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INTROI)UCTION. 

In 1924, Alexandroff constructed the simplest compdctification namely 

1-point compactification. Since then many authors have contributed to the 

study of the remainder (X)-X, where (X(X) is a compactification of X. This 

thesis is devoted to the study of finite compactifications and countable 

compactifications. The following four papers are taken for discussion: 

(1). MAGILL, K.D., N-POINT COMPACTIFICATIONS [111 

(2).CAIN,G.L., CONTINUOUS PREIMAGES OF SPACES WITH 

FINITE COMPACTIFICATIONS. [3]. 

(3). MAGILL, K.D., COUNTAI3LECOMPACTIFICATIONS [12]. 

(4).KIMURA,T., N()-POINT COMPACTIFICATIONS OF LOCALLY 

COMPACT SPACES AND PRODUCT SPACES [101. 

Chapter 1 deals with finite compact]fications. Here we discuss the 

results of Magill [Ii] and Cain [3].  Magill [Ii] has obtained a characterization 

of 1-lausdorif spaces which admit N-Point compactifications. He [11] has 

proved that each N-Star gives rise to an N-Point compactification and to each 

N-Point compactification there corresponds an N-Star. Also, there is a one-one 

correspondence between the number of N-Point compactifications and the 

equivalence classes of the family of N-Stars. Apart from these results, the 

following interesting properties are obtained: 

I. If X has the property that every compact set of X is contained in a 

compact subset whose complement has atmost N components, then X has no 

M-Poi nt compactifi cation for M>N. 
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The inverse image of a space that has an N-point compact ifcation 

under a compact, continuous mapping also has an N-Point cornpactitcation. 

R has only one 1-point compactification only one 2-point 

compactification and no N-point compactification for N>2. 

The Fuclidean space [N  for N>1 has no M-Point compactification 

for M> 1. 

An infinite discrete space has infinitely many N-Point 

compactifications for each N 1. 

Given any positive integer N, there exists a space which has an N-

Point cornpactification but no M-point compactification for M>N. 

Cain [31 has extended Magill's result and has obtained the following 

characterization: 

"A connected locally compact flausdoriT space X has an N-Point 

compactification ItT there is a continous mapping of X onto a compact 

1-lausdorif space so that the singular set of the mapping consists of exactly N-

points". 

Chapter II is devoted to the study of countable compactifications. 

Magill [12] has obtained a set of equivalent conditions for a locally compact 

space which admit a countable compatification. Magill [12] has extended his 

result on N-Point compactifications and has obtained sufficient conditions 

under which a space has no countable compactification. He [12] has shown 

that no Euclidean-N space has a countable compactification. The following 

characterization is obtained: 

"A locally compact space X has a countable compactification if for 

each positive integer N, there is a N-Star". 
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Kirnura 101 has obtained the following characterizations: 

A locally compact space X has a countable compactification iff there 

is a sequence {U/ieN} of pairwise disjoint fly-open suhset.sof X each with 

noncompact closure. 

2. A locally compact space X has a countable compactification iff there 

is a continuous mapping f of X onto a compact space Y such that the singular 

set S(f) is countable. 1-le 10I has also obtained a set of necessary and sufficient 

conditions for the product of two locally compact spaces to admit a countable 

compact] fication. 
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REVIE%V OF LITERATLTRF 

When we try to study the literature on compactifications we find that it 

is a big ocean. In 1924 Alexandroff constructed one-point compactification. 

From then on various aspects of compactifications have been studied by many 

authors. In this thesis we have made a detailed study of finite 

compactilications and countable compactifications as given by Magill [11,121, 

Cain [3] and Kimura [10]. We now present abstracts of few important papers 

which deal with the study of the remainder a(X)-X. 

Remainders in Hausdorif compactifications [Chandler, RE and Fu-Chien 

Tzung, 19781 [6]. 

[he authors have generalized a theorem of Steiner and Steiner and it to 

obtain new results concerning remainders for completely regular spaces. Both 

the locally compact and nonlocally compact cases are considered. 

A note on a fiberwise one-point compactification. [Chung, J.M.L.l-1, 19811 

[71. 

The authors have shown that if p:],'—>B is a continuous surjective map 

of locally compact separable metric spaces, then the liberwise one point 

compactification EofE is also a locally separable metric space. 

Compactification with zero dimensional remainders [Dominguez., J. M, 

1985] [8]. 

The author is concerned with the lattice K )(X) of compactifications 

with zero dimensional remainder of a locally compact space X. 

Let F(X) denote the subalgebra (and sublattice) of C(X) of all 

continuous real-valued functions f for which there is a compact set K with fIX-

Kj is finite. Denote by CK(X) all functions in C(X) with compact support. It is 



observed that if a(X) is a compactffications of X with a zero dimensional 

remainder, then the functions in C(X) which admit an extension to a(X) form 

a subalgebra F(X) of C(X) which contains CK(X) and determines the 

compactihcation aX). Conversely, a subalgebra A of F(X) which contains 

CK(X) determines of compactiifications a(X) which zero dimensional 

reminder for which A=F( (X) 

On the Littice of one-point near compactifications [Raghavan, T.G., 19851 

[1]. 

The author claims to have discovered a new one-point T2  near 

compactification for a locally nearly compact T2  non-I-I closed space (X,t) 

which is the projective maximum within the class I. of all one-point T2 near 

compactifications of (X,t). The author has also showed that the class L is the 

same as (isomorphic to) the class of all one-point Il-closures of(X,T). 

One-Point T1-bicompactifucations lOsmatesca, P.C., 198711 14] 

The author presents a systematic method for constructing all one-point 

T1  compactifications of a non compact T1  space. To do this the author 

introduces special bases of closed sets, called LA-bases. The procedure is 

similar to that used to construct Wailman compactifications from Waliman 

bases. 
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CHAPTER-I 

FINITE COMPACTIFICATIONS 

This chapter is devoted to the study of finite compactifications. Magill [1 ] has 

introduced the notion of N-Star and has proved that each N-star gives rise to an N-point 

compactification and to each N-point compactification there is an N-star. He [II] has 

shown that there is a one -one correspondence between the number of N-point 

compactifications and the number of equivalence classes of N-stars of X. He has also 

obtained necessary and sufficient condition for a space to have exactly one N-point 

compactification. Using the results obtained in this paper he [1 1] has shown that the space 

EN has no M-Point compactification for M>l and R has exactly one I-point 

compactification and one 2-point compactification and no M-point compactification for 

M>2. Some more interesting examples are also given here. Section 2 deals with these 

results. In section 3 we discuss the results of Cain [3]. He has given an extension of 

Magill's result and has obtained a characterization of those spaces that have an N-point 

compactification in terms of the existence of certain mappings into compact spaces. First 

let us give the preliminary definitions and results. 

SECTION I.I. 

Definition I.I.I. A compactification of a topological space X is a compact Hausdorif 

space Y containing X such that X is dense in Y (ie) ' Y. A'compactification of a space 

X is denoted by a. (X). 

Note A necessary and sufficient condition for a space to have a compactification is that it 

should be completely regular. 



Constructing a compactification is equivalent to finding a dense imbedding of a 

space into a compact Hausdorif space. 

Definition 1.1.2. Let X and Y be to top spaces A map h:X—*Y is an imbedding provided 

the map X -> h(X) is a homeomorphism. Choose an imbedding h X—Z of X into a 

compact Hausdorif space Z. 

Let X0  denote the subspace h(X) of Z and let Y. denote its closure in Z. Then Y0  is 

a compact Hausdorif space and X0  Y0. Therefore Y. is the compactification of X0  

induced by h. 

Definition. 1. 1.3. Two compactifications ct i (X) and cL2(X) of X are said to be equivalent 

if there is a homeomorphism h: c'. (X) - cx2(X) such that h(x)=x, for every XEX. 

Definition 1.1.4. Let X be a locally compact Hausdorif space. Take some object outside 

X, denote by the symbol oc for convenience and adjoin it to X forming the set YXU(cc}. 

Topologize Y by defining the collection of open sets in Y to be all sets of the following 

types. 

i) U, where U is an open subset of X. 

(ii) Y-C, where C is a compact subset of X. 

The space Y is called the 1- point compactification of X. 

The above construction of 1-point compactification is given by Alexandroff in the 

year 1924. Hence it is also termed as Alexandroff compactification. 

Note: It is easily seen that any two I-point compactifications are equivalent. 

Example.1.1.5 The I-point compactification of a real line R is homeomorphic with the 

circle. Similarly the I-point compactification of R2  is homeomorphic to S2  

-7 



Example.1.1.6. Take the unit circle S1  in R2 and h: (0,1)-->S' be the map 

h(t) = (cos27tt, sin27tt). The compactification induced by the imbedding h is equivalent to 

the 1-point compactification of(0,1). 

Example 1.1.7. Let Y be the space [0,1]. Then Y is a compactification of (0,1). It is 

obtained by adding one point at each end of(0,1). 

Definition 1.1.8 If f:X—*Y is a continuous mapping of one locally compact space onto 

another, then the singular set S(f) is the collection of all points pEY, such that, in every 

neighbourhood of p there is a compact set with non-compact inverse image. 

Definition 1.1.9. D is said to be upper semicontinous if for every dED and U an open 

subset of cx (Z) containing d, there exists an open VciiU containing d such that if eED and 

Vne , then e(--V. 

Notation: 

By X, we mean a topological space (X,t). 

For AcX, eA denotes the complement of A with respect to X. If no 

confusion arises, we use the simpler notation eA. 

SECTION 1.2 

In this section we discuss Magill's [11] results in detail. All topological spaces 

discussed in this section are Hausdroff spaces. 

Definition 1.2.1. A compactification a(X) of a space is called an N-point 

compactification if a(X)-X contains N-Points, in which case we shall use the notation 

aN(X). 9 



The following theorem gives a characterization of Hausdroff spaces which admit 

an N-point compactification. 

Theorem 1.2.2. The following statements concerning a space are equivalent: 

X has an N point compactification. 

X is locally compact and contains a compact subset K whose complement is the 

N 
union of N mutualily disjoint, open subsets (G1 )1 = i  such that KUGI  is not compact 

for each i. 

X is locally compact and contains a compact subset K whose complement is the 

union of N mutualily disjoint open subsets {G1 } '= 1  such that KUG is contained in no 

compact subset for each i. 

X is locally compact and contains N mutuallly disjoint open subsets {G1}=1  such 

that e[Gi G2 . . ..JGN} is compact while for each i, [GiG2... .LGNI 

(which equals X if N=l) is not compact. 

Proof: 

(i) = (ii) Assume X has an N point compactification aN(X).  Then there are N points 

r1,r2  ... r such that aN(X) - X = {r1,r2..r}. 

Since, aN(X)  is Handsdorff, there exist mutually disjoint open subsets {G1i}=i  of 

ctN(X) such that riEGli  for each i. Let Gi = G11  -(r1 ). 

Claim: G1  is non empty. 

Suppose G1  is empty, then G' = {r}. Hence Gi  is an open set containing r. But 

Gi  nX=. This implies r1  eX. This is a contradictiction, because X = cLN(X). 

Claim: G, is an open subset of X. 

im 



This follows immediately from the fact that G'nX = G1  

Let K = ex [Gj G2 J ... JGN]. 

Then K = eaN(x) [Gi L.)G2 ..J . .. LJG]. 

Hence K is a closed subset of cN(X).  Since close subset of a compact space is 

compact, we get that K is compact. 

Consider, KuGj  = ex [G1 G2... LJG 1 G,1 . .LJGN] 

= eN() [G1  1 G2'... LJGII'LJG1+1'LJ. . G'] fl[e(,,N(X){ r1}]. 

Suppose KuGi  is compact, then it is a closed subset of aN(X). 

Therefore,{r1}i [G1 1 G21 ... LJGI'LGi+I'..LJGN'] is an open subset of aN(X).  Then, 

{ {r}i [Gi 'i G21 ... LJGII 'LJG*I'LJ..LJGN1] }nG' = {r1}is an open subset of cN(X) 

This implies, r, 1Z  X= cxN(X), which is a contradiction. Hence KG1  cannot be compact. 

Finally, X =aN(X). - {ri} 1 , and is therefore an open subset of cLN(X). This implies X is 

locally compact. 

(ii)(iii): Assume K as in (ii). (ie) K =ex [Gi G2.. uGNI and 

K..jG1  = ex[G1. .G11L.JG +1LJ. ..JGN] is not a compact. Assume KuGi  is contained in a 

compact set. Then KuGi is compact being a close subset of a compact set. This Es a 

contradiction. Hence KuGi  cannot be contained in a compact subset. 

(iii)(iv) This follows immediately from (iii). since, is 

nothing but 
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(Iv)(i). Let K =e [G1 G2.. LJGN]. Let {r} 1  be any N distinct elements not in X. Let 

ctN(X) = X{r}' 1.  For any subset H of X, H' denote the set H{r}. We say H has 

property P, if H is an open subset of X and [KG]nexH is compact 

Let B= {Hfl-I  has property P,) 

To prove B forms a basis for a topology on aN(X). Let H1  and H2  have property P, Since 

H1  and H2  are open sets, H1nH2  is also an open subset of X 

Consider, [KG] neX[H1nH2] .= ([KG1] nexH1 ] u ([KG] nexH2) 

Since, finite union of compact sets is compact, we get that the right hand side set is 

compact. Therefore, B is a neighbourhood basis for r1 . Let TN  be the topology on aN(X) 

having these sets and the open subsets of X as basis. 

To prove TN(X)  is Hausdorif. Take y, Y2E aN(X), with YI#Y2 

Case i: yi~r j  and Y2I 

Consider for any i, [KG] nexG1  = KnexG1] [G1nexG1] =KnexG=K as 

KcexG.Hence [KuGi )r-)exGi  is compact. Since G, is also an open subset of X, we get 

that G, has a property P1. Therefore, each G, is a basis element of TN.  Then, 

GG{r1} and. = G{) are the disjoint open sets containing ri  and rj respectively. 

Case ii: yi=xeX and y2=  r1  

Since X is locally compact, there is a compact set K*  and an open subset G*  such 

that xEG*K*.  Then [K .jG1 ]nK* being a closed subset of K*  is compact.(ie) 

[KG1] nex(exK*) is compact. This implies (cxK*) is a basis element in t\ Also 

r, E(e\K*)l and (exK*)mn G* =4. 



Case iii :- Both. yi, y2 E X.Since X is Hausdorif there exist disjoint open sets in X 

containing Yi  and Y2. 

Hence in all the cass the Hausdorif condition is satisfied. Hence aN(X) is Hausdorif. 

To Prove aN(X)  is compact 

Let U={Ua} oEA be an open cover of aN(X). Then N of these sets {Ul,U2 ... UN} contain 

.2 
respectively sets of form H

i
1, H2, . . ,HN

14 
 where for each i, H1  is an open subset of X and 

[KG1] neX Hi is compact. 

Claim:-n [G1 . . . . .GN]{Hl H2... HN} 

Let [G1 . . . . .GN] 

This implies, xEG1 . . .G11 jH.jG+1  u . . .G,for every i. 

This implies, there exist Gk or Hi  such that, xeGk  or xEH1, 

If XE H1, XEH I LH2LJ.. 

If xEGk, then since G1 nG=4 for i#j.We have xG1,xG2... xGk-1, xGk+ I ... XGN. But 

xEGILJG2LJ ... uGkI HGk+l Lj..LJGN. Hence we conclude that 

xEHkcIHl LJH2LJ . .. LJHN. Hence the claim. 

From the claim, we get 
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ex[H i H2 ... uHN1 ci 

Therefore, eaN(X)[UliU2. . .UN] ci ex[H1H2. . .LJHN] 

N 
ci eX[GI L ... JG I LJHI LJGI + I LJ . . . LJGN]= U([KLG] n exH1) which s 

compact. This e N(X)[UI t.JU2L.L..LJUN1 is a compact subset of cxN(X) and is covered by a 

finite subfamily of U Hence aN(X)  in turn is covered by finite subfamily of U. Hence 

aN(X) is compact. 

To prove X is a dense subset of cxN(X). 

Let H' be a basis open set containing r. Since H satisfies property P, we get 

[KG]n exH is compact. But KG, is not compact. This implies, exHX. Hence H. 

Therefore, H'nX=HnX= H4. Thus rEX This is true for every i. Therefore 

X=aN(X).Hence aN(X)  is an N-point compactification of X. 

Definition 1.2.3. :-Let be mutually disjoint open family of N subsets of X with 

the property:-. 

KG=e[Gp.JG2LJ... LGN1 is compact. 

e [G1 G2 ... G 1  G+1u . .. 'JGN] is not compact for each i. 

Then G is said to be an N-Star of X. 

Theorem 1.2.4:- A space X has a 1-star if it is not compact. 

3 



Proof:- Assume X has a 1-star, say,G={G1}.Then eG1  is compact., and e[] is not 

compact (ie) X is not compact. 

Conversly assume X is not compact Let X = {G1  } Then eGi=eX= is compact and eX 

is non compact. 

Hence the theorem. 

Theorem 1.2.5:- N- Star of a locally compact space X gives rise to an N-point 

compactification of X (called the compactification induced by N-Star) 

Proof:- This follows from the implication (iv)=>(i) of theorem 1.2.2. 

Let SN(X)  be the collection of all N-Stars of X (ie) SN(X)={Ga}\, where Ga is an 

N-Star of X. Define a relation Ron SN(X) by GRH if the elements li=and of G 

and H respectively can be ordered in such a way that [K.H] neG, is compact for each i. 

The following theorem determines the number of N-point compactification of a 

locally compact Hausdorff space: - 

Theorem 1.2.6.:- If X is a locally compact space, then R is an equivalence relation on 

SN(X) and there is a one-one correspondance between the equivalence classes of SN(X) 

and the different N-point compactification of X. 

For the Proof of the theorem we require the following lemma:- 
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Lemma 1.2.7:- If G and H are elements of SN(X). Then GRH if thecompactifications 

induced by G and H are equivalent. 

Proof:- Let and H={H=1 . Let aN(X)  and  1N(X) be the compactification 

induced by G and H respectively. Denote the points of aN(X)-X by {aj} i  and those of 

11N(X)-X by {b}=1. 

First assume GRH. Then by definition for some ordering of the elements of G and H, 

[KHuHj]neGj  is compact for each i. 

Claim:- If U is an open subset of X which has property P1  with respect to the N-Star G 

then it also has property P1  with respect to the N-Star H. 

Since U has property P1, [KG'G] neU is compact 

Thus [KH&JHI] neG1)([ K.jG] neU) is compact. Hence [KH] neU is compact 

being a closed subset of this compact set. 

Hence the claim. 

Consider the mapping, h: 1N(X)—> aN(X) defined by, h(b)a1, for 1=1,2... n and h(x) =x, 

for every x E X. 

Any basis element T in aN(X)  is of the form, TU, U open subset of X. 

or T=U{a.}, U is an open subset of X having property P1  with respect to G. 

'5 



If T=U, then h'(T) = h 1(U) = UECT1N. 

If T=Ui{a1  },then h'(T) =U..4b}. By the claim, we get that U has property Pi  with 

respect to the N-Star H. Hence Ut.{b} EtT1N.  

Therefore, inverse image of any basis element is open. Hence the mapping h is 

continuous. Since h is a continuous one-one mapping of a compact space onto a 

Hausdorif space aN(X),  h is a homeomorphism. 

Hence aN(X)  and rlN(X)  are equivalent. 

Conversely, let the compactifications induced by G and H be equivalent. 

Claim:- There is an ordering (determined by the homemorphism) for the elements of G 

and H such that [K j H1 ]neG1  is compact for each i. [similarly, [KG G]neHI  is compact 

for each i] 

Since I1N(X)  and cN(X)  are equivalent there is a homeomorphism. 

h: TIN(X)—>aN(X) with h(x)=x for XEX. We reorder G as follows:- 

Rename h(b1) by aj.  G1  is an open subset of X and, [K.JG]neGKG is compact. 

Therefore G, has property P, with respect to the N-Star G. 

Therefore, G1' is open in aN(X).  Hence h'(G1') ='G1 {b} is an open subset of 

containing b. (ie) there exists a basis element H', where H has property P1, with respect to 

H, such that, H'ciGj{b1}. (ie) G{b}> H(--G 

1.9 



Now [Kj H]neH is compact. Also,eG1 eH.Hence [Kj H1]neG is conoac 

being a closed subset of the compact space [KH1]neH. 

Therefore GRH. 

Similarly, by considering the inverse maping h' we get that , HRG. 

From theorem 1.2. 1. we get that to each N-Star there corresponds an N- ont 

compactification and to each N-point compactification, there is an N-Star and for two \-

Stars G and H, GRH if and only if the corresponding compactifications are equiva1r:. 

Hence the lemma. 

Proof of the theorem:- Let us now show that R is an equivalence relation. 

i). Reflexive:- Since [KiG] neG, =KG  is compact GRG. 

Symmetric:- Assume GRH. By the lemma (XN  and TIN.  are equivalent. Hence there 

exists a homeomorphism h:aN-1N  such that, h(x)=x, for every xEX.By using argmer.l in 

the converse part of the lemma it can be shown that [KG] -meH, is compact for ac i. 

Hence HRG. 

Transitive:- Let GRH and HRM'. Let a, iN  and TN be the N-point compactif.caticn 

induced by G, H and M respectively. By the lemma, aN and iN  are equivalent, and and 

TN are equivalent. Since composition of homeomorphisms is again a homeomorphisn we 

have, aN and TN are equivalent. Hence by the lemma GRIvI. Therefore R is an eqi'alence 
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relation and from the lemma we get that there is a one-one correspondence between the 

equivalence classes of cLN(X) and the different N-point compactifications of X. 

Theorem 1.2.8.:- No space has more than one 1-point compactification. 

Proof:-To prove this it is enough to prove that any two I -Stars are equivalent . Let 

G{Gi}and H={H1}be two 1-Stars. Then KaeGi  and  Kjr=eHi  are compact.and 

(i)[K.Gi]neH1=eHi  is compact. 

(ii) [KH1] neG1=eG1  is compact. 

Hence we get that GRH. Since any two 1-Stars are equivalent, we get from theorem 1.2.6. 

that no space has more than one 1-point compactification. 

Theorem 1.2.9:- X has exactly one N- point compactification iffX is locally compact, has 

an N-Star, and all other N-Stars are equivalent to it. 

Proof:- X has exactly one N-point compactification 

if there is exactly only one equivalance class of SN(X).(by theorem 1.2.6) 

if X has an N-Star and all other N-Stars are equivalent to it. 

0 Hence the proof 

From theorem 1.2.2, we get, 

Theorem 1.2.10:- If X has an N-point compactification, then it has an M-poir.t 

compactification for every positive integer M<N. 



Theorem 1.2.11. If X has the property that every compact subset of X is contained in a 

compact subset whose complement has atmost N components then X has no M-point 

compactification for M>N. 

Proof:- Suppose X has an M-Star, {G} 1 (M>N). Let K*  be a compact subset containing 

e[G1 G2... .JGM]=K, such that, eK*  has r components H1,H2... Hr where r<N.(ie) 

K* 1i and eK*=H1LJH2... LJHr. Hence eK*cGlLJG2... LJGM 

(ie) H1 iH2... iH1c:G1 G2... JGM, Since r <M and H1  is connected for each 1,[H1 'H2... 

LJHr] = 4 for somej. 

Hence, Gce{H1 iH2... uH,j (ie)G cK* 

Therefore KG cK* Implies KG is compact being a closed subset of a compact 

space.. This is a contradiction to the fact that KG is not compact. 

Hence X has no M-Star for M>N which in turn implies that X has no M-point 

compactification for M>N. 

The study of the existence of N-point compact]fications of a space X which is 

mapped under compact continuous mapping to a space having an N-point 

compactification is provided by the following theorem:- 

Theorem 1.2.12:- If Y has an N-point compactification and is the image of X under a 

compact Continuous mapping, then X also has an N-point compactification. 



Proof:- Consider a mapping f:X —Y such that f is continuous, compact and onto. Let Y 

have an N-point compactification. Let be the corresponding N-Star. 

Claim:- {f(b)i1  is the N-Star for X. 

Since G1  is open and f is continuous, f'(G) is open. 

Consider,ex[f'(G1) _ . . . 

ex r'(G)= [X- f(G1)]= f'- G)= f1[(y  G1)] = f{ey( G1)]. 

Since,ey[G1 LJ GN] is compact and f is compact, we get £1{ey(  G1)] is compact. 
1.1 

Consider, ex[f4(G1) ..f'(G2) .i. .. .j ... 

= f1  [ey(G1  LJG2L.J. . . U. UJGN)] 

If this set is compact we get, 

II f'(ey(GiUG2U. . .UGN)] isa compact. 

(ie) ey ( G1 UG2U . .. uGJG+1UJ.. .UJGN) is compact, which is a contradiction, hence, 

f'(ey[G1UG2U . .. UG.1 UG+1U.. .UGN]) is non-compact. Thus{ f'(G)} is an N-Star of X. 

To prove X is locally compact. 

Consider,xEX, then f(x)EY. 

20 



Since Y is locally compact, there exists a compact subset T containing a neighbourhood V 

of f(x) (ie)f(x)ciVcT. (ie)xE f'(gx)) c: f'(V)c: f'(T) 

(ie)x(=-  f'(V) cf(T). 

f'(T) is compact as f is compact and f'(V) is open as f is continuous. Thus X ix locally 

compact. Therefore by theorem 1.1.5 X has an N- point compactification. 

The lemma and the theotern which follows it are crucial to discuss some interesting 

properties of special spaces. 

Lemma 1.2.13. Let (X,d1) and (Y,d2) be two unbounded, connected metric spaces and 

denote their product by XxY, Let (xo,yo) be a point in XxY and let k be any positive 

number and put K={(x,y) E XxY: d i (x,xo) :!~k and d2(y,yo) :A}. Then eK is a connected 

set. 

Proof:- Let (xi,yi) and (x2,y2) be points of eK. Then either d1(x1,xo)>k or d2(y j,yo)>k and 

either d i(x2,xo)>k or d2(y2,yo).>k. 

Suppose d i(xi,xo)>k and d2  (x2,xo)>k. 

Let Ai={(xi,y):yEY}. Since Y is an unbounded metric space, there exist a point y2 EY, 

such that, d2(y3,yo)>k. Let A2 {(x,y3):xEX} and let, A3 ((x2,y):yEY}. Here, A1  and A3  

are homeomorphic to Y and A2  is homeomorphic to X.Hence A1,A2  and A3  are connected 

since, (xi ,y3) EA1 nA2, A1 'A2  is connected. 
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Since,(x2,y3) EA2  nA3, (x2,y3) E( Ai iA2) nA3. Hence A1 A2  uA3  is connected. 

Now let us show Kn( A1 LJA2  A3) 

Let (x,y) EA1=> x=x1 . Using triangle inequality, d i(xi,xo):!~d i(xi,x)+di(x,xo) 

(ie) d i(x,xo)~! d1(xi,xo)-di(x1,x)=d j(x1,xo)>k. Hence (x,y) K.(ie) A1 nK=4. 

Similarly it can be shown that A2nK=4 and A3nK=4. Hence Kn( A1 A2  A3)= o 

(ie) A1 .jA2  uA3ceK, and (xi,yi) and (x2,y2) belongs to A1uA2  uA3. Thus every pair of 

points of eK is contained in a connected subset of eK. Hence eK is connected. 

Theorem 1.2.14: Let (X,d i) and (Y,d2) be two unbounded metric spaces and supppose for 

every real number r and points x0 Ex and y0(=-y, the sets {xEX:di(x,xo)<r} and 

{yEY: d2(y,yo)<r} are compact Then XxY has no N-point compactification for N>1. 

Proof:-Let K# be a compact subset of XxY. Let Px and Py be the projection mappin 

into X and Y respectively. Since projection mappings are continuous, Px(K)  and Py(K) arc 

compact subsets of X and Y respectively, consider, xo'EPx(K)  and Yc EPy(K). Sinzc  

compact subsets of metric spaces are bounded, there exist positive numbers r1  and r2  suz±. 

that Px(K)cl{xEX:d i(xixo)~r1}. and Py(K) c{y(=-Y:d2(y,yo) :!~r2}. Let rmax ri,r2}. 

Then, P(K) c{xEX: d j(x,xo) :!~r}Hx. and Py(K) c{yEY:d2(y,yo) :~r}Hy. 
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By hypothesis, Hx  and Hy are compact. Hence HxxHy is compact. Also KcPx(K)xPy(K) 

HxxHy. Moreover by lemma 1.2.13. e [HxxHy] is connected and hence e[ HxxHy] has a 

single component. 

Thus every compact set is contained in a compact set whose complement has atmost I 

component. By theorem 1.1.11 XxY has no N-point compactification for N> 1. Hence the 

proof 

1.2.15. Discussion of some special spaces:- 

The complex plane:- Let X=(R,d1 ) and Y=(R,d2) and, d i(x,y)=d2(x,y)=Ix-y. 

Since closed and bounded subset of R is compact, we have, for any rER, {xEXiIx-x( :~r} 

and {yEY/Iy-yol:~r} are compact. Hence by theorem 1.2.14, RxR has no N-point 

compactification for N> I. Hence the only N-point compactification of the complex 1aTIe 

is the I-point compactification (ie) the Enclidean 2- space RxR has no N-point 

compactification for N>  1. Similarly, generalising we have EN,  the Euclidean N-space has 

no N-point compactification for N> I. 

The space R of Real numbers:- Since every compact subset of R is contained in a 

bounded, closed interval whose complement has 2 components, we have by theorem 

1.2.11 that R has no N-point compactification for N>2. By theorem 1.2.8 any two one 

point compactification are equivalent. 

Claim:- Any, two 2 point compactifications are also equivalent. 
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Let G=(G1 ,G2) and H={H1,H2} be two 2-stars of the 2-point compactification; 0 2  

and 12. KG=e[GILJG2] and Ke[H1 LJH2] are compact. Hence KG is contained in some 

closed interval [a i ,b1 ] and KH is contained in some closed interval [a2,b2]. Let [a,b] contain 

[a1 ,b1 ] and [a2,b2]. Then KGc[a,b]  and KHc[a,b], which implies, (-cx,a) is contained in one 

of G1  orG2  and one of H1  or H2. 

Suppose, (-cx,a)c:G1  and (-ce,a)cl-I1. Since eG1  and eH1  are not compact, we 1ave 

(b,00)cG2  and (b,cc) cl-I2. consider, (KGi)='eG2. 

Then, (KrGi)neHi=eG2(-eHi=e[G2.iHi). e[G1 iG2]c:[a,b]. Hence e[a,b]' G1 G2. (ic) 

(c,a) b,cc) cG1 G2. Since, (-oc,a)cHi, eH1c[a,co) and eG2c(-,b]. 

Hence, eH1 neG2 [a,x)n(-x,b]=[a,b]. 

Therefore, [K..Gi]neH1=eG2neH1  c[a,b]. 

Similarly, [KG G2]neH2=eGIneH2c[a,b]. 

Hence both the left hand side sets are compact being closed subsets of the compact set 

[a,b] Hence G and H are equivalent. Hence the claim. 

Therefore R has only one 1-point compactification and one 2-p:int 

compactification and has no N-point compactification for N>2. 

III. The "S" spaces:- The construction of"S" spaces given below provides an answer to 

the following question affirmatively. 
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"Given a positve integer N, does there exist a space which has an N-çoint 

compactification but no M-point compactification for M>N?". 

Let n be a pocitiveinteger and define. L={(x,y)}ERxR: Y1/nX and X>O} where 

R is the space of real numbers. L={x,xIn)/x>O} denotes a ray of the Euclidean çlane 

originating from the origin. 

N N 

Define SN=UL.  Let K={(O,O)}. eSNKUL',  where L'=Ln-{(O,O)}. The family 

{ L }fl= is mutually disjoint and KLJL = L. is not compact for each n Hence :rom 

theorem 1.2.2. SN has an N-point compactification. Let K be any compact subset oE SN. 

There exist a positive integer r such that, K{(x,y)ESN:x +y<r}=K*.  (ie)  K*denotes  the 

intersection of a circular disk with SN.  Hence K*  is compact and esNK*  has N components. 

Thus the compact subset K is contained in a compact subset K*  whose complemen: has 

atmost N components By theorem 1.2.11 SN has no M-point compactification for M>N. 

Note:- By theorem 1.2.14 SNXSN  has no M-point compactification for M>1. Hence 

product of two spaces having M-point compacifications need not have an M-oint 

compacification for M>  1. 

IV. Infinite Discrete spaces:- Let X be an infinite discrete space and N a positive integer 

such that N>1. Let {G1 }'=1  be a mutually disjoint collection of infinite subsets whose 

union is whole of X, Now for eachj, where l<j<N,  let {G  ij  1  be a requence of sets such 

that, 

1) Gi,  Ij  c:G-j for = 1,2... and 2) Gij-Gi-  I.- i  contains infinitely many elements for 11,2... 
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Define for 1>1,  G N =e[G1G2... G,N-1]. Let G={G1 G 2... LJGN]. 

Then each G, is a collection of N mutually disjoint subjects. Since G=GH1 

contains infinitely many elements for 11,2 ... We get each Gij has infinite number of 

elements. Moreover, 

N G
1 =G11, JGI2 i ... LJG Nl GN = X for every i. 

Hence, (i) e is compact. and 

14 
(ii) e GK1uG,K+1 ... LJG,NJ=e{JGJ JGK Since G,k 

contains infinitely many elements and the space is discrete, we get Gi;K  is not com3act, 

Hence C, is an N-Star. 

Claim:- If i1#i2, then G11  is not equivalent to G12 . It is sufficient to prove for 11  <2 and 

j1 #N, that, e[G,i G1,2 ii. iG 1,J1+ 1 ...G,N1neGI2J2. is not compact (it) we 

will have to show that it contains infinitely many elements. 

Case i : j1=j2. 

Then, e[G11 G12 Gi,i+i L.J ... G,NJneGI2I=Gl,J I ,neGI2,J l  which is infinite, 

since Gij-Gi+ l j has infinitely many elements. 

Case ii: Ifj1 #j2. 

Then, G111meG122 G12 , 1 neG 2, 2=G12 , 1  is infinite Hence the claim. 
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Thus we get that no two N-Stars are equivalent. Hence by theorem 1.2.6 X has infinitely 

many N point compactifications for each N> 1. 

By a suitable modification of the argument used in the above example, we get a 

more general result as stated in the following theorem:- 

Theorem 1.2.16: If X is locally compact and the union of an infinite number of mutually 

disjoint, open sets then for each N>  1, X has infinitely many N-point compactifications. 

SECTION 1.3 

The results due to Cain [3] are presented in this section. The fact which is used in 

proving almost all the theorems in this section is given in the following lemma. 

Lemma 1.3.1. Suppose C is a component of a compact Hausdorif space Y and W is an 

open neighbourhood of C. Then there exist an open neighbourhood U of C such that 

CcUcW and Fr(U). 

Proof:- Define PciY by 

P{yEY/there is a separation YRT. with Cc.R and yET) 

Take any yEP, then there is an open T,such that yETcP. This implies y is an interior point 

of P Hence P is an open set and CcY-P. Therefore Q=Y-P is closed. 

Claim:- Q is connected. 
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Suppose Q is not connected,then there is a separation Q=A'B. The component Cc:Q. 

Hence CcA or CciB. 

Assume CcA. Since the sets A and B are compact, there are disjoint open 

neighbourhoods WA and WB for which AcWA  and BCWB, and FrWAcP. Take any 

PEFrWA. This implies pEP. This implies there is a separation Y=UpVp such that CCUp 

and pEVp, 

Consider the collection{Vp}. Then this collection is an open cover for the compact 

set FrWA. Hence there is a finite subcollection {V1/i1,2 ... n) which also covers FrWA  

Each Vi is open and closed. Hence V= ic'1  is both open and closed. Let U'=WA-V. Then 

U' is both open and closed, open since V is closed and closed since V is open. Also 

FrWAcVI V. Y= U(Y- U1 ). Since CcWA and CnV=, we get CCWA-V= U', 

BnWA=. This implies Bn(WA-V)= j which implies Bn U'=4. Hence BciY- U'. 

Therefore we have a separation of Y= U'Y- U' with CE U'. Hence by the definition 

of P, (Y- U')cP. Hence BcP, a contradiction as BciQ=Y-P. Therefore Q is connected. 

Since C(--Q and C is a maximal connected set, we must have Q=C. Since Y-WcP 

for every xEY-W, there is a separation Y=RxUTx  with Cc R, xETx. Since Y-W is 

compact being closed, there is a finite subcover, {T:iI,2 ... m} of Tx).  T={T1} is both 

open and closed with CcY-T. Thus U=Y-T is a neighbourhood of C such that UcW and 

FrU=. 

Theorem 1.3.2:- Suppose Z is a connected Hansdorff space with an N point 

compactification and XciZ is open and such that Z-X has atleast k compact components. 
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If all components of Z-X are compact, then X has an (N+k) point compactification. 

Otherwise X has a (k+1)-point compactification. 

Proof:- Let a(Z) be an N-point compactification of Z and let K=a(Z)-X. Define a 

decomposition D of a(Z) as D={{x}IxEX}{components of K}. 

Claim:- D is upper semicontinuous. 

Case i : d={x}, XEX. 

Consider an open subset U such that dcU. Let VUnX. Then dcVcU. Take e€D with 

Vne4. This implies e cannot be a component of K and e={y} for some yEX. Hence 

yEV, which implies ecV. 

Case ii. If d is a component of K. 

Let U be an open set containing d. By lemma 1.3.1, there is an open set V such 

that dcVcIU and Fr(V)= . This implies dciVnKcUnK, and (FrV)nK=. 

Take an eED with Vne#.Since Fr(V)= , V is both open and closed. Thus there is a 

separation for ct(Z).(ie)a(Z)=VU(c(Z)-V). Since e is a component and Vne4, we must 

have eciV. 

Thus D is upper semicontinous. 

A 

Let X be the decomposition space induced by D and let h denote the natural map 

A A 
of a(Z) onto X. It follows from the upper semicontinuity of D that X is a compact 

Hausdorif space. 

The continuous map h is one to one on X and X=h'h (X) is an inverse set. Hencc 

hIX is a homeomorphism. h(X) is identified with X and X is referred to as a subspace 0' 

I' A 
X, X is open in X. Therefore X-X is compact. 
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Suppose A is a connected subset of the remainder X-X,. then hA) is a connected 

subset of K. This implies htA)  is contained in one component of K. Hence A= p} is a 

single point. Implies that X-X is totally disconnected. The space a(Z) is connected hence 

A 
X is connected. 

A 
Claim:- X is dense in X. 

A 
Suppose p is a point in the mtenor of X-X. The pomts of X-X are components, Hence 

p is a component. Suppose p OX, there exists a neighbourhood W of p such that WnX=o. 

Implies that pc:Wc-X. Hence by lemma 1.3.2 there is an open set U is such that 

p c:UcWc&X and FrU=4). Hence U is both open and closed. Therefore there is a separation 

A A A 
for XA contradiction, since X is connected. Hence X is dense in X. Therefore X is a 

compactification of X. Suppose C is a compact component of K=Z-X and let N be a compart 

neighbourhood of C such that Nn(a(Z)-Z)=4). Implies Nc:Z. Then Cc±K=Z-X.implies that 

CcNnKcN. By lemma 1.3.1. there is a neighbourhood V of C such that VN and 

(FrV)nK=. This implies that C is a component of a(Z)-X. Hence the number of component 

of c(Z)-X is atleast as large as the number f compact components of K=Z-X. 

Suppose if all the components of K are compact, no point of a(Z)-X is an 

accumulation point of a component of K. Thus each rEcx(Z)-Z is a component of a(Z)-X. 

Thus we have shown that if all components of Z-X are compact, there are atleast (N+) 

A 
components of a(Z)-X. Hence either X-X is finied and contains atleast (N+k) points or it 

is infinite and totally disconnected. In either case, we conclude that there is an (N+k)-point 

compactification of X. [5]. 
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Next, suppose Z-X has atleast one noncompact component C. Then that a. (Z)-X has 

atleast k+1 components or 2-x contains atleast k+1 points. 

The following theorem extents Magill's results.(Theorem 1.2.12.) 

Theorem 1.3.3. Suppose Y has an N-Point compactification, X is connected and f: X -. 

f(X)=Y is a continuous maping for which the singular set S has atleast k compact 

components. If all components of S are compact, then X has an (N+k)-oint 

compactification Otherwise, X has a (k+ 1)-point compactification. 

Proof:- Let (Xw,Fw) be the Whyburn compactification of the map f That is fw:Xw -> X.)=Y 

with fw is compact and continous. Xw is locally compact Hausdorif and contains X as a Jens 

subspace, f/X=f and fw/(Xw-)) is a homeomorphism onto S.( [2] and [17]). 

By theorem 1.2.12. Xw has an N-Point compactification. Since Xw-X  and S ar 

homeomorphic the conclusions of the theorem follow directly from theorem 1.3.2. 

This section is concluded with the following characterization of spaces having N-pos.t 

compactifications. 

Characterization in terms of mappings onto compact spaces. 

Theorem 1.3.4:- A connected locally compact Hausdorif space X has an N-Pcint 

compactification if there is a continous mapping of X onto a compact Hausdorif spice so 

that the singular set of the mapping consists of exactly N points. 
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Proof:- Suppose there is a continous f:X -> f(X)=Y with Y compact and S having exactly 

N points. Then the existence of an N-point compactification of X follows from 

theorem 1.3.3. 

Conversely, suppose there is an N-point compactification a(X) of X. Lt 

U1,U2.. UN be disjoined compact neighbourhoods in a(X) of the points of a(X)-X. Defir..e 

the decomposiition D of ct(X) by taking Ui,U2  . . . UN to be the members of D and the 

individual points of c(X)-iU, as members of D. Clearly, D is upper semicontinuous, Si) 

the decomposition space Y induced by D is compact Hausdorif. Let h denote the natural 

map of a(X) onto Y and define f:X -* Y by f=h/X. The map f carries X onto Y, since 

each U1  meets X, and the singular set S={h(U1),i=1,2 ... N}. 
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Chapter H 

Inunttb! 



CHAPTER-I! 

COUNTABLE COMPACTIFICATIONS 

In this chapter we discuss the contributions of Magill [12] and Kimura [10] :o the 

study of countable compactiflcation.Magill [12] has characterised Hausdorif spaces that are 

locally compact and have countable compactfications. He has also shown that no Eucidean 

N-space has countable compactification but every infinite discrete space has a countable 

compactification. 

Kimura [10] has obtained some characterizations of locally compact spaces whih 

admit countable compactiflcation.He [10] has obtained a set of sufficient conditions for the 

product of two locally compact spaces to admit a countable compactification. The preliminary 

definitions and results needed are given in the first section. 

SECTION 2.1 

Definition 2.1.1. A compactification a(X) of a space X is called a countable 

compactification or No-point compactification (we say X has an N0CF) if the remainder 

a(X) -x is countable. 

Definition 2.1.2. A open set of U of a space X is ' -open if BdXU is compact. 

Definition 2.1.3. A space Xis called rim-compact if it has a base consisting of y-open sets. 

Remark 2.1.4. Locally compact space are rim compact. 

Definition 2.1.5. Freudenthal compactification y(X) of a rim-compact Hausdorif space X s 

described as the completion of X with respect to the uniformity having as a base the collection 
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{ .j(AjxA1)} where X is covered by the A1 's, each A1  is an open subset of X an1 Fr(A = 

c1A1-A1  is compact for each i. 

The following lemma regarding Freudenthal compactification is proved by TeraJa 

[16] 

Lemma 2.1.6. Cl Un ('y(X)-X) = (y(X)-Cl() x)  (X-U)) n (y(X)-X) 

(y(X)-Cl (x)  (X-U)) u ('y(X) -C17(x)U) 7(X)-X and 

(y(X)-Cl) x (X-U)) n (y(X)-ClxU) = 4) 

SECTION 2.2 

Results of Magill 1121. 

In this section all topological spaces are assumed to be Hausdorif. 

Theorem 2.2.1. The following statements concerning a space X are equivalent: 

1) X is locally compact P(X) -X has an infinite number of components (maximal 

connected sets). 

X is locally compact and there exist a compactification a(X) of X such that x(X) 
- X 

is infinite and locally disconnected. 

X is locally compact and has a countable compactification. 

X has N-point compactification for each positive integer n. 

Proof 

I i. Let 3(X) -X = (Ha:aEA), Ha is a component of P(X)-X. Let a(X) = X' A and 

define a function h: 13(X) - a(X) by 

h(P) = pifpEX. 
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= aifPEH3. 

Endow a(X) with the quotient topology induced by h. Since a(X) is the continuous 

image of compact space it is compact. 

Claim:- cx(X) is Hausdorif. 

To prove this consider the following three cases for distinct points p and q 

) Both p and q belongs to X. 

pEX and qEa(X) -X. 

Both p and q belongs to a(X)-X. 

Case 1. Both p and q belongs to X. 

Since X is locally compact, it is an open subset of any compactiflcation and hence of 

13(X). Let U be any subset of X. Then U is open in 13(X). 

To prove U is an open subset of a(X). 

Now h'(U) = U, is open in (X). 

Hence by the definition of quotient topology, U is open in a(X). Hence the claim. 

If p,q EX, as X is Hausdorif there exists disjoint open sets U and V in X such that 

pEU and qEU and Un V = 4. By the claim U and V are open in cx(X) and hence the 

Hausdorif condition for a(X) is satisfied in this case. 

Case 2: pX and qa(X)-X. 

Since X is locally compact, there exist a compact subset K of X which contains an 

open subset G of X such that pEG ciiKcX. Since K is a compact set in X, it is closed in X and 
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hence ct(X) -K is open in a(X). Hence G and a(X) -K are the disjoint open subsets of p and q 

respectively. 

Case 3: p  and q belong to a(X) - Xp,q E A. Hence there exist disjoint closed componen:s 

H and H,4  which is compact. Therefore, H and I-L4  are disjoint, closed subsets of I3(Xi and 

there are disjoint, open subsets G and Gq  of (X) containing H and Hq  respectively. By the 

result, "The component of a point in a compact space is the intersection of all open and closed 

sets containing it"[9]. We have, I-Li, is the intersection of all open and closed sets (relative to 

P(X) -X) containing it. Now 13(X) -x is compact and Gpn[3(X)-X] is an open subset iE' 

13(X)-X containing H. Hence the intersection of a finite number of open and closed sets 

contained in Gn[13(X)-X].  Let V, be this finite intersection. Then V is an open and closed 

subset of J3(X)-X and HcVcGc[I3(X)-X].Since V, is both open and closed it is the 

union of all H. contained it. Also V, = V*n[13(X)X] for some open set V*of  13(X), wLere 

V*cG .  This implies V*= VU[V*nX].  Similarly there exists sets Vq and Vq*  related to 

Hq. Hence Vp*  and  Vq*  are disjoint. 

Let U = [V*nX] U (a: H. V} and Uq = [Vq*(ThXI U {a:Ha C Vq]. Then 

W(Uq) = Vi," and h'(U)r Vq*.  Since Vi," and Vq*  are open subsets sof 13(X) by the definitior 

of quotient topology we have U, and Uq  are open, disjoint sets of a(X) containing p anc q 

respectively. Implies ct(X) is Hausdorif. Hence the claim. 

It is easily seen that X is dense in ct(X). Hence a(X) is a compactification of X. 

Claim: a(X)-X is totally disconnected. 

U, n[a(X) -X] is open in ct(X)-X and h'[Un[a(X)-X]] = V*n[13(X)X] = V. 
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Since V is a closed subset of 13(X), U, n[a(X)-X] is a closed subset of a(X) and is 

hence the closed subset of a(X)-X. Hence p and q does not belong to the same component. 

Since p and q are distinct points of a(X)-X, we get a(X)-X is totally disconnected. 

ii =iii: Given X is locally compact and a(X)-X is infinite and totally disconnected. Herce 

using the result, "the component of a point in a compact space is the intersectio of all open 

and closed sets containing it,"[9] we get X has a basis of open and closed sets. Therefcr 

00 
there exists a countable family (H) 1  of non empty, mutually disjoint subsets of a(X)-X 

which are both open and closed in a(X)-X. 

Let H0= [a(X)-X ] *H}=1. Since a(X) is compact,Ho#4 .Define a function h:a(X 

-* F(X), where F(X) =XU{n}=, such that 

h(p) = nforpEH. 

pforpEX. 

Endow T(X) with the quotient topology induced by h. As in the previous discussion i 

can be shown that F(X) is Hausdorif and X is dense in ['(X). Hence F(X) is the countable 

compactification of X. 

iii => iv: Suppose X is locally compact and ['(X) is a countable compactification of X. 

Assume p and q are distinct points belonging to some connected subset H of F(X)-X. Since 

F(X)-X is locally compact Hausdorif space it is completely regular. Hence there exists a 

continuous function f: ['(X)-X -* I = [0,1] such that f(p) = 0 and gq)= 1. Then fIH]  is 

connected. Also fIH]  =[0,1] suppose not, then there is a point x E[0,1] but t#f[H]. Then 

UfTH] n[0.t) and V=(t,1] rf[H] forms a separation of f[H] which is a contradiction. Hence 

fJH] 1.Since F(X) is a countable compactification of X, it has countable elements, but I is 
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uncountable hence fTH]:#I.  This contradiction is due to our assumption that p and q belong to 

the same connected subset H of 1(X) -X. Hence the only connected subsets of F(X)-X are 

the one point sets. Hence F(X)-X is totally disconnected. 

Since X is locally compact, F(X)-X is compact we get 1(X)-X has a basis of open and 

closed sets [9]. Hence for any positive integer n there are n nonempty mutually disjoint 

subsets of F(X)-X that are both open and closed and whose union is all of 1-(X)-X. Let 

these sets be denoted by {H1}1=1  and define a function h:F(X) -> 

Xu{1,2 .... n)=aN(X) by h(p) = i if pEH1  

= p ifpEX. 

EndowcxN(X) with the quotient topology induced by h. Then as in the proof of claim it 

can be shown that aN(X)  is a Hausdorif and a compactification of X. 

iv => 1: Take any positive integer N, and let a(X) be an N point compactification of X. 

Therefore there is a continuous function, 

f: 13(X) -X -> aN(X)-X = {xi,x2  . .. XN} henceaN(X)-X has N components. Implies 

13(X)-X has atleast N components. This is true for every positive integer hence 13(X)-X has 

infinitely many components. Since X has N-point compactification it is locally compact. Hence 

the proof. 

Corollary 2.2.2. Suppose X is locally compact and there exists a positive integer N such that 

every compact subset of X is contained in a compact subset whose complement has atmost N 

components. Then X has no countable compactification. 

Proof: Suppose X has countable compactification by theorem 2.1.1 X has an N-point 

compactification for each positive integer n. .. (1) 



From theorem 1.2.11 we get that X has no N-point compactification 

for n>N (2) 

(1) and (2) are contradictory. Hence X has no countable compactification. 

Corollary 2.2.3: Let (X,d i) and (Y,d2) be two unbounded connected locally compact metric 

spaces and suppose that for all points x0 EX and yoEY and every positive number r, the sets 

xEX:di(x,xo)<r} and {yEY:d2(y,yo)<r} are compact then XxY has no countable 

compactification. 

Proof: As in the above corollary, the proof follows from theorem 1.2.14 and theorem 

2.1.1. 

Remark 2.2.4. From the above corollaries it follows that no Euclidean N-space has a 

countable compactification. 

Corollary 2.2.4. A locally compact space X has a countable compactification if for each 

positive integer n it contains a compact subset K whose complement is the union of n 

mutually disjoint open subset with the property that is not compact for each 

EP 

Proof: X has a countable compactification 

if X has an N-point compactification for every N (by theorem 2.1.1). 

if the given condition in the statement is satisfied. (by theorem 1.2.2). 

We conclude the section with the following corollary. 

Corollary 2.2.6: Suppose X is locally compact and is the union of an infinite number of 

mutually disjoint open subsets. Then X has a countable compactification. In particular every 

infinite discrete space has a countable compactification. 
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Proof: X can be considered as the union of the n mutually disjoint open subsets which 

are not compact. For any positive integer let K . Hence using the previous corollary we 

get X has a countable compactification. 

SECTION 2.3 

Results of Kimura 1101 

All spaces are assumed to be completely regular and T1  and by I A I , we mean the 

cardinality of the set A. 

The following lemma is useful in obtaining characterizations: - 

Lemma 2.3.1: Let A be a countably infinite subset of a space X. Then there is a countably 

infinite subset B = {b/iEN} of A and a sequence {U1/iEN} of pairwise disjoint open subset of 

X such that bieUi and BdxU1cA= 4) for each i EN. 

Proof: Since X is assumed to be completely regular it is regular space. Hence there 

exists a point b1 EA and an open subset V1  of X such that b1#ClV1 and I V1 nA I =Nc. 

Similarly there exists b2#C1V2 and I  V2nV1nA I = No. Proceeding like this we get a subset 

B= {bjliEN} of A and a sequence f V1/iEN} of open subset of X. Let V0  = X and W, 

= V1-1-ClV1 for every i E N. 

bi#ClxVi and bEV i  mA. Implies bEW1  and b1 EA (ie) b1#X-W1  and bEA. Since X is 

completely regular, there is a continuous mapping 1:X —>I=[O. 1] such that fi(b:)=0 and L(X 

W) = ( 1). Since f1(A) is countable, but [0,1] is uncountable hence f1(A) 40,1]. Therefore 

there exists r1  E I such that r1Aj(A). Let U1  = fj4[0,r). 

Claim: Bdx(U) ci fj4  (r1) 

Let xEBdx(U). Implies xEU1 )X-U1 . Implies 



f(x) E f1(U1) nf1 (-U1) E f(U1) n f(X-U) E [O,r1] n [r1,1] =r1. Implies xEf'(r1). 

Therefore Bdx(U1) E f,(r). 

Hence the claim. 

Since r1  #f1(A), fj '(r)nA= 4) . Hence Bdx(U1)nA = 4) 

Characterization in terms of y-open sets. 

Theorem 2.3.2 A locally compact space X has a countable compactification if there is a 

sequence {U1/iEN} of pairwise disjoint y-open subsets of X with non compact closure. 

Proof: Let Y be a countable compactification of X, then I Y-X I = No  is countable. 

Hence using lemma 2.3.1, there are countble infinite subsets {a1/iEN} of Y-X and a sequence 

{W1/i(=-N} of pairwise disjoint open subsets of Y such that ai eWi  and Bdyn(Y-X) = 4) for i 

EN. Let Ui = W1nX for every i EN. Then ClxUi is non compact. Now Ui= WinXc:Mi implies 

BdxUc BdxW1 cBdyW1cX. 

Since Y is compact, BdW1  is closed, we get BdW1  is compact. Hence BdlJ1 is 

compact being the close subset of the compact space BdW. Therefore Ui is y-open set. 

Hence BdxU1 is compact. Thus the sequence {U1/i(=-N} satisfies the required properties. 

Conversely, let (U1/iEN) be a family of pairwise disjoint y-open subset of X each with 

non compact closure. Let y(X) be the Freudenthal compactification of X. Define F1=C17(x)UI 

(y(X)-X) and Fo (y(X)-X) - i.{FIiEN}. Then D={F1/i0.1.2 ... } {{x}/xEX} is an upper 

semicontinuous decomposition of y(X). It is clear that D is a composition of y(X). 

Claim: D is upper semicontinuous. 

Take dED, then d={x} or d=Fi  for some i. 

Case i: d=x}. 

as 



Let U be an open set in 'y(X) containing x. The W=UnX is an open neighbourhood of 

x in y(X). Suppose F'cD such that F' nW4, then to prove F'c:W. Since WX and 

F'nW , we have F'{y} for some yEX. Hence yEW. Therefore 171  ={y) ciWciU. 

Case ii: Let d=Fi for some iEN. 

Let U be an open set of y(X) containing d. Let F=F. By lemma 2.1.6 F is open in 

y(X)-X. Hence there is an open subset V of y(X) such that F=Vn(y(X)-X). Define W=UnV, 

open in y(X) and Wc:U. Then FcWc:U. Take any element F' of D such that F'nW#. 1fF' = 

{x} then F'nW# implies xEWcU, which implies F'cWc:U. 

If F1=F,=Cl (x)UJn  (y(X) -X),then F'nW4 implies F1c:WciU. 

Case iii: d=F0  

Let U be an open subset of y(X) containing F0. Let D' be the collection of the elements 

of {F1/i€N} not contained in U.Since y(X)-X is compact and F1  is open in y(X)-X, D' is 

finite. Thus W=U-u{FIFED'} is open in y(X). For any element F' of D such that F'nW4 

we have F'cWcU. Hence F0cWcU. Here D is an upper semicontinuous decomposition of 

y(X). 

Let Y=y(X)/D be the quotient space of y(X) determined by the upper semicontinuous 

decomposition. As in theorem 2.3.2 it can be shown that Y is a countable compactification of 

X. Hence the proof 

Cain proved that a connected locally compact space X has an N-point compactification 

if there is a continuous mapping fofX onto a compact space Y so that S(f) consist of exactly 

N points (theorem 1.3.4.). Cain, Chandler and Faulkner [4] strengthened this theorem so it 

remains true without connectedness. Chandler and Tzung [6] defined the remainder induced 
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by f to be C(f) =n{ClyfX-F)/F is a compact subset of X} and proved that (whenever Y is 

compact) there is a compactification of ct(X) with a(X)-X homeomorphic to C(f). Their 

"remainder induced by f' is the same as the singular set [4]. Thus the if part of Cain's theorem 

holds for any cardinality of S(f). 

The following theorem which is anologous to Cain's theorem gives characterization 

using singular sets. 

Theorem 2.3.3:- A locally compact space X has a countable compactification if there is a 

continuous mapping fofX onto a compact space Y such that S(f) has cardinality No. 

Proof:- In view of the discussion preceeding this theorem, it is enough if we prove the 

only if part. Suppose X has a countable compactification. By theorem 2.3.2 there is a 

sequence {U/iEN} of pairwise disjoint y-open subsets of X each with noncompact closure. 

For each i=2,3 ... choose a point xU1  and put Fi(Cl7(x)Uin(y(X)-X))4xi}, where y(X) is the 

Freudenthal compactification and 

let F1  y(X)- i{y)-Cl7(x)  (X-U)Ii2,3 .... ) 

Let F={FIi(=-N}.J{(x}/xE y(X)- t..4F/iEN)}. 

Then F is an upper semicontinuous decomposition of y(X). Thus Y= y(X)/F is a 

compact Hausdorif space. Let g:X —* y(X) be an embedding and q: y(X) —>Y be a quotient 

mapping. Then the composition f=qog is a continuous mapping of X onto Y. 

Let {a1}q(F) for each iEN and A={a/iEN}. 

Then q'(A) = y(X)-.4U-{x}/i2,3..}. As X is locally compact, it is open in 'y(X). 

Therefore q'(A) is closed in y(X). Since q is quotient mapping A is closed in Y. Then U=Y-A 
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is open in Y. Since the restriction of f:X—>Y to UciY, f:f'(U) - U is a homeomorphism for 

every compact subset K of U,f'(K) is compact. 

Hence for every yEU, we have y#S(f) and for each a1  and a neighbourhood V1  of a 

there exists an open subset W1  such that a1 EW1cClyW1cV1. Then ClW1  is compact, but 

f'(ClyWj) is noncompact, hence we have a1 ES(f). Therefore, S(f) has cardinality N0.Hence the 

theorem. 

Countable compactifications of product spaces:- 

First we discuss the folloowing lemmas which are used to prove the main theorem on 

product space. 

Lemma 2.3.4:- If X and Y are noncompact connected spaces then XxY has no countable 

compactification. 

Proof:- Suppose XxY has a countable compactification. Then by theorem 2.3.2, there 

is a sequence {U1/iEN} of pairwise disjoint y-open subsets of XxY each with noncompact 

closure. Let px:XxY—X and py:XxY—Y be projections and let (i,j) be a pair of distinct 

positive integers. Let Apx(BdxxyUi)xpy(BdxxyU,). Then A is compact. Since X and Y are 

noncompact and connected, Z=XxY-A is connected. Since BdxyU1cA we have 

BdyUrZ= 

Therefore Z(U1nZ) LJ(XxY-U)imZ 

(ie) ZcU1nZ or Zc((XxY-ClxyU1)rZ 

If ZcUir'Z then ZcCl,yU1  and if Zc((XxY-ClxyU;)nZ) then ZnU1 . Suppose 

ZcClxyU1. Since Cl,yU1nUk ,we have UcA. This implies that is compact and 



we have a contradiction. Suppose U1nA=4 . Then This implies that Cl.U1  is 

compact and we have a contradiction. Hence XxY has a countable compactification 

Lemma 2.3.5:- If X is a compact connected space and Y has no countable compactification 

then XxY has no countable compactification. 

Proof:- Suppose XxY has countable compactification then by theorem 2.3.2 there is a 

sequence (U/i En) of pairwise disjoint y-open subsets of XxY each with noncompact closure. 

Let py:XxY -> Y be the projection onto Y and let V1=Y-py(XxY-U). Since X is 

compact, Py  is closed and hence V1  is open in Y 

To prove ClyV1  is noncompact. Suppose not, (ie) ClyVi  is compact. Let 

A=Xx(ClyV1LJpy(BdxxyU)). Then A is compact. We claim that Uic:A. Take any (x,y)(=-U1  

Case i Xx(y}c:Ui. Then pY(Xx{y})cpY(U). Implies yEpY(U1) which implies 

y#py(XxY-U). This implies yEV. Hence (x,y)EA. 

Case ii Xxy}zU. Since Xx{y} is connected, by using the result "if A(--X and if C is a 

connected subset of X that intersects both A and X-A, then C intersects BdA" [13] we get 

Xx(y)nBdxxyU, hence there exists (xo,y)EBdxxyUi. This implies py(xo,y)epY(BdxxyUi) 

which implies yEpY(BdxxyU). Hence (x,y)EA. 

Therefore in anycase U1ciA. Implies Clx yUi is compact, a contradiction as U1  has 

noncompact closure. Therefore ClyVi  is not compact. 

Clearly for positive integers i:#j, VimV-4 and the collection {V1/iEN} is a collection 

of pairwise disjoint y-open subsets of Y with noncompact closure. By theorem 2.3.2 Y has a 

countable compactification. This is a contradiction. Hence our assumption is wrong. Hence 

XxY has no countable compactification. 
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Lemma 2.3.6: Let X be a space which can be represented as the finite topological sum X = 

X1 X2  G ... 
X. Then X has a countable compactification if ther is a positive integer 

(1 <)i(<n) such that X1  has countable compactification. 

Main theorem: 

Theorem 2.3.7: A product space XxY has a countable compactification if the following 

conditions are satisfied: 

either X or Y has an infinite number of components and the other is noncompact. 

either X or Y has a compact component and the other has a countable 

compactification. 

Proof: First assume XxY has a countable compactificaiton. 

Case I: X and Y have atmost finite number of components. Let where Xi  is a 

m 
component and Y=uYj  where Y is a component. 

1-1 

Then XxY = (XixY) ED (X2xY)  ED ... (XkxY). By lemma 2.3.6 then is a integer i 

such that X1xY has a countable compactificatiton. 

X1xY(X1xYi) (X1xY) @ ... (XiXYm). Once again by using lemma 2.3.6, there is 

an integer j such that X1xX has a countable compactification. Since X1  and Y1  are connected, 

by lemma 2.3.4. either X1  or Y1  is compact. 

Assume X1  is compact: By lemma 2.3.5. as X1xY has a countable compactification. 

We conclude that Y has a countable compactification. 

The other case can be dealt similarly. Thus, condition (b) holds. 



Case ii. If both X and Y have an infinite number of components then (a) holds. 

Casi iii. X has an infinite number of components and Y has atmost a finite number of 

components. 

If Y is non compact then (a) holds. 

If Y is compact, let YJY, where Y is a component. By lemma 2.3.6., there is a positive 

integer j such that XxY has a countable compactification. Hence by lemma 2.3.5., X has a 

countable compactification. Hence (b) holds. 

Conversely, let X and Y satisfy (a). Suppose X has an infinite number of components and Y is 

non compact. Then there is a sequence {U/iEN}ofpairwise disjoint open and closed subsets 

of X. Now let V1=U1xY for each iEN. Then (VjIiEN) satisfies the conditions of theorem 

2.3.2. Hence XxY has a countable compactification. 

Next, let X and Y satisfy condition (b). Suppose X has a compact component X0  and 

Y has a N0CF. If X has an infinite number of components, then X and Y satisfy (a). Hence, 

XxY has an N0CF. If X has atmost a finite number of components, then X0  is open and closed 

in X. Hence, X0xY has an N0CF. Since XxY = (XoxY) ((X-Xo) xY), and by lemma 2.3.6. 

XxY has an N0CF. Hence the theorem. 

Corollary 2.3.8:- Let X and Y be connected. Then XxY has a countable compactification if 

either X or Y is compact and the other has a countable compactification. 

Proof: Follows easily from the above theorem. 
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SUMMARY AND CONCIAJSION 

It is interesting to study various aspects of compactifications. Eminent 

topologists who have contributed to the study of compactifications include 

Alexandroff, Stone, Cech, Waliman, Smimov, Leader, Henriksen, Isbell, Gall, 

Frink, Magill, Cain, Kimura et al. In this thesis we have made an attempt to 

study finite and countable compactifications. The results are collected from the 

contributions of Magill [11,121, Cain[3], and Kimura [10]. Characterizations 

of spaces that admit finite compactifications are given in terms of 

N-Stars [111 and 

Existence of certain mappings onto compacts spaces [3]. 

The construction of "S" spaces by Magill [11] provides an answer to 

the following question: 

"Given a positive integer N, does there exist a space which has an N-

point compactification but no M-Point compactification for M>N?". 

Regarding countable compactifications, Magill [12] and Kimura 

[10] have provided interesting characterizations. Regarding product 

compactifications. Kimura (101 has proved the following: 



A product space XxY has an N0CF if and only if one of the following 

condition is satisfied: 

either X or Y has an infinite number of components and the other is 

non-compact; 

either X or Y has a compact component and the other has an N0CF. 

We study the literature on fuzzy toplogical spaces, we find that the 

concept of compactification is extended to fuzzy topological spaces also and 

some interesting development has taken place. It will be an interesting 

research problem to study the results discussed in this thesis in the case of 

fuzzy topological spaces. 
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