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INTRODUCTION.

In 1924, Alexandroff constructed the simplest compactification namely
1-point compactification. Since then many authors have contributed to the
study of the remainder o X)-X, where o(X) is a compactification of X. This
thesis 1s devoted to the study of finite compactifications and countable

compactifications. The following four papers are taken for discussion:
(1). MAGILL, K.D., N-POINT COMPACTIFICATIONS [11]
(2).CAIN,G.L., CONTINUOUS PREIMAGES OF SPACES WITH

FINITE COMPACTIFICATIONS. [3].
(3). MAGILL, K.D., COUNTABLE COMPACTIFICATIONS [12].

(4). KIMURA,T., Ny-POINT COMPACTIFICATIONS OF LOCALLY

COMPACT SPACES AND PRODUCT SPACES [10].

Chapter 1 deals with finite compactifications. Here we discuss the
results of Magill [11] and Cain [3]. Magill [11] has obtained a characterization
of Hausdorff spaces which admit N-Point compactifications. He [11] has
proved that each N-Star gives rise to an N-Point compactification and to each
N-Point compactification there corresponds an N-Star. Also, there is a one-one
correspondence between the number of N-Point compactifications and the
equivalence classes of the family of N-Stars. Apart from these results, the

following interesting properties are obtained:

1. If X has the property that every compact set of X is contained 1n a
compact subset whose complement has atmost N components, then X has no

M-Point compactification for M>N.



2. The inverse image of a space that has an N-point compactification

under a compact, continuous mapping also has an N-Point compactification.

3. R has only one I-point compactification only one 2-point

compactification and no N-point compactification for N>2.

4. The Euclidean space E" for N>1 has no M-Point compactification

for M>1.

5. An infinite discrete space has infinitely many N-Point

compactifications for each N>1.

6. Given any positive integer N, there exists a space which has an N-

Point compactification but no M-point compactification for M>N.

Cain [3] has extended Magill’s result and has obtained the following

characterization:

“A connected locally compact Hausdorff space X has an N-Point
compactification iff there is a continous mapping of X onto a compact
Hausdorft space so that the singular set of the mapping consists of exactly N-

points”.

Chapter II is devoted to the study of countable compactifications.
Magill [12] has obtained a set of equivalent conditions for a locally compact
space which admit a countable compatification. Magill [12] has extended his
result on N-Point compactifications and has obtained sufficient conditions
under which a space has no countable compactification. He [12] has shown
that no Euclidean-N space has a countable compactification. The following

characterization is obtained:

“A locally compact space X has a countable compactification iff for

each positive integer N, there is a N-Star”.



Kimura [10] has obtained the following characterizations:

1. A locally compact space X has a countable compactification iff there
is a sequence {U/ieN} of pairv;ise disjoint y-open subsets of X each with

noncompact closure.

2. A locally compact space X has a countable compactification iff there
is a continuous mapping f of X onto a compact space Y such that the singular
set S(f) is countable. He [10] has also obtained a set of necessary and sufficient
conditions for the product of two locally compact spaces to admit a countable

compactification.
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REVIEW OF LITERATURE

When we try to study the literature on compactifications we find that it
is a big ocean. In 1924 Alexandroff constructed one-point compactification.
From then on various aspects of compactifications have been studied by many
authors. In this thesis we have made a detailed study of finite
compactifications and countable compactifications as given by Magill [11,12],
Cain [3] and Kimura [10]. We now present abstracts of few important papers
which deal with the study of the remainder a(X)-X.

Remainders in Hausdorff compactifications [Chandler, R.E and Fu-Chien
Tzung, 1978] [6].

The authors have generalized a theorem of Steiner and Steiner and it to
obtain new results concerning remainders for completely regular spaces. Both

the locally compact and nonlocally compact cases are considered.

A note on a fiberwise one-point compactification. [Chung, J.M.L.H, 1981]
[7].

The authors have shown that if p:~—B is a continuous surjective map
of locally compact separable metric spaces, then the fiberwise one point

compactification E of E is also a locally separable metric space.

Compactification with zero dimensional remainders [Dominguez., J.M,
1985][8].
The author is concerned with the lattice Ko(X) of compactifications

with zero dimensional remainder of a locally compact space X.

Let F(X) denote the subalgebra (and sublattice) of C(X) of all
continuous real-valued functions f for which there is a compact set K with f{X-

K] 1s finite. Denote by Ci(X) all functions in C(X) with compact support. It 1s

4



observed that if a(X) is a compactifications of X with a zero dimensional
remainder. then the functions in C(X) which admit an extension to a(X) fonq
a subalgebra F(X) of C(X) which contains Ci(X) and determines the
compactification o(X). Conversely, a subalgebra A of F(X) which contains
Ci(X) determines of compactiifications «(X) which zero dimensional

reminder for which A=F (X)

On the Lattice of one-point near compactifications [Raghavan, T.G., 1985]
[15].

The author claims to have discovered a new one-point T, near
compactification for a locally nearly compact T, non-H closed space (X,t)
which is the projective maximum within the class L of all one-point T, near
compactifications of (X,t). The author has also showed that the class L is the

same as (isomorphic to) the class of all one-point H-closures of (X,1).

One-Point T;-bicompactifications [Osmatesca, P.C., 1987] [14].

The author presents a systematic method for constructing all one-point
T, compactifications of a non compact T, space. To do this the author
introduces special bases of closed sets, called LA-bases. The procedure is
similar to that used to construct Wallman compactifications from Wallman

bases.



Chapter I

fjﬂ inite Qompactifications




CHAPTER-I

FINITE COMPACTIFICATIONS

This chapter is devoted to the study of finite compactifications. Magill [11] has
introduced the notion of N-Star and has proved that each N-star gives rise to an N-point
compactification and to each N-point compactification there is an N-star. He [11] has
shown that there is a one -one correspondence between the number of N-point
compactifications and the number of equivalence classes of  N-stars of X. He has also
obtained necessary and sufficient condition for a space to have exactly one N-point
compactification. Using the results obtained in this paper he [11] has shown that the space
EY has no M-Point compactification for M>1 and R has exactly one 1-point
compactification and one 2-point compactification and no M-point compactification for
M>2. Some more interesting examples are also given here. Section 2 deals with these
results. In section 3 we discuss the results of Cain [3]. He has given an extension of
Magill’s result and has obtained a characterization of those spaces that have an N-point
compactification in terms of the existence of certain mappings into compact spaces. First

let us give the preliminary definitions and results.

SECTION 1.1.

Definition 1.1.1. A compactification of a topological space X is a compact Hausdorff
space Y containing X such that X is dense in Y (ie) X =Y. A compactification of a space

X is denoted by o (X).

Note A necessary and sufficient condition for a space to have a compactification is that it

should be completely regular.



Constructing a compactification is equivalent to finding a dense imbedding of a
space into a compact Hausdorft space.
Definition 1.1.2. Let X and Y be to top spaces. A map h:X—Y is an imbedding provided
the map X — h(X) i1s a homeomorphism. Choose an imbedding h' X—Z of X into a

compact Hausdorft space Z.

Let X, denote the subspace h(X) of Z and let Y, denote its closure in Z. Then Y, is
a compact Hausdorff' space and X, =Y,. Therefore Y, is the compactification of X,

induced by h.

Definition.1.1.3. Two compactifications o,(X) and a(X) of X are said to be equivalent

if there is a homeomorphism h: o, (X) — a2(X) such that h(x)=x, for every xe X.

Definition 1.1.4. Let X be a locally compact Hausdorft space. Take some object outside
X, denote by the symbol o for convenience and adjoin it to X forming the set Y=XU{o0}.

Topologize Y by defining the collection of open sets in Y to be all sets of the following
types.

1) U, where U is an open subset of X.

(i1) Y-C, where C is a compact subset of X.

The space Y is called the 1- point compactification of X.

The above construction of 1-point compactification is given by Alexandroff in the

year 1924. Hence it is also termed as Alexandroff compactification.
Note: It is easily seen that any two 1-point compactifications are equivalent.

Example.1.1.5 The 1-point compactification of a real line R is homeomorphic with the

circle. Similarly the 1-point compactification of R* is homeomorphic to S?

~



Example.1.1.6. Take the unit circle S' in R*and h: (0,1)—S' be the map

h(t) = (cos2nt, sin2nt). The compactification induced by the imbedding h is equivalent to

the 1- point compactification of (0,1).

Example 1.1.7. Let Y be the space [0,1]. Then Y is a compactification of (0,1). It is

obtained by adding one point at each end of (0,1).

Definition 1.1.8 If £X—Y is a continuous mapping of one locally compact space onto
another, then the singular set S(f) is the collection of all points peY, such that, in every

neighbourhood of p there is a compact set with non-compact inverse image.

Definition 1.1.9. D is said to be upper semicontinous if for every deD and U an open
subset of o (Z) containing d, there exists an open VCU containing d such that if e and

Ve #p, then ecV.

Notation:

1) By X, we mean a topological space (X,1).
2) For AcX, ecA denotes the complement of A with respect to X. If no

confusion arises, we use the simpler notation eA.

SECTION 1.2

In this section we discuss Magill’s [11] results in detail. All topological spaces

discussed in this section are Hausdroff spaces.

Definition 1.2.1. A compactiﬁcationi o(X) of a space is called an N-point
compactification if o(X)-X contains N-Points, in which case we shall use the notation

O{.N(X). 8



The following theorem gives a characterization of Hausdroff spaces which admit

an N-point compactification.
Theorem 1.2.2. The following statements concerning a space are equivalent:

(i) X has an N point compactification.

(i) X is locally compact and contains a compact subset K whose complement is thé
union of N mutuallly disjoint, open subsets {G;}?:l such that KUG; is not compact
for each 1.

(i) X is locally compact and contains a compact subset K whose complement is the
union of N mutuallly disjoint open subsets {Gi}l] such that KUG; is contained in no
compact subset for each 1.

(iv) X is locally compact and contains N mutuallly disjoint open subsets {G; }il such
that e[G,WG,u...UGy] is compact while for each i, [G1UG,... UGi1UGiw. WG]

(which equals X if N=1) is not compact.

Proof:

(i) = (ii) Assume X has an N point compactification on(X). Then there are N points

I,I2...Tx such that an(X) - X = {ri,r2..1a}.

N
Since, on(X) is Handsdorft, there exist mutually disjoint open subsets {Gi'}i-y of

on(X) such that r;eG;' for eachi. Let G;= G;' -{r;}.
Claim: G; is non empty.

Suppose G; is empty, then G:' = {r;}. Hence G;' is an open set containing r;. But

G; nX=¢. This implies r; ¢X_ This is a contradictiction, because X = o(X).

Claim: G; is an open subset of X.



This follows immediately from the fact that G;'~X = G;
Let K = ex [GuGu...UGy].
Then K = e [G1UGL...UGy].
Hence K is a closed subset of ax(X). Since close subset of a compact space is
compact, we get that K is compact.
Consider, KUG; = ex [G1UG,... UG;.1 UG .. UGN]
= eanpo [G1'UG,' ... UGi " UG 'U..UGK'] Meanco{ri} ]

Suppose KUG; is compact, then it is a closed subset of an(X).

Therefore, {r;}u [G,'U G,'... UGi,'UGi'U..UGY'] is an open subset of on(X). Then,

{r}u [Gi'U G, .. UG, UG, 'U..UGK'] }G;' = {r;}is an open subset of on(X).

This implies, 1; ¢ X= on(X), which is a contradiction. Hence KUG; cannot be compact.
Finally, X =on(X). - { ri}hil_l, and is therefore an open subset of on(X). This implies X is

locally compact.

(i)=>(iii):  Assume K as in (ii). (ie) K =ex [GiUG,. wGy] and
KUG; = ex[G1u.. UG UGiquU..UGy] 1s not a compact. Assume KUG; is contained in a
compact set. Then KUG; is compact being a close subset of a compact set. This is a

contradiction. Hence KUG; cannot be contained in a compact subset.

(iii)=>(iv) This follows immediately from (iii). since, ex[G;u..UGi. UG w.. UGy 1S

nothing but KUG;.



(iv)=(i). Let K =ex [G;UG,.. UGy]. Let {r;}i-; be any N distinct elements not in X. Let
on(X) = Xu{ri}il, For any subset H of X, H' denote the set Hu{ri}. We say H has

property P; if H is an open subset of X and [K\G;]mexH is compact

Let B= {HH has property P; }
To prove B forms a basis for a topology on an(X). Let H; and H, have property P; Since

H, and H, are open sets, Hi~H, is also an open subset of X

Consider, [KUG;] neX[HinH,] .= ([KUG;] nexH;] U ([KUG;] nexHs)
Since, finite union of compact sets is compact, we get that the right hand side set is
compact. Therefore, B is a neighbourhood basis for r;. Let Ty be the topology on o(X)

having these sets and the open subsets of X as basis.
To prove tn(X) is Hausdorff. Take y;, y,€ on(X), with y;2y,
Case 1: y;=r; and y,=T;
Consider for any i, [KUG;] mexG; = KnexGi] U[GinexGi] =KnexGi=K as

KcexG; Hence [KUG;}exG; is compact. Since G; is also an open subset of X, we get

that G;has a property P;. Therefore, each G;is a basis element of ty. Then,

Gi=Giu{r;} and. GJJ: Gju{r;} are the disjoint open sets containing r; and r; respectively.

Case ii: y;=xeX and y,=r;

Since X is locally compact, there is a compact set K* and an open subset G* such
that xeG*cK*. Then [KUG;]~K* being a closed subset of K* is compact.(ie)
[KUGi] mex(exK*) is compact. This implies (exK*)' is a basis element in T Also

ri e(exK*)' and (exK*)'~ G* =0.
i



Case iii :- Both. y; y, € X.Since X is Hausdorff there exist disjoint open sets in X

containing y; and y,.
Hence in all the cases the Hausdorff condition is satisfied. Hence an(X) 1s Hausdorft.
To Prove an(X) is compéct

Let U={U,} aeA be an open cover of on(X). Then N of these sets {U,,Us...Ux} contain
respectively sets of form Hj, H%, H: where for each i, H; is an open subset of X and

[KUG;] meX Hi is compact.

Claim:-:)r_\‘ [G1u...UGi., UHUGH U...UGN]c{HUH,... UHy}
Let xeir'f\l [Giu... UG UH UG, U...UGy]

This implies, xe Giu... UG WH UG L. UGy, for every i.
This implies, there exist Gy or H; such that, xe G or xeH;

If xeH; xeH;UHuU...UHy.

If xe Gy, then since GinGj=¢ for i#. We have x¢ G, x¢G,... x&Gi-1, x¢Gy.1... x¢Gy. But
xeGuUGU... UGk UH UG+ w...UGy. Hence we conclude that

xeHycH;UH,uU...UHy. Hence the claim.

From the claim, we get

2



N
ex[HiuHyu... UHN] < wex[Gru... UG UH UG L. UGy].
1=\

Therefore, eon(X)[U;uUyu...0Uy] < ex[H;UH,U.. . UHY]

(e

vCz

N

' ex[G1u... UG UHUG; U...UGN]= U([KUG;] n exH;) which s
=\

compact, This eon(X)[U;wUyu...0Uy] is a compact subset of on(X) and is covered by a

finite subfamily of U Hence an(X) in turn is covered by finite subfamily of U. Hence

on(X) is compact.
To prove X is a dense subset of an(X).

Let H' be a basis open set containing r; Since H satisfies property P;, we get
[KUGi] exH is compact. But KUG; is not compact. This implies, exH=X. Hence Hzd.
Therefore, HNX=HNX= H#p. Thus rieX. This is true for every i. Therefore

X=0on(X).Hence ax(X) is an N-point compactification of X.

Definition 1.2.3. :-Let G={G;}';J:l be mutually disjoint open family of N subsets of X with

the property:-.

1). Ke=e[G1uG,u... UGy] is compact .

i). e [G1uGyu... UG UGiquU...UGy] is not compact for each i.
Then G is said to be an N-Star of X.

Theorem 1.2.4:- A space X has a I-star iffit is not compact.

I3



Proof:- Assume X has a I-star, say,G={G;} Then eG; is compact., and e[¢] is not

compact (ie) X is not compact.

Conversly assume X is not compact Let X = {G,} Then eG=eX=¢ is compact and e¢p=X

1s non compact.
Hence the theorem.

Theorem 1.2.5:- N- Star of a locally compact space X gives rise to an N-point

compactification of X (called the compactification induced by N-Star)
Proof:- This follows from the implication (iv)=>(i) of theorem 1.2.2.

Let Sn(X) be the collection of all N-Stars of X (ie) Sx(X)={G«}«ca, Where G, is an
N-Star of X. Define a relation R on Sx(X) by GRH if the elements {Gi}'}‘:] and {H; }il of G

and H respectively can be ordered in such a way that [KyUH;] meG;is compact for each i.

The following theorem determines the number of N-point compactification of a

locally compact HausdorfY space: -

Theorem 1.2.6.:- If X is a locally compact space, then R is an equivalence relation on
Sx(X) and there is a one-one correspondance between the equivalence classes of Sy(X)

and the different N-point compactification of X.
For the Proof of the theorem we require the following lemma:-

|4



Lemma 1.2.7:- If G and H are elements of Sx(X). Then GRH iff thecompactifications

induced by G and H are equivalent.

Proof:- Let G={Gi}:'=1 and H={H,-}t:=1. Let an(X) and nn(X) be the compactiﬁcati(;n
induced by G and H respectively. Denote the points of an(X)-X by {m}il and those of

nn(X)-X by {bifes.

First assume GRH. Then by definition for some ordering of the elements of G and H,

[KgUH;]MeG; is compact for each i.

Claim:- If U is an open subset of X which has property P; with respect to the N-Star G

then it also has property P; with respect to the N-Star H.
Since U has property P;, [KsuG;] meU is compact

Thus [KxpuH;] meGi)u([ KeuGi] meU) is compact. Hence [KxpUH;] meU is compact

being a closed subset of this compact set.
Hence the claim.

Consider the mapping, h: Nu(X)— on(X) defined by, h(b;)=a;, for i=1,2... n and h(x) =x,

for every x € X.
Any basis element T in on(X) is of the form, T=U, U open subset of X.

or T=Uu{a;}, U is an open subset of X having property P; with respect to G.

' 5



If T=U, then h(T) =h"'(U)=Uety.

If T=UU{a; },then h™(T) =Uu{b;}. By the claim, we get that U has property P; with

respect to the N-Star H. Hence Uu{b;} et

Therefore, inverse image of any basis element is open. Hence the mapping h is
continuous. Since h is a continuous one-one mapping of a compact space onto a

Hausdorff space on(X), h is a homeomorphism.

Hence an(X) and nn(X) are equivalent.

Conversely, let the compactifications induced by G and H be equivalent.

Claim:- There is an ordering (determined by the homemorphism) for the elements of G
and H such that [K;AuH;]eG; is compact for each i. [similarly, [KsuG;]neH;is compact

for each 1]

Since Nn(X) and an(X) are equivalent there is a homeomorphism.

h: Mu(X)—an(X) with h(x)=x for xe X. We reorder G as follows:-

Rename h(b;) by a; G;is an open subset of X and, [KoGi]neGi=Kg 1s compact.

Therefore G; has property P;with respect to the N-Star G.

Therefore, G;' is open in on(X). Hence h''(G') =G;u{b;} is an open subset of
containing b;. (ie) there exists a basis element H', where H has property P;, with respect to
H, such that, HcG;u{b;}. (ie) Hu{b;} cGyu{b;}=> HCG;

16



Now [KxuHi]neH is compact. Also,eGiceH.Hence [KpuHilneG; is compact

being a closed subset of the compact space [KyUH;]~eH.

Therefore GRH.

Similarly, by considering the inverse maping h”' we get that , HRG.

From theoreml.2.1. we get that to each N-Star there corresponds an N-point
compactification and to each N-point compactification, there is an N-Star and for two N-

Stars G and H, GRH if and only if the corresponding compactifications are equivalzr:.

Hence the lemma.

Proof of the theorem:- Let us now show that R is an equivalence relation.

1). Reflexive:- Since [KsUG;] meG; =K is compact GRG.

i) Symmetric:- Assume GRH..By the lemma o and my. are equivalent. Hence -here
exists a homeomorphism h:ow—m such that, h(x)=x, for every xe X.By using argamert in

the converse part of the lemma it can be shown that [KgUG;] meH; is compact for 2ach i.

Hence HRG.

iii) Transitive:- Let GRH and HRM. Let o, nn and I'y be the N-point compactiz caticn
induced by G, H and M respectively. By the lemma, o and ny are equivalent, and 1 and
'y are equivalent. Since composition of homeomorphisms is again a homeomorphisn: we

have, o and Iy are equivalent. Hence by the lemma GRM. Therefore R is an equivalence

7



relation and from the lemma we get that there is a one-one correspondence between the

equivalence classes of an(X) and the different N-point compactifications of X.
Theorem 1.2.8.:- No space has more than onel-point compactification.

Proof:-To prove this it is enough to prove that any two 1-Stars are equivalent . Let
G={G,}and H={H, }be two 1-Stars . Then Ks=eG, and Ky=¢eH, are compact.and

(1)[KsuGi]neH;=eH; is compact.
(1) [KipoH ] meGi=eG; is compact.

Hence we get that GRH. Since any two 1-Stars are equivalent, we get from theorem 1.2.6.

that no space has more than one 1-point compactification.

Theorem 1.2.9:- X has exactly one N- point compactification iff X is locally compact, has

an N-Star, and all other N-Stars are equivalent to it.

Proof:- X has exactly one N-point compactification
iff there is exactly only one equivalance class of Sy(X).(by theorem 1.2.6)
iff X has an N-Star and all other N-Stars are equivalent to it.

Hence the proof.
From theorem 1.2.2. we get ,

Theorem 1.2.10:- If X has an N-point compactification, then it has an M-point

compactification for every positive integer M<N.

'8



Theorem 1.2.11. If X has the property that every compact subset of X is contained in a
compact subset whose complement has atmost N components then X has no M-point

compactification for M>N.

M
Proof:- Suppose X has an M-Star, {G;};-i(M>N). Let K* be a compact subset containing

e[G1UG,... UGM]=K, such that, eK* has r components H,H,... H, where r<N.(ie)
K* 2 e[GUG,U...UGy] and eK*=H,UH,... UH,. Hence eK*—G,UG,... UG

(ie) HiuH,... UH,cGUG,... UGy, Since r <M and H; is connected for each 1,[H;UH,...

UH,] = ¢ for some j.
Hence, Gjce[H;UH,... UH,] (ie)G;cK*

Therefore KUG;cK* .Implies KUG; is compact being a closed subset of a compact

space.. This is a contradiction to the fact that KUG; is not compact.

Hence X has no M-Star for M>N which in turn implies that X has no M-point

compactification for M>N.

The study of the existence of N-point compactifications of a space X which is
mapped under compact continuous mapping to a space having an N-point

compactification is provided by the following theorem:-

Theorem 1.2.12:- If Y has an N-point compactification and is the image of X under a

compact continuous mapping, then X also has an N-point compactification.
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Proof:- Consider a mapping £ X —Y such that f is continuous, compact and onto. Let Y

have an N-point compactification. Let {G; }11 be the corresponding N-Star.
* Claim:- {f{(G;)Y, is the N-Star for X.
(i) Since G; is open and fis continuous, f*(G;) is open.
Consider,ex[f"(Gl) U (G u...u (Gy)]

= ex £(G)= AX- F(G)I= 3 F(Y- G)= FI(Y- G)] = Flen(D, Gl
Since,ey[Giu Gyu...U Gy] is compact and fis compact, we get f l{cy(‘k':J‘ Gi)] is compact.
(ii) Consider, ex[f*(G) Uf'(Gy) L...U £(Giy) U £(Gin) L...LU PY(Gy)]

= f[ex(G1UGU... UG UG L. UGY)]

If this set is compact we get,
f[f" 1(eY(Gluqu...uGi.lquu...uC_iN)] isa compact.
(ie) ey { G1UGU...UG;.1UG; ... UGy) is compact, which is a contradiction, hence,
fl(eY[Gluqu...uG;.lquu.A.uGN]) is non-compact. Thus{ fl(Gi)}Zi‘s an N-Star of X.
To prove X is locally compact.

Consider,xe X, then f(x)eY.
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Since Y is locally compact, there exists a compact subset T containing a neighbourhood V

of f(x) (ie)f(x)cVCT. (ie)xe f'(f(x)) = £'(V)c £'(T)

(ie)xe (V) <f(T).

f'(T) is compact as fis compact and f'(V) is open as f is continuous. Thus X ix locally

compact. Therefore by theorem 1.1.5 X has an N- point compactification.

The lemma and the theotern which follows it are crucial to discuss some interesting

properties of special spaces.

Lemma 1.2.13. Let (X,d;) and (Y,d;) be two unbounded, connected metric spaces and
denote their product by XxY, Let (xo,yo) be a point in XxY and let k be any positive
number and put K={(x,y) € XxY: di(x,X¢) <k and dy(y,yo) <k}. Then ¢K is a connected

set.

Proof:- Let (x1,y1) and (x2,y2) be points of eK. Then either d;(x;,x0)>k or da(y1,y0)>k and

either d;(x2,%0)>k or dx(y2,y0)>k.
Suppose d;(x1,%X0)>k and d, (x2,%)>k.

Let Ai={(x1,y):;yeY}. Since Y is an unbounded metric space, there exist a point y,€Y,
such that, dx(ys,yo)>k. Let Ay={(x,y3):xeX} and let, As={(x,y):yeY}. Here, A, and A;
are homeomorphic to Y and A, is homeomorphic to X Hence A;,A, and Az are connected

since, (X1,y3) €A1MA,, AjUA, is connected.
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Sintce,(x;;_,y3) €A, NAs, (x2,¥3) €( AjUA;) NAs. Hence AjUA; UA; is connected.
Now let us show Kn( AjUA; UA3)=0

Let (x,y) €A;=> x=X. ’Using triangle inequality, d,(X1,X0)<d,(X1,Xx)+d;(X,X0)

(ie) di(x,X0)> dy(x1,X0)-d1(x1,X)=d;(X1,X0)>k. Hence (x,y) ¢K.(ie) AinK=¢.

Similarly it can be shown that A;nK=¢ and As~K=¢. Hence Kn( A;vA; UA3)= 0
(1e) AjUA; UAsceK, and (x4,y1) and (x2,y2) belongs to AjUA; UA;. Thus every pair of

points of eK is contained in a connected subset of eK. Hence eK is connected.

Theorem 1.2.14: Let (X,d,) and (Y,d,) be two unbounded metric spaces and supppose for
every real number r and points xoex and yoey, the sets {xeX:d(x,xo)<r} and

{y€Y: da(y,yo)<r} are compact Then XxY has no N-point compactification for N>1.

Proof:-Let K#¢ be a compact subset of XxY. Let Px and Py be the projection mappinz
into X and Y respectively. Since projection mappings are continuous, Px(K) and Py(K) are
compact subsets of X and Y respectively. consider, xo=Px(K) and Y.ePy(K). Since
compact subsets of metric spaces are bounded, there exist positive numbers r; and r; suck

that Px(K)c{xeX:d(x1X¢)<n }. and Py(K) c{yeY:da(y,yo) <r,}. Let r=max{r;,r,}.

Then, Px(K) c{xeX: di(x,xo) <r}=Hx. and Py(K) c{yeY:dx(y,yo) <r}=Hy.

22



By hypothesis, Hx and Hy are compact. Hence HyxHy is compact. Also KcPx(K)xPy(K)
< HxxHy. Moreover by lemma 1.2.13. e [HxxHy] 1s connected and hence e[ HxxHy] has a

single component.

Thus every compact set is contained in a compact set whose complement has atmost 1
component. By theorem 1.1.11 XxY has no N-point compactification for N>1. Hence the

proof.
1.2.15. Discussion of some special spaces:-
I. The complex plane:- Let X=(R,d;) and Y=(R,d,) and, d(x,y)=d,(x,y)=|x-y|.

Since closed and bounded subset of R is compact, we have, for any reR, {xeX/|x-x(/<r}
and {yeY/ly-yo|<r} are compact. Hence by theorem 1.2.14, RxR has no N-point
compactification for N>1. Hence the only N-point compactification of the complex flae
is the I1-point compactiﬁcatibn (ie) the Enclidean 2- space RxR has no N-point
compactification for N>1. Similarly, generalising we have E", the Euclidean N-space has

no N-point compactification for N>1.

II. The space R of Real numbers:- Since every compact subset of R is contained in a
bounded, closed interval whose complement has 2 components, we have by theorem
1.2.11 that R has no N-point compactification for N>2. By theorem 1.2.8 any two one

point compactification are equivalent.

Claim:- Any two 2 point compactifications are also equivalent.

23



Let G={G,,G,} and H={H,,H,} be two 2-stars of the 2-point compactifications o,
and N2 Ks=e[G,UG,] and Ky=e[H;H;] are compact. Hence K; is contained in some
closed interval [a,,b;] and Ky is contained in some closed interval [a,,b,]. Let [a,b] contain
[a;,bi] and [az,b,]. Then Kg[a,b] and Kyc[a,b], which impiies, (-0,a) is contained in one

of G, or G; and one of H; or Hs.

Suppose, (-0,a)cG; and (-o,a)cH;. Since eG, and eH,; are not compact, we hrave

(b,0)cG; and (b,0) cH,. consider, (KsuGy)=eG,.

Then, (KouGi)neH=eGneH =e[G,UH,). e[GUG,]c[a,b]. Hence e[a,b] G;UG,. (i€)

(o0,a) W(b,0) =G UG,. Since, (-0,a)cH,, eH;c[a,0) and eG,(-0,b].
Hence, eHlmerc[va,OO)r\(—OO,b]=[a,b].
Therefore, [KaG,]neH;=eG,~eH,[a,b].
Similarly, [KauG,]neH,=eGineHy[a,b].

Hence both the left hand side sets are compact being closed subsets of the compact set

[a,b] Hence G and H are equivalent. Hence the claim.

Therefore R has only one I1-point compactification and one 2-puint

compactification and has no N-point compactification for N>2.

ITI. The “S” spaces:- The construction of “S” spaces given below provides an answer to

the following question affirmatively.
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“Given a positve integer N, does there exist a space which has an N-toint

compactification but no M-point compactification for M>N?”.

Let n be a positive integer and define. L,={(x,y)} €RxR: Y=1/nX and X>0} where
R is the space of real numbers. L,={x,x/n)/x>0} denotes a ray of the Euclidean rlane

originating from the origin.

Define SN='I§I‘,H. Let K={(0,0)}. eSNK=§I‘Jn‘, where L,'=Ln-{(0,0)}. The family
{L .,’}2‘:1 is mutually disjoint and KUL , = L, is not compact for each n Hence “rom
theorem 1.2.2. Sy has an N-point compactification. Let K be any compact subset o~ Sx.
There exist a positive integer r such that, Kc{(x,y)»eSN:{ETy_fT <r}=K*. (ie) K*denotes the
intersection of a circular disk with Sy. Hence K* is compact and esxK* has N components.
Thus the compact subset K is contained in a compact subset K* whose complemen: has

atmost N components By theorem 1.2.11 Sy has no M-point compactification for M>N.

Note:- By theorem 1.2.14 SyXSy has no M-point compactification for M>1. Hence
product of two spaces having M-point compacifications need not have an M->oint

compacification for M>1.

I'V. Infinite Discrete spaces:- Let X be an infinite discrete space and N a positive integer
N . 3 : a3

such that N>1. Let {Gyj};-: be a mutually disjoint collection of infinite subsets whose

union is whole of X, Now for each j, where 1<<N, let {Gij}ll be a requence of sets such

that,

1) Gi.1j G for =1,2... and 2) G;-G;.; contains infinitely many elements for i=1,2...
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Define for i>1, Gin=¢[G;;UGs... UG;,N-1]. Let G={Gi;UGi,... UGix].

Then each G; is a collection of N mutually disjoint subjects. Since Gijj=Gm;
contains iﬁﬁnitely many elements for i=1,2 ... We get each Gj; has infinite number of

elements. Moreover,

N
.UG;J:G“, UGQU...UG;N.IUG;N = Gi,luGi,zu... uG;,N.lue[Gnu...uGiN_l] = X for evary 1.
J=\

Hence, (i) e [S\Gij]=¢. is compact. and
J=

.. N .

(ll) e [G“UGi,zU... UGiK-luGi,KHU...UG;,N]=8['&J‘GU] UGiK:d) UGi,KzGi,K- Since Gi,k
J:

contains infinitely many elements and the space is discrete, we get Gix is not compact,

Hence G; is an N-Star.

Claim:- If 1,#1,, then G, is not equivalent to G;,. It is sufficient to prove for i; <i; and
=N, that, e[Gi UG, U...UG i1 ji1 UGiLjia ... UGin]MeGigj. 1s not compact (i2) we

will have to show that it contains infinitely many elements.
Case 1: ;=)

Then, €[G; 1 UGi2 ... UGy, j1-1 UGinjia V... UGin]MeGigji=Gir,j1,,eGiz,ji which is infinite,

since Gi;j-Gi+1j has infinitely many elements.
Case i1 : If jy#)o.

Then, Gi1jineGij2 Giz,jimeGi,2=Gi,j1 1s infinite Hence the claim.
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Thus we get that no two N-Stars are equivalent. Hence by theorem 1.2.6 X has infinitely

many N point compactifications for each N>1.

By a suitable modification of the argument used in the above example, we get a

more general result as stated in the following theorem:-

Theorem 1.2.16: If X is locally eompact and the union of an infinite number of mutually

disjoint, open sets then for each N>1, X has infinitely many N-point compactifications.
SECTION 1.3

The results due to Cain [3] are presented in this section. The fact which is used in

proving almost all the theorems in this section is given in the following lemma.

Lemma 1.3.1. Suppose C is a component of a compact Hausdorff space Y and W is an
open neighbourhood of C. Then there exist an open neighbourhood U of C such that

CcUcW and Fr(U)=¢.
Proof:- Define PCY by
P={yeY/there is a separation Y=RUT. with CcR and yeT}

Take any yeP, then there is an open T,such that ye TcP. This implies y is an interior point

of P Hence P is an open set and CCY-P. Therefore Q=Y-P is closed.

Claim:- Q is connected.
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Suppose Q is not connected,then there is a separation Q=AuUB. The component CcQ.

Hence CcA or CcB.

Assume CcA. Since the sets A and B are compact, there are disjoint open
neighbourhoods W, and Wg for which AcW, and BcWg, and FrW,cP. Take any
peFrW,. This implies peP. This implies there is a separation Y=UpUVp such that CcUp

and pe Vp,

Consider the collection{ Vp}. Then this collection is an open cover for the compact
set FrWa. Hence there is a finite subcollection {V;/i=1,2..n} which also covers FrW,.
Each Vi is open and closed. Hence V=§(V; is both open and closed. Let U'=W-V. Then
U' is both open and closed, open since V is closed and closed since V is open. Also
FriWacuVicV. Y= U'U(Y- U'). Since CcW, and CnV=¢, we get CcW,-V= U,
BAW,=¢. This implies BA(WA-V)= ¢ which implies B~ U'=$. Hence BcY- U'.
Therefore we have a separation of Y= U'UY- U' with Cc U' Hence by the definition

of P, (Y- UI)CP. Hence BCP, a contradiction as BCQ=Y-P. Therefore Q is connected.

Since CcQ and C is a maximal connected set, we must have Q=C. Since Y-WcP
for every xeY-W, there is a separation Y=RxUTx with Cc Ry, xeTx. Since Y-W is
compact being closed, there is a finite subcover, {Ti:i=1,2..m} of {Tx}. T=U{T;} is both
open and closed with CCY-T. Thus U=Y-T is a neighbourhood of C such that UcW and

FrU=¢.

Theorem 1.3.2:- Suppose Z is a connected Hansdorff space with an N point

compactification and XZ is open and such that Z-X has atleast k compact components.
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If all components of Z-X are compact, then X has an (N+k) point compactification.

Otherwise X has a (k+1)-point compactification.

Proof:- Let o(Z) be an N-point compactification of Z and let K=o(Z)-X. Define a
decomposition D of a(Z) as D={{x}/xe X} {components of K}.

Claim:- D is upper semicontinuous.

Casei: d={x}, xeX.

Consider an open subset U such that dcU. Let V=U~X. Then dcVcU. Take eeD with
Vne#¢. This implies e cannot be a component of K and e={y} for some yeX. Hence
yeV, which implies ecV.

Case i1. If d is a component of K.

Let U be an open set containing d. By lemma 1.3.1, there is an open set V such
that dcVcU and Fr(V)= ¢. This implies dAcVAKc UK, and (FrV)~K=6.

Take an ecD with Vme#4.Since Fr(V)= ¢, V is both open and closed. Thus there is a
separation for o(Z).(ie)a(Z)=VU(a(Z)-V). Since e is a component and Ve#d, we must
have ecV.

Thus D is upper semicontinous.

Let 5\( be the décomposition space induced by D and let h denote the natural map
of a(Z) onto )’2 It follows from the upper semicontinuity of D that /,Y\ 1S a compact
Hausdorff space.

The continuous map h is one to one on X and X=h"h (X) is an inverse set. Hence
h/X is a homeomorphism. h(X) is identified with X and X is referred to as a subspace o:

A A A
X, X 1s open in X. Therefore X-X is compact.
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A =

Suppose A is a connected subset of the remainder X-X,. then htA) is a connected
subset of K. This implies ﬁtA) is contained in one component of K. Hence A={p} is a
single point. Implies that §(-X is totally disconnected. The space o(Z) is connected henze
A .
X is connected.

; A
Claim:- X is dense in X.
v A

Suppose p is a point in the interior of X-X. The points of Q-X are components, Hence
p is a component. Suppose p ¢X, there exists a neighbourhood W of p such that WnX=o0.
Implies that chc)’z-X. Hence by lemma 1.3.2 there is an open set U is such that
p CUCWCX-X and FrU=¢. Hence U is both open and closed. Therefore there is a separaticn

A o s : s ; . 4.

for X.A contradiction, since ﬁ is connected. Hence X is dense in & Therefore X is a
compactification of X. Suppose C is a compact component of K=Z-X and let N be a compaczt
neighbourhood of C such that N(a(Z)-Z)=¢. Implies NcZ. Then CcK=Z-X implies that
CcNNKcN. By lemma 13.1. there is a neighbourhood V of C such that V&N and
(FrV)mK=¢. This implies that C is a component of o(Z)-X. Hence the number of componeat

of a(Z)-X is atleast as large as the number of compact components of K=Z-X.

Suppose if all the components of K are compact, no point of a(Z)-X is an
accumulation point of a component of K. Thus each reo(Z)-Z is a component of o(Z)-X.
Thus we have shown that if all components of Z-X are compact, there are atleast (N+<)
components of o(Z)-X. Hence either 9(—X is finied and contains atleast (N+k) points or it
is infinite and totally disconnected. In either case, we conclude that there is an (N+k)-point

compactification of X. [5].
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Next, suppose Z-X has atleast one noncompact component C. Then that o (Z)-X has
atleast k+1 components or Q—X contains atleast k+1 points.
The following theorem extents Magill’s results.(Theorem 1.2.12.)

Theorem 1.3.3. Suppose Y has an N-Point compactification, X is connected and f: X —
f{X)=Y 1s a continuous maping for which the singular set S has atleast k compact
components. If all components of S are compact, then X has an (N+k)-point
compactification Otherwise, X has a (k+1)-point compactification.

Proof:- Let (Xw,Fw) be the Whyburn compactification of the map f. That is fw: Xw — fiXy)=Y
with fw is compact and continous. Xy is locally compact Hausdorff and contains X as a densz

subspace, fw/X=f and fw/(Xw-X) is a homeomorphism onto S.( [2] and [17]).

By theorem 1.2.12. Xy has an N-Point compactification. Since Xy-X and £ ars
homeomorphic the conclusions of the theorem follow directly from theorem 1.3.2.
This section is concluded with the following characterization of spaces having N-port

compactifications.

Characterization in terms of mappings onto compact spaces.
Theorem 1.3.4:- A connected locally compact Hausdorff space X has an N-Pcint
compactification iff there is a continous mapping of X onto a compact Hausdorff space so

that the singular set of the mapping consists of exactly N points.
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Proof:- Suppose there is a continous f:X — f{X)=Y with Y compact and S having exactly
N points. Then the existence of an N-point compactification of X follows from
theorem 1.3.3.

Conversely, suppose there is an N-point compactification a(X) of X. Lat
U}, Uz...Uy be disjoined compact neighbourhoods in au(X) of the points of o(X)-X. Defire
the decomposiition D of oX) by taking U;,U,...Uy to be the members of D and the
individual points of a(X)-UU; as members of D. Clearly, D is upper semicontinuous, so
the decompo§ition space Y induced by D is compact Hausdorff. Let h denote the natural
map of o(X) onto Y and define X — Y by f=h/X. The map f carries X onto Y, since

each U; meets X, and the singular set S={h(U;),i=1,2..N}.
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Chapter II

Uomumtable ompactifications




CHAPTER-II

COUNTABLE COMPACTIFICATIONS

In this chapter we discuss the contributions of Magill [12] and Kimura [10] -o the
study of countable compactification.Magill [12] has characterised Hausdorff spaces that are
locally compact and have countable compactfications. He has also shown that no Eucidean
N-space has countable compactification but every infinite discrete space has a courtable

compactification.

Kimura [10] has obtained some characterizations of locally compact spaces whizh
admit countable compactification.He [10] has obtained a set of sufficient conditions for the
product of two locally compact spaces to admit a countable compactification. The preliminary

definitions and results needed are given in the first section.

SECTION 2.1

Definition 2.1.1. A compactification o(X) of a space X is called a countable
compactification or No-point compactification (we say X has an N,CF) if the remainder
oX) -X is countable.

Definition 2.1.2. A open set of U of a space X is y -open if Bd,U is compact.

Definition 2.1.3. A space X is called rim-compact if it has a base consisting of y-open sets.
Remark 2.1.4. Locally compact space are rim compact.

Definition 2.1.5. Freudenthal compactification y(X) of a rim~compact Hausdorff space X is

described as the completion of X with respect to the uniformity having as a base the collzction
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{U(AixA;))} where X is covered by the A’s, each A is an open subset of X and Fr(A; =
clAj-A,; is compact for each i.

The following lemma regarding Freudenthal compactification is proved by Tereda
[16].
Lemma 2.1.6. Cl (x) UN (Y(X)-X) = (y(X)-Clyyexy (X-U)) n (v(X)-X)

(¥(X)-Clyx (X-U)) v ((X) -ClyoU) S y(X)-X and

(¥(X)-Clyx) (X-U)) N (v(X)-ClyoU) = ¢

SECTION 2.2
Results of Magill [12].

In this section all topological spaces are assumed to be Hausdorff.
Theorem 2.2.1. The following statements concerning a space X are equivalent:

1) X is locally compact B(X) -X has an infinite number of components (maximal
connected sets).

ii) X is locally compact and there exist a compactification o(X) of X such that a(X) - X
_1s infinite and locally disconnected.

1ii) X is locally compact and has a countable compactification.

1iv) X has N-point compactification for each positive integer n.
Proof
i = ii. Let B(X) -X = U{H,:aeA}, H, is a component of B(X)-X. Let a(X) = XU A and
define a function h: B(X) — o(X) by

h(P) = pifpeX —
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= aif Pe H,.

Endow a(X) with the quotient topology induced by h. Since a(X) is the continuous
image of compact space it is compact.
Claim:- o(X) is Hausdorff.

To prove this consider the following three cases for distinct points p and q .

1) Both p and q belongs to X.

2) peX and gea(X) -X.

3) Both p and q belongs to a(X)-X.
Case 1. Both p and q belongs to X.

Since X is locally compact, it is an open subset of any compactification and hence of
B(X). Let U be any subset of X. Then U is open in B(X).

To prove U is an open subset of o(X).

Now h'(U) = U, is openin (X).

Hence by the definition of quotient topology, U is open in a.(X). Hence the claim.

If p,q €X, as X is Hausdorff there exists disjoint open sets U and V in X such that
peU and qeU and Un V = ¢. By the claim U and V are open in o(X) and hence the

Hausdorff condition for o(X) is satisfied in this case.

Case 2: peX and qea(X)-X.
Since X is locally compact, there exist a compact subset K of X which contains an

open subset G of X such that pe G cKcX. Since K is a compact set in X, it is closed in X and
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hence o(X) -K is open in o(X). Hence G and o(X) -K are the disjoint open subsets of p and q
respectively.
Case 3: p and q belong to a(X) - X=>p,q € A. Hence there exist disjoint closed componen:s
H, and Hq which is compact. Therefore, H, and H, are disjoint, closed subsets of B(X) and
there are disjoint, open subsets G, and G, of (X) containing H, and H, respectively. By ths
result, “The component of a point in a compact space is the intersection of all open and closed
sets containing it”[9]. We have, H, is the intersection of all open and closed sets (relative to
B(X) -X) containing it. Now B(X) -X is compact and Gpn[B(X)-X] is an open subset o7
B(X)-X containing H,. Hence the intersection of a finite number of open and closed sets
contained in G,N[B(X)-X]. Let V, be this finite intersection. Then V, is an open and closed
subset of B(X)-X and H,cV,cG,n[B(X)-X].Since V, is both open and closed it is the
union of all H, contained it. Also V, = V,*"[B(X)-X] for some open set V,*of B(X), wtere
Vp*<G,. This implies V,*= V,U[V,*~X]. Similarly there exists sets Vq and Vq* related to
Hq. Hence Vp* and Vg* are disjoint.
Let U, = [Vp,*nX] U {a: H. c V,} and Uy = [V*~X] U {a:H., c V,]. Then #

h'(Uy) = V,* and h(Uy= V,*. Since V,* and V,* are open subsets sof B(X) by the definitior

of quotient topology we have U, and U, are open, disjoint sets of a(X) containing p anc q

respectively. Implies ou(X) is Hausdorff. Hence the claim.

It is easily seen that X is dense in o(X). Hence a(X) is a compactification of X.

Claim: o(X)-X is totally disconnected.

Up“m[oc(X) -X] 1s open in a(X)-X and h'l[Upm[oc(X)-X 11=V,*n[B(X)-X] = V,.
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Since V;, is a closed subset of B(X), U, "[a(X)-X] is a closed subset of o(X) and is

hence the closed subset of a(X)-X. Hence p and q does not belong to the same component.
Since p and q are distinct points of a(X)-X, we get o(X)-X is totally disconnected.
ii =iii: Given X is locally compact and o(X)-X is infinite and totally disconnected. Her.ce
using the result, “the component of a point in a compact space is the intersectio of all open
and closed sets containing it,”[9] we get X has a basis of open and closed sets. Therefcrs
there exists a countable family {H,,}:?:l of non empty, mutually disjoint subsets of o(X)-X
which are both open and closed in a(X)-X.

Let Hp= [ou(X)-X ] -u{H,,}':zl. Since a(X) is compact,Ho=d .Define a function h:o(3
— I'(X), where I'(X) =XU{n},-, such that

h(p) =n for peH,.

= p for peX.

Endow I'(X) with the quotient topology induced by h. As in the previous discussion it
can be shown that I'(X) is Hausdorff and X is dense in I'(X). Hence I'(X) is the countable
compactification of X.

iii = iv: Suppose X is locally compact and I'(X) is a countable compactification of X.
Assume p and q are distinct points belonging to some connected subset H of I'(X)-X. Since
['(X)-X is locally compact Hausdorff space it is completely regular. Hence there exists a
continuous function f: I'(X)-X — I = [0,1] such that f(p) = 0 and f(q)=1. Then f[H] is
connected. Also f[H] =[0,1] suppose not, then there is a point x €[0,1] but t={[H]. Then

U=f[H] n[0.t) and V=(t,1] ~f[H] forms a separation of f{fH] which is a contradiction. Hence

f{[H] =L.Since I'(X) is a countable compactification of X, it has countable elements, but I is
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uncountable hence f{[H]#I. This contradiction is due to our assumption that p and q belong to
the same connected subset H of I'(X) -X. Hence the only connected subsets of I'(X)-X are
the one point sets. Hence I'(X)-X is totally disconnected.

Since X is locally compact, I'(X)-X is compact we get I'(X)-X has a basis of open and
closed sets [9]. Hence for any positive integer n there are n nonempty mutually disjoint
subsets of I'(X)-X that are both open and closed and whose union is all of I'(X)-X. Let
these sets be denoted by {H;}i-; and define a function hI'(X) —»
Xu{1,2...n}=on(X) by h(p) =1if peH;

=pifpeX

Endowan(X) with the quotient topology induced by h. Then as in the proof of claim it
can be shown that an(X) 1s a Hausdorff and a compactification of X.

iv = i: Take any positive integer N, and let an(X) be an N point compactification of X.
Therefore there is a continuous function,

f B(X) -X — an(X)-X = {x),X2...xn} henceon(X)-X has N components. Implies
B(X)-X has atleast N components. This is true for every positive integer hence B(X)-X has
infinitely many components. Since X has N-point compactification it is locally compact. Hence
the proof.

Corollary 2.2.2. Suppose X is locally compact and there exists a positive integer N such that
every compact subset of X is contained in a compact subset whose complement has atmost N
components. Then X has no countable compactification.

Proof: Suppose X has countable compactification by theorem 2.1.1 X has an N-point

compactification for each positive integer n. (1)
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From theorem 1.2.11 we get that X has no N-point compactification

for >N -.(2)

(1) and (2) are contradictory. Hence X has no countable compactification.
Corollary 2.2.3: Let (X,d,) and (Y,d,) be two unbounded connected locally compact metric
spaces and suppose that for all points xoeX and ypeY and every positive number r, the sets
{(xeX:di(x,x0)<r} and {yeY:di(y,yo)<r} are compact then XxY has no countable
compactification.

Proof: As in the above corollary, the proof follows from theorem 1.2.14 and theorem
2.1.1.
Remark 2.2.4. From the above corollaries it follows that no Euclidean N-space has a
countable compactification.
Corollary 2.2.4. A locally compact space X has a countable compactification iff for each
positive integer n it contains a compact subset K, whose complement is the union of n

mutually disjoint open subset {GM}?:] with the property that K,UG,; is not compact for each

Proof: X has a countable compactification

iff X has an N-point compactification for every N (by theorem 2.1.1).

iff the given condition in the statement is satisfied. (by theorem 1.2.2).

We conclude the section with the following corollary.
Corollary 2.2.6: Suppose X is locally compact and is the union of an infinite number of
mutually disjoint open subsets. Then X has a countable compactification. In particular every

infinite discrete space has a countable compactification.
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Proof: X can be considered as the union of the n mutually disjoint open subsets which
are not compact. For any positive integer let K, = ¢. Hence using the previous corollary we
get X has a countable compactification.

SECTION 2.3

Results of Kimura [10]

All spaces are assumed to be completely regular and T, and by |A , we mean the
cardinality of the set A.

The following lemma is useful in obtaining characterizations: -

Lemma 2.3.1: Let A be a countably infinite subset of a space X. Then there is a countably
infinite subset B = {b//ieN} of A and a sequence {U/1ieN} of pairwise disjoint open subset of
X such that b;eU; and BdxU;nA= ¢ for each1 eN.

Proof: Since X is assumed to be completely regular it is regular space. Hence there
exists a point b;eA and an open subset V; of X such that b#ClxV, and IVlmAI=N.).
Similarly there exists b,#ClxV, and | VornVimAl = N, Proceeding like this we get a subset
B= {bi/icN} of A and a sequence { Vi/icN} of open subset of X. Let Vo =X and W;
= V;-1-ClxV; for every i € N.

b#ClxV; and b;eV;; NA. Implies b;eW; and b A (ie) b#X-W; and b;eA. Since X is
completely regular, there is a continuous mapping f;:X —I=[0.1] such that fi(b:)=0 and fi(X-
W;) = {1}. Since fi(A) is countable, but [0,1] is uncountable hence fi(A) #[0,1]. Therefore
there exists r; € I such that ri=fi(A). Let U; = £7'[0,5).

Claim: Bdx(U;)) c £ (r;)

Let xeBdx(U;). Implies xeﬁimﬁ;. Implies
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fix) € £(U) EXU) € £(U) n BXU) € [0,5] A [r,1] =r. Implies xef\(r).
Therefore Bdx(U;)  £'(r;).

Hence the claim.

Since ; ¢fIA), £(r)nA= ¢ . Hence Bdx(U;))nA = ¢
Characterization in terms of y-open sets.

Theorem 2.3.2 A locally compact space X has a countable compactification iff there is a
sequence {Ui/ieN} of pairwise disjoint y-open subsets of X with non compact closure.

Proof: Let Y be a countable compactification of X, then | Y-X| = Ny is countable.
Hence using lemma 2.3.1, there are countble infinite subsets {ai/ieN} of Y-X and a sequence
{Wi/ieN} of pairwise disjoint open subsets of Y such that a;eW;and ~ Bdyn(Y-X) = ¢ for i
eN. Let U; = W;nX for every i eN. Then ClxU; is non compact. Now U= W,nXcW; implies
BdxU;c BdxW; cBdyWicX.

Since Y is compact, BdyW; is closed, we get BdyW; is compact. Hence BdxU; is
compact being the close subset of the compact space BdyW; Therefore U; is y-open set.
Hence BdxU; is compact. Thus the sequence {Uj/ieN} satisfies the required properties.

Conversely, let {U;/ieN} be a family of pairwise disjoint y-open subset of X each with
non compact closure. Let y(X) be the Freudenthal compactification of X. Define Fi=Cl,xU;
(¥(X)-X) and Fo=(y(X)-X) - U{F/ieN}. Then D={F/i=0.1.2...} u{{x}/xeX} is an upper
semicontinuous decomposition of y(X). It is clear that D is a composition of  y(X).

Claim: D is upper semicontinuous.
Take deD, then d={x} or d=F; for some 1.

Case i: d={x}.
41



Let U be an open set in y(X) containing x. The W=U~X is an open neighbourhood of
x in  y(X). Suppose F'eD such that F' "W=9, then to prove F'cW. Since WcX and
F'~W=d , we have F'={y} for some yeX. Hence ycW. Therefore F' ={y} cWcU.

Case ii: Let d=F; for some ieN.

Let U be an open set of y(X) containing d. Let F=F;. By lemma 2.1.6 F is open in
¥(X)-X. Hence there is an open subset V of y(X) such that F=V(y(X)-X). Define W=UNV,
open in y(X) and WcU. Then FEWcU. Take any element F ' of D such that F'nW=¢. IfF' =
{x} then F'nW=¢ implies xe WU, which implies F'cWcU.

If F'=F=Cl ,0oUjn (y(X) -X),then F'"W=¢ implies F*cWcU.

Case iii: d=F,

Let U be an open subset of y(X) containing Fy. Let D' be the collection of the elements
of {Fi/iEN} not contained in U.Since y(X)-X is compact and F; is open in v(X)-X, D' is
finite. Thus W=U-U{F/FeD'} is open in y(X). For any element F' of D such that F’ nW=¢
we have F'cWcU. Hence Fo)cWcU. Here D is an upper semicontinuous decomposition of
Y(X).

Let Y=y(X)/D be the quotient space of y(X) determined by the upper semicontinuous
decomposition. As in theorem 2.3.2 it can be shown that Y is a countable compactification of
- X. Hence the proof.

Cain proved that a connected locally compact space X has an N-point compactification
iff there is a continuous mapping f of X onto a compact space Y so that S(f) consist of exactly
N points (theorem 1.3.4.). Cain, Chandler and Faulkner [4] strengthened this theorem so it

remains true without connectedness. Chandler and Tzung [6] defined the remainder induced
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by f to be C(f) =n{CIf{X-F)/F is a compact subset of X} and proved that (whenever Y is
compact) there is a compactification of o(X) with a(X)-X homeomorphic to C(f). Their
“remainder induced by f” is the same as the singular set [4]. Thus the if part of Cain’s theorem
holds for any cardinality of S(f).

The following theorem which is anologous to Cain’s theorem gives characterization
using singular sets.

Theorem 2.3.3:- A locally compact space X has a countable compactification iff there is a
continuous mapping f of X onto a compact space Y such that S(f) has cardinality N,.

Proof:- In view of the discussion preceeding this theorem, it is enough if we prove the
only if part. Suppose X has a countable compactification. By theorem 2.3.2 there is a
sequence {U/ieN} of pairwise disjoint y-open subsets of X each with noncompact closure.
For each i=2,3...choose a point x;€U; and put Fi=(Cl,xUin(y(X)-X))w{x;}, where y(X) is the
Freudenthal compactification and

let Fi= y(X)- U{y(X)-Cl,x (X-U)/i=2,3,...}

Let F={F/ieN}u{{x}/xe y(X)- U{Fi/ieN}}.

Then F is an upper semicontinuous decomposition of y(X). Thus Y= y(X)/F is a
compact Hausdorff space. Let g:X — y(X) be an embedding and q: y(X) —Y be a quotient
mapping. Then the composition f=qog is a continuous mapping of X onto Y.

Let {a;}=q(F;) for eachieN -and A={a/ieN}.

Then q'(A) = ¥(X)-U{Ui-{x}/i=2,3..}. As X is locally compact, it is open in Y(X).

Therefore q'(A) is closed in y(X). Since q is quotient mapping A is closed in Y. Then U=Y-A

43



is open in Y. Since the restriction of £X—Y to UcY, £,:f'(U) — U is a homeomorphism for
every compact subset K of U f'(K) is compact.

Hence for every yeU, we have y=S(f) and for each a; and a neighbourhood V; of a;
there exists an open subset W; such that a;e W,cClyW;cV;. Then ClyW; is con:pact, but

$7(ClyW;) is noncompact,hence we have a;eS(f). Therefore, S(f) has cardinality No.Hence the
theorem.
Countable compactifications of product spaces:-

First we discuss the folloowing lemmas which are used to prove the main theorem on
product space.

Lemma 2.3.4:- If X and Y are noncompact connected spaces then XxY has no countable
compactification.

Proof:- Suppose XxY has a countable compactification. Then by theorem 2.3.2, there
is a sequence {Uy/ieN} of pairwise disjoint y-open subsets of XxY each with noncompact
closure. Let px:XxY—X and py:XxY—Y be projections and let (i,j) be a pair of distinct
positive integers. Let A=px(BdxxyU;)xpy(BdxxyU;). Then A is compact. Since X and Y are
noncompact and connected, Z=XxY-A is connected. Since Bdx.yUicA we have
BdxxyUinZ=¢

Therefore Z=(U;nZ) U(XxY-U)NZ= (UNZ)I((XxY-ClxyUi)Z)

(ie) ZcUinZ or Zo((XxY-ClxyUi)nZ

If ZcUiNZ then ZcClywyU; and if Zc((XxY-ClxyUi)nZ) then ZnU;=¢. Suppose

ZClxyU;. Since ClyyUinUj=¢ ,we have UjCA This implies that ClxyU; is compact and
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we have a contradiction. Suppose UinA=¢ . Then U,cA. This implies that ClxyU; 1s
compact and we have a contradiction. Hence XxY has a countable compactification

Lemma 2.3.5:- If X is a compact connected space and Y has no countable compactification
then XxY has no countable compactification.

Proof:- Suppose XxY has countable compactification then by theorem 2.3.2 there is a
sequence {Ui/ien} of pairwise disjoint y-open subsets of XxY each with noncompact closure.

Let py:XxY — Y be the projection onto Y and let Vi=Y-py(XxY-U;). Since X is
compact, py is closed and hence Vjis openin Y

To prove ClyV; is noncompact. Suppose not, (ie) ClyV; is compact. Let
A=Xx(ClyV;upy(BdxxyU;)). Then A is compact. We claim that UicA.Take any (x,y)eU;

Case i Xx{y}cUi. Then pY(Xx{y})cpY(Ui). Implies yepY(Ui) which implies
y£py(XxY-U;). This implies ye V;. Hence (x,y)€A.

Case ii Xx{y}2Ui;. Since Xx{y} is connected, by using the result “if AcX and if C is a
connected subset of X that intersects both A and X-A, then C intersects BAdA” [13] we get
Xx{y}Bdx.yU$, hence there exists (xo,y)€BdxUi. This implies py(Xo,y)€pY(BdxxyUs;)
which implies yepY(Bdx«yU;). Hence (x,y)€A.

Therefore in anycase UicA. Implies ClxyU; is compact, a contradiction as U; has

noncompact closure. Therefore ClyV; is not compact.

Clearly for positive integers i#j, VinV;=$ and the collection {Vi/ieN} is a collection
of pairwise disjoint y-open subsets of Y with noncompact closure. By theorem 2.3.2 Y has a
countable compactification. This is a contradiction. Hence our assumption is wrong. Hence

XxY has no countable compactification.
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Lemma 2.3.6: Let X be a space which can be represented as the finite topological sum X =
X, ® X, ® ... ® X, Then X has a countable compactification iff ther is a positive integer
(1<)i(<n) such that X; has countable compactification.
Main theorem:
Theorem 2.3.7: A product space XxY has a countable compactification iff the following
conditions are satisfied:

a) either X or Y has an infinite number of components and the other is noncompact.

b) either X or Y has a compact component and the other has a countable
compactification.

Proof: First assume XxY has a countable compactificaiton.

Case i: X and Y have atmost finite number of components. Let X=§Xi, where X is a
component and Y=)L:JYJ- where Yj is a component.

Then XxY = (X;xY) ® (XxxY) ® ... ® (XuxY). By lemma 2.3.6 then is a integer 1
such that XixY has a countable compactificatiton.

XxY=(XixY1) ® (XixY2) ® ... ® (XixYm). Once again by using lemma 2.3.6, there is
an integer j such that X;xX; has a countable compactification. Since X; and Y; are connected,

by lemma 2.3.4. either X; or Y;is compact.

Assume X is cofnpact: By lemma 2.3.5. as XixY has a countable compactification.

We conclude that Y has a countable compactification.

The other case can be dealt similarly. Thus, condition (b) holds.
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Case ii. Ifboth X and Y have an infinite number of components then (a) holds.

Casi iii. X has an infinite number of components and Y has atmost a finite number of
components.
If Yis non compact then (a) holds.
If Y is compact, let Y=\:J1Yi, where Y is a component. By lemma 2.3.6., there is a positive
integer j such that XxY; has a countable compactification. Hence by lemma 2.3.5., X has a
countable compactification. Hence (b) holds.
Conversely, let X and Y satisfy (a). Suppose X has an infinite number of components and Y is
non compact. Then there is a sequence {Ui/ieN}of pairwise disjoint open and closed subsets
of X. Now let V=UxY for each ieN. Then {Vi/ieN) satisfies the conditions of theorem
2.3.2. Hence XxY has a countable compactification.

Next, let X and Y satisfy condition (b). Suppose X has a compact component X, and
Y has a N,CF. If X has an infinite number of components, then X and Y satisfy (a). Hence,
XxY has an N,CF. If X has atmost a finite number of components, then X, is open and closed
in X. Hence, XoxY has an NoCF. Since XxY = (XoxY) @ ((X-Xo) xY), and by lemma 2.3.6.
XxY has an NoCF. Hence the theorem.
Corollary 2.3.8:- Let X and Y be connected. Then XxY has a countable compactification iff
either X or Y is compact and the other has a countable compactification.

Proof: Follows easily from the above theorem.
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Summary and Conclusion




SUMMARY AND CONCLUSION

It is interesiing to study various aspects of compactifications. Eminent
topologists who have contributed to the study of compactifications include
Alexandroff , Stone, Cech, Wallman, Smirnov, Leader, Henriksen, Isbell, Gall,
Frink, Magill, Cain, Kimura et al. In this thesis we have made an attempt to
study finite and countable compactifications. The results are collected from the
contributions of Magill [11,12], Cain[3], and Kimura [10]. Characterizations

of spaces that admit finite compactifications are given in terms of
(1) N-Stars [11] and
(2) Existence of certain mappings onto compacts spaces [3].

The construction of “S” spaces by Magill [11] provides an answer to

the following question:

“Given a positive integer N, does there exist a space which has an N-

point compactification but no M-Point compactification for M>N?".

Regarding countable compactifications, Magill [12] and Kimura
[10] have provided interesting characterizations. Regarding product

compactifications, Kimura [10] has proved the following:

43



A product space XxY has an NyCF if and only if one of the following
condition is satisfied:

a) either X or Y has an infinite number of components and the other is

non-compact;

b) either X or Y has a compact component and the other has an N,CF.

We study the literature on fuzzy toplogical spaces, we find that the
concept of compactification is extended to fuzzy topological spaces also and
some interesting development has taken place. It will be an interesting

research problem to study the results discussed in this thesis in the case of

fuzzy topological spaces.
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