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 Part A          10 x 1 = 10        
 Choose the Correct Answer 

 

1.  If 𝑎, 𝑏 ∈ 𝑅 then 𝑑 ∈ 𝑅 is said to be a greatest common divisor of 𝑎 and 𝑏 if          CO1 K2 

a. 𝑑|𝑎   b.𝑑|𝑏   c.𝑑|𝑎 and 𝑑|𝑏  d. 𝑑|𝑎 or 𝑑|𝑏 

2. Let 𝑅 be a commutative ring with unit element. An element 𝑎 ∈ 𝑅 is a unit in 𝑅 if there exists an                   

element 𝑏 ∈ 𝑅  such that                       CO1 K4 

a.𝑎 = 1   b.𝑎𝑏 = 1  c. 𝑎 = 0  d. 𝑎𝑏 = 0   

3. 𝐿 𝐿 𝑆  = _____, where 𝐿(𝑆) is the linear span of 𝑆.            CO2 K3 

 a.𝐿(𝑆)   b.𝑆   c.T   d. 𝐿(𝑇) 

4. If 𝑛 > 𝑚 then there is a homomorphism of 𝐹(𝑛) onto 𝐹(𝑚) with a kernel 𝑊 which is           CO3 K1                                        

isomorphic to ___              

 a. 𝐹(𝑚)   b. 𝐹(𝑛)   c. 𝐹(𝑛+𝑚)  d. 𝐹(𝑛−𝑚) 

 

5.  If 𝑉 is a finite-dimensional vector space  and 𝑊 is a subspace of 𝑉 such that dim𝑉 < dim𝑊,      CO2 K2                         

then  

a.𝑊 ⊂ 𝑉  b. 𝑉 ⊂ 𝑊  c.  𝑉 = 𝑊  d.𝑉 ≠ 𝑊 

6.  If dimF 𝑉 = 10 then dimF(𝐻𝑜𝑚(𝑉, 𝑉) is              CO2 K1 

a. 10    b.100   c. 20   d.  1  

 7. If dim𝐹 𝑉 = 𝑚 then dim𝐹 𝐻𝑜𝑚 𝑉, 𝐹 =              CO2 K2 

 a. 𝑚    b. 𝑚2   c. 0   d. −𝑚 

8.   If 𝑉 is a vector space over 𝐹 then its dual space is  ____           CO3 K1 

 a. 𝑉    b. 𝐹   c.𝐻𝑜𝑚(𝑉, 𝐹)  d. 𝐻𝑜𝑚(𝑉, 𝑉) 

9. If 𝑢, 𝑣 ∈ 𝑉 then 𝑢 is said to be orthogonal to 𝑣 if ________           CO5 K2 

 a.  𝑢, 𝑣 = 0   b.  𝑢, 𝑢 = 0  c.  𝑣, 𝑣 = 0  d.  𝑢, 𝑣 = 1 

 10. If 𝑉 is a finite-dimensional inner product space and 𝑊 is subspace of 𝑉, then   𝑊⊥ ⊥ = ____.       CO5 K1 

 a. 𝑊    b.𝑊⊥   c. 𝑉   d. 𝐹 

     

 

  

 



 

Part B                               5 x 6 = 30 
Answer ALL questions 

Each answer should not exceed 400 words or two pages 
 

11.a. Let 𝑅 be an Euclidean ring. Then prove that any two elements 𝑎 and 𝑏 in 𝑅 have a       CO1 K2                         

greatest common divisor 𝑑 and also show that 𝑑 = 𝜆𝑎 + 𝜇𝑏 for some 𝜆, 𝜇 ∈ 𝑅     

(or) 

11.b. If 𝑝 is a prime number of the form 4𝑛 + 1, then prove that 𝑝 = 𝑎2 + 𝑏2 for some     CO1 K4                           

integers𝑎, 𝑏.             

  

12.a. If 𝑉 is the internal direct sum of 𝑈1 , … , 𝑈𝑛 , then prove that 𝑉 is isomorphic to the external       CO1 K1                              

direct sum of 𝑈1 , … , 𝑈𝑛 .            

(or) 

12.b. If 𝑣1 , … , 𝑣𝑛 ∈ 𝑉 are linearly independent, then prove that every element in their linear span      CO2 K2               

has a unique representation in the form 𝜆1𝑣1 + ⋯ + 𝜆𝑛𝑣𝑛 with the 𝜆𝑖 ∈ 𝐹.  

     

13.a. If 𝐴 and 𝐵 are finite-dimensional subspaces of a vector space 𝑉, prove that 𝐴 + 𝐵 is      CO2 K3                            

finite-dimensional and dim 𝐴 + 𝐵 = dim 𝐴 + dim 𝐵 − dim⁡(𝐴 ∩ 𝐵).     

(or) 

13.b. Prove that if 𝑣1 , 𝑣2 , … 𝑣𝑛  is a basis of 𝑉 over 𝐹 and if 𝑤1 , … , 𝑤𝑚  in 𝑉 are linearly independent    CO2 K1                 

over 𝐹, then 𝑚 ≤ 𝑛.            

     

14.a. Show that 𝐴 𝐴 𝑊  = 𝑊          CO3 K2 

(or) 

14.b. If 𝑛 > 𝑚, that is, if the number of unknowns exceeds the number of equations, prove      CO1 K3                             

that there is a solution (𝑥1 , … , 𝑥𝑛) where not all of 𝑥1 , … , 𝑥𝑛  are 0.     

    

15.a. If 𝑢, 𝑣 ∈ 𝑉 prove that  𝑢, 𝑣 ≤   𝑢    𝑣  .        CO4 K1 

(or) 

15.b.If {𝑣𝑖} is an orthonormal set, prove that the vectors in {𝑣𝑖} are linearly independent.     CO5 K2                                  

If 𝑤 = 𝛼1𝑣1 + ⋯ + 𝛼𝑛𝑣𝑛   then prove that 𝛼𝑖 = (𝑤, 𝑣𝑖)  for 𝑖 = 1,2,… , 𝑛.    

  

      Part C                            5 x 12 = 60 

 Answer ALL questions 

Each answer should not exceed 800 words or four pages 

 

16.a. State and prove Unique factorization theorem.       CO4 K1 

(or) 

16.b. Prove that 𝐽[𝑖] is a Euclidean ring.         CO1 K2 

 

17.a. If 𝑇 is a homomorphism of 𝑈 onto 𝑉 with kernel 𝑊, then prove that 𝑉 is isomorphic to 𝑈|𝑊.   CO2 K2                 

Conversely, if 𝑈 is a vector space and 𝑊 a subspace of 𝑈, then prove that there is a                                     

homomorphism of 𝑈 onto 𝑈|𝑊.           

(or) 

17.b.(i) Prove that 𝐿(𝑆) is a subspace of 𝑉.        CO2 K4 

       ii. If 𝑣1 , … , 𝑣𝑛  are in 𝑉 then prove that either they are linearly independent or some 𝑣𝑘  is          CO3 K3                   

a linear combination of the preceding ones, 𝑣1 , … , 𝑣𝑘−1.       

 

18.a. If 𝑉 is a finite dimensional vector space and if 𝑊 is a subspace of 𝑉, then prove that 𝑊 is      CO2 K1                      

finite-dimensionaland dim𝑊  ≤ dim𝑉and dim 𝑉/𝑊 = dim𝑉 − dim𝑊.     

(or) 

 18.b.i. If 𝑉 is finite-dimensional over 𝐹, prove that any two bases of 𝑉 have the same number  CO3 K3                      

of elements. 

     (ii)Show that 𝐹(𝑛) is isomorphic 𝐹(𝑚) if and only if 𝑛 = 𝑚.   

 

 

 

   



      

19.a. Prove that if 𝑉 and 𝑊 are of dimensions 𝑚 and 𝑛,  respectively, over 𝐹, then 𝐻𝑜𝑚(𝑉, 𝑊) is         CO5K4                          

of dimension 𝑚𝑛 over 𝐹.           

(or) 

 19.b. Show that if 𝑉 is finite-dimensional and 𝑣 ≠ 0 ∈ 𝑉, then there is an element 𝑓 ∈  𝑉  such            CO2K2                      

that 𝑓(𝑣) ≠ 0.             

 

 20.a. Prove that every finite dimensional inner product space has an orthonormal set as a basis.   CO5K2

              

 20.b. If 𝑉 is a finite-dimensional inner product space and if 𝑊 is a subspace of 𝑉, prove                    CO3K1                                           

that 𝑉 = 𝑊 + 𝑊⊥ and 𝑉 is the direct sum of 𝑊 and 𝑊⊥.       
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