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CHAPTER - VII 
SOME NEW OPERATORS ON INTERVAL FUZZY NUMBERS 

AND INTERVAL FUZZY NUMBER MATRICES 

Definition : 7.1 

A A 

Let M = [IDL, PIR] and N = [DL, PR] be two interval fuzzy numbers where 

niL, niR, nL, nR e [0, 1]. Then the following operators are def ined. 
A A 

(1) M e N = [niL + nL - mL nL, PIR + nR - HHR UR] 

A A 

(2) M 0 N = [mL nL, mR np] 
A A 

(3) M V N = [mL V nL, mR v nR] where x v y means max {x, y}. That is, 
X V y = max {x, y}. 

A A 

(4) M A N = [mL A nL, mR a nR] where x a y means min {x, y}. That is, 
X A y = min {x, y}. 

A A X if X > y 
(5) M 0 N = [mL 0 nL, mR 0 np] where x 0 y = L ' 

[0, if X < y 
A A 

(6) M > N if mL > nL and mR > nR. 
A A 

(7) M + N = [mL ± nL, mR+nR] 

Definition : 7.2 
A A 

Let M = (Mij)mxn and N = (Nij)nixn be two interval fuzzy number 

A A 

matrices of the same order where Mij = [mL^, mp,, ] and Nij = [nL^,, np̂ ^ ] . Then 

the following operators are defined. 
A A 

(1) M S N = (Mij ©N i j ) 

(2) M 0 N = 
A A 

(Mi j0 Nij) 

(3) M V N = 
A A 

(Mijv Nij) 

(4) M A N = 
A A 

(MijA Nij) 

(5) M 0 N = 
A A 

(Mi j0 Nij) 

(6) M > N iff Mij > Nij V 
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Theorem : 7.3 

For any interval fuzzy number matrix M. 

(i) M e M > M 

(ii) IVI 0 IVI < M 

Proof 

A A 

(i) The ij"" e lement of M ® M is My ® My which is equal to 

[mL,j + -mL...mL..,mR.. +mR,. -mR.^.mR..] 

consider m, + m, - m , .m , = m, + m , (1 - m , ) > m L (1) 

f^R, + niR .̂ - HHR̂^ . mR .̂ = mR̂ ^ + mR .̂ (1 - mR^^) > mR ,̂ (2) 

From (1) and (2), we get that M 0 M > M. 
A A 

(ii) The ij'^ e lement of M 0 M is My 0 My which is equal to 

[ ^ i , -f^L,. mR^j. mR̂ ^ ] . Since, m?.. < m^. , m^^. < mR .̂ 

• • ["^Lij' "^Ry ] which is less than or equal to [mL,. ,mR.. ] . 

Therefore, M 0 M < M. 

Definition : 7.4 

A 

Let M = (My) be an n X n interval fuzzy number matrix. Then M is 

A A 

nearly irreflexive iff Mn <My for all i, j = 1, 2 n. 

Theorem : 7.5 

Let M and N be two interval fuzzy number matrices, then 

(i) M e N > M 0 N 

(ii) If M and N are nearly irreflexive then M © N and M 0 N are nearly 

irreflexive. 

Proof 

A A A 

Let M = (My) where My = [mL .̂ ,mR.. ] and N = (Ny) where 
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A A 

(i) The ij'^ e lement of M 0 N is My ® Ny which is equal to 

[m, ^ + n , - m , , . n , ^.mp^^+nR - m R HR 1 and that of M 0 N is 

A A 

My 0 Ny = [mL,̂  . nL,̂  , m^^^ . nR̂^ ] . 

Now consider m, +nL - m, .nL - niL .nL 

= mL,^. (1 - nL,^) + nL,̂  . (1 - m^^) > 0 (since 0 < mL,^ < 1 

and 0 < nL < 1) 

.-. m, +n i - m, .nL > niL .nL 

Similarly, mR̂ ^ +nR^^ - mR^̂ .nR^̂  > mR^̂ .nR^̂  

Thus, M ® N > M 0 N . 

A A A A 

(ii) Since M and N are nearly irreflexive, Mii < My and Ni, < Ny for all i, j . 

••• [mL, .mRj < [mL,^,mRj 

.-. m, < m, and m o < m n (1) 
•-ii i-ij n.|| rvij 

Similarly, [nL^^.npJ < [nL, , ,nRj 

.-. nL < nL and nR < nR. (2) 

Let Cij and Dy be the ij'^ element of M © N and M 0 N respectively. 

A A 

Then Cy - CN = [mL,̂  +nL,^ -mL,^ .nL,̂  ,mR^̂  +nR^^ -m^.n^] 

- K + n L „ - m L „ . n L „ , m R ^ ^ + n R , , - m R , . n R j 

= +nL,, - m L . n L , ^ - m L „ - n^, + mL„ .nL„ , 

niR,, +nR,^ -̂ R.̂ .HR^̂  -mR^ - nR̂ ^ + mR . n p j 

= [ ( 1 - m L „ ) . ( 1 - n L „ ) - ( 1 - m L , , ) . ( 1 - n L , ^ ) , 

( 1 - m R „ ) . ( 1 - n R j - ( 1 - m R , ^ ) . ( 1 - n R , ^ ) ] 

From (1) and (2), we get 
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[ ( 1 - m ^ ) . ( 1 - n L , ^ ) - ( 1 - m ^ ) . ( 1 - n L ^ ^ ) > O a s > l - m ^ . and 

1 - n , > 1 - n , (3) •-ii "-ij 

Similarly, ( 1 -mR ) . ( 1 - n R j - ( 1 - m o ) . (1 -no ) > 0 (4) 

A A 

From (3) and (4), we get Cy > Cn 

Hence, M ® N is nearly irreflexive. 

Now consider. 

A A 

Dij - Dii = [m^^ . nL,,, mp^.. np .̂ ] - [mL^^. nL^ ,̂ mp^, . nR̂ ^ ] 

= [mL,̂  .nL,j -mL„.nL^^,mR^. .np^. - m R ^ ^ . n R j 

But mL,. .nL, . -mL^^.nL^^ >0,mR^..nR^^ - mR̂ ^ .nR^̂  > 0 (By (1 ) ) 

A 

.-. Dij > Dii 

Hence, M © N is nearly irreflexive. 

Theorem : 7.6 

Let M, N and Q be three interval fuzzy number matrices. If M < N, then 

(1) M e N < N e Q 

(2) M 0 Q < N 0 Q 

Proof 

A A A 

Let M = (Mij) where Mij = [m^. ,mR., ] , N = (Nij) where 

A A A 

Nij = [nL.j - H R ^ a n d Q = (Qi j ) where Qij = [QL̂ . , q R j . 

(1) Let Di j , Eij, Fi jand Gij be the i f e lements of M 0 Q, N © Q, M 0 Q 

and N © Q respectively. 
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But the ij**" element of M ® Q, N ® Q, M 0 Q and N 0 Q is Mij © Qi: 
A A A A A A 

Nij © Qi j , Mij 0 Qij and Nij © Qi j . Then 

Mij © Qij = Dij = [mL,̂  +qL^^ - ^ 1 , - % ' "̂ R, +^R, -"^R.-^RJ 

Nij © Qij = Eij = [nL,. +qL,^ - " L . ^ - q i - "R,̂  +qR,^ -"R.^-^RJ 

Mij 0 Qij = Fij = [mL, . .qL ,^ ,mR,^ .qR j 

Nij 0 Qij = Gij = [nL ,^ .qL , , .nR,^ .qR j 

Since M < N, m, < n, . 

••• mL,, ( 1 - q L , , ) ^ ( 1 - q ^ ) 

••• m L , , - m ^ . q ^ < n ^ - n ^ . q L , , 

i.e., m^ + q L - m ^ . q L < nL + q L -PL . q L 

Thus, we get 

[ m L „ + q L „ - m L „ . q L , . m R , ^ + q R , ^ - m R , ^ . q R , J 

^ [ n L „ + q L „ - n L „ . q L , - HR,.+qR„-PR„ . qR„ ] 
A A 

i.e., Dij< Eij for all i. j . 
A A A A 

.-. Mij © Qij < Nij © Qij for all i.j. 

Hepce, M © Q < N © Q. 

(2) Also [mL,.. qL , . , mR,.. qR,, ] < [PL̂ . . q L „ , PR„ • qR„ ] 

A A 

I.e., Fij < Gij for all i.j. 
A A A A 

.-. Mij 0 Qij < Nij 0 Qij V i.j. 

Hepce, M 0 Q < N 0 Q. 

Theorem : 7.7 

For apy two ipterval fuzzy pumber matrices M apd N, 

(a) M © N > M v N > M 0 N 

(b) (M V N) V (M 0 N) = M V N 

(c) (M V N) 0 (M 0 N) < N 
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(d) M © N > (M V N) V (M 0 N) 

(e) M © N > (M V N) 0 (M 0 N) 

Proof 

(a) M @ N > M v N > M 0 N 

A A 

Let Cy, Dyand Ey be the ij'*" elements of M © N, M v N and M 0 N 

respectively. But the ij"^ elements of M © N, M v N and M 0 N are 

A A A A A A A A A 

My© Ny, Myv Ny and My0 Ny.Then My© Ny = C 

= [n^L„ -n^L,-"L,,-n^R^^ +nR - m R nR ] 
+nL,^ (1 -m^) ,mR^^ +nR^^ (1-mR,^)] 

> [ m L . m R j 

A 

>My 

[ % +nnL,.(1-nL,^),nR,^ + mR̂ ^ ( l -np^^) ] 

^["L„, "RJ 

> N 

A A A A A 

Myv Ny = Dy = max {My, Ny} 

^ K , + n ^ - m ^ . n L . m R , ^ +nR,^ - ^ R ^ - n R j 

= Cy ( f rom(1) ) 

A A 

Thus, Cy > Dy for all i.j. 

A A A A 

i.e.. M y © Ny > Myv Ny V i.j. 

Hence, M © N > M v N 

Now consider 

Ey = M y 0 Ny = [mL,̂  0 nL,^, mR^^0 n R ^ 

(1) 

(2) 
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where mL 0 nL = 
0, m, <n i 

i.e., mL,^0 nL,̂  < mL,̂  < max { m ^ ^ . n L ^ 

mR^ 0 nR̂ ^ < mR̂ ^ < max {mR nR } 

Ey < m a x { [mL,^ ,mRj , [nL , . ,nRj } 

A A 

< max {My, Ny} 
A A 

< My V Ny 

Thus, M 0 N < M V N 

From (2) and (3), we get M 0 N > M v N > M e N. 

Let Dy, Ey and Hy be the ij"" elements of M v N, M 0 N and 

(Mv N) V (M 0 N) respectively. But the ij '" e lements of M v N, M 0 N 
A A A A A A A A 

and (M V N) V (M 0 N) is My v Ny, My0 Ny and (My v Ny)v(My0 Ny). 
A A A 

Then Dy = My v Ny = [mL.̂  v nL̂ ^ ,mR^, v nR^ ] 

where m, v n, = max {mL ,nL } 
L y L i j L | , 1-1, 

A A A 

Ey = My 0 Ny = [mL,̂  0 nL,^, mR̂ ^ 0 nR̂ ^ ] 

where mL 0 nL = 
m, , m, > n, 

ij ii ij 

0, m, < n. 

(b) (M V N) V (M 0 N) = M V N 

C a s e (i) : mL > nL , mR > nR 

A A A A 

.-. M y 0 Ny = [mL^^,mRj and Myv Ny = [mL^^.mRj 

A 

Then Hy = [ m ^ ^ . m R j v [mL^^,mRj 

A A 

= My V Ny 
A A 

.-. Hy = Dy 



C a s e (ii) : m^. > nL^., mR .̂ < nR̂ . 

.-. Mij © Nij = [mL ̂ , 0] and Mij v Nij = [m, , nR ] 

Then Hij = [m^ . , 0] v [mL^., nR̂ . ] 

A A 

= Mij V Nij 
A 

.-. Hij = Dij 

C a s e (iii) : m^. < nL^., mR .̂ > nR̂^ 

.-. Mij© Nij = [0,mR ] and Mijv Nij = [ n ^ mR ] . 
A A 

Then Hij = [O.mR^ v ,mRj 

-IJ 'MJ 

A A 

= Mii V Nii 
A 

= Dii 

llj V INIJ 

" J 

C a s e (Iv) : m^. < nL^., mR .̂ < nR̂ ^ 

A A A A 

.-. Mij © Nij = [0, 0] and Mij v Nij = [n, , nR ] . 

Then Hij = [0, 0] v [n^^, nR. ] 

A A 

= Mij V Nij 

- Dy 
A A 

.-. Hii = Dii 
A A 

.-. In all cases, Dij = Hij. 
A A A A A A 

i.e., MijV Ny = (Myv Ny) V (My© Ny) 

Hence M v N = (M v N) v (M © N). 

81 
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(c) (M V N) 0 (M 0 N) < N 

Let Fy be the ij"" elements of (M v N) 0 (M 0 N). But the ij*'' element of 

( M v N ) 0 ( M 0 N ) is (Myv Ny) 0 (My© Ny). 

C a s e (i) : mL,̂  > n^. , mR ,̂ > nR,. 

.-. My© Ny = [mL . . ,mR j and Myv Ny = [mL,^,mR..] 

Then Fy = [mL^. ,mRj 0 [ m ^ ^ , m R j 

= [rriL,̂  0 mL^., mR,̂  0 mR,̂  ] 

= [0, 0] 

C a s e ( i i ) : m^^< nL^ ,̂ mR,. > nR .̂ 

A A A 

.-. My 0 Ny = [0, mR., ] and My v Ny = [n^ , , mR.. ] . 

Then Fy = [0, mR J 0 [nL^^.mR,.] 

= [0 0 n^. , mR .̂ 0 m R j 

= [nL„ .0] . 

C a s e (iii) : mL,. > nL,., mR. < nR,, 

.-. My 0 Ny = [m^ , , 0] and My v Ny = [mL,., nR,, ] . 

Then Fy = [mL,^,0] 0 [mL,.,nR,.] 

= [niL,^ e rriL,., 0 0 nR,̂  ] 
= [0, HR,, 1 

C a s e (iv) : mL,. < nL,^, mR,. < nR,, 

.-. My 0 Ny = [0, 0] and My v Ny = [nL„, nR ] . 

Then Fy = [0, 0] 0 [n^ . , nR,, ] 

= [0 0 nL„, 0 0 nR„ ] 

= N 
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A 

From case (i) to case (iv), we see that the i j '" e lemept of Fij is either 0 

A 

or Nij accordipg as [mL.., mR,. ] > or < to [PL.. , PR.. ] . 

Thus, (M V N) 0 (M 0 N) < N 

(d) M © N > (M V N) V (M 0 N) 

(M V N) V (M © N) = M V N < M © N (By (a)) 

Hepce, M © N > (M V N) V (M 0 N). 

(e) M © N > (M V N) 0 (M 0 N) 
It is obvious that N < M v N 

.-. (M V N) © (M 0 N) < N (by (c)) 

< M v N 

< M © N 

Hepce, M © N > (M V N) 0 (M 0 N). 


