clp , f l i p )  — S ip , 0  <  p  < a ; f 2ip)  =  0 ,  b  < p  < 0 0 ,
(10.2.24)

KoU.P)  = f  J i (P P )J i i p l ) d t  , (10.2.25)
Jo

where

10 ,  0  $  p  <  b .

4>(P). b ^ p ^ a ,  (10.2.26)

0 , a <  p  <  0 0  .

In addition, the kernel Koit ,  p)  satisfies the requirement (10.2.8) inasmuch as.
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for all g(t), we have

f  K o ( i . p ) g ( t ) d i  =  f  g ( r )  f  M p p ) M p i ) d p d t  
Jo Jo Jo

_  g ( , )  l a  [ '  r  J m ( P w ')J i r t P v )(.w v )m d v d w d p d i
Jo Jo x p t  Jo Jo (p2 ~ ujJ)I/J(/2 — u2)1/2

w — v)(wv)dvdw dl
p (p2 — w2)l/2(l2 — U2)*/2

n M p .o  W2d w d t

= § z fxp Jo Jo Jo (/>■
2 /■* /■mMp.O

Jrp Jo ^   ̂Jo (p2 — ut2)^2(r2 — u;2)1/2 
_  f f w2 Z-00 l~1g(i)dtdw

xp Jo (P2 - w2)112 Jw (r2 -  uj2)1'2 " 0  <  p  <  o o  ,

(1 0 .2 .2 7 )

and

r K o ( t , p ) g ( t ) d t
pOO pot

= Jo *<'>/„
J i ( p p ) J \ ( p t ) d p d t

= / e(«i riEEL r  r  ^p^jy^pp^dwdpdi
Jo Jo 22 J, }, (U,v)>/2(w2 -  p2)’/2(v2 -  f2)’/2

■ ? r « r f 5(w —
(uju)(u/2 — p*)Xfl{ v2 — f2)1/2 

2p r°° r°° w~2dvudt
~  * Jo ,g(0 .L„„ (u-2 - p2)'*2̂ 2 - t2y>2
=  2p r  

X Jf
t g ( t ) d i  d w

(u;2 — p2)'/2 J0 (uj2 — r2) '/2L 0  <  p  <  o o ,

(1 0 .2 .2 8 )

w h e re  w e  h a v e  u se d  (h e f o r m u la s  ( 1 0 .1 .1 2 )  a n d  ( 1 0 .1 .1 3 )  a n d  th e  re la tio n

F u rth e rm o re , w e  h a v e  c h a n g e d  th e  o r d e r  o f  in te g r a t io n  in  th e  s t e p s  le a d in g  to 

fo r m u la s  ( 1 0 .2 .2 7 )  a n d  ( 1 0 .2 .2 8 )  a s  e x p la in e d  in  F ig u r e s  1 0 .2  a n d  1 0 .3 . H en ce,

h n ( p )  = 2 / t r p ,  h n ( p )  =  p ,  h 13( p )  =  l / p ,  

h 2 i ( p ) - 2 p / n , h M ( p )  =  l / p ,  h 2 3 ( p )  =  p .  (1 0 .2 .2 9 )  

K i U ,  p )  =  ( p 2 -  t 2 ) - 1/2 .

F u r th e r m o r e , th e k e rn e l JC j i s  s u c h  th a t th e  V o lte r r a  in te g r a l  e q u a t io n s  (1 0 .2 .9 )  

a n d  ( 1 0 .2 .1 0 )  c a n  b e  r e a d i ly  s o lv e d ,  a n d  th e r e fo r e  th e  m e th o d  o f  t h is  se c tio n  can  

b e  a p p lie d .
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The system of integral equations that corresponds to the system (10.2.13) 
through (10.2.21) is

V)dt j 
J„  0 2 -  P2) " 2 I

Si (p) , 0 < p < a ,

p2) i/2 ( — Ti(p).  a <. p < oo,
(10.2.30)
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T2)i/2 ~  l s2{p),
fi w 5i(u»)rfu»

, f  t '+iifW _  I 
p  Jo (P 2 - < 2>,/2 "  I

n p  Jo

- (x  Jp

(p2-  w2)1*2
s 2( w ) d w

■/.

■ -i:

iw(uj2—/j2)1̂2 
0 2 ( 0  dt

=  n/>,

= o,

(i2 -  p2)'/2
t 2<fo(t)dt 

0 ( p 2 - / 2) 1' 2

= n (p ), 

= r2(p>,

0  <  p  <  0 ,

b  <  p  <  o o , 

0  <  p  <  a  ,

b  <  p  <  o o ,

a  <  p  <  o o ,

0  <  p  <  b  .

(1 0 .2 3 1 )

(1 0 .2 3 2 )

(1 0 .2 3 3 )

(1 0 .2 3 4 )

(1 0 .2 3 5 )

T h e  in tegral eq u atio n s (1 0 .2 .3 0 )  through  (1 0 .2 .3 3 )  are  read ily  inverted and the 

re su lts  are (se e  E x a m p le  3  o f  S e c t io n  8 .2  and  E x a m p le  4  o f  S ec tio n  9.5)

S i W d u  T i ( u )d u. . . 2 d  r  r  S i W d u  [°° h (u )du  1
* ,(P) ~ ~ n  dp 1 / ,  (a2 -  P2) '«  J. (u2 -  P2)V2 J ' 

,  , , _  2 d T  f b u2T2(u)du , /•'> u2S2(u)dn 1 
^ p 2 d p L  J 0 (P2 -  u2) '/2 A  (P2 -  «2) i /iJd p

S l ( p )
_  n  ^  r 
~  P  <*P Jo

> t 3 d t

( p 2 -  r2) ' «  

S 2 ( p )  =  0 .

( p 2 - « 2) i / 2 j

=  2f ip,

(10 .2 .36)

(1 0 .2 3 7 )

S u b stitu tin g  th e se  v a lu e s  in E q u a tio n s  (1 0 .2 .3 4 )  a n d  ( 1 0 .2 .3 5 ) ,  w e  get

T t n 2P S b 2t  i \ f °°  r ' d t d uTt ( p  =  —  I u 2T2M  I
n  Jo Jp

(1 0 .2 3 8 )

(1 0 .2 3 9 )

1
( r 2 -  p 2) ' / 2( / 2 -  u J ) i / 2

rb ,.7l
P(n)i/2r(5/2) JoJ o  ( P 2 -  u 2)  ■—  .

a  < p  < 0 0

an d

r2(p)
* P  Jo

l 3d t
( p 2 _  ,2 ) l / 2 (f l2 _  ,2 )1 /2

' J o  ( p 2 -  t 2) 1/2 J a

00 T \ ( u ) d u d t  
* P  J o  (p 2  -  ,2 )1 /2  J ,  (U2 _  ,2 )3 /2

=  _  8 R p 2 g 3 /  3  5  4 ^ 2  ^

^ ( p ^ T a 2)2/ 1 ' ’ '

(10 .2 .40 )

+ ___ P
(rr)i/2r(S/2)

2 ’ 2 '  ( p 2 +  a 2) 2 y  (10 .2 .41)

p r 1(u)2F ,( l /2 ,l.,S /2 ; 02 /u2v, ..
J ,  U ( « 2  -  p 2 )  —  , 0  <  p  <  b  .
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In the preceding relations, iF \  stands for the hypergeometric function and we 
have used the following relations pertaining to this function:

I.
t~ '  d t t r ' ^ V 2

,  (r2 -  p 2) ' /2(f2 -  «2)3/2 2 r < 5 / 2 )(p 2

f p t l dt___________ rr l/2p 23F i(1 /2 . 1; 5/2; p 2/ u 2)

Jo

u < p

l
0 (p 2 -  r2) ' / 2(«l2 -  t 2)2/2

* t ' d t  1

'o (p2 _  , 2)</2(a2 _  , 2) 1/2 -  2 r (5 /2 ) (p J +  <,2)2

P  <  U ,
2 r ( 5 / 2 ) « ( u 2 -  p 2) 

j r , / 2 ( a p ) 3 r  / ,  3  5  4 a 2p 2 \
2 'V l - r r ^ + ai)>)

p <  a .

Equations (10.2.40) and (10.2.41) are two simultaneous Fredholm integral 
equations of the second kind and can be solved approximately by iteration when 
we introduce the parameter X =  b /a ,  such that X <gc 1. Indeed, the hyper­
geometric function 2 F] occurring under the integral signs in these equations is 
reducible to an elementary function:

’F' G' 4  ? )  - - <y! -  ‘!>ta8 (j£ i)] •
Thereby Equations (10.2.40) and (10.2.41) take the simple forms

r l ( w )  -  i  j f ' t-,<w  [ - 3 ! ^  -  i  i« g  ( ^ ) ] < < «  •

x <  y . 

(10.2.42)

1 < p < oo, 
(10.2.43)

and

T2(bp) =

4-

8«X 2p 2a  
3tt( 1 +  X2p 2)2 

1
Xpir

0 <  p < I . (10.2.44)

We first attend to Equation (10.2.44) and observe that

H - ' ) - ' + 3S 57̂  «’(' 2451
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W ith th e h e lp  o f  th is  v a lu e , w e  re a d ily  o b ta in  th e f ir s t  ite ra tio n  fo r  7*2 a s

T2(b p )  =  ^  | X V  +  +  0 ( X 6) |  . (1 0 .2 .4 6 )

T h is  v a lu e  in  tu rn  h e lp s  u s  in  s o lv in g  ( 1 0 .2 .4 3 )  a p p ro x im a te ly

r ' ( o p )  =  [ ?  ( ' +  ^ 2 )  +  ^  +  ° ( i 4 ) ]  • ( 1 0 -2 4 7 )  

In  th e  p r e c e d in g  a p p r o x im a t io n s ,  w e  h a v e  in c lu d e d  o n ly  th o se  te r m s  th at are 

n e e d e d  to  e v a lu a te  th e  to rq u e  e x p e r ie n c e d  b y  th e  a n n u lu s  u p  to  0 ( X 9) .

F in a lly , w e  su b s t itu te  th e  v a lu e s  o f  S i ,  S 2 , 7 ) ,  a n d  T2 a s  g iv e n  b y  th e  re la tio n s 

( 1 0 .2 .3 8 ) ,  ( 1 0 .2 .3 9 ) ,  ( 1 0 .2 .4 6 ) ,  a n d  ( 1 0 .2 .4 7 )  in  ( 1 0 .2 .3 6 )  a n d  ( 1 0 .2 3 7 ) ,  an d  get

, 4 J J  /  p / a  16X 3

2 J

+  2 8  p 5

• h i p )  =  ■

h h m -

- ( - a i H -

(1 0 .2 .4 8 )

j.ll"

‘0

■a
S-

(1 0 .2 .4 9 )

S u b s t i t u t in g  th e se  v a lu e s  in  th e  r e la t io n  <fi(p) =  <p\(p) +  <hiP)> w e  o b ta in  the 

d e s ir e d  s o lu t io n  o f  th e  in te g r a l  e q u a t io n  ( 1 0 .2 .2 2 ) .

10J. Generalized Two-Part Boundary Value Problems

A n  in te g r a l  e q u a t io n  o f  a  m o r e  g e n e r a l  t y p e  s u c h  a s

/  g i O K i O ,  p ) d t  =  / ( p ) ,  0  <  p  <  a  , ( 1 0 .3 .1 )
JO
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where the kernels K i can be perturbed on the kernel Ko(t, p) of Section 10.1, 
can also be solved by the present method. This necessitates the splitting of the 
kernel K\ as

K l(t .p )  = Ka(t.p) + G « , p ) .  (10.3.2)
where the kernel G(r, p) is in some sense smaller than Kq. From Equations 
(10.3.1) and (10.3.2), it follows that

3)f K 0( t , p ) g { t ) d t  =  f ( p )  -  f G ( t ,  p ) g ( t ) d l , 0  <  p  <  a . ( 1 0 .3 .
Jo Jo

T h e  k e rn e l K o ( t ,  p )  s a t i s f i e s  th e  s a m e  r e q u ir e m e n t s  a s  th o s e  in  S e c t io n  1 0 .1 .  

F ro m  E q u a t io n s  ( 1 0 .1 . 2 )  a n d  ( 1 0 .3 . 3 ) ,  w e  h a v e

M p )  f ^ ( “ ’ . p H M u ’) ] 2  [  g ( t ) h j ( t ) K 2( w , t ) d t d u >
Jo  J  w

=  / ( P )  -  f G ( t ,  p ) g ( t ) d t , 0  <  p  <  a  .
Jo  ( 1 0 .3 .4 )

N o w  w e  a t te m p t  to  p u t  th e  r ig h t  s i d e  o f  t h is  e q u a t io n  in  th e  fo r m  o f  th e  le f t  s id e  

a s  w e  d id  in  E q u a t io n  ( 1 0 .1 . 7 ) .  T h i s  i s  d o n e  b y  d e f in in g  tw o  f u n c t io n s  S ( p )  a n d  

C ( p )  a s  in  ( 1 0 .1 .5 )  a n d  ( 1 0 .1 . 6 )  a n d  a  n e w  fu n c t io n  L ( v ,  w )  s u c h  th at

G ( l .  p )  = / i i ( p ) h } ( l )  f  f  K i ( w ,  p ) K 2 ( v , l ) h 2 ( w ) h 2 ( v ) H v ,  w ) d v d w  . 
Jo  Jo

( 1 0 .3 .5 )

T h u s ,  th e  in te g r a l  o n  th e  r ig h t  s i d e  o f  E q u a t io n  ( 1 0 .3 . 4 )  l a k e s  th e  fo r m

J G { t ,  p ) g ( l ) d l  =  j f  g ( l ) h i ( p ) h 3{ t)

x  f f X j ( u i ,  p ) K i ( v ,  t ) h - i ( w ) h 2( v ) L ( v ,  w ) d v d w d l
Jo Jo

=  h 2 ( p )  f AC2(u), p )h 2 (in) f  L ( v , u t ) h 2 ( v )
Jo  Jo

x  I  K 2( v , t ) g { t ) h 2( t ) d t  d v d w  , 0 < p < a ,

( 1 0 .3 .6 )

w h e re  w e  h a v e  a s s u m e d  th a t v a r io u s  o r d e r s  o f  in te g r a t io n  c a n  b e  in te r c h a n g e d . 

W h e n  w e  su b s t i tu te  ( 1 0 .1 .5 ) ,  ( 1 0 .1 .6 ) ,  a n d  ( 1 0 .3 .6 )  in E q u a t io n  ( 1 0 .3 .4 ) ,  w e  ge t

/ r i ( P ) j f  p ) l t 2 ( . w ) S ( w ) d v  =  h j ( p )  j  K 2 ( w , p ) C ( w ) h 2( w ) d w

— h i  (P )  f K  — 2 (u > , p ) h ] ( u > )  f £ ( i> ,  w ) S ( v ) d v d w , 0  < p < a .

J °  J o  ( 1 0 .3 .7 )
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.A"

0  <  p  <  a  , (1 0 .3 .8 )

F r o m  th is  e q u a t io n , it fo l lo w s  th a t

S ( p )  =  C ( p ) - / "  L ( v ,  p ) S ( v ) d v ,
Jo

w h ic h  i s  a  F re d h o lm  in te g ra l e q u a t io n  o f  th e  s e c o n d  k in d  a n d  c a n  b e  so lv e d  for 

S ( p ) .  T h e  re q u ire d  fu n c tio n  g ( t )  i s  th e n  o b ta in e d  b y  in v e r t in g  ( 1 0 .1 .5 ) .

Example. S o lv e  th e in te g ra l e q u a t io n

f  « H < ) f  l p J i ( p p ) J i ( p ‘ ) / v ) d p d t  =  C l p ,  0  <  p  <  a  ,  (1 0 .3 .9 )
Jo Jo

w h e r e  ( - i ( * 2 -  p 2 ) 1 / 2 , k  >  p .

H o , 2 - * 2 , - ' 2 , P > k .  <i o : u o >

A s  e x p la in e d  in  S e c t io n  6 .7 ,  E x a m p l e  2 ,  th is  e q u a t io n  s o l v e s  th e  p r o b le m  o f  the 

to r s io n a l  o s c i l l a t io n s  o f  a n  i s o t r o p ic  a n d  h o m o g e n e o u s  e l a s t i c  h a l f - s p a c e  d u e  to  a 

r ig id  c ir c u la r  d i s k ,  o f  r a d iu s  a  w h ic h  i s  p e r f o r m in g  s i m p le  h a r m o n ic  o sc i l la t io n s .  

C o m p a r i s o n  o f  E q u a t io n s  ( 1 0 .3 . 9 )  a n d  ( 1 0 .3 . 1 )  g i v e s

g U )  =  , / ( p )  =  £ l p , (1 0 .3 .1 1 )

K i ( « . P ) = f  \ p J \ ( p p ) J \ ( p t ) / y ] d p  .
Jo

W e s p l i t  K \  a s  in  E q u a t io n  ( 1 0 .3 . 2 )  w ith

* o ( ' . p )  =  f J  \ { p p ) J  \ ( p t ) d p , ( 1 0 .3 .1 2 )
Jo

C ( i ,  p )  =  j  ^  -  1 ^  J \ ( p p ) J \ ( p t ) d t

= _ l  r  f {wv)W
npt Jo  Jo (p2 — U)2) '/2(t2 — m,2)1/2

[jo  “  ^ J '/ i(Pv)J in(PwW P ^dvdw  .

k\(p)  =  2 / ( n p ) , M p ) =  p , M p )  =  1 / p ,

p )  =  ( p 2 -  t 2 ) - 1/ 1 ,

.,,01

4

■p

(10.3.13)

By following the method of this section and borrowing the known results from 
Section 10.1, we have

(10.3.14)
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oo
L ( v . a/) =  ( v w ) i/2 I l p ( p / r - V i J i n i P v V i r t P w W P ’ Jo

(10.3.15)

% f  4>(t)dt

{P) f>JP (.l2 - p 2) 1' 2 '
(10.3.16)

2 f p w C { w )d w  

P n p  Jo (P2 -  w 2) 1' 1 ’
(10.3.17)

and

S (p)  — C ( p )  — f  L ( v % p ) S ( v ) d v , 0  < p < a .  
Jo

(103 .18)

E quation  (10.3.17) is readily inverted as shown in relation (10.1.17):

C (p )  =  2Q p  . ( 10.3.19)

Therefore, Equation (10.3.18) becomes

S ( p )  =  2Slp -  f  L (v ,  p ) S ( v ) d v ,  0  < p  < a . (10.3.20)
Jo

The infinite integral (10 .3 .IS) can be converted to a finite integral (see Appendix 

A.2):

L (v ,  ui)

i ( v w ) 1' 2 f  \ p 2/ ( k 2 -  p 2) ' /2] H " l ( p v ) J v 2 ( p w ) d p , 
Jo
V ^  w  ,

i(vw)l/2 f [p2/(k2 -  p l )xn]J\aiP^)Hyi(P^>)dp, 
Jo

W  ^  V  ,

(10.3.21)
where H ^ l ‘s a Hankel function o f the first kind. This form o f the kernel is 
useful for small values o f k.

With this much information, we can solve the integral equation (10.3.20) 
approximately for small values o f ak,  which happens to be a dimensionless 
parameter. For this purpose, we write it as:

S(ap)  =  2 n a p  — a f L (a v ,  ap)S(a  v )d v , 0 < p < I . (10.3.22)

An approximate value of the kernel a H a v . a p ) is obtained from Equation 
(10.3.21) by using the series expansions for the Hankel and Bessel functions.
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The result is

a L ( a v , a p ) =

a 2p 4 ia }pv a* 2 ,  8 ia 3 .
T  + ~ 3 i T ~ T 6 0 p v  +  p ) ' ^ (p

a 6
+  « i < W  +  io  p V  +  p 5)384

4/or1 
1575rr 

u >  p ,

(3pv5 +  10p3uJ +  3psv) +  O(o®).

a 2u 4 ia 3pu  a 4 „  ,  v  v»u , ,
T  +  I T  '  T6<3p  “ +  w > -  45^  +  p v)

a 6
+  r r - ( 5 p 4u +  lO p V  +  3p su)

384
4i*a 7

+  1 5 7 5 ^  f tP ”* +  10 P3u3 +  3p5v) +  O(o®>,

P>  v,
(10.3.23)

where a  =  ak. By applying the straightforward iteration method to (103.22), 
we obtain an approximate value for S(ap) as

S(ap) =  2f2n[ci(a )p  +  c3(a )p 3 +  c5(o )p5 +  c7(a )p 7 +  0(a® )], (10.3.24) 

where

8 ia5

4

ci(o)
a 2 4 io3 19a4 S3ia5 /  16 143

“ 1 _ T ~  9rr +  W +  2 2 5 ^  ~  V in ^ 2 +  3840
, t a 2 _ a 4 _ i a 5 11a6 47 ia7

C3(0) ~  12 +  96 +  45* ~  2304 “  4200rr ’
a 4 a 6

cs(a) =  -  —  -

8051/a7
58800rr

4 7 ta7
960 3840 1680rr 4200* '

Finally, we invert Equation (10.3.16) to get

Ct(«) =
80640

2 d  f  S(u)du  2 d [ '
P ”  dp Jp (u2 -  p2)1' 2 rr dp  }  ,

S(au)du
p/» l«2 -  (p2/a2)]^ '

(10.3.25)

»



10.4. Generalized Three-Part Boundary Value Problems 253

From (10.3.24) and (10.3.25), we have

J lL ]
+  1680/ (10.3.26)♦ S [S -£ (-$ )M (£

W h en a  - »  0 ,  th is  r e d u c e s  to  e q u a t io n  (1 0 .1 .1 8 ) .

10,4. Generalized Three-Part Boundary Value Problems

F in a lly , w e  c o n s id e r  th e in te g ra l e q u a t io n

j  * i ( » .  p ) g ( t ) d t  =  / ( p ) ,  b  <  p  < a ,  ( 1 0 .4 .1 )

w h ich  i s  th e g e n e r a l iz a t io n  o f  th e in teg ra l eq u a t io n  ( 1 0 .2 . 1 )  a n d  the kern e l K i is  

to  b e  p e rtu rb ed  o n  K o  o f  S e c t io n  1 0 .2 . In d e ed , w e  sp lit  it a s

Ki(r, p) =  Kg(.t. p) + G (l,p ) , ( 1 0 .4 .2 )

an d  a s s u m e  th at G i t ,  p )  i s  in so m e  se n s e  sm a l le r  th an  K q. W ith  the h e lp  o f  the 

re la tio n s  ( 1 0 .2 .2 )  th ro u gh  ( 1 0 .2 .5 )  an d  (1 0 .4 .2 ) ,  the in teg ra l eq u atio n  ( 1 0 .4 .1 )  

b e c o m e s  e q u iv a le n t to  th e  p a ir  o f  e q u a t io n s

fOO f  OO
I  K n i t ,  p ) g i U ) d t  =  f l i p )  — /  G i t ,  p ) g i i t ) d t , 0  < p < a ,

Jo Jo
( 1 0 .4 .3 )

s»OP [06
I K o i t . P ) g 2( t ) d l  =  f l i p )  — I G i t ,  p ) g i i t ) d t , b  <  p  <  00 .

Jo Jo
(1 0 .4 .4 )

Furthermore, the choice o f  the kern e l Ko i s  such that the requirements embodied 
in the relations (10.2.8) through (10.2.10) are satisfied.
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N ow  w e extend  the a n a ly s is  o f  S ec tio n  1 0 .3  and  d e fin e  tw o new kernels

/
L ] ( v ,  w )  and  Li(v> w )  su ch  that

G V ,  p )  =

h i \ ( p ) h n ( t )  f f /C2(uj, p)K2(u, l)h|2(iu)hi2(w)
J q J o

x  L j ( v ,  w ) d v d w  ,
f co (10 .4 .5 )

f*2l(p)f>23(0 J  J  K2{pHU})K2(tt v)h22(w)hT2(v)

x  L j ( u ,  u>)d udu >  ,

w h ere the /is  and  the k ernel #C2 a re  th e s a m e  fu n c tio n s a s  o c c u r  in  (1 0 .2 .8 ) .  Th us, 

the in teg ra ls  on the r ig h t s id e  o f  th e  r e la tio n s ( 1 0 .4 .3 )  a n d  ( 1 0 .4 .4 )  take the form s

aoo roo
I  G ( t , p ) g i i t ) d t  =  I  g i ( t ) h u ( p ) h i 3(t )  

Jo Jo

f f K 2 ( u) , P ) K j ( v , O fc l2 (U )) J lu (v )

x  L i ( v ,  w ) d v d w , d i  ,

tp
=  * n ( p )  f p ) h n ( w )  f t i ( u ,  u > )fcu (v )

Jo Jo

x  J  K i l v , t ) g i U ) l > i i i l ) d t d v d w ,

0  <  p  <  a  ,

(1 0 .4 .6 )

a n d

r G ( t . p ) g 2( t ) d t " f £ 2 ( 0 * 2 i ( p ) * 2i ( < )

'■ f  f (̂p, U))K2(l, v)h22(w)h22(v)
Jo  Jo

x  L i ( v ,  u > ) d v d w , d t  ,

=  *21 (.P) f  K2(P.U>)*22(u>) j  f.2(v, Ul)*22(ll)

x  /  J i2( l , v ) g 2( t ) h 2} ( t ) d t d v d w ,
Jo

b  < p  <  o o  ,

(1 0 .4 .7 )

w h ere  w e  h ave a s s u m e d  th at v a r io u s  o r d e r s  o f  in te g ra tio n  m a y  b e  in terchanged .



10.4. Generalized Three-Part Boundary Value Problems 255

From Equations (10.4.3) and (10.4.6) and the first part of (10.2.8), we derive 
the relation

*n(/0) f  K 2(w, p )[h l2(w)]2 f  K 2( w , t ) g i ( t ) h l3( t )d td w  
JO J uj

— f \ ( p )  — h n ( p )  f  P )h \ i (w )  f  L i ( v ,  w)h\z(v)
Jo  Jo

p o o

x /  K 2(v , t ) g \ ( t ) h u ( t ) d t d v d w  , 0 < p < a .
Jv (10.4.8)

Similarly, from Equations (10.4.4) and (10.4.7) and the second part of (10.2.8), 
we have

r o o  p w

h i d p )  J  K 2{p,  w)[A22( ui)]2 J  K 2( t , w )g2{t)h23(t)dt d w

poo poo
=  h ( p )  — h 2i(p) j  K 2(p, w)hz2 (w) J  L 2(v , w)hzi(v)

fx / K 2( t ,v )g 2(t)h23( t ) d t d v d w  , b < p <  OO.
(10.4.9)

The next step is to use in Equations (10.4.8) and (10.4.9) the functions Si, 
S2, Ti, T2, C i , and C 2 as defined by the relations (10.2.13) through (10.2.16) 
and follow the arguments of Section 10.2. The functions Ci and C2 are known 
in terms o f / i  and f 2, and the four unknown functions Si, S 2, T\, and T2 satisfy 
the following two simultaneous Fredholm integral equations of the second kind:

Si(/>) +  J  L \ ( v , p ) S i ( v ) d v — C t (p) +  J  L i ( v ,  p ) T i ( v ) d v ,

0 < p < a ,
(10.4.10)

S2(p) + J  L 2( v ,p ) S 2(v)dv =  C2(p) + j  L 2(v , p)T2( v ) d v ,

b < p  <  oo .
(10.4.11)

The two Fredholm integral equations that are the results of Equations (10.2.20) 
and (10.2.21) when the values of g t and g 2 are substituted in terms of Si, Ti, S2, 
and T2 are the additional two equations that augment (10.4.10) and (10.4.11). 
Thereby, the system has become a determinate one and can be solved by iteration 
as in the previous sections.
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Example. Solve the integral equation
. /

j f  j  [ p J ^ p p ) J ^ p t ) / Y ] d p d t  =  f t p ,  b < p  <  a  , (10.4.12)

where y  is defined in (10.3.10). This equation governs the problem of torsional 
oscillations of an elastic half-space due to a rigid annular disk. The functions 
g , / ,  K\. Kq, and G are the same as defined in (10.3.11) through (10.3.13). 
Similarly, the relations (10.2.27) and (10.2.28) remain valid in the present case, 
whereas the kernel G (t ,  p) becomes

G (i,p )  = J ^ J i ( P P ) J \ ( p i ) d p

2 r '  r  (wv)3'2

n p t  J O  JO ( p 2 — UJ2 ) , ',2 ( f 2 -  u >2 ) ' / 2

x [jo p (y - 0  Jx̂ pv)Jl/2{pw)dp\dvdw' (10-413)
2pt r®  r x  (m u)-1̂ 2
n Jp J, (w2 -  p 2) ' / 2 (u2 -  <2) 1/2

X [jo P (y  ”  0  Jii2(pv'>Jv2(pw)dp\ dvdw'

which corresponds to Equation (10.4.5). Thus, the functions fi,j and the kernel 
K i  are the same as defined by the relations (10.2.29), and the kernels L\  and Li 
are

f ®
L i ( d, w )  =  (tou)I/2 I [ p ( p /y  — \)]Ji/i( .pv)Jil2(Pw)dp  , (10.4.14)

Jo

Jr oo
I l p ( p / y  -  \ ) ] h /2(pv)J$fz{pw)dp  . (10.4.15)

o

Note that L j(v ,  w) coincides with L(v, w)  as given by (10.3.15).
The four Fredholm integral equations of the second kind for the unknown
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fu n ctio n s 5 i ,  S 2, T ] , a n d  T i  e m e r g e  a s

T \ ( p )  ^ i i ( p )  +
1

1

pOO,/2r(5/2)
” v ' T i i u h F ! ( 1 / 2 , 1 ;  5 / 2 ;  u 2/ p 2) d u

p i  — u 2

T2( p )  +

f
(» )'« r(5 /2)

7 i( a )2 f i ( l /2 ,1; 5 / 2 ;  p 2/ u 2) d u  

u ( u 2 — p 2)

a < p  < oo  ,

(1 0 .4 .1 6 )

0  <  p  <  6  ,

(1 0 .4 .1 7 )

S i ( p )  +  J  L t ( v ,  p ) S t ( v ) d v  =  2C2p +  J  ( v ,  p ) T , ( v ) d v  ,

0  < p  <  a  ,

S 2( p )  +  J  L 2( v ,  p ) S 2( v ) d v  =  J  L 2(.v, p ) T 2( v ) d v  ,

b  <  p  <  o o  ,

( 1 0 .4 .1 8 )

(1 0 .4 .1 9 )

w here

( u ) d u  d l. .  r _  _JL f  ' i .  f
' P> “  rrp  Jo (P 2 -  ‘ 2) ' n  d t  J, ( u 2 -  r 2 )* /2 

2 p  f x  1 d  /”  u 2S 2( u ) d u d t

0  < p  < b  ,

(1 0 .4 .2 0 )

2 p  1 d  f  u 2S 2( u ) d u d t
h i p )  -  —  J  / 2 ( ( 2  _  p 2 ) 1 /2  d l  } b ((2  _  „ * , . /2  • a < P < o o .

( 1 0 .4 .2 1 )

W e so lv e  E q u a t io n s  ( 1 0 .4 .1 6 )  th ro u gh  (1 0 .4 .1 9 )  a p p ro x im a te ly  b y  iteration  

w hen th e p a ra m e te r s  k a  an d  b / a  a re  sm a ll.  In v ie w  o f  the re la tio n s (1 0 .2 .4 2 ) ,  

w e can  w rite  E q u a tio n  ( 1 0 .4 .1 6 )  in th e fo rm

1 f '  , r  2A p  1 ,  / p  +  A . iA l
r , ( u p )  =  t 2(a p )  +  - ]  T2( b u ) -  -  lo g  ( — C  J  J d "  '

(1 0 .4 .2 2 )

w h ere X =  b / u .  S im ila r ly , E q u a tio n  (1 0 .4 .1 7 )  b e c o m e s

r 2(bp) = <.<*» + j ^ l  n c o  -  log ( p r j j ) ] *  •
o  <  p  <  i .

(1 0 .4 .2 3 )
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L e t  u s  o b se r v e  th at the p a ra m e te r s  th at o c c u r  in th is  p r o b le m  a re  

a  =  a k , ft  =  b k ,  X =  b / a  =  f i / a  , (1 0 .4 .2 4 )

a n d  th e  d is c u s s io n  in  th e se q u e l  i s  b a s e d  o n  th e  a s s u m p t io n  th at a  =  O ( k ) ,  and, 

a s  su c h , f l  =  a X  =  0 ( a 2).
W e sta r t  w ith  E q u a t io n  ( 1 0 .4 .1 8 )  a n d  w r ite  it a s

S i ( . a p ) + a f  L \ ( a v , a p ) S \ ( a v ) d v
Jo

=  2 f l a p  +  a  I  L \ ( a v ,  a p ) T i ( a v ) d v ,  
Jo

T h is  i s  s o lv e d  b y  se t t in g

S i ( a p )  =  X ,  ( a p )  +  VV, ( a p ) ,

0  <  p  <  1 .

(1 0 .4 .2 5 )

(1 0 .4 .2 6 )

su c h  th at

X t { a p )  =  2 S l a p  — a  f t ) ( a u ,  a p ) X t ( a v ) d v ,  0  <  p  <  1 ,  (1 0 .4 .2 7 )
Jo

a n d

W t ( a p )  = a  L t ( a v ,  a p ) T i ( a v ) d v

- a f  L ] ( . a v , a p ) W t ( a v ) d v , 0 < p < l
Jo (1 0 .4 .2 8 )

T h e  in te g r a l e q u a t io n  ( 1 0 .4 .2 7 )  i s  p r e c i s e l y  e q u a t io n  ( 1 0 .3 .2 2 )  s in c e  th e kernels 

L  a n d  L  i a r e  id e n t ic a l .  T h e r e f o r e ,  X i  ( a p )  i s  g iv e n  b y  th e  e x p r e s s io n  o n  the right 

s id e  o f  ( 1 0 .3 .2 4 ) .

S im ila r ly ,  th e  in te g r a l  e q u a t io n  ( 1 0 .4 . 1 9 )  c a n  b e  w r it te n  a s

S i ( b p )  +  b j ^  L i ( b v , b p ) & i ( b v ) d v  =  b  J L 2 ( b v ,  b p ) T i ( b v ) d v ,

1 <  p  <  o o ,

(1 0 .4 .2 9 )

w h o s e  k e r n e l  c a n  a l s o  b e  r e d u c e d  t o  th e  f o l l o w i n g  s u i t a b l e  f o r m  ( s e e  A p p en d ixw h o s e  k e r n e l  c a n  a l s o  b e  r e d u c e d  t o  th e  f o l l o w i n g  s u i t a b l e  f o r m  ( s e e  A p p en d ix



10.4. Generalised Three-Part Boundary Value Problems 259

A.2).

L i ( v ,p )

i(pu),/J 1  [p2/{k2 ~  P ^ v l V i n ( P P ) » ^ P ^ P .

O p ,
rk

i ( p v ) i/2 j f  [p 2/(* 2 -  p 2)U2]J3, 2( p v ) H ^ 2(pp)dp  ,
(10.4.30)

P £  u •

Using the expansions for Bessel and Hankel functions, we readily derive the 
approximate formula

bLz(bv, bp)
a 2XJ [(p2/6 u ) +  0 ( a 2) ] ,  

a 2X2[(,;2/6 p )  +  0 (c r2)] ,

v ^  p ,  

p  ^  v .
(10.4.31)

The functions occurring in the system of Equations (10.4.16) through (10.4.31) 
are to be calculated in the order X \ ,  i \ , T 2, S2 , t 2, T \ ,W \ ,S \ .  Having found X \,  
we can proceed to evaluate the other functions o f this sequence. The required 
results, obtained by one iteration, are

(10.4.32)

T2ibp) =  t t {bp) +  (H a 1) , 0 < p < l , (10.4.33)

S2(bp) =  ^  +  ° ( “ 2) j  • 1 <  p  <  0 0  , (10.4.34)

h ( a p )  =  +  0 ( a 2) j  , 1 <  p  <  0 0  , (10.4.35)

„  32flaX5 f  a 2 1 (  a 3 2 . \  1 /6X 2> 
T' (ttp) =  4Sjt2 [ V  +  P 3 (  3 +  7 *  )  +  P5 ( T ;

| +  0 ( « J)J ,

1 <  p  <  0 0  ,
(10.4.36)

W'i(op) =  (p +  0 ( a ) ! . 0 <  p  < 1 , (10.4.37)

S t (ap) =  X 'i(ap) +  +  ° ( a>) • 0 <  p  <  1 ■
(10.4.38)

In the preceding approximation, we have included only those terms that are 
needed to evaluate the value of the torque experienced by the annular disk to
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>
4T h e va lu es o f  gi  and  g j  are o b tained  by inverting E q u atio n s (1 0 .2 .1 3 ) and 

(1 0 .2 .1 4 )  w ith S i ,  5 2 . T i, and Ti  a s  given  b y  the p rece d in g  form u las. Then, the 
value o f  the function  g  fo llo w s from  (1 0 .2 .5 )  and  that o f  $ ( p )  from  the relation 

* ( p )  =  p ~ 'g ( p ) .
Finally, let u s  note that the m eth od  ex p la in e d  in the prev io u s sectio n s requires 

the fo llo w in g  m od ifica tio n s w h en a p p lied  to p r o b le m s that re la te  to  spherical caps 

and  annu lar sp h erical c a p s  (o r  sp h erica l r in g s): ch an ge  a  to  a ,  b  to  0 ,  p  to 0 , 00  

to  7x, and  rep lace  E q u atio n s (1 0 .2 .2 )  by

e m b o d ie s  the e le c tro sta t ic  p o te n t ia l p r o b le m  d u e  to  a  c ir c u la r  d isk  o f  rad iu s a 
c h a rg e d  to  a  p r e sc r ib e d  p o ten tia l /  ( p )  c o s  rup. F o llo w in g  th e a n a ly s is  o f  Section

(10 .4 .39)

w here

0 ^  < or ,
(10 .4 .40 )

^  & < 7T .
(10 .4 .41 )

H ere , #  is  the p o la r  a n g le  an d  a  an d  0  are  the b o u n d in g  a n g le s  o f  the annulai 

c a p .

10.5. F u rth e r Examples

E x a m p le  1 . In S e c t io n  6 .3 , w e  fo u n d  th at th e in teg ra l eq u atio n

0  <  p  <  a  , (10 .5 .1 )

w h ere
>00

J . ( p p ) J n ( p t ) d p (1 0 .5 .2 )
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10.1, we get, for all g(t),

f  K0(t> p)g(t)dt = 2n f  g(t) f  JH(pp)J„(pt)dpdt 
Jo Jo Jo

= 2n f "  g(t) f°° 2 P
Jo Jo
P [ '  Jn-y/z(pw)JĤ /2 (pv)(.wv)l,+lf7dvdwdpdt

x j C j [

- ? r
4 e* raic(f>.

=  P* l  1 "g(0 Jo (p2 -  w W H t2 -  W2)*'2 
_  4 Cp w 2* /■* t~ ng ( t )d td to

P* Jo

(p 2 — w 2y* 2( t2 — v2) if2 
“ f l  5(u» — v){tov)"dvdto dt 

(p 2 -  to2y 2{t2 -  v2) '12 
min̂ ') vPdwdt

/:(P2 - W2 y n j w {t2 _ w 2)l/2 ’ 0 < p  <  a ,
(10.5.3)

where we have used the relations (10.1.12) and (10.1.13).
Comparing Equations (10.5.3) and (10.1.2), we obtain the values o f the 

functions h \ , h i ,  h$, and AT 2 as

M p ) = 4 / p " ,  M p ) =  p " ,  M P )  =  P~",

k 2(/, p ) =  (p 2 -  <2r ,/2 •
(10.5.4)

Moreover, this form o f the kernel Kz  ensures the inversion of the integral equa­
tions (10.1.3) and (10.1.4). The method o f Section 10.1 is therefore applicable 
in this case. Indeed, we have

« * >  •  p '  f ,

4 f  w"S(to)dto
/ ( P )  -  „ /  ,  2 2W/2 • 0 <  P < a  P Jo (P2 ~  to2) ' ' 1

. (10.5.6)

Inverting Equation (10.5.6), we get

... , P “ " d  f  t ”+ ' f ( t ) d t
KP) ~  I n  dp  J 0 (p 2 - / 2) ' / 2 ’

(10.5.7)

which gives the value of the function S  in terms of the known function / .
Substituting this value o f S  in (10.5.5) and inverting it, we 
the unknown function g:

recover the value of

21" d  I'" w '~ nS(.w)dw
8 ( 0  ~  n  d t  J, (to2 -  f2O'/2 ‘

(10.5.8)
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F o r  th e  s p e c i a l  c a s e  w h e n  th e  d i s k  i s  k e p t  a t  a  u n it  p o t e n t ia l ,  f(p) = 1 , 
n  =  0 .  E q u a t io n s  ( 1 0 .5 .7 )  a n d  ( 1 0 .5 . 8 )  t a k e  th e  s i m p le  f o r m s

1 d [ p td t  1
S(p) =

a n d

„ 1 d [ •
* ( 0  “  n *d t I,

2 n dp 

w dw

f (p2 _  ,2)1/2 2n (10.5.9)

0 < r < a .( „ ,2 _ ,2)1/2 „2(a2 2)1/2 ’
(10.5.10)

Incidentally, we can evaluate the capacity C of the disk without finding the 
value of the unknown function g. Indeed, the formula for capacity is

C = 2rr f  g(t) dt .
Jo

Substituting in it the value of g(l) obtained from Equation (10.5.8) after putting 
n =  0, we get

C =  4 f  S(w)dw  =  2d/rr . (10.5.11)
Jo

Example 2. The equation

1 = /  tg ( t)K ,( t ,p )d t ,
Jo

where

0 < p < a ,

where

and

K |(r,/>) =  Koil, p) + G(t, p ) ,

KoU, p ) =  f  J o (p p )M p t)d p  
Jo

r

4

/

(10.5.12)

K \ ( t ,p ) = =  [  [pJo(PP)Joipt)lY]dp. (10.5.13)
Jo

is the integral-equation formulation of the problem of acoustic diffraction of an 
axially symmetric plane wave by a perfectly soft circular disk of radius a (see 
Section 6.7, Example 1).

To solve Equation (10.5.12), we split the kernel K\ as

(10.5.14)

G ( r , p ) = /  [ ( p/ y)  -  l]Jo(pp)Jo(pt)dp . (10.5.15)
Jo

Thereafter, the analysis is similar to the one given for the integral equation
(10.3.9) of the example treated in Section 10.3.
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Example 3. Some boundary value problems relating to a spherical cap.

E l e c t r o s ta t i c  p o t e n t i a l  p r o b l e m  d u e  to  a  s p h e r i c a l  ca p .  A  s p h e r i c a l  p o l a r  

s y s t e m  ( r ,  <p) i s  c h o s e n  s o  th a t  th e  c a p  i s  d e f in e d  b y  r  =  a ,  0  ^  t? ^  a ,

0  $  <p ^  2 jt  ( s e e  F ig u r e  1 0 .4 ) .  W e  c o n s id e r  th e  a x i a l ly  s y m m e t r ic  c a s e  w h e n  

th e p o t e n t ia l  o n  th e  c a p  i s  g iv e n  b y  / ( t ? ) .  T h u s  th e  b o u n d a r y  v a lu e  p r o b le m  i s

V 2 V ( r , 0 , v )  =  0 in  D .  (10.5.16)

V ( a , 0 , < p )  = /( t» ), 0 s £ t f < a ;  0 < $  2rr ; (10.5.17)
w h e re  D  i s  th e  r e g io n  e x t e r io r  t o  th e  c a p .  B y  f o l lo w in g  th e  m e th o d  o f  C h a p te r  6  

( s e e  E x e r c i s e  9  o f  th a t  c h a p te r ) ,  w e  f in d  th a t  th e  in te g r a l  r e p r e se n ta t io n  fo r m u la  

fo r  E q u a t io n  ( 1 0 .5 . 1 6 )  i s

V ( r ,  t>, *> ))  =  a 2 [  [  (o { t ) / R ] s in  r d ^ d t , ( 1 0 .5 .1 8 )
Jo Jo

w h e re  a ( r )  i s  th e  c h a r g e  d e n s i ty  a t  th e  p o in t  Q ( a ,  t ,  v>j) o n  th e  c a p  a n d

R  =  ( r 2 + a 2 — 2 a r  c o s  y ) l/2 ,  c o s y  — c o s £ c o s r + ( s i n « > s i n f ) c o s ( v —V i ) -

A p p ly i n g  th e  b o u n d a r y  c o n d i t io n  ( 1 0 .5 - 1 7 ) .  w e  o b ta in  th e F r e d h o lm  in te g ra l 

e q u a t io n  o f  th e  f ir s t  k in d

/ ( t > )  =  a 2 f  ( s i n  t ) a ( r ) / f o ( f , & ) d t ,  0  <  d  <  a  ,
Jo

w h e re

*o(r. *)■ r
______ d ^  i
( 2 a 2 — 2 a 2 c o s  y ) i / 2  '

(10.5.19)

z

y

(10.5.20)
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T h e next step  is  to  e xp an d  the in tegral in E q u atio n  ( 1 0 3 .2 0 )  in terms o f  the 

sp h erical h arm on ics ip):
t

in +  |m|)! ' ^
(10.5.21)

1______________ = 1 A  jn-\m\V.Y:i0.<p)Y: «,»,)
(2a J  - 2 a 2 c o s y ) 1' 2 °  ~ o  ( »  +  M ) !  '  f

From  E q u atio n s (1 0 .5 .2 0 )  and  (1 0 .5 .2 1 ) ,  it fo llo w s that

* < , « .  * )  =  —  ! ' '  / ,, ( c o s t » / ’„ ( c o s t ) , (1 0 5 .2 2 )
a 7A

w here P« i s  the L eg en d re  p o ly n o m ia l. W e can  p ut ( 1 0 .5 .2 2 )  b ack  into the integral 

fo rm  i f  w e u se  the M e h le r-D irich le t in tegral

n  Jo ( c o s  w  — c o s  0 ) 1' 2

and  the resu lt

5 2 ,  /  1 \  /  1 \  rr
^ c o s  +  - J  t v e o s ^ n  +  - j  v =  — i ( u »  —  u ) , 0

(10.5.23)

< uj, u < rr .

(1 0 5 .2 4 )

T h e  kernel K o (f ,  0 )  a s  g iv en  b y  E q u a tio n  ( 1 0 .5 .2 2 )  th en  b e c o m e s 

r * r 1 S ( w  — v ) d v d w
Ko« .0 ) = - /  f

a Jo  Jo ( c o s  iu — c o s  t J ) * ' 2 ( c o s v  — c o s t ) 1' 2

T h e  re la tio n  that c o rre sp o n d s  to  ( 1 0 .1 .2 )  fo r  the p re se n t c a se  is 

r  awdt

(1 0 5 .2 5 )

t °  2 t* r *
K o ( t ,  6 ) g { t ) d t  =  -  g ( t )  ---------------------

J t  a  Jo  Jo  ( c o s  w  — c o s 0 ) 1/ 2 ( c o s uj — c o s t ) 1/2

2 f *  1 t “ g ( t ) d t d w
= - /  <a Jo r.6  ( c o s  U) -  COS l?)1/z ( c o s Ul -  c o s t ) 1' 2 ' 

o  <  0  <  o r . (10 .5 .26)

H en ce ,

A i( t ) )  =  2 / a ,  M # )  =  M 0 )  =  1 ,

* 2(«. t>) =  (cosi-cosd )" 1̂  . (105.27)

S im ila r ly , the re la tio n s  that c o rre sp o n d  to  E q u a t io n s  ( 1 0 . 1 .5 )  a n d  ( 1 0 . 1 .6 )  are 

r * a 2c r ( r ) s in r < f r
S < » )

t  (co s t) -  COSl)'/4 ■
(10 .5 .28 )
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and
2 r *  

t m  =  -  /
a  Jo

S(w)dw
Jo (cosu>-cosd)'/3  ’ (10.5.29)

The integral equations (10.5.28) and (10.5.29) are simple Volterra integral 
equations and can be easily inverted. In fact, the inversion of (10.5.29) is readily 
achieved from Example 2 of Section 8.2, and we have

a d CK
S(m) =  —  —  /

2w dw  Jo i
/(d )s in d d d

(cos d — cos to)1'12 
Similarly, the solution of Equation (10.5.28) is

d [°  S(ur)sininrfur
ct(»)

_  i d_ r
n a 1 sin t dt J ,

(103.30)

(10.5.31)uJ sinr dt J, (cost — cos w)1?2 
and the integral equation (10.5.19) is completely solved.

As pointed out in Example 1, one need not determine the charge density 
o(t) explicitly to find the capacity of the solid. Using the formula

C = 2rta2 j  (sin t)o(t)dt (10.5.32)

and relation (10.5.31), it follows that

d_  2 /  1 \  d f"  5(w)sin w d w d t
° Jo V tra2)  dt J, (cos t — cos w),/2

S(w) sin ludw / -  f  /u n
=  2 /  —-----------—  =  2v2  / S(w)cos[ — )d w  .

(1 -co stu ) '/2  Jo \2 >
(10.5.33)

For the special case when the cap is kept at a unit potential, that is, / ( d )  — 1, 
relation (10.5.30) simplifies to

d_ f w ___ sin d dd
dw ,S(w) _  a_ d_ r

2n  dw Jo
(10.5.34)

(cos d — cos w)l/2 ~/2it
From Equations (10.5.33) and (10.5.34), we have the value of the capacity as

C =  (a/n)(a  +  sin or) . (10.5.35)

From this formula we obtain the capacity of various other configurations:

Hemispherical bowl. For this case we set or =  n/2  and get C =  a ( j  + rr).

Sphere. The value for this case follows by setting or =  Jr so that C =  a.

Thin circular disk of radius c. When we set a  —► 0, a —» oo, such that 
a a  -* c, we recover formula (10.5.11).
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Polarization potentia l.  T h e  fo r e g o in g  a n a ly s is  i s  a ls o  ap p licab le  to  the 

p o la r iza tio n  p o ten tia l p ro b lem  o f  a  sp h e r ia l c a p . L e t  a  p e rfec tly  conductin g 

sp h er ic a l c a p  o f  ra d iu s  a  an d  b o u n d in g  a n g le  a  b e  p la c e d  in  a u n iform  electric 

f ie ld  £  w h ich  i s  p a ra lle l to  th e n e g a tiv e  z - a x is .  T h e n  f ( & )  in  E q u a tio n  (1 0 .5 .1 7 ) 

h a s  (he v a lu e

/ ( i?) =  - £ a ( c o s £  +  c ) ,  (1 0 .5 .3 6 )

w h ere  c  i s  a co n stan t. S u b s titu tio n  o f  th is  v a lu e  o f  / ( # )  i s  E q u a tio n  (1 0 .5 .3 0 ) 

y ie ld s

a d  s i n t f (—E  a ( c o s #  +

* ~  2 n  d w  J Q ( c o s  $  — c o s  to ) 1/ 2 

a 2£  f  3u> u>"|

= ' ^ r s T + c c o s 2 j -  (io-5-37)

C o n se q u e n tly , fro m  E q u a tio n  ( 1 0 .5 .3 1 )  w e  o b ta in  th e  v a lu e  o f  th e c h arge  density 

a s

S(w) =

<r(0i) =
1 d  a 1 E  ( c o s  r j?  +  c  c o s  y )  s in  w d w—— ra 2 s i n 0 i d&i ( c o s  i>i — c o s  u; ) 1 '2

E

2n2
(  ,  [ Y  1 +  c o s  of \  /2 1  ,  „  .  ,
|  c o t  M l --- ------------------J  ( c  +  3  c o s  d i )
I [ \C O S 0 i - c o s o /  J  *

( 1 + c o s c r  ^  

c o s  i? i — c o s  a  /

(1 0 3 3 8 )

( 3  COS 0 1  — 1 — c o s t *  +  c )

T h e  e d g e  c o n d it io n  r e q u ir e s  th a t f o r  0 j  =  or, th e  c h a r g e  d e n s i ty  sh o u ld  b e  finite. 

A s  a  re su lt ,  w e  fin d  fr o m  ( 1 0 .5 .3 8 )  th at

c  =  1 — 2  c o s  a  . (1 0 .5 .3 9 )

T h u s

rr(0l) =  -  [ c a t ' 1 I  ( — 1 *  C— )  |  (1  -  2 c o s a +  3 c o s 0 i )  
2 r r 2 L  | \ c o s 0 i c o s o r /  j

-1-3 j {1 +cosor) (cos 0i — 1 — cosor)| j . (1 0 .5 .4 0 )

T h e  e n e r g y  m e a s u r e  in  th is  p r o b le m  i s  th e  p o la r iz a t io n  p o te n t ia l P  w h ich  is 

d e f in e d  a s

P =  f j l  \ g r a d V \ l  d x d y d z ,



10.5. Further Examples 267

where R  is the dom ain exterior to the cap. With the help o f G reen’s Theorem, 
this result can be w ritten as

3 V  

3/1.

r  d v  , r  a v
P =  v  - —  d s  +  I v  —  d s .

Js+ 3n+ Js 3/t _

f f  V c r(d i)s in  d&i dtp\ 
Jo Jo

3 I  cosdi t r(di)sindidt?i  
Jo

=  4/r a

=  - 8 n 2 E a

Finally, from Equations (10.5.40) and (10.5.41) we have

sin 2a  sin 3or"„  sin a
P  =  4  £ 2 a 3 or +  —— :]

(10.5.41)

(10.5.42)

The far-held behavior o f  the electrostatic potential follows from relation 
(10.5.18) w hich can be w ritten as

oo q* pa
V ( r , d )  = 2 7 t a 2 J 2 — -  o (d ,)P „ (c o s  d)P ,,(cos &t) sin M d i  .

r Jo

Thus

V (r )  =  ^2 jt a 2 J  o (t? ,)s in i7 ,d i> , J i +  O  .

The substitution of the value o f  cr(d i) from Equation (10.5.38) in this result 
gives the required far-field behavior:

V '(r):
a 2E  f  . .  . sin 2a  "I

~  ------ a ( l  — 2 cos a )  +  2 sin o r--------—  .
n r  L 2 J (10.5.43)

Flow o f an  ideal fluid past a rig id  spherica l cap. 
In Example 5, Section 6.3, we found that

U  sin d
2a Jo

^ o ( d , .d ) / ( d , ) d d ,  , (10.5.44)

where the kernel /fo (d i, d )  is defined by the relation (6.3.69), is the integral 
equation formulation o f the problem o f the flow o f  an ideal fluid past a spherical 
cap. We are now in the position to solve this integral equation with the help 
of the method as given in Section 10.1. For this purpose, we use the relations
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(10.1.12) and (10.1.13) and write (10.5.44) as

C/sind =  — r  [
m 2a / )  cos(d/2)cos(di/2) Jo

2 P
0 c o s ( d / 2 ) c o s ( d i / 2 ) Jo  ”  t a n ( d /2 ) t a n ( d , / 2 )

I,
/ ( d i ) c o t  | c o t  4)

.tan 0/2 J ] / 2 ( p W ) w  ^ ' 2d w  f a n l  J \ n ( p v ) v i l 2 d o

X Jo (tan 2 d/2 -  ui2) l /2  Jo

=  - L /
2a J„

(tan 2 d / 2  -  u2 ) 1' 2

c o s ( d / 2 ) c o s ( d i / 2 )
min(t«n 9/2,tan 9| /2)

d d , (10 .5 .45)

/
w2 dw

(tan 2 ( t ? / 2 )  -  u»2) 1/ 2 (tan 2 ( d i / 2 )  ~  u>2 )V 2 ’

T h e  next step  i s  to  se t

w  s= tan  -
1 *d iu  ss -  sec* — d \J /  ,

2 ’  2 2 "  

and  c h a n g e  the ord er o f  in tegratio n . T h e n  (1 0 .5 .4 5 )  b e c o m e s

S t y )  tan(V, / 2 )1 t>
£/ s in  0  =  —  co t — 

ira 2 i
where

S t y )  =  tan /;
( c o s  'll — c o s  d ) 1/ 2 

/(dl) cotdi/;

dyfr,

t .  _
2 J* (cos^f — cosdi)122

d d ,  .

In tegra l eq u atio n  (1 0 .5 .4 6 )  c a n  b e  re ad ily  in verted  to  y ie ld

, , , ,  'll d  f *  4 s i n 3 u / 2  c o s u / 2
5 ( l^ )  =  a U  c o t  —  —  /  ----- 5---------------------------- d u

2  d i i  Jo  ( s in 2 Vr/ 2  -  s in 2 u / 2 ) 111d  'll Jo  ( s in 2 'll/  2  ■

=  4V2 aUsin^r  cos ^  .
2 2

,1*
>

(10 .5 .46 )

(10 .5 .47)

(10 .5 .48)

S im ila ry , w h en w e  put E q u atio n  ( 1 0 .5 .4 8 )  in  ( 1 0 .5 .4 7 )  an d  invert w e get

W>i) =
1 d |  d  /■ “  S ( u )  s in  u c o t ( u / 2 )— tan ““ ■ ■ ■ | ~ ■ ■ —- ■' /J ti
n  2 d&\ Jo, ( c o s  d i  — c o s  u ) 122

(1 0 .5 .4 9 a )

2 a t /  ,  t  f a c e s 3 y  -  6  c o s ?  c o s 2 4
--------s in  r  --------------------------=--------- —

n  2  ( c o s 2 ^  - c o s 2 f )

+ 6 t ^ l -  COS sin  
2

(1 0 .5 .4 9 b )

H o w ev er, w e  c a n  g e t  the q u a n tit ie s  o f  p h y s ic a l in te r e st  w ith o u t h a v in g  to  evaluate 

l ( & \ )  e x p lic it ly  a s  w e sh o w  in the fo llo w in g .
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Virtual mass. The virtual mass M  is defined as

M  =  (V V f d x d y d z ,
J r

where R  is the domain exterior to the cap. By Green’s theorem we can write 
this formula as

/  „ d V  f  w a v  
M  =  V - —  +  /  V —  ,A ,  3 n +  J s _  3 n _

where 5+ and S_ are the positive and negative sides of the cap as explained in 
Section 6.2. Proceeding as in the previous example, we can write this formula 
as

M  = - a 2[ / f  f  g (d ,) sin d, cos d , d<f\ dd ,
Jo Jo

= n a 2 U f  sind , /  (t?i) d d , , (10.5.50)
Jo

where we have used the notation as explained in the Example 5, Section 6.3. 
Now, from Equation (10.5.49a) we have

f  1  t a ,  d , f a S (u ) s in u c o t |
/  (t»,) sin i?, d d , =  -  /  2  sin2 —  /   ------------------r ^ y d u d d  i

Jo rr Jo 2 J#, (cosd , -  cosu)>« 1

d u d d  ,
1 f e /*  S(u) sin u cot*

=  — / s in d , I ----------------------
* Jo Jo, (COS d ,  — COS t t ) 1^

I f . , . .  «  , /■■ S i n d ,  d d ,=  — / S(«) sin u c o t- d u  /  ----- -— i---- —
rr Jo 2 Jo (cos d, — cosu)

=  s/2 r
tr Jo

/ "  u u
S(u) sin u cot — sin -du  .

When we put the value of S(u) as given by (10.5.48) in this relation and simplify, 
we obtain

/ '
/ ( d , ) s in d ,  dd .d , d d , =  —a U for +  —

”  L

ons (10.5.50) and (II 

M  =  2 a i U [ a  +  -

sin a  sin 3 a ' 
2 6

Finally, from Equations (10.5.50) and (10.5.51) we have

sin 2a sin 3a1

(10.5.51)

(10.5.52)

From the formula (10.5.52) we can get the virtual mass of various limiting cases.

(i) Hemispherical bowl. Put a  — |  in (10.5.52) and get M  =  a2 U(ir +  5 ) .
(ii) Sphere. Put a  =  rr in (10.5.52) and get M a  2* a 1  ( / .
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( ii i)  This  circular d is k  o f  radius  c.  L e t  a  0 ,  a  o o  su c h  that a a  c .
T h en  E q u a tio n  (1 0 .5 -5 2 )  g iv e s  M  =  |  c3 U .

T h e  fa r - f ie ld  b e h a v io r .  F o r  e v a lu a tin g  th e fa r-h e ld  b eh av io r , w e  ap p ea l to the 

a n a ly s is  o f  E x a m p le  5  o f  S e c t io n  6 .3  a n d  E n d  that

[  f  sin*  [iTT ( s ) U  ^ ' (m -53)
A ls o

S u b s t itu t in g  th is  v a lu e  in  E q u a t io n  ( 1 0 .S .S 3 )  a n d  s im p lify in g ,  w e  h ave 

a 2 ^  f
g ( d i ) s i n i » , P „(cosd )P „(cosd ,)< fO i

(1 0 .5 .5 4 )

=  - ^ j C O S t }J £ ( i ? i ) s i n i > ,  c o s d i d t > i  +  O

a2
~ — ^ c o s t > / / ( 0 ] ) s i n  t?i d t ) j  

4 t 2 J 0

n 3 U  [  s in  a  s in  2 a  s in  3 a  "1=  _ c0S1, ^  +  _ --------- - ---------- — j .
( 1 0 .5 5 5 )

/

(d*

>>

*

E x erc ise s

E x te n d  th e  a n a ly s i s  o f  E x a m p le  1 in  S e c t io n  1 0 .S  to  th e  fo llo w in g  two 

e x e r c is e s :

1 . T h e  d i s k  i s  b o u n d e d  b y  a  g r o u n d e d  c y l in d r ic a l  v e s s e l  o f  r a d iu s  b  su ch  that 

a / b  «  1 . T h e  d i s k  a n d  th e  c y l in d e r  h a v e  a  c o m m o n  a x i s .

2 .  T h e  d i s k  i s  p la c e d  sy m m e tr ic a l ly  b e tw e e n  tw o  g r o u n d e d  p a ra lle l p la tes 

z  =  ± b  su c h  th a t a / b  « ;  1 .

3 .  In s te a d  o f  th e  w h o le  d is k ,  c o n s id e r  th e  c a s e  o f  a n  a n n u la r  d i s k  a n d  e x te n d  the 

a n a ly s i s  o f  E x a m p le  1 o f  S e c t io n  1 0 .S  a c c o r d in g ly .  D o  th e  s a m e  to  th e  p ro b lem s 

in  E x e r c i s e s  1 a n d  2 .

S o lv e  th e  p r o b le m s  o f  a c o u s t ic  d i f f r a c t io n  o f  a n  a x i a l ly  sy m m e tr ic  plane 

w a v e  fo r  th e  c o n f ig u r a t io n s  in  E x e r c i s e s  4  th r o u g h  7 .

4 .  A  p e r fe c t ly  r ig id  c ir c u la r  d is k .



5. Perfectly so f t  and  perfec tly  r ig id  annular d isk s.

6. Perfectly so ft  and  rig id  sp h erical cap s .

7. Perfectly so f t  and  rig id  annu lar caps.

ft. S o lv e  E x e rc ise s  1 and  2  w hen the so lid  is  a  sp h erical c a p  in stead o f  the 

circular d isk .
F or d e ta ils on  m ixe d  b oundary  v a lu e prob lem s, the reader is  referred else* 

where { 1 9 H 2 8 U 4 8 H 5 0 J .

________________________ 10.3. Further Examples______ __________  n \
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CHAPTER 11

Integral Equation
Perturbation Methods

ll .t . Basic Procedure

In the previous chapter, we solved the Fredholm integral equations of the first t  
kind by converting them to Volterra integral equations and to Fredholm integral ■ 
equations of the second kind. One of the reasons for the simplicity of that 
formulation was that we had only one variable of integration. We need to 
develop methods that solve the integral equations relating to boundaries such 
as a cylinder or a sphere. In this chapter, we shall deal with three-dimensional 
problems and present approximate techniques for solving the Fredholm integral 
equations of the first kind

with P  =  x and Q  = The analysis for the corresponding plane probiems is 
simpler once the method is grasped.

In the previous chapter we noticed that certain perturbation parameters arise 
naturally in physical problems. Let e be such a parameter occurring in the integral 
equation (11.1.1). Then, we expand all three functions K, / ,  and g as power 
series in e:

Inserting these values in Equation (11.1.1) and equating equal powers of e, we 
end up in solving the integral equations

H P ) .  I K {P,Q )g(Q)dS, P e S , (11.1.1)

K — K q +  sK\  ■+■ e* K2 +  — ,

/  =  fa  +  e/i +  c 1 h  "I-----•

g = go +  egi +  «2g 2 +  • • • .

( 11.1.2)

(11.1.3)

(11.1.4)

Koged S = h ,  (111.5)(11.1.5)
’s

K0g,dS  =  -  f  K,g0d S .  (11L6)

and so on.

272
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For the preceding technique to be useful, the following conditions must 
be satisfied: (i) K o(P , Q)  is the dominant part o f K ( P ,  Q)  as in the previous 
chapter; (ii) the integral equation (11 .13) can be solved; and (iii) the func­
tions go. g i . • • • ate such that the integrals occurring the right side of Equations 
(11.1.6), (11.1.7), and so on, are easily evaluated.

Fortunately, in this method, it is only the integral equation (11.1.5) that 
needs to be solved because the other integral equations in the sequence have the 
same kernel.

In certain cases, an approximation of order e can be obtained rather easily. 
Suppose that the function K\  occurring in the expansion (11.1.2) is a constant 
A (say), then Equation (11.1.1) can be written as

is a constant, although as yet unknown. Then, to order e.  Equation (11.1.8) is 
similar to the integral equation (11.1.5), whose solution is assumed known, and 
therefore can be solved. The quantity / '  can then be evaluated from different 
considerations. The occurrence of a constant A  can be demonstrated by the 
kernel

analysis is further simplified. Indeed, suppose that the solution G ( P ) of the 
integral equation

( 11.1.8)

where

/ '  =  j $ g ( Q ) d S ,

Here, KoiP, Q) =* 1 / r  and A — i.
In the special case when the kernel K  is only of the form Ko +  A ,  the

K0(P . Q )G (Q )d S  =  1 ,1 . P e S , (11.1.9)
's

is known and we are required to solve the equation

( 11.1.10)

We can write Equation (11.1.10) in the form

(11.1.11)



274 11. Integral Equation Perturbation Methods

/
Although the value of the integral on the tight side of (11.1.11) is so fat unknown, 1
it is nevertheless a constant, as pointed out earliet. We can therefore divide both i 
sides of Equation (11.1.11) by the constant factor on the right side and obtain ,

Js Ko(P,Q)  { * (C ) /[ l  - A  Js g i Q ) d S ^ d S  = \ . (11.1.12)

Comparing Equation (11.1.12) with (11.1.9), where the value of G(Q) is known, 
we have

g(o = ^i-A^g(C)dsjc(e). (n.i.13)
Integration of this expression over the surface S  and a slight rearrangement yields

Js g (Q )d S =  |^ G ( 0 ) < « J / J ^ l  +  A j ^ G (Q )d S ^  . (11.1.14)

Subsequently, the substitution of (11.1.14) in (11.1.13) yields the solution g(P) 
of the integral equation (11.1.10):

g ( P )  =  G ( P ) /  j^l +  A  j f  G ( C ) < * s ]  . (11 .1 . 15)

T h is  re su lt can  b e  ex te n d e d  to  the c a se  w h en , in ste a d  o f  th e constan t A in 

E q u atio n  (1 1 .1 .1 0 ) ,  w e h ave a  se p a ra b le  kern e l w ith  fin ite  te rm s. S u p p o se  again 

that w e kn ow  the so lu t io n  o f  the in teg ra l e q u a t io n s

J ^ K o ( , P . Q ) G o ( . Q ) d S  =  f ( P ) ,  P e J ,  (11 .1 .16 )

and

j f  K a(P ,  Q ) G i ( Q ) d S  =  V r,(i>) ; P s J ,  i =  i .......... „  ; (11 .1 .17 )

then w e  c a n  so lv e  th e  in teg ra l eq u a tio n

f s  j ^ 0* * * '  0 )  +  g ( Q ) d S  =  / ( P ) , (11 .1 .18 )

w h ere  the 0 , ( Q )  a re  k n ow n . T o  a c c o m p lis h  th is ,  w e  w rite  E q u a tio n  (1 1 .1 .1 8 )  as

f s K o ( P , Q ) g l Q ) d S  =  /(P J-^C .^P), p e s, (11.1.19)
w h ere

c i =  J s < k ( Q ) g ( Q ) d S
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are constants, as yet unknown. The rest o f the steps are a simple repetition o f 
the ones used to solve the integral equation (11.1.10). .

We now apply these ideas to various disciplines o f mathematical physics 
and engineering. In the sequel, we let G(x;  £) be the generic notation for the 
Green's function as in Chapters 5 and 6. In view o f the expansion (11.1.2) for 
the kernel K ,  we write <7o(x; 0  for £ (x ; £), the free space Green’s function.

11.2. Applications to Electrostatics

As a first illustration, we turn to boundary value problems in electrostatics. Let 
there be two conductors with surfaces Si  and Si; Si is completely contained in Si  
and is kept at a unit potential, whereas the potential on S i  is zero. If a denotes a 
characteristic length of Si  and b  denotes the minimum distance between a point 
of S) and a point of Si,  then we have the perturbation parameter e =  a /b ,  which 
we assume to be much smaller than unity.

In Section 6.4, we presented an integral representation formula for the elec* 
trostatic potential in the region D  between Si  and S i :

in terms o f the Green’s function G (P ,  Q)  and the charge density a .  Applying 
the boundary condition on 5 It Equation (11.2.1) becomes

1 =  f  G (P , Q ) o ( Q ) d S ,  P s S i .  (11.2.2)
Js,

Following the method outlined in the previous section, we write G (P , Q) as 
the sum o f the free-space Green’s function Go(P, Q)  and the perturbation term 
G X(P,  Q)  in (11.2.2) and get

If the conductor Si  were absent, we would have only the first integral on the right

conductor 52 on the potential of 5]. According to the hypothesis of the previous 
section, we assume that we can solve the integral equation (11.2.3) when the 
second integral is not present.

Note that we can always introduce a constant A  and write Gi  = A + Gi ,  
where G i  — O (Ae). For instance, one possible value of A  is the value of

(11.2.1)

£ € 5 , .  (11.2.3)

side of Equation (11.2.3). Thus, the second integral represents the effect o f the
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G i(P , Q ) for an arbitrary pair of points P  and Q on 5 ,. Hence, the relation
(11.2.3) can be written as

1 =  f  G0(P,Q)<r(Q)dS+A I o { Q ) d S + (  G 2(P, Q )a(Q )dS  . (11.2.4) 
J$, Js, Js,

Now define a new charge density o'

o'(P)=o(P)j^l-A J  o (Q )dsj ,

from which it follows that

Also, Equation (11.2.4) can be written in terms o f the density o '  as

1 =  f G0(P .Q )o '(Q )d S  + f G2( P , Q ) o ' ( Q ) d S . (11.2.7)
Js, Js,

From the preceding arguments, we conclude that the second integral on die right 
side of Equation (11.2.7) is O (e2) times the first one. If we neglect the terms of 
this order, then o '  is the electrostatic charge density on Sj when it is raised to a 
unit potential in free space. Equation (11.2.6) therefore gives the capacity C of 
the condenser formed by Si and S2 in terms of the free-space capacity Co of 5i; 
that is,

C /C o  =  ( l  +  ACo)-1 +  0 ( e 2) ,  (11.2.8)

(11.2.5)

( 11.2.6)

C /C o  =  1 — ACo + 0 ( e 2) . (11.2.9)

If A is interpreted as the value of G i(P , Q ) for any pair of points P, Qon Si, then 
the result (11.2.9) is precisely the capacity that would have been obtained had 
we used the perturbation procedure (11.2.2) through (11.2.4). The advantage of 
Equation (11.2.8) for determining the electrostatic capacity lies in the fact that in 
many situations it is possible to show that, by a suitable choice of A, the formula
(11.2.8) is valid for much higher order in e.

or

Example. We elucidate this discussion by the example of a sphere of radius 
a placed with its center on the axis of an infinite cylinder of radius b. Recall 
that we gave an integral-equation formulation of a general axially symmetric 
problem of this nature in Example 2 of Section 6.5. In terms of cylindrical polar
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coordinates (p , <p, z) ,  we found that

Gi ( p ,  tp,z\ P \ , tp \ , z i )  — 2 ^ (2  — i o J G ^ p ,  2 ; p ) l ,  Zi)cosr(y> — <p\),

( 11.2.10)
where

. n  2  r W . < m > K A p »
•• ------------------------------lr (pb)

cos p ( z - z \ ) d p ,  (11.2.11)

and the points P  and 0  are (p . z)  and (p i , v>i. ^i)> respectively. In view of 
the axial symmetry, we need only the term G l0) in the preceding formula.

The next step is to find the constant A  in the relation (11.2.4). For this 
purpose, we first set

2  =  o cos d , p  =  a sin 9  , (11.2.12)

where d  is the angle between O z  and O P ,  where O  is the origin. Then (11.2.11) 
becomes

C (0) _  _  2 Re h { p a  sin » ) I 0{pa sin j>x)K 0(pb)
1 *  Jo h(.pb) ’

(11.2.13)
where the “Re” means that we take the real part of the expression. Secondly, we 
use the formula

/o (pa  sin
(ipo sin £)"

/»„(c o s tf ) . (11.2.14)

where P„ are the Legendre polynomials. From Equations (11.2.13) and (11.2.14), 
it follows that

G ® ( f \  Q ) = =  - R e  r  £  <-1*
^  JO m Mcfl

( ^ s i n d ) "  (pa  sin

x * ° (^  P„(COS»)Pm(COS&i )dp
lo(pb)
j  ,00

=  _ 4 - Re ( - l ) " ( f ) - +"
n b  Jo

(« sin i? )* F„(cost?)

(11.2.15)

(e sin d j)"
/n !

(11.2.16)

=  -  ^R e ^ f M , / \ ( c o s i > , ) j  ,
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where u =  pb  and e = a /b  (the dimensionless parameter of the problem). 
Furthermore, the constants A n are given by the formula

A mA„ =  (2 /rr) j f  ( - i r ( t ) " +" ( « r +"[K o(«)//o(u)]du • (11.2.17)

It follows from Equation (11.2.17) that, when (m +  n) is odd, A mA„ is an 
imaginary quantity.

The required constant A  is now available from Equations (11.2.16) and 
(11.2.17):

A — ~ ( l / b ) A l  =  - ( 2 / n b )  I [K0(u)/J0(u))du . (11.2.18)
Jo

Substituting this value of A  in (11.2.8), we have

C /C 0 — [1 — (2 /jrh )C 0/  (O )]'1 , (11.2.19)

where

/(2m ) =  (2m +  1) [u2" / f 0( u ) / /0(u)]tfu , (11.2.20)
Jo

for which numerical tables are available [14].
By careful examination, it can be shown (see Exercise 1) that the preceding 

value of the capacity is correct to order e6.

>■

11J. Low-Reynolds-Number Hydrodynamics

Two kinds o f linearized equations govern the flow o f an incompressible viscous 
fluid: Stokes and Oseen equations.

S teady Stokes flow

We have studied these equations in Example 3 o f Section 6.7. Recall that, for a 
free space, the boundary value problem is

V2q  =  g r a d p ,  div q  =  0 ;  (11.3.1)

q =  e i , on Sj ; q\ -*  0 at o o ; (11.3.2)

where this system has been made dim ensionless w ith the help o f the uniform 
speed U  o f the solid and w ith its characteristic length a; here, ej is the unit
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vector along the x j axis. The integral-equation formula for this boundary value 
problem was found in term s of G reen's tensor T] and G reen’s vector pi to be

P e S i ,

where

f  -  ( 3 q / 3 n )  -  pa,

T , =  (1 /8 jt)(IV 2|x - £ |  -  grad grad | x - £ | ) ,  

P i =  —(l/8n -)g rad  V 2|x  -  •

(11.3.3)

(11.3.4)

(11.3.5)

(11.3.6)

The corresponding formula for the resistance Fa, (the subscript signifies 
that we have an infinite m ass o f fluid) on the body B is found by observing that 
the stress tensor has the value I p  -|- [V q +  (V q )'] , where (V q)' stands for the 
transpose of Vq. Using Equation (11.3.4), we have

Foo = f  feeds . (11.3.7)
J s ,

This force can be related to the so-called resistance tensor #oo, which is defined 
to be such that the force exerted on a body with uniform velocity u is • u. 
Thus, Fa, =  Fact =  —#00 • u , where e is the unit vector in the direction o f u.

The solutions for various boundary value problems for steady Stokes flow in 
an unbounded medium are known. As such, the solution o f the integral equation
(11.3.3) can be found for these problems. Hence, the tensor T i corresponds to 
the kernel Ko o f Section 11.1. In the following, we show how the correction 
term may be obtained for more complicated cases by using the ideas of Section 
11.1. We begin with the boundary effects when the fluid is bounded by a surface 
S 2 .

B oundary  effects on  Stokes flow

The presence o f the boundary S2 necessitates the introduction o f a new tensor 
T  and a corresponding vector p (see Exercise 7 of Chapter 6). These quantites 
satisfy the equations

V2T  -  grad p =  W(x -  €) V T  =  0 T  =  0 on S2 . (11.3.8)

When S2 tends to infinity, T  and p  reduce to T i and pi as given previously. 
According to the present scheme we write T  =  T i +  T 2 and p  =  pi +  p2 where 
T 2 and p2 satisfy the homogeneous part o f the system (11.3.8).
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/

The integral equation that is equivalent to the present problem is

e, =  -  /  f  T dS = - f  f  ( T i + T 2)dS . (11.3.9)
Js, Js,

Along with P and Q let us take the origin also on 5). Furthermore, let £ again 
be the parameter that gives the ratio of a , the standard geometric length of the 
solid B, to the minimum distance between a point of Si and a point of S2. Then, 
by Taylor’s theorem, we get

T 2 =  T° +  r  ■ [grad T „ ] ,=^ =0 +  $ ■ [grad°T2]I=^  +  0 ( e 3) , (11.3.10)

where =  T 2(0, 0) and the superscript zero on the grad implies differentiation 
with respect to the components o f £. Taking only the first-order terms of the 
relation (11.3.10) in (11.3.9), there results the equation

e, +  F  T 2 = ~  j s f  V 5 , (11.3.11)

where F  is defined by relation (11.3.7) w ithout the subscript oo in that relation; 
that is, F  is the resistance experienced by B in the bounded medium. The integral 
equation (11.3.11) has the same kernel as that o f (11.3.3) and, as such, it can be 
considered to give the velocity field in an unbounded fluid when B is moving 
with uniform velocity e i +  F  • T j. If we now utilize the concept o f the resistance 
tensor #oo as previously defined, we derive the force form ula F:

F = —( e , + F - T $  # » .  

This equation can be solved to give

F  =  - e .  ( * « , '+ T ^ r ’ •

(11.3.12)

(11.3.13)

Fortunately, replacing F  by Foo introduces error o f  order s 2, and thus, to order 
e, the formula (11.3.12) becom es

F  =  — ( e i  +■  F o o  • T ^ )  • $ 0 (11.3.14)

The principal axes o f the resistance o f  B  are defined so  that, when B moves 
parallel to one o f  them in an infinite m ass o f fluid, the force is in the direction 
o f motion. They are the unit eigenvectors o f the resistance tensor Let us 
denote them by i | ,  i2, and >3 such that

$00 =  ^ o o lM l +  $oo2*2l2 +  ^oo3ijl3 • (11.3.15)$ o o  =  ^ o o l M l  +  $ o o 2 * 2 l 2  +  $ 0 0 3 1 3 1 3  • (11.3.15)
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Let us decompose T$ into com ponents with these eigenvectors as the basis. 
Furthermore, let us set ei =  i j . Substituting these expressions in the relation
(11.3.12), we derive

F / F «  =  1 / ( 1 - X F 00) ,  (11.3.16)

where X is independent o f the form o f S |.

Longitudinal oscillations of solids in Stokes flow

This analysis can be used to obtain an approximate value o f the velocity field 
generated and the resistance experienced by a solid o f  an arbitrary shape which 
is executing slow longitudinal vibrations in an unbounded viscous fluid. Let us 
assume that the body oscillates about some mean position with velocity t /e /" 'e t 
and q  and p  have the same time dependence. Then, the dimensionless Stokes 
equations for the steady-state vibrations are

- V p  +  V 2q -  iA f2q  =  0 ,  d iv q  =  0 ,  (11.3.17)

where M 2 =  a2w / v  is the rotational Reynolds number and v is the coefficient 
o f kinematic viscosity.

The integral representation formulas are the same as for the steady Stokes 
flow, and T  and p now satisfy the equations

- V p  +  V2T - « A f 2T  =  I S ( x - © ,  div T  =  0 ,  (11.3.18)

and T  —► 0  as x  —► oo. These equations are satisfied when T  and p  are given 
by the formulas

T  =  IV 2̂  — grad grad ^  , p  =  —grad (V 2 — iM 2)$  >

(V 2 -  iM 2)V 2<p =  i ( x  -  ©  , 

l - c x p { - [ ( l+ Q M A /2 ] |K - f |}  
4nriM J |x — ©

Thus,
T  =  T , -  [ 0  +  i)/6jr% /2)M I +  0 ( M 2) ,

(11.3.19)

(11.3.20)

(11.3.21)

(11.3.22)

where T i is given by Equation (11.3.5).
The next step is to substitute the boundary value q  s  t t in the integral 

representation formula for the system (11.3.17) and observe that, in view of 
Equation (11.3.18) and Green’s theorem we have

T d V , (11.3.23)
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where F, is the interior of 5,. The result is the Fredholm integral equation of the 
first kind for evaluating f :

« i - [ ( l  +  0 /& rV 2 ]A # F = -  /  T , f d S  +  0 (A f2) ,  P  € Si . (113.24)
J s ,

Following the previous analysis, we have the formula

F  =  $ «  •{«, -  [(1 +  /)/6jrV 2}A #(^0O • eO) +  0 ( M 2) . (11.3.25)

For a body moving parallel to one of its axes o f resistance (which we can 
take as the Xi axis of our coordinate system), Equation (11.3.23) takes the simple 
form

F =  -F o o d  +  [(1 +  i)/67rV2]MFx }ti . (11.3.26)

For example, for a sphere, Foo =  6niJ.aU in physical units, where a is the radius 
of the sphere and p. is the shear viscosity of the fluid. The formula (11.3.26) 
then gives (in physical units)

F =  —6 jr p a l / [ l  +  (A //V 2)(l +  i)]e, +  0 ( M 2) . (113.27)

Steady ro tary  Stokes How

For the rotation of axially symmetric bodies, the pressure is taken to be constant 
and the steady Stokes equations become

V2q  =  0 , div q =  0 , p  =  co n st. (11.3.28)

Let the z  axis of cylindrical polar coordinates (p , <p, z) be the axis of symme­
try o f these bodies. Assuming that the streamlines are circles lying in planes 
perpendicular to Oz, then q has a nonzero component v (p ,z ) in the <p direc­
tion only and is independent o f <p. The equation of continuity is thus satisfied 
automatically, and the equation of motion (11.3.28) becomes (6.7.46), i.e.,

d 2 v  1 3 v  3 2 v  u
——T +  — —-------b  .  — ~ r  =  0  ,
3p 2 p pdp 3z2 p 2

(11.3.29)

which has been made dimensionless with Sia as the typical velocity. Here, S2 is 
the uniform angular velocity o f the body and a is its characteristic length. The 
boundary conditions are

v = p  on Sj ; i) =  0 on Si . 

From Equation (11.3.29), it is easily verified that the function

(11.3.30)

(11.3.31)U)(p,<p,Z) =  v(p,z)  cos <p (11.3.31)
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is harmonic and can, therefore, be represented in terms of a source density 
<j (Q) co s<p\ spread over S j, where £ =  {p\,<f>\, z) are the coordinates of Q and 
o(Q )  is independent o f <fi\. Thus, we can use the integral representation formula
(6.4.24) for the harmonic function and get

w ( p , v , z )  =  J G (P, Q)a(Q)  co s ip r fS , (113.32)

where P  is an arbitrary point in the region between Si and S2. On applying the 
boundary condition (113 .30)], we obtain

P = Jc P iG " \P ,  Q )o (Q )d s , P  e  S , , (11.3.33)

where 7r_1G (^ (P ,  Q) is the coefficient of cos(y? — <pi) in the Fourier expansion 
of G(P, Q) and ds denotes the element o f the arc length measured along the 
curve C which is the bounding curve o f 5] in the meridian plane.

Recall the decomposition

G{P,  G ) =  ( l / | x - £ | )  +  G ,(/> . Q ) ,

where Gy(P, Q) is finite in the limit as Q —► P. We can, similarly, decompose 
the Fourier component G ^  into the sum

G (1) =  Gj,”  +  C j0 ,

where Gq1* arises from the Fourier expansion of l / |x  — £| and G 1,11 arises from 
the expansion o f G\.  Therefore, we can write Equation (1 1 3 3 3 ) as

P *  J  P i G ^ a  ds + f P iG ^ a  ds . (113.34)

Again let b represent the minimum distance between a point of Si and a point of 
S2, and we have the small perturbation parameter e =  a/b. The second integral 
on the right side of Equation (11.3.34) is at least o f order t  of the first integral. 
For geometric configurations for which

G (,l) =  PP\ (A +  G z) , (11.3.35)

where A is a constant and G2 is o f order Ae,  Equation (11.3.34) becomes

P — j  PiGq 'o ds  +  Ap j  Pi<rds + p j  p \G 2o ds . (11.3.36)

or
P -  f  PiG™o' ds + p J ^P i G2o ' ds , (11.3.37)
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w here

r ' =  <t/(1  -  A J  p \a  ds) (113.38)

Consequently, we have the sam e situation as in the section on electrostatics; that 
is, a '  represents, w ith an error w hich is at m ost o f  order e2, an appropriate source 
density for the body rotating in an infinite m ass o f  fluid.

The tangential stress com ponent r  on the surface 5 j in the direction of p  
increasing is

(1 U .3 9 )

w here d/dn  denotes differentiation along the norm al draw n outw ard to S\. Fur­
therm ore, we know from the analysis of C hapter 6 that the source density a(Q)  
on 5f is related to v by

4 n a ( Q ) (11.3.40)

T hus, r  =  —4n p a .  From this value o f the stress com ponent, the value o f the 
frictional torque N  can now be readily calculated to be

N  = — S n 2p. j  p 2a  ds  . (11.3.41)

The relation betw een this torque N  and the torque jVoo in an unbounded fluid 
may be obtained by integrating both sides o f  the relation (11.3.38) around the 
m eridian section C  o f the axially sym m etric body:

N  =  i V ^ l  -t- {Af%n2ltQ ) N 00]- J (11.3.42)

w ith an error o f  order e2. By a suitable choice o f  A ,  the form ula (11.3.42) can be 
shown to be valid in many cases to a m uch higher order in e.  Equation (113.42) 
can be illustrated w ith many interesting configurations. For exam ple, the case 
o f a sp h ere  w hich is sym m etrically placed in an infinite cylindrical shell can 
be studied as in the analysis o f Section 11.2. Form ula (11-3.42) then gives (see 
Exercise 5)

N / N 00 =  [1 +  ( N ^ / S n p Q a 3) ^ ]  , (11.3.43)

w here Hk is given by the integral

( - D *Hk =  -  
* n  (2k)\! Jo

x » ^ d xh(x)
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Rotary oscillations In Stokes flow

The equations governing the steady-state rotary oscillations (with circular fre­
quency w) of axially symmetric solids in an incompressible viscous fluid are

(V2 — r'Af2)q =  0 , V ■ q =  0, (11.3.44)

which are obtained from Equation (11.3.17) by setting p =  const. As for 
the preceding steady rotational case, the only nonzero component of q is the 
<p component u, and the differential equations (11.3.44) reduce to solving the 
equation

d2v 1 dv u d2v ,
T - 7  +  - - -------- z  +  - - 0 2 v  =  O ,  ( 1 1 .3 .4 5 )
3p2 p dp p2 dz2 ’

where fi2 - iM 2. We present the analysis for |f) <K 1. The boundary values are

v = p on Si ; u =  0 on S2: (11.3.46)

where, as before, 51 is the surface of the oscillating body and 52 is the bounding 
surface.

By writing w =  ucos <p, Equations (11.3.45) and (11.3.46) reduce to the 
following boundary value problem.

(V2 — fi2)w =  0 , (11.3.47)

w = pcastp on S\ ; w =  0 on Sz ■ (11.3.48)

The Green’s function G(x; © appropriate to this boundary value problem is

(V2 -  /}2)C(x; i )  =  - 4 tt5 ( x  -  Q  , (11.3.49)

Thus,

C(x; { | -  4. G,(»; O  ■ (11.3.50)

where G)(x; © is finite in the limit as (  —► x. The integral representation 
formula for to(x) follows from Section 6.6:

Ul(X) -L :a (pi, z  i)(cos <pj)G  (x; ©<f 5  , (  e  S i  , x e R ,

( 1 1 .3 .5 1 )

where R is the region between S t and S2, and o(p,,Z [) is given by formula 
( 1 1 .3 . 4 0 ) .  When we apply the boundary condition ( 1 1 .3 . 4 8 ) i ,  we obtain the 
required Fredholm integral equation

pcosy> =  /  »(Pi.Zi)(cosv>i)G(x;©</5 , (11.3.52)
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with x and (  on Si- Now, if C |n (p . z; p,, z\)  is the coefficient of cos(<p — tp̂ ) 
in the Fourier expansion of G\{bx\ () , then the integration over <Pi reduces the 
preceding integral to

p  COS iP =  J  <T(/>l,Zl)(cOSlpi) 
J s  I

exp — P\x — Cl
I* - C l

d S

+  rr(cos«>) j  p ,,Z\)p\ds  ,

in the notation of Equation (11.3.33).
The next step is to expand a  as the perturbation series

a  =  o .

(11.3.53)

(11.3.54)

in Equation (11.3.53). Moreover, by direct expansion of the Green’s function, it 
can be shown that G\}) =  0 ( e 3), where e is the ratio o f the characteristic length 
of the vibrating body to the distance o f its center from the nearest point of Sj. It 
is assumed that q = fi/e  =  0 (1 ) .

Now, equate equal powers of & on both sides o f Equation (11.3.53) and get 
(after omitting terms that trivially vanish)

p co s<p = I < 7 o ( P i .2 i) |x -C r , co sVi d S .
Js,

0 = 1  < 7 l ( P l ,2 i ) |X - £ r 1C0S<Pi<fS ,
Js,

0 = 1  ® i ( P i . z i ) |x - £ | - 1 cosy»idS
Js,

+  z  / ffo fP t.rO Ix- €|cosg>idS,2 Js,

0 = 1  f f s tP i .z O I x - C r 'c o s p r f S  Js,

+  2 J °,t(P i>z i)l*  — C lcosyxfS

~\js < % t a . * . ) l « - t f . o . , «

+  rr(cos<p) L  a o(Pi , 2 | )H (p ,  z\ Pi , z , )pids  ;

(11.3.55)

(11.3.56)

(11.357)

J

i t

V

(11.3.58)
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and so on, where

G™{p,  z; p , . z ,)  =  p2H  (p , z; p i,  z ,)  +  0(0*) (11.3.59)

It follows from Equations (11.3.55) through (11.3.58) that the source densities 
(T0. o i .<t2. 03, and so on are determined by solving potential problems in free 
space of the form encountered in Chapter 6.

The velocity field and the frictional torque can be readily calculated. Indeed, 
for the evaluation of the torque N,  we use the formula (11.3.39) and obtain

n - “ L  (j)  ■" -  W c  G )d> <1U®>
From the relations (11.3.40), (11.3.54), and (11.3.60), it follows that

N  =  - 8 r r 2p  J  p 2(<r0 +  /So, +  fi2o2 +  0 iai )ds + 0 ( 0 * ) . (11.3.61)

Since potential problems o f the type given in Equations (11.3.55) through (11.3.58) 
can be solved for various configurations such as a sphere, a spheroid, a lens, and 
a thin circular disk, we can solve our problem for all these geometric shapes. As 
an example, we consider the case of a thin circular d isk  vibrating about its axis 
in a viscous fluid which is contained in an infinite circular cylinder. The axes of 
the disk and the cylinder coincide. The Green’s function for an infinite cylinder 
- 0 0  < z < o o ,  0  ^  p  $  f> can be found by following the steps of Example 2, 
Section 6.5. The result is

e x p  -  0 \%  -  £ |  2 A
G ( x ;  O  = ----- --— -- -------------2 ^ ( 2  -« (* ,)[cosn(ti> -  tr>i)J

K ' ( p b )

InApb)  
P * P

( p 2 - p y n  •

f»(PP)/.(pP i){cosK p2 -  0 2)(z -  z ,)]l

(11.3.62)

from which G '/ 'fo r the disk p  <  1,0 $  <p <  2rr, z =  0 may be readily obtained:

X

G il)( p ,P i )  =  -  2^ * V p i  j f
*1 (y) y 3dy 

/i(y) O'2 - ? 2)1' 2
+  0 ( t s )

or
H ( p ,  P i )  =  —  ( \ / 2 n  q 2 ) p p \ A ( q ) .

Here, A ( q )  stands for the infinite integral in Equation (11.3.63).

(11.3.63)

(11.3.64)
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T h e  in te g ra l e q u a t io n s  ( 1 1 .3 .5 5 )  th ro u g h  ( 1 1 .3 .5 8 )  c a n  b e  so lv e d  b y  the 

m e th o d  o f  S e c t io n s  6 .4  a n d  6 .5  ( s e e  a l s o  E x e r c i s e  2  o f  C h a p te r  6 ) .  T h e  so lu tio n s 

a re

P i 2 -  P2)
<r0 =

2  P
» 2 ( i  - p * y n  •

4 r 2

CT| =  0 , O l =
3 r r 2 ( l  -  p 1)**2 '

(1 1 .3 .6 5 )

P 2V /2 '

S u b s t i t u t in g  th e s e  v a lu e s  in  E q u a t io n  ( 1 1 .3 .6 1 ) ,  w e  o b ta in  th e  v a lu e  o f  th e torque, 

w h ic h  in  p h y s ic a l  u n its  i s

N  =  - y n U a *  | \  +  1 P 2 -  ^ P 2 +  ^ £ 3 A ( q ) ^ e > “  +  0 ( / ) V e 5)  .

(1 1 .3 .6 6 )

Oseen flow — translational motion

T h e  s l o w  m o t io n  p a s t  a  s o l id  a s  s t u d ie d  b y  O s e e n  i s  g o v e r n e d  b y  th e  d im e n s io n ­

l e s s  e q u a t io n s  ( s e e  E x a m p l e  4 ,  S e c t io n  6 . 7 )

H  3 q / 3 x  =  - g r a d  p  +  V 2q ,  d iv  q  =  0 ,  

q  =  e ,  o n  S i  ; q  =  0  o n  S i .

( 1 1 .3 .6 7 )

(1 1 .3 .6 8 )

T h e  F r e d h o lm  in te g r a l  e q u a t io n  o f  th e  f ir s t  k in d  th a t  i s  e q u iv a le n t  to  th e  b o u n d ary  

v a lu e  p r o b le m  ( 1 1 .3 .6 7 )  th r o u g h  ( 1 1 .3 . 6 8 )  a s  g iv e n  b y  ( 6 .7 . 8 5 )  i s

(1 1 .3 .6 9 )

w h e r e  th e  G r e e n ’ s  t e n s o r  T  a n d  th e  G r e e n ’ s  v e c t o r  p  a r e  n o w  d e f in e d  a s  

T  =  ( l / 8 7 r ) [ I V 2<p — g r a d  g r a d  0 ]  ,

=  - j ^ T t d S ,

a n d

p  =  - ( l / 8 t r ) g r a d  ( V 20  -  7 ? 3 0 / 3 x i )  ,

f [(1 -  e - ') / t )d t . 
o

•s =  I *  -  £1 +  ( f t / | 7 t | ) ( x ,  -  £ i )  •

B y  u s in g  th e  s e r i e s

1 - e "  , t t2
~ T ~ - 1 ~ 2 !  +  3 ! + " ' ’

(1 1 .3 .7 0 )

(1 1 .3 .7 1 )
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w e  e x p a n d  <f> in  E q u a t io n  ( 1 1 .3 . 7 1 )  in  t e r m s  o f  th e  R e y n o l d s  n u m b e r . T h e  r e la t io n  

( 1 1 .3 .7 0 ) i  th e n  b e c o m e s

T  =  T ,  +  0 ( 7 2 ) ,  ( 1 1 .3 .7 2 )

w h e re  T i  i s  g iv e n  b y  E q u a t io n  ( 1 1 .3 .5 ) .  T h e  r e s t  o f  th e  a n a ly s i s  i s  s im i la r  to  th e 

o n e  g iv e n  in  th e  p r e v io u s  s u b s e c t io n  a n d  i s  l e f t  a s  a n  e x e r c i s e  f o r  th e r e a d e r  ( s e e  

E x e r c i s e  9 ) .

O s e e n  f lo w  —  r o t a r y  m o t i o n

B y  u s in g  th e  p r e s e n t  te c h n iq u e ,  th e  s o l u t io n s  o f  th e  O s e e n  e q u a t io n s  c a n  b e  

p r e se n te d  a l s o  f o r  th e  s t e a d y  r o t a t io n s  o f  a x i a l ly  s y m m e t r ic  s o l id s .  A s  in  th e 

c o r r e s p o n d in g  S t o k e s  f lo w  c a s e ,  w e  t a k e  p  =  c o n s t .  T h e n ,  th e  O s e e n  e q u a t io n s  

ta k e  th e  s i m p le  f o r m

7 2 ( 3 q / 9 x i )  — V J q  =  0 ,  d iv  q  =  0  . ( 1 1 .3 .7 3 )

A g a i n ,  in  v ie w  o f  th e  s y m m e tr y ,  o n ly  th e  <p c o m p o n e n t  V  o f  q  i s  n o n z e r o  a n d  in  

c y l in d r ic a l  p o l a r  c o o r d in a t e s  ( w ith  z  =  x i )  th e  b o u n d a r y  v a lu e  p r o b le m  b e c o m e s

a2v i av v  a2v av
-r—r- +  — r --------- r  H— —~z—  2 c —— =  0 ,  ( 1 1 .3 .7 4 )
d p 2 p  d p  p 2 d z 2 d z

w h e r e  c  =  U a / 2 v  =  7 2 / 2 .  T h e  b o u n d a r y  c o n d i t io n s  o n  V  a r e

V  =  p  o n  S i  ; V  = 0  o n  S 2 . ( 1 1 .3 .7 5 )

T h e  su b s t i tu t io n  o f  V  =  e " v ( / > ,  z )  r e d u c e s  th is  b o u n d a r y  v a lu e  p r o b le m  to  th e 

f o l lo w in g  o n e .

d 2v  

d p 2

i; =  p e a

E q u a t io n  ( 1 1 .3 .7 6 )  i s  th e  s a m e  a s  ( 1 1 .3 .4 5 )  w ith  f t  r e p la c e d  b y  c .  H o w e v e r , 

th e  b o u n d a r y  c o n d i t io n s  ( 1 1 .3 .7 7 )  a n d  ( 1 1 .3 .4 6 )  a r e  d if fe r e n t .  B y  re p e a t in g  

th e  a l g e b r a ic  s t e p s  ( 1 1 .3 . 4 7 )  th r o u g h  ( 1 1 .3 .5 3 ) ,  w e  e n d  u p  w ith  th e  F re d h o lm  

in te g r a l  e q u a t io n

p e “  c o s  ip =  /  < r ( p i , Z i ) ( c o s y > , ) [ ( e x p - c | x - £ | ) / | x - £ | ] d SJs,
+  j r ( c o s ip) I  o ( p i , z i ) G l̂ ( p , z \  P j . z O p i d s ,

J c  ( 1 1 .3 .7 8 )

1 d v v  d 2v
( 1 1 .3 .7 6 )

+  p  d p p 1 d z 2
-  c 2v  =  0 ,

o n  5 i  ; u  = 0 o n  S j . ( 1 1 .3 .7 7 )

( 1 1 .3 .7 8 )
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f o r  th e  e v a lu a t io n  o f  < r ( p , z )  d e f in e d  b y  th e  r e la t io n  ( 1 1 .3 . 4 0 ) .  A l th o u g h  the 

o n l y  d i f f e r e n c e  b e t w e e n  th e  in te g r a l  e q u a t io n s  ( 1 1 .3 . 5 3 )  a n d  ( 1 1 .3 . 7 8 )  i s  in  the 

e x p r e s s io n  o n  th e ir  l e f t  s i d e ,  i t  l e a d s  to  a  m u c h  m o r e  d i f f i c u l t  a n a ly s i s  fo r  the 

p r e s e n t  p r o b l e m .  T o  s o l v e  E q u a t i o n  ( 1 1 .3 . 7 8 ) ,  w e  a g a in  t a k e  th e  e x p a n s io n  

a  -  c "  a n a s  in  ( 1 1 .3 . 5 4 )  a n d  a l s o  e x p a n d  p e "  c o s y >  in  p o w e r  s e r i e s  o f  

c .  B y  c o m p a r i n g  th e  e q u a l  p o w e r s  o f  c  in  ( 1 1 .3 . 7 8 ) ,  w e  o b t a in  th e  fo l lo w in g  

in te g r a l  e q u a t io n s  o f  p o t e n t ia l  th e o r y :

p c o s< 5 = /  c ro C P i.z O Ix - tr 'c o sy tid S , (11.3.79)
J s ,

p zco s<p — j  ct0(Pi ,2 i ) |x — £l-1 cosy>] d S , (113.80)
Js,

- p z  cos<p - I <72(Pl,2l)|X -£| 1 cosy>i<fS
Js,

+  ~ l  C 'o fP l"  z l ) l x  — COS COS ( M S  , 
2 Js,

( 1 1 .3 .8 1 )

f ,

/ .
/
V

1
-pz cos

Js,
«rj(Pi.z t ) l * - £ l  1 cos <pidS

+  ■; f  a i( P i ,2 i ) |x  -  ^ |coscosv»,r/S
2 Js,

- I L cto(P i , * i ) |x -  ( I2 COS (M S

'Jc
+  jr(cos(p) f  o 0 ( p \ , Z ] ) H ( p , z \  p \ , Z \ ) p t f s  ,

(11.3.82)

w h e r e  H ( p ,  z ;  p J t  z i )  i s  d e f i n e d  b y  r e l a t io n  ( 1 1 3 . 5 9 ) .

For a thin circular disk z  =  0, p  $  1, the system of equations (11.3.79) 
through (11.3.82) is the same as the system (11.3.55) through (11.338). Thus, 
the solution for the steady rotation problem for the disk in Oseen flow is the same 
as the corresponding solution for the steady-state vibrations in Stokes flow. For 
example, the value o f the torque Af in the present case can be deduced from the 
formula (11.3.66):

AT =  - — fiSla3 | l  +  j  -  ^  +  ^ s 3 i4(<j) j  +  0(c* ,es) , (11.3.83)

where Si is the uniform angular velocity of the solid.
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F o r  o t h e r  c o n f i g u r a t i o n s ,  o n e  h a s  to  s o l v e  th e  in te g r a l  e q u a t io n s  ( 1 1 .3 .7 9 )  

th r o u g h  ( 1 1 .3 . 8 2 )  w ith  a  n o n z e r o  le f t  s i d e .  W e i l lu s t r a t e  th is  b y  c o n s id e r in g  th e  

r o t a t io n  o f  a  s p h e r e  o f  r a d i u s  a .  In  t h i s  c a s e ,  i t  i s  c o n v e n ie n t  to  t a k e  s p h e r i c a l  

p o l a r  c o o r d in a t e s  ( r ,  d ,  <p). T h e  v a lu e  o f  th e  G r e e n ’ s  fu n c t io n  G ( x ;  £ )  i s  th e  

s a m e  a s  ( 1 1 .3 . 6 2 )  w ith  / J  r e p l a c e d  b y  c .  T h e  c o r r e s p o n d in g  v a lu e s  o f  G 1, "  a n d  

t f ( d ,  d i )  a r e

C 'jV ,  d ,) =  —- U J(sin d sin d ,) f "  y  (* ' j y)2yi dL n  + 0(es) ,2tr J, /,(y)(y2 - g 2),/2
( 1 1 .3 .8 4 )

a n d

/ / ( d ,  d ) )  =  — ------ - ( s i n  d  s i n  d \ ) A ( q )  . ( 1 1 .3 .8 5 )
2  n q 1

T h e  s o u r c e  d e n s i t i e s  o o ,  0 1 , 0 2 ,  a n d  O } a r e  d e t e r m in e d  f r o m  E q u a t io n s  

( 1 1 .3 . 7 9 )  th r o u g h  ( 1 1 . 3 . 8 2 )  b y  th e  m e t h o d  o f  C h a p t e r  6  ( s e e  E x a m p l e  2 ,  S e c t io n

6 .3 ,  a n d  E x e r c i s e  1 o f  C h a p t e r  6 ) .  T h e  r e s u lt  i s

0 0  =  ( 3 / 4 r r ) / >Il ( c o s  d ) , o ,  =  ( 5 / 1 2 n ) P ^  ( c o s  d ) ,

0 2  =  ( \ / A n ) [ 0 / 2 ) P l ( c o & d )  +  ( 7 / 1 5 ) P 3' ( c o s d ) ]  , ( 1 1 .3 .8 6 )

0 3  =  — ( 3 / 4 7 r ) / >,1( c o s d ) [ ( l / 3 )  +  ( l / 2 r r q 3)  +  ( 1 / 2 n q } ) A ( q ) ] ,

0  <  d  <  j r .  S u b s t i t u t i n g  t h e s e  v a l u e s  in  th e  to r q u e  f o r m u la  ( 1 1 .3 . 6 1 ) ,  w e  o b ta in  

( in  p h y s i c a l  u n it s )

[ 4c2 c3 1 1
l +  - j j - y  +  —  s 3A(q) + 0 ( c 4,e >) .  (11.3.1.87)

11.4. Elasticity

T h e  N a v i e r - C a u c h y  e q u a t io n s  o f  e l a s t i c i t y  a r e  v e r y  s i m i la r  to  th e  e q u a t io n s  o f  

S t o k e s  f lo w  a n d ,  a s  s u c h ,  c a n  b e  s o l v e d  r a th e r  e f f e c t iv e ly  b y  th is  te c h n iq u e .  T o  

d e m o n s t r a t e  t h i s  w e  f i r s t  d i s c u s s  th e  d i s p l a c e m e n t  h e ld  in  e l a s t o s t a t i c s .

Elastostatics

T h e  d im e n s io n l e s s  e q u a t io n s  o f  e l a s t o s t a t i c s  a r e

(X  +  f t ) g r a d  d  +  / * V J u  =  0 ,  d = d i v u ,  ( 1 1 .4 .1 )

w h e r e  u  i s  th e  d i s p l a c e m e n t  v e c t o r  a n d  X  a n d  /a  a r e  th e  L a m f  c o n s t a n t s  o f  th e 

m e d iu m .  T h e  p r e c e d in g  e q u a t io n s  h a v e  b e e n  m a d e  d im e n s io n le s s  b y  a  s u i t a b le
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characteristic length a inherent in the problem. We want to find the displacement 
field generated by the light rigid obstacle B with boundary SI which is embedded 
in an unbounded elastic medium and is given a uniform translation do(do/a in 
dimensionless units). Thus, the boundary conditions are

u =  (do/a)e on Si ; u  —► 0 at o o . (11.4.2)

The Fredholm integral equation that is equivalent to the boundary value 
problem (11.4.1) and (11.4.2) is (see Exercise 8, Chapter 6)

(d0/a)e - L f  -T , dS  .

The Green’s tensor T t and the dilation vector t?i are defined as

t  _  _ L  f  x +  3*t S‘i , * +  M U , -  $■)(*; -  $ j)~l 
~ 8rr LA +  2/z | x - £ |  k + 2n |x  - 413 J

& _ ____1 * , $ ,

"  4x  H  2n  |x  -  S\> ' 

whereas f  is

f  =  n ( d u / n )  +  (A +  j i)d n  .

Since the traction field t is defined as

(11.4.3)

(11.4.4)

(11.4.5)

(11.4.6)

4
j

„V

/, =  Al?/I, +  -  U/,i) , (11.4.7)

where by u , j  we mean 3u,/dXj,  we note that the form ula for the force F  acting 
on the body B is

F  =  f  t d S  . (11.4.8)
Jst

A s in the cases discussed earlier, formula (11.4.3) is the starting point for 
obtaining the corrections due to the boundary effects as well as the dynamic 
effects. We assume that the solution o f the integral equation (11.4.3) is known.

B o u n d ary  effects

Let the elastic medium be bounded by the surface 52- W ithin S2, we define the 
fundam ental tensor T  and the dilation vector d  in the same way as T i and 
The integral equation corresponding to (11.4.3) is

(d0/ a ) e = - [  f  - T d S  . (11.4.9)
J s  1
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SetT  =  T i + T 2, w hreT ] is given by (11.4.4), and T 2, which gives the boundary 
effects, is regular in the region under consideration.

We now introduce the concept o f the traction tensor, which is analogous to 
the resistance tensor defined in Section 11.3, and denote it by for an infinite 
elastic medium. It has the property that the total static force F^, exerted on 
a body that has been given a uniform displacement v within an infinite elastic 
medium has the value —(do/a)4>x  ■ v. For the case o f  the bounded medium 
the corresponding traction tensor is $ ,  and the corresponding static force F is 
equivalent to  —(do/a)# ■ v. The rest of the analysis is the same as given for the 
boundary effects on Stokes flow.

E lastodynam ics

Here, we derive the dynamical displacement field in an infinite elastic medium 
in which is embedded a light rigid body. This body is depressed by an amount dt = doe'̂ t by an exciting force of the same frequency. The dimensionless 
steady-state equations of elastodynamics that govern such a motion are

[(A. +  fj)/VJgrad i? +  V2u +  m2u = 0 ,  (11.4.10)

where the number m2 =  paa>2a2/ p ,  and pa is the density of the medium. Two 
other numbers also appear in this analysis. They are

M 2 =  paw1a2/(X + 2 /z ), r  =  M /m  , M  =  0 (m )  .

The integral representation formula for Equation (11.4.10) is easily found 
to be

u (/>) =  - /  ( f - T - u  lp.(dT/dn) + (k + p)0n)})dS,  (11.4.11)
Js,

where f  is defined by Equation (11.4.6). The Green’s tensor T  and the dilation 
vector ■& are given by the formula

T =  [ l(V 2 +  M 2)d> -  ^ — grad grad 0 j  . (11.4.12)

i? =  d iv T ,  (11.4.13)

where 0  satisfies the differential equation

(V2 +  m2)(V 2 +  Af2)0  =  8tr3(x -  O  . (11.4.14)

An appropriate solution of Equation (11.4.14) is

. _  2 f exp -  iM\x -  g| _  exp — imjx ~ CIl
* "  m* -  Af* [ |x - * |  |x - * |  J

(11.4.15)
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For M  4 C 1, Equation (11.4.13) becom es

T  =  T ,  -  ( t /1 2 j r ) ( r 3 +  2)ml  +  0 ( m 2) , (11.4.16)

w here T i is given by (11.4.4).
Since there are two w ave velocities involved in this problem , they should 

satisfy the radiation condition at infinity, w hereas the boundary condition on S, 
is that u = (d0/a)e.  W hen we substitute this value in Equation (11.4.11) and 
follow the corresponding analysis for the unsteady Stokes flow in the previous 
section, w e obtain the force form ula as

F  =  #oo • +  2 ) «  ’ e)  j  +  0 ( m 2) . (11.4.17)

For axially sym m etric solids, Equation (11.4.17) takes the sim ple form

F  =  - F x  [ l  +  ^  ^ ( r 3 +  2 ) m j e + 0 ( m 2) .  (11.4.18)

The value o f the traction tensor can be given for various shapes. For 
exam ple, for an ellipsoid w ith sem iaxes a\, a i,  and a j  in the directions of the 
unit vectors e lt t 2, and e j, respectively, w e have (in physical units)

where

________ ___________
(1 -  r 2)afcti +  (1 +  r 2)p

Jo (a? +  X)A(X) ’ P Jo A(X) ’

A 2(X) =  (fl2 + A ) ( a |+ X ) ( a |  +  A.).

(11.4.19)

Rotation, torsion, and rotary oscillation problems in elasticity

The rotation o f  axially sym m etric inclusions and cavities in an elastic medium are 
governed by precisely the sam e partial differential equations as are the rotation 
problem s o f  Stokes flow as studied in the previous section. We just have to 
reinterpret som e o f  the sym bols. For exam ple, fi  now stands for the modulus of 
rigidity and f t  is the constant angle o f rotation.

The low frequency torsional oscillations o f rigid inclusions in a bounded and 
isotropic elastic m edium  can be studied by the analysis o f  the previous section 
on rotary oscillations in Stokes flow. Indeed, denote the density of the elastic 
medium by po, and interpret (i as

f i 1 =  - p o a < 2 f l 2 / M  • (11.4.20)
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Crack problems la elasticity

Let us now consider the problem of an axially symmetric crack with surface 
Si inside an elastic medium bounded by an infinite circular cylinder of radius 
b .  The axis of symmetry of the crack and the cylinder coincide. It is further 
assumed that the cylinder is maintained under torsion by a torque applied about 
the axis of symmetry and that S j  separates the material and hence there is no 
stress across Si. The mathematical formulation of this problem is similar to the 
rotation problem of the steady Stokes flow. As in the previous section, we take 
cylindrical polar coordinates (p, p, z) with the z  axis coincident with the axis of 
symmetry of Si. Then, the displacement field has a nonzero component u(p, z) 
in the ?  direction only. Similarly, the noovanishing components of the stresses 
are

B v  ( B v  v \

m  * * B z  ' =
The equation of equilibrium is

(11.4.21)

B2v  \_ B v  _  
B p 2  p  B p  p

' * 1  
2  +  B z 2

(11.4.22)

Setting

» p  W  *« ’ » « \ p )  > p

the relations (11.4.21) and (11.4.22) become 

„  _  M BXi „

a" 7 2 ~*F ~
/* f a

p 2 B z  ’

and
* * X i

i p 2
3  *X 1  , * x x
p  d p  B z 2

0 .

(11.4.23)

(11.4.24)

Let r , a constant, denote the angle of twist per unit length for a cylinder without 
a crack and let the applied torque be \ n p . x & .  Then, by setting

Xi -  X +  . - p V .

Equation (11.4.24) becomes

a V  1 W  .
+  7 * 0 .

(11.4.25)

(11.4.26)

X
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N ote that x  vanishes on the cylinder and is equal to  — A rp4 on  S t. Thus, we 
have the boundary value problem

V 2( ^ co s2<p) =  0  in R ,

i f  cos hp  =  — -7 r p 2 cos 2 ip 
4

(11.4.27)

on  S] , (11.4.28)

l/r cos 2#> =  0 on 5 2 ,  (11.4.29)

w here R  is the region betw een Si and S2. and S2 stands for the surafee o f the 
cylinder.

Follow ing the m ethod explained in S ections 6.4, 6 .5 , and  11.2, we can 
readily  give an integraU equation form ulation  to th is boundary  value problem. 

T he result is

~ \ Tp2 ~ j  [Co2)( P ’ z; P i, * i)  +  2 n G i2\ p , z \  p i ,Z i) ]c r (p i ,  z \ ) p \ d s ,

C (11.4.30)
w here

,  ,  1 m l  S V ' I  \

and 7r- l Gg2) is the coefficient o f  c o s 2(<p — <p\) in the Fourier expansion of 

the free-space G reen ’s function [cf. (6 .4 .30)] and G ®  is defined by Equation
(11 .2 .11 ) w ith r  =  2. T he curve C  is the bound ing  curve o f  S j in the meridian 
p lane, d s  denotes the elem ent o f  the arc leng th  m easured  along C , and both 

(p.z) and (pj, z,) lie on C .
T he next step is to introduce a sm all p aram eter t  in the problem  and also 

to find the constant A  occurring  in the re la tion  (11.1 .10). I x t  a  denote the 
m axim um  distance betw een two poin ts o f  C  and let a a b; then, e =  a/b. 
T he constant A  is found by substitu ting  the expansion  for the modified Bessel 

function  12 in the expression for G <2). T hen , it fo llow s that

2jtG {2) =  p 2 p \[A  + G 3 ( P ,* ; P i , * i )1 , (11.4.31)

w here

3 n
A — — — . v  >84 .

v + i

f t ,  =

r°°
-  v 2
! Jo

K 2 ( v )
d v (11.4.32)

6465 ^  ’ r u  n{2r)\  Jo h ( v )

and G 3 is o f  order A t 2 (see Exercise 14).
Thereafter, the analysis is sim ilar to the one given in Section 11.2. In fact, 

from  Equation (11.4.30), w e have

- i r p 2 =  J  G ^ o ' p i d s  -f p 2 J  G ^a 'p ]  ds  , (11.4.33)
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w h e r e

o '  =  o [ l  +  ( 4 A / t )  j p \ a  d s ] " 1 . ( 1 1 .4 .3 4 )

T h e  r e la t io n  ( 1 1 .4 . 3 4 ) ,  in  tu r n , g i v e s

J p f o  d s  =  J p \ o ' { \  -  ( 4 A / r )  J p ] a ' d s ) - ' d s  . ( 1 1 .4 .3 5 )

A s  in  th e  c a s e  o f  th e  e l e c t r o s t a t i c  p r o b le m  o f  S e c t io n  1 1 .2 ,  o '  —  o o ,  w h e r e  a a 

a r i s e s  in  th e  in t e g r a l  e q u a t io n

O o P ld s ( 1 1 .4 .3 6 )

f o r  th e  s a m e  c r a c k  p r o b l e m  in  a n  in f in i t e  m e d iu m .  T h e n ,  it f o l l o w s  f r o m  E q u a t io n  

( 1 1 .4 . 3 5 )  th a t

j  P | t r  d s  — J p ’ <J0 [ l  -  { A A / t )  j  p ’ o 0c / s ] ‘ 1d s  , ( 1 1 .4 .3 7 )

th a t i s ,  th e  s o lu t io n  f o r  a  c r a c k  in  a  c y l in d e r  m a y  b e  f o u n d  a p p r o x im a t e ly  f r o m  

th e  c o r r e s p o n d in g  s o l u t io n  in  a n  in f in i te  m e d iu m .

F in a l ly ,  w e  e v a l u a t e  £ ,  th e  l o s s  o f  p o t e n t ia l  e n e r g y  d u e  to  a  c r a c k  in  a n  

in f in i te  c y l in d e r ,  in  t e r m s  o f  £ o ,  th e  l o s s  o f  th e  c o r r e s p o n d in g  q u a n t i ty  d u e  to  a  

c r a c k  in  a n  in f in i te  m e d iu m .  T h e  v a lu e  o f  £  i s  d e f in e d  b y  th e  f o r m u la

> / .E  =  (4rr/p) / p(o?f + a l v ) d V  . ( 1 1 .4 .3 8 )

U s i n g  th e  r e la t io n s  ( 1 1 .4 . 2 3 )  a n d  ( 1 1 .4 . 2 5 ) ,  a n d  a f t e r  a  s l ig h t  m a n ip u la t io n ,  th e

r e la t io n  ( 1 1 .4 . 3 8 )  b e c o m e s

£  ...—4 a r 2p r f p i o  d s
I c

— — 4 ? r 2p r £  p V ° [ i

( 1 1 .4 .3 9 )

£  2 :  £ o [ l  +  ( A f o / p r V ) ] - 1 . ( 1 1 .4 .4 0 )

T h e  a n a ly s i s  f o r  th e  c a s e  o f  a  c r a c k  e m b e d d e d  in  a  th ic k  p l a t e  i s  s im i la r  

( s e e  E x e r c i s e  1 5 ) .  T h e  c o r r e s p o n d in g  p r o b l e m s  w h e n  th e  c y l in d e r  a n d  th e  p la te  

a r e  s u b je c t e d  to  t e n s io n  a n d  s h e a r  c a n  a l s o  b e  s o l v e d  o n  th e  p r e c e d in g  l in e s  ( s e e  

E x e r c i s e  1 6 ) .

E x a m p l e .  A  p e n n y  s h a p e d  c r a c k  e m b e d d e d  in s id e  a n  e la s t ic  s o l id  o f  c y l in d r ic a l  

s h a p e .  In  o r d e r  t o  u s e  f o r m u la  ( 1 1 .4 . 4 0 )  w e  f ir s t  h a v e  to  s o l v e  th e  c o r r e sp o n d in g
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/

p r o b le m  in  a n  in f in i te  e l a s t i c  s o l id .  C o n s e q u e n t l y ,  o u r  b o u n d a r y  v a lu e  p r o b le m  

c o n s i s t s  o f  E e q u a t io n s  ( 1 1 .4 . 2 7 )  th r o u g h  ( 1 1 .4 . 2 9 )  e x c e p t  th a t  S 2 i s  n o w  a t  in ­

f in ity . T i le  in te g r a l  r e p r e s e n ta t io n  f o r m u la  f o r  th is  p r o b le m  i s  r e a d i ly  fo u n d  to 

b e

f2 *  t o  ( t )  c o s  2 tp 'd ip 'd i
W ( p ,  z ) c o s  2 0 = / 7 ( 1 1 .4 .4 1 )

jo  J o  z 2 +  p 2 +  l 2 -  2 p  I c o s (< p  -  <p') ’ 

w h e r e  < r ( f )  i s  th e  d e n s i t y  f u n c t io n  a s  d e f in e d  in  ( 1 1 .4 . 3 0 ) .  W h e n  w e  a p p ly  the 

b o u n d a r y  c o n d i t io n  ( 1 1 .4 . 2 8 )  to  ( 1 1 .4 . 4 1 )  a n d  d o  s o m e  a l g e b r a i c  m a n ip u la t io n  

w e  g e t
1 •

w h e r e

Ko(t

=  f  t  o { t ) K a ( t , p ) d t  , 
Jo

c o s 2 0  d ifr

( 1 1 .4 .4 2 )

( 1 1 .4 .4 3 )
( p 2 +  r 2 — 2 p r  c o s  0 ) , /2  

T h i s  k e r n e l  i s  th e  s a m e  a s  th a t  e n c o u n t e r e d  in  in t e g r a l  e q u a t io n  ( 6 .3 . 4 )  w ith  

n  =  2 .  P r o c e e d i n g  a s  in  th a t  s e c t i o n  w e  f in d  th a t

K 0 ( t ,  p )  =  2 n  f  J 2( p p ) J 2 ( p t ) d p  . ( 1 1 .4 .4 4 )
Jo

T h e  n e x t  s t e p  i s  t o  u s e  f o r m u l a s  ( 1 0 . 1 . 1 2 )  a n d  ( 1 0 . 1 . 1 3 ) ,  a n d  c h a n g e  th e 

o r d e r  o f  in t e g r a t io n  a s  e x p l a i n e d  in  S e c t i o n  1 0 .1 .  T h e r e b y ,  E q u a t i o n  ( 1 1 .4 .4 2 )  

i s  r e d u c e d  to

.2 r e  . . .4  r o o , - ' g ( t ) d t  d w

i  tra • ( » ^ 5 )- 1 ^ = 4  r
4 Jo

u r

(p 2 — u>2) 1/2 Jo (r2 — uj2)1/2 

T h u s ,  in  th e  n o t a t i o n  o f  S e c t i o n  1 0 . 1 ,  w e  s h o u l d  s e t

r ' o i Q d t

S(f>) Jo ( / 2 -  P 2 ) 1' 2 ’ 

in  E q u a t i o n  ( 1 1 . 4 . 4 S )  a n d  g e t

r* w*S(,w)dw
- I £ l = 4 f  

4 Jo (P 2 — ID2 ) * / 2  ‘

I n t e g r a l  e q u a t i o n  ( 1 1 . 4 . 4 7 )  c a n  b e  e a s i l y  i n v e r t e d  t o  y i e l d

4 tp 2
S ( P )  =  -

3 ?r

( 1 1 .4 .4 6 )

( 1 1 .4 .4 7 )

( 1 1 .4 .4 8 )

F r o m  ( 1 1 . 4 . 4 6 )  a n d  ( 1 1 . 4 . 4 8 )  w e  t h a n  o b t a i n

8 r p 2
a ( p )  =  -

3 ; r 2 ( a 2 -  p 2 ) » / 2 '
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The shear stress over the crack is given by the relation

'• - ’- s e L
d r ' g i t ) d t  

dp }p V2 -  p 2)V2
4 u t p 2 , ,

=  T 3n{a2 -  p2)W  ' (11.4-49)

where the +  and — signs hold for points on the z =  0 +  and z =  0— faces of 
the crack, respectively. The value o f the strain energy £o is obtained from the 
formula

(11.4.50)

As a result, the value of E  for a penny-shaped crack embedded in a cylinder of 
radius b follows by substituting the value of A and Eq from Equations (11.4.32) 
and (11.4.50) in (11.4.40). Thus,

■ * [ * - £ !
(11.4.51)

11.5. Theory of Scattering

Finally, we use the method of this chapter to study the theory of scattering. 
Indeed, the method was first introduced for solving problems of this very theory. 
When we introduce a bounded obstacle B  with surface 5 in a source-free region 
of the incident field u i t  then this held is disturbed. The total field is u  =  u ,  +  u „  
where u ,  is the diffracted or scattered field, defined only in the exterior region Rt  
of S. Following the procedure o f Section 6.6 and that of Example 1 of Section
6.7, we find that, for a perfectly soft body, we have the following boundary value 
problem:

V2u , +  k 2u ,  =  0 . i € f l ( , (11.5.1)

(11.5.2)U , =  ~ U i on 5  .
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and u, satisfies the Sommerfeld radiation condition. The integral-equation rep­
resentation formula for this problem, by the method and notation of Chapter 6,

is

Uj(x) =  - j f o ( 0 £ - ( x ; € ) t f 5 ,  (11.5.3)

where er(x) =  du(x)/dn  is the single-layer density. When x approaches a point 
on 5 , we have, in the limit,

M x )  =  J  o ( 0 £ ( x ;  ©  d S  , x , £ e S ,  (11.5.4)

which is a Fredholm integral equation o f the first kind of evaluating the function 
<r(x).

For a perfectly rigid obstacle, we have the Neumann boundary value problem 
consisting of the differential equation (11.5.1) and the boundary condition

d u jd n  = —duj/dn  on S . (11.5.5)

The integral representation formula that embodies Equations (11.5.1) and (11.5.5)

M * )  =  j f  u (© [3 £ (x ; © /3 n ]d S  , x €  Rt . (11.5.6)

When x approaches a point on S, we use the relation (6.6.10) and obtain

u,(x) =  ^ u (x ) +  J  u( 0 [ d £ ( x ; 0 /d fi]rfS«  xf $ € S  (11.5.7)

is

or

2u,(x) =  r(x ) -  2 j  z (0 [dE {x \( . ) /dn]dS  , x . ( 6 S ,  (11.5.8)

where r(x ) =  u(x) is the double-layer density. It reduces to the integral equation 
of potential theory as given in Exercise 5 at the end o f Chapter 6 when * =  0.

Example. Let us solve the problem of the diffraction o f  a plane wave by a 
soft sphere. It is convenient to take spherical polar coordinates (r, d, <p). Thus, 
x =  P  =  (r, d, <p), €  =  Q -  (a, d j, y>,), and |x -  £ | =  R.

In this case (see Figure 11.1)

a2k2
u,(P)  *  eiaka** = 1  +  iak  cos d  -  —  cos2 d

a 3*3 cos3 d a*k* cos4 d . 
- i ---------------+ ------- ---—  +  o<*5) .

6 24 (11.5.9)



EiP; Q) -
4  n R

1 i t
4 r r / f  4 jt  8 jt

cr«2 ) = a 0(C )+^i((?)+*Jff2(C?)+t3ff3((2)+/t4«T4(G)+O(t4) . (11 .5.1 J)

Su b stitu tin g  E q u a tio n s  (1 1 .5 .9 )  th rough  ( 1 1 .5 .1 1 )  in (1 1 .5 .4 )  and eq u atin g  equal 

p ow ers o f  k , w e have

1 - /
r o0 ( o

d S  ,
J.s 4 r r / f

ia cos d =  f , ,| < 0 > 4 5  +  [ ia°w  dS .
Js 4* R  J5 4 rr

a2
cos2 0  = f ‘ ° ' W  4 5 -

~ T Js ditR ,Is 4 *

ia-t
- COS3 1? _  f  £ *< £ ? )ds

6 Js 4 xR / s  4 *

- f
/ ? t r , ( 0 )

„ s _ [ ' » ^ e > ds .
Js 8 rr J 24*

a* cos
‘‘ ' - I r ^ d s + f " ” ( 0 )  4 5

24 ; s 4 rr  R  * Js 4?r

- f # 0 3 ( 0 ) , s / ■ < * * » . « > . .

Js 4 rr 7  2 4 jt

‘ Roq(Q) 
; 8*

7
^ 4gp(0)

9 6*
d S .

(1 1 .5 .1 2 )

(11 -5 .1 3 )

dS,
(1 1 .5 .1 4 )

(1 1 .5 .1 5 )

(1 1 .5 .1 6 )

and  so  on . T h e integral eq u atio n s (1 1 .5 .1 2 )  through (1 1 .5 .1 6 )  are o f  the sam e 
form  a s  (1 1 .3 .7 9 )  through (1 1 .3 .8 2 )  an d  a r e ^ e ^ i l y - « O lv ^  o f S n f t ^ u c i n g



302 11 ■ Integral Equation Perturbation Methods

Legendre polynomials. The solutions are

<7o =  -  , o\ =  — »(1 — 3 cos t>j), <72 — a ( r  — r  cos2 . a \ 3  2 /

o3 =  io2 Q  -  jc o sfl -  geos3 . (113.17)

°4 I* * 4*) '
Consequently,

< r (C )= o ( t? i)  ' ':V,

=  ( l /f l ) [ l  +  te(3  cos tfi -  1) +  e2 -  |  cos2 -

+  i £3 ( 7  — 7 cos d -  \  cos3 il )
\6  5 6 /

+  s* ( ~  + & +  cos2 & +  5  **** +  ° (e5) ’
V 630 21 8 '  (113.18)

where e  — ak and we assume that e <C 1.
The quantities o f physical interest in the theory o f scattering are the far- 

field amplitude and the scattering cross-section, which we now evaluate for the 
present example. Since (he scattered wave is an outgoing wave and satisfies the 
radiation condition, we expect its far-field behavior to be given by

u,(r, &, <p) ~  A(t», tP)e'*7r • (11.5.19)

Now, for large r ,

R =  |x — £| =  (r2 -I- a2 — 2ar cos y )1/2 

=  r [1 +  (a1/r 2) -  (2 a /r)co sy ],/2 ~  (r -  a cosy),

where
cos y  =  cos & cos i?i +  sin i? sin cos(i> — t? i ) .

Hence, from Equation (11.5.3), we have

u,(r,  y>) ~  A(&)e,ir/ r  , (113.21)

where

A(&) =  - { a 2/An) f  f  e itc“ > 'o ( t7 , ) s in M M V i  . 0 1-5 -22)
Jo Jo

(113.20)
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i s  th e  r e q u ir e d  f a r - f i e l d  a m p l i t u d e .  T h e  n e x t  s t e p  i s  t o  u s e  th e  e x p a n s io n s  o f  th e  

t e r m s  in s id e  th e  in t e g r a l  s i g n  o f  E q u a t i o n  ( 1 1 .5 . 2 2 ) ,  in te g r a te ,  a n d  o b ta in

( 1 1 .5 .2 3 )

A ( I? )  =  —a  j \  — i e  +  c 2 ^ c o s i )  —

+ T  + e< ( s ~ ie“ * + 5 c“2#) + °(*5)]-
T h e  v a lu e  o f  th e  s c a t t e r i n g  c r o s s  s e c t i o n  i s  g i v e n  b y  th e  f o r m u la

r *  r  Ei  1 7 - 4  -1

S . C . S .  =  2 *  I  | A ( t f ) | 2 s in  a  dt>  =  4 r r a 1 1 -  —  +  —  +  0 ( e 6)  .

° (11.5.24)
F o r  th e  s o l u t io n  o f  th e  F r e d h o l m  in t e g r a l  e q u a t io n  o f  th e  s e c o n d  k in d

g (P )=  f ( P )  + f s K (p ’ Q)d s -

th e r e  i s  a n  in t e r e s t in g  t e c h n iq u e  b a s e d  o n  th e  T a y l o r  s e r i e s .  W e  h a v e  p r e s e n t e d  

th e  s o l u t i o n s  f o r  v a r i o u s  b o u n d a r y  v a lu e  p r o b l e m s  in  c o m p o s i t e  m e d ia  [ 3 6 ] -  

[40],[45]. S u b s e q u e n t l y ,  w e  e x p la in e d  th is  t e c h n iq u e  f o r  th e  o n e - d im e n s io n a l  

c a s e  [51] w h ic h  h a s  b e e n  e x t e n d e d  to  V o lte r r a  I n te g r a l  e q u a t io n s  [59].

E x e r c is e s

1 . S h o w  th a t  f o r m u la  ( 1 1 .2 . 1 9 )  f o r  th e  c a p a c i t y  i s  c o r r e c t  t o  o r d e r  r 4 .

2 .  I n s t e a d  o f  s p h e r i c a l  c o o r d in a t e s  ( 1 1 .2 . 1 2 ) ,  t a k e  o b la t e - s p h e r o id a l  c o o r d in a t e s

z  =  a e $ ,  p =  a e [ ( l  -  $ 2) ( i  +  f 2) ] ‘ / 2 ,

a n d  s o l v e  th e  e l e c t r o s t a t i c  p o t e n t ia l  p r o b le m  fo r  th e  c a s e  o f  a n  o b la t e  sp h e r o id  

p l a c e d  s y m m e t r i c a l ly  in s id e  a  g r o u n d e d  in f in i te  c y l in d e r  o f  r a d iu s  b .  S h o w  th a t 

th e  c a p a c i t y  C  o f  t h i s  c o n d e n s e r  i s

s in  e  I ?r s in  e

* [* <°i+ (̂e£)2nr + 23$<~)4/(4) ] J + «<£‘> -
w h e r e  th e  q u a n t i t ie s  /  ( 2 m )  a r e  d e f in e d  b y  ( 1 1 .2 .2 0 ) .

H in t :  U s e  th e  e x p a n s io n

l o ( P P ) e > p I  =  £  « - ( p ) P » ( f ) F > .( i f ) ,
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where the Pm are Legendre polynom ials.

3. Following a procedure sim ilar to  that in Exercise 2, solve the corresponding 
electrostatic potential problem  for a prolate spheroid.

4. Solve Exercises 2 and 3 when the spheroids are placed betw een two grounded 
parallel plates.

5. Derive form ula (11.3.43).

6 . Substitute the values o f the densities ao, O \,o2, and Oj as given by (11.3.65) 
in (11.3.51) and obtain the velocity  field.

7. By using form ula (11.3.61), obtain the frictional torque experienced by a 
sphere of radius a that is oscillating in a viscous fluid.

8. Do the sam e as in Exercise 7 for a spheroid and a disk.

9. C alculate the 0(7Z)  term  in form ula (11.3.72) explicitly and use this 
expression to deduce an approxim ate form ula for the drag experienced by a 
solid in Oseen flow. Illustrate this form ula for the case o f  a sphere.

10. Use the values o f the charge densities as given by form ulas (11.3.86) 
and evaluate the velocity field set up in O seen flow w hen a sphere is rotating 
uniform ly and is placed sym m etrically inside a circular cylinder.

11. Find the torque experienced by a sphere that is rotating uniformly in 
Oseen flow and is bounded by a pair o f parallel w alls z  =  ±c.  Evaluate also the 
velocity field.

12. Extend the analysis o f the steady O seen flow in the text to the case o f the 
steady-state vibrations o f  axially sym m etric solids in O seen flow.

13. Use the analysis o f  Section 11.4 and discuss the problem  o f a spherical 
inclusion in an elastic half-space.

14. Derive the integral equation (11.4.30). Prove that the quantity G j  occurring 
in the relation (11.4.31) is o f order A e 2. A lso prove that a '  occurring in the 
relation (11.4.33) is such that a '  =  o<>[l +  0 ( c 7)].

15. Proceed as in Equations (11.4.26) to  (11.4.31) and prove that for an axially 
sym m etric crack em bedded in a thick elastic plate o f  radius 2b, the value o f the 
constant A  is

45rr

=  ~ T 02467 f ( 5 ) l



11.5. Theory of Sollering_____________  305

where f  ( s )  i s  (he R iem ann zeta  function . Illustrate your an alysis for the case  o f  
a penny-shaped crack  that i s  em bedded sym m etrically  in the plate.

Hint: U se  the e xp an sio n  o f  G reen ’s  function a s  explained in Exam ple 1 o f  
Section 6.5.

16. D isc u ss the crack  prob lem s o f  Section  11 .4  and the previous exam ple when 
the so lid s are kept under

( i)  tension app lied  norm al to  the crack,
(ii) shear app lied  parallel to the crack.

17. Start w ith the in tegral equation (1 1 .5 .8 ) and so lv e  the problem  o f  diffraction 
o f  a  p lane w ave by a  p erfec tly  rig id  sphere.

18. S o lv e  the p rob lem  o f  d iffraction  o f  a  plane w ave by a  perfectly so ft and by 
a rigid circular d isk . A lso  so lve  the d ual problem  o f  diffraction by an aperture.

19. U se  the approxim ation

i 1 Jt2 d 2 i
-  H i'H kK )  =  ~ ( q  +  l o g R ) +  - t —*  (q  — 1 +  lo g R ) +  lo g  - * ( 0 ( * 4) ) , 
4  2j i  twr 2

where q  *  y  +  lo g  J *  -  »  E u le r 's  constant), and so lve the problem o f
diffraction o f  a  p lane w ave b y  a  so ft and by a  rig id  c ircular cylinder.

So lu tion s o f  various tw o and three d im ensional scattering problem s by the 
technique o f  th is ch apter a re presented in [2 9 ]- {3 5 ],(4 2 ] ,[4 3 ].
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Appendix

A.1.1 To prove the identity

j f  Ja ’"  £  [  F{S' )dSidS2 • ■ ds" - 'ds*

=  l l H n - l ) l ] j \ s - l ) ’ - '  F (t)d t ,
(A.1.1)

we begin with the formula

d  rB{s)  r »

Jam

d t BW f B 3f ( s ,  t) dB dA
H L  /(s’t)dt = L

(A. 1.2)
for differentiation of an integral involving a parameter. Let us apply this formula 
for the differentiation of the function I„(s) defined by the relation

U s )  = f \ s  -  r ) " - 'F (r )< f i, (A.13)

where n is a positive integer and a is a constant. For this purpose, set

/ ( s , r )  =  ( s - t ) ’ ' ' F ( 0

in Equation (A. 1.2). The result is

d l j d s  =  (n -  1) j \ s  -  r)" -2F(/)<ft +  [(s -  t y - 'F f r ) ] ^

=  (n -  l)/„_ i , n > 1 . (A. 1.4)

For n =  1, we have directly from (A. 1.3)

d h /d s  =  F(s) . (A. 1.5)

From the recurrence relation (A.1.4), we obtain 

dkl j d s l  =  (n -  l)(/i -  2) ••• (n -  k)In- t , n > k ,  (A. 1.6)

306



Appendix 307

w h ich  fo r  *  =  n -  1 b e c o m e s

r f - ' / . / r f s * - 1 =  ( n - l ) ! / , ( s ) .  (A . 1 .7 )

D iffe r e n t ia tin g  E q u a tio n  ( A .1 .7 )  an d  u s in g  ( A . l . S )  re su lts  in th e eq u atio n

d ' l j d s ’  =  (n  -  l ) ! F ( i )  . (A .1 .8 )

F u rth erm o re , fro m  th e r e la tio n s  ( A .  1 .3 ) ,  ( A .  1 .6 ),  an d  ( A .1 .7 )  it fo llo w s that / „ ( j )  

a n d  it s  first n — 1 d e r iv a tiv e s  a l l  v a n ish  w h en  s  =  a .  H en ce , E q u a tio n s  (A .1 .5 )  

an d  ( A .1 .8 )  y ie ld

U s ) F ( s i ) d $ i ,- f  . .
l iU )  =  j  h ( s i )d s i  =  I T  F (s t)dsids2

u s ) = ( n -  D !  r  r  r  r  .
Ja Ja Jm Ja j

(A .1 .9 )

(A .1 .1 0 )

C o m b in in g  E q u a t io n s  (A . 1 .3 )  a n d  ( A .1 .1 0 ) ,  w e  h ave  th e req u ired  id entity  (A . 1 .1 ). 

A .2 .  It c a n  b e  e a s i ly  p ro v e d  b y  th e c o m p le x  in tegratio n  m eth o d  that

f ' ( H Jv(P«)J*(PP)dp  =

Jo  (*2 - |
l

J o  i*- -  p 2) l/2
u >  P  ,

„2

Jo  a 2 -  p 2 ) ' 12
p > v ,

w h ere
_  - i ( * 2 -  p 2) 1' 2 .

y ~  * (p 2 - * 2) ’/2 .

H ji, ) ( p v ) J Mlp p ) d p  ,

J » (p v )H ™ ( p p )d p  , 

(A .1 .1 1 )  

( A .1 .1 2 )
* >P,
p  >  *  ,

and o, p  >  0.
S u p p o s e  th at v  >  p  a n d  le t the c o m p le x  p lan e  b e  s  =  <r +  i r .  In tegrating 

l ( i 2 / ( s 2 -  * 2) ,/2 l  -  s )H ™ {? v )J „ (sp )

aro u n d  a  co n to u r C \  in  the u p p e r  righ t-h an d  q u ad ran t p a s s in g  o v er the branch 
p o in t s  — k t ms sh o w n  in  F ig u re  A . l ,  w e  ge t

<f> {[j2/(i2 - 12),/2] -  s)H"\sv)Jll(sp)ds = 0,
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F ig u re  A .l

because there are no singularities within this contour. If we let 5, t  -*■ 0, and 
R  -> oc, the contributions from the corresponding arcs tend to zero. Hence,

f  - ' )  " F b ’ W M o  + f  ( ^ r r p j w  - " )
x H ^ )(av)J ll(ap)da

+ ' fl ~i r )  - 0

/

/
. 4

(A.1.13)

Similarly, integrating

{[s2/ ( s 2 -  *2) l/2] -  s ^ i s v y ^ s p )

around a contour Cz in the lower right-hand quadrant and passing under the 
branch point s  =  k gives

i  -°) + f°° -  °)
x  (cr v)Jtl (ap)da

-  ‘ £  + , r )  V W T  =  0 .
(A.1.14)
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N o w  u s in g  th e r e la tio n  / / " ' ( i  x v ) J M ( i  r p )  =  -  ( - <  r  v ) J u ( - i  x p )  an d  a d d in g

E q u a t io n s  (A . 1 .1 3 )  a n d  ( A .  1 .1 4 ) ,  w e  o b ta in , fo r  v  >  p,

=  f  o J „ ( a v ) J u [ a p ) d a  — I  -  -  °  ~ Y>I( a v ) J )i{ a p ) d a .

Jo  ■, 0 (  f f )  (A .1 .1 5 )

w h ere  i s  th e  B e s s e l  fu n c tio n  o f  th e se c o n d  k in d . It fo l lo w s  fro m  E q u a tio n s  

( A .1 .1 2 )  a n d  ( A .1 .1 5 )  th a t th e  le ft-h an d  s id e  o f  ( A .1 .1 1 )  is

j f  ?  ( y  ~  J ^ P v )J ^ P P ) d P

=  ^  ( ( £ 2  _  p 2) t /2  ~  ■̂l‘ ( P v )d it(P P )d p

+ 1  (  ̂ r r p j T z :  -  p )  (p fv *  (pp)dp

■ f *  p 2
-  ‘ J 0 ( i t 2 ~  p 2 y /2 [ J v ( P v } +  >Yl.< ,p v)]J* (P P )d p  

/ *
=  ' J o  ( p r -  * 2 ) f / 2  H H >lP » )J » ( P P )dP  . O p ,

w h ich  p r o v e s  th e fir s t p a r t  o f  fo r m u la  ( A .1 .1 1 ) .  T h e  se c o n d  p a rt fo l lo w s  in a  
s im ila r  fa sh io n .



B ib lio g r a ph y

[1 ]  B o c h e r ,  M .,  A n  In tr o d u c tio n  to  th e  S tu d y  o f  In te g r a l E q u a tio n s ,  C a m b r id g e  T r a c t s  in M a th e ­

m a t ic s  in  M a th e m a tic a l  P h y s i c s  N o . 1 0 , C a m b r id g e  U n iv e r s ity  P r e s s ,  C a m b r id g e ,  1 9 0 9 .

[2 ]  B u c k n e r ,  H .,  D ie  p r a c t is c h e  B e h a n d tu n g  v o n  In te g ra lg le ic h u n g e n ,  E r g e b n i s s c  d e s  a n g e w an d te n  

M a th e m a tik .  N o .  1 , S p r in g e r - V e r la g ,  N e w  Y o r k , 1 9 S 2 .

[3 ]  C a r r ie r ,  G .  F ., K jo o k ,  M .,  a n d  P e a r s o n ,  C .  F ., F u n c tio n s  o f  a  C o m p lex  V ariab le , M c G r a w - H ill ,  

N e w  Y o r k , 1 9 6 6 .

[4 ]  C o c h r a n ,  J .  A - , T h e  A n a ly s is  o f  L in e a r  In te g r a l  E q u a tio n s ,  M c G r a w - H ill ,  N e w  Y o rk , 1 9 7 2 .

[5 ]  C o r d u n e a n u , C . ,  P r in c ip le s  o f  D iffe r e n tia l a n d  In te g ra l E q u a tio n s ,  A liy n  a n d  B a c o n ,  B o s to n , 

1 9 7 1 .

[6 ]  C o u r a n t , R .  a n d  H ilb e r t ,  D .,  M e th o d s  o f  M a th e m a tic a l P h y s ic s ,  V o ls . I a n d  II, W iley , N e w  Y o rk , 

1 9 5 3 , 1 9 6 2 .

[7 ] E s t r a d a ,  R . a n d  K a n w a l,  R . P ., D is tr ib u t io n a l s o lu tio n s  o f  s in g u la r  in teg ra l eq u a tio n s , J .  In leg . 

E q n s .  8  ( 1 9 8 5 ) ,  4 1 - 8 5 .

[8] . ,  D is tr ib u t io n a l s o lu tio n s  o f  d u a l  in te g r a l eq u a tio n s  o f  C a u c h y  A b e l  a n d  T ttchm arsh
ty p e s , J. In te g . E q n s .  9  ( 1 9 8 5 ) ,  2 7 7 - 3 0 5 .

[9 )  ----------- , T he  C a r le m a n -ty p e  s in g u la r  in te g r a l eq u a tio n s ,  S I A M  R e v ie w  ( 1 9 8 7 ) ,  2 6 3 - 2 9 0 .

[ 1 0 )  _______ T h e  C a u c h y -ty p e  in te g ra l e q u a tio n s ,  G a n it a  3 6  ( 1 9 8 7 ) ,  1 - 2 5 .

[ 1 1 )  --------- In te g ra l e q u a tio n s  w ith  lo g a r ith m ic  k e rn e ls ,  I M A  1. A p p l.  M ath . 4 3 ( 1 9 8 9 ) ,  1 3 3 - 1 5 5 .

| 1 2 ] -----------.D is tr ib u t io n a l  s o lu tio n s  o f  th e  W ie n e r -N o p f in te g r a l  a n d  in teg ro -d iffe ren tia l equa tions ,
J .  In te g . E q n s .  a n d  A p p l .  3  ( 1 9 9 1 ) ,  4 8 9 - 5 1 4 .

(1 3 ]  G r e e n ,  G .  D .,  In te g r a l E q u a tio n  M e th o d s ,  B a r n e s  a n d  N o b le ,  N e w  Y o rk , 1 9 6 9 .

( 1 4 ]  H a b e r m a n , W. L .  a n d  H a r le y , E .  E . ,  N u m e r ic a l  e va lu a tio n  o f  in teg ra ls  c o n ta in in g  m od ified  
B e s se l fu n c tio n s ,  D a v id  T a y lo r  M o d e l B a s in  R e p o r t  N o .  1 5 8 0 , 1 9 6 4 .

(1 5 ]  H ild e rb ra n d , F. B . ,  M e th o d s  o f  A p p l ie d  M a th e m a tic s ,  2 n d  e d .,  P ren tic e -H a l), E n g le w o o d  C l i f f s ,  

N J ,  1 9 6 5 .

(1 6 ]  H o c h sta d t ,  H ..  In te g ra l E q u a tio n s ,  W iley , N e w  Y o rk , 1 9 7 3 .

(1 7 ]  I rv in g , i .  a n d  M u lt in e a u x , N .,  M e th o d s  in  P h y s ic s  a n d  E n g in ee r in g ,  A c a d e m ic  P r e s s ,  N ew  Y o rk ,
1959.

(1 8 ]  J a in ,  D . L .  a n d  K a n w a l,  R . P., T orsiona l o s c il la tio n s  o f  a n  e la s t ic  h a l fs p a c e  d u e  to an  an n u la r  
d is k  a n d  r e la ted  p r o b le m s ,  ln t. J .  E n g n g  S c i .  8  ( 1 9 7 0 ) ,  6 8 7 - 6 9 8 .

( 1 9 ]  _______ A c o u s tic  d iffra c tio n  b y  a  r ig id  a n n u la r  d is k , I . E n g n . M ath . 4  ( 1 9 7 0 ) .  2 1 9 - 2 2 8 .

( 2 0 ]  _____ _ A n  in te g ra l e q u a tio n  m e th o d  fo r  so lv in g  m ix e d  b o u n d a ry  va lue  p ro b lem s ,  S I A M  J .

A p p l.  M a th . 2 0  (1 9 7 1 ) ,  6 4 2 - 6 5 8

( 2 1 ]  ________ , E lec tro m a g n e tic  d iffra c tio n  b y  a d u n  c o n d u c tin g  a n n u la r  d is k , ] . M ath . P h y s. 12

( 1 9 7 1 ) ,  7 2 3 - 7 3 6 .

311



312 Bibliography

/
[22] ___ , Diffraction o f  elastic waves by two coplanar and parallel rigid strips, lot. 1. Engng- *

Sci. 10 (1972), 925-937. ,
[23] ___ _ Diffraction o f elastic waves by two coplanar Griffith cracks in an elastic medium. Ini. *

I. Solids Structures 8 (1972), 961-976. "
[24] ___ _ Acoustic diffraction o f  a plane wave by two coplanar parallel perfectly soft or rigid

strips. Can. J. Phys. SO (1972), 928-939.
[25] ___ _ Three-part boundary value problems and generalised axially symmetric potential

theories, J. D’Anil. Math. 25 (1972), 107-158.

[26] ___ _ Acoustic diffraction by a perfectly soft annual spherical cap, Im. J. Engng. Sci. 10
(1972), 193-211.

[27] ___ _ Acoustic diffraction by a rigid annular spherical cap, 1. Appl. Mech. (ASME) (1972),
139-147.

[28] | Diffraction o f  plane shear elastic wave by a circular rigid disk and a penny shaped 
crack, Quart. Appl. Math. 30 (1972), 283-297.

[29] ___ _ An integral equation perturbation technique in applied mathematics II, applications
to diffraction theory, Applicable Analysis 4 (1975), 297-329.

[30] ____, Scattering o f  acoustic, electromagnetic and elastic S H  waves by two-dimensional
obstacles, Ann. Phys. 91 (1975), 1-39.

[31] ___ .Scattering o f P  and S waves by spherical inclusions and cavities, J. Sound and Vib.
57(1978), 171-202.

[32] _____ _ Scattering of elastic waves by circular cylindrical flaws and inclusions, J. Appl. Phys.
50 (1979), 4067-4109.

[33] ___ , Scattering of elastic P  and SV  waves by a rigid elliptic cylindrical inclusion. Ini. 1.
Engng. Sci. 17 (1979), 941-954.

[34] ___ _ Scattering o f elastic waves by an elastic sphere, Int. i. Engng. Sci. 18 (1980), 1117­
1127.

[35] _______ The Born approximation for the scattering theory iff elastic waves by two-dimensional
flaws, I. Appl. Phys. 53 (1982), 4208-4217.

[36] _______ Solutions o f potential problems in composite media by integral equation techniques,
l. Derivation o f integral equations, J. Integ. Eqns. 3 (1981), 279-299; II, Two dimensional 
problems, 4 (1982), 31-53 III, Three-dimensional problems, 4 (1982), 113-143.

[37] ______, Interior and exterior solutions for boundary value problems in composite elastic media.
Two-dimensional problems, J. Math. Phys. 23 (1982), 1433-1443.

[38] , Solutions o f integral equations arising in various physical problems relating to two 
and three strips,J. Nal. Acad. Math. 2 (1984), 33—46.

[39] _____ , Interior and exterior solutions for boundary value problems in a composite elastic and
viscous media, Int. J. Math. Mecb. Sci. 8 (1985), 209-230.

[40] ___ _ Low-frequency scattering pattern o f an arbitrary penetrable obstacle, Int. 1. Engng.
Sci. 23 (1985). 435-698.

[41] Jerry, A. J ,  Introduction to Integral Equations with Applications, Dekker, New York, 1985.

[42] Kanwal, R. P., Integral equations formulation o f classical elasticity. Quart. Appl. Math. 27 
(1969). 57-65.



Bibliography 313

[43]. . ,  An integral equation perturbation technique in applied mathematics, I. Math. Mcch.
1* (1970X625-656

{44]_____ , Generalized Functions, Academic Press, New York, 1983, also the Chapter: General­
ized Functions, in Encyclopedia of Physical Science and Technology, 7 pp. 125-135, Academic 
Press, New York, 1992.

l<5]. . ,  Boundary value problems o f composite media, Computere and Structures, 16 (1983),
471-478.

[46] ____,An alternative to the HUbert-Schmidt technique,! Nat. Acad. Math. 3(1985), 137-144.
[47] _____ , Integral equations. Chapter in Encyclopedia of Physical Science and Technology, vol.

8. pp. 143-162, Academic Press. New York. 1992.
[48] Kanwil, R. p. and Sachdeva, B. K., Potential due to a double lamina, 1. Appl. Phys. 43 (1972), 

4821-4822.
[49]. . ,  Approximate solutions o f certain integral equations of the diffraction theory by two

s tr ip s ,). App. Math Phys. (ZAMP) 24 (1973), 111-119.
[50] , The so lu tio n  o f so m e in teg ra l equ a tio n s a n d  th e ir  connection  w ith  d u a l in tegra l equa­

tio n s o ver a  m u ltip le  in terva l, Iat. J. Appl. Anal. 1 (1977), 71-86.
[51] Kanwal, R . P. and Liu, K. C ,  A  Taylor expansion  approach fo r  so lving  in tegra l equations, lot. 

J. Math. Educ. Sci. Tech. 20 (1989), 411-414.
[52] Kellog, O. D., F oundations o f  P o ten tia l T heory, Dover, New York, 1953.
[53] Lovitt, W. V., L in ea r In teg ra l E qua tions, Dover, New York, 1950.
[54] Mikhlin, S. G., In teg ra l E qua tions, Peigamon Press, Oxford, 1957.
[55] Morse, P. M. and Eeshback, H., M ethods o f  T heoretica l P hysics, Mils. I and II. McGraw-Hill, 

New York, 1953.
[56] Mushkelisbvili, N. I .  Singular Integral Equations, 2nd cd. P. Noordbofl, N. V., Gtonignen, 

Holland, 1946.
[57] Peteruvskii, I. G., In teg ra l E qua tions, Grylock Press, New York, 1957.
[58] Pogorzelski, W. In teg ra l E qua tions a n d  T heir A p p lica tio n s, Vbl. 1. Pergamon Press, Oxford. 

1966.
[59] Sezer, R , Taylor po lyn o m ia l so lu tio n s o fV o lterra  in teg ra l equations. Ini. I. Math. Educ. Sci. 

Tcchnol. 25 (1994), 625-633.
[60] Smirnov, V. 1., In teg ra l E qua tions and  P artia l D ifferen tia l E quations, Addison-Wesley, Reading, 

MA, 1964.
[61] Smithies, R. In teg ra l E qua tions, Cambridge University Press, Cambridge, 1958.
[62] Sneddoo, I. N„ Fourier Transforms, McGraw-Hill, New York, 1951.
[63] _____ , M ixed  B oundary Value P roblem s in  P o ten tia l Theory, Wiley, New York, 1966.
[64] Stakgold, 1., B oundary Value Problem s o f  M athem atical P hysics, \bls. 1 and II. Maanittian, 

New York, 1967,1968.
[65] Tricomi, F. G., Integral Equations, Wiley, New York, 1957.
[66] Watsoo, G. N., A Treatise on the Theory of Bessel Functions, Cambridge University Press, 

London and New York, 1962.
[67] Weinberger, H. F.,vt First Course in Partial Differential Equations, Blaisdell, New York, 1965.
[68] Yosida, K-, Lectures on Differential and Integral Equations, Wiley, New York. 1960.



/
-!*

Index

Abel integral equation, 181, 186, 
187, 196, 200, 204, 227, 235 

Acoustic diffraction 
by annular disk, 132 
by rigid body, 300 
by rigid disk, 143 
by soft body, 299 
by soft disk, 130 
by soft sphere, 300 

Adjoint, 15, 57 
Airfoil equation, 197, 231 
Analytic function, 147, 280 
Approximation method, 20 
Associated Legendre function,

108

Bessel equation, 86 
Bessel function, 107, 108, 118, 

124, 125, 127 ff 
Bessel operator, 95 
Bessel’s inequality, 149, 153, 157 
Beta function, 182, 183, 196 
Biharmonic equation, 135 
Bilinear form, 155, 157, 161, 163, 

179
Born approximation, 145 
Boundary effects, 279, 292 
Boundary value problem, 64, 66, 

76, 80, 82, 83 ff 
Branchpoint, 308

Capacity
of circular disk, 115, 265 
of condenser, 276 
of conductor, 276 
of a  hemispherical bowl, 265

of an oblate spheroid, 115 
of a prolate spheroid, 113 
of a sphere, 135, 265 
of a spherical cap, 265 

Cauchy principal value, 184,
188-191, 195

Cauchy-Riemann equations, 211 
Cauchy sequence, 147 
Cauchy type integral, 192-193 
Cauchy type integral equations 

on a real tine, 195 
on a closed contour, 201 
on an unclosed contour, 202 

Cauchy's integral formula, 142,
179

Cauchy’s integral theorem, 142 
Charge density, 103-105, 107 ff 
Compact set, 174 
Compact support, 70 
Complete continuity, 174-176 
Complete symmetrical kernel,

163, 164
Completeness, 147, 165 
Consistency condition, 85, 90-92, 

104, 121
Contour integral, 191 
Convergence in mean, 149, 160 
Convolution integral, 4, 5, 222-224 
Crack problem, 295

Degenerate (separable) kernel, 4, 
7, 8 ,12 , 13, 213 

Difference kernel, 4 
Dilation vector, 144, 291-293 
Dimensionless param eter, see 

perturbation param eter,

314



Index 315
D irac de lta  function, 68, 69,

71-76 ff
sifting p roperty  of, 69, 99, 239 

D irichlet condition, 97 
D irichlet problem , 101, 102, 119, 

130, 142
D isplacem ent vector, 144, 201 
D istribu tion , 70-73 
D istribu tional derivative, 72 
Divergence theorem , 97

Eigenfunction, 4 ff 
Eigenvalue, 4, 54 ff 

index of, 4, 54 ff 
m ultiplicity  of, 15, 54, 56, 154 

E lastic bar, 67
bending rigidity  of, 67 
transverse oscillations of, 67 

E lastic half-space 
torsion, 238, 243 
torsional oscillations, 132, 250, 

256
E lastic m edium  

cavity  in, 294 
crack in, 295 
inclusions in, 292-295 
Lam e’s constan ts of, 291 

Elasticity, 291, 294, 295 
E lastodynam ics, 293 
E lastostatics, 291 
E lectrostatic  po ten tia l, 98, 111, 

123, 263, 275, 304 
of annular disk, 126 
of axially sym m etric conduc­

to r , 126
of circular disk, 106, 123 
of spherical cap , 263 

E ntire  function, 34, 40, 48 
Exciting force, 293 
E xtrem al principle, 176

Faltung, 5
Far-held am plitude, 267, 270, 302

Flow of an ideal fluid
past an  oblate spheroid, 143 
past a  prolate spheroid, 143 
past a  spherical cap, 115, 267 

Fourier expansion, 126, 149, 150, 
154-161, 172, 283 

Fourier integral, 219 
Fourier series,

see Fourier expansion,
Fourier transform , 127, 219, 220, 

223
Fredholm alternative, 12, 18 
Ftedholm  identities, 37, 40 
Fredholm integral equation, 2 
Ftedholm  theory, 41 
FVedholm’s determ inant, 44, 46 
Fredholm 's minor, 52, 53, 60 
Fredholm ’s series, 45, 47, 48 
Fredholm ’s theorem s, 14, 18, 43, 

48, 51, 56, 57, 59 
Functional,

continuous, 70 
linear, 70

Functional analysis, 173 
Fundam ental solution, 73, 98, 99, 

128

Generalized function, 71 
Geometric series, 27, 30, 36, 124 
G ram -Schm idt procedure, 148, 

153, 154, 180 
G reen’s formula, 76, 92 
G reen’s function, 76, 81-83, 88-90, 

92, 93, 95, 118 ff 
causal, 79
free space, see Fundam ental 

solution
G reen’s identities, 97 
G reen’s tensor, 134, 136, 140,

144, 279, 288, 292, 293 
G reen’s vector, 128, 134, 140,

279, 288
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Iterated kernels, 26, 28, 30, 34, 
146, 223

Iterative scheme, 26

Hankel function, 251, 259 
Harmonic function, 96, 99, 104,

211, 283
Heat conduction, 149 
Heaviside function, 71-73, 75, 82 
Helmholtz equation, 97, 98, 128, 

130, 132
Hermitian m atrix, 155 
Hilbert formula, 212-214 
H ilbert kernel, 210, 215 
H ilbert-Schm idt theorem, 159, 

161. 162, 167, 180 
H ilbert space, 146, 147, 151 
H ilbert transform 

finite, 229-231, 235 
infinite, 232

Hilbert type integral equation,
212, 214, 215, 231 

Holder condition, 190, 191 
Holder continuous, 190, 192 
Hypergeometric function, 247

Index of eigenvalue, 15 
Influence function, 79 
Initial value problem. 61, 66, 

72-75 ff
Inner p roduct, 5, 167 
Integable function, 3 
Integral equation, 1 

C arlem an type, 5, 201 
of first kind, 2 
Fredholm , 2 
homogeneous, 2 
linear, 1
of second kind, 2 
singular, 2, 181 
of th ird  kind, 2 
V olterra, 2

Integral representation  formula, 
61, 7 9 ,9 8 , 119,275 

In tegral transform  m ethods, 219 
Integrodifferential equation , 37

Kernel
Carleman type, 5, 201 
complex-symmetric, 146 
complete symmetric kernel,

163, 164
degenerate, 4, 7 ff 
H erm ititan, 146 
Hilbert, 210, 215 
iterated, 26, 28, 30, 34. 148, 

223
logarithmic, 187, 204, 208, 209 
negative definite, 162, 163 
nonnegative definite, 162, 163 
nonpositive definite, 162, 163 
positive definite, 162, 163, 178 
resolvent, 10, 11 ff 
separable, see degenerate 
sym m etric, 146 ff 
truncated , 156, 158, 160,164 

K inematic viscosity, 138 
Kronccker delta, 107

£ 2-function, 3, 25, 29, 150, 160 ff 
£ 2-kernel, 3, 25, 29, 147 ff 
£ j-space , 147, 149, 150 ff 
Lagrange multipliers, 177 
Laplace equation, 97, 98, 103 ff 
Laplace transform , 68, 221-223 ff 
Laplacian, 76, 98 
Lebesgue integral, 3 
Legendre function, 108, 112-115, 

117 ff
Legendre operator, 93 
Legendre polynom ial, 153, 264, 

302
Linear independence, 4 
Linear operator, 2, 220 
Lipschitz condition, 190
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Low-Reynolds number 

hydrodynamics, 278

M aximum-minimum principle,
176

M ehler-Dirichlet integral, 264 
M ercer's theorem, 162, 163 
Meson potential, 87 
M ethod of images, 120, 123, 133 
Metric

natural, 147 
space, 147

Minkowski inequality, 5, 147 
Mixed boundary value problem,

97, 122, 237
Modified Bessel function, 127,

296

Navier-Cauchy equations, 291 
Neumann condition, 97 
Neumann problem, 101, 104, 111, 

138, 300
Neumann series, 26, 28, 29 ff 
Norm, 5, 147

Open boundaries, 104 
O perator

adjoint, 76, 202 
Bessel, 95 
bounded, 173-175 
completely continuous, 174-176 
Fredholm, 147 
Legendre, 93 
linear, 2, 220 
method, 173 
self-adjoint, 76, 92 ff 

Ordinary differential equation, 61 
Orthogonal functions, 5, 148 
Orthogonal kernels, 6 
O rthonorm al functions, 148 ff 
Oseen flow

rotary motion in, 289, 304 
steady, 238

steady-state vibrations in, 304 
translational motion in, 288

Parseval’s identity, 150, 173 
Partial differential equation, 97 

elliptic, 97 
hyperbolic, 97 
parabolic, 97

Penny shaped crack, 297, 305 
Perturbation  methods, 272 
Perturbation  param eter, 132, 247 

257, 258, 278, 283 
P icard’s method, 25 
Plemelj formulas, 192, 195, 203, 

211
Poincar6~Bertrand formula, 193, 

204
Poisson’s equation, 97, 99, 103 
Poisson’s integral formula, 111, 

120, 142
Polarization potential 

of a  circular disk, 115 
of an oblate spheroid, 115 
of a  prolate spheroid, 114 
of a sphere, 114 
of spherical cap, 267 

Pole, 191, 232 
Potential layer

double, 99, 100, 102, 106, 108, 
143, 300

single (simple), 99, 103, 104, 
129, 140

volume, 99, 129, 140 
Pressure, 137
Principal axes of resistance, 280

Radiation condition, 130, 294, 
302

Rayleigh-Ritz method, 176-179 
Regular curve, 191 
Regularity conditions, 3
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Representation formula,
see Integral representation for­

mula
Residue, 232
Resistance tensor, 279, 280 
Resolvent kernel, 10, 11 ff 
Reynolds number, 138, 288, 289 
Riemann Hilbert problem, 203 
Riemann integral, 3 
Riesz-Fischer theorem, 150, 162, 

168

Scalar product, 5 
Scattering cross section, 303 
Schrodinger equation, 87, 144 
Schwarz inequality, 5, 27, 28, 36, 

147 ff
Separable kernel, see degenerate 

kernel
Shear modulus, 132 
Shear viscosity, 282 
Sine transform, 220 
Singular integral equation, 2,

181 ff
weakly, 184 

Sonine integral, 239 
Source density, 284, 287, 291 
Spherical harmonics, 108 ff 
Square integrable function, 3 
Stokes flow

boundary effects in, 279 
longitudinal oscillations in,

281
ro ta ry  m otion in, 135-138, 282 
ro ta ry  oscillations in , 285 
steady , 134, 278 
tran s la tio n a l m otion in, 134 

S tu rm -L iouville  problem , 74, 84

T angential stress, 284 
T aylor’s theorem , 280

Test functions, 70 
Three-part boundary value prob­

lem, 240 
generalized, 253 

Torque, 139, 248, 284, 287, 288, 
290, 304

TVace of kernel, 146, 162 
Traction field, 292 
TVaction tensor, 293, 294 
Transpose, 15-18, 57-59 
TVial function, 117 
Two-part boundary value prob­

lem, 237 
generalized, 248

Variational principle, 176 
Velocity potential, 130 
Velocity vector, 134 
Virtual mass, 269 

of a circular disk, 270 
of a hemispherical bowl, 269 
of a spherical cap, 269 
of a sphere, 269 

Volterra integral equation, 2 ff

Weakly singular kernel, 184 
Wronskian, 78
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