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CHAPTER \fj 

Fuzzy Soft Topological Spaces 

Section 6.1 

Fuzzy Soft Sets 

Notation: 6.1.1 

Let U be an initial universe set and E be the set of parameters and P(IJ). the set 

of all fuzzy subset of Ii and also by (U, E), we mean the universal set U and parameter 

set E. 

Definition: 6.1.2 

A pair (F, A) is called a fuzzy soft set over U where F: A - (U) is a mapping 

from A into i(U). 

The fuzzy soft set (F, A) is also denoted as FA. 

Definition: 6.1.3 

For two fuzzy soft sets (F, A) and (G, A) in a fuzzy soft class (U, E) we say 

that (F, A) is a fuzzy soft subset of (G, B), if 

i.AB 

ii. For all ccA, F(c) 9 G(c) and is written as (F, A) (C, B). 

Definition: 6.1.4 

Union of two fuzzy soft sets (F, A) and (C, B) ma soft class (U, E) is a fuzzy 

soft set (H, C) where C = A U B and VccC, 

F(c) ifcA\B 

11(c) = G(c) if c€B\A 

(F(c) U G(c) IfEEA n B 

and is denoted as (F, A) 0 (G, B) = (H, C). 

Definition: 6.1.5 

Let (F, A) and (C, B) be two fuzzy soft sets in a soft class (Ii, E) with A fl B = 

Ø.Then intersection of two fuzzy soft sets (F, A) and (C, B) in a soft class (U, E) is a 

fuzzy soft set (H, C) where C = A fl B and Vc€C, H(c) = F(c) n G(c). We write 

(F, A) ?i (G, B) = (H, C). 

Definition: 6.1.6 

The complement of a fuzzy soft set (F, A) is denoted by (F, A)' and is defined 

by (F, A)' = (F', A) where F':A -* P(U) is a mapping given by 

Fc(a) = [F(a)]c,VacA.  
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The set of all IUZZV soft set over (U, F) is denoted by FS(U, E). 

Definition: 6.1.7 

The llizzv soft st F0  E FS(U, E) is called null fuzzy soft set and is denoted 

by 0. if F0(e) = 0 where 0 is the constant fuzzy set zero. for eN cry e E E. 

Definition: 6.1.8 

The fuzzy soft set FE  E FS(U, E) is called absolute fuzzy soft set and is 

denoted by R, if FE(e) = 1. where I is the constant fuzzy set one. for every e E E. 

Theorem: 6.1.9 

Let FA, GB, '1C E FS(U, E). it can be verified that the following hold according 

to our notion of fuzzy soft sets. 

ØFAE 

FA u GB = GB U FA. FA ñ GB = GB  h FA  

Fp,U (G B U Hc)=  (FA  U GB)U HC.FA (GB Hc)=(FA.ñ GB)i H 

FA Cj (G B  ii H) = (FA  U GB) (F c) 

FA ? (GB  U Hc) = (FA GB)  U (FA  h Hc) 

FA, G B FA UGB. FA, G B FA FGB  

 

 

(F)c = FA 

(F)c (F) 

X. (U, F)c =,, (F) 

Section 6.2 

Definitions and Basic Properties of Fuzzy Soft Topological Spaces 

Definition: 6.2.1 

A fuzzy soft topology -r on (U, E) is a family of fuzzy soft sets over (U, E) 

satisfying the following properties 

O.EEE 

if FA,GB E ithen FA ñ GB  E T 

If F e -r for all an indexed set, then F E T. 

Definition: 6.2.2 

If -r is a fuzzy soft topology on (U, E), the triple (U, F, r) is said to be a fuzzy soft 

topological space. Also each member of T is called a fuzzy soft open set in (U, E, T). 
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Example: 6.2.3 

Let U = [a,b,c) and E = [e1,e2,e3,e4), A = [e1,e,,e4) E. B = 

(e1,e2,e3,e4) c E. 

FA = fF(e1) = [(a, 0.4), (b, 0.1), (c, 0)) 

= [(a, 0.6), (b, 0.5), (c, 0.2)) 

= [(a, 0), (b, 0), (c, 0)) 

= [(a, 0.2), (b, 0.6), (c, 0.3))) 

GB = [G(e1) = [(a, 0), (b, 0), (c, 0)) 

= [(a, 0.5), (b, 0.2), (c, 0.1)) 

= [(a, 0), (b, 0), (c, 0)) 

= [(a, 0.1), (b, 0.3), (c, 0.2))) 

we consider a collection T of fuzzy soft sets over (U, E) as r = (0. R, FA, GB). 

We see that 

i. Ø,EE 

ØU 19 =Ø,ØOFA=Ø,ØOGB=Ø 

ci FA = FA, Ci GB = GB, FA j  GB=GB 

ØOT=.ØDFA= FA, ØOGB =GB  

EUFA =ICiGB  =T.FA Ci GB=FA, 

ØOEiJFA = E,ØCiEDGB =E 

CiFA UGB =EandØUD FA CiGB=. 

Thus t is a fuzzy soft topology on (U, E) and the triple (U, E, t) is a fuzzy soft 

topological space. The open sets in (U, E, t) are 0, , FA, GB. 

Definition: 6.2.4 

A fuzzy soft set FA  over (U, E) is called a fuzzy soft closed set in (U, E, t) if 

and only if its complement F is a fuzzy soft open set in (U, E,T). 

Definition: 6.2.5 

A fuzzy soft topological space (U, E, T) is called indiscrete if it contains only 

and R while the discrete fuzzy soft topology consists of all fuzzy soft sets over 

(U, E). 

Theorem: 6.2.6 

If [tx: A E I) is a family of fuzzy soft topologies on (U, E), then flA (Tx: A E I) 

is also a fuzzy soft topology on (U, E). 



-- --.- .-- 

Proposition: 6.2.7 

Let (U, E,T) be a fuzzy soft topological space and F denote the collection of all 

closed fuzzy soft sets in (U, E,i). Then 

0, E E F 

if F A ,FA2  E F then FA, U FA2
EF 

If F E ifor all a& an indexed set, then E F 

Definition: 6.2.8 

Let t1  and T2 be two fuzzy soft topologies on (U, E). We say that T1  is 

coarser than -r2  or that 12  is finer than T  if and only if T1  c T2 i.e. every r1  fuzzy 

soft open set is 12  fuzzy soft open set. If either or 12 c T. we say that the 

topologies -r1  and 'r2  are comparable. 

If u1 12 and T2 Ti. we say that the topologies Ti  and T2 are not 

comparable. 

Example: 6.2.9 

Let U=[a, b, c} and E = [e1, e2, e3  e4}, A= [e1, e2} 9 E. B = [e1, e2, e4} c E. 

FA = [F(e1) = [(a, 0.4), (b, 0.1), (c, 0)) 

= [(a, 0.6), (b, 0.5), (c, 0.2)) 

= [(a,0),(b,0),(c,0)) 

= [(a,0),(b,0),(c,0))} 

GA = [G(e1) = [(a, 0.6), (b, 0.1), (c, 0)) 

= [(a, 0.7), (b, 0.9), (c, 0.5)1 

= [(a, 0), (b, 0), (c, 0)) 

= [(a, 0.5), (b, 0.3), (c, 0.9)fl 

We consider a fuzzy soft topologies r1  and 12  on (U, E) as T = [0, , FA) and 

T1  = [0, , F, GA).  We see that -r1 and hence Ti  is coarser than 12. 

Definition: 6.2.10 

The fuzzy soft set FA  over (U, E) is called a fuzzy soft point in (U, E) denoted 

by e(FA), if for the element e EA, F(e) = 0 and F(e1) for all e1  E A - [e). 

Example: 6.2.11 

Let U = [a, b, c) and E = [e1, e2, e3  e4}, A= [e1, e2) c E. 

Consider a fuzzy soft set FA  over (U, E) as 

FA = [F(e1) = [(a, 0), (b, 0), (c, 0)) 
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F(e2 ) = [(a, 0.1), (b, 0.7), (c, 0.7)) 

F(e) = [(a, 0), (b, 0), (c, 0) 

F(e4) = [(a, 0), (b, 0), (c, 0)) 

1-lere e2  E A. F(e2 ) = and fur e' E A - [e2}. F(e') = 0. Thus F is a fuzzy soft 

point in (U, E) denoted by e2 (FA). 

Definition: 6.2.12 

The fuzzy soft point e(FA)  is said to he in the fuzzy soft set GB  if A C B and 

for the element e E A. F(e) C G(e). Symbolically \\C write e(FA) GB. 

Example: 6.2.13 

Let U=(a, b, c} and E = [e1, e2, e3 e4}, A= [e1 , e2} C E. B = [e1 , e,, e4J C E. 

Clearly A C B. We consider the fuzzy soft point e2(FA)  given in Example 

6.2.11 and a fuzzy soft set GB  over (U, E) as 

GA  = fG(e1 ) = [(a, 0.1), (b, 0.7), (c, 0.9)) 

= [(a, 0.1), (b, 0.3), (c, 0.8)) 

= [(a, 0), (b, 0), (c, 0)) 

= [(a, 0.6), (b, 0.5), (c, 0.2)fl 

Here e2  E A, and F(e2 ) C G(e.,). Thus h our definition e(FA) GB. 

Definition: 6.2.14 

A fuzzy soft set tic  in a fuzzy soft topological space (U, E, T) is called a fuzzy 

soft neighbourhood of the fuzzy soft point e(FA)  (U, E) if there is a fuzzy soft 

open set G B  such that e(FA) GB H. 

Example: 6.2.15 

Let U=[a, b, c) and E = [e1, e2, e3  e4}, A= [e1, e2} C E. B = [e1, e2, e4) C E. 

Clearly A C B. We consider the fuzzy soft point e2(FA)  given in Example 

6.2. 11 and a fuzzy soft set GB  over (U, E) given in Example 6.2. 13 above. 

Consider the fuzzy soft topology T = [0, , G B). 

Now let us consider the fuzzy soft set HB  over (U, E) as 

H B  = [H(e1) = [(a, 0.1), (b, 0.8), (c, 0.9)) 

H(e2 ) = [(a, 0.2), (b, 0.3), (c, 0.8)) 

1-1(e3) = [(a, 0), (b, 0), (c, 0)) 

H(e4) = [(a, 0.7), (b, 0.6), (c, 0.2)1 1, 

We see that e(FA) GB Hc. Thus by our definition the fuzzy soft set HB  is a fuzzy 

soft neighbourhood of the fuzzy soft point e2(FA). 



- - --- 

Definition: 6.2.16 

The neighbourhood system of a fuzzy soft point e(FA) t (U, F) is the family 

of all neighbourhoods of e(FA) and is written as NT(e(FA)). 

Definition: 6.2.17 

A fuzzy soft set He  in a fuzzy soft topological space (U.IE.T) is called a fuzzy 

soft neighbourhood of the fuzzy soft open GB such that FA E G13  & H 

Example: 6.2.18 

Let Ua,b,c} and E={ei ,e2,e3 e4}, A= I e1 ,e7 E, B= 1 e j ,e2,e4  IE. 

Clearly Ac B. We consider the fuzzy soft set G13  over (U.E) given in example 2.2.13 

and the fuzzy soft set H 3  over (U.E) given in example 2.2.15 above. 

Consider the fuzzy soft topology t = { D. E. GB}. 

Let us consider the fuzzy soft set 'A  over (U,E) as 

'A =  {I(e i ) = {(a,0.l).(b,0.6),(c,0.7)} 

= {(a,O).(b,O. I ),(c,O.8) 

= {(a,O),(b,O).(c,O)} 

= ((a.0).(b.0).(c.0)} } 

We see that 'A GB a HB.  It follows that the fuzzy soft set HB is a fuzzy soft 

neighbourhood of the fuzzy soft set 1A. 

Theorem: 6.2.19 

In a fuzzy soft topological space (U.E.r) the following hold. 

E E N (e(F ))Ve(F4 ) and 

GB c N(e(FA)) => e(FA) GB 

If GB c N(e(FA))and GB E Hc then F-Ic E N(e(FA)) 

If GB , HC  c N(e(FA))then GB Hc E N(e(FA)) 

If GB c N(e(FA)) then there is a Hc N(e(FA)) such that GB c N(e'(Mn)) 

foreache'(Mn) H. 

Proof 

i. Let E=H 

Then VE e E, H(E) = I 

Now A c E and F(e) = H(e) 

It follows that e(F A) HE HE 

i.e. e(FA) F F 
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- - --.' 

Thus E E N(e(F A)) V e(FA) 

For the second part. we have (iu  E NT(e(F,\ )) 

So there is a fuzzy soil set H such that e(F) H GB. It follows that 

e(FA) 

We have G13  E N1(e(F,\ )) 

So there is a fuzzy soft open sets lj)  such that e(F A ) l 

Also GB E  H 

Thus e(FA) l G13  E H and hence 

Hc E N(e(F)) 

We have GB, H E N(e(FA)) 

So there is a fuzzy soft open sets 'D. J j  such that 

e(FA) ID E GB and e(FA) H- 

Thus e(FA) ID F G13 F HC  and 

Since 'D  fl J1  E T, it follows that 

GB F Hc E N(e(FA)) 

We have GB E N1(e(FA)) 

So there is an Ip E t such that e(FA) Ip E GB. 

We take Hc = Ip. Then for each e'(MD) He. e'(MD) H- E GB. 

It follows that G1  EN1(e'(MD)) 

Definition: 6.2.20 

Let (U. E. t) be a fuzzy soft topological space. Let FA  he a fuzzy soft set over 

(U,E). The fuzzy soft closure of F1  is defined as the intersection of all fuzzy soil 

closed sets which contain FA and is denoted by FA.  We write 

FA G13  : GB is a fuzzy soft closed and FA E GB} 

It is obvious that 

F is a fuzzy soft closed and 

FAFA . 

Example: 6.2.21 

Let IJ={a,b.c} and E=ei,e,e3,e4}, A={ eie2} ci E. B= t e1 ,e2,e4  } ci E. 

FA= { F(e1 )= ((a,0.4),(b,0.l),(c.0)} 

F(e2)= {(a,0.6).(b.0.5),(c,0.2)} 
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F(c )= (a.0)(b0).(c.0) 

F( c ) (a.0).( b.0).(c.0) 

Gp (i(e ) = (a0.6)( h.0. I ).(c.0) 

G(c2) = (a.0.7).(h.0.9).(c0.5)j 

(i( c) (a,0).( h.0).(e0) 

6(e4) = t(a.0.5L(h.0.3)(c.0.9) 

We consider a fuzzy soft toploloev t on (U. E) as T = ). E. F,,\ G11 ,1 . Then fuzzy soft 

closed sets are 

F = F (c j ) (a0.6). (h. 0.9). (c. I ) 

F(e) = (a.0.4). (h. 0.5). (c,0.8) 

F(e) = (a.1), (b. I), (c,I ) 

F (e4) = ((a.I). (b. 1), (c.1)} 

G= G(ej )= {(a0.4),(b. 0.9). (c.I) 

G(e2)= {(a0.3). (b. 0.1). (c.0.5) 

G(e3 ) = (a.i). (b, 1). (c.1)J 

GC(e4) = {(a.0.5). (b. 0.7). (c0.I)) 

We consider a fuzzy soft set Hc over (U.IE) as 

H = {H(e i ) = 1  (a.0.5), (h. 0.7), (c,0.8)} 

H(e7) = (a.0.5). (b. 0.7), (c,0.8) 

H(e) = (a,0). (b. 0). (c.0) 

11(e4) = {(a.0). (h, 0). (C-O)IJ  

Then 

II = Intersection of all fuzzy soft closed sets containing H 

= F E = f F = F(e1 ) = {(a.0.6). (h, 0.9). (c.1) 

FC(e7) = (a.0.4). (h. 0.5). (c.0.8)1 

F(e)= {(a.1). (h. I). (c1) 

F(e4) = (a.1). (b. 1). (c. 1) 

Definition: 6.2.22 

Let (U.E.T) be a fuzzy soft topological space. Let FA  be a fuzzy soft set over 

(U.E). 

The fuzzy soft interior of F,, is defined as the union of all fuzzy open sets contained in 

FA and is denoted by F. We write 



= : (i n  is a fuzzy soil open and Gn 

It is ob\ jOUS that 

F is fuzzy soil open 

F is the laruest fuzzy soil open set contained in F.\ . 

Example: 6.2.23 

Let Ua.h.c and E=e1 .e.e.c4 . A= c1 .e c F. B= e1 .e.e4  c F. 

F(e i )= (a.0.4).(l.0. I ).(c.O. I) 

F(e2)= (a.0.6),(b.0.5).(c.0.2) 

F(e)= {(a,0),(b.0).(c.0) 

F(e4)= (a.0).(h.0).(c0) 

G(e1 ) = (a,0.6).(h.0.1).(c,0.I) 

G(e7) = (a.0.7).(b.0.9).(c.0.5) 

G(e3 ) = 

(i(e4 ) = (a.0.5).(b.0.3).(c.0.9)1 

We consider a fuzzy sotl set topology ion (U.E) as T = . FA  

We consider a fuzzy soft set H over (U.E) as 

= 1,  H(e j ) = {(a.0.6). (b. 0.3). (c.0.2)} 

H(e7) = (a.0.7). (h. 0.3). (c.0.2)1, 

H(e3) = {(a.0.2), (h. 0.8). (c.0.6) 

1-I(e4) = ((a.0). (b. 0). (c.0)) 

Then 

H = Union of all fuzzy soft open sets contained in H 

= FAi iD = FA= F(e1 )= (a.0.4).(b.0.1),(c.0.1)J 

F(e2)= ((a.0.6).(h.0.5).(c.0.2)1 

F(e3)= (a,0).(h,0).(c.0) 

F(e4)= (a.0).(b.0),(c.0)1, 

Theorem: 6.2.24 

Let (U,E.'r) be a fuzzy soft topological space. Let FA be a fuzzy soft set over 

(U.E). 

Then F1\  is a fuzzy so!) closed set if and only if FA  = F1 ,. 

Proof: 

Let (U.E.i) be a fuzzy soft topological space. Let F \  be a fuzzy soft set over 

(U.E) such that FA  = FA. To prove that FA  is a fuzzy soft closed set. We have 
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= : (i is a fuzzy soil closed and 
 

F \  (iB 

FA  is fuzzy soft closed, being  an arbitrary intersection of fuzzy closed sets. Also FA  

is fuzzy soil closed and FA  = F,\  F/\  is fuzzy soft closed. 

Conversely, suppose that F,\  is fuzzy soft closed in (U.F.r). To prove that FA  = 

FA  It is clear from definition that any fuzzy soft closed set Ga.  F \ (i FA  

Since F \ F.\ FA  E FA  and F \  E FA . it follows that FA  l \ . 

Theorem: 6.2.25 

Let (U.E.r) be a fuzzy soft topological space. Let FA  be a fuzzy soft set over 

(U,E). 

Then F1  is a fuzzy soft open set if and OfliV if F FA. 

Proof: 

Let (U.IE.t) be a fuzzy soft topological space. Let F1\  be a fuzzy soft set over 

(U,E) such that F= FA.  To prove that FA  is fuzzy soft open. We have 

F7 =C G13  : G13  is a fuzzy soft open and G13  FAJ  

F7 is fuzzy soft open, being an arbitrary union of fuzzy soft open sets. Also 

P7 is fuzzy soft open and P7 = FA  => FA is fuzzy soft open. 

Conversely, suppose that FA is fuzzy soft open in (U.E.'r). To prove that F7 = FA. It is 

clear from definition that any fuzzy soft open set G13  E FA G13  E F. 

Since FA E FA FA  F7 and 1--7 E FA.  it follows that P7 = F \ . 

Theorem: 6.2.26 

Let (LJ,Et) be a fuzzy soft topological space. Let FA. GL3 be a fuzzy soil set 

over (U,E). Then 

 

FA'EFJ  

FA a GB==>FA  c 

iv. FGB =Fl G/  

V. F 1 = F1  

vi. I=FA 



Theorem: 6.2.27 

Let (!J.l.i) he a I U7tV soft topological space. Let F \. (ha  he a iu/i.\ soil SLt 

over ILL). Then 

•)() 3 

ii. 

1- - _---O ('O 
sJB 1

F'
A c t1B 

iv. (FO)') = F 

Definition: 6.2.28 

Let (U.Lr) he a fuzzy soft topological space. Let Y he an ordinary subset of 

U and il'. he a fuzzy soft set over (U.E) such that 

XE 
VeE.1iIi(x) 

Ii if 
 

O if xY 

Let iy= G1 : G[3 E T. 

It can be verified that Ty is a fuzzy soft topology on (Y.E). We would call Ty the 

fuzzy soft subspace topology for ()'.E). 

Example: 6.2.29 

Let U={a,b,c} and E=e1 .e7.e3,e4 . A= e1 ,ej ciE. B= e1 .e2.e4  ciii. 

F \= It  F(e! )= (a.0.4).(b.0. 1 ).(c.0) 

F(e)= (a.0.6).(b.0.5).(c.0.2) 

F(e3 ) (a.0).(b.0).(c.0) 

F(e4 )= (a.0).(h.0).(c.0)} 

= G(e j ) = ((a.0.6),(b,0.1).(c,O)} 

= (a,0.7).(b,0.9).(c.0.5)} 

= {(a.0),(b.0),(c.0) 

= 1(a.0.5),(bO.3).(c0.9) 

We consider a fuzzy soft set topology t on (U.E) as t = It  D. E. FAGI3. 

Let Y=a.b 1  ciU. 

We consider a fuzzy soft set H1. over (Y.E) as 

= {I1(e i ) {(a.l ), (b.1). (c.0)) 

l-1(e)= (a.1)Jh. 1).(c,0) 

H(e1) ={(a.l). (h,1). (c.0) 

H(e4) = (a.1). (b. I). (c.0)} 
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Then 
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FAF-  I= F,A= { F(ei)= {(a,O.4),(b.O.l),(c,O)} 

F(e2)= { (a.O.6),(b.O.5),(c.O.2) } 

F(e3)= {(a,O).(b,O),(c,O)} 

F(e4)=r {(a,O).(b,O).(c,O)} } 

GBHE  = GB = {G(e i) = {(a,0.6),(b,O.1),(c,O)} 

= {(a,O.7),(b,O.9),(c.O.5)} 

= {(a,O),(b,O),(c,O)} 

= {(a,0.5),(b,0.3),(c,0.9)} } 

Thus the collection T= {HE GB: GB E t} is a fuzzy soft topology on (Y,E). 
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