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introduction

“Mathematics is of profound significance in the universe, not because it exhibits principles that we obey, but because it exhibits principles that we impose”

J.N.N.Sullivan.

The concept of fuzzy sets provide a natural frame work for generalizing many of the concepts of the general topology to the fuzzy topological spaces.

Zadeh [55] introduced the fuzzy sets in 1965.  Using his definition of fuzzy sets, Chang [11] has developed the theory of fuzzy topological spaces.  Lowen [28] has modified Chang’s definition, wherein he has considered all constant functions as fuzzy open sets.  Since then, various notions in general topology like separation axioms, compactness, connectedness, uniformity, proximity etc., have been generalized to fuzzy topological spaces.

In general topology, the notion of generalized closed sets (g-closed sets) was introduced by N.Levine in 1970 [2].  N.V.Velicko [50] defined two sub classes of closed set namely, -closed sets and -closed sets in 1968.

S.P.Arya and T.Nour [4] defined gs-closed sets in 1990, which were used for characterizing s-normal spaces.  Dontchev [14], Gnanambal [18] and Palaniappan and Rao [37] introduced gsp-closed sets, gpr closed sets and 
r-g-closed sets respectively.

K.K.Azad introduced fuzzy semi open, fuzzy semi closed, fuzzy regular open, fuzzy regular closed sets.  Following him many authors generalized the above concepts in general topology to the fuzzy topology. 

In this thesis, we have made an effort to study the fuzzy topological spaces with specific attention to some weaker forms of fuzzy continuous functions and closed functions.

In Chapter I, we have collected the preliminary definitions and results on various forms of open sets and closed sets on fuzzy topology.

Chapter II deals with fuzzy almost pre-continuous and fuzzy almost 
pre-generalized continuous mapping.  In this chapter, we have chosen the following articles for a detailed study:

“on fuzzy almost pre-continuous and fuzzy almost pre-generalized continuous mappings” by Anjan Mukherjee and Dipankar de [1].  The author had introduced two new classes of mappings namely fuzzy almost 
pre-continuous and fuzzy almost pre-generalized continuous mappings with the help of fuzzy pre-open sets.  In section 2.1 and 2.2, the definitions of fuzzy almost pre-continuous mapping and fuzzy almost pre-generalized continuous mapping are given with examples.  Every fuzzy almost pre-continuous mapping is a fuzzy almost pre-generalized continuous mapping, but its converse need not be true.  An important theorem proved in this section 2.2 is “A fuzzy almost pre-generalized continuous surjection image of a fuzzy 
pre-generalized compact space is fuzzy nearly compact space”.  A new separation axiom namely fuzzy pre T½-space is defined and is proved that “A fuzzy almost pre-generalized continuous mapping from a fuzzy pre T½-space to another fuzzy topological space is fuzzy almost pre-continuous mapping”.  
In this section 2.2, the notion fuzzy pre-connectedness and fuzzy 
pre-generalized connectedness are also defined.  Results connecting fuzzy pre-generalized connected space and fuzzy regular connected space are obtained.  The last two theorems give the relationships between various fuzzy continuous mappings.

Chapter III gives a detailed study of fuzzy almost semi-pre continuous and fuzzy almost semi-pre-generalized continuous mappings.  The results are taken from the article “on fuzzy almost semi-pre-continuous and fuzzy almost semi-pre-generalized continuous mappings” by Anjan Mukherjee and Pranab Kumar Deb [2].  In this chapter, two new classes of mappings namely fuzzy almost semi-pre-continuous and fuzzy almost semi-pre-generalized continuous mappings are introduced.  A new space semi-pre-T½ space in fuzzy setting is introduced.  It is seen that a mapping from a fuzzy semi-pre-T½ space to another fuzzy topological space is fuzzy almost semi-pre-continuous iff it is fuzzy almost semi-pre-generalized continuous mapping.  Also a faspc (resp. faspgc) surjection image of fuzzy semi-pre-compact (resp. fuzzy semi-pre-generalized compact) space is fuzzy nearly compact.  

In section 3.1, fuzzy almost semi-pre-continuous mapping and fuzzy almost semi-pre-generalized continuous mapping are defined with examples  Every fuzzy almost semi-pre-continuous mapping is a fuzzy almost semi-pre-generalized continuous mapping, but its converse need not be true.  In section 3.2, the relations between fuzzy almost semi-pre-continuous and fuzzy almost semi-pre-generalized continuous mappings are obtained.  A new space fuzzy semi-pre T½-space is defined.  The composition of a fuzzy semi-pre-irresolute mapping and a fuzzy almost semi-pre-generalized continuous mapping is proved to be a fuzzy almost semi-pre-continuous mapping.  Some characterization theorems for fuzzy almost semi-pre-generalized continuous mappings are obtained in terms of neighbourhoods and quasicoincidence.  The last theorem of this section brings out connection between various continuous mappings.

Section 3.3 deals with the preservation of some fuzzy topological structures under fuzzy almost semi-pre-continuous and fuzzy almost semi-pre-generalized continuous mappings.  In this section, the notions such as fuzzy semi-pre-compact, fuzzy semi-pre-generalized compact, fuzzy semi-pre-connectedness and fuzzy semi-pre-generalized connectedness are introduced.  Its proved here that when f is fuzzy almost semi-pre-generalized continuous then its graph g is so.  A characterization theorem for a space to be fuzzy semi-pre-generalized compact is obtained.

Chapter IV is devoted to the study of fuzzy generalized semi pre closed and fuzzy semi pre generalized semi pre closed functions.  In this chapter, the notions of fuzzy generalized semi-pre closed and fuzzy semi pre generalized semi pre-closed mappings are introduced and also some basic properties of these concepts are investigated.  The results are taken from the article “on fuzzy generalized semi pre closed and fuzzy semi pre generalized semi pre closed mappings” by Anjan Mukherjee and Snigdhendu Bikas Chakraborty [3].

In section 4.1, fuzzy generalized semi pre closed function is defined with the help of fuzzy generalized semi pre closed sets.  Some examples are given.  Some characterization theorems for a surjective function f to be fuzzy generalized semi pre closed are obtained.  Fuzzy generalized semi pre compact and fuzzy strongly semi pre compact are defined and their relationship is obtained in the last theorem.

In section 4.2, fuzzy semi pre generalized semi pre closed function is defined with the help of fuzzy generalized semi pre closed sets.  Some examples are given.  An important characterization theorem for a surjection function to be fuzzy semi pre generalized semi pre closed is obtained.  It is proved that the composition of a fuzzy-pre- closed and a fuzzy semi pre generalized semi pre closed mapping is a fuzzy semi pre generalized semi pre-closed function.  The last section 4.3, brings out the relations between fuzzy generalized semi pre closed and fuzzy semi pre generalized semi pre closed functions.  The last two theorems of this section deal with composition of various fuzzy closed functions.

review of literature

Among the various paradigmatic changes in science and mathematics in the 20th Century, one such change concerns the concept of uncertainty.

The fuzzy sets provide us with an intuitively pleasing method of representing one form of uncertainty.  In 1965, Zadeh [54] introduced the concept of fuzzy set theory.  This was further generalized by Goguen in [19] where he introduced L-fuzzy sets.  Algebraic properties of these sets were studied by him and De Luca and Termini [12].

Because the concept of fuzzy sets corresponds to the physical situation in which there is no precisely defined criteria for membership, fuzzy sets are having useful and increasing applications in various fields including probability theory, information theory and pattern recognition.  Thus the developments in abstract mathematics using the idea of fuzzy sets possess sound footing.  
In accordance with this, fuzzy topological spaces, fuzzy uniform spaces, 
fuzzy proximity spaces, fuzzy groups, fuzzy vector spaces, fuzzy topological 
groups and fuzzy topological vector spaces were introduced by Chang [11], 
Lowen [27], Katsaras [23], Rosenfeld [41], Katsaras and Liu [22] and 
Foster [17], respectively.

N.V.Velicko [50] defined two sub classes of closed sets, namely 
-closed sets and -closed sets in 1968.

The initiation of the study of generalized closed sets was done by Levine [26] in 1970 as he considered sets where closure belongs to every open super set.  The space in which the concepts of g-closed and closed sets coincide are called T½ spaces.

In 1987, Bhattacharya and Lahiri [7] introduced the notion of semi-generalized closed sets by replacing the closure operator in the original Levine’s definition by semi-closure operator and by replacing openness of the superset with semi-openness.  

In 1990, Arya and Nour [4] defined the notion of generalized semiclosed sets.  Although g-closed and sg-closed sets are independent notions, they both imply gs-closedness and the reverse implications fail to be always true.  They studied some of their properties and characterization of S-normal space by using semi-open sets.  It is known that normality of spaces preserved under continuous regular closed surjection and under g-closed continuous surjection.  It is also known that regularity of spaces is preserved under closed, continuous, open surjection and under g-closed, continuous open surjection.

In 1991, Sundaram [6] introduced the concepts of semi-generalized continuous maps and generalized semi-continuous maps.  In 1993, Devi, Maki and Balachandran [13] introduced sg and gs closed maps and studied some of their basic properties.  

As application, they showed that under the continuous, gs-closed surjection the image of a normal space is s-normal and that under semi-open, continuous, generalized semi-closed surjection the image of a regular space is s-regular.  Further, they characterized the class of T½-spaces by using 
gs-closed sets and semi-closed sets they investigated the relation between the product and T½-spaces.

As the study of general topology can be regarded as a special case of fuzzy topology where all fuzzy sets in question take value 0 and 1 only, several workers continued investigations in fuzzy topological spaces.

Several authors have fuzzyfied the above concepts to fuzzy topological spaces in the last two decades.

Weaker forms of continuity in topology have been considered by many workers, using the concepts of semiopen sets [25], semi closed sets [10], regular open sets and regular closed sets [15].  K.K.Azad first introduced fuzzy semi open, fuzzy semi closed, fuzzy regular open and fuzzy regular closed sets and then considered generalizations of semi continuous mapping [25], semi open mapping [9], semi closed mapping [36], almost continuous mapping [46], and weakly continuous mapping [24] in fuzzy setting.  It is observed that

(1) fuzzy continuity  fuzzy almost continuity  fuzzy weakly continuity (none is reversible) and

(2) a)
fuzzy semi continuity and fuzzy almost continuity (Theorem 7.7 of [5])

b)
fuzzy semi continuity and fuzzy weakly continuity (Theorem 8.5 
of [5]) are independent notions.


Fuzzy semi regular spaces were introduced and it was seen that in case the range space was fuzzy semiregular, the concept of fuzzy almost continuity coincides with that of fuzzy continuity (Theorem 7.9 of [5]).  Also it was seen that in case the range space was fuzzy regular space [21], the concepts of fuzzy weakly continuity and fuzzy continuity become identical (Theorem 8.9 
of [5]).

Besides many basic results related to the product of mappings and the graph of a mapping were obtained.  Some of these results obtained were seen to be generalizations of existing results in ordinary topological setting.

Many significant departures from the theory of general topology were also observed.

Wong [51] studied the product of fuzzy topological spaces.  Surprisingly it was obtained that in the fuzzy setting, the product of the closures need not be equal to the closure of the product (example 3.5 of [5]).  In order to obtain it in the affirmative, the concept of a fuzzy topological space product related to another fuzzy topological space was introduced (Definition 3.7 of [5]) and it was observed that every topological space is product related to any other topological space.  Also it is noticed (example 4.5 of [5]) that the intersection of a fuzzy open set and a fuzzy semi open set need not be a fuzzy semi open set, a contrast to the situation in general topology [5].  Another sample of departure is witnessed by (example 6.10 of [5]) which establishes that fuzzy semi continuity of a mapping need not impart fuzzy semi continuity on its graph mapping.

Anjan Mukherjee and Dipankar De [1] had introduced two new classes of mappings namely fuzzy almost pre-continuous and fuzzy almost 
pre-generalized continuous mappings with the help of fuzzy pre-open sets.  It is seen that every fuzzy almost pre-continuous mapping is fuzzy almost 
pre-generalized continuous but the converse is not true.  They showed 
that a fuzzy almost pre-generalized continuous mapping from a fuzzy 
pre-generalized T½-space to another fuzzy topological space is fuzzy almost pre-continuous mapping.  Lastly some preservation properties of fuzzy topological spaces are to be studied under these mappings.

Anjan Mukherjee and Pranab Kumar Deb [2] had introduced two new classes of mappings namely fuzzy almost semi-pre-continuous (faspc) and fuzzy almost semi pre generalized continuous (faspgc) mappings.  They also introduced semi-pre-T½ space in fuzzy setting.  It is seen that a mapping from a fuzzy semi-pre-T½ space to another fuzzy topological space is faspc iff it is faspgc maping.  Also a faspc (resp. faspgc) surjection image of fuzzy semi-pre-compact (resp. fuzzy semi-pre-generalized compact) space is fuzzy nearly compact.

Anjan Mukherjee and Snigdhendu Bikas Chakraborty [3] had introduced the concepts of fuzzy generalized semi pre closed and fuzzy semi pre generalized semi pre closed functions.  They also investigate some basic properties of these concepts.

chapter – i
preliminaries and definitions
Section – 1.1
results in fuzzy topology
Definition: 1.1.1

Let X be a non-empty set and I be the unit interval [0, 1].  A fuzzy set f in X is a function with domain X and value in I, that is an element of IX.

Let f, g IX. we define the following sets.

(i) f includes g(i.e., g f) by g(x)f(x), for every xX.

(ii) f = g by f(x) = g(x), for each xX.

(iii) fgIX by (fg)(x) = min{f(x), g(x)},   for each xX.

(iv) fgIX by (fg)(x) = max{f(x), g(x)},   for each xX.

(v) f'IX by f'(x) = 1–f(x), for each xX.

the complement of a fuzzy set f is denoted by f'.
Definition:  1.1.2


let I be an indexed set and let {f/I} be a family of fuzzy set in X.  Then the union and intersection are defined, respectively, as follows:


(
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Î

Ú

a

f)(x)
=
sup{f(x) / I}, xX


(
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f)(x)
=
inf{f(x) / I}, xX.

Definition:  1.1.3


let f : X  [0, 1] be a fuzzy set.  Then the support of f is defined by supp f = {xX / f(x) > 0}.

Definition:  1.1.4 (Chang [11])

A fuzzy topology on a set X is a collection  of fuzzy sets in X such that 

(i)
0, 1
(ii)
f  g  whenever f, g and

(iii)
{f/I} whenever f(I).


the pair (X, ) is called a chang fuzzy topological space.  Every member of  is called a -open fuzzy set (or simply open fuzzy set).  The complement of a -open fuzzy set is called a -closed fuzzy set (or simply closed fuzzy set).

Definition:  1.1.5


Let f be a fuzzy set in fuzzy topological space (X, ).  The closure f and interior f0 of f are defined, respectively, by


f   =  {g : g f, g'}

and
f0  =  {g : g  f, g}.

Definition:  1.1.6


Let  be a fuzzy topology.  A subfamily B of  is a base for  iff each member of  can be expressed as the union of some members of B.


A subfamily S of  is a subbase for  iff the family of finite intersections of members of S form a base for .


Members of  are called the basic fuzzy open sets.

Definition:  1.1.7


A fuzzy set in X is called a fuzzy point iff it takes the value 0 for all yX except one, say xX.  If its value at x is (0   1).  We denote this fuzzy point by x, where the point x is called its support.

A fuzzy point with value 1 is called a fuzzy crisp point and is denoted by x1.

Definition:  1.1.8


A fuzzy point in x is said to be contained in a fuzzy set f, or to belong to f, denoted by xf, iff f(x).

Proposition:  1.1.9


A fuzzy set f in X is the union of all its fuzzy points.

Definition:  1.1.10


A fuzzy point x is said to be quasi-coincident (q-coincident, in short) with f, denoted by xqf, iff f'(x), or +f(x) > 1.

Definition:  1.1.11


f is said to be quasi-coincident with g, denoted by fqg, iff there exists xX such that f(x) > g'(x), or f(x) +g(x) > 1.

Remark:  1.1.12


It is clear that if f and g are quasi-coincident (with each other) at x, both f(x) and g(x) are not zero and hence f and g intersect at x.

A fuzzy set f is not quasi-coincident with a fuzzy set g denoted by fqg iff for every xX, f(x) +g(x)  1.

Definition:  1.1.13


Let f be a function from X to Y.  Let g be a fuzzy set in Y.  Then the inverse image of g or preimage of g written as f-1(g) is a fuzzy set in X defined by


f-1(g)(x) = g(f(x)), for all xX.

Definition:  1.1.14


Let A be a fuzzy set in X.  The image of A, written as f(A) is a fuzzy set in Y defined by


f(A)(y)
= 
[image: image3.wmf])

(

1

sup

y

f

z

-

Î

A(z), 
if f-1(y)   



=
0,
otherwise

for all yY, where f-1(y) = {x / f(x) = y}

Result: 1.1.15

Results connecting inverse images and images of fuzzy set

(1)
f-1(Bc) = (f-1(B))c, for every fuzzy set B in Y

(2)
ff-1(B)  B, for every fuzzy set B in Y

(3)
A  f-1(f(A)), for every fuzzy set A in X.

(4)
A1 A2  f(A1)  f(A2), where A1 and A2 are fuzzy sets in X.

Lemma: 1.1.16

The closure of a fuzzy open set is a fuzzy regular closed set.

Proof:


Let  be a fuzzy open set of  a fuzzy space X.

Clearly, int cl   cl implies that


cl int cl()  cl cl = cl
now, is open  = int()  int cl

  (cl)  cl int(cl).

Thus cl is a regular closed set.

Section - 1.2
various forms of open sets and closed sets
Definition: 1.2.1

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy semiopen set if  cl(int()).

Definition: 1.2.2

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy semiclosed set if int(cl()) .
Definition: 1.2.3

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy pre-open set if  int(cl()).
Definition: 1.2.4

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy pre-closed set if cl(int()) .
Definition: 1.2.5

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy 
-open set if  int(cl(int())).
Definition: 1.2.6

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy 
-closed set if cl(int(cl())) .
Definition: 1.2.7

A fuzzy subset  in a fuzzy topological space (X, ) is called a 
fuzzy semi-pre-open set if  cl int cl.  It is also called a fuzzy -open set.
Definition: 1.2.8

A fuzzy subset  in a fuzzy topological space (X, ) is called a 
fuzzy semi-pre-closed set if int cl int.  It is also called a fuzzy -closed set.
Definition: 1.2.9

A fuzzy subset  in a fuzzy topological space (X, ) is called a 
fuzzy regular open set if int(cl) = .
Definition: 1.2.10

A fuzzy subset  in a fuzzy topological space (X, ) is called a 
fuzzy regular closed set if cl(int) = .

Definition: 1.2.11

A fuzzy subset A of a fuzzy topological space (X, ) is called a 
fuzzy generalized open if B int(A) whenever B  A and B is fuzzy closed in X.

Definition: 1.2.12

A fuzzy subset A of a fuzzy topological space (X, ) is called a 
fuzzy generalized closed if  cl(A)B whenever A  B and B is fuzzy open.
Definition: 1.2.13

A fuzzy subset A of a fuzzy topological space (X, ) is called fuzzy generalized semi open if  Bsint(A) whenever B  A and B is fuzzy closed in X.
Definition: 1.2.14

A fuzzy subset A of a fuzzy topological space (X, ) is called fuzzy generalized semi closed if  scl(A)B whenever A  B and B is fuzzy open.
Definition: 1.2.15

A fuzzy subset A of a fuzzy topological space (X, ) is called a fuzzy generalized semi-pre-open set if  Bspint(A) whenever B  A and B is fuzzy closed in X.
Definition: 1.2.16

A fuzzy subset A of a fuzzy topological space (X, ) is called a fuzzy generalized semi-pre-closed if spcl(A)  B whenever A  B and B is fuzzy open in X.
Definition: 1.2.17

A fuzzy subset A of a fuzzy topological space (X, ) is said to be fuzzy pre-generalized open if   pcl(A) whenever   A and  is fuzzy pre-closed in X.
Definition: 1.2.18

A fuzzy subset A of a fuzzy topological space (X, ) is said to be fuzzy pre-generalized closed if pcl(A)   whenever A   and  is fuzzy 
pre-open in X.
Definition: 1.2.19

The fuzzy pre-generalized closure and fuzzy pre-generalized interior of a fuzzy subset  of a fuzzy topological space (X, ) will be denoted by Fpgcl() and Fpginf() respectively where,

Fpgcl()  =  inf{;  and  is fuzzy pre-generalized closed}

Fpginf() =  sup{;  and  is fuzzy pre-generalized open}

Definition: 1.2.20

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy semi-pre-generalized open set if   spint  whenever    and  is fuzzy 
semi-pre-closed in X.
Definition: 1.2.21

A fuzzy subset  in a fuzzy topological space (X, ) is called a fuzzy semi-pre-generalized closed set if spcl   whenever    and  is fuzzy 
semi-pre-open in X.
Definition: 1.2.22

The fuzzy semi-pre-generalized interior and fuzzy semi-pre-generalized closure of a fuzzy subset  of fuzzy topological space (X, ) is defined as 

Fspginf   =  sup{;  and  is fuzzy semi-pre-generalized open}

Fspgcl    =  inf{;  and  is fuzzy semi-pre-generalized closed}

Se​ction - 1.3
various fuzzy topological spaces
Definition: 1.3.1

A family A of fuzzy sets is a cover of a fuzzy set B iff B  U{A/AA}.  It is an open cover iff each member of A is an open fuzzy set.  A subcover of A is a subfamily of A which is also a cover.

A fuzzy topological space (X, ) is compact iff each open cover has a finite subcover.

Definition: 1.3.2

A fuzzy topological space (X, ) is said to be fuzzy nearly compact iff every fuzzy regular open cover of X has a finite subcover.

Definition: 1.3.3

A fuzzy topological space (X, ) is said to be fuzzy generalized 
semi-pre compact if every fuzzy generalized semi-pre open cover of X has a finite subcover.

Definition: 1.3.4

A fuzzy topological space (X, ) is called fuzzy regular connected if there is no proper fuzzy set of X which is both fuzzy regular open and fuzzy regular closed.

Definition: 1.3.5

A fuzzy topological space is called fuzzy T½ space if every fuzzy generalized closed set in it is fuzzy closed.

Definition: 1.3.6

A fuzzy topological space is called fuzzy semi-T½ space if every fuzzy semi generalized closed set in it is fuzzy semi closed.

Section - 1.4
various mappings in fuzzy topological spaces
Definition: 1.4.1

Let θ be a function from a fuzzy topological space (X, 1) to a fuzzy topological space (Y, 2).  Then, θ is said to be fuzzy continuous iff the inverse image of each 2-open (2-closed) fuzzy set is 1-open (1-closed).

Definition: 1.4.2

θ is called fuzzy open iff the image of each 1-open fuzzy set is 
2-open.  θ is called fuzzy closed iff the image of each 1-closed fuzzy set is 
2-closed.

Definition: 1.4.3

The product θ1  θ2 : X1  X2  Y1 Y2 of mappings θ1 : X1  Y1 
and θ2 : X2  Y2 is defined by (θ1  θ2)(x1, x2) = (θ1(x1), θ2(x2)) for each 
(x1, x2)  X1  X2.

Definition: 1.4.4

For mapping θi : Xi  Yi and fuzzy sets fi of Yi, i = 1, 2 ; we have 
(θ1  θ2)-1(f1  f2) = θ1-1(f1)  θ2-1(f 2).

Definition: 1.4.5

Let θ : X  Y and  : Y  Z be mappings and let f be a fuzzy set of X, then (θ(f)) = (o θ)(f).

Definition: 1.4.6

The product θ1  θ2 : X1  X2  Y1 Y2 of fuzzy continuous mappings 
θ1 : X1  Y1 and θ2 : X2  Y2 is a fuzzy continuous mapping.

Definition: 1.4.7

The composition (o θ) : X  Z of fuzzy closed (open) mapping 
θ : X  Y and   : Y  Z is also called a fuzzy closed (open) mapping.

Definition: 1.4.8

If θ1 : X  X1 and θ2 : X  X2 are fuzzy continuous mappings then the mapping (θ1, θ2) : X  X1  X2 defined by (θ1, θ2)(x) = (θ1(x1), θ2(x2)), for each xX, is fuzzy continuous.

Definition: 1.4.9

For a mapping f : X  Y, the graph of f is defined by g : X  XY 
[image: image4.wmf]'

 g(x) = (x, f(x)), xX.

Definition: 1.4.10

Let f and g be fuzzy sets in X and Y, respectively.  The Cartesian product f  g of f and g is a fuzzy set X  Y defined by

(f g)(x, y) = inf{f(x), g(x)}, (x, y)  XY.

This definition can be easily extended to arbitrary Cartesian products.

Definition: 1.4.11

Let {(xi, i), iI} be a family of fuzzy topological space and let X = 
[image: image5.wmf]i

P

Xi be the cartesian product of Xi’s.  The fuzzy product topology 
[image: image6.wmf]i
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i on X 
is the smallest fuzzy topology on X (it exists) which makes each projection 
pi : X  (xi, i), iI, fuzzy continuous.

Definition: 1.4.12

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy pre-continuous if f-1() is fuzzy 
pre-open subset of X for every fuzzy open set  of Y.

Definition: 1.4.13

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy almost continuous if f-1() for every fuzzy regular open set  of Y.

Definition: 1.4.14

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy completely continuous if f-1() is fuzzy regular open subset of X for every fuzzy open set  of Y.

Definition: 1.4.15

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy R-mapping if f-1() is fuzzy regular open in X for every fuzzy regular open set  of Y.

Definition: 1.4.16

A mapping f : X  Y is said to be fuzzy -irresolute if inverse image of every fuzzy semi pre closed set of Y is fuzzy semi pre closed in x.

Definition: 1.4.17

A mapping f : X  Y is said to be fuzzy-pre--closed if f(A) is fuzzy semi pre-closed in Y for every fuzzy semi-pre-closed A of X.

Definition: 1.4.18

A mapping f : X  Y is said to be fuzzy semi pre closed if the image of each fuzzy closed subset of X is fuzzy semi pre closed set of Y.

Definition: 1.4.19

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy semi-pre-irresolute if f-1() is fuzzy semi-pre-open subset of X, for every fuzzy semi-pre-open set  of Y.

Definition: 1.4.20

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy pre-generalized continuous if 
f-1() is fuzzy pre-generalized open subset of X for every fuzzy open set  of Y.

Definition: 1.4.21

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy almost completely 
pre-continuous if f-1() is fuzzy regular pre-open subset of X, for every fuzzy regular open set  of Y.

Definition: 1.4.22

A mapping f from a fuzzy topological space (X, ) to another fuzzy topological space (Y, ) is said to be fuzzy semi-pre-generalized continuous if f-1() is fuzzy semi-pre-generalized open subset of X for every fuzzy open set  of Y.

Definition: 1.4.23

Let f : (X, X)  (Y, Y) be a mapping from fuzzy space to another fuzzy space Y then f is called a fuzzy semi continuous mapping, if f-1() is a fuzzy semi open set of X, for each Y.

Remark: 1.4.24

A fuzzy continuous mapping is also a fuzzy semi continuous.

Example: 1.4.25

A fuzzy semi continuous mapping need not be a fuzzy continuous mapping.

Remark: 1.4.26

A fuzzy continuous mapping is a fuzzy almost continuous mapping but the converse need not be true.

A fuzzy almost continuous mapping need not be a fuzzy semicontinuous mapping.

Theorem: 1.4.27

Fuzzy semicontinuity and fuzzy almost continuity are independent notions.

chapter - iI

on fuzzy almost pre-continuous and fuzzy almost pre-generalized continuous mappings

This chapter deals with fuzzy almost pre-continuous and fuzzy almost pre-generalized continuous mappings.  Many interesting properties are proved.  A new class namely fuzzy pre-T½ space is introduced.

Section - 2.1
fuzzy almost pre-continuous mappings
Definition: 2.1.1

A mapping f : (X, (Y, ) from fuzzy topological space (X,) to another fuzzy topological space(Y, ) is said to be fuzzy almost 
pre-continuous if f-1() is fuzzy pre-open in X for every regular open set 
of Y.


Equivalently f is said to be fuzzy almost pre-continuous if f-1() is fuzzy pre-closed in X, for every fuzzy regular closed set of Y.

Example: 2.1.2


Consider the fuzzy sets 1 and 2 of I.



1(x) =
0 ,
0  x 



2x-1 ,
      x 1
and

2(x) =
1 ,
0  x 



-4x+2,
      x 



0 ,
      x 1
then we have,

1'(x)  =  1 - 1(x)  



1'(x) =
1 ,
0  x 



2-2x,
      x 1
Similarly,   2'(x) =
0 ,
0  x 



4x-1,
      x 



1 ,
      x 1
(1  2)(x) = max{1(x), 2(x)} 

=
1 ,
0  x 



-4x+2,
      x 



2x-1 ,
      x 1

(1  2)(x) = min{1(x), 2(x)} = 0.


(1'  2')(x) =  min{1'(x), 2'(x)}  = 
0 ,
0  x 





4x-1,
      x 





2-2x ,
      x 1
Let F1 =  {0I, 1',1I} and F2 =  {0I, 1, 2,1 2,1I} are two fuzzy topologies on I.

Consider the mapping f : (I, F1)  (I, F2) defined as f(x) =        , xI.
xX, 
f-1(0)(x)
=  0(f(x))  =  0    f-1(0)  =  0

xX,
f-1(1)(x)
=  1(f(x))  =  1    f-1(1)  = 1


f-1(1)(x)
=  1(f(x))



=
1

for 0  x , 1          = 0


for         x 1, 1          = 0


f-1(1) = 0.

f-1(2)(x)
=  2(f(x)) = 2

For 0  x , 2           =  1


For         x 1, 2           =  - 4          + 2  =  2 – 2x



f-1(2)(x)
=
1 ,
    0  x 



2-2x,
      x 

f-1(2) =  1'
Claim 1:  1 and 2 are fuzzy regular open in (I, F2)
F2C    =  {1I, 1', 2', 1'  2', 0I}

cl(1) =  intersection of all closed sets containing 1.


=  2'
int(cl 1) = int(2') = union of all open sets contained in 2'



= 1
(i.e) int(cl 1)  = 1

1 is fuzzy regular open in (I, F2)
[By definition 1.2.9]
Similarly,

cl(2)
=
Intersection of all closed sets containing 2

=
1'
int cl(2) = int(1') = union of all open sets contained in 1'.



= 2

int (cl 2)
=
2

2 is fuzzy regular open in (I, F2)
[By definition 1.2.9]
Also 0i, 1I are fuzzy regular open in (I, F2).

Claim 2:  1' is fuzzy pre-open in (I, F1)
F1C    =  {1I, 1, 0I}

cl(1') = 1


int(cl(1')) = int 1 = 1


1'  1  =  int cl 1'
(i.e)
1'  int (cl 1')


1' is fuzzy pre-open in (I, F1)
[By definition 1.2.3]

Also 0I, 1I are fuzzy pre-open in (I, F1).


0I, 1I, 1' are fuzzy pre-open in (I, F1).


Thus the inverse images of 0I, 1, 2, 1I which are fuzzy regular open in (I, F2) are fuzzy pre-open in (I, F1).

Therefore f : (I, F1) (I, F2) is fuzzy almost pre-continuous [By definition 2.1.1].

Section - 2.2
fuzzy almost pre-generalized continuous functions

Definition: 2.2.1

A mapping f : (X, (Y, ) from a fuzzy topological space (X,) to another fuzzy topological space(Y, ) is said to be fuzzy almost 
pre-generalized continuous if f-1() is fuzzy pre-generalized open in X for every fuzzy regular open set of Y.


Equivalently f is said to be fuzzy almost pre-generalized continuous if f-1() is fuzzy pre-generalized closed in X, for every fuzzy regular closed set of Y.

Example: 2.2.2


Consider the fuzzy sets 1 and 2 of I.



1(x) =
0 ,
0  x 



2x-1 ,
      x 1



2(x) =
1 ,
0  x 



-4x+2,
      x 



0 ,
      x 1
then we have,



1'(x) =
1 ,
0  x 



2-2x,
      x 1
         2'(x) =
0 ,
0  x 



4x-1,
      x 



1 ,
      x 1
(1  2)(x) = max{1(x), 2(x)} 



=
1 ,
0  x 



-4x+2,
      x 



2x-1 ,
      x 1

(1  2)(x) =  0



(1  1')(x)  = 
1 ,
0  x 




2x-1,
      x 1

(1  1')(x)  = 
0 ,
0  x 




2-2x,
      x 1
Let F1 =  {0I, 1, 1I} and F3 =  {0I, 1, 1',1I}  are two fuzzy topologies on I.

Consider the mapping f : (I, F1)  (I, F3) defined as f(x) =        , xI.
xX, 
f-1(0)(x)
=  0(f(x))  =  0    f-1(0)  =  0

xX,
f-1(1)(x)
=  1(f(x))  =  1    f-1(1)  =  1.


for 0  x  1, f-1(1) (x) =  1(f(x)) = 0   f-1(1)  =  0.


for 0  x  1, f-1(1') (x) =  1'(f(x)) = 1   f-1(1')  =  1.

Claim 1:  1 and 1' are fuzzy regular open in (I, F3).

As F3  =  {0I, 1, 1', 1I}, then F3c  =  {1I, 1', 1, 0I} are closed sets.

the open sets coincide with closed set.


int(cl1)  = int(1) = 1.

(i.e.)
int(cl1)  = 1.


1 is fuzzy regular open in (I, F3).

Similarly, 1' is also fuzzy regular open in (I, F3).
Also, 0I, 1I are fuzzy regular open in (I, F3).
Also, 0I, 1I are fuzzy pre-generalized open in (I, F1).

Thus the inverse images of 0I, 1I, 1, 1' which are fuzzy regular open in (I, F3) are fuzzy pre-generalized open in (I, F1).


Therefore f : (I, F1) (I, F3) is fuzzy almost pre-generalized continuous mapping [By definition 2.2.1].

Remark: 2.2.3


Every fuzzy almost pre-continuous mapping is a fuzzy almost 
pre-generalized continuous mapping, but its converse need not be true.


This follows from the fact that every fuzzy pre-open set is fuzzy 
pre-generalized open set, but the converse is not true.
Definition: 2.2.4


A fuzzy topological space (X,) is fuzzy pre-compact iff each fuzzy pre-open cover has a finite subcover.

Definition: 2.2.5


A fuzzy topological space (X,) is said to be fuzzy pre-generalized compact if every fuzzy pre-generalized open cover of X has a finite subcover.

Theorem: 2.2.6
 A fuzzy almost pre-generalized continuous surjection image of a fuzzy 
pre-generalized compact space is a fuzzy nearly compact space.

Proof:

Let f: (X,) (Y, ) be a fuzzy almost pre-generalized continuous mapping from a fuzzy pre-generalized compact space (X,)onto a fuzzy topological space (Y, ).

Let A = {i}iΛ be a fuzzy regular open cover of Y.
Since f is a fuzzy almost pre-generalized continuous map, 

each f-1(i) is a fuzzy pre-generalized open set in X.


Consider A' = {f-1(i)/iA} 

Since f is onto, A' covers X as A covers Y.

Since X is fuzzy pre-generalized compact, and by definition (2.2.5) we have A' has a finite subcover B' (say)

(i.e.,) 
B' = { f-1(1), f-1(2), ………., f-1(n)}

Let B = {1, 2, ………., n}.

Since f is one-one and onto, 

B' covers X  B covers Y.

Since B  A,


Y has a finite fuzzy regular open subcover for A.
 
Y is fuzzy nearly compact space.

Definition: 2.2.7


A fuzzy topological space (X,) is said to be fuzzy pre T½-space if every fuzzy pre-generalized closed set in X is fuzzy almost pre-closed.

Theorem: 2.2.8


A mapping f: (X,) (Y, ) from a fuzzy pre-T½-space (X,) to another fuzzy topological space (Y, ) is a fuzzy almost pre-generalized continuous mapping, then f is a fuzzy almost pre-continuous mapping.

Proof:

Let f: (X,) (Y, ) be a fuzzy almost pre-generalized continuous mapping, where (X,)is fuzzy pre-T½-space.


Let be any fuzzy regular closed set in Y.
Since f is a fuzzy almost pre-generalized continuous map, 

we get f-1() is a fuzzy pre-generalized closed set in X.   [By Definition 2.2.1].

Since X is fuzzy pre-T½-space, we get f-1() is fuzzy almost pre-closed in X.


f-1() is fuzzy pre-closed set in X.

f is a fuzzy almost pre-continuous mapping.  [By definition 2.1.1].

Definition:  2.2.9 

A fuzzy topological space (X,)is called fuzzy pre-connected if there is no proper fuzzy set of X which is both fuzzy pre-open and fuzzy pre-closed.

Definition: 2.2.10


A fuzzy topological space (X,)is called fuzzy pre-generalized connected if there is no proper fuzzy set of X which is both fuzzy 
pre-generalized open and fuzzy pre-generalized closed.

Theorem: 2.2.11


If f: (X,) (Y, ) be a fuzzy almost pre-generalized continuous surjection and X is fuzzy pre-generalized connected then Y is fuzzy regular connected.

Proof:


Let f: (X,) (Y, ) be a fuzzy almost pre-generalized continuous onto map, where X is fuzzy pre-generalized connected.


Suppose Y is not fuzzy regular connected, and by def (1.3.4), there exists a proper fuzzy set  of Y which is both fuzzy regular open and fuzzy regular closed.


Since f is a fuzzy almost pre-generalized continuous onto map,


f-1 () is a proper fuzzy subset of X which is both fuzzy pre-generalized open and fuzzy pre-generalized closed and hence X is not fuzzy 
pre-generalized connected.


which is a contradiction to our assumption.


Y is fuzzy regular connected.

Theorem: 2.2.12


If f: (X,) (Y, ) is a fuzzy almost pre-generalized continuous mapping then f(Fpgcl((cl(intf()), for every fuzzy set of X.

Proof:

Let f: (X,) (Y, ) be a fuzzy almost pre-generalized continuous map.

Let  be a fuzzy set of X.  

Consider f(), a fuzzy set in Y, then int f() is fuzzy open in Y.  

by using lemma (1.1.16),

cl(int f() is a fuzzy regular closed set of Y.


f()cl(int f()

 f-1 (clint f()
(1)

f is a fuzzy almost pre-generalized continuous map,

 
f-1 (cl(int f() is fuzzy pre-generalized closed in X.


(1)   Fpgcl(Fpgcl (f-1(cl(intf())) = f-1(cl(intf()) 
[By (1)]


f(Fpgcl(cl(int f().

Theorem:  2.2.13

(a) If f : (X,) (Y, ) is a fuzzy almost pre-generalized continuous mapping and g : (Y, ) (Z, ) is a fuzzy completely continuous mapping then gof : (X,) (Z, ) is a fuzzy pre-generalized continuous.

(b) If f: (X,) (Y, ) is a fuzzy almost pre-generalized continuous mapping and g: (Y, ) (Z, ) is a fuzzy R-mapping then g○f: (X,) (Z, ) is a fuzzy almost pre-generalized continuous mapping.

(c) If f: (X,) (Y, ) is a fuzzy pre-generalized continuous mapping and 
g : (Y, ) (Z, ) is a fuzzy almost continuous mapping then 
g○f : (X, ) (Z, ) is a fuzzy almost pre-generalized continuous mapping.

Proof:

Proof of (a):


Let f : (X,) (Y, ) be a fuzzy almost pre-generalized continuous mapping and g : (Y, ) (Z, ) be a fuzzy completely continuous map.

Let  be a fuzzy open set in (Z, ).

g is fuzzy completely continuous  g-1() is fuzzy regular open in Y.

f is fuzzy almost pre-generalized continuous  f-1(g-1()) is a fuzzy 
pre-generalized open set in X.

  (gof-1is a fuzzy pre-generalized open set in X, for a fuzzy open set Z.


gof is a fuzzy pre-generalized continuous mapping from X to Z.

Proof of (b):

Let f : (X,) (Y, ) be a fuzzy almost pre-generalized continuous mapping and g : (Y, ) (Z, ) be a fuzzy R-mapping.

Let  be a fuzzy regular open set in Z.

g is a fuzzy R-mapping  g-1() is a fuzzy regular open set in Y.

f is a fuzzy almost pre-generalized continuous mapping  f-1(g-1()) is a fuzzy pre-generalized open set in X.

 
(gof-1is a fuzzy pre-generalized open set in X.


gof is a fuzzy almost pre-generalized continuous mapping.

Proof of (c):
Let f: (X,) (Y, ) be a fuzzy pre-generalized continuous mapping and g : (Y, ) (Z, ) be fuzzy almost continuous.


Let  be a fuzzy regular open set in Z.

g is fuzzy almost continuous  g-1() is fuzzy open in Y.

f is fuzzy pre-generalized continuous  f-1(g-1()) is fuzzy pre-generalized open in X.

 
(gof-1is fuzzy pre-generalized open in X for a fuzzy regular open set in z.


gof is a fuzzy almost pre-generalized continuous mapping from X to Z.

Theorem:  2.2.14

If f: (X,) (Y, ) is a mapping from fuzzy topological space (X,) to another fuzzy topological space (Y, ) then the following statements are equivalent:

a) f: (X,) (Y, ) is a fuzzy almost pre-generalized continuous mapping.

b) f: (X,) (Y, R) is a fuzzy pre-generalized continuous mapping.

c) f: (X,pg) (Y, ) is a fuzzy almost continuous mapping.

d) f: (X,pg) (Y, R) is a fuzzy continuous mapping, where R be a fuzzy topology on Y which is fuzzy regular of sets as a sub base and pg  be a fuzzy topology on X which is fuzzy pre-generalized open sets as a sub base.

Proof: 

To prove:  d c

Let f: (X,pg) (Y, R) be a fuzzy continuous mapping and  is any fuzzy regular -open set in Y, then R.

f is fuzzy continuous mapping, 


f-1() pg.

(i.e) 
f-1() is fuzzy pg –open.

Hence f : (X,pg) (Y, ) is a fuzzy almost continuous mapping 
[By definition 1.4.13].

Thus d c.

To prove:  c b


Let f: (X,pg) (Y, ) be a fuzzy almost continuous mapping and  be any fuzzy regular -open set.

f is a fuzzy almost continuous map, 


f-1() pg.

(i.e) 
f-1() is fuzzy pre-generalized –open.

Hence f: (X,) (Y, R) is a fuzzy pre-generalized continuous mapping [By definition 1.4.20].

Thus c b.

To prove:  b a


Let f : (X,) (Y, R) be a fuzzy pre-generalized continuous mapping and R.

f is a fuzzy pre-generalized continuous map,


f-1() is fuzzy pre-generalized -open.
(i.e) 
The inverse image of a fuzzy regular -open set is a fuzzy 
pre-generalized –open set.

Hence f : (X,) (Y, ) is a fuzzy almost pre-generalized continuous mapping [By definition 2.2.1].

Thus b a.

To prove:  a d


Let f:(X,) (Y, ) be a fuzzy almost pre-generalized continuous mapping and be any fuzzy regular -open set, then R.

f is a fuzzy almost pre-generalized continuous mapping,


f-1() is fuzzy pre-generalized -open.

(i.e) 
f-1() pg.

Hence f : (X,pg) (Y, R) is a fuzzy continuous mapping.

Thus a d.

 
(a), (b), (c), (d) are equivalent.

chapter - iII
on fuzzy almost semi-pre-continuous and fuzzy almost semi-pre-generalized continuous mappings

This chapter deals with fuzzy almost semi pre-continuous and fuzzy almost semi pre-generalized continuous mappings.  Many interesting properties are proved.  A new class namely fuzzy semi pre-T½ space is introduced.

Section - 3.1
fuzzy almost semi-pre-continuous mappings
Definition: 3.1.1

A mapping f from a fuzzy topological space (X,to another fuzzy topological space (Y, ) is said to be fuzzy almost Semi-Pre-Continuous iff the inverse image of every fuzzy regular open set of Y is fuzzy Semi-Pre-open 
in X.


Equivalently, f is said to be fuzzy almost Semi-Pre-Continuous iff the inverse image of every fuzzy regular closed set of Y is fuzzy Semi-Pre-closed in X.

Example: 3.1.2


Let 1, 2 be fuzzy sets of I = [0, 1] defined by



1(x) =
0 ,
0  x 



2x-1 ,
      x 1
and

2(x) =
1 ,
0  x 



-4x+2,
      x 



0 ,
      x 1
then we have,

1'(x)  =  1 - 1(x)  



1'(x) =
1 ,
0  x 



2-2x,
      x 1
Similarly, 2'(x)  =  1 - 2(x) 



2'(x) =
0 ,
0  x 



4x-1,
      x 



1 ,
      x 1 

(1  2)(x) = max{1(x), 2(x)}=

1 ,

0  x 





-4x+2,
      x 





2x-1 ,
  
      x 1

= {0I, 1, 2,1 2, 1I} and  = {0I, 1, 1',1I} are fuzzy topologies on I.

Consider the mapping f : (I, )  (I, ) defined as f(x) = min(2x, 1), xI.
Then
f-1(0)(x)
=  f(0(y))  =  f(0)  =  0    f-1(0)  =  0


f-1(1)(x)
=  f(1(y))  =  f(1)  =  1    f-1(1)  =  1


f-1(1)(x)
=  1(f(x))



=  1(min(2x, 1))



=

0 ,
    0  x 



4x-1,
      x 



1 ,
      x 1

f-1(1)
=  2'.


f-1(1')(x) = 1'f(x)



=
1'(min(2x, 1))



=
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
f-1(1')
=  2.

As = {0I, 1, 1',1I} and the closed sets in Y are {1I, 1, 1',0I}.


The opensets coincide with closed sets.


int cl() = int() =  (since cl =  and int  = , )

Hence we get, 
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, 1, 1' are fuzzy regular open in (I, ) [By definition 1.2.9]

Hence = {
[image: image12.wmf]I
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, 1, 2,12, 
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} and their closed sets are 
{
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, 1', 2',1' 2', 
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}.

Again we see in  that

cl(2)
=
intersection of all closed sets containing 2.


=
1'.
cl(1)
=
intersection of all closed sets containing 1.


=
2'.
cl(2')
=
2' (
[image: image16.wmf]Q

2' is closed with respect to )

Therefore,

int cl(2)
=
int(1')
=
Union of all open sets contained in 1'.





=
2

int cl(2)
=
2

cl(int cl(2))
=
cl(2) = 1' 2

2   cl int cl(2)

Similarly,

intcl(2')
=
int(2')
=
Union of all open sets contained in 2'.





=
1

cl int cl(2)
=
cl(1) = 2' 2'

2'   cl int cl(2')


2   cl int cl(2)

and 2'   cl int cl(2').


Hence 2 and 2' are fuzzy semi-pre-open in (I, ) [By definition 1.2.7]

Also 0I, 
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~

 are fuzzy semi-pre-open in (I, ).


0I, 
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1

~

, 2, 2' are fuzzy semi-pre-open in (I, ).


Thus the inverse images of 
[image: image19.wmf]I
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, 1, 1', 
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 which are fuzzy regular open in (I, ) are fuzzy semi-pre-open in (I, ).


Therefore f : (I,) (I, ) is fuzzy almost semi-pre-continuous.
Definition: 3.1.3


A mapping f: (X,) (Y, ) from a fuzzy topological space (X,)to another fuzzy topological space (Y, )is said to be fuzzy almost Semi-Pre-generalized Continuous iff the inverse image of every fuzzy regular open set of Y is fuzzy Semi-Pre- generalized open in X

Equivalently, f is said to be fuzzy almost Semi-Pre-generalized Continuous iff the inverse image of every fuzzy regular closed set of Y is fuzzy Semi-Pre-generalized closed in X.

Remark: 3.1.4


Every fuzzy almost Semi-Pre-Continuous mapping is a fuzzy almost Semi-Pre-generalized continuous mapping, but its converse need not be true.


This follows from the fact that every fuzzy Semi-pre-open set is fuzzy Semi-pre-generalized open set, but the converse is not true.

Section - 3.2
relations between fuzzy almost semi-pre-continuous and fuzzy almost semi-pre-generalized continuous mappings

Definition: 3.2.1 
A fuzzy topological space (X,)is said to be fuzzy  semi-pre-T1/2 space if every fuzzy Semi-pre-generalized closed set in X is fuzzy semi-pre-closed.

Theorem: 3.2.2

A mapping from a fuzzy semi-pre-T1/2 space to another fuzzy topological space is fuzzy almost Semi-pre-continuous iff it is fuzzy almost Semi-pre-generalized continuous mapping.

Proof:

Consider a mapping f: (X,) (Y, ) where (X,is fuzzy Semi-pre-T1/2 space.

Let f: (X, ) (Y, ) be a fuzzy almost Semi-pre-continuous map.


Let be any fuzzy regular closed set in Y.
Then f-1() is fuzzy Semi-pre-closed in X [By Definition 3.1.1].


f-1() is fuzzy Semi-pre-generalized closed set in X.

f is a fuzzy almost semi-pre-generalized continuous mapping.

Conversely,


Assume that f is a fuzzy almost semi-pre-generalized continuous mapping.


Let be any fuzzy regular closed set in Y.

Then f-1() is fuzzy semi-pre-generalized closed in X [By Definition 3.1.3].

Since X is fuzzy Semi-pre- T1/2 space, f-1() is fuzzy semi-pre-closed in X [By definition 3.2.1]


f is fuzzy almost semi-pre-continuous mapping [By definition 3.1.1].

Theorem: 3.2.3


A mapping f: (X,) (Y, ) is a fuzzy semi-pre-irresolute mapping and g: (Y, ) (Z, ) is a fuzzy almost semi-pre-generalized continuous mapping, where (Y, ) is a fuzzy semi-pre-T1/2 space, then gסּf: (X,) (Z, ) is a fuzzy almost semi-pre-continuous mapping.

Proof:

Let f: (X,) (Y, ) be a fuzzy semi-pre-irresolute mapping and 
g: (Y, ) (Z, ) be fuzzy almost semi-pre-generalized continuous mapping.

Let (Y, ) be a fuzzy semi-pre T1/2 space.

Let be any fuzzy regular closed set in Z.

Since g is a fuzzy almost semi-pre-generalized continuous mapping,

g-1() is fuzzy semi-pre-generalized closed set in Y [By Definition 3.1.3].

Since Y is fuzzy semi-pre- T1/2 space, g-1() is fuzzy semi-pre-closed inY. [By definition 3.2.1]

Since f is fuzzy semi-pre irresolute mapping.


f-1(g-1(is also a fuzzy semi-pre-closed set in X. [By definition 1.4.19]

 
gסּf is fuzzy almost semi-pre-continuous. [By definition 3.1.1]. 

Theorem: 3.2.4


If f: (X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping then for each fuzzy point xp of X and each fuzzy regular open set of Y such that f(xp) there exists a fuzzy semi-pre-generalized open set  of X such that xpand f(.

Proof:
Let f:(X,) (Y, ) be a fuzzy almost semi-pre-generalized continuous mapping.

Let xp be a fuzzy point in X and  be a fuzzy regular open set of Y such that f(xp)
Since f is a fuzzy almost semi-pre-generalized continuous mapping,

f-1() is fuzzy semi-pre-generalized open in X such that xp f-1().

Choose  f-1()


xpand  f(f(f-1()) 
 f(

Theorem: 3.2.5


If f: (X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping then for each fuzzy point xp of X and each fuzzy regular open set of Y such that f(xp)q there exists a fuzzy semi-pre-generalized open set  of X such that xpqand f(.

Proof:
Let f:(X,) (Y, ) be a fuzzy almost semi-pre-generalized continuous mapping.

Let xp be a fuzzy point in X and  be a fuzzy regular open set in Y such that f(xp)q
Since f is a fuzzy almost semi-pre-generalized continuous mapping,

f-1() is fuzzy semi-pre-generalized open in X.

Let  f-1().

f(xp)q f(xpy)+y) >1 where y = f(x)

 
f(xpy)
=
sup   xp(z)



=
p


p+ y) >1


p+ f(x)) >1


p+ f-1()(x) >1

​
p+ (x) >1 


xpq

Thus there exists a fuzzy semi-pre-generalized open set  f-1() such that xpqand f(f(f-1()) 

Theorem: 3.2.6


If f: (X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping then f(Fspgcl( cl(intf() for every fuzzy set of X.

Proof:


Let f: (X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping.

Let  be a fuzzy set of X.  Consider f(), a fuzzy set in Y, then int f() is a fuzzy open in Y. 

 By using lemma (1.1.16),

cl(intf() is a fuzzy regular closed set of Y.


f()cl(intf()

 f-1 (clintf()
(1)

f is a fuzzy almost semi-pre-generalized continuous map,

 
f-1 (cl(intf()) is fuzzy semi-pre-generalized closed in X.

(2)

Fspgcl(Fspgcl (f-1(cl(intf())) = f-1 (cl(intf()) 
[By (1)]


f(Fspgcl(cl(intf().

Theorem: 3.2.7

(a) If f:(X,) (Y, )is a fuzzy almost semi-pre-generalized continuous mapping and g: (Y, ) (Z, ) is a fuzzy completely continuous mapping then gof: (X,) (Z, ) is a fuzzy semi-pre-generalized continuous mapping.

(b) If f: (X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping and g: (Y, ) (Z, ) is a fuzzy R-mapping then gof: (X,) (Z, ) is a fuzzy almost semi-pre-generalized continuous mapping.

(c) If f: (X,) (Y, ) is a fuzzy semi-pre-generalized continuous mapping and g: (Y, ) (Z, ) is a fuzzy almost continuous mapping then 
gof: (X,) (Z, ) is a fuzzy almost semi-pre-generalized continuous mapping.

Proof:

Proof of (a):


Let f:(X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping and g: (Y, ) (Z, ) is a fuzzy completely continuous map.

Let  be a fuzzy open set in (Z, ).

g is fuzzy completely continuous  g-1() is fuzzy regular open in Y.

f is fuzzy almost semi-pre-generalized continuous  f-1(g-1()) is a fuzzy semi-pre-generalized open set in X.

 
(gof-1is a fuzzy semi-pre-generalized open set in X.


gof is a fuzzy semi-pre-generalized continuous mapping.

Proof of (b):

Let f:(X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping and g: (Y, ) (Z, ) is a fuzzy R-mapping.

Let  be a fuzzy regular open set in Z.

g is fuzzy R-mapping  g-1() is fuzzy regular open set in Y.

f is a fuzzy almost semi-pre-generalized continuous mapping  f-1(g-1()) is a fuzzy semi-pre-generalized open set in X.

 
(gof-1is a fuzzy semi-pre-generalized open set in X.


gof is a fuzzy almost semi-pre-generalized continuous mapping.

Proof of (c):
Let f: (X,) (Y, ) is a fuzzy semi-pre-generalized continuous mapping and g: (Y, ) (Z, ) is a fuzzy almost continuous.


Let  be a fuzzy regular open set in Z.

g is fuzzy almost continuous  g-1() is fuzzy open in Y.

f is fuzzy semi-pre-generalized continuous  f-1(g-1()) is a fuzzy semi-pre-generalized open set in X.

 
(gof-1is fuzzy semi-pre-generalized open in X.


gof is a fuzzy almost semi-pre-generalized continuous mapping.

Section - 3.3
preservation of some fuzzy topological structures under fuzzy almost semi-pre-continuous and fuzzy almost semi-pre generalized continuous functions.

Definition: 3.3.1 
 A fuzzy topological space (X,)is said to be fuzzy semi-Pre-compact if every fuzzy semi-pre-open cover of X has a finite subcover.

Definition: 3.3.2 
A fuzzy topological space (X,)is said to be fuzzy 
semi-pre-generalized compact if every fuzzy semi-pre- generalized open cover of X has a finite subcover.

Theorem: 3.3.3 
 A fuzzy almost semi-pre-continuous surjection image of a fuzzy 
semi-pre-compact space is fuzzy nearly compact.

Proof:

Let f: (X,) (Y, ) be a fuzzy almost semi-pre-continuous mapping from a fuzzy semi-pre-compact space (X,)onto a fuzzy topological space (Y, ).

Let A = {i}iΛ be a fuzzy regular open cover of Y.
Since f is a fuzzy almost semi-pre-continuous map, each f-1(i) is a fuzzy semi-pre-open set in X.


Consider A1 = { f-1(i) / i A}.

Since f is onto, A1 covers X as A covers Y.

Since X is fuzzy semi-pre-compact, and by definition (3.3.1) we have A1 has a finite subcover B1 (say)

(i.e.) 
B1 = { f-1(1), f-1(2), ………., f-1(n)}

Let B = {1, 2, ………., n}.

Since f is one-one and onto, B1 covers X B covers Y.


Y has a finite fuzzy regular open subcover for A.
hence Y is fuzzy nearly compact.

Definition: 3.3.4 


A fuzzy topological space (X,)is called fuzzy semi-pre-connected if there is no proper fuzzy set of X which is both fuzzy semi-pre-open and fuzzy semi-pre closed.

Definition: 3.3.5 

A fuzzy topological space (X,)is called fuzzy semi-pre-generalized connected if there is no proper fuzzy set of X which is both fuzzy semi-pre-generalized open and fuzzy semi-pre generalized closed.

Theorem: 3.3.6


If f: (X,) (Y, ) is a fuzzy almost semi-pre-continuous surjection mapping and X is fuzzy semi-pre-connected then Y is fuzzy regular connected.

Proof:


Let f: (X,) (Y, ) be a fuzzy almost semi-pre-continuous surjection map and X be fuzzy semi-pre-connected.


Suppose Y is not fuzzy regular connected, and by def (1.3.4), there exists a proper fuzzy set  of Y which is both fuzzy regular open and fuzzy regular closed.


Since f is a fuzzy almost semi-pre-continuous surjective map,


f-1 () is a proper fuzzy subset of X which is both fuzzy semi-pre-open and fuzzy semi-pre-closed and hence X is not fuzzy semi-pre-connected,


which is a contradiction to our assumption.


Y is fuzzy regular connected.

lemma: 3.3.7


Let g: X (X Y) be the graph of a mapping f: XY.  If  is a fuzzy set of X and  is a fuzzy set of Y, then g-1() =  Λ f-1().
Proof:


For each xX, we have


g-1()(x) = (g(x)   =
((x, f(x))



=
min ((x), (f(x))



=
min ((x), f-1((x))



=
(Λ f-1())(x).

g-1( Λ f-1().

Theorem: 3.3.8


Let f: (X,) (Y, ) be a mapping and g: (X,) (XY, ) be the graph of f.  Then f is fuzzy almost semi-pre-generalized continuous if g is so.

Proof: 


Let f: (X,) (Y, ) be a mapping and g: (X,) (XY, ) be the graph of f. 


Let the graph g be a fuzzy almost-semi-pre-generalized continuous mapping and  be any fuzzy set in Y.


Then by using lemma (3.3.7), we get g-1() =  Λ f-1(). 


We have g-1(1Y) = 1XΛ f-1() = f-1()
Now if  is fuzzy regular open in Y,  then 1Y is fuzzy regular open in XY.

Since g is fuzzy almost semi-pre-generalized continuous, 


g-1 (1Y) is fuzzy semi-pre-generalized open in X.

So, f-1() is also fuzzy semi-pre-generalized open in X. (
[image: image21.wmf]Q

g-1(1Y) = f-1()).


f is a fuzzy almost semi-pre-generalized continuous mapping.

Theorem: 3.3.9

If f: (X,) (Y, ) be a mapping from fuzzy topological space(X,) to another fuzzy topological space (Y, ) then the following statements are equivalent:

a) f: (X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping.

b) f: (X,) (Y, R) is a fuzzy semi-pre-generalized continuous mapping.

c) f: (X,spg) (Y, ) is a fuzzy almost continuous mapping.

d) f: (X,spg) (Y, R) is a fuzzy continuous mapping, where R be a fuzzy topology on Y which is fuzzy regular of sets as a sub base and spg  be a fuzzy topology on X which is fuzzy semi-pre-generalized open sets as a sub base.

Proof: 

d c:

Let f: (X,spg) (Y, R) be a fuzzy continuous mapping and  is any fuzzy regular -open set in Y, then R

Since f is a fuzzy continuous mapping, f-1() spg.

(i.e) f-1() is fuzzy spg –open 

This implies f: (X,spg) (Y, ) is a fuzzy almost continuous mapping [By definition 1.4.13].

c b:


Let f: (X,spg) (Y, ) be a fuzzy almost continuous mapping and  be any fuzzy regular -open.

Since f is a fuzzy almost continuous mapping, f-1() spg.

(i.e) f-1() is fuzzy semi-pre-generalized –open.

 This implies f: (X,) (Y, R) is a fuzzy semi-pre-generalized continuous mapping [By definition 1.4.22].

b a:


Let f:(X,) (Y, R) be a fuzzy semi-pre-generalized continuous mapping and R.

Since f is a fuzzy semi-pre-generalized continuous mapping,

f-1() is fuzzy semi-pre-generalized -open.
(i.e) The inverse image of a fuzzy regular -open set is a fuzzy semi-pre-generalized –open set.

This implies f: (X,) (Y, ) is a fuzzy almost semi-pre-generalized continuous mapping [By definition 3.1.3].

a d:


Let f:(X,) (Y, ) be a fuzzy almost semi-pre-generalized continuous mapping and be any fuzzy regular -open set,  then R.

Since f is a fuzzy almost semi-pre-generalized continuous mapping,

f-1() is a fuzzy semi-pre-generalized -open.

(i.e) f-1() spg.

This implies f: (X,spg) (Y, R) is a fuzzy continuous mapping.

 (a), (b), (c), (d) are equivalent.

Theorem: 3.3.10

Let (X,)be a fuzzy topological space and spg be a fuzzy 
topology on X which has Fspgo(X) as a subbase. Then (X,) is fuzzy 
semi-pre-generalized compact iff (X,spg) is fuzzy compact.

Proof: 


Let (X,) be a fuzzy topological space and spg be a fuzzy topology on X which has Fspgo(X) as a subbase.

Assume that (X,) is fuzzy semi-pre-generalized compact.


Let A = {iiΛ} be a fuzzy spg-open cover of X.  Then each i is fuzzy spg-open.  (i.e) fuzzy semi-pre-generalized -open.

Since (X,) is fuzzy semi-pre-generalized compact, A has a 
finite subcover, say {1, 2, ………., n}  A which consists of fuzzy 
semi-pre-generalized -open sets.


Thus every fuzzy spg-open cover of X has a finite fuzzy spg-open subcover.

   (X,spg) is fuzzy compact.

Conversely 


Assume that (X,spg) is fuzzy compact.     
Let B = {jj Λ} be a fuzzy semi-pre-generalized -open cover of X.  Then each j is fuzzy spg -open.

Since (X,spg) is fuzzy compact, B has a finite subcover, say 
{1, 2, ……, n} which consists of fuzzy asemi-pre-generalized -open sets. 

Thus every fuzzy semi-pre-generalized -open cover of X has a finite fuzzy Semi-pre-generalized -open subcover.

 (X,) is fuzzy semi-pre-generalized compact.

Theorem: 3.3.11

Let (X,)be a fuzzy topological space which is fuzzy 
semi-pre-generalized compact then each fuzzy spg closed set in X is fuzzy semi-pre-generalized compact.

Proof: 


Let (X,) be a fuzzy semi-pre-generalized compact.


Let  be any fuzzy spg-closed set in X and let A = {ii Λ} be a fuzzy spg-open cover of .

Since is fuzzy spg-closed, 1X -  is fuzzy spg-open.

A1 = A { 1X - } is a fuzzy spg-open cover for X.
Since (X,) is fuzzy semi-pre-generalized compact, A1 has a finite subcover such that 1X  = 1 V 2 V ………., n V (1-)

 1 V 2 V ………., Vn otherwise (1X - ) V > 1 which is a contradiction.

{1, 2, ………., n} covers  

Hence  is fuzzy semi-pre-generalized compact. 

chapter - iV

on fuzzy generalized semi pre closed and 
fuzzy semi pre generalized semi pre closed functions
This chapter deals with fuzzy generalized semi pre-closed and fuzzy semi pre-generalized semi pre-closed functions.  Many interesting properties are proved.  

Section -  4.1
fuzzy generalized semi pre closed functions
Definition:  4.1.1


A function f: (X,) (Y, ) from a fuzzy topological space (X,)to another fuzzy topological space (Y, ),is said to be fuzzy generalized semi pre closed function if for each fuzzy closed set  of X, f() is fuzzy generalized semi pre closed set in Y.

Example:  4.1.2 


    Let U1 =
0 ,
0  x 



2x-1 ,
      x 1


U2 =
1   ,
0  x 



      ,
      x 1




U3 =
0   
,
0  x 



             (4x-1)  ,
      x 1

Let B = 
[image: image22.wmf]C

U

3

 then B =    
1          ,

0  x 



               (1-x),
      x 1
As int B = 
[image: image23.wmf]X

~

0

  int cl(int B) = 
[image: image24.wmf]X

~

0

  B


int clint(B)  B


B is fuzzy semi pre closed set.


Consider the fuzzy topology  = {
[image: image25.wmf]X

~

0

, 
[image: image26.wmf]X

~

1

, U1, U2, U1U2}


define  A =
0   
,
0  x 



               (1-x)  ,
      x 1
then A is a fuzzy generalized semi pre closed set w.r.t  as U2 is fuzzy open and A  U2.


Spcl(A)  U2.

Example:  4.1.3


Let X = {a, b} and A and B be fuzzy sets of X defined as; A(a) = 0.3, A(b) = 0.7; B(a) = 0.7, B(b) = 0.6.  Let  = {
[image: image27.wmf]X

~

0

, A, 
[image: image28.wmf]X

~

1

} be fuzzy topology on X,

Claim:  B is fuzzy generalized semi pre closed set.

Proof:


B  
[image: image29.wmf]X

~

1

, the only fuzzy open set


spcl(B)  
[image: image30.wmf]X

~

1


 
B is a fuzzy generalized semi pre closed set.

Hence the claim.


Let f : (X,) (X, ) be a function defined as follows:



f(x) =
1–x,    
when x = a




2x ,
when x = b

Here A is fuzzy open,


Ac is fuzzy closed.

To prove:  f(Ac) is a fuzzy generalized semi pre closed set.


f(Ac)(a)
=

[image: image31.wmf])

(

1

sup

a

f

z

-

Î

Ac(z)



=

[image: image32.wmf])

1

(

sup

a

z

-

Î

Ac(z)



=
sup 


f(Ac)(a)
=
0.7  =  B(a)
(1)


f(Ac)(b)
=

[image: image33.wmf])

(

1

sup

b

f

z

-

Î

Ac(z)



=

[image: image34.wmf]2

sup

b

z

Î

Ac(z)



=
sup {0.6}


f(Ac)(b)
=
0.6  =  B(b)
(2)


from (1) and (2),


f(Ac) = B.

thus f is a fuzzy generalized semi pre closed function.

Theorem:  4.1.4


A surjective function f: X Y is fuzzy generalized semi pre closed if and only if for each subset B of Y, and each fuzzy open set U of X containing f-1(B), there exists a fuzzy generalized semi pre open set V of Y such that 
B  V and f-1(V)  U.

Proof:

Let f: X Y be a fuzzy generalized semi pre closed one-one and onto function.  

Let B be any subset of Y and U be a fuzzy open set of X containing f-1(B).

Claim:  B  V, f-1(V)  U

Let  
V
=
(f(Uc))c in Y
(1)



=

[image: image35.wmf]Y

~

1

 - f(Uc)



=

[image: image36.wmf]Y

~

1

 - f(
[image: image37.wmf]X

~

1

-U)


Vc
=

[image: image38.wmf]Y

~

1

 - V = f(
[image: image39.wmf]X

~

1

-U)


Vc
=
f(
[image: image40.wmf]X

~

1

-U) = f(Uc).
(2)

U is fuzzy open  Uc is fuzzy closed in X.


f is fuzzy generalized semi pre closed  f(Uc) is fuzzy generalized semi pre closed in Y.
[By Defn. 4.1.1] 
(3)

(2) and (3)  Vc is fuzzy generalized semi pre closed in Y.

 V is a fuzzy generalized semi pre open set in Y.

It is given that f-1(B)  U


(f-1(B))c  Uc

(f-1(Bc))  Uc
[By Result 1.1.15(1) of chapter 1]


f(f-1(Bc))  f(Uc)
[By Result 1.1.15(4) of chapter 1]


Bc  f(f-1(Bc))  f(Uc)
[By Result 1.1.15(2) of chapter 1]


Bc  f(Uc)

B  (f(Uc))c = V


B  V

(2)
Vc = f(
[image: image41.wmf]X

~

1

-U)


f-1(Vc) = f-1(f(
[image: image42.wmf]X

~

1

-U))


(f-1(V))c = f-1(f(
[image: image43.wmf]X

~

1

-U))  
[image: image44.wmf]X

~

1

-U 
[By Result 1.1.15(3) of chapter 1]

(i.e.)
(f-1(V))c  Uc 

f-1(V)  U

Hence the claim.

Conversely,


Let F be a closed fuzzy set in X.

Put B =  
[image: image45.wmf]Y

~

1

-f(F) = (f(F))c


[image: image46.wmf]Y

~

1

-B = f(F)

f-1(
[image: image47.wmf]Y

~

1

-B) = F, which is a fuzzy closed set in X.

(i.e.)

[image: image48.wmf]X

~

1

- f-1(B) = f-1(
[image: image49.wmf]Y

~

1

-B) = F


This implies f-1(B)  
[image: image50.wmf]X

~

1

-F = Fc, which is fuzzy open in X.

Then by assumption, there exists a fuzzy generalized semi pre open set V of Y such that B = 
[image: image51.wmf]Y

~

1

-f(F)  V and f-1(V)   
[image: image52.wmf]X

~

1

-F


V  f(
[image: image53.wmf]X

~

1

-F)


V  
[image: image54.wmf]Y

~

1

-f(F)


V  
[image: image55.wmf]Y

~

1

-f(F) = B  V


B = V


B is a fuzzy generalized semi pre open set in Y


f(F) is a fuzzy generalized semi pre closed set in Y.

Hence f is a fuzzy generalized semi pre closed function. [By definition 4.1.1].

Theorem:  4.1.5


A subset A of a space X is fuzzy generalized semi pre open in X iff 
F  spint(A) whenever F  A and F is fuzzy closed.

Proof:


Let A be a fuzzy generalized semi pre-open set in X,

then Ac is fuzzy generalized semi pre closed set in X.

so spcl(Ac)  B whenever Ac  B and B is fuzzy open in X. [By definition 1.2.16)


Taking complements, spint(A)  Bc, whenever A  Bc and Bc is fuzzy closed in X.


Let Bc = F


F  spint(A) whenever F  A and F is fuzzy closed in X.

Conversely,

Let A be any subset of a fuzzy topological space X, such as F  spint(A), whenever F  A and F is fuzzy closed in X.


Taking complements we have, Fc  spcl(Ac) whenever Fc  Ac and Fc is fuzzy open in X.


That is, spcl(Ac)  Fc, whenever Ac  Fc and Fc is fuzzy open in X.

Hence from the definition (1.2.16),


Ac is fuzzy generalized semi pre closed sets.


Hence A is a fuzzy generalized semi pre open set in X.

Theorem:  4.1.6


If a surjective function f: X Y is generalized semi pre closed then for a fuzzy closed set F of Y and for any fuzzy open set U of X containing f-1(F), there exists a semi pre open set V of Y such that F  V and f-1(V)  U.

Proof:


Let f: X Y be a generalized semi pre closed, one-one and onto map.


Let F be a fuzzy closed set of Y and U be any fuzzy open set of X containing f-1(F).


By “theorem 4.1.4”, there exists a generalized semi pre open set W of Y such that F  W and f-1(W)  U.


Since F is fuzzy closed,

By “Theorem 4.1.5”, we have F spint(W) and F W.


Put V = spint(W), then V is semi pre open set in Y, and F  V.


f-1(V) = f-1(spint W)  f-1(w)  U  f-1(V)  U.

Theorem:  4.1.7


If f: X Y is fuzzy -irresolute bijection and B is fuzzy generalized semi pre closed in Y, then f-1(B) is fuzzy generalized semi pre closed in x.

Proof:


Let f: X Y be an one-one and onto fuzzy -irresolute map.

Let B be a fuzzy generalized semi pre closed set in Y.


Let U be fuzzy open in X, containing f-1(B).

Now f-1(B)  U 
(1)


B  f(U).


B is a fuzzy generalized semi pre closed set in Y.


spcl(B)  f(U)


f-1(spcl(B))  U.
[
[image: image56.wmf]Q

 f is onto]
(2)


Now, spcl(B) is a fuzzy semi pre closed set in Y.

f-1(spcl(B)) is a fuzzy semi pre closed set in x.
[by definition 1.4.16]


we know that, spcl f-1(B)  f-1(spcl(B))

(3)

(2) and (3)  spcl f-1(B)  U

(4)

(1) and (4)  f-1(B) is a fuzzy generalized semi pre closed in X 
[By definition 1.2.16].

Theorem:  4.1.8


Let f: X Y be a fuzzy generalized semi pre closed function from 
a fuzzy topological space X to another fuzzy topological space Y and if Y is Fsp-T½ space, then the function becomes fuzzy semi pre closed function.

Proof:


Let f: X Y be a fuzzy generalized semi pre closed function.  

Let Y be a Fsp-T½ space.

By (definition 3.2.1), Y is Fsp-T½ space implies every fuzzy generalized semi pre closed set is fuzzy semi pre closed
(1)


Let  be fuzzy closed in X.  

f is fuzzy generalized semi pre closed function 

 
f() is fuzzy generalized semi pre closed in Y.
(2)

(1) and (2)  f() is a fuzzy semi pre closed in Y.


Hence f is a fuzzy semi pre closed function.

Definition:  4.1.9


A fuzzy topological space X is called fuzzy strongly semi pre compact if every fuzzy semi pre closed cover of X has a finite sub-cover.

Theorem:  4.1.10


A fuzzy generalized semi pre compact, Fsp-T½ space is fuzzy strongly semi pre compact.

Proof:


Let X be a fuzzy generalized semi pre compact and Fsp-T½ space.

since X is fuzzy generalized semi pre compact, 

Every fuzzy generalized semi pre closed covering {Ui}iI of X has a finite sub cover 
[image: image57.wmf]0

}

{

I

i

i

U

Î

.


X = 
[image: image58.wmf]0

I

i

Î

U

 Ui

Since X is Fsp-T½ space,

{Ui}iI is a fuzzy semi pre closed covering of X and it has a finite subcover 
[image: image59.wmf]0

}

{

I

i

i

U

Î

 consisting of fuzzy semi pre closed sets.

Hence X is fuzzy strongly semi pre compact.
[By definition 4.1.9]

Section -  4.2
fuzzy semi pre generalized semi pre closed functions
Definition:  4.2.1


A function f: (X,) (Y, ) from a fuzzy topological space (X,)to another fuzzy topological space (Y, ),is said to be fuzzy semi pre generalized semi pre closed function if for each fuzzy semi pre closed set  of X, f() is fuzzy generalized semi pre closed set in Y.

Example:  4.2.2


Let U1, U2, U3 be defined in example “4.1.2” and the topology defined as 
 = {
[image: image60.wmf]X

~

0

, 
[image: image61.wmf]X

~

1

, U1, U2, U1U2}. 


So,     
B =
1 ,

0  x 



     (1-x) ,
      x 1     is fuzzy semi pre closed set and 



A =
0            ,
0  x 



       (1-x) ,
      x 1     is fuzzy generalized semi pre closed set.


Now we define the function as f: (X,) (X, ) 



f(x)   =
1 - x,

0  x 



          x    ,
     
      x 1.

So f(B) = A.


Hence the image of fuzzy semi pre closed set is fuzzy generalized semi pre closed set.

Theorem:  4.2.3


A surjective function f: X Y is fuzzy semi pre generalized semi pre closed if and only if for each subset B of Y, and each fuzzy semi pre open set U of X containing f-1(B), there exists a fuzzy generalized semi pre open set V of Y such that B  V and f-1(V)  U.

Proof:


Let f: X Y be a fuzzy semi pre generalized semi pre closed one-one and onto function. 


Let B be any subset of Y and U be a fuzzy semi pre open set of X containing f-1(B).

Claim:  B  V and f-1(V)  U

Let 
V
=
(f(Uc))c
(1)



=

[image: image62.wmf]Y

~

1

-f(Uc)



=

[image: image63.wmf]Y

~

1

-f(
[image: image64.wmf]X

~

1

-U)


Vc
=

[image: image65.wmf]Y

~

1

-V = f(
[image: image66.wmf]X

~

1

-U)


Vc
=
f(
[image: image67.wmf]X

~

1

-U) = f(Uc)
(2)

U is fuzzy semi pre open  Uc is fuzzy semi pre closed in X.


f is fuzzy semi pre generalized semi pre closed  f(Uc) is fuzzy generalized semi pre closed set in Y.
[By Def. 4.2.1]
(3)

(2) and (3)  Vc is a fuzzy generalized semi pre closed set in Y.

 
V is a fuzzy generalized semi pre open set in Y.

It is given that f-1(B)  U


(f-1(B))c

Uc

(f-1(Bc))

Uc
[By Result 1.1.15(1) of Chapter I]


f(f-1(Bc))  f(Uc)
[By Result 1.1.15(4) of chapter 1]


Bc  f(f-1(Bc))  f(Uc)
[By Result 1.1.15(2) of chapter 1]


Bc  f(Uc)

B  (f(Uc))c = V


B  V

(2) 
Vc = f(Uc) = f(
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~

1
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f-1(Vc) = f-1(f(
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(f-1(V))c = f-1(f(
[image: image70.wmf]X
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1

-U))  
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-U 
[By Result 1.1.15(3) of chapter 1]

(i.e.)
(f-1(V))c  Uc 

f-1(V)  U

Conversely,


Let F be a fuzzy semi pre closed set in X.

Put B =  
[image: image72.wmf]Y

~

1

-f(F) = (f(F))c
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1

-B) = F, which is a fuzzy semi pre closed set in X.

f-1(
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
f-1(B)  
[image: image78.wmf]X

~

1

-F = Fc, which is fuzzy semi pre open in X.


Then by assumption, there exists a fuzzy generalized semi pre open set V of Y such that B = 
[image: image79.wmf]Y

~

1

-f(F)  V and f-1(V)   
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~

1

-F.


V  f(
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~

1

-F)


V  
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~

1

-f(F)


V  
[image: image83.wmf]Y

~

1

-f(F) = B  V


B = V


B is a fuzzy generalized semi pre open set in Y


f(F) is a fuzzy generalized semi pre closed set in Y.

Hence f is a fuzzy semi pre generalized semi pre closed function. 
[By definition 4.2.1].

Theorem:  4.2.4


If a surjective function f: X Y is fuzzy semi pre generalized semi pre closed, then for a fuzzy closed set F of Y and for any fuzzy semi pre open set U of X containing f-1(F), there exists a semi pre open set V of Y such that 
F  V and f-1(V)  U.

Proof:

Let f be an one-one and onto semi pre generalized semi pre closed map from X to Y.


Let F be a fuzzy closed set of Y.  
(1) 

let U be any fuzzy semi per open set of X containing f-1(F).


By “theorem 4.2.3”, there exists a generalized semi pre open set W of Y such that F  W  and f-1(W)  U. 
(2)

(1) and (2)  F  spint (W)
[By Theorem 4.1.5]


Put V = spint(W), then V is semi pre open set in Y, and F  V.

f-1(V) = f-1(spint W)  f-1(W)  U  f-1(V)  U.

Theorem:  4.2.5


Let f: X Y is fuzzy-pre-closed and g : Y  Z is fuzzy semi pre generalized semi pre closed then g o f : X  Z is again fuzzy semi pre generalized semi pre closed function.

Proof:

Let f: X Y is fuzzy-pre-closed, hence for every fuzzy semi pre closed set B of X, f(B) is fuzzy semi pre closed in Y.  [By definition 1.4.17]

Let f(B) = A, and let g : Y  Z be a fuzzy semi pre generalized semi pre closed map.

Since the image of A under the function g, is fuzzy generalized semi pre closed in Z.  [By defn. 4.2.1]

Hence the image of B, fuzzy semi pre closed set of X under the function g o f is (g o f)(B) = g(f(B)) = g(A) is fuzzy generalized semi pre closed set in z.

Hence g o f is a fuzzy semi pre generalized semi pre closed function 
[By definition 4.2.1].

Section - 4.3
relations between fuzzy generalized semi pre closed and fuzzy semi pre generalized semi pre closed functions
Theorem:  4.3.1


If f: X Y is fuzzy semi pre generalized semi pre closed function and X is fuzzy semi pre-T½ space and A is fuzzy generalized semi pre closed in X, then f(A) is fuzzy generalized semi pre closed in Y.

Proof:

Let f: X Y be a fuzzy semi pre generalized semi pre closed function – (1) where X is fuzzy semi pre-T½ space.

Let A be a fuzzy generalized semi pre closed set in X.
(2)

Now X is fuzzy semi-pre-T½ space,
(3)

(2) and (3)  A is a fuzzy semi pre closed set in X [By definition 3.2.1]
(4)

(1) and (4)  f(A) is a fuzzy generalized semi pre closed set in Y 
[By definition 4.2.1].

Theorem:  4.3.2

Let f : X Y and h : Y Z be two functions then

(i) If hof : X  Z is fuzzy generalized semi pre closed and if f : X Y is a fuzzy continuous surjection, then h : Y Z is fuzzy generalized semi pre closed.

(ii) If f : X Y is fuzzy generalized semi pre closed with h : Y Z is fuzzy semi pre generalized semi pre closed and Y is fuzzy semi pre-T½ space then hof : X  Z is fuzzy generalized semi pre closed.

(iii) If f : X Y is fuzzy closed and h : Y Z is fuzzy generalized semi pre closed, then hof : X  Z is fuzzy generalized semi pre closed.

Proof:

Proof of (i):

Let f : X Y and h : Y Z be two functions.

Let hof : X  Z be a fuzzy generalized semi pre closed function.
(1)

Let f : X Y be an one-one and onto fuzzy continuous surjection
(2)

Let  be a fuzzy closed set in Y.
(3)

(2) and (3)  f-1() is a fuzzy closed set in X.
(4)

(1) and (4) (hof) (f-1()) is a fuzzy generalized semi pre closed set in Z.  
[By Definition 4.1.1]


h(f(f-1()) is a fuzzy generalized semi pre closed set in Z.


h() is a fuzzy generalized semi pre closed set in Z. [
[image: image84.wmf]Q

 f is onto]

   h is a fuzzy generalized semi pre closed function.    [By definition 4.1.1]


To Prove (ii):

Let f : X Y be a fuzzy generalized semi pre closed function
(5) 

let h:YZ be a fuzzy semi pre generalized semi pre closed function
(6).

Let Y be a fuzzy semi pre-T½ space
(7)

Let  be a fuzzy closed set in X.
(8)

(5) and (8)  f() is a fuzzy generalized semi pre closed set in Y. 
[By definition 4.1.1]

(5) and (7)  h(f()) is fuzzy generalized semi pre closed set in Z.  
[By theorem 4.3.1]


(hof) is a fuzzy generalized semi pre closed set in Z.

   hof is a fuzzy generalized semi pre closed function.    [By definition 4.1.1]

To prove (iii):


Let f : X Y be a fuzzy closed function

(9)

let h : Y Z be a fuzzy generalized semi pre closed function 

(10)

Let  be a fuzzy closed set in X.

(11)

(9) and (11)  f() is a fuzzy closed set in Y. 

(12)

(10) and (12)  h(f()) is a fuzzy generalized semi pre closed set in Z.  
[By definition 4.1.1]


(hof) is a fuzzy generalized semi pre closed set in Z.

   hof is a fuzzy generalized semi pre closed function.    [By definition 4.1.1]

Theorem:  4.3.3


Let f : X Y be fuzzy semi pre closed and g : Y Z be fuzzy semi pre generalized semi pre closed then gof : X Z is again a fuzzy generalized semi pre closed function.

Proof:


Let f : XY be fuzzy semi pre closed function.
(1)

Let g : Y Z be a fuzzy semi pre generalized semi pre closed function. (2) 


Let  be a fuzzy closed set in X.
(3)

(1) and (3)  f() is a fuzzy semi pre closed set in Y. [By defn.1.4.18]
(4)

(2) and (4)  g(f()) is a fuzzy generalized semi pre closed set in Z.  
[By definition 4.2.1]


(gof) is a fuzzy generalized semi pre closed set in Z.

   gof is a fuzzy generalized semi pre closed function.    [By definition 4.1.1]

summary and conclusion
The main of aim of this thesis is to discuss six new classes of mappings namely fuzzy almost pre-continuous mapping, fuzzy almost pre-generalized continuous mapping, fuzzy almost semi-pre-continuous mapping, fuzzy almost semi-pre-generalized continuous mapping, fuzzy generalized semi pre closed mapping and fuzzy semi pre generalized semi pre closed mapping.

In the first chapter, we have collected definitions and the results on various open sets and closed sets on fuzzy topology.

In the second chapter, the definition of fapc and fapgc mappings are given and a new separation axiom namely fuzzy pre T½-space is introduced and studied.  Relationships between various fuzzy continuous mappings are obtained.

In Chapter III, the definition of faspc and faspgc mappings are given and a new separation axiom namely Fsp-T½ space is introduced in the fuzzy setting.  Also characterization of faspgc mapping in terms of neighbourhoods and quasicoincidence are obtained.

In chapter IV, the definition of fgsp closed and fspgsp closed functions are given and also investigate some basic properties of these concepts.  Relationships between fuzzy generalized semi pre compact and fuzzy strongly semi pre compact were obtained.  This chapter deals with the composition of various fuzzy closed functions.

For further research, one can study all these concepts for bitopological spaces and fuzzy bitopological spaces.
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