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CHAPTER V1
Fuzzy Soft Topological Spaces
Section 6.1
Fuzzy Soft Sets

Notation: 6.1.1

Let U be an initial universe set and E be the set of parameters and P(U). the set
of all fuzzy subset of U and also by (U, E), we mean the universal set U and parameter
set E.
Definition: 6.1.2

A pair (F,A) is called a fuzzy soft set over U where F: A — P(U) is a mapping
from A into P(U).

The fuzzy soft set (F,A) is also denoted as Fjp.
Definition: 6.1.3

For two fuzzy soft sets (F,A) and (G,A) in a fuzzy soft class (U,E) we say
that (F,A) is a fuzzy soft subset of (G, B), if
i.LACB
ii. For all €A, F(g) € G(g) and is written as (F,A) € (G, B).
Definition: 6.1.4

Union of two fuzzy soft sets (F,A) and (G, B) ina soft class (U, E) is a fuzzy
soft set (H,C) where C = AU B and VeeC,

F(e) ifeeA\B
H(e) =4 G(g) ifeeB\A
F(e) U G(g) ifeeAN B

and is denoted as (F,A) U (G,B) = (H, C).
Definition: 6.1.5

Let (F,A) and (G, B) be two fuzzy soft sets in a soft class (U, E) withANB =
@.Then intersection of two fuzzy soft sets (F,A) and (G, B) in a soft class (U,E) is a
fuzzy soft set (H,C) where C=ANB and VeeC, H(e) = F(e) N G(g). We write
(F,A) n (G,B) = (H,C).
Definition: 6.1.6

The complement of a fuzzy soft set (F, A) is denoted by (F, A)€ and is defined
by (F,A)¢ = (F¢,A) where F®: A - P(U) is a mapping given by
F¢(a) = [F(a)], VaeA.
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The set of all fuzzy soft set over (U, E) is denoted by FS(U, E).
Definition: 6.1.7

The fuzzy soft set Fg € FS(U,E) is called null fuzzy soft set and is denoted
by @. if Fg(e) = 0 where 0 is the constant fuzzy set zero, for every e € E.
Definition: 6.1.8

The fuzzy sofi set Fg € FS(U,E) is called absolute fuzzy soft set and i1s
denoted by E. if Fg(e) = 1 where 1 is the constant fuzzy set one, for every e € E.

Theorem: 6.1.9
Let Fn, Gg, He € FS(U, E). It can be verified that the following hold according

to our notion of fuzzy soft sets.
i. PEF,EE
ii. FAU Gg=GgUF,,FaN Gg= GgNFy
iii. FAU (GgU Hc) = (FAU Gg) U He. Fa N (Gg N He) = (Fa N Gg) N He
iv. FoU (Gg A He) = (Fa U Gg) A (Fa UHc)
Fa (Gg UHc) = (Fa N Gg) U (FA N HC)
v. Fao,Gg € F,UGg.Fa,Gg EFA NGy
vi. F, € Gp = G§ & F§
vii. B¢ =EE¢=0
viii. (F$)C = F,

ix. (AqF§ )¢ =0q (F%,)

x. (Ug FED¢ =N (F5,)
Section 6.2

Definitions and Basic Properties of Fuzzy Soft Topological Spaces
Definition: 6.2.1

A fuzzy soft topology T on (U,E) is a family of fuzzy soft sets over (U,E)
satisfying the following properties
i. 0.EEE
ii. if Fo,Gg € TthenF, N Gg € T
iii. IfF§_ € t for all aeA, an indexed set, then Ueet F§. € T
Definition: 6.2.2
If T is a fuzzy soft topology on (U, E), the triple (U, E,T) is said to be a fuzzy soft

topological space. Also each member of T is called a fuzzy soft open set in (U,E, T).
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Example: 6.2.3
Let U={ab,c} and E={ejezese}, A={e,e;e}cE B=
{e,, e, €3, € E.
Fp = {F(e;) = {(a,0.4),(b,0.1),(c,0)}
F(e,) = {(a,0.6),(b,0.5),(c,0.2)}
F(e;) = {(a,0),(b,0),(c,0)}
F(e,) = {(a,0.2),(b,0.6),(c,0.3)}}
Gg = {G(e;) = {(a,0),(b,0),(c,0)}
G(e,) = {(a,0.5),(b,0.2),(c,0.1)}
G(es) = {(a,0), (b,0),(c,0)}
G(e,) = {(a,0.1),(b,0.3),(c,0.2)}}
we consider a collection T of fuzzy soft sets over (U,E) as T = { ?.E, Fa,Gg}.

We see that

iii. pJUE=FE.PUF, =F,,0UGg =Gg
EGF

EUF, UGy = Eandd UET F, U Gg=E.

Thus T is a fuzzy soft topology on (U,E) and the triple (U,E, T) is a fuzzy soft
topological space. The open sets in (U, E, T) are @,E, Fa,Gg.
Definition: 6.2.4

A fuzzy soft set F5 over (U, E) is called a fuzzy soft closed set in (LEx) if
and only if its complement F$ is a fuzzy soft open set in (U, E, ©).
Definition: 6.2.5

A fuzzy soft topological space (U, E, ) is called indiscrete if it contains only
® and E while the discrete fuzzy soft topology consists of all fuzzy soft sets over
(U,E).
Theorem: 6.2.6

If {T,: A € 1} is a family of fuzzy soft topologies on (U, E), then Ny {ft:rel}
is also a fuzzy soft topology on (U, E).
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Proposition: 6.2.7
Let (U, E, 1) be a fuzzy soft topological space and I denote the collection of all
closed fuzzy soft sets in (U, E, T). Then
i.0,E€eT
ii. If Fp,,Fa, ElthenFy UF,, €T
iii. If F§ € T for all aeA, an indexed set, then Mger By, €T
Definition: 6.2.8
Let T; and T, be two fuzzy soft topologies on (U, E). We say that T, 1s
coarser than T, or that T, is finer than T, if and only if T; € T i.e. every T fuzzy
soft open set is T, fuzzy soft open set. If either t; & T, or T, & Ty, We say that the
topologies T, and T, are comparable.
If t; ¢ T, and T, ¢ T;. we say that the topologies T, and T, are not
comparable.
Example: 6.2.9
Let U={a,b,c} and E = {e;, e;,e5€,}, A= {e1, e} S E, B ={e,e,€4} € E.
Fa = {F(e;) = {(a,0.4),(b,0.1),(c, 0)}
F(e,) = {(a,0.6), (b,0.5),(c,0.2)}
F(e3) = {(a,0), (b,0),(c,0)}
F(es) = {(a,0),(b,0),(c,0)}
G, = {G(e,) = {(a,0.6),(b,0.1),(c,0)}
G(e,) = {(a,0.7), (b,0.9),(c, 0.5)}
G(e3) = {(a,0), (b, 0),(c,0)}
G(e,) = {(a,0.5),(b,0.3),(c,0.9)}}
We consider a fuzzy soft topologies T; and T, on (U,E) as t; = {@,E,F,} and
1, = { @, E,Fa, Ga}. We see that T, € T, and hence T, is coarser than t,.
Definition: 6.2.10
The fuzzy soft set F4 over (U, E) is called a fuzzy soft point in (U, E) denoted
by e(F). if for the element e €A, F(e) = 0 and F(e') for all el € A—{e}.
Example: 6.2.11
LetU = {a,b,c}and E = {e;, e,,e3€4}, A= {e;,e;} S E.
Consider a fuzzy soft set F5 over (U, E) as

FA = {F(el) = {(ar 0), (br O), (C' 0)}
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Fle,) = #a,0.1),(b; 0.7}, (6. 0.7)}
F(es) = {(a,0),(b,0),(c,0)}
F(ey) = {(a,0),(b,0),(c,0)}]
Here e, € A. F(e,) = 0 and for e' € A — {e,}. F(e') = 0. Thus F, is a fuzzy soft
point in (U, E) denoted by e,(F,).
Definition: 6.2.12
The fuzzy soft point e(F,) is said to be in the fuzzy soft set G if AC B and
for the element e € A. F(e) € G(e). Symbolically we write e(Fp) € Gg.
Example: 6.2.13
Let U={a,b,c}and E = {el,ez,e3,e4}, A= {e;,e;} S E,B={e;,e;,€e,} S E
Clearly A € B. We consider the fuzzy soft point e;(Fa) given in Example
6.2.11 and a fuzzy soft set Gg over (U, E) as
G, = {G(e;) = {(a,0.1),(b,0.7),(c,0.9)}
Gley) = {(a,0.1),(b,0.3), (¢, 0.8)}
G(e3) = {(a,0), (b, 0),(c,0)}
G(ey) = {(a,0.6), (b, 0.5),(c, 0.2)}}
Here e, € A. and F(e,) € G(e,). Thus by our definition e(F,) € Gg.
Definition: 6.2.14
A fuzzy soft set Hc in a fuzzy soft topological space (U, E, 1) is called a fuzzy
soft neighbourhood of the fuzzy soft point e(F,) € (U, E) if there is a fuzzy soft
open set Gg such that e(F,) € Gg € H.
Example: 6.2.15
Let U={a,b,c}and E = {el,ez,e3,e4}, A= {e;,e;} €S E,B={ej,e;€e,} CE.
Clearly A € B. We consider the fuzzy soft point e,(F4) given in Example
6.2.11 and a fuzzy soft set Gg over (U, E) given in Example 6.2.13 above.
Consider the fuzzy soft topology T = {(3,E, Gg}.
Now let us consider the fuzzy soft set Hg over (U, E) as
Hy = {H(e) = {(a,0.1),(b,0.8),(c, 0.9}}
H(e,) = {(a,0.2),(b,0.3),(c, 0.8)}
H(es) = {(a,0), (b,0), (c,0)}
H(e,) = {(a,0.7), (b,0.6),(c,0.2)}]
We see that e(F,) € Gg € Hc. Thus by our definition the fuzzy soft set Hg is a fuzzy

soft neighbourhood of the fuzzy soft point €, (F,).
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Definition: 6.2.16
The neighbourhood system of a fuzzy soft point e(Fa) € (U, E) is the family
of all neighbourhoods of e(F,) and is written as Ny(e(F,)).
Definition: 6.2.17
A fuzzy soft set H. in a fuzzy soft topological space (U.E.1) is called a fuzzy
soft neighbourhood of the fuzzy soft open Gg such that FA € Gg < Hc.
Example: 6.2.18
Let U={a,b,c} and E={e,,e,e3.64}, A={ €,€2} cE, B={e;,es.es } CE.
Clearly AC B. We consider the fuzzy soft set Gg over (U.E) given in example 2.2.13
and the fuzzy soft set Hg over (U.E) given in example 2.2.15 above.
Consider the fuzzy soft topology ©= { ®, E. Gg}.
Let us consider the fuzzy soft set I, over (U.E) as
Ix= {I(e;) = {(a,0.1).(b.0.6),(c.0.7)}
I{e2) = {(a,0),(b,0.1),(c,0.8)}
I(e3) = {(a,0).(b,0).(c.0)}
I(eq) = {(a.0).(b,0).(c.0)} }
We see that I, &Gg & Hg. It follows that the fuzzy soft set Hg is a fuzzy soft
neighbourhood of the fuzzy soft set Ia.
Theorem: 6.2.19
In a fuzzy soft topological space (U.E.t) the following hold.
i. Ee N_(e(F,))Ve(F,) and
Gpe N(e(Fp)) = e(Fa)€ Gg
ii. If Gg € Ny(e(Fa))and Gg & Hc then Hc € Ni(e(Fa))
iii. If Gg , Hc € Ny(e(Fa))then Gg A Hc € Ni(e(Fa))
iv. If Gg € Ny(e(FA)) then there is a Hc € N(e(Fa)) such that Gg € N:(e'(Mp))
for each e'(Mp) € He.
Proof
i. Let E=Hg
Then Ve € E,H(e) = 1
Now A < E and F(e) = H(e)

It follows that e(F5) € Hg € He

ie e(FA) EECE
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Thus E € N(e(Fa)) V e(Fa)
For the second part, we have Gg € N(e(F1))
So there is a fuzzy soft set Hc such that e(FA) € Hc < Gg. It follows that
e(Fa) € Gs
il. We have Gg € Ny(e(Fa))
So there is a fuzzy soft open sets Ip such that e(F») € Ip < Gg
Also Gg € Hc¢
Thus e(Fa) € Ip € G € Hcand hence
Hc € Ni(e(Fa))
iii. We have Gg, He € Ni(e(Fa))
So there is a fuzzy soft open sets Ip. Ji such that
e(Fa) € Ip € Gpand e(Fa) € Je € Hc
Thus e(Fa) €Ip N Jg & Gp He and
Since Ip M Ji € T, it follows that
Gg N Hc €Ny(e(Fa))
iv. We have Gg € N(e(Fa))
So there is an Ip € T such that e(Fx) €Ip S Gs.
We take Hc = Ip. Then for each ¢'(Mp) & Hc.e'(Mp) € He E Gs.
It follows that G € Ny(e'(Mp))

Definition: 6.2.20
Let (U, E, 1) be a fuzzy soft topological space. Let F be a fuzzy soft set over

(U,E). The fuzzy soft closure of F, is defined as the intersection of all fuzzy soft
closed sets which contain F5 and is denoted by i We write
F, = N {Gg : Gg isa fuzzy soft closed and FAS Gs}

It is obvious that

i. F, is a fuzzy soft closed and

ii. FAS F, .
Example: 6.2.21

Let U={a,b.c} and E={ej.e2.e3.e4}, A={ e1.e2} CE, B={ei.e2e4 }cE.
Fa={ F(e1)= {(a,0.4),(b,0.1),(c.0)}

F(e)= {(a,0.6).(b,0.5).(c.,0.2)}
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F(e;)= {(a.0).(b.0).(c.0)]
F(es)= {(a.0).(b.0).(c.0)}}

Gp = 1G(ey) = (a.0.6).(b.0.1).(c.0);
G(es) = {(a.0.7).(b.0.9).(c.0.5)]
G(e3) = {(a.0).(b.0).(c.0)}

Gles) = {(a.0.5).(b.0.3).(c.0.9)};

We consider a fuzzy soft toplology ton (U. E) as T = { D, L. FaGg!. Then fuzzy soft

closed sets are

FC=1Fe)) = 1(a.0.6). (b. 0.9). (c.1)}
FC(ey) = {(a.0.4). (b, 0.5), (c.0.8)}
F(e3) = {(a,1). (b. 1), (c.1)}
F(es) = {(a,1), (b. 1), (c.1)}}

G.=1{ G (e)) = {(a.0.4). (b. 0.9). (c.1)}

G(ez) = {(a,0.3), (b, 0.1), (¢,0.5)}
G%(e3) = {(a,1), (b, 1), (c,1)}
G(es) = {(a.0.5). (b. 0.7). (c,0.1)}}
We consider a fuzzy soft set He over (U.L) as
He = {H(ey) = {(a,0.5). (b. 0.7), (c.0.8)}
H(e») = {(a,0.5). (b, 0.7), (¢,0.8)}
H(es) = {(a.0). (b. 0), (c.0)}
H(es) = {(a.0), (b, 0). (c.0)}
Then

?r = Intersection of all fuzzy soft closed sets containing Hc
= F{ A E=(F;=Fe) ={a.0.6), (b,0.9). (c.1)}

FC(es) = {(a.0.4). (b. 0.5). (c.0.8)}

F(es) = {(a.1), (b, 1), (c.1)}

FS(es) = {(a,1). (b, 1), (c.1)}}

Definition: 6.2.22
Let (U,E.1) be a fuzzy soft topological space. Let Fa be a fuzzy soft set over

(U.E).
The fuzzy soft interior of F A is defined as the union of all fuzzy open sets contained in

Faand is denoted by F7. We write
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I =0 { Gg : Gy is a fuzzy soft open and Gy Faj.
It is obvious that
i. FR is fuzzy soft open
ii. FQ is the largest fuzzy soft open set contained in .
Example: 6.2.23
Let U={a,b.c} and E={e,.ez.e3.84}, A={ e1.€2} C E. B= [ej.ea.eq ) CE.
Fa={ Fe))= {(a.0.4).(b.0.1).(c.0.1)]
F(e2)= {(a.0.6),(b,0.5).{c.0.2)}
F(e3)= {(a.0),(b.0).(c.0)}
Fey)= {(a.0).(b,0),(c.0)}
Gp = {G(er) = {(a,0.6).(b.0.1).(c.0.1)}
G(ey) = {(a.0.7),(b.0.9).(c.0.5)}
G(es) = {(a.0).(b.0).(c.0)}
G(es) = {(a.0.5),(b.0.3).(c.0.9)} }
We consider a fuzzy soft set topology ton (U.E) as t = { D.E. FaGgj.
We consider a fuzzy soft set Hc over (U.E) as
He = {H(e)) = {(a,0.6), (b. 0.3). (c,0.2)]
H(e,) = {(a.0.7), (b. 0.3). (c.0.2)}
H(e;) = {(a.0.2), (b, 0.8), (c.0.6)}
H(es) = {(a,0), (b, 0). (¢,0)}}
Then
HE = Union of all fuzzy soft open sets contained in He
=FAU @ =Fa= { F(e))= {(a,0.4),(b.0.1),(c.0.1)}
F(ey)= {(a.0.6),(5.0.5).(c.,0.2)]
F(es;)= {(a,0).(b.0).(c.0)}
F(es)= {(a,0).(b.0),(c.0)} }
Theorem: 6.2.24
Let (U,E.7) be a fuzzy soft topological space. Let F, be a fuzzy soft set over
k)
Then Fa is a fuzzy soft closed set if and only if Fa=Fa
Proof:
Let (U.E.7) be a fuzzy soft topological space. Let Fx be a fuzzy soft set over

(U.E) such that F5 = Fa. To prove that F, is a fuzzy soft closed set. We have
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F.A =0 { Gy : Gy is a fuzzy soft closed and Iy c GB}
Fa is fuzzy soft closed, being an arbitrary intersection of fuzzy closed sets. Also Fy
is fuzzy sofi closed and F = Fa =Fa s fuzzy soft closed.

Conversely. suppose that F 4 is fuzzy soft closed in (U.E.1). To prove that F =
Fa It is clear from definition that any fuzzy soft closed set Gy. FAC Gg= Fa C Gy

Since FAS Fa =2F4 © Faand Fo S F, . it follows that Fy =Fa.
Theorem: 6.2.25

Let (U.E.1) be a fuzzy soft topological space. Let F5 be a fuzzy soft set over
(U,E).

Then F is a fuzzy soft open set if and only if FR=Fa.

Proof:

Let (U.E.1) be a fuzzy soft topological space. Let F4 be a fuzzy soft set over
(U,E) such that F3= F. To prove that F is fuzzy soft open. We have
FY =0 { Gp : Gp is a fuzzy soft open and GgC Fa}

F{is fuzzy soft open, being an arbitrary union of fuzzy soft open sets. Also
F{ is fuzzy soft open and F{ =Fx= Fa is fuzzy soft open.
Conversely. suppose that F4 is fuzzy soft open in (U.E.7). To prove that F{=Fa ltis
clear from definition that any fuzzy soft open set GgC Fa= GpgC Fj_) )
Since FAE Fa = FAC F! and F{ & Fa. it follows that F{=Fa.
Theorem: 6.2.26

Let (U.E.1) be a fuzzy soft topological space. Let Fa, G be a fuzzy soft set
over (U.E). Then

. R
iii. Fa € Gg==>F,4

iv. F,0G,=F,0

vi. F,=Fa
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Theorem: 6.2.27
Let (U.E.1) be a fuzzy soft topological space. Let Fa. G be a fuzzy soft set
over (U.E). Then
D7 =D
i, B2 =f
iii. Fa & Gy ==>FR € Gp
iv. (FO)V=FY
Definition: 6.2.28
Let (U.E.7) be a fuzzy soft topological space. Let Y be an ordinary subset of
U and H;: be a fuzzy soft set over (U.E) such that
Vee E.u*H, (x)= -1“ If =k }j
\0 if xgY
Let Ty= {Hg NGp: G € T}
It can be verified that Ty is a fuzzy soft topology on (Y.E). We would call Ty the
fuzzy soft subspace topology for (Y.E).
Example: 6.2.29
Let U={a,b,c} and E={e,.e2.e3.64}, A={ e1.€2} CE, B= {e;,ez.64 } CE.
Fa= { F(e))= {(a.0.4).(b.0.1).(c.0)]
F(e2)= {(a,0.6).(b.0.5).(c.0.2)}
F(es)= {(a,0).(b.0).(c.0)}
Fes)= {(a,0).(b.0).(c.0)}]
Gg = {G(e)) = {(a,0.6),(b.0.1).(c.0)}
G(es) = {(a.0.7).(b,0.9),(c.0.5)}
Ges) = {(a.0).(b.0).(c.0)}
G(es) = {(a.0.5).,(b.,0.3).(c.0.9)} }

We consider a fuzzy soft set topology T on (U,E) as t = { O, E.FAGg).

Let Y={a,b} c U.
We consider a fuzzy soft set Hr over (Y.E) as
He = {H(e1) = {(a.1), (b.1). (c.0)}
H(e;) = {(a.1), (b. 1), (c.0)]
H(es) = {(a,1). (b,1), (c,0)}
H(es) = {(a.1). (b. 1). (c.0)}}
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Then
i. OAH, =D
ii. EAH,=E
iii.  FaMHg=Fa={ F(e1)= {(a,0.4),(b,0.1),(c,0)}

F(e2)= {(a.0.6),(b.0.5).(c.0.2)}
F(es)= {(a.0).(b,0),(c.0)}
F(es)= {(2,0).(b,0).(c,0)}}
iv.  GsAHg =Gs = {G(e1) = {(2,0.6),(b,0.1),(c.0)} |

G(ez) = {(a,0.7),(b,0.9),(c.0.5)}
G(e3) = {(a,0),(b,0),(c,0)}
G(eq) = {(a,0.5),(b,0.3),(c,0.9)} }
Thus the collection Ty = {He NGp: G € T} is a fuzzy soft topology on (Y.E).
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