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A New Class of Open Sets using δ-Preopen Sets 

Chapter 4 

Separation Axioms using 𝜹𝑷𝑺-open sets 

4.1 Introduction 

     The topological spaces usually have two features which do not seem to reconcile 

each other usually. One thing is any two points can be separated. Second thing is every point 

can be approached very closely from other points and if a sequence of points are taken 

generally they will get to cluster around a point. Topological spaces become interesting 

precisely because they are good in above both features. So far any conditions which 

guarantee the existence of sufficient number of open sets are not yet studied. Indeed the only 

open sets whose existence was absolutely required so far are the empty set and whole set. In 

case of the indiscrete space, they are the only open sets. But most of the theorem reduced to 

trivialities when specialized to indiscrete space. Since every concept in topology is defined in 

terms of open sets in order to make non trivial and interesting statements about a space it is 

necessary that the space possesses a fairly rich collection of open sets.  

In this Chapter various degrees of such richness are studied. Separation axioms are 

one among the most common, important and interesting concepts. They can be used to define 

more restricted class of topological spaces. Replacing the sets being separated or doing 

separation in the separation axioms by different types of sets, several extensions of separation 

axioms have been introduced by mathematicians from time to time. In this chapter, four new 

types of spaces are defined and its properties are analysed. Also, 𝛿𝑃𝑆-convergence, 𝛿𝑃𝑆-

accumulation, 𝛿𝑃𝑆-open cover are defined and using these results 𝛿𝑃𝑆-Compactness is 

defined. Some of the existing results were analysed using the newly defined spaces.  

4.2 Separation Axioms 

4.2.1 𝜹𝑷𝑺𝑻𝟎 Spaces 

 In this section, we introduce a new type of separation axioms called 𝛿𝑃𝑆𝑇0 space, this 

space lies strictly between 𝛿𝑇0 and pre- 𝑇0 space, and we give some properties of 𝛿𝑃𝑆𝑇0 

space. 

 

Definition 4.2.1.1: A topological space is 𝜹𝑷𝑺𝑻𝟎-space if to each pair of distinct points x,y 

of X, there exists a 𝛿𝑃𝑆-open set containing one, but not the other. 

It is evident that strongly 𝛿𝑇0- space is 𝑃𝑆𝑇0-space is 𝛿𝑃𝑆𝑇0, and 𝛿𝑃𝑆𝑇0 is 𝛿-pre-𝑇0. But the  

converses may not be true as shown in the following examples: 
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Example 4.2.1.2: Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}} be a topology on 𝑋, then 𝑋 

is 𝛿𝑃𝑆𝑇0 but not 𝛿𝑇0, since 𝑐 ≠ 𝑑, there is no 𝛿-open set containing one of them, but not the 

other. 

Example 4.2.1.3: Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏 = {𝑋, ∅, {𝑎}} be a topology on 𝑋, then 𝑋 is 𝛿𝑃𝑆𝑇0 but 

not 𝑃𝑆𝑇0, since 𝑃𝑆𝑂(𝜏) = {𝑋, ∅}. 

Example 4.2.1.4: Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏 = {𝑋, ∅, {𝑎, 𝑏}} be a topology on X. Then X is 𝛿-pre-

𝑇0, since 𝛿𝑃𝑂(𝜏) = 𝒫(𝑋) but not 𝛿𝑃𝑆𝑇0, since for 𝑎 ≠ 𝑏 in X, there is no 𝛿𝑃𝑆-open set 

containing one of them, but not the other. 

Proposition 4.2.1.5: A topological space 𝑋 is 𝛿𝑃𝑆𝑇0 space if and only if 𝛿𝑃𝑆𝐶𝑙{𝑥} ≠

𝛿𝑃𝑆𝐶𝑙{𝑦}, for every pair of distinct points x, y of X. 

Proof: Let X be a 𝛿𝑃𝑆𝑇0-space and 𝑥, 𝑦 be any two distinct points of X. There exists a 𝛿𝑃𝑆-

open set U containing 𝑥 or 𝑦, say 𝑥, but not 𝑦. Then 𝑋\𝑈 is a 𝛿𝑃𝑆-closed set, which does not 

contain x, but contains y. Since 𝛿𝑃𝑆 𝐶𝑙{𝑦} is the smallest 𝛿𝑃𝑆-closed set containing y, 

𝛿𝑃𝑆 𝐶𝑙{𝑦} ⊆ 𝑋\𝑈, and so 𝑥 ∉ 𝛿𝑃𝑆 𝐶𝑙{𝑦}. Consequently 𝛿𝑃𝑆 𝐶𝑙{𝑥} ≠ 𝛿𝑃𝑆 𝐶𝑙{𝑦}. 

Conversely, suppose for any 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦, 𝛿𝑃𝑆 𝐶𝑙{𝑥} ≠ 𝛿𝑃𝑆𝐶𝑙{𝑦}. Now, let 𝑧 ∈ 𝑋 

such that 𝑧 ∈ 𝛿𝑃𝑆 𝐶𝑙{𝑥}, but 𝑧 ∉ 𝛿𝑃𝑆 𝐶𝑙{𝑦}. Now we claim that 𝑥 ∈ 𝛿𝑃𝑆 𝐶𝑙{𝑦}. For if 

𝑥 ∈ 𝛿𝑃𝑆 𝐶𝑙{𝑦}, then {𝑥} ⊆ 𝛿𝑃𝑆𝐶𝑙{𝑦}, which implies that 𝛿𝑃𝑆  𝐶𝑙{𝑥} ⊆ 𝛿𝑃𝑆𝐶𝑙{𝑦}. This is 

contradiction to the fact that 𝑧 ∉ 𝛿𝑃𝑆 𝐶𝑙{𝑦}.Consequently x belongs to the 𝛿𝑃𝑆-open set 

𝑋\𝛿𝑃𝑆 𝐶𝑙{𝑦} to which y does not belong. It gives that X is 𝛿𝑃𝑆𝑇0 space. 

Proposition 4.2.1.6: Every semi-regular subspace of a 𝛿𝑃𝑆𝑇0 space is 𝛿𝑃𝑆𝑇0 space. 

Proof: Let Y be an semi-regular) subspace of a 𝛿𝑃𝑆𝑇0 space X and 𝑥, 𝑦 be two distinct points 

of Y. Then there exists a 𝛿𝑃𝑆-open set U containing x or y, say, x but not y. Now by 

Proposition 2.3.5, 𝑈 ∩ 𝑌 is a 𝛿𝑃𝑆-open set in Y containing x but not y. Hence Y is 𝛿𝑃𝑆𝑇0- 

space. 

Definition 4.2.1.7: A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is said to be a point 𝜹𝑷𝑺-closure 1-1 if 

𝑥, 𝑦 ∈ 𝑋 such that 𝛿𝑃𝑆𝐶𝑙{𝑥} ≠ 𝛿𝑃𝑆𝐶𝑙{𝑦}, then 𝛿𝑃𝑆𝐶𝑙{𝑓(𝑥)} ≠ 𝛿𝑃𝑆𝐶𝑙{𝑓(𝑦)}. 

Proposition 4.2.1.8: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a point 𝛿𝑃𝑆-closure 1-1 function and X is 𝛿𝑃𝑆𝑇0 

space, then f is 1-1. 

Proof: Let 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦. Since X is a 𝛿𝑃𝑆𝑇0 space, then by Proposition 4.2.1.4, 

𝛿𝑃𝑆 𝐶𝑙{𝑥} ≠ 𝛿𝑃𝑆 𝐶𝑙{𝑦}. But f is point 𝛿𝑃𝑆 closure 1-1 implies that 𝛿𝑃𝑆𝐶𝑙{𝑓(𝑥)} ≠

𝛿𝑃𝑆𝐶𝑙{𝑓(𝑦)}. Hence 𝑓(𝑥) ≠ 𝑓(𝑦). Thus, 𝑓 is 1-1. 

Proposition 4.2.1.9: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a mapping from 𝛿𝑃𝑆𝑇0 space X into 𝛿𝑃𝑆𝑇0 

space Y. Then f is point 𝛿𝑃𝑆 closure 1-1 if and only if f is 1-1. 
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Proof: Follows from Proposition 4.2.1.8 and retracing the steps for converse. 

Proposition 4.2.1.10: If a topological space 𝑋 is 𝛿𝑃𝑆𝑇0 then it is semi- 𝑇0. 

Proof: Let 𝑈 be a 𝛿𝑃𝑆𝑇0 space and 𝑥, 𝑦 be any two distinct points of 𝑋. There exists a 𝛿𝑃𝑆-

open set 𝑈 containing 𝑥 or 𝑦, say, 𝑥 but not 𝑦. Then there exists a semi-closed set F such that 

𝑥 ∈ 𝐹 ⊆ 𝑈, so 𝑋\𝐹 is a semi-open set containing y, and it is obvious that 𝑥 ∉ 𝑋\𝐹. Therefore 

𝑋 is semi- 𝑇0 space. 

4.2.2 𝜹𝑷𝑺𝑻𝟏 Space 

 In this section, we introduce a new type of separation axioms called 𝛿𝑃𝑆𝑇1 space, this 

space lies strictly between  𝛿𝑇1 and 𝛿-pre-𝑇1 space, and we give some properties of 𝛿𝑃𝑆𝑇1-

space. 

Definition 4.2.2.1: A topological space 𝑋 is 𝜹𝑷𝑺𝑻𝟏-space if to each pair of distinct points 

𝑥, 𝑦 of 𝑋, there exists a pair of 𝛿𝑃𝑆-open sets containing 𝑥 but not 𝑦, and the other containing 

𝑦 but not 𝑥. 

Remark 4.2.2.2: Obviously, every 𝛿𝑇1 space is 𝑃𝑆𝑇1-space, 𝑃𝑆𝑇1-space is 𝛿𝑃𝑆𝑇1-space and 

𝛿𝑃𝑆𝑇1-space is 𝛿𝑃𝑇1-space but the converse is not always true, as shown in the following 

examples. 

Example 4.2.2.3: Let X be an infinite set with the cofinite topology. Simplify the space  

X is 𝑇1 and hence it is semi- 𝑇1 and pre- 𝑇1. Then by Proposition 2.2.23, X is 𝑃𝑆𝑇1 but not 

𝛿𝑇1, since for x and y in X, there is no 𝛿-open set containing one of them, but not the other. 

Remark 4.2.2.4: Every 𝛿𝑃𝑆𝑇1 space is 𝛿-pre- 𝑇1, but the following example shows that the 

converse is not always true. 

Example 4.2.2.5: Let 𝑋 = {𝑎, 𝑏, 𝑐} with 𝜏 = {𝑋, ∅, {𝑎}}. Then 𝑋 is 𝛿-pre-𝑇1, since 𝛿𝑃𝑂(𝜏) =

𝒫(𝑋) but not 𝛿𝑃𝑆𝑇1. 

Remark 4.2.2.6: Every 𝛿𝑃𝑆𝑇1 space is 𝛿𝑃𝑆𝑇0, but the converse is not always true as seen in 

the Example 4.2.1.2, X is 𝛿𝑃𝑆𝑇0 but not 𝛿𝑃𝑆𝑇1. 

Theorem 4.2.2.7: For a topological space X, the following statements are equivalent: 

a) X is 𝛿𝑃𝑆𝑇1-space 

b) Each singleton set {x} is 𝛿𝑃𝑆 closed. 

c) Each subset of X is the intersection of all 𝛿𝑃𝑆 containing it. 

d) The intersection of all 𝛿𝑃𝑆-open sets containing the point 𝑥 ∈ 𝑋 is the set {𝑥}. 

Proof: (𝑎) ⇒ (𝑏) Suppose (a). Let 𝑥 ∈ 𝑋. Then for any 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, there exists 𝛿𝑃𝑆-open 

set U containing y but not x. Hence 𝑦 ∈ 𝑈 ⊆ 𝑋\{𝑥}}. This implies that 𝑋\{𝑥} =∪ {𝑈: 𝑦 ∈

𝑋{𝑥}}. So,  𝑋\{𝑥} being a union of 𝛿𝑃𝑆-open sets. Hence, {x} is 𝛿𝑃𝑆-closed. 
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(𝑏) ⇒ (𝑐) Suppose (b). If 𝐴 ⊆ 𝑋, then for each point 𝑦 ∉ 𝐴, there exists a 𝛿𝑃𝑆-open. Hence 

𝐴 =∩ {𝑋\{𝑦}: 𝑦 ∈ 𝑋\𝐴} so that the intersection of all 𝛿𝑃𝑆-open sets containing A is the set A 

itself. 

(𝑐) ⇒ (𝑑) Follows Directly. 

(𝑑) ⇒ (𝑎) Suppose (d). Let 𝑥, 𝑦 ∈ 𝑋 and 𝑥 ≠ 𝑦. Hence there exists a 𝛿𝑃𝑆-open set 𝑈𝑥 such 

that  𝑥 ∈ 𝑈𝑥 and 𝑦 ∉ 𝑈𝑥. Similarly, there exists a 𝛿𝑃𝑆-open set 𝑈𝑦 such that  𝑦 ∈ 𝑈𝑦 and 

𝑥 ∉ 𝑈𝑦. Hence X is 𝛿𝑃𝑆𝑇1. 

Proposition 4.2.2.8: Every open (or semi-regular) subspace of a 𝛿𝑃𝑆𝑇1 space is 𝛿𝑃𝑆𝑇1-space. 

Proof: Let A be a open (or semi-regular) subspace of a 𝛿𝑃𝑆𝑇1 space X. Let 𝑥 ∈ 𝐴. Since X is 

𝛿𝑃𝑆𝑇1, then by Theorem 4.2.2.7, {x} is 𝛿𝑃𝑆-closed set in X and hence X\{x} is 𝛿𝑃𝑆-open in 

A, by Proposition 2.3.5. 

Consequently, {𝑥} is 𝛿𝑃𝑆-closed in A. Hence by Theorem 4.2.2.7, A is 𝛿𝑃𝑆𝑇1 space. 

4.2.3 𝜹𝑷𝑺𝑻𝟐 Spaces 

 In this section, we introduce a new type of separation axioms called 𝛿𝑃𝑆𝑇2 space, this 

space lies strictly between 𝛿𝑇2 and 𝛿-pre- 𝑇2 space, and we give some properties of 𝛿𝑇2-

space. 

Definition 4.2.3.1: A topological space X is 𝜹𝑷𝑺𝑻𝟐-space if to each pair of distinct  

points x, y of X, there exists pair of disjoint 𝛿𝑃𝑆-open sets, one containing x and the other 

containing y. 

Remark 4.2.3.2: Since every 𝛿-open set is 𝛿𝑃𝑆-open, then every 𝛿𝑇2 space is 𝛿𝑃𝑆𝑇2, but the 

converse is not always true as shown in the following example. 

Example 4.2.3.3: Consider the Prime Integer topology, then the space is both semi- 𝑇1 and 

pre-𝑇2 and consequently by Corollary 4.2.3.10, it is 𝛿𝑃𝑆𝑇2 but not 𝛿𝑇2, since for x=2 and 

y=any other number with 𝑥 ≠ 𝑦. There exists no 𝛿-open sets 𝑈𝑥 and 𝑉𝑦 such that 𝑈𝑥 ∩ 𝑉𝑦 =

∅, the only 𝛿-open set containing the prime number p=2 is X. 

Remark 4.2.3.4:  Clearly every 𝛿𝑃𝑆𝑇2 is pre- 𝑇2, but the converse need not be true in general, 

as in Example 4.2.2.5, the space X is 𝛿-pre- 𝑇2 but not 𝛿𝑃𝑆𝑇2. 

Remark 4.2.3.5: Clearly every 𝛿𝑃𝑆𝑇2 space is 𝛿𝑃𝑆𝑇1, but the converse is not always true as 

shown in the following example. 

Example 4.2.3.6: Consider the space (𝑋, 𝜏) given in Example 4.2.2.3. Then the space X is 

𝛿𝑃𝑆𝑇1 but not 𝛿𝑃𝑆𝑇2, since for x and y in X, there is no pair of disjoint 𝛿𝑃𝑆-open sets, one 

containing x and the other containing y. 



 

84 
 

A New Class of Open Sets using δ-Preopen Sets 

Theorem 4.2.3.7: For a topological space X, the following statements are equivalent: 

a) X is 𝛿𝑃𝑆𝑇2 

b) If 𝑥 ∈ 𝑋, then there exists a 𝛿𝑃𝑆-neighborhood N(x) of x such that 𝑦 ∉

𝛿𝑃𝑆 𝐶𝑙(𝑁(𝑥)) 

c) For each 𝑥 ∈ 𝑋, ∩ {(𝛿𝑃𝑆 𝐶𝑙(𝑁): 𝑁 is a 𝛿𝑃𝑆neighborhood of 𝑥} = {𝑥} 

Proof: (𝑎) ⇒ (𝑏) Suppose (a). Let 𝑥 ∈ 𝑋. Then, there exists disjoint 𝛿𝑃𝑆-open sets U, V such 

that 𝑥 ∈ 𝑈, 𝑥 ∉ 𝑉. Then 𝑥 ∈ 𝑈 ⊆ 𝑋\𝑉, so that X\V is a 𝛿𝑃𝑆-neighborhood of x. We write 

𝑁(𝑥) = 𝑋\𝑉. Then N(x) is 𝛿𝑃𝑆-closed and 𝑦 ∉ 𝛿𝑃𝑆 𝐶𝑙(𝑁(𝑥)). Hence 𝑦 ∉ 𝛿𝑃𝑆 𝐶𝑙(𝑁(𝑥)). 

(𝑏) ⇒ (𝑐) Follows directly 

(𝑐) ⇒ (𝑎) Suppose (c). Let 𝑥, 𝑦 ∈ 𝑋 and 𝑥 ≠ 𝑦. Then, by hypothesis there exists a 𝛿𝑃𝑆-

closed 𝛿𝑃𝑆 neighborhood N of x such that 𝑦 ∉ 𝑁. Now there is a 𝛿𝑃𝑆-open set U such that 

𝑥 ∈ 𝑈 ⊆ 𝑁.Thus U and 𝑋\𝑁 are disjoint 𝛿𝑃𝑆-open sets containing x and y respectively. 

Hence, X is 𝛿𝑃𝑆𝑇2. 

Proposition 4.2.3.8: Every open (or semi-regular) subspace of a 𝛿𝑃𝑆𝑇2 space is 𝛿𝑃𝑆𝑇2-space. 

Proof: Follows from Proposition 4.2.1.6. 

Corollary 4.2.3.9: Let 𝑋 be a semi- 𝑇1 space. Then X is 𝛿𝑃𝑆𝑇𝑖 if and only if is pre- 𝑇𝑖, for 

𝑖 = 0,1,2. 

Proof: Follows from Proposition 2.2.23. 

Proposition 4.2.3.11: Every s-regular 𝑇𝑖 space is  𝛿𝑃𝑆𝑇𝑖 for 𝑖 = 0,1,2. 

Proof: Follows from Proposition 2.2.35. 

Remark 4.2.3.12: The following diagram represents the implication between the separation 

axioms that we have defined in this paper and examples show that no other implications hold 

between them. 
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4.3 Associated Spaces with Separation Axioms and its relation 

Definition 4.3.1. A topological space (𝑋, 𝜏) is said to be a  

a) δPsTδ-space if every 𝛿𝑃𝑆-open subset of (𝑋, 𝜏) is 𝛿-open in (𝑋, 𝜏). 

b) δPsTθ-space if every 𝛿𝑃𝑆-open subset of (𝑋, 𝜏) is 𝜃-open in (𝑋, 𝜏).  

c) δPsTPs-space if every 𝛿𝑃𝑆-open subset of (𝑋, 𝜏) is 𝑃𝑆-open in (𝑋, 𝜏). 

d) δPTδPs-space if every 𝛿-pre-open subset of (𝑋, 𝜏) is 𝛿𝑃𝑆-open in (𝑋, 𝜏). 

Theorem 4.3.2. If a topological space (𝑋, 𝜏) is δPsTδ with 𝐴 ⊆ 𝑋, then the following are 

equivalent. 

a) 𝐴 is 𝛿𝑃𝑆-open;  

b) 𝐴 is 𝛿-open. 

Proof: Follows from Proposition 2.2.14 and by Definition 4.3.1 (a). 

Theorem 4.3.3. If a topological space (𝑋, 𝜏) is δPsTθ with 𝐴 ⊆ 𝑋, then the following are 

equivalent.  

a) 𝐴 is 𝛿𝑃𝑆-open  

b) 𝐴 is 𝜃 -open. 

Proof. Follows from Proposition 2.2.18 and Definition 4.3.1 (b) 

Theorem 4.3.4. If a topological space (𝑋, 𝜏) is δPsTPs with 𝐴 ⊆ 𝑋, then the following are 

equivalent.  

a) 𝐴 is 𝛿𝑃𝑆-open  

b) 𝐴 is 𝑃𝑆-open. 

Proof: Follows from Proposition 2.2.13 and Definition 4.3.1(c). 

Proposition 4.3.5. Every δPsTθ -space is a δPsTPs -space but not conversely.  

Proof. Let (𝑋, 𝜏) be a δPsTθ -space and A be a 𝑃𝑆-open set in (𝑋, 𝜏). Since every 𝑃𝑆-open set is 

𝛿𝑃𝑆-open, A is 𝛿𝑃𝑆-open. Since (𝑋, 𝜏) is δPsTθ, A is 𝛿𝑃𝑆-open in (𝑋, 𝜏). Hence (𝑋, 𝜏) is a 

δPsTPs-space. 

Proposition 4.3.6. Every δPsTδ-space is also δPsTPs -space but not conversely. 

Proof: Follows from Remark 2.2.19. 

Proposition 4.3.7. Every δPsTθ space is also a δPsTδ-space but not conversely. 

Proof: Follows from Remark 2.2.19. 
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 Therefore, from above Definitions we have: 

 

 

 

Figure 4.2 

In the sequel, none of the above implications is irreversible from the above diagram 

which is shown in the following examples: 

Example 4.3.8. Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}. Then 𝛿𝑂(𝑋) = 𝛿𝑃𝑆𝑂(𝑋) =

{𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}. Therefore, it is δPsTδ-space but not δPsTθ space as 𝜃𝑂(𝑋) = {𝑋, ∅} ≠

𝛿𝑃𝑆𝑂(𝑋). 

Example 4.3.9. Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}. Then 

𝛿𝑃𝑆𝑂(𝑋) = 𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}. Therefore, it is δPsTPs -space 

but not δPsTδ-space. Since 𝛿𝑂(𝑋) = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}} ≠ 𝛿𝑃𝑆𝑂(𝑋). 

Example 4.3.10. Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}. Thus 𝛿𝑃𝑆𝑂(𝑋) = 𝑃𝑆𝑂(𝑋) =

{𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}.Therefore, (𝑋, 𝜏) is δPsTPs-space but not δPsTδ space 

since 𝛿𝑂(𝜏) = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, } ≠ 𝛿𝑃𝑆𝑂(𝑋, 𝜏). 

Proposition 4.3.11. If 𝑋 is semi-T1, then 𝑋 is δPTδPs-space. 

Proof: Follows from Proposition 2.2.23. 

Example 4.3.12. Consider X as in Example 4.3.8, is semi-T1-space. In which 𝛿𝑃𝑆𝑂(𝑋) =

𝛿𝑃𝑂(𝑋) = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}.  

Proposition 4.3.13. If 𝑋 is discrete, then 𝑋 is δPTδPs-space. 

Proof: Follows from Theorem 2.2.36(b). 

Proposition 4.3.14. Every δPsTδ-space is a hyperconnected space. 

Proof: Follows from Lemma 2.2.26(a) and Proposition 2.2.28. 

Proposition 4.3.15. In a space if 𝜃𝑂(𝑋) = 𝛿𝑃𝑂(𝑋), then (𝑋, 𝜏) is δPsTθ, δPsTδ, δPsTPs, and 

δPTδPs-spaces. 

δPsTPs δPsTθ 

δPsTδ 
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Proof: We know from Remark 2.2.19. 

  

 

 

 

 

   

Figure 4.3 

From the diagram, all these sets 𝑂(𝑋) = 𝛿𝑂(𝑋) = 𝑃𝑆𝑂(𝑋) = 𝛿𝑃𝑆𝑂(𝑋) = 𝑃𝑂(𝑋) = 𝛿𝑃𝑂(𝑋) 

are equal and hence the result follows. 

Proposition 4.3.16. In a space if 𝛿𝑂(𝑋) = 𝛿𝑃𝑂(𝑋), then 𝑋 is δPsTδ, δPsTPs, and δPTδPs-spaces. 

Proof: Follows from the above diagram.  

Example 4.3.17: Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}. Then, 𝛿𝑂(𝑋) = 𝛿𝑃𝑂(𝑋) =

{𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}. Here we can see it is also 𝛿𝑂(𝑋) = 𝑃𝑂(𝑋) = 𝑃𝑆𝑂(𝑋) = 𝛿𝑃𝑂(𝑋). 

Hence (𝑋, 𝜏) is δPsTδ, δPTδPs, δPsTθ and δPsTPs -space. 

 

4.4. 𝜹𝑷𝑺-Compact Spaces 

In this section, we introduce a new class of topological spaces called 𝛿𝑃𝑆-compact. 

This class of spaces lies strictly between the classes of strongly compact space and nearly 

compact space, but it is not comparable with compact space. 

Definition 4.4.1: A filter base 𝔍 in a topological space (𝑋, 𝜏) 𝜹𝑷𝑺-converges (resp., 𝜹𝑷𝑺-θ-

converges) to a point 𝑥 ∈ 𝑋 if for every 𝛿𝑃𝑆-open set V containing x, there exists an F ∈ ℑ 

such that 𝐹 ⊆ 𝑉 (resp., 𝐹 ⊆ 𝛿𝑃𝑆𝐶𝑙(𝑉)). 

Definition 4.4.2: A filter base 𝔍 in a topological space (𝑋, 𝜏) 𝜹𝑷𝑺-accumulates (resp., 𝜹𝑷𝑺-

θ-accumulates) to a point 𝑥 ∈ 𝑋 if 𝐹 ∩ 𝑉 ≠ ∅ (resp., 𝐹 ∩ 𝛿𝑃𝑆𝐶𝑙(𝑉) ≠ ∅), for every 𝛿𝑃𝑆-

open set V containing and every 𝐹 ∈ 𝔍. 

It is clear from the above definitions that 𝛿𝑃𝑆-converges (resp., 𝛿𝑃𝑆-accumulates) of 

filter bases in topological spaces implies 𝛿𝑃𝑆-θ-converges (resp., 𝛿𝑃𝑆-θ-accumulates), but the 

converses are not true in general as shown in the following example. 

𝜽-open 
𝜹-preopen preopen  𝜹-open 𝑷𝑺-open 

𝛿𝑃𝑆-open set 
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Example 4.4.3: Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}} and 𝔍 = {𝑋, ∅, {𝑎, 𝑐}, {𝑎, 𝑏, 𝑐},

{𝑎, 𝑐, 𝑑}}. Then 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}. Thus, 𝔍 𝛿𝑃𝑆-𝜃-

converges to 𝑎, but 𝔍 does not 𝛿𝑃𝑆-converges to 𝑎, because the set {a} is 𝛿𝑃𝑆-open 

containing 𝑎, there is no 𝐹 ∈ 𝔍 such that 𝐹 ⊆ {𝑎}. Also 𝔍 𝛿𝑃𝑆- 𝜃-accumulates to 𝑏, but 𝔍 

does not 𝛿𝑃𝑆-accumulates to 𝑏, because the set {𝑏} is 𝛿𝑃𝑆-open containing 𝑏, there exists an 

𝐹 ∈ 𝔍 such that 𝐹 ∩ {𝑏} = ∅. 

The following propositions are the consequences of the above definitions. 

Proposition 4.4.4: If 𝔍 is a maximal filter base in a topological space (𝑋, 𝜏), then 𝔍 

𝛿𝑃𝑆-converges (resp., 𝛿𝑃𝑆-θ-converges) to a point 𝑥 ∈ 𝑋 if and only if 𝔍 𝛿𝑃𝑆-

accumulates (resp., 𝛿𝑃𝑆-θ- accumulates) to a point 𝑥. 

Lemma 4.4.5: Let 𝔍 be a filter base in a topological space (𝑋, 𝜏). If 𝔍 𝛿-𝑝-converges 

(resp., 𝛿-pre-𝜃-converges) to a point 𝑥 ∈ 𝑋, then 𝔍  𝛿𝑃𝑆-converges (resp., 𝛿𝑃𝑆-𝜃-

converges) to a point 𝑥. 

Proof: Suppose that 𝔍 𝛿-𝑝-converges (resp., 𝛿-pre-𝜃-converges) to a point 𝑥 ∈ 𝑋,  

Let V be any 𝛿𝑃𝑆-open set containing x, then V is 𝛿-preopen set containing 𝑥. Since 

𝔍  𝛿-𝑝-converges (resp., 𝛿-pre-𝜃-converges) to a point 𝑥 ∈ 𝑋, there exists an 𝐹 ∈ 𝔍 

such that 𝐹 ⊆ 𝑉 (resp., 𝐹 ⊆ 𝛿 𝑝𝐶𝑙(𝑉) ⊆ 𝛿𝑃𝑆𝐶𝑙(𝑉)) This shows that 𝔍 𝛿𝑃𝑆-

converges (resp., 𝛿𝑃𝑆-𝜃-converges) to a point 𝑥. 

The following example shows that the converse of Lemma 4.4.5 is not true in  

general. 

Example 4.4.6: Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏 = {𝑋, ∅, {𝑎}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑐, 𝑑} and 

𝔍 = {𝑋, ∅, {𝑎, 𝑐}, {𝑎, 𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}}. Then 𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅, {𝑐}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}, {𝑏, 𝑐, 𝑑}}. 

Thus, 𝔍 𝛿𝑃𝑆-converges (resp., 𝛿𝑃𝑆-𝜃-converges) to a, but 𝔍 does not pre-𝜃-converges to a 

and hence does not 𝑝-converges to 𝑎, because the set {𝑎} is preopen containing 𝑎, there 

is no 𝐹 ∈ 𝔍 such that 𝐹 ⊆ {𝑎} (resp., 𝐹 ⊆ 𝛿 𝑝𝐶𝑙({𝑎}) = {𝑎}). 

Lemma 4.4.7: Let 𝔍 be a filter base in a topological space (𝑋, 𝜏). If 𝔍 𝛿-𝑝-

accumulates (resp., pre-𝜃-accumulates) to a point 𝑥 ∈ 𝑋, then 𝔍 𝛿𝑃𝑆-accumulates 

(resp., 𝛿𝑃𝑆-𝜃-accumulates) at a point 𝑥.  

Proof: The proof is similar to Lemma 4.4.5. 

The converse of Lemma 4.4.7 is not true in general as shown by the following 

example. 
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Example 4.4.8: Consider the space (𝑋, 𝜏) given in Example 4.4.6. Let 𝔍 =

{𝑋, ∅, {𝑎, 𝑐}, {𝑎, 𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}}. Then 𝔍 𝛿𝑃𝑆-accumulates (resp., 𝛿𝑃𝑆- 𝜃-accumulates) to 𝑏, 

but 𝔍 does not pre-𝜃- accumulates to 𝑏 and hence does not 𝑝 -accumulates to 𝑏, because 

the set {𝑏, 𝑑} is preopen containing 𝑏, there exists an 𝐹 ∈ 𝔍 such that 𝐹 ∩ 𝑝𝐶𝑙({𝑏, 𝑑}) =

∅ and hence 𝐹 ∩ {𝑏, 𝑑} = ∅. 

Lemma 4.4.9: Let 𝔍 be a filter base in a topological space (𝑋, 𝜏). If 𝔍 𝛿𝑃𝑆-converges to 

a point 𝑥 ∈ 𝑋, then 𝔍 𝛿-converges to a point 𝑥. 

Proof: Suppose that 𝔍 𝛿𝑃𝑆-converges to a point 𝑥 ∈ 𝑋. Let V be any open set 

containing 𝑥, then 𝐼𝑛𝑡 𝐶𝑙(𝑉) ∈ 𝑅𝑂(𝑋). Since 𝑅𝑂(𝑋) ⊆ 𝛿𝑃𝑆𝑂(𝑋) in general, so 

𝐼𝑛𝑡 𝐶𝑙(𝑉) ∈ 𝛿𝑃𝑆𝑂(𝑋). Since 𝔍 𝛿𝑃𝑆- converges to a point 𝑥 ∈ 𝑋, there exists an 𝐹 ∈ 𝔍 

such that 𝐹 ⊆ 𝐼𝑛𝑡 𝐶𝑙(𝑉). This shows that 𝔍 𝛿-converges at a point 𝑥. 

Lemma 4.4.10: Let 𝔍 be a filter base in a topological space (𝑋, 𝜏). If 𝔍 𝛿𝑃𝑆-

accumulates to a point 𝑥 ∈ 𝑋, then 𝔍 δ-accumulates to x. 

Proof: The proof is similar to Lemma 4.4.9. 

Proposition 4.4.11: Let 𝔍 be a filter base in a topological space (𝑋, 𝜏) and E is any 

semi-closed set containing x. If there exists an 𝐹 ∈ 𝔍 such that 𝐹 ⊆ 𝐸 (resp., 

𝐹 ⊆ 𝛿𝑃𝑆𝐶𝑙(𝐸)), then 𝔍 𝛿𝑃𝑆- converges (resp., 𝛿𝑃𝑆-θ-converges) to a point 𝑥 ∈ 𝑋. 

Proof: Let V be any 𝛿𝑃𝑆-open set containing x, then for each 𝑥 ∈ 𝑉, there exists a 

semi-closed set E such that 𝑥 ∈ 𝐸 ⊆ 𝑉. By hypothesis, there exists an 𝐹 ∈ 𝔍 such 

that 𝐹 ⊆ 𝐸 ⊆ 𝑉 (resp., 𝐹 ⊆ 𝛿𝑃𝑆𝐶𝑙(𝐸) ⊆ 𝛿𝑃𝑆𝐶𝑙(𝑉)) which implies that 𝐹 ⊆ 𝑉 (resp., 

𝐹 ⊆ 𝐹 ⊆ 𝛿𝑃𝑆𝐶𝑙(𝑉)). Hence 𝔍 𝛿𝑃𝑆-converges (resp., 𝛿𝑃𝑆-θ-converges) to a   point 𝑥 ∈

𝑋.. 

Proposition 4.4.12: Let 𝔍 be a filter base in a topological space (𝑋, 𝜏) and E is any 

semi-closed set containing x. If there exists an 𝐹 ∈ 𝔍 such that 𝐹 ∩ 𝐸 ≠ ∅ (resp., 

𝐹 ∩ 𝛿𝑃𝑆𝐶𝑙(𝐸) ≠ ∅), then 𝔍 is 𝛿𝑃𝑆-accumulation (resp., 𝛿𝑃𝑆-θ-accumulation) to a point 

𝑥 ∈ 𝑋. 

Proof: The proof is similar to Proposition 4.4.11. 

Theorem 4.4.13: If a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 𝛿𝑃𝑆-continuous (resp., almost 

𝛿𝑃𝑆-continuous), then for each point 𝑥 ∈ 𝑋 and each filter base 𝔍 in X 𝛿𝑃𝑆-

converging to x, the filter base 𝑓(𝔍) is convergent (resp., δ-convergent) to 𝑓(𝑥).  

Proof: Suppose that 𝑥 belongs to 𝑋 and 𝔍 is any filter base in 𝑋 which 𝛿𝑃𝑆-converges 

to 𝑥. By the 𝛿𝑃𝑆-continuity (resp., almost 𝛿𝑃𝑆-continuity) of 𝑓, for any open set 𝑉 in 

Y containing 𝑓(𝑥), there exists 𝑈 ∈ 𝛿𝑃𝑆𝑂(𝑋) containing 𝑥 such that 𝑓(𝑈) ⊆ 𝑉 (resp., 
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𝑓(𝑈) ⊆ 𝐼𝑛𝑡𝐶𝑙(𝑉)). But 𝔍 is 𝛿𝑃𝑆-convergent to 𝑥 in 𝑋, then there exists an 𝐹 ∈ 𝔍 such 

that 𝐹 ⊆ 𝑈. It follows that 𝑓(𝐹) ⊆ 𝑉 (resp., 𝑓(𝐹) ⊆ 𝐼𝑛𝑡𝐶𝑙(𝑉)). This means that 𝑓(𝔍) is 

convergent (resp., 𝛿-convergent) to 𝑓(𝑥). 

Definition 4.4.14: Let {𝑄𝛼: 𝛼𝜖𝐽} be a collection of 𝛿𝑃𝑆-Open subsets of X whose 

union is 𝑋. Then {𝑄𝛼: 𝛼 𝜖 𝐽} is called a 𝜹𝑷𝑺-open cover, if for every 𝛿𝑃𝑆-open cover 

{𝑄𝛼: 𝛼 𝜖 𝐽} of X, there exists a finite subset 𝐽0 of 𝐽 such that 𝑋 =∪ {𝑄𝛼: 𝛼𝜖𝐽0}   

Definition 4.4.15: A topological space (𝑋, 𝜏) is called 𝜹𝑷𝑺- Compact if for every 𝛿𝑃𝑆-

open cover of 𝑋 has a finite subcover. 

Proposition 4.4.16: If every semi-closed cover of a space 𝑋 has a finite subcover, 

then 𝑋 is 𝛿𝑃𝑆-compact. 

Proof: Let ℱ = {𝑄𝛼: 𝛼 ∈  𝐽} be any 𝛿𝑃𝑆-open cover of 𝑋, then for each 𝑥 ∈ 𝑋 there 

exists 𝑄𝛼(𝑥) ∈ ℱ such that 𝑥 ∈ 𝑄𝛼(𝑥). Since 𝑄𝛼(𝑥) is a 𝛿𝑃𝑆-open set there exists a 

semi-closed set 𝐺𝛼(𝑥) such that 𝑋 ∈ 𝐺𝛼(𝑥) ⊆ 𝑄𝛼(𝑥) 

Consider the family 𝒢 = {𝐺𝛼(𝑥): 𝑥 𝜖 𝑋} of semi-closed sets. Then 𝑋 is covered by 𝒢 

By hypothesis, this semi-closed cover of 𝑋 has a finite sub-cover such that 

𝑋 =∪ {𝐺𝛼(𝑥𝑖)/𝑖 = 1,2 … 𝑛} ⊆∪ {𝑄𝛼(𝑥𝑖)/𝑖 = 1,2 … 𝑛} 

∴ 𝑋 is covered by a finite collection of ℱ 

Hence 𝑋 is 𝛿𝑃𝑆-compact. 

Proposition 4.4.17: For a topological space 𝛿𝑃𝑆-Compact space is a 𝑃𝑆-Compact Space. 

Proof: Let (𝑋, 𝜏) be a 𝛿𝑃𝑆-Compact space 

Consider ℱ = {𝑄𝛼: 𝛼 ∈  𝐽} be any 𝑃𝑆-open cover of X. Since every 𝑃𝑆-Open set is 

𝛿𝑃𝑆-open set by Proposition 2.2.13. 

ℱ is also a 𝛿𝑃𝑆-open cover of X. since X is 𝛿𝑃𝑆-compact. ℱ has a finite sub-cover 

{𝑄𝑖/𝑖 = 1,2, … 𝑛} of X 

Hence X is 𝛿𝑃𝑆-Compact. 

Lemma 4.4.18: If a topological space (X,τ) is strongly compact, then it is 𝛿𝑃𝑆-compact.  

Proof: Let {Vα: α ∈ Δ} be any 𝛿𝑃𝑆-open cover of X. Then {Vα: α ∈ Δ} is a preopen cover of 

X. Since X is strongly compact, there exists a finite subset Δ0 of Δ such that X = ∪{Vα: α ∈ 

Δ0}. Hence X is 𝛿𝑃𝑆-compact.  

The converse of Lemma 4.4.18 is not true as shown by the next example.  

Example 4.4.19: Let 𝑋 = ℜ with the topology 𝜏 = {𝑋, ∅, {0}}. Then (X,τ) is not strongly 

compact [Example 1.2.5(b)]. Since the space X is hyperconnected, then by Proposition 2.2.28 
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𝛿𝑃𝑆𝑂(𝑋) = {𝑋, ∅}. Then (X,τ) is 𝛿𝑃𝑆-compact.  

Proposition 4.4.20: Every semi-T1 and 𝛿𝑃𝑆-compact space is strongly compact.  

Proof: Suppose that X is semi-T1 and 𝛿𝑃𝑆-compact space. Let {Vα: α ∈ Δ} be any preopen 

cover of X. Then for every x ∈ X, there exists α(x) ∈ Δ such that x ∈ Vα(x). Since X is semi-

T1, by Proposition 2.2.23, the family {Vα: α ∈ Δ} is a 𝛿𝑃𝑆-open cover of X. Since X is 𝛿𝑃𝑆-

compact, there exists a finite subset Δ0 of Δ in X such that X = ∪{Vα: α ∈ Δ0}. Hence X is 

strongly compact.  

Corollary 4.4.21: Let a space X be semi-T1. Then X is 𝛿𝑃𝑆-compact if and only if X is 

strongly compact.  

Proof: Follows from Lemma 4.4.18 and Proposition 4.4.20. 

Proposition 4.4.22: If a topological space (𝑋, 𝜏) is 𝛿𝑃𝑆-compact then it is nearly 

compact. 

Proof: By Proposition 4.4.17, if X is 𝛿𝑃𝑆-compact it is also Ps-compact. Then by 

Lemma 1.2.4, (𝑋, 𝜏) is nearly compact. 

The following example shows that the converse of the above lemma is not true. 

Example 4.4.23: The unit interval [0,1] with the usual topology is compact 

[Example 1.2.5(a)] and hence it is nearly compact, but not 𝛿𝑃𝑆-compact. 

Corollary 4.4.24: If a topological space (𝑋, 𝜏) is 𝛿𝑃𝑆-compact, then it is quasi-H-

closed. 

Proof: From Proposition 4.4.22, a 𝛿𝑃𝑆-compact space is nearly compact space. It is 

known that every nearly compact space is quasi 𝐻-Closed Space. 

In general, 𝛿𝑃𝑆-compact spaces and compact spaces are not comparable as 

shown by the following two examples: 

Example 4.4.25: Let 𝑋 = (0,1) with the topology 𝜏 consisting of 𝑋, ∅ and all subsets 

of 𝑋 of the form (0,1 − 1
𝑛⁄ ), where 𝑛 = 2,3, … . Then (𝑋, 𝜏) is not compact. Since 

the space 𝑋 is hyperconnected, then by Proposition 2.2.28, the family of 𝛿𝑃𝑆-open 

sets are only ∅ and 𝑋. Therefore, 𝑋 is 𝛿𝑃𝑆-compact. 

Example 4.4.26: Any closed interval [𝑎, 𝑏], where 𝑎, 𝑏 ∈ ℛ with the relative usual 

topology is compact, but it is not 𝑃𝑆-compact which implies it is not 𝛿𝑃𝑆-compact 

from Proposition 4.4.17. 

Proposition 4.4.27: If (𝑋, 𝜏) is locally indiscrete, then 𝑋 is compact if and only if 𝑋 

is 𝛿𝑃𝑆-compact. 

Proof: From Proposition 2.2.31 it follows that in an indiscrete space 𝛿𝑃𝑆𝑂(𝑋) = 𝜏. 
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Hence Compactness and 𝛿𝑃𝑆-Compactness are equivalent. 

Proposition 4.4.28: If (𝑋, 𝜏) be 𝑠-regular and 𝑋 is 𝛿𝑃𝑆-compact, then it is compact. 

Proof: Follows from Proposition 2.2.35. 

Theorem 4.4.29: For any topological space (𝑋, 𝜏). The following statements are 

equivalent: 

a) (𝑋, 𝜏) is 𝛿𝑃𝑆-compact,  

b) Every maximal filter base 𝔍 in 𝑋 𝛿𝑃𝑆-converges to some point 𝑥 ∈ 𝑋.  

c) Every filter base 𝔍 in 𝑋 𝛿𝑃𝑆-accumulates to some point 𝑥 ∈ 𝑋.  

d) For every family {𝐹𝛼: 𝛼 ∈ ∆} of 𝛿𝑃𝑆-closed subsets of X such that ∩ {𝐹𝛼: 𝛼 ∈ ∆} =

∅, there exists a finite subset ∆0 of ∆ such that ∩ {𝐹𝛼: 𝛼 ∈ ∆0} = ∅.   

Proof: (a) ⇒ (b): Suppose that X is 𝛿𝑃𝑆-compact space and let 𝔍 = {𝐹𝛼: 𝛼 ∈ ∆} be a 

maximal filter base. Suppose that 𝔍 does not 𝛿𝑃𝑆-converges to any point of X. Since 𝔍 is 

maximal, by Proposition 4.4.4, 𝔍 does not 𝛿𝑃𝑆-accumulates to any point of X. This implies 

that for every 𝑥 ∈ 𝑋, there exists a 𝛿𝑃𝑆-open set 𝑉𝑥 and an 𝐹𝛼(𝑥) ∈ 𝔍 such that 𝐹𝛼(𝑥) ∩

𝑉𝑥 = ∅. The family {𝑉𝑥: 𝑥 ∈ 𝑋} is a 𝛿𝑃𝑆-open cover of X and by hypothesis, there exists a 

finite number of points 𝑥1, 𝑥2, … , 𝑥𝑛 of 𝑋 such that 𝑋 =∪ {𝑉(𝑥𝑖): 𝑖 = 1,2, … , 𝑛}. Since 𝔍 is 

a filter base on X, there exists an 𝐹0 ∈ 𝔍 such that 𝐹0 ⊆∩ {𝐹𝛼(𝑥𝑖): 𝑖 = 1,2, … , 𝑛}. Hence 

𝐹0 ∩ 𝑉(𝑥𝑖) = ∅ for 𝑖 = 1,2, … , 𝑛. Which implies that 𝐹0 ∩ {∪ 𝑉(𝑥𝑖): 𝑖 = 1,2, … , 𝑛} = 𝐹0 ∩

𝑋 = ∅. Therefore, we obtain 𝐹0 = ∅. Contradicting the fact that 𝐹0 ≠ ∅. 

(b) ⇒ (c): Let ℑ be any filter base on X. Then, there exists a maximal filter base ℑ0 such 

that 𝔍 ⊆ 𝔍0. By hypothesis, 𝔍0 𝛿𝑃𝑆 converges to some point x ∈ X. For every F ∈ 𝔍 and 

every 𝛿𝑃𝑆 open set 𝑉 containing 𝑥, there exists an 𝐹0 ∈ 𝔍0 such that 𝐹0 ⊆ 𝑉, hence 

∅ ≠ 𝐹0 ∩ 𝐹 ⊆ 𝑉 ∩ 𝐹. This shows that 𝔍 𝛿𝑃𝑆-accumulates at 𝑥. 

 (c) ⇒ (d): Let {𝐹𝛼: 𝛼 ∈ ∆}be a family of 𝛿𝑃𝑆-closed subsets of X such that ∩ {𝐹𝛼: 𝛼 ∈ ∆} =

∅. Suppose that every finite subfamily ∩ {𝐹𝛼𝑖
: 𝑖 = 1,2, … 𝑛} ≠ ∅. Therefore 𝔍 = {∩ 𝐹𝛼𝑖

: 𝑖 =

1,2, … 𝑛, 𝐹𝛼𝑖
∈ {𝐹𝛼: 𝛼 ∈ ∆}} form a filter base on 𝑋. By hypothesis, 𝔍 𝛿𝑃𝑆-accumulates to 

some point 𝑥 ∈ 𝑋. This implies that for every 𝛿𝑃𝑆-open set V containing 𝑥, 𝐹𝛼 ∪ 𝑉 ≠ ∅ for 

every 𝐹𝛼 ∈ 𝔍 and every 𝛼 ∈ ∆. Since 𝑥 ∉∩ 𝐹𝛼 there exists 𝛼0 ∈ ∆ such that 𝑥 ∉ 𝐹𝛼0
. Hence, 

𝑥 is contained in the 𝛿𝑃𝑆-open set 𝑋\𝐹𝛼0
 and 𝐹𝛼0

∩ 𝑋\𝐹𝛼0
= ∅. Contradicting the fact that 

𝔍 𝛿𝑃𝑆-accumulates to 𝑥. 

(d) ⇒ (a): Let {𝑉𝛼: 𝛼 ∈ ∆} be a 𝛿𝑃𝑆-open cover of X. Then {𝑋\𝑉𝛼: 𝛼 ∈ ∆} is a family of 

𝛿𝑃𝑆-closed subsets of X such that ∩ {𝑋\𝑉𝛼: 𝛼 ∈ ∆} = ∅. By hypothesis, there exists a finite 

subset Δ0 of Δ such that ∩ {𝑋\𝑉𝛼: 𝛼 ∈ ∆0} = ∅. Hence 𝑋 =∪ {𝑉𝛼: 𝛼 ∈ ∆0}. This shows that 
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X is 𝛿𝑃𝑆-compact.  

4.5. 𝜹𝑷𝑺-Sets and 𝜹𝑷𝑺-Compact Subspaces 

In this section, we introduce a new class of topological space called 𝛿𝑃𝑆-set and 𝛿𝑃𝑆-

compact subspace.  

Definition 4.5.1: A subset A of a topological space (𝑋, 𝜏) is said to be 𝜹𝑷𝑺-set (resp., 𝜹𝑷𝑺-

compact subspace) if for every cover {𝑉𝛼: 𝛼 ∈ ∆}  of A by 𝛿𝑃𝑆-open subsets of (𝑋, 𝜏) 

(resp., by 𝛿𝑃𝑆-open subsets of 𝐴), there exists a finite subset ∆0 of ∆ such that 𝐴 ⊆∪

{𝑉𝛼: 𝛼 ∈ ∆0} (resp., 𝐴 =∪ {𝑉𝛼: 𝛼 ∈ ∆0}).  

Lemma 4.5.2: A subset A of a space X is 𝛿𝑃𝑆-set (resp., 𝛿𝑃𝑆-compact subspace) if and 

only if for every cover of A by 𝛿𝑃𝑆-open sets of X (resp., by 𝛿𝑃𝑆-open sets of A) has a 

finite subcover.  

Proof: The proof follows directly from Definition 4.5.1.  

Now we will give several characterizations to 𝛿𝑃𝑆-sets (resp., 𝛿𝑃𝑆-compact 

subspaces) of topological spaces and also we give some other conditions each of which 

makes a given topological space a 𝛿𝑃𝑆-compact space.  

Proposition 4.5.3: Let A be a subset of a topological space (𝑋, 𝜏). If every cover of A by 

semi-closed subsets of X (resp., by semiclosed subsets of A) has a finite subcover, then A 

is 𝛿𝑃𝑆-set (resp., 𝛿𝑃𝑆-compact subspace).  

Proof: Let {𝑉𝛼: 𝛼 ∈ ∆}   be a cover of A by 𝛿𝑃𝑆-open subsets of X (resp., by 𝛿𝑃𝑆-open 

subsets of A), then for each x ∈ X, there exists 𝛼 ∈ ∆0, 𝑥 ∈ 𝑉𝛼(𝑥), there exists a semi-closed 

set 𝐹𝛼(𝑥) such that 𝑥 ∈ 𝐹𝛼(𝑥) ⊆ 𝑉𝛼(𝑥). So, the family {𝐹𝛼(𝑥): 𝑥 ∈ 𝑋} is a cover of A by semi-

closed subsets of X (resp., by semi-closed subsets of A), then by hypothesis, this family has 

a finite subcover such that 𝐴 ⊆∪ {𝐹𝛼(𝑥𝑖): 𝑖 = 1,2, … , 𝑛} ⊆∪ {𝑉𝛼(𝑥𝑖): 𝑖 = 1,2, … , 𝑛} (resp., 

𝐴 =∪ {𝐹𝛼(𝑥𝑖): 𝑖 = 1,2, … , 𝑛} ⊆∪ {𝑉𝛼(𝑥𝑖): 𝑖 = 1,2, … , 𝑛}. Therefore, 𝐴 =∪ {𝑉𝛼(𝑥𝑖): 𝑖 =

1,2, … , 𝑛}. Hence 𝐴 is a 𝛿𝑃𝑆-set (resp., 𝛿𝑃𝑆-compact subspace).  

Theorem 4.5.4: For any topological space (X,τ). The following statements are equivalent:  

a) A is 𝛿𝑃𝑆-set (resp., 𝛿𝑃𝑆-compact subspace),  

b) Every maximal filter base ℑ on X which meets 𝐴 𝛿𝑃𝑆-converges to some point of 

𝐴,       

c) Every filter base ℑ on X which meets A 𝛿𝑃𝑆-accumulates to some point x ∈ X. 

d) For every family {𝐹𝛼: 𝛼 ∈ ∆} of 𝛿𝑃𝑆-closed subsets of (X,τ) such that 

[∩ {𝐹𝛼: 𝛼 ∈ ∆}] ∩ 𝐴 = ∅, there exists a finite subset Δ0 of Δ such that [∩
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{𝐹𝛼: 𝛼 ∈ ∆0}] ∩ 𝐴 = ∅. 

Proof: Similar to Theorem 4.4.29. 

Proposition 4.5.5: A space X is 𝛿𝑃𝑆-compact if and only if every proper 𝛿𝑃𝑆-closed 

set of X is 𝛿𝑃𝑆-set. 

Proof: Necessity: Let F be any proper 𝛿𝑃𝑆-closed set of X. Let {Vα: α ∈ Δ} be a 

cover of F and 𝑉𝛼 ∈ 𝛿𝑃𝑆𝑂(𝑋) for every 𝛼 ∈ ∆. Since F is 𝛿𝑃𝑆-closed set, then 𝑋\𝐹 is 

𝛿𝑃𝑆-open set. So, the family  {𝑉𝛼: 𝛼 ∈ ∆} ∪ 𝑋\𝐹  is  a  𝛿𝑃𝑆-open cover of X. Since X is  

𝛿𝑃𝑆- compact, there exists a finite subset ∆0 of ∆ such that 𝑋 =∪ {𝑉𝛼: 𝛼 ∈ ∆0} ∪ (𝑋\𝐹).  

Therefore, we obtain 𝐹 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆0}. Hence F is 𝛿𝑃𝑆-set. 

Sufficiency: Let {Vα: α ∈Δ} be a cover of X and Vα∈ 𝛿𝑃𝑆O(X) for every α ∈ Δ. 

Suppose that 𝑋 ≠ 𝑉𝛼0
≠ ∅ for every α0 ∈ Δ. Then X\𝑉𝛼0

  is a proper 𝛿𝑃𝑆-closed subset 

of X.  Therefore, by hypothesis, there exists a finite subset Δ0 of Δ such that 𝑋\𝑉𝛼0
⊆

∪ {𝑉𝛼: 𝛼 ∈ ∆0}. Therefore, we obtain 𝑋 =∪ {𝑉𝛼: 𝛼 ∈ ∆0 ∪ {𝛼0}}. Which shows that X is 

𝛿𝑃𝑆-compact. 

Proposition 4.5.6: If a space X is 𝛿𝑃𝑆-compact and A is both regular open and 𝛿𝑃𝑆-closed 

subset of X, then A is 𝛿𝑃𝑆-compact subspace.  

Proof: Let {𝐴𝛼: 𝛼 ∈ ∆} be any cover of A by 𝛿𝑃𝑆-open set of A. Since A ∈ RO(X), by 

Proposition 2.3.2, 𝐴𝛼 ∈ 𝛿𝑃𝑆𝑂(𝑋) for each 𝛼 ∈ ∆. Since A is a 𝛿𝑃𝑆-closed subset of X, then 

𝑋\𝐴 ∈ 𝛿𝑃𝑆O(X) and {𝐴𝛼: 𝛼 ∈ ∆} ∪ 𝑋\𝐴 = 𝑋 and {𝐴𝛼: 𝛼 ∈ ∆} ∪ 𝑋\𝐴 forms a 𝛿𝑃𝑆-open 

cover of X. Since X is 𝛿𝑃𝑆-compact, there exists a finite subset Δ0 of Δ such that 𝑋 =∪

{𝐴𝛼: 𝛼 ∈ ∆0} ∪ 𝑋\𝐴, hence  𝐴 =∪ {𝐴𝛼: 𝛼 ∈ ∆0}. Therefore, 𝐴 is 𝛿𝑃𝑆-compact subspace. 

Proposition 4.5.7: If there exists either a proper regular semi-open or a 𝛿-open 

subset A of a topological space (𝑋, 𝜏) such that A and 𝑋\𝐴 are 𝛿𝑃𝑆-compact 

subspace, then X is also 𝛿𝑃𝑆-compact. 

Proof: Let {𝑉𝛼: 𝛼 ∈ ∆} be any 𝛿𝑃𝑆-cover of 𝑋. Since 𝐴 is either regular semi-open or 

a 𝛿-open subset of X, then for every 𝛼 ∈ ∆, by Corollary 2.3.7, we have 𝐴 ∩ 𝑉𝛼 ∈

𝛿𝑃𝑆𝑂(𝐴). Therefore, {𝐴 ∩ 𝑉𝛼: 𝛼 ∈ ∆} is a 𝛿𝑃𝑆-open cover of 𝐴. Since 𝐴 is 𝛿𝑃𝑆-

compact subspace, there exists a finite subset ∆0 of ∆ such that 𝐴 =∪ {𝐴 ∩ 𝑉𝛼: 𝛼 ∈

∆0}. Therefore, we have 𝐴 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆0}. Since A is either regular semi-open or a 

𝛿-open subset of X, then  𝑋\𝐴 is also either regular semi-open or a 𝛿-open. By the 

same way we can find a finite subset ∆1 of ∆ such that 𝑋\𝐴 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆1}. Hence 

𝑋 =∪ {𝑉𝛼: 𝛼 ∈ ∆0 ∪ ∆1}. This shows that X is 𝛿𝑃𝑆-compact. 

Proposition 4.5.8: If there exists a proper clopen subset 𝐴 of a topological space 
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(𝑋, 𝜏) such that A and X\A are 𝛿𝑃𝑆-sets, then X is also 𝛿𝑃𝑆-compact. 

Proof: Let {𝑉𝛼: 𝛼 ∈ ∆}  be any 𝛿𝑃𝑆-cover cover of X. Since A is clopen subset of X, 

then A is regular open subset of X. Therefore, for every 𝛼 ∈ ∆, by Proposition 2.3.9, 

we have 𝐴 ∩ 𝑉𝛼 ∈ 𝛿𝑃𝑆𝑂(𝑋). Therefore, {𝐴 ∩ 𝑉𝛼: 𝛼 ∈ ∆}  is a cover of A by 𝛿𝑃𝑆-open 

sets of X. Since A is 𝛿𝑃𝑆-set, there exists a finite subset ∆0 of Δ such that 𝐴 ⊆∪ {𝑉𝛼: 𝛼 ∈

∆0} ∩ 𝐴 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆0}.Since A is clopen subset of X, then X\A is also clopen. By 

the same way we can find a finite subset ∆1 of Δ such that 𝑋\𝐴 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆1}. 

Hence 𝑋 =∪ {𝑉𝛼: 𝛼 ∈ ∆0 ∪ ∆1}This shows that X is 𝛿𝑃𝑆- compact. 

Proposition 4.5.9: If a regular open set G of a space X is 𝛿𝑃𝑆-set, then G is 𝛿𝑃𝑆-

compact subspace. 

Proof: Suppose that G ∈ RO(X) and G is 𝛿𝑃𝑆-set. Let {𝑉𝛼: 𝛼 ∈ ∆} be a cover of G and 

𝑉𝛼 ∈ 𝛿𝑃𝑆O(G) for every 𝛼 ∈ ∆. Since 𝐺 ∈ 𝑅𝑂(𝑋),  then by Proposition 2.3.2, we 

have 𝑉𝛼 ∈ 𝛿𝑃𝑆O(X) for every 𝛼 ∈ ∆. Since G is 𝛿𝑃𝑆-set, there exists a finite subset ∆0 

of Δ such that 𝐺 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆0}, which implies that G is 𝛿𝑃𝑆-compact subspace. 

Proposition 4.5.10: If either G ∈ RSO(X) or G ∈ τ or G is a 𝛿-open set G of a space X 

is 𝛿𝑃𝑆-compact subspace, then G is 𝛿𝑃𝑆-set.  

Proof: Suppose that either 𝐺 ∈ 𝑅𝑆𝑂(𝑋) or 𝐺 ∈ 𝜏 or 𝐺 is a 𝛿-open set, and {𝑉𝛼: 𝛼 ∈

∆} be a cover of G and 𝑉𝛼 ∈ 𝛿𝑃𝑆𝑂(𝑋) for every 𝛼 ∈ ∆. Since either 𝐺 ∈ 𝑅𝑆𝑂(𝑋) or 

𝐺 ∈ 𝜏 or 𝐺 is a 𝛿-open, then for every 𝛼 ∈ ∆, by Corollary 2.3.7, we have 𝐺 ∩ 𝑉𝛼 ∈

𝛿𝑃𝑆𝑂(𝐺). Therefore, the family {𝐺 ∩ 𝑉𝛼: 𝛼 ∈ ∆} is a 𝛿𝑃𝑆-open cover of 𝐺. Since 𝐺 is 𝛿𝑃𝑆-

compact subspace, there exists a finite subset ∆0 of ∆ such that 𝐺 =∩ {𝐺 ∩ 𝑉𝛼: 𝛼 ∈ ∆0}. 

Therefore, 𝐺 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆0}, which implies that G is 𝛿𝑃𝑆-set. 

Corollary 4.5.11: A regular open set 𝐺 of a space X is 𝛿𝑃𝑆-set if and only if G is 𝛿𝑃𝑆-

compact subspace. 

Proof: This is an immediate consequence of Proposition 4.5.9 and Proposition 

4.5.10. 

Proposition 4.5.12: Let A and B be subsets of a space X. If A is 𝛿𝑃𝑆- closed set and B 

is 𝛿𝑃𝑆-set, then 𝐴 ∩ 𝐵 is 𝛿𝑃𝑆-set. 

Proof: Let {𝑉𝛼: 𝛼 ∈ ∆} be any cover of A ∩ B by 𝛿𝑃𝑆-open subsets of X. Since A is 

𝛿𝑃𝑆-closed set, then X\A is 𝛿𝑃𝑆-open. So, 𝐵 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆} ∪ 𝑋\𝐴 and the family 

{𝑉𝛼: 𝛼 ∈ ∆} ∪ 𝑋\𝐴 is a 𝛿𝑃𝑆-open cover of B. Since B is 𝛿𝑃𝑆-set, then there exists a 

finite subset ∆0 of ∆ such that 𝐵 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆0} ∪ (𝑋\𝐴). Therefore, we obtain 

A∩  𝐵 ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆0}. Hence 𝐴 ∩ 𝐵 is 𝛿𝑃𝑆-set. 
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Proposition 4.5.13: Let Y be any regular open subspace of a space X and A be any 

subset of Y. Then A is 𝛿𝑃𝑆-set of X if and only if A is 𝛿𝑃𝑆-set of Y. 

Proof: Necessity: Suppose that A is 𝛿𝑃𝑆-set of X and 𝑌 ∈ 𝑅𝑂(𝑋). 

Let {Vα: α ∈ Δ} be a cover of A and Vα ∈ 𝛿𝑃𝑆O(Y) for every α ∈ Δ. Since Y ∈ 

RO(X). Then by Proposition 2.3.4, there exists a 𝛿𝑃𝑆-open set Uα of X such that Vα = 

Uα∩Y for every α ∈ Δ. So, A ⊆∪ {𝑉𝛼: 𝛼 ∈ ∆} = ∪{Uα∩ Y: α ∈ Δ} ⊆∪{Uα: α ∈ Δ}. 

Then the family {Uα: α ∈ Δ} is a cover of A and Uα ∈ 𝛿𝑃𝑆O(X). Since A is 𝛿𝑃𝑆-set of 

X, there exists a finite subset Δ0 of Δ such that A ⊆ ∪{Uα: α ∈ Δ0}. Since A ⊆ Y. 

Hence A ⊆∪{Uα ∩  Y:α ∈ Δ0} = ∪{Vα: α ∈ Δ0}. Therefore, A is 𝛿𝑃𝑆-set of Y. 

Sufficiency: Suppose that A is 𝛿𝑃𝑆-set of Y and 𝑌 ∈ 𝑅𝑂(𝑋). Let {Uα: α ∈ Δ} be a 

cover of A and Uα ∈ 𝛿𝑃𝑆O(X) for every α ∈ Δ. Since A ⊆ Y. Then A ⊆ ∪{Uα: α ∈ Δ} ∩ 

Y = ∪{Uα ∩ Y: α ∈ Δ}. Since Y ∈ RO(X). Then by Proposition 2.3.4, there exists a 𝛿𝑃𝑆-

open set Vα of Y such that Vα = Uα ∩ Y for every α ∈ Δ. Then the family {Vα: α ∈ Δ} 

is a cover of A and Vα ∈ 𝛿𝑃𝑆O(Y). Since A is 𝛿𝑃𝑆-set of Y, there exists a finite subset 

∆0 of Δ such that A ⊆ ∪{Vα: α ∈ ∆0} = ∪{Uα ∩ Y: α ∈ ∆0} ⊆ ∪{Uα: α ∈ ∆0}. 

Therefore, A is 𝛿𝑃𝑆-set of X. 

 

4.6. Results on Images of 𝜹𝑷𝑺-Compactness 

Proposition 4.6.1: If a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 𝛿𝑃𝑆-continuous (resp., almost 𝛿𝑃𝑆-

continuous) and A is 𝛿𝑃𝑆-set, then f (A) is compact (resp., N-closed) relative to Y. 

Proof: Let {Gα: α ∈ Δ} be any cover of f (A) by open sets of Y. For each x ∈ A, there 

exists an α(x) ∈ Δ such that f (x) ∈ Gα(x). Since f is 𝛿𝑃𝑆-continuous (resp., almost 

𝛿𝑃𝑆-continuous), there exists a 𝛿𝑃𝑆-open set Ux of X containing x such that f (Ux) ⊆ 

Gα(x) (resp., f (Ux) ⊆ Int(Cl(Gα(x)))). Then the family {Uα: x ∈ A} is a 𝛿𝑃𝑆-open 

cover of A. For some finite subset A0 of A, we have A ⊆∪{Ux: x ∈ A0}. Therefore, 

f (A) ⊆∪{Gα(x): x ∈ A0} (resp., f (A) ⊆∪{Int(Cl(Gα(x) )): x ∈A0}). This shows that f 

(A) is compact (resp., N-closed) relative to Y. 

Corollary 4.6.2: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 𝛿𝑃𝑆-continuous (resp., almost 𝛿𝑃𝑆- continuous) 

surjection function and X is 𝛿𝑃𝑆-compact, then Y is compact (resp., nearly compact). 

 

Proposition 4.6.3: If a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 𝛿𝑃𝑆-continuous (resp., almost 𝛿𝑃𝑆-

continuous), A is 𝛿𝑃𝑆-set and F is 𝛿𝑃𝑆-closed subset of   X, then f (A ∩ F) is compact 

(resp., N-closed) relative to Y.  
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Proof: Follows from Proposition 4.6.1 and Proposition 4.7.12. 

Proposition 4.6.4: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎)is a precontinuous (resp., almost precontinuous) 

surjection function and X is semi-T1 and 𝛿𝑃𝑆-compact space, then Y is compact (resp., 

nearly compact). 

Proof: Follows from Proposition 4.6.1 and Corollary 4.4.21. 

Proposition 4.6.5: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a 𝛿𝑃𝑆-continuous (resp., almost 𝛿𝑃𝑆-

continuous) surjection function and X is locally indiscrete and compact space, then Y is 

compact (resp., nearly compact).  

Proof: Follows from Proposition 4.6.1 and Proposition 4.4.27. 

Proposition 4.6.6: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a continuous (resp., almost continuous) 

surjection function and X is locally indiscrete and 𝛿𝑃𝑆- compact space, then Y is 

compact (resp., nearly compact). 

Proof: Follows from Proposition 4.6.1 and Proposition 4.4.27. 

Proposition 4.6.7: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a continuous (resp., almost continuous) 

surjection function and X is s-regular and 𝛿𝑃𝑆-compact space, then Y is compact (resp., 

nearly compact). 

Proof: Follows from Proposition 4.6.1 and Lemma 4.4.28. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


